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Abstract

In this thesis, we give a mircoscopic derivation of Gibbs measures for the focusing
cubic and quintic (nonlocal) nonlinear Schrédinger equations (NLS) on T from many
body quantum Gibbs states. In the cubic case, this corresponds to taking a two-
body interaction, whereas the quintic case corresponds to a three-body interaction.
Since we are not making positivity assumptions on the interaction potential, it is
necessary to truncate in the mass in the classical setting and the rescaled particle
number in the quantum setting.

Our methods are based on the perturbative expansion developed in the work
of Frohlich, Knowles, Schlein, and Sohinger [29]. We obtain results in both the
time independent and time dependent cases. These are the first known results in
the focusing regime and for any quintic regime. In particular, we give the first
microscopic derivation of time-dependent correlation functions for Gibbs measures
corresponding to the quintic NLS, as studied in the work of Bourgain [9]. In the
quintic case, we can only study a suitable nonlocal quintic NLS, preventing us from

obtaining a derivation of the local NLS in the quintic case.
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Chapter 1

Introduction

1.1 General introduction

The nonlinear Schrédinger equation (NLS) is a nonlinear partial differential equation
which arises in the physics of quantum optics and Bose-Einstein condensation. It
is also an example of a nonlinear dispersive equation, which intuitively means its
solutions spread out in physical space unless boundary conditions are imposed. This
phenomenon is called dispersion.

The well-posedness of the NLS is an interplay between the dispersive proper-
ties of the linear Schrodinger equation and the nonlinearity, with the sign playing an
integral role. For a positive (defocusing) nonlinearity, one can use conservation of
energy and mass, as well as the dispersion to show that the the NLS is well-posed for
any sufficiently regular initial condition. For a non-positive (focusing) nonlinearity,
blow up of solutions can occur for large initial conditions which are regular. For
less regular initial conditions, even in the defocusing case, one cannot expect well-
posedness for all inital conditions and the NLS is ill-posed. To get around this, one
introduces an invariant (Gibbs) measure, which is supported at low regularity. One
is then able to use the invariance of the measure to show that the NLS is globally
well-posed for any initial condition in the support of the measure.

On the other hand, the NLS is an effective equation for a many-body quan-
tum system satisfying the many-body linear Schrédinger equation. This means that,
under certain conditions, as the number of particles goes to infinity, the solution of
the many-body Schrodinger equation is well approximated by the solution of the
NLS. This is made rigorous in the sense of reduced density matrices, see [35,41,78].
A natural question is what does the Gibbs measure for the NLS correspond to on

the many-body side? This question has been well studied in the case of a defo-



cusing (repulsive) two-body interaction, where it has been shown that the grand
canonical ensemble (or quantum Gibbs state) converges to the Gibbs measure for
the defocusing cubic NLS in the mean-field limit; see [29-31,33,34,49-53,80].

In this thesis, we study this question in the case of focusing (attractive)
interactions in one dimension — in particular for two and three-body interactions. In
this case, the (truncated) grand canonical ensemble corresponds to the (truncated)

Gibbs measures for the appropriate focusing cubic and quintic NLS respectively.

1.2 The nonlinear Schrodinger equation

The general nonlinear Schrodinger equation (NLS) is given by

i0ru = —Au + N(u),
u(z,0) = ug € H5(T),

(1.1)

where v : X x R — C is a function of time and space, N is a nonlinearity, and
H?(X), defined in (1.14) below, denotes the regularity of the initial condition wug.
We denote by x € X and ¢ € R the spatial and time variables respectively. We will
restrict our study to the case where X := T = T! = R/Z = [-1/2,1/2). We will

typically consider consider the following nonlinearities.
L N(u) = [pw(z —y)luy)u(@).
2. N(u) = [pdydzw(z — y)w(y — 2)w(z — z)u(y)*|ulz)Pul@).

where w : T — R. Throughout we use * to denote convolution with respect to the
spatial variable, i.e. uxv(z) := [pu(y)v(z —y). When w € L(T), (1.1) is called the
(one dimensional) Hartree equation. To differentiate between nonlinearities 1. and
2., we will describe the corresponding equations as the (one dimensional) cubic and
quintic Hartree equations respectively. We note that although both nonlinearities
depend on time, we will suppress the time from our notation throughout.

Taking w = 4§, we recover the local NLS

i0pu = —Au + |u)|?*u,

u(z,0) = ug € H¥(T),

(1.2)

which is so-called because its nonlinearity at (x,t) depends only on the value of

u(x,t), which is not true for nonlinearities 1. and 2.



Associated with (1.1) and (1.2) are two invariant quantities

N(u) = /de\u(x)\?, (1.3)

H(u) = /de\W(x)F + E,(N), (1.4)

where N is the mass and H is the energy, which we also call the Hamiltonian. We
split the Hamiltonian into two terms, the kinetic energy and the potential energy,

which we denote E,. The potential energy is given by

L. Ep(N) = 3 Jp dody|u(z)Pw(z - y)luy),
2. By(N) = 3 [qdadydzlu(z)Pluy)]?|u(z) Pw(z — y)w(y — 2)w(z - z),

for the nonlinearities 1. and 2. respectively. Putting w = 44, we recover the potential

energy for the local NLS, namely

1
Ep::t/\u(x)\pd:c,
2 Jr

for p = 4 or p = 6 respectively. The invariance of (1.3) and (1.4) for smooth
solutions and potentials can be shown by differentiating under the integral sign.
For solutions corresponding to initial conditions below the energy space, one uses a
density argument and the persistence of regularity of solutions!.

Where positivity assumptions are made on the interaction potential, we call
(1.1) the defocusing problem. Standard positivity assumptions on the interaction
potential are w > 0 pointwise, or that it is of positive type, meaning w > 0 pointwise.
These positivity assumptions mean that the potential energy is positive, which in
general simplifies the analysis of the well-posedness properties of (1.1). In contrast,
if we make no positivity assumptions on the interaction potential, the problem is

called focusing.

1.3 Deterministic well-posedness of the NLS

The deterministic well-posedness of the NLS depends on an interplay between the
conservation laws (1.3) and (1.4), the dispersive effects of the linear equation, which
gives rise to Stichartz estimates, and the strength and sign of the nonlinearity. These
estimates give bounds on the solution to the linear Schrédinger equation in terms of

the initial condition ug. In the periodic case, these estimates rely on techniques from

!This is only possible above a certain regularity of initial condition; see for example [55, 82)]



analytic number theory. For a statement of the Strichartz results in the periodic
setting, see Lemma 1.7.3 and the discussion after Remark 1.7.4. These estimates
are captured by the dispersive Sobolev spaces, which are defined in Definition 1.7.5
below.

The Strichartz estimates are used to establish local well-posedness, and the
conservation laws are used to show the solutions do not blow up and obtain global
well-posedness. Even in the case of a positive nonlinearity, this approach only works
up to a certain regularity of initial condition; see [36] for more details on finite time
blow up. Precise statements of well-posedness results for various NLS equations
can be found for example in [55, Sections 5 and 6] and [82, Section 4]. Moreover,
the range of nonlinearities that can be dealt with can be understood with a scaling
heuristic, for example see [82, Section 3]. Heuristically, the conservation laws are
only defined for sufficiently regular functions, for example H' for (1.4). As such, we
can only expect to get deterministic global well-posedness above a certain critical

regularity. To get around this, we introduce an invariant measure, explained below.

Remark 1.3.1. We note here that the local cubic NLS in one spatial dimension
is an integrable system, so has infinitely many conservation laws associated with
it. We will only consider the NLS as the limit of the Hartree equation for suitable
interaction potentials, so this integrability will not be used, and we make no further

comments on it.

1.4 Gibbs measures

To consider the well-posedness of functions with low regularity, we need to introduce
a probability measure on the space of initial conditions. To this end, for a defocusing

potential, we consider the (heuristically) defined Gibbs measure on L*(T) given by

1

e HW gy, (1.5)
ZGibbs

dPGipbs =

where zgipbs is a normalisation constant, H is the Hamiltonian defined in (1.4), and
du is the (ill-defined) infinite dimensional Lebesgue measure. By drawing analogy
to the finite dimensional case, Liouville’s theorem suggests this measure should be
invariant under the dynamics of the NLS. To make this rigorous, we will realise
the Gibbs measure as a weighted Wiener measure, which is supported on functions
of low regularity. The invariance of this measure acts as a replacement for the
conservation laws, and implies probabilistic well-posedness results. The rigorous

construction of these measures was first considered in the constructive field theory



literature, for example [37,58,59,75], and they were studied further in [5,17,18,20,
39,47,56,57,65] and references within. Further details on the rigorous construction
of such measures are given in Appendix A. The invariance of the measure was first
proved by Bourgain in [9-11], with some preliminary results proved by Zhidkov [89].
This invariance has been extensively studied in the PDE community; we direct the
reader to the expository works [19,60,64], and for further results [14-16,24, 40, 65]
and the references within. The idea of an invariant measure has been generalised
to the study of quasi-invariant measures; see for example [27,85] and the references
therein.

In the case of a focusing potential, H is no longer positive definite, so formally

one can have zgijpps = 00. Instead one considers the following modification of (1.5)

%e*H(“)f(./\/)du, (1.6)
ZGibbs

f —
APGipbs =

where f € C°(R) is a suitable cut off function, and zéibbs is a normalisation con-
stant. Such measures were considered in [3,9,20, 25,37, 84], and will be the main
Gibbs measures discussed in this thesis.

Given the measure dIP’éibbS as in (1.6) and a well defined time evolution S,
for example as in (2.5) below, one can consider the corresponding time-dependent
correlation functions. Namely, for m € N*| times ¢1,...,t, € R, and functions
X1 ..., X™ e C%(h), we define

Qe (XL X ™t ) ::/d]P’éibbs(go)Xl(Stlcp) s XM(She), (1)
which we call the m-particle time-dependent correlation associated with H and

Xty j=1,...,m.

1.5 Many-body quantum mechanics

We can view (1.1) with a cubic non-local linearity as the classical limit of of a many-

body quantum system. Namely, given n € N, we consider the n-body Hamiltonian

given by
. n )\ n
H™ ::Z—Aj+§Zw(xi—xj), (1.8)
j=1 i#]

where A; denotes the Laplacian in the 4% component and A > 0 is a coupling con-

stant. The n-body Hamiltonian is defined on the bosonic n-particle space Lgym(’]l‘").



This is the subset of u € L?(T") satisfying

w1, Tn) = U(To(1)s - > Ta(n))

for any permutation o € S,,. To make both terms in (1.8) have the same order, we
take the interaction strength X > 0 to be of order % This scaling regime is known
as the mean-field regime. The mean-field regime corresponds to short-range (weak)
interactions, and is necessary to obtain a non-trivial limit as the number of particles
tends to infinity.

We define the n-body Schridinger equation as

0,y = HMW, (1.9)

where H™ is as in (1.8). For suitably chosen initial conditions, one wants to compare
the dynamics of (1.9) to the dynamics of (1.1) as n — co. Rigorous results of this
kind were first proved in [35,41, 78], where the authors proved convergence in terms
of reduced one-particle density matrices. For an expository view on these results,
we direct the reader to [6,72]

In this thesis, we study the relationship between the Gibbs measure associ-
ated with (1.1) and the Gibbs states of the (1.9), which are the equilibrium states
of (1.9) at temperature 7 > 0. The Gibbs state at temperature 7 > 0 is defined as

pn) = pfin) . e—H(”)/Tf <E> ’

T T T

which acts on Lgym(T"), where we recall the cut-off function from (1.6). These
states correspond to a cut-off grand canonical ensemble operator.

The main goal of this thesis is to show that one can obtain (1.7) as a mean-
field limit of corresponding many-body quantum objects, which we henceforth refer

to as a microscopic derivation. We do this in two steps.

(i) Step 1: Analysis of the time-independent problem, i.e. when
tp ==ty =0.

(ii) Step 2: Analysis of the time-dependent problem. This is the general case.

The precise statements of our results can be found in Chapter 2.
For interaction potentials with positivity assumptions, grand canonical en-
sembles without cut-off were studied in [29-31, 33, 34,49-53,80]. An overview of

these results can be found in [32].



For the quintic nonlinearity, we instead consider the n-body Hamiltonian
defined by

n A .
H® .— ' —-Aj + 3 Z w(x; — zj)w(z; — xp)w(xy — x;), (1.10)

where in this case A ~ # In this case, the classical limits of the cubic equation
should be seen as a guiding heuristic. Some results for the quintic case were proved
in [21, 22, 48, 88|, however these are not directly related to the quintic equation

studied in this thesis. For further details, we direct the reader to Section 2.3.

1.6 Notation and conventions

We adopt the convention that N = {0,1,2,...} is the set of non-negative integers

and we write N* := {1,2,...}. We write C to denote generic positive constants that

can change line to line. If C' depends on a set of parameters {ay,...,a,}, we will
write C(a1,...,a,). We also sometimes write a < b to denote a < Cb, moreover we
write a o4, 18 @ < C(ay,...,ay)b. Similarly we use ~ to denote equality up to

a constant. C2°(U) will be used to denote the set of compactly supported smooth
functions f: U — R.

We write 1 to denote the identity operator on a Hilbert space H and write
L(H) for the space of bounded linear operators on H. Moreover, if H is separable
and p € [1, 00|, we define the Schatten space GP(H) to be the set of A € L(H) with
| Allgr ) < 00, where

(Tr|AP)YP if p < 0o
[ Aller(20) = . (1.11)
supspec|A| if p = oo.

Here |A| := V. A* A and spec denotes the spectrum of A.
For p € N, we define h® := L2,,(TP), and we note b := h = L2,,(T) =
L?(T). We also write

B, = {€ € & (0P) : €]l g2y < 1} (1.12)
Cp =B, U1, (1.13)

where 1, is the identity operator on h®),

If ¢ is a closed linear operator on §®), we can identify it with its Schwartz



kernel, which we write as {(x1,...,2p;91,...,Yp); see for example [66, Corollary
V.4.4].

For a set A, the indicator function on A is given by

0 ifxgA
1 ifze A

xa(z) ==

Where clear, we also adopt the convention of dropping the space we are integrating

over from our integrals.

1.7 Auxiliary results

Harmonic analysis

We take the convention that the Fourier coefficients for a function u € L'(T) are

given by
u(k) == /dm u(z)e 2wk,
Then we define the Sobolev space of regularity s € R to be the space
HY(T) = {u € D(T) : 3 [a(k)2(1 + [k2)* < oo}, (1.14)
keZ

where D'(T) is the space of distributions with test functions taken in C°(T). Then

2
i ry = Do a1+ 20k = [[ak) (1 + 2wkl
kEeZ

We also use the notation
H*(T) := | J H*(T).
s'<s
The following embedding theorem for Sobolev spaces into LP spaces holds; see for

example [7].

Theorem 1.7.1 (Sobolev embedding theorem for d = 1). Let p € (1,00], s > 0,

1 _1_
anal;o—2 s. Then

lull zeery Spos [lullas -
Finally, we will also need to use the theory of Fourier multipliers on the

torus, so we need the following extension of the Mikhlin multiplier theorem. The

statement and proof of the following theorem in full generality can be found in



[81, VII, Theorem 3.8]. Here we use the notation (LP(X),LP(X)) to denote the

class of bounded operators from LP(X) to LP(X) which commute with translations.

Lemma 1.7.2 (Mikhlin multiplier theorem for T). Letp € [1,00] and T € (LP(R), LP(R))
be a Fourier multiplier operator. Let t be the multiplier corresponding to I' and sup-
pose that U is continuous at every point of Z. For k € 7, let \(k) := u(k). Then

there is a unique periodised lattice operator T defined by

Tf(x) ~ Y Ak)f (k)™

kEZ

such that T € (LP(T), LP(T)) and ||T||p—rr < |T||zr—rv-

Mixed LP spaces

b

Throughout, we will make use of so called “mixed LP spaces.” Formally, for p,q €

[1,00], Banach spaces X,Y, and u: Y x X — C, we define

lullze pg == lllul, 2)lre Iz - (1.15)

In other words, for each z € X, we compute the L? norm of y — u,(y) := u(y, x),
and then we compute the LP norm of the function x +— Hu(a:,y)Hng/. This is all
formal because we are assuming that the quantity in (1.15) is well defined. This
can be made rigorous using the theory of Bochner integrals and Bochner spaces, for
example see [73]. Where p = ¢, we sometimes write L5 L], = Lg(,Y' One important

duality result which holds is that, for p,q € (1,00) and Banach spaces X and Y
(LPLY(X x Y))" 2 LV LY (X x Y),

where p’ and ¢’ denote the Holder conjugate exponents of p and g respectively
(/p+1/p' =1).

Strichartz estimates and X*° spaces

A solution to the linear Schrodinger equation is a function u : T x R — C satisfying

10yu = —Au,

1.16
u(z,0) = up(z) € H®. (10



Solutions to (1.16) can be written as u(z,t) = e**ug(x), where

eitAuO (.CU) — Z ao(k)e—4ﬂ-2z’k2t+27rikz'
k

We call €2 the free Schrodinger kernel. Solutions to the linear Schrodinger equation

satisfy the following Strichartz estimates, as proven in [8].
Lemma 1.7.3 (Strichartz estimates for T). Suppose that ug = ., ape*™*? €
L?(T). Let the Dirichlet projection Py : L*(T) — L?(T) be defined by Pnuo(z) =

Z|k|<N akGQﬂ'ikx

equation. Then

. Suppose that u : T xR — C is a solution of the linear Schrédinger

1. fle™®uoll g ps < lluollzz-

2. Suppose that supp(@) C {k : |k| < N} (in other words ai, = 0 for any |k| > N ).
Then
e Pyuoll s, < N¥|| Pruol| 2.

3. Under the same assumptions as in (2), we have

: 1_3
le™®ugll s < N27o | Pyuoll 2

for any q € (6, 00].

Remark 1.7.4. We note that the e loss of derivatives in 2. cannot be omitted.
Indeed, in [8, (2.45)], Bourgain proved

1 N

. . 9

N1/2 HeztA § :€2m(nz+n t) HL?x 00
n=0

as N — oo.

In n dimensions, for a function f € L?(T") with Py f = f, we expect to find

estimates of the form (since the pair (2(”T+2), W) is admissible in dimension n).
; 2(n+2)
le" fllegre S UFllegs 0 < =—— (1.17)
: 2(n+2)
le" fllzgre S Nl llzg, @ ==——" (1.18)
) n_n+2 2(n+2
62 gy S NEEH g, g > 202 (1.19)
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For n = 1, Bourgain proved these estimates in [8]. In the same paper, he also
proved (1.17) for n = 2,3, and he proved (1.18) and (1.19) for n = 3 under the
assumption that ¢ > 4. They were proven for all n, ¢ under the assumption that the
Fourier coefficients lie on a paraboloid and similar results proven for irrational tori
in [12, Section 2].

When proving the well-posedness of dispersive PDEs, one makes use of the
dispersive Sobolev spaces, or X spaces. For a function v : T x R — C, we define

its spacetime Fourier transform to be

71(1@77) :_/ﬂ{thU($,t)e_2Wixk_2”iﬂt.

Definition 1.7.5. Let s,b e R and u: T x R — C, we define

itA

lull e 1= |[(1+ [27k])* (L + I + 27K2)) ik, ) — e

“HH;(T)Hg(R) :
(1.20)

G(Z)L3(R)

The final characterisation means that the X*® norm heuristically measures
how far a function is from being a solution of the linear Schrodinger equation. For
an interval I C R, the local X*? space, denoted X;’b is defined as

il o = inf [ol] o, (L.21)

where the infimum is taken over the set of functions v : T x R — C with v|px; =

u|rx7. We recall the following results about local X 5 gpaces.

Lemma 1.7.6 (Properties of X*? spaces). Let us fiz b = % + ¢ fore >0 small and
s € R. The following estimates hold for all to € R and § > 0.

(i) For allu e X:°

ito.to+6) WE have ||ul| e

te[to,t0+§]H£ rgb HUHX[s,b X

to,t0+5]
(ii) For all ® € H®, we have
(a2 A O T Y 7 (1.22)
[to,to+9d]
(iii) For all F € Xﬁﬁ;ﬁrﬂ, we have
t o
/ dt' A B ) So lIF | g1 (1.23)
to x5b [to,to+3]

[to,to+3]
Proof of Lemma 1.7.6. The estimates above are standard. Claim (i) follows by

11



Sobolev embedding in the time variable, using the assumption that b > % The

particular form of the estimates given by (ii) and (iii) is proved in a self-contained
way in [26, Lemma 3.10] and [26, Lemma 3.12] respectively?. In particular, the argu-
ments from the proof of [26, Lemma 3.10] imply that for all ® € H® and ¢ € C*(R),

we have
t) 2P s < Dl gs .
”11[)( ) || X[t;,t0+§] bew || ||H

We now consider ¢ which is equal to 1 on [tg,to + 0] to deduce that

I T (1.24)
[to,to+9]
The estimate (1.24) follows from (1.22) and the unitarity of el*2.
The argument for (iii) is similar. When to = 0, it follows from the proof
of [26, Lemma 3.12]. More precisely, it suffices to show that for all nonnegative
P € CX(R), we have

t
HW) /0 dt' A EY oy |l (1.25)

X8

The claim of (iii) then follows from (1.25) by taking infima over F' as in (1.21). Using
the fact that 1(t) and e"® commute, as well as (1.20), we have that the expression
on the left-hand side of (1.25) equals

t
<|lv@) [ da¢
HsHY HW ) /0

Using (1.20) and (1.26), we note that (1.25) follows from the following inequality.

Hw(t) /0 i et F(-,t) AR (1.26)

H | H?

oo | L g

Soa g/l - (1.27)
H? K
The estimate (1.27) corresponds to [26, (3.18)], which is shown in the proof of
[26, Lemma 3.12]. This shows (1.23) when ¢y = 0.
The proof of (1.23) for general ¢y follows by translation. In order to ex-

plain the last step in more detail, let us consider F' € X [i’ob;()1+ 5" We then consider
G(z,t) := F(z,t + t9) and observe that
G s,b—1 — F s,b— . ].28
[Glgocr = 1Pl (1.28)

2The results in [26] are proved for the Airy semigroup W, = e~% on the real line. The arguments

for the Schrodinger semigroup e'*® on the torus follow analogously.

12



A direct calculation shows that

t o t—to ) ,
/ dt' A Py = / dt’ t=t=A q(¢'y (1.29)
t 0

0

from where we deduce

The result of claim (iii) then follows from (1.28)—(1.30) and (1.23) when tp =0. O

t
dt, ei(t—t’)A F(, t/)
to

t
/ dt’ ei(t—t')A G(tl)
0

(1.30)

Xs,b

s,b o ‘
X ] [0,6]

[to,to+6

Remark 1.7.7. We refer the reader to [30, Lemma 5.3], [30, Appendix A] for a
self-contained summary of similar estimates in X*? spaces, based on [43,44]. We
also refer the reader to [83, Section 2.6]. Note that, in contrast to [30, Lemma 5.3],
in (ii)(iii), we are working in local X* spaces instead of with a cut-off function )

in the ¢t variable.

We also have the following standard result, which states that X*° and con-
sequently local X*® spaces interpolate nicely. We prove it for completeness, but the
reader could also find a proof in [38]. We use it to interpolate between estimates for

X 5P estimates.

Lemma 1.7.8. Suppose s,b € R. Let s = 0s1 + (1 — 0)sg and b = 0by + (1 — 6)ba.

Then we have the following inequality.

0 —0
(1R [ /G  [ msciy

Proof.

el = ||, (L + 127 )2 (1 + [+ 27K%]) )

G,(Z) Ly (R)

0
B H (1atk, ML+ 27k (1 + |+ 2787 > )

1-6
x (L, m) 21+ [2mk[?)252 (1 + [ + 2mk2[)2*2)

G(Z) L3 (R)

6
< || mpa + e s 2mi)e)

11
67 (Z)L7 (R)

1

1-60
a2

2(1-0)
XSQ,bQ 9

20

Xs1:01 HUH

= [Jul
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where the inequality follows from Holder’s inequality. O

Results for Gibbs measures

In the construction of Gibbs measures, we will need the following result about finite
dimensional Hamiltonian systems; see for example [4]. Recall we say that for a map
T: X — X, we say a measure j is invariant under T if du(A) = du(T~1A), for any

measurable set A.

Theorem 1.7.9 (Liouville’s theorem). Let H := H(pi,...,Pn,q1,---,qn) be a

Hamiltonian. For a finite dimensional Hamiltonian system with evolution equations

5. — OH
p]_aqj
s — _OH
q; = Op;

and a non-negative smooth function g, g(H) dLeb is invariant under the flow map,
St.

We will also use the following result to compute the expectations of Gaussian
random variables. For an example of a self-contained introduction, see [31, Lemma
2.4].

Theorem 1.7.10 (Wick’s theorem). Let (gi);_, be i.i.d. centred complex Gaussian

random variables. Let (gi)* denote either g or gi. Then

E\JJ ) = > I Ele)" (9", (1.31)

LEM(n) (i,5)€ll

where the sum is taken over all complete pairings of {1,...,n}, and where edges of
IT are denoted by (i,7) with i < j.

Remark 1.7.11. If g; and g2 are independent centred complex random variables,
we note that E[g;g2] = E[g1g2] = 0. This observation allows us to simplify the sum
on the right hand side of (1.31).

Feynman-Kac formula

In our analysis, we make use of the Feynman-Kac formula. To this end, let T' > 0
and let Q7 denote the space of continuous paths w : [0,7] — T. Given t > 0, we
define

PHa) = (a) = Y (dmt) "V e lemnl/at (1.32)

nezd
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to be the periodic heat kernel on T. For x, 2 € T, we characterise the Wiener measure
Wfi by its finite-dimensional distribution. Namely for 0 < t; < ... < t, < T and
f:T" — R continuous

/ WY 4 (de) f(w(tr), - o(tn)
= /dxl oo dzp Y (2 — )Y (g — 2q) ...

X aptn i1 (xn — 5Un—1)¢T_t" (x —zn) f(21,. ., 20) .

Then we have the following result, see for example [67, Theorem X.68].

Proposition 1.7.12 (Feynman-Kac Formula). Let V : T — C be continuous and
bounded below. Fort >0

eHA=Y) (x;2) = /thj(dw)e_ Jo dsV(w(s)

1.8 Outline of thesis

The thesis consists of two main parts, namely the cubic and the quintic problems.
In Chapter 2, we state the main results of the thesis, and explain the main differ-
ences in the analysis of the two problems. In Chapter 3, we deal with the cubic
case, and in Chapter 4 we analyse the quintic problem. Appendix A is devoted
to an exposition of the construction of the one dimensional Gibbs measure for the
focusing 1D NLS and to a self-contained proof of the integrability of the weight
function. Finally, Appendix B includes some basic computations within the second

quantisation framework.
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Chapter 2

Main Results

In this section we give the setup of our problem and a statement of the main results
proved in the thesis. We begin by setting up the problem and stating our results for
the cubic nonlinearity and then explain the differences for the quintic nonlinearity.

In Section 2.3 we give an outline of the previously known results in the field.

2.1 Cubic problem

2.1.1 Classical problem

We fix the Hilbert space h := L?(T;C) = L*(T). To define the Hamiltonian we work

with, we first make the following assumption.

Assumption 2.1.1 (The interaction potential). We consider an interaction poten-

tial which is of one of the following types.
(i) w:T — R is even and belongs to L'(T).
(ii) w = —4, where ¢ is the Dirac delta function.

Let us note that, in Assumption 2.1.1, we do not assume any conditions on the sign

of w or the sign of w (pointwise almost everywhere).

With w as in Assumption 2.1.1, the Hamiltonian that we consider is given
by

Hp)i= [ do (Ve@P + slp@P) + 5 [ dodyle(@)P wia - )l (21)

In (2.1), and throughout the sequel, we fix K > 0 to be the (negative) chemical
potential. On the space of fields ¢ : T — C, we consider a Poisson bracket defined

16



{o(@),2W)} =i0(z —y), {e(@),ely)}={D), o)} =0. (2.2)

We note that, by Assumption 2.1.1, the Hamiltonian (2.1) is not necessarily
positive-definite. Hence, when studying the associated Gibbs measure, one has to
use the modification given by (1.6), instead of (1.5). This setup was previously used
in [9,20,47].

The Hamiltonian equation of motion associated with Hamiltonian (2.1) and
Poisson bracket (2.2) is the time-dependent nonlocal nonlinear Schrédinger equation
(NLS)

ww@wﬂ—A+@m@+/ﬁmwaMx—wm@. (2.3)

Here, we abbreviate the notation ¢(z) = ¢(z,t) with ¢ : T x R — C. For w € L,
as in Assumption 2.1.1 (i), one usually refers to (2.3) as the Hartree equation. We

will also consider the focusing local cubic NLS

(@) = (A + K)p(@) = lo(2)Pe(2), (2.4)

which corresponds to (2.3) with w = —d, as in Assumption 2.1.1 (ii). We refer to!
(2.3) and (2.4) as the focusing cubic nonlinear Schrédinger equation (NLS).

The arguments in [8] show that the focusing cubic NLS (2.3)—(2.4) is globally
well-posed for initial data in h = L?(T). In particular, there exists a well-defined

solution map S; that maps any initial data ¢g € b to the solution at time t given by

() = @(-,t) := Sipo(-) €h. (2.5)

Moreover, [|Sipolly = [lolly-
The one-particle space on which we work is h = L?(T). We use the following

convention for the scalar product.

(91,920 = [ dagi() o).

