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Abstract

The central result of this thesis is an enlargement of filtrations result for the

filtration (%5;x > 0), where

Fy=0{Bys:y <z,s€[0,00)}

and (Bgt;x € R,t € [0,00)) is a Brownian sheet on a complete probability
space. Although this is a fairly straightforward extension of a result presented
in [Yor97] for Brownian filtrations, it is of use to us in a couple of applications.
The first is a discussion of ‘bridged’ Brownian sheets, in which we try to describe
the law of a Brownian sheet which is fixed along some curve in the parameter
space. The second application is a study of the spatial evolution of solutions to
the stochastic heat equation. We fix a starting point in space, and describe the
spatial evolution as driven by an (&,;x > 0)-adapted noise. Unfortunately, we
find that the initial condition is not in .%#y. If we add this initial information to
(Zz;x > 0), the driving noise is no longer a martingale, but our enlargement
result allows us to write a semimartingale decomposition, in some sense. We
are in fact able to write a system of stochastic differential equations which
describe the spatial evolution of solutions, such that each equation is driven by

a martingale with respect to this larger filtration.



0.1 Introduction
0.1.1 An outline of the thesis.

The principle motivation for this thesis is the study of the stochastic heat equa-
tion
82

0
au(x,t) =Au(z,t) + mth, z €R, te€[0,00)

u(z,0) =uo(x) VzelR (0.1.1)

where (By:; (x,t) € R x [0,00)) is a Brownian sheet on a complete probability
space (2,.%#,P). There is much in the literature written about the Markov
property of solutions for (0.1.1). Much of this is related to the study of Gaussian
random fields, of which [Pit71] and [Roz82] provide a good overview. Recall that
a random field (X (¢);¢t € R™) on (Q, #,P) is Gaussian if for each finite subset
{t1,...,tx} of R™ and all « € R™, Zle ;X (t;) is a Gaussian random variable.

We make the following definitions:

Definition 0.1. Let & and % be two sub-o-algebras of F. A o-algebra
& C T is a splitting field for  and % if for all bounded 7 -measurable ran-

dom variables f and all bounded % -measurable random variables g, E(fg|) =
E(f])E(g].7).

We remark that this is equivalent to having E(g9|7) = E(g|.¥) for all
bounded % -measurable g. Indeed, taking A € 7 and f = 14, the condi-
tion in the defintion becomes E[14g|-%] = E[14E[g]|-]|.”], from which it fol-
lows that E(g|7) = E(g|-”). For the equivalence, note that if we multiply
E(g|-7) = E(g].-#) through by 14 and take conditional expectations with re-
spect to . we obtain E(fg|.) = E(f|-)E(g|-) for every f = 14 with A € 7,
and the same expression follows by approximation for every bounded, .7 mea-

surable f.



For a random variable X on (Q,.%#,P), we use the notation o(X) to donate the
smallest sub-o-algebra of .# with respect to which makes X measurable, whilst
o(X(t);t € T') denotes the smallest o-algebra making each X (t) measurable for

every t in some indexing set 7.

Definition 0.2. Let {X(t) : t € R"} be a stochastic process. If O C R™ is an
open set, define

BX(0) =0(X(t); t€O).

If D C R™ is a closed subset, we set D, = {t € R™ : infsep |t — s| < €} and
define X (D) = Nes0 %X (D.). We now say that the random field X is Markov
with respect to an open set O if BX(00) is a splitting field for % (0) and

BX(0°). (00 is of course O\O.)

The Markov property for a random field as we have defined it above is
known as Lévy’s Markov property. It may seem more natural in definition 0.2
to replace £~ (00), X (0) and £X (0°) with (X (t) : t € 0), o(X (t);t € O)
and o(X (t);t € O°) respectively. This is known as the sharp Markov property,

and is naturally a stronger condition.

The benefit of studying Gaussian random fields is that once we understand
the covariance structure of the process we can deduce distributional properties
such as the Markov property. Indeed the covariance structure is characterised
by inner product on the subspace H = Sp{X;;t € R} of L*(Q,.%,P). (Here,
Sp{X;t € R"} denotes the set of linear combinations of elements in {X;t €
R™}.) Theorem 5.1 of [Kiin79] equates Lévy’s Markov property of (X (¢);t €
R™) for all precompact, open subsets of R™ to certain properties of the space
H = {t — E[ZX(t)] : Z € H}, which we couple with the norm | f||3, =
E[Z?]. In [NP94], Nualart and Pardoux use this result to demonstrate that the

random field (u(z,t);z € Rt € [0,00)) satisfies Lévy’s Markov property for all



precompact, open sets. Suppose we now take as our noise f(u(z, t>)8?c—2£)1£BIt in
place of a?c—zatBrt' Unless f is constant the approach of [NP94] will no longer
work because the solution w is no longer a Gaussian process. The subject of the
Markovity of u for general f is a long open problem (see [Par93]). Although we
do not approach this problem here, one motivation is to approach some aspects
of the Markovity of u when f is constant without relying on the Gaussian
structure. We will, in fact, study the process (u(zx,-);z > 0), that is we allow
the process to evolve in the x direction. If we fix t and we define a filtration
by Fy = B*((—o0,z] X [0,00)), we may deduce from Nualart and Pardoux’s
result that (u(z,-);x > 0) is Markov with respect to (%#,;x > 0) in the sense of
definition 1.1. Naturally, by focusing on a more specific aspect of u we can make
a more detailed analysis. For example, can we in fact obtain the sharp Markov
property in this case? Is the evolution in the = direction strongly Markovian?
Given that the evolution is Markovian, perhaps there may even be a semigroup

to describe it.

There is a unique solution to (0.1.1) given by

2

t
3}
u(:z:,t):/Ruo(y)g(t,x,y)dy—i—/o /Rg(t—s,x,y)as—ayBsydyds, (0.1.2)

where g(t,x,y) is the Green’s kernel for the operator A, given by

o) = e (S

We will define fot Jrg(t—s,z, y)%zyBsydyds rigorously as an It6 integral later.
Now fix ¢ and define a process (u(x,t);x > 0). To describe its Markovian
evolution, we might try to describe it through a stochastic differential equation

driven by a noise which is adapted to the filtration (#,;x > 0) where



Fp=0{Bys : s €[0,00),y <z}

We immediately observe from (0.1.2) that «(0,¢) is not %, measurable. To
overcome this difficulty, we shall add some extra initial information into our
filtration. In fact, we will define a process ((ug,v;);x > 0) which we think of
as taking values in a separable Banach space E of the form X{ x X where X;
and X5 can be thought of as test function spaces. Loosely, we take u,(h) =
IS h(t)u(z,t)dt for h € Xy and we think of v, as being the derivative in
of ug. In chapter 3, we will show that for any X > 0, ((uz,v:);z € [0,X])

satisfies an infinite system of stochastic differential equations driven by a noise

W (h) = /O ' /O " h(s)dBy..

It is the initial information (ug,vg) that we will add to (Z#,; 2z > 0) to obtain a

(Wy;x > 0), where

new filtration (.%,;z > 0).

The problem now is that, whilst (W, (h);2 > 0) is an (%,;x > 0) martingale
for any h € L%([0,00)), it is not an (.%,;x > 0) martingale. Our hope instead
is that it is an (ﬁz,x > 0) semimartingale. For this we look to the theory of
enlargements of filtrations. For an overview of this subject, see for example
[JY85], [Yor97] and [Pro04]. In section 1.2, we will present an enlargement
result for (%,;x > 0) of a similar nature to well a known result for initial
enlargements of Brownian filtrations. In particular, we obtain a condition that
determines whether or not (W, (h);z > 0) has a semimartingale decomposition
for a given h. We use this in the first three sections of chapter 3 to determine
an infinite system of stochastic differential equations satisfied by ((us,v);x €
[0, X]). The last section in chapter 3 contains for the most part discussion on

unresolved issues. In particular, the equations for ((us,vy);x > 0) give rise

10



naturally to a martingale problem which one might hope would lead to a strong
Markov property. However, there are difficulties defining a suitable space £ on
which to define this martingale problem, and there is some discussion of this.
Furthermore, to obtain a strong Markov property, one requires the uniqueness
of one dimensional distributions for solutions to the martingale problem, and
unfortunately it has not been possible to answer whether or not this holds for

this thesis.

Chapter 2 discusses the outcome of adding initially to (Z,;x > 0) information
about the Brownian sheet along some curve. The hope is that the results of
section 1.2 allow us to write an equation for W, driven by a noise which sees this
initial information, and that one might read from this a description of Brownian
sheet conditioned in some sense along this curve. We provide a general approach
using these methods, and although in many cases it quickly becomes too difficult
to produce a description of a bridged sheet, we do provide a description of

Brownian sheet which is fixed along the minor diagonal.

Let us remark that in order to make use of the results from section 1.2, we require
some tools from Malliavin calculus and Gaussian measure theory, which we
present in section 1.3 and for which our main references are [Nua06] and [Bog98]
respectively. Our use of the Malliavin calculus is similar to that in [Bau02] and
[BCO7], although these papers deal with finite dimensional processes. [BLO6],
[FPY93], [GMO08], [GMO06] and [Sim05] all deal with infinite dimensional bridge
processes, albeit using different methods to those presented here, and the author
would like to thank the examiners for drawing his attention to them for this final

draft.

11



0.1.2 Notation

In the following, we shall assume that we have an underlying probability space
(Q,.Z,P) which is rich enough for all stochastic processes that we define. We
shall assume that probability space is complete, that is if A C € such that
there exists B € .% with P(B) = 0 and A C B, then A € .#. We will write
Np(F) ={A e€.Z : P(A) =0}. For an % measurable random variable f on ,
E[f] will denote the expectation of f, fﬂ f(w)P(dw). For a general probability
space (E,&, 1), we will often write E,, to denote the integral with respect to p

of £ measurable functions from E to R.

If F is a topological vector space and F' is some subset of F, we will denote
by Sp(F) the linear combinations of elements of F. We denote by B(E) the
Borel g-algebra on E, that is the o-algebra generated by the open subsets of F.
We will denote by m(E) the space of Borel measurable real valued functions.
We define B(FE) to be the space of bounded functions from E to R, which we
may equip with the supremum norm [|f|ls = supg,epy [f(z)| for f € B(E).
We will denote by C(E) the space of continuous functions from F to R, and
Cy(FE) = C(F)N B(E). For f : E — R, we will denote by suppf the closure
of {x € E: f(x) # 0}, and we set Co(F) = {f € C(F) : suppf is compact}.
If E is a subset of R", n € N, we will denote by C*(E) the set of f € C(E)
such that 97" ...92f is in C(E) for any multi-index o with Y a; < k.
Here and in the future, 9; refers to the derivative in the ith variable. We take

C>®(E) = NgenC*(E) and CE(E) = Co(E) N C*(E) for k € N U {oo0}.

We shall use parentheses (,) to denote the cross variation of two stochastic
process (X (t);¢t > 0) and (Y (¢);t > 0), (X,Y), with the parameter as a right
sub-index. We will also, where it is not confusing, use parentheses to denote

the inner product in L?(R™), whilst the norm will be denoted || - ||2. Otherwise,

12



we will use (-,-)g to denote an inner product on a vector space. For a normed
vector space V' we will denote the topological dual by V*. For ¢ € V andl € V*
we will generally write [(¢) to represent the action of [ on ¢. However, if V is a

test function space and [ has a representation as a continuous function through

I(6) = / UB)o(t)dt

then we may write I(¢) = (I, ¢).

13



1 Enlargements of Filtrations

1.1 Some preliminary definitions
1.1.1 The Markov property

Suppose that (X (¢);¢t € R™) is a random field on a complete probability space
(Q, #,P), taking values in a state space E, which we shall assume for conve-
nience to be a separable Banach space. We have already discussed a couple
of possible interpretations of what it means for (X (¢);t € R™) to be Markov.
When n = 1, we have a slightly different intuition: a Markov process X is one
such that if we know what the process is doing at time ¢, we gain no additional
information of what the process does after time ¢ from knowing what it did be-
fore time t. To turn this into a definition, we need a mathematical description
of the our information about the process at any one time, and this is the natural

filtration (%#;X;t > 0) given by
FX =0{X(s);0<s <t}

ZX represents the observed information about X up to time ¢. Our intuition is
that for any ¢,s > 0, X (¢t + s) should be independent of .#;X conditional upon
knowing X (t). We can be slightly more general than this, and allow situations
where we have more information at time ¢ than the observed information about
X up to time t. If (F;t > 0) is a filtration (that is, % is a sub-c-algebra of
F for all t > 0 and .F, C % whenever s < t), then we say that (X (¢);¢ > 0)
is adapted to (F;t > 0) if X (¢) is % measurable for all ¢ > 0. We say it is
(Z;t > 0) progressively measurable if, for each t > 0, the map X : [0,¢]xQ — R
is measurable with respect to B([0,t]) ® .%#;. This is stronger than adaptedness,
however if, for example, ¢t — X (¢)(w) is left or right continuous for every w and

(X (t);t > 0) is adapted to (F;t > 0), then it is progressively measurable with

14



respect to (F;t > 0) (see proposition 1.1.3, [KS98]). Note that if (X (t);¢ > 0)

is adapted to (;t > 0), then FX C ., for all t > 0. Here is our definition.

Definition 1.1. Let (X(¢);t > 0) be a stochastic process on (2, .%,P) which
is adapted to the filtration (F;t > 0). (X (t);t > 0) is Markov with respect to
(F;t>0) if

P(X(t+s) € |.%) = P(X(t+s) e T|X () as. (1.1.1)

for all s,t >0 and T € B(E).

Let A denote {[0,¢); t > 0}, a collection of open subsets of [0,00). With
regards to the remarks following definition 0.2, we can rephrase definition 1.1 as
saying that (X (¢);¢t > 0) satisfies the sharp Markov property for every O € A

(where the parameter space is [0, 00) instead of R™).

The Markov property is equivalent to

E[f(X(t+5))[7:] = E[f (X (¢ + )| X(1)] as.

for all f € B(R). Also, note that if (X(¢);t > 0) is Markov with respect to
(F;t > 0) then

E[X(t+5)|7 ] = EE[X(t + 5)| 7] 7] = E[X (1)|7] = X ().

Hence X is also Markov with respect to (#;X;t > 0). Suppose instead that we
know X (7) for a random time 7. Can we still say that the process after time
7 is independent of all that went on before 77 We take 7 to be an optional

time, that is a mapping 7 : £ — [0, 00] such that {r < t} € % for all t > 0.

15



Furthermore, if %4 = NesoFi4e for all t > 0, we define .7, 4 by

yTJ,_:O'{AeyAﬂ{TSt}Eﬁt+vt>0}

We make the following definition:

Definition 1.2. An (F;t > 0) progressively measurable stochastic process
(X(t);t > 0) exhibits the strong Markov property if for every almost surely

finite optional time T and every s > 0,

E[f(X(T 4+ 8)[Fr4] = E[f (X (T + )| X(7)] as.

We also have the notion of an (%;;t > 0) stopping time, that is a random
time 7 : Q — [0,00] such that {r < t} € % for all ¢ > 0. Remark that 7
is an (F;t > 0) optional time if and only if it is an (Fy;t > 0) stopping
time (lemma 2.1.1 of [EK86]). Thus if we can show that E[f(X (7 + $))|-%,] =
E[f(X (T + 5))| X (7)] almost surely for all almost surely finite stopping times 7,

then (X (¢);t > 0) is a strong Markov process in the above sense.

1.1.2 Markov Semigroups

In chapter 4 of [EK86], the connection between the theory of semigroups and the
theory of Markov processes is discussed. Define T'(t) f(x) = E[f(X (¢))| X (0) =
x] =: E[f(X(t))] for a stochastic process (X(¢t);t > 0) taking values in E
and f € B(E). If (X(¢);t > 0) is Markov, and furthermore we assume that
E[f(X(t))|X(0) = z] = E[f(X(t + s))|X(s) = «] (that is, it is time homoge-

neous) then formally

T(t+ s)f(z) = B [f(X(t + )] = Eo[Ee [f(X(E + 5)[ X (5)]] = Eo[T(¢) f(X(s))]

16



for x € F and s,t > 0. (We have used the Markov property here to deduce
that E4[f(X(t+5))| X (s)] = E[f(X(t+5))| X (s)] = T(t) f(X(s)).) Thus, under
certain conditions on X, (T'(t);¢ > 0) is a semigroup on B(FE), that is T'(¢) :
B(E) — B(E) is a bounded linear operator for each ¢ > 0, such that 7'(0) is the
identity and T'(t + s) = T'(t)T'(s) for each s,t > 0. In general, given a Markov
process (X (t);t > 0) with respect to (F;t > 0) and a semigroup (T'(t);¢ > 0),

we say that (X (¢);t > 0) corresponds to (T'(¢);t > 0) if
E[f(X(t+5))|F] = T(s) (X (1))

For example, if (X (¢);¢ > 0) is a Brownian motion, it is a Markov process

corresponding to the semigroup (7'(¢);¢ > 0) given by

107 = = [ e (-L55 ) ay

Proposition 4.1.6 of [EK86] demonstrates that the finite dimensional distribu-
tions of a Markov process are completely determined by this semigroup and the

initial distribution.

Given a semigroup we define an operator G : D(G) — B(E) by
Gf = lim ~(T()f — f)
= 2% t ’

where D(G) is the subspace of f € B(F) for which this limit exists. G is
known as the infinitesimal generator of (T'(¢);¢t > 0). As an example, take
a real valued process (X(t);t > 0) satisfy an equation of the form dX(t) =
b(X (t))dt + o(X (t))dB(t), where B is a Brownian motion. One may deduce

from It0’s formula that

17



1

df (X (1) = (X () f (X (1) + 5o (X )" (X@))dt + o (X (@) (X (1))dB(t)

for any bounded C?(R) function. Setting G f(z) = limy—¢ 1 (E[f(X (t))|X(0) =
z] — f(z)), we see that Gf(z) = b(z)f'(z) + 202(2)f"(z). One may put con-
ditions on b and ¢ such that the classical Hille-Yosida implies that there is a
(strongly continuous contraction) semigroup with generator G (see theorem 1.2.6
of [EK86]), and one might hope to show that (X (¢);¢ > 0) is a Markov process
corresponding to this semigroup. If b or ¢ are not bounded functions however,
G f will not in general lie in B(R). Our main example will be a situation similar
to this. Nevertheless, we may still construct the generator above as a map from
D(G) to m(E). Although we do not construct a semigroup, the above operator

is still of use in constructing a martingale problem, as we see in the next section.

1.1.3 The martingale problem.

The idea of a martingale problem is based on the observation that given a
Markov process (X (t);¢t > 0) corresponding to a semigroup (7'(t);t > 0) with
generator G, the process (f(X fo Gf(X(s))ds;t > 0) is a martingale for
f € D(G) C B(E) (see proposition 4.1.7 of [EK86]). We look for some sort
of converse: supposing that f(X fo Gf(X(s))ds is a martingale for all
f € B(FE) and some operator G, can we deduce that (X (¢);t > 0) is Markov?
We have to be a little careful here. Suppose that (X (¢);¢ > 0) is adapted to the
filtration (%;t > 0). We ask if the same can be said of (fot Gf(X(s))ds;t > 0).
Following the remarks of section 4.3 (and also problem 2.2) in [EK86], we
can say that given g € B(FE), there is a modification (say (Y (¢);t > 0)) of
(fo ))ds;t > 0) which is adapted to (%#;t > 0). In other words, for any

t >0, P(Y fo = 1 and Y (¢) is % measurable. If the fil-
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tration is complete, that is, if Np(F) C F; for all ¢ > 0, we can deduce that
(fo ))ds;t > 0) is (#;t > 0) for all g € B(E). Let us define the complete

natural filtration (?t ;t > 0), given by
?f( =0{X(5):0<s<t}VNp(Z).

The value of this is that we can always say that (f( fo Gf(X(s))ds;t >0)
is (?tx, t > 0) adapted.

We still need to be a little bit careful because we want to consider cases where
Gf may not be bounded. If we take f to be continuous, but possibly not
bounded, we may consider the truncated functions f, € B(F) for n € N, where
fulz) = f(z) if ||zl < n and f,(x) = 0 otherwise. If we also define an
increasing sequence of stopping times 7, = inf{t > 0 : || X(¢)||g > n}, then

fu(X(mh A2)) = f(X (15 At). Note that for B € B(R),

{/f dseB} 1({/ fn(X Tn/\s))dSEB} {7n>t})UA

where A C {lim;,—,oo 7 = o0}. From this it follows that if (X (¢);t > 0) is

n=

adapted to a complete filtration (%#;;t > 0), then {fot f(X(s))ds € B} is the

union of countably many elements in %, A: and a null set, and is thus in %;.

In the following, we take A to be some subset of B(E) x B(FE), and let u be a

probability measure on (E, B(E)).

Definition 1.3. (X (t);t > 0) is said to be a solution of the martingale problem
for (A, 1) with respect to a complete filtration (ﬁt;t >0) if X(0) is distributed
according to p and for every (f,g) € A, f(X fo ))ds is an (F;t > 0)
martingale. We say it is a solution of the martingale problem for (A, u) if it

is a solution to the martingale problem for (A, p) with respect to the filtration
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(F5t>0).

Theorem 1.1. Suppose that any two solutions X and Y of the martingale
problem (A, p) have the same one-dimensional distributions, so that for any
t>0,

P(X(#) el)=PY () el)
for allT € B(E). Then

(a) any solution of the martingale problem for (A, u) with respect to (F;t > 0)

is a Markov with respect to this filtration;

(b) if in addition A C Cy(E) x B(E) and X is a solution of the martingale
problem for (A, u) with respect to (F;t > 0) whose sample paths are right-
continuous with left limits, then X exhibits the strong Markov property

with respect to this filtration.

The proof of this theorem contained in [EK86]. It is not quite sufficient
however for our purposes, since we shall wish to choose A so that in general, for
(f,g) € A, g is not bounded. Ethier and Kurtz’s approach is to take a solution
(X (t);t > 0) of the martingale problem for (A, ) with respect to (%t > 0)
and study the process (Y (¢);t > 0) given by Y (¢t) = X (t + r) for a fixed r > 0.
They then define the object

n

W) = | FO (b)) — Y () — / g<Y<s>>ds] [[m0 ) (112)
t k=1

for (f,9) € A, hy € B(E) and arbitrarily chosen 0 < #; < ... <, < t,+1. They
define two probability measures Py and Py such that Ep, [n(Y)] = Ep,[n(Y)] = 0.
It follows from this that (f(Y'(¢)) — fot g(Y(s))ds;t > 0) is both an (?j;t >0)
martingale in (,.%#,P;) and an (?j;t > 0) martingale in (,.%#,P3). The

Markov property then follows from the hypothesis regarding the uniqueness of
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one dimensional distributions of solutions and the definitions of P; and Ps.

In order to demonstrate that Ep, [n(Y)] = Ep, [n(Y)] = 0, it is sufficient to show
that E[n(Y)|.#,] = 0, which is immediately clear observing that E[n(Y)|.Z4+,,] =
0. That Ep,[n(Y)] = 0 implies that f(YV fo ))ds is a P; martingale
requires the Ay to be bounded, but f(Y (tns1)) — f(Y (tn)) — [, g(¥(s))ds
merely needs to be P; and Ps integrable. This follows from the hypothesis
since f(Y fo ))ds must be P integrable for any solution (f, g) of the

martingale problem. Thus the condition that f and g are not bounded is not

required for part (a).

Part (b) is a little more troublesome. Ethier and Kurtz’ approach for part (a)
can also be applied for part (b) provided that we can show that for any almost

surely finite stopping time 7,
Eln(X(7 + )| Frse,] = 0.
To see this, set

2(t) = F(X (1)) / 9(X (5))ds. (11.3)

We require

ElZ(t+t+38)—Z(T+1t)|Frse) =0

for all t,s > 0. If we take some T > 0, the optional sampling theorem tells us
that

E[Z(T+t4+ ) NT)|Frpt) = Z((t+7)ANT)

or equivalently E[Z((T +t+ s) AT) — Z((1 +t) AT)|.F-4++) = 0. This requires
that (Z(t);t > 0) has a right-continuous modification, hence the requirement

that f is continuous. It is then sufficient to show that
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E[Z((r +t+ ) AT) - Z((7 + ) A T)| 44

—E[Z(T+t+3) — Z(T+t)|Frti (1.1.4)

almost surely as T' — oo. This is straightforward when ¢ is bounded by use of
the dominated convergence theorem. When ¢ is not bounded however we need

to find some other way of showing the above.

Let us make one further remark regarding part (b). In practise we will be
dealing with solutions (X (¢);¢ > 0) to a martingale problem where (X (¢);¢ >
0) is almost surely continuous. In such cases the progressive measurability of
(X (t);t > 0) is not obvious. Thus we have a set A C 2 with P(A) = 1 on which
t +— X (t) is continuous. If we define a process (Y'(¢);¢ > 0) such that X, =Y,
for w € A, and Y, = 0 otherwise, then assuming that we are working with
complete filtrations, (Y'(¢);¢ > 0) is progressively measurable. Furthermore it
is obvious that it satisfies the same martingale problem as (X (¢);¢ > 0), so if
we may apply theorem 1.1, it follows that (Y'(¢);¢ > 0) has the strong Markov

property, from which it follows that so to does (X (¢);t > 0).

1.1.4 The Brownian Sheet

In this section we shall define a Brownian sheet and introduce an associated
stochastic calculus. In particular, we highlight how the construction of an It6
integral in this specific setting is an application of a more general construction
which will be of use later on. The general construction is presented in detail in

[Walg6].

