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OPTIMAL CONTROL OF THE PROPAGATION OF A GRAPH IN
INHOMOGENEOUS MEDIA*

KLAUS DECKELNICK', CHARLES M. ELLIOTT!, AND VANESSA STYLES!

Abstract. We study an optimal control problem for viscosity solutions of a Hamilton—Jacobi
equation describing the propagation of a one-dimensional graph with the control being the speed
function. The existence of an optimal control is proved together with an approximate controllability
result in the H~l-norm. We prove convergence of a discrete optimal control problem based on a
monotone finite difference scheme and describe some numerical results.
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1. Introduction. We are concerned with the formulation and numerical ap-
proximation of an optimal control problem for first order quasi-linear equations of
Hamilton—Jacobi type describing the motion of a front in an inhomogeneous medium.
Thus we are concerned with the initial value problem

Vp =a,
I'0) =T,

where Vi denotes the normal velocity of an evolving surface I'(t) € R™*! from an
initial surface I'g. The strictly positive velocity function a is taken to be spatially
dependent. It is known for such an initial value problem that when it is formulated
as finding ®(z,t) satisfying

®; = a|V<I>|, (I)(ZIJ,O) = (bo(li)

and T'(t) is the zero level set of ®(-,¢) there is a unique viscosity solution.

Such a problem arises in etching out a surface I'(t) with a prescribed etch rate
which may depend on the medium [12, 3, 2]. It is natural to control the final surface
at time T, say, using the etch rate. Suppose that the surface can be written as a
graph in the plane, i.e.,

I'(t) = {(z,y(z,t)) |z € R} C R?.

The issue is the control of the location of the graph at a given time evolving from a
planar surface by choice of the prescribed velocity. We suppose that the speed function
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1336 K. DECKELNICK, C. M. ELLIOTT, AND V. STYLES

is positive and depends only on the horizontal direction so that a = a(x) > 0. Then
(1.1) takes the form

(1.3) y=a@x)\/1+y2, =xzeR, te(0,T).

We have in mind the situation in which the etching process takes place in a finite
time interval (0,7") and in which the etching rate can be controlled. One situation
would be where the medium is homogeneous but the etching rate can be controlled to
be a space dependent function, whilst another situation would be where the medium
is vertically striated so that the action of the etching is again space dependent. An
example would be a vertically layered medium in which the etch speed is piecewise
constant. We wish to fix the speed function in order that a particular etched shape
is achieved at a fixed time T'. Actually by scaling the time scale in the equation we
can choose this time to be T' = 1.

The setting is that of a control problem for a first order quasi-linear partial differ-
ential equation of Hamilton—Jacobi type. In general it is known that optimal control
for nonlinear hyperbolic equations is a difficult topic. Solutions of our state equation
are considered in the context of viscosity solutions. In section 2 we formulate this as
a control problem with a quadratic objective function and the graph eikonal equation
as the state equation. The idea is that we seek the speed function a to minimize the
quadratic energy functional J(a), where

(1.4) /|yaa:T —yr(x |dx—|—5/a dx

under certain constraints on a where yr is the graph of the target etch shape, y, is
the solution of the state equation, and § > 0. The first term of the energy is a fidelity
term, whereas the second is a regularization for the speed in order to ensure that the
state equation is well posed. If we allow the speed to depend only on a finite number of
parameters, this term can be omitted. Let us note that a related problem involving a
stationary eikonal equation for the first arrival time of a front was studied numerically
n [11]. We also refer the reader to [13, 4] for results concerning the optimal control
of first order conservation equations.

We begin by proving the existence of optimal controls for differing assumptions
concerning the speed function. Since the solutions of the state equation are nonsmooth
and nonunique, in general we need to consider viscosity solutions of the state equation.
It is classical that there exists a unique viscosity solution when the speed function
is continuous. When considering optimal control in this case one can apply W1
constraints on the set of admissible functions which then would need to be applied
when applying iterative descent methods for the optimization. This can be avoided
by regularizing the functional (1.4) by adding a quadratic term in the gradient, that
is, taking § positive. On the other hand it is also interesting to consider discontinuous
piecewise constant a, and this is the main focus of the paper. In this case we use the
well-posedness theory of [7, 8] in order to prove the existence of an optimal control.
An interesting question is whether the target is achievable. In general this will not be
the case because the solution of the state equation for the speed function satisfying

a < a(-) < B3 has the global Lipschitz bound ||(ya)z||ec < (g)2 — 1. However, our
next contribution is to show approximate controllability for yr € C°(I) by showing
that there is a piecewise constant speed function y,- such that the difference in (H)’
between yr and y* is bounded in terms of the maximum width of the subintervals on

which the speed can take differing constant values.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



OPTIMAL CONTROL OF THE PROPAGATION OF A GRAPH 1337

In order to realize the optimal control we turn to numerical discretization. The
idea is to discretize the state equation and the functional in such a way that the dis-
crete optimization problem has a minimizer. This leaves the interesting and difficult
question as to whether the discrete minimizers approximate a minimizer of the control
problem. Our next result is to show convergence as the mesh size converges to zero.
This relies on the use of monotone finite difference schemes for the Hamilton—-Jacobi
equation. We formulate this in the case of the discontinuous piecewise constant speed
function. We choose to implement monotone finite difference schemes which are dif-
ferentiable with respect to the solution so that the discrete minimization problem can
be solved iteratively by a descent method based on a discrete adjoint equation. We
found that this method worked very well in practice.