We consider the one-body Hamiltonian given by

h:=—-A+k, (2.6)

When one has suitable positivity (in other words defocusing) assumptions on w, the analysis
of the problem we are considering for (2.3) has already been done in [29]; see Section 2.3 below for
an overview. Our main interest lies in the case when these assumptions are relaxed, which we refer
to as the focusing regime.
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where k > 0 is as in (2.1). This is a positive self-adjoint densely defined operator

on . We can write h spectrally as

h = Z AU U, (2.7)
keN
where
M o= AT |k]2 + K (2.8)
are the eigenvalues of h and
uy, = e2mike (2.9)

are the normalised eigenvalues of h on . Since we are working on T, we have

1
1y
keN

where the trace is taken over .
For each k € N, we define g to be a standard complex Gaussian measure. In
other words, ui := %e“zﬁdz, where dz is the Lebesgue measure on C. Let (CN, G, 1)

be the product probability space with

W= ®,uk. (2.11)

keN

We denote elements of the probability space CN by w = (wg)ren. Let the classical
free field ¢ = ¢“ be defined by

g (2.12)

Note that (2.10) implies (2.12) converges almost surely in H %75(T) for ¢ > 0 arbi-
trarily small.
Since p is a Gaussian measure, it satisfies the following Wick theorem, which

follows from Theorem 1.7.10.

Proposition 2.1.2. Let ¢ be as in (2.12). Given g € H—3+¢ for e > 0, we let

o(g) == (g9,) and B(g) := {p,g). Furthermore, we let (¢)*(g) denote either v(g)
or ©(g). Then, given n € N* and g1,...,gn € H_%"’a, we have

By

)

(@(Qi))*i] = > I Eulele)™ (elg)) ], (2.13)

1 [IEM(n) (i,f)€ll
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where the sum is taken over all complete pairings of {1,...,n}, and where edges of

IT are denoted by (i,7) with i < j.

We note that, by gauge invariance, for all (i,7) € II

E,. [0(9:)¢(95)] = Eu [#(9:) P(g5)] = 0.

Therefore, each non-zero factor arising on the right-hand side of (2.13) can be com-

puted using

/duw(ﬁ)s&(g) = (g,h™'q),

for g, € H —3te, Here, the Green function h~! is the covariance of u. We note
that, under a suitable pushforward, we can identify p with a probability measure on
H?; see for example [29, Remark 1.3]. As in [29], we work directly with the measure

1 as above and do not use this identification.

Remark 2.1.3. This is a fairly brief introduction to the Gibbs measure so that we
can state our results. A longer introduction and details of the construction of the

Gibbs measure in one spatial dimension is given in Appendix A.

Given p € N*, the p-particle space h®) is defined as the symmetric subspace

of b2 ie. u € h® if and only if for any permutation 7,

u(l‘ﬂ(l), ce ,."L‘W(p)) = u(:nl, cee ,l‘p) .

For ¢ a closed linear operator on h®) and ¢ as in (2.12), we define the random

variable

o) ::/dxl...dazpdyl...dypg(ajl,...,xp;yl,...,yp)
X P(x1) ... Plzp)e(yn) - e(yp) . (2.14)

Recall we denote by L£(H) the set of all bounded operators on a Hilbert Space H.
If ¢ € £L(H®), then O(€) defined in (2.14) is almost surely well-defined, since ¢ € b
almost surely.

Given w as in Assumption 2.1.1, we define the classical interaction as

W= [ dedylp@) wie - 1)) (215)
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The free classical Hamiltonian is given by

Hy = 6(h) = [ dodyp()hlaig)oly). (216)
The interacting classical Hamiltonian is given by
H:=Hy+W. (2.17)

The mass is defined as

= /da: ()2 (2.18)

At this stage, we have to introduce the cut-off f that appears in (1.6). We

now state the precise assumptions on f that we use in the sequel.

Assumption 2.1.4. In the cubic case, we fix f € C2°(R), which is not identically
equal to zero such that 0 < f <1 and

supp(f) C [_K> K] ) (2.19)

for some K > 0.

All of our estimates depend on K in (2.19), but we do not track this depen-
dence explicitly.
We define the classical state pf(-) = p(-) by

_ [dpXe ™V f(N) _E
= T I -

p(X) (X), (2.20)

f
PGibbs

where X is a random variable. Let the classical partition function z = zéibbs be

defined as
z = /duewf(./\f). (2.21)

Note that both p and z are well defined by Lemma 3.1.1 and Corollary 3.1.4 below.
We characterise p(-) through its moments. Namely, we define the classical p-particle

correlation function vy, = ’yg , which acts on §®) through its kernel

Yp(T1s ey Tpi Y1y -+ -5 Yp) = p(P(YL) - P(Yp) (1) -0 p(Tp)) - (2.22)

For the time-dependent result, we will also need the following notion of clas-

sical evolution.
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Definition 2.1.5. Let p € N* and ¢ € E(b(p)) be given. For ¢t € R, we define the

random variable

V() = /dxl codrpdyr . dyp &z, Ty Yp)

% Sip(1) - Sip(ap)Seplay) . Suolyp), (223)

where S; is the flow map defined in (2.5). This is well defined since ¢ € h almost
surely and S; is norm preserving on f.
2.1.2 Quantum problem

We use the same conventions as in [29, Section 1.4]. For more details and motivation,
we refer the reader to the aforementioned work. In the quantum setting, we work

on the bosonic Fock space, which is defined as

F=F(h):=u".

peN

Let us denote vectors of F by ¥ = (U(P),cy. For g € b, let b*(g) and b(g) denote

the bosonic creation and annihilation operators, defined respectively as

1 <& _
% Zg(xz)\ll(p 1)(331, vy L=y Lj41y ey (Ep) s (2.24)
=1

(b(g) )P (1, ..., 2p) == /D + 1 / de g(z) U P (g 2y, .. 1) (2.25)

(b*(g)‘l’)(p) (1,...,2p) ==

These are closed, densely-defined operators which are each other’s adjoints; see
for example [13]. The creation and annihilation operators satisfy the canonical

commutation relations, i.e.

[6(g1),0"(92)] = (g1, 92)p,  [b(91),b(g2)] = [b"(g1),b"(g2)] =0, (2.26)

for all g1, g2 € h. The computation of (2.26) is included in Appendix B.

We define the rescaled creation and annihilation operators

©i(g) =720 (g),  erlg) =72 b(g), (2.27)

for g € h. Here, we think of ¢F and ¢, as operator valued distributions, and we
denote their distribution kernels by ¢*(x) and ¢, (x), respectively. Formally, ¢ (z)

and ¢, (x) correspond to taking g = ¢, (the Dirac delta function centred at x) in
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(2.27). In analogy to (2.12), we call ¢, the quantum field.
As before, let € be a closed linear operator on h®. The lift of & to F is
defined by
0,(&) = /dml...dxpdyl...dypﬁ(xl,...,xp;yl,...,yp)
X pr(1) - pr(zp)or(yn) - or(yp) . (2.28)

For w € L>®(T) real-valued and even, we define the quantum interaction as®

We o= Z0.(W) = / 4 dy 9 (2)6% () w(w — ) (2)pr (1) (2.29)

Here W is the two particle operator on h® which acts by multiplication by w(x1—z3)

for w € L*°. We define the free quantum Hamiltonian as

Hro o= ©:(0) = [ dady o} (0)h(ain)or(v), (230)
where h is as in (2.6). We define the interacting quantum Hamiltonian as
HT =17 + WT .

We also define the rescaled particle number as
N = /d:p or(z)or(z) . (2.31)

In Appendix B.1 it is shown that (2.67) acts on the p'* sector of Fock space as
multiplication by Z.

The (untruncated) grand canonical ensemble is defined as
P, :=c¢ Hr (2.32)

and the (truncated) quantum state pl(-) = p;(-) is defined as

_ Tr(APf(N7))

prA) = TR ) (2.33)

where the traces are taken over Fock space. Let the quantum partition function and

2In principle, we could consider w as in Assumption 2.1.1 in the quantum setting at the level of
the definition. In practice, we take the interaction potential to be bounded; see Section 2.1.3 below
for the precise statements.
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the free quantum partition function, Z, = ZI , Zr0 be defined respectively as
Zr:=Tr(e # f(N})), Zro:= Tr(e Hro). (2.34)

With Z-, Z- o as in (2.34), we define the relative quantum partition function Z, = Zf

by
Z,
Z, = . 2.
Zr0 ( 35)

In analogy to (2.22), we characterise the quantum state through its corre-
lation functions. Namely, for p € N*| we define the quantum p-particle correlation

function %’:p = v,,p, which acts on 6(®) through its kernel

Yop(T1s- o Tp3 Y1y Yp) = (07 (Y1) - 7 (Yp)or (1) - o7 () - (2.36)

For the time-dependent problem, we also define the quantum time evolution

of an operator on Fock space.

Definition 2.1.6. Suppose A : F — F. Define the quantum time evolution of A

as

arH. s —itrH,
WA = et femtTH
Throughout the sequel, for a given quantity Y = p, N, H, ..., we will use the
abbreviation Y to denote either Y, or Y.
2.1.3 Main results

We now state our results for the cubic problem. The first result that we prove

concerns bounded interaction potentials.

Theorem 2.1.7 (Convergence for w € L>(T)). Let w € L>(T) be real-valued and
even. Given p € N*, we recall the quantities v, and vy, defined in (2.36) and (2.22)

respectively. We then have

lim |y, — 'Yp”Gl(h(p)) =0. (2.37)

T—00

Moreover, recalling (2.21) and (2.35), we have

lim Z, = z. (2.38)

T—00

By applying an approximation argument, we prove results for w € L'(T)

and w = —J as in Assumption 2.1.1. Throughout the sequel, any object with a
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superscript ¢ is the corresponding object defined by taking the interaction potential
to be w®, which will be a suitable bounded approximation of w. In what follows, we
always assume that all the approximating interaction potentials w® are real-valued
and even, without mentioning this explicitly. We can now state the result for L'(T)

interaction potentials.

Theorem 2.1.8 (Convergence for w € L(T)). Let w be as in Assumption 2.1.1
(i). Suppose that (w®) is a sequence of interaction potentials in L>(T) such that
w® — w in LY(T). Then there exists a sequence (g;) satisfying e, — 0 as T — 00
such that for any p € N*

Jim {775, = ller ) =0 (2.39)

and such that
TILIEO Zir =1z, (2.40)
Before considering w = —4 as in Assumption 2.1.1 (ii), we need to define the

sequence more w® precisely. We fix U : R — R to be a continuous even function,

with supp U C T satisfying

/qu: U(z) :/de Uz) = 1. (2.41)

For € € (0,1), we define

w = to (), (2.42)

9 9

where [z] is defined to be the unique element in (z+Z)NT. In particular, w® € L>°(T)

and w® converges to —d weakly, with respect to continuous functions.

Theorem 2.1.9 (Convergence for w = —§). With notation as in (2.42), there exists

a sequence (e;) satisfying e — 0 as T — oo such that for any p € N*

Tim (12, ~ Bl o) = 0 (2.43)
and such that
lim Z57 = 2. (2.44)
T—00

Remark 2.1.10. We make the following observations about Theorems 2.1.7, 2.1.8,
and 2.1.9.

1. For a pointwise almost everywhere non-negative, bounded, even interaction

potential w, Theorem 2.1.7 holds without the need for a cut-off function f.
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This is the content of [29, Theorem 1.8]. Moreover, by working with the
non-normal ordered quantum interaction W. defined in (3.72), for a bounded,
real-valued, even interaction potential w of positive type (i.e. w pointwise
almost everywhere non-negative), the same proof as [29, Theorem 1.8] again
shows that Theorem 2.1.7 holds without the need for a cut-off function f. We
include the details of the proof of this claim in Section 3.4.1.

2. We conjecture that the results hold for f a characteristic function of an in-
terval. The method that we apply in Lemma 3.2.10 of Section 3.2.5 requires

suitable smoothness assumptions on f. This is a technical assumption.

3. For an individual w € L*°, Theorem 2.1.7 holds with a cut-off function of the

r® for ¢ > 0 sufficiently large depending on ||w||ze. This is

form f(z) = e~
also proved by working with a non-normal ordered quantum interaction. The
details are given in Section 3.4.2. We note this ¢ cannot be chosen uniformly in
the L* norm of the interaction potential. So we cannot treat the unbounded

interactions as in Theorems 2.1.8 and 2.1.9 using this kind of truncation.

4. One could consider the questions from Theorems 2.1.7 and 2.1.11 in the non-
periodic setting when the spatial domain is R for the one-body Hamiltonian
h = —A+ k4 v, where v : R — [0,00) is a positive one-body potential such
that h has compact resolvent and Trh~! < oo holds (as in (2.10)). The
analysis that we present in the periodic setting would carry through to this
case, provided that we know that the time evolution S; given in (2.5) is well-
defined on the support of the Gibbs measure. We do not address this question
further in the thesis.

5. By following the duality arguments in [29, Section 3.3], we can get the equiv-
alents of equations (2.37), (2.39), and (2.43) in terms of p, and p. For more
details when w € L*°, see Corollary 3.2.13, Lemma 3.3.1, and Lemma 3.3.2
below. For the time-independent problem, we state the convergence as above
in the trace class. For the time-dependent problem, we need to use the alterna-
tive formulation, which can be seen as a generalisation of the time-independent

analysis. For more details, see Remark 2.1.14 below.

6. Our method works for more general interaction potentials. In particular, we
can consider linear combinations of interaction potentials as in Assumption

2.1.1 (i) and (ii) with the same arguments.

Recalling the quantities p; and p defined as in (2.33) and (2.20) respectively,

we now state the time-dependent results for the cubic problem.
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Theorem 2.1.11 (Convergence for w € L*°(T)). Let w be as in Theorem 2.1.7.
Given m € N*, p; € N*, €0 € L(§®)), and t; € R, we have

lim p, (TLO-(Eh)... Ume (¢™) = p (T1O(E) ... TmeE™) .

Theorem 2.1.12 (Convergence for w € LY(T)). Let w,w® be as in the assumptions
of Theorem 2.1.8. Then, there exists a sequence (¢;) satisfying e; — 0 as T — o0
such that, given m € N*, p; € N*, ¢t € L(§®)), and t; € R, we have

lim pir (PO, (... Ume,(¢™) = p (L0 ... TmeE™)).

Theorem 2.1.13 (Convergence for w = —§). Let w,w® be as in the assumptions
of Theorem 2.1.9. Then, there exists a sequence (e;) satisfying e; — 0 as 7 — o0
such that, given m € N*, p; € N*, ¢ € L(§P)), and t; € R, we have

lim p& (V2O (&Y)... e, (&™) =p (T1O(E)... U'meEm)) .

T—00
Remark 2.1.14. Theorems 2.1.11-2.1.13 can indeed be seen as generalisations of
the results given in Theorems 2.1.7-2.1.9 respectively (the latter of which correspond

to setting m = 1 and t; = 0). Namely, we use Remark 2.1.10 (3) above and note

that the proofs show that the convergence is uniform in ||¢}]| < 1.

2.2  Quintic problem

2.2.1 Classical problem

The primary difference between the cubic and quintic classical cases is that we con-
sider an equation with a nonlinearity which does not have a convolution structure.
We begin by stating our assumptions on the interaction potential in the quintic

model.

Assumption 2.2.1. Let w: A — R be even and such that w € L>(A).
Some of our analysis applies to more singular interaction potentials.

Assumption 2.2.2. Let w: A — R be even and such that w € L%(A).

In Assumptions 2.2.1-2.2.2 above, we make no condition on the (pointwise)
sign of w or .

Convention: When working in the classical setting, we consider w as in
Assumption 2.2.2. When working in the quantum setting, we will consider w as in

Assumption 2.2.1. See Section 2.2.2 for more details.
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For w as in Assumption 2.2.2, we study the following form of the nonlinear
Schrédinger equation (NLS).

i0iu+ (A — K)u= /dy dzw(z —y)w(y — 2) w(z — z) Ju(y)|? |[uwz) > u(z). (2.45)

We refer to (2.45) as the quintic Hartree equation or nonlocal quintic NLS.
As is shown in Section 4.1 below, Assumption 2.2.2 is the natural setting for the
interaction potential when studying (2.45); see Remark 2.2.8 below.

On the space of fields v : A — C, we consider the Poisson structure where

the Poisson bracket is given by

{u(@),u(y)} =16(z —y),  {ul),u(y)} = {u(z),a(y)} = 0. (2.46)

Lemma 2.2.3. With Poisson structure given by (2.46), we have that (2.45) corre-

sponds to the Hamiltonian equation of motion associated with Hamiltonian

H(u) = /dx (IVu(z)]* + klu(z)?)

by [ drdydzwie — ) - 2wl - o) @) P lu@P P . (247)

Proof. By a direct calculation using (2.46), we obtain that

{H,u}(z) =
i(Au(z) — Ku(z)) — i/dy dzw(z —y)w(y — 2) w(z — z) fu(y)|* [u(z)|* u(z).
(2.48)

O

Using the framework of [8], we show in Section 4.1 that (2.45) is locally well-
posed with w as in Assumption 2.2.2 and for initial data in H*(A) with s > 0; for

details see Proposition 4.1.1 below. For the Gibbs measure given by

1

dPL, . (u) = e W f([lu)2,) du, (2.49)

ZQibbs

where f € C3°(R) is a suitable cut-off function and
g = [ due T (),
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we show that (2.45) is globally well-posed for initial conditions in the support of
(2.49). For a precise statement, see Proposition 4.1.2 below. In particular, there is
a well-defined solution map Sy that maps any initial condition ug in the support of
(2.49) to the solution of (2.45) at time ¢ given by

u()

u(-,t) := Se(uo) . (2.50)

The map S; preserves regularity in the sense that for s € (0,%
have S¢(up) € H”.

The Wiener measure in the quintic case is defined in the same way as the

) and up € H®, we

cubic case; see (2.11) for more details. Similarly, the classical free field is given by
(2.12), and the Wiener measure still satisfies the Wick theorem given in Proposition
2.1.2. The mass N' = N = ||g||{ is also the same as the cubic case.

With w as in Assumption 2.2.2, the classical interaction W = WY is given
by

W= 3 [dedydzule - g)u(y - 2wz )o@ L) o). (251

Since p € H 3 p-almost surely, by Lemma 4.1.3 below, it follows that W is finite

p-almost surely. We also define the classical free Hamiltonian Ho = Hy as

Hy = / d dy B(w) h(w; ) o () (252)

where h(x;y) is the kernel corresponding to (2.6), which is the same as in the cubic

case. The classical interacting Hamiltonian H = H¥ is given by
H:=Hy+W. (2.53)

Assumption 2.2.4. Whenever working in the quintic case, we fix f € C°(R) a

cut-off function, which is not identically zero, satisfying 0 < f <1, and
f(s)=0 for s > K, (2.54)

where K > 0 is a sufficiently small positive constant.

Remark 2.2.5. The choice of K is dictated by Proposition 4.1.2 (i) below. Through-
out, our estimates will depend on the K in (2.54), but we will not keep explicit track

of this dependence.

With g as in (2.11), A as in (2.18), W as in (2.51), and f as in Assumption

28



2.2.4, we now define the classical Gibbs measure

1
Péibbs =7 ¢ YN (2.55)
“Gibbs

where the classical partition function z = zéibbs is the normalisation constant
— -W
- /due FN). (2.56)

We note that the probability measure Péibbs in (2.55) and the classical partition
function (2.56) are well-defined for sufficiently small K in (2.54) by Proposition
4.1.2 (i) below. In particular, this gives us a rigorous construction of (2.49) above.

The remainder of the classical model is defined analogously to the cubic case,
though we include it for completeness.

For a random variable X = X%, the classical state p = pf is given by

(X) = JapXeVFN)

p(X) = Epéibbs B fd,u e—Wf(/\/’)

(2.57)

We define the classical p-particle correlation function vy, = ’y{: as the operator on

h®) with kernel given by

Yp(T1s ey Tpi Y1y -5 Yp) = p(P(W1) - P(yp)p(z1) - - p(Tp)) - (2.58)

For a closed densely-defined linear operator ¢ on P, we will consider the random
variable ©(§) = 0“(¢) defined as

O(¢) = /da:l...dmpdyl...dypf(ml,...,:L'p;yl,...,yp)
xP(x1) ... @(xp)e(y1) - o(yp) . (2.59)
Let us note that

H=00)+ % o), (2.60)

where W is the operator corresponding to p = 3 and operator kernel

W(z1, 22, 23391, Y2, Y3)
= w(xr) — x2) w(xre — x3) w(rs — 1) (21 — Y1) 0(w2 — y2) 6(x3 —y3). (2.61)

In particular, W acts as multiplication by w(z; — x2)w(z2 — z3)w(xs — x1). Note
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that W is a linear operator on §®) since by Assumption 2.2.2 we have that w is
even. It is densely defined®. As was noted earlier, (W) = 3W is finite p-almost
surely.

With S; defined as in (2.50) and £ a closed densely-defined linear operator

on h®, we define for t € R the random variable

Vo) = /dwl codrpdyr L dypE(T, . XYt - Up)

X Siplar) - Sip(ap) Sip(wn) . Seplyp) . (2.62)

which corresponds to the time evolution of (2.59).

2.2.2 Quantum problem

The major difference between the cubic and quintic problems is we that we now
consider the three-body interaction given in (2.63). When working in the quantum
setting, we consider w as in Assumption 2.2.1 (i.e. w € L*™ and even). This assump-
tion is needed for technical reasons, as will be clear from the analysis in Section 4.2
below.

For w as in Assumption 2.2.1, the quantum interaction is defined as

We= 2 / d dy dzw (s — y) w(y — 2) w(z — 2) @5 (@) (1)@ (2)r (@) (1) pr (2)

2.63
For h as in (2.6) the quantum free Hamiltonian is defined as >
Hro = [ dedy (@) ha,y) or(y). (2.64)
Then the quantum interacting Hamiltonian is given by
H,:=H;o+W;,. (2.65)

Using (2.27) and (2.63)—(2.65), we have

H, = éﬂﬁn) :

n=0

31t would be bounded if we were considering w as in Assumption 2.2.1.
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n n

H = 23 (At m) 455 > wle - ag)wlay — o) wla, — ). (266)
Z:1 i7j7k
i#jEkA

Note that H™ = %H(”) for H™ as in (1.10) with A = %2 The rest of the quantum
setting is defined analogously to the cubic case. For self-containedness, we include
the definitions below.

We define the rescaled particle number as

N, = / dz 0% () o () (2.67)

The (untruncated and unnormalised) grand canonical ensemble is given by
= (n)
P, = Hr = @e*HT ,
n=0

with Hﬁn) as in (2.66). For a closed operator A : F — F, the quantum state p; = pf

is defined as

 Trr (AP, f(N7))
pT(A) o Trr (PTf(NT)) .

We define the quantum partition function and quantum free partition function Z, =

(2.68)

Zf-c and Z; o respectively as
Zr :=Tr (P-f(N7)), Zro:="Tr (e_HTYO) , (2.69)
and the quantum relative partition function Z, = ZI as

Z. = . (2.70)

For p € N* we define the p-particle quantum correlation function ., = vrp as

operator which acts on §®), with kernel given by

Yop(T15 s Tp, Y15 Yp) 1= (07 (Y1) -+ 27 (Yp)or (1) - o7 () - (2.71)

Note that (2.71) is a quantum analogue of (2.58).
By analogy with (2.59), for a closed linear operator ¢ € L£(h®)), we define
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the lift of £ to Fock space as

0,(¢) ::/dxl...dxpdyl...dypf(xl,...,a:p;yl,...,yp)
) ot (@) o) o). (272)

Analogously to (2.60), in the quantum setting we have
1
H,=0,(h)+ 3 0,(W),

where W is the 3-body operator with kernel (2.61). We note that, by Assumption
2.2.1, ©,(W) is a bounded operator on Fock space. For an operator A : F — F, we

define the quantum time evolution
Wl A = oltTHr femitTHr (2.73)

2.2.3 Main results

We now state our main results in the quintic case. Theorems 2.2.6 and 2.2.7 are
our results in the time-independent case, and Theorems 2.2.11 and 2.2.12 the corre-
sponding time-dependent results. Throughout, we fix a cut-off function f € C§°(R)
as in Assumption 2.2.4 above.

We first analyse bounded interaction potentials (as in Assumption 2.2.1).

Theorem 2.2.6 (Convergence for bounded interaction potentials). Let w be as in
Assumption 2.2.1. Let p € N* be given. Consider 7, and 7r, defined as in (2.58)
and (2.71) respectively. Then, we have

lim 975 = plle1 ) = 0- (2.74)

T—00

Moreover, for z and Z, defined as in (2.56) and (2.70) respectively, we have

lim Z, = z. (2.75)

T—00

To obtain a result for w as in Assumption 2.2.2, we use an approximation
argument. For a suitable approximation w*® to w, as defined below, any object with

a superscript € will be the corresponding object defined using w® instead of w.

Theorem 2.2.7 (Convergence for L3 interaction potentials). Let w be as in As-
sumption 2.2.2. Suppose that w® is a sequence of interaction potentials as in As-

sumption 2.2.1 converging to w in L3, With objects defined analogously as for
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Theorem 2.2.6, there exists a sequence e — 0 as T — oo such that for any p € N*,

we have
1im 15, ~ ller ) = 0- (2.76)
and such that
3 Er __
Tlglgo Zir =2z, (2.77)

Before proceeding with the time-dependent results, let us make a few re-

marks.

Remark 2.2.8. As in the cubic problem, in the classical setting, our method relies
on a good understanding of the nonlocal problem with bounded interaction potential
(as in Theorem 2.2.6 above). We are then able to upgrade this to a result for the
nonlocal problem with unbounded interaction potential (as in Theorem 2.2.7) above
by a suitable approximation argument. Unlike in the cubic Hartree equation, the
nonlinearity in (2.45) is not given by a convolution, and hence considering w € L'(A)
in Theorem 2.2.7 does not seem to be possible, as the nonlinear term in (2.45)
becomes too singular. Note that formally taking w = —d, (2.45) yields the focusing
quintic NLS. In this case, the nonlinearity simplifies due to the presence of delta
functions and one can establish a suitable well-posedness theory, as in [8]. Due to
the aforementioned lack of a convolution structure, we cannot recover the necessary
estimates for w € L'(A) from those given in the analysis of the local problem [8],
as was possible in the cubic case. Instead, we work with w as in Assumption 2.2.2,

which, in light of Section 4.1 below, we conjecture to be optimal.

Remark 2.2.9. We emphasise that the calculation (2.48) above does not rely on

the evenness of w. This is in contrast to the cubic Hartree equation

i0u+ (A — K)u = /dy w(z —y) Ju(y)]? u(z),

which is a Hamiltonian equation of motion associated with Hamiltonian
1
1) = [ do (IVu@)P + u@)l?) + 5 [ dedylu@)P wlz ) [u)P.

and Poisson structure is given by (2.46) if and only if w is even. In fact, for the
entire analysis of the classical problem in Section 4.1 below, we can omit the as-
sumption that w is even in Assumption 2.2.2. However, the operator W with kernel
(2.61) given above, acts (densely) on h®) when w is even. Moreover, the operator
©,(W) is a well-defined operator on Fock space only when w is even. This is all

necessary to study the quantum problem. Physically, when considering the n-body
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Hamiltonian given in (1.10), it is realistic to assume that w is even (in addition to
being bounded) in the sense that the interaction between particle z; and x; is the
same as the interaction between particle x; and z;; see (1.10) above. Note that the
approximation in Theorem 2.2.7 above is possible only when w is even. Hence, we

will always consider w even in the analysis.

Remark 2.2.10. In Section 3.4.2, we prove that one can obtain an analogue of
Theorem 2.1.7 with a cut-off function of the form of f(z) = e °*°. This is not
possible in the quintic case because there is no known corresponding analogue of

Theorem 2.2.6 for non-negative interaction potentials without a cut-off function.

We now state our time-dependent results. Let us recall the definitions of
p and p; in (2.57) and (2.68) respectively. Furthermore, we recall the definitions
of U'O(£) and ¥LO,(£) in (2.62) and (2.72)—(2.73) respectively. We first state the

result for bounded interaction potentials.

Theorem 2.2.11 (Convergence for bounded potentials). Let w be as in Assump-
tion 2.2.1. Let m € N*, p1,...,pm € N*, & € L(H®PV), ... &, € L(HPm), and
t1,...,tm € R be given. Then

i p, (W2 0,(61) .. WO (6m)) = p(UHO(&1) ... VO (E))

As in the time-independent problem, we can use an approximation result to

prove a result for w as in Assumption 2.2.2.

Theorem 2.2.12 (Convergence for L3 potentials). Let w be as in Assumption 2.2.2.
Let w* be defined as in Theorem 2.2.7 above. Then there is a sequence e, — 0 as
T — oo such that, for allm € N*, p1,... . pm € N*, & € L(h®PV), ... &, € L(hPm)),
and ti,...,t, € R, we have

lim 57 (W00, (&) .. WO (6)) = p(EHO(6)). .. U O(Ey))

We make the following remarks about the time-dependent results given in
Theorems 2.2.11 and 2.2.12 above.

Remark 2.2.13. Theorems 2.2.11-2.2.12 give the first microscopic derivation of
time-dependent correlation functions for a quintic NLS. From the PDE point of
view, the study of time-dependent correlation functions is more relevant for quintic
nonlinearities than for cubic ones. Namely, in the latter case, one can study the

global well-posedness theory in h without using Gibbs measures [8]. When studying
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the quintic problem, local well-posedness is known in H*(T) only for s > 0. There-
fore, one needs to use the invariance of the Gibbs measure as the substitute for a

conservation law that allows us to obtain (almost sure) global solutions [9].

Remark 2.2.14. By arguing as in [30, Remark 1.4], we can also recover the invari-
ance of the Gibbs measure (2.55) for (2.45) from Theorem 2.2.12.

Remark 2.2.15. We note that Theorems 2.2.11 and 2.2.12 are both generalisations
of Theorems 2.2.6 and 2.2.7 respectively. This can be seen by taking m =1 and t; =
0, and arguing by duality as in Remarks 2.1.10 (5) and 2.1.14 above. Alternatively,
see (4.109)—(4.111) below.