We will construct the Brownian sheet, as with Brownian motion, as a centred
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Gaussian process with a certain covariance structure. Specifically, we work on

[0, 00)? and define C : B([0,00)?) x B([0,00)?) — R by
C(A,B) =|AnN B]

for A, B € B([0,0)?), where |A N B| is the Lebesgue measure of AN B. Note

that for Ay,..., A, € B([0,00)?) and ay, ..., a, € R,

2

zn: aiajC(Ai,Aj) = /OO (iaﬂlAi(t)> dt Z 0.
0 i=1

ij=1

In other words, C' is positive definite, and the theory of Gaussian processes im-
plies that there is a complete probability space (92, .%#,P) and a centred Gaussian
process W : B([0,00)?) x @ — R such that E[W(A)W(B)] = C(4, B) for all

A, B € B([0,00)?). In particular, for any |A|,|B| < oo,
e W(A) ~N(0,]A]), and
e for ANB=0, WAUB) =W (A)+ W(B) a.s.

which is easily verified by checking that E[(W (AU B) — W(A) — W(B))?] = 0.
A centred Gaussian process W with these properties is called a white noise on

[0, 00)%. We now define a Brownian sheet (Byy; (z,t) € [0,00)?) on (Q,.Z,P) by

By = W ([0, 2] x [0,¢]).

9

The Kolmogorov-Centsov continuity criterion implies that there is a version

2 (see

of (Byy; (z,t) € [0,00)?) which is almost surely continuous on [0, co)
proposition 1.4 of [Wal86]). Interestingly, the Brownian sheet itself provides
a good example of how easily the sharp Markov property can fail. It is read-

ily seen the Brownian sheet satisfies Lévy’s Markov property for all bounded

open sets (see [Roz82], for example). However, taking D to be the triangle
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{(z,t) € [0,00)2 : 0 <t <1—a < 1} (which we note is open and bounded),
[Wal86] shows that the Brownian sheet fails to be sharp Markov for D. On
the other hand, it is sharp Markov for all rectangles. In fact, we may define
the sharp Markov property for all Jordan domains, and [DW92] shows that a
Brownian sheet exhibits the sharp Markov property with respect to ‘almost ev-
ery’ Jordan domain. (Here, ‘almost every’ is defined using the measure on the
Jordan curves induced by a planar Brownian motion forced to reach its starting

point at time 1.)

Throughout the thesis we will make use of both this Brownian sheet restricted
to [0,1]? and also a Brownian sheet on R x [0, 00). The latter is simply obtained
by taking two independent Brownian sheets B! and B? and setting B,; = BL,
for x > 0 and By = B%I,t for x+ < 0. For now we continue to work with
the Brownian sheet on [0,00)%. Let us also define a filtration (#,;x > 0) by

Fo = 0{Bys;y € [0,2],5 2 0} V Np(F).

Our goal now is to define a stochastic integral foz fooo f(y, s)dBys for some class
of functions f. We define f : [0,00)*> x @ — R by f(y,5) = {L(z, 0, (y)La(s)
where A € B(]0,00)), 0 < z1 < 9 and & is a bounded %,, measurable random

variable. It is then natural to write

/Oz /Ooo f(yas)dBys = f(W(([O,x] N ($1,$2]) % A))

In this way we can define [ [;° f(y,s)dBys in the space € of linear combina-
tions of such f. For all z > 0 and A € B(]0,00)) we define M,(A) = W([0, z] x
A). Although M,(-) is merely an additive set function (and not a measure),

we can define a o-finite signed measure @ on B([0,00)3) by Q(A4, B,[0,z]) =
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(M.(A),M.(B))y = z|AN B|. Define a norm || - |a; on & by

3= | [ [ [ sl nlieias dra)
/0 /0 E||f(z, s)[?]dsda.

and let &)1 be the completion of € in this norm. By proposition 2.3 of [Wal86]
this is the set of functions f : [0, 00)? x Q — R which are measurable with respect
to the o-algebra on [0,00)? x  generated by ¢ and such that ||f||as < co. For
f€ Py, (f(z,-);2 > 0) defines a process in L2([0, c0) x Q) which is adapted to
the filtration (%,;x > 0). It is not generally true that (f(-,t);t > 0) is adapted

0 (0{Bys;y € [0,00),0 < s < t};¢t > 0).

We will now define [ [° f(y,s)dBys for f € Py For this we require that
(M;(A);x > 0, A € B([0,00))) is a martingale measure. In other words,
My(A) = 0 for all A € B([0,0)), E[M,(-)?] is a o-finite measure on B([0, >))
for each x > 0, and (M,(A);x > 0) is an (%;;2 > 0) martingale for all
A € B([0,00)). Furthermore it is a worthy martingale measure. Walsh provides
a precise definition of a worthy martingale measure in [Wal86], although essen-
tially it requires that there is a random o-finite measure K : B([0,00))? x Q
which is positive definite in the first two arguments and such that for any
A,B € B([0,x)), |(M.(A), M.(B)).| < K(A,B,[0,z]). In our case we take
=1Ql.

By theorem 2.5 of [Wal86], we may now define an (ﬁz; 2 > 0) martingale mea-
sure (f.Myz;x > 0) for any f € Py where f.M,( =[5 JT [y, s)dBys

for f € €, and furthermore

E[(f.M.([0,00)))’] = |IflI3 Vf € Pu
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‘We write

| [ fsan,. = raro.)

Note that if {f,;n € N} is a sequence in € then

: [( [ [ 009 futspan,.)

Thus, if f € Py and fn, — f in the ||| a7 norm, then { [ [J° fn(y, s)dBys;n € N}

is a Cauchy sequence in L%(f2), and in fact its limit is what we define to be

Jo J5° f(y, s)dBys. We also note that

/OOO /Ooof(y,s)dBysz1Ln;O/ox/()°° F(y,5)dB, .

where the limit is taken in L?(£2), and that the isometry property implies that
this limit exists if and only if E[f?] is in L([0,00)?). We make a few remarks
regarding the order of integration. It is clear that there is nothing preventing us
from going through the same procedure to define an integral in which the roles

of the x and t variables are swapped, which we might denote

/ t / " f(y,5)dBy

for some class of f. This is not defined for all f € 2, so we have to be careful
about the order of integration. However, if f(z,t) is 0{Bys : 0 <y <z, 0 <s <
t} measurable for all (x,t) and furthermore f can be integrated with respect to

both dB,; and dBy,; then it is not difficult to see that

/0 h /O " f(y,5)dBy, = /0 N /O " fy,5)dBy,
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In particular, this is true whenever f is deterministic and belongs to L?([0, 00)?).
We will deal often with integrals of deterministic functions, and whilst we shall
try to keep notation consistent, the above remarks mean that we can freely

interchange the ‘order’ of integration.

Finally we require a version of Fubini’s theorem, which is given as theorem 2.6

in [Wal86].

Theorem 1.2. Let h € L'([0,00)) and f : [0,00)® x @ — R such that f
is measurable with respect to the o-algebra B([0,0)) x o(€) on [0,00)3 x €.

Suppose further that

[/ (// y’8t|dyd5)|h(t)|dt]<oo

Then almost surely we have

/Ooo (/OOO /Ooo f(y,s,t)dBys) h(t)dt = /Ooo /OOO </OOO f(y,s,t)h(t)dt> dB,

1.1.5 Reformulating equation (0.1.1) as a spatial evolution.

We are now in a position to interpret (0.1.1). The process (u(z,t);z € Rt €
[0,00)) is said to be a solution of (0.1.1) if, for any h € C§°(R x [0, 00)),

/ /—h (x, t)u(z t)d:cdt—i—/h(ac 0)ug(z)dx
/ /Ahxt xtdxdt—i—/ / (x,t)dBy, = 0.

This equation is treated in [Wal86], where it is shown that the unique solution

is given by (0.1.2) under certain conditions on ug, for example uy € L*(R).
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Suppose we try to rewrite equation (0.1.1) as the first order system

At the moment, this is not well defined since we have no reason to believe that
(v(z,t);2 € R, t € [0,00)) is differentiable. One might think instead to test

these equations against some functions hq, hs : [0,00) — R, so that we obtain

/0 u(z,t)hl(t)dt:/o u(O,t)hl(t)dt+/0/O hi(t)v(y, t)dtdy

and

/OOO vl@, Dha(t)dt = / " (0, Oha(t)at - / ’ / " hy(tuly. Hatdy

_ /0 /OOO ha(£)d By,

This looks like a more well defined system, but of course we still do not have a
definition for v(z,t). Formally, if [;° ho(t)v(z,t)dt did exist we might attempt

to use Theorem 1.2 and write

/OOO ha(t)o(z, t)dt = /R/OOO </m (,%g(t - S,:c,y)hQ(t)dt) dBys.

As it happens, the term on the right hand side is almost surely finite whenever

hs is continuous and sup;s |(1+ £)3+ehy(t)] < oo for some & > 0. Furthermore,

/R/Ooo (/Oo ha(t)g(t — s,:c,y)dt) dBy,

is almost surely finite whenever h; is continuous and satisfies sup,~[(1 +

the integral

£)i+ehy(t)] < oo for some ¢ > 0. In chapter 3, we will try to use these tail
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properties to define Banach spaces of test functions X; and Xs and processes

uz;x > 0) and (vy;x > 0) taking values in X7 and X3 respectively such that
g 1 2

i) = [ [ ([ morate - s.aar) as,.
(ha,v;) = /R/OOO (/OO hQ(t)a%g(t - s,x,y)dt) dBys

for all h1 € X1, ho € X5 and = > 0. We will further demonstrate that for any

and

X > 0, the process (({(h1,us), (ha,vs));x € [0, X]) satisfies

(hi,ug) =(h1,uo) + /j(hl,vy)dy
(havve) ={ha, o)~ | (1 )y — / Z / " ha(s)dB, (1.15)

for any « > 0, where the equalities hold almost surely, provided that (h5,u,) is

defined.

Let us make the following remark about wu(z,t). Our goal is to show that
(u(z,t);z > 0) is Markov with respect to some filtration. We are no longer
considering u(z,t), but rather u, and v,. Suppose we manage to demonstrate
some Markov property for u, and v,. What does this say about u(z,t)? We
should not necessarily think that (u(x,t);x > 0) and (ug;x > 0) are the same.

Recall theorem 1.2: in order to show that

58 h(t) t g(t — s, z,y)dBy.dt = ~ - W)t — 5, 2,5)dt ) dB,s
0 0o JR o Je \U.
we require
/ooo () (/Ot /R lg(t — Saw»y)|2dyd8) dt < oo.
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Now,

¢ (z —y)* c
t 2qy = dy =
/]Rg( Saxay) Yy 7 S/RQXP< s > Yy T—

and hence

L7 mor ([ 1ot =s.aPanas) = [ i

This integral is not finite for all continuous h such that sup,> [A(t)(1 +1)ite| <
oo unless € > 1. Nevertheless, it is finite for all & € C§°([0, 00)), so on this class
of test functions u(z, -) = u, in some sense. Our hope is that this is a big enough

test function space to carry over properties of u, to u(z,t). Note that even for

h € C5°([0,00)),

/OOO |h(t)] (/Ot/Rng(t— s,x,y)IQdyds) dt = oo,

so that theorem 1.2 does not allow us define a process (v(x,t);z > 0).

We now try to set up a martingale problem which is solved by ((uy,v,); 2 > 0).

Define a filtration (Fy;2 > 0) by
Fy =0{Bys;—o00o <y <z, s€[0,00)]}VNp(F) (1.1.6)
and F € B(E) by
F(u,v) = f({hi,u), ..., (hp,u), (hpi1,0), ..., (hap, v))

for f € C(R™™) and h; € X1, hypyi € Xo for ¢ = 1,...,n. The standard
approach now is to apply Itd’s formula to F(u,,v,) to obtain a generator G

such that ((ug,vs);x > 0) solves the martingale problem for some subset of the
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graph of G. It is here that our difficulties with the initial conditions begin. Our

initial conditions are, we recall,

(h,uo) =/R/Ooo (/Oo h(t)g(t — s,O,y)dt) dB,,
(I, v0) =/R/OOO (/:Ol(t)c')gg(t— s,O,y)dt) dB,,

In order to determine these we need to know B on the entire parameter space.
Thus ug and vy are not %y measurable, and it is meaningless to apply Ito’s
formula. How might we overcome this problem? One immediate suggestion
is to simply take a finer filtration. This brings its own problem, namely that
the martingale part in It6’s formula is no longer a martingale with the respect
to the larger filtration. However there is hope that it has a semimartingale

decomposition, as is discussed in the next section.

1.2 Enlargements of filtrations
1.2.1 Enlargements of Brownian filtrations.

Our hope of obtaining a semimartingale decomposition stems from the following

theorem:

Theorem 1.3. Let By, t € [0, 1], be a one-dimensional standard Brownian mo-

o

tion. Fiz L : Q — R, which we assume to be F | -measurable, and define the

stochastic kernel )\S(f) by the martingale representation property of the Brown-
ian motion, that is f(L) = Ef(L) + fol A(f)dBs as. for f: R — R which
are bounded and measurable. Suppose, for all such f, the stochastic kernel )\S(f)

admits the factorisation
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for s € [0,1]. Then the process (By;t € [0,1]) given by B, := B, — fg o(L,s)ds

is an (?f Vo(L);t €10,1]) standard Brownian motion.

A more precise statement of this theorem, including integrability and mea-
surability conditions on p, is presented in [Yor97]. The proof is essentially to
use the martingale representation theorem and the condition placed on A to

demonstrate that

e [swe (B, - [ ", sas)| = [ rpe (5.~ [ (L. is) |

for any t,r > 0, f € B(R) and bounded, .#-measurable ¢, from which one
may deduce the desired martingale property. We use a similar approach in the
proof of the forthcoming theorem 1.5, and hence do not reproduce the proof of
theorem 1.3 above, but rather refer to [Yor97], or [MYO06] for a more detailed

proof.

Suppose L = B; and f is differentiable. In this case, Ay (f) = E[f’(B1)|§f], as
we shall demonstrate later. We can rewrite this as E[f'((B1 — Bs) + BS)|?SB].
Observing that (By — Bs) + B is equal in law to N1_; + By, where N1_; is a

centred Gaussian random variable with variance 1 — s which is independent of

ZF, , we note that A (f) is given by
—B f'(z + Bs) ( x? )
B[ (Nis + BIIF ] = | St e (—g— ) o
[f( 1 )l ] 27‘(‘1—8 p 21,5)

xf(z + Bs) ( x? )dx
R 4/ 2m(1 — 5)3 2(1—s)
Nl s

=E [f(Nl—s +Bs)T—,

yﬂ

)

Thus o(L, s) = Bi:fS. In this case, finding a factorisation for the stochastic
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kernel is a straightforward result of integration by parts. This is something
we will wish to bear in mind in infinite dimensions, although the integration
by parts is less straightforward and cannot be done in all cases. We would
now like to take a Brownian sheet (Bg; 2 € R, t € [0,00)), define a filtration
(Z;x > 0) by (1.1.6), and give a semimartingale decomposition for the term
Jo Jo~ 1(s)dBys upon making some initial enlargement to this filtration. We
will write Wo (1) = [ [ U(s)dBys. Wy (1) is an (F,; @ > 0) martingale for any
I € L*([0,00)), with quadratic variation (W (1)), = [ [ I(s)*dsdy.

1.2.2 The Martingale Representation Theorem

The key to theorem 1.3 is being able to write any ?i measurable random
variable as the stochastic integral of a kernel which can by factorised in a certain
way. The martingale representation theorem is central to this idea, and we need
a similar result for the filtration (%,;x > 0), as presented below. In the sequel
we define .Z, by

Foo =0 (Up>0Fs) -

In particular, [ [ h(y,s)dBys is Fo measurable for any h € L2([0,00)?).
We state the theorem for .., measurable F in L?({), although naturally if F is
not %, measurable, the theorem can be restated for E[F|.%#]. We also remark

that analogous versions hold for Brownian sheets on restricted parameter spaces,

such as [0, 1]%.

Theorem 1.4. For every % .- measurable random variable in L?(Q) there exists
an (Fu;x > 0)-adapted measurable process (Ay.;x € [0,00)) in L*(]0,00) x

Q; L2([0,00))) such that

F = EF +// A\ysdBys  a.s.
0 0
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For our purposes we shall use the Clark-Ocone formula, which provides an
expression for A for a certain class of F. The proof of theorem 1.4 is in [Nua06],
except that a small adjustment is needed to translate it into our setting, which

we omit in this thesis.

If we return to our definition of the It6 integral, it is straightforward to show

for any elementary f € &), that

E [/OOO /Ooo F(y,5)dBys %] =/OI /Ooo F(y, 5)dBys

and it thus follows for any f € &);. We thus obtain the form of the martingale

representation theorem that we shall make use of: for any F' € L?(Q) there exist
an (F,;x > 0) adapted process (A,.; 2 € [0,00)) in L2([0,00) x Q; L2([0, 00)))
such that
E[F|.%.] = E[F] + /m /OO AysdBys as. V.
o Jo

1.2.3 Enlargements of (%,;z > 0).

We now come to the enlargement theorem for (.%,;x > 0). Our aim is to add
some initial information to our filtration. The initial information is given by a
random variable L. Specifically, we take (V,£(V)) to be a measurable space, and
L :Q — V a measurable map. Suppose F': V — R is such that F(L) € L?().

With reference to theorem 1.4, there exists some Ays(F) such that

E[F(L)|#,] = E[F(L)] + /0 : /0 - Ays(F)dBys.

For our enlargement theorem to work, we need a stochastic factorisation of
Ays(F) for a large set of F. Let us discuss what we mean by ‘large’. Our aim

is to demonstrate that for any I € L?([0,1]), under suitable conditions we may
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adjust (W,(1);z > 0) by a drift to obtain a (.%,; 2 > 0) martingale, where

Fy =,V o(L)

for all z > 0. In order to show that a process (¢g;z > 0) is an (F;z > 0)
martingale, we must show that E[14¢,] = E[la¢,/] whenever 2/ < x and
A€ F,. Tt is equivalent to show that E[14£¢,] = E[1 4£¢,/] whenever 2/ < z,
¢ is a bounded, .%,, measurable random variable and A € o(L). If instead we
are able to show that for any A € o(L) there is a sequence of bounded o (L)
measurable random variables F;, which converge almost surely to 14 and such
that E[F,8¢,] = E[F,,{¢.] then we may deduce the martingale property by

taking limits and using, for example, the dominated convergence theorem.

Suppose that V is a normed vector space with topological dual V*. In such
cases we take £(V) to be the coarsest toplogy on V' such that each h € V* is
measurable. For any subspace & of V* we define a space of bounded functions

on V by

SC(E) = A{F:V =R : F(¢) = f(hi(9), .- -, hn(9)),

hi,...,hy, €&, f € Cb>*(R"), n € N} (1.2.1)

where Cp°(R™) are the smooth, bounded R valued functions on R™. Our ap-
proach is to show that E[F(L){¢,| = E[F(L){¢,| whenever F' € FC°(&),
2’ < z and £ as above. We now ask when is & sufficiently big that it is pos-
sible, for any A € o(L), to find a sequence of random variables of the form
F(L) approximating 14 a.s. with F' € §Cy°(&)? We begin by noting that

o(L) = o{h(L) : h € V*}. We now have the following

Lemma 1.1. If & is dense in V*, then for any A € o(L) there exists a sequence
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(Fn;n € N) C FCp°(&) such that F,(L) — 14 a.s.

Proof First of all, take h € &, B € B(R) and set A = {w € Q: h(L)(w) €
B} = h(L)"Y(B). In this case, 14(w) = 1g(h(L)). We may now approximate
1p pointwise by f, € C5°(R), so that putting F,,(¢) = fn(h($)), Fn(L) con-
verges almost surely to 14. If we now take h € V*  we can find a sequence
of h, € & such that for each w € Q, h,(L)(w) — h(L)(w). Thus we may
approximate 1j(z)-1(p) almost surely by 1j (r)-1(p). It now follows that for
any B € B(R) and h € V*, 1j(1)-1(p) can be approximated almost surely by
random variables of the form F'(L) where F € FC°(&).

In what follows we shall take V' as above and & a dense subset of V*. Recall

that for [ € L%([0,00)) we define

W, (1) = /O /0001(5>d3ys.

Theorem 1.5. Suppose L is Fo, measurable and that | € L*([0,00)). Suppose

further that for any F € FC°(&), A\ys(F) admits the factorisation
| B i) ds = BFLaL.p)l7) o (1.22)
0

for this | and all y € [0,00), and that g; : Q2 x V x [0,00) — R is measurable and
satisfies

o 01(¢,y) is Fy-measurable for all p € V and y € [0, 00)

e ai(Ly) € L'(Q) for all y € [0, 00)

e for any x > 0, y+— o;(L,y) € L*([0,2]) a.s.
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Define Wo(l) for z € [0,00) by

W) = W, () —/OI o(L,y) dy.

Under the above assumptions the following holds:
(a) (Wo(l);2z > 0) is an (Fu;x > 0) martingale;
(b) If for any two ly,ls € L?([0,00)) there exist o1, and o1, satisfying (1.2.2)
and the above conditions, then

(W(ll),W(lg»z = $<11,12> a.s.

for all x > 0.

(c) o1 is unique in the sense that if g : Q@ X V x [0,00) — R also satisfies
(1.2.2) and the above conditions then for all w € Q except on a set of

measure 0, 0;(L,x)(w) = o1(L, z) for all x > 0.

Proof (a) Using lemma 1.1 and the preceding remarks, we need to show that
it FF e §C°(&), ' < x and £ is a bounded %, measurable random variable

then

Now,

E [F(L)W. ()] =E [EIF (L)W, ()| 7.]]
=E {E [F(L)g {Wz(l) - /Om a(L, y)dy}‘ «%”

R (W, ()E[F(L)| Z.]] — E [&E [ | Fwa, y)dy‘ 3}” |
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For ease of notation, write ®, for F(L)o;(L,y). Define an (%,;x > 0) adapted

process (N,ia > 0) by
N, —E [/Owy]gf} —/OzE[%\yy} ay

‘o that

srat() = & [ e [rw)2] | e fe [+ [TBmin)a]]

We now demonstrate that (Nz;z > 0) is an (%,; 2z > 0) martingale. If z < x

then

E[N,|Z,) =E [E [/O @ydy‘ %]

7| e[ [ 50,2 dy\ﬁf}

| ["au]7| - [Ela)5)0
E[/:E[%Wy]dy‘%}

_E UO %dy‘é@] +E [/ @ydy'%}
/(:E[@Mﬁy]dyE{/jE[@Mﬁ‘y]dy‘fz]

_N.+E [/:@ydy’yz] _E [/:E[@Mﬁy]dy'ﬁz}

To show the last two terms cancel, let A € .Z,.

E MEU E[¢y|9y]dy‘yz]]
=E / E[umﬂyy]dy}

-/ "E[E[14®,].7,]dy

=E |14 / (bydy]
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where the final two inequalities require a use of Fubini’s theorem. This means

E [/z @ydy}ﬁz} =E [/:E[@Mﬂy]dy}ﬂz}

and hence (N, ;2 > 0) is an (%,; x > 0) martingale.

that

We rewrite the term [ E[®,].7,]dy using the factorisation of the stochastic

kernel in the following way:

[ Eie) 7y = /IE[F@)gl( W7, dy
0

// L))dsdy
S // o)

where (-, ), denotes the quadratic co-variation. Thus

E[F (L)W (1)]

=E[{Wa(DE[F (L)|.F2] — (W.(1), E[F(L)|-Z.])2 }] — E [€NV]

(F2;2>0) martingale

=E [E{We (DE[F(L)|Fo] — (W.(1), E[F(L)|F ]} }] — E[§Na]

and by reversing the argument this is E[F'(L){W, (1)].

Given the conditions in part (b), note that W, (l;) and W, (Iz) differ from W, (1)

and W, (l2) respectively by processes with bounded variation, so

W), W.(12))e = (W.(I1), W.(I2))e = x(l1,15) a.s.
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for all © > 0. Finally, for (c) we remark that if both (W, (1) — fox o(L,y)dy;x >

0) and (Wx(1)— [ 61(L, y)dy; & > 0) are (F,; 2 > 0) martingales then ( [ (o(L, y)—
o(L,y))dy; x > 0) is an (351,:0 > 0) martingale. Thus for all w € ) except in
some null set, fox(gl(L,y)(w) — 01(L,y)(w))dy = 0 for all x > 0, and hence
o(L,z)(w) = g1(L, x)(w) for all z > 0. Finally, if we have the above expression
for W, (I1) and W, (l2), then

Provided that W, is defined on a large enough space of test functions, it does
in fact have a representation as a stochastic integral. Indeed, suppose we can
define W, (1) as above for all [ in a dense subset D of L?([0,00)), and suppose
that (I,;n € N) is a sequence of functions in D which converge in L?([0,0)) to

Ijo,s- Note that
E[(Wa(ln) = Wa(lm))?] = @/ln — Ln3-

Thus, (W,(l,);n € N) is Cauchy in L*(Q), and we can (uniquely) define
Wa(Lp) € L*(Q) such that E[(W,(l,) — Wa(Ljo,)% — 0 as n — oco. De-
fine By := Wm(l[o7t]), and for a rectangle R with corners (z1,t1) and (z2,t2)

(where 1 < z2 and t; < t2) define
W(R) = BI27t2 - BI27t1 - Bml7t2 + le,tl'

It is straightforward to show that W(R) is a centred Gaussian random variable
with variance |R|, and furthermore that if R; and Ra are disjoint rectangles
then W (R;) and W (Ry) are independent. This is sufficient to show that B is a

Brownian sheet. Furthermore, if [ is a linear combination of indicator functions,

W)= [ [ e,
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and this now extends for all [ € L?([0, 00)).