Our paper is organized as follows. Section 2 discusses existence and uniqueness
of the state equation together with an existence result for the optimal control. An
approximate controllability result in the (H')-norm is proved in section 2.2. The
numerical solution is considered in section 3 with a convergence result being proved
for a monotone discretization of the state equation. We conclude with some numerical
results.

2. Formulation and existence.

1. Mathematical setting. Let I = [-1,1] and 0 < a < 3 < co. We shall
assume that the control function a belongs to one of the following sets:
(K1)

K:= {a:]—>]R|a(a:):ai,x€ (i‘i_l,{fi), a(i‘l)z w,i:L...,L—l,
a(—-1)=a(l) = al—’_TaL, a < a(zx) gﬁ,er},

where —1 =20 < 21 < --- < Zp_1 < 2 = 1 is a partition of I.

(K2) K == {a : I — Rla(z) = 5, ai¢i(z), @ < a(x) g B,x € I},
where {¢;}L | satisfies ¢; € WL(I),¢;(—1) = ¢:(1), ¢i(x) > 0,i = 1,...,L, and
Y die)=lzel

(K3) K :={acW'(I)|a < a(z) < B,z € I,a(-1) = a(1)}.

In what follows we think of the function a as being extended to a 2-periodic
function on R. Given a € K we then consider the eikonal equation

(2.1) yr = a(z)\/1+ 42 in R x (0,77,
y(-,0)=0 in R,
y(x,t) =y(x + 2,t), zeR, 0<t<T.

According to Theorem 2.4 in section 2.2 the initial value problem (2.1)-(2.3) has a
unique solution y € W1>°(R x (0, 7)) which we shall denote by y, in order to indicate
its dependence on a 6 K. Let us now consider the following control problems:

e (P)minJ(a) =1 [,|va(z,T) — yr(z)|*dx
subject to a 6 K, where K is glven either by (K1) or (K2).
e (P°)minJ(a) =3 [;|ya(x,T) — yr()|*dx + 6 [, aldx

subject to a 6 K, where K is the set given in (K3).
Here, y7 € L?(I) is a given function and § > 0.
Remark 2.1. In the definition of (K1) the choice of the values of a at the end
points of the intervals can be replaced by a(#;) = a}, where a} is any value in the
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1338 K. DECKELNICK, C. M. ELLIOTT, AND V. STYLES

interval [min(a;, a;4+1), max(a;, a;+1)]. This will not change the viscosity solution of
the eikonal equation.

Remark 2.2. Although we have chosen to consider periodic boundary conditions
we expect that our results can be extended to the situation of applying homogeneous
Neumann boundary conditions for the eikonal equation.

2.2. Existence and uniqueness for the state equation. Let us begin by
recalling the notion of viscosity solution originally introduced by Crandall and Lions
[5] (see also [6]). Note that we pose the problem on all of R, but since the initial data
and the speed are periodic the resulting unique viscosity solution is also periodic.
Since the function a is possibly discontinuous we use a generalized definition due to
Ishii [9]. Applied to our situation this results in the following.

DEFINITION 2.3. A functiony € C°(Rx (0,T1)) is called a viscosity subsolution of
(2.1) if for each ¢ € C°(R x (0,00)) the following holds: if y— ¢ has a local maximum
at a point (xo,to) € R x (0,T], then

Gt(wo,t0) < a™(w0)y/1 + Ca(zo,t0)?.

A function y € C°(R x (0,T]) is called a viscosity supersolution of (2.1) if for each
¢ € C™®(R x (0,00)) the following holds: if y —  has a local minimum at a point
(0,t0) € R x (0,T], then

Ce(xo,to) > ax(mo)y/1 + Cu(wo, to)?.

A wiscosity solution of (2.1), (2.2) is then a function y € C°(R x [0,T]) which is both
a viscosity sub- and supersolution and which satisfies y(x,0) = 0 for all x € R.
In the above,

a*(x) == lim sup{a(y) [ |z —y| <7},
a.(z) == lir%inf{a(y) ||z —y| <r}
rT—
denote the upper and lower semicontinuous envelopes of a, respectively.
THEOREM 2.4. Let a € K, where K is one of the sets given in (K1)—(K3). Then

there exists a unique viscosity solution y € WH°(R x [0,T]) of (2.1)~(2.3) and y
satisfies

(2.4) [yllw.@x[o.17) < C,

where C' depends on T, o, and (3.
Proof. We will give the main ideas of a proof which covers the cases (K1)-(K3).
Existence. Consider the following regularized problem:

(2.5) g — e — 0t /T+ (9)? iR x (0,7],

1+ (y5)?
(2.6) y°(-,0) =0 in R,
(2.7) y(x +2,t) =y (z,t), z€R, 0<t<T.