2.3 Previously known many body results

The results in Sections 2.1.3 and Section 2.2.3 are called microscopic derivations
of Gibbs measures or time-dependent correlations from many-body quantum me-
chanics. These can be interpreted as the high-density limit where the mass or
temperature of the system tends to infinity. One can also consider the parameter
% to be a semiclassical or mean field parameter, for a more detailed explanation of
this interpretation, see [29, Section 1.1]. In the defocusing case, with f = 1, the
first results of this kind were obtained by Lewin, Nam, and Rougerie in [49]. Here
they considered the one dimensional problem with a positive translation-invariant
interaction, which does not require any Wick ordering. This was based on the Gibbs
variational principle and the quantum de Finetti theorem. These methods were used
by the same authors to extend their results to one dimensional harmonic traps in
[50].

In [29], using a perturbative series expansion of the quantum and classical
states and Borel resummation, Frohlich, Knowles, Schlein, and Sohinger gave an al-
ternative proof of the one-dimensional result obtained in [49]. They also gave a proof
for appropriately Wick-ordered Gibbs measures obtained from translation-invariant
interaction potentials in two and three dimensions for a suitable modification of the
grand canonical ensemble. The results in [29] in two and three dimensions were orig-
inally stated for w € L*°, and were extended to optimal w € L? using the methods
of [29] by Sohinger in [80]. The optimal range of these ¢ were originally observed in
[11].

The full result for two and three dimensions was later shown simultaneously
and independently using different methods by Lewin, Nam, and Rougerie in [53] and

Frohlich, Knowles, Schlein, and Sohinger in [31]. The result for two dimensions in
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[63] was previously announced in [51]. The method in [51,53] is a highly non-trivial
extension of the one used in [49]. The proof in [31] is based on a functional integral
representation. In [34], the two dimensional result in [31] is proved for the ®3 theory,
which corresponds to taking an interaction potential w = § in the cubic case.

The results from [29] were also used to study the time-dependent correlations
in one dimension in [30]. Related problems for the lattice were studied in [33,45,71],
and further details can be found in the expository works [32,52].

We emphasise that all of the results mentioned here are for the cubic defo-
cusing case, and that ours are the first known results in the focusing case for the
two body interaction, and the first known result for the three body interaction.
Our methods rely crucially on the cut-off function f, which is a natural assumption
when working with focusing potentials, see [9,20,47,54,65,68,87]. One would also
expect the results to hold for defocusing three-body interactions without cut-off —
we conjecture this is true, but do not address this problem in the thesis.

For works concerning the three-body interaction, we direct the reader to [21,
22,48,61-63,88]. We emphasise that the convention for the three-body interaction in
(2.66) differs from the aforementioned works, since we require our effective equation
(2.45) to be Hamiltonian; see Lemma 2.2.3 above. The effective evolution equations
corresponding to the three-body problems in [21,88] are the local NLS, and the ones
in [22,48] are nonlocal but have a different form to (2.45). We do not study the

former nonlocal models in this thesis.

2.4 Outline of the proof

2.4.1 Cubic problem

We first analyse the time-independent problem for bounded interaction potentials
w € L%, so the case of Theorem 2.1.7. The starting point is the perturbative
expansion of the e™#, similarly to [29, Section 2.2] for the quantum setting and
[29, Section 3.2] for the classical setting. Due to the presence of the truncation
f(N4), the series that result have infinite radius of convergence; see Propositions
3.2.4 and 3.2.7 below. The analyticity of the expansions means we avoid needing
the Borel summation techniques used in [29].

To analyse the remainder term in the quantum setting, we apply the Feynman-
Kac formula and use the support properties of the cut-off function from Assumption
2.1.4. This analysis is possible since we do not Wick order the interaction in one
dimension; see Lemma 3.2.3. Similarly, the truncation is crucial to the analysis of

the remainder term in the classical case; see Lemma 3.2.6.
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When proving the convergence of the explicit terms for the obtained series, we
use the Helffer-Sjostrand formula from complex analysis to perform an expansion on
the truncation f(N). This is the only stage where the technical assumption of the
smoothness of the truncation is used. This reduces the analysis to the study of the
problem with a shifted chemical potential, but with no truncation. It is important
that when we no longer have the control from the truncation, the analysis does not
depend on the sign of the interaction. The details of this step is found in Lemma
3.2.8 and Lemma 3.2.10.

The proofs of Theorems 2.1.8 and 2.1.9 are based on an application of The-
orem 2.1.7 and a diagonal argument. Here we crucially use [9, Lemma 3.10], which
we recall in Lemma 3.1.1 below. When working with L' interaction potentials, we
apply the local version of this result, see Corollary 3.1.4. For full details, see the
proof of Lemma 3.3.1, and in particular (3.62)—(3.63).

To treat the time-dependent case for bounded interaction potentials, we ap-
ply a Schwinger-Dyson expansion in both the quantum and classical cases, similarly
to [30, Sections 3.2-3.3|. Precise statements can be found in Lemmas 3.5.1-3.5.2.
This expansion allows us to deduce Theorem 2.1.11 from Theorem 2.1.7. Crucially,
since we have the truncation f(N;), we do not have to consider the large particle
regime as in [30, Section 4], which requires the non-negativity assumption of the
interaction potential.

Finally, Theorems 2.1.12 and 2.1.13 are deduced from Theorem 2.1.11 by
applying an approximation argument. More precisely, we estimate the flow map of
the NLS with an interaction potential w with that of an interaction w® — w. For
precise statements, see Lemma 3.5.4 when w € L' and Lemma 3.5.5 when w = —4.

These results are proved within the framework of X% spaces.

2.4.2 Quintic problem

The primary difference in the quintic case is the analysis of the classical equation.
We begin by proving the local well-posedness, exsitence of the Gibbs measure, and
almost sure global well-posedness of (2.45), see Propositions 4.1.1 and 4.1.2 below
for precise statements. The well-posedness results and construction of the Gibbs
measure are analogous to the arguments in [8,9]. These results are proved using the
multilinear estimates in Lemmas 4.1.3 and 4.1.4. The main difficulty in the analysis
compared to [8,9] is that the nonlinearity in (2.45) no longer has a convolution
structure.

On the many body side, the argument is analogous to the cubic case, re-

quiring a perturbative expansion of the quantum and classical states. These are
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analysed using the same methods, meaning that the cut-off in f(A;) is again crucial
in bounding both the explicit and remainder terms in the quantum and classical
expansions. For precise statements, see Section 4.2.2. The same complex analysis
argument from the cubic case implies the convergence of the quantum explicit terms
to the classical explicit terms, see the proof of Proposition 4.2.13.

To prove the convergence of the power series, we require bounds and con-
vergence of the untruncated terms, defined in (4.113). To prove this, we use a
diagrammatic representation of the terms, similar to that of [29, Sections 2 and 4],
but adapted to the normal ordered quintic interaction. We then consider interac-
tion potentials in L3 using a diagonilisation argument similar to the cubic case for
unbounded interaction potentials.

For bounded interaction potentials, we treat bounded potentials using a
Schwinger-Dyson expansion analogous to the cubic case, but proved for the quintic
interaction. Finally, to prove Theorem 2.2.12, we need to prove an approximation
result analogous to Lemma 3.5.4. To do this we need to explicitly use the almost sure
global well-posedness of (2.45) and a suitable approximation lemma. See Lemma

4.4.4 for precise details.
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Chapter 3

Microscopic Derivation of the
Gibbs Measure for the Cubic
NLS

In Section 3.1 we recall some results we will use in the chapters on the cubic and
quintic NLS. Section 3.2 is an analysis of the time-independent case for bounded
potentials, and Section 3.3 deals with unbounded potentials in the time-independent
case. In Section 3.4, we deal with the cases of different cut-off functions, as men-
tioned in Remark 2.1.10 (1) and (3). Finally Section 3.5 deals with bounded and

unbounded interaction potentials in the time-dependent case.

3.1 Preliminary results and basic estimates

3.1.1 Preliminary results

We recall the notation introduced in Section 1.6. We also note the following auxiliary
results, which we will use throughout the thesis and state some basic estimates which

will be used throughout the rest of the cubic case and the rest of thesis.

Gibbs measures for the focusing local NLS

When analysing Gibbs measures for the focusing cubic NLS with w € L*(T), it is
straightforward to make rigorous sense of (1.6) due to the presence of the truncation
as in Assumption 2.1.4; see Lemma 3.1.6 (1) below.

For unbounded potentials, we will need to make use of the following result

of Bourgain, found in [9, Lemma 3.10], whose proof is recalled in Appendix A.
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Lemma 3.1.1. Let (CN, G, 1) be the probability space defined in (2.11). For ¢ = @*

as in 2.12, the quantity
2l
e? I X gl < B} (3.1)

is in L'(dp) for p € [4,6) for B > 0 arbitrary and p = 6 for B > 0 sufficiently
small. Moreover, in (3.1), we can take the % i the exponential to be any positive

constant.

Remark 3.1.2. When p = 6, the optimal value of B in Lemma 3.1.1 was recently
determined in [65, Theorem 1.1 (ii)]. We do not need to use this precise result since

we work with p = 4 in the cubic case.

Remark 3.1.3. When p = 6, the maximum value of B depends on the constant in

the exponential. For details, see (A.13) below. We do not use this in the cubic case.
Corollary 3.1.4. Let (CN,G, 1) be the probability space defined in (2.11), and let
w € LYT). For p = ¢*,

—1 [dzdy|p(@)|? w(z— ’
em2 [ ddyle@Pue )o@y g

is in L*(du) for B > 0 arbitrary.

We note that Corollary 3.1.4 follows from Lemma 3.1.1 with p = 4 by the

same argument as estimate (3.3) below.

Holder’s inequality for Schatten spaces

We have the following version of Holder’s inequality for Schatten spaces (1.11), found
in [76].

Lemma 3.1.5 (Holder’s Inequality). Given pi,p2 € [1,00] with p% + p% = % and
A; € &P (F) we have

AL A2l er(7) < [ ALllerr () A2ller2 (7) -

3.1.2 Basic estimates

Let us first note the following bound on the classical interaction.

Lemma 3.1.6. Suppose that W = 3 [ dx dy |o(z)|> w(z — y)|e(y)|? is defined as in
(2.15). The following estimates hold.

1. For w € L*(T)
1
Wl < Sllwliz=llelze. (3.2)
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2. For w € L'(T)
1
WI < Lol (33

Proof. For (1), we note that

W= 5 | [ astnletaPute - lo?
1

IN

1
sl [ dedylo@Ple@P = 5l el

For (2), we apply Cauchy-Schwarz and Young’s inequality to get (3.3). O

For the remainder of this section, we fix p € N*. Unless otherwise specified,
we consider & € L(hP). Moreover, || - || denotes the operator norm. The following
lemma follows from the definition of ©(&) in (2.14).

Lemma 3.1.7. We have
0(8)] < IIsO\\ﬁpHSH-

Let us note that with ©, as in (2.28), we have

E(MP (01D Py ifn>p

otherwise,

O:(&)]yim = (3.4)

where 19 denotes the identity map on h@ and P, is the orthogonal projection
onto the subspace of symmetric tensors. More details of the above equality can be
found in [45, (3.88)]. We also have the quantum analogue of Lemma 3.1.7, which
follows from (3.4).

Lemma 3.1.8. For all n € N*, we have

H@r(f)‘h(m

< (%) len.

3.2 The time-independent problem with bounded inter-

action potential. Proof of Theorem 2.1.7.

In this section, we study the time-independent problem with bounded interaction
potential. In Section 3.2.1, we set up the Duhamel expansion in the quantum setting.

For this expansion, bounds on the explicit term are shown in Section 3.2.2 and
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bounds on the remainder term are shown in Section 3.2.3. The analogous expansion
in the classical setting is analysed in Section 3.2.4. In Section 3.2.4, we prove
convergence of the explicit terms. The proof of Theorem 2.1.7 is given in Section
3.2.6.

3.2.1 Duhamel expansion

Throughout this section, we take w € L*(T). Note that with p, defined as in (2.33),

we have

o 57,1(67(5))
pr(0:(6) = L2080, (3.5)
where )
Prc(A) i= T (e OV (A ) (3.6)

and I denotes the identity operator on F. Here, we recall the definition (2.34) of

Zr0. With notation as above, we define

A(Q) = pre(0-(9)).

Performing a Duhamel expansion by up to order M € N by iterating the identity
XY =X 4 ¢ fol dt e1=DXy et(X+CY) yields the following result.

Lemma 3.2.1. For M € N, we have A$(¢) = M- 1aTmCm +R 1 (Q), where

(_1)m 1 t1 tm—1
as, = Tr( / dty / dty ... / dty, ©,(€)e~ 1m0y
’ Zr0 0 0 0

x e*(t1*t2)HT,0 W, e*(t2*t3)HT,o B 'e*(tmflftm)Hr,o W, ethr,of(NT))
(

3.7)

and

3 ( MCM t1 tar—1 e
Ry (€)= Tr(/ dtl/ dts .. / dtrr O, (€)e” -t Hroyy,

e~(ti=t2)Hro )y o=(ta—1—tar)Hro )

X e_t]M(HT,O"FCW‘r)f(NT)) .
We also define

A:={teR":0 <ty <tm1...<t;1 <1}. (3.8)
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3.2.2 Bounds on the explicit terms

Throughout the following proofs, we will use without mention that for any function
g:C— C, g(N;) commutes with all operators on F that commute with A, which
is clear from the definition of g(N;). Namely, g(N;) acts on the p* sector of Fock
space as multiplication by g(n/7). In particular, all of the operators appearing in

the integrands of a$,, and Rﬁ  commute with g(N7).
Lemma 3.2.2. For m € N, we have

K2\l (B2|w]| o)™

£
aT,m‘ < il (3.9)
Proof. Lemma 3.1.5 implies
t1 —1 1
/dh/ dty .. / dthGT(f)f”T“l(NT) o
’7’0 o
H —(1- tl)HTO ( )H He_(tl_t2)H7',0
G Gti—t2
'm1 7th7,
s +1( T) . He - (3.10)

—sH

Since e~*70 is a positive operator for s € [0,1], we have [le™5770(| g1/ = (Z0)°.

So it follows from (3.10) that

70 1 m
| < Z - @rmmD rermEenT e
From Lemma 3.1.8, for fixed n we have
n
lo- @7 ) oo | < (2) 77 (2)] el < &7lel, (3.12)

where the final inequality follows from Assumption 2.1.4. It follows from (3.12) that,

when viewed as an operator on F

oo = BUE- (3.13)

|e-e) s (V)

To bound "WTfﬁ(NT)

o we note that W; acts on h™ as multiplication by

LS ww—ay). (3.14)

T —
1<i<j<n

43



In particular, arguing as in (3.13), it follows that

1 1
e )| < 5Kl (3.15)

Combining (3.11) with (3.13) and (3.15), we have (3.9). O

3.2.3 Bounds on the remainder term

The following bound holds on the remainder term.

Lemma 3.2.3. Let M € N, and t € 2 (as in (3.8)) be given. Define

RS 0 (6.€) 1= O, (e ITHropy o= (o) liro
X Wy e~ (tar—1—ta)Hro W eitM(HT,O‘FCW‘r)f(NT) .

Then for any ¢ € C,

e w ooKp||§|| K2Hw||L°° M
|1 (RS 6.0))| < @RIt Wl (sag)

Proof. Define
S(t) = @T(g)e_(l—tl)Hq—,OWTe_(tl—tQ)HT,O . WT e_(t]\/jfl—thI)HT’OWT.
Then

)} |:eft1v1(H770+CWT)f%(NT)})(n)’ (3.17)

M\»—‘

T (REa(6,0) = - ([0
n>0
where the trace on the left hand side of (3.17) is taken over Fock space, whereas on

the right hand side for each term it is taken over the n'* sector of Fock space. For

n € N, we have

(n)

1

[S®)F5)] [e Aot £ ()] )
= [ [ ay (s@rhn) " i (e oo ) sy

Tr

/N
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(n)

We now rewrite (e_tM(HT’OHWT)f%(/\/})) (x;y) using Proposition 1.7.12.

1 ()
(et i)

- / Wi (dw)e~ 2 e 0" 40€( Dasicyen wia) 4

ol
A~
203
~—

where Wi (dw) := [T, W2 (dw;). Here we used that

TiyYi
™) (e v) = 2 T _
W) (a;v) = 2 Z w(ui — uj) H 0(up — vk)
1<i<j<n k=1
and defined w;;(u) := w(u; — u;) for u = (uy,...,up) € T Then

‘ (e—tM(HT,OJFCWT)f% (NT)> (n) (x:y)

< /W%/(dw)e_“ftnf‘eng as¢(h Thrcicjzn wis(@(s)) x f2 (E) |

T

T

B (G Rasisen @) (M) (otutt) D (), (318)

< sup
w

where we have used Proposition 1.7.12 in the second line. We have

o J0M ds¢( Sicicicn wis () T (ﬁ) < olBe(Qltar (%)l o0 ‘ £ (ﬁ) ’ ,

sup
w T T
(3.19)
It follows from (3.19) that
sup e~ JoM dSC(T% 2i<i<j<n wij(“’(s))>f% (E) < e\RE(C)|K2||"w||L<>°_ (3.20)
w T

Combining (3.18) with (3.20) and the triangle inequality, we have shown

(e—tM(HT’O—I—CWT)f%(NT))(n) (X§y)‘ < eRe(OIE?[lw]| oo (e_tMHT*O)(n) (x;y). (3.21)

Combining (3.17) with (3.21), it follows that

5 1 t1 tavr—1 _
| Tr (Rf(t,c)) | < elRe(QIK wL°°Tr</O dt1/0 dtg.../o dt 11 O (€)

x e_(l_tl)HT,O /W:e_(tl_tQ)HT,OW—;e_(t2_t3)HT,O B ./W:e_tMHT,Of% (NT)) ’
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where € is the operator with kernel |€] and

Wr =5 [ dedy @il - yles)er). (3.22)

Then (3.16) follows by arguing as in the proof of Lemma 3.2.2. O

Integrating (3.16) in the variables t € 2, as defined in (3.8), implies

M
Ol ull oo KPIEN (B2l 2 )
M ]

RS 00 < e M. (3.23)

We note that this converges to 0 as M — oo for any fixed ( € C. Moreover, since the
radius of convergence of aﬁ,m is infinite by Lemma 3.2.2, we conclude the following

proposition.

Proposition 3.2.4. The function Aﬁ(C) =5 ai,mgm is analytic on C.

m=0

3.2.4 The classical setting

We now analyse the analogous expansion in the classical setting. Let us note that

p1(O0(&)
p(©(8)) = W (3.24)
where
e(X) = [ duxe V)
Define
A5(Q) = pe(8(6))
Then, for M € N
M-—1
ab,C™ + RS, (0),
m=0
where
= 0 [aueiowr ) (3.25)
_\M M _ -
1~3§M(¢):(1])mC / duOEWM F(N)e ™ for some Ce[0,c.  (3.26)
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Lemma 3.2.5. For each m € N, we have

‘afn) < Kl (il?llm)m (3.27)
Proof. We have
6] < o [ an[e@rmT 0| s n|” (3.28)
From Lemma 3.1.7 and Assumption 2.1.4, we have
e© =) < | 17| Kel (3:29)
Moreover, Lemma 3.1.6 (1) and Assumption 2.1.4 imply
Wi W) < Sl | £ K2 (330)

Recalling || f||z= < 1, (3.27) follows from (3.28) combined with (3.29) and (3.30). O

Note that Lemma 3.1.6 implies that
e~V parrz (A)| < e3Re(©IKZ vl
for ¢ € [0,¢]. Applying the same arguments as the proof of Lemma 3.2.5, we have
the following lemma.

Lemma 3.2.6. For any M € N, we have

M
KP||g]| (B2 ]|wl| =)
M!2M

[F5(Q)] < el vlis 1. (331)

Like in the quantum case, for each fixed ¢ € C, RS 57 (C) converges to 0 as

M — oo and am has infinite radius of convergence, so we have the following result.

Proposition 3.2.7. The function A%(¢) = o0, a5, (™ s analytic in C.

3.2.5 Convergence of the explicit terms

When analysing the convergence of the explicit terms, we argue similarly as in

[30, Section 3.1] and rewrite f(N4) as an integral of the form

f(N#>:/CdC/\;i(C—)§’ (3.32)
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for suitable ¢ € C2°(C). For the precise setup, see (3.46)—(3.47) below. Using
(3.32), we use that

1 o0
— dv e ?WNe=0) 3.33
Ny —¢ /0 (3:33)

for Re¢ < 0, which leads us to analyse analogues of (3.7) and (3.25) without the
truncation f(N') and with chemical potential shifted by v > 0. More precisely, we
note the following boundedness and convergence result. We recall that here we are

always considering w € L*°.

Lemma 3.2.8. Fiz v > 0. We recall C, given by (1.13) and consider £ € Cp,. Let

ev . (=)™ ! h fm—1 —(1—t1)(Hy.04vN)
byy = -——Tr dty dty. .. dt,, ©-(&)e ASE RS
’ Zr0 0 0 0

« WTe_(tl_t2)(HT,O+VN7‘)WTe_(t2_t3)(HT,0+VNT) o

X e (tmfl _tm)(HT,O+VNT ) WTe_tm (HT,OJ’_VNT))

%ﬁz(nm/weww%uﬁ

m m!
Then, the following results hold

{7,/
1|6

< C(m,p,v).
2. bqg-%l = b5 as T — 00 uniformly in § € Cp.
Proof. Let us first consider the case when § € B,,. We define
W =h+v= Z()\k + v)uguy, .
keN

Then the deformed classical state defined by

- dp Xe N
((x) =4

= e (3.34)

satisfies a Wick theorem with Green function given by G* := hi” This is the same

as in Proposition 2.1.2, since all we have done is shift the chemical potential by v.

Moreover, the deformed quasi-free state defined by

Tr (Ae_HT*O_”NT)
/A)Z,O(‘A) = Tr (e*Hq—,O*l/Nr)

(3.35)

satisfies a quantum Wick theorem similar to [29, Lemma B.1] (see Lemma 4.2.19)

48



with quantum Green function G = replaced by

1
T(eh/T—1)
1
Gli=—rb—.
Tor(eh/T 1)
In particular, we have that |G [l < [[G[|e2 < co. Let us define

~ — t tm—1
i = e Ry R
) e V.

><W7-e (tl t2)( T,OJFVNT)WTef(t27t3)(HT,O+VNT) L.

Xe(tmltm)(HT,O+VNT)WTetm(HT,OJFVNT))

and

- 1
by = dp©E)Wme N
m m! fd,ue [dpeN a

Noting that noting that the arguments in [29, Sections 2.3-2.6] concerning

explicit terms do not use any positivity properties of w, we hence obtain that the

following properties hold.

1) [B§| < Clmopov).

(2) Eifn — b5 as T — oo uniformly in & € B,.

More precisely, (1) and (2') correspond to the 1 dimensional versions! of [29, Corol-
lary 2.21, Proposition 2.26] proved in [29, Section 4.1], as well as [29, Lemma 3.1].

When ¢ € 9B, we deduce the claim from (1’) and (2’) by noting that by
[30, Lemma 3.4], we have

—H; o—vN;
lim T (Ae” e ) :/d,ue_”N.
oo Tr(AeHro)

It remains to consider the case when £ = 1, is the identity operator on H®P), We

then have

p
g(xla7xp7y1a7yp):]__[5($]_y]) (336)
Jj=1

Since pro satisfies the quantum Wick theorem, we can argue analogously as in
[29, Section 4.2] to get the required bounds and convergence as before. We omit the
details. ]

Throughout the thesis, when referring to [29, Corollary 2.21, Proposition 2.26], we mean these
1 dimensional versions.
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We also need the following result.

Lemma 3.2.9. Let A: F — F and g € L®(R). Then |Tr(Ag(N;))| < |lgll e~ Tr(A),
where A™ has kernel | A®) (23 9)].

Proof. For an operator A : F — F, we define A™ := P A P where P is the
projection of an operator on Fock space to the n* component of Fock space. We
also define A := @nzofl(”). We have

T A = |3 [ dx A g ()

n>0
<ol ()} [ oxiave
< lgllz=Tr(A).

O]

Lemma 3.2.10. We recall the definitions (3.7) and (3.25). For each m € N, we
have

=a, (3.37)

lim at
700

uniformly in § € Cp, defined in (1.13).

Proof. For ¢ € C\[0,0), we define

1 1 t1 tm—1
al Q) = Tr< / dt1 | dty... / Aty O, (€)e” 1m0y, o= (i=t2)Hro
270 0 0 0
1
_(tmfl_tm)Hr,O _th-r,O
XWr...e W, e NT—C>
d

an . . o

05(Q) = o [ dmOOW" (3.38)

We prove that ozim and af, are analytic in ¢ € C\[0,00). We first deal with as,.

Note that ) . ) i )
60| < o [ dmteloW™| .

Using Lemma 3.1.7, Lemma 3.1.6 (1), and that [ du Hgngp < C(p) by Remark 3.2.11,

we have

C(m,p)

£
e ()] = max{—Re(,|Im (|}

(3.39)

50



Arguing similarly to (3.39), it follows that

C(m, p)
~ max{—Re(, [Im([}?’

o oo | =

so by the dominated convergence theorem, we can differentiate under the integral
sign in (3.38) and conclude that o, is analytic in C\[0, c0).
To show a4, is analytic in C\[0,00), we first note that ﬁ acts as mul-

tiplication by W on the n'" sector of Fock space. By using Lemma 3.2.9 we

1 t1 tm—1
Tr<[ / dt, / dy ... / dty, O, (€)e” 1m0y o= (ti=t2) Hro
0 0 0

~ 1
7(t'm717tm)H7,0 7thT,O
XWsr...e W:e ] )maX{ReC, T}

t trm—
</ dtl/ldtg / 1dtm@T(g)ef(lftl)HT,oWjef(tlftz)HT,o

. 1
—(tm—1—tm)Hy0 —tmHr o
Wr...e Wre )max{—ReC,‘Imd}’

get

|arm(Q)] <

where we recall € is the operator with kernel ||, and W, is as in (3.22). Applying
[29, Corollary 2.21], we have

C(m,p)
'3
@z m (O] < max{—ReC, [Im [} (3.40)
Define .
h(=P) .= @ b, (3.41)
n=0
and

pEp) . p=p)

as the orthogonal projection. Define

t1 tm—1
(/ dtl/ dto .. / dt,, P(<™) 0,(¢) e~ (I=t1)Hro )y

1
% e —(t1—t2)Hr 0 W, . —(tmfl_tm)HT,O WTe—thT,o _/\/'T — C) .

rmn(C)

Since P(™ commutes with ©-(¢), Hrp, and W, it follows that oy, p is analytic in
C\[0, 00). By construction we have limy,_;oc 7. mn(C) = arm(¢) for all ¢ € C\[0, 00)
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and by the same argument as (3.40), we have

< C(m,p)
~ max{—Re(,|Im|}

(3.42)

The pointwise convergence, (3.42) and the dominated convergence theorem imply
that

lim d¢ armn(C) = / d¢ arm(C)

e Jor or
for any triangle T contained in C\[0,00). Morera’s theorem implies that o, is

analytic in C\]0, c0).

We now prove that a3, (¢) = as(¢) as 7 — oo for all ¢ € C\[0,00). First,

for Re ¢ < 0, we recall (3.33). Therefore,

1 1 t1 tm—1
= ’I‘I'(/ dtl / dtQ e / dtm ®T(£)e_(1_t1)HT,OWT
Zr0 0 0 0

X e_(tl_tQ)HT,OWT . e_(tm71_tnL)HT'OWTe_thT’O 1 >

NT_C
1/dmm1’
¢

t1 m—1
(/ dtl/ dts .. / dtm@T(g)e—(l—tl)(HT,oJruNf)

e_(tmfl_tm)(HT,O“l‘VN‘r)WT

< / d¢ e”C
0

x W-e —(t1—t2)( To-H/NT)W

T e ..

X e_tm(HT,O+VNT)> _ 1/due_VNWm

= , (3.43)

where we have used part (1) of Lemma 3.2.8 and Re { < 0 to apply Fubini’s theorem.

Lemma 3.2.8, (3.43), and the dominated convergence theorem give

lim af,,,(¢) = a%,(¢) (3.44)

T—00

uniformly in § € C,, for Re( < 0.
We define Bﬁ,m = oﬁ,m — afn. We follow the argument in [30, Proposition
3.3] to prove
lim sup \Bﬁm(C)] =0 for all ¢ € C\[0,00). (3.45)

T—)OO&

From the analyticity of a;m on C\[0,00), (3.39) and (3.40), and (3.44), we know
that Bﬁ,m satisfy the following properties.

1. Bim is analytic on C\[0, 00).
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2. limr 00 SUPeee, |ﬂ§m(€)’ =0 for all Re¢ < 0.

3. Supeee, |B§m(q)] < ?f;ngf) for all ¢ € C\[0, c0).

Given € > 0, define
D :={C:Im( > ¢}

and
Tz :={(o € D : lim sup Bgﬁgm(co) =0 for all n € N.
TT0LeCy

So 7: is the set of points in D, at which all {-derivatives of 5§,m converge to 0 as
7 — oo uniformly in £ € C,. Using properties (1) - (3) of 3, Cauchy’s integral
formula, and the dominated convergence theorem, we have D.N{(¢ : Re{ < 0} C Te.
In particular, 7; is not empty.

So to prove (3.45) on D, it suffices to show that 7. = D.. Since D; is
connected, the latter claim follows from showing that 7: is both open and closed in

D.. We first show that 7: is open in D.. Given (o € 7, note that B, 5(¢o) C D, /s
So by property (3),

/3$m‘ < C(e) on B./3(¢o). Analyticity and Cauchy’s integral
formula imply that the Taylor series of ﬂ?m at (o converges on B /5((p). So we can
differentiate term by term and use the dominated convergence theorem and (y € 7:
to get that Bs({p) C T for ¢ € (0,e/2) sufficiently small such that Bs({y) C D.. So
T: is open in D,.

