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Typical Lipschitz images
of rectifiable metric spaces

By David Bate at Coventry and Jakub Takdc at Coventry

Abstract. This article studies typical 1-Lipschitz images of n-rectifiable metric spaces
E into R™ for m > n. For example, if E C R¥ , we show that the Jacobian of such a typical 1-
Lipschitz map equals 1 #"-almost everywhere and, if m > n, preserves the Hausdorff measure
of E. In general, we provide sufficient conditions, in terms of the tangent norms of E, for
when a typical 1-Lipschitz map preserves the Hausdorff measure of E, up to some constant
multiple. Almost optimal results for strongly n-rectifiable metric spaces are obtained. On the
other hand, for any norm |- | on R, we show that, in the space of 1-Lipschitz functions from
([-1,17", | - lso) to (R™|-]), the H"-measure of a typical image is not bounded below by
any A > 0.

1. Introduction

Recall that an " -measurable subset £ C X of a (complete) metric space is n-rectifiable
if there exist countably many Lipschitz f;: A; C R"” — X such that

(1.1) %”(E\ U f,-(Ai)) — 0.

ieN

Here and throughout this article, #” denotes the n-dimensional Hausdorff measure on X . Rec-
tifiable subsets of a metric space were studied by Ambrosio [1], Kirchheim [10] and Ambrosio—
Kirchheim [3]. In particular, [3] gives a description of a rectifiable set £ C X in terms of weak*
tangent spaces, after isometrically embedding E into a dual space of a separable space such
as £°°. Area and coarea formulas are also obtained in terms of the weak* tangent structure.
An J"-measurable set S C X is called n-purely unrectifiable if it intersects every n-
rectifiable set £ in an J”-null set. The following characterisation of rectifiability in metric
spaces has been obtained by the first named author in [4] in terms of non-linear Lipschitz
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projections on X. We denote by Lip; (X, R") the set of all bounded 1-Lipschitz functions
f:X — R™ equipped with the supremum distance, a complete metric space. Recall that a typ-
ical element of Lip, (X, R™) satisfies some property if the set of the elements satisfying said
property is residual (that is, it contains a countable intersection of open dense sets). Since resid-
ual sets are closed under countable intersections and are dense, they form a suitable notion of
“large” sets.

Theorem ([4]). Let X be a complete metric space.
(1) If S C X is purely n-unrectifiable, #"(S) < oo and
L HY(B(x,r)NS)
lim inf P

r—>0 r
then a typical f € Lip;(X,R™) satisfies H"(f(S)) = 0.

(ii) If E C X is n-rectifiable, " (E) > 0 and m > n, a typical f € Lip;(X,R™) satisfies
H"(f(E)) > 0.

>0 for H"-a.e x €S,

This should be viewed as an analogue of the Besicovitch—Federer projection theorem
[11, Theorem 18.1].

In this article, we give a finer description of rectifiable subsets of a metric space. Namely,
we answer the question, under what conditions is it possible to ensure that a typical

f € Lip;(X,R™)

satisfies H"( f(E)) > A forsome A = A(X, E) > 0. The answer depends on the local geom-
etry of E and in particular its tangent spaces. To illustrate our results, we first mention that,
when the ambient metric space is Euclidean, the strongest possible result holds.

Theorem 1.1. Suppose E C R is n-rectifiable and m > n. Then the set of functions
f e Lipl(]Rk, R™) satisfying

/ Jg fdH" = H"(E)

E

is residual. Moreover, if m > n, the set of functions f € Lip, (R¥,R™) satisfying
H"(f(E)) = H"(E)

is residual.

Here Jg f denotes the Jacobian of f with respect to the rectifiable set £ (see Def-
inition 2.3). In other words, for a typical f € Lipl(Rk,Rm), the (approximate) tangential
Frechét differential f’(x) is a linear isometry for #"-a.e. x € E. Via the area formula (see
Theorem 2.8), the second statement asserts that a typical f does not lose measure by overlap-
ping, provided m > n. This is false in the case m = n; for example, if n = m = 1, then the
measure of the image of any function converging to a constant function must converge to 0.
The result of Theorem 1.1 is new even if one assumes E to be the unit n-dimensional cube
in R”. In particular, we see that a typical element of Lip, (R¥,R™) preserves the measure of
a given n-rectifiable set, whilst destroying the measure of a given purely n-unrectifiable set.
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On the other hand, this result may fail in the strongest possible way whenever the ambient
space is not Euclidean. In what follows, we work with general norms on R” and these shall be
denoted by |- |4, | - | and similar, without the letters a, b having any separate meaning. Using
an abuse of notation, we will also denote by |- |2 the Euclidean norm. Recall that a point u in
a convex subset K of a vector space X is an extremal point if, for any v € X, u + v € K and
u—v e Kimplyv =0.

Theorem 1.2. Suppose n € N and let | - |4 be any norm on R" such that the unit sphere
of |- |a contains a non-extremal point of the unit ball of |- |4. Let X = ([—1,1]",]+|4) and, for
m > n, let |- |p be an arbitrary norm on R™. The set

{f € Lip; (X, R™,]-]p)) : H"(f(X)) > A}

is residual in Lip; (X, (R™,|-|p)) if and only if A = 0.

A particular example of |- |, with a non-extremal point in the boundary is the maximum
norm.

In general, for m > n, we provide sufficient conditions on a pair of normed spaces
(R™, |- |q) and (R™,]-|p) for when it is possible to find a A > 0 such that a typical

f €Lipy (R™.]-]a). R™. |- 5))

preserves the measure of any rectifiable £ C R” up to a multiplicative factor of A. Indeed,
in Definition 5.4, we introduce the notion of a A-inflating pair of normed spaces, for A > 0.
Intuitively, this holds whenever any linear map A4: (R”,|-|,) — (R™,]|-|p) of operator norm
at most 1 and full rank can be inflated in a linear way so that the operator norm of the
resulting inflated map is still at most 1, but the volume (Jacobian) of the inflated map is at
least A and, moreover, the “inflation” in question does not shrink in any direction. This can
be viewed as a geometric condition relating the unit ball of the |-|, — || operator norm
in R™™ to level sets of the Jacobian functional. In Theorem 5.10, we show that a typical
f € Lip; (R",]-]g), (R™,|-|p)) preserves the Hausdorff measure of a given rectifiable set by
a factor of A, whenever (R”, |- ;) and (R™, |- |p) are A-inflating.

Theorem 5.10 can be extended to a rectifiable subset E of a metric space as follows by
considering the (equivalence classes of) approximate tangent norms T (E,-) of E (see Defi-
nition 2.4). For a fixed normed space (R, |- |5), we write J\fifﬂ( A)(n) for the set of equivalence
classes of norms on R” for which (R”,|-|;) and (R™,|-]|p) are (vol(|-|4)A)-inflating (see
Definition 7.1 and formula (2.2)).

Theorem 1.3. Suppose thatn,m € N, n <m, X is a complete metric space and E C X
an n-rectifiable subset. Suppose |- |p is a norm on R™. Let A > 0 and assume that, for H"-

a.e. x € E, one has
T(E.x) € Nl (n).

Then, for each ¢ > 0, there is a set E C E with #"(E \ E) < ¢ and such that the set

{f € Lipy (B, (R™.|-]3)) - [E JEfdgen = w"(ﬁ)}
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is residual in Lip, (E (R™,|-|p)). Moreover, if m > n, then the set
{f €Lipy(E.R™]-]p) : H"(f(E)) = AH" (E)}
is residual in Lipl(g, R™|-15))-

The sirnplest example of an n-rectifiable metric space whose J"-a.e. approximate tan-
gent lies in JV nfi(h) (n) is obtained simply via choosing any representative |- |, of any equiv-
alence class [| la] € NP (L) (n) (provided the set is non-empty) and letting £ be an J"-
measurable subset of (R”,|-]|z). In fact, if (R",]|-|;), we are able to extend the relevant
functions onto the whole space and may take E = E; see Theorem 5.10. Since any pair of
Euclidean norms are 1-inflating (see Example 5.7), Theorem 1.1 follows from Theorem 5.10.
In fact, this observation allows us to prove results in the spirit of Theorem 1.1 for strongly
n-rectifiable subsets of a metric space.

A set E C X is strongly n-rectifiable if, for any ¢ > 0, we may find functions f; as in
(1.1) that are (1 4 &)-bi-Lipschitz (see Definition 2.11). In Lemma 2.12, we will show that
this is equivalent, for n-rectifiable sets E, to the condition that 7'(E, x) contains the Euclidean
norm for #"-a.e. x € E. (See also Remark 2.13 for the case that £ is not assumed to be n-
rectifiable.) An achievement of recent analysis on metric spaces is that any RCD metric space
satisfies this condition [2,6, 8,9, 12]; see Remark 7.9.

Theorem 1.4. Suppose n € N and let E be an n-rectifiable subspace of a complete
metric space X. Denote by |- | the Euclidean norm on R" and letk € N, k < n and

={xe E:T(E. x) =[]}

Then, for any k- rectlﬁable subset K of E*, we have the following. To each ¢ > 0, there is a set
K C K with Fk (K \ K) < & such that, for every m > k, a typical f € Lip, (K R™) satisfies
JRf =1 Hk a.e in K. Moreover, for any m > k, the set

{f eLip;(K.R™) : J*(f(K)) = H*(K)}
is residual in Lip(K, R™).

Note that, if E is strongly n-rectifiable, #"(E \ E*) = 0, and so, in the case k = n,
Theorem 1.4 holds for any positive measure subset of £.

Note that our most general results do not apply to the entire rectifiable set E. The prin-
cipal difficulty of obtaining results on the whole of E lies in the lack of a useful Lipschitz
extension result. Recall that, in a general metric space, an L-Lipschitz function into R”* may
be extended to any larger domain, as a (,/mL)-Lipschitz function, and this constant is sharp
[11, 7.2 Theorem], [7, Section 2.10.44]. Consequently, when m = 1, we do obtain residuality
results for 1-rectifiable metric spaces; see Theorem 7.6.

Within the study of these objects, we naturally arrive at the question whether a typical
function f € Lip; (X, R™) satisfies f#Jf| 5 K H". Here f#Jf" denotes the pushforward of
’%I 7 which is the restriction of Jy onto E. It is an 1nterest1ng question whether the set of
these functions is residual in Lip, (X R™). It follows from Theorem 1.1 and the area formula
that, in the Euclidean case, this is true. Unfortunately, in general, we cannot answer this. We are
able to get residuality in the strong space however. That is, we are able to show that a typical
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element of Lip}" (X, R™) satisfies fyH} < H" (Corollary 4.7), for
Lipi"(X,R™) = (Lip; (X, R™), || - [lgee + Lip(-)).

The paper is structured as follows. Section 2 contains preliminaries needed for the rest of
the text.

In order to prove our residuality statements, we will show that, under various conditions,
a set of the form

(1.2) {/f €Lip; (X,R™) : H"(f(E)) > AH"(E)}

is open and dense.
The openness statements, which hold in any metric space, are contained in Section 3.
Openness of the sets in (1.2) is equivalent to lower semi-continuity of the “area” functional

J e HUS(E)),

and the theorems are stated in this form. We also prove lower semi-continuity results for the
“area formula” functional

fH/EJEfdJ(’”.

The density statements are harder, and most require additional hypotheses. Section 4
concentrates on the few that actually hold in any metric space. In particular, we show that sets
of functions which essentially do not overlap on a fixed n-rectifiable set E are dense even in
the stronger space Lip}" (X, R™) (see Corollary 4.5). Such functions satisfy the stronger area
formula

[E Tg f AR = 3" (f(E)).

The rest of the paper deals with proving or disproving the density of the sets in (1.2). Sec-
tions 5 and 6 give sufficient and necessary conditions, respectively, for the case £ C (R”, |- ]a)
for some norm |- |, on R”. In Section 5, we show that a A-inflating pair of norms is sufficient
to deduce the density of (1.2); see Theorem 5.10. In particular, this proves Theorem 1.1. On the
other hand, in Section 6, we give necessary conditions, in terms of extremal points of the unit
ball, for (1.2) to be dense; see Theorem 6.5. This section contains the proof of Theorem 1.2.

Finally, Section 7 provides residuality results for n-rectifiable metric spaces with suitable
tangent spaces. It is there that we prove Theorems 1.3 and 1.4 through a combination of theory
developed in preceding sections and a modified version of Kirchheim’s decomposition result.

2. Preliminaries

2.1. Spaces of Lipschitz functions. Let (X,d) = (X, dy) be a metric space. For x € X
and r > 0, we shall denote by By (x,r) = {z € X : dx(x,z) < r} the closed ball of radius r
in X. Open balls will be denoted by By (x,7) ={z € X :d(x,z) <r}.

Given a set S C X and r > 0, we denote by By (S,r) = {z € X :dist(z, X) < r} its
r-neighbourhood. For r = 0, this coincides with the topological closure and we shall use the
notation S = Bx (S, 0).

Let (Y,dy) be another metric space. Recall that a function f:X — Y is called L-
Lipschitz for some L € [0, co) if

dy (f(x), f(y)) < Ldx(x,y) forallx,y € X.
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The least such L is called the Lipschitz constant of f and is denoted by Lip( /) or, if we need
to be more specific, Lipy_,y (f). A function f: X — Y is called Lipschitz if Lip(f) < oo.
A function f: X — Y is called bi-Lipschitz if it is Lipschitz, injective and the inverse function
£~ f(X) — X is Lipschitz. In this case, if both f and f~! are L-Lipschitz, we say that f
is L-bi-Lipschitz.

The set of all bounded Lipschitz functions from X to Y will be denoted by Lip(X, Y).
Given a fixed L € [0, 00), we denote

Lip, (X, Y) = {f € Lip(X.Y) : Lip(f) = L}.

Given a set I' and a normed space (7, || - ||y), we denote

IPlloo = ll@lleco(r,yy = sg};llw(y)lly forany ¢: I' — V.
Y

In the case Y is a normed space as above, we consider the sets Lip(X, Y') and Lip; (X, Y)
to be equipped with metrics induced by the supremum norm || - || geo (x,y). With these metrics,
the space Lip(X, Y) is a normed linear space, which needs not be complete. However, if Y is
complete, then the space Lip; (X, Y) is complete for any L € [0, 00).

Occasionally, it will be useful to consider this space equipped with a stronger norm
denoted by

Lip™(X,Y) = (Lip(X. Y), || - [lgeo(x,¥) + Lip(-)).
The symbol Lip}"(X,Y) denotes the space Lip; (X,Y) equipped with the metric inherited
from Lip*"(X,Y). If Y is complete, then both Lip** (X, Y) and Lipj* (X, Y) are complete.