Here, € > 0 and a° is a suitable mollification of a with

(2.8) a<a’(z) <p, a(z+2)=a(x) for all z € R.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



OPTIMAL CONTROL OF THE PROPAGATION OF A GRAPH 1339

Using the Leray—Schauder principle it is possible to prove that (2.5)—(2.7) has a
unique smooth solution [10]. The corresponding argument relies on the derivation of
a priori estimates on y; and yS for a solution of (2.5)—(2.7). As these bounds also
motivate why (2.4) holds we shall briefly sketch their proof for the convenience of the
reader. Differentiating (2.5) with respect to time gives

€

€ € €
yt,zz Yza Yz € ae Y

€ +2€ y r 71}61
L+ (yg)? 1+ e)2)* " VI+(e)? "

Since y; is a bounded solution of a parabolic equation of the form ¢; —aedzz+bepr =0
on R x (0, 7], the maximum principle together with (2.6) and (2.8) implies

Yo — =0 inRx(0,7).

2.9 €| = <(.,0)| = €< g
(2.9) A lyi| = max|[y; (-, 0)] = maxa® < §
In order to derive an estimate on y& we introduce z(z,t) = (y<(z,t))%. We can

assume that p := maxy. o7z > 0. There exists a point (xo,t0) € I x [0,7] such
that z(xo,t0) = p. Then z,(xo,to) = 0, which is also true in the case xy € 9I by
the periodicity of z. As a result, y<(xo,to0) yS,(To,t0) = 0, from which we infer that
Y (o, t0) = 0 since y5(zo,t0) # 0 in view of p > 0. Substituting this information
into (2.5) gives

yi (z0,t0) = a“(z0) /1 + 2(wo, to),

and therefore by (2.9) and (2.8)

2
. 1 Y (%o, to)? p
2.10 = t <G/ -1 -] —1.
( ) Igl[g))’%] |yz| Z(ZEO, 0)2 = CLE(./,CQ)2 = a

Since the estimates (2.9) and (2.10) are uniform in € there exist a subsequence €; \, 0
and a function y € W (R x [0, T]), which is 2-periodic in space such that

y“ —y uniformly in R x [0, 7.

It can be shown that y is a viscosity solution of (2.1)—(2.3) (see [6] if a is continuous
and, e.g., [7, 8] for the case of discontinuous a).

Uniqueness. In the case of a continuous speed function a uniqueness result for
(2.1) can be found in [6]. A comparison and uniqueness result for a discontinuous
speed function is obtained in section 3 of [8]. The theory developed in [8] requires three
conditions (A1)—(A3) on the function a which appear on page 1164. An inspection
of the calculations in section 3 shows that only (A2) and (A3) are actually needed
to obtain comparison and uniqueness. It is easily seen that these two conditions are
satisfied in our case; cf. also Remark 2 (1) on page 1165. O

COROLLARY 2.5. Suppose that a,a € K with a < a a.e. in I. Then

Ya < Ya in R x [0,T].

Proof. Let us denote by y© and §¢ the solutions of (2.5)—(2.7) corresponding to
ac, ac, respectively. Here, a¢, a¢ are mollifications of a, @ so that a® < a¢ in R. Recalling
the proof of Theorem 2.4 we may assume that for some sequence €; \, 0, j — oo

Y9 = Ye, T9 — ya uniformly in R x [0, 7.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1340 K. DECKELNICK, C. M. ELLIOTT, AND V. STYLES

The functions v/ := y% —§% are 2-periodic in space and satisfy a differential inequality
of the form

vl =), + vl <0 inRx[0,T]

for suitable functions ¢/ and ¥ > 0. Since v7(-,0) = 0 the maximum principle implies
that v/ <0 in R x [0, 77, and the result follows after sending j — oo. a

COROLLARY 2.6. Let K be defined by (K1) and suppose that a € K satisfies
ar = 3 for some k € {1,...,L}. Then

Yo(z,t) = Bt, € [Tg—1,%x], t>0.

Proof. Define a € K by a; = 8,i = 1,...,L. Clearly, yz = 0t so that Corollary
2.5 implies that y,(z,t) < Bt,z € R,t > 0. Let a° and y¢ be as in the proof of
Theorem 2.4, so that

a —aae. inl, Yy — y, uniformly in R x [0, 7]

for some suitable sequence (€, )nen With €, N\, 0,n — co. Recalling (2.6) and (2.5) we
obtain for ¢t € (0,T]

/f 1Bt — ya. )|=/f (Bt — yal-1)) = lim mk(ﬁnt—yﬁn(-,t»

n—oo
k—

= hm// n— oy <hmn_,oo// (a1 + (y&)? — ys™)

n—oo

_hmn_,OO —€n // 1+ym )

= limy, o0 ((— Gn)/ arctan(yS )rk ) —0,n— o0,
0

which implies the desired result. O

2.3. Existence for the optimal control problem.

THEOREM 2.7. For yr € L?(I) the control problems (P) and (P°) have at least
one solution a € K.

Proof. Let us first consider (P) and suppose that (a™)mnmeny C K is a minimizing
sequence so that

J(@™) N\, inf J(a) asm — 0.
a€EK
The corresponding solutions y™ = y,= of the state equation satisfy in view of (2.4)

ly™ W, ®xo,7)) < C = C(T,a, B).

Combining this estimate with the observation that for (K1), (K2) the set K is con-
tained in a finite-dimensional space we obtain a subsequence (my)gen and functions
a€K,yeWHe(R x [0,7T]) such that

a™* — a uniformly in I, y™ — y uniformly in R x [0, 7.

