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Abstract

In the Fastest Mixing Markov Chain problem, we are given a graph G = (V, E) and
desire the discrete-time Markov chain with smallest mixing time t subject to having
equilibrium distribution uniform on V and non-zero transition probabilities only across
edges of the graph. It is well-known that the mixing time tgy of the lazy random walk
on G is characterised by the edge conductance ® of G via Cheeger’s inequality:
®~! < rw < ®2log|V|. Analogously, we characterise the fastest mixing time 7*
via a Cheeger-type inequality but for a different geometric quantity, namely the vertex
conductance W of G: W~ < ¢* < W2(log|V|)2. This characterisation forbids
fast mixing for graphs with small vertex conductance. To bypass this fundamental
barrier, we consider Markov chains on G with equilibrium distribution which need
not be uniform, but rather only e-close to uniform in total variation. We show that it is
always possible to construct such a chain with mixing time 7 < ¢~ (diam G)?log |V|.
Finally, we discuss analogous questions for continuous-time and time-inhomogeneous
chains.
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1 Introduction
1.1 Fastest mixing Markov chain set-up and motivation

Sampling objects from a finite set is a basic primitive which has a myriad of appli-
cations. Sampling directly from such a set, however, may be computationally too
expensive or even impossible, for example, if the objects are nodes of a distributed
network. A common approach in these scenarios is to design a random walk (RW), or,
more generally, a Markov chain with state space corresponding to the set from which
we wish to sample and appropriate equilibrium distribution. Furthermore, to ensure
our sampling procedure is computationally efficient, we desire our Markov chain to
converge to equilibrium in a small number of steps, i.e., have fast mixing time.

This has wide-ranging applications: from shuffling cards [6, 15], to approximating
statistical physics models [16, 25] and analysing load-balancing protocols in dis-
tributed computing [36, 44]. Furthermore, approximately sampling from the uniform
distribution of a set can be used to estimate the size of the set itself [26]. This has been
applied to approximating the permanent of a matrix [24, 27] and counting the number
of independent sets [17], perfect matchings [18] and forests [4] in graphs.

Fundamental to these applications is a fast mixing time. Understanding in which
instances fast mixing is achievable and what the intrinsic obstacles to fast mixing are
is the focus of this paper. More precisely, we consider the following scenario.

e We are given a finite, undirected graph G = (V, E): the vertex set represents the
underlying state space, while the edge set E defines the transitions allowed.
e Our goal is to study the fastest mixing Markov chain satisfying these constraints.

We assume throughout that graphs are finite, undirected and connected.

This problem was originally introduced by Boyd, Diaconis and Xiao [12] as the
Fastest Mixing Markov Chain (FMMC) problem. Specifically, by considering only
reversible chains and optimising the spectral gap as a proxy for the mixing time, they
recast the problem of finding the fastest mixing Markov chain on a graph as a convex
optimisation problem. Analogously to Boyd, Diaconis and Xiao [12], we dedicate
most of our attention to reversible, time-homogenous chains in discrete-time. We do,
however, dedicate one section to questions in the continuous-time setting, first studied
in [43], and one short final section to time-inhomogeneous chains. Compared with
discrete-time chains, continuous-time and time-inhomogeneous chains are consider-
ably more powerful, but perhaps less natural from an application viewpoint.
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Geometric bounds on the fastest mixing Markov chain

To be explicit and precise, a transition matrix P is reversible with respect to (w.r.t.) T
if m(u)P(u, v) = w(v) P (v, u) for all u, v € V. Results on the spectral gap below—
both our own and those referenced—are always in the reversible set-up. We also
restrict to lazy chains, ie chains with P (v, v) > % for all v € V. This is without loss of
generality, since we are interested in maximising the spectral gap and this restriction
costs a factor of at most % in the optimal spectral gap.

There are a variety of choices for how “convergence to equilibrium” is measured.
It is typically measured in the total variation (TV), or equivalently £1, distance. Other
popular measures, particularly in the statistics literature, include £;, or x 2 distance and
relative entropy, or Kullback—Leibler divergence. We also recall that £ is equivalent
to £, or uniform, distance for reversible chains.

Nevertheless, no matter which one of these measure we choose, the long-term
convergence to equilibrium of a lazy, reversible Markov chain is governed by its
spectral gap yp. More precisely, given a transition matrix P of alazy, reversible Markov
chain, letdp (¢, x) denote the distance between P! (x, -) and its equilibrium distribution
according to any of the aforementioned measures and let dp(¢) := max,cy dp(Z, x).
Then,

dp(O'" = yp ast — oo.

See [31, Theorems 12.4 and 12.5] for details. The spectral gap thus determines the
asymptotic convergence to equilibrium without having to select a specific measure.

We now define formally the class of reversible Markov chains on a graph and then
the spectral gap and the relaxation and mixing times.

Definition (Markov Chains on a Graph) Let G = (V, E) be a graph and 7 a proba-
bility measure on V. We say that a Markov chain with transition matrix P is on G if
P e[0,11V*Y and P(u,v) > 0 implies either {u, v} € E or u = v. We denote with
M(G, ) the set of lazy transition matrices on G which are reversible w.r.t. 7.

Definition (Spectral Gap, Relaxation Time and Mixing Time) Let G = (V, E) be a
graph and 7 a probability measure on V. Let P € M(G, ). The spectral gap is
yp = 1 — Ap, where Ap is the largest non-unitary eigenvalue of P. The relaxation
time is 1/yp. The (uniform) mixing time is tp(§) := inf{t >0 | dp(t) < é} for& e
[0, 1], where d®° is the £-distance. Write 7p := TP(AI—‘).

There is a standard relation between the relaxation and mixing times:

-1

-1 -1 .
vp ST Svp clogmpns

see [31, Theorems 12.4 and 12.5] for details. The “<” symbol hides a multiplicative
universal constant; we use the symbols “2>” and “<” similarly. Typically, log nr;iln =
log |V]. So, the relaxation time is a proxy for the mixing time, as well as characterising
long-term convergence to equilibrium.

We are now finally ready to formally introduce the FMMC problem.
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Definition (Fastest Mixing Markov Chain) Let G = (V, E) be a graph and let v be a
probability measure on V. The optimal spectral gap is defined as

Ya(G) := max{yp | P € M(G,m)}.

The optimal relaxation time is 1/y;(G). We write y*(G), omitting the 77, when 7 =
Uy is uniform.

A transition matrix P is fast mixing if 1/yp is polylogarithmic in | V|, asymptoti-
cally. Analogously, a graph G admits a fast mixing chain if 1/y*(G) is polylogarithmic
in | V|, asymptotically.

Previous work has been mainly focussed on finding useful formulations of the
problem or on solving particular cases; see Sect. 1.4 for further details. The primary
aim of our work, instead, is twofold:

(i) To control the optimal spectral gap in terms of geometric barriers in the graph;
(i1) To find ways to overcome these geometric barriers by slightly relaxing the FMMC
problem.

Finally, we centre our attention on the case where 7 = Uy is the uniform distribution
on V. This case was also the main focus of the original series of papers studying the
FMMC problem.

1.2 Main results

This article includes multiple avenues of study, all on the theme of finding fast mix-
ing Markov chains. We introduce these and the main theorems that we prove in the
following subsections.

1.2.1 Characterisation of fast mixing on graphs

We are looking for some natural statistic of the graph G which characterises fast
mixing: we desire necessary and sufficient conditions for 1/y*(G) to be ‘small’,
namely polylogarithmic in |[V].

How well-connected a graph is should, intuitively, influence how fast a chain on the
graph can mix. Thus, we would like to understand what kind of connectivity measure
best characterises fast mixing. A natural candidate is the edge conductance ®* of a
graph, which is defined as follows.

Definition A.1 (Edge Conductance) The edge conductance ®*(G) of a graph G =
(V,E)is

d*(G):= ®(S) where ®(S) := |E(S, S|/ vol(S) for SCV,

min
SCV:0<vol(S)<vol(V)/2
where E (S, S¢) is the edge boundary of S C V and vol(S) is the volume of S C V:

ES,8):={{x,y}€E|xeS, y¢S} and vol(S) = ers deg(x).
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It is well-known the edge conductance ®* characterises the spectral gap of the
lazy random walk (abbreviated RW) PRW on G via the discrete Cheeger inequality,
discovered in [23, 30]:

D*(G)? < ypru S DH(G).

The lazy RW on a graph, however, does not have uniform equilibrium distribution,
unless the graph is regular. For this reason, it is natural to consider the uniform, or
maximum degree, RW PY which is defined by adding the appropriate number of self-
loops to each vertex so that the graph becomes regular. A simple calculation with the
Dirichlet characterisation gives

ypu < ¥*(G) < 2dmaxypu;

see [12, §7.2] for details. Applying this along with the discrete Cheeger inequality
gives

CD*(G)Z . dmin/dmax 5 Ypu =< V*(G) S dmaxVPU ,S dmaxq)*(G) . dmax/dmin~

Fast mixing for low-degree graphs is thus characterised by the edge conductance
d*(G):

(i) G admits a fast mixing chain if and only if PV is fast mixing;
(ii) PY is fast mixing if and only if 1/®*(G) is polylogarithmic in |V|.

Such a simple characterisation does not hold if dmay is large. This may be slightly
counter-intuitive at first: adding edges can only increase the optimum y*; but the lower
bound above gets worse as dmay increases. A striking example is given by taking two
cliques on n vertices and connecting them by a perfect matching; see Fig.3 in §1.3. It
is a regular graph with ®* =< 1/n, but, as we will see later, it has y* =< 1. Informally,
y* < 1 because we can replace the two cliques with two bounded degree expander
graphs without overly damaging its connectivity properties. This shows that edge
conductance is not the correct conductance measure for the FMMC problem.

This prompts us to consider an alternative notion of connectivity: the vertex con-
ductance W*. It measures how well connected a set is by comparing the number of
vertices in the boundary with its size. Contrastingly, edge conductance compares the
number of edges in the boundary with the total number of edges inside the set.

Definition A.2 (Vertex Conductance) The vertex conductance W*(G) of a finite graph
G=(V,E)is

U*(G) = W(S) where W(S):=|3S|/|S| for SCV,

min
SCV:0<|S|<|V|/2
where 08 is the vertex boundary of S C V:

85::{y¢S|ElxeSs.t.{x,y}eE}.
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The example above in which two equisized cliques are connected by a perfect
matching has vertex conductance W* = 1. This agrees with our claimed optimal
spectral gap y* =< 1.

Vertex conductance has been used to provide upper bounds on the time to spread a
rumour in a graph and on the hitting times of RWs, by Giakkoupis [20] and Chandra
et al [13], respectively, amongst others. Roch [38, Proposition 2] showed that vertex
conductance represents a fundamental barrier to fast mixing: y*(G) < W*(G). This
can be seen directly via a simple calculation comparing the edge conductance of any
reweighing of G, for which the RW on this weighted graph has uniform equilibrium
distribution, with the vertex conductance.

The edge and vertex conductances are comparable for low-degree graphs:

P*(G) < ¥*(G) < dmax®*(G).

Thus, the fact that the edge conductance ®*(G) characterises fast mixing for low-
degree graphs means that the same holds for the vertex conductance ¥*(G):

U (G)* [diax S vpu < ¥¥(G) S WHG).
We remove this dmayx factor, at the cost of a log |V factor, thus showing that vertex

conductance characterises the existence of a fast mixing chain for any graph. The
graph of Fig.3 in §1.3 shows this does not hold for the edge conductance.

Theorem A (Characterisation of Fast Mixing) Let G = (V, E) be a finite graph. Then
y*(G) satisfies

W*(G)?/log|V] < ¥*(G) S WH(G).

Thus, vertex conductance characterises fast mixing for any graph.

The quadratic dependence on the vertex conductance in the lower bound is needed
for graphs such as the cycle. This has optimal spectral gap y* =< 1/n* and vertex
conductance W* < 1/n; see [11]. We are not aware of a graph for which the log | V|
factor is needed, but we have reasons to believe that such a factor, or at least a factor
log dmax, 1s necessary. We elaborate.