We shall routinely use the following two classical Lipschitz extension results. Firstly,
Kirszbraun’s theorem (see e.g. [7, 2.10.43]) asserts that if H; and H, are Hilbert spaces,
S C Hy and f:S — H, is L-Lipschitz, then f admits an extension f:H; — H, which
is L-Lipschitz. Secondly, we recall McShane’s extension theorem [11, 7.2 Theorem] assert-
ing that, given any metric space X, S C X and f:S — R an L-Lipschitz function, there is
an L-Lipschitz extension f : X — R. In particular, if f is bounded on its domain and, say,
C = sup,¢g|f(x)], then the Lipschitz extension can be also assumed to be bounded by C.
Indeed, the function fy: X — R given by

Jo= fX{|J7|5C} + CX{f>C} - CX{f<—C}

is easily observed to be bounded by C, an extension of f and L-Lipschitz. Also note that,
by extending coordinate-wise, if f: S — R™ is L-Lipschitz, then there is an /m L-Lipschitz
extension f: X — R™.If f is bounded on its domain with, say, sup,cg| f(x)|2 = C, then the
extension can also be assumed to be bounded by /mC, i.e. sup,cy|f(x)]2 < o/mC. Here
| - |2 denotes the Euclidean norm on R™. Moreover, if f:S — R is L-Lipschitz, then there is
an L-Lipschitz extension f: X — R7. Here R” stands for R” equipped with the maximum
norm. The result remains true after replacing R”! with the Banach space

() = ({¢:T —> R Suglw()/)l < oo, |- lleso(rw))
ye

for any set I'.
If X is a topological space and H C X, we call H residual if H contains an intersection
of countably many dense open sets. Baire’s theorem asserts that if X is a complete metric
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space, then all of its residual subsets are dense in X. This means that the family of residual
subsets of X is closed under countable intersections, supersets and contains only dense sets.
Therefore, it is a suitable notion of “large” sets. We say that a typical element of X satisfies
some property (P) if the set of its elements satisfying property (P) is residual in X .

Recall that if Y is a Banach space and X is a metric space, the spaces Lip; (X,Y),
Lip}"(X,Y) and Lip*" (X, Y) are all complete, so residual subsets of these spaces are dense.

It should be also stated that if H C Lipy (X,Y) is residual in Lipj" (X, Y), then it must
be dense in Lip; (X, Y'). However, it might not need to be residual in Lip; (X, Y'). In particular,
the family of sets which are residual in Lip?r (X, Y) forms a “reasonable” notion of large sets in
Lip; (X, Y) as the family is again closed under countable intersection, supersets and contains
only dense sets.

As a nice illustrative example, it can be easily checked that

{f e Lip,(X.Y) :Lip(f) = L}

is residual in Lip; (X, Y).

2.2. Norms on finite-dimensional spaces. Given n € N a norm on R” will generally
be denoted by symbols such as |- |4, |- |, etc. Note that the letters a, b on their own do not
have any meaning. Using abuse of notation, we will also denote by |- |» the Euclidean norm
and by | - |oo the supremum norm. If the particular space (dimension) needs to be specified, we
write |- |gn instead.

The ball of a norm |- |, of radius » > 0 centred at x is denoted by B, (x,r). We write
B, = B4(0,1). In particular, the unit Euclidean ball will be denoted by B or By if the
dimension is relevant.

The symbol || - || is reserved for operator norms and norms on infinite-dimensional spaces.
If n,m € N, we denote by £(R”,R™) = R"*™ the space of linear operators from R” to R™.
If | - |4, | - |p are norms on R” and R™, we denote by || - ||z—p or || - ”RZ—>R’b" the operator norm
induced by |- |5 and | - |p, i.e.

IAllg—p = sup [A(x)|p for A € R"™.

x€B,

The symbol B,_,; or, if more clarity is needed, the symbol BRZ—»R;? will be used to denote
the unit ball of || - |4 in the space of linear operators £(R7, R}").

Recall the following sufficient condition for a function to be Lipschitz in convex subsets
of normed spaces.

Lemma 2.1. Assume that |-|, and |-|p are norms on R"™ and R™ respectively. If
f € Lip(R",R™) and there is some L € [0,00) such that, for H"-a.e. x, the Frechét dif-
ferential f'(x) € L(R",R™) exists and satisfies || f'(x)|a—p < L, then f € Lipy (R}, R}").

Proof. Letx,y € R" andlet H C R" be the unique hyperplane for which the Euclidean
distance to x equals the Euclidean distance to y. Let ¢ > 0 and denote by I'; the set of Lipschitz
curves y:[0, 1] — R” such that #(y([0,1])) < |x — y|s + € and there exists some z € H
such that YI[0,4] is the affine curve connecting x to z and ENY is the affine curve connecting
zZtoy.
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Since fol |y (1)|adt = K2 (y([0, 1])), any curve y € I satisfies

1
[ 1 @t < 1x-yla 4
0

Moreover, by Fubini’s theorem, there exists some curve y € I’y such that f/(y(z)) exists for
J1l-ae.t € [0, 1]. Using the fundamental theorem of calculus, Jensen’s inequality, the estimate
on the operator norm and the above inequality, we may calculate

1 1
[f() = FDp = ‘/0 ) (@) de , =< /0 L' ) (0)]p de

1 1
= [ 1" @) lla—sb ¥ ()]a dt < L/ V' ()ladt < L(|x —alq + ).
0 0

By sending ¢ — 0, we obtain | f(x) — f(¥)|p < L|x — yl|s. Since x and y were arbitrary, f
is L-Lipschitz. o

If | -]z is a norm on R” and W:R"” — R” is an invertible linear map, we denote by
|- [w(a) the norm on R" given by |x|w (s = |W~1x|,. Observe that, with this notation, one
has W(Ba) = BW(a)-

Finally, for a fixed n € N, we define an equivalence relation ~ on the set of all norms
on R”. This relation is given by |- |4, ~ |- |4, if and only if there is an invertible linear map
A:R" — R” such that A(B4,) = Bg,. Classes of equivalence will be denoted in the standard
way by

[-lal =Al"lar 2 1 la ~ [+ ]a}-

Note that |- |4, ~ [ |a, if and only if R, is isometrically isomorphic to R .

Definition 2.2. Let X be a vector space and K C X a convex set. A point u € K is
called an extremal point of K if, foranyv € X,u +v € K andu —v € K implies v = 0.

Suppose X is equipped with a norm |- |. Then the unitball B ={x € X : |x| <1} isa
convex set. If X is a finite-dimensional Banach space, then B has an extremal point. If x is an
extremal point of B, then x € 0B.

Suppose now that X is a Banach space and x € 0B. It follows from the Hahn—-Banach
theorem, that there exists a supporting hyperplane of B containing x, i.e. by definition, there
is x* € X* such that x*(x) =1 and B C {y € X : x*(y) < 1}. We say that x is strongly
extremal if there exists x* € X* such that, for y € B, x*(y) = 1 if and only if y = x, and
BcCc{yeX x*(y) <1}

If X is finite-dimensional, then there always exists a strongly extremal point x € 0B.
Indeed, as 0B is compact, find x € dB which maximises the Euclidean distance from 0. Then
consider the tangent (affine) hyperplane 7 to the Euclidean ball of the corresponding radius
at x. This is a supporting hyperplane of B and y € B N T if and only if y = x. Whence x is
strongly extremal. It is easily verified that a strongly extremal point is also an extremal point.

Suppose n € N and K C R” is a convex set. An affine hyperplane 7 C R” (i.e. an affine
subspace of dimension dim 7" = dim X — 1) is called an affine tangent to K at x if T is a sup-
porting hyperplane of K and x € T (this is just a change of name in the finite-dimensional
case).
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Suppose n,m € N, n < m. We define the functional vol: R"*" — [0, c0) by

vol A = Vdet AT A.

Recall that, for n-dimensional Hausdorff measure (see Section 2.3 below), one has
(2.1) H"(A(E)) = vol(A) K" (E) forany E C R", #"-measurable set.

We extend this definition to norms. For a norm |- |, on R”, we let

21’!
2.2 vol|*|g = ————.
(2.2) e = S
Recalling the fact that one always has ] (B,) = 2" together with Haar’s theorem, it follows
that

HI(E) = vol(| - |g)H"(E) forany E C R", H"-measurable set.

2.3. Rectifiable metric spaces. Suppose X is a metric space. For each s € (0, 00),
6 > 0and E C X, we define the quantity

HS(E) = inf{Z(diamE,-)s LEc | En diam E; < 5}.
ieN ieN
The s-dimensional Hausdorff measure of E is the quantity
H*(E) = sup H3 (E).
§>0
This constitutes an outer measure, which can be restricted to a Borel measure. If the underlying
metric space needs to be specified, we use notation such as #y and similar.
Note that if X is complete and E C X is #"-measurable with o-finite " -measure, then
Jfl’% is inner regular by compact sets. Indeed, it is not necessary to assume separability of X

as the closure of E is separable and complete.
If X = R"” and ||, is a norm on R”, then for k& < n, we shall use the conventions

gk = gek  and  J0F = gk, .
12 a o

Note that, in the above situation, one always has #/ (B;) = 2" (see [10, Lemma 6 (i)]).

Definition 2.3. Let X be a complete metric space. An J"-measurable set £ C X is n-
rectifiable is there exists a countable number of sets F; C R” and Lipschitz maps f;: F; — X
such that

%”(E\Ufi(Fi)) — 0.

If one has S C X such that #"(S N E) for any n-rectifiable set £ C X, then S is called
n-purely unrectifiable.

Given a metric space X and its subset £, we say that x € X is an #"-density point of £
if .
. n _
rlgr%) (2r)”J€ (ENBx,r) =1

If E if n-rectifiable, then its #"-a.e. point is a density point of E (see [10, Theorem 9]).
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Suppose F C R"” and f: F — R™ for some m,n € N. Given u € F an H"-density
point of F', we say that a linear map f”(u): R” — R™ is the (approximate) Frechét differential
of f atu if

. S) = f) = ffw)w—v)
im =
veF,v—>u |u —l)|2
It is a consequence of the Rademacher’s differentiation theorem [7, Section 3.1.6] combined
with Kirszbraun’s extension theorem [7, Section 2.10.43] that, at #™-a.e. u € F, the Frechét
differential of f exists uniquely.

Suppose |- |4 is a norm on R” and |- | is a norm on R™. It follows from the definition

thatif f: F; — R} is L-Lipschitz for some L € [0, 00), then

I @) llasp < L

for every u € F for which f”/(u) exists.
Now let X be a metric space and f: F — X. A semi-norm s(-) on R” is called a metric
differential of f atu € R™ if one has

LA @), ) = s —w) _

veEF,v—>u |v —u|2
It is the classical result of Kirchheim [10, Theorem 2] that if f is Lipschitz, then for J”-
a.e. u € R”, the metric differential s of f at u exists uniquely. In that case, we shall denote
| //|(u) = s. Note that if X is a Euclidean space of dimension m, we denote by f/(u) the
classical (approximate) Frechét differential of f at x € F. In this case, according to the con-

ventions above, for any w € R”, one has | f/ (u)(w)|R5n = | f'|(u)(w), provided the left-hand
side is defined.

0.

0.

Definition 2.4 ([10], Definition 10). Letn € N, let E be a metric space and let x € E.
A norm |- |, on R” is called an approximate tangent norm to E at x if there is a set E C E
such that x is an J"-density point of E and, to each r > 0, there is a set F» C R” and a map
Iy:(Fy,|-1a) = E N B(x, r), which is a bi-Lipschitz bijection satisfying

lim max{Lip(Ir),Lip(Ir_l)} =1.
r—0

From [10, Theorem 9], it immediately follows that if X is a complete metric space and
E is an n-rectifiable subset with #” (E) < oo, then E admits an approximate tangent norm at
H"-a.e. point of E. Moreover, the approximate tangent norm is unique, up to linear isometry,
at H"-a.e. point of E. Finally, it also follows from the proof of [10, Theorem 9] that if F C R”,
f:F — E and u € F is such that | f'|(u) is a norm, then | f/|(u) is a tangent norm to E at
f(u) and it is unique up to linear isometry. We write T(E, x) = [| - |4], provided |- |, is an
approximate tangent norm to £ at x € E, which is unique up to a linear isometry. Note that
T(E, x) is defined for #"-a.e. x € E.

Remark 2.5. By [3, Proposition 5.8], tangent norms agree with the tangent spaces of
Ambrosio and Kirchheim.

A notion of a tangent metric measure space was recently introduced in [5] that is applica-
ble to our setting. One easily verifies that, for n-rectifiable £ C X and #"-a.e.x € E, |-|, is
an approximate tangent norm to E at x if and only if (R”, |- |4, 0) is a tangent metric measure
space of (£, x) in the sense of [5].
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We will need to use [10, Lemma 4], which we restate here in an equivalent form for the
reader’s convenience.

Lemma 2.6 (Kirchheim). Let X be a metric space and E C X an n-rectifiable set.
Then, for any 0 > 0, there exists a countable number of compact sets F; C R", E; C E, norms
| “|a; on R™ and (1 + 0)-bi-Lipschitz maps I;: (F;, |- |a;) — Ei such that

Jf’”(E \ UE,) —0.
i
What follows is a refined version of the lemma above.

Lemma 2.7. Let X be a metric space, let F C R" be #"-measurable with " (F) < oo
and f: F — X Lipschitz. For each ¢ > 0, there is a compact set K C f(F) with

H'(f(F)\ K) <e,

possessing the following property. For each 0 > 0, there is a finite collection of sets G; C K,
i =1,...,i0, such that the G; are pairwise disjoint open subsets of K and

O K =U~, G,
(ii) to eachi, there is some x; € K, F; C R" and |-| € T(K, x;) such that G; is (1 + 0)-bi-
Lipschitz to (Fi, |- ]).

Proof. First fix 8 > 0. For any ¢ > 0, the existence of a K C f(F) satisfying
H(f(F)\ K) <e,

(i) for compact G; and (ii) for arbitrary norms |- | on R” is precisely given by [10, Lemma 4]
and using the inner regularity of #” on R”. It is evident from the proof of [10, Lemma 4] that
one may in fact take each |-| € T(K, x;).

To obtain relatively open G;, for each j € N, we apply the established statement for
gj = 27 /¢ and #; = 1/j to obtain i; many pairwise disjoint compact sets Gij . Setting

ij
k=N Ue
jeNi=0
completes the proof, once we show that each Gl.j N K is relatively open. To see that, note that,
foreach j € N, U;f: 1 Gi'/ is a union of disjoint compact sets Glj . Therefore, each Gi'/ is also
open in Ui’zl Gij. Since K C Uﬁle Gl.] , we have that K N Gij is relatively open in K as Gl.]
is relatively open in | JiZ, G7. O

Suppose X is a complete metric space and E C X is n-rectifiable. Let x € E and suppose
there are sets E C E, F C R” anda bi-Lipschitz map /: F — E suchthat x is a density point
of E. Suppose the metric differential |1’|(1 ~!(x)) exists and is a norm. Suppose f: X — R
is a Lipschitz map such that (f o I)/(1~!(x)) exists. Then we define the Jacobian of f at x
with respect to E as

vol(f o 1)’(1_1()6))).

