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Chapter 1

Introduction

Let G € GL(2,C) be a finite subgroup acting on the complex plane C2, and consider the
following diagram
(C2
!
Y — X

where 7 is the minimal resolution of singularities. Since Du Val in the 1930s the explicit
calculation of Y was made from X by blowing up the singularity at the origin, where we
lose any information about the group G in the process. But, is there a direct relation

between the resolution Y and the group G?

McKay [McK80] in the late 1970s was the first to realise the link between the group
action and the resolution Y, thus giving birth to the so called McKay correspondence. This
beautiful correspondence establishes an equivalence between the geometry of the minimal

resolution Y of the quotient singularity C?/G, and the G-equivariant geometry of C2.

In 1996, Ito and Nakamura [IN96] introduced the Hilbert scheme of G-clusters G-
Hilb(C?) and proved that for G C SL(2,C) it is the minimal resolution Y. This provided
a moduli interpretation of the problem. The extension of Ito and Nakamura’s result to the
case G C GL(2,C) was proved by Ishii in [Ish02] as an equivalence of derived categories.

Apart from the Abelian case, where the situation is well understood, there are not
many explicit descriptions of G-Hilb(C?). For dihedral groups G C SL(2,C), Becky Leng
in her thesis [Len02] constructed an affine cover of G-Hilb(C?) given by smooth surfaces in
C*. This thesis extends the explicit description of G-Hilb(C?) to binary dihedral groups
in GL(2,C), in the same spirit as [Len02].

11



12 Chapter 1. Introduction

The explicit construction of G-Hilb(C?) for small binary dihedral subgroups G' C
GL(2, C), which we provide in this thesis, uses the well-known interpretation of G-Hilb(C?)
as the moduli space of stable representations of the McKay quiver My(Q, R). We assign
to any G-graph an open set in My(Q, R), and by classifying every possible G-graph, we

are able to calculate an affine open cover of My(Q, R).

In Chapter 1 we give a brief introduction to the McKay correspondence paying par-
ticular attention to Ito and Nakamura’s G-Hilb(C?). We also present some well-known
background material about cyclic quotient singularities, quivers and the moduli space of
quiver representations.

In Chapter 2 we study the small dihedral groups G C GL(2,C), classifying them
into two families, BDy,(a) and BDg,(a, q). In this thesis we focus on the family of groups
BDgy,(a), and the last few sections of the chapter contains a study of the minimal resolution
of the singularity C?/BDs, (a) and the representation theory of the BDs,(a) groups.

We believe that similar methods to those used in this thesis will apply to the family
BDgy,(a, q).

In Chapter 3 we describe every possible G-graph for a given BDy,(a) group, classifying
them into the types A, B, C and D. We prove that any G-cluster Z € G-Hilb(C?) admits
as basis for Oz a G-graph of one of these types. The chapter concludes with a description
of the special irreducible representations in terms of the continued fraction 27”

Chapter 4 contains the explicit calculation of G-Hilb(C?) obtained by assigning to
every G-graph an open set in My(Q, R). The calculation of the open sets in My(Q, R)
corresponding to the G-graphs of type A, B, C and D, is given here, and we obtain an
affine open cover of G-Hilb(C?).



Chapter 2

Preliminaries

The content of this chapter is expository. From Section 2.1 to Section 2.5 we give a brief
introduction to the McKay correspondence, focussing on the Ito and Nakamura approach
by G-invariant Hilbert schemes.

Section 2.6 contains the background material needed in the following chapters. In
Section 2.6.1 we introduce cyclic quotient singularities and their resolution by Hirzebruch—
Jung continued fractions, and Sections 2.6.2 and 2.6.3 are dedicated to the moduli of quiver

representations and its relation with the G-Hilbert scheme.

2.1 Du Val singularities

Finite subgroups G C SL(2,C) were classified by Felix Klein in the late 19th century. Up
to conjugacy these groups are either cyclic Z,, of order n, binary dihedral Dy, of order
4n, or a binary group corresponding to the Platonic solids: binary tetrahedral T, binary

octahedral O or binary icosahedral I, of orders 24, 48 and 120 respectively.

The quotient varieties X := C?/G, known as Du Val singularities, rational double
points or simple singularities, have been studied in a great variety of contexts since Du
Val and Coxeter in the 1930s. The quotient singularity X is isomorphic to a germ of a
hypersurface in C? situated at the origin. These are listed in Table 2.1.

Let 7: Y — X be the minimal resolution, i.e. there are no —1-curves in Y. Then the
exceptional divisor £ C Y consists of several rational curves F; intersecting transversally
and such that EZ2 = —2. We can describe the configuration of the exceptional curves in F

by using the Dynkin diagram, which consists of a vertex for each F;, and two vertices are

13



14 Chapter 2. Preliminaries

Type Group G Equation for X
A, Cyclic Zy, 41 22+ y? 4"
D, | Binary dihedral Dy, o) 22 4Pz 4 2!
FEg Binary tetrahedral T 2?43+ 24
Er Binary octahedral O 2+ 8 4 y2B
Eg Binary icosahedral I 22 +y3 420

Table 2.1: The Du Val singularities

joined by an edge if and only if their corresponding curves intersect. The Dynkin diagrams

are one of the various characterisations of Du Val singularities (see Durfee [Dur79]).

2.2 The McKay correspondence

In this set up, McKay [McK80] realised that one can recover the same Dynkin graph for
Du Val singularities purely in terms of the representation theory of G, without passing

through the geometry of X.

Let G be a finite subgroup in SL(2,C) and let Irr G = {pg, p1, - .., pn} the set of irre-
ducible representations of G. The action of G on C? defines a 2-dimensional representation
V, called the natural representation, which maps G injectively into SL(2,C). Any repre-
sentation of G over C can be written as a combination of irreducible representations up

to equivalence. Therefore, for any p; € Irr G, we have

pi®V =Y ai;p;
pj€lrr G

where a; ; = dimc Homg(pj, V @ p;).

Definition 2.1. The McKay quiver of G is the directed graph with one vertex for every

p € Irr G, and a; ; arrows from vertex p; to p;.

McKay showed that the graph obtained in this way without the trivial representation
po is the Dynkin diagram of the quotient singularity X = C2/G. In other words, we have

the following one-to-one correspondence

{Exceptional curves E;} «— {Nontrivial p; € Irr G}
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also called the classical McKay correpondence for G C SL(2,C).

Since then, there have been several interpretations and generalisations of this beautiful
correspondence from different areas of mathematics and physics. For nice introductions
and related topics we recommend A. Craw’s thesis [Cra01] and M. Reid’s Bourbaki talk
[Rei02].

As an slogan, we can read the correspondence as an equivalence between the geometry

of the minimal resolution of X and the G-equivariant geometry of C? (see [Rei02]).

2.3 TIto and Nakamura Hilbert schemes G-Hilb(C?)

Around 1996 Ito and Nakamura [IN96] introduce a new twist to the story: the Hilbert
scheme G-Hilb(C?) of G-clusters. They proved that for G C SL(2,C), G-Hilb(C?) is the
minimal resolution of singularities for C2/G, providing a new approach to the McKay

correspondence.

There are two different notions of G-Hilb(C?) in the literature (see also [CR02] §4.1):
the “dynamic” denoted by Hilb® and the “algebraic”, denoted by G-Hilb. In the former,
and originally studied by Ito and Nakamura, consider first the Hilbert scheme Hilb™ C?
of all 0-dimensional subschemes of length n. Then taking n = |G|, we define Hilb% to be
the irreducible component of (Hilb™ C?)¢ containing the general G-orbit, so birational to
C2%/G (See [IN99] for details). In this case, a cluster is a flat deformation of a genuine
G-orbit of n distinct points. The latter, and the one used in this thesis, is the G-Hilbert
scheme: here a G-cluster Z is a G-invariant 0-dimensional subscheme of C? such that Oz

is the regular representation of G.

Remark 2.2. Ito and Nakamura proved that any “dynamic” G-cluster satisfies the al-
gebraic condition so Hilb® ¢ G-Hilb(C?), but the converse is not true in general (see for
example [CMTO07a], [CMTO07b] for examples in the Abelian case). Nevertheless, both defi-
nitions agree for G C GL(2,C) by Ishii [Ish02], and for G C SL(3,C) by Bridgeland, King
and Reid [BKRO1].

In higher dimensions it is known that G-Hilb(C?) is a crepant resolution for finite

subgroups G C SL(3,C) (first proved by Nakamura [Nak01] for G Abelian and by Bridge-
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land, King and Reid [BKRO1] for G in general), but this result already fail to hold for
finite subgroups in SL(4,C). For example, the cyclic quotient singularity C*/Z, of type
%(1, r —1,4,7 — i) does not have a crepant resolution. On the other hand, M. Sebestean
[Seb05] shows in her thesis that Zgn_1-Hilb(C?) is a crepant resolution for the cyclic quo-
tient singularity C"/Zan_; of type zn—l_l(l, 2,22,...,2"71).

2.4 The GL(2,C) case and the special Mckay correspondence

In attempting to extend the McKay correspondence to finite groups G C GL(2,C), one
immediately observes that the number of irreducible representation of G is greater than
the number of irreducible components of the exceptional divisor E. Nevertheless, among
the irreducible representations exists a subset that does indeed verify the McKay corre-
spondence as in 2.2. In this set up, Wunram [Wun88] and Riemenschneider introduce the
notion of special irreducible representation, and stated the Special McKay correspondence

for G € GL(2,C) as:
{Exceptional curves FE;} paitan {Nontrivial special p; € Irr G}

If G C SL(2,C) every representation is special, so we recover the classical McKay corre-
spondence. When G is Abelian, Ito in [Ito02] gives a nice combinatorial description of
these special representations, and in a recent paper Iyama and Wemyss [IW08] classify

them for any two dimensional quotient singularity.

In the Abelian case Kidoh [Kid01] proved that the G-Hilb(C?) is the minimal resolution
of C?/G, and finally in 2002 Ishii [Ish02] showed that G-Hilb(C?) is the minimal resolution

for any finite small subgroup G C GL(2,C), using derived categories machinery.

2.5 Explicit methods

When the group G is Abelian, the direct calculations of G-Hilb(C?) are well understood in
dimensions two and three (see for example [Ito02] in dimiension two, and [Nak01], [CR02]
for nice descriptions in dimension three). More recently, the G-Hilb has been obtained

explicitly as the moduli space of stable representations My(Q, R) of different quivers:

[CMTO07a], [CMTO07b] use the McKay quiver for Abelian subgroups in GL(n,C), [Cra07]
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with the Special McKay quiver of sections and [Wem07] using reconstruction algebras, the

last two studying Abelian subgroups in GL(2, C).

The non Abelian case has been treated much less, apart from Ito and Nakamura’s orig-
inal calculations [IN99] for non Abelian subgroups G C SL(2,C) and Becky Leng’s thesis
[Len02] for binary dihedral and trihedral subgroups in SL(2,C) and SL(3, C) respectively.
While Ito and Nakamura’s description focuses only on the exceptional divisor, Leng gives
an affine cover of G-Hilb(C?) for binary dihedral subgroups G' C SL(2,C) consisting of

smooth surfaces in C*.

2.6 Background material

2.6.1 Cyclic quotient singularities

In this section we describe the cyclic quotient singularities and their resolutions using
Hirzebruch—Jung continued fractions, which will be needed in following chapters. This

material is taken from [Rei].

Let G be a finite group acting on an affine variety M with coordinate ring k[M]. Then
the quotient X = M /G is an affine variety whose points correspond one-to-one with G-

orbits and such that k[X] = k[M]“. In other words, X = Spec k[M]".

A cyclic quotient singularity X of type %(1,&) at the origin is X = A%y/,ur, where
the diagonalised action of p, is given by « : (x,y) — (ez,e%) with (r,a) = 1, and ¢ is a

primitive r-th root of unity (see also [Rei87] §4, for a more general setting).

Definition 2.3. Let r, a be coprime integers with » > a > 0. Then the Hirzebruch—Jung

continued fraction of r/a is the expression

1

-
b2 T by—--

:b1 :[bl,bg,...,bk]

r
a

Consider the lattice L = Z? + 7Z - %(17 a) C R?. We define the Newton polygon of L as the

convex hull in R? of all nonzero lattice points in the positive quadrant. Then, the lattice
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points in the boundary of the Newton polygon of L are
1
ep=(0,1),e1 = ;(1,&),62,...,€k,6k+1 = (1,0)

Any two consecutive lattice points e;, e;41 for ¢ =0, ...,k form an oriented basis of L,

and they satisfy

€i—1+ €i+1 = biei (21)
where the integers b; are the entries of the continued fraction Z = [by, ..., by].
The resolution of singularities Y — X is constructed as follows: for each i =0,...,k

let \;, p; be the monomials forming the dual basis M to e;, e;11, i.e.
ei(Mi) = Lei(p;) =0, and e;j41(Ai) =0, €541 (1) = 1
Then Y = Yy UY; U...UY} where each Y; = C? with coordinates \;, u;, and the glueing

Yi\ (i = 0) — Yiz1 \ (Niy1 = 0)

is the isomorphism defined by
Nig1 = pt
piy1 = b

It follows that the resolution Y has the following exceptional divisor:

—b; —bg —bs —by,

where the —b; denote the self-intersections of each of the rational curves.

Example 2.4. Consider 1(1,2). The continued fraction 7 = [4,2] so ey = (0,1), e; =
1(1,2), ea = 1(4,1) and e3 = (1,0). The lattice L and its Newton polygon is shown in the

following diagram:
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The dual basis for each pair of consecutive points in the boundary of the Newton polygon
is
Xo=aT,p0=y/2? M=y, =yt e, N=x/ytue=y'

The resolution is therefore Y = Yy U Y; U Y5 where Y; = (C%Ai 22) for i = 0,1,2, and the
exceptional divisor consists of two rational curves F; & P%y:xz) and F; = IP’ly4:x) with

self-intersections —4 and —2 respectively.

As we have just seen, the continued fraction 7 tells us very useful information about
the resolution of singularities of X = C2/(Z/r) where the action of (Z/r) is of type (1, a).

Now we are going to see how we can use the continued fraction - to calculate X itself.

The invariant monomials of the action are generated by

up = Z’T,Ul = wr_ay7u27 s UL UL = yT’
satisfying the relations
@
Ui Wil = Uy (2.2)
where the exponents a; are the entries of the continued fraction = = [a1 ..., q].

The ring of invariant monomials C[z,y]® is generated by the monomials u;, and the
relations 2.2 are enough to determine X = SpecC[z,y]® C CF*?2 set-theoretically (for a

full set of generators we also need relations for u;u; with |i — j| > 2).

2.6.2 Quivers and the moduli of quiver representations

For an introduction to quivers and their representation see for example [CB] or [ASS06].

Most of this section and the following is taken from [Cra08].

Definition 2.5. A quiver () is an oriented graph with )y the set vertices and ()1 the set

of arrows, together with the maps h,t : Q1 — Qo giving the tail and head of every arrow.
We suppose that QQp and ()1 are both finite sets, and that the quiver is connected, i.e.

the graph obtained by forgetting the arrows is connected.

A path in @ is a sequence of arrows ajag - --ay such that h(a;) = t(a;11) for every 1 <

i < k—1. At every vertex i € Qg there exists the trivial path denoted by e; such that

t(e;) = h(er) = 1.
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Definition 2.6. The path algebra k@ is the k-algebra with basis the paths in (). The
multiplication in k@ is given by the concatenation of paths if they are consecutive, and
zero if not. The identity element is ) e;.

Note that the path algebra is finite dimensional if and only if () has no oriented cycles.

Definition 2.7. A representation of a quiver Q is W = ((W;)icqQo, (¥a)ac@,) Where W; is
a k-vector space for each vertex in Q and ¢, : W; — Wj is a k-linear map for every arrow
a:i—j.

We denote by d = (d;)icq, = (dimWj);cq, the dimension vector of W. A representa-

tion is finite dimensional if every vector space W; is finite dimensional.

A map between representations W and W' is a family 1; : W; — W/ for each vertex

1 € Qo of k-linear maps such that for every arrow a : i — j the following square commutes:

Wia) —> Wh(a)

ld}t(a) \Ld}h(a)

/ Pa /
h(a) = "h(a)

We denote by repg(Q) the category of finite dimensional representations of Q.

A relation in a quiver @) (with coefficients in k) is a k-linear combination of paths of
lenght at least 2, each with the same head and the same tail. Any finite set of relations R
in @ determines a two-sided ideal (R) in k@. The quiver (@, R) is called the bound quiver
or quiver with relations, and a representation of (Q, R) is a representation of () where each
relation must be satisfied by the homomorphisms between the vector spaces W; for i € Q.

The category of finite dimensional representations of (@, R) is denoted by repk(Q, R).

Proposition 2.8. The category rep,(Q, R) is equivalent to the category of finite dimen-
sional left kQ/(R)-modules.

Proof. (JASS06]) Let I = (R) be the two sided ideal, A = kQ/I and M be an A-module.
We define

W = (Mi7 %)ier,ate

to be the corresponding representation of @}, where M; := Me; with €; = e; + I the
primitive idempotent in A. For the maps ¢, between the modules M;, if (a:i — j) € @

and @ = a + [ its class modulo I, then define ¢, : M; — M; as p,(x) = za := xe;ae;, for
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x € M;.

We ned to check that ¢, are k-linear and that they satisfy the relations given by I:

oAz + py) = (Ar + py)eae;

= \ze;ae; + pye;ae; since M; is an A-module

= ¢a(7) + ¢a(y)

for any z,y € M;, A\, u € k.

Finally, if p = > \ip; is a relation in I, where p; = a; 10,32 ... a;y; are paths in @, then

p(x) = Z Aipp;(x) by linearity
= Z )\prai’” e Pa (l‘) = Z /\il‘ai,l cee @y,
= xZ)\ifLi71 cen Qi =P = 0.

Conversely, if we have a representation W = (W, ¢, ) of @, we associate to it the A-module
My = @ier M;. The module structure comes as follows: Let z = (x;)icq, € Mw and
p € k@, then

Ifp=e , T p =€ = T4
T-pi=
Ifp=ar...ar ,(z-p)i = On(p),ip(Te(p))

where ¢, = ©q, - .. Pa; -
Note that if p € I nontrivial then

zop=(0,...,0,05(74)),0,...,0) = (0,...,0,0q; - - a; (T4(p)),0,...,0) =0

and My is an A-module by = - (p+ 1) :=x - p. O

Fix the dimension vector d and consider the set of representations of () with such
dimension vector. By choosing a basis of each vector space W;, we can identify W; = k%

and every map ¢, is a matrix of size dyq) X dj(q). Then the representation space is

~ AN
EB Mata, ) dyny = Aic
acQ1

where N := 3" ac@; %t(a)dn(a)- The isomorphism classes of such representations are orbits

by the action of the change of basis group G = [[;,.o GL(W;), where m = (m;)icq, € G

i€Qo
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acts on ¢ = (¢)acq, as

(m 1) = mh(a)%m{(i)

To construct an algebraic variety parametrising these isomorphism classes, we need to
avoid the well-known problem of having orbits which are not closed, that is, we need need
to parametrise orbits under certain notion of stability. This is the subject of Geometric

Invariant Theory (the standard reference is [MFK94]).

The notion of stability for representations of a quiver is due to A. King [Kin94|. Let
6 € Q% and define (W) := > ico
vector d = (d;)ieq,- Then W is said to be -semistable if 6(W) = 0 and if for every

0;d;, for any representation W of ) of dimension

proper nonzero subrepresentation W/ C W we have (W) > 0. The notion of 6-stablility

is obtained by replacing > by > as usual.