To show that 7¢ is closed in D¢, let ({,) be a sequence in 7 which converges to
some ¢ € D,. Since ¢ € D, which is open, there is &’ € (0,£/2) such that B./(¢) C D..
Since (¢n) — ¢, for n sufficiently large, ( € B.//2(¢n). Since B /o(¢n) C B (¢) C Ds,
the argument that 7; is open in D, implies that BE//Q(Cn) C 7T:. In particular, ¢ € 7¢,
so 7Tz is closed in D,. By symmetry, the same argument shows that (3.45) holds on
D, := {¢ : Im( < —¢}. Then (3.45) holds on C\ [0, c0) by letting ¢ — 0 and recalling
that (3.45) holds for ¢ < 0 by property (2) above.

Applying the Helffer-Sjostrand formula and arguing as in [30, (3.29)-(3.33)],
we can find ¢ € C2°(C) satisfying

[%(¢)] < ClIm (] (3.46)
such that H(0)
F(Ng) Z/CdCN#_C. (3.47)

Then (3.39), (3.40), (3.46), and ¢ € C°(C) imply that

a5, (U] < F(Q) (3.48)
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for some F € LY(C). By (3.48), we can use Fubini’s theorem to write

0. — 0S| < [C (0] 0 (€)= a,(0)|

Using 5§,m — 0 as 7 — oo almost everywhere in C uniformly in £ and (3.48), the

dominated convergence theorem implies (3.37). O

Remark 3.2.11. In the proof of Lemma 3.2.10, we used that [ du Hg0||gp <C(p) <

oo. To see this, recall (2.12) implies

[aielir =, (Z '“‘;’2”

The final line follows from Proposition 2.1.2.

3.2.6 Convergence of correlation functions. Proof of Theorem 2.1.7

Lemma 3.2.12. Aﬁ(C) — A%(C) as T — 0o uniformly in £ € Cp.

Proof. Since Aié are analytic in C, for all ( € C

AS() — A
sup (0 (C)’ < ;Sgp

a’g',m - a?n} |<|m —0

as 7 — o0o. Here we have used Lemma 3.2.10, Lemma 3.2.2, and the dominated

convergence theorem. We also recall the notation (1.12). O
Recalling (3.5) and (3.24) and taking ¢ = 1, we have the following result.

Corollary 3.2.13. p,(0,(§)) = p(©(§)) as T — oo uniformly in & € Cp.

Before proceeding to the proof of Theorem 2.1.7, we first need to prove the

following technical lemma.

Lemma 3.2.14. Recalling (2.22) and (2.36), we have yx, > 0 in the sense of

operators.
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Proof. For n € h®) define the orthogonal projection IL, () == (n,-)n. Let us first
note that

(M, Y4 pM o = P4 (Ox(I1y)) . (3.49)

In the quantum setting, we use (2.36) and linearity to compute

(777'77,p77>b<p) = /d$1 dmpdyl "'dypﬁ($17"'7xp) 77(91,---7%9)
X pr(@3(1) - - ©x (up)or (1) - pr(ap))

= pf(/d:vl--wlxpdyl---dypn(azl,...,xp)n(yl,...,yp)
<) o) e po(ar) ) (350)

By (2.28) and the definition of II, we deduce that that the expression in (3.50)
equals p-(©.(1I,)), thus showing (3.49) in the quantum setting. Similarly in the

classical setting, we use (2.22) and (2.14) to compute

(M) e = p(/ dxy - drpdyy - dyp (e, 2p) (Y1, - -5 Yp)
< B) - Blun)eler) - ~90(93p)> — p(O(IL,)).

as was claimed.

We now show that the expression on the right-hand side of (3.49) is non-
negative. Let us first show this in the quantum setting. By (2.28), we note that
©,(II,)) is a positive operator. Furthermore f(N;) is a positive operator which
commutes with ©,(II;). In particular, their composition is a positive operator.
Recalling (2.32), we know that

Tr(AP.
A Tr(APy)
Tr(Pr)
is a quantum state. In particular, when applied to positive operators it is nonnega-

tive, so we obtain that

Tr(0-(IL,) f (N7) Pr)
>0. .01
Te(P;) =0 (3.51)
Since P; and f(N;) commute, by using (3.51), and recalling (2.32) as well as As-
sumption 2.1.4, it follows that

(@) (N = TG 5 o, (3.52)
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We deduce the claim in the quantum setting from (3.49) and (3.52).

In the classical setting, we use (2.14) to write

p(O(IL,)) = p(/ dzxy -~ dxydyy - dypi(x1), -5 2p) N(Y1, - - Yp)
< p(ar) - plap) Blyn) - -so(yp>>

:p<‘/d:€1-'-dxpn(ml,...,xp)go(xl)---gp(:rp) 2) >0. (3.53)

For the last inequality in (3.53), we recalled (2.20). We deduce the claim in the
classical setting from (3.49) and (3.53). O

Remark 3.2.15. By following the same duality argument as [30, Proposition 3.3
(74)], we can deduce from Lemma 3.2.14 that Corollary 3.2.13 holds for all £ €
L(h®).

To prove Theorem 2.1.7, we use the following result, proved in [29, Lemma
4.10].

Lemma 3.2.16. Let p € N be fized. Suppose that for all 7 > 0, v, € &' (h®)) is
positive and that v € GI(b(p)) 1s positive. Suppose further that

TILH;O e = Yle2pwy =0, and  lim Try, = Try. (3.54)

T—00
Then lim: 00 |17 — Y1 gy = 0.

Proof of Theorem 2.1.7. We first prove (2.37). Let p € N* be given. We verify the
conditions of Lemma 3.2.16. Using the fact that G2(h®) = &2(hP))* and recalling
that 9B, is the unit ball of G2(h®)), we have

1770 — Wlle2@wy = sup [Tt (vrp€ —1E)| = sup [p-(©-(£)) — p(O())] — 0
£eBy £eB,

(3.55)
as T — oo by Corollary 3.2.13. We also note that Tryx , = p4(©4(I)). So Corollary
3.2.13 implies

lim Try, ), = Try,. (3.56)

T—00

Combining Lemma 3.2.14, (3.55), and (3.56), Lemma 3.2.16 implies (2.37). The
proof of (2.38) is similar. Namely we start from (3.6) with A = I and repeat the

previous argument (in which we formally set p = 0). O
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3.3 The time-independent problem with unbounded in-
teraction potentials. Proofs of Theorems 2.1.8 and
2.1.9.

In this section, we analyse the time-independent problem for general w as in As-
sumption 2.1.1. In particular, we no longer assume that w is bounded, as in Section
3.2. In Section 3.3.1, we consider w satisfying Assumption 2.1.1 (i) and prove Theo-
rem 2.1.8. In Section 3.3.2, we consider w satisfying Assumption 2.1.1 (ii) and prove
Theorem 2.1.9. As before, we fix p € N* throughout the section.

3.3.1 L' interaction potentials. Proof of Theorem 2.1.8.

We first consider the case where w satisfies Assumption 2.1.1 (i), i.e. when it is
taken to be an even and real-valued function in L'(T). To do this, we approximate
w with bounded potentials w®, which are even and real-valued. For instance, we can
take w® := wx{jw|<1/e}- We then use the results of the previous section combined
with a diagonal argument.

Let us first note the following result.

Lemma 3.3.1. Let w be as in Assumption 2.1.1 (i), and suppose w® € L* is a
sequence of even, real-valued interaction potentials satisfying w® — w in L*(T) as
e — 0. Then there exists a sequence (g;) converging to 0 as T — oo such that for
all p € N*

lim pi7 (0-(£)) = p(©(§)) (3.57)

T—00

uniformly in § € C,. We recall that Cp is given by (1.13).

Proof. Using a standard diagonal argument, it suffices to prove that for each fixed
e>0

Tim g% (6,(8)) = £* (6(9)) (3.59)
uniformly in § € C,, and
lim p* (©(£)) = p (O (£)) (3.59)

uniformly in £ € C,. The convergence in (3.58) holds by Corollary 3.2.13 because
w® € L*°(T). To show (3.59), we first note that by Lemma 3.1.6 (2) and the Sobolev

embedding theorem

W2 = WIS [lw® —wllplel - - (3.60)
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Since p € H 2~ almost surely, it follows that

lim W8 =W (3.61)

e—0

almost surely. Continuity of the exponential implies that

. J— € —
lime WV =WV
e—0

almost surely. By Lemma 3.1.6 (2), we have
1 4
IWI < Sllwllzallelza
and for e sufficiently small
€ 1 € 4 4
(W < Sllwsllzllelzs < llwlicllellza -

It follows that
|e’W€ B e’W‘ < zeHw”LIHWHizl ] (3.62)

By Lemma 3.1.1 and Assumption 2.1.4, we know that
ellw\\Ll\lwl\‘z4f$(N) e L(du) . (3.63)
By Lemma 3.1.7, we have that
O(6)f*(N) € L (dn). (3.64)

Using (3.62)—(3.64) and the dominated convergence theorem, it follows that

tim [ O(©)] o — | F) =0, (3.65)

The same argument implies
lim 2° = z. (3.66)
e—0

Noting that

c 1 Zo-WwE W
P O©) - p©(€) = [ duB©fw) (e - o),
(3.59) follows from (3.65) and (3.66). O

We can now prove Theorem 2.1.8.
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Proof of Theorem 2.1.8. We deduce (2.39) from Lemma 3.3.1 by arguing analo-
gously as in the proof of (2.37). The proof of (2.40) is similar to that of (2.39).
Instead of (3.58), we use

lim Z2 = 2°,
T—00

for fixed £ > 0, which follows from (2.38). Instead of (3.59), we use (3.66). O

3.3.2 The delta function. Proof of Theorem 2.1.9

We now deal with the case w = —d. Let us first recall the definition (2.42) of w®.
Let us note that since U is even, it is not necessary to take U to be non-positive,
since we can argue as in [30, (5.33)] using |U| (note that in [30], one writes w for U).
In what follows, we again denote objects corresponding to the interaction potential
w® by using a superscript €. Again, by following Section 3.2.6, to prove Theorem

2.1.9, it suffices to prove the following proposition.
Lemma 3.3.2. Let w := —§, and let w® be defined as in (2.42). Then there is a

sequence (e;) satisfying e; converging to 0 as T — oo such that

lim p77 (6-(£)) = p(©(E)) , (3.67)

T—00
uniformly in § € C,, where C, is given by (1.13).

Proof. As in the proof of Lemma 3.3.1, it suffices to prove for fixed ¢ that

lim p% (6:(£)) = p7 (©(6)) (3.68)
uniformly in ¢ € Cp, and
tim 7 (6/(6)) — p (6 (€) (3.69)

uniformly in £ € Cp,. Since w® € L*>(T), (3.68) follows from Lemma 3.3.1. To prove
(3.69), we note that Lemma 3.1.6 (2) now implies

1
W< S0 [l zs
1
W < ST el (3.70)

Since [dzU = —1 and U is even,

we-w =3 [ dedyut(a =) (e@Plel)l? - @)
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So
We- Wl < 2 / dz dy |wf (z — ) le(@) Ple(z) — )] (e@)] + @) . (3.71)

We can then follow the argument in [30, (5.49) in the proof of Theorem 1.6.] to
conclude W — W. We omit the details. Arguing as in the proof of Lemma 3.3.1, we
obtain (3.69), and thus (3.67). We emphasise that, in order to apply the dominated
convergence theorem as in the proof of Lemma 3.3.1, it is important that the upper
bound (3.70) is uniform in €. O

Proof of Theorem 2.1.9. We obtain (2.43) by arguing analogously as for (2.39).
Here, instead of Lemma 3.3.1, we use Lemma 3.3.2. The proof of (2.44) is analogous
to that of (2.40). O

3.4 Remarks about the cut-off function f

In this section, we expand on Remark 2.1.10 (1) and (3).

3.4.1 Interaction potentials of positive type

For a bounded, real-valued, even interaction potential w of positive type (i.e. w > 0
pointwise almost everywhere), we claim we can apply the methods used in the proof
of [29, Theorem 1.8] to get the result of Theorem 2.1.7 for p4 defined without
a truncation in M. To do this, we follow the convention from the two and three
dimensional cases from [29] and consider a non-normal ordered quantum interaction,

namely

Wy =5 [ drdy gt @)er @t — )ei0)en ), (3.72)

which we note is different to the convention adopted in the rest of the cubic case.
We also define H. := H, + W, in contrast to (2.30). Applying (2.26), we have

_ 1 2
WT - WT + 27_w(0)NT )

where we recall (2.29) and (2.31). We consider this non-normal ordered interaction

since WL acts on the nt" sector of Fock space as multiplication by

1 n
3.2 Z w(x; —xj). (3.73)
ij=1
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The key difference from (3.14) is (3.73) includes the diagonal terms of the sum.
The remark follows from showing that if w is of positive type, (3.73) > 0 almost
everywhere, since we can apply Proposition 1.7.12 as in the proof of [29, Proposition
4.5]. We can further reduce this to showing (3.73) > 0 for w € C*° of positive type
by taking w® := w % ¢ for a standard approximation to the identity ¢° of positive
type, since then w® — w pointwise almost everywhere.

To see this, recall that for g € L?, Parseval’s theorem implies

(g wxg) ~ > |9(k)|Pi(k) >0 (3.74)
keZ

since w is of positive type. Taking ¢° € C*° with ¢ — Z?Zl d(- — xj) weakly with

respect to continuous functions, for w € C'*° we have, by (3.74)

n

0<{(¢°,wxg°) — Z w(z; —xj).
ij=1

Letting € — 0 then yields (3.73) > 0 for w smooth of positive type.

3.4.2 General L™ interaction potentials

For a general bounded, even, real-valued interaction potential w we show we could
have used a Gaussian cut-off rather than a compactly supported one. Notice that
since w € L, there is some c¢ such that w® := w + ¢ > 0 pointwise. Throughout
this section, for an object Xy, we use X5 to denote Xy defined using w® rather
than w. Notice that

W = W + gf\/f : (3.75)
WC:W+§N2. (3.76)
Applying an adapted form of [29, Theorem 1.8] for non-normal ordered interactions,
we have
7H‘lr‘c (s
i Tr (@T(f)e ) B fd,u@(f)e_H
im — = e - (3.77)
T T (e*HT’ ) [ dpe

We note that the adapted form of [29, Theorem 1.8] holds by applying the same
proof, but using >, _; w(z; — x;) > 0 instead of > 7', . w(z; — x;) > 0 in the
proof of [29, Proposition 4.5].
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Rewriting (3.77) using (3.75) and (3.76) gives

_rg/ _c 2
e
m = =
T—00 Tr (e_H;e—gNE) fdue—He—E_/\/-Q

3.5 The time-dependent problem

In this section, we consider the time-dependent problem. The analysis for bounded
w and the proof of Theorem 2.1.11 are given in Section 3.5.1. The case when w is
unbounded is analysed in Section 3.5.2. Here, we prove Theorems 2.1.12 and 2.1.13.
Throughout the section, we fix p € N* and £ € E(f)(p)). In particular, we have the

following two lemmas.

3.5.1 Bounded interaction potentials. Proof of Theorem 2.1.11.

In order to deal with bounded interaction potentials, we recall the Schwinger-Dyson

expansion outlined in [30, Sections 3.2 and 3.3].

Lemma 3.5.1. Given K >0, ¢ >0, and t € R, there exists L = L(K,¢,t, ||£]|,p) €
N, a finite sequence (el)lLZO, with ¢ = el (€,t) € LHP) and 19 = 10(K, e, t, ||€]]) > 0
such that

L
(wz@T@) - @T<el>> <e,

=0

h(<KT)
for all 7 > 1. Here we recall the definition of H(SP) from (3.41).

In other words, for large 7 and restricted numbers of particles, we can approx-
imate the evolution of the lift of an arbitrary operator with finitely many unevolved

lifts. We also have the corresponding classical result.

Lemma 3.5.2. Given K > 0, > 0, andt € R, then there exist L = L(K,e,t, |||, p) €
N, 10 = 10(K,e,t, [|£]]) > 0 both possibly larger than in Lemma 3.5.1, and for the

same choice of el = e!(&,t) as in Lemma 3.5.1, we have

<e,

L
‘ (xpf@(g) -3 9(6’)) X{N<K}

=0

for all T > 1.

We note that the proofs of Lemmas 3.5.1 and 3.5.2, respectively [30, Lemmas

3.9 and 3.12], do not use the sign of the interaction potential, so still hold in our
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case. The proofs of both results also require a compactly supported cut-off function,

C

demonstrating the cut-off function of the form f(z) = e~ 7* discussed in Remark

2.1.10 (3) would not suffice here.

Proof of Theorem 2.1.11. By using Theorem 2.1.7, Lemmas 3.5.1-3.5.2, and follow-
ing the proof of [30, Proposition 2.1], we obtain Theorem 2.1.11. O

Remark 3.5.3. Recalling the proof of [30, Proposition 2.1], it follows that the

convergence in Theorem 2.1.11 is uniform in the set
{w € Loo’m € Nvti € R>Pi eN: ”wHLOO) |ti|>pi7 ||§ZH7m < M}a
for i € [1,...,m] and for any fixed choice of M > 0.

3.5.2 Unbounded interaction potentials. Proofs of Theorems 2.1.12
and 2.1.13

Before proceeding, we need to prove a technical result concerning the flow of the
NLS.

Lemma 3.5.4. Let w € L'(T) and s > % be given, and suppose ¢ € H®. Consider
the Cauchy problem on T given by

i0ru+ (A = k)u = (w* [u?) u (3.78)

ug = @.

In addition, given € > 0 and letting w® € L* be a sequence satisfying w® — w in
L', we consider
10 + (A — k)u = (w® * [u]?) u®
i+ (B = = (w7 + [u?) 570)
ug = .
Since s > 3/8 > 0, the flow map defined in (2.5) is globally well defined. Denote by
u and u® the solutions of (3.78) and (3.79) respectively. Then for T >0

1 - € oo =
;I_I}(l) ||u u HL[fT,T]h O

In the following, we always take b = % + v, for v > 0 small.

Proof of Lemma 3.5.4. We recall the details of proof of [30, Proposition 5.1]. Firstly,
we can take x = 0 by considering @ := e**'u. We construct global mild solutions to
(3.78) and (3.79) in the following way.
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Let (,9 : R — R be smooth functions with

1 if |t <1
t) = (3.80)
0 if |¢| > 2.
1 if |t <2
P(t) = (3.81)
0 if|t] > 4.

We also define (s5(t) := ((t/0) and ¥s(t) := (/). We consider

(L) (-, t) == Cs5()e™P oo — iCs(t) /0 dt’ A (w x Jus|?) vs(t), (3.82)
(L) (-, 1) == Cs(t)e Py — iCs(t) /0 dt’ A (W  [ug|?) vs(t), (3.83)

where vs(x,t) := s(t)v(x,t). By proving L and Lf are both contractions on ap-
propriate function spaces for § > 0 sufficiently small, we are able to find local mild
solutions to (3.78) and (3.79). The arguments used to prove (3.82) and (3.83) are

contractions in [30, Proposition 5.1] still hold if we can show that

|| (w [vs|*) vs | xo.0-1 < lwllzrlvs] Foe- (3.84)

To show (3.84), we define Vs as the function satisfying Vs = |os|. Note that by

construction, ||Vs||yo» = ||vs]|xo.. Then

| ((w * [vs]?) vs) ™ (k,n)|
< | goo /d/ﬁ dka dks3 dni dna dns [05(kv, m)||0s(—ka, —n2) |05 (K3, n3)|

X 0(k1 + ko + ks —k)o(m +mn2+1n3 —n)
= ||@lle (|V5°Vs) ™ (k,m) < wllze (Vs]*Vs) ™ (k,m).

To prove (3.84), it remains to show
VsVl 5001 S Vsl Xow = Ilvsllxoe- (3.85)

To show (3.85) we argue as in [79, (2.147)-(2.153)], where similar bounds are proved

for the quintic case, and use a duality argument. Choose ¢ : Z x R — C such that
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>k S dn lc(k,n)|? = 1. We consider
b—1 -
Fim 3 [ (1l + 1) (VA2s) () ).
k

We have

c(k,
<> > / diry dip gy dyp —— 121
M +n2+n3=n (

—b
k ki+kot+hs—=Fk 1+ |n+ k2))

X (05 (K1, m)[05(—k2, =n2)l|05(k3, m3)]

Define

P,t) Z / 5l Zrilka-+2ritn
(1+ \77 + k2| ’

G(z,t) = Z/dn|@6(k’n)|62mkx+2mtn‘
k

Parseval’s identity implies

I§//d:cthGGG:‘//da;thGGGl

<11l G - (3.86)

Since b > 3/8, we have the estimate [¢[|s < [|@l[xo0 (see [8, Proposition 2.6],
[38, Lemma 2.1 (i)], and [83, Proposition 2.13]). So

IFN s, S NFlxoss < [ Fllxos-1 = [leflrz =1 (3.87)

IVIOI‘GOVGI‘
HG||L4 N ||U6||X013/8 < 59“”6”)(0% (3.88)
t,x

where 6 > 0. Here the final inequality follows from [30, Lemma 5.3 (iv)]. Combining
(3.86) with (3.87) and (3.88) yields (3.85).

So, for a time of existence ¢ that depends only on the L? norm of the initial
data, we are able to construct local mild solutions, v(,) and v, on [nd, (n + 1)d].

We then piece these solutions together to create mild solutions u and u® to (3.78)
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and (3.79) respectively. Using v and v to denote vy and ”fo) respectively, we have

[ — || e

5o L2 =llv = vl L2

0,5

<|leso / dt! = [(w — we) * og(t')?] vs(t)

0

X0,b

+ e /0 dt! 5 [uf x (Jus(#)]2 — [S(E)]2)] ws()

X0,

. (3.89)
X0,b

et [ a2 s e ug)?] uste) - v§<t'>)\

For the first term of (3.89), we have

() / dt’ & [(w — wf) x [us(t) 2] s(F)

0

X0,b
1-2b

<Céd 2 H [(w —w®) * |U6|2} 'U(SHXo,bfl )

where the 6" 2 comes from the estimates for local X5 spaces proved in [43] and
[44]. For a summary of these local X*? spaces, we direct the reader to [30, Appendix
A] and Lemma 1.7.6.

Arguing as in (3.84), we have

1w = w®) s Jos*] ws | go-s < llw = wf[ 2 o5 500 — 0.

The bound on the second term in (3.89) follows by the same argument as in the
proof of [30, Proposition 5.1], although we note that since ||w®||;1 is only bounded
rather than equal to 1, we may get a larger constant times a positive power of &,
which is not a problem. The third term in (3.89) then follows for the same reasons
combined with [30, Proposition 5.1].

Following the remainder of the argument from [30, Proposition 5.1] and not-
ing that there we gain no negative powers of ¢, we have

[ —ul e

[O,T]h — 0.

The corresponding negative time estimates follow from an analogous argument. [
We also have the corresponding result for the focusing local NLS.

Lemma 3.5.5. Let s > % be given, and suppose ¢ € H*(T). Consider the Cauchy
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problem on T given by

i0u + (A — Kk)u = —|ul?u

(3.90)
Uy =¢.
In addition, given € > 0, let w® be as in (2.42). We consider
i0puf + (A — k)uf = (w® * [uf|?) uf

[Sp—
UO—SD.

Since s > 3/8 > 0, the flow map defined in (2.5) is globally well defined. Denote by
u and u® the solutions of (3.90) and (3.91) respectively. Then for T > 0

i —uf 0o =
lim flu = u®[lzpe, o =0

Proof. We can follow exactly the proof of [30, Proposition 5.1], recalling (2.41), and

noting that the function w*® defined in (2.42) is even and to deduce

[lvs(x)|* = (" % [v° ) (2)] < /dy w* (2 = )| vs () — vs(Y)|(Jvs(2)] + |vs(Y)])

similarly as in [30, (5.27)]. We also have the same point about ||w®|| ;1 not necessarily

equal to 1 as in the proof of Lemma 3.5.4, which does not affect the argument. [J

Before proving Theorem 2.1.12, we recall the following diagonalisation result,

proved in [30, Lemma 5.5].

Proposition 3.5.6. Let (Z)ren be an increasing sequence of sets in the sense that
Zy C Zyy1 and put Z = UgenZy. For e, 7 > 0, suppose that g,9%,95 : Z — C are

functions with the following properties.
1. For each fized k € N and ¢ > 0, lim;_,o g5(¢) = ¢°(¢) uniformly in ¢ € Z.
2. For each fized k € N, lim._0 ¢°(¢) = g(¢) uniformly in ¢ € Zy.

Then there is a sequence (g;) such that lim,_,~, =0 and

lim g77(¢) = 9(0)

forany ( € Z.

Proof of Theorem 2.1.12. Throughout this proof we use X¢ or X to denote an object
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defined using w® or w respectively. Define

Z = {(m, ti,pi, €) :m e N, |t;| € R,p; € N, & € L(hP))}

where ¢ € [1,...,m]. We also define

95(0) 1= 0% (W37 (04(61) .. Wy =(04(6™))
9(0) 1= p (VH(O(€1)... W (B(¢™))).

Applying Theorem 2.1.11 and recalling Remark 3.5.3, Proposition 3.5.6 implies it
suffices to show that for a fixed k € N

lim p° (T20(EY) ... Um0 (E™)) = p (T O(EY) ... Um0 (™)), (3.92)

e—0

uniformly in Zj. Recalling (3.61), we have

lim W* =W,

e—0

almost surely. Using Corollary 3.1.4 and the dominated convergence theorem, we
have
lim py(I) = p1(1). (3.93)

e—0

Here we recall
pe(X) = / X e Wdp.

So by (3.24) and (3.93), to prove (3.92), it suffices to show
lim 75 ((P1°0(E1) .. W e@(E™))) = fn (T1O(E)) .. U OE™)  (3.94)

uniformly in Zj.
Let S; and S be the flow maps for equations (3.78) and (3.79) respectively.
Let ¢o € Hi™ C b be the classical free field defined in (2.12). Then for & € £(h*)),

we can write
W) = ((S5e0) ™ € (S500)™ Yo s WIO(E) = ((Si0)™ € (St00)™* Yy -
Lemma 3.5.4 implies (S5)®* g — (S;)®* @p as € — 0. Moreover, £ € £(h*)) implies

lim U='O(¢) = ¥'O(¢),

e—0
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uniformly in Zx. Since W — W as € — 0 almost surely, we have

lim Uhe@(el) .. Ulme@(gm)e™ = ¥hig(¢l) ... Uime(e™)e ™V, (3.95)

e—0

almost surely. Using conservation of mass for (3.78) — (3.79) and Lemma 3.1.6 (2),

we have

L R L €0l e ol ),

oo El) ... TmeEm) eV

W)l <111
j=1

W) < TLI€ Mlpolly ezl ),
j=1

(3.96)

Using Lemma 3.1.1 and Assumption 2.1.4, both of the bounding functions in (3.96)
are L'(du). So (3.94) follows from (3.95) and the dominated convergence theorem.
O

Proof of Theorem 2.1.13. We follow the proof of Theorem 2.1.12, with the same
definitions of Z, Zy, g5, g%, g. Applying Theorem 2.1.12 and using Proposition 3.5.6,

it suffices to show

lim pa (\I/tl’a@(fl) o \I/tm’a@(fm)) =p (\I/tl @(fl) o \I/tm@(fm)) 7

e—0

This follows by arguing analogously to the proof of Theorem 2.1.12, recalling that
the fact that W — W almost surely was shown in (3.71). O
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Chapter 4

Microscopic Derivation of the
Gibbs Measure for the Quintic
NLS

4.1 Analysis of the quintic Hartree equation (2.45)

In this section, we consider w as in Assumption 2.2.2 and study the Cauchy problem

for the quintic Hartree equation (2.45).

iOpu + (A — K)u = [dydzw(z —y)w(y — 2) w(z — @) [u(y)* [u(z)? u(z)
u]t:() =Ug € HS(A) .
(4.1)

4.1.1 Deterministic local well-posedness and invariance of the Gibbs

measure

We first prove the following deterministic local well-posedness result, which should

be viewed as an analogue of [8, Theorem 1] for the local quintic NLS.

Proposition 4.1.1 (Deterministic local existence for (4.1)). The Cauchy problem
(4.1) is locally well-posed in H*(A) for s > 0.

We then prove the following probabilistic result, which should be viewed as

an analogue of the result proved in [9] for the focusing local quintic NLS.

Proposition 4.1.2 (Invariance of truncated Gibbs measure and almost sure global

existence for (4.1)). The following claims hold.
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(i) Recall the probability space (C,G,pn) defined in (2.11), ¢ = ¥ defined in
(2.12), and N defined in (2.18). For B > 0 sufficiently small, we have

o~ 5 [ drdydzw(z—y) w(y—2z) w(z—z) \%(m)\z\w(y)\z\w(z)\QX(NSB) e L' (dp).
In particular, taking K = B in (2.54), we get that the probability measure
Péibbs in (2.55) is well-defined.

(ii) Consider s € (0,3). The measure Péibbs is invariant under the flow of (4.1).
Furthermore, (4.1) admits global solutions for Péibbs—almost every ug € H*(A).

Before proving Propositions 4.1.1 and 4.1.2, we note several multilinear esti-

martes.