2.3) T T ) = = a0
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This notion is independent of the particular choice of / and E andis easily shown to agree with
the Jacobian of Ambrosio and Kirchheim, defined via isometric embeddings into separable dual
spaces, #"-a.e. in E (see [3, (8.4)]). In particular, we obtain the following metric version of
the area formula.

Theorem 2.8 ([3, Theorem 8.2]). For any metric space X, n-rectifiable E C X and
Lipschitz f: E — R™,

n __ —1 n
(2.4) /E Jg fdJe" = /f (E)#f (u) dF" (u).

We remark also that this notion agrees with the classical notion of a Jacobian of a function
J"-a.e. In particular, if E C R”, one has Jg f(x) = vol f’(x) if the right-hand side is well
defined. Notice that the “charts” I above can be obtained from the definition of a tangent
norm to E at a given point x, provided a tangent exists. If the tangent is also unique up to
isomorphism, Jg f(x) depends only on f and T(E, x).

With this definition of the metric Jacobian, we are able to easily obtain the following
decomposition lemma.

Lemma 2.9. Suppose X is a complete metric space and E an n-rectifiable subset. If
m >nand f: E — R™ is Lipschitz, then there exists a countable number of pairwise disjoint
compact sets
EiC{xe E:Jg(x) >0}

such that

Jf"({x € E:Jg(x)>0}\ UEZ) —0
i
and f is injective on each E;. In particular, the formula
25) SR E) = /E JE f A"
i

holds.

Proof. The first part of the assertion follows from the combination of Lemma 2.6, the
definition of Jg f and the Euclidean result [7, 3.2.2. Lemma]. The “in particular” part then
follows immediately from the area formula (2.4). O

We shall often work with the introduced notions on subsets of E; therefore, we require
the following statement.

Lemma 2.10. Let X be a complete metric space and E an n-rectifiable subset with
H"(E) < oo. Suppose E C E is any H"-measurable set. Then

T(E,x)=T(E,x) and Jgf(x)=Jg f(x)

for H"-a.e. x € E and every f € Lip(E,R™).
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Proof. By [5, Lemma 2.3], for #"-a.e. x € E, we have the density estimate

_ H"(B(x,r) N (E \ E))
lim sup =0
r—04 @r)"

From this, the statement about tangents follows easily. The statement about the Jacobians then
follows from the statement about tangents (together with uniqueness of tangents #"-a.e.). O

Finally, we turn our attention to strongly n-rectifiable metric spaces.

Definition 2.11. TLet X be a complete metric space. An J"-measurable set £ C X is
strongly n-rectifiable if, for any & > 0, there exist a countable number of sets F; C R” and
(1 + &)-bi-Lipschitz maps f;: (F;,|-|2) — E such that

(2.6) 9" (E\ U (F)) =0.

More generally, given a norm |-|, on R”, an #"-measurable set £ C X is strongly
| - |a-rectifiable if, for any ¢ > 0, there exist a countable number of sets F; C R” and (1 + ¢)-
bi-Lipschitz maps f;: (Fj,|-|4s) — X such that (2.6) holds.

Lemma 2.12. Let X be a complete metric space, let E C X be n-rectifiable and |- |4
a norm on R™. Then E is strongly | - |g-rectifiable if and only if, for #"-a.e. x € E,

T(E.x) = [|la]-

Proof. First suppose that E is strongly | - |4-rectifiable. Fix ¢ > 0 and, for F C R”, let
f:(F,|"|a) = E be (1 + ¢)-bi-Lipschitz. Then, for #"-a.e.u € F, T(E, f(u)) = [| f'|(w)].
However, since f is (1 + ¢)-bi-Lipschitz,

[v]a
1+e¢

= A1) @) = (1 +e)vla

for all v € R". As for any ¢ > 0, and #"-a.e. x € E, we may find f, F and u as above
with x = f(u), we have ||, € T(E, x), and so, by uniqueness, T(E,x) = [|-|q] for H"-
ae. x € E.

Conversely, if E is n-rectifiable and T (E, x) = [| - |4] for #"-a.e x € E, then Lemma 2.7
implies that E is strongly | - |,-rectifiable. |

Remark 2.13. A much stronger result is obtained from [5]. Indeed, suppose that £ C X
satisfies #H"(FE) < oo and has positive lower n-dimensional Hausdorff density at #”"-a.e.
point. Then E is strongly |- |,-rectifiable whenever, at #”-a.e. x € E, E has a unique “weak
Gromov-Hausdorff tangent” that equals (R”, | - |5). In fact, it suffices that, for #"-a.e. x € E,
all such tangents are K-bi-Lipschitz images of R” and that at least one tangent at x equals
R™, - a)-

Conversely, if E is strongly | - |;-rectifiable, then the weak Gromov—Hausdorff tangents
uniquely equal (R”,|-|;) #"-a.e. since they agree with T'(E, -).
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3. Lower semi-continuity of some area related functionals

The goal of this section is to study the openness part of the residuality result, i.e. to
study lower semi-continuity of the “area” functional given by f +— H"( f(FE)) and the “area
formula” functional given by

fH/EJEfde"

in the relevant settings. This follows, to some degree, the approach from [4]. Mainly, we use
a modified version of [4, Lemma 7.3].

We structure the section into two subsections. In the first, we study the local behaviour
of both of the aforementioned functionals; in the second, we study global behaviour of the area
functional and use lower semi-continuity thereof to obtain lower semi-continuity of the area
formula functional.

For the entirety of this section, we let m,n € N with n < m and denote by B(x,r) the
Euclidean ball in R” centred at x of diameter . We equip the spaces R”, R with the Euclidean
norms.

3.1. Local behaviour of area and area formula. Firstly, we shall need a result for con-
tinuous functions based on Brouwer’s fixed point theorem. The following lemma is a modified
version of [4, Lemma 7.3], and its proof follows from [4, Lemma 7.3].

Lemma 3.1. Let ¢ > 0 and let F:B(0,e) — B(0,&) be a continuous function. Let
ne (2% 1) and suppose

|F(y)—y| <e(l— 2/n) forally € 0B(0,¢).
Then F(B(0,¢)) D B(0, /ne).

Theorem 3.2 (Local lower semi-continuity of area). Suppose Q C R” is an open set,
f:Q — R™ a continuous function, x € Q and assume f'(x) exists. Let n € (0, 1). Then there
are § > 0 and ro > 0 such that, for all r < ro and any continuous function g: B(x,r) — R™
with ||g — f|leo < 8r, it holds that

3.1 H"(g(B(x,r))) = nvol f'(x)H" (B(x,r)).

Proof. As Hausdorff measures are invariant under translations, we may assume x = 0
and f(0) = 0. Let us denote v = vol f/(x). If v = 0, the statement is trivial, so we can
assume v > 0, which is equivalent to stating that A = f/(x) is of full rank. Thus, the map
A:R" — Y = A(R") is a linear invertible map. As f(0) = 0, we have, by the definition of
a Frechét derivative,

SO AW
lim ———— =0
y=0 |yl

Let us denote by P:R™ — Y the orthogonal projection onto Y. Observe the following
properties of P:

(P1) Po A=A,
(P2) P is 1-Lipschitz,
(P3) forany u € R™ and w € Y, it holds that |Pu — w| < |u — w]|.

3.2)



Bate and Takdc, Typical Lipschitz images of rectifiable metric spaces 15

Let | A~1|| be the operator norm of A~!: Y — R”. By virtue of (3.2), there is an r¢ such that,
for all r < rg, it holds that
1

1
_A <

This, by (P3) and by applying A~! to the left-hand side yields

(1= 2/n)r forall y € B(0,r).

1
(3.3) AP f(y) —y| < 5= y/mr forall y € B(0,r).
Let§ = "A—I_IH%(I — /7). By property (P2) above, if a function g: B(0, r) — R™ satisfies

g = flloo =< 6.

then
|Pg(y)— Pf(y)| <ér forally € B(O,r).

Therefore, for such y, we have

A7 Pg(y) — A7 PR < 147 1 = 51— %/
which in combination with (3.3) gives
(3.4) A7 Pg(y) —y| < (1= /p)r forally € B(0,r).
To use Lemma 3.1, we require A~ Pg(B(0, r)) to be a subset of B(0, r). To this end, let
o: B0, (1 + ¥Yn)r)— B(0,r)

be the radial projection onto B(0, r). More precisely, for an element y € B(0, (1 + 2/n)r), we
let o(y) be the unique u € B(0,r) minimising the distance |u — y|. We observe that ¢ has
properties analogous to those of P, namely

(S1) o is an identity on B(0, r),
(S2) o is 1-Lipschitz,
(S3) forany y € B(0,r)and z € B(0,(1 + %/n)r), it holds that |o(z) — y| < [z — y|.
From estimate (3.4), we infer that A=! Pg(B(0,r)) C B(0, (1 + 2/m)r), and so we may define
G =00 A ! o P og. By property (S3) and inequality (3.4), we obtain
|G(y)—y| <= (A —=%nr forally € B(0,r).
Finally, if g is continuous, then so is G, and hence Lemma 3.1 gives
G(B(0,r)) D B(0, ¥/nr).

Applying #" to both sides, we obtain

H"(0AT Pg(B(0.1))) = 1" (B(0.1)).
From (S2), the last equation implies

H"(ATIPg(B(0.r))) = nH" (B(O.r)).
From (2.1) and from the fact that vol A~! = % the last equation implies

H"(Pg(B(0,r))) = nuH"(B(0,r)).

Finally, by (P2), we obtain (3.1). O
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Corollary 3.3. Let Q C R” be an open set and let f:Q — R™ be a Lipschitz map.
Assume x € Q is a density point of vol f’ with vol f'(x) > 0 and let n € (0, 1). Then there is
ro > 0and § > 0 such that, for everyr < rg, ifg € C(B(x,r), R"™) satisfies ||g — f ||co < ér,
then

H"(g(B(x,1))) = nH"(f(B(x,r))).

Proof.  From Theorem 3.2, we can find ro > 0, § > 0 such that, for g € C(B(x,r),R™)
with ||g — f'|leco < ér, it holds that

(3.5) H"(g(B(x,1r))) = /nvol f'(x)H" (B(x.r)).

From the fact that x is a density point of vol f”, it follows that we may possibly decrease ro > 0
so that, for r < r¢y, we also have

(3.6) vol f/(x)#"™(B(x,r)) > ﬁ/ vol f/dF".
B(x,r)

By the area formula, we obtain

(3.7) / vol £/ dH"™ > H"(f(B(x,1))).
B(x,r)
Combining (3.5), (3.6) and (3.7) yields the result. D

3.2. Global lower semi-continuity of area in rectifiable metric spaces. We shall con-
tinue our previous conventions and assume # < m are natural numbers and B(x, r) denotes the
Euclidean ball in R”. We consider the spaces R” and R” to be equipped with the Euclidean
norms, unless stated otherwise.

Lemma 3.4. Let E C R" be a compact set and let f: E — R™ be a Lipschitz injection.
Let L € [0,00). Then, for every n € (0, 1), there exists § > 0 such that if g € Lipy (E,R™)
satisfies ||g — f|loo < 8, then

H"(g(E)) = nH" (f(E)).

Proof. 1f H"(f(E)) = 0, the statement obviously holds, and so we may assume that
H"(f(E)) > 0. Firstly, let Lo denote the Lipschitz constant of f. Let Co = /m(L + 2Ly).
Find ¢ > 0 such that

(3.8) VH(f(E)) — /neLo — & =z nH" (f(E)).

Using the McShane extension theorem, we find an extension of f, denoted again by f, such
that f is 4/m Lo-Lipschitz.

Let S C E be the set of density points of £ and vol f”. Then, by the Lebesgue differen-
tiation theorem, we have

(3.9) H"(E\ S) = 0.

Let x € S. Then, by Corollary 3.3, there is some 1 > r, > 0 and §; > 0 such that, for all
r <ryandh € C(B(x,r),R™) with ||h — fll¢eo(B(x,r)) < 6x7, it holds that

(3.10) H"(h(B(x.r))) = /nH"(f(B(x.r))).
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Observe that, since B(S, 1) is bounded, there exists some A > 0 such that, for any countable
sequence of disjoint balls B; with radii r; satisfying B; C B(S, 1) for each i, we have

(3.11) S <A
i
As x is a density point of £, we have

. H"(B(x,r)\ E)
lim =

O’
r—>0+ ]"n

and so we may possibly reduce our ry > 0 so that we also get, for r < ry,
e :
(3.12) H"(h(B(x,r)\ E)) < Zr" for any i € Lip¢, (R",R™).

Now the family of balls 5 = {B(x,r) : x € S, r < ry} forms a Vitali cover of S. Hence, using
the Vitali covering theorem and recalling (3.9), there is a countable disjoint family of balls B;

in ‘B such that
J{’"(E \ UB,-) — 0.
i

Using continuity of F”, there is some ip € N such that even
io
(3.13) J€”(E U B,-) <.

i=1

On denoting B; = B(x;,r;) and letting §; = 6x;,1 € {1,...,ip}, and using (3.10) and (3.12),
we obtain, for each i € {1,...,ip},

(3.14) :%n(h(Bl)) > ﬁ%n(f(Bl)) forh € C(Bi,Rm) with |7 — f||goo(Bl.) <é;r;
and

(3.15) J"(h(B; \ E)) < ir;1 for i € Lipc, (R", R™).

By (3.15), we now have

(3.16)  H"(h(B;i) Nh(E)) = H"(h(B;i \ (B; \ E))) = H"(h(B;) \ h((Bi \ E)))
= J"(h(B;)) — H" (h(B; \ E)) = #" (h(B;)) — %Vi"
fori € {1,...,io} provided € Lipc, (R",R™).