In the same way, we define a point w € AV to be 0-(semi)stable if the corresponding

representation W is #-(semi)stable.

Remark 2.9. Let @) be a quiver with a distinguished source, denoted by pg € Qq, that
admits a path to every other vertex in Q. Consider any stability condition # € Q%° with
6; > 0 for ¢ # 0 (and hence 6y < 0). Then

1. 6 is generic, i.e. every O-semistable point is #-stable.

2. A representation W of @ is stable if and only if, as a kQ/(R)-module, W is generated

from pg.

Let (@, R) be a bound quiver. Consider the k-linear map ¢ : kQ — klz,,; : a = (a;;) €
Q1] that sends a path p = p1 -+ pr € k@ to the polynomial obtained by multiplying the
corresponding matrices and identifying the entry a;; with the monomial z,,;. Let the ideal
Ir be the image of (R) under ¢. Thus, a point in AN corresponds to a representation of
the bound quiver (@, R) if and only if it lies in the subscheme V(I,) cut out by the ideal
Ir. Then,

V(IR) oG = Proj(@(k[:naij ta = (a;) € Ql]/IR)jg)

jeN
is the categorical quotient (G-orbit closures of #-semistable points) of the open subscheme

V(Ir);® C V(Ig) parametrising #-semistable representations of (Q, R).
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If 0 is generic we define

Mo(Q, R) :=V(IR) oG

the geometric quotient (the restriction to the f-stable locus) parametrising 6-stable rep-
resentations of (@, R). Since 6 is generic it represents a functor ([Kin94], see also [Cra08]

Theorem 4.15, Exercise 4.18) so it is a fine moduli space.

Remark 2.10. Craw-Maclagan-Thomas observed that the ideal Ir may not be prime,
and therefore V(Ig) /oG may be reducible. See [CMT07b] Example 4.12, for a reducible
My(Q, R) given the McKay quiver of the group 1—14(1, 9,11) in GL(3,C).

2.6.3 My(Q,R) and G-Hilb

Let S = k[zi,...,2,) and G C GL(n,C) be small and finite. Let @ be the McKay
quiver of G (see Definition 2.1) and consider the bound McKay quiver (@, R) (see Section
5.1.2 for the relations R) with distinguished vertex the one corresponding to the trivial

representation pg.

Definition 2.11. An S-module M is G-equivariant if and only it carries a G-action
verifying

g-(sm)=(g-s)(g-m) forgeG,seS, and s e M.

The skew group algebra S * G is the free S-module with basis G and ring structure given

by (sg) - (s'g') :=s(g - s')gg for 5,5 € S and g,¢’ € G.

The quotient algebra k@/(R) is known to be Morita equivalent to the skew group
algebra S % G (see for example [Yos90] Chapter 10), i.e. there is an additive equivalence
between the category of left k@ /(R)-modules and the category of left S« G-modules. But
notice that left S x G-modules, or equivalently representations of (@, R), are precisely G-

equivariant S-modules.

On the other hand, for any cluster Z € G-Hilb(C") we can interpret the ring Oz =
S/Iz as a G-equivariant S-module. Moreover, as an S-module, Oz is generated by 1 mod

Iz. Therefore, we can consider the following definition for the G-invariant Hilbert scheme

G-Hilb(C"):={G-equivariant modules M = k[z1, ..., z,]/I with M = kG}
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If we take any stability condition # such that 6; > 0 for i # 0, and 8y < 0, the Remark
2.9 implies that a 6-stable representation is a cyclic S*G-module with generator the trivial

representation. Thus,

G-Hilb(C") = My(Q, R)

is the moduli space of #-stable representations of the bound McKay quiver.



Chapter 3
Dihedral groups in GL(2,C)

In this chapter we define the finite dihedral subgroups G C GL(2,C), and we explain in
Section 3.2 the method of resolution of the quotient singularity C?/G that will be used
to construct G-Hilb(C?). For this purpose, we give in Theorem 3.11 a classification of
the small binary dihedral subgroups G C GL(2,C) in terms of a (choice of) maximal
cyclic normal subgroup of GG, and show how to recover the standard classification given

by Brieskorn [Bri68].

In Section 3.4 we focus our attention on the BDgy(a) groups. They form one of the
two distinguished families of small binary dihedral groups in GL(2,C) and are the groups
considered in Chapters 4 and 5. In Theorem 3.15 we describe the minimal resolution of
the quotient singularity C?/ BDg,(a). The last two sections, 3.4.1 and 3.4.2, are dedicated

to the study of the representation theory of BDg,(a) groups.

3.1 Definition

Definition 3.1. A finite group G C GL(2, C) is dihedral if there exists a coordinate system

where, for any element g € G,

either g € A where A < G is an Abelian subgroup of index 2,

1
or g= 5 & , with ¢% € A.
2

25
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A dihedral group is binary if it contains the element —I, where I is the identity matrix.

If n is the order of A, then we have |G| = 2n.

We may assume for simplicity that A is cyclic, i.e after diagonalising we have that A =
<%(1, a)> with 0 < a < n. In addition, by changing coordinates we may also assume that

61 = 1. We then have the following consequences:

Proposition 3.2. Let G a dihedral group. Then

0
(1) G= <a= s(La),p=

root of unity.

1
‘ >, where j = aj (mod n) and ¢ is a primitive n-th
e 0

(2) a®> =1 (mod n) and aff = Ba’.

(3) (a,n) = 1.
Proof. (1). Since A has index 2 in G we have G = {4, 3A}. Now the condition g*> € A
o oo\ (e 0, o |
implies g* = = |, ie By =€l =% for some j € [0,...,n—1].
0 /32 0 &%
(2) and (3). Note that a3 € A since it is not diagonal, so there exist a relation of the
form af = Ba’ for some i € [0,...,n — 1]. Then for some j such that j = aj (mod n) we
have
e 0 0 1 0 1 e 0
0 & e 0 el 0 0 e*
0 e 0 e
e 0 B et 0

so that ¢ = £ and €%/ = ¢itJ. Equivalently, ai = 1 and a = i (mod n), which implies

that (a,n) =1 and a® = 1 (mod n) respectively. O

Definition 3.3. An element g € G C GL(2,C) is a quasireflection if the matrix g — I has
rank 1, where I denotes the n x n identity matrix. In other words, g is a quasireflection if

it fixes a hyperplane. A group G is said to be small if it does not contain quasireflections.

A cyclic group of the form <%(1,a)> is small if and only if (a,n) = 1. Hence, by
Proposition 3.2 (3), the normal subgroup A of a dihedral group is small.
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The following theorem, due to Chevalley, Shephard and Todd, has traditionally reduced

the study of quotients C"/G to the case when G is small.

Theorem 3.4 ([ST54]). Let G C GL(2,C) and H be the mazimal subgroup of G generated
by quasireflections. Then C"/H = C".

3.2 Resolution of dihedral singularities

Let us now look at the geometric construction of the resolution of a dihedral singularity

C?/G. Let G be a dihedral group with cyclic maximal subgroup 4 = (o) < G.

Consider first the action of A on C2. The quotient affine variety X = C2?/A is the
toric quotient singularity of type %(1,@), with an isolated singular point at the origin.
The resolution of singularities Y = A-Hilb(C?) — X is given by the Hirzebruch-Jung
continued fraction 2 = [by, ..., b;] (see Section 2.6.1). Then Y = Yy U...UY}, where each
Y; 22 C? and the exceptional divisor on Y is F = Ule E; with E; 2 P! and EZ2 = —b;.

2

We start with an easy Lemma and a Proposition showing how the condition a* = 1

(mod n) creates a lot of symmetry in Y.

Lemma 3.5. Let e; = (p;, q;) be a point in the Newton polygon of the singularity %(1, a)
such that a®> = 1 (mod n). Then ap; = ¢; (mod n) and ag; = p; (mod n).

Proof. (i) ap; = ¢; (mod n) is true by definition of the lattice L = Z + %(1,@) - Z, and
multiplying by a we have a?p; = p; = ag; (mod n). O
n

Proposition 3.6. If a> = 1 (mod n) then the continued fraction = is symmetric with

respect to the middle term, i.e.

n
— = [b1,b2, ..., by—1, by br—1, . . ., b, b1

Proof. Let L be the lattice of weights and M the dual lattice of monomials, and consider

the continued fractions - = [a1,...,as] and % = [by,...,b.]. If a monomial 2y is

%(1, a)-invariant then i +aj = 0 (mod n), and by the assumption a? = 1 (mod 2n), 27y’ is

also invariant. Therefore, the continued fraction —*- is symmetric, i.e. a; = a,—;. Indeed,

KU

k,
let w1 = 2%y, uy = 2%y, uip1 =

kll lll . . . .
3y be three consecutive invariant monomials
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" " ! ! . . .
and Up—(i4+1) = x! yk y Up—j = :Elyk, Up—(i—1) = z! yk their symmetric partners. Since

Up—1Ug+1 = up® we have
EF4+k' =ak=a_ik and I'"+1" =a;l = a,_;l

and then a; = a,_; for all 1.

The symmetry of —— implies the symmetry of 2 (see [Rie74]) and we are done. [

At the moment we have only considered the cyclic part A = («) of the dihedral group
G. To complete its action on C? we need to act with G/A = Z/2Z on Y = A-Hilb(C?),
and since G/A = {4, 3; A} it remains to act with the involution 3; on Y.

The action of 3 by (x,%) — (y,e’2) interchanges the coordinates x and y. But notice
that the symmetry in the continued fraction % implies that the coordinates along the
exceptional curves Y; in the resolution Y — C2/A are also symmetric, i.e B; identifies the

. ~o(2 ; .2 ;
affine subsets Y; = C(ﬂ/ys,yu/xv) with Y, _; = (C(:(:u/yv7y7"/xs)' Furthermore, the rational

exceptional curves in E covered by these affine patches are identified.

In the case when the number of rational curves in Y is even, i.e. [ is even, there exists a
middle affine set Y;,, covering the intersection of the two middle rational curves F,, 1 and
E,,. The Z/2-action of 3; identifies Y, with itself, fixing the point E,,_1 N Ep,. In fact,

this fixed point will not be singular in the quotient since we have the following lemma.

Proposition 3.7. Suppose that the continued fraction 7 has an even number of elements.

Then G has quasireflections.

Proof. Let {Y;}1=1,..» be the open affine covering of A-Hilb(C?) with middle open set
Y, = (Ciu, where A = z"/y" and p = y*/a".

The action of 3; on this open set is

= xu/yv — e—quyu/:nv — €_qu,u
= yu/xv — 6jqugju/yv — €jqu)\
Hence the action is given by the matrix M = ( 0 e ), where

glaw

det M = —e—Javtiqu — _ _—jaqutiqu _ _ —jqutijqu — _q
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i.e. M is a reflection. By Theorem 3.4 we have Y,/ (3;) = C?, and the group is not
small. O

From now on we suppose that 7 has odd number of elements. Therefore, the excep-
tional divisor £ C Y has an odd number of irreducible components E;, and there exists a
middle rational curve E,, = P! with coordinate ratio (x? : y?), covered by Y;,—1 and Y,,.
Then (; identifies Y,,,_; with Y, and it is an involution on E,,. Thus, after acting with
B; we have two fixed points on E,,, which are singular on Y/ (3;) depending on whether or
not there are quasireflections. If there are quasireflections, the resolution will have a type
A Dynkin diagram. If there are no quasireflections, Y/ (3;) has 2 singular A; points, and

blowing them up we obtain the Dynkin diagram of type D that we were looking for.

Remark 3.8. Since G-Hilb(C?) is the minimal resolution of C?/G ([Ish02]) and by the
uniqueness of minimal models in dimension 2, the previous construction can be expressed

in the following diagram:
C2 ~ AQG CGL(2,C)

G/A ~ A-Hilb(C?)

C2/A

G-Hilb(C?) v
In other words, we have that
G-Hilb(C?) = (G/A)-Hilb(A-Hilb(C?))

3.3 Classification of small binary dihedral groups in GL(2,C)

We start by giving a criteria for a dihedral group to be small.

Proposition 3.9. Let G be a dihedral group. Then
G is small <= ged(a+1,n) 17

Proof. The elements of G are of the form o' and o' for i = 0,...,n — 1 (note that

% = o’ for some j). Since the subgroup A = (a) is small, the quasireflections can only
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occur among the elements of the form '3 (except for i = n), and

o' is a quasireflection <= det(a’'3 —I) =0

B i
— b Ly e g
_€ai+j —1

<= (a+1)i = —j (mod n)

Therefore, G has no quasireflections if and only do not exist any solutions to the equation
(a+ 1)z = —j (mod n). As a linear congruence, it only has solutions if the ged(a + 1,n)
divides j. Indeed, if g = ged(a+ 1,n) and w is a solution then (a+ 1)u = —j (mod g) and
so (a+ 1)u=—j =0 (mod g), which only can happen if g|j. O

Proposition-Definition 3.10. Consider the subgroup
J=4{j€0,...,n—1]:j=aj (mod n)} C Z/nZ

Then J is cyclic and we define q to be the smallest generator of J.

In other words, for any element j € J there exists a matrix o/ = diag(e’, &) € %(1, a),
and the intersection of %(1,@) with the scalar diagonal matrices is the cyclic subgroup

generated by a4.

Proof. First note that J # ) since 0 € J. The statement J is a subgroup of Z/nZ is
clear. We need to check that it is cyclic.

The toric analog says that the points in the diagonal of the positive quadrant of the
lattice L = Z2? + %(1, a) - Z are multiples of the point P = %(q, q). If the only element in
the diagonal is the origin (0,0) then J = {0}, which is trivially cyclic, and ¢ = 0.

Suppose that exists a point in the diagonal different than the origin. Then there are two
possibilities, either P is in the boundary of the Newton polygon or not. If it is in boundary
then P = e; and €;41 = %(u, v) form a basis of L, for some 4. If there exists another point
P = %(q’, ¢’) in the diagonal but not a multiple of P then (¢’,q") = k1(q, q) + k2(u,v) for
some ki, ko positive, which implies that e;4; is also in the diagonal. This is a contradiction.

If P is not in the Newton polygon, then P = kje; + koe;11 for two consecutive points
ei, ei+1 and some kq, ko positive. Suppose there exists another P’ in the diagonal and not

multiple of P as before. The point P” = P' — P = 1(¢",¢") with ¢’ = ¢ + ¢, lies in
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the diagonal but not a multiple of P. On the other hand, P” € J so if ¢” < q we get a
contradiction with the minimality of P, and if ¢” > ¢ then we argue by induction to end

up in the same contradiction.

Theorem 3.11. (i) Let G = <%(1,a),ﬁ> be a small binary dihedral group.

e [fn = 2iq, then G = BDg,(a,q) := <%(1,a),5q>.

o Ifn=(2i+1)q, then G = BDgy,(a) := <%(1,a),ﬂn>,

where 3, = and By = with € a primitive 2n-th root of unity.
-1 0 el 0

(ii) If G is not binary then G has quasireflections.

Proof. By Proposition 3.10 there exists r € NU {0} such that r¢ = n, and we know that

fori =0,1,...,7r—1 the element 3; = | verifies the condition 37 = o' € %(1, a).
el 0

Hence any dihedral group is of the form G; = <%(1, a), BZ->. We group the different steps

of the proof into the following Lemma:

Lemma 3.12. (a) Gg &2 G2 = ... =2 Go; and G1 = G3 = ... = Goit1, where = means
conjugacy of subgroups in GL(2,C).

(b) If G is not binary then Gy = G.

(c) Go has quasireflections.

(d) If G is binary then Gy is small.

It is clear that the Lemma proves the Theorem. Indeed, the part (a) imply that we
up to conjugacy there are at most only to dihedral groups with a given maximal cyclic
subgroup generated with %(1, a). If the group is not binary, (b) and (c) imply that there
is only one group up to conjugacy and it is not small. In the case when G is binary, by
(d) any group in the conjugacy class represented by G is small, while by (c) any element
in the class represented by Gy is not small. O

e~ 0
Proof of the Lemma. (a) In both cases the conjugacy is given by the matrix M =
0 1

Indeed, Mo/ M~" = o/ for all j since all the matrices are diagonal. For the groups G
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with 7 even we have

. e 0 0 &\ (&7 0 0 &4
MdaIByM ™t = ' =
0 1 e 0 0 1 gwta ()
I k 0 & . .
which is equal to a*(y; = by taking k = j — iq (mod n) because
Eak+2iq 0

ak + 2iq = a(j — iq) + 2iq = aj — aiq + 2iq = aj — iq + 2iq = aj + iq (mod n).

For the groups G; with ¢ odd we have

. e~ 0 0 & g 0 0 gi—ia
]\4‘04‘7 /BlM_l = —
0 1) \e¥te 0 0 1 gwtiata
I 5 0 ek . .
which is equal to a1 = by taking k = j —iq (mod n) because

cak+Q2i+1l)g

ak + (20 +1)g = a(j —iq) + (2i + 1)q = aj — aiq + 2iq + q = aj + iq + ¢ (mod n).

(b) The group G is not binary so n is odd (otherwise (n/2,n/2) = —I € G), and
since rq = n we have that r and ¢ are also odd. Therefore, we can take the matrix
0 7249
M = to obtain
1 0
o [0 eTe\ (&0 0 1 e 0 y
Ma M == 1 = = X
1 0 0 & e 290 0 &
and
_ 0 ez [0 & 0o 1 0 gzt
MajﬁoM_l = . r—1 = ;_r—1
1 0 e 0 e 210 glm =z 1 0
0 ek 1
which is equal to of3; = by taking k = "57¢ + aj (mod n). Indeed,
Eak-l—q 0
r—1 ‘ oor+1 oor—1
ak +q = a( gt+aj) +q=j+—F—q=j— q (mod n),

2
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where the last equivalence comes from the fact that i
(c) det(p) = —1, so that Gy is a reflection.

(d) Now n is even and —I = 1(%g,%q) € G, so r is also even and the matrix M in (b)

does not work this time. For elements of the form a’3; we have that

a'fy is a quasireflection <= (a4 1)i +¢ =0 mod n (by Proposition 3.9)
< j+i+q¢g=0 (modn) (since ai = j (mod n))
<= bnq+q=0 (mod n) (since i + j = bpq)

<= n = rq divides (b, + 1)q

<= r divides (b, + 1)

If b, is even then the condition above cannot be satisfied since r is even.

Now suppose b,, = 2k + 1. If the group does not have quasireflections then the action
of 3 on (a)-Hilb(C?) gives two fixed points in the middle curve of the exceptional divisor,
which become two singular points in the quotient (see Section 3.2). The exceptional curve

C with these two A; singularities will have selfintersection #, and after the blow up we

have that (2k+1)/2 = (C+ Ey/2+ E/2)> = C2 + E2 /4 + E2/A+ CE, + CEy = C? + 1,

where E7, Fs exceptional and C the strict transform. Then C?2 ¢ N, a contradiction. [

3.3.1 Brieskorn classification

Quotient surface singularities were originally classified by Brieskorn in [Bri68] (see also
[Rie77]). His construction starts by considering a finite subgroup G C SL(2,C) and
then uses the surjective group homomorphism Z(GL(2,C)) x SL(2,C) — GL(2,C) where
Z(GL(2,C)) denotes the center of GL(2,C). In the case of small binary dihedral groups,

this procedure gives the following description:

(Yoq, Ty Pk, ifk:N—g=1 (mod 2)
(Y2, T 0 dur), if k=0 (mod 2)

Dyg =

)

where
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with e, =expZZ and |Dy 4| = 4kq.
The natural numbers N and ¢ represent selfintersection numbers in the exceptional

divisor in the resolution of singularities. More precisely, the Dynkin diagram is

-2 o

\—al —az —a-1 —q

e

N

where
q

= [al, ag,...,aj—1, al].