If (W, (1); = > 0) is defined on L2([0, 00)) (or indeed densely defined on L?([0, 0))),
it will in particular be defined for all [ € C§°([0,00)). We can say more than

this: it is in fact a cylindrical Wiener process in the following sense.

Definition 1.4. Let D'([0,00)) denote Schwartz’s space of distributions on
[0,00) (see, for example, chapter 2 of [Hor90]). A D'([0,00)) walued process

(W > 0) is called a cylindrical Wiener process if
o Wy =0 a.s. and for every h € C§°([0,00)), Wy(h) is a local martingale;
o P((W.(h),W.(h)), = z||h||3Vz > 0) = 1 for all h € C°(]0, 00)).

Our original process (W,;x > 0) is a cylindrical Wiener process. Further-

more, for all I1,ly € C§°([0,00)), (W.(I1), W.(I2))x = x(l1,1) since (W, (1);1 €

C5([0,00)), z > 0) and (W, (I);1 € C§°([0,00)), x > 0) share the same co-

variation structure. That (W,;z > 0) is a D’([0,00)) valued process follows

from, for example, lemma 2.2 of [Iwa87].

1.2.4 A brief look forwards.

The challenge is now to find (if possible) a g; such that

/O Ao (F)U(s)ds = E[F(L)au(L,y)| 7, as.

for a given L and [ € L?([0,00)). In our stochastic heat equation example, we
have L = (ug,v9) :  — E. This is only one possible L that we might take.

Another possibility is to describe a curve

{r(r);r € [0,1]} = {(a(r), t(r)) € [0,00)% 7 € [0, 1]}
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where we suppose perhaps that x and ¢ are smooth functions. We could then
define L : 2 — C([0,1]) by

L(r) = By(ry(r)

for r € [0,1]. Thus we add information about the Brownian sheet along some
curve into our initial filtration. We shall investigate this further in the second
chapter in the hope of producing a stochastic partial differential equation which

describes this bridged process.

Before we treat either problem we require a few tools which will help us deter-

mine whether or not we can show that

| hn)i)ds = BF DL #,) s

It turns out that for certain .Z,, measurable F' € L?(Q2) (and in particular for
all F = F(L)) there is a closed operator D : L*(Q) — L?(Q; L*([0, 00))) such
that

Ays(F) =E[DysF|.%,] as. (1.2.3)

DF is known as the Malliavin derivative of F', which is a directional derivative

in some sense. We will see that
B| [T 100, P0)| 7| ~ BP0 0 (1.2.4)
0

follows through integration by parts with respect to some Gaussian measure

(specifically the law of L given .%,).
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1.3 A brief review of the Malliavin calculus and Gaussian

measures
1.3.1 The derivative and divergence operators

Our interest in Malliavin calculus is solely to find the explicit form of the stochas-
tic kernel A,s(F(L)) given by the Clark-Ocone formula. In the sequel we work
with a Brownian sheet (B,; (x,t) € [0,00)?), although the same arguments hold
if we restrict the Brownian sheet to [0, 1]2. We define a class of smooth random

variables . by saying that F' € % if

Ff(/ooo/ooohl(y, By, .. // dByS) (1.3.1)

where f € C*°(R) with each derivative having polynomial growth, and hq, ..., h,
€ L2([O,OO)2). In Nualart’s notation, we are taking H = L?([0,00)?) and
= 57 5T h(y,s)dBys. For A € B([0,00)?) such that 14 € L*([0,00)?)

we will write W(A) =W(14), and in general we write
Fa =0{Bys; (y,s) € A}.

Definition 1.5. The derivative operator D : . — L*(Q; L*(]0, 00)?)) is defined
for F .7 by

DFi&J(/OOO/OOOhl(y, By, .. / / dByS)hZ-. (1.3.2)

Denote by D'?2 the closure of . under the norm
IF|1% 2 = E[F?] + E[| DF3].
The following is proposition 1.2.1 in [Nua06].
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Proposition 1.1. D : DY? — L2(Q; L%([0,00)?)) is a closed operator.

Remark that since DF is a random variable with values in L?(Q; L*(]0, 00)?)),

we will adopt the notation

DysF = (DF)(y,S)

We shall also require the adjoint of D, known as the divergence operator, which
we denote by . Thus § is an unbounded operator on L?(Q; L*([0, 00)?)) such

that for all u in the domain of §, §(u) € L?(2) and for any F € D2,
E[Fo(u)] = E[(DF,u)).
It is the adjoint of a densely defined unbounded operator, and is therefore closed.

We will need the following result:

Lemma 1.2. Let A be a bounded element of B([0,00)?) and let F € L*(Q2) be
Fac measurable. Then Fla € L*(Q; L2([0,00)?)) is in the domain of §, and

furthermore

S(F14) = FW(A).
This is lemma 1.3.2 in [Nua06]

1.3.2 The Clark-Ocone formula

In this section, we introduce the idea of a Wiener chaos expansion and use it
to characterise the derivative and divergence operators. We first introduce the
multiple stochastic integral for f € L2(([0,00)?)™). In particular, if Ay, ..., A,

are pairwise disjoint, bounded elements of B([0,0)?) and

ft,tm) = Laysxa, b1y tm)
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we define

Ln(f) = W(A1) ... W(Am)

and extend it first to all linear combinations of such f (in a linear way, naturally),
and then to L?((]0,00)?)™). This is covered in section 1.1.2 of [Nua06], and we
also remark that if f represents the symmetrisation of f then I, (f) = In(f).

We now cite theorem 1.1.2 of [Nua06].

Theorem 1.6. For any F € L?(2) there exist f, € L*(([0,00)%)") such that

F= Z In(fn)
n=0

where the limit is in L?(Y). Here, we define Io(fo) = E[F]. Furthermore we

may take the f, to be symmetric, and with this assumption they are unique.

Suppose F' € D2 has the above expansion. It now follows that

DysF = Z nIn—l(fn('a (yv S)))

n=1

(see proposition 1.2.7 of [Nua06] for a proof). The above expansion also leads to
a useful description of the divergence operator. Note that if u € L*(Qx [0, 00)?),

since each u(x,t) € L*(Q) we can write

’U,(ZL', t) - Z In(fn(a (:L', t)))
n=0

for some f,, € L?(([0,00)?)"*!) which are symmetric in the first n variables.

Proposition 1.3.7. of [Nua06] tells us that
S(u) = Tny1(fn)
n=0

provided that this sum converges in L?(Q2), and that this convergence is a suf-

45



ficient and necessary condition for u to be in the domain of §.

The Clark-Ocone formula is presented in [NuaO6] as proposition 1.3.14 for a
one dimensional Brownian motion. Although we are dealing with parameter
Brownian sheet, the proof for the equivalent statement is so similar to Nualart’s

that it is not worth reproducing here.

Proposition 1.2. Let F € D" and let F, = P 4x[0,00)- Then
F =E[F]+ 6(u)

where we define u(y, s) = E[DysF|.%,].

Where we do need to work a little to adapt the discussion in [Nua06] to our
setting is in showing that 6(u) coincides with the It6 integral [~ [ u(y, s)dBys.
For this we need lemma 1.2, which essentially shows that this is true for ele-

mentary functions. Specifically, if we take

n

u(z,t) = Z Fil(g, | zxalz,t)

i=1

for0 <zp<...<zp <00, A€ B([0,00)) bounded and the F; bounded, .%#,, ,

measurable random variables for ¢ = 1,--- ,n, then lemma 1.2 gives us

5(U)ZZFZ/ 1 /dByS:/ / u(y, s)dBys.
i=1 Ti—1 A 0 0

Recall the space &) in section 1.1.4 containing limits of such w in the norm
lulld; = J5° Jo " El(u(y, s))?]dsdy, which is of course the norm on L?(€; L?([0, 00)?)).
Thus for any u € &), there is a sequence of u,, of the above elementary form
such that ||u, — ullpy — 0 as n — oo, and we see immediately that 6(uy,)

converges in L2(€)) to the It integral of u. Since § is a closed operator, the
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limit of §(u,) is 6(u), so that for all u € Py, 6(u) and the Itd integral of
u coincide almost surely. 2y conmsists of u € L?(Q; L%([0,00)?)) such that
the process (u(zx,-);z > 0) is (F,;x > 0) adapted, and in particular contains

(E[DysF|Zy]; (y,8) € [0,00)?) for any F' € D2, Thus for all such F' we have

F:IE[F]+/ / E[D,sF|.%,]dB,s.
0 0

1.3.3 Radon Gaussian measures

In section 1.2.4 we made a remark that (1.2.4) can be understood as an inte-
gration by parts formula with respect to a Gaussian measure. To understand
this we require some tools of Gaussian measure theory. Our setting is a lo-
cally convex space X with (topological) dual X*, and we set £(X) to be the
sigma algebra on X which makes each [ € X* measurable. Given a mea-
sure g on (X,€(X)) and I € X*, we may define a measure on (R, 5(R)) by
pol=Y(B) =pu({z € X :l(z) € B}).

Definition 1.6. A probability measure pn on (X,E(X)) is said to be a centred
Gaussian measure if pol™" is a centred Gaussian measure on R for everyl € X*,

that is there exists some 012 such that

1 22
ol YB :/ ex (—) dz
ol "B = | Tore? P\ 207
for any B € B(R).

Definition 1.7. A measure p on (X,B(X)) is Radon if for every B € B(X)

and € > 0, there exists a compact K. such that u(B\K;) < €.

Definition 1.8. A Radon measure p on (X, B(X)) is a centred Radon Gaussian

measure if its restriction to E(X) is a centred Gaussian measure.

Let us remark that £(X) C B(X) is always true, but not necessarily the
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converse. However, if X is, for example, complete, metrisable and separable,
then £(X) = B(X). Furthermore, all finite measures on (X, B(X)) are Radon
(see page 122 of [Sch73] and the appendix of [Bog98]). The examples we shall
consider fit into this setting, and therefore to show that they are centred Radon

Gaussian measures, we need only check the distributions of p o171,

Suppose that L in section 1.2.4 takes values in X and is measurable with respect
to B(X), and define its law on (X, B(X)) by u(A4) = P(L € A). In the examples
we shall consider this is a centred Radon Gaussian measure. If F': X — R is

measurable with respect to B(X) and F(L) € L*(Q) then F € L*(X, u) and

BIF(L) = [ Fu(da).
b'e
The following lemma is rather weak, but is intended for a specific purpose for
which it is strong enough.

Lemma 1.3. Let 4 be a sub o-algebra of %, and suppose that Ly, ..., L, are
real-valued random wvariables which are independent of &, whilst Lyy1, ..., Loy

are real-valued 4 -measurable random variables. If F € C,(R*"), then

E[F(Ll,LQn”g] = / F(Z‘l,...,l'n,LnJrl,...,LQn),LL(dZL') a.s. (133)

n

where p is the law of (Ly,...,Ly,) on R™.

Proof If F € B(R?") has the form F(z) = Fy(z1) ... Fa,(z2,) for bounded

F;, then for any A € 4 we have

E[14F1(L1) . .. Fan(L2n)] =E[LAFns1(Lnt1) .. Fon(Lon)E[Fy (L1) . .. Fn(Ln)]]

=E |:]lA /n F1 (,CCl) N Fn(mn)Fn+1(Ln+1) e an(Lgn),U,(dQE)
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and thus

E[F(Ll, .. ,Lgn)|g] =K |:/ F(,CEl, e ,l’n,Ln+1, .. ,Lgn),u(dx)

d

= F(.’L‘l,...,$n,Ln+1,...Lgn)lu,l(dl‘).
R™

If F € Cy(R?") it can be approximated pointwise by a sequence (Fj;k € N) of
linear combinations of such functions, so that Fi (L1, ..., Lay) — F(L1,..., Lay)
almost surely. By choosing Fj, such that Fj, < F for all k£ € N, it follows that
E[Fx(L1, ..., Fon|¥9] — E[F(L1,..., L2y|¥] almost surely as k — oo. Further-

more, for any w € §,

/Rzn Fr(z1,...,Tn, Lpt1 (W), ..., Lop(w))u(dz)

— F(z1,...,&n, Lnt1(w), ..., Lop(w))p(dz)
R2n

as k — oo, from which (1.3.3) follows.

We will also require the notion of a directional derivative:

Definition 1.9. We say that F : X — R is differentiable in the direction of

heX atxe X if
lim F(z +th) — F(z)
t—0 t

exists, and in such cases we write %F(m) to denote the limit.

Taking FCp°(X*) as in (1.2.1) but with X and X* replacing V and Vx,
we note that for any h,z € X and F € FCp°(X*), F is differentiable in the
direction of h at z. In the examples that we shall consider, we will be able
to write the left hand side of (1.2.4) as the integral of a directional derivative

against a centred Radon Gaussian measure. With this in mind, the following
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definition is of use, where we adopt the terminology of [MR92]:

Definition 1.10. For any Radon measure p, we say that h € X is well-p-

admissible if there exists some 3" € LY(X, u) such that

ng@m@w=—/F@W@m@w (1.3.4)

X
for all F € FC(X™).

In the following section we ask which h € X are well-y-admissible for a

Gaussian measure .

1.3.4 Some characterisations of the Cameron-Martin space

Let p be a centred Radon Gaussian measure on X. For each [ € X* we have

/Xl(ac)u(dx) = /(MO I7)?(z)dx < 00

R

since pol~!is an R valued Gaussian random variable. We define a norm on X
by
17l = sup{i(h) : 1 € X, [[lll2¢u) < 1}

for h € X, and we set H, = {h € X : ||h||, < oo}. This is the Cameron-Martin
space of . We now define a map C,, : X* — (X*)" (where (X*)’ is the algebraic

dual of X*) called the covariance operator by

Cm)D) = [ mi@)i(@y(ds)

for m,l € X*. In fact, we may define C;, : X, — (X*) in this way, where X, is

the closure of X* in L?(X, u) under the norm | - || 12(,).
Any h € X can be thought of as an element in the algebraic dual of X* by
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defining
h(l) :=1(h) Vl € X™.

We can say more when h € H,,. In this case, for | € X* we have

(W)

<l z2 o ] -

[R(D] = E(R)] =12l 22 )

We can thus think of & as bounded linear functional on (X*,||-|[£2(,)), or indeed
a bounded linear functional on (X, ||| z2(,.)) by extension. Since X is a Hilbert
space, the Riesz representation theorem means that there is an m € X such

that, in particular, for any [ € X*,

l(h) = h(l) = (m,l>L2(#) = Cu(m)(l)

We can now identify h with C,(m). Let us be slightly clearer about what we
mean here. For each m € X, C.(m) is a linear functional on X*. In our setting,
where X is a locally convex space and p is a Radon measure, it follows from
lemma 3.2.1 and theorem A.1.1 of [Bog98| that there is a (unique) element of

X (which we shall also denote by C,,(m)) such that

for all [ € X*. We have shown that if h € H,, then there exists m & X;j such
that h = C,(m) in this sense. Furthermore, for any [ € X* with ||I[ 72, < 1

we see immediately that

[L(R)] = |Cu(m) (D] = [(m, D2y | < [Imll L2
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and by choosing [,, € X* such that ||l,—m/||12(,) — 0, we see that H (W) (h)H
nIL=2 (k)

— |Im||z2(u). We therefore have [|h[|,, = |[m[|L2(,). Conversely, if m € X, and

we define C,,(m) € X, the above argument shows that ||C,,(m)|,, = [[m/z2¢.) <

00. We have now shown the following:

Lemma 1.4. H, = C,(X};), and if h = C,(m), then ||h|, = |[m|L2n). Thus
Cu defines an isometry from X, onto H,,, through which H), inherits the Hilbert

space structure of X ;

X; is known as the reproducing kernel Hilbert space (RKHS for short) of p.
Note that x4 must be Radon for the proof of lemma 3.2.1 [Bog98]. Without this
condition, we cannot define C;, as an isometry from X to H,. However, if we
denote by Y, the closed subspace of X, which maps into X under C,, then C,

does define an isometry from Y, to H,,.

For any h € X we define a shift measure pp, by up(A) = p({x € X : z+h € A}).
One way to understand the Cameron-Martin space is as the space of shifts h
such that pj, and p are equivalent measures. Furthermore, if A does not belong
to H,, then p and pj are mutually singular, that is there exist disjoint subsets
A and B of X such that AUB = X with u(A) =1 and pp(B) = 1 (see theorem
2.4.5 of [Bog98]). For h € H,,, the Radon-Nikodym density f5 of u, with respect

to p is given by the Cameron-Martin formula

Ful@) = exp (c,;lh(x) _ %|h|i) . (1.3.5)

We are now in a position to prove the following, which is proposition 5.1.6 in

[Bog9g].

Proposition 1.3. h € X is well-p-admissible if and only if h € H,,.
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Proof This follows from (1.3.5), noting that

/F(x—i—th)—F(x)M(dx): / exp (1€ h(@) — S hl1Z) 1

. . F(x)p(dr)

for F € FCp°(X*). The left hand side converges to [ %F(x)u(dz) whilst the
right hand side converges to [y C; 'h(z)F(z)u(dz). With reference to (1.3.4),

we see that 3" = —C_*h for h € H,,.

Suppose that h is not in H, and yet is well-y-admissible. One may show that

well-p-admissibility implies that

lpen — pllrv < tIB" - pllry

where || - ||7v is the total variation norm on signed measures. This is a con-
tradiction since p and g, are mutually singular for all ¢ € R and hence

it — puen||ry = 2 for all ¢,
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2 Bridging the Brownian sheet

2.1 Describing a bridged Brownian sheet
2.1.1 The one dimensional Brownian bridge

In this chapter we will investigate what our enlargement theorem allows us to
say about the bridged sheet, that is a sheet which is forced to take some values
along a specified curve. To begin with let us consider the one dimensional
Brownian bridge. Intuitively this a Brownian motion which we force to be 0,
say, at time 1. If B is a Brownian motion, then B; — tB; is a Brownian bridge.
This is a simple process to understand- we add a drift which pushes B back to
0 when ¢ = 1. This ties neatly with the idea that we need some information
about the future (in this case, By) to describe the bridge. Unfortunately, if we
wish to fix a Brownian sheet to be 0 on a curve, it is rather optimistic to think
that we might be able to get such a simple expression (except in special cases-
see [DPY06] for example). Besides, we still need some reason why the above is

the correct way to push the Brownian motion towards 0 at 1.

The standard way to define a Brownian bridge BY forced to hit y € R at time

1 is through its finite dimensional distributions:
P(B{ € dxi,...,B} €dx,)=P(B; €dxy,...,By, €dx,|B1=y).

This we may define using the probability density functions of the B, and fur-
thermore, since the distributions are Gaussian, this may be equivalently char-

acterised by the mean E[B}] = ty and the covariance structure

E[(BY — sy)(B! —ty)] = (s At)(1 = sV 1).

54



This equivalence is discussed in [RW87], where it is also demonstrated X is a

Brownian bridge from 0 to y if and only if

t
- X,
X, — [ L5204,
1
0

— S

is a martingale with quadratic variation ¢. This ties in with our enlargement

result. We have already seen that

t
B, — B;
Bt*/ ¥d$
o l—s

is a martingale with respect to (% Vo(By);t € [0, 1]), from which we may easily
calculate the finite dimensional distributions of B conditional on B;. Suppose

now that BY solves

t
— BY .
B — [ =45 =B,
¢ 1-s
0

where {B;;t € [0,1]} is an (% Vo(By);t € [0,1]) martingale (in fact a Brownian
motion, as one soon sees from its quadratic variation). We may define a law
py on C([0,1]) by defining it on sets of the form A = {¢ € C([0,1]) : ¢4, €
01,...,0, €06,} to be

py(A) =P(Bf €61,...,B €6,).
One may show that

P({B € A}n{B; € D}) = /D 11, (AP, () (2.1.1)

for all D € B(R). In this setting we know of the existence of a regular conditional
probability with respect to B, which we denote by P(B € A|B; = y), and

which satisfies (2.1.1). (The regularity here refers to the measurability of P(B €
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A|B; = y) in y.) We can deduce therefore that pu,(A) = P(B € A|B; = y)
for Pp,-almost every y € R. Of course, for Pp,-almost every y in R, we can
read Lebesgue-almost every y € R, which is thus a dense subset of y in R.
We do not automatically obtain the above equality for every y € R however.
This means we cannot say, for example, that P(B € A|B; = 0) = po(A). To
overcome this, we require some further regularity in y for p,(A)- we need that
py(A) is continuous in y. Remark that [RW87] uses the method of Doob’s h-
transforms to obtain this additional regularity, however this may not be possible

for a bridged Brownian sheet.

2.1.2 Enlarging the filtration of a Brownian sheet by the information

obtained along a curve

We turn our attention to a Brownian sheet (B (z,t) € [0,1]%) on (2, .7, P),
noting that all previous results carry through to the reduced parameter setting.

We define a filtration (%#,;2 > 0)
Fy =0{Bys; 0<y <z, s€0,1]} VNp(F).

We would like to take a curve (z(r),(r)),cjo,1) With values in [0,1]* and define
our initial information to be a process L = (L(r);r € [0,1]) where L(r) =
By (ryi(r) for each r € [0,1]. Once again we take Fy = Ty \ o(L). Let us make
a few remarks about the space in which L takes values. For h € L%(]0,1]),

fol fol fol |h ()| 110,2(r)) () Ljo,t(r)) ()dydsdr < oo so by theorem 1.2

1 1 1 1
/ h(T)Bz(T)t(T)dT = / / (/ h(?‘)]l{T:y<z(r)7s<t(r)}dr) dBys a.s.
0 0 0 0

We will make use of this later, but for now we note that taking h(t) = 1 for all
t € 10,1] gives B,y € L*([0,1]) a.s. We thus define a map L : Q — L'([0, 1]).
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In fact, we choose (z(r);7 € [0,1]) and (¢(r);r € [0, 1]) to be continuous so that
by choosing a continuous version of B, we see that (L(r);r € [0,1]) is almost

surely continuous.

Let F : L'([0,1]) — R be bounded with stochastic kernel A,(F). We would
like to use the Clark-Ocone formula Ays(F) = E[Dy F(L)|.%,] (recall section
1.3.2) so we intend that F(L) € D%2. This is of course the case if we take
F € FCp°(&), in the notation of lemma 1.1, taking & to be C5°([0, 1]). That is
to say, we identify h € C§°(]0,1]) with an element of the dual of L([0,1]), and
we use the notation (h, -) to represent the bounded linear functional which maps
¢ € L1([0,1]) to fol h(t)¢(t)dt. Note that & is dense in the dual of L'([0,1]), so

FC° (&) is sufficiently large to apply theorem 1.5.

For simplicity take F'(¢) = f({h,®)), so that F(L) = f({h, By(.),(.)). Theorem
1.2 allows us to write (h, Bm(‘),t(~)> = fol fol (fol ]l{zgz(r)}]l{sgt(r)}h(T)dT) dB.s,

so that
1,1
0J0

Recall that 1.2.3 gives us A,s(F(L)) = E[D,.F(L)|.%,], and we immediately
read DySF(L) in this case to be <h7]]-{ygz(»)}]]-{sgt(‘)}>fl(<h7Bz(‘),t(»)>)7 from

which we deduce that for any [ € L?([0,1])

1 t(-)
0 0

Let us play a bit with the above conditional expectation. For a fixed y € (0,1) we

9\4 a.s.

define processes (Ly(r);r € [0,1]) and (L¥(r);r € [0,1]) by Ly(r) = Byas(r),t(r)
and Ly(T) = Bz(r),t(r) — By/\ac(r),t(r) for r € [0, 1]. Note that L = L, + LY,
that L, is .%#, measurable, and furthermore that LY is independent of .%,,

which follows from previously discussed properties of the Brownian sheet. Let
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F,(¢) = F(L, + ¢) for ¢ € L'([0,1]), and also define a linear operator x, :
L*([0,1]) — L*([0,1]) by

tr
ryl(r) = l{xrzy}/o I(s)ds, re]l0,1].

Note that
9 F, =1 F, l) - F,
51 F0(9) =l (B (6 -+ 2nyl) — Fy(9))
= lim 2 (F((R L) + (b, ) + (D)) = F({BL L) + (b, )

=(h, kyl) f'((h, Ly + ¢))

and so

t(-)
fmw»@wm2@41@®>5%&w\

¢=Lv

Denoting the law of LY on L*([0,1]) by ¥, we may use lemma 1.3 to write

)
f(h, L)) <ha ]]'{Z(v)zy}/o I(s) ds>

since L = L, + LY, LY is independent of .#, and L, is .%#, measurable. Our goal

E

%}/é%@@wmwa&

is now to find g;(¢,y) such that

/%Fy(ﬂﬁ)uy(dﬂﬁ) :/Fy(¢)0l(¢+Ly,y)uy(d¢)

=E[F(L)a(L,y)|7,] (2.1.2)

in order to be able to apply theorem 1.5.
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2.1.3 An equation for C; 'kl

The above integration by parts is rather similar to (1.3.4). So far we have
described p¥ as a measure on L'([0,1]), but in fact its support is a smaller
space than this. To begin with, LY(r) is almost surely a continuous function.
Furthermore, if z(r) < y, or if ¢(r) = 0, then L¥(r) = 0. If we set K, to be
the closure of {r : z(r) > y} N{r : t(r) > 0} and Cyo(K,) to be the space of
continuous functions on K, which are 0 whenever z(r) = y or ¢(r) =y, then p¥
has its full support on this space. We also define V(K ) to be the topological dual
of Coo(K,) consisting of signed measures on K,. We will make the assumption
that K, is the disjoint union of a finite number of closed intervals, ur_,1;. The
space of continuous functions on I; which are zero at the end points is separable
under the supremum norm (see for example pages 111-112 of [Sch73]). If we
lift this restriction at one or both of the end points, the space is still separable
since one may show that polynomials with rational coefficients are dense. Since
Coo(Ky) can now be viewed as a finite product of such spaces, it is a separable
Banach space. Thus p¥ is a Radon measure on Cyo(K,), and furthermore for
any signed measure v € V(K,), [ x, LY (r)v(dr) is a Gaussian random variable
in R with mean zero. ¥ is therefore a Radon Gaussian measure. We denote by

H, and C, the Cameron-Martin space and covariance operator respectively for

o

Proposition 1.3 tells us that if x,l € H,, then

0 o) ) — L
/coo(Ky) aﬁyle(qﬁ)u (do) /COU(Ky)Fy(qb)Cy tiyl(P)p? (dep).