Since f(B; N E) are pairwise disjoint compact sets (as f is a continuous injection on
the compact set E), there is some p > 0 such that

dist(f(Bi NE), f(BiNE))>p foralli,j e{l,...,io} withi # j.
Observe that if # € C(R", R™) satisfies || — f | goorn) < &, then

_4’

dist(h(B; N E).h(B; N E)) >

oD

foralli, j € {l,...,ip} withi # j.
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In particular, 2(B; N E) are pairwise disjoint. Let
5= min{ﬁ, min Siri}.
i=1...ip

Now suppose that g € Lipc, (R", R™) satisfies ||g — f [[¢oorn) < &; then we have

sereen = (£ U 8)) = 0G0 )
i=1 i=1
LS wr By - £

i=1 i=1

<3~1‘”g3~“)ﬁzo JH"(f(B;)) —e = ﬁﬂ’"(f (U Bl‘)) —¢

i=1 i=1

NCAUCIENE O y n))-:
i=1

(3.13) (3.8)
> JnH"(f(E)) — JneLo—e > nH"(f(E)),

where in the unlabelled equalities, we use disjoint additivity of measure, and in the last unla-
belled inequality, we use the inclusion

io

ey r(Us)ur(ey ) 5)

i=1 i=1

Now let g € Lip; (E,R™) satisfy

1
- oo < _8-
lg — flleso(E) < =~

Take d = g — f|g and, using McShane’s extension theorem, find an extension thereof onto the
entire R” such that d € Lip /;(1.4-1,)(R", R™) and [ d || goo(rn Rm) < 6. Then g=d+ fis
an extension of g such that g € Lip¢, (R",R™) and

18 = fllecomny < 6.
Whence H"(g(E)) = H"(g(E)) > nH"(f(E)) by the above calculation. m]

Note that we only require g € Lip; (R, R™) instead of simply g € Lip(R"”,R™), or
even g € C(R",R™), to obtain estimate (3.12). Therefore, in some cases, the assumption is
superfluous. For example, if £ = R” or, more generally, if Q@ C R” is open and E = Q or
E =Q.

Remark 3.5. Let Q C R” be open and bounded and let f:Q — R™ be a Lipschitz
injection. Then, for every n € (0, 1), there exists § > 0 such that if g € C(Q2,R™) satisfies

lg = fllee@) < 8, then K" (g(2)) = nH" (f ().

We follow up with a version of Lemma 3.4 for metric spaces which are bi-Lipschitz
images of Euclidean sets.
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Lemma 3.6. Let K be a compact metric space for which there is a set F C R" and a bi-
Lipschitz bijection 1. F — K. Assume f: K — R™ is bi-Lipschitz and let L € [0, 00). Then,
for every n € (0, 1), there exists 6 > 0 such that if g € Lip; (K, R™) satisfies ||g — f|loo <,
then H"(g(K)) = nH" (f(K)).

Proof.  Firstly, we observe that, for any g € Lip; (K, R™), we have
g ol €Lipcy (F.R™),

where C is the Lipschitz constant of I.Lety = fol:F— R™ As f and [ are bi-Lipschitz,
so is ¢; hence Lemma 3.4 gives a § > 0 such that if { € Lipy (F, R™) satisfies

lo — Y llecory < 6.
then
(3.17) H" (Y (F)) = nH" (p(F)).

Lets = % Assume g € Lip; (K, R™) satisfies || /' — gll¢eo(k) < 8. Denote y = g o I. Then
Y € Lipep (F,R™) and [|¢ — ¥||goo(F) < 6, so (3.17) holds. From this, we have

H" (g(K)) = H" (Y o I7H(K)) = H"(Y(F)) = nH" (9(F))
= nd"(f o I71(F)) = nd"(f(K)). =

We shall fix a complete metric space X and an n-rectifiable subset E£. Define a functional

Ag(g) = H"(g(E))

forany g: X — R™. For L € [0, 00), denote Az = (Lipy (X, R™), |- |loo)-
Theorem 3.7. Forany L € [0, 00), the functional AE is lower semi-continuous on Ap,.

Proof. Firstly, we shall assume #”(E) < oo. We show that, for C > 0, the set

(3.18) {f e AL H(f(E) > C}

is open. To that end, let f be from the set.

We split the proof into two parts. Firstly, we carefully decompose the space f(E).
Using Lemma 2.6, we find a countable number of Borel sets F; C R” and E; C E such that
H"(E \ U; Ei) = 0 and each F; is bi-Lipschitz to E;. Let My = f(E;) and, fori > 1, let

M; = f(E)\(f(ED)U---U f(Ei-1)).

Then we have
Jé’”(f(E) \ UM,-) — J€”(E \ UE,) — 0.

Let now ¢ > 0 and n € (0, 1) be such that

(3.19) nH"(f(E)) —ne > C.
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By continuity of measure, we find ip € N such that

io
(3.20) H" ( FEN Y M,-) <e.
i=1
LetK; = f~Y(M;). As the M; are disjoint, so are the K;. Since f is Lipschitz and F" is
inner regular on each K, estimate (3.20) allows us to find, for each i € {1,...,ip}, a compact
subset K; C K; such that

io
G2 (U 1K) > 9 iy~
i=1
Note that we do not require the K; to cover much of E; indeed, if f is highly non-injective,
then the K; necessarily cover very little of E as the f(K;) are disjoint.
In the second part, we use the decomposition above and solve the problem on each K;
separately via Lemma 3.6. To this end, note that, since the f(K;) are disjoint compact sets,
there is a p > 0 such that, forevery i, j € {1,...,io} withi # j, we have

dist(f(K7). /(K}) > p.

Observe that if g € Ay with ||g — f|lee < %, then

dist(g(K7). g(K)) > £

in particular the sets g(K;) are disjoint. By Lemma 3.6, for each i € {1,...,ip}, there is
ad; > Osuch thatif g € A satisfies ||g — f|[¢o < 8;, then
(3.22) H"(g(Ki)) = nF" (f(Ki)).

Let now § = min{f;’,mini=1mi0{8,~}} and suppose g € Ay satisfies ||g — f||go < 6. Then, by
disjointness of g(K;), we get

5 (g(E)) > " (g(U K,-)) = S ek 203 (K

i=1 i=1 i=1
0 (3.21) (3.19)
- (U f(Kl-)) 2 gen ey —ne L e
i=1
We have shown that, to each f in the set in (3.18), there is a § such that the §-ball around
fin Ay is in the set. Hence the set is open and we are done.

The general case, i.e. H"(E) = oo, can be reduced to the finite case in the following
way. Let f € Ap(FE) be such that

H'(f(E)) > C.

Then, as E is n-rectifiable, its J¢”-measure is o-finite, whence there is some J"-measurable
set K C E with #"(K) < oo and such that

H"(f(K)) > C.

Now we simply use lower semi-continuity of Ax on (Lip; (K, R™), |- |lco)- m
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Theorem 3.8. The functional

f— / Jg fdH"
E
is lower semi-continuous on A, for every L € [0, 00).

Proof.  Suppose C € [0,00) and f € Ay is such that

/ JE fd¥" > C.
E

Find the sets E; from Lemma 2.9 so that, by (2.5), we have
S enrEn = [ esarnsc.
- E
1
Now there is some iy € N such that

Y HM(f(ED) > C.

i=1

By Theorem 3.7,to eachi = 1, ..., o, there is some §; > 0 so that if g € A, satisfies

| f —gllgoo(g;) <8 foralli € {1,...,io},
then _
10
> " (g(Ei) > C.
i=1

Let§ = min; §;. Thenif g € A issuchthat| f — g|lco < 8, we have, by Lemma 2.10 together
with the fact that E; are disjoint and the area formula (2.4),

i() iO
/ JEgdH™ > Z/ JE,gdJe" =Y " H"(g(Ei)) > C. o
E E;

4. General density statements

The purpose of this section is introduce some of the density results, in the spaces
Lip}"(X,R™) and Lip; (X,R™)

for a general complete metric space X .

The adopted approach is the natural one arising from use of Lemma 2.7. We construct
a Lipschitz function on some pieces of the n-rectifiable space E and then extend it onto X.
However, this is highly non-trivial, as usually it is necessary to do this with no increase (or, in
some sense, arbitrarily small increase) in the Lipschitz constant.

This is the purpose of the following lemma. The proof follows, almost to the word, the
proof of [4, Lemma 4.6].
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Lemma 4.1 (Lipschitz extension lemma). Let X be a metric space and (Y, | -|) a
normed linear space. Further, let L € [0,00), N € NandletS; C X,i =1,...,N.Let§ >0
and assume p; € (0,1], i = 1,..., N, are such that the sets B(S;, p;) are disjoint. Assume
that f: X — Y is an L-Lipschitz function and let g;: B(S;, pi) — Y be L-Lipschitz functions
such that ||g; — fleeo(B(S;,p1)) = Opi for each i = 1,..., N. Then there exists g: X — Y an
(L + 48)-Lipschitz map such that g = g; on each S;, ||g — [ |l¢eo(x) < 6 and g = f outside
U; B(S:i, pi)-

Proof.  On each B(S;, p;), we may write g; = f + E;, where ||E;| o < ép;. Define
xi: X — Rby
max{%pi — dist(x, S;), 0}
Xi (X) = 1 .
2 Pi
Then y; have disjoint supports contained in B(S;, % pi). Hence, it is valid to define g: X — ¥
by

N
g=/f+Y xEi.
i=1
From this definition and the fact that each p; < 1, all of the stated properties of g, except for
the Lipschitz constant, immediately follow.
It remains to show that, for any x, y € X, we have

4.1 lg(x) — gl < Ld(x,y) + 28d(x,y).

Ifthereisani = 1,..., N suchthat y;(x), x; () > 0, then one can show (4.1) mutatis mutan-
dis as in [4, Lemma 4.6]. If there are i # j such that x; (x) > 0 and y;(y) > 0, then one can
show

1 1
4.2) E'Oi —dist(x, S;) <d(x,y) and Epj —dist(y, S;) <d(x,y).

From these inequalities, we obtain

lg(y) —g@) = 1/)— fx)+ xi () Ei(x) — x; D E; D)l

< Ld(x,y) + [xi OIE; I + [x; DIE; D)l
3pi — dist(x. 5; Lp; — dist(x. S
SLd(x,y)—|-8p,-2’O’ IIS(X z)+8j2,oj 11s (x,S8})
2P 2P
< Ld(x,y) +48d(x,y).

What remains to show is the case when y; (x) > 0 holds but y;(y) =0forall j =1,...,N
(which implies the first half of (4.2)). In this case, we similarly have

lg) =gl = 1/(») = ) + xi () Ei (x)]

= Ld(x.y) + [xi I Ei ()|

1 .
=pi — dist(x, S;))
< Ld(x,y) + 8pi 2—— :

3 Pi
=< Ld(x,y) +25d(x,y). =
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The following simple observation is the main idea behind how to avoid losing measure
(of f(E)) by overlapping.

Lemmad4.2. Letm,n € N andlet S CR™ be an H"-measurable set with #"(S) < oo.
Let M be any set of n-dimensional affine subspaces of R™. Then the set

(TeM: ¥ TNS)> 0

is countable.

Proof. Suppose the statement fails. Then there exists some ¢ > 0 such that the set
{TeM:H"(TNS)>¢}

is infinite (even uncountable). Therefore, we may find a countable family 7;,i € N, of distinct
elements of the aforementioned infinite set. As #”(7; N T;) = 0 whenever j # i and as S is
H"-measurable and so is every T;, we have

Jﬁ”(S)sz”(Sm Un):Z%"(SmTi)ngzoo,

ieN ieN ieN

a contradiction. O

The idea of the following sequence of statements is to show that a Lipschitz function
may be approximated in the strong distance | - || + Lip(-) by Lipschitz functions g which
simultaneously have very little overlap and “almost” satisfy g#J(’l’;E &K H™. This is firstly done
assuming E is a normed set.

Within the proof of these results, we will repeatedly make use of the following fact.
If f:X — Y is an L-Lipschitz function on a compact metric space, then the functions Af,
for 0 < A < 1, approximate f in the strong distance and have Lipschitz constant strictly less
than L. This gives us a small amount of space in which to construct a modification of A f

str

without leaving the space Lipj' (X, Y) and whilst also approximating f.

Lemma 4.3. Let E C R” be a compact set and let S C R™ be H"-measurable with
H™(S) < oo. Let |- |4 and | - |p be norms on R™ and R™ respectively. Let C > 0, L € [0, 00)
and let f: Eq — R} be an L-Lipschitz function. Then, for every & > 0, there is a function
g E — R™ and H"-measurable sets F C E, N C R™ such that

(i) g is Lipschitz as amap g: E; — R, with Lipschitz constant Lip(g) < L,
(i) [|g = flleo <&
(iii) Lipg,—rp (g — /) <&
(iv) H*(E\ F) < 1C,
(V) H*(N)=0and{u e R™ :#g7 ' (u) > 1} C g(E\ F)UN,

(vi) the set F admits a decomposition F = Uﬁ-ozl F; for some iy € N such that, for each
i =1,...,i0, F; is H"-measurable and g|F, is a restriction of an affine map with posi-
tive volume,

(vii) H"(g(F)N S) = 0.
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Proof. First, as B(E, 1) is bounded, we can find A < oo so that, for any countable
disjoint system of balls B; = B(x;,r;) C B(E,1),wehave ) ; r/' < A.Leto € (0, 1) be such
that

11
43 A(l—o") < =—C.
(43) (1=0" <37

We may assume that Lo = Lip(f) < L. Let§ € (0,e/+/m) be such that Ly + 35 < L.

We use Lusin’s theorem to find an #”-measurable set £ C E with
11
~-—C
2L
such that x > f’(x) is uniformly continuous on E. This implies that x > vol f”(x) is also
uniformly continuous, and it also allows us to obtain uniform approximations with derivatives
in the following way. To each § > 0, there is r¢g > 0 such that, for every r < ro and every
x € E adensity point of E, we have

(4.4) H"(E\ E) <

1 ~
f ) = @) = [0 =2y < 380 —0)ly =zl forall y,z € Blx.r) N E.

Moreover, the operator norm || f/(x)||4—sp is no larger than L.
Let now x and r be as above and consider the function d: B(x,r) N E — R™ given by

d(y) = f(y) = fx) = f'x)(y —x) for B(x,r) N E.
Then, for y,z € B(x,r) N E — R™, we may estimate
ld(y) =d@)]p < |f) = f) + [/ = x) = f(2) + f(x) = f(x)z = x)]p
<= f@) =)y —2)]< %8(1 —o)ly —zla,

which means that d is (%8 (1 — 0))-Lipschitz on the relevant domain. Hence, there is an open
neighbourhood Uy of f'(x) in £(R}, R}"), the space of linear operators between R} and R}",
such that, for each A € Uy, it holds that

||A||a—>b < LO+5,
| f(y) — f(x)—A(y —x)|p <8(1 —o)r forally € B(x,r)NE

and
Lipge,yng (v = f() — f(x) + A(y —x)) < d(1 —0).