Lemma 4.1.3. Consider wy, w2, w3 € L%(A). Given q € H%(A), let

Nig) = / da dy dzwi (x — y) waly — 2) ws(z — @) la(@) 2 Ja(y) ] [a(=)2
Then, we have
M@ S lloall g el g losll 5 Tl

Proof. By a density argument, we may assume without loss of generality that
wy, Wy, ws,q are smooth functions, thus making the calculations that follow rig-

orous. Writing each integrand as a Fourier series, we compute

Ni(q) =
>y /dwdydz@l(ﬁ)@'z(@)@3(C3)qA(kl)Zf(’fé)§(k3)§(k4)§(k5)5(/€6)

k1,...,ke €1,2,(3

% eQWix(k17k2+C17<3) eZT(iy(k‘gfk47C1+<2) e27riz(k57k67<2+43) (42)

The summations in (4.2) and in the sequel are taken over Z. By integrating in z,y, z

in (4.2) and taking absolute values, we deduce that

NMi(g)] <
ST @) B2C) @3(C3)1T ()17 (k)| G (k)| G (ka) (G (Ks)| [ (Ke)]

k1,....ke €1,62,¢3
XO0(k1—ka+ G —C3)0(ks —ka—Ci+C)0(ks —ke — G+ (3). (4.3)

By the constraints on the summands, we can rewrite the expression on the right-
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hand side of (4.3) as

S ST @) 182G — ks + k)| [B5(G1+ b — k2>|}

kl,...7k6 Cl
< |q (k)| |q (k)| |q (ks)| |q (k)| |q (ks)] | (Ks)]
X 5(1431 — ko + k3 — kg + ks —k‘6), (4.4)

which by applying Holder’s inequality in ¢; in the curly brackets in (4.4) is

< @15 Do s [@slls Y 1@ (k)] 1@ (k)| 1 (ka)| 1T (ka) |7 (ks)]| T (ko)
k1,...,ke

X (5(]€1 — ko + kg — kg + k5 —k6>. (4.5)

By the Hausdorff-Young inequality and Parseval’s identity, we have that

(45) £ il g Nl sl [ d (PGP, (4.6)

where I’ is chosen such that
F=q. (4.7)

By applying Sobolev embedding, we deduce that

(4.6) = ol g llwsll 3 lwsll g 1F %6 S ol g llwall g ewsl g IFIC

= lfwill 3 lwall g ewsl g el , - (48)

For the last equality in (4.8), we used that HF||H% = HqHH%, which follows by
(4.7). O

We recall the definition of the local X*? spaces from Definition 1.7.5.
Lemma 4.1.4. Consider wi,ws,ws € L%(A). Gwen s,e > 0 and v; € Xs1/2—

forj=1,...,5, we let

NQ(U17U27U37/U47/U5)($775) =

/dy dzwi(z —y) wa(y — 2) wz(z — z) vi(y,t) va(y, t) v3(2,t) va(z,t) v5(z,t) . (4.9)
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For e > 0 sufficiently small, we have that for all tg € R and 6 > 0 small

5

NG (r vz, o3, 00, 05)1| oy See 0 lwnll g lwall g sl g T sl oy
[to,to+d] j=1 [to,to+9]

(4.10)
Proof. We first prove the following global version of the estimate (4.10).

5

IN2(01, 02, 03,00, 05) | o —y e Sse lwnll g llwell g lwsll g [T llogll oy (411)
j=1

As in the proof of Lemma 4.1.3, it suffices to show (4.11) when the w;, i = 1,2,3
and v;, j = 1,...,5 are smooth. Given k € Z and n € R, we show that

| (Na(vr, 02, v3,v4,05)) (k)| S llwll 3 lwell 3 lwsll 5

Y /dm---dn55(k1—k2+k3—k4+k5—k)5(m—772+773—774+775—?7)
e

X [v1(k1,m)| |v2(k2, m2)| [03(k3,m3)| [Va(ka, na)| 05 (ks,m5)] . (4.12)

Let us assume (4.12) for the moment. By Parseval’s theorem for the spacetime

Fourier transform, we note that the right-hand side of (4.12) can be written as

lwrll g llwall g llwsll | 3 (FLEF3EuFs)~(k,m), (4.13)
where for j =1,...,5, the function F} is chosen such that
F; = |vj|. (4.14)

Using Definition 1.7.5 we note that (4.12)—(4.13) imply that

IWaor, 02,03, 00, 05)]| o oe < lnll g sl g sl g IR FaBSFAS ] Ly .
(4.15)

We now use the known quintic estimate

5
1 R Fs FaFs|| o yve Sse [T IEG D ogee s (4.16)
j=1

for e > 0 sufficiently small. For a proof, see [26, Proof of (3.56)]. Strictly speaking,
the claim [26, (3.56)] is stated for all Fj being equal, but the proof based on the
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trilinear estimates [26, Lemma 3.29, Corollary 3.30] extends to the general case
verbatim. We omit the details. By (4.14) and Definition 1.7.5, we have that for
j=1,...,5

||FjHXs,—%+E = ”Uj”Xs,—%+s . (417)
The claim (4.11) then follows from (4.15)—(4.17) (provided that we know (4.12)).

We now show (4.12). By expanding all of the integrands as a Fourier series

and arguing analogously as in the proof of Lemma 4.1.3, we compute

NQ(Ula ’L)2,’l)3,’l)4,’[)5)((1),t) =

> /dydz/dm"'d775@1(@)@2(@)@3(C3)51(’f17771)52(k27772)

kl,‘..,k5 <1,<27<3
« Tis(s, 18) m55(k57 75) o2miz(C1—Ca+ks) (2miy(—Ci+Cathi—ks)

x e2miz(—CotCatha—ha) (2mitlm—nztns—natns) (4 18)
From (4.18), we hence deduce that

(Na(v1, v2,v3,v4,05)) “(k, ) =
Z Z /dm -+ dns W1(C1) Wa(G2) W3 ((3) V1 (K1, m1) Va(ka, 12)
k1,...,ks5 €1,(2,(3
x U3(k3,13) Va(ka,na) Us(ks,15) 6(C1 — (3 + ks — k) 0(—C1 + o + k1 — k2)
X 0(—Co + 3+ k3 — ka) 0(n1 —n2 +n3 — N1 415 — 1)

- > Z/dm <o dns 01 (G) W2 (G — k1 + k) W3(C1 + ks — k)

x U1 (k1,m) va(ka, n2) U3(k3,n3) Va(ka, na) 05 (ks,m5)
X 6(ky —ko+ ks —kyg+ ks —k)é(m —m+n3—na+ns—n). (419)

We now deduce (4.12) from (4.19) by arguing analogously as in the proof of Lemma
4.1.3. Hence, we obtain (4.11).

We now prove (4.10) when tg = 0. The general case follows by a suitable
translation in time. We recall (1.21), use (4.11) for V; € X*® such that Viltxjo,6 =

vjlrxp,s for j = 1,...,5, take infima over V;, and deduce the claim by using the
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localisation property’
ba—b
[oll oy S 8% ol (420)

for —% < b <by < % For a self-contained proof of (4.20), we refer the reader to
[26, Lemma 3.11]; see also [83, Lemma 2.11]. The estimate (4.10) now follows. [

Before the next proof, we recall the properties of the local X*? spaces from
Lemma 1.7.6.

Proof of Proposition 4.1.1. By replacing u with e*u, we can reduce to considering
the case? when x = 0. We consider solutions for non-negative times. The argument
for negative times is analogous. Throughout the proof, we consider w; = wy = w3 =
w in (4.9). Therefore, the nonlinearity in (4.1) is equal to Na(u, u, u,u,u). Let us

fix b= % + ¢ for € > 0 sufficiently small. We consider the map
t
(Lv)(-,t) := e ug — i / dt' A Ny (0,0, 0,0, 0) (1) (4.21)
0

In order to show the local existence of a solution, by the Banach fixed point theorem,
it suffices to show that for suitable & > 0 and § ~ ||ug||5% sufficiently small, the

map L is a contraction on the ball
,b
B.— {1} € Xingy» ollyes < MHUOHHS} (4.22)

in the Banach space X [So’bé] for suitable M > 0. By construction, each such fixed
point u will be a mild solution of (4.1) on the time interval [0, ¢], meaning that for
all t € [0, 6], we have

¢
u(-,t) = e ug — i / dt’ AN (wy w, wy i, u) () (4.23)
0

Furthermore, by Lemma 1.7.6 (i), it follows that HUHL;'E[O 5 H3 Smp llwoll s
We now show that (4.21) is a contraction on (4.22). By using Lemma 1.7.6

(ii), (iii) and Lemma 4.1.4 with vy = vy = v3 = v4 = v5 = v, we deduce that
1Zoll o0 < Chlluoll s + C2 6 |[0ll%as (4.24)
[0,6] [0,6]

for suitable constants C7,Cs > 0. Note that C; is the implied constant in Lemma

"n fact, this argument shows (4.10) with §° replaced by §°¢~, but we will not need this estimate
in the sequel.
“Note that this transformation does not change the H* norm.
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1.7.6 (ii). Similarly, we have

120D = Lo < o8 (oD + 10 o =Pl (425)
for a suitable constant C3 > 0. In order to deduce (4.25), we used Lemma 1.7.6 (iii),
as well as the precise multilinear form of Ns given by (4.9), and Lemma 4.1.4 with
v; taking values v @ or v —y@). We have also used the elementary inequality
x4 < Ot + 4ot for 2,9y > 0 to control the cross terms. From (4.24)(4.25),
it follows that (4.21) is a contraction on (4.22) if we take M = 2C} and § ~ ||u0\|;1§
sufficiently small. More precisely, we choose § > 0 such that

CQ 56MSHUO||A}{S S Cl 5 203 5€M4|‘UOHL}{S S (4.26)

1

5"
The above argument also shows the conditional uniqueness of mild solutions

of (4.1) in (4.22). Namely, suppose that u"), u(®) € B both satisfy (4.23) for t € [0, ].

By repeating the earlier arguments, we deduce that

1 _,,@ < C, 8¢ (1))4 (2)14 1 _,@
u u s, u s u s u U s,
| | X[O,b(i] 30°( | X[o’,bs] | | X[o',ba] | | X[O,bé]

< S lu® —u@| e o (4.27)

[0,4]

| =

For the second inequality in (4.27), we used the second condition in (4.26). From
(4.27), it indeed follows that u(!) = «(?). This concludes the proof. O

Proof of Proposition 4.1.2. We first prove (i). The analysis is similar to that of
[9, Lemma 3.10], which we recall in Appendix A.6. We follow the exposition in
Appendix A.6 and explain the main differences. By using Proposition 4.1.3 with

w] = wy = w3 and g = ¢, it follows that

-5 [ dwdydzute—y)uly - wls - )o@ e 6P| S ol el
(4.28)

The estimate (4.28) is the key reduction to the proof of [9, Lemma 3.10].

In particular, given ¢y > 0, it suffices to show that for B > 0 sufficiently small,

depending on ¢y, we have
6
oMl y (W < By € LY (dy). (4.29)

By arguing analogously as for (A.11) (see also [9, (3.11)]), we reduce the proof of
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(4.29) to showing that there exists ¢ > 0 such that for large enough A > 0, we have

Yk orikx ‘ka
E — A E — | <B
M[ \/Ee - ( A ) -

keZ kez 'k
where

S exp(—cMSl/3 ), (4.30)

1
H3

- (3) "

Here, we recall (2.12). In other words, we reduce to the analysis from [9, Lemma
3.10] and Appendix A.6 with p = 6, with || - || ¢ norms replaced by | - HH% norms®
Since the norms are now defined in Fourier space, the analysis in fact simplifies. In

particular, the analogue of (A.14), which is now given by

2 : ake27r1km § : ake2mka¢

|K[~M || ~M

)

L2

1
< M3
HE

follows by definition of || - HH 1 Here, M is a dyadic integer and [k| ~ M means that
3M < |k| < 22L. Similarly, the analogue of (A.21) which is now given by

<1
1T M

H3

z wke%rlk;r

k|~

’
1
H?3

Wi ;
Z e27r1kac
V Ak

k|~

follows by definition of || - HH 1
With My as in (4.31) and

o ~ M7V (Mo/M)V?, M > My,

as in (A.24), the above modifications allow us to deduce that there is M > M, a
dyadic integer such that

> o M. (4.32)

1
H3

§ : Wk e27r1kz

(k|~M

We now conclude the proof of (4.30) by using (4.32) and a union bound as in (A.25)

— (A.30). In order to apply the above union bound argument, one needs to show

3These norms are linked by the Sobolev embedding H 3 C LS.
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that, given a dyadic integer M, and

SESM:{ Z ak627rikx7akec}’

|k|~M

there exists a set = = =Zj; contained in the unit sphere of H -3 satisfying the

following properties.

(1) maxgez|(g, $)| > % HgHH% forall g € S.
(2) |16l < M3 for all ¢ € =.
(3) log|E| S M.

The property (2) above follows from the frequency localisation of ¢ and the assump-
tion that ||¢||z-1/s = 1. Properties (1) and (2) follow from the analogue of Lemma
A.5.1 with the spaces LP and L¥ replaced with H 5 and H™3 respectively. The
modified claim follows from the same proof. We refer the reader to Appendix A.5
for the full details. Claim (i) now follows.

We now prove claim (ii). Once we have the local well-posedness given by
Proposition 4.1.1 above and the tools used in the proof (most notably the multilinear
estimate given by Lemma 4.1.4), the argument follows that of [9, Section 4], which
corresponds to formally taking w = § in (4.1). We outline only the main differences
needed to consider the nonlocal problem (4.1). The main idea is to approximate
(4.1) by a finite-dimensional system and to prove a suitable approximation result.

Step 1. Introducing the finite-dimensional system.

Given N € N*, we denote by Py the operator

Pag(a) = 3 §(k) ¥,

|k|<N

i.e. the projection onto frequencies |[k| < N. We then compare (4.33) with its finite-

dimensional truncation given by the following.

10N + (A — k)ul =
Py[[fdydzw(z —y) w(y — 2) w(z — z) [u¥ (y)|? [ (2) > u™ (2)] (4.33)

uN|4—o = Pnug .

Let us note that, in (4.33), we are applying Py(-) in the z variable. We write the
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solution uV of the finite-dimensional system (4.33) as

uN(z,t) = Y ap(t) ™. (4.34)

|k|<N

In light of (4.34), we identity v’ with a = (ak)kj<n- With this identification, we

can write (4.33) as a Hamiltonian system

day, _ . 9Hn(a)
dt oay,

. M <N, (4.35)

where the Hamiltonian is given by

Hy(a) = Z (4n? |k > 4 k)| ag | +;/dwdydzw(x—y)w(y—z)w(z—x)

|k|<N
2 2 2
> Z ak e27rik:v Z a e27riky Z a e27rikz (4.36)
|k|<N |kI<N |k|<N
and o 1/ 0 0
— == i . 4.37
dap 2 <0Re ay i OImak> ( )

Let us note that (4.36) and (4.37) differ from the corresponding quantities used in
[9]. This is because the convention of the Poisson structure in [9] amounts to taking
{u(z),u(y)} = 2i6(x — y), which differs from (2.46) by a factor of 2. See Remark
4.1.5 below for more details.

Let us show (4.35) in detail. By (4.33) and (4.36), it suffices to show that
for |k] < N, the k-th Fourier coefficient of

Qn(a) := Py /dy dzw(z —y)w(ly — z) w(z — x)

2
§ : ak2627r1k2y § : akse2ﬂ'1k3z

|k2|<N |k3|<N

X

2
Z aklezﬂikl‘”] (4.38)

|k1|<N

equals avgg,k(a) , where

Wy (a) := l/dfcdydzw(x —y)w(ly —z)w(z —x)

3
§ : akle27r1k1:r § : ak2e2mk2y

[k1|<N [k2|<N

2 2

X

§ : ak3€2mk32

|ks| <N

(4.39)
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(The terms corresponding to the kinetic energy are easily seen to be the same and
we omit the proof).

Expanding the factors of w in (4.39) Fourier series, using %ak =1 ay =

a
’ Bak

0, we compute for |k| < N

TN = S Y [ dwdydz 06) 0(6) D) ar, anyan,

k1,....ks5 €1,(2,(3
[kj| <N

% eZTri(<17C3+k17k)x 27Ti(7<1+§2+k27k‘3)y e?ﬂi(*(2+§-3+k‘4fk5)z

Z Z W((3) Aky Oy Aoy Oy Oy

k1,...,ks5 €1,(2,C3
|kj|<N

6(C1— (3 + k1 —k)o(—=C+ G+ ko —k3) 6(—Co + (3 + ks — k) X< - (4.40)

X|k|<N

By similar arguments, we can rewrite (4.38) as

Q =Py Z Z (C3) Qky ko Qfey Ok y Qs
k1,....k5 €1,2,(3
|kj| <N

6(—C1+ G2+ ko — k3) 6(—Co + (3 + ks — k) e2”i(<1_<3+k1)””] . (4.41)

We hence deduce (4.35) by noting that (4.40) is indeed equal to the k-th Fourier
coefficient of (4.41).

By construction, the truncated Gibbs measure

1 - a
dPéibbs,N(a) =g ¢ Hl )f< Z ’%’2) H day, , (4.42)

“Gibbs, N k|<N k| <N

where

v, N —/ [T daxe Na)f( > \%\2) (4.43)

[k|<N [k|<N
is invariant under the finite-dimensional Hamiltonian flow (4.33). Here, we recall
Assumption 2.2.4 and (4.36). The normalisation factor (4.43) is chosen in such that
(4.42) is a probability measure. In order to deduce the invariance stated above,
we used the fact that the flow (4.33) conserves mass. This is true because w is

real-valued by Assumption 2.2.2.
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Step 2. Approximation by the finite-dimensional system.

Having defined the finite-dimensional approximation (4.33) of (4.1), we want
to compare the flow of the two. We prove an approximation result, which is an
analogue of [9, Lemma 2.27] proved for the local quintic NLS. In order to state the
claim, we need to introduce some notation. Suppose that ¢ € C°(R) is a function
such that

- 1
o=1{ Tf <=z (4.44)
0 if |§] > 1.

With ¢ as in (4.44), we define the following Fourier multiplier operators.

(R () =0 (55 )3, Ry =1 Ry (4.45)

We note the following result, which corresponds to Bourgain’s approximation lemma
[9, Lemma 2.27].
Claim (*) : Let A,T > 0 be given. Fiz up € H® with

luol[m= < A. (4.46)
Consider for large N a solution u™ of (4.33) on [0,T] that satisfies

sup[[u ()]s < MA, (4.47)
te[0,7)
for some constant M > 0 independent of N. Then the initial value problem (4.1) is
well-posed on [0,T] and the following approximation bound holds for all sy € (0, s)

sup |[u(t) — u™ ()| g < O(s, 51, A, T, w, M) <HRJJ\F,wHL% n N51_3> . (4.48)
te[0,T]
provided that the expression on the right-hand side of (4.48) is strictly less than 1.
The well-posedness of (4.1) stated above is interpreted in H*! for s; € (0, s).
This claim follows immediately from (4.48) and the local well-posedness in H*!
which we obtain from Proposition 4.1.1. We present the details of the proof of
Claim (*) in Section 4.1.2 below.

Let us note that for w € L%, we have that
~ + _
Jim | Rfwl], 5 =0, (4.49)

hence (4.48) is an appropriate bound. In order to prove (4.49), we first recall (4.45)
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and use Lemma 1.7.2 to deduce that
+
RNl 3 2 ST, (4.50)

uniformly in N. Now, we note that (4.49) holds for all w € L3 whose Fourier
transform is compactly supported. Namely, in this case, we have that R]J\r,w = 0 for
large enough N. Such w are dense in L%, so we deduce that (4.49) holds on all of
L3 by using density and (4.50).

Step 3. Conclusion of the proof. Once we have the approximation result
from Step 2, the proof follows identically to that given in [9, Sections 3-4]. We refer
the reader to [9] for details. O

Remark 4.1.5. In our convention, we write the fields as

u(a) =Y (pk +ig) ™"
k

where pr := Ret(k),qr := Imu(k). We work with p; and ¢ as the canonical

coordinates. Our convention for the Hamiltonian system is

_10H
Pk =2 dq, (4.51)
. 1 9H
qk = —5 Opr

and our convention for the Poisson bracket is

1 0g1 0g2  O¢ 892>
g} = LS (991 992 991 092 4.52
o192} 2 Zk:<3% Opr  Opr Oqi (452)

We note that, with the Poisson bracket as in (4.52), we have

{u(z),u(y)} =

Z(ie2wikz e~ 2miky _ eQwikz(_i)e—%rik:y) _ IZ eZwik(m—y) _ 15(58 _ y) )
k k

DN | =

Similarly, we have {u(z),u(y)} = {u(z),u(y)} = 0. Therefore, the Poisson bracket

U
convention in (4.52) coincides with (2.46).

4.1.2 Proof of the approximation lemma from Step 2

In this section, we give the details of the proof of Claim (*) given in Step 2 of the

proof of Proposition 4.1.2 (ii). In particular, we prove the estimate (4.48). Before
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proceeding with the proof, we prove a multilinear estimate.

Lemma 4.1.6. Let usﬁxb:%+€for€> 0 small and s1 > 0. Forty € R, 6 >0,
and v € X[i)lzs]’ and Na(v,v,v,v,v) as in (4.9) with w; = wy = w3 = w, we have

IN2(v,v,v,0,0) — PNNa(v,v,v,0,0)|

s1,b—1

X[tovto+5]

<6 ||lwl|? 5 [Jv)|* ( Rtw v ’
lwll” 5 vl xet [Rywl sl Hx[f%fgﬁé

]HIUJIILgIIR nllx Xt
to

)

to

Here, we recall (4.45).

Proof. We write

N, 0,0,0,0) — PrNa(v, 0,0, 0,0) —
/dydz (2~ y)wle — 2)v(a,t) — Py [ulz —y)w(z - 2)o(z.0)
xw(y — 2) [v(y, )] [v(z, )] (4.53)
We write
w=Riw+ Ryw, v(,t)=Riv(,t)+ Ryv(-t) (4.54)

for all the terms appearing in the curly brackets in (4.53). By (4.44)—(4.45), it
follows that

Ryw(x —y) Ryw(y — z) Ryv(z,t) — Py [R]_Vw(a: —y) Ryw(y — z) Ryv(z, t)} =0.
(4.55)
The claim follows by combining (4.53)—(4.55) and Lemma 4.1.4. O

Proof of Claim (*) from the proof of Proposition 4.1.2 (ii). By arguing analogously
as in the proof of Proposition 4.1.1, we can reduce to the case when x = 0. Let us
note that the local well-posedness argument in the proof of Proposition 4.1.1 carries
over immediately to the finite-dimensional approximation (4.33). This is because
the operator Py is a contraction on X*°. In particular, there exists 6 ~4 1 such
that both (4.1) and (4.33) are well-posed on [0,0] in H*' whenever the initial data
is bounded in the H*' norm by M A+ 1. By construction, this is possible if we have

FA < 1. (4.56)
By recalling (4.33), (4.46), and by using frequency localisation, we have that
[u(0) — u™N (0)||gs1 S N *A. (4.57)
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Define U := u — u”. Then, U solves the following difference equation.

10,U + (A — k)U = Na(u, u, u, u, u) — PoNo(uV, uV, u, ulV, ulV),

4.58
Ulio = u(0) — u™(0). (458)

Arguing analogously as in the proof of Proposition 4.1.1, but now in the context
of (4.58) (instead of (4.1)), and using (4.47), it follows that there exists Ty < d
depending only on A such that for all N, we have

sup |u(t) — u™ ()l < [lu(0) — u™ (0)]| 701 - (4.59)
te[0,To]
We note that the implied constant in (4.59) is independent of N. Let us fix og € (0, 1)
arbitrarily small. From (4.57) and (4.59), we have that

sup |u(t) — u™ (t)|| g1 < o0 (4.60)
te[0,To]
for all N large enough (depending on o0g, A, s, s1). For the remainder of the proof,

we consider such N.
Combining (4.47) and (4.60), it follows that

(T}l < [ (To) s + 09 < MA+1. (4.61)
We now introduce the following Cauchy problem.

00V + (A — m)oN = [dydzw(z —y) w(y —2)w(z — ) oV ) oV ()2 0V (2)
Nt = uN (1) .
(4.62)
Let us compare (4.62) with the flow of (4.1) started at ¢ = Tp. Again arguing
analogously as in the proof of Proposition 4.1.1, but now in the context of (4.62), it
follows that we can take 6 ~4 1 possibly smaller satisfying (4.56) and obtain that
(4.62) has a solution on the time interval [T, Ty + 6] which satisfies

sup Ju(t) — o™ ()| ms < Kllu(To) — o™ (To) || s
tE[TmT()-‘r(S]

= Klu(To) — u™ (To)|| g1 < Koo, (4.63)

for some constant K > 0. In (4.63), we recalled the initial condition in (4.62), as
well as (4.60).
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Let us now compare v™¥ (t) and u™ (¢) for t € [Ty, To+6]. For the remainder of
the proof, we always set wy = wy = w3z = w when working with the quantity N5 in
(4.9). By (4.33), (4.62), and Duhamel’s principle, we have that for all t € [Ty, T+ ]

t
oV (t) — uN(t) = —i / dt' AP ¢ (4.64)
To

where
L= Ny, o, o™, o o) — PyNo (0, o o oY ulY). (4.65)

Using (4.64)—(4.65) and Lemma 1.7.6 (iii), we deduce that

R T P ) N e
[Ty, To+95] TO To+3]
< HNQ(UN,UN,UN,UN,UN)—PNNQ( N, N N, N N HXSl b—1
(To,To+3]

—|—HPNNQ(UN,’UN,UN,’UN,UN)—PNNQ( NN uN uN u) HXslb 1

[To,To+9]

= I+1II. (4.66)

We estimate the terms I and II in (4.66) separately.

Let us first estimate /. By Lemma 4.1.6, we have that
I <6 ||wl|? s |[vV]|%, <R+w ol . + l|w REoM|| o )
S Y Tl (L 2 Y P L 1 sl Py
(4.67)
Let us note that
[0V 5.0 SA. (4.68)
[To,To+9]

In order to obtain (4.68), we note that for ¢ as in (4.56), we can argue as in the
proof of Proposition 4.1.1 and obtain well-posedness of (4.62) on the time interval
[To, Ty + 6] since |[vN(To)|lgs = |u™(To)||zs < MA by (4.47). From (4.68), we

obtain

[0 S A (4.69)
[To,To+9]
and
IREVN o0 SNTTPA. (4.70)
[T07TO+‘S]

In order to deduce (4.70) from (4.68), we recall (4.45) and use frequency localisation.
Combining (4.56), (4.67), and (4.69)—(4.70), we obtain that

15 wl2y ARz wl g+ N ol 5). (4.71)
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s1,b—1

Let us now estimate II. Since Py is a contraction on X Ty To+o)» We have
that
N N _ N _N N N N _ N _ N N
II§HN2(U cot ot ot o) = Mo (ut ut  utt  ut  u )HX[Sl,bq - (4.72)
Ty, To+5

By recalling (4.9), using multilinearity, and using Lemma 4.1.4, it follows that the
right-hand side of (4.72) is

SO [lw|? 5 flu™ — o] e <UN4 105 ) L
S O flwll g \IXE07T0+6] | HX[STlo,z;TM | HX[sTl(fTM (4.73)

By arguing analogously as for (4.69), we have

|| < A. (4.74)

s1,b
X1y, To+5]

Using (4.69), and (4.74) in (4.73), it follows that

Xsl,b . (4.75)

TS5 A Jwl®  u® = oV
L2 [Ty, To+3]

We combine (4.66), (4.71), (4.75), and choose 0 ~4 1 possibly smaller satisfying
(4.56) to deduce that

all

Jo™ — S ol AQNREwll g+ N ol ) (4.76)

s1,b
X[To’TmL

Combining (4.76) and Lemma 1.7.6 (i), it follows that

sup ()~ (Olae S ol A(IRGwl g + N2l ). @7)
tE[To,To-‘ré]

Using (4.63) and (4.77), it follows that

sup [fu(t) —u® (1) 1+ < Co llwll?y A(IRRwll g+ Nl 3 ) +Koo =: 01
te[To,To+9]
(4.78)

for some constant Cyp (which depends on s and s;, but we suppress this dependence
here).

We now iterate this construction. Namely, we start from the time interval
[To + (7 — 1)d, Ty + j6] on which we have

sup Ju(t) — u™ ()| s < 0y
te[To+(5—1)6,To+359]
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and use the above arguments to deduce that

sup lu(t) = u™ (O)[lzs < 041,
te[To+56,To+(j+1)d]

where
041 = O w2y A(IBwll g + N |lwll 3) + Koy (4.79)

The iteration step is possible provided that

oj <1. (4.80)
(Recall (4.60) and (4.61) above).

From (4.79), by recalling (4.49), it follows that (4.80) holds for all j < [T'/d]
provided that oq is chosen sufficiently small and provided that N is chosen large
enough. Note that

17/5]
0,71 C [0, To]U | J [To+ (G — 1)8, T + 5] .
j=1

The claim then follows.
O

4.2 The time-independent problem with bounded inter-

action potentials. Proof of Theorem 2.2.6

In this section, we consider w as in Assumption 2.2.1 above. Our goal is to prove
Theorem 2.2.6. As a preliminary step in the analysis, we expand the quantum and
classical states into a power series. As in the cubic case, we note that, due to the
presence of the cut-off, the resulting series are analytic in the complex plane. The
precise series in the quantum and classical setting are respectively given in (4.83)
and (4.88) below. In Section 4.2.1, we state several estimates that will be used in the
analysis. In Section 4.2.2, we explicitly compute the expansion for the quantum and
classical states mentioned above. In Sections 4.2.3 and 4.2.4, we prove bounds on the
explicit and remainder terms of the resulting series. In Section 4.2.5, we comment
on how to use this to prove Theorem 2.2.6, provided that we have convergence of
the untruncated explicit terms given by Proposition 4.2.13. We prove Proposition

4.2.13 by using graphical methods in Section 4.2.6.
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4.2.1 Basic estimates

Throughout this section, we fix p € N* and take & € L’(h(p)) unless stated otherwise.
We have the following estimates on the quantities ©(¢) and ©(¢) defined in (2.72)
and (2.59) respectively. We note that Lemmas 4.2.1 and 4.2.2 are also stated in the

cubic case, however we state them again to be self-contained.