Note that taking k = 2i even or k = 2i 4 1 odd, this classification and the one given in
Theorem 3.11 agree. Indeed, using the construction of dihedral singularities as in Section
3.2 and doing a calculation with selfintersection numbers (see Theorem 3.15) we get the

equivalence as follows: given a Dy, group with % = [a1,...,a] we have that

BDgy(a) ifk:=N—¢g=1mod 2
BDs,(a,q) if k=0 mod 2

Dy =

where n and a are such that 27" = [ag,...,a2,2(a1 — 1),a9,...,q].
Conversely, given a small dihedral group BDay, (a) or BDg,(a, ¢) with continued fraction

27” = [b1,...,bm,...,b1], the corresponding group is Dy , where % = [%, b1, --,b1].

3.4 BDy,(a) groups

From now on we restrict ourselves to the case of small binary dihedral groups of the
form BDs,(a). In terms of their action on the complex plane C? they have the following

representation as a subgroup of GL(2,C):

e 0 0 1 9 o 9
BDgy(a) = ( a = , B= : € =1 primitive, ¢ =1 (mod 2n)
0 & -1 0

In other words, BDs,(a) is the group of order 4n generated by the cyclic group %(1,&)

and the dihedral symmetry 8 which interchanges the coordinates x and y.
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As we have seen in the previous section the quasireflections play an important role in
the different types of singularities we can obtain when acting on C? with a binary dihedral

subgroup in GL(2,C). We start with an example.

Example 3.13. Consider BDy(1) = (o = 1(1,1),8) = ((§9),( % §)). Its quasireflec-
tions are a3 and o33, both elements of order 2. Thus, if H the subgroup generated by
them, we have H = Z/27 @ Z/27Z, and by the theorem 3.4 we know that C2/H = C2.
Indeed, if we take x and y as the coordinates in C2, the ring of invariants is given by
Clz,y]" = C[u,v] where u = 22 — y? and v = 2y, so that C:;,/H=C;,.

Also, since a? = —T € H, to complete the action of BDy4(1) = (H, «) it remains to act
by o on C2 . In the new coordinates we have that a(u,v) = (—u, —v), so the action is

essentially 1(1,1).
This example can be generalise with the following proposition.
Proposition 3.14. Consider the Abelian groups BDay,(1) = (o = %(1, 1),8). Then

(i) BDay (1) is small if and only if n is odd.

(ii) If n is even, the normal subgroup of BDyy,(1) generated by the quasireflections is

H = (a"B,0’"3) 2 Z/2Z & Z/2Z and BD4,(1)/H = 5-(1,1).

(i4i) The minimal resolution Y — C2/BDyy(1) has exceptional locus of type Agp 1, i.e. it

consists of a single P! with selfintersection —2n.

Proof. (i) Use Proposition 3.9.

(ii) The quasireflections can only occur in elements of the form of3 with i # n and
that happens if and only if det(a/3 — I) = 1 + €% = 0, if and only if 2 = 2n (mod 4n)
for 1 < i < 4n, if and only if i = n,3n. Both generators have order 2 and a"3a’"3 =
aln3? = —1Id.

Since 3% = o = —I we know that BDy,(1)/H has order 2n. It only remains to prove
that it is cyclic. Indeed, the quotient group is generated by the coset aH.

(iii) By Theorem 3.4 we have C2/H = C? and now the quotient of it by 5-(1,1) is
isomorphic to the affine cone over the rational normal curve of degree 2n in P?*, which

has one rational curve with selfintersection —2n in its resolution of singularities. O

The following theorem describes the different configurations of exceptional locus that

can occur in the resolution of C2/BDa,(a).
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Theorem 3.15. Let BDoy(a) be a binary dihedral group and E be the exceptional divisor
in BDay,(a)-Hilb(C?), the minimal resolution of C2/BDay,(a).

Case 1: BDy,(a) is not small. Then

(i) %7” = [b1,.- .y bm—1,bm—1,...,b1] has an even number of terms. Then E is of
type
—b1 —b ~bm—2 —bp_1+1
e— o— - —0o—o
(ii %7" =1,y bm—1,bm,b—1,...,b1] has an odd number of terms. Then,

(a) if by, is odd, E is of type

(b) is by, is even, E is of type

—b1  —bo —bpo1 i
e—0— - —0e—2o

Case 2: BDy,(a) is small. Then by, is even and E has the Dynkin diagram of type D

Proof. let X = (a)-Hilb(C?) and 7: X — X /{B) be the quotient map, and denote by £;,
i =1,...,7 the exceptional curves in (a)-Hilb(C?) where E? = E? , = —b;. Denote also
by Ej the exceptional curves in X /() for j =1,...,m — 1.

Suppose that the number of elements in the continued fraction 27" is even. Then by
Proposition 3.7 the group is not small. For the selfintersections, if ¢ # m — 1 we have
(7*E;)? = (E; + E,_)? = E? + 2E,E,_; + E2_; = —2b;. Hence E; = —2b;/2 = —b;. And
if i =m—1then (7*Ep_1)? = (Bm_1+ Ep)? = E2_| 4+ 2B _1Ep + E2 = —2b,_1 + 2,
and therefore Em_l = —bpy_1+ 1.

%7" is odd, we have a middle

When the number of elements in the continued fraction
rational curve F,, in the exceptional locus of (a)-Hilb(C?), covered by affine charts Y;,, =
C%&u) and Y11 & (C%/\,M,), where A = 2 /y?, u = y?/29, A = 29/y? and p = y'/27. Using

the fact that (4,j) and (g, q) are consecutive points in the Newton polygon of %(17 a), we
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know that ¢ + j = b,,,q, and the action of 3 in this case is

A e (S1P el = (<1

po= o (1)Txt/yt = (=1)71/p

To see whether or not there exist quasireflections we must study the fixed locus of the
action. The coordinate y is fixed if and only if 42 = (—1)9, that is, either y = +1 when ¢ is
even, or i = i when ¢ is odd. To have the coordinate \ fixed the relation A = (—1)7 A\ybm
must be verified, so we also need to take into account the parity of j and b,,.

In fact, we can eliminate most of the possibilities. First note that i and j have the
same parity (as a consequence of Lemma 3.5). Then, since i + j = b,,q, we have that by,

and ¢ cannot be both odd. In addition, j and ¢ cannot be both even. Indeed, let

(0,2n),(1,a),...,(r,s), (u,v),...,(4,%),(q,q), (4, 7),...,(a,1),(2n,0)

the sequence of points in the boundary of the Newton polygon for %(1, a). Then ¢, j (and
therefore ¢) even implies u = b,,,—1j — q is even, r = b,,_gu — j is even, and by induction 1
is even, a contradiction. Hence, the only possibilities for fixed locus of the action of 3 on

(a)-Hilb(C?) are shown in Table 3.4.

q j bm, Fixed locus BDay,(a)
even | odd | even | Points (0,1) and (0,—1) fixed small
odd | Point (0,1) and line = —1 fixed | not small
odd | even | =0 (4) | Lines p =i and pu = —i fixed not small
=2 (4) | Points (0,4) and (0, —14) fixed small
odd | odd | =0 (4) | Points (0,7) and (0, —i) fixed small
=2 (4) | Lines p =4 and p = —i fixed not small

Table 3.1: Fixed locus in Y = (a)-Hilb(C?) by the action of 3

To calculate the selfintersections we split into the cases BDyj,(a) small and BDy,(a)
not small. Let 7 : X — X/(8) the quotient map as before, and f : Y — X /() the

resolution of singularities with exceptional divisor E = UE].
BDy,(a) not small: We have two cases:

1. b,, is odd. Then the involution (3 fixes a point P and a line L, and f is the blow
up of X /() at the singular A; point P. We call C' the new rational curve on
Y with C? = 2.
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Similar to the previous case, Ef = E/ = —b; if i # m, and Ef = —b;/2if i =m.
Then
(f*Em)* = (B, +C/2)* = B}, +1-1/2

Hence (E!,)? = —(by, +1)/2.

2. by, is even. Then the involution [ fixes two lines Ly and Ls, and by Theorem
3.4 the quotient X /(8) is nonsingular. In this case (7*E,,)? = E2, = —byy,

hence (Ep,)? = —by, /2.

BDy,(a) small: In this case X/(() has two singular A; points along E,, = P! with
E = —by,/2. Then f is the blow up of X/(3) at these two points. We call C; and

Cs the corresponding rational curves in Y. Then
—bn/2 = (B}, +C1/24C/2)? = (E},)*+C}/4+C3 /A+ E},Ci + E},,Co = (E,)* +1

and (E!,)? = — (b, +2)/2.
U

Remark 3.16. If a = 1 the group BDy,(a) is Abelian, and by Proposition 3.14 it is small
if and only if n is odd . Therefore, Y has a type A Dynkin diagram of the form

—2 —(n+1) -2

Remark 3.17. Note that when the group is not small we can have a (-1)-curve in FE
(more precisely, when b,,_1 = 2 in Case (1.i), or b,, = 2 in Case (1.ii.b)). In these cases,
in order to get a minimal resolution we need to contract the —1-curve, decreasing by one
the selfintersection of the adjacent curve. To illustrate this, consider the non small group

BD12(5). We have 12 = [3,2,3] so that E is of the form

and after contraction the —Il-curve, we obtain a single P! with selfintersection —2 in
the minimal resolution. To see this more explicitly, the group of its quasireflections is

generated by
H = (af,a’B,a°B,a"3,0°6,a" B)
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which has order 12. The quotient is (C%,y/H = (C%w where u = 25 — 3% and v = xy. Now

the action of « in the new coordinates is

(u,v) — (&?Gu, 56?))

~

In other words, the action is 1—12(6, 6) = %(1, 1), and the exceptional divisor in the minimal

resolution of C2/BD12(5) consists of just one P! with selfintersection —2.

Example 3.18. In Table 3.2 we present all small binary dihedral groups G C GL(2,C) of

order < 60, together with the graph of the exceptional divisor in the resolution of C2/G.

3.4.1 Representation theory for BDy,(a) groups

Let G = BDgy,(a) C GL(2,C) be a small binary dihedral group. As an abstract group it

has the following presentation:
BDgy,(a) = <a, B:atm=p'=1 a" =42 af = ﬁoz“>

Therefore any representation p : G — GL(n, C) of G must also satisfy p(a)?" = p(8)* =1,
p(a)" = p(B)? and p(a)p(B) = p(B)p(a)®. So if p is a 1-dimensional representation, p(c)
is a 2n-th root of unity and p(() is a 4-th root of unity.

If we denote by p;-t the 1-dimensional irreducible representations, we have

o) =el, pH(E) =i

)
—~
Q
~—r
I

By the definition of the groups BDy,(a) in terms of their action on C? (see Theorem 3.11),

the natural representation is Vi, which we will denote by Q.

About the number of one and two dimensional irreducible representations, let us look
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Table 3.2: Small binary dihedral groups in GL(2,C) of order < 60

Order Group Cyclic type 27" Dy, 4 Resolution graph
8 BD.(3) As D D,
12 BD6(5) As D473 Ds
16 | BDs(7) A Dsa De
20 BD10 (9) Ag D675 D7
2 [}
2 3
BD1»(5,3) 3,2,3] Ds3 ~ 8
2e
2 [ ]
24 3 2
BD15(7) [2,4,2] Ds 5 o o
2 o/
BD15(11) Ay Dz Dy
28 BD14(13) A D877 Dy
32 BD16(15) Ais D978 Dy
36 BDq5(17) A7 D9 Dy
2 [}
~2 2 3
BDg(9,5) [3,2,2,2,3] D75 b b hd
2 o/
2 [}
40 N4 2
BDgo(11) [2,6,2] D75 i i
2 o/
BD2(19) Aqg D11,10 D12
44 BD9y(21) Aoy D111 D3
2 [}
~2 4
BDoy(7) [4,2,4] D74 g g
2 o/
2 [}
48 ~3 2 2
BD24(17,3) [2,2,4,2,2] D73 b b hd
2 o/
BD24(23) Ao D13,12 D1y
52 BD26(25) Aas D143 D5
BDos(13,7) | [3,2,2,2,2,2,3] | D 2.\2 ;2 3
28 ) gLy Ly Ly Lyl 9,7
2 o/
2 [}
56 ~G5 2
BD28(15) [27872] D9,2 * *
2 o/
BDog(27) Aoy D15,14 Dqs
2 [ ]
~3 3
BD3g(11) [3,4,3] Dg 3 i i
2 o/
20
2 3 2
001 Bpgy(19) 2,3,2,3,2] Ds;s >- «—o
20
BD3(29) Agg D615 Dy
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at the formula

Gl = ) (dimp)®

pElrG
where IrrG is the set of irreducible representations of G (see for example [JLO1] §11).
Recall from Proposition 3.10 that 2n = rq for some r € N. Therefore we have r scalar
diagonal elements in %(1, a), and the number of 1-dimensional representations is 2r. If we
call d the number of 2-dimensional irreducible representations, by the previous formula we
r

have 4n = 2r + 4d. This implies that the number of 2-dimensional elements is d = n — 5.

Remark 3.19. The representation theory of G can be easily derived from that of the
maximal cyclic subgroup A = (a) < G. Let p; for i = 0,...,2n — 1 be the irreducible
representations of A. The group G acts on A by conjugation, i.e. g-h = ghg™" for g € G,
h € A, which induces an action of G/A = Z/2 generated by 3 on A by 3-h := 3h3~1, for

any h € A.

This action induces an action on Irr A as follows: using the relation af = [a®
we have that a®f = a% 1pa® = a%2pa% = ... = ﬁoﬂ% = fa’, which implies
BalBl = a®ps™l = a®, so that o and a® are conjugates . Hence, for any irre-

ducible representation p; € Irr A we have that pk(ﬁ)pk(ai)pk(ﬁ_l) = pk(a“i) — pk(a)ai _
(z-:k)“i = (si)“k = par(a?) and G/A acts on Irr A by

B pr = Pak

for py € Irr A.
Every fixed point p; by this action will give two 1-dimensional irreducible representa-
tions p;' and p; of G, while every free orbit consisting of two irreducible representations

pr. and p; identified by 8 produces the 2-dimensional representation Vj.

Example 3.20. Consider the group BD12(7) generated by o = diag(e,7) with ¢ a prim-
itive 12-th root of unity, and 8 = (_01 (1)) Table 3.20 shows the character table for the
group.

The irreducible representations for the cyclic subgroup A = (o) are given by p;(a) = &
for i =0,...,11, and we can see that representations p; and p=; are identified by 3, where
7i denotes 7i mod 12. When i is even the representation is fixed, and we obtain the

1-dimensional representations pi-. Also 3(p1) = pr, B(p3) = po and B(ps) = p11 (and vice
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versa), giving Vi, V5 and V.

Table 3.3: Character table for the group BD12(7)

3.4.2 Semi-invariant polynomials

2
x?y’

The group G acts on the complex plane C so it will also act on the polynomial ring

C|z, y] breaking it into different eigenspaces.

Definition 3.21. We say that a polynomial f € Clx,y| belongs to a representation p (or

f is p-invariant or f is semi-invariant with respect to p), if
flg-P)=plg)f(P) forallge G, PeCy, (3.1)

(compare [Muk03], Definition 6.10). We denote by S, := {f € Clz,y] : f € p} the

Clz, y]®-module of p-invariants.

Let P=(x0,y0), then o - P = (exp,e%yp) and - P = (yo,—x¢). Then for the 1-

dimensional representations we have

f(z,y) € pi <= f(a- P) = p;(a)f(P) and f(B- P) = p; (B)f(P) forall P €CZ,

— ao(f) =& f and B(f) = " f (3.2)

2
12

Class[{1} {-1} {o*} {o"} {a’} {8} {a”B} {a"} {0®} {a} {aB} {a”} {a”B} {a®B} {a'B}
Size | 1 1 1 1 2 2 2 1 1 2 2 2 2 2
Order| 1 2 3 3 4 4 4 6 6 12 12 12 12 12
pa_ 1 1 1 1 1 1 1 1 1 1 1 1 1 1
Po 1 1 1 1 -1 -1 1 1 1 -1 1 1 -1 -1
ps |1 1 et -2 -1 1 -1 —e? & 2 2 et
py |1 1 et -2 -1 -1 1 g2 ¢ 2 2 gt
ey |1 1 =2 &1 11 et —e? et et 2 g2 £
p; |1 1 =& ¢ 1 -1 -1 &t - & et 2 2 2
pg_ 1 1 1 1 -1 1 -1 1 1 -1 -1 -1 -1 1
Pe 1 1 1 1 -1 -1 1 1 1 -1 1 -1 1 —
pr |1 1 et =2 1 1 1 —e? gt =gt 2t A A
ps |1 1 &t -2 1 -1 -1 -2 & & &2 & &
plo |1 1 =2 & -1 1 -1 gt & et et 2 2 2
po |11 =2 b -1 -1 1 el —e? gt et 2 g2 ¢
Vi |2 -2 —22 2% 0 0 0 -2t 282 0 0 0 0 0
Vs |12 =2 2 2 0 O 0 -2 =2 0 0 0 0 0
Vs |2 —2 2% =22 0 0 0 2% —2* 0 0 O 0 0
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where we are making the abuse of notation! a(f(z,y)) = f(a(z),aly)) = f(cx,e%) and
B(f(x,y)) = f(B(x), B(y) = f(y, —x).

For the 2-dimensional representations Vi, we have to consider pairs of polynomials:

a-P),g(a-P)) = Vi(a)(f(P),g(P)) and

(f,g) belong to Vj, <=(f )

B-P),g(B- P))=Vi(B)(f(P),g(P)) forall PeC;,
(
(

(
1
a
B

= = (" f,e%a(g)) and

==
°

(
(
(
(

= (9,(=1)"f)

=
Y

Looking at the last equality we set g = (B(f) and we see that 3(g) = (—1)*f can be
obtained using the rest of relations: B(g) = B(B3(f)) = B2(f) = a™(f) = (a(f))* =
(eFf)m = (e™)* f = (=1)* f. Hence we have

(f.B(f)) belong to Vi <= a(f, B(f)) = (e f,e""B(f)) (3.3)

Example 3.22. Continuing with Example 3.20, the maximal cyclic subgroup of BD15(7)
is A = (a) with @ = 5-(1,a). In Table 3.4 we show the irreducible representations and
the generators of the corresponding modules, apart from the trivial module S,, = Clz, Y]

which is generated by the element 1.

Table 3.4: Representation theory for %(1, 7) and the generators for S,

« S, «o S, « S,
po | 1| La2 oy, o gy [ pa [ e | atiyt | ps | 8 | 2%y
p1| € z,y" ps | € | 2%yt || po | €7 | afyd
P2 62 ‘T27y2 P6 66 ‘T67y6 £10 510 x107y10
ps | & i prle’ | @y | pu |t | attyt

Again we see how Sy, and S,_ are identified by (3, where 7i denotes 7i mod 12, and
B(Sp) = Spry B(Sps) = Spy and B(S,;) = Sy, (and vice versa), giving Sy;, Sy, and Sy,
respectively (compare with Table 3.22).