Observe also that U, = {4 € Uy :vol A > 0} is open and not empty. Using Vitali’s covering
theorem, we find a countable number of disjoint balls B; = B(x;, r;) and open, non-empty sets
Ui € £(Rg, R} such that

(4.5) f) = f(xi) = Ay —xi)|p = 8(1 —0)r;

forally € B; N E and A € U;,
(4.6) Lipg,ng(y = f(3) — f(xi) + A(y —x;)) < é(1 —0)

for any A € U;,

J(’”(E\UB,-) —0,
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and vol A > 0 for any A € U;. Observe that now
Jen (E \ UoB,-) < A(l —o™).

Whence, by (4.3) and (4.4), there is an index iy € N such that

io
(4.7) J(’”(E\ g UB,-) < %C.

i=1
Suppose now that d: Ufozl oB; N E —R™M satisfies, foreachi = 1,...,1ip,
(4.8) d(y) = f(y)— f(xi) + Ai(y —x;) forsome A; € U; and all y € 6B; N E;.
Then, by (4.6), d is (6(1 — 0))-Lipschitz on each 6 B; N E.1fi # j and
yeaBiﬂE, ZeijﬂE,
then
ld(y) —d(2)|p < |d(y) —d(xi)|p + |d(xi) —d(x;)]p + [d(xj) —d(z)]p
4.5)
< 8(1=o)ri +46(1 —o)r;.
On the other hand,
ly=zla =z (I =0)ri + (1 —0)r;
as B; N B; = 0. This means that d is §-Lipschitz on the set ( J/_ oB; N E

i=1
We construct g; inductively on the sets B; fori = 1,...,ip. Let So = S. By Lemma 4.2,
there is some A € Uy such that H"([f(x1) + A1(R*)] N Sp) = 0. Define

g1(y) = f(x1) + A1(y —x1) fory € By.
Assume we have defined g; fori =1,...,k—1, k <ip. Let S = Uf:ll g(Bi) U Sy. As
H"(Sk) < 0o, using Lemma 4.2, there is an Ay € Uy such that

H*([f(xx) + Ak(R™)] N Sg) = 0.
Let

gk(y) = f(xx) + Ak (y — xx) fory € By.
Thus, we have constructed (Lo + §)-Lipschitz functions g;: B; — R satisfying

lgi — flleco(B;nE) < 8(1 —0)r;.

Now we let
d=f—-g onB NE,i=1,....io.

By construction, d satisfies (4.8). Whence, by our choice of §, d admits an extension (denoted
again by d) onto entire R” such that Lip(d) < ¢ and ||d|lco < &. Indeed, here we have just
used McShane extension together with the estimate § < ——¢. We let g = f — d on E. This
implies immediately that (i), (ii) and (iii) are satisfied.
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We let F; = oB; N E and
io
N = SingF).
i=1
Then, by construction, #H”(N) = 0. Let F = Ui‘;l F;. From the construction, (vi) and (vii)
follow immediately and (iv) holds due to (4.7).

Finally, to show (v), suppose u € R™ has two preimages under g, neither of which
lies in E \ F, i.e. there are some x, y € F such that g(x) = g(y) = u. Then there are some
i,j €{l,...,io} such that x € F;, y € F; and, without loss of generality, j <i. As g is by
construction injective on each F;, we have j < i. Therefore, by definition of S;, necessarily,
g(y) € S;. On the other hand, x € F; implies g(x) € g(F;). Altogether, u € S; N g(F;), and
sou €N. D

Now we may use Lemma 2.6 to push the results from normed sets into general metric
spaces.

Theorem 4.4. Let X be a complete metric space and let E C X be an n-rectifiable
subset with H" (E) < oo, let L € [0, 00) and let | - | be a norm on R™. Suppose f:X — R}’
is an L-Lipschitz function. Then, to each ¢ > 0 and C > 0, there is a function g: X — R™ and
FH"-measurable sets F C E, N C R™ such that

() g: X — R is Lipschitz with constant Lip(g) < L,
(i) lg = flloo <&
(iii) Lip(g — f) <e
(iv) H"(E\F) < 1C,
(V) H"(N)=0and{u € g(E):#g '(u) >1} C g(E\ F)UN,
(vi) JEg > 0 H"-a.e.on F.

Proof. We may assume that Lip(f) = Lo < L.Let0 < 6 < oco.LetC; > 0,i € N, be
a sequence for which

1 1
(4.9) g CHa+ 9)LXi:C,- <G

By Lemma 2.6, we find compact sets E; C E, K; C R”, norms |- |4; on R” and (1 + 6)-bi-
Lipschitz bijections /;: (K;, |- |q;) — E; such that

H'(E\| JE;)=0.
(AU E)
Find iy € N such that

io
(4.10) J" (E\ U Ei) < ﬁC.

1=
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As E; are compact, there is some p > 0 such that
B(Ei.p) N B(Ej.p) = 0
provided i, j € {1,...,ip},i # j.Letnow 0 < Cl-O <1,i =1,...,ip, be such that
io

4.11) 3 JmeC? max{(l + ), %} <$.

i=1
Foreachi = 1,...,ip, we let f; = foli:(K;,|]|a;) = R}, a((14 60)Lo)-Lipschitz func-
tion. Denoting S7 = @, we use Lemma 4.3 to find
g1 (K1, [ la)) = Ry,

a (1 + 0)Lo-Lipschitz function, and sets Fi C Ky, N; C R™ such that

D' 181 = filleoxy) < eCP.

(i)' Lipcg, ||, )—>ry (81 — fi) <eCy,

(i)' Hg (Ki\ Fr) < £C1,

(iv)! H"(N1) =0,

W' {u € Z1(Ky) #27 w) > 1} C Z1(Ky \ F1) U Ny,

(vi)! volg] > 0 H"-a.e.on Fi,
(vii)! J"(S1 N g1(F1)) = 0.

Suppose now that g; have been constructed fori = 1,...,k — 1, where k € {1,...,ip}. We
set
k—1
Sk = | & (ko).

i=1

Using Lemma 4.3 once again, we find gx: (Kg, | - ¢, ) = R}, a (1 4 8)Lo-Lipschitz function,
and sets Fy C Ky, N C R™ such that

W 18k — fellee (ki) < eCP,

() Lip(ky. -1, ) -y @k = fo) < CP,
(i))* H2 (Kg \ Fr) < 1-Ck.

(V)" H"(Ng) =0,

W {u € Ze(Kp)  #81 (w) > 1) © G (K \ Fe) U N,

(vi)* vol g, > 0H"-ae. on Fy,
(i) J¢"(Sk N gk (Fy) = 0.

Foreachi = 1,...,ip, welet F; = Ii_l(I::i) and g; = gj o Il._l. Moreover, we define

gi(x)— f(x) ifx e E,
di(x) = .

0 ifx € X\ B(Ei,p).
Using the fact that B(E;, p) are pairwise disjoint together with properties (1)* and (ii)¥, we
observe that ||d; || < 8Cl-0 and Lip(d;) < max{(1 + Q)SCiO, %sCl-O} on the relevant domains.
Using McShane extension, we extend each d; onto the entire X, denoting the extensions again



28 Bate and Takdc, Typical Lipschitz images of rectifiable metric spaces

by d;, thereby obtaining functions satisfying

@' [Idi[lgeo(x) < €CP,

(b)! Lipy gy dj < VmeCPmax{(1 + 6, 1)},
(c)) di =0on E; foreach j #i.

We let d = 21—1 d; and g = f —d. As the function Lip(-) is sub-additive on Lip(X, R}"),
using (b)" and (4.11), we have

Lip(d) < Z\/_SCOmax{(l + 6), —} <6,

i=1
which, as § < ¢, implies (iii) and, as Lo + § < L, implies (i). Similarly, since Cl-o <1, we also
obtain (ii).
By (c)', g = g; on each E;. Therefore, using the fact that I; are (1 + 6)-bi-Lipschitz
together with properties ()¥—(vii)¥, we observe the properties

(1) H"(Ei \ Fy) < (1+0)3"(K; \ Fr) < (1+ 60) .G,
(2) N; C F; with #"(N;) = 0 and it holds that
{u € gi(E) - #g7 ) > 1} C gi((Ei \ Fy) U Ny,
(3) JEg > 0 H"™-a.c.oneach Fj.
Let FF = Ul_l F;. Now (vi) holds by (3). Moreover, we may estimate

H"(E\ F) = %"(O E,-\Fl-) +J€”(E\CJ E)

where, by property (1) and estimate (4.10), the last expression is estimated from above by
[
(1+0); ; Ci +

Whence (iv) follows from the choice of C; (4.9).
It remains to find N and show (v). To that end, we simply let

(L_JN) Us,mg(F)

i=1

As g(F;) = & (F;), using (vi)k, we see that H™(N) = 0. To show (v), suppose u € g(E)
and g7 (u) N (E \ F) = @ and assume u has two distinct preimages under g. It suffices to
show that u € N. There are x, y € F such that g(x) = g(y) = u. By definition of F', we may
assume that there are i, j € {1,...,ip}, j < i such that x € F;, y € F;. Firstly, assume that
j =1i.Then #gl-_l(u) > 1,and sou € 3;(K; \ F;) N N;. However,

u ¢ Zi(Ki\ Fy) = gi(Ei \ Fy)
as g~ (u) N (E \ F) = @. Therefore, it is necessary that u € N; C N. Secondly, assume that

j <i. Then g(y) € S; by the definition of S; and g(x) € g(F;) simply because x € Fj.
Therefore, u € S; N g(F;) C N. Either way, u € N, and we are done. m]
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Corollary 4.5. Let n <m, let X be a complete metric space and let E C X be an
n-rectifiable subset. Let L € [0, 00). Then the set

{r evigromm: [ geraner = wncse)
E
is residual in Lip}" (X, R™).

Proof.  Firstly, we may write £ = | J72, E;, where E; form an increasing sequence of
J¢"-measurable sets with #" (E;) < oco. Now if a function f € Lip}"(X,R™) satisfies

| gt s = s

on each E;, then it obviously also satisfies the assertion. As a countable intersection of residual
sets is residual, we may assume, without loss of generality, that #”(E) < co. By the area
formula (2.4), it suffices to show that the sets

1
{f € Lipj"(X.R™) : / Jg fdH" — H"(f(E)) < 7}
E l
are open and dense in Lip}" (X, R™) for every i € N. Density follows immediately from Theo-
rem 4.4 by taking C sufficiently small (depending on 7). For openness, it is sufficient to observe
that the functional

(4.12) fr—>/EJEfdJ€”—J€”(f(E))

is upper semi-continuous on Lip}" (X, R™). The functional

fH/EJEfdJe"

is easily seen to be continuous on Lip}"(X, R™). Moreover, the functional f > H"(f(E))
is lower semi-continuous on Lip; (X, R"), and therefore it is also lower semi-continuous
on Lip}"(X, R™). Therefore, the functional f +— —JH"(f(E)) is upper semi-continuous on
Lip;"(X,R™). Altogether, we have shown that the functional in (4.12) is a sum of upper
semi-continuous functionals and as such it is upper semi-continuous. |

The proof of the following corollary is now trivial upon recalling Baire’s theorem and the

preceding corollary, together with the fact that sets which are dense in Lipfr(X , R™) are also

dense in Lip; (X, R™).

Corollary 4.6. Let n <m, let X be a complete metric space and let E C X be an
n-rectifiable subset. Let L € [0, 00). Then the set

{f € Lip, (X.R™) : [E Jg f 4 = Jf’”(f(E))}

is dense in Lipy (X, R™).
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Corollary 4.7. Let n < m, let X be a complete metric space and let E C X be an n-
rectifiable subset. Let L € [0, 00). Then the set of the L-Lipschitz functions f:X — E such
that

is residual in Lip}" (X, R™).

Proof.  As in the proof of Corollary 4.5, we may assume K" (E) < co. Recalling the
area formula (2.4), it is easily seen that, for a Lipschitz function f: X — R™, one has (4.13) if
and only if JE f > 0 #"-a.e. in E. We can write

(4.14) {f eLip}"(X,R™): Jg f >0 H"-ae.on E}

= n{f e Lipf" (X,R™) : K"({x € E : JE f(x) = 0}) < zl}
ieN
It is therefore enough to show that the sets on the right-hand side of (4.14) are open and dense.
Density follows immediately from Theorem 4.4 by choosing C > 0 sufficiently small (we use
particularly properties (iv) and (vi) therein).

Openness follows by a rearrangement argument. Assume ¢ € L(E) = L®°(E, K (}5)
is a sequence which converges in L°°(E) to some function ¢ € L°°(E). Then their non-
increasing rearrangements satisfy ¢; — ¢* in L°°([0, #"(E)], £1). Here the non-increasing
rearrangement is defined as

e*@) =inf(A >0: H"({x € E : p(x) > A}) <t} fort € [0, H"(E)].

Suppose further that #H” ({x € E : ¢ (x) = 0}) > ll Then
1

Qi (1) =0 forallt e (Je"(E) S Jf”(E)].
i

Then we also have ¢*(r) = O forallt € (¥"(E) — ll, H"(E)]. We apply this to Jacobians of
the relevant functions to show that the complements of the sets on the right-hand side of (4.14)
are closed. To that end, let i € N be fixed and let f;, f € Lip}" (X, R™) be such that f; — f
in Lipj" (X, R™) and

1
H"({x € E: JE fx(x) =0}) > - forallk e N.
i

By our assumption on convergence of fi, we have Jg fx — Jg f in L°°(E). Therefore, by
the argument above, (Jg f)*(t) = O forallt € (#"(E) — ll, H" (E)]. By the definition of the
non-increasing rearrangement, this implies

H'({x € E:Jg f(x)=0}) > ll

Therefore, the set

{f € Lipl"(X.R™) : X" ({x € E : Jg f(x) = 0}) > ll}

is closed, and we are done. O
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5. Residuality of functions with images of large measure

The purpose of this section is to provide residuality results in the positive direction.
Firstly, using the tools developed in previous Sections 3 and 4, we provide a useful charac-
terisation of the residuality of the sets

(/ €Lipy(X.RY) : H"(f(E) = A}y = (\{/ € Lip; (X.RY) : H"(f(E)) > A - %}-
ieN

This is the subject of the first subsection.

In the second subsection, we use this characterisation to prove the relevant residuality
results assuming X is a normed set and E its subset. This only works under particular assump-
tions on the norm (and also the norm | - | in the target space). We do not discuss sharpness of
these conditions.

Finally, in the third subsection, we concentrate on the particular instance of Euclidean
norms. In this case, we are able not only to get the best possible A = F"(FE) but also to push
these results into the setting of n-rectifiable subsets of R¥ (as opposed to mere subsets of R”).
It is there that we prove our first main result Theorem 1.1.