If we rewrite this back as an expectation we have

/ Sya(P)ds = E[P(L)C; R, (1Y) 7
0
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for all FCp°(&). Thus the main obstacle is to show that x,! € H,, which we
will generally attempt to do by finding C,° 'yl in V(K,) which maps under C,
to kyl. (Naturally if this fails, it may still be possible to find Cy’lnyl € H,, but

we need not worry about this in our examples.)

Suppose for now that we have C, 'l € V(K,). In this case, we define g(¢,y)

explicitly by

a(b,y) = /K (6(r) — Ly(r)AC;  hyl(r) = /K (6(r) — By a(ry)dC; iyl ().

Y

In this case it is clear that g;(¢,y) is .%, measurable for any continuous ¢ and
y € [0, 1]. We may use a version of the stochastic Fubini theorem and properties
of the Brownian sheet to see that g;(L,y) is, in fact, in L?(Q), and hence in
LY(Q). In order to apply theorem 1.5, it remains to be shown that y +— o;(L, )
is integrable on [0, z] for any x € [0, 1]. We leave this to be checked in individual
cases, however it is clearly the case whenever y — g;(¢,y) is continuous for any

¢ € Coo(Ky). This being so, we now have that

Wa (1) */ (L, y)dy
0
is an (.%,;z > 0) martingale.

Given [ € L?([0,1]), our goal is to find some m € V(K,) such that x,l = Cym,
or rather m = C, ', l. For this it is sufficient to check that v(kyl) = v(Cym)
for every v € V(K,), since V(K,) separates the points of Coo(K,). v(Cym) is,
by definition, (v, m) ;- Thus we search for an m satisfying

v(kyl) = (v,m)u

/
y
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for every v € V(K). The right hand side is given by

E l /K LY(r)u(dr) /K y Ly(r’)m(dr’)]

- /K /K E[LY(r) LY (+*)m(dr Y (dr)
= /K /K (x(r) Ax(r") —y)(t(r) At(r)ym(dr’)v(dr)

and this must equal [}, #,l(r)v(dr) for all signed measures v. We will therefore

attempt to find a signed measure m such that

In fact, our hope is that we can show that 1 € Hy, so that

x 1
By - / / (L(r) — Byo)Cy M1y Lo (dr)dy
0 0

is an (Z,;z € [0,1]) martingale. If this is the case, we define the process BY,
by

T 1
BY, — /0 /0 (¢(r) — BS,)Cy  ky Lo 4 (dr)dy = My

where (M,;x € [0,1]) is the martingale in question. We will usually take ¢ to
be either L or some deterministic continuous function. Broadly, we would like
to think of it as some continuous function satisfying the boundary conditions
of L which is seen by the information o(L). We would like to solve for B® and
determine a law pg4 on C([0,1]%). Our hope is to be able to treat this in the
same way as the law of the Brownian bridge, so that by showing some regularity

we might deduce that this law describes a Brownian sheet conditioned to be ¢
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along (x(r),t(r))rejo,1)- This would also provide a straightforward approach to
determining the covariance structure of the conditioned process. We shall now

illustrate this approach with a simple example.

2.1.4 An introductory example

Let L(r) = Bj,. Our aim is to describe a process which is conditioned to be
some continuous function, say, along the line z = 1, and our intuition is that
we should obtain something which at any time t looks like a bridged Brownian
motion. Let us see if this is the case. Our goal is to show that x,l is in Hy
for | = 14 for any ¢ € [0,1]. It is more convenient however to assume that
[ is smooth, and then use our results to inform a guess on what Cyilﬁay]l[o’t]
should be. Note that for any y € (0,1), K, = [0,1]. Thus for a test function
1€ L2([0,1]), kyl(r) = [y I(s)ds for all 7 € [0,1]. We fix y € (0,1) and we begin

by searching for a function 7 such that

/OT I(s)ds = /0 (1 —y)(r Ar")m(r")dr’ (2.1.4)

for all r € [0,1]. Note that we are searching for m € (|0, 1]) with the additional
simplification that m(dr) = m(r)dr. Two differentiations of the above equation

2.1.4 lead to

Note that

-/ (e A = / U(s)ds — (1)

so the above ri1 is only a solution if /(1) = 0. Now take [ = 1 for t < 1. We

do indeed have I(1) = 0, and it is not difficult to show that

_ 0o(dr) — d¢(dr)
Cy iyl g (dr) = _doldr) = ox(dr) . yt( .
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Thus C; 'ky Lo (LY) = [ B“ yt dy and so

0
* By — B
Bmt_/ - ytdy
0 -y

isan (%, Vo(L);x € [0,1]) martingale. We denote this martingale by (M,+; 2z €
[0,1]) and remark that its quadratic variation is xt. Referring back to section
1.2.3, there is a modification of M which is a Brownian sheet. We now want to
consider putting L = ¢ for some continuous function ¢ such that ¢(0) = 0. We

now define a process B? on [0,1] x [0,1] by

= [0

We may solve for B? to get

BY, = xo(t) + 1—x//—dM

For any t € [0,1], (My;x € [0,1]) is a martingale with respect to the enlarged

filtration with quadratic variation

T 1
/ / Ljp,gdrdy = xt
o Jo

so we find the covariance function of BY,, denoted ¢((z,t), ('), to be

(2, 1), (2, t)) =(1 — 2)(1 —x’)t/\t’/oz ’ ﬁ

—(1—2)(1 -2yt At (ﬁ - 1>

(1—z)x't ANt x>a

dy

1—-zNat At z<a
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If we take t = ¢/, this does indeed look like the covariance structure of a scaled

one dimensional Brownian bridge.

Let us briefly discuss what happens when ¢ = 1. Of course, 1jg 1)(1) # 0, so we
cannot use the same argument as above. On the other hand, if we take ¢, <1
such that ¢, — 1, then By, and B¢, — By, converge in L*(Q2) to B, and

Bi1 — By respectively. Thus if 2’ < 2 and A € 32}/ we may deduce that

* B, - B “ B, - B
E{JlA <Bz1/ udy)]ﬂz 1a Bm—/ “ Ty |,
0 1—y 0 1—y

in other words (Bm - Iy Bl%fyldy;x e [o, 1]) is an (F,;x € [0,1]) martin-

gale.

Actually we do not need this argument to deal with 1}, or any other test

function ! with (1) # 0. We could instead simply take

m(dr) = — 1l(j)yd7’ + 1l(_1)y51(d7’).

The point is we are looking for a semimartingale decomposition for W, (1) =
Iy fol I(s)dBys. Tf 1(1) # 0, we could simply define [ by (1) = 0 and I(s) = I(s)

if s # 1. Now W,(l) and W,(l) are almost surely the same, and since our
original method produces a semimartingale decomposition for W, (l~), this is also
a semimartingale decomposition for W, (1) also. In other examples, however, we
will see that there really are conditions which we must impose on [ so that

kyl € Hy, and which cannot be dealt with in this way, and we discuss this in the

next section.
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2.2 An expression for B? for general curves.
2.2.1 A corollary to theorem 1.5.

Recall that our object is to demonstrate for I € L?([0,1]) that x,l € H,, and
for this we aim to find some m € V(K,) satistying equation (2.1.3). If we can
do this, we note that whenever z(r) =y or ¢(r) = 0 then the right hand side of
(2.1.3) is 0. Thus we have no hope of finding a solution unless x,l € Coyo(Ky).

Of course, if ¢(r) = 0 then k() = 0. However, if 2(r) = y we also require

t(r)
Kyl(r) = /o I(s)ds = 0.

In most cases, there is little hope of finding a large class of [ which satisfy this
condition for every r that satisfies z(r) = y for some y € (0,1). Unless x(r)
is constant, by varying y we usually obtain at least some interval of values of
r on which z(r) = y for some r. The above condition will then imply that !
is 0 at least on some interval, unless perhaps t(r) is constant. For example, if
x(r) = t(r) = r the only I which satisfies the right conditions for all y is [ = 0.
In many cases it is simply not possible to apply theorem 1.5 for any [ except

[l = 0. To get around this, we can rephrase theorem 1.5 as demonstrating that

T 1 T
/ / I(s)dBys — / C, tryl(LY)dy
0 0 0

is an (Zy;x € [0,1]) martingale. In cases where this is possible, we have

if Kyl € Hy then

o1(L,y) = C, ' kyl(LY). Our hope is that if we can find some correction o, such
that ry(l — oyl) € Hy, then we might deduce that [ fol(l(s) — o,l(s))dBys —
Jo € tky(l = oyl)(LY)dy is an (Ze:x € [0,1]) martingale. We note that for
those ! for which k4l € Hy, | — g(L,y) defines a linear functional. We will

often write (I, 0;(L,y)) instead of g;(L,y) to emphasise this linearity.
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Proposition 2.1. If for everyl € L*([0,1]), y € [0,1] and F € FC°(C5° ([0, 00)))

there is a decomposition of the form

/0 Ao (F)U(s)ds = E[F(L)(I — oy, o(L, )| 7,] + /0 Ao (F)oyl(s)ds  as.

where g satisfies the conditions in theorem 1.5 and oy, : L*([0,1]) — C*[0,1], y €
[0,1] is a family of linear operators such that for every | € L*([0,1]), y — a1
is measurable and fol fol(ayl(s))stdy < 00, then for each | € L*([0,1]),

M, (1) := W,() /j(loyl,Q(L,y))dy/Oz/O oyl(s)dB

is an (Fu;x € [0,1]) martingale.

Proof We refer to the proof of theorem 1.5. Replace W, (I) in that case by
Wa(l) = [y (L= oyl, o(L, -, y))dy and set ®, = F(L){l — oyl o(L,-,y)). Following

the same steps we have

/OmE[<I>y|fy]dy=<E[F(L)|f <// o l(5)dBye, E[F(L )|f]> |

Thus

E[F(L)EM,(1)]
=E[{(W. (DE[F(L)|Fs] — (W.(1), E[F(L)|F])2)]

E[ ( L)% / / o, (s <1E[F(L)|f.],/0'/OlayZ(S)dBys>z>}
—E[¢N,]

and the result follows as before.
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We make a couple of points regarding o,. We could simply choose o,l €
L?([0,1]) for each [ in an unrelated manner. Once again, the above proposition
is on one level a statement about W, (I) for some individual . We previously
related the different equations through the correlations of the different W, (1).
In this case, we also have the concern that the equations may not be linear.
For the purpose of solving these equations later, we will require linearity, and
we thus choose o, in a linear way. Our decision to take ol € C* ([0, 1]) for all
l € L*([0,1]) is purely for convenience, and as we shall see later, we will never

have a problem finding such a o,.

2.2.2 Applying our enlargement result for a general curve.

Let us outline a general approach for conditioning the Brownian sheet along a
curve ((z(r),t(r));r € [0,1]). We wish to apply proposition 2.1, which we may
do if we can find a family of linear operators o, : L([0,1]) — C*([0,1]) for
y €[0,1] and o : L2([0,1]) x Coo(Ky) x [0,1] x © — R such that

/0 E[Dys F(L)[-7,)(I(s) = 0yl(s))ds = E[F(L){l — oyl o(L,y))|F,] a.s.

forally € [0,1] and F € FC°(C§° ([0, 0))) (as well as certain other conditions).

We may do this if and only if k(I — oyl) € Hy, and in this case

(I =ayl,o(L,y)) :ngl’iy(l —oyl)(LY)

:/ (Bx(r),t(r) - By,t(r))cy_lﬁy(l - O'yl)(dT)

Y

As we saw with equation (2.1.3), this will be true if we can find a signed measure
m such that ky (I — o, l)(r) = ny (x(r) Az(r’) —y)(t(r) At(r'))m(dr’) for all

r € K. If we can find such a solution, then C, ', (I — oyl) = m and it follows
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that

Wm(l) ZMI(Z)—F/ / (Bx(r),t(r)_By,t(r))C (l Uy d?‘ dy+/ / Uy
0o JKk,

(2.2.1)
for all I € L2([0,1]). Here, (M,(l);z € [0,1]) is an (Z,;z € [0,1]) martingale
with quadratic variation [ fol (I(s) — oyl(s))*dsdy. Suppose we take | = Loy
for some ¢ € (0,1). We introduce the notation My; = My (1jo4) and o, (14) =

o4+. We then have

zt - zt+/ / z(r),t( r)_ y,t(r) )C "iy(l Uyt) d?" dy+/ / Uyt dBys

(2.2.2)

Our intention in fact is to solve the expression

t = Mxt+/ / v, t(r))C (]].[0 ]~ Uyt) dT d’y+/ / Jyt dB

(2.2.3)
where ¢ € C([0,1]). Intuitively, B® describes the Brownian sheet conditioned

to be ¢ along the curve ((z(r),t(r));r € [0, 1]).

We cannot deduce by the same reasoning as the end of section 1.2.3 that there
exists a Brownian sheet B such that M,; = fo fo 0,4 (s )—0yt(5))dBys. Never-
theless, we shall define a stochastic calculus for M using the approach of section
1.1.4. We first define a martingale measure M, (A) := M,(14). In this case the

co-variation measure is

Q(A, B, x) :/01/0 (L14(s) —oyla(s))(lp — oylp(s))dsdy

which again is positive and positive definite. The stochastic integral is defined
once again by constructing a martingale measure f - M for a certain class of f

and then setting [ fol f(y,s)dMys := f - M,([0,1]). For f defined by f(y,s) =
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€Ly 2] (¥)La(s), where A € B([0,1]?), 21 < 2 and ¢ is a bounded, T,
measurable random variable, then we define f-M by f- My (B) = &(Mgynz (AN

B) — My, po(AN B)). In this case the variance of [;f fol f(y,s)dM, is given by

E [€2 (Masna(A) = Mayna(4))7]

-Ele’) [ o / (La(s) — 0y La(s))*dsdy

1A\x

:/z /1E [(51(11,12](9)1,4(8) —E]l(zl,mz](y)aylA(s))Q}
o Jo

where we have used the martingale property of M, (A) to deduce that £ and
Myong(A) — My, e (A) are independent. We may define o, f(y, -) naturally by

fixing y, and the linearity of o, now implies that the above variance is

i I | B9~ 0050 )(5) s
0 0

We take ||f||3; to be the above integral with = 1. It now follows that the
natural extension of fol fol f(y,s)dM,s for all linear combinations of such f
has variance || f||3;, and we may proceed as before to define the integral on
the completion of this linear hull under || f||as, with the resulting integral an

(Fo;x € ]0,1]) martingale satisfying

([ [ 1f<y,s>dMys)2] ~ 171

It is easy to see that, for elementary f as above, that fol fol f(y,s)dMys and L

E

are independent since L is Zo measurable, and this soon extends to every f for

which the integral is defined.

69



2.2.3 The law of B? viewed as a regular conditional probability.

For the moment let us think of our original Brownian sheet B = (By; (x,t) €
[0,1]?), which is almost surely continuous on [0,1]%, as a canonical process.
We take (C([0,1]2),B(C([0,1]?))) to be our underlying measurable space, on
which we define a probability measure u by p(A) = P(B € A) for all A €
B(C([0,1]%)). We now define a measurable map £ : C([0,1]?) — C([0,1]) by
Lf(r)= f(z(r),t(r)) for f € C(]0,1]?) and r € [0,1]. £ corresponds to L in the
sense that u(L£ € A) =P(L € A) for A € B(C([0,1])).

Definition 2.1. Let (Q,.%,P) be a probability space, (E,E) a measurable space

and X : Q@ — E a measurable function. We say that v : E x # — [0,1] is a

regular conditional probability with respect to X if
e v(x,-) is a probability measure on F for all x € E;
o z— v(x,A) is & measurable function for all A € F;
o forallAe .Z and D € £, P(ANXYD)) = [, v(z, A)Px(dz),
where Px is the law of X on (E,E), that is Px (D) =P(X € D) =P(X~1(D)).
Our setting then is the probability space (C([0, 1]?), B(C([0, 1]?)), 1), whilst
(E, &) = (C(]0,1]), B(C(]0,1]))) and X = L. In this case we know there exists

a regular conditional probability with respect to £ (see for example [RW87]),
which we denote by P(B € -|£ = ¢) for all ¢ € C([0,1]). Note that uL~! =Py,

Suppose now that ¢ € C([0,1]) is in supp(lPr), the topological support of Py,.
By this we mean that for any N € B(C([0,1])) such that ¢ € N, Pr(N) >
0. One soon sees in examples that we require this condition on ¢ if we are
to solve (2.2.3) for B®. We further suppose that for all such ¢, the equa-
tion (2.2.3) has a solution B? in C([0,1]?), and we define a measure u, on

(C([0, 1)), B(C([0,1]2))) by us(A) = P(B? € A) for A € B(C[0,1]2). We would
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like to show that (ug; ¢ € C([0,1])) is a regular conditional probability with
respect to £. Of course, we have not defined pg yet for ¢ ¢ supp(Pr). How-
ever, if D € B(C([0,1])), then there exists an open set D; such that D; D
D N supp(Pr)¢ and p(L71(D1)) = 0. It follows that for all A € B(C([0,1]?)),
Ip te(A)PL(dg)) = fDﬁsupp(PL) pes(A)PL(d¢)). Thus we may choose s how-
ever we wish for ¢ ¢ supp(Py) and not affect the third property of the regular
conditional probability. We shall set pig = 0 for such ¢. It is now clear that
the first property of the regular conditional probability holds. Furthermore,
assuming that supp(PPz)¢ is in B(C([0,1])), the second property follows if we
can show that the map ¢ — pe(A) restricted to supp(Pr) is measurable for any
A € B(C([0,1]?)), for example if we can show this restricted map is continuous.
Note that since the underlying probability space is assumed to be complete,
p, p1e and Pp, have natural extensions to the completions of B(C([0,1]?)) and
B(C(]0,1])). Therefore, since supp(Pz)¢ is contained in a set of P, measure
zero, we can drop the above assumption by working with the completions of
B(C([0,1]?)) and B(C(]0,1])) under the measures u and P, respectively. This

adjustment does not affect the first and third properties at all.

For the third condition we need to demonstrate for all D € B(C([0,1])) N
supp(Pz) and A € B(C([0,1]?)) that u(ANL7Y(D)) = [, pe(A)PL(de)). Not-
ing that (AN L71(D)) =P({B € A}n{L € D}), the third condition becomes

PUB € A){LE D)) = [ uo(A)Pr(do).

Suppose that the third property holds for some countable set {A,;n € N} C
B(C(]0,1]?)), and we may as well assume that {A,;n € N} is increasing. It is
clear that the third property holds for Af, and it also holds for (J, . An by

the monotone convergence theorem. We now deduce that the third property
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holds if we can show it holds for a collection of sets A which is large enough to

generate B(C([0,1]2)).

If we can show that the third property holds for some A € B(C([0,1])), it follows

that

/ 15(¢) (P({B € A}L = ) — g (A)) P1(d¢) = 0

for all D € B(C[0,1]). This means that us(4) = P{B € A}L = ¢) for
every ¢ except those belong to some N € B(C([0,1])) with Pr(N) = 0. If we
now wish to pick some ¢ and condition on L = ¢, we have a problem since
we do not know if ¢ € N. To overcome this, we instead look to show that
¢ — pg(A) is continuous (where convergence in C([0,1]) is in the supremum
norm). Recall that this would also confirm the second property, and thus that
(ng(A) : A € B(C([0,1]%)), ¢ € C(]0,1])) is a regular conditional probability.
Our aim will be to demonstrate that N¢ is dense in supp(P). In this case we can
deduce that pug(A) =P(B € A|L = ¢) for all ¢ € supp(P). If we can show this
for enough A to generate B(C([0,1]?)), we may deduce that 1y = P(B € -|L = ¢)
for all such ¢.

2.2.4 Returning to our introductory example.

Let us return to the example of section (2.1.4). We can read from our previous

calculations that the Brownian sheet B is given by
x t
B, =xL(t)+ (1 — x)/ ——dMys.
o Jo
In particular, if we take A € B(C([0,1]?)) of the form

A= {uecC(0,1)%) : u(zxy,t1) €01,...,u(xn,tn) € O, xi,t; € 0,1]}. (2.2.4)

72



then we may express P(B € A|L) as some function

’L/J(.’L'l,.. .,wn,tl,. ..,tn,L(fl),.. ,L(tn))

At the same time, j14, the law on C([0, 1]?) of B?, is given by

M¢(A) = ’lb(,iEl, .. .,l’n,tl, e 7tna¢(t1); . 7¢(tn))

by clear analogy for any ¢ € supp(Pz). We may now deduce that

P({B € Ay N{L € D}) =E[L{1epy (@1, -, Tnrt1,- - tns L(t1), ., L(tn))]

- /D o (A)PL(0). (2.2.5)

This shows that for P;, almost every ¢ € supp(Pr), P(B € A|L = ¢) = pg. (It
is not hard to see that ¢ € supp(IP) if and only if ¢ € C([0,1]) and ¢(0) = 0.)
It is also straightforward to see that ¢ +— ps(A) is continuous in ¢. Thus
(ug;¢ € C([0,1]), ¢(0) = 0) defines a regular conditional probability with
respect to L. We would also like to say that P(B € A|L = ¢) = py(A) for all
¢ € supp(Pr,). This follows if we can show that any set of P;, measure 1 is dense
under the supremum norm in supp(P). This is indeed the case, and the proof

is very similar to that of the example in the next section.

It is not obvious whether we can find a general method for solving equation
(2.2.3). We first need to calculate C; 'y (1o, — 0y¢), if indeed we can actually
do this in non-trivial cases. Our best bet is to solve equation (2.1.3), but it is
not difficult to find examples for which finding an explicit solution is difficult.
One would hope to find explicit solutions in order to write an explicit form of
(2.2.3), but even when we can do this, it is another matter altogether to solve

this expression. In the absence of a general method, we present one example
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which is tractable and does not appear to be discussed in the literature.

2.3 Bridging on the minor diagonal

Let us apply the approach of section 2.2.2 when L(r) = By_,.,. for r € [0,1]. We
shall suppose that [ is a smooth test function on [0, 1], and for a given y > 0 we
attempt to find m € V(K,) such that m = C, 's,l. Note that K, = [0,1 — ],
so that for kyl to be in Coo(K,) we need folfy [(r)dr = 0. We assume this for

now, and attempt to find a function 7 such that

]]-{r:l—rzy} /OT l(s)ds = /0 7y((1 — 7’) AN (1 - T/) _ y)(T A r’)ﬁl(r/)dr/
:/0 (1 —r—y)r'm(r)dr —|—/T (1 =7 —y)rm(r)dr

Differentiating once on the region {1 —r > y} gives
T 11—y
I(r)= —/ r'm(r’)dr’ +/ (1 —7" —y)m(r)dr’
0 T
and a second time gives

[(r) = —(1 = y)r(r).

To verify that this 7 is a solution note that

_ /(; <11iiyyz ri(r")dr’ — /le (#) ri(r')dr’
(/0 l(r’)dr’/0 <1iy>l(r’)dr’> 7/T <11y>l(r,)dr,
/OTZ(T’)dr’

since we have already assumed that folfy [(r)dr =0. Thus

i(r)

dr.
1—y "

Cy_lmyl(dr) =—
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Assuming we may apply proposition 2.1, for every | € L?([0,1]) we have (for-

mally)

W) =00~ [ [ ) - ) B By

+/0 /O o,l(5)dBys (2.3.1)

where (M, (1);z € [0,1]) is an (Z,; z € [0, 1]) martingale.

2.3.1 A (non-unique) equation for the Brownian sheet fixed along

the diagonal.

We would like to take I = 1o 4 for some ¢ € [0, 1] to obtain an expression like
(2.2.3). Of course 1jg4 is not smooth, but intuitively we should have i(r) =

do(r) — ¢(r). Our goal is to find a signed measure m such that

1-y
k(Lo = o)) = [ (L= 1) A (L= r) = ) A (),
0
to which end we guess that Cy_lliy(]l[oyt] — oyt) is given by

Bldr’) | Gulr)

Cy 'y (Lo = o) (dr') = == i (2.3.2)
We check that this is what we want: observe that if t <1 —y

1-y
/ (=)A= —y)(r Ar"ym(dr’)

0

1 1 " /- / /

=—((1=r)AQ=-t)—y)(rAt)+ — 1—r—y)r'ou@)dr
1—y 1-vyJo
1 1=y

—+ ﬂ g (1 - Tr — y)TO'yt( )dT
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rt 1 "

+— roy:(r')dr’ —/ oy (r)dr’
0

11—y 1-yJo
=rAt —/ oyt (r)dr’ = Ky (Lo — oye) (1)
0

where we have used (1 —r)A(1—t)—y)(rAt) = (1—y)(rAt)—rt. Ift > 1—y,
0t(dr’) is 0 for 7 € [0,1 — y]. In this case, the right hand side of (2.3.2) only
involves the &, part, which by adjusting the argument above is r — fOT oy (r')dr’

as required.