'The abuse of notation comes from the fact that the action of ¢ € G on f € C[z,y] is given by
g-f=p(g~)f. Equation 3.1 is obtained because when a group G acts on X =SpecR then G acts dually
on Rvia (g- f)(P)=f(g~"-P)for g€ G, f € Rand P € X. See also [Dol03].
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o} Ié] Sp
7 ! Lo | L, a4+ y" aby —ay®, %0, aByt + a2ty
Po 1 -1 212 — 12 gBy LB adyB
Pl e 1| @ +y? 2Ty —ay
e ~1 |2 =y 2Ty +ay
2 ! 1|2t +yt, 2%y — a2y, 2Py
pr| e ~1 |2 =y, 2y +ay’, 2%y
P -1 1 28+ yb, oty —ay!t, ziy? + 22%y?
P3 -1 1 26 — oS, 2yt ayll, aty? — 22yt
oy g8 1 28 + 8, 26y + 22y, wiyt
Py 8 1| 28— B, 28y? — 228 gy
p; g10 1 210 + y1o’ x?’y _ xyg
ps £10 1 210 410 3y 4 B
Vi | (52) | () | @y), (07 —a7), (@B, —ayf), (2%, —a®?)
Va | (58) | (50| @59 (00 =), (292 a%), (e, —ay®)
Va | (5 0) | (%8) ] @), ', =), (wy, 2%y), (20, —2y'?)

Table 3.5: Some semi-invariant elements in each S, for BD12(7)




Chapter 4

G-graphs for BDy,(a) groups

In this Chapter we describe all possible G-graphs for G = BDy,(a) groups, classified into
the types A, B, C and D. In Theorem 4.21 we give a full description of the G-graphs
along the exceptional divisor in G-Hilb(C?), and in Theorem 4.22 we prove that for any

G-clusters Z € G-Hilb(C?), the vector space Oz admits for basis one of these types.

Using the construction of the resolution of singularities of C2/G described in Section

3.2, the description of the G-graphs is given in terms of the continued fraction 27"

corre-
sponding to the subgroup A = <%(1, a)> < G. In Theorem 4.25 we give the list of special

representations of G purely in terms of the maximal cyclic subgroup A.

4.1 Introduction

Definition 4.1. Let G C GL(2,C) a finite subgroup. A G-cluster is a G-invariant
zero dimensional subscheme Z C C? defined by an ideal Iz C C[z,y], such that Oz =
Clz,y]/Iz = CG the regular representation as CG-modules.

The G-Hilbert scheme G-Hilb(C?) is the moduli space parametrising G-clusters.

Recall that the regular representation CG is a direct sum of irreducible representations

pi, where every irreducible p; appears (dimp;) times in the sum. That is

CG= P ()

pi €lrrG

Therefore if Iz is an ideal defining a G-cluster, or a point in G-Hilb(C?), then the vector

space C[z,y|/Iz has in its basis (dimp;) elements in each irreducible representation p; (see

45
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Definition 3.21). To describe distinguished basis with this property for these coordinate

rings, it is convenient to use the notion of G-graph.

Definition 4.2. Let G = BDy,(a) a binary dihedral subgroup of GL(2,C). A G-graph is

a subset I' C Clz, y] satisfying the following two conditions:
1. It contains (dimp) number of elements in each irreducible representation p.

2. If a monomial £ ™2 is a summand of a polynomial P € T, then for every 0 < ij < Aj

the monomial 2" y* must be a summand of some polynomial @;, ;, € I.

Note that given any ideal I C C[z,y|, we can choose a basis for the vector space

Clx,y]/I which is a G-graph. This choice will never be unique.

For dihedral groups, and non-Abelian groups in general, the elements of the G-graphs
can no longer be chosen to be all monomial. Nevertheless, we can identify any G-graph
with its “monomial” representation in the lattice of monomials in the same spirit as in the
toric case, where every monomial in it represents an element in the G-graph. This way of

representing G-graphs will be useful for the rest of the Chapter.

Representation of a G-graph

When the group G is Abelian, every irreducible representation p; of G is 1-dimensional
for i = 1,...,|G|, and every monomial in C|z,y] belongs to some p;. Therefore the
G-graphs for Abelian groups are represented in the lattice of monomials M by the mono-
mials contained in I". For example, the following picture represents the %(1,5)-graph

I ={1,z,2% 23 2 y}:

As the figure suggests, the representation of I' consists of all monomials in C|z, y| which do
not belong to the ideal I = (2%, zy, y?), so we may also say that the G-graph T is defined
by the ideal I.

When G is non-Abelian, irreducible representations may not contain monomials, and

the elements in G-graphs consist of sums of monomials. In this case, a representation of
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a G-graphs is also drawn on the lattice of monomials M but now using the following rule:
a monomial zy/ is contained in the representation of a G-graph I if it is contained as a

summand in some polynomial P € T

For example, consider the binary dihedral group Dy = BD4(3) and the D4-graph
I = {1,2* —y* 22 + 42,22 — %, (z,y), (v>, —2%)}. Note that it has one element in each
1-dimensional representation and two elements in the 2-dimensional representation V' (see

Table 4.1). In this case, I is represented by the following figure

where the basis elements 22 + y? € pf and x? — y? € p; are represented by 22 and y?

respectively. We also say that I' is defined by the ideal I = (xy, z* + 3*).

Counting the number of monomials in the figure we have that [I'| =9 > |Dy4| = 8, but
notice that z* — 3* belongs to the basis of Clx,y]/I, so we cannot exclude z* and y*. On
the other hand we have the relation z* +y* = 0, i.e. z* = —y* and both monomials count

as one in the basis. We say that 2% and y* are “twins”.

a B S,
Py 1 1 1, 2t + ot 2%y ay(at -y, ...
Po 1 -1 xy, ot — oyt ..
pi | -1 1 22+ ay(a® —y?), ...
pr | -1 -1 | 22— 92 ay(x® +92), ...
V(52) ]| (%0) | (@), (=), (%, —ay?), ...

Table 4.1: Irreducible representations of D4 with some polynomials belonging to them.
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4.2 The cyclic case

Let A = (5(1,a)) be the cyclic group with (2n,a) = 1. In this section we describe how
the A-graphs are completely determined by the positive nonzero lattice points e; on the
boundary of the Newton polygon of L = Z? + 5-(1,a) - Z (see also [Kid01][Ito02]). Let
27" = [b1,...,bm,...,b1]. We have 2m — 1 exceptional curves in A-Hilb(C?) covered by
2m affine open sets. Let e; = (r,s) and e;41 = (u,v) be two consecutive boundary lattice
points of L, then the corresponding open set in Y is of the form Y; = C, ,,), where
& =2°/y" and n; = y"/z¥ (see Section 2.6.1). Then every point (&;,7;) € Y; corresponds
to the A-cluster Z, ,,. defined by the ideal

Ie, o = (® = &y", vy —mix?, ¥y — &imy)

The A-graph I' is obtained by setting &; = n; = 0, giving the following “stair” shape:

S

Y

T’IE v ,

lz - z°

S

For any (&;,71;) € C2, modulo the ideal I 2, ,, We have that any monomial in Clz, y]
can be written in terms of elements in I'. In other words, the vector space Clx,y|/I Ze,m:
has I' as basis. Note also that 2n = su — rv, so the number of elements agrees with the

order of the group. Thus (Cgiﬂ’li is an open set in A-Hilb(C?).

Example: Consider the group A = <%(1,7)>. We have 1—72:[2,4,2] and therefore the
resolution of singularities Y = A-Hilb(C?) — C2/G is of the form Y = Yy U Y] U Ys U Y3,
where each Y; = C%&nm)’ 1=0,...,3. See Flgure 4.1.

The corresponding A-clusters for these affine pieces are defined by the following ideals:

o T — &y 2% — &y ;
e =& ) ) . r — &3y
Teomo = S fam = v —ma Ieome = | y" —mox Ieame = |,
Yy — Nox y - —n3
2’y — &m zy® — Eampe

so each of the complex planes Y; parametise an open set in A-Hilb(C2). To see which

A-graph corresponds to each of the open sets, it is useful to look at the origin in each of
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Y() Yl Y2 Yé

oy oyt 2Py YT e

nz=y'?

no=y/z" E=x/y"

Figure 4.1: Resolution of singularities Y of the cyclic singularity of type %(17 7).

the Y;, for ¢ = 0,1,2,3, i.e. consider £ = 1; = 0. Then we obtain the A-graphs I'; for

1=0,...,3 shown in Figure 4.2.

I's F
y19
Y0
Y8
y7
y6
Y5
yh
I v’
2
Lo 2, 30, 4 y
yryzyxcy Yy Yy
1z 2228 2% 2% 28 27 28 2921021 (1 2 2? 23 24 294 1]

Figure 4.2: A-graphs for the group A = <1—12(1, 7)>

4.3 qG-graphs

Let G = BDg,(a) be a small binary dihedral group and let A = (a) = (5-(1,a)) be the
maximal normal cyclic subgroup of order 2n. As we have seen in Section 3.2, we are going

to construct the resolution Y — C2/G by acting with 8 on A-Hilb(C?).

Recall that 5 : (z,y) — (y, —x) interchanges the coordinates x and y. The symmetry
along the coordinates of the exceptional divisor in A-Hilb(C?) = U?Zo Y; implies that
identifies Y; with Ya,,_;, as well as identifying the corresponding A-graphs contained in

those affine pieces.
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Let Z; be an A-cluster in Y; and 3(Z;) its image under (3, with ideals Iz, and I3z,
respectively. Denote also by Z the point in the quotient A-Hilb(C?)/(j3) corresponding to
the orbit {Z;, 3(Z;)}. See Figure 4.3.

Suppose that Z; and $(Z;) are not any of the points in A-Hilb(C?) that are fixed by
3. Therefore, Z is not one of the singular A; points in the quotient and, since G-Hilb(C?)

is the minimal resolution, Z corresponds one-to-one with a G-cluster.

—— bl&)

A-Hilb(C?) Y Y

Y;' ‘ Yém—i

Figure 4.3: Action of 3 on A-Hilb(C?) in terms of A-graphs.

As clusters in C?, we have that
Z D Z;UpB(z,)

or equivalently

Iz C Izi ﬂ[g(gi)

In terms of graphs, if we denote by I', T'; and ((I';) the A-graphs corresponding to the

ideals Iz, Iz, and Ig z,) respectively, we have that

where fl is a G-invariant graph symmetric with respect to the diagonal. But, notice

that T; it is not a G-graph. Indeed, I'; and S(I';) have an overlap (their common basis
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elements), so the number of elements of I'; is always smaller than |G| = 2 - [A]. We will

call these new graphs “quasi G-graphs” (q¢G-graphs).

Remark 4.3. Since every ¢G-graph is given by two symmetric A-graphs, or equivalently,
given by two symmetric pairs of consecutive lattice points in the boundary of the Newton
polygon of L, we need only consider half of the lattice points. More precisely, we just
have to look at the ¢G-graphs coming from the points ¢y = (0,2n), e; = (1,a), .

.oy

em—1 = (¢, q).

Example 4.4. Continuing with the previous example, the action of § glues together I'y

with I's and I'y with I's, obtaining the ¢G-graphs fo and fl. See Figure 4.4.

"
Y1
Y
Y8
7
yﬁ yﬁ
~ 5
Iy ys y4 I
v y'wy
y ~
3 yoay® I
y2 y2 xy?
Y
y y wy |?yadyaty
1|z 2223 2% 2® 26 27 28 29210 3:11| 1 x |22 2% 2% 252

Figure 4.4: ¢G-graphs for the group BDgy(a).

Now we look at how two symmetric A-graphs can merge together into a ¢G-graph.

The following proposition shows that there are only two types of gluing.

Proposition 4.5. Let G = BDg,(a) C GL(2,C) a small binary dihedral group. Let T' be
the A-graph defined by the consecutive Newton polygon points e; = (r,s) and e;+1 = (u,v).
Then N

I'is of type A if s—v>u

T is of type Bif s—v=u—r

Their shape is shown in the following diagram:



52 Chapter 4. G-graphs for BDy, (a) groups

Type A Type B

The coloured area represents the overlap between the A-graphs.

Proof. Let e;+1 = (t,w) the next point in the boundary of the Newton polygon. Since any
T is the union of two symmetric A-graphs with respect to the diagonal, the shape of the
qG-graph will depend on the relation between s — v and wu.

Suppose that s — v < u. This means that s — v = u — k for some 0 < k < u. Then
k=ut+v—-—s=u+(1—-bip1)v+w

which implies b;+; = 2 (otherwise, since we always have that v > u and v > w, then k < 0,
a contradiction). Now,

k=u—v+w

and applying the same argument to w and so on, we obtain that b;11 = b;40 = ... =b,, =
2, that is, 22 = [by, -+ ,b;,2,...,2,b;,...,b1].

And finally, this chain of 2s in the middle of the continued fraction gives us the value
of k: Let ep—1 = (p,q), em = (4,7), em+1 = (q,p) be the three middle Newton polygon

points. Then proceeding with the previous argument we get

k= u—q+j

= u—(2j—p) +j

= u—Jj+p
= u—t+u
= 2u-—t
= r

which gives the ¢G-graph of type B. O
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Remark 4.6. From the previous proof, we can deduce that the distribution of the ¢G-
graphs of type A and B in the exceptional locus depend on the number of 2s in the middle
of the continued fraction 27" For example, the continued fraction [...,b,2,2,2,2,2/b,...]

with b #£ 2, gives three ¢G-graphs of type B.

Let fo,fl, e ,fm_l be the sequence of gG-graphs, then if b, = 2 for £ < i < m and

br_1 # 2, we have that fg,fl, . ,fk—l are of type A and fk,fl, .o, I'm_1 are of type B.

As a consequence we get the following corollary.

Corollary 4.7. There are no type B qG-graphs if and only if the middle entry b, in the

continued fraction %7" = [boy- - bm,-..,bo] is different from 2.

In the case a = 2n — 1, i.e. BDg,(2n — 1) C SL(2,C), then the coefficients of the

2n
2n—1

continued fraction are all 2, and every ¢G-graph is of type B.

There is also a relation between types A and B, and the dimension of the corresponding
irreducible special representations. Let E = |J E; C BDa,(a)-Hilb(C?) be the exceptional
divisor. By [Wun88|, the dimension of the special representations p; corresponding to Ej is
equal to the coefficient of E; in the fundamental cycle Zg,q (the smallest effective divisor
such that Zgq - E; <0). Let —2,—2, —a,y,, ..., —ag, —a; be the sefintersections along the
minimal resolution of G/BDay(a), where the first two —2s correspond to the “horns” of
the Dynkin diagram (compare with the Brieskorn notation in Section 3.3.1, and Section

4.6).

Corollary 4.8. The special irreducible representations of BDay,(a) are all 1-dimensional
if and only if the middle entry by, in the continued fraction %7" = [b1,...,bm,...,b1] is

different from 2.

Proof. Let Zgyng = Y. ;B for i = 1,...,m+ 2 and ¢; > 0. Then we have to find the
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minimum integers a; such that

IN

—ai1c] + ¢y 0

IN

c1 —aocy+c3 <0

0

IN

Co — ascCs + ¢y

N

0

Cm—2 — Qm—1Cm—1 + Cm <

IN
o

Cm—1 — GmCm + Cm+1 + Cm+2

IN
o

Cm — 2Cm+1

IN
o

Cm — 2Cm42

First note that if ¢; = 0 for some 4, then ¢; = 0 for all . Also, the value of ¢; corresponds
to the dimension of an irreducible representation, so it is at most 2. Thus 1 < ¢; < 2.

By minimality ¢41 = ¢mae = 1 and ¢, = 1 if and only if a,, > 2. The same argument
shows that if a; > 2 for some 7 then we can take ¢; = 1 for j <. Therefore, if ¢;,, > 2 we
have that c¢; = 1 for all j, so every special representation is 1-dimensional.

_ b2

By Theorem 3.15 we know that a,, = >4, so a,, = 2 if and only if b,, = 2 and the

result is proved. O

Thus we have a one-to-one correspondence between type A ¢G-graphs and 1-dimimensional
special representations (except the two corresponding to the “horns”, which are also 1-
dimensional), and another correspondence between type B ¢G-graphs and 2-dimensional

special representations.

4.4 (G-graphs from ¢G-graphs

In this section we will construct the G-graph corresponding to a given gG-graph. Every
element of the ¢G-graph is obviously in the G-graph, and the number of elements that
we have to add to the gG-graph is exactly the number of elements in the overlap M. We

will find these new members by looking at the representations of G that are contained in M.

Let I be an ideal defining a G-cluster and I'y its graph. Then the elements of I'; form

a basis for the vector space Clz,y]/I, and every irreducible representation p has (dimp)
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number of elements in I';. Suppose for simplicity that p is a 1-dimensional irreducible
representation of G. Then p can be considered as a 1-dimensional vector space with basis
g, and whenever an element f is not basis of p we have a relation of the form f =a- g for

some a € C. In particular f —ag € I.

In order to easily describe the G-graph we can take a = 0, so that f = 0 in C|x,y]/I.
More precisely, choosing to take all constants to be equal to zero for a given G-cluster
corresponds to looking at the origin of the affine open set defined by the G-graph. The
set of these G-clusters describes the 0-dimensional strata of G-Hilb(C?).

As we have seen in Section 3.4.2, instead of having monomials in every irreducible rep-
resentation we can have sums of monomials. This creates the new phenomenon of “twin”

elements in the G-graphs which does not appear in the Abelian case.

For example, let f = 2'y/ — 27y’ with i > j be an element in some 1-dimensional
representation p. If f is not the basis for p, then 2’y/ = 279’ and both monomials be-
come the same element in Clz,y|/I, that is, they are “twins”. Moreover, multiplying the
above equality by zPy? for any positive integers p and ¢, we have x'TPy/T9 = gi+Pyite
which means that once we have a pair of symmetric twin elements we get a pair of sym-
metric “twin regions”. Thus, in order to count the number of basis elements when this

phenomenon occurs, a pair of twin elements will count as a single basis element.

4.4.1 Type A

Suppose that [is a gG-graph of type A and let e; = (r,s) and e;+1 = (u,v) be the
corresponding lattice points in the Newton polygon. Then I = Iy, UT s, where [; =
(x5, y*, x* y*~ ") and B(I;) = (2%, y®, 2" "y*"Y) define the %(1,&)—graphs. In addition,
we have the inequalities r < u < v < s and u < s — v, coming from the lattice L and the

type A condition respectively.

The general shape for a type A gG-graph is the following:
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Y
xU—TyS—U
l,uyu
xS—UyU—T
Y
1z fvd

If we call M = T'y N 'g(p) the overlap, clearly #f =2 -#I't — #M < 2n. Then, in
order for T to be a G-graph it needs to be extended by #M = u? elements, and these

extra elements belong to the irreducible representations appearing in M.

Let us denote by I' (or by I'4(r, s;u,v) when a reference to the lattice points is neces-
sary) the G-graph corresponding to r , and by I its defining ideal. The following lemmas

show that we just need to look at some key representations.

Lemma 4.9. The polynomial z°~ y*~" + (=1)"""z" "y5~" is G-invariant, i.e. it belongs

to I.