We claim that y = y,. We show first that y is a viscosity subsolution in the sense of
Definition 2.3. Let ¢ € C*°(R x (0,00)) and suppose that y — ¢ has a local maximum

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



OPTIMAL CONTROL OF THE PROPAGATION OF A GRAPH 1341

at some point (zg,tg) € R x (0,7]. Using standard arguments we can assume that
(z0,t0) is a strict maximum from which we deduce the existence of a sequence (x, tx)
with the properties that

lim (xg,tr) = (zo,t0) and y™* — ¢ has a local maximum at (z, tx).
—00

Since y™* is a viscosity solution of (2.1) we infer that

Ce(an, tr) < (™) (w) V1 + (G, th))?.
Observing that
lim supy, o (@™*)" (1) < a”(20)

we obtain after passing to the limit & — oo

Gt(wo,t0) < a”(w0)\/1 + (Ca(wo,t0))*

In a similar way one proves that y is a viscosity supersolution, so that y = y,. Finally
we infer from the uniform convergence of y™* to y that J(a) = infzex J(a).

In the case of (P°) where K is given as in (K3) we observe that a minimizing
sequence a™ is bounded uniformly in H'(I) so that there is a subsequence (my)ken
and a € K such that

a™ — a uniformly in I, a™ —a, in L*(I).
The remainder of the proof follows in a fashion similar to the previous case. d

3. Approximate controllability in the (H')’-norm. Let us consider prob-
lem (P) for a given target yr € C°(I). We assume that the set K is given by
(K1), so that the admissible control functions are constant on I; = (Z;_1,&;), where
—1=29g <& < -+ < .1 < Zr = 11is a partition of I. It is natural to expect
that yr can be reached in a better way as we decrease the fineness of the partition. It
turns out that this can be made mathematically precise if one works in a weak norm
and allows the speeds to become small but still positive. In what follows we fix the
upper bound 3 on the speeds in such a way that

1
(3.1) B> g maxyr(z).
Let us introduce the set
Kp = {a 1 —Rla(z) = a;,x € (i_1,35), a(d;) = L;“m 1. L—1,

a(~1) = a(1) = LT

,O<a¢§6,i:1,...,L}.

The following lemma says that if the speed is sufficiently small on some subinterval I;,
then the mean value of the corresponding solution over I; will lie below ming e yr(x).
LEMMA 3.1. Letyr € C°(I) be positive. Then there exists 0 < o < % minges yr(z)
such that for every a € Kg the following holds: if a; = & for some i € {1,...,L} and
& < a, then \1_1,\ J1, ¥ (- T) < minger yr ().
Proof. Let a € Kz and suppose that a; = & < « for some ¢ € {1,..., L}, where
a will be determined later. Corollary 2.5 implies that

ya(xvt) < y&(xat)v (vat) ER X [0700)7

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1342 K. DECKELNICK, C. M. ELLIOTT, AND V. STYLES

where a4 € K is given by a; = a and a = g for k # 4. It is therefore sufficient to
prove the claim for G. One checks that y; is given on I x [0,T] by the formula

5t7 Tp1 <z < jjka k 7& i,
ya(x,t) = Bt —y(r —Ti-1), @1 <o <Tiog + ot
avm at, Tio1+cot <z <3y —ct,

ﬂt+7(x—£i), QAJi—CtSJJSii,

2 —
7:\/ﬂ—2—1 and c:ﬂ .
! ¥

Here, « is chosen a priori so small that 2¢T" < inf;(#; — &;—1). A straightforward
calculation shows that

where

/ Ya(-,T) =2(8 — a)cT? =y T? + o#; — &i-1)T
I.

o E72
T2 4 o LT = YOI LT < BT + o T
(B+a)z

Hence we have that ﬁ fli Yo (-, T) < minges yr(x), provided that

afT 1 .
T ta< T?é?yT(x)’

which can be achieved for o > 0 sufficiently small. O

We can now formulate the main result of this section.

THEOREM 3.2. Let yr € C°(I) be positive and —1 = 39 < &1 < --- < &1 <
zr, = 1. Then

inf [|ya(-,T) — yrlly < (V26T + lyrllren) max (& — #-1).
aeKﬁ 1,...,.L

i=

Proof. Choose 0 < a < %}ninzel yr(z) according to Lemma 3.1 and set
Q= (o, B)F € RE. We define F : Q — R by

1
F(a); :== —/ Yo, T), i=1,...,L,
T|L| Jy,
where a = (ai,...,ar)! and a : I — R is the corresponding piecewise constant

function. Using arguments similar to those in section 2 one can show that F' is
continuous. Let b € R¥ be given by

1
bi:—/yTa izl,...,L.
L Jy,
Recalling (3.1) we have
(3.2) < L minyr(z) < b < 2 (@) <B i=1,...,L
: « TI;lelIIlyTx = 1_Tfilg;<yT$ , t=L..., L,

so that b € Q. We now consider the following homotopy H : Q x [0,1] — RE:

H(a,0) :=0F(a)+(1—-0)a—0.
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OPTIMAL CONTROL OF THE PROPAGATION OF A GRAPH 1343

Denoting by deg the Brouwer degree we have
deg(H(a 0)7 Qa 0) = deg(ld — b, Qa 0) = deg(1d7 Qa [_)) =1,

since b € (). In order to verify that H is an admissible homotopy we have to show
that 0 ¢ H(9Q,0) for all o € (0,1]. Assume that there exist ¢ € 9Q and o € (0, 1]
such that H(a,0) =0, i.e.,

1
3.3 bi:(f—/ya SsTY+(1—0o)a;, i=1,...,L.
53) ri [T+ a0

We distinguish two cases.