Take ¢ € supp(P), which one soon sees is Cy([0, 1]), the space of ¢ € C([0,1])
with ¢(0) = ¢(1) = 0. For such ¢ we define (B%,; (z,t) € [0,1]2) as a process

satisfying

B M [ /1”j Birgany+ [ [ 2D L )
[ [ ot
xﬂr/ Ly<io y}¢( //1”5 1=y T(Uyt( r))drdy

+/Oz/0 oyi(s)dBY, (2.3.3)

For any y > 0, | — 0, has only one condition to satisfy, so we may take o,l to
be constant. Indeed, if we set ol = ¢, we see that fol_y l(s)ds = (1 —y)e, and

S0
S

ayl(s) = T I(r)dr Vse][0,1]. (2.3.4)

tA(1—y)

iy This simplifies the expression for B? consider-

In particular, o, (r) =

ably, since fLo,,(r) = 0.

If t = 1 then (2.3.3) reduces to BY, = M, + B?, for all € [0,1]. There is no

contradiction here, since (M,1;2 € [0,1]) is an (Z,;x € [0,1]) martingale with
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quadratic variation

/O”” /ol(]l[‘“] (5) — oy1(s))*dsdy.

If o1 is constant, then the constant is in fact 1, so that the above quadratic
variation is 0. Thus (M,1; 2 € [0, 1]) is almost surely zero, and (2.3.3) becomes
B?, = B?, for all z € [0,1], or rather (B ;x € [0,1]) is left undetermined by

(2.3.3).

2.3.2 Solving for t <1 —z.

We consider B? separately on the regions t < 1 — x and when t > 1 — z. For

the time being we shall consider ¢ < 1 — x, in which case (2.3.3) becomes

t

dB?
1—y ¥

z 1 x 1
Bft = Myt + / 1—(¢(t) - Bft)dy =+ /
0 -y o Jo

where [/ fol = dBy, =t [y ﬁdB;fl comes from the equations on ¢t > 1 — z.

Our aim is to find a solution for (2.3.3) in C([0,1]?), so we require that the

above equation also holds in the limit where x =1 —t.

When dealing with multi-parameter processes, we shall use d, to refer to the
differential in the parameter y only, and d to refer to the differential in both

parameters. In differential form we have (after dividing by 1 — z)

1
——d,B?
1 — xt +

t t
(1‘]5( :)C)de s z)deBfl.

1 1
e Do = T deMae

¢
The left hand side equals d, ((TB_L;)) so we obtain

B?, S| Tt x
= = dy M, ————d,BY, + ———o(t).
1—=2 /0 1_yy ytJF/O (1_y)2y y1+1 xéf’()
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In order to satisfy the boundary condition Bz 1—» = ¢(1 — x), we require

S|
—dM,1m+/ ——"4,B,
/ o (1—y)?

To ensure this is the case, we use the fact that (B%,;z € [0, 1]) is not determined

z1s

by (2.3.3). We define a process (Uy, x € [0,1]) by Uy = 7= [ 11 dy M, 1
We now ensure the boundary condition is satisfied without contradicting (2.3.3)

by choosing (B%,;z € [0,1]) to be

B = /Oz(1 - y)2% (M> dy — /035(1 —y)%dU, (2.3.5)

1—y

which we can tidy up slightly after observing that

/Ox(l —y)Q% (<i>(117yy)> dy = (1—z)p(1 — 2) +2/OI o(1 — y)dy

(using ¢(1) = 0).

We can now insert this back into our expression for Bft for t > 1 — x to obtain

o1 |
Bft :(1 — .’L')/O TydyMyt — t/o ﬂdyMyJ—w

+xo(t) +td(l — x)

T 1—x
1
1—x//—dM —t// ——dM,,
o Jo -y

+ xo(t) + (1 — ). (2.3.6)

Remark that if we put ¢(t) = B1_4,; and go through the same calculations, we

see that our original Brownian sheet B satisfies
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x t x 1—x
1-— t
Bu= [ [ T - —dM,,
o Jo 1—v 0o Jo 1—y

+ :CBlft,t + tB:c,lfm

2.3.3 Covariance structure of the bridged sheet on t < 1 — z.

We now calculate the conditional covariance of B? on the region ¢t < 1 —z when

oy is constant, as given by (2.3.4). In this case

2

(/Ol/olf(yvs)dMys)T :/01/01 (f(y,S)—/O1 yﬁ({ )dt) dsdy.

Define

c((z,1), (x/, t/)) = E[(Bft - E[Bft])(Bf’t' - ]E[Bfw])]-
Since fom fot 11 dM,, and fo L 7= dMy; are both centred Gaussian random
variables, (2.3.6) implies that E[B?,] = z¢(t) + t¢(1 — x) and hence

aenren-s ([ [ g [ )
L e )

Writing fu:(y, s) = }_Tz]l[o,m] (y)]l[o,t] (s) — ﬁl[o,x} (y)]l[o,lfz] (s), we have

(1), (', 1)) = / 1 / 1 (fm@,s) - / %a)

11—y "
(fm/t/(y,s) /0 fl%yy)d) dsdy.

This is made considerably more simple by noting that for t < 1—=, f -

0. What remains is the following:
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AL - tA(1—z' 1 o
c((z,t), (', t) / / dsdy / / )t — 5 dsdy
0 0 —-y)?
A(1— I) . (1—z /\(1 ) /
/ / 1 ) dsdy Jr/ / il ———dsdy
0 0 —y)?

|- 1} Q-2 =2 ent) —Q-a) (A Q- x’))

S (A= AL —2) (1 —2) A1 —2))}

Taking 2’ < x, this reduces to

c((z,t), (@', ) =2{(1 =)t At') = t{t' AN(1—x))}.

2.3.4 Regularity of solutions

In this section we define T = {(z,t) € [0,1]?> : t <1 —a}. For ¢ € Cy([0,1]), we
suppose that there is a modification of (B%,; (z,t) € T) taking values in C(T),
and we let g denote the law of B® (with us = 0 whenever ¢ € C([0,1]) is not
in Cyp([0,1])). Let A be as in (2.2.4), except that A C C(T') and each (z;,t;)

must satisfy ¢; < 1 — z;. We now have

p(A) =P(BS, €dby,...,BS , €db,)

_P(xqu()—i—tqﬁl—xz //1_:61 ys
//Hl 'dMyéedez,z_1 )

If we denote ftl = T dMy, — 01 i ’fydMys by Vi, (Y1,...,Y,) is a

centred n dimensional Gaussian random variable with covariance matrix @,

say. If we denote by ¥g(1—2,),6(t1),....6(1—an),é(t,) the density function of an n

.....

dimensional N ((z;¢(t;) + t;ip(1 — ;)™ ;, @) normal random variable, then we

80



have

B (A) = Vo1—21),6(t1),b(1—an)s(tn) (015 - - -, On)dO1 ... dO, =: q(A, §).

The original Brownian sheet satisfies

x 1 x 1
1l—2 =~ t ~
Bu =Bt tBoaat [ [ 1By [ [ LodB,.
o Jo 11—y Y o Jo 1—y Y

so it is clear that P(B € A|L) = q(A4, L), and thus

P({B € A} n{L € D}) =E[l{Lepyq(4, L)]

- /D 4(A, §)dPL,(0) (23.7)

for any D € B(Cy([0,1))).

We now know that pg(A4) = P(B € A|L = ¢) for Pr-almost every ¢, and
we also remark that for any ¢ € Cy([0,1]), pue({u € C(T) : u(l —t1,t1) =
d(t1)y ... u(l — ty,tn) = ¢(tn)}) = 1 since the solution (2.3.6) implies that
Bfft,t = ¢(t). We would like to deduce that puy(A) = P(B € A|L = ¢) for all
¢ € Cp([0,1]). We have some subset D C Cy([0,1]) such that Pr(D) = 1 and
for all ¢ € D, py(A) =P(B € A|L = ¢). The first step in extending this for all
¢ € Cy([0,1]) is to show that D is dense in Cy([0,1]).

Proposition 2.2. If D € B(Cy([0,1])) and Pr(D) = 1 then D is dense in

Proof First suppose that 0 ¢ D. In this case it is possible to find some
e > 0 such that {g € Cy([0,1]) : ||glloc < €} N D = (. This would imply that
Pr({g € Co([0,1]) : [|lglloc < €}) =0, or rather P(sup,¢[o 1) |L+| <€) =0. Thus

0eD.
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Suppose now that f is any element of Cy([0, 1]) which is not in D. There must be
an € > 0 such that Pr,({g € Co([0,1]) : ||g— fllec} < €) = 0. It is not possible for
such an h to be in the Cameron-Martin space of Py, (which we denote by Hp).
Indeed, if f € Hy, then the shift measure (Py,), is equivalent to Py, however the
above statement can be rewritten as (Pr)s({g € Co([0,1]) : ||lglloc < €}) = 0,
which is not true for any measure which is equivalent to Py,. It now follows that

HLCE.

The proof is complete once we observe that Hy, is dense in Cy([0, 1]) under the
infinity norm. For this we note that if h € C*(]0,1]) such that fo s)ds = 0,

then r — fo s)ds is in Hy. Indeed, we can show this by finding a signed

measure C~! [ h(s)ds such that
1 1 :
/ / s)dsv(dr) [/ LTu(dr)/ L, (C_l/ h(r’)dr') (ds)}
0 0 0
for all signed measures v. Putting (C [j h(r')dr’) (ds) = —h/(s)ds, we see
that

- /0 CBLL LoJi (s)ds — /O (1= r)sh (s)ds — / (1 )k (5)ds

—1-n) [Cnisyas—r | (s

_ /O " h(s)ds — 1 /O (s)ds = /O " h(s)ds.

It is clear that such functions are dense in Cy([0, 1]) (for example if ¢ € Cy([0, 1])

is smooth then ¢(r) = [ ¢/(s)ds and fo ¢'(s)ds = 0) and the result follows.
|
For the sake of simplicity take A = {u € C(T) : u(wo,to) € 0} where 6 is

a bounded open interval in R and (zg,%9) € T. For any ¢ € Cy([0,1]) there
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exists a sequence of ¢ € Cy([0, 1]) such that pg, (A) = P(B € A|L = ¢) and
lltg, — tolloc — O using the above proposition. Since g4, (A) is a bounded
sequence, it has a convergent subsequence, so we may assume without loss of

generality that g, (A) converges to some limit, ¢, say. We aim to show that

€ 0) and u4(A) = P(B?

Zo,to

pe(A) = c. Observe that pg, (A) = P(B%*

zo,to

€ 0).

Our key observation is that

Bf:,to - Bfo,to = 20(Pr(to) — ¢(to)) + to(Pr(1 — o) — G(1 — 20)).

_ B¢

vo.tol < 2[l¢k — ¢lloo. Thus there exists an increasing

In particular, |B¢"

Zo,to

sequence (K,;n € N) such that

Bj, 1, (w) €0 = BLSG () €01 (2.3.8)
and
By, (W) € 0= BY, , (w) €0, (2.3.9)

Here, 01 = {zx € R: [z — y| < L for some y € 6}. (2.3.9) implies that

P(BY*r € 6) < P(B?

Zo,to zo,to

€0.)

so that if n — oo, we see that ¢ < P(B?

zo,to

€ 0). (Actually, we require here that

P(Bfo,to €0)= P(Bfmto € 0), which follows from the observation that the law
of Bfmto is absolutely continuous with respect to Lebesgue measure.) On the

other hand, (2.3.8) implies that

é
P(Bmo,to xo,to

€0) <P(B’*p €0.).

If we write d(zo,to) = xo(¢r(to) — &(to)) + to(Px(1 — z0) — #(1 — x0)) then
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IP(BESG, € 01) —cf <[P(BISE € 01) — P(BY: € 0)] + [P(BLSG, € 60) — (]

zo,to zo,to Zo,to Zo,to

=[P(B;

Zo,to

€01 —d(xo,to)) —P(B?

zo,to

€ 0 — d(zo,t0))|

+ [P(B r €6) —

zo,to

which converges to zero as n — oo. It follows that P(Bfo,to

€ 0) < c¢. Thus
ton(A) — pe(A) as k — oo. We have shown that for all such A, and for
all ¢ € Co([0,1]), uy(A) = P(B € A|L = ¢). Since these A are sufficient to
generate B(C(T)), it follows that u, = P(B € -|L = ¢) for all ¢ € Cy([0,1]),
and in particular (ug;¢ € C([0,1]), A € B(C(]0,1]))) is a regular conditional

probability.

2.3.5 Alternative choices of o,.

We might expect some changes in our solution if we make a different choice of
oy. After all, the driving process M changes as we vary o,. We continue to

focus on the region t < 1 — 2. In this case equation (2.3.3) for Bft becomes

Bft =Mz + ¢ —dy — / L dy
o 1—vy o 1—v

+f ’ / o) ()(0(r) = By rdy+ ' / (),

We are going to assume some form on oy, namely that we can write o,.(s) =
¥(y)&'(s), where ¢ is continuous and ¢ is continuously differentiable. As ever

this must satisfy

1-y

By)E (s)ds = / g (s)ds =t A (1— )

0
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and so
t

(1 —vy)

for y < x, where £ is chosen so that £(0) = 0. For this to be well defined and

Y(y) =

continuous on any interval [0,z] with < 1 we insist that {(y) # 0 for y < 1.
(For example, we may take {(y) = y® for any a > 1.) We therefore wish to

solve

T B¢
:nt - Cbt + ¢ / —dy /0 1 _ytydy
11—y //
‘5 6
- B
v 1fy T ey ) — Bdrdy

_ 8§ 4pe
+t/0 /O i y)g(1 7 dBg,. (2.3.10)

The last two terms are just polynomials in ¢, which suggests looking for a solu-

tion wu, (t) of the form

Uy (1) = 0z + va(1).

We then obtain

tBe +va(t) = It+¢()/011_ dy /Om fy_(t)dy

H{/ /1 y 175// 17y)(¢() w, (r))drdy

o /0 ety f—yydy}

‘We now look to solve

wlt) = e +000) [y [ 140y
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and then with this solution we aim to solve

B x 11—y 5//(7,) P .
b= [ e 00 — )y

o /01 et~ | 7

for 5. We already have the solution for v,(t):

One might initially think that it is now simply a case of solving for §,. However,
we have once again a consistency condition that needs to be satisfied, namely

that

We now have two conditions on 3 which need to be satisfied. This is not a
hopeless situation: recall that in the case of o,(r) o< 1 there was no defining
equation for B,1, giving a degree of freedom which we then lost for the sake
of consistency. B;1 was the control which forced the Brownian sheet to take
the values ¢ along the diagonal. We hope for something similar here. In the
meantime, we obtain an expression for § from the above condition on u,, that

is
1—=x
-y

(1—x)ﬁz+x¢(1—x)+/ox/0 T, — e )

and thus

T t 1 T l1—x 1

Is this the same as our original expression for Bft? We will show that, whether

or not M changes in some sense through a different choice of oy, the solution
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we obtain for (BY,; (x,t) € T) retains the same covariance structure. Thus all

the solutions for (B?

v ¢ (x,t) € T) for different o, are versions of each other.

To begin with we show that any two solutions of 2.3.10 for a given choice of oy
must be the same. Indeed, suppose we have two solutions to this expression,

and we denote the difference by ®. & must satisfy

o
(I)zt :/ yt dy‘f'\ljmt
o 1—y

where U, has the form ¢¥(z). Thus, ® is

1 |
By =t ——dU(y).
1—-=z o 1—y

Since both our solutions must be ¢ along the diagonal, we must have ®, 1_, = 0.

It follows that ®,; = 0 for all z,¢ with ¢t < 1 — .

We now remark that our solution u, above has the same covariance structure
on {(x,t);t < 1—z} as our original solution for B®. We can essentially make
the same calculation, and we refer to section 2.3.3. Indeed, in this case the

covariance c((z,t), (z',t')) is

/0 / (Fat(w,5) — 0y £ )(5)) o (0, 5) — 0 £ (3, )(s)) dsdy

where again, for(y, 8) = 122 110,4)(4) 10,1 (5) = 125 10,01 () Ljo,1— (5). The same
calculation can be performed upon observing that oy fz:(y,-)(s) = 0 when ¢t <

1 — 2. This is clear since

1—x t

5 a0 )(9) =1 L0101 (9) — T o 1))
1—=z t , t l—z _
=1 _y]]-[O,z] (y)mf (s) 1 _yﬂ[o,z](y)mé (s5)=0
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for0<y <.

2.3.6 Consistency condition.

We have now defined processes (f; € [0,1]) and (ug(t);z,t € [0,1]) such
that ui_¢(t) = ¢(t) Vt € [0, 1], however we do not yet know that wu,(t) satisfies

(2.3.10). For this we require that

B x 1-y 51/(7,) o 4 .
o _/0 /0 Ty —y o)~ )ity

T 1 / T
£'(s) & / By
N R L RS
o Jo A=y —y) o 1—y
This should be satisfied for any appropriate choice of &, which at first glance is

a cause for concern. However, suppose we consider o,¢’. We require

1-y

b€ (s)ds = /  e(s)ds

0

or rather

(¥(y) — 1A —y) =0.

Thus o,&' = ¢ for all y < 1. If we now put I = ¢’ in (2.3.1) we obtain a trivial

expression.

Lemma 2.1. o, : L?([0,1]) — L*([0,1]) defined by

€ [

is a bounded linear transformation with o,&’ = &'. Define (Bft;x,t € 10,1]) by

(2.3.10) fort <1—x and
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x 1-y 1
BY, =My, +/0 /0 mo’;t(s)(ﬂﬁ(s) — By,)dsdy

x 1
+ / / oyi(s)dBY, (2.3.11)
0 0

fort > 1—x. This system leaves the term fo fo &' (s dBd’ undetermined. Thus

any choice for this term is consistent with the system for B®.

Proof The claims on o, follow since

1— 2 1-y
ol < S [

Let us now approximate & by linear combinations of characteristic functions,

say l,. Thus I, — oyl, — & — 0,¢’ =0 in L?([0,1]). Formally, it follows that

// 5)dBY, —// dMys+//0y $)dB?.
T ) 9666~ Basay

Both [ fol(ln(s) oyln(s))dBg, and [ fo (s)dM,s converge to 0 in L*(Q),

the latter owing to the fact that

[(/ / dMyé” / / ) — 0, (s))* dsdy.

With a little more work one can show using stochastic integration by parts and

Fubini theorems that the last term also converges to 0 in L?(12).
|

We have now defined a process B? according to a system of equations which

do not determine fo fo s)dB?

s» which we shall denote by =;. (E;;2 > 0) is
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an (Z,;x > 0) martingale, and we remark that for x > 0 and any continuously
differentiable f € C([0,x]), we may define fo y)dZ, and furthermore it equals

IS fo s)dBg,. since by stochastic integration by parts and (1.2) we have

/0 H0E, =@, [ s
=f(w)Ez—/ //5 )dBY,dz
=-[ / ( / Pz ) € e)aB,

[ e

We may now define =, by

1 _ B
A o)l — g et g de

€D e e
/0 A —wje(t — o) P — Bay)drd

and not contradict the underlying system. This ensures that Bft really is the
solution we are after. =, is a control which we must choose carefully in order

to ensure that Bft is ¢ on the diagonal.

2.3.7 Solving for ¢t > 1 — x.

So far we have not discussed the solution on the region ¢ > 1 — z. (2.3.11) now

becomes

T 11—y 1
BY, =Ma— Mo+ [ [ ol (6)(60s) - Bidsdy
1-tJO -

x 1
+ / / oyi(s)dBY,. (2.3.12)
1-tJ0
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From this it is also clear that

x 1-y 1
Bf1 - Bf—t,l =My1 — M4, +/ / ﬁ%ﬁ(s)(ﬂﬁ(s) - st)dey
1—t Jo -

x 1
+ / / Jyl(s)dBZ’s.
1-tJo

We now note that if ¢ > 1 —y, oy is given by

1-y
/ oyt(s)ds =1—y.
0
Thus for t > 1 -y, oyt = 0y1. We now deduce that
BY, = ¢(t) + Myy — My_y1 — Mi—y s + M1 + BY) — Bfft,l'

We group the M terms together as M (R;t). (th is intended to represent
the rectangle with bottom left corner (x,t), so that M gives rise to a random
function on such sets.) If we now put ¢(t) = By, we obtain M(R!,) = B(R],),
from which it follows that M (R) = B(R) for any rectangles in the regiont > 1—
x. This is not dependent on the choice of o,,. However, Bfl and Bf_m do change
for different o, and consequently so does BY, = ¢(t) + M (R.,) + B?, — Bf—t,l'
For example, if we take o, to be constant, then Bfl and Bf_m are chosen by

the consistency condition (2.3.5), from which it follows that

x X

BY, = M(RL)+f(t) + (1—2)d(1—2)—to(t)+ | d(1—y)dy— / (1-y)%dU,.

1-t 1-t

Recall that U is given by

1 x 1—x 1
L=z Jo Jo -y
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An integration by parts gives us

/ (1—)%dU, = (1 —2)*U, — t*U1_; + 2/ (1—y)U,dy
1-t 1

—t

from which we may deduce that

B =M (RL,) + (1 - )¢(t) + (1 — z)¢(1 — fc) ¢(1 —y)dy
LA g [

(1=y)A _ _
72/ / (1-s)—yv(1 t)dMyS
1—t -y

where we have used theorem 1.2. From this it is possible to write down explicit

expressions for the covariance function.

If we take oy:(s) = % we cannot do the same as above since we do
not have expressions for B, and Bi_; 1. We do however have a different control
for which we do have an expression. In order to use this we go back to equation
(2.3.11). The last term is of course related to our control, and in the notation

of the previous section we have

(1
Bft =My — Mi_y i+ &(t) + /1 ) %d:y
=Myt — My + &(t) + / (1—1y)ds,
é‘// B d)
+ - 5ydy /1 t/ €1 ¢(r) — By, )drdy

with 3 as given before. Thus it appears as though a different choice of o, cor-
responds to a different control which forces B? to behave in the way previously
described on the region {(z,t) € [0,1]>: 0 < ¢t <1 — 2 < 1}, but which induces

a non-unique behaviour outside this region.
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3 Spatial evolution of solutions of the heat equa-
tion with noise.
3.1 Defining a process ((u;,v,);z > 0).

3.1.1 Tail behaviours for u, and v,.

In this section we return to our study of the stochastic heat equation, specifically
its Markovian evolution in the spatial direction. Let us recall a little notation.
(Byt; x € R, t > 0) once again represents a Brownian sheet on a complete

probability space (2,.%,P). We define the filtration (%#,;x > 0) by
Fy = 0{Bys; —0 <y <z, s€0,00)}VN(F)

and we would like to define processes (uz;x > 0) and (vy; 2 > 0) by

(hy,uz) = /O; /Ooo (/Oo ha(t)g(t — s,x,y)dt) dB,,
(ha,ve) = /Z /Ooo (/Oo ha(t)Oa2g(t — s,:c,y)dt) dB,,

respectively for some test functions hy and hy. The first thing we will do is

and

identify a class of continuous test functions h; and hs for which these are defined.
To get an idea of what is needed, let us first take h; and hs to be of the form
(1 +t)® and determine values of o for which E[(h1,u,)?] and E[(ha,v,)?] are

defined. We first take hq(t) = (1 +¢)* for all ¢ > 0. In this case

2

E[(h1, u2)?] :/Ooo /Z (/:o(l—f—t)”‘g(t—s,x,y)dt) dyds.
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This is equal to

(1+t)*(1+¢) (x—1y)? 1 1 ,
// // t—s t’—s)exp<_ 4 t—s+t’—s df dédyds

Since

/_Zexp(_(””;y)2 (tls+t/15))dy=c %

we obtain

tAt 1 t 1 t/
E[(h1, ug)? / / / A+ G qrar
Vit —2s

:C/ / (I+DA+ )Vt +t — /|t —tdt'dt  (3.1.1)
0 0
—e [Tarnt [T u (VT T uauar

0

0

We need to take o < 0, and in this case (1 + ut)® < (ut)®. It then follows that

E[(h1, ug)?] < c/oooa )R /OOO uw(VI+u—+/|1— ul)du

The t integral is finite provided that o > 7% and 2a + % < —1, whilst the u

integral is finite provided that a > —2 and @ < —3 (since v/1+u — /|1 — 1
looks like u for small u and u~2 for large u). Thus E[(h1,us)?] < oo for

—2 < a < —2 (and in fact clearly holds for all o < —2).

We now do the same for v,, taking ho(t) = (1+1¢)* for some o € R. In this case

2
E[(ha, v4)? / / (/ (1+ t)o‘%g(t - s,x,y)dt) dyds

This is equal to
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/ / / (1+)*(14t")~ </ (t—s,z y)aa gt — s,x,y)dy) dsdt’'dt.

The integrand in the y integral is proportional to

e () ()
(z —y)?