Proof. We need to show that x*7y*~" + (—1)*""z" "y*" is invariant under the action

of @ and . By Lemma 3.5 we know that ar = s and au = v (mod 2n), then

a(xS—UyU—T + (_1)u—rxu—rys—v) — ES—U+(ZLU—[IT“,ES—Uy’U4—7‘ + (_1)U—TEU—7‘+CLS—[1’U'Z.U—TyS—U

— xs—vyu—r _|_ (_1)u—rxu—7’ys—v
and

5(xs—vyu—r+(_1)u—rxu—rys—v) — (_1)u—rxu—rys—v+(_1)u—r+s—vxs—vyu—r

— l,s—vyu—r + (_I)U—T’LEU—T‘yS—U‘

In the last equality we are using the fact that s — v and v — r must have the same parity,

again by Lemma 3.5. O
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Lemma 4.10. The monomial z%y" is not in the G-graph T.

Proof. Suppose that z%y" ¢ I. Notice that z%y* and z%"V 4 (—1)"y“*? are in the same
1-dimensional representation py,, so TV + (=1)4y“*T" € I and it forms a twin region.

Observe also that the following elements belong to the same 2-dimensional representation:
w, u+1 1) ut+1, u utv+1l _ utv+l Ll Vi
(‘Ty 7( )‘T y)7(y , — & )7(‘T7y)e l

utvtl gutvil gl ol e T' they must

for some 0 < [ < u+ v+ 1. Since the monomials y
belong to I' so the pair (z%y%+! (—1)“z¥*tly") ¢ T, hence z¥y*H! 2uFly" € 1.

This last condition implies that on the diagonal, the ¢G-graph can only be extended
with the element x“y“. We claim the and along the sides it cannot be extended enough to
obtain a G-graph. Indeed, by the previous lemma we know that z*~Vy*~"4(—1)"""z" "y57" €
I so it forms a pair of twin regions. Also 2" (x5 Vg% "+ (—1)4 """ TySTY) = ST VYU 4
(=1)*~"z"y*~" € I. Now, the type A condition u < s — v implies that z"y*~" € I, and
therefore 257" ~?y%~" € I (same for 2% "y*T"~%). Thus the twin regions have r? elements
each.

In the same way, the element x"™% + (—1)%y“*" forms another twin region, and since

2

u+ u < s, their size is at most (u — r)* — (u — r). So, the ¢G-graph is extended with at

most 72 + (u —r)? — (u — 7) + 1 < u? = #M monomials, and this is a contradiction. [

As a consequence we have that 5 Yy*~" + (—1)“ "% "y*~" creates a twin region T}

2

of size r°. The following lemma shows that there exists another polynomial creating a

second twin region.

Lemma 4.11. The polynomial x"5 + (—1)"y" "5 € I and creates a twin region Ty of size

(u—1)2.

Proof. By Lemma 3.5 is easy to see that z"y" and ™" + (—1)"y"** are in the same
representation p,ys. But z"y" belongs to the ¢G-graph so it must be in I', and therefore
2T 4 (—1)yTs € I

Now combining the previous lemmas we see that z57% y5t% € [ and the size of the

twin region T is equal to (u — r)2. O

Hence, the extension to a G-graph from any type A gG-graph has two twin regions

Ty and Th, except for the first ¢G-graph given by ep = (0,2n) and e; = (1,a) where only
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T, appears (r = 0 in this case). Figure 4.5 represents the shape of the G-graph we were

looking for.

Proposition 4.12. The ideal
IA — (xuyu’xs—vyu—r 4 (_1)u—rxu—ry8—v7xr+s 4 (_1)7’yr+5)

defines a G-graph I 4(r, s;u,v) of type A.

ys—i-u

|
@

Ty

U+
" T:
xu—rys—v—l—r 2

Uy, U

@ %\ xs—v—l—ryu—r
N, o] W

Figure 4.5: Extension from a ¢G-graph to a G-graph of type A by the elements in the
overlap.

Proof. The previous lemmas show that the ¢G-graph only expands along its sides, and it
does not grow further than the twin regions 77 and 75. Then, the number of elements
added is

H#T) + #To + #L+ #1 =12 + (r —u)? +2r(u — 1) = u?

exactly the number of elements in the overlap.
We still have to prove that I" contains 1 polynomial for each 1-dimensional irreducible
representation p, and 2 pairs of polynomials for each 2-dimensional irreducible represen-

tation Vj. Since the ¢G-graph is made from two cyclic graphs symmetric with respect to
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the diagonal, every representation not appearing in the overlap will appear twice, as re-
quired. Therefore we need only check that the representations of the new extended blocks
correspond exactly to the ones in the overlap.

Every representation contained in regions I and II is 2-dimensional, and we have one
basis element coming from the overlap M and a second from the extended region.

In the twin regions 77 and 75 it looks like we have doubled the basis elements, but
the presence of the twin relations gives the correct number. We show in diagram below
the configuration of the representations contained in the twin region 77. The case of T5 is

analogous.

RS
> @ U
Toe

et -
> @
woe

The elements on the diagonals (marked by dots) are in 1-dimensional representations. The
rest (marked by letters) are in 2-dimensional representation pairs, that is, a monomial
x'y? and its symmetric with respect to the diagonal 27y, will form an element in some
2-dimensional representation (we omit the sign here). Elements with the same letter are
in the same representation.

Since twin symmetric regions count as one, we can see how the representations of
the overlap are fully represented in the extension. Note also that in these twin re-
gions, there are three pairs of elements in the graph for each 2-dimensional representation
when we should have only two. For this, observe that the twin relations x* Yy“~" 4
(—1)u"z¥ TyS7? = 0 and 2" + (—1)"y" T = 0 identify two of these pairs, and therefore
we have a G-graph.

Therefore, for every 2-dimensional representation contained in a twin region we have
one basis element coming from the overlap region and a second basis element coming from

a combination of elements in the outer twin regions. O
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4.4.2 Type B

Suppose that the gG-graph I defined by e; = (r,s) and e;+1 = (u,v) is of type B, that is,
we can define m := s — v = u — r. As before, we will denote by T, or I'p(r, s;u,v), the

G-graph corresponding to . The general shape for a type B ¢G-graph is the following:

s

Y

Note that q(zty™) = giTas—avgym — gutr—uguym — gy which implies that the pair

(x%y™, (=1)™2z™y") belongs to the 2-dimensional representation V.

Remark 4.13. This assumption characterises the G-graph. If we consider them as part
of the basis, i.e. x%y™, x™y" € I', we will be dealing with the next type B G-graph in the
exceptional locus of the resolution Y = G-Hilb(C?).

Lemma 4.14. Let G = BDy,(a) and let T' = T'g(r, s;u,v) be a gG-graph of type B. Then

the monomial £™y™ is (a)-invariant with m odd, and x*™y*™ is G-invariant.

Proof. We have that a(z™y™) = go—vtalu=rlgmym — gs—vtv=sgmym — gmym o it ig
()-invariant.

By definition we know that 2m = s — r, and since the last ¢G-graph is defined by the
lattice points (r,s) and (g, q), we also know that 2n = q(r — s). Then n = gm, and since
G = BDy,(a) we conclude that m is odd by Theorem 3.11. Therefore, f(z™y™) = —z™y™

so the G-invariant monomial is z2™y?™. O
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Note also that m remains the same for every ¢G-graph of type B (if it exists). Indeed,
if we consider the next type B ¢G-graph I'p(u,v;t,w), we have that w = 2v — s so that

V—wW=8§—0V=1m.

Now we split up the type B graphs into two different cases as follows: type B.1 will be

the case when u < 2m, and type B.2 the case when u > 2m. See Figure 4.6

Type B.1 Type B.2

Figure 4.6: G-graphs of type B.1 and B.2 according to the size of the overlap.

Remark 4.15. Let fo, fl, . ,fl_l be the sequence of gG-graphs for a given group G =
BDy,(a). Let 27" = [b1,...,b;,...,b1] and suppose that b; = 2 for k < i < —1 and
bp_1 # 2, for some 0 < k <[ — 1. By Remark 4.6 the ¢G-graphs T, are of type A for
1 < k—1, and of type B for k <i <[ — 1. We claim that fk is always of type B.1, while
fifork<i§l—1isoftypeB.2.

Indeed, let [ = fA(p, q;r,s) a G-graph of type A and [y = fB(r, s;u,v) a G-graph
of type B. Then we can define m = s — v = u — r, and since the corresponding b; in the
continued fraction is 2 (fk is of type B) we have ¢ = 2s — v. Now, since fk_l is of type
A we have

r<qg—s=2s—-v)—s=s—v=m

and then u =m +r < 2m, so fk is of type B.1.
Suppose now that k < [ — 1 so that exists ka = fg(u, v;w,t) a ¢gG-graph of type B.

Then w = 2u — r, and if we call m’ = w — u, then
2m' = 2w —u) =2w —2u=2w— (w+r)=w—7r

Therefore w > 2m/, i.e. a type B.2 qG-graph. By induction the rest of the ¢G-graphs are



62 Chapter 4. G-graphs for BDy, (a) groups

also of type B.2.

Type B.1

In this case u < 2m. The description of the G-graphs of type B.1 is given by the following

proposition:

Proposition 4.16. The ideal

Ig1 = (l,r—l-s_‘_(_1)ryr+s’$m+sym—r+(_1)m—r m—r, m+s _u,m ,m U)

defines a G-graph T'g1(r, s;u,v) of type B.1.

m—r, m+s

|x2my2m
$myu b-—=
yr
I
A, T ,

Figure 4.7: G-graph of type B.1. The “twin region” is denoted by B

Proof. Since u < 2m we know that r < u. Then x"y" € I' is a basis element and we have

the following relation:

1,7"4—8 + (_1)ryr+s =0

which creates a twin region. Also, using the condition %y = 2™y" = 0 and multiplying

the previous relation by z" and y™ we get

$8-|—u — ys—l—u =0

Looking now at the representations p(')'r and pg , we see that ™ Sy™ "4 (—1)"" " g™m Ty TS =
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0 (since 1 is always basic) and 2 Sy™~" — (—1)™~ g™ "y™*s = ( (otherwise 2™y™ = 0

and the G-graph would not have enough elements) , which implies

m—+s, m—r __ . m—r, m+s __

All these relations are enough to determine a G-graph.

To finish we need to check that in I' we have the correct number of elements in each
representation. As in the type A case, this is true since the representations involved in the
overlap are exactly those for the elements we have just added. In Figure 4.7 we show the
G-graph and the underlying relation between the representations of G for the type B.1

case. O

Type B.2

Now we have that v > 2m and z%y™ = z™y* = 0.

Proposition 4.17. The ideal

2m, 2m _.s+m _,s+m _u, m mu)

IB.QZ('Z' Yy , & Y Yy L,y

defines a G-graph T'go(r, s;u,v) of type B.2.

Proof. First observe that "y and z"y" are elements of the basis. Indeed, the pairs

(xr—m7 yr—m)’ (ys—l—m’ (_1)s+mxs+m)7 (xrym7 _xmyr) c V27’—u

m m

The monomials ™™ and %" ~"" must be in I' since they belong to the ¢G-graph. If

s+m
7

x"y™ = 2™y" = 0 then y 25T™ € T', which is the case of the previous type B G-graph.

Therefore we can assume that

From this, together with the rest of assumptions and the G-invariant relation z>™y*™ = 0,

we obtain the result. In the Figure 4.8 we show the resulting G-graph and the relation

with the representations in the overlap. O
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s+m

IT

xs—l—m

Figure 4.8: G-graph of type B.2. The overlap in this case is extended without twin regions.

4.4.3 Remaining G-graphs: types C and D

From any ¢G-Graph we are able to find uniquely its corresponding G-graph by adding
some suitable basis elements. This procedure will give almost all possible G-graphs. In-
deed, the involution of the middle rational curve to itself by [ gives two isolated fixed
points, and therefore two more rational curves in the exceptional locus for the resolution
of C?/G. This part of the exceptional locus cannot be recovered with gG-graphs, i.e. from

the toric information of A-Hilb(C?).

In this section we construct the G-graphs which correspond to the neighbourhood of the
two exceptional curves coming from the involution of the middle curve (the discontinuous

area in the diagram below).

Type D graphs
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They will be called type C and type D, and each of them have two cases, CT and C~
(D and D~ respectively).

Let e, = (r,s) and e;,+1 = (g, q) be the lattice points giving the last ¢G-graph I'y,_1,
and define

mip:=s—q and mo:=q—r

Note that if the last gG-graph is of type B then m; = ms, and if it is of type A then
mq > meo. The new G-graphs depend on a choice of basis of the following two 1-dimensional

representations of G:

af + (=) Ty, 2ty™ + (=)™ € py

wt — (=i)Ty?, a%y™ — (=1)"i%2™y" € py
which correspond to the two curves we want to cover (see Section 4.6).

Note that the polynomials 27 + (—i)%y? and x% — (—i)%y? cannot be both out of the
basis of C[z,y]/I at the same time. Indeed, if 27 + (—i)%7y9,2? — (—i)%y? € I then also

x4, y? € I, which is a contradiction since they are elements of the last ¢G-graph.

Remark 4.18. The monomial z°7"y*~" is G-invariant, and therefore is in I. Indeed,

a(;L,S—TyS—T) — /B(xS—T’yS—T’) — xS—T’yS—T’

since r and s have the same parity, and ar = s and as = r (mod 2n). Similarly, the pairs

of monomials x5~ T4yS™T7W 4 (—1)WgST""WySTTT gre also G-invariant for every i.

Now we give the description of these G-graphs starting with the type D case first,
followed by the type C.

G-graphs of type D

Suppose that 294 (—i)%y? € I. Then z°y™2 +(—1)"i%™2y* must be in the G-graph T, and
the basis elements are 27 — (—i)%y? and x®y™2 + (—1)"i%2™2y5. Similary, we can choose
x4 — (—i)%y? € I, which now implies 27 + (—4)%y? and x°y"? — (—1)"192™2y*® are in the

basis. The first case corresponds to type DT and the second to type D~.
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The assumption x? + (—i)?7y? = 0 (or analogously, ¢ — (—i)%y? = 0 for the Case
D7) identifies the monomials x? with y? as twin elements in C[z,y]/I, and together with
S§—T,S—Tr

x*7"y*~" = 0 characterise completely the shape of the G-graph I'. This gives the following

Proposition:

Proposition 4.19. The ideal Ip+ = (x? + (—i)%?, 25 "y*~") defines a G-graph of type
D™, and similarly, the ideal I = (29— (—i)y?, 25 "y*~") defines a G-graph of type D~ .

ys—r+(k—|—1)q

:L,s—r—qus—r—l—kq

xs—r—i—qys—r—q

xs—r—i—qus—r—kq

124 I 25—+ (k+1)q

Figure 4.9: G-graph of type D. The monomials x? and y? are identified.

Proof. We check that the number of basis elements is correct: by Remark 4.18 we have
that xs=7Hys—r=ia 4 (_1)dgs—r—lays—rt+ia ¢ par for all 4, i.e. they belong to I. Also,
oIy ST 4 ()i gpsTr—iaysTT g ¢ - belong to I because now 2(571)/2y(s-7)/2 g ip
the basis of p;. Hence x°~"+iys—r=i ps=r=iqys=r+id ¢ [ and the G-graph has a “stair”
shape with stairs of height ¢ as shows Figure 4.9 shows.

The condition z? + (—1)%7y? € I gives the identification y? = —(—1)%z9, so every
monomial 'y’ in T with ¢ > ¢ can be written in terms of monomials z*y* with k < ¢. So,

if we define k,t such that s — r = kg + t, we have that that the number of basis elements



4.4. G-graphs from ¢G-graphs 67

after the twin identifications are
ts—r+(k+1)q)+(@—t)(s—r+kq) =q(s—r+t+qk)=2q(s—r)

But, since the points (r,s) and (g, q) define an A-cluster, we have that gs — gr = 2n, and

the number above is equal to 4n = |G]. O

G-graphs of type C

Now 2% + (—i)y? and 2 — (—i)%y? are basis elements for pl and p,, ie z°y™ £

(—=1)"i9z™2y* € I, which implies that z°y"2, 2™2y® € I.

The following pairs belong to the same 2-dimensional representation (omitting the

corresponding signs)
(@", "), (v°, (=1)°2%), (a9y™ , (1) a™y?) € V;
and all monomials in them must belong to the basis (otherwise the G-graph would have less

than |G| elements). Therefore there must be an identification between pairs of the same

degree, that is, we take as basic elements (z", ") and a linear combination of (y*, (—1)%x*)

and (xly™ (—1)™x™y?). We have two possibilities:

Case Ct: y™ (29 + (—i)7y9), 2™ (x7 + (—i)9y?) € I and the elements in the basis are:
(=", y"), (g™ (27 = (=i)Ty?), 2™ (27 — (=i)7y")).
Case C7: y™ (29 — (—i)9y?), 2™ (29 — (—i)%y?) € I and the elements in the basis are:
(@",y"), (y™ (29 + (=) %y?), ™ (27 + (=i)Ty")).
Note also that the irreducible representation p;'q contain the elements
2% 4+ (—1)9y* and 2%,

and since it is a 1-dimensional representation, we need only one element to be the basis

for p;'q. On the other hand, both of them must belong to I', otherwise there will be not
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|G| elements in I'. This implies that we have to take a combination of them as our basis

for p;q. We will take

(29 + (—1)7y?)? = 2?7 + (—1)7y*0 + 2(—i)%2%y? € I for type CT, and (4.1)

(29 — (—i)Ty?)? = 22 + (=1)9y* — 2(—i)929y? € I for type C~ (4.2)

Note that in both cases, if the last gG-graph I'; is of type B then this last equation is
redundant, so it is only needed in the type A case. Indeed, substituting the value of

s = 2q — r into the equations for case CT we get
Y2 o gldydTT g2 (1) Tyl e T

Now multiplying 4.1 by (—i)%" and 4.2 by 2", and adding them together we get z27 +
(—1)%9% + 2(—i)%2%7 as desired.

In the case when the last G-graph I} is of type A, we do need the equation z27 +
(—1)9y%7 £ 2(—i)929y9 together with the G-invariant x™1y™2 + (—1)™22™2y™1 . In this

case £° "y*~" can be obtained using the rest of identities. In other words,

xs—rys—r c (x2q + (_1)qy2q + 2(_i)qquq7xsym2 o (—i)qust,xmlym2 + (_1)m2xm2ym1)
Indeed, using the second and third generators of the ideal we have that

:L,s—r—qys—r—l—q _ (_i)q$2(s—q)y2(q—r) _ _(_1)q—r(_i)qxr—syr—s, and

:Es—r—i-qys—r—q _ (_i)q$2(q—r)y2(s—q) _ _(_1)q—r(_i)qxr—syr—s
Since s < 2(s — q) we can multiply the first generator by z°~""9y%~" 7 getting
_(_1)q—rxs—rys—r - (_1)rxs—rys—r + 2x5—rys—r

The only possibility for this to be identically zero is only if ¢ and r are both even at the
same time. But this is impossible because it would imply that every boundary lattice
point in the lattice L is even, a contradiction. Therefore, the sum above is not identically

zero, which implies that x*~"y*~" = 0.
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(a) (b)

Figure 4.10: G-graph of type C when I'; is (a) of type B.1. and (b) of type B.2.

Now we have the following proposition

Proposition 4.20. Let I'; be the last qG-graph. Then the ideal
ot = (27 + (=0)y?)?, a®y™ + (=1)"i%2™2y®, a™y™2 4 (~1)"2a™m2y™)
if I'y is of type A, or
Iy = (™ (2 (—0)1y7), ™ (2 4 (—i)7y"), "y ™2, a"2y)
if Ty is of type B, defines a G-graph of type Ct (and similarly for C~ changing the

corresponding signs).