Case 1. a; = 3 for some i € {1,...,L}. Corollary 2.6 implies that y,(z,T) =
BT,z € I; so that (3.3) yields b; = 3, a contradiction to (3.2).

Case 2. a; = « for some ¢ € {1,...,L}. In this case we conclude with the help of
(3.3) and Lemma 3.1 that

1 1 1
b; = Um /Ii Yo, T)+ (1 —0)a < o I;lellllyT(l’) +(1- O’)T I;lellllyT($) < by,

which is again a contradiction. As a result, H is an admissible homotopy so that
deg(H(+,1),9,0) = 1 and by the properties of the Brouwer degree there exists a € 2
such that H(a,1) = 0, or equivalently

(34) / yg('aT):/ yr, ZzlvaL
I; I;

Let ¢ € H'(I). For the state corresponding to a we deduce that

L L 1
Jontn = me =3 [ 1) —ume =3 [ 1) -u)e - 7 [ 9

by (3.4). Using Poincaré’s inequality we deduce that

L

/I(ya('aT) - yT)@‘ <Y (MaC Dl + lyrlle)) @ — &) 19 |2
=1

< max (@ — Zi—1) (lya -, T 21y + Nzl L2c) 1€ | L2

< max (& — #-1) (V20Ya( T) || noo(ry + lyrllpzn) 1€ | L2n-

1=1,...,L

Since 0 < y,(z,T) < BT,z € I, we obtain

1Yo T) = yrll ey < (V28T + |lyrllr2n) ii{{@ﬁ@i —Zi1)

and the theorem is proved. O

4. Numerical approximation. Let us choose space and time steps h and T,
respectively, and let

x;=jh—1, jeZ,
t,=n1, 0<n<N,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1344 K. DECKELNICK, C. M. ELLIOTT, AND V. STYLES

where h = 2/J and 7 = T'/N. Furthermore, we set Gy := {(z;,t,) € Rx [0,T]|j €
Z,0 <n < N}. For a grid function Y : Gj, » — R we denote by Yj” its value at the
point (z;,t,). It is convenient to define the difference operators

n n n n+1 n
Y, 7oy, ey

—yn ._ —1 n._
5hY‘ - J )= 5t}/j =

Yn
+vn .__ Jj+1
41) &Y= (i ==,

h 3

T

In what follows we aim to find approximate solutions of (P) where K is given by
(K1). We begin by discussing the discretization of the state equation.

4.1. Discretization of the state equation. The solution of the state equation
(2.1)—(2.3) is approximated by the grid function Y : G, — R which for a givena € K
satisfies
(4.2) 6 Y = a(xy)F (67Y",6,Y)), j=1,....J, n=0,...,N—1,

0 __ .
(4.3) Yy =0, jeZ,
(4.4) Yi,=Y" Jje€Z n=1,...,N,

where we have chosen the discrete Hamiltonian to be

Flp.a) =1+ @2 +V1+(q )2 -1

Here, p™ = max(p,0),q~ = min(g,0). The relation (4.2) can be written in the form

(4.5) y" =G(Y"), 0<n<N-1,

where
(4.6)
G(V)J :‘/J_FTCL(ZI;])}-((S}JIF‘/])(S}:‘/])? ]:157']3 G(V)J+J:G(V)J7 _]EZ,

for a grid function V : R/hZ — R.

Following [1] we need to show that (4.2)—(4.4) gives rise to a consistent, monotone
and stable approximation of the state equation. The first point follows from the
relation

(4.7) F(p,p)=V1+p*  peR
Let us next address the monotonicity of the scheme.
LEMMA 4.1. Suppose that 7 < % Then G is monotone; i.e., V.< W implies

that G(V) < G(W).
Proof. Let V< W. Clearly,

0< y(p,q) <1, -1< 0F

~ (p,q) <0, p,g€eR.
o 8q(pq)_ P, q

As a consequence we have for j =1,...,J
GW); —G(V);
= W; = Vi + 7alay) (F (67 W5, 05 W3) = F (57V;,0, V3))
T T
= W; = V) (1= Z¢alw;) + Tna(e;))

+ 7 a(@) €Wy = Vi) = n(Wjoa = Vi)
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for some € € [0,1],n € [-1,0]. Recalling that a(z;) < §,7 <
deduce that G(W); > G(V);. O

Finally we have the following stability bounds which reflect corresponding esti-
mates for the continuous problem.