=P —sp ¥ <($ v’ (4(;%@2—88)»

Now,

—y)® (x—y)?* [ (=35t —s) _ =5t —5)
/ (t s)(t’fs Xp<_ 4 / t+t —2s )dy—c t+t —2s

t+t' —2s

1

———— using properties of Gaussian
(t+t'—2s)2

Thus the y integral is proportional to

densities, and hence we require that the integral

///W (1+1t)~ 1+t3)ddtdt
(t+t —2s)2
c//(1+t)“(1+t’)“< ! S )dt’dt
o Jo VIE=t]  VE+t
:c/oo(1+t)at%/oo(1+tu)a< L )dudt
0 0 VIi—ul Vi+uw

is finite. Again, we require that a < 0, and then the above integral is bounded

> 1 e 1 1
c 14+ t)*t*Tzdt - / u® — du
/0 ( 0 VIl—ul Vi+u

The t integral is finite so long as a > —% and 2« —|—% < —1, whilst the u integral

by

is finite provided that u > —2 (noting that \/% — ﬁ behaves again like u
—Uu

for small u, and like u=? for large u). Thus for v < —3 E[(ha, v)?] is finite.
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The above considerations provide conditions on the tails of h; and hy such that
(h1,uz) and (hg,v,) are in L?(§)), which we hope might characterise a space
E in which ((ug,vs);z > 0) takes values. Ultimately, assuming that E is some
separable metric space fitting in the framework of section 1.1.3, we would like to
define a martingale problem that is satisfied by ((uz,v.);2 > 0). At this point
it is not the case that any space will do, but rather the choice of F has a large
say in whether we can reap anything of value from the martingale problem. On
the other hand, to define a martingale we look to write stochastic differential
equations for (hy,u,) and (ha,v,), where on the face of it we are dealing with a
system of equations for real valued processes, and in fact do not need to define
a space for u, and v,. However, we have already hinted that we shall require
the enlargement theorem 1.5, which requires that the information (ug, vo) takes

values in a normed vector space.

For ae > 0 let C ([0, 00)) be the space of continuous functions & on [0, 00) such
that h(t)(1 +1)* — 0 ast — oo, and let [|h]lo = sup;sq|(1 4+ t)*h(t)] < oo}.
We observe that Cp o C Coo C L?([0,00)) for any o/ > a > % It now
follows that for any hy € Cp 5,5 and hy € Cy 3,4 (where § > 0 can be made
arbitrarily small), (h1,u;) and (ha,v,) are in L?(2). Our aim eventually is to
define a martingale problem on a separable Banach space E which is solved by
the processes (uz;2 > 0) and (vg;2 > 0). The above calculations suggest a
certain tail behaviour for u, and v;, for each £ > 0. Consequently, we make
an assumption that there exist subspaces X; and Xy of Cj s, 5 and Cj 3,45
respectively such that for all > 0, there are modifications of (u,; 2z > 0) and
(vz; 2 > 0) which belong to X and X respectively. We further assume that X
and X5 are complete under norms ||| x, and [|-||x, such that ||-[s 5 < c1f|-[|x,
and || - |ls; 5 < c2f - [[x,- We may immediately take X1 = Cj s, 5. To justify

this, we remark that by theorem 1.2, there is a modification of (u,;x > 0) such
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that for all h € Cy 3, (h,us) = [ h(t)u(z, t)dt almost surely, where u(z, t)

is almost surely continuous in ¢t and x. We note that for positive h € Co,g 48

/ h(t)u(z, £)[dt / BT grnao.ty sy, £)di— / BT ooty <oy, £)d
0 0 0

which is almost surely finite. Thus ‘fo Y1421+ t) "2 Pu(z, t)dt| <
sup;sg [h(t)(1+1) )3 +A| I« (1+1)~2~P|u(x, t)|dt, which means u, is almost surely
in (Cp,z44)". We have relied here on the representation of (us(-);z > 0) as a
continuous function, and the fact that this function is continuous is an applica-
tion of the Kolmogorov-éentsov continuity criterion. In general, we think of u
and v as processes with parameter spaces [0, 00) X X7 and [0, 00) X X2, and what
we require is a version of the Kolmogorov-éentsov continuity criterion. We will
discuss this in greater detail later on. As a final remark in this section, we ob-
serve that the laws of u, and v, on X7 and XJ respectively are Gaussian, and

in fact are Radon since X; and X are separable Banach spaces (see [Bog98]).

3.1.2 A system of SDEs for u, and v,.

Proposition 3.1. If h; € CO&JFH, ho € CO%JFH and x > 0 we have

(hauz) = (B, uo) + / " (ha, 0y

almost surely, and provided that

Ry (YWY (VE+ T — /|t — t’|)dt’dt’ < 00,
0

then

(hasva) = (2, v0) — / (g )y — W (o)

also holds almost surely, where once again, W, (ha) fo fo ha(s
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Proof We would first like to show that for hy € C’O,%JFB,

(hyug) = (h1,uo) + /Oz<h1,vy>dy.

The integral, by definition of v, is given by

0o 0o 9] 9] 9
/ ]l[O,z] (y) / / (/ hl(t)_g(t -5, Z)dt desdy
—o0 —o0 J0 s ay

This equals

o0 oo oo oo a
[ veawmogat - sy ) as.
—o0 J0 —oo Js Y

provided we may apply theorem 1.2. This we may do since f:o hl(t)a% g(t —
s8,y,z)dt is square integrable in z and s (since hy € CO,%JFB) and the integral
of its square is a continuous function in y (in fact a constant), so in turn is

integrable on [0, z]. The first equation now follows easily.

In order to write an expression for v,, we are guided by our intuition that

(ha,va) = [~ hg(t)é%u(x,t)dt for hy € Cy 31 5. Formally

WNM—WNMZ—/(%@—%@W@MMQ

— 00

- | 9
/oody [O,I](y)ay/o ha(t)u(y, t)dtdy

- [O /OOO ha(£) AL 4 (y)u(y, t)dtdy

/Z /OOO (/OO /Z hg(t)A]l[OJ](y)g(ts,y,z)dydt> dB..

Taking this as our lead, let ¢Z be some sequence in C§°(]0, 00)) which converges

to 1jp,,) in L?(R), and consider the integral
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/Z /0°° </°° /O:O ha(t) Ay, (y)g(t — s,y,Z)dydt) dB:s.

Thanks to well known properties of g we can rewrite the integrand as

[ [ ezt - s v
0o o 5
:/ /_ hz(t)@zz(y)&g(t — 8,y,2)dydt

=~ ha(r(z) - [ N / T R (06% ()g(t — sy, 2)dydt

Thus

/ Z / N ( / o/ Z ha(t)AGE (9)g(t — 5,1, z)dydt) dB.,
-/ Z / " ha(s)6E (2)dB
[ e wt - s aaas..

One suspects that this should converge to

_ / / ha(s)dB., — / / / /h’2<t)g(t—s,y,z>dydtd32t
0 0 —o0 JO s 0

as n — oo. More precisely, since hy¢? converges to haljg .1 in L2([0,00)?) it is

/ O; / " ha(s)62 ()dB., — / ' / " ha(s)dBs,

where the convergence is in L?(2). We would now like to show that

/_Z /O°° (/OO /_Z ha(8)[93 (y) = Lpo.a) (W)]g(t = 5,9, z)dydt) dB.,

clear that
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converges to 0 in L?(Q) as n — oo. This is true if and only if

/ / (/ / ha()[¢n(Y) = 1.2 (¥)]g (t—S,y,Z)dydt)2dzds

converges to 0. We write &,(y) = &7 (y) — 1j0,2)(y), and we may assume that &,

is 0 outside [0, z] for all n. The above integral is then

/ / (/ @) /Ooh'( gt = 5,y.2 )dtdy)zdsdz |
g(/o fi(y)dy)(/ / / (/ (t—s,y,z)dt) dsdzdy)

<cz||&a]|3 — 0 as n — oo.

Here we have used the Cauchy-Schwartz inequality, and have observed that

1= fooo ([ hh(s)g(t — s,y, z)dt)2 dsdz is finite and is constant in y.

On the other hand

(hay v) — (ha, v0) / / (/ (D)t — s,x,y)dt) dB,,
/ / ( / ()Dag(t — s,O,y)dt)dBys
:/OO/ (/ ha (t /Azg szy)dzdt)dByé
:/Z/ (/ / ha() L .1 (2) A gt — s,z,y)dzdt)dBy
Furthermore,
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/Z /000 (/:O /O; ha(t)Ady, (y)g(t — S,y,z)dydt> dB..
- /Z /OOO (/:o /O; ha () 110,21 () Ayg(t — s, v, z)dydt) dB,,
:/Z /000 (/:O /O; ha(t)6n (y) Ayg(t — S,y,z)dydt) dB...

This converges to 0 in L*(Q) if and only if [7° [%_ ha(s)&n (y)Ayg(t—s, y, z)dydt

converges to 0 in L?([0,00)?). This integral is equal to

—ha(s // Ry (£)€n (y)g(t — sy, 2)dzdt

which converges to 0 in L?([0,00)?) by previous reasoning. Equating our two

limits gives the almost sure identity

(ho,vz)—(h2,v0) = // R4 (s det—/ ///h' g(t—s,y, 2)dydtd B,;.

The second integral is

- / / / / hy(s)g(t — s,y, 2)dtd B.ody
0 JooJo Js

using theorem 1.2 once again. We therefore have

<h2, ’Uz> = <h2,’00> — /Oz<h,/2, Uy>dy — WI(hQ) a.s.

3.1.3 Some remarks on the continuity of (u,;x > 0) and (v,;x > 0).

For each x > 0, the equations for (hi,us;) and (ha, v,;) in the system (1.1.5) hold

on a set of full measure in (2, #,P), which we might denote by A,, say. What
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we would really like to say, however, is that for any X > 0, there is a set A of full
measure in (§2,.%,P) such that (1.1.5) holds on A for all z € [0, X]. For this we
look to the Kolmogorov—éentsov continuity criterion. This has the additional
benefit showing that ((h1,ug);x € [0, X]) and ({(he2,v;);z € [0, X]) are almost
surely continuous for h; € Co,g-w and ho € C’O’%_w, which is required if we are

to demonstrate that they satisfy a strong Markov property.

Consider first ((hy,ug);z € [0,X]) for by € Cy s 5. For z,z € [0, X] with
x < z, (hi,uz) — (h1,u,) is a centred Gaussian random variable. We now try

to calculate its variance. This is

/R/OOO (/Oo ha()(g(t — s, 2,y) — g(t — s, z,y))dt)2 dsdy.

Let us look at g(t — s,x,y)g(t’ — s, z,y). This is equal to

U Sc)(t’ = <($24(t2_:C Z)+ y2)> ex <(224(t'2fy8)+ y2)>

e o fmrt=2s) (s =)+t —s)Y
V=) =) p<4(t—8)(t’—s) (y vt —2s ))
. ex (t' +t—2s) (22t —8)? +2w2(t —8)(t' — 5) + 22(t — 5)?
g (4<ts><t/s> ( 0+t 2 )

_4(;’:2 s) 4(; i s))

_ c ox —(t' +t—2s) 7z(t’—s)+z(tfs) 2

REDED p<4<t—s><t'—s><y T ))
—(x—2)?

'eXp<4(t’+t2s))

If we now perform the y integral, we can deduce that
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// (/ )g(t — s,x y)dt> </OO ha(t) (gt — s, 2,y) — g(t' — S’Z’y))dt,> dsdy
/ / / i h;/ +’Zlf;s (1 —exp <4(t(17t_z);))> dt'dtds

For any t/,¢, s € [0,00) with ¢ +¢— 2s > 0, we may use the mean value theorem

to see that there is some 6 € (0, (z — 2)?) such that

(v — 2)? (v —2)? 0 (v — 2)?
l—exp| — = exp | — < .
4t +t — 2s) 4t +t — 2s) 4t +t — 2s) 4t +t —2s)
We now see that

E hl,ux - h17u2>)2]
> h1 hl ﬁl —(.T — 2)2 ,
= 1— S S T
c/ / / N ( exp (4(t’+t25) dt’'dtds

olz — 2) / // hu(t >dtdtd (3.1.2)
t’+t—s

Since hy € Cy s g, it is also in Cy s, 3, so the above integral is finite. Thus we

have a constant C7 such that forall 0 <z < 2 < X,
E[((h1, ua) = (h1,uz))?] < Cilz — 2
and more generally, for each n € N there is some C,, such that
E[((h1,ug) — (b1, uz))*"] < Cpla — 2>

The Kolmogorov—éentsov continuity criterion now implies that there is a version
of ((h1,uy);z € [0, X]) which is almost surely continuous. We can also produce

a similar argument for ((h2,vz);@ € [0, X]) for hy € Cy 243 In this case, for
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0<z<z<X, wehave

z

(112,02) = (havva))? < ( [ htouhay) W) — W)
el =2 [ (o4 eV, () — W)
el = aP" [ ({hew) ~ (0.0 Py
+ e(z — )T RY, ug)?" + (W (ha) — Wa(ho))?"
(3.1.3)

almost surely. We remark that the law of (h}, u,) does not depend on x, whilst
W, (ha) — Wy (he) is a centred Gaussian random variable with variance (z —

x)||ha]|2. It now follows that

Bl((ha.02) = {h2,02))") el = 2" [ Culy =)y + ez ) E[(B, )

+ CB[(Wa (ha) — War (h2))2"]

<crn(z =) 4 oo (z = 2)*" T ez —2)"

Once again, we invoke the Kolmogorov—éentsov continuity criterion to deduce

that ((ha,vg);x € [0, X]) has a version which is almost surely continuous.

3.2 A solution to (1.2.2) for certain test functions
3.2.1 The stochastic factorisation as a result of integration by parts.

For any h; € CO&JFH and hy € CO%H}, we have equations for (hy,u,) and
(h2,v,) which are driven by an (%,;x > 0) martingale, but for which the
initial conditions (hi,ug) and (hg,vg) are not in %;. We confront this using
the enlargement theorem 1.5, taking L = (ug, vg) € F and defining the enlarged

filtration (Z,;z > 0) by %, = .%, Vo(L). Ultimately our goal is to find a drift
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0ns (L, y) such that (ha, ve) = (ha,vo) =[5 (hy, uy)dy — [§ ons (L, y)dy — Wo(ha)
almost surely for all z > 0 and any hy € C5°([0,00)), where (W (hg);z > 0) is
an (Z,;x > 0) martingale. In fact we will show the above for a certain class
of hy € Cy s, and deduce it for hy € Cg°. We therefore need to discuss
first whether (W,(1);z > 0) is an (%,; 2z > 0) semimartingale for a given [ €
L?([0,0)). To this end we aim to show that the stochastic factorisation (1.2.2)
on page 30 holds for any F' € §C°(X; x X2) C B(E). Since X7 x X5 is dense

in E*, this is a large enough set of F' for theorem 1.5 by lemma 1.1.
For the sake of simplicity, we define F' by
F(uav) = f(<h1’u>a <h2,’U>)

with f € C5°(R?) and h; € X;. (The following argument be easily seen to work

for all F' € §Cp° (X1 x X3).) For F as above,

DWFUJ(/WMOM@&QM&>&ﬂth%WmWD

+</MM@WWG&QMM)%ﬂ%hw%%m%ﬁ
and so

E UOOO 1(s)Dys F(L)ds yy}

(/mhmw/zwm@ammmw)mmﬂmhw»m%WM9u
0 0
+<A hwaZ@WMaamw%M)M&ﬂmhm»m%mmyu

We now fix some y > 0 and define

kyl = (l * g(" 0, y)’ [ x an('a 0, y))
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where [ * h denotes the convolution

Lk h(t) = /t U()h(t — 5)ds.

For hy € Cy 3.5 and ha € Cy 315, [(h1, (kyl)1)] < o0 and [(he, (kyl)2)| < oo.

For the moment, we shall assume that x,l € . We can now write

E [/OOO I()Dys(F(L))ds

3@}
=E[(h1, (kyl)1)01 f ((h1,u0), (h2,v0))

+ (h2, (Kyl)2)02 f ({h1, uo), (ha, vo))|-Fy].

We introduce some further notation. For any hy € X7 we write

(h1, (uo)y) /_: /OOO /:o hi(t)g(t — s,0,2)dtdB.,

and set

(h1, (u0)”) = (h1,u0) — (b1, (uo)y)-

We define (ha, (v9)y) and (he, (vo)¥) for ha € X5 in a similar way and we assume
that we may show that ((uo)y, (vo)y) € E. (uo)y and (vg), are %, measurable,
whilst (u)? and (vo)? are independent of .%,. As in section 2.1.2 we define an
Z, measurable function f, : © x R*> — R (which is smooth and has compact

support in R?) by
fy(x1,z2) = f((h1, (wo)y) + 1, (ha, (v0)y) +x2), 1,22 €R
(so that fy((h1, (u0)"), (ha, (v0)?)) = f((h1,uo), (h2,v0))) and Fy : E — R by
Ey(u,v) = fy((ha, u), (ha, v)).
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It now follows from lemma 1.3 that

E[(h1, (ky1)1)01 f ((h1, uo), (h2, v0)) + (ha, (kyl)2)02 f ((h1, uo), (h2,vo))|-Fy]
:/E(<h1, (Hyl)1>alfy(<h1au>a <h2,?}>)
+ (ha, (kyl)2) Do fyy (P, u), (ha, )))dp? (u, v)

= /E aiFy (u, v)dp (u,v)

Kyl

where ¥ denotes the law of ((ug)Y, (vo)¥) on E, which is once again a Radon

Gaussian measure.

3.2.2 An equation for C,'x,l IL

As in section (2.1.3), the next step is to determine whether x, ! is in the Cameron-
Martin space of p¥, which we denote as ever by H,, and as ever we denote
the covariance operator of p¥ by C,. Remark that since || - ||z < ¢| - ||x,,
if we can show that x,l € H, then x,/ € FE and the above arguments are
justified. In order to show that x,l € H,, we intend to show the existence
of some ¢ in the reproducing kernel Hilbert space Hzlz satisfying kyl = Cy¢.
In fact, we will restrict ourselves to searching for m,(l) € X7 x X3 such that
Kyl = Cy(my(1)). The existence of such an m, (1) € X; x X is equivalent to the
existence of such my (1) with k,l(h) = Cy((my(1)))(h) for every h € X1 x X5. In

other words, we wish to find my(l) € X1 x X5 such that for all h € X; x Xo,

ryl(h) = E[(R, ((u0)”, (v0)?)) (my (1), ((u0)”, (v0)*))] is equal to
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L ot =0 ) [ oy 0erate = s.0.29ar) asas
" / Oo/ooo(/ D)z9(t = 5,0 Z>dt)( / (my () (gt — s,o,z)dt) dsdz
" / °°/0°°</ -0, Z)dtx / O(()my(l))z(t)azg(t — 5,0, z)dt> dsdz
o [T utomate - s,o,z>dt)</;zmya»z@azg@S,o,@dt)dsdz.

For this to hold for all h € X; x X5, we require V¢ € [0, 00) that

o000 = [ a0 { [ (m@nerstr - 500

+ (my (1))2(1)029(r — 5,0, z))dr}dzds (3.2.1)

and

(1 D20, 0,)(¢) = / t / Tonglt — 5,0,2) { / " (my D1 (gl — ,0,2)

+ (my(1))2(r)d29(r — s,0, z))dr}dzds. (3.2.2)

3.2.3 Solving for C;lnyl for certain (.

We consider equation (3.2.1). The natural way to deal with the convolution is
to take Laplace transforms. We will denote the Laplace transform by £, and
we refer to [Gue91] for a treatment of the subject of Laplace transforms. We
refer to the Laplace transform of a locally integrable f : R — R (that is, f such
that f: |f(t)|dt < oo for every closed bounded interval [a,b] in R), and we say
that f is Laplace transformable whenever D(.Z f) is non-empty. We do not give
the general definition of Zf for locally integrable f, but simply observe that
whenever t +— e "M f(t) is an L'(R) mapping for A € D(Zf) and f(t) = 0 for
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t < 0, the definition in [Gue91] becomes .Z f(A) = [ e~ f(¢)dt. Remark that

if f:1]0,00) — R is locally integrable we will simply write .2 f for Z(f1[p o))

We use the following properties, taking f and g to be locally integrable:
(a) if f is differentiable on (0,00) with f(t) = 0 for ¢ < 0, and f’ is locally

integrable, then D(.Zf) C D(Z f') and

L'\ =AZf(\) - £(0)

for A € D(ZLf);

(b) if f and g are Laplace transformable then so is f * g and

ZL(fx9)(N) = ZF(NZLg(N)

for A\ e D(Lf)ND(Ly);

(c) if f,g:[0,00) — R are such that there exists a non-empty open interval
with I C D(Zf) N D(Lg) with Lf(\) = ZLg(\) for all A € I, then
f(t) = g(t) for all t at which both f and g are continuous, and furthermore

f(t) = g(t) for Lebesgue-almost every t € [0, 00).

In particular set Zg, to be the Laplace transform of g, := g(-,0,y). We recall

that

and observe that t — e *g,(t) is integrable for all v > 0. Note that from

exercise 5A.9 of [Gue9l],
e~ lylvVX

L9y(\) = W
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If we assume that [ is Laplace transformable, one would now like to rewrite

(3.2.1) as

LUNLgy(A) = /y 0.0 /O o / (9(r = 5,0, 2)my (1 (1)

+ O29(r — 5,0, 2)my(1)2(r))drdsdz.  (3.2.3)

Let us assume we can do this, and furthermore, to simplify things we assume that
my(l)2 = 0. We also observe that much simplification can be made if we suppose
that my(1)1(r) = my()1(r —s)my(1)1(s). We therefore set my(1)1(r) = e™*" for

some v > 0. The above equation now becomes

LI NZLgy(N) = /OO Wdz.
Thus
LUNLgy(N) = ! L9, Lg, ).

A +2)(VA+ VD)
Let us now assume that there is function ), : [0,00) — R such that ¢ —

e~ M, (t) is integrable for each A > 0 and whose Laplace transform is

1
A+ ) (VX+ V)

What we may now show is that if

my(5)0) = (g5 0)

then for all A > 0,
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L9, =$< [ [ ste=soa{ [ (memnet—s0
+ (my(y))2(r)d2g(r — 5,0, z))dr}dzds) (\) (3.2.4)

We remark that in order to justify this we require that

R </0 /:O 9.(—5) /:O %gz(r - s)drdzds> )

/yooj,ﬂ</0.gz(~s) /:o o;gyy(;)gz(rs)drds> (A)dz (3.2.5)

which is a straightforward change in the order of integration, observing that

we have already seen that the right hand integral is defined. Equation (3.2.4)
follows from this for all A\ > 0. We now use the inverse theorem for the Laplace
transforms and the continuity of the functions in question (which in the case of

1, is assumed for now) to deduce equation (3.2.1).

This is all very well, however the form we chose for m,(l) was by no way unique.

For example, suppose we now look for an [ such that

is a solution to the two equations 3.2.1 and 3.2.2. Denote by Z02g,(\) the

Laplace transform of da2g(+,0,y). We remark that
L0rgy(N) = fsgn(y)\/X.Zgy(/\).

We obtain from the first equation the expression
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1

LUNL90) = e

Z9y(N)-ZL D29, (v)

and so clearly my(v,) = (0, #w(y)) is also a solution for I = ,,. This
Yy

lack of uniqueness is disturbing- of course C, is an isometry between Hzlz and

Hy, so for any particular [ there should be no more than one m,(l) such that

kyl = Cymy (). It is also disturbing since the drift is given by

o) = [ [T ([ w502

+ 1y (1, )2(£)Bag(t — 5,0, z)dt)des (3.2.6)

and one would hope it is unique. We shall address both issues in one blow.

—vr

Suppose for now that m, (¢, )(r) = (e— 0). Then

fgy(”)’
(L,y) /Oo/oo ! (/OO (t 0,2) ”dt)dB
0y, (L, Y) = RN gt —s,0,z)e 25+
v Yy 0 Zgy(l/) s
: o —vt e Vs e VVE
Using [~ g(t — 5,0, z)e”"'dt = <5 — we have
0o 00 —vs,—\/vz
e Ve
0 V(L7y):/ / 7des
v , Do 2nZg,W)

:/ / ei\/;S(f‘/gzel’ydeS
Yy 0

‘We now remark that
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V(e ™ u
e Py Py
(& e
=\ / ———F=dB.;
—o00 J0 2\/_
[ ] = W
+ sgniz —yYy)VyvV——(———— zs
A NG
:/ / eiysei\/;(Z7y)des = 0y, (L7y>
0 Y

) y> + <€7U.avy>
v|
v

On the other hand, if we take my (1), )(t) = (0 then

vt
’ 3911(”))

/y‘x’ /0"0 (/00 Oag(t — S’Ovz)my(7/’u)2(t)dt) dB.,

is soon seen to be the same, since we get a Z02g,(v) term from d29(t — 5,0, 2),
which cancels with the Z02g,(v) in my (¢, )2. This gives us some hope that

0y, (L, y) is uniquely defined.

There is of course no problem here. If both m, (1,) and my (¢,) are elements of
X1 x Xo with kytp, = Cymy(¢,) and kyth, = Cym; (1,) then what is important

is that [|my(¢y) —my (¢u)[|r; = 0 by the isometry property of Cy. Furthermore

0v, (Lyy) = (my(¥), ((u0)", (v0)*)) = (my, (¥), ((u0)”, (v0)"))  a.s.

since

E[({my (40), ((u0)", (v0)")) — (my, (), (o), (v0)*)))?]

=y () — (42,3, = 0.
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We have yet to establish whether either of our solutions is in Hz// Actually, if
my (1) € X1 x X this is immediately obvious since (my (¥, ), ((©0)Y, (vo)Y)) is
an L?(Q) random variable from our definition of X; and X5. What we really
need to check is that we do have a solution in X; x X5. Suppose we take
my (1) = (%, 0). We need to show that % is in X, which is obvious

since its decays faster than (1 + ¢)272. This gives us one form of the solution,

although ultimately what is important to us is that we have a solution and an

expression for (my(¢,), ((uo)Y, (vo)?)).

3.3 Equations for ((hj,u,);x > 0) and ((hg,v,);x > 0) for

certain test functions h; and hs,.
3.3.1 An analysis of the properties 1, .