Louis, Raghavendra and Vempala [32] essentially showed that, under the so-called
Small-Set Expansion Conjecture of Raghavendra and Steurer [37], for any ¢ > 0,
there is no polynomial-time algorithm that can distinguish between W*(G) < ¢ and
U*(G) 2 /elogdmax for any graph G = (V, E). The optimal spectral gap y*(G)
can be computed in polynomial time, so removing the logarithmic factor in Theorem
A altogether would violate the Small Set Expansion Conjecture.

One of the most interesting aspects of the proof of Theorem A, given in Sect. 2,
is that it does not directly relate the vertex conductance to the spectral gap. Rather,
it relates a variational characterisation of the optimal spectral gap, due to Roch [38,
Proposition 1], to a new connectivity measure for graphs which we introduce. We term
it matching conductance and denote it Y*. It is defined similarly to vertex conductance,
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but it replaces the size of the vertex boundary of a set S in the numerator with the
size of a maximum matching between S and S¢ in E. A formal definition is given in
Definition 2.1. It can be viewed as a measure of fault tolerance of a graph: a graph has
small matching conductance if and only if we can remove a few vertices of the graph
and split the graph into two large, disconnected subsets.

It turns out the matching conductance of a graph is essentially equivalent to its
vertex conductance: Y*(G) =< W*(G), uniformly over all graphs G; see Proposition
2.2. A specific set S of vertices, however, can have matching conductance Y (§) much
smaller than its vertex conductance W (S). This fact makes using matching, rather than
vertex, conductance essential in our proof.

1.2.2 Almost mixing

We introduced the FMMC problem to formalise our desire to construct a fast mixing
Markov chain. Theorem A, however, implies there are certain graphs, namely those
with small vertex conductance, for which this desire cannot be attained. It is then
natural to ask if we can slightly relax the constraints we imposed to overcome this
fundamental obstacle.

We answer this question affirmatively: we show that if the Markov chain is not
required to have equilibrium distribution exactly uniform, but only sufficiently close
to uniform, then all graphs with small diameter admit a fast-mixing Markov chain.
Before formalising this claim, we gain some intuition by considering the following
simple example, known as the dumbbell graph.

e Take two complete graphs H1 = (V4, E1), each on n vertices. Choose vy € Vi,
respectively.

e Form D, = (V, E) by connecting both v4 to a single ‘external’ vertex v, ¢
V+ Uuv_:

Vi=VoUV_U{wtand E := EL U E_ U {{vy, v}, {v—, v.}}.

Since D, has vertex conductance equal to 1/n, Theorem A implies that no chain with
uniform equilibrium distribution can have relaxation time of smaller order than n.

In light of the above, we propose the following RW, described by a weighting on
the edges of D,:

e give all edges which do not include any of {v4, v_, v,} unit weight;
e give the remaining edges weight en.

The RW takes steps with distribution proportional to the edge weights. It is straightfor-
ward to check that the equilibrium distribution induced is at most ¢ far from uniform
inTV.

The fundamental barrier to fast mixing in D, is that any chain with uniform equi-
librium gets stuck in one side of the graph for a time at least order n in expectation.
Up-weighting the edges through the bottleneck means that the new RW transitions
between the two sides with expected time order 1/¢. This leads to a relaxation time
order 1/¢. This all comes at a cost of having invariant distribution ¢ far from uniform.
Further details are given in Sect. 1.3.
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We are able to generalise this construction to general graphs and general equilibrium
distributions. The fast-mixing Markov chain we design is a RW on a carefully weighted
breadth-first search (BFS) spanning tree, supplemented with self-loops. We establish
an upper bound of 12(diam G)?/e on the relaxation time when we allow the RW to
have equilibrium distribution e-far from uniform.

We now define precisely our set-up and formally state our result.

Definition B (Almost-Mixed Distributions) Let V be a finite set. Let D(V) denote the
set of positive probability distributions on V. For ¢ € [0, 1] and w € D(V), define

D(r,¢) == {n' € D(V) | minyey 7' (x)/m(x) = 1 — &}.
In particular, if " € D(r, ¢), then |7’ — 7 |1v < &.

We actually establish a stronger result than the one described above. The above
description says that there exists some reversible chain which is fast mixing: there
exist 7’ € D(wr, &) and P € M(G, ) such that yp > &/(diam G)>. We prove that
any reversible chain can be perturbed into a fast mixing chain: for all 7 € D(V)
and all P € M(G, m), there exist 7’ € D(wr,¢) and Q € M(G, ') such that
vo 2 ¢/(diam G)?and Q(e) > (1 —g)P(e) foralle € E.

Theorem B (Almost Mixing) Let G = (V, E) be a finite, connected graph and
m € D(V). Lete € (0,1) and P € M(G, 7). There exist 7' € D(m, ) and Q €
M(G, ") such that

Yo = e(diam G)™2 and Q(e) > (1 —¢e)P(e) forall e < E.
A consequence of this spectral gap estimate is that

o < 24¢7!(diam G)? log(167 . 1).

The matrix Q is obtained as a perturbation of P. Moreover, this perturbation is
actually independent of P: we constructa weighted BFS tree and mix it with the weights
from P. A more refined statement, making this independence of the perturbation
explicit, is given in Theorem 3.1.

Many algorithms on graphs work well when applied to graphs with very good
connectivity properties, such as expanders. A way to utilise these algorithms for
non-expanders is to perform an expander decomposition: the graph is partitioned
into disjoint expanders and few edges connecting the expanders [42]. An alternative
approach, recently proposed by Bernstein, Gutenberg and Saranurak [7], re-weights
the vertices of the graph in order to obtain a type of vertex expander.

Our approach is in a very similar vein: we re-weight the edges of the graph to obtain
a very good edge expander, whilst increasing the total weight as little as possible. We
have not checked all the details, and their definition of vertex expansion is slightly
unusual, but it seems highly plausible that our algorithm, or a minor adjustment of it,
could be applied in their set-up.
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This diameter bound is a substantial improvement over the vertex conductance
lower bound on the optimal spectral gap from Theorem A. It comes at the cost of
having invariant distribution only ‘almost’ uniform—hence the name “almost mix-
ing”. We show in the next section that passing to the continuous-time setting allows
this diameter-squared bound to be maintained while having exactly uniform invariant
distribution. We use fundamentally the same chain: it is a RW on the same weighted
BFS tree, where the weights now represent the rate at which an edge is crossed.

1.2.3 Continuous-time markov chains

The discussion and results above all concern discrete-time Markov chains. It is also
natural to study the question of the fastest mixing Markov chain in continuous-time.
We restrict to the case where the target distribution w7 = Uy. The question of the
FMMC in continuous-time was originally raised by Sun, Boyd, Xiao and Diaconis
[43] and has been studied subsequently by Sammer [39] and Montenegro and Tetali
[34]. We review their work in Sect. 1.4.

A continuous-time Markov chain on a graph G = (V, E) with uniform equilibrium
distribution can be represented by the RW on a weighted graph (G, g), whereq : E —
R, as follows.

Definition C.1 (RW on Weighted Graph) Let G = (V, E) beagraphandq : E — Ry
a collection of non-negative weights. The RW on (G, ¢) jumps from x to y at rate
q({x, y}) for x, y € V with {x, y} € E. The Laplacian LY € RV*V of the weighting
q is defined by

LYy =1{{x,y} € E} - q({x, yh—1{x=y} ) pax.zh) for x,yeV.

zeViix,z}e

The spectral gap, which we denote y,, is given by the second smallest eigenvalue of
LY.

The spectral gap y;, is intrinsically related to the mixing time 7, as in discrete-time:

7/‘;1 St S y;l -log|V| where 7, := rq(z—l‘);

see [1, Lemma4.23]. Again, fast mixing means relaxation time yq_l polylogarithmic in
|V |. The above relations thus imply that a polylogarithmic relaxation time characterises
fast mixing.

It is immediate to see that if all the rates are multiplied by some factor, then the
spectral gap changes by that factor too: y.4 = cy, for any ¢ > 0. We must therefore
impose some normalisation.

Definition C.2 (Normalisation) The rate at which the walk leaves the vertex x is given
by

qx) = Zyev H{x,y} € Vig({x,y}) for x e V.
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We call max,cy ¢ (x) the maximal leave-rate and | V|~ Y cev 4(x) the average leave-
rate.

A natural normalisation is to require a maximal leave-rate of 1. It can be seen,
however, that this reduces to the discrete-time case via exponential-1 waiting times.
We impose instead an average leave-rate of 1, or, equivalently, g(E) < %|E |. This
allows a few vertices to have abnormally large leave-rate, but rarely enough that the
average is not significantly affected. This will allow the RW to exit small ‘bottlenecks’
quickly, where the discrete-time walk would remain stuck for significant time. This
average leave-rate normalisation was considered in [34, 39, 43]. Montenegro and Tetali
[34, §7.1] describe this normalisation as “rather powerful [compared with discrete-
time]” due to the fact that the maximal leave-rate may be very large.

The main result of this section states that, for any graph, it is possible to construct
a weighting with average leave-rate of 1 such that its spectral gap depends only on the
diameter of the graph.

Theorem C (Continuous-Time) Let G = (V, E) be a graph. There exists a weighting
w : E — R, with average leave-rate at most 1 such that the RW on (G, w) satisfies

Yu > c(diam G)™* and 7, < 8(diam G)* log(16n).

Anupperbound on 1/y*(G) of order (diam G)? is required for graphs with diffusive
behaviour, such as the cycle or the path. A lower bound of order diam G, however, is
not necessary, in general. This is in stark contrast to the discrete-time case. Indeed, in
continuous-time, a few edges can be up-weighted significantly with little affect on the
average. So if the ‘typical’ distance is much less than the maximal, a relaxation time
of smaller order than the diameter may well be achievable.

A highly related theorem is given in Sammer’s PhD thesis [39, §3.3]; see also [34,
§7.1]. They bound the optimal spectral gap y*(G) in terms of the spread constant
¢(G), introduced in [3], which is the maximal variance of a function that is Lipschitz
on the edges of G:

2¢(G) = 1/y*(G) 5 c(G)log V.

The spread constant ¢(G) can be upper bounded by 4—1L (diam G)?2, but there are examples
for which this is far from tight. Still, if a very general, easy to calculate, bound is desired,
then we do not know of a better bound than ¢(G) < (diam G)?, which reduces to
approximately our bound. The spread constant ¢(G) can also be lower bounded by a
type of ‘typical’ distance; see [34, Corollary 7.2].

In contrast with our result, however, theirs is non-constructive, relying on the
famous, but non-constructive, Johnson—Lindenstrauss lemma [28]. Montenegro and
Tetali [34, Remark 7.3] comment on the difficulty of explicitly constructing such a
process: “It might be challenging and in general impractical a task to actually find
such a process explicitly.” Our construction is explicit and can actually be constructed
in time linear in the size of the graph.

Montenegro and Tetali [34, Remark 7.3] also comment on the existence of such a
fast mixing Markov chain in continuous-time: “The key [to the existence of such a
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chain]... might be that we were implicitly providing the continuous-time chain with
more power... by not requiring the rates in each row to sum to 1, but only the [average
rate to be 1].” This significant additional power allows bottlenecks to be traversed
quickly while maintaining an average leave-rate of 1. Indeed, the weighting w that
we construct has max,cy w(x) =< n/diam G, which may be far larger than 1.

This really emphasises the strength of our ‘almost mixing’ result, Theorem B: the
chain there is in discrete-time —or, equivalently, has max,cy g(x) < 1— but still
attains a spectral gap only order ¢ smaller than that attained in the continuous-time
case of Theorem C. Of course, the cost is that the equilibrium distribution 7" only
satisfies minycy w/(x)/m(x) > 1 — ¢, not 7’ = 7.