The shape of the G-cluster is the same in both cases, and as in the type D case, it
has a stair shape. In this case, the conditions x°y™2,x™2y°* € I make the stair smaller.
Figure 4.10 we represents the type B situation, i.e. when the last ¢G-graph is of type B
(the type A case is similar).

4.5 Walking along the exceptional divisor

Theorem 4.21. Let G = BDoy(a) and let T, T'1,..., Ty 1,CT,C~, DT, D™ be the se-
quence of G-graphs with Iry, I, , ..., Ir,, Io+,Io—, Ip+, Ip- the corresponding defining ide-
als. Then,

1. For any two consecutive G-graphs, I'; and I'; 1, there exists a family of ideals Ji¢, .

with (& : n;) € P! such that
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* Jou = Ir,, Ja.0) = Ir,y, and

i+1

o Jig, ) defines a G-cluster.

2. There exists a family of ideals J(J[/+ 51) (respectively JG, 57)) with (4, 04) € P! such
that

o JF

(0:1) = IC+’ I

(1:0) = ID+ and

° J(ny+’5+) defines a G-cluster.
(Similarly for J(_% 67)).
3. There exists a family of ideals J(c; ) with (1, 1) € P' such that

. J(Coﬂ) = Ioe, ngo) = I, ngl) = Ir, and

. J(CT ) defines a G-cluster.

Proof. The proof goes through case by case analysis. For any two consecutive G-graphs
I'y and I'y with defining ideals Ir, and Ir,, we give a family of ideals parametrised by a

P! joining the two ideals, and prove that every ideal of this family defines a G-cluster.

e A(r,s;u,v)—A(u,v;t,w): Suppose that we have two consecutive G-graphs of type
A, T1 =T 4(r,s;u,v) and I's = T'4(u,v;t,w), and let P; and P, the corresponding
clusters in G-Hilb(C?) defined by them. Then we have the conditions r < u < t <
w<v<s, t=0bu—rand w=bwv—sfrom the lattice L, and u < s —v, t <v—w

from the type A assumption.

We claim that the family of ideals /(,.;) given by the polynomials

Ry := az"y" — b(z"TY + (—1)"y" 1Y)
Ry = 2" 4 (=1)"y"**

Ry o= 250y 4 (1)U gty
Ry :=2x"y

R5 = xv—wyt—u 4 (_1)t—uxt—uyv—w

define a l-parameter family of G-clusters parametrised by a P! with coordinates a

and b, such that the cluster Py is defined by I(1.0) and P is defined by I(o.y).
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Indeed, let P = (0 : 1), i.e. a = 0 and Ry = 2" + (—1)%y%*t” = 0. We need to
prove that the ideal is generated by R;, R4 and R5. Let us start proving that Rj3 is a
combination of them. First notice that u+v < s—wv. Otherwise s = b;v —w < u+ 2w,
which can only happen when b; = 2. In that case u —r =t —uwand s —v=v —w
which implies that the equations R3 and Rs are the same. Thus, we can multiply

R; by xs—v—(u—l—v)yu—r + (_1)rxu—rys—v—(u+v) to get
Rs + (_1)u(xs—v—(u+v)y2u+v—r + (_1)u+rx2u+v—rys—v—(u+v)) -0

So, if the inequalitiest < 2u 4+ v —r and t < s — v — (u + v) as satisfied, we can
use the equation 2!y’ = 0 to conclude that the generator R3 is redundant. The first
inequality is true since t < t+w < u+v < u+v+ (u—r). For the second inequality,
suppose that is false, i.e. suppose that t > s —2v —u. Then s = bjv —w < t+2v+u,
ie. (b —2)v < t+u+ w since t + w and u are both less than v. Hence b; = 2 or
3. As before, if b; = 2 the equations R3 and Rj are the same, and if b; = 3 then
v < t+4u+ w or equivalently u 4+ v < ¢ + w, which is impossible since ¢t < v — w by

the type A condition.

For Ry, note that multiplying Ry by (x()=(+v) 4 (—1)utry(rts)=(utv)) we get
Ry + (_1)u(gj(r+s)—(u+v)yu+v + (_1)rxu+vy(r+s)—(u+v)) -0

But ¢ < v < u+wv and by the previous case t < s—v—(u+v) < (r+s)—(u+wv), so the
second term is divisible by z'y’ and therefore the equation Ry = z"+* 4 (—1)"y"+*

is also not needed to define P;.

If P=(0:1),1ie. b=0, we have that R; = 2"y" = 0 and we need to check that in
this case the generators R4 and R5 are redundant. The inequalities u < ¢ imply that
R, is divisible by R;. For Ry, note that we always have u < v —w and u < t —u
except when b; = 2, in which case R5; = R3 are the same. Thus, Rj5 is also divisible

by Rj.

Now suppose that P is neither P; nor P;, i.e. a,b # 0. We now prove that the
ideal defines a G-cluster, or in other words, it admits as basis the G-graph I'y =

A(r, s;u,v):

Since t < s — v (otherwise s = bjv —w < t + v and (b; — 1)v < t + w < v which
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contradicts b; > 2), we have that

xt—(u—r)R3 _ :E(r—l—s)—(u—l—v)—l-tyu—r + (_1)u—r$tys—v -0

yt—(u—r)R3 _ :Es—vyt + (_1)u—r$u—ry(r+s)—(u+v)+t =0,

which implies that

x(r-{—s)—(u-‘rv)-l-tyu—v — xu—vy(r’-l-s)—(u-l-v)-‘rt =0 (4.3)

On the other hand we have that
. . . b . .
xu—l—zyu — xzxuyu — $ZR1 — a(xu—l—v—l-z + (_1)u$zyu+v) (44)

and similarly for y’R;. Note that we are interested only fori € [1,..., (r+s)—(u+v)],
so that the elements above lie in the boundary of the G-graph we are aiming for. In
this case, u + v + 4 < s so that 2%T*? is always in I'y, thus we also need to check

that the monomial 2°y**¥ can be written in terms of elements in I';.
If i = u then

b
$2uyu — E(‘,172u—i-v + (_1)uxuyu+v)

b u+v U utv, v u, u+2v
= (@ 4 (1) b/ (Y + (1))

but t < v < u+wv, so using Ry we write x2%y* (and similarly z%y**) as a combination

of elements in I';. Also, since t < u + v, by equation 4.4 we have that z%Tiy% =

3($“+”+t), so we are reduced to checking the values of 7 in the interval (u,t).

Note that if u +v > (s — v+ r) + t — u, using equation 4.3 we can conclude that
the monomials x'y"" are either 0 or an element in I'y for all i. So suppose that
u+v < (s—v+r)+t—u Then, for any i € [1,¢ — u|, monomials of the form
224yt are a combination of elements in I'; if and only if z%y%*? also are. Again, if
u+2v > (s —v+7r)+t—u all these monomials will be a combination of elements in
I'y. Otherwise, iterating the same procedure, we will end up with some j € N such

that u + jv > (s —v +r) +t — u and we are done.

e A(r,s;u,v)—B1(u,v;t,w): In this case the family of G-clusters is parametrised by
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the P%b: ay and they are defined by the ideal generated by the following polynomials

Ry = ca¥y" — d(z"TY + (=1)%y"T") Ry :=aly™
Ry :=a" 5 4 (—1)y"** Rs := 2™yt

Rg = xs—vyu—r + (_1)u—rxu—rys—v RG = xm—l—vym—u + (_1)m—uxm—uym+v

where the point P, = (1 : 0) is defined by a G-graph of type A, and the point
P, = (0:1) by a G-graph of type B.1.

Let d = 0. We want to prove that the ideal is generated by R;, R, and R3. We have
that Ry = z"y"* = 0 and v < m (Otherwise m =t —u < u, so t = bju —r < 2u or
equivalently (b; —2)u < r. This implies that b; = 2, but this would mean that P; is
defined by a G-graph of type B, a contradiction). Thus, Ry and Rj are divisible by
R;. For Rg, note that u < v < 2v—w =m+v and u < m — u except when b; = 2 or

3. As before the case b; = 2 is impossible, and when b; = 3 we have that R3 = Rg.

In the case when ¢ = 0 we want to show that Ry and R3 redundant. Sincem = t—u <
t, with the same calculation as before we obtain Rs. Similarly, since u +v < s — v

(again unless b; = 2) we can use Ry = 2%V + (—1)%y“* to obtain Rs.

¢ Bl(r,s;u,v)—B2(u,v;t,w): In this case the family of ideals parametrized by P%e:f)

is given by the following generators:

Ry :=ex"y™ — fy°® Rs := z'y™
Ry :=ex™y" + (—1)" fa® Rg = a™y!
Ry =2 4 (=1)y"* Ry = a?™y?m
Ry o= gy | ()M g me Ty s

If f = 0 the ideal defines a G-graph of type B.1, i.e. the family is generated by
Ri, Ry, Ry and R4. Indeed, since z™y* = z%y™ = 0 and u < t we have that
Rs = Rg = 0. And since P, = (0 : 1) is of type B1 we know that v < 2m which
implies that R» also vanishes.

r+s m—+s, m—r

= X y =

™~ Ty™m*ts$ = 0. Thus the ideal at P, = (1 : 0) is defined by Ry, Ry, R4, Rs

If e = 0 then 2° = y* = 0, and consequently "% = y

and Rg as desired.
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For the rest of the points (e : f) with e, f # 0 we have that z° = (—1)"¢/fz™y"
and y* = e/fax"y™. Therefore 2%y’ = (—1)Ve/fa™y*** for 1 < i < m, where
™yt € Tp,y (and similarly with 2%y for 1 < i < m). This two equations,
together with Rs, Rg and R7 allow us to take the G-graph corresponding to P» the

basis for every point in the rational curve parametrised by ¢ and d.

B2(r,s;u,v)—B2(u,v;t,w): This case is very similar to the previous one. The dif-
ference is that now all the equations except R7 involve 2-dimensional representations.

The family of ideals is given by the following generators:

Ry := gz"y™ — hy® Rs = zly™
R2 — gxmyu + (_1)vh$s RG = :Emyt
R3 = ys—l—m R7 — $2my2m

R4 = l‘5+m

which are parametised by a P! with coordinates (g : h).

From now on suppose that the last G-graph is I'; = I'(r, s; ¢, q). Depending on the
type of I'; we have a different G-graph of type C, so we will denote by a subindex,
A or B, whether I'; is of type A or B.

C(r,s;9,9)—C(r,8;9,9): In this case the family of ideals

Ry i= (0 4 () %") — g (a? = (=i)7y")°  Ra:= 2™y 4 (~1)™aey™
R2 = xsymz + (_1)Tiq$m2ys R5 P $r+s + (_1)ryr+s

Rg :=2%y™? — (—1)"i92™2y*

is parametrised by a P' with coordinates (j_,j; ). Note that generators Ry and R3
together imply that xSy™2 = 2™2y® = 0, so we obtain a G-graph of type C* at
j+ = 0, and G-graph of type C~ at j_ = 0 (the polynomial Rj is redundant in both

cases).

Expanding the equation R; we have that

Ry = (j— — j4) (@ + (=1)%%) + 2(—i)9(j— + j+)aTy"
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Therefore, at the point @ = (1 : 1) the ideal is generated by Ry, Rs and x%y?, i.e. it
is defined by the last G-graph T'y(r, s;q, q) of type A.

e C}(r,s;9,9)—C5(r,s;9,q) If the last G-graph is of type B.1 then the family is given
by

Ry =k_(y° +2%"™) — ki (y* — 2%y™) Ry = ay™ + (-1)"i%a™y’
Ry = k_((—l)sxs . xmyq) _ k+((—1)sxs + xmytJ) Rs = xmys _ (_1)Tiquys

Rg — :L,2my2m RG = xr—l—s + (_1)ryr+s

If the last G-graph is of type B.2, we have to replace the equation Rg involving the
1-dimensional representation pg,jrls)r by the relations Ry := y*t™ and R}, := 2°T™,

which now involve monomials in the 2-dimensional representation V,_,,.
. Cﬁ(r,s;q,q)HDi(r,s;q,q) We have the family in this case, is given by
Ry = 240 & (—0)1y) — wa (@)™ + (1))
R2 — xs—rys—r

R :=x™y™?2 4 (—1)M2x2y™

Ryi= (2 & (~)1y)?

When wy = 0 the ideal is generated by R; and Ra, i.e. it has a type D basis, and
when z4 = 0 we obtain the G-graph of type C4 defined by R;, R3 and Ry.

. Cfg —D% This case is similar to the previous case changing the generator Rs for

the two equations belonging to the corresponding 2-dimensional representation.

O

Theorem 4.22. Let G = BDy,(a) be small and let P € G-Hilb(C?) be defined by the ideal

I. Then we can always chose a basis for Clz,y|/I from one of the following list:
FA; FBu FC+7 PC* ) FDJr? I‘D*

Proof. By construction, every point in G-Hilb(C?) away from the “horns” corresponds

to a pair of (a)-clusters in (a)-Hilb(C?). Therefore, we can chose for these («)-clusters



76 Chapter 4. G-graphs for BDg,(a) groups

the symmetric («)-graphs f(r,s;u,v) and f(v,u;s,r) for some (r, s) and (u,v) boundary
lattice points in the Newton polygon for %(1,@), and we can take I'(r, s;u,v) to be the

G-graph (of type A or B) for our G-cluster.

For the clusters in the exceptional “horns” E+ and E~, we know by Theorem 4.21 that
these exceptional curves are covered by the ideals J(ny 6 and J(; o) which correspond

to G-graphs of type C* and D*, and we are done. O

4.6 Special representations

For a finite small subgroup G C GL(2,C), the McKay correspondence states that there is
a one-to-one correspondence between exceptional divisors E; in the minimal resolution of
C?/G and the special irreducible representations p; of G. In [Ish02] Ishii proves that the

minimal resolution is in fact G-Hilb(C?).

Theorem 4.23 ([Ish02], §7.1). Let G C GL(2,C) be small and denote by I, the ideal
corresponding to y € G-Hilb(C?) and by m the mazimal ideal of Oz corresponding to the

origin 0. If y is in the exceptional locus, then we have an isomorphism

pi ® po ify € Ei, and y ¢ Ej for j # 1,
pi ®p;®po ifye€E;NE;,

I,/mlI, =

as representations of G, where p; is the special representation associated with the irreducible

exceptional curve E;.

In other words, for any point in the exceptional divisor of G-Hilb(C?), only the trivial
and the special representations corresponding to the curves which the point lies on are
involved in the ideal defining the G-cluster. In our case, the explicit description of these

ideals is the following:

Proposition 4.24. Let G = BDy,(a) be small and y € G-Hilb(C?) be a point in the excep-

tional locus. Denote by I, the ideal defining y and by 'y = I'(r, s;u,v) the corresponding
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G-graph. Then

-1 —1)v . .
pird @ oy @ pl Ty s of type 4,

) evieps if I'y is of type B.1,

Vaor—u @V @ pg if Ty is of type B.2,

Iy/me = 1
pg; " @ pT ®pg if Ty is of type C* and Ty is of type A,
Vi ® pf]t ® pa if Ty is of type C* and T'yy—y is of type B,
pf]t ® pg if Ty is of type DT,

where m the maximal ideal of Og2 corresponding to the origin 0.

Proof. Reformulating Propositions 4.12, 4.16, 4.17, 4.20 and 4.19 in the language of The-
orem 4.23, we see that the representations involved in the generators of each of the ideals
are the ones presented above.

Now by Theorem 4.21 we can find a rational curve F; connecting any two consecutive

G-graphs, which must agree with the exceptional divisor of G-Hilb(C?). O

As a corollary of both 4.23 and 4.24 we obtain the list of special representations of

G = BDy,(a) in terms of the continued fraction 27”

Theorem 4.25. Let Ty, T'y,...,[',—1 the sequence of qG-graphs given by eg = (0,2n),e; =

(1,&),62 = (Cl7dl)7 e, 6m—1 = (Cm—27dm—2)7em = (Q7Q); where

To,...,I; are of type A
T'i41 is of type B.1
Lizo,...,I'im_1 are of type B.2
Then, the special representations are
(=D (=1)°2 (=1)%i+1

PitasPe +dp ’p02+d2 7pci+1+di+1

Ve, from type B.1,

from type A,

Ve

Cit19 "

Ve, form type B.2 and

p;r, pq Jrom types C' and D
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Corollary 4.8 follows immediately, and we can easily check now the correspondences
between G-graphs of type A with 1-dimensional special representations (excluding the
“horns” which correspond to type D), and between G-graphs of type B with 2-dimensional

special representations.



Chapter 5

Explicit G-Hilb(C?) via quiver

representations

In this Chapter we describe G-Hilb(C?) by calculating explicitly the moduli of stable rep-
resentations My (@, R) of the bound McKay quiver.

In Section 5.1 we describe the bound McKay quiver (@, R) for small BDs,(a) groups,
calculating the relations of @ following [BSWO08]. Section 5.2 is devoted to the explicit
calculation of G-Hilb(C?). We give assign to every G-graph I' an open set in My(Q, R).
By the classification of G-graphs into the types A, B, C and D given in Section 4, the
corresponding open sets give us an affine open cover of My(Q, R). In Section 5.3 we

illustrate this method by some examples.

5.1 McKay quivers for BDy,(a) groups

In this section we describe the McKay quivers for the groups BDy,, (a) and give the relations

for the bound McKay quiver (@, R) following [BSWO08].

Definition 5.1. We define ¢ to be the smallest integer such that (a —1)g = 0 mod 2n (see
also the Proposition-Definition 3.10), and k to be the smallest positive integer such that

(a+ 1)k = 0 mod 2n. In other words, k is the smallest such that x*y* is (a)-invariant.

Remark 5.2. The quantities ¢ and k also appear in the classification of binary dihedral
groups given by Brieskorn [Bri68] as follows: G' = Dy, (small) where (V,q) = 1, and
k:= N — q. See also Section 3.3.1. Note that 2kq = 2n and for the BDy,(a) groups, k is

79
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odd.

The McKay quiver is the Z/2 orbifold quotient of the McKay quiver for the Abelian

subgroup A = <%(1, a)>. That is, it is obtained from standard parallelogram

Pi(a+1)+q

(0,0) (9,0) (24,0)

by reflecting in the two diagonal lines (see Figure 5.2 for an example). Away from the
fixed locus of the reflection, two rank one representations of A combine to give a rank
two representation of G. The fixed points correspond to rank one representations of A
that go to themselves under conjugation by 3, so they split into £1 pairs of rank one

representations of G.

Therefore, the McKay quiver of G can be represented by a parallelogram of length
q and height k, as shown in Figure 5.1. The quiver is drawn in a cylinder, so that the
bottom and top rows are identified, with Z/2 orbifold edges where the 1-dimensional
representations are situated. At every row i we denote by a + sign the representation pj
and with a — sign the representation p; . The vertices in the middle of the parallelogram

represent the 2-dimensional representations V.

5.1.1 Orbifold McKay quiver

In the same spirit as in Remark 3.19, the McKay quiver of G can be obtained from the
McKay quiver of its maximal normal subgroup. Even though the construction can be done

in more generality, here we restrict ourselves to the case G = BDgy,(a).