5.1. Characterisations of residuality.

Lemma 5.1. Letn < m, let X be a complete metric space and E C X an n-rectifiable
set. Let | - |p be a norm on R™. The functionals

S H L (f(E) and [~ / JE fdH"
E
are lower semi-continuous on Lipy, (X, R}') for any L € [0, 00).
Proof. This follows from Theorems 3.7 and 3.8 respectively. |

Theorem 5.2. Let n < m, let X be a complete metric space and let E C X be an n-
rectifiable subset. Let | - |, be a norm on R™ and suppose that L € [0, 00) and C > 0. Consider
the following statements.

(i) The set A>c ={f € Lipy (X,R}') : H"(f(E)) = C} is residual in Lipy, (X, R}").

(ii) The sets A~C ={f € Lipz (X, R} : H"(f(E)) > C} are dense in Lipz (X, R}) for
allC < C.

(iii) The set V¢ = {f € Lipy (X, R}’) : [g JE [ dH" = C} is residual in Lipy (X, R7).

(iv) The sets V-& ={f € Lip(X.R}") : [z Jg f d¥" > C} are dense in Lip (X, R}")
forall C < C.

Ifn < m, then all of the statements are mutually equivalent. If n = m, then (i) and (ii) are false
and (iii) and (iv) are equivalent.

Proof. If n =m, (i) and (ii) are false as, in fact, any sequence fr:X — R}’ with
fr — Ouniformly satisfies #”( fr(E)) — 0.If n < m, then equivalence of (i) and (ii) follows
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from Lemma 5.1 as we can write

ieN

Similarly, equivalence of (iii) and (iv) (for any n < m) is also obtained from Lemma 5.1.
Now let n < m. The fact that (ii) implies (iv) is obviously true due to the area formula

(2.4). It remains to show that (iv) implies (ii). To that end, fix C < C and f € Lip; (X, R}").
From (iv), we can find, for each ¢ > 0, some g € Lipy (X, R}') with [|g — f'||lec < € satisfying

/ JEgdH" > C.
E

As the functional g — [ vol JggdH#" is lower semi-continuous, there is some § > 0 such
that, for any & € Lipy (X, R}') satisfying [|g — /o < &, we still have

(5.1) / Jghd¥" > C.
E
From Corollary 4.6, we see that the set of functions 4 satisfying the improved area formula
(5.2) / JEhdH" = H" (h(E))
E

is dense in Lipy, (X, R™). Thus, there exists some / € Lipy, (X, R}') satisfying [|g — oo < §
and (5.2). By (5.1), such £ satisfies

H"(h(E)) = /E Jghd¥" > C.

As § > 0 may be reduced to an arbitrarily small number, we have shown that A¢ is dense,
which is (i1). O

5.2. Positive results in normed sets. Recalling Lemma 2.7, it would seem that a good
starting point to tackling n-rectifiable metric spaces is the study of metric spaces which are
merely subsets of R” equipped with a distance induced by a particular norm | - |,. The object
of this section is to provide a sufficient condition (on |- |,) so that there exists some A > 0 so
that the set

{f € Lip(Eq.R™) : H*(f(E)) > AH"(E)}

is residual in Lip(E,, R™) for all m > n and all E C R” bounded J#"-measurable sets.

We shall work in a slightly more general setting and allow a general norm (which we
denote exclusively by | - |5) on the target space R™ as well.

It should be noted that, right now, both on the domain and on the target side, we are
working either with the whole Euclidean space or a subset thereof. We do equip it with a dif-
ferent metric (norm), but the metric is always equivalent to the Euclidean one. This implies that
the induced Hausdorff measures (of any dimension) are always equivalent. However, available
area formulas are far more conveniently used if the Hausdorff measures considered on either
side are induced by the Euclidean distance. This is, up to a constant, without loss of generality.
In other words, up to a constant, whenever we write #”, one may replace it with # (on the
domain) or # l}: (on the target).
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There is, however, a small caveat to what is said above. If we want to prove an estimate
holding for an entire family of norms, then constants matter. This is just a small technical
detail; however, to avoid confusion, we will state some of our results in a “duplicate” form.
One dealing with Euclidean Hausdorff measure and one dealing with the Hausdorff measure
induced by the particular norm.

Let us fix some notation for the entirety of this section. We shall assume that n,m € N
satisfy n < m, and that | - |; and | - | are norms on R” and R” respectively.

Observation 5.3. Let A:R — R™ be a linear map. Let u € R™, and if A # 0, assume
also thatu = kA(1) for some k € R with |k| > 1. Then, for every € > 0, there exists a Lipschitz
curve y:R — A(R) such that

@ lly — Al <&,
(ii) y’ exists everywhere in R up to a discrete set of points,

(iii) if x € R is such that y'(x) exists, then y'(x) = +u.

Proof. 1f A =0 or k = 1, the proof is obvious. Assume k > 1 and A # 0. There is
a partition of R into intervals [a;, b;], i € Z, with a; = b;_1 such that, on each [a;, b;], we can
define y to be an affine curve with y’ = zu (sign depends on parity of i), y(b;) = y(ai+1)
for each i and such that ||y — A||geo([q; ;1) 1S comparable to |b; — a;|. Here we needed to use
the assumption that k¥ > 1 as otherwise A would “run away” from y.

For any 1 > 0, the partition can be made such that |a; — b;| < n for all i € Z, while
still having some § > 0 such that |b; —a;| > § for all i € Z. The derivative y’ then exists
everywhere except the endpoints of the intervals, which form a discrete set of points. By making
the partition fine enough, that is, taking n > 0 small enough and recalling that |b; — a;| is
comparable to ||y — A geo((q;,5,7)» W€ can make it so that (i) holds. |

Given a linear space Y of dimension n and a map /:Y — Y which is diagonalisable,
i.e. there are eigenvectors (u1, ..., uy) of I, which form a basis of Y, we say that / is a sign
permutation of I if there are j(i) € {0,1},7 = 1,...,n, such that

Tui) = (=1)/D1w).

We denote by sp [ the set of all sign permutations of /. Observe that the set sp / is independent
of the particular choice of eigenvector basis (u1,...,u,) and indeed sp I only depends on [/
(and Y'). We shall further adopt the name non-shrinking to refer to diagonalisable linear maps,
whose eigenvalues have absolute values greater than or equal to 1.

The following definition is a useful way of describing the possibility of approximating
a linear map with a piecewise affine map, which has large volume almost everywhere.

Definition 5.4. Let A € B,_,; be of full rank and let A > 0. We say that A admits
a A-inflation if there exists a diagonalisable map 7: A(R") — A(R") satisfying the following
properties. The absolute value of every eigenvalue of A is no smaller than 1 (i.e. / is non-
shrinking), and for every I e sp I, we have

@ 7o Allasp <1
(i) vol(I o A) > A.
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Remark 5.5. In the case that | - |, is Euclidean (and hence invariant under linear reflec-
tions), it is enough to verify ||/ o A||,—p < 1 and one does not need to consider sign permuta-
tions of 7.

Definition 5.6. The pair of norms |-|, on R” and |-|; on R™ is said to form a A-
inflating pair for a A > 0 if, for every linear map A € B, _,j, of full rank, A admits a A-inflation.
We also write that (| - |4, | - |p) forms a A-inflating pair.

Some geometric intuition for the preceding definitions is in order. If A admits a A-
inflation, this means that the convex set A(B,) C A(R") (having a non-empty interior in
A(R™)) can be inflated in such a way that A(B,) C Bp N A(R™) and that the n-dimensional
(Euclidean) Hausdorff measure of A(B,) is sufficiently large (this depends on the norms
and A). Moreover, this inflation must be achieved using a map, which admits a diagonal form
with respect to some basis of A(R”) and this map may not shrink in any direction. It is useful
to note that this basis corresponds via A~!: A(R") — R” with a basis in R”.

The requirement that the inflation be diagonal will become clear once we prove the prin-
cipal result. The reason we require that / does not shrink in any direction (a condition on
its eigenvalues) is so that we can use Observation 5.3 (this corresponds to the condition on «
therein).

Example 5.7. Let|-|, =]z and |-|p = |-|2. Then every linear map A € B, of
full rank admits a 1-inflation. Indeed, any such map A is of the form A = S o D o R, where
R € O(n), S € O(m) and D is diagonal with diagonal values less than or equal to one in
magnitude. Moreover, as A4 is of full rank, the diagonal values of D are non-zero, and so D
admits the inverse D~!: D(R”) — R”. Let E:R"” — R™ be the diagonal matrix with only 1’s
on the diagonal and let A = S o E o R. It is an easy exercise to now show that A = I A for

(5.3) I =SoEoD oS 1 AR") — ARM).

From (5.3), as E o D™ 1 is diagonal, I is diagonalisable, and both properties (i) and (ii) from
the definition of 1-inflation are satisfied.

Proposition 5.8. Let A:R" — R™ be an affine map of the form A = Ay, + u, where
Ajin is a linear map and u € R™. Assume that Ay, is of full rank, Lo = || Alinlla—p < 1 and
Aiin admits a A-inflation for some A > 0. Let E C R" be a bounded J™-measurable set. Then,
for every e > 0, there is g € Lipy (Eq, R}') such that

@ g — Alloo < &and
(ii) volg’ > Lo H"-a.e. in E.

Proof. By astandard scaling argument, we may assume Ly = 1. We may assume, with-
out loss of generality, that A is linear. We first construct g: R” — R and then restrict to £. By
our assumption on A, there is a diagonalisable map 7: A(R") — A(R") whose eigenvectors
(uy1,...,up) = (A(x1),..., A(xy)) form a basis of A(R") and which satisfies the properties
from Definition 5.4. Note that (x1, ..., x;) form a basis of R”.
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Fixi €{l1,...,n}. Recalling Observation 5.3, there is a Lipschitz curve y;: R — span{u; }
such that |y; (t) — A(tx;)| < e forall ¢t € R, and

(5.4) yi(t) = £1(A(x;)) forallt € R up to a discrete set.

Denote by ¢: R” — R” the coordinate function with respect to the basis (x1,...,Xx,), i.e. we
have x = Z?:l ti(x)x; for each x € R". We now simply let

g(x) =) i) forx eR".

i=1

As each y; is Lipschitz, g is also Lipschitz. Fix ani € {1,...,n}. Given an arbitrary x € R”
such that y/(#; (x)) exists, since 7 is a linear map, we have #'(x) = ¢. Therefore, using (5.4), we
have, foranya; € R, j =1,...,n,

(vi o) (x)(a1x1 + -+ + anxn) = ¥ (1 (0) (1] (X)) (@1 X1 + -+ + otnXp)
=y (ti (x)) (i) = Lo I(A(x;)).

Therefore, by definition of g, we have

g () (@rx + -+ anxy) = Y o I(A(x)).
j=1

This means that, for every x € R”, up to a set of #"-measure 0, g’(x) = T A for some
I e sp I. Therefore, by (i) in Definition 5.4, g is a Lipschitz function on the entire R” satisfy-
ing ||g'(x)]la—p < 1 for every such x € R”. This, by Lemma 2.1, implies that g is 1-Lipschitz
between Rj; and R}'. The restriction g|g therefore satisfies g € I:ipl(Ea, R}") and (). By
property (ii) in Definition 5.4, using once again the fact that g’(x) = I A for #"-a.e. x € E, (ii)
is satisfied as well. ]

Proposition 5.9. Let E C R” be a bounded J"-measurable set and let E C D C RF.
Let f: D — R™ and suppose f € Lipy(Dqa, R}'). Assume that (|- |a, | - ) forms a A-inflating
pair for some A > 0. Then, to each ¢ > 0 and n € (0, 1), there exists g: D — R™ such that

(i) g € Lip;(Da, R,
(i) lg— fllo <&
(i) [y volg'd#™ > nA " (E).

Proof. 1f #"(E) = 0, the statement obviously holds, so we may assume 4" (E) > 0.
We may assume, without loss of generality, that the Lipschitz constant of f is strictly less
than 1. We therefore have Lo = max{Lip,_,,(f), HT"} < 1. Find C > 0 such that

(5.5) ALoH™(E) — ALo2C > nAK"™(E).

Find A > 0 such that, for any sequence B; = B, (x;,r;) C Bs(E, 1), x; € E, of disjoint balls,
we have ), 1 < A.Let o € (0, 1) be such that

(5.6) A(l-0o") < C.
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Find § € (0, %8) such that Ly + 46 < 1. Then, for any x € E a density point of £ such
that f’(x) exists, we find r, € (0, 1] such that

1S = fG) = [/ —x)|p =81 —0)|y —x|a forall y € Ba(x,rx) N D.

In a standard way, using Vitali covering and continuity of measure, we thereby obtain a finite
sequence of disjoint balls B; = B, (x;,ri) N D,x; € E,i = 1,...,ip,in D, such that

an(E\LOJB,’) < C,

i=1

and foreachi € {1,...,ip}, we have an affine map A4;: R" — R with

[ f(») = Ai()lp <81 —o)r; forall y € B;.

As f is Lo-Lipschitz, we may also assume that the linear part of each A; lies in LoB,—p.
From the density of maps of full rank in B,_,;, we may assume that each A; is of full rank.
Recalling Proposition 5.8, we find g;: B; — R" such that g; € Lipy ((Bi)a,R}') and

volg' > LoA  H"-ae.inB;, and | g — Ailgeo(n) < 8(1—o0)ri.

Using the extension Lemma 4.1 (for X = D), there is a function g: D — R™ such that
() Lip,5(g) = Lo + 44,
(b) g =gijonoB;foreachi € {1,...,n},
© llg = fllico(py <28(1 —0) <e.

By our choice of §, we have g € Lipl(Da,R?), which is (i), and from (c), we get (ii). It
remains to show (iii).
Firstly, by (5.6), we have

w3 Uom) = (50 U ) e (U oo

i=1 i=1 i=1
<C+A(l-0" <2C.
Moreover, by (b), vol g’ > LoA in each B;, and using also (5.5), it follows that

io 10
f vol g’ d#" > Z/ volg'd#" = Lo Y #"(0B; N E)
E 1 JoBiNE =1

io
= ato(37(E) — £\ o))
i=1
> ALoH™(E) — ALo2C > nAJe"(E). .

We are now ready to prove the main result of this section.

Theorem 5.10. Suppose n < m and let |- |5 be a norm on R" and |- |p a norm on R™.
Let E C R" be bounded and #H"™-measurable and let E C D C R”. Let A > 0 and assume
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(| las |- 1p) forms a A-inflating pair. The set

{f € Lip(Dg, RY) : / vol f/dJ" > )L,%”(E)}
E
is residual in Lip(Dg, R}'). Suppose n < m. Then the set
{f €Lip(Da,Ry) : H"(f(E)) = AH"(E)}

is residual in Lip(Dg, R}').