We expect that our continuous-time analysis can be adjusted to handle general
equilibrium distributions 7 with relatively little changed. We have not checked the
details, however. We focussed on the uniform case because it is, arguably, the most
important and the cleanest to present.

1.2.4 Time-inhomogeneous markov chains

Our attention has been so far restricted to time-homogeneous Markov chains, in which
the transition probabilities do not change over time and are described by a single
transition matrix P. A time-inhomogeneous Markov chain, instead, is described by a
sequence (P;);en of transition matrices and an initial law pg: the time-f law p; =
P(X; € -) is given by y; = o Py Py - - - P; for t € N. A time-homogeneous chain has
P, = P forallt € N, for some P. Nevertheless, we close our section of results by
showing that they can lead to improvements over time-homogeneous chains.

TheoremD Let G = (V, E) be a connected graph and let 1 € D(V). There exists
a time-inhomogeneous Markov chain on G that perfectly mixes to 7 after 2 diam G

steps: (L2 diam G = TT.

It is easy to see that diam G is a lower bound on the fastest ‘perfectly mixing’ chain.

If one only requires ||IP’(X ; € ) — v < %, then %diam G is a lower bound. Thus

the bound of 2 diam G above is tight up to a factor of at most 4.

1.3 Notable examples

We discuss briefly a few examples which are of particular interest. We always consider
the uniform distribution, i.e. # = Uy, unless specified to the contrary.

1.3.1 Dumbbell graph

Let D, be the dumbbell graph with bells H+ of size n. The bells H+ need not be
cliques K, ; they can be arbitrary connected graphs on n vertices. See Fig. 1 for an
illustration when H+ = K,,.

Conductance Measures. 1t is straightforward to see that the set with the worst vertex
conductance is given by one side of the dumbbell graph: S = H_ or S = H.. This
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shows that
v*(D,) = V(Hy) = 1/n.

This implies that the optimal relaxation time 1/y*(D,) satisfies n < 1/y*(Dy) <
n*logn.

It is easy to find a chain attaining the correct order of n~! when Hi = K, i.e. each
bell is a complete graph on n vertices. Define a weighting as follows. Each vertex gets
the same total weight.

e Place unit weights on all edges which do not include the centre v,.
e Give the edges {v_, v,} and {v4, v,} weightn — 1.
e Add self-loops of weight 2(n — 1) to each of the vertices in V' \ {v_, vy, v,}.

The probability of stepping to v, from either of v4 is % This gives an order-n

hitting time of one clique from the other. This implies that our chain has relaxation

Fig.1 Dumbbell graph D, with
n = 7: two cliques connected to
a single external vertex

A

av'd

L
e

)

Fig.2 Star graph G, withn =7
a central vertex connected to
leaves

Fig.3 Matching graph M with
n = 7: two cliques connected W

via a matching

Fig.4 Source graph ¥ with
n =7 and k = 3: two cliques
connected via a ‘source’
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time order n. Contrast this with the suboptimal order n> hitting and relaxation time
for the uniform RW.

Almost Mixing. If the graphs H have polylogarithmic diameter then Theorem B pro-
vides a chain with polylogarithmic relaxation time. This is a substantial improvement
from linear. This is true regardless of the particular structure of Hy: it just needs
logdiam Hy < loglogn. If diam Hy x 1, then we obtain relaxation time order 1,
known also as an expander.

We now explain very roughly how to construct this chain for this dumbbell example
D,. The general idea is to up-weight edges towards the central vertex v,, which is the
bottleneck. We do this is such a way to make the distance to v, behave somewhat like
an unbiased RW on Z. This way it should take time order (diam H)? to move from
Hy to H.

It is natural to try to achieve this bias by rooting a spanning tree 7" at v, and then
up-weighting the vertices towards the root. This leads to a worst-case hitting time for
the root v, of order (diam 7)2. We choose T to be a breadth-first search (BFS) tree
since this has diam 7" < 2diam G.

We give a more detailed overview in Sect. 3.2. We specifically chose the bottleneck
vertex v, to be the root of T above. It turns out that actually any choice of root suffices.
The reader may find this surprising at first; we did. More generally, suppose thato € V
is any vertex and a BFS is rooted at 0; we up-weight the edges towards o. Paths from
v # o to o naturally go through bottlenecks. This automatically up-weights edges in
bottlenecks.

1.3.2 Binary tree

Let T = (V, E) be the complete binary tree on n = 2¥ — 1 vertices with depth
N =~ log, n.

Conductance Measures. 1t is straightforward to see that the set with the worst vertex
conductance is given by one side of the tree: the root, a child and all its descendants.
This gives

W*(T) = 1/n.

This implies that the optimal relaxation time 1/y*(T) satisfies n < 1/y*(T) <
n*logn.

T has bounded degree, so the maximum degree chain attains the correct order
relaxation time. This chain is just the simple RW, but with extra laziness at the leaves
to make the invariant distribution uniform. The correct relaxation time is order n; see
[41] for details.

Almost Mixing. Itis very natural to root the BFS tree at the root o of T. The up-weighting
will help pull the walk up the tree towards the root, allowing it to spread across the
width of the tree more easily. The weight given to the edge from x # o to its parent is
given by the number of vertices in the subtree rooted at x. Precisely, if x is at distance
d > 1 from the root, then the weight is 2¥~¢ — 1. The up-weighting means that the
distance from the root behaves roughly as an unbiased RW. The hitting time of the

@ Springer



S. Olesker-Taylor, L. Zanetti

root is then order N2 =< (log n)%. Once the RW hits the root, which branch it takes
after is uniformly distributed. Thus, once it hits the leaves again, it is uniform on the
leaves and so approximately mixed. The total time for this is order N? =< (logn)>.

Our method does not know, however, that there is anything special about the root of
the binary tree. Any vertex can be picked as the root of the BFS tree. Viewed from this
vertex, T is like a complete binary tree of some depth, but with some of the branches
pruned. The depth is at most 2. The same ideas give relaxation and mixing time
order N2 = (log n)2.

1.3.3 Star graph

Let G, = (V, E) be the star graph with centre v, and n leaves. See Fig.2 for an
illustration.

Conductance Measures. There is a simple dichotomy for the vertex boundary of a set
S # ¢ in the star graph G,: if v, € S, then S = S¢; if v, ¢ S, then 95 = {v.}.
Thus any S € V with |§] = L%nj and v, ¢ S satisfies W(S) = 1/|S| < 1/n. Itis
straightforward to see that this gives the correct order: place unit weights on all the
edges and weight-(n — 1) self-loops on all the non-central vertices; it is easy to see
that this chain has mixing time order n.

Another measure of vertex conductance replaces the 9.5 with the symmetric union
OsymS = 95 U 95¢; denote the vertex conductance with dsym by Wsym. Again, there
is a simple dichotomy for § # @: if v, € §, then dgymS = S U {v.}; if v, ¢ S, then
dsymS = S U {v,}. Thus W5, =< 1.

The difference between the two measures is that if the boundary of § is small,
then that of S¢ is large. The use of 9, as opposed to dsym S, is thus important in
Theorem A.

It is well-known that the spectral gap y is characterised by a variational form.
The relationship between spectral gap y and the edge conductance ®* of the simple
RW is given by the well-known Cheeger inequalities. A related variational form was
introduced by Bobkov, Houdré and Tetali [8], which they denote A~,. They establish
various Cheeger-type relationships between A, and the vertex conductance \IJs*ym. In
particular, they show, for any graph, that

(\Ils*ym)2 g )‘OO S qj:ym;
see [8, Theorems 1 and 2]. It is immediate from the definitions that Ao /dmax < ¥* <
Aoo-

In light of [8] and our Theorem A, it is natural to wonder whether Ao, can be directly
related to the optimal spectral gap y*, without a dmay factor. The example of the star
graph G, shows that this is not possible: \Ils*ym =< land thus Ao < 1, but ¥* < 1/n
and so y* < 1/n. This shows that A, is really not the correct parameter for the FMMC
problem.

Almost Mixing. Obtaining an ‘almost mixing’ chain with order 1/¢ mixing time is
simple: place ¢ weights on all the edges and weight-1 self-loops to all non-central
vertices. The total weight of the central vertex is ¢(n — 1). The remainder of the
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weight is spread uniformly. Thus the distribution 7 induced by this weighting is in
D(G,, €). It is easy to see that the mixing time is order 1/¢.

1.3.4 Complete graphs connected via a matching

Let M = (V, E) be two n-cliques Hi = Vg, Ei)’ connected via a matching:
enumerate Vi as {vli, ..., Ut} and connect v/, with v__ foralli e {1, ..., n}. See Fig. 3
for an illustration.

Conductance Measures. If vi € Sbutvl ¢ S,then v’ € 3S. From this, W*(M) < |
follows easily. It is not too hard to show that the optimal spectral gap y*(M) is of
the same order: just replace the two cliques by two 3-regular expanders and leave the
perfect matching in place. The lazy simple RW on this edge-induced subgraph of M
has order-1 spectral gap.

Almost Mixing. The optimal spectral gap is order 1, so there is no need for ‘almost
mixing’.

1.3.5 Complete graphs connected via a ‘source’

Let ¥ = (V, E) be two n-cliques Hy as ‘bells’, connected via a ‘source’: choose
vo € H_ and vy, ..., vy € Hj; connect vy with each of {vi}i.‘:]. See Fig.4 for an
illustration.

Conductance Measures. One may think at first that this ‘source’ of k edges, rather
than just a single edge, give rise to faster mixing; indeed, W(H_) = k/n. However,
removing the source from the set gives W(H_ \ vp) = 1/(n — 1). So in fact the vertex
conductance of the source graph ¥ is almost the same as that of the dumbbell graph
D*.

The edge conductance of the graph does improve with k: ®(X) = k/n?. But this
is always at most 1/n. So the improvement from k is not enough to outweigh the fact
that the uniform RW has spectral gap far from the optimal—unless k =< n.

An optimal spectral gap can be achieved by choosing an arbitrary 3-regular expander
as a subgraph of each of the cliques and connecting these via a single edge. The uniform
RW on this sparse subgraph then has spectral gap order 1/n.

Almost Mixing. We can use exactly the same construction as in the dumbbell graph
D,, picking an arbitrary edge amongst the k connecting edges.

1.4 Review of previous work

We now review previous related work. The FMMC question was originally introduced
by Boyd, Diaconis and Xiao [12], which was the first in a series of articles [9—12, 43]
by those authors along with Parrilo and Sun. It has subsequently been studied by [2,
14, 19, 21, 34, 38, 39]. We roughly collect these by theme.
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1.4.1 Finding useful formulations

Boyd, Diaconis and Xiao [12]. This original work introduces the FMMC question
and then primarily studies equivalent formulations. In our view, the most important
contribution of that paper, beyond the introduction of the very interesting FMMC
question, is their formulation of the FMMC optimisation problem as a semi-definite
program (SDP). This allows the computation of an optimal solution in polynomial
time via standard convex optimisation techniques. The SDP leads naturally to a dual
formulation, which found use in subsequent work [34, 38, 39].

Roch [38]. Roch takes the dual formulation of [11] much further, writing the optimal
spectral gap y7(G) as a minimisation of the variance of a certain constrained graph
embedding. To quote him, “Informally, to obtain [a lower bound on the optimal spectral
gap] we seek to embed the graph into RV so as to ‘spread’ the nodes as much as
possible under constraints over the distances separating nodes connected by edges.”
He re-derives the upper bound y;(G) < W, (G) using this formulation. This shows
vertex conductance is a fundamental barrier to fast mixing. Our result shows that vertex
conductance is essentially the fundamental barrier to fast mixing.

Sun, Boyd, Xiao and Diaconis [43]. The paper [43] is of a similar flavour to [12] but
in the continuous-time set-up. We discuss it in detail in Sect. 1.4 below.