Let A = (o) <G = BDy,(a) be the maximal cyclic subgroup. The McKay quiver
of A, denoted by McKayQ(A), can be drawn in a torus as follows: Let M 2 Z? be the
lattice of monomials and Mj,, = Z? the lattice of invariant monomials by A. If we take

Mg = M ®zR we can consider the torus T := Mg /Miy,. The set of vertices in McKayQ(A)
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Po
+ a )
_ 71,1 2
P o
P(k—1)(a+1) b 0
U U
+ ak—l 0 0,1 0,2
_ 70,1 70,2 T0,q—2
Ck—1
P2(a+1)
+ a
_ 73,1 r32
P o
Pa+1 b 2
U U
+ ay 2 2 2,1 2,2
B 72,1 72,2 72,42
Po C1
aobl dl u1,1 ur,2 qufzfl
— 11 12 Tl,g-2 €1

o : ._,_.gil_,_x

Pq

Figure 5.1: McKay quiver for BDg,(a) groups

is precisely Qo = M NT, and the arrows between each vertex are the natural multiplica-

tions by z and y in M.

2n

5> we know that u, = zFyF is the monomial

Using the symmetric continued fraction
in My, of the form (zy)’ with the smallest exponent i > 0. Therefore we can choose
My = Z v, ®Z - vy41 where v, = (k,k) and v,4; = (s,t) are linearly independent
vectors, and v,41 corresponds to the monomial u, 1 = 2%y’ € M,,. In this way, if the
parallelogram with vertices 0, v,, v,+1 and v, 4+ v,.41 does not contain any other vector in

My, we can take it as a fundamental domain for T'.

Claim 5.3. We can always choose a fundamental domain D for T to be the parallelogram

with vertices 0, (k,k), (2¢,0) and (k + 2q, k) where the opposite sides are identified.

Indeed, observe that (¢ + k)(a +1) = gla — 1) + k(a + 1) + 2¢ = 2¢ (mod 2n),
by definition of ¢ and k, so p2g = pj(a41) for some 0 < j < k. Therefore, the monomial
x29+7yd is A-invariant so we can consider the fundamental domain generated by the linearly
independent vectors (k, k) and (2¢+j, 7). The number of lattice points in the parallelogram
is 2kq = 2n (see Remark 5.2) so the domain is fundamental. Now by a simple translation

we can consider the fundamental region D as desired.

Example 5.4. Let G = BD3¢(19) where ¢ = 5 and £ = 3. The continued fraction
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% = % = [3,4, 3] describes the lattice M;,,. The two consecutive invariant monomials

23y3 and z''y define a fundamental domain of the lattice 7', which can be translated into

the parallelogram filled with numbers shown in the diagram below.

Figure 5.2: McKay quiver for the Abelian group %(17 19).

The diagram represents the lattice M where the bottom left corner represents the
monomial 1 and the numbers denote the representation to which they belong to, e.g. the
number 0 corresponds to monomials in Mj,,. Opposite sides of the parallelogram are
identified. The McKay quiver is completed by adding at every vertex the two arrows

corresponding to the multiplication by x and y to the corresponding adjacent vertices.

Now G/A = () =2 Z/2 acts on Irr G (see Remark 3.19) by conjugation (- p; := pq4i, and
therefore G/A acts on McKayQ(A). The McKay quiver for G becomes the Z/2 orbifold
quotient of McKayQ(A): the free orbits are the representations p; and p,; with ai # i
mod 2n, and they correspond to the 2-dimensional representations V;. The fixed points

p;j with aj = j (mod 2n) split in the 1-dimensional representations pj’ and p; .

The fixed representations are contained in the left (and identified right) side of D,
and in the line parallel to it passing through the middle of D (more precisely, Pi(a+1)
and pi(q41)4q for 0 < @ < k respectively). The resulting parallelogram representing
McKayQ(A) has height k and length ¢ (half of the length of McKayQ(A)), and the +1
couple of one dimensional representations are placed at the sides of the parallelogram.
Note that McKayQ(G) is now drawn in a cylinder where only the top and bottom sides

are identified.

The arrows of McKayQ(A) going into and out of representations in the fixed locus,
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split into two different arrows, while for the rest we have a one-to-one correspondence be-
tween arrows in McKayQ(A) and McKayQ(G). Hence, we obtain McKayQ(G) as shown
in Figure 5.1.

Example 5.5. In the previous example we see that representations pg, pag, p10 and ps, pos, P15
are fixed by [, while the rest are contained in a free orbit. The McKayQ(BD3((19)) is

shown in Figure 5.3.

+

Po
N kvl_,x@_,x/g_,vﬂt_,p;r
P1io ] T T T T\ _
~~ Ps
n p1o— Vi1 = Viz= Vis—> Vi = piy
Po N\ 11 \p_
Pao~ Vo1 = Voo > Vo3 > Voy > por 1

p*\\r L] T\\p;;

0o _>v1_>v2_>v3_>v;1_,p;

Ps

Figure 5.3: McKay quiver for the group BD3((19). Top and bottom rows are identified.

5.1.2 BSW Relations

In this section we describe briefly the method used in [BSWO08] to obtain the ideal of
relations R in the path algebra k@ of the McKay quiver () that make the two algebras
k@Q/R and S * G Morita equivalent, and we give the relations in the case G = BDgy,(a).

Let G C GL(n,C) be finite and small. Let @ be the McKay quiver of G with vertices
e; and corresponding representations p;. Denote by V the natural representation, and
consider the 1-dimensional representation dety := A" V. Note that dety is the trivial

representation if and only if G C SL(n, C).

Tensoring with dety induces a permutation 7 (often called twist) on Irr G, and therefore

on the vertices of the McKay quiver as follows:

e; = T(ej) <= p; = pj ® dety
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Since @ is the McKay quiver, we can think of an arrow a : e; — e; as an element
e € Homeg(pi, pj ® V). Then for any path p = ajaz- - - a, of length n we can consider

the following G-module homomorphism

Wb " id, ® n
Peip) — Php) ® yen T, Ph(p) & /\ V' = pp(p) ® dety (5.1)

The 1), is the composition of the maps 1, (and ® idy at every step), and v : V" — A"V
sends v1 ® -+ ® vy — v A -+ Av,. By Schur’s Lemma (see for example [JLO1]) the
composition of maps in 5.1 is zero if 7(h(p)) # t(p), a scalar ¢, otherwise. Therefore, we

can define the formal expression or superpotential as
= 3 (¢, dim h(p))p
lp|=n

where |p| denotes the length of the path p.

The last ingredient before giving the set of relations R is to consider partial derivations
in k@: given any two paths p, ¢ € k@ we can define the partial derivative of p with respect
to g to be Jyp = r if p = ¢gr, and 0 otherwise.

Theorem 5.6 ([BSWO08|). The algebra k[z1, ..., x,|*xG is Morita equivalent to the algebra
kQ/ (0,® : |g| =n —2).

In the case of groups G = BDa,(a) C GL(2,C) we have V = Vi and dety = p_ ;.
Then,

+ + + +
p; @ dety = P; @ Pat1 = Pjratl

Vi @ dety = Vi, @ piy = Viratr

so 7 translates McKayQ(G) one step diagonally up (See Figure 5.1). Hence only paths
of length 2 joining two vertices identified by 7 appear in ®. The length 2 paths in the
McKay quiver of G are shown in Figure 5.4.

Therefore, The relations R for the bound McKay quiver are given by the “short”
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relations:

a;bir1 =0
cidiy1 =0 (5.2)
fieiy1 =10
higi+1 =0,

and the “long” relations:

bia; + dic; = ri1ui1
Ui jTig1,j = T j4+1Ui j+1 (5.3)

eifi + gilhi = Ui g—2Tiy1,9—2

where we consider the subindices modulo k.

P(i+1)(a+1)

— Pi(a+1)+q

Ti+1,q—2

Ui j+1

9i == Pi(a+1)+q

Figure 5.4: Paths of length two in the McKay quiver for BDy,(a) groups.

Remark 5.7. We need to mention at this point that the quiver considered in this thesis
has the orientation reversed in comparison to that used in [BSWO08]. This is because by
our choice of the action of G on the polynomial ring C[z,y], the semi-invariant k|z, y]%-
modules are (k[z,y] ® p*)¢, which is dual to the one in [BSWO0S8] (we can go from one
McKay quiver to the other by replacing V' by its dual). In any case, the algebras obtained

are isomorphic so the relations are the same.
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5.2 Explicit calculation of G-Hilb(C?)

Let (@, R) be the bound Mckay quiver. From now we consider on representations of ) with
dimension vector d = (dimp;)ieq, and stability condition 6 = (—3_ , 1, gdimp;, 1...,1),
i.e our choice of 6 is generic (see Remark 2.9).

Given G = BDa,(a) C GL(2,C), we construct an affine cover of G-Hilb(C?) by calcu-
lating explicitly the open sets in My(Q, R) corresponding to every I';, for i = A, B, C or
D. We start by calculating in detail the easiest example Dy in SL(2,C).

5.2.1 First case: D, C SL(2,C)

Let G = Dy = BD4(3) be the dihedral group of order 8 in SL(2,C). We start by present-
ing the character table of the group together with some polynomials in each irreducible

representation.

1 &2 a (B of Sy

pg |11 111 Latyhat byt ey (et -y,

po |1 1 1 -1 -1 zy,zt —yt, ..
p3 1 1 -1 1 -1 x? + 92, 2y (a® —y?), ...
py |1 1 -1 -1 1 2?2 + 92, 2y(2® —y?), ...

Vi2 =2 0 0 0 |(2y), 3 —2%), (%, —zy?),...

Since the group is in SL(2,C), dety = par is the trivial representation, so there is no

“twist” and the bound McKay quiver (@, R) is
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satisfying the following relations R:

ab=cd =hg = fe=10 (5.4)

ba + dc = gh +ef (5.5)

On the other hand, we have an underlying quiver verifying the same relations but la-
beled with the irreducible maps between the irreducible representations as Cohen-Macaulay
Clz, y]“-modules S ». Notice that we can fill the right column of the previous table starting

from the trivial representation with the element 1.

py

([ )
(zv) (%)
W=V _p ®

(%) (v o)
(z,—y)| | (%)

Po

By Chapter 3 (see also [Len02]) we know that D,-Hilb(C?) is covered by 5 G-graphs
of types A, CT, C~, DT and D™, distributed along the exceptional locus as follows:

y3 xy?
5 o Type D*
y-xy
. y xy o’y zdy
Y 1 = 22 23

I
Type C*
y? zy?
y zy z?y
1 =z 22 23

Note that the G-graphs C* and C~ are enough to cover the whole of the middle P'.

We are now going to calculate the equations for the open sets of D,-Hilb(C?) for each

of the G-graphs. To do that we first assign a -stable representation of the McKay quiver
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to every G-graph, and the calculation of the open set in My(Q, R) containing this repre-

sentation will give the equation we are looking for.

In this case, a representation of the McKay quiver consists of four 1-dimensional vector
spaces (let us consider C for such vector space) situated at the corners of the quiver, one
2-dimensional vector space C? for the 2-dimensional irreducible representation V at the
middle vertex, and a linear map for every arrow. Thus, we have the following representa-

tion space:

(&) |97
(a,4) (&)

Po \_/V\_/p2

3 [\ 5

subject to the relations 5.4 and 5.5.

Type A

Consider the open set in My(Q, R) given by a, D, e, F,g # 0. By changing coordinates
at the middle vertex, we can choose A = f = 0. See Figure 5.5. We claim that the

corresponding G-graph is exactly of type A.

<
S~

'y ) C (sz(c
y o [\ T
4 ()| (1)
1 x z2 23 2

Figure 5.5: D4-graph of type A, and the corresponding open set in My(Q, R).

Indeed, starting at the trivial vertex with the basis element 1 and following the bold

arrows, the open choice we made above enables us to reach every vertex from the vector
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space corresponding to par . That is, we generate the whole module from the trivial vertex,
i.e. the representation is #-stable. Table 5.1 shows every nonzero path from par to every

vertex and the corresponding basis element according to the quiver.

Representation | Nonzero path Basis Element
par €o 1
Py aefd —(z* —y*)
p; ae 2+ y2
Py ag z? — y?
v a (z,9)
aef (y(@® +y*), —x(z® + y°))

Table 5.1: Basis elements for the G-graph of type A

We calculate now the equation for this open set in My(Q, R): using relation 5.4 of the

McKay quiver we have b = F =0, D = —cd and h = —GH. Relation 5.5 now implies

0
(17 0) + (C7 _Cd) = (07 1) + (_GH7H)
B 1 0 G
0 0 cd —cd? 0 1 -GH H
+ = +
B 0 ¢ —cd 00 —-G?H GH

giving the relations cd = —GH, H = —1—cd? and B = —c—G?H. Therefore, the equation

for this affine piece in My(Q, R) is the nonsingular hypersurface in C. 4 ¢:

cd = (1+ cd®)G

The resulting representation space is the following:
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As we have seen, this also corresponds to an open set in D4-Hilb(C?). We now calculate

the ideals (or G-clusters) parametrised by this affine set using paths in the quiver:

ad=(1,0)(4)=d — 22y = —d(z* — y*)
aefg=(10)(§)(01) (&) =G = 2ay(a®+y?) =Ga? —y?)
acfb=(1,0)(§)(01)(})=B = (*+y*)*=B

and finally
aefde = (1,0) () (0.1) (¢) (cet) = (e ~ca)

which gives

(—z(@* =y, y(a* —yh) = clz,y) — cd(y(=® + y*), —x(2* + y?)).

Remark 5.8. Note that using this procedure any monomial of degree d not in I'4 can
be obtained as a combination of paths of length d in the quiver (%). This combination of
paths written in terms of the representation corresponding to this open set gives us the
expression of any monomial of degree d not in I'4 as a combination of elements in I 4.

This proves that any cluster in contained in this open set has I'4 as basis.

The G-clusters of the corresponding open set in D4-Hilb(C?) are therefore given by
the ideals I. 4 ¢ generated by the following polynomials:

Ry =2zy +d(z* — y*)

Ry = 2zy(2® +y°) — G(a® —y?)

Rs = z(z* — y*) + cx — edy(2® + %)
Ry=y(a' —y') — ey — cdu(a® + y?)

Rs = (2*+¢y*)*-B

where B = —c + G%(1 + ¢d?) and cd = (1 + cd?)G. Note that even though B doesn’t
appear in the equation of the affine set, the generator Rj5 is needed. Indeed, if we remove

Rs5 the ideal at the origin we would have dimOg(Oyo,o) =9, i.e. not a G-cluster.
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Type C*

The G-graph '+ and the corresponding #-stable representation space are showed in Fig-

ure 5.6, and the choices of basis for each irreducible representation are given in Table 5.2.

Using the relations 5.5 in this case we have that

1 1 1
(1,0) + (-CD,C) = (0,1) + (-GH,H)

B D 0 G
0 0 -CD C 0 1 -GH H
+ = +
B 0 —-CD? CD 0 0 —-G?H GH

giving the relations CD = GH, C = 1+ H and B = CD? — G?H. Therefore, the equation

for this affine piece in My(Q, R) is the nonsingular hypersurface in Cp ¢ i:

GH = (1+ H)D

C
f ]
E (1,0) (&)
C C? C
21. 2 S~ ~—
Ter |V WY (9) (—GH, H)
2
11/9;?4:1:2@/ 3 (-cp, ey )(5)
x x
C

Figure 5.6: Dy-graph of type CT, and the corresponding open set in My (Q, R).

For the ideals I(p ¢ i) in the corresponding open set in D,-Hilb(C?) we have

acfg = (1.0)(
acfd = (1,0)

)(0.1) (&) =G = 2zy(a® +y?) = G(a® —y?)
)(0.1) () =D = —(a*—y*) =2Dxy

o= O

As in the type A case we obtain (22 4 y?)? = B, and to finish, notice that

agh = (1.0) (%) (~am 1) = (~6#. 1)
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which gives (y(2? — y?), z(2? — y?)) = —GH(z,y) + H(y(2® + y?), —z(2? + 3?)).

The G-clusters of this open set are given by the ideals Ip ¢ g generated by the following

polynomials:

Ry = 2zy(z? + %) — G(z* — 9?) Rs = z(2* — y*) + GHz — Hy(2* + 4?)
Ry =z —y* + 2Dxy Ry = y(x? —y*) + GHy + Hx(x? + %)

R5 = (x2 —i—y2)2 - B

where B = D?(1 + H) + G*H.

Representation | Nonzero path Basis Element
i 1

Po €0

Po ad 2xy

p; ae x2 + y?
Py ag z? —y?
v a (z,9)

ae f (y(=* + ), —2(@® + y°))

Table 5.2: Type C'T representations and basis elements

Type C~

Since this case is similar to Type CT we just give the results. See Figure 5.7 for the

G-graphl'c- and corresponding representation.

C
() )
7 (1,0) (%)
yzwyz C\_/(CQ (C
Fo- : (5) [\

vy ry (-¢p, C) b)
1z 2% a3

C

Figure 5.7: Dy-graph of type C'~, and the corresponding open set in My(Q, R).

Relation 5.5 gives us CD = EF, C =1+ F and B = CD? — E?F, which implies that
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the equation we were looking for is the hypersurface EF' = (F' + 1)D in (C3D7 g - In this

case the ideals are

Ippr = (2zy(@® —y°) — E(2* + %),
zt — y4 — 2Dy,
y(@* + %) + EFz — Fy(a® — ),
z(z® +y*) — EFy + Fa(z” — ¢%),

(2% —y*)* + B)
where B = D?(1 + F) — E?F.

Type DT

See Figure 5.8 and Table 5.3 for the G-graph I'p+ and the distribution of basis elements

in this case.

C
@f ]
g
3 103 (1,0) (1)
o cT_c? C
Ips (5) [ \(m-om)
2 3
zljwyxzyx?g); (-cp, ¢) (11))
r X T
C

Figure 5.8: Dy-graph of type DT, and the corresponding open set in My(Q, R).

Representation | Nonzero path Basis Element
+

o €g 1

Po ad 2xy

p; aghe 2 + 2

) ag 2zy(2® + y°)
a x,

|4 2 2( & 2 2

aeg (y(@” +y°), —z(2” + y°))

Table 5.3: Type DV representations and basis elements

The “long” relation 5.5 gives us CD = —gh, C = 1 — g?h and B = h + CD? which

implies that the equation of the open set in My(Q, R) is the hypersurface gh = (¢g*h—1)D
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in (C?h g.h» and the corresponding ideals in D,-Hilb(C?) are

Ipgn = (2> —y* — 2g9ay(a® + y),
zt— y4 + 2Dxy,
2zy*(2° +y°) — ha + ghy(a® + ),
207y (2® + y*) — hy — gha(a® + y?),
(z* +4%)* - B)

where B = h + (1 — g>h)D?.

Type D™

This case is analogous to the previous one. The G-graph I'p- and representations are

C
(O | )
1
3.3 (1,0) (o)
yxy C ey o C
2 2 — e
I'p- vy 0 0,1
D (%) (0,1)
y xy 2’y ady (—en, )| | (B
1 =z 22 28
C

Figure 5.9: Dy-graph of type D—, and the corresponding open set in My(Q, R).

The open set is given by the hypersurface ef = (e2f — 1)D in (Cif .p» and the ideals
are

Ipes= (ac2 + 9% — Zea:y(x2 — y2),
zt —yt —2Duxy,
2z’ (2? — y°) — fa + efy(z® —y?),
20%y(a? — y°) — fy +efa(z® —y?),

(l’2 _ y2)2 + B)

where B = f + (1 — €2 f)D?.
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5.2.2 BDy,(n+ 1) groups

In this section we prove explicitly that the minimal resolution Y = BDa, (n + 1)-Hilb(C?)
of the dihedral quotient singularity C2/BDa,(n + 1), is a nonsingular surface covered by

hypersurfaces in C3.