COROLLARY 4.2. Let a € K and suppose that T < QL Then the solution Y of
(4.2)—(4.4) satisfies

n+l _ yn
(a) og;Lj—J—g@ j€Z, n=0,...,N—1;

%,andWEVwe

@

YL =YY" B

o |l

Proof. The lower bound in (a) follows immediately from the definition of the

scheme and the fact that ¢ and F are nonnegative. We prove the upper bound by

induction on n. The assertion is clear for n = 0. Let us suppose that it holds for

some n € {0,..., N —2}. Then we have an+1 <Y+ fB71,j € Z, so that Lemma 4.1
together with the relation G(V +¢); = G(V); 4 ¢ (c € R) yields

j€Z, n=0,...,N.

Y= Gyt <GY™); 4+ pr =Y 4

Since F(p,q) > max(p™,|¢~|) we deduce from (a) for j € Z that

n+l n
[ R — . L =a(z;)F (5;{an, 5,:an) > amax(|(5;{Yj")+|, |(5;YJn)_|)
Observing that 6;7Y" = 6, Y/",, (b) follows. 0

We extend the solution Y of (4.2)-(4.4) to a function Y . € W (R x (0,7T))

via

tpy1—t (xjp1—T ., T—Xj .,
Yh,T(xvt) = - < ’ I YJ + h ij—i—l)

t—tn LTj+1 — Ly pa1 T —=Tji,nt1
= < Y T Y

if (z,t) € [xj,xj41] X [tn,tnt1]. Note that Yy ,(x + 2,t) = Y} -(2,t). Furthermore,
Corollary 4.2 implies that

(4.8) 1Yh rllwre < C(T, v, ) for 7 < %
We are now in position to prove a convergence result for the approximation of
the state equation.
THEOREM 4.3. Let (h,7) denote a sequence such that T < %, h — 0, and let Yy, ;
be the corresponding solutions of (4.2)—(4.4). Then Yy, r — ya uniformly in R x [0,T].
Proof. In view of (4.8) and Arzela’s theorem there exist a subsequence (hg, Tk )keN
with limg_ oo by = 0, 7 < ’;—5 and a function y € C°(R x [0, 7)), which is 2-periodic
in space such that

(4.9) Yoy =Yn,m — ¥ uniformly in R x [0, 7.

We claim that y is the viscosity solution of (2.1)-(2.3), i.e., ¥ = yo. To see this,
suppose that ¢ € C*°(R x (0,00)) and that y — ¢ has a local maximum at a point
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(x0,t0) € R x (0,T]. Using standard arguments from the theory of viscosity solutions
we may assume that this maximum is strict and global. In view of (4.9) there exists
a sequence of gridpoints (2j, ,tn,) € Ghy 7, such that limg_,oo (2}, ,tn,) = (20,%0) and

=Yt — W;}i’“ = nax Yy —W).

(k)3 hp T

Here, W' = ((zj,t,). In particular, Y(Z’)Fl < WL 4 & so that Lemma 4.1 implies

Yk 5 = GOGE ™) < (GOV™ ), + &

= Wt mpala, ) F (6 Wit 6, Wi,
and hence, recalling the definitions of W} and &,

C(xjk ) tnk) - C(x]k sty — Tk)
Tk

< a(w;)F (5;Wj’;k—1, 5;WJik—1) .

Sending k — oo we obtain (;(zo,t0) < a*(x0)+/1 + (Z(z0,%0), where we have used the
smoothness of ¢, the fact that limg_.oo (), ,tn,) = (@0, t0), and (4.7). Hence, y is a
viscosity subsolution of (2.1), and in a similar way one proves that y is also a viscosity
supersolution. Since the solution is unique, the whole sequence (Y}, ) converges to
Ya- The relations (2.2) and (2.3) follow immediately from (4.9) and the definition of
the scheme. O

4.2. Discrete optimal control problem. In what follows we shall identify the

function a € K with its values aj,j = 1,..., L, and abbreviate a = (a1, ...,ar)". We
denote by Y, the solution of (4.2)—(4.4), where we always assume that 7 < % In

addition we suppose that the target yr satisfies y7(—1) = yr(1) and denote by Y7
the piecewise linear function on I with values

(4.10) Y i=yr(z;), j=0,...,J

A discrete objective function is defined by

J
Tnla) =5 Y (VN —v]T)”.

Jj=1

We consider the following discrete control problem:

(Ph.») minimize Jj(a), subject to a € [a, B]*.

Since the solution of the state equation depends continuously on g there exists a
minimizer of the finite-dimensional optimization problem (P, ), which we denote by
@

THEOREM 4.4. Suppose that yr € H'(I), yr(=1) = yr(1). There ezists a
sequence h — 0 such that aj — a* and the associate function a* € K is a minimum
of J.

Proof.  Combining the bounds o < aj, ; < 8 with (4.8) we obtain a sequence
h — 0 and a* € [a, 8L, y € CO(R x [0, 7)), which is 2-periodic in space such that

(4.11) aj, — a*, Yy — y uniformly in R x [0,77.
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Similarly as in the proof of Theorem 4.3 it can be shown that y = y,«. Our aim is
to prove that J(a*) < J(a) for all a« € K. Since Jx(a}) < Jn(a) for all a € K the
claim follows, provided that we can show that

(4.12) Tnl(a) = T(a), Tn(ap) — T(a*).