1.4.2 Special cases and particular examples

Boyd, Diaconis, Sun and Xiao [11]. The special case of the path with uniform dis-
tribution is studied in the short note [11], as a follow-on from [12]. They show that
the ‘uniform chain’, i.e., the unbiased RW with %-holding at the ends, has the largest
spectral gap.

Boyd, Diaconis, Parrilo and Xiao [9, 10]. The FMMC problem on graphs with rich
symmetry properties is studied in [10]. They are able to solve various cases analytically:
edge-transitive graphs, such as the cycle; Cartesian products of graphs, such as the
two-dimensional torus and the hypercube; distance-transitive graphs, such as Petersen,
Hamming and Johnson graphs. They then use algebraic methods to study FMMC on
orbit graphs. This uses powerful representation theory arguments developed in [9].

Cihan and Akar [14]. Many similar scenarios, such as edge-transitive graphs, are
studied in [14]. The focus is on two SDP methods. They study the degree-biased and
uniform equilibria.

Jafarizadeh and Jamalipour [21]. Symmetric K -partite graphs and connections to
sensor networks are considered in [21]. They compare numerically with a Metropolis—
Hastings algorithm.

Allison and Shader [2]. Graphs which are overlapping unions of two cliques are studied
in [2]. Here are are two cliques, say of sizes r + s and r + ¢, respectively, and there
are s overlapping vertices. The FMMC problem is solved analytically for such graphs.

Fill and Kahn [19]. A rather different approach is taken in [19]. Their paper is focussed
on comparison inequalities and majorisation of measures. They use these to analyse
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the FMMC problem. This use of majorisation allows them to study a distance, such as
TV, separation or £, rather than the spectral gap, which is only a proxy for the mixing
time.

1.4.3 Continuous-time set-up

Sun, Boyd, Xiao and Diaconis [43]. The study of the FMMC question in continuous-
time was initiated in [43]. The structure and goals of this paper are similar to [12]. The
primary contribution is a convex SDP formulation as well as some dual formulations.

Recall that a normalisation on the weights was required. Indeed, doubling all the
weights doubles the spectral gap. We imposed an “average leave-rate of 1. A slightly
more general ‘weighted average’ is considered in [43]. A number of physical inter-
pretations of this normalisation are given.

Sammer [39] and Montenegro and Tetali [34]. The FMMC problem is considered by
Sammer [39, §3.3]. Itis referenced and discussed by byMontenegro and Tetali [34, §7].
We discussed their work in detail immediately after Theorem C. We add a small caveat
to that discussion.

Montenegro and Tetali [34, §7.1] claim to impose a scaling of g(V) < 1 on their
edge weightings g : E — R ; contrast this with our imposition of g(V) < n. Their
scaling immediately implies that the relaxation time is at least order n; this contradicts
their theorem. There are a couple of other points where there seem to be issues with
the scalings, in particular in application of results from [43]. It may be possible to
rectify these issues, but we have not checked carefully.

1.5 Subsequent work

Following the release of our paper on arXiv in late 2021, two papers [22, 29] extending
our work on the FMMC question were released, almost simultaneously, in early 2022.

Kwok, Lau and Tung [29]. We posed the open question of
improving  W*(G)*/1og |V £ ¥*(G) to W*(G)*/logdmax < v*(G)

in Theorem A and also proving an analogous result for general equilibrium distribu-
tions, rather than restricted to the uniform distribution. This was the inspiration for [29]
(private communication). They solve both open problems and they also generalise our
framework to optimal higher-order eigenvalues. The extension to non-uniform equi-
librium distribution was the main challenge and, whilst their solution follows the
framework of our proof, it required a significant number of new ideas.

Jain, Pham and Vuong [22]. The above improvement from log |V| to log dmax was
also established in [22] independently, but only in the set-up of a uniform equilibrium
distribution.
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2 Vertex conductance and the optimal spectral gap

This section is devoted to a proof of Theorem A. In Sect. 2.1, we define the matching
conductance of a graph, which plays a central role in the proof of Theorem A. We
also show in Proposition 2.2 that matching and vertex conductance of a graph differ
by at most a universal constant factor. Sect. 2.2 contains the necessary notation and
preliminaries needed in the proof of Theorem A. In Sect. 2.3, we relate the optimal
spectral gap of a graph to its matching conductance. This relation is formalised in
Theorem 2.10. Notice that Theorem 2.10 together with Theorem 2.2 directly imply
Theorem A.

2.1 The matching conductance of a graph

A matching is a set of edges such that any pair of edges in the set do not share
an endpoint. Given a set of (undirected) edges E together with a weight function
w: E — R>o, a maximum matching for E is a matching with maximum total weight
(if E is the edge set of an unweighted graph, we assume w is equal to one on E). We
denote with v(E) the weight of a maximum matching for E:

v(E)2  max § w(e).
matching FCE
ecF

We can now define the matching conductance of a graph.

Definition 2.1 Let G = (V, E)beagraphand @ # S C V. The matching conductance
of S is defined as

o V(E(S, S

TS
(S) S|

The matching conductance of G is defined as

T*(G) & Y(S).

min
§:0<|S|<IVI/2
The next proposition relates matching and vertex conductance.

Proposition2.2 Let G = (V, E) be a graph. Then, it holds that
T*(G) < ¥*(G) < 4Y*(G).

Proof. The inequality Y*(G) < W*(G) is obvious: forany § C V, v(E(S, S¢)) must
be smaller than the size of the vertex boundary of S. Therefore, Y (S) < W(S) for any
S C V, which yields the inequality.

The proof of W*(G) < 4T*(G) is slightly more involved. In particular it’s not true
that W (S) < Y(S) for any S C V. Figure4 provides an example of a graph with a
set with small matching conductance, but large vertex conductance. Nevertheless, the
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worst vertex conductance of a set in a graph is related to the matching conductance of
the graph. To prove this, consider | S| < |V|/2 with Y(S) = v(E(S, S°))/|S|. We can
assume Y (S) < 1/4, otherwise Y*(G) > 1/4 > W*(G)/4. Let M be a maximum
matching for E(S, ), that is |M| = v(E(S, §°)), and V(M) C V be the set of
vertices adjacent to edges in M. Now consider the set T = S\ V(M). We claim T
has small vertex conductance. To this end, consider 7. It holds that [aT | < |V (M)].
Indeed, any u € S°\V(M) cannot be in 9T, otherwise there would exist an edge
between a vertex S\ V(M) and a vertex in §¢ \ V (M), and this would contradict the
maximality of M. Therefore, since |V (M)| = 2|M| and |[M| = Y(S) - |S]| < |S|/4,
we have that

07| _ 20(E(S,$9) _ 2v(E(S, )

v (G) = < <
T S| = 2|M]| 1S1/2

= 47(S) =4Y*(G). O

2.2 Definitions and preliminaries

Given a set of vertices V, together with a set of edges E on V, a fractional matching
is a function f: E — [0, 1] such that, forany v € V, Zesv f(e) < 1. Moreover, the
fractional matching number of E, denoted by v*(E), is the maximum total weight of
a fractional matching for E:

V¥(E) = p Eﬂg{)ﬂétv(e)f(e),

where the maximisation is over valid fractional matchings.
Notice that v*(E) is the solution of a linear program which is a convex relaxation
for v(E). As such, v(E) < v*(E). A useful characterisation of v*(E) is the following.

Proposition 2.3 The fractional matching number of E, v*(E), is equal to the minimum
of the following linear program.

min Z g(u)

g: V->Ry
- ueV
subject to gw)+gw) > w(u,v) Vi{u,v}e€E.
Proof This simply follows from linear programming duality. O

With a slight abuse of notation we will also use v(G) and v*(G) to denote the
maximum (fractional) matching weight on the edge set of G.

Up until now we have considered only matchings in undirected graphs. For technical
reasons, however, we will also need to consider matchings in directed graphs. Given a
set E C V x V of directed edges, a directed matching M) C E is a set of edges such
that, if (u, v), (w, z) € ﬁ and (u, v) # (w, 2), then u # w and v # z. Alternatively,
a directed matching can be seen as a subgraph where each vertex has indegree and
outdegree at most one, whereas an undirected matching is a subgraph where each
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vertex has degree at most one. Analogously to the undirected case, we denote with
— —
v( E) the weight of a maximum matching in E .

Definition 2.4 Given an undirected (weighted) graph G = (V, E, w), an orientation

6 = (V, 75>, w) is a directed graph constructed by replacing each undirected edge
{u,v} € E with a directed edge (u, v) (with arbitrary orientation) having weight
w(u, v).

The next lemma relates the maximum matching weight in an undirected graph with
the maximum matching weight of its orientation.

Proposition 2.5 For any graph G = (V, E, w) and an orientation 6), it holds that
v(G) < 4(G).

Proof L.et M C E be a matching returned by the greedy algorithm for finding a
maximal matching on G, which works as follows: let e, . . ., e, be an ordering of the
edges of G such that w(ey) > --- > w(ep,). Then, greedy incrementally construct M
by addinge; toit,fori = 1, ..., m, aslong as this operation maintains the property that
M is a matching. Denote with e;, ..., ¢;,,, the edges of M ordered non-increasingly
accordigig) to their weight.

Let M* be a maximum matching in E) We upper bound its total weight as follows.
Let T/Io = 1\7‘ and, for j = 1,..., M|, let ﬁj be the directed graph obtained from
M j—1 by removing all edges incident to one of the endpoints of ¢;;. Since M is
maximal by construction, T/I‘ M| is empty. Moreover, at each iteration j we remove

—
at most four edges, since there are at most four edges in M* that share an endpoint

with e; - Notice these edges cannot share an endpoint with {eq, ..., ¢; ,-_|} otherwise
they would have been removed in a previous iteration. Therefore, they must all have
weight less than or equal to w(e;;). This is because the matching {eq, ..., ¢; ,} can

be augmented by adding any one of these edges (or rather, their undirected equivalent)
without breaking the property of it being a matching. But then, their weight must
be less than or equal to w(e;;), since otherwise greedy would have chosen one of

—_—
those instead of €. Hence, we have proved that 4v(G) > v(M?*), from which the
proposition follows. O

2.3 Matching conductance and the fastest mixing problem

The following result is due to Roch [38] and gives a variational characterisation of
y*(G). It follows from the fact that y*(G) can be expressed as the solution to a
semidefinite program for which strong duality holds.

Proposition 2.6 Let G = (V, E) be a graph of n vertices. Then, y*(G) is equal to the
minimum of the following optimisation problem.

min ZueV g(u) .
V>R u
gf: S D ouey IfF @
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subject to Z fu)=0

ueV

g +gW) = [If @) — fI* V{u,v}€E.

Remark 2.7 The variational characterisation actually given by Roch [38] doesn’t
include a non-negativity constraint for the function g. The function g, however, needs
to be non-negative whenever, as in our case, Markov chains on G are allowed non-
negative holding probabilities. More precisely, for any # € V and P transition matrix
of a Markov chain on G, if we allow P(u, u) > 0, then we need to require g(u) > O.

The variational characterisation of y*(G) given by Proposition 2.6 requires min-
imising over n-dimensional embeddings of the vertices in the graph. It is often more
convenient to work with one-dimensional embeddings. For this reason, we introduce
the following parameter.

Definition 2.8 Let G = (V, E) be a graph of n vertices. We denote with y(l)(G) the
minimum of the following optimisation problem.

rr‘l/in ® Z?ue v;’((”t))2

Vo> u

gj:c V—R>o ueVv

subject to Z fu)=20
ueV

) +g() = (f(w) — f()* Yi{u,v}eE.

The following proposition shows that y)(G) is a O(logn)-approximation of
y*(G).

Proposition2.9 Let G = (V, E) be a graph. It holds that
y*(6) = yM(G) Slogn-y*(G).

The proof of this proposition uses a standard trick (see, e.g., Montenegro and Tetali
[34]):

(i) we apply the Johnson-Lindenstrauss lemma [28] to show that considering only
O (log n)-dimensional embeddings suffices to obtain a constant approximation
for y*(G);

(i) we transform such O(logn)-dimensional embedding into a one-dimensional
embedding, but in doing so we will lose a O (log n) factor.