Lemma 4.2.1. For any n € N*, we have

H@r(f)‘h(n)

< (%) el

0©)] < llel7lI€]-

Lemma 4.2.2. We have

Lemma 4.2.1 follows from [45, (3.88)], and Lemma 4.2.2 is a consequence
of (2.59). We also have the following estimates on the classical interaction, which

follows immediately from Hélder’s inequality.

Lemma 4.2.3. Suppose that the classical interaction W is defined as in (2.51).
Then for w € L (A), we have

1
W] < Sllwllz=<llllze-

We also collect some estimates about Schatten space operators. The following
result follows from the spectral decomposition of | 4| = vV A*A.

Lemma 4.2.4. Let ‘H be a separable Hilbert space. Suppose 1 < p1 < py < oo and
A e &P Y (H)NGP2(H). Then

I Allgr2(2) < [ Allgpr () -

We also recall Lemma 3.1.5, which is Holder’s inequality for Schatten spaces.

4.2.2 Power series expansions of the classical and quantum states

In this section, we compute the power series for the quantum and classical states.
Let us recall (2.68) and (2.72). We note the following identities.

_ ﬁ‘r,l(@‘r(g))

pr(0-(§)) = ) (4.81)
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where for z € C, we let

Bra(A) = Zl T (e 0 (L)) (4.82)

and recall 1 is the identity operator on F. Let us also define
FE(Z) = ﬁT,Z(@T(f)) . (483)
Let us note the following result.

Lemma 4.2.5. For M € N*, we have F&(z) = M 2™ + REM(Z). Here,

1 1 t1 tm—1
e T&"((—l)m / it / dty .. / ity ©,(€)e~ (1t oYy,
’ Zr0 0 0 0

x e~ (1=t [y o= (tmr=tm)Hroyy o=tmHro f(/\/’T)> . (4.84)

and

1 1 t1 tm—1
RE,M(z) =2 Tr((—z)M/ dt1/ dts / dtpr O, (€)e” 1m0y
7,0 0 0 0

« e~ (t1—t2)Hro WTe(tM—1tM)Hr,oWTetm(Hr,o+zWT)f(j\[T)> . (4.85)

Proof. By performing a Duhamel expansion up to order M, we obtain the following

result. More precisely, we use the identity
1
SXHY _ X / gt o(1-DX 3 X H1Y
0

M times in (4.82)—(4.83). O

As before, given g : C — C, and any operator A : F — F, that commutes
with N, we note that A also commutes with g(N;). This is because the operator
g(N;) acts on the n sector of Fock space as multiplication by 2. In particular, it
follows that that, for every a > 0, f*(N;) commutes with any operators of the form
Wi, e o o= tHrot2Wr) occurring as factors in the integrands in (4.84)(4.85)
above. We use this fact without further mention in the sequel.

Let us recall (2.57) and (2.59). By analogy with (4.81), we rewrite the
classical state as

NACG)

plO(6) = PLTs2,

(4.86)
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where for a random variable X and z € C, p, is defined as

p2(X) = /d,uXe_sz(/\/'). (4.87)

For z € C, we define
F4(2) = p.(O(€)).- (4.88)

Then we have the following analogue of Lemma 4.2.5.

Lemma 4.2.6. For M € N, we have F&(z) = Y M1 4§, 2m +R§M(z). Here

m=0
s, = ) [aneemm s, (4.89)
and o
1,(2) = S [anemwe V), (4.90)

for some z € [0, z].

4.2.3 Analysis of the quantum series (4.83)

In this section we prove that the explicit and remainder terms defined in (4.84) and
(4.85) satisfy sufficient bounds for (4.83) to be analytic.

Lemma 4.2.7. For any m € N and ag,m defined as in (4.84), we have

af. | < (K Jlwllze)™ K7 |I€]
T, mil — 3mm|

(4.91)

Proof. We argue similarly to the proof of Lemma 3.2.2. Lemma 3.1.5 implies

1 1 t1 tm—1 1
< /ﬂcﬁljp d”"ﬁ/ dunHGT@)fﬁﬂ%Aﬁ)
Zr0 Jo 0

6°°(h HH e

&> (h)

. . (4.92)

s e
et )

where we take the convention ¢y := 1 and ¢,,41 := 0. Noting that

He_SHT’OHGl/s(h) = (Zr0)*,

since e #1170 is a positive operator, it follows from (4.92) that

@6l < - [Or@F 7))

S w7 ) :m(m -

(4.93)
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Noting that W; acts on h(™ as multiplication by

1 n
3.3 Z w(x; —xj)w(z; — op)w(xy — x4) ,
i7j7k
-

and recalling Lemma 4.2.1, we have

[rrms |y < 5 () Tl 7 (5)] < KC0lte . (490

&™) T 3 \T

Here we have also used the support properties of f as in Assumption 2.2.4, namely
(2.54), and that || f||z < 1. Using Lemma 4.2.1 and Assumption 2.2.4, we have

le-@rmanl,,,,, < KNl (4.95)

Then (4.91) follows from (4.93), (4.94), and (4.95). O

In order to estimate Rf 1 (2), we apply the Feynman-Kac formula, which we

recall from Proposition 1.7.12.

Lemma 4.2.8. For any M € N and RiM(z) defined as in (4.85), we have

(K3 [Jw|)3 )M KP|&|| M
3M 1 2

[RS 1y (2)] < eAET R0l (4.96)

Proof. By arguing similarly as the proof of Lemma 3.2.3 and (3.23), it suffices to
show that for ¢ € [0,1], we have

<e—t(HT,0+sz)f% (NT)> (n)

(X;y)' < AFR@II e (o~tH0)™ vy (47)

where A denotes the kernel of A restricted to the n'* sector of Fock space. Noting
that

n n

(WT)(H) (x;y) = 33 Z w(x; —xj)w(z; — op)w(zy — ;) Hé(azl -,
igk =1
i#jFkFE

(n)
we can rewrite (e_t(HﬂOJFZWT)f%(NT)) (x;y) using Proposition 1.7.12 as

/Wt (d) e*an*fot dSZ<z;%szzl;éj;ék;éiwi,j(@(S))wj,k@(s))wk,i(@(S)))f% <ﬁ> . (4.98)

T
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In (4.98), we have written & = (wi,...,w,) and Wi  (d2) = [[L, WL, , (dw).

Z1,Y1
Furthermore, we have abbreviated w; ;(x) = w(z; — x;) and

n n
i#j Ak 0.5,k
i#j Ak
all of which we use in the sequel. Using the triangle inequality, it follows that (4.98)

is in absolute value

__tkn

< / Wi, (dw)e™ -

o o 52 (T Tl e s G @ @) ¢4 (4]
.
(4.99)

Using Proposition 1.7.12 once more, we deduce that (4.99) is

o o 2 (5 T pppi i s @) (B(5) e (@(5))) 1 (ﬁ)

. (eftHﬂo) (n) (X, y) )

(4.100)

< sup

w

Arguing as in (4.94), we have

sup
w

o Jo 52 (52 e i @) (@(5) i o (B(5))) 15 (n)’ < AEReE e
T
(4.101)

Combining (4.100) and (4.101), we obtain (4.97), thus completing the proof. O

Combining the bounds proved in Lemmas 4.2.7 and 4.2.8 with Taylor’s the-

orem yields the following corollary.

Corollary 4.2.9. F&(z) = Y% a§-7mzm is analytic on the whole of C.

m=0

4.2.4 Analysis of the classical series (4.88)

We now prove that the explicit and remainder terms defined in (4.89) and (4.90)
satisfy sufficient bounds for the function defined in (4.88) to be analytic on C.

Lemma 4.2.10. Let m € N and o, be defined as in (4.89). Then

(K Jlwlfz0)™ KPIIE]|

T (4.102)

’aﬁn‘ <
Proof. Using Lemma 4.2.2 as in the proof of Lemma 3.2.5, it is sufficient to prove
that

W (V)] < 5Kl (4.103)



Using Lemma 4.2.3 and (2.54), we have

—

1 1
WFET )| < S K3 w75 1o

w

Here we recall that N' = H(pHg Noting that ||f||z~ < 1, (4.103) follows. O

Lemma 4.2.11. Let M € N and R, () be defined as in (4.90). Then

M
K3|wl|3)™ KP|E|| .
M13M ¥

7 (2)] < e Re ( (4.104)

Proof. We note that Lemma 4.2.3 and (2.54) imply that for any Z € [0, 2], we have
(efzwfﬁw)’ < 5 KPRl w0
Recalling (4.90) and using Lemma 4.2.10, we obtain (4.104). O

Combining Lemmas 4.2.10 and 4.2.11, we have the following corollary.

Corollary 4.2.12. F&(z) =Y | a$,2™ is analytic on the whole of C.

4.2.5 Proof of Theorem 2.2.6

We note the following result, whose proof we defer to Section 4.2.6 below.

Proposition 4.2.13. Let v > 0 be fized. Let C, be as in (1.13). Define

t1 1
Tr</ dtl/ dits .. / dtm @T(g)e_(l_tl)(HT’0+ny)WT

—(t1—t2)( TO+VN‘I')W e —(ta—t3)( T,0+VNT)."

y e—(tm1—tm)(HT,owa)WTe—tM(HT,wNT)) , (4.105)

abw = (Z1” /du eEWme V. (4.106)

m m!
Then, the following results hold uniformly in & € C,,.

(i) |o$t,,| <

(m,p,v).

(ii) im0 O3 = sy
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Proof of Theorem 2.2.6. By using Proposition 4.2.13 and by arguing analogously as

for Lemma 3.2.10, we deduce that for m € N, we have
=as,, (4.107)

uniformly in £ € C,. We then combine (4.107) with Corollary 4.2.9, Corollary 4.2.12,
Lemma 4.2.7, Lemma 4.2.10, and the dominated convergence theorem to deduce that

for all z € C, we have

lim Sup|FT£(z) - Fg(z)‘ < li_}rn Z sup |as,, —a5,||z|™ = 0. (4.108)
T—00 o gecp ’

T—00 fECp -

The claim (2.75) follows from (4.108) by taking p = 0 and recalling (2.56),
(2.69)—(2.70), (4.82)—(4.83), and (4.87)—(4.88) above. Note that by convention, when
p = 0, there is no observable £ in the analysis above. Moreover, we take A = 1 in
(4.82) and X =1 in (4.87), respectively.

The claim (2.74) follows from (4.108) by a duality argument. More precisely,
by using (2.68) and (2.71)—(2.72), we have that for all £ € £L(h®))

pr(0:(8) = Tt (47, €).. (4.109)

Analogously, by using (2.57)—(2.59), we have

p(O(§)) = Tr (9 §). (4.110)

Recalling (4.81) and (4.86), we see that (4.108) implies

lim sup o (©(€))  p(O(€))] = 0. (4.111)
T—00 gecp
From (4.109)—(4.110) (and taking suprema over { € B,), we immediately
deduce the weaker analogue of (2.74) given by

1 [y = ol = 0- (4.112)

We upgrade (4.112) to (2.74) by noting that v, > 0 and 7, > 0 in the sense of
operators and that lim,_,o Trvy;, = Try,. The former claim follows from Lemma
3.2.14, whose proof carries over directly to the quintic setting. The latter claim from
(4.109)—(4.111) by taking £ = 1, € Cp. For the details of the last step, we refer the
reader to [29, Lemma 4.10] and Lemma 3.2.16. O
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4.2.6 Graphical analysis of the untruncated explicit terms. Proof
of Proposition 4.2.13

In this section, we prove Proposition 4.2.13 stated above. For the proof, we use a
graphical argument similar to that used in [29, Sections 2.3-2.6 and 4.1]. The graphs
will be different, due to the three-body interaction. The essence of the argument is
quite similar. For completeness, we review the proof and refer the reader to [29] for

more details and motivation. In what follows, we denote
0
by =050, (4.113)

where we recall (4.105)—(4.106). Let us note that it suffices to show Proposition
4.2.13, when v = 0. The general claim follows from this one (with possibly different
constants depending on v) by replacing  in (2.6) with x + v. In Subsection 4.2.6,

we show that

o] < Clmop). (4.114)

uniformly in § € °B,. In Subsection 4.2.6, we show that

lim b5 = bS

T,m m
T—00

(4.115)

uniformly in £ € B,. In Subsection 4.2.6, we show that (4.114)—(4.115) hold for
¢ = 1,. The latter requires a slightly modified graphical structure. Putting these
steps together, we complete the proof of Proposition 4.2.13.

Proof of (4.114) uniformly in £ € B,

We begin by recalling a number of definitions and results from [29]. Throughout,

we abbreviate ¢, := ¢ (ux), where the uj, are defined as in (2.9) above.

Definition 4.2.14. For t € R, we define the operator valued distributions (e"*/7¢.) (z)
and (eth/Tgoj) () as

(eth/r%) (z) = Zetxk/rwc(a:)cpﬂka

keN

(/75 (2) 1= 3 o™/ Tap(a) % i

keN
Here, we recall (2.8).

In what follows, we use the result of [29, Lemma 2.3].
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Lemma 4.2.15. Fort € R we have,
e (w)e o = (M7 (2),  erog, (z)e im0 = (&7, ) ().

Here, we recall the definition (2.64) of Hrp.

The following result follows from Lemma 4.2.15 and the definition (2.63) of
Wi see also [29, Corollary 2.4].

Lemma 4.2.16. Fort € R, we have

otHr0 Yy o tHro _ ;/dx dy dz (eth/TSD:) (2) (eth/7¢i> (v) (eth/790:> (2)

xw(z = yluly — 2wz o) (70 ) (2) (e 70r) () (70, ) (2).

(4.116)
Given a closed operator A on F, we define
Tr(AeHr0)
. = 4.117
pral) = 7 s (1117)

Furthermore, let us recall (4.113) and (4.105). Using Lemma 4.2.16 and the cyclicity
of the trace, it follows that for all m,p € N and £ € 95,,, we have

e _(=ym h el
Vsm = 5 ), dty ; dity. .. ; dtm G5 1 (t) (4.118)

where t := (t1,...,t,) and

gﬁjm(t) = /dwl o dTgpdyr .. dYmypdzr .. d2y,

m
X (H w(mi - yi)w(yi - Zi)w(zi - x%)) f(xm—kla <o Tmtpy Ym41, - - - 7ym+p)

i=1

oo TL[ (772) o (¢762) ) (¢762) ()

=1
" (eftihf/%) (2:) (eftihT/T(pT) (1) (eftihf/%) (Z”}
X ﬁ 7 (Tmti) ﬁ %(ym+i)> . (4.119)
=1 =1

Here and throughout all of our products are taken in the order of increasing

indices. We now fix m, p € N and define an abstract vertex set ¥ containing (6m+2p)
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elements as follows.

Definition 4.2.17. Given m,p € N, we define ¥ = ¥(m, p) to be the set of triples
(4,r,0) with ¢ € {1,...,m+1}. If i € {1,...,m}, we consider r € {1,2,3} and if
i=m+1, we take r € {1,...,p}. Finally, we take § € {£1}. We write* o = (i,7,0)
and write the components of « as i4,74,0,. We use the lexicographical ordering
on X to order the vertices, which we denote by <. If « < 8 and a # [, we write
a < (. To each vertex a = (i,7,0) € X, we assign a spatial integration variable
Zo. Moreover, to each i € {1,...,m}, we assign a time t;, and take t,,11 := 0 by
convention. Where convenient, we write z; ,. 5 or t; ;. 5 instead of &, or ¢, respectively.
Let us write
X = (Ta)aexy € A, t:= (ta)acy € R>.

We only consider (t1,...,t,) to be in the support of the integral from (4.118). In

other words, we always take t € U = U(m), where
Y = {t ERE :ti,r,6:ti WithO:tm+1 <tp <---<t1 < 1}_ (4.120)

In the discussion that follows, we fix m,p € N as well as § € B,,.

Remark 4.2.18. We interpret the integrand in (4.119) in terms of the set ¥ in
Definition 4.2.17 as follows. Each occurrence of ¢X(-) or ¢%(-) corresponds to an
element of ¥. For i € {1,...,m}, i denotes that we are working with the 4"
interaction, and hence that we are considering a factor of the form (etihf/ T(pi) ()
or (e7th/Tp ) (). When § = +1, it is the former and when § = —1, it is the
latter. The index r = 1,2, 3 refers to the integration variable x;, y;, z; respectively.
Furthermore, when ¢ = m + 1, we consider the factor ¢ (Zm+,) and when 6 = +1,
and the factor ¢, (Ym+r) when § = —1; see Figure 4.1 for a graphical representation.
Let us also note that

a<f = 0<ty—tg<l. (4.121)

Let us recall the quantum Wick theorem.

Lemma 4.2.19 (Quantum Wick theorem). Let A1, ..., A, be operators of the form
Ai = b(fi) or Ai = b*(fi), for fi,...,fn € b. Here, we recall (2.24)-(2.25). We
then have

pT,O(Al T An) = Z H pT,O(Ai‘Aj) )

e M (n) (i,5)eld

“We emphasise that this is a different object than the aif’m in (4.105)—(4.106) above.
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1,1,1 1,2,1 2,1,1 2,2,1 3,2,1

4,1,1 4,3,1
[ ] [ ] [ ]

1,1,-1 1,2,-1 < >
L] [ (]

4,1,-1 4,3,-1

1,3,-1 3,3,-1

Figure 4.1: An unpaired graph from Definition 4.2.17 with m = p = 3. The black
dots correspond to factors of ¢-(-) and ¢%(-). The wavy lines correspond to factors
of the interaction potential w.

where, as in Proposition 2.1.2, M(n) denotes the set of complete pairings of {1,...,n}.
The edges of 11 are now labelled using ordered pairs (i,j) with i < j. Here, we also
recall (4.117).

For a self-contained proof of Lemma 4.2.19, we refer the reader to [29, Lemma
B.1]. Asin [29, Section 2], we use Lemma 4.2.19 to simplify the expression (4.119).

Before proceeding, we define a few objects which we will use in the analysis.

Definition 4.2.20. Given II a pairing of X, i.e. a one-regular graph on 3, we regard
its edges as ordered pairs («a, §) such that o < 3. We then define B = P(m, p) to
be the set of pairings IT of ¥ satisfying 6,63 = —1 whenever (o, ) € II; see Figure
4.2.

Figure 4.2: A graph with m = p = 3 with a valid pairing from Definition 4.2.20.
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Definition 4.2.21. For a € ¥ and t € *U, define

tah/T,  * N ifo=1,
Ba(x,t) := (e_ #7) (a) 1 (4.122)
(e tah/To ) (z0) i 6=—1.

Definition 4.2.22. For II € 8 and t € U, we define

IE(t) =

)

m

/E dx [ (lU(fUz',l,l — i) w(i21 — Tig)w(@izy — vin) [ [ 0(@ir — ifz',r,l))
A Z— T

3
1)
=1
X st s mipi et o Ymip) [ pro(Ba(x )Bs(x, ). (4.123)
(a,8)€11

We can now state the simplification of (4.119) that we will use in the sequel.
Lemma 4.2.23. For t € U, we have g5, (t) = > ey Ir(t).

Proof. We follow the proof and use the notation used in [29, Lemma 2.8]. Namely
for o € X, to each z,, we define a corresponding spectral label k, = k; ;. 5, and write
k := (ka)aecx- Let us recall (2.9). For [ € N, we let

upif 6 =+1,
u; =

w if 6 = —1.

From (4.122), it follows that
Ba(x,t) = Y efletmal Ty (24)A0(k), (4.124)
ko €N
where we define
i 6= +1,
Aa(k) — (ka
Pr. ke ifo=-1.
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Using (4.124) in (4.119), we have

95 (t) =
m 3
/ dx H (w($¢,1,1 —zio1)w(Ti2n — i3 1) w(Tiz1 — Tin) H S(ziry — xi,r,1)>
A r=1
X §($m+171,1, - Tm41,p,15 Ym+1,1,—15 - - - 7ym+1,p,—1)
> KH eaataxﬂka/rug&(xav Pr0 (H Aa(k))] . (4.125)
k Q€Y a€l

The result follows from applying Lemma 4.2.19 to (4.125) and using (4.124). O

We define the following bounded operators.

Syp=e MTift >0,

—th/T

€
T

ift>-—1.
Here we note that G, is the time-evolved Green function.

Lemma 4.2.24. Fort > 0, both G and S;; have symmetric, non-negative kernels.

Proof. Since both S;; and G; are self-adjoint, it follows from Proposition 1.7.12
that their kernels are non-negative and thus symmetric. See [29, Lemma 2.9] for

more details. OJ

We thus have the following result for computing the free quantum states of

products of pairs of B,; see [29, Lemma 2.10].
Lemma 4.2.25. Suppose o, 5 € X with o < .

1. If 0o = 1 and dg = —1 with t, —tg <1, then
pro (Ba(x,t)Ba(x,t)) = Gr (1, —15)(Ta; Tp) -
2. If 6o = —1 and dg = 1 with to, —tg > 0, then
1
P70 (Ba(X, t)Bﬂ(Xv t)) = GT,taft,(g (xa; 33,8) + ;S‘r,taftﬁ (xa; xﬂ) .

3. For both (1) and (2), by Lemma 4.2.24, we have pro (Ba(x,t)Bs(x,t)) > 0.
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We define a second, coloured graph, where we collapse the left-hand side
vertices of the original graph. In other words, we identify z;,; and x;, 1 for
i < m. In order to make this precise, we use first define the following equivalence

relation.
Definition 4.2.26. For o, 8 € X, we write o ~ 3 if and only if i, = ig < m and
Ta = 7"5.

Let us now implement Definition 4.2.26 in the graphical structure.
Definition 4.2.27. For each II € B, we define the coloured graph (Vi1, Er, om1) =
(V,E,0) as follows. V := 3/ ~ is the set of equivalence classes of ¥ under ~. For
a € X, let us denote by [a] its equivalence class under ~. For each edge («, ) € II,

we obtain an edge e = {[a], [5]}, and we denote by E the set of edges obtained in

this way. Finally, we define the colour of an edge e € F as

o(e) :=d3. (4.126)

4,1,1 4,1,3

1,3 3,3

Figure 4.3: An example of the coloured graph from Definition 4.2.27 with the same
pairing as Figure 4.2. The wider dotted edges have colour —1, and the finer dotted
lines have colour 1.

Remark 4.2.28. We make the following observations about (V, E, o).

1. The set V inherits a well-defined total order from ¥ defined by [a] < [5] if
< [p] if

a < . We also adopt the same convention as before to write [o]
a < p.

2. We can write V' as the disjoint union V = V5 LI V;, where
Vo :={(i,r)|ie{l,...m},re{1,2,3}}, Vi:={(m+1,r,£1)}.
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Note that then each vertex in V; has degree j.

3. We write conn(E) to denote the set of connected components of E. Thus
E= I—'PEconn(E) P. We call P € COHH(E) a path of E.

We now fix m,p € N and II € B, and let (V, E, o) be the associated graph
defined in Definition 4.2.27. For each x € A” and t € R*, we associate integration
labels y := (yq)acv € AV and s := (s54)acy € RV defined by

Yo = T[a]s Sa 1= g (4.127)

for any a € 3. It follows from Definition 4.2.17 that the definition above does not
depend on the choice of vertex ow. We note that (4.121) implies

a<b = 0<s,—5,<1, (4.128)
and

Sq = Sp if and only if i, = i, (4.129)
where we have used a slight abuse of notation to write iy := i[y).

Definition 4.2.29. We say that a path P € conn(FE) is closed if all of its vertices
are in V5. Otherwise we call it open. We also denote by V(P) := J,cpe and
Vi(P) =V (P)nVi.

Definition 4.2.30. For y € AV and s € RY satisfying (4.128), and e = {a,b} € E,
we define ye := (yq; yp) € A° and the integral kernels

x(o(e) =1)x(sa # sb)STs o (ye),  (4.130)

Tre(Yer8) = Gy p(e)(sasy) (Ve) - (4.131)

jf,e(}’ev S) = G‘r,a(e)(safsb) (ye) +

Here, we recall (4.126).

Although both of the operators (4.130)—(4.131) always Hilbert-Schmidt, we
never estimate them in the Hilbert-Schmidt norm as we want to prove estimates

which are uniform in s. In the sequel, let us write

y = (y1.y2), (4.132)

with y; := (Ya)aev;. Slightly abusing notation, let us also write

EUm+1,1,15 -« > Ymt1,p,15 Y 1,1,—1s - - s Ymt1p—1) =: E(¥1) -
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Lemma 4.2.31. Fort € U and s defined as in (4.127), we have

It (t) = /AV d}’<Hw(y¢,1 — yi2)w(¥iz — ¥i3)w(yis — y¢,1)>§(y1) [ Freyers).

i=1 ecE
(4.133)

Proof. We define a map T : AV — A¥ by Ty := (Yja))acx- Then T is a bijection
from A onto the subset of A defined by

{xe A” | ip1 = a1 forallie {1,...,m},re{1,2,3}}.
From Lemma 4.2.25 and Definition 4.2.30, it follows that
pr0 (Ba(Ty, t)Ba(Ty,t)) = Tre(Ve:s) ., (4.134)

where (a, ) € II is chosen such that [a] = a and [§] = b. By making the change of

variables, we obtain x = T'y, (4.133), as was claimed. O
Let us note the following corollary.

Corollary 4.2.32. Fort € U, we have

En®] <ol [ aylel [ Tretvers). (1135)
AV eck
Proof. This is a consequence of Lemmas 4.2.31 and 4.2.25 (3). O

Lemma 4.2.33. Suppose that P € conn(E) is a closed path as in Definition 4.2.29.

Then, we have

/AW) IT e [] Frelye,s) < VL (4.136)

aeV(P) eeP

Moreover

| | dya, Te\Ye;S) — Are e — 0 . 4.137
/AV(P> 4 [Hj’ (y S) Ilj, (y S) as T — 00 ( )
CLGV(P) ecP ecP

We note that h defined as in (2.6) satisfies h > 0 and h=! € &l(h) C &2(h).

Proof of Lemma 4.2.33. Since P is closed, we need to consider two cases depending
on the length of P. If |P| = 1, the path is a loop. Then the left-hand side of (4.136)
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equals

1
dya GT(ya;ya> = HGTHGl(f)) = Tr(GT) = Z o1
/A = T(er/T — 1)
1 _
<> N = T Y = ||Gllery) < oo (4.138)

Here we have used the positivity of G, as an operator as well as (2.8).

We henceforth need to consider the case when |P| > 2. Here, we argue as in
[29, Lemma 2.17]. Let |P| = ¢, and write P = {e1,...,eq}, where e; and ej;; are
incident for j = 1,...,q. Throughout the proof we take the index j to be modulo
q. We denote by a; the unique vertex in e;_1 Ne;. Without loss of generality, we
take a1 < as.

An induction argument shows that the colour of e; is determined by the

colour of e;. Namely, recalling (4.126), we have

ole if a; < ajyq,
o(e;) = (1) 7 (4.139)
—0(61) if aj > Qjy1.
For j =1,...,q, we define a; _ := min{a;,a;41} and a; 4 := max{aj,a;41}. From
(4.139), we have
o(e;)(Sa; - — 5a;) = 0(€1)(Sa; — Sa;1) - (4.140)

Moreover, it is clear from (4.128) and (4.129) that 0 < o(e1)(Sq; — Sa;4,) < 1. Thus,
GTJ(el)(Saj —Sa;11) and 5’770(61)(5% —sa,,,) ATC both well-defined. Substituting (4.140)
into (4.130), we have

j‘l‘,Ej (Yej; S) = Gr,a(el)(saj —saj+1)(yaj; yaj+1)

4 X(J(ej) = 1)§(5aj 7é 5aj+1)

STvg(el)(saj —Saj+1)(yllj;ya]-+1) . (4141)

Here we use that the kernels of G;; and S;; are symmetric. Rewriting the left-hand
side of (4.136) using (4.141), we get

q
X(O’(ej) = 1)X(3a' 7& Sa; )
Tr H <Gr,a(e1)(saj ~Sa;11) + . J i+1 ST,U(el)(Saj —Sa; 1)

j=1

(4.142)

By definition, all of these operators commute, and hence the order of the above
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product does not matter. We define

Tp =i € (L0} Fre, # Trey )

We note that Jp # {1,...,¢q}. Namely, we recall (4.130)—(4.131) and note that by

construction, the smallest vertex in P (with respect to <) is incident to an edge e

with o(e) = —1. Therefore, we can rewrite (4.142) as
1
Z Tr H GT,a(e1)(Sa]- —Sajyq) H ;ST,U(el)(Saj —Saj. 1)
ICJp JE{L, g\ jel
1
_ : _ o 1]
= Z Tr H GT’Q H - 7,0 = Z TmTI'(Gq )
ICJp Je{l,a\I Je{L,ad\I JCJp

(4.143)

The first equality holds since 2321 (saj — saj+1) = Sq; — Sagy; = 0 because sy, =
Sag41- By Lemma 4.2.4, we note that for [I| < ¢ — 2,

— I I
Tr(GE 1) = G ) < 16715 - (4.144)

Using (4.144) we have that (4.143) is

11| q
< ) m”G g2y + =1 1G=llerw)

) V()

In the first inequality above, we used ¢ > 2. We now deduce (4.136) from (4.145),
by using
1G-lle2@m) < [|Grllerm) < C's (4.146)

for some C' > 0 independent of 7, which follows from (4.138), and Lemma 4.2.4.
To obtain (4.137), we split into the same two cases. If [P| = 1, then P = {e},
so the path is a loop, so sq = s4. So J. = je, and there is nothing to prove. If
|P| > 2, we apply the same argument as used in the proof of (4.136). The only
difference is that we now sum over non-empty subsets I of Jp in (4.143). This results
in the an extra power of 1, and one less power of (1 + |Grlle2() + %HGT”Gl(h)) in
(4.145). We hence deduce (4.137). O
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Lemma 4.2.34. Suppose that P € conn(FE) is an open path with endpoints by, by €
Vo(P). Then, we have

/ IT v ] Fre(yes) < oI, (4.147)
AV2(P)

a€Va(P) ecP L2
Yp, Yy
Moreover
/ H dye [H jT,e(Ye§S) - H jr,e(}’e§s) —0asT— 0.
AV SV ey cep cEP L2

Yby Yby

(4.148)

Proof. We argue similarly as for [29, Lemma 2.18]. We first prove (4.147). Let by, by
be as in the statement of the lemma. Without loss of generality, suppose b1 < bo,
so 6y, = 1 and 6y, = —1. Let ¢ := [Va(P)|. If ¢ = 0, then T c(y;8) = G+ (Yb,, Yy )s
since o(e) = —1. Hence, (4.147) follows from (4.146).