To begin, note that for a piecewise linear function n : I — R with n(—1) = n(1) we
have

| >

J
/1 ZZ n(zj-1)* +1(z;)?)| < ORI [122p)-

Hence,

1
|7 (@) = Tn(a)] < CR?|YY, — YT||2L2(1) +5 ‘ v\ - YT||2L2(1) — lya(-,T) — yT||2L2(I)‘

< Ch*(1+ HyTHHl ) + C(HYN Ya (- D)l 21y + Pllyrl )
—0ash—0,

where we have used (4.8) and Theorem 4.3. Recalling (4.11), the second convergence
in (4.12) can be shown in a similar way so that the result follows. O

4.3. Adjoint equation. In order to compute the derivative of 7, with respect
to a we formulate the following discrete adjoint equation. For fixed ¢ € K let Y, be
as above. We then denote by P : G, — R the solution of the following backward
problem:

(4.13)
PN =YY -V jez,
-wP+kw@Jg8(ﬁajh5aJJP+la@)a(ﬁnwéy)gfl
OF . N, OF .
+a($1)3 (5+Yaj’5 Y, )Pj i (xJJrl)@ (5 ll]+1’6 Y]Jrl)P]-:rll’
(4.14) j=1,...,J, n=N-1,...,0,
=P, jeL.

(4.15)

LEMMA 4.5. Leta € K and P : Gp» — R be the solution of (4.13), (4.14). Then

N-1 J

0
Sha) =hr S0 Y F (B0 V) P =L L
n=0 j=1
where
1 Zf T; € (ii,hii),
Xij = % Zf T; = fi,1 orxr; = SJASZ',
0 otherwise.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1348 K. DECKELNICK, C. M. ELLIOTT, AND V. STYLES

Proof. Fix i € {1,...,L}. We define Z : Gy, — R by 27 = 22 (q). In what

follows we simply write Y Y.. Recalling (4.13) and observmg that ZO = (0 we have

3jh J J
@ =hY (G -YNZT =h} PNz
j=1
N—

Oa; =
1 J
(4.16) =hy > (Prtizrtt —przy

n=0 j=1
N-1 J N-1 J

_ n+1 n n n—+1 n+1 n

=hY Y (PP =POZE+h Yy Y P2 - 2.
n=0 j=1 n=0 j=1

Differentiating (4.2) with respect to a; yields

(4.17) 6,27 = xi; F (6,5Y], 6, Y]")
or
dp
Hence from (4.16), (4.17), and (4.14) we obtain

oF

+alzy) o= (65 Y] 0, Y1) 65 27 + a(2;) 5y (04 Y], 0, Y") 0, 23

N-1 J

=73 >z {alw;-1) 5y TV 0, V) P
n=0 j=1
af n —_ n n
+ ale)) g (Y] 0,Y7) B
- a(xj)(?_q (52_5/3 0, Y; ) Pj 4 a(xjﬂ)@_q (52_Yj+1a5h Yj+1) P]J:il}
N-1 J
+ ht Z Zx” 5+Y” o, Y") P"Jrl
n=0 j=1
N—1 J
+7Y Y Prtla(x (5+Y" Sy Y) (Z7y — Z11)
n=0 j=1
N-1 J 8}"
+7Y > Prtla(x (5+Y" S, Y (27 — 27 y)
n=0 j=1
N-1 J
=ht > xi; F (5], 6, Y)") PP
n=0 j=1
by shifting indices and using the periodicity of Z and P. a

4.4. Optimization method. We set Pg(a); = max(«, min(a;, 8)) for i = 1,2,
., L and now define a projected gradient algorithm to solve the problem (Pp, ;).
Step 1 Choose a° € [, 8L, v € (0,1) and tol.
Step 2 For k=0,1,2,..., do Steps 3—6.
Step 3 Set s = —V T, (a*) = — (%2 (@k), oo, 8n(gb)).

ar

Step 4 Choose the minimum oy, € {1, .} for which

72;4w

Jh<Ps<gk+aksk>>—Jh<gk>g—alknps(a +o*sh) — a3
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FIG. 4.1. Results for (4.18); upper plots show YT (dashed line) and Y,N (solid line), and lower

plots show a.

Step 5 Set a**! = Ps(a* + ops¥).
Step 6 If [|a" ™1 — a”[|2 < tol, then STOP.
Here, || - ||2 denotes the Euclidean norm in R,

4.5. Numerical experiments. We consider four numerical experiments, using

the following values of yr(x):

(4.18) yr(x) = 0.5+ (1 —a?)(1+2),
2.0, -1 <2< -0.9,
20-3lz+3|, —05<x<0
4.19 = it} L <05,
(4.19) e} =9 20 -3l — 1, 0<z<05
o 1+\3/_x7 —1§$§0,
(4.20) yr(z) = { 1+yz, 0<z<l,

0.5, —-1<z<-0.25,
(4.21) yr(z) =< 2.0, —0.25<zx <0.25,
05 025<az<l.

In all our computations we take T' =1, « = 0.1, 8 = 4, h = 0.005, 7 =

2
26°

tol = 1079, and v = 0.1. Then for each of the four experiments we take L = 5, 10,

and 25.

The computational results for yr given by (4.18) are displayed in Figure 4.1. We
see six subplots: The upper three plots show Y7 (dashed line) and Y,V (solid line),
while the lower three plots show a. In the left-hand plots we took L = 5, in the center
plots we took L = 10, and in the right-hand plots we took L = 25. Figure 4.2 takes

the same form as Figure 4.1 except that (4.19) was used in place of (4.18).