Proof. The relation y*(G) < y(l)(G) follows trivially since computing y(l)(G) can
be seen as minimising over the same set of n-dimensional embeddings as for y*(G),
with the additional constraint that only the first coordinate can be non-zero.

To prove the upper bound, let f: V — R”", g: V — R be the minimiser achiev-
ing y*(G) in Proposition 2.6. Then, the Johnson—-Lindenstrauss lemma ensures there
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exists an embedding f: V — R such thatd = O (logn) and, for any u, v € V,

1 ~ ~
SIF @) = FOI* < If@ — fI* < If@ — fI?,

and

1 ~
Ellf(u)llz < If@? < Ifw)>
Now let

i & arg max Z (fw; —f(v);)z,

jellndy 02y

and define h: V — R as

~ 1 ~
hw) = Fai =~ F)i

veV

foranyu € V.
By construction,

PIOEDIIOIEDS % Y fwi=o.

ueV ueV ueV — veV

Moreover, for any u, v € V,

(h(u) —h@)? = (Fw)i — F)D* < 1 f @) — FI? < I1f @) — f)]>.

Therefore, (h, g) is a feasible solution to the optimisation problem of Definition 2.8.
Finally,

1
D hw? = 37 () — h)?

ueV u,veV

1 ~ ~
=5 > (fwi— fw?

u,veV

S | Fw - Fo?

u,veV

1
> — D Ifw - I

u,veV

_ 2
=522 fw?,

ueV

1
>
~ 2nd

@ Springer



Geometric bounds on the fastest mixing Markov chain

where we used the fact that both /2 and f are centred at zero. Therefore,

1) > uey 8W) ) > uev 8W) * x
y(G) < > h? <2d > L F? <2dy*(G) Slogn-y*(G). O

Suppose we fix f: V — R that minimises the optimisation problem above. Then,
by Proposition 2.3, y () (G) can be seen as the fractional matching value of a graph
G y which is constructed from G by reweighing each edge {u, v} by (f(u) — f ()2
Together with Proposition 2.9, this hints towards a connection between the matching
conductance of G and y*(G). This connection is formalised in Theorem 2.10, which
is the main result of this section.

Theorem 2.10 Let G = (V, E) be a graph. It holds that
16 5 (G ST6).
Moreover, this implies that

T*(G)Q
logn

SvHG) S THNG).

The proof of Theorem 2.10 follows the standard template of the proof of the discrete
Cheeger inequality. To upper bound y (V' (G) it suffices to construct test functions f, g
from a set S minimising the matching conductance of G. The other direction is more
complicated and, similarly to the case of the “hard direction” of the discrete Cheeger
inequality, it requires using the function f that minimises y (' (G) to construct sweep
sets and analyse the matching conductance of such sets. Analysing the matching
conductance of these sweep sets, however, is not as straightforward as analysing their
edge conductance as in the proof of the standard discrete Cheeger inequality.

We split the proof of Theorem 2.10 in several lemmata. The first one, Lemma 2.11,
relates the maximum matching of cuts in the graph to the maximum matching of a
weighted directed graph appositely constructed.

Lemma2.11 Let G = (V, E) be an unweighted undirected graph and let f: V —
— —
Rxo. Let Gy = (V, E y, wy) be a directed weighted graph constructed as follows:

(i) foranyu,v eV, (u,v) € E)f ifand only if {u, v} € E and f(u) < f(v),
(ii) for any (u,v) € E g, wyu, v) = f©) = f@)?.
Foranyt > 0, define S; ={u e V: f(u)2 > t}. Then, it holds that,

foo V(E(S;. S dt < 2v(G ).
0

Proof For any t € [0,00), let M; C E(S;, Sf) be a matching achieving value

V(E(S;, S7)). Notice that, for any ¢, there might be several distinct maximum matching
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for E(S;, S7): we just pick one of them arbitrarily. We have that

/OOV(E(St, SO dr = /OOZI{e € M;}dt.
0 0

ecE

Notice that, for any edge {u, v} € E with f(u) < f(v),
(r € 10,00): (u, v} € My} € [ f@? F 7).

- = ) — )
Let M C E ; output by an execution of greedy on G ¢, which works as follows.

We first order the edges J_5>f = {ey,...,ey} of 8f such that wy(ey) > wyr(ez) >
- > wyg(ey). Fori =1,...,m, we incrementally construct M by including e; for
i = 1,...,m as long as adding this edge doesn’t break the property of ﬁ being a

directed matching. This is the same algorithm as the one described in the proof of
Proposition 2.5, with the difference that we are now constructing a directed instead of
an undirected matching.

Consider now {u, v} € E such that f(u_)) < f(v) and {u, v} € M; for some ¢t > 0.

Then, there must exist an edge (u’, v') € M such that u = u’ or v = v’ (since greedy
outputs a maximal matching) and

wr@' V) = fW)? = fU)? = f)? - fw)

The inequality above holds because otherwise greedy would have picked (u, v) instead

of (u’, v'). This implies that [ f (1), f(v)) C [f@'), f(¥)) and t € [ f(u'), f(V)).
For any t+ > O, let h,: E — E be the function that maps any {u, v} € E such

that f(u) < f(v) and {u, v} € M; to an edge (u’, v) as above. Notice that for any

edge (u', V) € ?/[ and any ¢ > 0, there can be at most two edges in M; that share an
endpoint with (u/, v'). Hence, |k, ' (', v/)| < 2.

Therefore, since {t € [0, c0): {u, v} € M;} C [f(u)z, f(v)z) as noted above, we
have

Z /Ool{{u,v}eM,}dt§2 Z /ool{ht—l(u/,v/)th;é@}dz
0 0

{M,U}EE (u’,v’)eﬁ

=2 Y (Font-ra)?)
W' el

%
<2u(G ).

The lemma follows by observing that

foo V(E(S;, $9)) dt = foo Y e e Mydi = Z/w e e Mydr <2v(G f).
0 0 0

ecE eckE
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where we can swap the signs of integration and summation since the matchings {M, :
t > 0} can be chosen so that we need to consider only at most n — 1 different matchings
(since there are at most n — 1 different sets S;), which implies that the integral can
actually be computed as a finite sum. O

The next lemma shows how to construct a set of small matching conductance given
a “good” non-negative function f: V. — Rxo.

Lemma212 Let G = (V,E) be a graph and f: V — Rsq such that 0 <
Hu e V: f(u) #0}| < |V|. Let A be the minimum of the following optimisation
problem.

min ZMGV g(u)
g: V=R ZueV f(l,t)2
subject to gw)+gl) > (f(u) — f(v))2 V{u,v} € E.

Then, there exists a set S € {u € V: f(u) > 0} such that Y(S) < 8+/2A.

Proof. Let S; = {u € V: f(u)* > t} fort > 0. We have that

CV(E(S;, SO))dt
min T(St) < fo U(oo( t t))
1:0<|S,|<|V]| fo |S;| dt

First notice the denominator is equal to

/O ISilde =) fw)?.

ueV

We now upper-bound the numerator. Let G = (v, E f»wy) be the directed
weighted graph defined in Lemma 2.11:

@) forany u,v eV, (u,v) € Ef if and only if {u, v} € E and f(u) < f(v);
(1) for any (u, v) € E)f, wy(u,v) = f(v)2 — f(u)z.

Notice that this is an orientation of a graph Gy = (V, E ¢, wy) where each directed

edge (u,v) € 7?) r is replaced by {u, v} € E. Therefore, by Lemma 2.11 and Propo-
sition 2.5, we have that

/ V(E(S;. S dt < 20(G ;) < 80(G ).
0

We now want to relate v(G ) to A. Let M be a maximum matching in G y. By
applying Cauchy—Schwartz and the triangle inequality,
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v(Gp)= Y wyu.v)

{u,v}eM
> |rw? - s
{u,v}eM
= D If@=fOI-1fw+ fo)
{u,v}eM
Yoo = fo)? [ D (fw) + f)?
{u,v}eM {u,v}eM
Y@= fe? | Y 2(fW?+ fw)?)
{u,vleM {u,v}eM
Y= f)? 23 fw?,
{u,v}eM ueV

where the first inequality follows from Cauchy—Schwartz, while the second from the
inequality (a+b)? < 2a*+42b* for anya, b € R. Notice that Z{u’v}eM(f(u) —f(v)?
can be interpreted as the weight of a matching in an undirected graph obtained from
G by reweighing each edge {u, v} with weight (f(u) — f(v))z. Therefore, we can
apply Proposition 2.3 and the definition of A to show that

D (fw) = fw)?

{u,v}eM

< min {Z gu)

: V>R
8 =0 ueV

<A) S

ueV

g) +gw) > (fu) — fW)*Vi{u,v} € E

Putting all together, we obtain

[V Gy BT T S
ue 8v20.
JEISId = Sy F@2 = Sy f@?

mtin T(S) < O

We are now finally ready to prove Theorem 2.10.

Proof of Theorem 2.10 We start by proving the “easy side” of the Cheeger-type inequal-
ity, i.e., yY(G) < T*(G). Let S C V such that |S| < |V|/2 and Y(S) = Y*(G).
Define f: V — Ras

1 .
f(u) \/z—l—s ifuesS
1 ifu¢sS.
N/Z\V\S\
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Let M be a maximum matching for E(S, S¢), i.e., [M| = v(E(S, S)). Denote with
V(M) the set of vertices incident to M. Define g: V — R as

2/|S| ifue V(M)
gu) = .
0 otherwise.

By construction, f, g satisfy the constraints of the optimisation problem of Def-
inition 2.8. Moreover, ZueV gw) = 2V(M)/|S| = 4v(E(S, S9)/|S|, while
D ouev f(u)? = 1. Therefore,

ZMEV g( )

(DG
( )<Zuevf( )2

=47(S) =47*(G).

We now turn the attention to the “harder side”, i.e., T*(G)> < y(l)(G). Let
f.g: V — R minimise ¥V (G). We cannot directly apply Lemma 2.12 with f
since f is not non-negative and might be supported over the entire V. For this reason,
we define two non-negative functions s, ht: VvV —> R0 as follows. Let ¢ be the
median of f, i.e., order the vertices in V such that f(u1) < f(uz) < --- < f(un)
and set ¢ £ f(uny21). For any u € V, define A~ (u) = max{0, —(f(u) — ¢)} and
ht(u) £ max{0, f(u) —c}. 1>, cp h~W)? = Y, oy hH(u)?, we define h & h~,
otherwise & = ht. We now apply Lemma 2.12 with /.

First notice that

Sk = 3 w02 3 Y fwr,

ueV ueV ueV

since ),y f (1) = 0because f is a feasible solution to the optimisation problem of
Definition 2.8. Moreover, for any {u, v} € E,

(h(u) — h()?* < (f(u) — f)* < gu) + g).

We can then apply Lemma 2.12 with

s Duer 8@ _ 2% ey 8)

e =2yD(G
Sy h? = ey f2 @

Therefore, there exists S € {# € V: h(u) > 0} such that Y(§) < 8+/2A. Moreover,
by construction the support of / has size at most |V |/2. Hence,

T*(G) < Y(S) < 8V2x < 16,/y1(G).
O
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3 Almost mixing
3.1 Set-up and main result

The previous section was devoted to estimating mixing-type statistics for the FMMC
problem: we controlled the maximal spectral gap yp amongst all transition matrices
P on a given graph G = (V, E) which are reversible w.r.t. the uniform distribution in
terms of the vertex conductance of G. The purpose of the current section is to relax
the condition that the invariant distribution of P, which we denote 7 p, is exactly Uy :
we allow 7 p to be e-far from uniform in TV. We show that this can allow a significant
speed up in the mixing time versus requiring the invariant distribution to be exactly :
we explicitly construct a Markov chain with spectral gap order at least & /(diam G)?.