Let ¢ = 2. In this case there is only one “long” relation in 5.3 and all maps between
representations are row or column vectors. See Figure 5.10 for the McKay quiver in this

case. Note that k is odd by Remark 5.2, so the number of rows is also odd.

Figure 5.10: McKay quiver for BDg,(n + 1) groups

The relations R for the McKay quiver in this case are

a;b; =0
cd; =0
fieix1 =10
higiv1 =0

biai11 +diciy1r = e fi + higi

Since u < ¢, the only possibilities for ¢G-graphs are I'(0,2n;1,a) and I'(1,qa;2,2),
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. _ 2n _
where the last G-graph can be covered using type CT and C~. Now =% = [by, ba, b1] s0

2 =bia—2n = by, and we get a = n+ 1, by = 2 and by = "TH Therefore this case

corresponds to the binary dihedral groups BDay,(n + 1).

This family of examples is a generalisation of the previous section. Indeed, if n = 2
we obtain the previous case G = D4. Then k = 1 and it is the only case where the last

G-graph is of type B. Thus we suppose from now on that n > 2.

Considering representations of this quiver, the key observation for the calculation of
My(Q, R) in this case is the fact that at every 2-dimensional vector space, i.e. at every
vertex in the middle of the quiver, we can always change basis in such way that two of the
arrows coming into it are (1,0) and (0,1). We make this choice according to the G-graph
the quiver (%) labelled with x’s and y’s. In this case it is the repretition of the following

block all around the quiver:

Case A(0,2n;1,n+ 1)

This is the “thin” G-graph where the monomial xy is out of I'4, and the monomials 22"
and y?" are twins. The choice of (1,0) and (0,1)’s according to the G-graph is very sym-
metric. It repeats itself in blocks of two “segments”, the consecutive rows corresponding

to p; with ¢ odd and 7 even, until it reaches the end (see Figure 5.11).

The way that the representation does not choose the monomial xy as part of the basis
is by taking the linear map corresponding to the arrow dy : Vi — p, ., to be given by
(dll ) We are allowed to make this choice since by stability the representation p_, ; must
be reached from the element 1 in the trivial representation pg, so either d; # 0 or D; # 0.

The choice dy # 0 corresponds to the next case C.
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Similarly, we choose ( },}1 ) and ((}1 ) for the arrows e; and g; so that the basis elements
for p;r and p, are 22 + 9% and 22 — y? as desired. The rest of the choices are done in a

similar fashion. Note that G; = 0 since we are choosing hg = (0,1) and hgg; = 0.

Figure 5.11 shows the representation space for this open set. The vertices in the middle
represent the 2-dimensional vector spaces C2. The marked arrows give the choice of basis

elements for them.

At poqq the relations of the quiver tell us that

)

(@i, —a;bit1) + (1,0) = (0,1) + (=Giy1H;, H;)
1 1 FE; 0
0 0 d; 0 0 1 —Gi41H; H;
- = -
a; —aibi“ 1 0 0 EZ‘ 0 0
so that H; = a; = —1, G;31 = d; and bjy1 = E;.
At peyen we have:
FE; 0 1 1
(1,0) + (Cig1, —Cit1diy2) = (—EiyoFir1, Fip1) + (0,1)
1 1 0 d;
E; 0 N 0 0 [ ~EieFin i 0 1
1 0 Cit1 —Ciy1diq2 0 0 0 d;
so that F;11 = ¢jy1 = —1, Ejyo = E; and d;12 = d;. By induction, everything can

be written in terms of the variables dy and E7 except for the segment at the top of the

quiver. There we get

0 dy 1 1
(1,0) + (co, —cody) = (—E1Fy, Fy) + (0,1)
By 1 FE 0
0 0 cody —cod? —-E\Fy Fp 0 1
+ = +
BO 0 Co —C()dl —E%FO ElF() 0 0

which gives us the following identities cod; = —FE1 Fy, Fy = —1—cod% and By = —co—E%Fo.

Therefore, the equation for the affine piece of My(Q, R) in this case is the following
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Figure 5.11: Representation corresponding to BDsy, (n+ 1)-graph of type A(0,2n;1,n+1).

s 3 )
hypersurface in C; ; -

Cod1 = (1 -+ Cod%)El,

and the ideals in the corresponding open set of G-Hilb(C?) are given by the following

generators

Loy by = (2zy — di(2® + yH)F(a? —y?),
2zy(2® + y*)* 1 (2® — y?) — E1(2® + ¢),
z(@® +y°) (@ — y?) — cox + codiy(a® + y*) (@ - oP),
y(a? +yH)? @ — y?) + coy + codiz(@® + yH)F T (@ — o),

(1’2 + y2)2k_2((£2 . y2)2 - BO)

with ¢g, dy, E1 and By satisfying the above relations.

Case CT

Since xy € '+, we suppose from now on that the linear map corresponding to the arrow
di : Vi — pgyq 18 given by the column vector ( Dl1 ) The last G-graph is of type B if and
only if n = 2, which is the D, already done in the previous section. We can then suppose

that the last G-graph is I' 4.
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_l’_

5(a+1)7 SO for

As we have seen in Sections 4.4.3 and 4.6 the special representation is p
the type Ct case we have that (22 + y?)? is the basis. Therefore, we choose e = ( bll ),
g1 = ((}1 ), fi= (V) and by = (bf ) The rest of choices are the same as in the type A
case except for the last segment, where now fo = (0,1). Hence, by the relation fye; = 0

we have that E1 = 0. See Figure 5.12. For the first two segments we have

0 1 1 1
(al,—albg) + (1,0) = (0, 1) + (—G2H1,H1), and
1 Dy 0 G1
b 0 1 1
(170) + (627_C2d3) = (_E3F27F2) + (071)
1 1 0 1

which imply ¢co = Fo = H; = —1, d3 = G2 = 1 and E3 = by, together with G| = a1b2 and
a1 + D1 = Gy

Figure 5.12: Representation corresponding to the BDg, (n + 1)-graph of type C*.

For any segment corresponding to p;(,41) the relations of the quiver give the same equa-
tions as in the type A case, i.e. we obtain a; = ¢;41 = Fjo1 = H; = —1, E; = Ejpq = by

and di+2 = di = Gz’—i—l = 1.
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Finally, at pp we have

1 1 1
(1,0) + (—C()Dl,C()) = (O, 1) + (—GlH(),HQ)

By 1 by 0
0 0 ~CoDy o 0 1 ~G1Hy Hy

+ = +
By 0 —~CoDy Gy 0 by 0 0

which implies that B(] = C(]Dl, CO = bg, H(] = CO —1 and C()Dl = GlHo. In other WOI’dS,

the open set of My(Q, R) in this case is the hypersurface in (Cg% D,.G, &iven by
baDy = (be — 1)Gy

Case C~

In this case the basis element for p;( ) is (22 —y?)?, so we choose hg = (0,1) , 1 = (}«}1 ),

a+1
g1 = () and by = (bf ), and the rest is as in the Ct case. The affine open set of My(Q, R)

is then given by the equation bo D1 = (by — 1)E1, a nonsingular hypersurface in (Cg% DBy

Case D

In this case the polynomial 22 + y? does not belong to I'pp+ (respectively z? — y? for type
D™). Thus, we choose e; = (7)) and g1 = () in the D case, and e; = (}), g1 = (%) in

the D~ case. See Figure 5.13.

For the DT case we have that for 2 < i < k — 1, the relations at p; are

1 €; 1
(1,0) + (~CiDiy1,Ci) = | " | (fi —eir1fi) + (0,1)
1 D; 1 0
which imply that CiDi—i-l = —eif,-, Cz =1- eiei—i-lfi; fz =1- CzDzDz-i-l and CzDz =
—e;11 f;- For the relation at py we have:
€k—1

1 1
(1,0) + (—=CoD1,Cy) = (fo,—evfo) + (0,1)
By Dy 1 0

which gives CODl = —eofo, Co =1- eoelfo, fo = Bo - CODOD1 and CODO = —elfo.
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All relations together imply that eg = ... =¢€e,_1, Co=...=Cr_1, Dy = ... = Dy_1,
fo=...= fu_1, Bo = fo+ CyD?, and the equation for the corresponding affine piece is

the hypersurface in (C?l’)l, e1.fo B1Ven by
e1fo=Di(eifo—1)

The case D~ is analogous (see Figure 5.13 for the difference in the labels), giving in

this case the hypersurface g1hg = D1 (g3ho — 1) in (C?’Dl’ g1.ho"

Type DT

Figure 5.13: Representation corresponding the BDg,(n + 1)-graphs of type D and D~.

5.2.3 The general case: First steps

As we have seen in the previous sections the first step before calculating the equations
of the moduli space is to simplify as much as we can the entries in the representation
space by change of basis. Mainly, we want to write as many 1’s and 0’s as we can. By
stability we can not have maps which are identically zero, so we can suppose that at least
one entry is different than zero (and consider it to be 1 after a suitable change of basis).
Different affine open sets are given by different choices for the entries to be nonzero, and

these choices are determined by the corresponding G-graph.
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Let (@, R) be the bound McKay quiver 5.1 with relations 5.2 and 5.3. Thus, at any
segment between p;,41) and p;(u41)44 involving the variables a;, b;, ¢;, di, 751, ..., Ti g2,

Uily---,Uig—2, €1, f1, g1 and h; with ¢ # 0, we can make the following simplifications:

Step 1 We can choose either a; or ¢; (or both) to be (1,0), by changing basis at the head

of the arrow.

Step 2 Every horizontal arrow r; ; for 1 < j < g — 2 between 2 dimensional vector spaces is
of the form (Tij R?’j ), by changing basis at the head of every arrow. Moreover, at

the first row we can achieve (é R?J.) by changing at the tail.

Step 3 The arrow b; can be chosen to be either ((}1 ) or (§), by changing basis at the head

of the arrow. Similarly for the arrows d;, e; and g;.

Step 4 Every vertical arrow u; ; for 1 < j < ¢ — 2 between 2-dimensional vector spaces can

be taken to be of the form (uaﬂ' Uivj >, by changing basis at the end of the arrow.
Step 5 We can choose either f; or h; to be (0, 1), by changing basis at the head of the arrow.

In addition to these steps, every G-graph has its own specific choices, which depend

on the type of the G-graph.

5.2.4 From G-graphs to representations of quivers

In this section we explain how to obtain an open set in My(Q, R) of f-stable represen-
tations corresponding to a G-graph I'y of type A. We give the types B.1 and C" as

examples in Section 5.3.

Suppose for example that we have a G-graph of type I'4(r, s;u,v). Then z"y" ¢ T'4

(=1)°
i(a+1)

situated all of them in the left side of the McKay quiver. Therefore, starting from pg
(=1)!
i(a+1)

with ¢ < w with a composition of maps of length i. In other words, we need to choose

but z'y’ € I'y for i < u. In fact, these monomials belong to the representations p

with the element 1 and the map ag = (1,0) we need to reach every representation p

dy = (51), by = (52),d3: (DIS),...untildu_lz (Dul,l) if uis even or b,_1 = (Bu{l)

if v is odd.

The fact that z%y" ¢ I'4 is given by the choice b, = (blu) if u is even, or d, = (dlu) if

u is odd. In this way, the nonzero map from pa' t0 py(as1) Which gives the basis element
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m is a path of length bigger than u, and we have that z“t* = d,, - m.

In Figure 5.14 we show the choices of nonzero elements in the representation space and
the corresponding basis elements (represented as monomials) in the G-graph that these

choices produce (the arrows are chosen according to Steps 1, 2 and 3).

We repeat Steps 1 to 5 from Section 5.2.3 (in order) starting from p,+; until we arrive
to the last segment, the one corresponding to pg. There, for Step 1 we choose ag = (1,0)
since by stability the whole module need to be generated from par . Also, notice that the

map by can be identically zero since par is already generated by 1.

The steps 2 and 3 at the last segment can be done as the previous ones, but the
situation is different for the Step 4. Indeed, making the change of basis now affects the
vertical arrows in the next segment, so that they don’t have the form (Lg I{J> any more.
Nevertheless, we can make the assumption Vj; = 1 for 1 < j < ¢ — 2. Thus we have the

following extra step:

Step 6 Every vertical arrow ug; for 1 < j < ¢ — 2 between 2-dimensional vector spaces can

be taken to be of the form (%Zj Ui’j ), by changing basis at the end of the arrow.

Note that the change of basis needed in the Step 6 does change the matrix of the next
vertical map. Indeed, by making for example the map ug; to be as in Step 6 we change
the map u; 1 to be given by the matrix (ul’gfl le/l()k,;l). But now we can change basis
at the head of u; ;1 changing the map ug j_2... and so on. Iterating this procedure we
“translate” the variable V{ ; around the quiver: if we reach the left side of the quiver, the

variable is translated horizontally until it reaches the right side where then it continues

vertically... and so on.

The process terminates when the translation arrives vertically to the map u;_1 ;. There
we change basis at the vertex corresponding to the representation Vij_1)441)41, and now
the arrows by and dy are changed. But by can be identically zero so we don’t need to
change basis at ,oa' , and for dy the change of basis at p;, does not affect ¢y since the choice
of (1,0) has been made for ag. The fact that k£ and ¢ are coprime imply that we can run

this argument with all of the vertical arrows in the last row, including fo and gg for Step 5.



104 Chapter 5. Explicit G-Hilb(C?) via quiver representations

1 T : :
U lyati-1 \ . .
— D ) @ —) O

y(I

u

xly

grtuslyut

x4

Figure 5.14: Basis elements in the G-graph I'y and the corresponding choices in the
representation space.

The remaining of the choices are done according to Steps 1-6 in Section 5.2.3. They
imply that every 1-dimensional vector space is generated by one elements and the 2-
dimensional ones by two, corresponding one-to-one with all basis elements in "4, so we

have a #-stable representation.

Once we fix the nonzero assumptions in the representation according to the G-graph,
the use of the relations of the quiver gives the equation of the affine piece in My(Q, R)

that we were looking for.

5.3 Examples

In this section we present two examples, illustrating the method described in previous

sections.
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5.3.1 Type C*(2,8:5,5) in BDgy(11)

By Proposition 4.20 the ideal defining the G-graph T'c+ (2, 8;5,5) is I = (y3(2°+iy®), 23(2°+
iy®), 283, 23y8, 2%9%). Since the first two generators belong to the representation V5, we
have to take as its basis elements (22,5?) and (y3(z® — iy®),23(2® — iy®)). This explains
why in this case the map hy = (0,1) (see Table 5.3.1), while the case C~ is given by the

same choices but taking f; = (0,1) instead.
See Figure 5.15 for choices of nonzero elements corresponding to I'c+. The the rep-

resentations inside a circle are the special representations. In this case, the quiver (x)

consists of the McKay quiver labelled with the following irreducible maps:

(g ,00L> . v, iz) (y, —iz)
(iy) +
() =

at any pair of 1-dimensional modules S,,, and the matrices (253 2%) and (g _Om) for the

remaining horizontal and respectively vertical irreducible maps between the rest of 2-
dimensional Sy;. By using this quiver we can give the basis elements for each irreducible
representation obtained by the above choice in the representation, which shows that every

cluster Z in this open set of G-Hilb(C?) has '+ as basis for Iz.

Writing down the remaining variables in the representation (see notation in Figure
5.1) and using the relations of the quiver, we obtain that the open set corresponding to

the G-graph T'c+(2,8;5,5) is the nonsingular hypersurface in (C?’Dm By Fy defined by

Do(Fo+1) = E1Fy

5.3.2 Type B1(1,13;4,10) in BDyy(13)

In this case we have that ¢ = 7 and k = 3. By Proposition 4.16 we have that z%y® and

x3y* are out of the basis, and since they belong to the irreducible representation V;, we
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Figure 5.15: Open set in My(Q, R) corresponding to the BD3p(11)-graph '+ (2, 8;5,5).

py |1 p | =yt rlo | *y?
po | %Y’ P2 | Y pro | (=)?
Vi | (z,y), Var | (2%y, —ay?), Vin | (%%, 2%y%),
(zty3, —ay*) (y* (=), izt (=) (z(=)?%, —y(—)?)
Vo | (22,97), Vaz | (zy, —zy?), Vig | (zty? 22y,
(v* (=), —iz®(=)) (zy* (=), iz'y(-)) (z*(—)% —4*(—)%)
Vi | (23, y%), Vag | (zty, —zy?), Viz | (292, 2%y°),
(zy? (=), —izy(—)) (z?y* (=), izty*(—)) (y* (=), iz*(-))
Vi | (=%, y%), Vou | (zPy, —zyP), Via | (282 2?y9),
(z%y3 (=), —ix’y?(-)) (y(—), —iz(-)) (zy?(—), ix?y(—))
ps | (+) pas | 2y(—) pis | 2P (+)
ps | (—) Pas | Ty(+) P15 | 22y ()

Table 5.4: Basis elements of the G-graph I'c+(2,8;5,5)
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allow the map cg to be zero so that (z*y?, —23y*) is not in the basis of V;.

The G-graph I'p 1(1,13;4,10) is given by the following diagram:

y17

L

T' 2ty

In Table 5.3.2 we write the basis elements for each irreducible representation of BD4o(11)

given according to our choice of nonzero elements. Since xy € I'p; is the basis for the
special representation pj,, the twin region is created by the monomial x4 — ¢ The
basis elements for the representations contained in the twin region are therefore given by
o4yt e pﬂ and its multiples. This explains why the maps wu; 1, u12 and ug; are of

the form ().

Figure 5.16: Open set in My(Q, R) corresponding to the BDy2(13)-graph I'p 1 (1, 13;4, 10).
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py |1 piy | (H)(=) =2+ ¢y | pig | 2%y
po | 2%y Pia | TY pag | Ty(+)(—)
Vi | (z,y), Vis | (2%y, —zy?) Vag | (2%y?, 22y°),
(v (+),iz"(+)) (z(+)(=),y(+)(=)) (@?y(+) (=), —zy*(+)(-))
Vo | (22,97, Vie | (z%y, —zy®), Vao | (zty?, 2%y,
(zy0 (=), iz (-)) (@ (+) (=), v* () (=) (v (+), —iz¥(+))
Vs | (23,9%), Viz | (zty, —zy?), Va1 | (%92, 2%y°),
(z%y%(=), —ixby*(-)) (' (+), iz (+)) (zy° (=), —izy(—))
Vi | (2% y?), Vig | (#°y, —xyP), Vag | (252, 22y°),
(v (+), =iz (+)) (zy* (=), izty(—)) (z%y° (=), i2°y*(—))
Vs | (2,9, Vig | (2%, —ay®), Vag | (a7y?, 2%yT),
(zy* (=), —iz®y(-)) (z%y* (=), —iz'y*(-)) (y2(+), iz?(+))
Ve | (2,49, Vao | (z7y, —ay), Vay | (2892, 22y®),
(2%y? (=), ix’y?(—)) (y(+), —iz(+)) (zy?(—), ixy(—))
p7 | (+) Py | wy(—) P35 | 22y (+)
pr | (&) pa1 | wy(+) P35 | 22y ()

Table 5.5: Basis elements of the G-graph I'c+(2,8;5,5), with (+) = 27 —iy” and (—) =

iy

Using the relations 5.2 and 5.3 of the quiver, the open set in this case is given by the

nonsingular complete intersection in (C%O Do.Ey.F, Slven by the equations

C()Dl = F1Fy

Fo(CoE Fy — 1) = 1.
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