Proof. Firstly, we realise that, by Haar’s theorem, #" is a constant multiple of J/.
Therefore, we may use the general result of Theorem 5.2, and it suffices to show that

{f € Lip(Dg, RY) : /Evolf’dje" > I,%"(E)}
is dense for every X< provided n < m. This follows from Proposition 5.9. o

By virtue of Haar’s theorem, we can obtain the relevant result with “correct” Hausdorff
measure on the domain side.

Corollary 5.11. Suppose n < m, let |-|q be a norm on R"™ and let |-|p be a norm

on R™. Let E C R" be bounded and H"-measurable and let E C D C R". Let A > 0 and
assume (| - |a, |- |p) forms a (vol(| - |4)A)-inflating pair. The set

{f € Lip, (Da, RY) :/ vol f"dH" > AJ(’ZJ(E)}
E

is residual in Lipy (Dga, R}'). Suppose n < m. Then the set
{f €Lip;(Da.RY) : H"(f(E)) > AK} (E)}

is residual in Lip; (Dq, R}').

Proof. As # is a Haar measure on R” and /! (B,) = 2", we have #] = vol| - | H"
by Haar’s theorem. The rest follows from Theorem 5.10. m|

Recalling Example 5.7, we immediately obtain the following Euclidean result.

Corollary 5.12. Suppose m < n. Let E C R" be bounded and H"-measurable and let
E C D C R”". The set

{f € Lip;(D,R™) : / vol f/dH" = Jf”(E)}
E
is residual in Lip; (D, R™). Suppose n < m. Then the set
{f €Lipy(D.R™) : H"(f(E)) = H"(E)}

is residual in Lip; (D, R™).
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5.3. Strongest possible results in Euclidean spaces. While the results of the last sub-
section were “local” in the sense that they required the n-rectifiable set to be in fact a normed
piece of R”, in the following, we push some of the results to general Euclidean n-rectifiable
sets, obtaining a proof of Theorem 1.1.

Theorem 5.13. Letn < k, n < m and suppose E C R¥ is n-rectifiable and satisfying
H"(E) <oco.Let EC D CR¥. Let f € Lip; (D, R™). Then, for every ¢ > 0 and n € (0, 1),
there is a g € Lip, (D, R™) such that

@ lg—Sflloo =&
(i) [z JegdH™ > nH"(E).

Proof. Tf H"(E) = 0, the statement obviously holds, so we may assume #"(E) > 0.
Without loss of generality, Lo = Lip(f) < 1. Find 6 > 0 such that (1 4+ )?>Lo < 1. Find
no € (0,1) and C > 0 such that

1 n n
(5.7) mﬂo(% (E) = C) > nH"(E).

Using [7, Lemma 3.2.2] (which is the Euclidean version of Lemma 2.6), we find countably
many E; C E Borel and disjoint, F; C R” and (1 + 0)-bi-Lipschitz maps I;: F; — E; such

that
J(’”(E \ UE,-) —0.
i
Using continuity and inner regularity of #”, there is some ip € N such that
io
(5.8) " (E \J E,-) <C,
i=1

and we may assume that E; are compact. There is some r € (0, %8) such that, for every
i,j e{l,....ip} withi # j, we have

(5.9) dist(E;, Ej) > r.
Let g9 € (0, %8) be such that
(5.10) 24 Lo<l.
Fixi =1,...,ip and let
i = foli: F; — R™.

Then ¢; is Lo(1 + 0)-Lipschitz. Whence, by Corollary 5.12 (we are using only density), there
is ¥;: F; — R™ such that

(@) ¥i € Lipy,(149)(Fi. R™),

®) [1¥i — @illeco(Fy) = €0,

(c) fFi vol Y/ dH"™ = noH" (F}).
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Let gj: E; — R™ be given by g; = ¥ o ]l._l. Define § = ;0=1 E;iandletg: S — R™
be given by
gx)=gi(x) forxeE;j, i =1,...,i.

By (a), (b), (5.9) and (5.10), g is 1-Lipschitz. By (b), we have
(5.11) g = fllees(s)y = €o,

and by (c), (5.8) and (5.7), we have

n 1 n 1 n _ n
5.12) [ Tgdd" = () = (K (E) = €) > 1" ().

It remains to extend g. To that end, let

{g(x) if x € S,
c(x) = .
f(x) ifxe D\ B(S,r).

From (5.10) and (5.11), it follows that ¢ is 1-Lipschitz. Using Kirszbraun’s extension theorem,
we find a 1-Lipschitz extension of ¢ onto D. This extension also extends g on S and we will
denote it by g. By (5.12), we have (i), and so it remains to show (ii).

Letx € B(S,r)\ S and find y € S with |x — y| = r. Then

lg(x) = f()] = [g(x) =g+ 1g(y) = SO+ 1f(¥) = f(x)]
<|x—yl+eo+|x—y|<r+e+r<e

This shows that (ii) holds, and we are done. O

Theorem 5.14 (Restatement of Theorem 1.1). Letn <k, n < m and suppose E C R¥
is n-rectifiable. Let E C D C R¥. Then the set

{f € Lip;(D,R™) : / Jg fdH" = J(J”(E)}
E
is residual in Lip, (D, R™). Moreover, if n < m, then the set
{f €Lip;(D,R™) : H"(f(E)) = H"(E)}

is residual in Lip, (D, R™).

Proof.  We may reduce to the case #"(FE) < oo in the standard way as ‘%GE is o-finite.
Recalling Theorem 5.2, it suffices to show that the set

{f € Lip; (D4, R™) : / Jg fdH" > nJ€"(E)}
E
is dense for every n € (0, 1). This follows from Theorem 5.13. |
The result of Theorem 5.14 is, as many other residuality results, strange in the sense

that constructing any specific examples of Lipschitz maps that satisfy the required properties
is highly non-trivial. Even considering £ = S!, the unit circle embedded in R?, it is not clear
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at all how to construct a 1-Lipschitz map into R having the tangential Jacobian equal to +1
FH1-a.e. If we were allowed to have Lip( f) = 1 + &, this would be easy (one may, for example,
consider a parametrisation of E of speed 1 and locally invert it on small intervals), but there is
no natural way of sending ¢ — 0. If, in this case, we consider maps into R?, it is once again
difficult to construct any f:R? — R? which is 1-Lipschitz and satisfies # ! ( f(E)) = # 1 (E)
which is not a linear isometry.

6. Negative results in normed sets

While in the Euclidean space very strong results hold, this fails in more general spaces.
In fact, it is enough to consider different (finite-dimensional) normed spaces for some of the
results to fail completely. The purpose of this section is to provide conditions on norms |- |4
and | - |, so that sets of the form

{f € Lip(Qa, RE) : H"(f(R)) = A}

are not dense in Lip(£24, R}'). Here the most general instance of €2 is a bounded open set —
further generality is possible but not of much interest to us. The sets being open makes several
technical steps significantly easier.

Recall the definition of a strongly extremal point from Definition 2.2. We begin with
a simple observation about strongly extremal points. Recall that a linear map P:R” — R” is
called a linear projection if P o P = P.

Proposition 6.1. Suppose |- |4 is a norm on R"™. If u € 0By is strongly extremal, then it
is extremal. Moreover, for u € 0By, the following statements are equivalent:
(1) u is a strongly extremal point of B,
(i) there exists a linear projection P:R™ — span{u} such that P~ (u) N By = {u},

(iii) there exists a linear projection P:R" — span{u} such that if u, € B, is a sequence with
P(u,) — u, then u, — u.

Proof. 1f (i) holds, then there is an affine tangent T to B, at u with T N B, = {u}.
Taking P:R” — spanu to be the linear map satisfying P~!(u) = T, we see that both (ii)
and (iii) hold. On the other hand, if (ii) or (iii) hold, we can take T = P ~!(u), and in either
case, we get T N B, = {u}, which means that (i) holds. m|

Given u € R™ and V = (va,...,v,) € (R™)*~!, we use the notation (u|V) for the
linear map from R” — R™ satisfying (u|V)(e1) = v and (u|V)(e;) = v; for j € {2,...,n}.

Definition 6.2. Suppose n,m € N, 2 <n <m. Let ||, be a norm on R” and |-|p
a norm on R™. For any u € R satisfying ||(#]0)|,—p < 1, we define the maximal volume
of u as the quantity mvu = mv,_,, u € [0, 00) given by

mvu = sup{vol(u|V) : V e R™" L ||u|V)|lamp < 1}.
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The following observation, stating essentially that mv is upper semi-continuous, is an
immediate consequence of the fact that vol is %—H'Older (it is even Lipschitz, but that does
require a proof) and that || - || ,_p is Lipschitz.

Observation 6.3. Suppose n,m € N, 2 <n <m. Let |- |, be a norm on R" and |- |p
a norm on R™. Let u € R™ be such that ||(u]|0)|z—p < 1. Then, to each § > 0, there is
e > 0 such that, for every ii € By(u,¢), the following holds. If V e (R™)*! is such that
1@ V) lasp <1, then vol(i|V) < mvu + 6.

We shall also require a particular property of integral averages, which is the subject of the
following lemma. As this holds in an arbitrary finite measure space, we state it in full generality.

Lemma 6.4. Let (R, iu) be a measure space with 0 < t(R) < oo and let : R — R be
H"-measurable. Let K > 0, § > 0 and N € N be given. Then there is ¢ > 0 such that if

(6.1) Y <K aeinR and K(1_8)<W/w uw,

then u({y > K —8)) = p(R)(1 — ).

Proof. Denote A = ﬁu({lﬂ > K — §}). Then, for every ¢ > 0, assuming (6.1) holds,
one has

1
K(1— _— = d d
(1-¢) = (R)/ Vi = (R)([w>1< 5}w M+/{¢<K S}w M)

(—R)(M(R)AK + (1 =M)p(R)(K —8)) = AK + (1 = A)(K —§).

The above inequality is equivalent to

—Ke+§
(6.2) —ReFo .
)
We may find an € > 0 so that the left-hand side of (6.2) is greater than or equal to 1 — % This,
however, implies that A > 1 — % and the statement follows. |

Theorem 6.5. Suppose n,m € N, 2 <n <m and denote Q = [—1,1]". Let ||, be

a norm on R™ and |- |p a norm on R™. Let u € R™ be a strongly extremal point of By, such

that ||(u|0)|lq—p = 1. Then, for any r > 0 and any sequence g; € Lipy(Qq,R}') such that
— (u]0), it holds that

lim H"({x € O :volgi(x) > mvu +r}) = 0.
1 —>00

Proof. 'We claim that, for every N € N and o > 0, there exists ¢ > 0 such that if

g € Lip;(Q4. R})

satisfies ||g — (M|O)||(00(QQ,R?) < g, then

a n
(6.3) I a—g —ullp <o onaBorel set M of J"-measure at least 2" — v
e
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Suppose for a moment that the claim holds true. Let N € N; by taking o > 0 small
enough and using Observation 6.3 together with the fact that ||g;|l,—p < 1 H#"-a.e., there
exists some iy € N (depending only on N) such that

r . . .
volgl <mvu+ - H"-ae.inM, fori >iy.

It follows that

n

H"({x € Q :volgi(x) >mvu+r}) <H"(Q\ M) < ZN fori > iy,

and so the statement of the theorem follows by sending N — oc.

It remains to show the claim. As u is strongly extremal, by Proposition 6.1, we find
a linear projection P:R™ — span{u} with the following property. Whenever w® € B, satisfy
P(w%) — u as @« — oo, we have w* — u. Hence, we may find § > 0 such that, for every
w € By,

(6.4) |P(w) —ulp <46 implies |w—u|<o.
Finally, fixing K =1, R =[—1,1]and u = &', find ¢ > 0 from Lemma 6.4.
Fix now f,...,t, € [—1, 1] and consider the Lipschitz curve
o) =gt ta, ... ty).

Since ||(#|0)|g4—p < 1 and u € 0By, we infer that (1,0,...,0)” € dB,, which means that
the restriction of |- |4 to span{(1,0,...,0)7} is the Euclidean distance. Whence, as ¢ is 1-
Lipschitz, we have

l'(t)|p <1 forae.t €[—1,1].

Applying the fundamental theorem of calculus, we obtain

1
/_ V(5)ds = p(1) = (1) € By(2u.20)

ie. .
/ ¢'(s)ds —2u| <2e;
—1 b
hence, recalling that P has operator norm 1,
1
‘/ P(¢'(s))ds —u| <2e.
-1 b

If we now identify span{u’} with R by assigning A € R to Au;, we may use the reverse triangle
inequality and obtain

/ P ) ds = 22,
-1

in the sense of the described identification. By the choice of ¢, we find a Borel set
2
M(ta,....ty) C[-1,1] with X (M(t2,....1,)) =2 — ~

such that
|P(¢)) —ulp <8 onMlta,....tn).
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By definition, whenever ¢ exists, one has ¢’ = ng. Whence the Borel set
1
0
M = {x €Q: ‘P(—g(x)) —u‘ 55}
ae1 b

has the following property. For any choice of 15, ..., t, € [—1, 1], the one-dimensional projec-
tion of M satisfies

(xXeEM :xo =t ....xn =1y} DM(ta,....1).

Whence Fubini’s theorem gives
n

2
H'(M) > 2" — —.
N
By the definition of M and the choice of § (6.4), we have

0
—g—u‘ <o onM,
ae1

which is (6.3), as we wanted. O

Corollary 6.6. Supposen,m € N, 2 <n <m. Let 2 C R" be bounded and open. Let
|- |a be anormon R"™ and |- |p a norm on R™. Let u € R™ be a strongly extremal point of By,
such that ||(u|0)||q—p = 1. Then, for any r > 0 and any sequence g; € Lip;(Q24, R}') such
that g; — (u|0), it holds that

lim J"({x € Q:volg/(x) > mvu +r}) =0.
1—>00

In particular, if mvu = 0, then the sets

{f € Lip; (Q4.R}Y) : /Qvolf’d.%” > A}

and
{f € Lip; (4, RY) : H"(f(R)) = A}
are dense in Lip; (R4, R}') if and only if A = 0.

Proof.  Any open bounded set 2 C R” may be arbitrarily well (with respect to measure)
filled with a finite set of non-overlapping squares; thus the first statement easily follows from
Theorem 6.5. The non-density of the first set then follows immediately from the first statement.
The statement about the non-density of the second set follows from the area formula and the
non-density of the first set. o

Example 6.7. Letn,m € N, m > n and denote u = (1,0,.. .,O)T € R™ Tt is an easy
observation that mveo—» u = 0. Indeed, one may even show that, for VV € (R™)"~!, one has
[|(#|V)]lcos2 < 1 if and only if V' = 0. This in particular shows that, for any open bounded
set Q C R™, the set

{f €Lip;(Qoo. RY) : H"(f(R)) = A}

is dense in Lip; (R0, R%') if and only if A = 0.
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In fact, the idea of the example above can be easily used to show a far stronger statement.