Recall that we write D (V) for the set of positive probability distributions on a set
V and

D(r, &) = {7’ € D(V) | minyey 7' (x)/m(x) > 1 — ¢}
for m e D(V) and € €0, 1].

Letu: E — Ry,letA, B, S C V,letx € Vandlet E' C E. We use the following
notation.

ux) := Zer u({x,y}) and u(S):= ers u(x);

._ N
E(A,B):={{x,y) e E|xeA, ye B} and u(E):= ZEGE,u(e).
Define the transition matrix P, € [0, 1]V*V by

Pu(x,y) == u({x, y})/u(x) for x,y €V withx # y;
Pu(x,x):=1— Zer\{x} Pu(x, y) for xeV.

Abbreviate the spectral gap as y, := yp,. Define the probability measure 7, : V —
[0, 1] by

T, (x) :=u(x)/u(V) for x e V.

P, is the transition matrix of the RW on the weighted graph and 7, is its invariant
distribution. It is the unique invariant distribution if the edge set {e € E | u(e) # 0}
is connected.

The following theorem is a refinement of Theorem B.

Theorem 3.1 (‘Almost Mixing’) Let G = (V, E) be a graph and let 1 € D(V).
There exists an edge weighting w; : E — R, depending only on G and w, with unit
total weight, i.e. w1 (V) = 1, and the following property. Let ¢ € (0, 1). Let P be
a transition matrix on G which is reversible w.r.t. ; it need not be irreducible. Let

@ Springer



Geometric bounds on the fastest mixing Markov chain

wo : E — R4 be the unique edge weighting of G with Py, = P and wo(V) = 1.
Define the transition matrix Q via the superposition weighting w := wo + ewj:

Q := Py, where u(e) := wp(e) +ewi(e) for e € E.
Then minycy 7y, (x)/m(x) > 1 —¢. Let Q' := %(I + Q) denote its lazification. Then

Yo > 1e(diam G)™% and tq(£)
< 24¢7 Y (diam G)? log( >m L) forall £ € (0, 1).

min
Immediate consequences of these properties are ||my, — ||7v < &,

Q(e) > (1 —e)P(e) forall e c E and
1o = 1o/(}) < 2467 (diam G)? log(167,}).

min
We remark briefly on the ‘independence’ of the perturbation by sw;.

Remark 3.2 (Independence of Perturbation) The weighting w = wqg + ew; can be
seen as a perturbation of wy by ewq, since we are most interested in the case where
¢ is very small—indeed, we want the new equilibrium distribution to be very close
to . We emphasise that the perturbation weighting w; does not depend on the base
weighting wo; rather, wi is a function only G and 7.

We fix a graph G = (V, E) and a probability measure 7 € D(V) throughout this
section. We do not always repeat these in statements below. Also, we write n := |V|.

We start by proving a slightly weaker statement. Assume that wg corresponds to
unit-self loops:

wo({x,y}) =0 forall x,yeV with x #y and wo({v})
=n(v) forall veV.

The corresponding transition matrix Py, is diagonal and thus reversible w.r.t. any
measure. We then extend the argument to handle arbitrary initial weightings w in the
Sect. 3.5.

3.2 Outline and proof given later results

We start by giving a very brief outline with cross-references to the results proved
in the following subsections. We then flesh out this outline, giving a more detailed
description.

Outline of Proof: Very Brief The proof has four key steps.

(i) We construct a weighted spanning tree; see Definition 3.11.
(i1)) We control the difference between the invariant distribution of the RW on this
weighted tree and the target distribution 7; see Lemma 3.12.
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(iii) We estimate the conductance of this weighted tree; see Proposition 3.13.
(iv) We relate its spectral gap and conductance using canonical paths; see Corol-
lary 3.14. O

Outline of Proof: More Detailed We now flesh out the above details somewhat for 7 =
Uy.

e Let 7T = (V, F) be a BFS spanning tree of G, rooted at v,. We choose a weighting
w, 1 F — (0, 0o) such that the weights increase towards the root v, in such a way
that w, has edge conductance order 1. We then rescale the w, to get w, with total
weight w, (V) = en.

e Define w : E — R, by adding unit-weight self-loops to w,. The total weight
w(V) = (1 4+ ¢)n and w(x) > 1 for all x. Thus the invariant distribution 7’
satisfies min,cy 7'(x) > (1 — g)/n.

e It remains to analyse the edge conductance of w, which is intimately related to
the original total weight w,(V). We can choose the weights such that w, (V) =<
ndiam G. We then apply a Cheeger-type inequality to deduce a spectral gap lower
bound of order ¢/(diam G)2.

We now describe how to choose the weighting w,. Let 7, € T denote the
subtree rooted at x and consisting of all descendants of x. We choose the weight
w.({x, prt(x)}) := |Ty|, where prt(x) is the (unique) parent of x, for x # o. This
way, the conductance of a subtree T in the weighted tree (T, w,) is precisely 1. We
emphasise that this is in the weighted tree (7', w,). We need to rescale w, and combine
it with the unit-weight self-loops to get an approximately uniform weighting.

It turns out that w,(F) =< ndiam7T =< ndiam G. This then gives rise to a
final conductance ®* < ¢/diam G. The standard Cheeger inequality then gives
y 2> &2/(diam G)2. We improve this to y > ®*/(diam T') by applying the canonical
paths method, using the fact that T is a tree.

The proof for general 7 is very similar. One gives the self-loop at x weight 7 (x) and
defines w, ({x, prt(x)}) := 7 (Ty). This is the natural extension. The same arguments
follow through. O

3.3 Preliminaries

We introduce some preliminary material which is used throughout the proof, as well
as in Sect. 4. The majority of it will be familiar to a reader well-versed in RWs and
mixing time analysis.

First, we generalise the notation of edge conductance of the graph, herein abbre-
viated conductance. We introduced this in Definition A.1 for RWs on unweighted
graphs, i.e. unit weights on all edges. Reversible RWs correspond to a general weight-
ingu : E — R, as in the above notation. The (edge) conductance of a reversible RW
is the (edge) conductance of that weighted graph.

Definition 3.3 (Edge Conductance) Let G = (V, F) beagraphandu : F — R bea
weighting. The conductance ®,,(S) of aset § € V with ,,(S) > 0 w.r.t. u is defined
to be
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7 (F (S, 89)  u(F(S,S))

R T TS

The conductance @}, of u is defined to be

P

— min
u T SCVi0<m, (S)<1/2 Pu(S).

The adjusted conductance 5M(S) ofaset S C V with 0 < 7,(S) < 1 is defined
similarly:

7 (F (S, 89)

d o* .= min d,(S).
Ta(S)me(se) T (%)

Dy (S) = = SCV:0<m, ($)<1

Remark 3.4a (Conductance: Original and Adjusted Relations) The definition of the
adjusted conductance does not need the restriction , (S) < % as @, (S) is invariant
under complementation:

®,(S) = ®,(S°) forall SV with0 < 7, (V) < 1.

The following inequalities between &, and @, are immediate:

D,(S) < Du(S) forall § C V with 0 < 7,(S) < I;
10,(8) < ®u(S) forall S <V with0 < 7,(S) < 1.
%5; <P < o whatever the graph. A

Remark 3.4b (Conductance: Connectivity Assumption) We may assume that S induces
aconnected subset 7'[S] when analysing ® . Indeed, if S = A U B with F(A, B) = 0,
then

u(F(A, A9)) +u(F(B, BY))

Pu(8) = u(A) + u(B)

> min{®,(A), ®,(B)},

using the fact that F (S, S¢) = F(A, A°) U F(B, B) and that

b
A0 ind 2 foral ald bt > 0. A
a/+b/ a/ b/

Next, we introduce the canonical paths method and use it to relate the spectral gap
to the conductance in trees. A proof of Proposition 3.6 can be found in [40, Theorem 5].

Definition 3.5 (Paths) Let G = (V, F) be a graph. I" : {0, ..., L} — V is an F-path
from x to y if

FrO)=x, I'(L)=y and {I'(€—1), ()} e F forall ¢e[l,L].

The length of apath " : {0, ..., L} — V is defined to be |I"| := L.
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Proposition 3.6 (Canonical Paths: General) Let G = (V, E) be a connected graph
and u : E — Ry be a weighting. Let I'x y be an arbitrary F-path from x to y for
x,y € V. The spectral gap y, of the RW on (G, u) satisfies

wz M (@ /u(V)) /30, He € Tophm(0)m()I -
Corollary 3.7 (Canonical Paths: Trees) Let T = (V, F) be a connected tree and u :
F — (0, 00) be a weighting. The spectral gap v, of the RW on (T, u) satisfies

Vi > CTDZ/diam T.

Proof Let I'y , be the shortest path between x and y for all x, y € V. Then [T, ,| <
diam T for all x, y € V. Removing the edge e = {e_, e;} € F disconnects the
graph, leaving two components, with e € V in one component and e € V in
the other. Denote the component containing e4 by 7. The canonical paths method
(Proposition 3.6) then implies that

min _4@/uV) .19 P
Y= dlamT eeF nu(T+)nu(T) diam T diamT'

This uses the fact that 7'¢ UT¢=Vand F(T¢, T¢) =eforalle € F. O

Remark 3.8 A more general statement is proved by Miclo [33, Theorem 1] (article in
French). He does not require the graph 7' to be a tree at the cost of replacing diam 7
in the denominator of the bound by the longest path in T'; eg, if 7 has a Hamiltonian
path, then the denominator becomes n — 1. He gives two proofs, one of which uses a
canonical paths style argument.

Finally, we introduce some notation for trees and prove a counting lemma. This
lemma, innocuous as it may appear, is fundamental to multiple calculations. The
notation and definitions above were for any graph 7 = (V, F). Assume that 7 is a
tree for the rest of this preliminary section.

Definition 3.9 (Tree Notation) Let T = (V, F) be a tree rooted at o.

e Let anc(z) denote the unique shortest path from z to the root o, including both z
and o.

o Let V) :={z€V|yeanc(z)} and T, := T[V,] denote the subtree rooted at y.

e Let prt(x) denote the parent of x # o, ie the unique neighbour y of x satisfying
y € anc(x).

Lemma 3.10 (Counting Weighted Subtrees) For all measures jpon 'V and all x € V,
we have

Zyem{x} p(Ty) < pu(Ty) diam 7.
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Proof. z € T, if and only if y € anc(z); if y € T, Nanc(z), then z € T,. Thus

ZyETX\{X} Ty = Z)’ETX\{X} ZzeTy e
= Zyev Zzev n@ Uy € T, \ {x}}1{z € Ty}
- ZzGV () ZVGV Hy e anc(z) N Ty \ {x}}1{z € T}

< ZZGTX w(z) depth Ty = ju(Ty) depth Ty < u(Ty)diam 7. O

3.4 Construction via a weighted spanning tree

First, we define a weighted spanning tree (7', w).

Definition 3.11 (Weighted Spanning Tree) Leto € V andletT = (V, F) bea BFStree
rooted at 0. Supplement F with a self-loop at each vertex of V. Define the following
weightings wo/1 : FF — Ry

wo({x, ¥} =7 (x)1{x =y} for x,y eV,
wi({x, prt(x)}) := 7 (Ty) for x € V\ {o}.

Define the weighting w : F — R via a linear combination:
w = wo +nw; where n:= %8/ diam 7.

T is a BFS tree, so A := diam T satisfies A < 2diam G.
The distribution 1, induced by w is close to 7 in the following sense.

Lemma 3.12 (i, Close to ) The weighted tree (T, w) and its induced distribution
Ty satisfy

w(V) <1+e and M0 7, (x)/m(x) > 1/(1+6) > 1—&.
Proof First, the subtree counting lemma (Lemma 3.10) implies that
wi(V) =2wi(F) =237 wi@=2%  wi(fx,pre(x)}
- 2erm{0} 7(Ty) < 27(T,)A = 2A.
Trivially, wo(V) = ),y 7(x) = 1. Thus
w(V) = wo(V) +quwi(V) < 1+ (5¢/A) - 2A) = 1 +e.