Suppose that ¢ > 1. Write P := {e1,...,eq11}, where by € eq, by € €441 and
a; is the unique vertex in e; Ne;j41. An induction argument shows that the colour

of e; is determined by the colour of e;. Namely, we have

-1 ifa;_1 <ay,
o(e;) = I (4.149)
1 if a; < aj—1.
Define a;— := min{a;_1,a;} and a; 4 := max{a;j_1,a;}. Then (4.149) implies
o(ej)(Sa;_ — Sa;4) = Sa; — Sa;_, - (4.150)

As in the proof of Lemma 4.2.33, we use (4.128) and (4.129) to deduce that 0 <
o(€;)(Sa;_ — Sa;_) < 1. Substituting (4.149) into (4.2.30), we have

j‘r,e (ij s S) = GT,sa —Sa;_4 (yaj,1 ; yaj)

J

x(o(ej) = Dx(8a; 7# 8a;_,)
+ ’ - = L STysaj_Sajil(yaj—l;yaj)' (4.151)

Here, we have used the symmetry of the kernels of G, and S;;. Using (4.151), we
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have

/Aw») T dve [ Frely.s

a€Va(P) ecP

1
_ (ﬁ (G ) 4 X(U(ej) = 1)X(Sa]~ # Saj—l)S
T\Sa;~Sa; 4 T,Sa:—Sa

- sa;—sa;_y | (Yb13Yba) -

j=1
(4.152)

Define Jp == {j € {1,...,q+ 1} : Tre, # j.r,ej}. Since o(e1) = 1 and sp, # Sa,

(because ¢ > 1), we have that 1 € Jp. Moreover, o(eq11) = —1,s0 ¢+ 1 ¢ Jp, so
1 <|Jp| < q. We rewrite (4.152) as

Z H GT,saj —Saj_; H %ST,S%- —Saj_; (yb1§ be)

ICJp Je{1,....a}\I Jjel
1
= > II G-of ]I —5r0 | | (Yor3 o)
1cdp | \je{l,ah\I jer
1 +1-|1]
= > 5 (G (i) - (4153
ol
ICJp

In the first inequality, we uses Z] 1(5% Saj_1) = Sagy1 — Sap = 0, which is true
since Sg,,; = Sqo = 0.

For k > 2, applying the Cauchy-Schwarz inequality to the operator kernels
implies that

GE Yoy Yby)

H drj Gr (Yo, 21)Gr(21522) - .. Gr(Th—2; Tp—1) Gr(Th—13 Yb, )
Ak—1

J=1

< G52, G (gl G g Yy - (4.154)

Applying (4.154), we deduce that (4.153) is

I
< S GG UG e G Yy + T G
ICJp
[I|<g—1
Va(P
< P (141Gl ) 2P (1Gr Wses MpIGr s My + G (W ) -

(4.155)
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Then (4.147) follows from (4.155) and (4.146).

To prove (4.148), we note that if ¢ = 0, we have J, . = jm, since d, = —1.
In this case, (4.148) automatically holds. If ¢ > 1, we argue as for (4.147), except
we sum over non-empty subsets of Jp in (4.153). This results in an extra factor
of 1 and one less power of (1 + |G )e2(p) in (4.155). (4.148) then follows from
(4.146). O

We can now bound the quantity (4.123).

Lemma 4.2.35. For Il € P and t € Y, we have

()] < o). (4.156)

Proof. We argue as in [29, Lemma 2.19]. We use the splitting (4.132) and Corollary
4.2.32 to rewrite (4.135) as

Ea®] <l [ anleonl [ dve [] Foelyers). (4.157)

eck

Let us introduce the partition Conn(E) = Conn.(E) U Conn,(E). In other words,
we partition Conn(E) into the closed connected paths Conn.(E) and the open con-

nected paths Conn,(E). Then, we have

/AV2 dy2 H jr,e(}’eas) = /A ver) H dya H \71'6 y67

eck 'PGCOnnc acV (P ecP
/ [[ dve [] Felyers) | (a158)
AV2(P)
PEConno acVa(P) ecP

Substituting (4.158) into (4.157) and using (4.136), we have
I n(®)]
<com d d
fwli [yl /A B 0

'PEConno ac€Va(P) ecP
(4.159)

We note that (4.156) follows from (4.159) by applying the Cauchy-Schwarz inequality
in the y; variables, followed by (4.147). We also use that |Conn,(F)| = p to get the
factor of CP on the right-hand side of (4.156). O
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Using Lemma 4.2.35, we can now bound the quantity g?m(t) defined in
(4.119).

Lemma 4.2.36. For t € 0, we have

92m

£ (0)] < Ol (3m + p)!.

Proof. The claim follows from Lemma 4.2.23, (4.156), and the observation that
Bl < (3m +p)!. O

We can now bound the quantity b%,, given by (4.113) and (4.105) above and
obtain (4.114) uniformly in £ € B,,.

Corollary 4.2.37. Uniformly in § € B,, we have
65l < (CPIPC™ ()2 w3 =: C(m,p). (4.160)

Proof. The claim follows from (4.118) and Lemma 4.2.36, after integrating over the

simplex (4.120) (which gives a factor of -1;) and using Stirling’s formula. O

Proof of (4.115) uniformly in £ € B,

Let us make the following definition.

Definition 4.2.38. For e = {a,b} € E, we define

Te(ye) = G(Ya; Yb) -

Proposition 1.7.12 implies the following lemma.
Lemma 4.2.39. The kernel of G is non-negative and symmetric.

Definition 4.2.40. For II € 3, we define

Iy = /AV dy (H w(yi1 — Yi2)w(¥i2 — vi3)w(yi3 — yi,l)) Ey) [T Teve)-

=1 eck
(4.161)
Lemma 4.2.41. For each Il € B and t € U, we have
If’m(t) — IS, uniformly in € € B, as T — 00 (4.162)
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Proof. The proof is similar to the proof of [29, Lemma 2.25]. For t € U, we define

I (t) =
/AV dy (H w(yi1 — Yi2)w(Yi2 — vi3)w(yi3 — ’yi,l)) §yy) [[ Frelye). (4.163)
i=1 eck
Let first show that
ff’n(t) — Iﬁ uniformly in § € B, as 7 — 00 (4.164)

Namely, from (4.161) and (4.163), we have

jf-,n(t) —Ify = /AV dy (H w(yi1 — Yi2)w(¥i2 — Yi3)w(yis — yi,l)) §(y1)

=1
X !H j‘r,e(}’e) - H je(Ye)] . (4165)

eck eelR

By telescoping, we can write

H jﬂ-,e(}’e,s) - H je(Ye) =

eck ecE

Z H jT,e(ye7S) (jT,eo(yem jeo yeo ) H je ye s 4 166)

eo€FE | eeFE ecE
e<ep e>eq

where we order the elements of E arbitrarily. Substituting (4.166) into (4.165), we

have

En® =15 < 3 iz [ dyleo)

eg€FR

H jT,e(ye7S) jT,eo(yeO,S> — jeo(}’eo) H je(ye) . (4167)

eckE eckE
e<ep e>ep

Here, we have used that Jr(ye;s) and Je(ye) > 0 by Lemmas 4.2.24 and 4.2.39
(recalling Definitions 4.2.30 and 4.2.38).

Let us denote by 0'75—7@0 (t) the summand in (4.167) corresponding to ep. Since
(4.167) is a finite sum, in order to obtain (4.2.41), it suffices to show that for each
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eg € E, we have

3
oz

¢ (t) = 0 uniformly in £ € B, as 7 — oo. (4.168)

We fix ey € E. Let us define an integral kernel associated with an edge e € E by

jr,e(}’ey S) ife<eg,
Tre(¥ers) = | Tre(yers) = Telye)|  ife=eq, (4.169)
je(ye) ife > eo .

We have the following estimates for jﬂe.

1. If e ={a,a} (i.e. aloop in the graph) and e # eg, then
|Tre(8)ler(t) < IIGrllerm) + IGllein) < C (4.170)
which holds by (4.138).

2. If e = {a,a} and e = eg, then

jT,EO (yEO ) S) - \760 (yeo)

1)) = / dy

_/dy M(y;y)—i(y;y)‘—/dy%<;_w>

as T — 00 by spectral decomposition and the dominated convergence theorem.

The third equality above follows by comparing Taylor series.

3. If e = {a,b} with a < b and e < eg, then J,.¢(ye,s) = Gr.o(e)(sa—sy) (Yas Yb)-
Let us note that

efth/T

- _p!
T(eh/™ — 1)

lim (1+¢)

T—00

-0, (4.172)
&2(h)

uniformly in ¢t € (—1,1). The claim (4.172) follows by a spectral argument; see
[29, Lemma C.2] for the proof of a more general claim. Then (4.172) implies

||jT76('7S)||62(h) < (s, (4173)
where the constant depends on s.
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4. If e = {a,b} with a < b and e = ep. Then

jT,€<y€7 S) = (G‘r,a(e)(safsb) - G) (ya; yb) . (4174)
Therefore, (4.174)—(4.172) imply that

|Tre(-8) g2y — 0 as 7 — oo. (4.175)

5. If e = {a,b} with a < b and e > eg. Then J; c(ye,s) = G(ya;yp). Then

1Tre (- 8)le20) = [Glle2(e) < C- (4.176)

Applying the same decomposition from the proof of Lemma 4.2.35, we have

7 al® =l [y [ T an ] Fntres)
1

PGConnc(E acV(P) e€P
/ I @ ]] Freves) | . (4177)
PGConno(E V2(P) a€Va(P) ecP

For P € Conn.(FE), apply the Cauchy-Schwarz inequality in y, for a € V(P) to
deduce that

T @[] Free.s) < [ 1Fre(8)lle2o) - (4.178)
AV (P)

aeV(P) ecP ecP

For P € Conn,(E), we recall the notation from the proof of Lemma 4.2.34. Namely

P={e1,....eq+1}, Vi(P) = {b1,b2}, Vo(P) ={a1,... a4}

We apply the Cauchy-Schwarz inequality in the y, for a € V2(P) to obtain

/ H dye H jre Yea
AR apy e

HHJTEJ »S HG2 Hj‘f',€1(yb1v')||f)||j7',eq+1(yb27')”b' (4'179)

Substituting (4.178) and (4.179) into (4.177) and applying the Cauchy-Schwarz in-
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equality in the y; variables yields
Uﬁ,eo(t) < Hw|’?i@”§|’62(h) H er,e('vS)HGQ(h)‘ (4.180)
eckE

Recalling (4.170)—(4.176) and Lemma 4.2.4, we obtain (4.168) from (4.180). Hence,
(4.164) follows.

Let us also note that
Iﬁ,n(t) — ffn(t) uniformly in £ € 9B, as 7 — 0. (4.181)

To obtain (4.181), we use a telescoping argument analogous to (4.166) above, per-
form a decomposition into open and closed paths as in the proof of Lemma 4.2.35,
and use Lemmas 4.2.33 and 4.2.34. We omit the details, see [29, (2.62)]. We obtain
the claim of Lemma 4.2.41 from (4.164) and (4.181). O

For m € N, let us define
(=Hm
’ ey

We now conclude the claimed convergence result.

Lemma 4.2.42. For b?m,bfn defined as in (4.113), we have
bﬁ}m — b5, as T — oo uniformly in £ € B, . (4.183)

Proof. By Lemma 4.2.23 and Proposition 4.2.35, we have that gg’m(t) is bounded
uniformly in 7 > 0, £ € B, and t € U. Moreover, Lemmas 4.2.23 and 4.2.41 imply
that for any t € U

gﬁym(t) — Z Iﬁ as 7 — oo uniformly in £ € B, . (4.184)

IIey
Recalling (4.118) and applying (4.182), as well as (4.184), combined with the dom-
inated convergence theorem, we obtain that b?m — bgo,m as 7 — oo uniformly

in £ € B,. The claim of the lemma follows by noting that, by Wick’s theorem
(Proposition 2.1.2), we have bgo,m = bﬁn. O
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Proof of (4.114)—(4.115) for £ =1,

To conclude the proof of Proposition 4.2.13, it remains to prove (4.114)—(4.115) for

¢ = 1,. We hence consider the operator with kernel
P
&z, . xpiyn, -, Yp) ::H(s(:pjfyj). (4.185)
j=1

To do this, we need to introduce a slightly modified version of the graphs defined in
Definition 4.2.17 above. The modification is analogous to that used in [29, Section
4.2].

Definition 4.2.43. Let m,p € N be given. We consider the same abstract vertex
set ¥ = ¥(m, p) with 6m + 2p elements and set of matchings of P = P(m, p) as in
Definition 4.2.17. For each II € B, we consider a coloured multigraph (f/,E, g) =
(Vi1, En1, 611), with & : E — {£1}, defined as follows.

1. We say a ~ f if and only if i, = ig and 7, = 75. We define the set V := {[a] :
a € X} and write V = Vi U Vs, where

Vi={(m+1,7):re{l,...,p}}

and
Vo :={(i,r):ie{l,...,m},re{1,2,3}}.

The set V inherits an order from the lexicographical ordering (given in Defi-
nition 4.2.17). Namely [o] < [f] if a < 5.

2. For II € 9B, we note that (o, 3) induces an edge e := {[a],[3]} in E. Let us
7 (e) := d3. This is well-defined by construction.

3. Let conn(E) denote the set of connected components of E. Note we can write

E = UPECOHH( ) P. We call the connected components P of E paths.

Remark 4.2.44. In a slight abuse of notation, we denote the equivalence relation
in Definition 4.2.27 and in Definition 4.2.43 by ~. From context, it will always be
clear to which equivalence relation we are referring. The same holds for the order

< induced by lexicographical order on X.

Remark 4.2.45. The difference between the graph structure in Definition 4.2.43
and the one in Definition 4.2.27 is that, in the former, we identify the nodes corre-
sponding to the observable ¢ with kernel (4.185); see Figure 4.4.
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Figure 4.4: An unpaired graph with m = 2, p = 3 corresponding to Definition
4.2.43.

By construction, every vertex in V has degree 2. Hence all paths P € Conn(E)
are closed. For fixed II € B and t € U, we define

It 11 (t)

/AV H dYa ( w(yin — Yi2) wYi2 — ¥i,3) w(Yi3 — Vi ) H Tre(Yei s
i=1

V eck
(4.186)

As in Definition 4.2.17, we consider the spatial labels y = (ya)ae(/ and time labels
s = (Sa),4ecy»> except that we now adopt V as the vertex set and let the equivalence
relation be the one from Definition 4.2.43 above. Moreover, we adopt the convention
that y; := (Ya) ,ey,- Given P € conn(E %), we denote the set of vertices of P by V(P),
and write Vi(P) := V(P) NV for i = 1,2, analogously as in Definition 4.2.29. Let
us also define ;.. analogously to (4.130), replacing (V, E) with (V, E).

Lemma 4.2.46. Suppose that P € conn(E). Then

/A oo 11 dya I Felyes) < VI, (4.187)

acV (P ecP

Proof. We follow the approach of the proof given in [29, Lemma 4.9]. We have two
cases, depending on whether V(P) C Vi or Vi(P) # 0. In the first case, all the
vertices lies in Vs, so we can argue as in the proof of Lemma 4.2.33.

Let us henceforth assume that V;(P) # 0. If [V (P)| = 1, then P is a loop,
and the left-hand side of (4.187) is |G, ||g1. Therefore, we can argue as in the proof
of Lemma 4.2.33 to get the required bound.
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Let us now suppose that |[V(P)| > 1. Since P is a closed path, there
exist by...,by € Vi(P) such that P = LI;?:IPJ-, where for each j = 1,...,k,
Pj={ef,..., ey}, with b; € ef, bjy1 € e, and e;Ney € Vafor k€ {1,...,¢-1}.
Since P is closed, we set byy1 := b1. Let us note that if b; and b; 1 are connected by
a path of length one, then we have g; = 1. Therefore, the left-hand side of (4.187)

can be written as

k

/Ak dyp, - .. dyp, H /1\V2 H dyq H Tre(Yess)| - (4.188)

j=1 aevg(? ) €€P;

Arguing as in the proof of Lemma 4.2.34 (in particular as in the proof of (4.155)),
we have that the j* factor in (4.188) is less than or equal to

¥, . Vs 73
CI2PDL (1 4+ 1Grllez) 2T (1G (g Mo 1Gr Wy 15l + G (3 011)) -
(4.189)

(4.187) follows from applying the Cauchy-Schwarz inequality in each of the yp,, ..., yp,
variables, and using (4.146). O

Let us note that Lemma 4.2.46 implies (4.114) for { = 1,,.
For fixed II € B, we define

Iﬁ = /1\‘7 dy <H w(yin — Yi2)w(yi2 — Yiz)w(yis — Yin ) H Te(ye). (4.190)

=1 eck

Let bgo,m be defined as in (4.182), where Iﬁ is now given by (4.190) instead of by
(4.161). The same telescoping argument used in the proof of Lemma 4.2.41 (adapted
to the framework of the proof of Lemma 4.2.46) implies that (4.115) holds for £ = 1,,.
We omit the details. This completes the proof of Proposition 4.2.13.

4.3 The time-independent problem with unbounded in-
teraction potentials. Proof of Theorem 2.2.7

In this section, we consider w as in Assumption 2.2.2 above. Our goal is to prove

Theorem 2.2.7 and thus complete the analysis of the time-independent problem

outlined in Section 2.2.3. Let us first note the following claim, which follows from
(4.109)—(4.110) and Theorem 2.2.6 by duality.
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Lemma 4.3.1. Suppose that w € L is even and real-valued (as in Assumption
2.2.1). Then, for all p € N*, we have p-(0-(£)) — p(O(§)) as T — oo uniformly in
¢ € Cp. Here, we recall the definition (1.13) of C,.

We now prove the following result for w as in Assumption 2.2.2 (the result in
Lemma 4.3.1 will be applied for bounded approximations of the original interaction

potential).

Lemma 4.3.2. Suppose that w is as in Assumption 2.2.2 and that w® € L™ is a
sequence of interaction potentials as in Assumption 2.2.1 satisfying w® — w in L3/?
as € — 0. Then, there is a sequence (g;) tending to 0 as T — oo such that for any
p € N*

lim g2 (6,(€)) = p(O(€)) (4.191)

T—00

uniformly in § € Cp, with Cp, defined as in (1.13).

Proof. By a diagonal argument, it suffices to prove that for fixed € > 0, we have

lim p2(,(€)) = p(O(9)) (4.192)

T—00

uniformly in £ € Cp, and that

lim p*(6(¢)) = p(O(E)) , (4.193)

e—0

uniformly in { € C,. The convergence (4.192) follows by noting that w® satisfies
Assumption 2.2.1 for each fixed € > 0 and by using Lemma 4.3.1.
Let us now prove the convergence (4.193). We recall (2.51) (and the corre-

sponding analogue for interaction w®). Let us first show that
lim W° =W, p-almost surely . (4.194)

e—0

We have

3w — W < / d dy dz () Plp(y) (=)

X |lw(z —y)w(y — 2)w(z —z) —w (x — y)w (y — 2)w(z — )| . (4.195)

Using the triangle inequality, we can rewrite the term inside the absolute value on
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the right-hand side of (4.195) as

<lw(z —y)w(y = 2)w(z - z) —w (z - y)wly — 2)w(z - z)]
+lw(z = yuw(y — 2)w(z — ) —w(z - yu(y — 2)w(z - z)|
+lw(z = yu(y - 2Jw(z — ) — w(z = yJu(y - 2)w(z — )] (4.196)

To bound (4.195), we apply Lemma 4.1.3 separately to each of the terms obtained
(4.196) to deduce that

W =W S llw —wfll g (ol s + el )l (4.197)

We hence obtain (4.194) from (4.197), the Sobolev embedding theorem, and the fact
that w® — w in L%/2,
By using (4.28) and the fact that w® — w in L3? as ¢ — 0, it follows that

there exists ¢p > 0 (depending on w) such that for £ > 0 sufficiently small, we have
e — W] < 2Pl (4.198)
By (4.29) and Assumption 2.2.4 (with K sufficiently small), we know
el £3(A) € LY (dp). (4.199)
By Lemma 4.2.2 and Assumption 2.2.4, we have
O(6) f2(N) € L= (dn). (4.200)
Combining (4.194) and (4.198)—(4.200), it follows that

lim [ dple™™ —e|16(] fF(N) =0. (4.201)

e—0

By analogous arguments, we obtain

gi_I)I(l) 2f=z. (4.202)
We write
(06 - o) =+ | du<; e e-W) OO fN).  (4.203)

and deduce the claim of the lemma from (4.201)-(4.203). For the last step, we also
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< 6
used (4.199) and e V" < ecOH“’”Hl/S, which is proved as (4.198) above. O
We now have all the tools necessary to prove Theorem 2.2.7.

Proof of Theorem 2.2.7. We deduce (2.76) (with the same subsequence (g;)) from
Lemma 4.3.2 by a duality argument based on (4.109)-(4.110) as in the proof of
Theorem 2.2.6.
The proof of (2.77) is similar. Let us first note that by (2.75), we have that
for fixed £ > 0,
lim 25 = 2°. (4.204)

T—00

The proof of (2.77) proceeds analogously as the proof of (2.76). The only difference
is that instead of (4.192) and (4.193), we use (4.204) and (4.202) respectively. [

4.4 The time-dependent problem. Proofs of Theorems
2.2.11 and 2.2.12

4.4.1 Bounded interaction potentials. Proof of Theorem 2.2.11

Let us consider w as in Assumption 2.2.1. To prove Theorem 2.2.11, we note the
following analogues of the Schwinger-Dyson expansion results from [30, Sections 3.2
and 3.3].

Lemma 4.4.1 (Quantum Schwinger-Dyson Expansion). Let ¢ € £(§®)), K > 0,
e >0, and t € R be given. Then there exists L(K,e,t,¢|l,p) € N, (e')E,, where
el = el(zi,t) € L(HBWY), and 10 = 1(K, e, , |€]]) > 0 such that

L
H (‘Ifi@T(E) - Z@T(el)>

=0

<e€

h(sKT)

for all T > 19.

Proof. We use the same proof and notation as [30, Lemma 3.9]. We begin by noting
that all of the calculations up to [30, (3.44)] hold since they do not use the explicit
form of W. Instead of [29, 3.46], the same argument yields that the norm of A% _(¢)
is bounded by

|t| n

?(p +4)2 (*

p+Jj i
T) [wl|Fee [IE]] < ePKP (26K w70 [t])” (€],
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which differs only from [30, (3.47)] in that the ||w| e~ is cubed. An analogous
argument to [30, Lemma 3.9] yields the result. We refer the reader to [30, Lemma

3.9] for the precise definitions and arguments. O

Lemma 4.4.2 (Classical Schwinger-Dyson Expansion). Let £ € L(h®), £ > 0,
e >0, and t € R be given. Then for L(K,e,t,||&|,p) € N and 10(K,e,t,]|£]]) > 0
chosen possibly larger than in Lemma 4.4.1 and the same choice of ' € E(h(l)) as

i Lemma 4.4.1 we have

L
(‘I/t@(ﬁ) - Z 9(€l)> X{nv<ky| S €
1=0
forall T > 1.
Proof. The proof is analogous to the proof of Lemma 4.4.1. O

Proof of Theorem 2.2.11. By the proof of [30, Proposition 2.1], we note that the
time-dependent claim follows from the corresponding time-independent claim, pro-
vided that we have the results of Lemmas 4.4.1 and 4.4.2 above. The time-independent

claim was shown in Theorem 2.2.6. The claim now follows. 0
Remark 4.4.3. The analogous reduction of the time-dependent result to the time-
dependent result was also used in the proof of Theorem 2.1.11.

4.4.2 Unbounded interaction potentials. Proof of Theorem 2.2.12

In this section, we prove Theorem 2.2.12. Throughout the section, we consider w as
in Assumption 2.2.2. Before proceeding with the proof of Theorem 2.2.12, we note
an approximation result concerning the approximation of the flow of (2.45).

Let s € (0,3) be given. We denote by G C H*(A) the set constructed in
Proposition 4.1.2 (ii) above. We know Péibbs (G) =1 and initial data in G gives rise
to global solutions of (4.1). Here, we recall (2.55).

Lemma 4.4.4. Let w® € L>®(A) be a sequence such that
lim ||w® — w32 =0. (4.205)
e—0

Furthermore, fix s € (0, %), T > 0, and consider ¢ € G, with G € H*(A) as above.
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(i) For e > 0, the following Cauchy problem is well-posed on [—T,T].

10 + (A = k)u® = [dydzw(z — y)w(y — 2)w(z — x)[u(y)]?[u®(2)[*u®(z)
ug=1.
(4.206)
(ii) We have

: I3
lim fJu® —ul[ree,

e =0, (4.207)

where

0+ (A — K)u = [ dydzw(z - yly — 2)w(z — 2)[uly) 2lu(z) Pu(z)

Uy = ¢ .
(4.208)

Proof. As in the proof of Proposition 4.1.1, it suffices to consider the case k = 0.
By symmetry, it suffices to consider only positive times. Using [9, Lemma 4.4] and
[9, (4.10)], we have a more quantitative description of the set G in Proposition 4.1.2

(ii) above®. Namely, given v > 0, we can write
6= |J Kya, (4.209)
7,A>0

where

S 2 1+’t| v
Kot = 4 € HY(A) ¢ 0] < K, ||u<t>|Hssmog<n> ~ (4210

In (4.210), the constant K is as in Assumption 2.2.4 and u is the solution of (4.208)
with initial data .
By (4.209), we deduce that the claim follows if we show that it holds for
P € Ky a with n,A > 0 fixed. Throughout the proof, we consider ¢ sufficiently
small such that
I T (4211)

For fixed 7, A, we let
1 T s+v
A=A log<+||> . (4.212)
n

®Once we have the setup of Section 4.1, we can directly apply these arguments from [9].
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We fix € > 0 small and consider
1
b= 3 +0. (4.213)
With parameters as above, we consider § > 0 such that
8 w3 (A+ 1) < 1, (4.214)

where the smallness of the right-hand side of (4.214) will be determined later (de-

pending on the other parameters above). For the remainder of the proof, we let
n=|T/d]. (4.215)
Let us now show that the following properties hold for £ =0,1,...,n — 1.

(1) For £ > 0 small, we have u® € Lig x5 Hz and

lim ||uf (k8) — w(ks)|| s = 0. (4.216)
e—0

(2) There exists e > 0 such that for all ¢ € (0,¢), and for a constant C' > 0
s,b

independent of k, we have u® € X[k57(k+1

9] and

E —
e UHX[Z;,%H)&

] < CO|uf(kd) — u(kd)|| mrs

+ O |Jw — w?l| a2 w7ar2 (A+1)°. (4.217)
We show (4.216)—(4.217) by induction on k.

Base We consider & = 0. Note that (4.216) is automatically satisfied since
u®(0) = u(0) = . Using (4.211)—(4.214) and arguing analogously as in the proof of
Proposition 4.1.1, we deduce that

s,b
w e Xggs Il S A (4.218)
Let us note that we also have
s,b
u€ Xy Hu\lxm] SA, (4.219)

by the same argument.
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We use Duhamel’s principle for the difference equation solved by u* —u and
write for ¢ € [0, ]

ut(t) —u(t) =
i /0 e’ i) < [ vz @ty - 2wt - ol Pl () )

~ [ aydzute = ) uly - 2wl - ) )P lu()P u(x)) (4.220)

By using telescoping, Lemma 1.7.6 (iii), Lemma 4.1.4, and (4.211), we deduce from
(4.220) that

U — | ves < CO W — w30 ||lw|? w5y A+ |lul?.
| HX[O,‘%} < I I3/ [l 7a/2 (]l HX[O‘,Z}} [ HX[d,ba])

+ C8? |Jw|? u® — ul s, Wl Fllulte, ). (4.221

ol 19 =l (N + s ) (0221
Using (4.218)—(4.219), followed by (4.214) (with sufficiently small right-hand side),
we obtain from (4.221) that

l® =l < O3 [|w® = wl| /2 [lw][Fa/2 A, (4.222)
with a different choice of C'. We obtain (4.217) from (4.222).