Theorem 6.8 (Restatement of Theorem 1.2). Let n,m € N, m > n. Suppose |-|, is
a norm on R™ such that 0B, contains a non-extremal point of B,. Suppose further that | - | is
an arbitrary norm on R™. Then, for any open bounded set Q@ C R”", the sets

{f € Lip; (Q4.R}Y) : /Qvolf'djf” > A}

and
{f €Lipy(Qa,RY) : H"(f(Q)) = A}
are dense in Lip, (Q24, R}') if and only if A = 0.

Proof. Let us denote by ey, ..., e, the canonical vectors in R”. By our assumptions,
there is a point x € 0B,, which is non-extremal in B, and there is a linear invertible map
A:R™ — R” such that A(x) = e and e; + span{es, ..., e,} is an affine tangent to A(B,).
As A:(R",]-|q) — (R",|-]4(q)) is an isometry, and the statement we are proving is invariant
under isometries, we may assume that x = ¢y and e; + span{es, ..., e,} is an affine tangent
to B, at x = ej.

As 0By, is compact, there exists u € 0By maximising the quantity |u|,. By taking the
unique supporting hyperplane to the Euclidean ball of radius |u|, at u, one can easily observe
that u is a strongly extremal point of Bp. Therefore, in particular, it is also extremal.

Clearly, ||[(#]0)|la—» = 1 as (u]|0)(Bg) = {tu : t € [—1, 1]}, and so mv u is well defined.
It is enough to show that mv u = 0 and recall Corollary 6.6.

Suppose that we have V € (R”)"~! such that vol(u|V) > 0. It suffices to prove that
|(u|V)|la—p» > 1. To that end, let / C B, be any non-degenerate line segment having e; as
its midpoint. As (u|V') is of full rank, (u|V)! is a non-degenerate line having u as its mid-
point. As u is extremal in Bjp, this implies that (u|V)! ¢ Bp, which, as [ C B, implies
|(|V)|la—» > 1, and we are done. O

7. Results in metric spaces

The goal of this final section is to present results in general metric spaces. Of course, the
“generality” here is fairly limited by the fact that, even in case of normed spaces, the relevant
results simply need not be true. Therefore, our positive results concentrate on n-rectifiable
metric spaces whose J"*-a.e. approximate tangents are A-inflating.

Definition 7.1. Givenn € N, we denote by N (n) the set of all norms on R”, and by ~,
we understand the equivalence relation on N (n) given by |- |4z, ~ |- |4, if and only if there is
an invertible linear map A: R"” — R” such that A(Bg,) = Bg,. The space N (n)/~ is called
the Banach—Mazur compactum. Given A > 0,n < m € N and a norm |- |, on R, we let

Moo @) =1ll-lal € N @)/~ : (I]a: |- |5) forms a (vol(| - |o)4)-inflating pair}.

Remark 7.2. The notion of forming (vol(| - |;)A)-inflating pair descends to quotient, i.e.
(|- las||p) forms a (vol(| - |4 )A)-inflating pair if and only if, for every |- |o € [| - |a], (|- |la’s | |p)
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forms a (vol(| - |47)A)-inflating pair. This means that the particular representative chosen when
dealing with the family J\filgﬂ( A)(”) is irrelevant.

Theorem 7.3. Suppose that n,m € N, n < m, X is a complete metric space and
E C X an n-rectifiable subset with K" (E) < co. Suppose | -|p is a norm on R™. Let A > 0
and assume that, for H"-a.e. £ € E, one has T(E,§) € J\filgﬁ(k) (n). Then, for each ¢ > 0,
there is a set E C E with " (E \ E) < & which, moreover, satisfies the following. For every
ECX CcX, feLip(X',R}), § >0 and n € (0,1), there exists g € Lip;(E,R}") with

lig = fllgoo(fy < 8 and

(7.1) /~ JEgdH™ > nAKE(E).
E

Proof. 1f #"(E) = 0, the statement obviously holds, so we may assume #"(E) > 0.
There is some Kj € (0, 00) such that, for every 1-Lipschitz function g defined on any -
measurable subset of £, one has Jg g < K} on the set where the left-hand side is well defined.
After discarding a set of measure zero, we may assume that T(E, §) € J\/igﬂ( 2 (n) for every
e E.

Let ¢ > 0. Firstly, by Lemma 2.6, there exists a finite collection of disjoint compact sets
E; C E,each of which is bi-Lipschitz to some subset of R” and such that #”(E \ | J; E;) < €.
This allows us to use Lemma 2.7 on each E; separately, thus obtaining for each i a com-
pact set E; C E such that still H"(E\ U; Ei) < ¢ and, moreover, the property described in
Lemma 2.7 holds on each £; . That is, for each i and any 6 > 0, there exists a finite number of
pairwise disjoint open sets Gl-] C E; such that

@ E =, G,
(ii) for each j, there is some xl-j € E;, Fij CR” |-|€ T(E,-,xij) such that Gl-j is (1 4+ 6)-
bi-Lipschitz to (F/ |- |).

Welet E = J; E;.
Now let /€ Lip; (X, R}"), § > 0 and n € (0, 1) be given. We may assume, without loss
of generality, that Lo = Lip(f) < 1. Let & > 0 and &9 > 0 be such that (1 + 6)?>Ly < 1 and

A ~ ~
(7.2) mﬂ}}(E) — Kpeo = AnHyg (E).

Recall that the sets E; are pairwise disjoint and compact. Using (i), (ii) and Lemma 2.10,
we may suitably re-index so as to obtain a finite family of non-empty sets G; C E, where
j €{l,..., jo}, such that

(a) each Gj; is open in E,
b E=U/2, 6,
(©) Ef , the closure in E of the G 7, are pairwise disjoint,

(d) for each j € {l,..., jo}, there is a norm |- |4, such that we have [|-|4,] € J\fifﬂm(n),
aset F; C F andamap I;: (Fj,||a;) — G; whichis a (1 + 6)-bi-Lipschitz bijection.

For an open non-empty set G C E and o > 0, we let

G ={teG:dy(t, E\G) > o).
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We shall need two properties of this construction. Firstly, by continuity of measure, it holds
that

(1.3) lim #¢"(G \ G%) = 0.

Secondly, one has B (G?,0) C EE . Here, for convenience, we define BE (0, 0) = (. There-
fore, by (c), the sets BE (G]‘.T, o) are disjoint. As there is a finite number of sets G;, using (7.3)
and (b), there is some o > 0 such that B5(G?, o) are disjoint and

Jo
(74) g (E\ g G;.’) < &o.
j=1
Let 0 < 8¢ < § be such that (1 + 9~2)L0 + 4‘2—0 <1. B
Fix j € {1,..., jo} and let f;: F; — R} be given by fj = f o I;. Now

fi € Lipayoyro (Fj. |- la;), RE),

whence we may use Theorem 5.10 (we require only density) to find

gj € Lipyoy, (Fjs |+ la;), RE)

such that ||f; —&jllgo(F;) < 8o and

/F JFjgj dger > lVOl(| . |aj)e}€|rf|2(Fj) = k}fgj (Fj).
J

Letg;: Gj — R} be givenby g; = g; o Ij_l. Then g; € Lip(146)21,(Gj, R}') and, by
the area formula, it satisfies

(7.5) / Jngdef”:/ #gj—l(u)djf"(u):/
G; g;(G))

J J

#2571 (u) dJE" ()
g;(Fj)

Hx (G)).

=fF' Ty A" = AJ (F)) =

J

Now we may use Lemma 4.1 to find a function g: E — R}’ such that ||g — f ”600(5) <$
and g = g; on each GJ‘.’. Moreover, we may require Lip(g) < (1 + 0)?Lgy + 4%0 < 1. It re-
mains to show that (7.1) holds. Using disjointness of G;, we may estimate

Jo Jo
/~ JEgdH" > Z/ Jg,gdH" > Z/ Jg, gj A"
E j=170 j=1"67

Jo Jo
= Z/ JG; &) dge" —Z/ JG; gj ds"
j=176 j=176

'\G}’

7.5) Jo A _ o
> Z—Jf)’}(Gj)—(essEsupJEg)J(’"(E\ U G;-’)
- j=1

Jo
(7.4) A A -
E —HE(G))—K > HE(E)— K
>/:11+9 % (Gj) b80_1+9 x (E) b€0
(7.2) nos

> nAHy (E). ]



Bate and Takdc, Typical Lipschitz images of rectifiable metric spaces 47

Theorem 7.4. Suppose thatn,m € N, n <m, X is a complete metric space and E C X
is an n-rectifiable subset. Suppose |-|p is a norm on R™. Let A > 0 and assume that, for
H"-a.e. & € E, one has

T(E,§) € «Niﬁﬂ(x)(”)-
Then, for each € > 0, there is a set E C E with Je" (E\ E) < & and such that the set
{f € Lipl(E,RZ) : /~ JEfdH" > AJ(’”(E)}
E
is residual in Lip, (E , RZ’). Moreover, if m > n, then the set
{f eLip)(E.R}) : H"(f(E)) = 14" (E)}
is residual in Lip, (E, RY).

Proof. Once again, we may reduce to the case H"(E) < oo as J(I’% is o-finite. Due to
Theorem 5.2, it is sufficient to show density of

~ 1 ~
{f € Lipl(E,RZ’) : /~ JE fdH" > )L(l — 7)J€”(E)}
E 1
for each i € N. However, this is Theorem 7.3. O

Recall the definition of strongly n-rectifiable sets, Definition 2.11, and the subsequent
characterisation, Lemma 2.12. For these spaces, we have the following result in the spirit of
Theorem 5.13. In relation to this, note in particular that any 1-rectifiable metric subset of a com-
plete metric space is also strongly 1-rectifiable since N (1) = [| - |2], where | - |5 is the Euclidean
norm (absolute value) on R.

Corollary 7.5. Suppose n € N and assume that E is a strongly n-rectifiable metric
space. Then, to each ¢ > 0, there is a set E C E satisfying H"(E \ E) < & such that, for
every m > n, the set

{f € Lip(E,R™) : /~ JE fdH" = Jf”(if)}
E
is residual in Lip(g, R™). Moreover, for any m > n, the set
{f € Lip(E.R™) : #"(f(E)) = #"(E)}

is residual in Lip(E,R™). In particular, for any m > n, a typical f € Lip(E,R™) satisfies
JEf =1H"-ae inkE.

Proof. Recalling Example 5.7, we see that (R}, R7") form a 1-inflating pair for every
m > n. Therefore, the statement follows from Theorem 7.4. O

In the one-dimensional case, if one assumes also the target dimension m to be equal to 1,
it is possible to use McShane’s extension to obtain the following.
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Theorem 7.6. Suppose X is a complete metric space and E a 1-rectifiable subset with
H1(E) < oo. Then

{f eLipl(X,R):/EJEfdel =J€1(E)}

is residual in Lip, (X, R). In particular; a typical f € Lip;(X,R) satisfies Jg f = 1 H'-a.e.
inkE.

Proof. Every 1-rectifiable metric subspace of a complete metric space is strongly 1-
rectifiable. Therefore, Corollary 7.5 together with McShane’s extension implies density of the
set

{f € Lip; (X, R) : /E Je fdH! = J(l(E)}.

Whence Theorem 5.2 yields the result. m)

Theorem 7.7. Suppose X is a complete metric space and E is its strongly n-rectifiable
subspace. Denote by E* the set of points of E, where the approximate tangent to E exists and
is Euclidean. Let k € N, k < n and suppose K C E* is k-rectifiable in X (or equivalently in
E or E*). Then K is strongly k-Euclidean.

Proof. Suppose x € K is such that 7' (K, x) exists. We show that
T(K.x) = |- |gs].

Let || € T(K, x). To each 6 > 0, we find r > 0, Borel sets K Cc K, E C E*, H, C R,
F, C R™ and maps I: (Hy,|-|s) > K N B(x,r), Jr: (Fr,|-]2) = E N B(x,r) such that

(i) x is an #¥-density point of K,
(ii) x is an J"-density point of E*,
(iii) both I, and J, are (1 + 0)-bi-Lipschitz.

Moreover, this may be done in such a way that K C E. Let now 6 > 0 be fixed and find the
r > 0 from above. Let t = J, o Ir_lz H, — F, and observe that ¢ is a well defined (1 + 9)2—
bi-Lipschitz map. There exists a density point y of H, such that ((y) is a density point of F}
and both /(y) and (:71)’(¢(y)) exist. In that case, it is necessary that //(y): R¥ — R” is a linear
map and ||/ (y)|la—s2 < (1 + 0)2. Moreover, (:=1)/ (t(y)) = ﬁ and so

”(‘/(y))_lll(L(Rk))_,Rlac <1+ 9)2.

All in all, /(y) is a (1 4 0)2-bi-Lipschitz linear map from R’; onto a k-dimensional linear
subspace of R”. By sending & — 0 and observing that all k-dimensional subspaces of R” are
linearly isometric to (R, | -|»), we obtain that (R¥, | - |,) is linearly isometric to (R¥, |- |»), as
we wanted. m]

The preceding theorem asserts that if our ambient metric space is strongly n-rectifiable,
then all of its k-rectifiable subsets are strongly k-rectifiable, which, in combination with Corol-
lary 7.5, yields the following corollary.
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Corollary 7.8. Suppose n € N and let E be a strongly n-rectifiable subspace of a com-
plete metric space X with. Suppose k € N, k < n. Then, for any k-rectifiable subset K of

E* = {x € E : T(E, x) exists and is Euclidean)

with H*(K) < oo, we have the following. To each & > 0, there is a set KcCK satisfying
H" (K \ K) < € such that, for every m > k, the set

{f € Lip(K,R™) : f~ Jg fdxk = J(’k(f)}
K
is residual in Lip(f, R™). Moreover, for any m > n, the set
{f € Lip(K.R™) : J*(f(K)) = #*(K))

is residual in Lip(l? ,R™). In particular, for any m >k, a typical f € Lip(f , R™) satisfies
JRf =1H*-ae inK.

In case k = n, it suffices to assume K C E instead of K C E* as the exceptional set is
F* -null.

Remark 7.9. We bring to attention a particular important example of a strongly n-
rectifiable metric space. The so-called RCD spaces (see [2] for relevant definitions) are metric
measure spaces (X, i) such that X is strongly n-rectifiable for some n € N (this follows by the
combination of [12, Theorem 1.3] and [6, Theorem 0.1]) and pu < #" (see [2, Theorem 8.1]
and also [8,9]). The fact that u < H#" is particularly useful in connection with the “moreover”
part of Corollary 7.8 as one then obtains

/Iz TR F()F(x) ™ (x) = p(R)

for a typical 1-Lipschitz f. Here F is the Radon—Nikodym derivative of u with respect to F”.
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