Second, w(x) > wo(x) = w(x) and thus m,(x) = wx)/wV) > 7 (x)/(1 + ¢)
forallx e V. |
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Next, we control the conductance of this weighted spanning tree.

Proposition 3.13 (Conductance) Let (T, w) be the weighted spanning tree from Def-
inition 3.11. The conductance ®3, of the RW on (T, w) satisfies

> te/A.
Proof. First, suppose that o ¢ S. Choose x € § with dist(x, 0) minimal. We may
assume that 7'[S] is connected, by Remark 3.4b. These together imply that § € V,
and
{x.pri(o)} = F(T,. T) € F(S. 59).

This implies that

w(F(S.89) _ w(F(T. TY))

T B TS
The definition of w gives
®,(T,) = w(x, prto}) 7 (Ty) .
w(Ty) () + ey, 17(Ty)
The tree counting lemma (Lemma 3.10), then implies that
n (1) n & €

ch(Tx)Z = = > —,
a(Ty) +nAn(Ty) 14+nA  24e)A = 3A

recalling that n = %8 /A. We have thus shown that
®,(S) > 3% forall SC V witho ¢ S # 0.

Importantly, this inequality does not require ,,(S) < %
Next, suppose that o € S and 7, (S) < % The relations of Remark 3.4a imply that

Dy (8) = FDu(S) = 3D, (59 = F0,,(S).
But now S’ := S¢ satisfies 0 ¢ S’ and S # (. Thus the previous case implies that
Dy (5 = Dy (S) = Fe/A.
Importantly, this case did not require 7, (S") < % Combining gives

Dy(S) > te/A forall §CV with0 < m,(S) < O

1
3
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Finally, we apply the canonical paths method for trees (Corollary 3.7) to deduce a
bound on the spectral gap for (T, w).

Corollary 3.14 (Spectral Gap) Let (T, w) be the weighted spanning tree from Defini-
tion 3.11. The spectral gap y,, of the RW on (T, w) satisfies

Yw = ée/A2 > is/(diam G)’.

Proof This is an immediate consequence of the canonical paths method for trees
(Corollary 3.7) and Proposition 3.13, along with the relations of Remark 3.4a. Also,
A <2diam G. O

We have now almost proved the main result. We just need to make sure the chain
is lazy and convert the spectral gap result into a mixing time result.

Proof of Theorem 3.1 when wy = m The Markov chain constructed is a RW on a
weighted BFS tree. It is defined in Definition 3.11. Denote the invariant distribution of
the RW on this weighted tree by ’. Lemma 3.12 establishes the claim on the invariant
distribution.

The spectral gap bound is proved via Proposition 3.13 and Corollary 3.14. Precisely,
Corollary 3.14 defines a reversible chain Q satisfying yo > 2—148 /(diam G)2.

The mixing time bound will follow from the spectral gap bound via a standard
mixing time—spectral gap relation. To apply this relation, we first pass from Q to its
lazy version Q' := %(I + Q). This ensures that the spectral gap and absolute spectral
gap agree. Q and Q’ have the same invariant distribution and that yor = %)/Q. A simple
calculation establishes the mixing time claim using the spectral-mixing relation; see
[1, Lemma 4.23] for details of this relation. O

It remains to handle the case of general wy, i.e. where wy is any unit edge weighting
with 7 as its induced invariant distribution. This is done in the next subsection.

3.5 Perturbation to arbitrary base chain

The analysis up to this point has shown the existence of a fast ‘almost mixing’ chain.
Precisely, we defined a weighted graph by constructing an appropriately weighted BFS
tree and supplementing it with w-weighted self-loops. We can think of the self-loops
as a ‘base’ weighting which is reversible w.r.t. . We denoted the ‘base’ weighting wy
and the ‘tree’ weighting wy; recall Definition 3.11.

We now explain how to extend this to an arbitrary ‘base’ weighting wg. The analysis
is extremely similar to that of the self-loops case above: we simply take an arbitrary
base weighting wq and superimpose on it the same weighted BFS tree. Some small
adjustments are needed, but not many.

Letwo : E — R be an arbitrary unit edge weighting of E. Define E' := {e¢ € E |
wo(e) # 0}, the edge set of the graph induced by wq. 7 is the invariant distribution
of the wo-weighted RW.
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Construction. We define the weighted tree (T', w) exactly as before in Definition 3.11:
T = (V, F) is an arbitrary BFS tree and w ({x, prt(x)}) = 7 (Ty) for x € V\{o}; set
w = wo + ewj. The proof of Lemma 3.12 is unchanged, showing that the induced
distribution 7y, is close to 7. O

Canonical Paths and Adjusted Conductance. We can no longer use the canonical paths
method for trees (Corollary 3.7) since the weighting does not necessarily give rise to
a tree. The ‘extra edges’—ie, those corresponding to non-self-loops in wy—can only
increase the conductance. Intuitively, these cannot harm mixing, but we must establish
this carefully.

First, we adjust the proof of the canonical paths method for trees, i.e. the deduction
of Corollary 3.7 from Proposition 3.6. We use the same canonical paths I", defined
by paths in the BFS tree 7. The bound on the spectral gap y does not require a lower
bound on ®(S) for arbitrary S; rather, it only needs a lower bound on ®(7y) for all
xeV.

The fact that E/ = @ when wy is only self-loops meant that the set of edges
emanating from the set 7, was given by F (T, TY) = {x, prt(x)}. More generally, it
is given by {x, prt(x)}U E'(Ty, T¢). But this is always a superset of {x, prt(x)}, so the
edge conductance is always larger than if the edges from E’ were ignored. Motivated
by this, define the following adjustment of edge conductance:

w({x, prt(x)})/w(V)
7y (T) 1w (TE)

5u)(TX) = for x € V and ﬁ;; = Lnel‘l} 61,)(Tx).

This is the edge conductance where only the boundary edges in the tree T = (V, F)
are considered. The same proof as for canonical paths for trees then implies that

Y = 6;/A, recalling that A =diam7. O

Conductance Analysis. The analysis of the conductance in Proposition 3.13 needs to
be adjusted. We need only analyse the conductance of complete subtrees 7, and
must regard the boundary as only F(7y, T) = {x, prt(x)}, not the full boundary
(E'U F)(Ty, Tf). The proof of Proposition 3.13 applies almost unchanged to control
51*02 we obtain

5; > zg/A.

A=

The only point to be noted is the establishment of the equality wo(7y) = 7 (Ty).
Previously, this was obvious from the self-loop weightings. It still holds here, since the
invariant distribution induced by wy is 7w and wg has unit total weight, by assumption.
Thus, in fact, wo(x) = w(x) forall x € V. O

Conclusion. We combine the two results above, exactly as before, to obtain
= 1 2 1 . 2
Yw = P, /A > ge/A” > 5z¢/(diam G)”.

The conversion of this into a lazy chain and then into a mixing estimate is unchanged.
|
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4 Continuous-time markov chains
4.1 Set-up, main result and outline

We have been studying discrete-time Markov chains throughout this paper. It is nat-
ural to ask the same question for continuous-time chains. Our attention is devoted to
continuous-time Markov chains which are reversible w.r.t. the uniform distribution.
Such chains can always be represented as a RW on a weighted graph (G, w) where
w: E — R is a weighting on the edge of G = (V, E).

Our main result for continuous-time chains is simple to state: we impose a normal-
isation of |V|_l >, < w(e), ie the average rate at which the RW leaves a vertex is at
most 1; we define a weighting w and show an upper bound of order (diam G)? on the
spectral gap of this RW.

Theorem 4.1 (Fast Mixing Continuous-Time Markov Chain) Let G = (V, E) be a
graph. There exists a weighting w : E — R with average rate |V |~} Doey wx) <
1 and such that the Markov chain induced by this weighting has spectral gap y,, and
mixing time Ty, (-) satisfying

Yo = 1c(diam G)™* and 7,(¢) < 8(diam G)? log(¢ *|V|) forall & € (0, 1).

Proof of Theorem 4.1: Outline The outline is the same as in discrete-time.

(i) We construct a weighted spanning tree; see Definition 4.2.
(ii)) We control the total weight of the spanning tree; see Lemma 4.3.
(iii) We estimate the conductance of this weighted tree; see Proposition 4.5.
(iv) We relate its spectral gap and conductance using canonical paths; see Corol-
lary 4.6. O

We fix a graph G = (V, E) and always take 7 := Uy to be the uniform distribution
on V. We do not always repeat these in statements below. Also, we write n := |V]|.

4.2 Proof via adjustments to discrete-time case

The proof in continuous-time is surprisingly similar to that used in discrete-time.

e We construct the same weighted tree (7', w), except that we do not include the
self-loops; contrast Definitions 3.11 and 4.2.

e The invariant distribution of a RW on a graph with weights on the edges is always
uniform. Thus we do not need an analogue of Lemma 3.12. We require the fotal
weight to be at most n, instead of requiring the invariant distribution to be close
to a given measure.

e We use the same argument to control the conductance; cf Proposition 3.13. The only
differences is that now we do not include the self-loop weight in the calculation.

e The canonical paths argument applies in continuous-time; cf Corollaries 3.7 and
3.14.

First, we define the weighted spanning tree (7', w); cf Definition 3.11.
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Definition 4.2 (Weighted Spanning Tree) Leto € V and let T = (V, F) be a BFS tree
rooted at 0. Define the following weightings w : F — R by

w(fx, prt(0)}) == 1| T|/diam T. for x € V \ {o}.

T is a BFS tree, so A := diam T satisfies A < 2diam G.

This is equivalent to the tree-weight in the discrete-time case; see w; in Defini-
tion 3.11. The particular scaling is chosen so that the total weight of w is at most 7,
as the next lemma shows.

Lemma 4.3 (Total Weight of w) We have w(V) < n.

Proof. Thisis animmediate consequence of the subtree counting lemma (Lemma 3.10):
w(V)=2w(F) =23 w(xprth=3 - ITI/A<|Tl=n O

Next, we control the conductance of this weighted spanning tree; cf Proposi-
tion 3.13. To do this, we must first give the precise definition of conductance in
continuous-time.

Definition 4.4 (Conductance) Let T = (V, F) be agraphand letu : F — R, be a
weighting. The conductance ®,,(S) of aset § € V with ,,(S) > 0 w.r.t. u is defined
to be

D, (S) :=u(F(S, $9)/ISI.
The conductance @}, of u is defined to be

P

— min
u T SCVi0<m, (S)<1/2 Pu(S).

Proposition 4.5 (Conductance) Let (T, w) be the weighted spanning tree from Defi-
nition 3.11. The conductance @}, of the RW on (T, w) satisfies
Al

@, >

*
w

IS

Proof. The same reductions as used in Proposition 3.13 show that it suffices to show
that

®y(Ty) = $A7" forall x e V.
But this is immediate from the definition of w:

Dy (Ty) = w({x, prt)D/|Tx| = T AT /1T = 3471 O
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Finally, we apply the canonical paths method for trees (Corollary 3.7) to deduce a
bound on the spectral gap for (7', w); cf Corollary 3.14. We must adjust this to apply
in continuous-time; see Proposition 4.7 and Corollary 4.8.

Corollary 4.6 (Spectral Gap) Let (T, w) be the weighted spanning tree from Defini-
tion 3.11. The spectral gap yy, of the RW on (T, w) satisfies

Yo > 3AT

Proof This is an immediate consequence of the canonical paths method for trees in
continuous-time (Corollary 4.8) and Proposition 4.5. O

It remains to adjust the method of canonical paths to continuous-time.

Proposition 4.7 (Canonical Paths in Continuous-Time: General) Let G = (V, E) be
a graph and u : E — R be a weighting. Let yx y be an F-path from x to y for all
x,y € V. The spectral gap y, of the RW on (G, u) satisfies

= nILIélél Q”(e)/z 1{6’ € Vx,y}Wx,yI}o

Proof The discrete-time case is proved in [40, Theorem 5]. It involves the variational
characterisation of the spectral gap in terms of the Dirichlet form. This characterisation
holds both in discrete- and continuous-time; see [1, §3.6]. The proof in [40] then
passes almost unchanged to the continuous-time set-up, recalling that now the invariant
distribution is uniform.