Inductive Step Suppose that (4.216)—(4.217) hold for some 0 < k < n — 2. Let
us observe that by Lemma 1.7.6 (i) and (4.217) for k, we have that for € € (0,¢x)

[u((k +1)0) — u((k + 1)0) ||+ < [Ju® — uHXf,b

k6, (k+1)6]

< Cluf (k6) — u(kd)|| s + C8%|lw® — wl| g2 [|w]|3a/e (A+1)%.  (4.223)
We deduce
hII(l) lu*((k+1)6) —u((k+1)0)||gs =0 (4.224)
E—

from (4.223), combined with (4.216) for k and (4.205). This shows that (4.216)
holds for k + 1.
By (4.224), it follows that there exists e;4+1 € (0,¢) small enough such that

for all € € (0,ex4+1), we have

s ((k + 1)6) — u((k + 1)6) = < 1. (4.225)
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From (4.225), we deduce that for all € € (0,ex41), we have
|lu®((k 4+ 1)0)||ms < lu((k+1)0)||gs +1 < A+ 1. (4.226)

For (4.226), we recalled 4.210 and (4.212) above. Using (4.226), recalling (4.211),
(4.213)—(4.214) and arguing analogously as in the proof of Proposition 4.1.1, we
deduce that

s,b
uE Xigyns a1l SA+L (4.227)

(k+1)6,(k+2)6] ~

As in (4.219) (with the same argument), we have

b
u€ X ul| 50
[(k+1)6,(k+2)0] ? I ||X[(k+1)6,(k+2)5]

<A, (4.228)
Similarly as for (4.220), we use Duhamel’s principle to write for ¢ € [(k+1)4, (k+2)J]
WS (1) — u(t) = ellt=(e+DdA (us((k +1)8) — ul(k + 1)5))

t
—i /(k s dt’ ei(tft/)A < / dydz fws(x — y) w€(y _ Z) wE(Z . $)|U€(y)|2‘u€(z)|2u5(x)
+

—/ﬁwuwu—ywwy—aw@—wnwwﬁwwwuuﬁ.<4mw

Using Lemma 1.7.6 (ii) to estimate the first term on the right-hand side of (4.229),
and using telescoping, Lemma 1.7.6 (iii), Lemma 4.1.4, and (4.211) (as for (4.221))

to estimate the second term, we deduce that

[0 = ul s < Cllu((k + 1)0) — u((k + 1)0) ||z

[(k+1)8,(k+2)6]

+ C8% |w® —w w|? w1, + |lwl®,
” HL3/2 ” ”L3/2 (H ‘|X[(£+1)6,(k+2)§] ” ||X[(f+1)5,(k+2)5])

+ C8% w345 ||[uf — ul oo, ufllt, + |lult,
leolizer= | ||X[S(if+1>a,<k+2>61 ( ”X[<f+1>6,<k+2>a] | ||X[<’£+1>6,<k+2>61

(4.230)

We now use (4.227)-(4.228) and (4.214) (for sufficiently small right-hand side) to
deduce that

0" = ull s < Cllu((k +1)8) — u((k + 1)6]| &

[(k+1)5,(k+2)8]

+C0% | — w2 w2 (A+1)°, (4.231)
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for a different choice of C. From (4.231), we conclude the induction.
Using (4.216)—(4.217), Lemma 1.7.6 (i), and (4.205), it follows that

1 E— [oe] 5 = .
tim [l — ull gz =0, (1.232)

for n as in (4.215). By using ||“HLF:L’5 o HE < A, and by repeating the above argument,
we also obtain

. c _
gli% ||u® — U||L<[>°5T Hs = 0. (4.233)

nd,T]
The lemma follows from (4.232)—(4.233). O

Remark 4.4.5. The proof of Lemma 4.4.4 above is more involved than that of the
analogous cubic results [30, Proposition 5.1] and Lemma 3.5.4. It requires full use
of the set G of initial data leading to global solutions of (2.45).

Let us recall the following form of the diagonal argument [30, Lemma 5.5].

Lemma 4.4.6 (Diagonal argument). Let (I'y) be a sequence of sets with I'y, C I'kyq
and let I' :== Upl'y. Given e,7 > 0, let g,g%, 95 : I' — C be functions satisfying the

following properties.

(i) For k € N and ¢ > 0 fized, we have lim,;_ o g5(¢) = ¢°(¢), uniformly in
Cely.

(ii) For fized k € N, we have lim._,0 ¢°(¢) = g(¢), uniformly in ¢ € T'y.

Then, there exists a sequence (e+) converging to zero as T — 0o such that

lim g77(¢) = 9(¢) -

T—00

We now have all of the necessary tools to prove Theorem 2.2.12.

Proof of Theorem 2.2.12. Once we have Lemma 4.4.4 at our disposal, the proof is
quite similar to that of Theorem 2.1.12. We just outline the main differences and
refer the reader to Section 3.5.2 for more details. We adopt the convention that the
superscript ¢ denotes an object defined using the interaction potential w®. Using
Theorem 2.2.11, Lemma 4.4.6, and arguing analogously as in the proof of Theorem
2.1.12, the claim follows if we show that

lim 77 (11°0(¢") - W) = i (WO U™, (4234)
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uniformly in Iy

Tpo={(m,ti,pi, &) s m <k, |t;] <k, p; e N*,p; <k, || <k,1<i<m}.
(4.235)
In (4.235), we take & € L(h®)). We also recall (2.62), (4.87), and define the
quantities with superscript € accordingly.

Let ¢ denote the classical free field given by (2.12). Recall we have that
for s € (0,1), ¢ € H® p-almost surely. Let us recall the definition (2.59) of ©(¢)
and the definition (2.50) of the flow map S:(-) of (2.45). By suitably defining the
quantities with superscript e, we have for £ € £(h*))

VHO(E) = ((S7 )™ LE(SF) T )yar » P'O(E) = ((Se)™* L€ (Se0) ™" )y -
(4.236)
When ¢ € £(h*), Lemma 4.4.4 and (4.236) imply that

lim UH°0(¢) = ¥'O(¢), (4.237)

e—0
p-almost surely.

Recalling (4.194), and using (4.237), it follows that

lim Uhe@(el) ... wime@(em) eV = whe(El) .- Uime (™) eV, (4.238)

e—0

p-almost surely.
Using Lemma 4.1.3, Lemma 4.2.2, conservation of mass for (4.206) and
(4.208), as well as (4.205), we have the following bounds for ¢ > 0 sufficiently

small.

WO(eh) W eB(eme W ()] < (H ||£f||||sou§”"> S )
j=1

’\11“@(51) o ,l,tmg(gm)e—wf(/\/)‘ < (H ||£J|| HSOHipj) eclleig/2||<PHi11/3 FN).
j=1
(4.239)

The claim now follows from (4.238)—(4.239), by using Proposition 4.1.2 (i), Assump-
tion 2.2.4 (with K sufficiently small) and the dominated convergence theorem.
O
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Appendix A

Outline of the Construction of
the Gibbs Measure for the
Cubic NLS

In this section we recall the construction of the Gibbs measure for the cubic NLS
in one dimension in more detail, following [9]. We recall from (1.5) that for non-

negative interaction potential w, we heuristically define

1

ZGibbs

APGibbs = e HW gy, (A.1)

where zgipbs = z 18 a normalisation constant, H is the Hamiltonian and du is the
formally defined infinite dimensional Lebesgue measure on the space of fields. We
begin with some formal arguments to establish why we expect the measure to be
invariant, and to establish the support of the measure. To rigorously construct the

Gibbs measure, we need the following.

1. A way of realising the infinite Lebesgue measure as a rigorously defined infinite

dimensional measure times a weight function.

2. To show that the weight function mentioned above is an L! function with

respect to the infinite dimensional measure, allowing us to define z.
3. To establish the invariance of the measure.

To give a brief outline of how we establish 1. — 3., we will write the Gibbs measure
as a weighted Wiener measure. In the case of a defocusing potential, we can use the

Sobolev embedding theorem to show that z is well defined, and we use a Galerkin
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like approximation to establish the invariance of the measure. We also include the
arguments for a focusing potential, which requires us to truncate the Gibbs measure
defined in (A.1).

A.1 Formal arguments

In this section, we consider the defocusing cubic NLS given by

i0u+ (A — k)u = |u|*u

(A.2)
u(z,0) = uo(),
which has associated Hamiltonian
2 o 1 4
H(u) = | dzx|Vu(z)|” + klu(x)]* + 5 dx |u(x)|®.
We can write (A.2) as an infinite dimensional Hamiltonian system. Namely
OH
= i, A3
Ut v D (A.3)

Thus, drawing analogy with the finite dimensional system, Liouville’s theorem means
we would formally expect the measure dPgipps to be invariant under the flow of (A.2).
We rewrite
dPgibns = ¢~ J 471 gy,

where dv is the unormalised Wiener measure given by
dy = e = [Vul gy

We define the normalised Wiener measure by

dy = ;e*fdﬂvu‘zdu,

Wiener
where Zyiener 18 the normalisation constant associated with the Wiener measure.
We note that in one dimension, the Wiener measure is equivalent to Brownian
motion, and in higher dimensions it is a Gaussian Free Field (GFF). For a review of
the GFF, we direct the reader to [74]. We wish to understand, heuristically, what

functions lie in the support of the Wiener measure. To do this, we write ay := 4(k),

128



and use Plancherel’s theorem to write
L Ivude = e 37 [kPlasf
kezd
Putting x = 0, we have
_ &P (—C > kezd |k’2|ak|2) [reza dak
f exp (*C > kezd |k|2|ak|2) [Treza dak

_qq e Celkflanr) do
T exp (—clkPlax?) day

So we get a Gaussian distribution for
|klar, = |k|a(k).

Thus we can think of each Fourier coefficient as a random variable, 4(k) = gx(w)/|k|.

So each ¢ in the support of dp has the random Fourier series

wk 27rz k,xz)
= E A4

where (wy) are suitable i.i.d. complex Gaussian random variables. To get around
the problem at the zero mode in (A.4), we take k > 0. Repeating the computation
for a non-zero value of x, we find that a typical element in the support of p is given

by the random Fourier series

(P($ Z 27rz k,xz) ’ <A5)

keZd

where we recall \ := 472|k|? + k are the eigenvalues of the one-body Hamiltonian
h = —A + k. Thus we recover (2.12). By Wick’s theorem, we calculate that

E w 2 S S—
B [IolBincen) = 3 S ey~ 3 a2

kezd kezd

Comparing with the harmonic series, we find that this is summable if and only if
s<1-— %. So it follows that ¢ € H*(T¢) almost surely for s < 1 — d/2. So du
is a probability measure on H*(T9) for any such s, and du(H*(T¢)) = 0 for any
s > 1—d/2. For more details, we direct the reader to the exposition in [49, Section
3.1] and the classical texts [46,77].
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We now fix d = 1 in (A.2) and continue to consider the defocusing case. Then
the Sobolev embedding theorem implies that % J |ulP dx is finite almost surely for
u = ¢“. Therefore, e s Il dm 5o iy L!(dw). Similarly, for a pointwise non-negative
V € LY(T), the Sobolev embedding theorem and Young’s inequality imply that
e J(Vrlul)lulde i 4 L'(dw). So, if we can make our arguments rigorous, then
using the Radon-Nikodym theorem, we will be able to define the Gibbs measure for
the defocusing NLS and defocusing Hartree equation using the Wiener measure. By
normalising the Gibbs measure, we can show it is an invariant probability measure
on H*(T) for s < 1/2. The focusing case and corresponding Hartree equation require
more work to show the density functions are in L', and are considered later in the

appendix.

A.2 Rigorous arguments

We henceforth fix d = 1. We want to make our arguments in the previous section

rigorous. To do this, we will consider the truncated NLS given by

] + AvN = Py (o P20 (A6)
vév = Pnop.

We note that for ¢ € H*(T), Pyp € H*>(T), so (A.6) is locally well-posed for
p € [4,6]. We then define the Wiener and Gibbs measures associated with (A.6) as

truncations of what we had previously, so

dvy = H exp (—c|k[*|ax|?) day,
|k|<N

(—clk*|ax|?) day
[ exp (=clklax[?) day,

exp (:I:I% Jr | PN (u) [P da:) dvy
[ exp (:l:% Jp | PN (u) [P da:) dVN.

APGinbs, N =

We note that all of the previously formal arguments are rigorous in the case
of duy, since we are working in a finite dimensional space ((CQN +1). In particular,
dup is invariant under the flow of (A.6).

For U an open subset of H %_(’]T), we define the Wiener and Gibbs measures

130



of (A.2) by:

dp(U) := lim dpn(UN Ey),
N—o00
du(U) := lim dun(U N EN), (A.7)
N—o0
where Ey := Spang {e*™*? . |k| < N}. It was shown by Zhidkov in [89] definition
(A.7) of the Gibbs measure is equivalent to the original invariant measure shown
to exist by Lebowitz, Rose, and Speer in [47]. We want to show that this measure
is invariant under the flow of the nonlinear Schrédinger equation (A.2). A key
ingredient for this is the approximation result given by Lemma A.2.1, stated in the
next section, which relates the solutions of (A.6) to the solutions to (A.2).
Approximation lemma
Lemma A.2.1. Let s > 0 and suppose that ¢ € H*(T), |¢||lgs < A, and that
N € N. Suppose that the solution of
v + Av = £Py([o™V2o)

v () = Prno(x)
satisfies ||[v™ ()]s < A for all t € [0,T]. Then for u satisfying
iug + Au = £|ul?u
uo(z) = o(x),
fort €[0,T], if s1 € (0,s), we have the approzimation
u(t) — v (¢)| s < exp (C(A+1)T) N5~
provided that the quantity on the right hand side of (A.2.1) remains less than 1.

Lemma (A.2.1) is proved in [9, Lemma 2.27] and is similar to the proof of the
approximation result for the quintic case proved Section 4.1.2. We do not include
the details of the remainder of the construction of the measure for the defocusing

case, which can be found in [9].

131



A.3 Focusing case

We now focus on the case of a non-positive nonlinearity. In particular, we recall the
proof of Lemma 3.1.1, which was proven in [9, Lemma 3.10]. For the convenience
of the reader, we present the full details of the proof in a self-contained way. For an
alternative summary, see also [65, Section 2]. Before proceeding with the proof, we
recall in Section A.4 several auxiliary results concerning Fourier multipliers in the
periodic setting and concentration inequalities. In Section A.5, we recall the notion
of a norming set, which we use to prove duality results in LP spaces. The proof of

Lemma 3.1.1 is given in Section A.6.

A.4 Auxiliary results

We recall the definition of a sub-gaussian random variable.

Definition A.4.1. Let (2, A, P) be a probability space. We say a random variable

X is sub-gaussian if there exist constants C, v > 0 such that for all ¢ > 0 we have
P(|X| > t) < Ce .

We will use the following inequality about sub-gaussian random variables.

For a proof, see [86, Proposition 5.10].

Lemma A.4.2 (Hoeffding’s Inequality). Suppose that X1,..., X are all indepen-

dent, centred sub-gaussian random variables. Let @ := max; || X;l|y, for

X [, := supp™ /> (B[ X [P)1/P
p>1
and let a € RN. Then, for any t > 0, we have

ct?
P >t Sexp <—> .
[ 2 ] el

N
> ki
i=1
We will also need the Riesz-Thorin interpolation theorem, which is proved
in [81, VI.

Theorem A.4.3 (Riesz-Thorin theorem). Let (X, u) and (Y,v) be o-finite mea-
sure spaces. Suppose that po,p1,qo,q1 € [1,00] and suppose that T : LPi(X,u) —

L% (Y,v) is a bounded linear operator with norm Kj for j = 0,1. Then T :
LPo (X, 1) — L9(Y,v) is a bounded linear map with norm Ky < K} 'K for all

132



6 €[0,1]. Here

1 1-6 0
— +77
Do Po p1
1 1-6 0
— + —

q6 q0 q1

A.5 Norming sets

To prove Lemma 3.1.1, we need the following result about duality in LP spaces. We
emphasise that this is a known result, but whose proof we could not find in the

literature, so we write out the proof for the convenience of the reader.

Lemma A.5.1. Suppose that M C Z has cardinality m, and let
S := Spang {e%ikx ke M} .

Then there is some subset = of the unit sphere of LV satisfying the following prop-

erties.
1. max ez (g, )| > %HQHLP forallge S.
2. log |Z| < Cm for some universal constant C > 0.

Remark. This result can be extended to finite dimensional subsets of normed vector

spaces, but we do not need the result in full generality.

A.5.1 Norming sets and c-nets

Before proceeding, we introduce several notions in Banach spaces.

Definition A.5.2. Let X be a Banach space, Y C X a linear subspace, and 6 €
(0,1]. We denote by X* the (continuous) dual space of X. We say that a set ¥ C X*

is @-norming over Y if

sup I > gy

gerfoy llgll
forally e Y.

Definition A.5.3. Let X be a Banach space. Given z € X and € > 0, we write
B.(x) ={y € X : ||z — y|| < €} for the ball in X of radius € around z. Let Y C X
be a subset of X. Given ¢ > 0, we call N CY an e-net of Y if Y C U,cn. Be(2).
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We write Sx := {z € X : ||z|| = 1} for the unit sphere of X.
We want to relate norming sets to e-nets. To do this, we take inspiration from

the following result, the proof of which comes from [42, Section 17.2.4, Theorem 1].

Lemma A.5.4. Suppose X is a Banach space, Y C X is a linear subspace, and
G C Sx+ a set that is 1-norming over Y. Let € € (0,1), and suppose that N is an
e-net on the unit sphere of Y. For each element x € N, fix a functional g, € G
such that g (x) > 1 — e (which we can do since N. C Sy and G is 1-norming over
Y ). Then the set F = {gy}zen. is 0-norming over Sy for =1 — 2¢.

Proof. Let y € Sy. By definition, there is some z, € N. satisfying ||y — x| < e.

Then, by definition of F', linearity, the definition of z,, and G C Sx+, we have

sup [g(y)| = sup |92(¥)| > |9z, W) = |9z, (2y) — Go, (v — 7))
geF €N,

>l—e—|y—azy)| >1-2e=6.

A.5.2 Conclusion of the proof of Lemma A.5.1

We begin by bounding the size of an e-net of C™. For M C Z with |M| = m, we

consider the following norm on C™

§ :ake27rzkx

keM

(@)kerll :=

/

Lr

We define ¥ := {(ax)rem : ||al| = 1}. Notice that since C™ is finite dimensional,
the unit ball with respect to any norm is compact. Let N; be a maximal subset of

> satisfying the property
By ENoo Ay = [lz—yll >e. (A.8)

In other words, any subset of 3 strictly containing N. fails to have property (A.8).
Such a set exists and is finite by the compactness of ¥. Any such set must be an &-
net of ¥ by maximality. We have the following bound, whose proof is an adaptation
of [86, Lemma 5.2].

Lemma A.5.5. For N. C ¥ mazimal satisfying (A.8), we have
2 m
|Ne| < <1+6> = C".
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Proof. The result follows from a volume bound. Since V. is e-separated, it follows
that { B, /2(7)}zen, are pairwise disjoint. Moreover, since z € ¥, it follows from the
triangle inequality that all such balls lie inside the ball of radius 1 + £/2 centred at
the origin. So

vol[B. 5(x)] - [N < vol[By .5 (0)). (A.9)

We also have the following identity

vol[eB1(0)] = VOl[{(CGk)keM : H Z ek . < 1}]
keM
= ™ vol[B1(0)] .

Combining this with (A.9) (and using translation invariance), we have
1+e/2\™ 2\"™
N | < =[(14+-) .
= (S7) - (0+5)

We are now able to prove Lemma A.5.1.

Proof of Lemma A.5.1. We let = := N4 C ¥ be obtained by setting ¢ = % in the
construction above. Let g = >, ape®™ By duality, there is some 1) € ¥ with
{g,¥)| > 3||gllzr. Moreover, since Njjy is a g net of X, we can find p € Nyjy =2
with [|¢ — ¢||,» < 1. Hence, it follows that |(g,¢ — ¢)| < %|g||z». Therefore, we

obtain

é\lg\lm < g, ) = Kg, v — )| < [(g, %) — (9,% — )| = g, 9)] s (A.10)

where in the second step above, we used the reverse triangle inequality. The result
follows from (A.10) and Lemma A.5.5. O

A.6 Proof of Lemma 3.1.1

We now prove Lemma 3.1.1, which was originally proved in [9, Lemma 3.10]. For the
convenience of the reader, we present the full details of the proof in a self-contained

way. Throughout, (CN, G, i) is the probability space defined in (2.11) above.

135



Proof of Lemma 3.1.1. We show the following bound for large .

~

27r7,ka;
v

>\, ( ‘“”“‘ ) < B| Sexp(—cM; P22y, (A1)
kEZ p kEZ

where

1
A\ 1/2=1/p
My~ | —= . A.12
) (B) (A.12)

Let us assume (A.11) and we show that it implies the claim. We write

p
F .= § 27rzkac X o 12
ol
keZ p (EkeZ )‘k) <B
2 Yk 2mikz||P
Q= p”ZkeZ meﬂ 170

1/2 .
(ZkeZ lkak|2> <B
Then
1GlI = / dyy (Gl > )

y>0

< / dyyp (|G| > y) +1,
y>1

where the inequality follows because p is a probability measure. Now defining
Y = exp (%)\”), we have

IGll: < A N2 s i ([F| > 2) +
>0

< / d\ exp < N — B A 2> DL (A.13)
A>0

Since p < 5t for p € [4,6) for [|G|[L1 to be finite, B can be arbitrary. We have
p= for p = 6, so in this case we have to take B sufficiently small.

We now prove (A.11). Throughout, M is a dyadic integer and |k| ~ M means
% < |k| < % We make use of the following inequality.

Z akeQﬂ—ik;p §M1/2_1/p Z akGQWiICIIJ . (A14)

|k|~M Lp k[~ L2

For p = 2, (A.14) is trivial, and for p = oo, it follows from Cauchy-Schwarz and

Plancherel’s theorem. We then use the Riesz-Thorin interpolation theorem to deduce
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(A.14) for all p € (2,00).
With My as in (A.12), we consider a sequence (oar) pmr> g, of positive numbers
with

> om=39, (A.15)

M> My

with & > 0 sufficiently small to be determined later.
Consider w € ) such that

WE :
Z e27mkx
V Ak

keZ

‘wk’2
A —— | <B. A.16
L>, (E A = ( )
P

kEZ

With w as in (A.16), we show that there is some M > Mj such that

Z wke%ikx >oy M. (A.17)

|K|~M Lp

We argue by contradiction. First, we note that for w as in (A.16), we have

1/2
Wk omike| < ap1/2-1/p jwi |
E E e M, E < A. A.18

M<My |||k|~M I keZ

We used (A.14), Plancherel’s theorem, and summed a geometric sequence for the
first inequality in (A.18). For the second inequality in (A.18), we used the L? bound
in (A.16), and (A.12). By taking the implied constant in (A.12) to be sufficiently
small, let us note that the proof of (A.18) implies

IN

%. (A.19)

WE .
Z Z S 627rzkx
M<M ||[kl~M V7 o

We henceforth work with such a small implied constant in (A.12).
Suppose that (A.17) did not hold for any M > My. Then it would follow

that, for an appropriate choice of ¢ in (A.15), we would have

Wk Tikx A
> Y el <2, (A.20)

M> My |||k|~M I

We note that (A.20) combined with (A.18) would give us a contradiction with the
first inequality in (A.16). Let us explain how we have obtained (A.20). First we
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note
Wk oriks C 2mikx
E ——€ < — E wge , (A.21)
VA M
kl~ar VO I k|~ M Lo

which we justify as follows. Let ® : R — C be a smooth, compactly supported
function which is equal to 1 on 1/2 < [£| < 2 and zero for |{] < 1/4 and |{] > 4.

Consider the function

wM@y:%ﬂ$¢(@>. (A.22)
e e
Since )
o(¢) : (&)

VAR + (5/AP)
has bounded derivatives of all order (with bound depending on k), the same holds
for Wy, = ®(£/M) given by (A.22) above. Hence, the Mikhlin multiplier theorem
(on R) implies that the map Ty defined by (Tharf) (€) := Wpr(€)f(€) is bounded as
a map on LP(R). Applying the support properties of ® and using Lemma 1.7.2, we

obtain

Wk omikx Wk omikx
M — =M Drr(k)——
Z /)\ke Z M( ) /)\k_e

|k|~M Lp ||~ M Lp

— Z \IJM(k)wke%ikm
|Kk[~M Lp

5 Z wke%rikx

||~ M Lp

Here we use the fact that the Fourier coefficients are supported on |k| ~ M, for
which ®,,(k) = 1. We hence deduce (A.21). By summing in M > My and applying
(A.15) with ¢ sufficiently small, we obtain (A.20). Therefore (A.17) holds for some
M > M.

To estimate the contribution for each dyadic M, we consider the subspace S
of LP given by Spanc{e?™** : |k| ~ M}. We want to construct a 1-norming set, Z,

contained in the unit sphere of L with the following properties.
1. maxgez [(g, )| > 3gll» for all g € S.

2. llelle < MY/2=1/P for any ¢ € 2.
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3. log|Z| S M.

To find this set, we apply Lemma A.5.1 and take the orthogonal projection of =
onto S. We obtain the first and third properties from Lemma A.5.1, and the second
follows from Plancherel’s theorem, Holder’s inequality, and the Hausdorff-Young

inequality (applied to p’). Namely, for ¢ € =, we have

el = I1¢lle S MY2VP|0)6m
SMYEVR| gy = MR

Having constructed the set, we now estimate the norm. We choose M > M satis-
fying (A.17). Then

oMM < Z wk€2mkw < 2max Z Wk@(k)

€=
k|~ w0 |Ik~M
5(k
—2max| 3 w2 el
pe= B[ M PllL

o(k
§2M1/271/pma2( Z Wi o (k) ,
ves | £ lellze

where the first line uses property (1) of = and the final inequality follows from

property (2) of Z. So

p(k)
oy MY2HP N < max W . A.23
pe= Z el 2 (4.23)

k|~ M
Let us take (oar) am>nr, satisfying (A.15) to be of the form
oy~ M7YP 4 (Mo /M)Y? (A.24)

for a suitable choice of implied constant. For M > My, let X,; denote the event
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(A.23). Then

1/2
Wk orika |wk:|2>
P, [[> —=e > A\, <Z <B
ez VA L it M
<Py (Unsmo Xur) (A.25)
¢(k) > 1/24+1/p

< DT DP Y we > onM A (A.26)
M>M() S@EE ‘klNM HSD”L2

S Z Z exp (—chH/pa%/[)\Q) (A.27)
M>My pe=

< Y exp (CM - cM1+2/pa]2\4)\2> (A.28)
M> My

= Y exp (CM i (M + MoM2/? 4 20 2M1/2+1/P) )\2) (A.29)
M>Mj

< Y e (—cMOMQ/p)\Q) (A.30)
M>M0

< exp (—cMOHQ/p)\2> .

Here, (A.25) follows from (A.23). (A.26) follows from a union bound. (A.27) comes
from applying Lemma A.4.2 with X; = w; and a; = $(7)/[|¢||r2 (so that @ ~ 1 and
|lall;2 < 1 by Plancherel’s theorem), and for (A.28), we use property (3) of 2. (A.29)
comes from (A.24). We obtain (A.30) from the fact that A is large and noticing that
the second term will give a factor less than one. The final inequality follows from the
fact we have a geometric series with common ratio equal to 1 — (g, with (az, > 0.

So we have shown (A.11), which completes the proof. O

A.7 Higher dimensional constructions

In higher dimensions, the random Fourier series in (2.12) is less regular. In par-
ticular, in two spatial dimensions, a typical element in the support of the measure
is contained in H°~, meaning that the L? norm is almost surely infinite. To get
around this issue, one has to (Wick) renormalise the interaction, in essence sub-
tracting a diverging quantity to end up with an interaction which is non-infinite.
This makes proving that the weight function is in L' significantly more difficult. It
also means that there is no longer a deterministic global well-posedness theory for
the underlying equation. One instead needs to prove probabilistic local well-posed

results, showing that the equation is locally well-posed for typical element in the
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support of the Gibbs measure.

In two dimensions and for a defocusing potential, this is the content of [10]. It
was also shown in [18] that Wick ordering and a suitable truncation does not produce
a well-defined measure in the case of focusing local NLS, although Bourgain showed
in [11] that given suitable assumption on the interaction potential, one can construct
the measure for the Hartree equation.

In two dimensions and p an even integer, the construction of the measure
for the suitably renormalised equation with nonlinearity |u|Pu also began with the
works of Nelson [58] (as well as [37,75]). A summary of the construction of the
Gibbs measure in this case can be found in [64].

In three dimensions, the measure has been constructed for the Hartree equa-
tion for certain interaction potentials wg which act like |z|~(4=A). This was done
for > 2 by Bourgain in [9] and by Deng-Nahmod-Yue for § > 1 — ¢ in [23]. The
construction of the measure in the case of general 8 > 0 and the local nonlinearity
remains open in three dimensions.

In the cubic case, in dimensions greater than three, it is expected that the
measure will be a Gaussian measure for any normalisation of the potential energy.
This was proved for d > 5 independently by Aizenman and Frohlich in [1] and [28]
respectively. It was also proved for d = 4 in the case of the real-valued measure by
Aizenman and Duminil-Copin in [2]. The same result is expected to hold for d = 4
in the case of the complex-valued measure.

For a summary of the construction results of Gibbs measures for non-Schrodinger

equations, we point the reader for example to the summary in [16, Section 1.1].
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Appendix B

Creation and annihilation

operators

B.1 Basic computations

In this section, we record some basic computations. First we compute the com-
mutation relations. We recall that for f € L? and ¥ = (w(o),w(l)...) e F, we
define

YYD (21, ... 2) =V + 1/dx F@ ™ (2, zy, . 2,

(b*(f)\Il)(”)(xl,,xn = \sz (n 1) wl,...,xi,l,miﬂ,...,xn).

To simplify notation, we denote by x := z1,...,z, and x5 := x1,..., 21, %1, ..., Tn.
We show that
[b(f),6"(9)] = (f, 9) 21 F. (B.1)

We have

(b()b"(9) )™ (x) = \/n+1/dwf(-’r) (b (9)¥) "+ (2, %)

de ( 29 ()™ (2, %) f(w)g(ﬂf)w(”)(X)> :

|
3
+

]

n+
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Similarly
U ) = =D gla) (b0)¥) " ()
=1
= V2 gta) [ de P ).
=1

(B.1) follows from the definition of the commutator.

We also show that
< / do b*(x)b(w))

where we recall that b(x) = b(d,) and similarly b*(z) = b*(d,). Then

=nlym,
p(n) "

K / dw b*(az)b(m)) qf} " (x) = \/15 / dx izn;‘;(x — i) (0" (@) 1) "V (xy)
Y [ g(s@: ~ i) [ dyste ) mx)
— zn:/dx 5y — )™ (y, x;) = np™(x),
=1

where the final line uses the fact bosonic wavefunctions are symmetric.
More details on creation and annihilation operators, both in the bosonic and

fermionic case can be found for example in [13].
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