In the previous section we assumed the existence of a function 1, in L?([0,0))

whose Laplace transform is In this section we define v, by

S
A+ (VA+VP)©

(3.3.1)

1/} (t) 1 /OO e—l/S e—l/s d
V() = —= — s.
27 Jo Vit—sl  Vt+s

We have the following

Lemma 3.1. v, is a continuous function on [0, 00) which belongs to L?([0,0)).

Proof By a change of variable (s = tu), (3.3.1) becomes

> —vut 1 _ 1 U
wU(t):C\/E/O ‘ <\/|1u| \/1+u>d

Note that

1 1 2(1 A u) (33.2)

Vi-u Vitu Ji-@(VI-u+vItu)
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This blows up like |1 — u|~% when u is near 1, and converges like u™2 to 0

as u — oo. It follows that u +— \/;— — \/11+—u is a positive, integrable map

11—l

on [0,00), and since it is an upper bound for e~*“¢ (\/|11—u| - ﬁ), Yy () is
1 1

Jiu  Vitu
) in > O), from which it follows by the

dominates

well defined for each t. Furthermore if ¢,, — t then

the sequence (e"’“t" ( 1

1
\V|1—u| Vitu

dominated convergence theorem that

/OO e—l/utn 1 _ 1 du — /OO e—l/ut 1 _ 1 du
0 VIT—ul Vitu 0 VIT—ul Vitu

as n — oo. 1, is thus continuous. To demonstrate that v, € L?([0,0)), note

that

Ja
0

> Oo—uut 1 _ 1 U
:c/o t(/o e <\/|1—u| \/1+u>d> dt
[ 1 1 b gy
/0 /0 <¢|1u| ¢1+u> <¢|1s| \/1+s>/0 ' ddsd
_C/OO/"O 1 1 (R U D
o Jo Pe+u \Viou Vitu)\Vli-s Vits

o 1 1 ’
§C</0 E<\/|1—u|_\/1+u>d“>

using (s + u)? > 2su. A glance at (3.3.2) shows that the above integrand

converges to 1 as u — 0, hence by the previous comments the above integral is

finite.
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Lemma 3.2. The Laplace transform of 1, is

1
LY, (\) = N L) A > 0.

Proof We split the Laplace transform into two parts. The first is

1 %) Y /oo e~ Vs
— e ———dsdt
Qﬁ/o VIt —s|
1 o /\t< 7V(t s) /

= e dS +

sl () —

”“)tdtd 1 Ooe*@“)t / T st
e

(ﬁ f)vﬂ

where we have used

The second part is

2\t e
— dsdt
2./x / ‘ / Nri

71/(5 t)d 4
2f/ i

—At+vt
= e dtds
il
B 1\ 1
2\ Vv =X
Combining these gives
NV W 1

L (N) = \/X\/;(VQ —\2) - (\/X—f—\/;)()\-i-l/)
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Our goal is now to show that for any v > 0 and X > 0, (({(¢,, uz), (¥y,vs));x €
[0, X]) satisfies the original system (1.1.5). Recall that this follows from proposi-
tion 3.1 if we can show that ¢, € C; 5155 and further has a continuous derivative

such that

/ / Y ( NVEF T — /|t —t))dt'dt (3.3.3)
is defined.

Lemma 3.3. For any g € C'([0,0)) such that g(t) and ¢'(t) decay faster than

t72 ast — oo, define

OO 1 1
Lg(t) :/O g(s) (m - \/H‘—S> ds

(This is well defined if we only ask that g is bounded, and indeed the following
holds for such g. The above condition is purely for convenience and is sufficient

for our application.) T'g is differentiable on (0,00) with

sgn(s —t) 1
&Fg V/ <\/|t —sp i+ s)3> ds (3.84)

1 sgn(s —t) 1
:= lim = ]1 oo - ds
gy Mewouires(s )()<\/It8|3 ¢<t+s>3>

In particular, v, is continuously differentiable on (0, 00), with a derivative which
grows like t72 ast — 0. Furthermore, v, is in CO,%B and ), satisfies condition

(8.3.3) above.

Proof We show directly that lim,_q 3 (I'g(t + h) — I'g(t)) exists. First note

that [~ \%L)ds is differentiable with derivative —% [ ft(jr) ds by a standard
9(s)

argument. We now split fo \/—ds into
[t—s]|

as+ [ 28 g, (3.3.5)

/ 9(s) d8+/ 9(s)
o VIt t—e /|t — s t+e /|t — 5]
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for some € > 0. The first and third integrals are differentiable with combined

derivative

t—s t+€

Note that w /€ — 0 as ¢ — 0. We also remark that
t—e 1
5/ 78)ds+—/ 8,
2)o J({t—s)3 2 Jiqe /(s —1)3
g(s) 177 [ g9(s) 1™ > g'(s)
=_ { ] +/ ds — [ ] +/ ds
Vi—5].-9 0 Vt—s VS —1lstie t4e VS — 1
v v
— 4 ————ds
Vi 0 |t — s

1 t—e g(s)
as € — 0. Thus —1 25 2ft+€

b Jemr

which we define to be 1PV foo %\/L:‘dt)ds

( t —ds has a limit as ¢ — 0,

The derivative of the middle term in (3.3.5) is the limit as h — 0 of

P v [ )

[ gl - gls)
h/ts RV |t_5| d

which is ft+8 ~9)_45. The absolute value of this is bounded by [|9' [l /; t+8 ds,

Vs \/W

which we soon see is 2||g||s01/€ and converges to 0 as ¢ — 0. Therefore, if we cal-

culate & [ \/g%ds using (3.3.5) and letting ¢ — 0 we obtain & [ 96) 5 =

0 Vlt—sl|

1py [ gls)sen(s—t)
PV [ V= ds

The benefit of this is that v, = c['e™", which implies that v, is continuously
differentiable, and which we may use to check property (3.3.3). However, we

first check that ¢, € Cy s 43 by looking at the behaviour of ¥, (t) for large t,
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and we assume that t > 1 and 0 < ¢ < 1. Thus ¢ > t° and we have

The first integral is bounded by

[ (=)
—22vi— VI—F — VITF)

te te
ﬁ(ﬁ+ﬁ_F_ﬁ+ﬁTF)
4t25
(VE+VI—B)(VE+ I+ E)(VE— T + I+ )

which looks like t~2+2¢ for large t. The second integral is bounded by

€ o0 1 1
e vt / + ds
0 <\/|ts| Vit+s

which decays exponentially. Thus for large ¢, ¥, (¢) is bounded by ct—5t2e,
Choosing ¢ sufficiently small implies that 1, is in C’O% +5- We now check that

property (3.3.3). We first look at the behaviour of ¢, (t) when ¢t — 0. Note that

1/°° e Vs q 1 n /Oo e Vs q
—= ———ds=——+v —ds.
2)o (t+s)? Vi 0o Vt+s

Combining this with our expression for $PV [ %ds gives 9,(0) = 0.

This leaves us needing to check the behaviour of !, at co, and again, taking

0 <e<1andt>1, we note that

L 1 1
e <¢<t—s>3+¢<t+s>3>ds
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is bounded by

1 1 2 ct?
¢ (s/tte T irE %) T VIVE - E A VITEWE L

242¢

after a manipulation similar to above. This decays like ¢~ We also note

V=P sy

decays as fast as t~272¢ for small € > 0.

that PV3 [ e7v® (Sgn(s_t) S— ) ds decays exponentially, and so 1/, (t)

It will be useful later on to define (¥, )anti, the anti-symmetric extension of 1,

by
PRSI S A C)
("/)l/)antz(t) - 2ﬁ - \/m (336)
for all t € R, where
e Vs >0
EV(S) =

—e " s<0
3.3.2 A system of equations for ((¢,,uz);x > 0) and ((¢,,v,);z > 0).

Let us summarise what we have shown so far. For any ¥y > 0 and v > 0, we
have defined v, € L?([0, 00)) and shown that there exists m,1, € X1 x X5 such
that Cymyth, = kyth,. Taking gy, (¢, y) = My, ¢ — ((w0)y, (v0)y)), We know
that oy, (¢,y) is #, measurable, gy, (L,y) is in L'(Q) for each y and, when
considered as a function in y, is in L'([0, z]) for any given X > 0. It now follows

from theorem (1.5) that

W) = Wa(ih) — /O 0w (Loy)dy

is an (%,;x > 0) martingale. Furthermore, we have shown almost surely that
oy, (Lyy) = Vv{e ™ uy) + (€7, v,). One may deduce from the continuity in y

of (7", uy) and (e~"",v,) that this holds almost surely for all y € [0, X]. Since
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we have also shown that v, € CO,%-H? and that (¢!, u,) is defined, we have thus

shown that for all v > 0, (¢, u,) and (¢, v,) almost surely satisfy

<1/11/; um wu; UO + wu; Uy

%o

<wuavm wuaUO yauy + \/_< > (e_l,.,vy» dy

W (1) (3.3.7)

for all x € [0, X].

Let Y = Sp{{¢,; v > 0}). We can naturally define equations for u,, and v,, tested
against anything in Y. This is easier to write if we can find linear operators A;
and As such that A;(¥,) = /ve ™ and As(1h,) = e7*". This form allows us to

guess equations for (hi,u,) and (hg,v,) for a more general class of h; and hs.

A is straightforward to deal with. Define

*_hy(s)

t (s —1t)

Alhg(t) = — ds.

If ha(s) = e ¥* then

In order to determine Ay, we apply Fourier transforms, which we will denote by

F (taking F(z) = [p ¥ (t)e"#dt), to (3.3.6).
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Thus

Note that

\/g/ooo % cos(zt)dt = % = \/%/OOO % sin(zt)dt

for z > 0. We therefore get

/°° L e
— ¢ —
0 vV it vV 2z

and

0 s )
1, / 1 o, 14

e tdt = ——e*'dt = .

/_Oo \/7T|t| 0o Vvt \V32z

is symmet-

So for z > 0 we get F' | A= | (2) = \/E Furthermore, since
g (\/m)( ) z

ric, so its Fourier transform is also, and hence

1 2

This implies that

F(&)(2) =v/2[2lF (¢ )anti) ()

— ZﬂzbZF((wu)antZ)(z)

~V2 B by )

iv/lz]

where (1,)),+; refers to the derivative of (¢, )anti- Our previous observations

regarding the Fourier sine and cosine transformations of 1/4/|t| show that for
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82 ')) (2)=/3.=Z = \/% The antisymmetry of Sf/‘(—tl) gives

- sgn(-)) L) — Jarsen(z)
(m ARV

for all z € R. This implies that

F(&)(z) = F ((%);m « Sgnl) ) (2)

7| |

for all z € R and hence

eVt = T osent—s) L a(8)ds =1 A, (t
L (o) = Az )

for all ¢ > 0. Note that (¢,),,,;; is well defined since 1, (0) = 0.

3.3.3 Extending these equations for test functions hq, he € C5°([0, 0)).

We can now write that for any hy,he € Y and X > 0, (hy,u,) and (ha,v,)

almost surely satisfy

(h1, ug) =(h1,uo) + hl,vy

(hQ;Um hQ;UO hlzauy A AQhQauy> <A2h2,vy>)dy - Wm(hQ)

c\c\

(3.3.8)

for all x € [0, X]. As a shorthand, we shall say that ((hi,us), (he,vs)) satisfies
system (3.3.8) when the above is satisfied almost surely for a given z, even
though we should also include the terms (hf, uy), (A1 Asha, uy) and (Agha, v,).
To what extent can we extend this for hy € Cy 5,5 and ho € Cp 5,57 It seems
unlikely to extend for all hy € 007% 48 and hy € CO% +p since for this we would

require for all such hy that Ay Ashs € 007%_”3 and Ashsy € Co,%-w- This seems
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implausible, however we do have the following:

Proposition 3.2. For all hy € C§°([0,0)), A1Azhs € 007%+5 and Ashs €

Co.g+5-

Proof Suppose that the support of hg lies within [0, 7] and take ¢t > T. Then

Agha(t) :c/OT (\/tl__s + \/tle_s) h(s)ds
C/OT <(t 15)% e +1s)%> ha(s)ds

Thus
|[Azha(t)] <c /OT ((t _15)2 (¢ +1s)g) @
—c {(tfsr% +(t+8)*%} STZO
() ()
Now

1 1 Vi=VE-T T
Vi-T Vi ViVi-T  ViVi-T(i+Vi-T)

which for large ¢ looks like t=3. A similar expression for % — ﬁ allows us

to at least deduce that Ashs(t) < ct—% provided that ¢ > T, and hence Ashs is

in Cy 3,4, in fact in Cj 5, 5 even.

For t > T, the kernel in the expression for Ashs(t) has no singularities; so
we may differentiate with respect to ¢, taking derivatives inside the integral to

obtain
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The first term here is

32— (t-T)>
(t—T)3t3(t3 +(t—1T)3)

For large ¢ this looks like t~2. Therefore, provided that s > T, |(Aghs) (t+s)| <

c(t+s)~ %, so that

|A1A2h2(8)

IN

oo (4 —%
/ (G Y
0

This is finite, and so A; Azh2(s) goes to 0 at least as fast as s72. Thus A; Ashs €

Co,%+ﬁ'
| ]

We now know that the system (3.3.8) is well defined for hq, he in C§°([0, c0)).
What we do not know is whether (hy,u,) and (ha,v,) satisfy such a system for
any > 0. We have already shown that (hy,u,) and (hy,v,) satisfy the first

equation in (3.3.8) for any hy € Co,3 4 It is the second equation which is more
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problematic. Given f,, € Y we know that

) = Unetn) = [ (fvtn) + (A1 Aa st + (Aafoy o))y = WalF)
’ (3.3.9)
Our aim, given ho € C5°([0,00)), is to choose f;,, in such a way that each term
in (3.3.9) converges in L?(2) to the equivalent term with hy replacing f,,. It is
not immediately obvious that we may choose f,, to even converge pointwise to

ha. However we deduce from the form of ¢, given by (3.3.1) that

> 1 1
(Fo — ha)(t) = c/o <m _ \/H_S> Ao(fo — ho)(s)ds.  (3.3.10)

The reason this is of use is because for each n, Asf, is a linear combination
of exponential functions. We may therefore look to approximate Ashy by such
functions and look to deduce some information regarding the convergence of
the f,, from (3.3.10). The following is an application of corollary 3.7 of [dP71],

which is an extension of the Stone-Weierstrass theorem for weighted topologies.

Proposition 3.3. Let A be the subspace of linear combinations of exponential

functions. Then A is dense in Cp o([0,00)) for all o > 0.

3
27

We have previously seen that for any he € C§°([0,00)) and 0 < a <
Aghg € Cp,o([0,00)). We may thus choose f,, € Y such that | A2(fn—h2)||e — 0
as n — oo. As an aside, we remark that if o/ < « then ||A2(fn — I)||or — 0.
Thus in the following arguments, we may allow « to represent different values as

required, so long as we may eventually choose an « € (0, %) that is big enough

for all of our arguments to work.
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In particular, we observe that | f,,(t) — ha(t)| is bounded by
1 1

/0 \/|t—s|_\/t+s
<||A2(fn — h2)||a/000 <\/|tl——s| - \/tl+—s> (14 s)"%ds

[e%s} 1 1 .
:||A2(fn_h2)||a/0 <\/|t+1(s+1>| - \/(t+1)+(5+1)2> (8+1) ds

[A2(fn — h2)(s)|ds

:”A?(fn*h2)”a(1+t)ia+%/ B u”“du
e \VIL-ul L firu- 2
<Az (fn — ha)lla(1 + 1)t /OO 1 . udu
= 2\Jn — 12) ||« 2 -

0 \/|1*U| \/1+u—1i+t

where we have used the substitution (14s) = u(1+t). Since —=1/4/1 4+ u — 1L+t <

—1/v/1+u for all t > 0, it follows that

a0~ a0 < Aa( = )l1 400 [ ( V=t ﬂlM) uedy

and we have already noted that the integral is finite for any a < 2. Thus,

1 — 0
a—3

1o = h2llp < el A2(fa — ho)lla sup,so(1+6)° =2 and thus || fo — he|

as n — oQ.

We now investigate the convergence of each of the terms in (3.3.9). To begin

with, note that

/ T Ut) — ha0)2at < 1 f— a2, / Tty
0 0

which converges to 0 for any @ > 1. For such «, it follows that W, (fn) converges

to Wy (hy) in L2(Q). We now look at (f, — ha,v,). The norm of this in L2(Q)
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is

S e e

This is bounded by

o] t
1 1 1 1
W — ho)? 1/ / 1+t_0‘+51+t’_a+5< - )dt’dt
CHf QHafa 0 0 ( ) ( ) m P

which converges to 0 provided that the integral is finite. We have already seen
that this is the case provided that o — % > %, which is an acceptable choice of

«. This naturally deals with (f,,vo) as well.

We may follow the above argument to show that (As(f, — h2),vy) converges to

0 in L?(2) provided that 2 < o < 2. For the (A;As(fn — h2),us) term, we

recall that
* (Aa(fo = b)) (5)
(s — 1)

(provided of course that this is well defined, which we have seen is certainly the

A As(f — ha)(t) = — /

case for f, — ho above). We thus have

—c/ / (/ AQS {(:)ds) (/too %ds’) (VE+t — /|t —])dt'de

—c (s (s s e \/t+t/7\/|t7t/| ’ s'ds
/0 / (Ash)'(5)(Ash)'( >/O [ s

We deal with the ¢,¢ part of the integral first, noting that ¢ + ¢ > 2v/tt’ and

thus

At At

<
VEFE 4+ /Tt—] ~ V2(tt)i

Vit — /|t —t] = (3.3.11)

This now implies, along with the change of variables t = su and t' = s'u/, that

128



/S TV
0o Jo  Vs—tVi -t

/ / t At ' ds
Vs — /s — U (tt)7
u' Vu

s A s 4//mm(uu) du'du

-

where we have also used (s'u’) A (su) < (s’ A s)(u' V u). It now follows that

BllrAzh ) e [ [ (k) (9042 ()6 5)(ss) st
/ / (Agh) 2h)’ (s’)(s’)%s%ds'ds
—c/o o —((A2h(s)) s?ds—i—c/ / (Agh)'(s)s7 Axh(s')(s') T dsds’
— [ ah(e)2shds e [ A Aah(s)s s
+ c/ooo //OO Ash(s)s™ % Agh(s')(s') 7 dsds’
<c||A2h|\2/°O(1+s)- oghds
+ c||Azh) / / sTA(s)T(1+ 8)"*(1+ ')~ *ds'ds.
Of course, for this argument to work and for the final integrals to be finite,
there are restrictions on «, and one soon sees that it is sufficient that o > %

Replacing h by f, — ha, we have E[(A1 A2 (fn—h2), uz)?] < c||A2(fn—h2)||a — 0

as n — oQ.

The remaining term is ((f, — h2)’,uy). This is a little tricky since we do not

have a grip on the convergence of (f, — ha)’. However, (3.3.4) allows us to
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deduce that

o oo - ) sgn(s —t) 1 s
(fn_hQ)(t)—cPV/O Az (fn h2)<)<\/|t—s|3 \/(t+8)3>d-

From this it follows that

E[((fn = h2)',u0)?]

/ / (PV /OO (Sjlllitsrg - \/(t1+ 5)3) Az(fn = h?)(S)dS>

) sgn(t’ 75/) B 1 B Vs’ - —
'<Pv/o <\/|t’—3'|3 \/(t/+5,)3>A2(fn ha)(s")d )(\/t+t VE—#)drdt

sgn(l —s) 1 sgn(l —s') 1
v ) ( V=P ¢<1+s>3><¢|1—s'|3 ¢<1+s'>3>

/ / Aalfn = hQ)(St)f;(f” — 1)) (T I T)dtdeds'ds
0 0

The change of order of integration is justified by first defining the s and s’
integrals on [0,t — &) U (t 4+ €,00) and [0,t' — ) U (t' + €, 00) respectively (for
¢ > 0) and applying Fubini’s theorem in this case. We may then allow ¢ — 0 to
obtain the above equality, provided of course that the final integral is finite. If

we now use (3.3.11) we see that the ¢,¢’ integral is bounded above by

ol As(f —h2|\2/ /1—|—st (14 st ()

o ripi
:c/ / (1+7r)"*1+vr)"*4——=dvdr
o Jo si(s')1

following a change of variables (¢’ = tu followed by r = st and v = ‘5—) Now

1

/ / (1+T)70‘(1+vr)7o‘rév%dvdr:/ (1+T)7a7"5/ (1+u)70‘%dudr<oo
o Jo 0 0

ra
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provided o > %. In this case we have

VIE=sP /(1 +5)
sgn(l —s') 1 1 ds'ds.
(\/|1—s'|3 ¢<1+s'>3> A6

Any fears that the s’ integrand might have too great a singularity at ' = 0 are

E[{(fn = h2)',uy)*] < |l Ax(fn — ho) 2PV /Ooo PV /ooo (Sgn(l i )

allayed by the fact that 1 — 1 looks like s’ for small s’. We may

Va5~ ey

), and given he € C§°([0,00)) we may choose f, € Y such

5 3

now fix a € (4,5

that || A2(fn — h2)||a — 0 as n — co. What we have shown is that we may take

L?(Q) limits in (3.3.9) to obtain

Proposition 3.4. For any hq,he € C5°(]0,00)) and x > 0, ((h1,us), (h2,vs))
satisfies system (8.5.8).

Suppose we now take X > 0. We are now able to find a set A, € F
such that P(A;) = 1 on which ((hy,us), (ha,v,)) satisfies (3.3.8) for all z €
[0, X]N Q. We can also find As € . with P(A2) =1 on which all the terms in
(3.3.8) are continuous on [0, X]. Thus, 4; N Az is a set of measure 1 on which

((h,ug), (h,vy)) satisfies (3.3.8) for all z € [0, X].

3.4 The Martingale Problem and other unresolved issues.
3.4.1 Defining a generator.

Let f € C§°(R™ ™) and suppose that hi, -« hAptm € CSP(R). We define a

process (F(ugz,vz);2 € [0, X]) by

Fug,ve) = f((h1,uz)y ooy By g )y (Bt1,Vz)s - ooy (P, Vs ).

It6’s formula now implies that
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Pl ve) = Fluo, ) = 3 [ 00f (1,10 (im0 ks )y

- Z/ an+jf(<h1a“y>a cees (hn-l-mavy))((h;wrja uy> + <A1A2hn+ja uy> + <A2hn+javy>)dy
— Jo

- Z Z/ n+js n+k aj-i—nak-i-nf((hla uy) ) <hn+ma Uy>)dy

Jj=1 k=1

is an (Z,;z € [0, X]) martingale. Of course, we may view F as an element of
FC(C5e([0,00)) x C§°([0,00))) C B(F), and it is now tempting to define a

generator G on this subset of B(FE) by

NE

gF(uv ’U) = <hza v>8zf(<h17 u>a LR <hn+ma ’U>)

.
Il

="

((hy s u) + (ArAzhn g, u) + (A2hng j,0))0jn f ((h1,u), - ..

<.
Il
—

Z n+j nJrk aj+nak+nf(<hl7 >a ceey <h’n+mvv>)' (341)

k=1

Ms

Il
—

J

There is no hope that GF € B(FE), but more pressingly, at the moment we
do not even know if it defines a function on E. We have demonstrated that
GF(ug,v,) is defined for all > 0, but for GF (u,v) to be well defined for all
(u,v) € E, we need to know that for all h € C§°([0, 00)), that h, h', A1 Ash € X,
and that h, Ash € Xs. If this is the case, then we have some hope of setting up a
martingale problem to which ((uz,v;);2 € [0, X]) is a solution. As a result, the
next section discusses in greater detail our assumption that we have a suitable

space F in which ((us,v,);x > 0) takes values.
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3.4.2 A separable Banach space setting for (v,;x > 0).

Let C : D(C) — L?([0,00)) be a positive, densely defined closed operator on
L?([0,0)) defined by

Ch(t) = /O‘X’ C(t, s)h(s)ds

for some positive kernel C. If C' is symmetric, then C is a symmetric operator.
We can extend this as a symmetric operator on L?([0,00); C) by defining C(h; +
ihg) = Chy + iChs for hi,hs € D(C), and we remark that

(C(h1 +iha), h1 + ihe) = (Chi, h1) 4+ (Cha, ha) + i(Cha, h1) — i(Ch1, ho)

from which it follows that the extended C is also positive. We now look at
RZ(C—il)* and Z(C+il)*, where Z denotes the range. For hy, ha, g1, g2 € D(C),
one soon sees that ((C —iI)(hy +ihz), g1 +ig2) = 0 for all hy, hy € D(C) if and
only if Cg; = g2 and Cge = —g¢1, and that ((C — iI)(hy + iha), g1 + ige) = 0 for

all hy, ho € D(C) if and only if Cg1 = —go and Cga = ¢1. Clearly then
Z(C —il)* N (D(C) 4 iD(C)) = Z(C +il)* N (D(C) + iD(C)).

Thus the dimensions of Z(C +iI)* and Z(C — il)* are the same. Referring
to section 13.20 of [Rud91], C thus has a self-adjoint extension, which we also

denote by C, and which furthermore has a self adjoint square root, that is

C? : D(C%) — L*([0,0)) such that CZC% = C (see theorem 13.31 of [Rud91]).