Concretely, one can rescale the weights, setting w(-) := cw(-) for some value ¢
such that max,cy w(x) = 1. This can then be realised by placing mean-1 exponential
wait times between jumps of a discrete-time chain P. One then applies the canonical
paths method to P. The Dirichlet form is linear in this scaling meaning that the scaling
can be ‘undone’ at the end. O

Remark (Cheeger-Inequality in Continuous-Time) We remark that while a scaling
argument as used above does apply for the usual discrete-time Cheeger inequality,
namely y > %(@*)2, the bound is quadratic in the scaling. Thus a factor of ¢ is lost.
See [1, Theorem 4.40]. In our set-up, max,cy w(x) may be as large as (n — 1)/A.
This would lead to a lower bound of 1/(nA) on the spectral gap, rather than 1/A? as
we were able to achieve using canonical paths.

Analogous arguments to those used in the special case that G is a tree, ie deducing
Corollary 3.7 from Proposition 3.6, apply in the continuous-time set-up too.

Corollary 4.8 (Canonical Paths in Continuous-Time: Trees) Let T = (V, F) be a tree
andu : F — (0, 00) be a weighting. The spectral gap vy, of the RW on (T, u) satisfies

Yu = ®/diam T.
We now have all the ingredients required to deduce the main result.
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Proof of Theorem 4.1 The Markov chain constructed is a RW on a weighted tree. It is
defined in Definition 3.11. Lemma 4.3 bounds the total weight of this tree by n, as
required.

The spectral gap bound is proved via Proposition 4.5 and Corollary 4.6. The mixing
time bound is then deduced from the spectral gap bound via the (continuous-time)
spectral gap—mixing time relation; see [1, Lemma 4.23] for details of this relation. O

4.3 Hitting time of the root

The following result is not needed for the proof, but it is a nice little result and its
proof is extremely simple, given a reference regarding hitting times in trees. Write t,
for the hitting time of vertex x.

Lemma 4.9 (Hit Root in Diameter Squared) Let G = (V, E) be a graph. For all
0 €V, there exists a weighting w : E — R4 with average rate %erv w(x) <1
and such that the Markov chain induced by this weighting has worst-case expected
hitting time of o satisfying

max [, (¢,) < 8(diam G)>.

xeV

We use the weighted spanning tree (7', w) used above, i.e. from Definition 4.2.
Precisely, the tree T = (V, F) is rooted at some vertex o € V and

w({x, prt(x)}) := %|Tx|/diamT for x € V\ {o}.

Moments of hitting times of the root in reversible Markov chains on trees were inves-
tigated by Zhang [45]. The following result is a special case of [45, Theorem 1.1].

Theorem 4.10 (Hitting Times in Trees; cf [45, Theorem 1.1]) Let T = (V, F) be a
finite tree and q : F — (0, 00) a weighting. Let o € V and root the tree at o; use the
notation of Definition 3.9. Let 1, denote the hitting time of the root. For all x € V, we
have

Ex(%0) = D7 e [Ty 1/4 0y, PEOID.

The hitting time result of Lemma 4.9 follows easily from this.

Proof of Lemma 4.9 Let (T, w) be the weighted spanning tree from Definition 3.11.
We have |Ty|/w({y, prt(y)}) = 2diam T for all y. Thus applying Theorem 4.10 to
this weighted tree gives

E.(7,) = [anc(x) \ {0}| - 2diam T < 2(diam T)? < 8(diam G)?,

since diam 7T < 2 diam G. The weighting satisfies w(V) < n by Theorem 4.3. Theo-
rem 4.9 follows. O
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Remark 4.11 (Inspiration) This result of Zhang [45] was the inspiration behind our
choice of weighted spanning tree in both the discrete- and continuous-time set-ups.
Particularly, the simplicity of the formula when one takes g({x, prt(x)}) = |Ty|
encouraged us to try this weighting.

We had originally tried to make the distance to the root behave roughly like an
unbiased RW on the integers—this gives the right “diameter-squared” bound. This
means balancing the weights on either ‘side’ of a vertex. This works for some trees,
e.g. the path, rooted at one end, and the binary tree. But it does not combine well:
attaching a path and binary tree, each of the same depth, at their root gives rise to a
“diameter-cubed” hitting time of the root.

Although we have phrased the continuous-time proof as an adjustment to the
discrete-time one, we actually developed the continuous-time argument first. Indeed,
this is natural because any edge weighting gives rise to the uniform distribution in
continuous-time, so there is no need to do any superposition with a ‘base’ weighting,
such as self-loops.

5 Time-inhomogeneous markov chains

The content of this section is somewhat different from the previous ones. Our desire,
as always, is to sample from a distribution 7 on a set V via some Markov process
which only uses transitions permitted by the graph G. The difference here is that we
use a time-inhomogeneous Markov chain.

Markov chains are typically time-homogeneous. Discrete-time chains are then
described by a transition matrix P and an initial law wg. The time-r law u; is then
given by applying P t times to u: pu; = poP'. Continuous-time chains are described
in a somewhat similar manner. Time-inhomogeneous chains are allowed to use a dif-
ferent transition matrix at each step: P; is used for the first step, P, for the second and
so on. The time-¢ law u; is then given by u; = o P - - - P;. The special case where
P, = P for all ¢, for some P, reduces to the time-homogeneous case.

Our main result for time-inhomogeneous chains is simple to state: given a graph
G = (V,E) and 7 € D(V), we exhibit a time-inhomogeneous Markov chain which
satisfies (2 diamG = 7.

Theorem 5.1 Let G = (V, E) be a connected graph and let w1 € D(V). There exists
a time-inhomogeneous Markov chain on G obtaining perfect mixing after 2 diam G
steps: L2 diam G = TT.

We fix a graph G = (V, E) and a probability measure = € D(V) throughout this
section. We do not always repeat these in statements below.

Proof of Theorem 5.1 Our argument proceeds by induction on the depth of the tree.

Choose 0 € V and a breadth-first search (BFS) tree T = (V, F) rooted at o
arbitrarily. Given x € V, let V, denote the set of vertices for which x lies in the unique
shortest path to the root o; let Ty := T[V,]. Write A(x) := depth T for the depth of
Ty, i.e. the maximal distance maxyer, dist(y, x) to the root of T,. We construct the
time-inhomogeneous chain inductively
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Suppose that Xy = o; we cover the general case later. We claim that there exists
a chain X? on T, such that XZ(O) ~ 7|y, This is trivially true if 7, is a singleton,
which has depth 0. Assume now that |7,| > 2. Define the first transition matrix P
to keep X at o with probability 7 (o) and otherwise move to x with {0, x} € F with
probability proportional to 77 (7Y ):

Pi(0,0) :=m(0) and Pi(o,x):=n(T,) for x € V with{o,x} € V.

Let Py(0,0) = 1forall k > 2. Thus if X| = o then X; = o forall k > 1.

There exists a chain X* on T, such that XZ(X) ~ |y, for each x € V, by the
inductive hypothesis. Importantly, 7, N T, = @ if {0, x}, {0, y} € F and x # y. We
can thus define sequences P, := (P,f)kA:(’;) of transition matrices for each x € V with
{0,x} € F and each P* defined on a disjoint set by induction. Define P} := I for
k > A(x). These can then be combined into a single sequence (Pk)kAz(g): if X¢ = x,
then we use sequence P*. Then

XA0) = Xa@) ~ 7ly, conditionalon X7 =x # o,

noting that A(x) = A(o) — 1. Thus, for y # o,

]P’o(XOA(o) = y) = erv:{o‘x}eFPX(XZ(x) = y)Po(Xf — x)
- erV:{o,x}eF(l{y € Vil 7[|Vx (y)) - (Vy)
- erV:{o,x}eF Hy e Vi) (JT(y)/T[(Vx)) -t (Vy)

=T D cyionger W € Vil = 11T,

This argument is no more than a formalisation of the following informal verbal
description.

o If the walk is at x, then stay at x with probability 7 (x) /7 (V).

e Otherwise, move to the children of x with probability proportional to their -
measure.

e If at some point the walk stays put, then keep it at that state indefinitely.

This completes the argument when Xy = o. It remains to consider the case that
Xo # o. Direct all edges towards o and run for A(o) steps. Precisely, set

Po(x,y) :=Hx # o, y =prt)} + l{x =y = o},

where prt(x) is the unique neighbour of x # o on the unique shortest path from x to
o. If A(o) steps are made according to this matrix, then X A () = o0, regardless of X,,.
We then apply the construction from the case Xy = o, all shifted by A(o).

In summary, we obtain a time-inhomogeneous Markov chain X with Xoa ) ~ 7.
Finally, A(0) = depth T < diam G. Keeping X fixed during (2A(0), 2 diam G] gives
X2diamG ~ TT. O
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6 Open problems and concluding remarks

We have studied fundamental barriers to fast mixing on graphs. We have essentially
shown that three geometric quantities characterise the mixing properties of a graph:
edge conductance characterises fast mixing for the simple random walk and vertex
conductance characterises the fastest mixing time, whilst the diameter characterises
the fastest almost-mixing time.

There are a few questions left open by our work. First, Theorem A implies that the
fastest mixing time on a graph is at most order (W*)~2 log2 |V|. It is natural to ask
if this log? | V| factor can be improved to log |V|. This improvement would require
departing from the framework of our proof, at least if dmax > 1 is permitted, since
we believe the optimal relaxation time 1/y* can be of order (w*)—2 log dmax; see the
discussion after Theorem A.

Another open problem prompted by our work is to construct a graph sparsifier,
i.e., an edge-induced sparse subgraph, that approximately preserves the vertex con-
ductance of the original graph. Our work together with a result by Batson, Spielman
and Srivastava [5] implies that it is possible to construct an order n-size sparsifier of
G with vertex conductance at least order W*(G)?/ log n. It is then natural to ask if we
can obtain a better approximation.

Can our results spur new algorithmic applications? We mention two. First, we would
like to design a distributed algorithm to compute a fast mixing Markov chain on G,
where G also represents the topology of the distributed network. Second, is it possible
to design a local algorithm, in the spirit of Spielman and Teng [42], that outputs a
subset of nodes with small vertex conductance?

We discussed the application of our almost-mixing result—or, more precisely,
the weighted-tree construction—to the objective of turning a non-expander into an
expander; see the discussion after Theorem B. We would also like to find a more
sampling-based application, but have not found a particularly satisfying one yet.
In many scenarios, one has a target distribution 7 to sample from—e.g., the uni-
form distribution. One approximately samples from m by running a Markov chain
X with equilibrium distribution 7 for its e-mixing time ¢. The output X, satisfies
|X; — wlltv < e. If one instead runs a Markov chain X’ with equilibrium dis-
tribution 7’ for its e-mixing time ¢', then the output X7, satisfies || X], — |ty <
1X), —7'llv + l7" = wlltv < 2eif 7" — 7|ty < &. Thus, there is no real disadvan-
tage in adjusting the equilibrium distribution slightly.

Many natural graph structures have small diameter and thus give rise to a fast
almost-mixing Markov chain. For example, the graph structure of the Ising model
on an n-graph has diameter at most 2n. Thus, one gets fast—that is, polynomial-in-
n—almost mixing for any temperature; this can be used to approximate the partition
function. Similar statements hold for sampling independent sets via the hardcore model
or counting the number of proper colourings on a graph.

Unfortunately, in all these scenarios, actually calculating the weights on the super-
imposed tree—which need not be a BFS tree; any tree 7' can be used, giving a bound of
(diam T')>—is computationally infeasible since it often entails knowing the partition
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function already. We hope that a useful application of this result can be found, but we
are yet to find one ourselves.
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