In both these examples the target yr is Lipschitz and so in principle is attainable.
On the other hand the target in each of the next two examples is not Lipschitz.
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2 2
15 15
1 1
0.5 0.5
91 0 1 91 0 1 91 0 1
2 2 2
15 15 15
1 1 1
0.5 0.5 0.5
91 0 1 91 0 1 91 0 1

FIG. 4.2. Results for (4.19); upper plots show YT (dashed line) and YN (solid line), and lower
plots show a.

0.5 0.5 0.5
91 0 1 91 0 1 91 0 1
2 2 2
15 15 15
1 1 1
0.5 0.5 0.5
91 0 1 91 0 1 91 0 1

FIG. 4.3. Results for (4.20); upper plots show YT (dashed line) and YN (solid line), and lower
plots show a.

Figures 4.3 and 4.4 take the same form as Figure 4.1 except that (4.20) and (4.21)
were used in place of (4.18). In Table 4.1 we show the value of the discrete objective

functional Jp,(a) := % Z;]:l (Ya{\; — YjT)2 for the computations described above. Note
that the target in each of the first three examples satisfies the conditions in Theorem
3.2, whereas the final example does not. This is reflected in the values of the objective
functional.

We now turn to the performance of the iterative scheme. For the results in
Figures 4.1 and 4.2 we took @) = a = 0.1, i = 1,2,..., L; however, we also ran
both computations with different initial data for a, in particular af = 3 = 4, and
a) = 0.5(a+ B) = 2.05, i = 1,2,..., L. In both examples the iteration count did
not vary significantly so that in the absence of other information we simply set af =
a=0.1,7=1,2,...,L, in the remaining computations. In Table 4.2 we show the
CPU time (on an Intel Core2 Extreme Processor with 3.0 GHz clock speed and 6 MB
RAM).

We conclude with Figures 4.5 and 4.6 in which we look at the convergence of
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-1 0 1 -1 0 1 -1 0 1
2 2 2

15 15 1.5
1 1 1

05 05 05
% 0 1 Y 0 1 Y 0 1

FIG. 4.4. Results for (4.21); upper plots show YT (dashed line) and Y,N (solid line), and lower
plots show a.

T?L(P;;L'l TABLE 4.2
hA&/ CPU time.
| [ £=5 [ L=10 | L=2 | | [IZ=5]L=10] L=2 ]
(4.18) || 1.036e=2 | 1.015e=* | 5.976e6 (4.18) || 14.96 | 178.19 | 780.19
(4.19) || 4.071e72 | 1.134e72 | 4.282¢7° (4.19) 22.89 | 241.41 727.70
(4.21) || 9.382e72 | 3.449¢72 | 2.097e¢2 (4.21) || 12.76 | 580.98 | 1274.79
x107° x107* x107*
‘ 4 \‘ 1
| \
|
2 K 2 L 0.5
~—
0 0 0
0 16 32 0 170 340 0 550 1100

FIG. 4.5. Plots of J(a¥) for L =5 (left), L = 10 (center), and L = 25 (right) with yr given
by (4.18).

02— 0.08 0.08
\
\
\ \
0.1 N o0\ 0.04
\—
0 0 0
0 12 24 0 450 90 0 1800 3600

FIG. 4.6. Plots of Jp,(a®) for L =5 (left), L = 10 (center), and L = 25 (right) with yr given
by (4.21).

Jn(a*) as k increases; in Figure 4.5 we took yr given by (4.18) and compared the
value of J, (a*), with k large, for three values of L; L = 5, 10, and 25. Each plot shows
Jn(a*) plotted against the iteration number k; the left-hand plot displays results for

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1352 K. DECKELNICK, C. M. ELLIOTT, AND V. STYLES

L = 5, the center plot for L = 10, and the right-hand plot for L = 25. Figure 4.6
takes the same form as Figure 4.5 except that (4.21) was used in place of (4.18). From
Figures 4.5 and 4.6 we see that for each value of L, Jj,(a*) converges, say to Ji(a*),
and that as L increases Jj(a*) decreases.

5. Conclusion. We have formulated an optimal control problem in which the
final shape of a one-dimensional graph evolving with a prescribed inhomogeneous
speed is controlled by varying the speed function. The problem is one of controlling
a first order Hamilton—Jacobi equation. The mathematical formulation is one of a
quadratic objective functional with a state equation which is posed in the sense of
viscosity solutions. Existence is shown for several variants for constraints on the
speed function. An approximate controllability result in the (H')-norm is proved
with respect to the number of intervals defining a piecewise constant speed function.
A discrete version of the control problem was formulated and shown to be convergent
as the mesh size goes to zero. Our numerical method was based on a scheme for
the state equation which was differentiable with respect to the discrete state. This
allowed the derivation of an adjoint equation. Finally we displayed some numerical
results.

This is an example of an optimal control problem in which the nonlinear state
equation is not formulated in a classical manner but in the sense of viscosity solutions
and in which the solution of the state equation is not differentiable with respect to
the control variable. The approach of this article could be extended to consideration
of higher space dimensional problems.
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