Suppose now that L2(]0,00)) is embedded in a Hilbert space H and that Cz :
L?([0,00)) — H. IfC 7 is Hilbert-Schmidt, then for a cylindrical Wiener measure
o on L2([0, 00)), C%,uo is a Radon Gaussian measure on H by Sazonov’s theorem
(see [Sch73]). Define an operator K : D(K) — L*([0,00)) on L?([0,00)) by
Kh(t) = [;7 k(t,s)h(s)ds for some kernel k, and take H to be the closure
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of D(K) under the norm [[Khl|js. We require that K is injective so that || -
||z really is a norm. We shall assume that k(¢,s) is of the form k(t,s) =
k(t — s), where k : R — R is symmetric. The covariance of Cz is given by
[1(hy ®) 11 (9, ) C? po(d). Assume that we may find a basis {e;} C D(C?) for

L?([0,0)). We look to approximate the covariance by

o ) o )
L2 k=0 H k=0 H

(CHen(a.CHe)n [ (0.e0ne(d)

-

K2

Il
=]

Jj=0

(h.CZe;)n(g,C3ei)n

o

~
Il
=]

Suppose that h, g are such that that Kh, Kg € D(K), and furthermore that
K?h,K?g € D(C%). It then follows by the symmetry of both K and Cz that

the above expression is

zn:(c%KQh, e C2K?g,e;).

i=0
This converges as n — oo to (C2K2h,C2K2g) = (CK2h, K%g). Provided that
Cs L?([0,00)) — H is continuous, this is the covariance of C2 g for h and g in
the domain of K2. In fact, as mentioned above, our aim is to choose K so that
C? is Hilbert-Schmidt. Suppose that we choose k so that k(t,-) € D(C?) for all
t € [0,00). Note that if k(¢,-) € D(C), then ||C2k(t,)||2 = (Ck(t,-), k(t,-)), so

we may deduce that k(,-) € D(C2). We then note that

2

ZHC%@H?{:Z/ </ k(t,s)Céei(s)ds) dt
i=0 i=0 70 0

134



NHM8

/OOO (/ ¢, )(S)Gz‘(S)dS>2dt
/OOO s))*dsdt

/ Ck(t k(t, s)dsdt
0

:/O /0 C(s,7) (/OOO k(t,r)k(t,s)dt) dsdr

which provides a condition which k must satisfy in order that C % is a Hilbert-

Il
N

Schmidt operator.

Let us put this in the context of the process (v,;x > 0). We have already seen,

for hy, ho € Coy%Jrﬁ, that

1
E[(h1,ve)(ha, vz)] / / hi(t)ha(s < dsdt.
VIt —s| CVi+s

Set Cy(t, s) =

‘tl_s‘ _ \/tlT and C,h(t) = [;° C h(s)ds. This fits into the

above setting. We need to find some k(t, s) such that k(¢, ) € CU% and such that

/ Cv(t,s)/ k:(t,r)k:(r,s)drdsdt‘ < 00
o Jo 0

Suppose we take k(t,s) = (1 + |t — s|)* for some a < —i. Remark that for

(IT+ft—r)*<(@+r)" (1+’1_ (iii)’)a

Thus a little manipulation implies that

r >0,
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/OOO /OOO Cu(t, ) /OOO k(t,r)k(r, s)drdsdt

o0 oo oo 1 1 3 9
< (1+r)2ree
0 s /o=

ViE=sl s — &
(11— t)*(1+ |1 — s[)*dsdtdr

g/ (1+r)%+2adr-/ / Colt, ) (14 1 — )1 + 1 — s)*dsdt.
0 0 0

We have already seen that the s, ¢ integral is finite if « < — %, whilst the r integral

is finite if @ < —2. Remark that C,k(t,-) € L?([0,00)) and [(Cok(t,-), k(t,-))| <

Soe

oo for such a, so we may assume that k(¢,-) € D(CZ) for all t > 0. We also
remark that D(CU%) includes C§°([0, 00)) so it is possible to find an orthonormal

basis for L2([0,00)) in D(C?).

We thus take H to be the closure of {h € L?([0,0)) : K2h € L?([0,0))} under
the norm |||z = || Kh|2. In this setting, CU% o is a Radon Gaussian measure
on H. Suppose that g € H, and h € D(K?). We can define a linear functional
on Z(K?) by g(K?h) = (h,g)u. Note that |g(K?h)| < ||h||x|lgllz. Suppose

further that K?h € Cy 3, 5. Then
IRl = / (1+ ) FIRK2h(t) - (1+6)" 1 h(t)dt < c| K2hl|3 gllh]2.

Of course, ||K2h|\%+ﬁ|\h|\H < c(||K2h||%+ﬁ + ||h]|]2)?, so we define ||K2h|x, =

||K2h|\%+5 + ||h||2 and set X5 to be the closure under this norm of {K?h €

Cozyp i h e D(K?)}. Thus any g € H defines an element of Xj, so we may
1

think of CZ po as a Radon Gaussian measure on X;. (More precisely, we may

embed H in XJ, and use lemma 2.2.2 of [Bog98] to deduce that the push-forward

1
of C3 uo is a Gaussian measure on XJ. The fact that the push-forward is Radon
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follows from the continuity of the embedding.)

Intuitively now, the law of v, should be CU% . The problem with this is that all we
can say about v, is that it has a modification, which we also denote by v, which
takes values in RX2. To spell this out, the law of v, is defined on the cylinder
sets {¢p € RX2 : ¢(hy) € By,...,¢(hy) € By} where n € N, By,..., B, € B(R)
and hy,...,h, € Xo, whilst Cv% o is defined on the cylinder sets {¢ € X5 :
hi(¢) € By,...,hy(¢) € By}, where again n € N and By, ..., B, € B(R), and
hi,...,h, € (X3)*. We denote the o-algebras generated by these cylinder sets
E(RX2) and £(X}) respectively. (This is consistent with Bogachev’s notation in
[Bog98], where £(X) is defined to be the smallest o-algebra making all elements
of X* measurable. In our case, the topology on R¥? is the coarsest topology
which makes the maps ¢ — ¢(h) continuous for all h € X5.) Define j : X5 —
R*2 by j(¢) = ¢. One clearly sees that the preimages under j of the cylinder
sets in RX2 are cylinder sets in X3, since each h € X5 defines an element in
(X3)*. We may thus use lemma 2.2.2 of [Bog98] once again to deduce that
CU% o defines a Gaussian measure on £(RX?). Furthermore, if ¢,, — ¢ in X3
then ¢, (h) — ¢(h) for all h € X5. Thus j is continuous and it follows that CU% o
is Radon on & (RX2 ). We have constructed CU% 1o to have the same covariance as
the law of v, so it is easily seen, for example, that CU% 1o coincides with the law
of v, on the cylinder sets of R*2, and hence on £(R*2). Thus for each x > 0

the law of v, has support in X;.
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3.4.3 A martingale problem associated with G.

We now take U C C§°(]0,00)) x C§°([0,00)) such that, for (hy,hs) € U,
hl,hé,Ath S Xl, and hl,hQ,AlAQhQ S XQ. Define

SY = {F € B(E) : F(ua ’U) = f(u(hl)v s 7u(hn)vv(hn+1)v s 7v(h2n))v

f S Cgo(Rn—i-m), (hiahn-i-i) S \I/},

and define GF as before for F' € §¥. We thus define a martingale problem for
(Ag, u), where Ay € B(E) x m(E) is defined by

Ay ={(F,G): F €3V, G =GF}.

and p is the law of (ug,v9) on E. We now have a modification of ((u,,v,);z €
[0, X]) which takes values in E. Suppose that this modification, which we also
denote by ((uy,v:);z € [0,X]), is a solution to the martingale problem for
(Ay, 1), and specifically that F(ug,vs) — [ GF (uy,vy)dy is an (Fu;x € [0, X))
martingale for all F € FU. (In particular, we need to prove either directly
or using the form of (3.3.8) that ((ug,v.);x € [0,X]) really is adapted to
(jm;x > 0).) Note that although we do not know that GF is continuous in
FE for F € §V¥, it may be viewed as a continuous function on a Euclidean space,
so that in reference to the remarks in section 1.1.3 which relate to the adapt-
edness of (F(uq,vz) — [ GF (uy,vy)dy;z € [0, X]) to (Fu;x > 0), this is easily

seen to follow from a suitable choice of 7,.

If we can show that for any x the law of (£;,7,) is the same for any solu-
tion ((€x,7:); ¢ € [0, X]) of the martingale problem for (Ag, 1) with respect to
(€ [0, X]) then the Markov property follows from the first part of theorem

1.1. The strong Markov property does not immediately follow however because
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it is not true that for F' € §U, GF € B(FE). In order to overcome this, and
also to better understand the one dimensional distributions for solutions of the
martingale problem, we shall first show that any solution of the martingale has

the same form as ((uy,vz);2 € [0, X]) in some sense.

Proposition 3.5. Let ((§;,1:);x € [0, X]) be a solution of the martingale prob-
lem for (Aw, p) with respect to some complete filtration (%;x € [0,X]). Then
for every (hi,hy) € U there exists a (Z;x € [0, X]) martingale W (hs) such
that for each z > 0,

(h1, &) =(h1,u0) + h1a77y

<h2577x h’27’UO hl2;§y A A2h27§y> <A2h2777y>)dy

Nc\

— W (hg) (3.4.2)

almost surely. Furthermore, for any two (hy, h2) and (hs, hy) in U, the quadratic

variation of Wy (hs) and W, (hy) is given by

(We(ha), Wi (ha)) = (ha, ha)a.

Proof For (hy,hs) € ¥ we define (%;;x > 0) local martingales (M!1;z > 0)
and (W, (he); z € [0, X]) by
(hla 77y>dy

x

<h23 Cy)dy

Mhl :<hla§z> -

Wz(hQ) =<h2,771> -

S— —

Here we have written

(ha, Cy) = —(hh, uy) — (A1 Azha, uy) — (Azha,vy)
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for convenience. The first equation in (3.4.2) is M = Mé“ almost surely,
which we obtain by showing that E[(M" — MJ")?] = 0. To this end, we note

that

(hi, &)2 — 2 / (h, &) (11, )y
0

is a (%;x € [0, X]) local martingale. As a result

(.= [ tmsan)

-9 /j(hhﬁy)(hb y)dy = 2(h1, &) /0

=2 /Om (Mj}l + /Oy(hl,nz>dz) (h1,my)dy — 2 (/Ox<h1,77y>dy)

2

+ </ (hl,ny>dy> + loc. mart
0

Remark that since the function (h1,ny)(h1,7,) is symmetric in y and z,

2/; /Oy<h1,ny)(h,nz>dzdy:/om /Oz(hl,ny><h1,77z>dzdy: (/j(hl,mdy)

and furthermore, by stochastic integration by parts,

2

x 2
(h1,my)dy + (/ <h1,77y)dy) + loc. mart
0

2

x

—QM;“/O (h1,ny)dy
2

2/ M§1<h,ny>d:2Mj;1/ <h1,ny>dy72/ (h1,ny)d M)
0 0 0

where the last term is a (%; x € [0, X]) local martingale. Thus ((h1,&) — [3 (b1, ny>dy)2

is a (%y;x € [0, X]) local martingale. Consequently

E l((hlaﬁﬁ = (h1,u0) — /Om(hlanwdy)Q] =0

and we obtain

(h1,&2) = (h1,uo) +/O (hi,my)dy  a.s.
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We now need to calculate the quadratic variation (W (hs), W (ha))s for (hy, ha),(hs, ha) €

W, so we look at W, (ha)W, (hs). This is given by

x

(<h2,nz> - ) - [ m<h2,<y>dy) (<h4,nz> ~ (havoo) — |
= — Wy (h2)(ha, vo) — Wa(ha)(h2,vo) — (h2, vo)(ha, vo) + (h2, ne) (ha, 1)

~ o) [ GGy = (e} [y [ Gy [l

(ha, <y>dy)

x

Furthermore

<h2777:c><h4;77x> - <h2,vo><h4,vo> - /Om<h2,4y><h4,77y>dy

- [ gt [ [ haa(siasay

is an (F,; 2 > 0) martingale, and so W, (ho) Wy (hy) is

/ ’ / " ha(s)ha(s)dsdy + / (e, G (o my)dy — (e / (ha ¢,y
0 0 0 0
+ / (ha, Cy) sy — () / (ha, &)y

+/ <h2,Cy>dy/ (ha, §y)dy + loc. mart.
0 0

As before, a stochastic integration by parts gives us

. x x Yy N
Wz(hm')/o <h2(37i)aCy>dy:/O /0 (hae3—iy, C)dzd W, (ha;)

+/ Wy (ha;)(hag3—iy, Gy )dy
0

for ¢ = 1,2, from which it follows that
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x

/ (hziany><h2(3—i)aCy>dy— <h2ianm>/ <h2(37i)aCy>dy
0 0

- < / I<hzz-,<y>dy) ( / Z<h2<3_i>,<y>dy) [ a6 ey sy

+ loc. mart.

Since

x Yy T Yy
/ / (ha, o) e, C)dedy + / / (ha, ¢,) (s, C.)d=dy
0 0 0 0

( / <h2,§y>dy> < / <h4,<y>dy>

it soon follows that

We (ho)Wy(ha) :/ / ha(s)hy(s)dsdy + loc. mart.
o Jo

Thus
(W (ha), W () = /0 ' /0 ™ ha(s)ha(s)dsdy.

3.4.4 The Markov property for solutions to the martingale problem
for (Ag, ).

For the moment, we suppose that we have spaces Xi1, X3 and ¥ such that all
solutions to the martingale problem for (Ay, 1) have the same finite dimensional
distributions, so that ((ugz,v:);z € [0,00)) is Markov with repsect to (jm, x>

0). We thus have

E[F (tgiz) Vorz)| Fa) = BIF (tgyz, Voyz)|te, vs]  as. (3.4.3)
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We would now like to translate this into something meaningful about (u(z,t);x €
R,t € [0,00)), the original solution of (0.1.1). If we let f € C§°(R™) and

h; € C§°([0,00)) for i =1,...,n, then one possible form of F(us,vs) is

f(Amm@W@JML“wAmhﬁﬂmaﬂ&).

(3.4.3) holds for such functions, and by approximating n]l(tﬁ% ;) by functions of
compact support and using the dominated convergence theorem, we can replace
each h; by n]l(tr%,ti]' A second use of the dominated convergence theorem as
n — oo gives (3.4.3) for F(uy,v,) = f(u(x,t1),...,u(z,t,)) for any ty,...,t, €
(0,00). It soon follows by approximating @;-_, 14, (where A; € B(R)) in L'(R)

by functions with compact support that

P(U(Z'+Z,t1> € Alv" ,U($+Z,tn) € An|<g2\z)

=P(u(x + 2z,t1) € A1, ..., u(x + 2,t,) € Aplug, v,),
or rather by a monotone class argument
P(u(z + 2,-) € AlF,) = P(u(z + 2,-) € Alug, v,)

for any A € B(C([0,00))). Strictly speaking, for (u(zx,-);x > 0) to be Markov
with respect to (Z,;x > 0) we require P(u(x + z,-) € A|.Z,) = P(u(z + z,-) €
Alu(z,-)). However, we can still think of this as a Markov property in terms
of splitting fields. We can set 52([0,z] x [0,00)) = o(u(y,-);0 < y < z) V
0 (Ug,vy) and J([z,00) x [0,00)) = o(u(y,);z <y < 00) Vo(ug, vy), and since
0 (g, vz) C H([0,2] % [0,00)) C .Z, it follows that o (ug,v,) is a splitting field

for ([0, x] x [0,00)) and 7 ([z, 0) X [0, 00)).

We cannot compare directly with the result of [NP94], which demonstrates that
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PB*({z} x [0,00)) is a splitting field for B*((—o0, z]) and B*([r,0)), and is in
fact the minimal splitting field. (Here we have recalled the notation of definition
0.2.) In our case, o(uy,vy) C B*({z} x [0,00)), but also ([0, z] x [0,00)) C
P"(]0,z] x [0,00)) and J([x, 00) x [0,00)) C B*([x,00) X [0,00)). In order to
compare with [NP94] we need to be able to say more about o(uy,v,). In any
case, one may hope that further analysis of (u,; > 0) and (v,; 2 > 0) may give a
clearer description of the splitting field o(u,,v,). For example, if we can show
that o(ugz,vy) = B({z} x [0,00)) then we obtain the result of [NP94] for these
specific sets, and in particular we see that the additional information required
at the boundary is exactly that given by v,. On the other hand, it could be the
case that o(ug, v;) does not contain any more information than o(u(z,-)), and

in this case we really have the sharp Markov property.

Let us discuss briefly the strong Markov property, and in particular whether we
can apply the second part of theorem 1.1 for progressively measurable solutions
((€z,mz);x € [0,00)) to the martingale problem for (Ag, p) with respect to a
filtration (%;x € [0,00)). For F € FU defined by F(u,v) = f({h1,u), (ha,v)),

F(&manm) - /OI gF(&zanz)dZ = F(UOaUO) + /Om an(<h’€y>’ (lvny>)dWy(h2)

almost surely, where (W, (ha); x € [0,00)) is a (%y; x € [0, 00)) martingale. With
reference to (1.1.3) in the proof of theorem 1.1, we denote the left hand side by
Z(x). Note that, regardless of whether ((h1,&;);z € [0,00)) and ((he,n:);z €
[0,00)) are continuous, (Z(x);x € [0,00)) has a continuous modification using
the Kolmogorov—éentsov continuity criterion. In order to make the proof of
theorem 1.1 work, we need to show that for any almost surely finite (%,;x €

[0,00)) stopping time 6 and x,y > 0,
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ElZ(x +y+ 0)|%t0] = Z(z +0).

The optional sampling theorem tells us that for any X >0
EZ((x +y+0) N X)|Upto) = Z((x +0) N X).
Take A € %,+¢. Suppose we can show that
E[(Z((z+y+0) A X) = Z((x+6) AX)1a] = E[(Z(z +y+0) — Z(x +0))14]

as X — oo. Since the left hand side is 0 for all X, this would give the desired

result. To show this, it is enough to show that
Z(xz+y+OANX)—Z(z+0)NX) > Z(x+y+0)— Z(x+0)

in L?(Q) as X — oo. Fora < b, Z(b)—Z(a) = fab Ao f ((hi,E.), (ha,n.))dW, (hg)

and so

Z(z+y+OANX)—Z(a+0)ANX))— (Z(x+y+0)—Z(x+0))

:/0 an(<hla§Z>; <h23772>) (]1((x+9)/\X,(:c+y+9)/\X](Z) - ]l(z+0,x+y+0] (Z)) sz (h2)

This converges to 0 in L?(Q2) if and only if

/0 E {(a2f(<h17§z>a (h2,1m2)) (]l((z+9)AX,(z+y+9)AX](Z) - ]]-(I+9,z+y+9] (Z)))Q} dzds

does. This is bounded by

° 2
||02f||oo/O E |:(]1((m+9)/\X,(z+y+9)/\X](Z) — T (atb,04y+0)(2)) } dz

145



which is equal to

C/O /Q ]l{w:x+9(w)<X§x+y+0(w)}]l(X,:nerJrG(w)](z)

+ 1w x <a46(w)} La46(w),at+y+0(w)] (2)P(dw)dz
=C /Q(:L' +y+ 9((*}) - X)]l{w:x+9(w)<X§x+y+0(w)} + y]l{w:X<m+9(w)}P(dw)

<cyP(z +y+0> X).

This converges to 0 as X — oo since 6 is almost surely finite.

Assuming that all solutions of the martingale problem for (A, 1) have the same
one dimensional distributions, and that ((us,v;);z € [0,00)) is progressively

measurable with respect to (jm, x > 0), it follows that

E[F(uz-i-@; U1+9)|F9] = E[F(Uzw, Uz-i-@)luza UI]

for all bounded F' : F — R and all almost surely finite stopping times 6 and
x > 0. Let us comment on the progressive measurability of ((uy,v:);z > 0),
assuming the process is adapted to (jm,x > 0). For X > 0 define vX and vX
to be the processes u and v respectively restricted to [0, X]. Define a set B =
{(u,v) € E : (h1,u) € By,...,{hn,u) € Bp,{hnt1,v) € Bpi1,...,{han,v) €
Bo,} where h; € Xy fori=1,...,n, h; € Xofori =n+1,...,2nand B; € B(R)
for i =1,...,2n. We wish to show that (u,v¥)"*(B) € B([0, X]) x Fx. The
remarks of section 3.1.3 imply that each ((h;, uz); z € [0, X]) and ((hpyi, vz); T €
[0, X]) has a continuous modification. Since (F;z € [0,X]) is a complete

filtration, it follows that (u”,v¥)~! € B([0, X]) x .Zx provided that
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{(z,w) : (hi, uz)(w) € By, (hpyi,vz) (W) € Bpgiy i =1...,n}

N ([0, X] x {w : (hi, ™) (w), (hpyi, v )(w) continuous fori = 1,...,n})

is, which follows from the remarks in [EK86], section 2.1.

3.4.5 Uniqueness of solutions to the martingale problem.

There are clearly a number of issues here yet to be resolved. Perhaps the
biggest open question is whether it is possible to show that the solutions of
the martingale problem for (Ag, 1) have unique one-dimensional distributions.
Unfortunately we are as yet unable to answer this, although we make the fol-
lowing remarks about it. If (({z,7n.); 2 € [0, X]) is a solution of the martingale
problem for (Ay, ), then there is a specific noise (Wy;2 € [0, X]) such that
((€z,mz);x € [0,X]) satisfies the system (3.4.2). We would like to think of
((€2,m2);z € [0,X]) as being a strong solution for the noise W and the initial
condition (&, 10) = (ug,vp). One way we might make this more precise is by
thinking of (((h1,us), (ha,vs));2x € [0,X]) as a strong solution to (3.4.2) for
(h1,hg) € . The problem with this is that our system is not closed- it depends
also on the term (hf, &)+ (A1 Asha, &)+ (A2ha, 0, ). In any case, our hope is that
for the given initial condition (ug,vp) and a noise W there is one, and only one,
solution to (3.4.2). We denote this by (&,,7.) = ®(, (u, v0), W). We would
thus like to show that any solution of the martingale problem for (Ay, p) has the
form (®(x, (uo,vo), W) for some noise W such that (W (hs), W (hs)) = (ha, ha)
for all (hy,ha), (hs, hs) € ¥, and hence all solutions of the martingale (Ag, )
have the same one-dimensional distributions (in fact, the same law, so this is

clearly more than sufficient).
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The success of this approach depends largely on whether we can show that the
solutions to (3.4.2) are unique given a noise W. Although we are attempting
to show more than we need here, this approach has the benefit that uniqueness
reduces to the uniqueness of a deterministic system of equations. Indeed, if we
denote the difference between two solutions of (3.4.2) by (Zg,©), then for all

(h1,h2) € ¥ we have

(h1,Z) :/ (h1,0,)dy
0

(ha, ©) :-/ (By,E,) + (A1 Asha, 2)) + (Ashs, Oy (3.4.4)
0

for all x € [0,X], and Eg = Og = 0. For any h € C§°([0,00)) such that
(h,h) € ¥ we can write this as

d? _ _ _ d _
@Ul, Ee) + (W, Z) + (A1 Ah, Ey) + a(Agh, E.)=0.

Intuitively then we would like to be able to show that the equation

82 0 * Ak *a¢
@ ((E,t) — —¢($,t) + A2A1¢(.’L‘,t) + AQ%

pr (x,t) =0

has only the zero solution when supplied with boundary conditions ¢(0,t) =

2

5202, t)[z=0 = 0 for all £ > 0. In fact, there is very little hope for this without

also knowing that ¢(z,0) = 0 for z € [0, X]. However, we have assumed this
condition for our original process u(x,t) satisfying equation (0.1.1), so we may

include this condition as some further property of the space E.

Since this uniqueness problem is unresolved, we do not attempt to discuss it here.
However, we point out that if the uniqueness of the above partial differential
equation is to be enough to provide uniqueness for solutions to the weak form

of our equation, we need to know that the weak form is defined for ‘sufficiently’
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many test functions h, whatever is meant by that. This involves choosing ¥
as large as possible such that ((us,vz);2 > 0) solves the martingale problem
for (A, p). Naturally, the smaller the set ¥, the less hope we have of finding
uniqueness to the above weak equation. Let us offer some heuristic why it seems
plausible that we can take ¥ = C§5°([0,00)) x C§°([0,00)). To begin with, it is
clear that for any h € C5°([0,00)), h and A’ are in X;. In fact, we can easily see
that Ash € X7 also. Indeed, when we investigated the tail of Ash we saw that
|A2h(t)] < c ((\/%—T - %) - (% - ﬁ)) for t > T, where the support of
his in [0,T]. Our previous estimate was rather crude, and it is in fact possible

to show this bound is

cT?
VE—TVIFT(VE =T+ VE+T)(Vt+VE— T2Vt +Vt +T)2

which looks like t~3.

For X5, we still look to use the ideas of section 3.4.2, but a more fruitful route

could be to take
H={h:(I-A)"2m(—A)"2he L*([0,0))}

where A is the Laplacian with Dirichlet boundary conditions at zero, and m
is a positive weight function. If one assumes that CU% and (I — A)’% have
representations as symmetric kernel operators, where the kernels have certain
favourable properties, and furthermore that they commute (and we observe that

A and C, do commute), then it is possible to show that

1 oo oo 1 1
CZe;ll? :c/ m(t / — k(t, tdt'dt
lciediy = | m() | (HH,' ww) (t.1)
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where k(t, ') is the kernel of (I — A)~!, which looks like e~!*=*'l. Formally we
have

(h,vg) = (I — A)2m™ (I — A)2h,v,)p.

Thus we might think of v, as a bounded linear functional on a subspace of
Co, 245 containing h satisfying m~2(I—A)zh € L2([0,00)). The benefit of this
approach then is that we reduce to checking tail properties of (I — A)%h. It is
tempting to compare this to the tail properties of h’. In particular, for h € C§°,
h' can be integrated against any continuous weight m, and we already have an
idea of how quickly (A2h)" decays. However, at the time of writing more work

is needed to turn these ideas into a precise argument.
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