THE UNIVERSITY OF

WARWICK

University of Warwick institutional repository: http://go.warwick.ac.uk/wrap

This paper is made available online in accordance with
publisher policies. Please scroll down to view the document
itself. Please refer to the repository record for this item and our
policy information available from the repository home page for
further information.

To see the final version of this paper please visit the publisher’s website.
Access to the published version may require a subscription.

Author(s): JQ Smith, PE Anderson and S Liverani

Article Title: Clustering with Proportional Scaling

Year of publication: 2008

Link to published article:
http://www2.warwick.ac.uk/fac/sci/statistics/crism/research/2008/paper
08-04

Publisher statement: None


http://go.warwick.ac.uk/wrap

Clustering with Proportional Scaling

Jim Q. Smithy

Department of Statistics, University of Warwick, Coventry, UK, CV4 7AL

Paul E. Anderson

Systems Biology Centre and Department of Statistics, University of Warwick, UK
Silvia Liverani

Department of Statistics, University of Warwick, UK

Summary. Conjugacy assumptions are often used in Bayesian selection over a partition be-
cause they allow the otherwise unfeasibly large model space to be searched very quickly. The
implications of such models can be analysed algebraically. In this paper we use the explicit
forms of the associated Bayes factors to demonstrate that such methods can be unstable un-
der common settings of the associated hyperparameters. We then prove that the regions of
instability can be removed by setting the hyperparameters in an unconventional way. Under
this family of assignments we prove that model selection is determined by an implicit sepa-
ration measure: a function of the hyperparameters and the sufficient statistics of clusters in
a given partition. We show that this family of separation measures has desirable properties.
The proposed methodology is illustrated through the selection of clusters of longitudinal gene
expression profiles.

Keywords: Bayes factors, classification, non-conjugate analyses, g-priors, clustering, sep-
aration measures.

1. Introduction

When a model space is vast, it is often expedient to select a Bayesian model using conjugate
priors; see for example Barry and Hartigan (1992) and Heard et al. (2006). The Bayes
factors then have a simple algebraic form so the comparison of two models is then almost
instantaneous. This makes search algorithms for models with high posterior probability
in this huge partition space orders of magnitude faster than their numerical non-conjugate
analogues.

In this paper we demonstrate that the explicit nature of this type of selection algorithm
has another advantage. The properties and characteristics of the algorithm can be studied
algebraically. In our particular case, its underlying geometry is linked with the well-studied
behaviour of products of t-distributions; see for example O’Hagan and Le (1994), Chipman
et al. (2001) and references therein. This enables us to explain not only how and why con-
jugate Bayesian model selection can break down under default settings of hyperparameters,
but also to show that most of these apparent anomalies are removed if the hyperparameters
are calibrated to plausible pre-posterior predictions, within a particular subfamily of these
conjugate models.

tAuthor to whom correspondence should be addressed: j.q.smith@warwick.ac.uk
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2 J. Q. Smith, P. E. Anderson and S. Liverani

In the next section we briefly review the geometry of the types of products of t-densities
which form the marginal likelihoods of this class. In section 3 we demonstrate how this
geometry impinges on model selection based over partitions with particular emphasis on
the methodology proposed in Heard et al. (2006). We illustrate how and why standard
settings of hyperparameters can produce poor selection characteristics in section 4. In
section 5 we derive explicit characterisations ensuring that Bayes factor selection prefers
partitions that combine clusters when they are close with respect to a certain separation
measure. In section 6 we illustrate these new settings in certain idealised contexts and
in section 7 we examine properties of this implicit separation measure. This enable us to
make a direct link between Bayes Factor selection and more conventional separation based
clustering methods; see Chipman and Tibshirani (2006), Gordon (1999) and Hastie et al.
(2001). We demonstrate that a partition, C1, is preferred to another, Cy, (which is identical
to C1 except that two particular clusters in C; are combined into one cluster in Cy) if and
only if the sufficient statistics of the two clusters in C; are different enough from one another
in a certain, very natural, sense.

In a careful study of model selection over large spaces of linear models, Chipman et al.
(2001) argue that hyperparameters should be set to make prior assumptions minimally
influential. However, when selecting across a space of partition models, we argue that
such a strategy is futile and all settings of hyperparameters have a different and strong
effect on model selection over this domain. The analysis below allows us to adopt a proper
Bayesian approach analogous to Garthwaite and Dickey (1992) which is straightforward in
this domain. We demonstrate that it is simple to elicit values of hyperparameters within the
class of proportional models so that they calibrate to pre-posterior predictions associated
with the model space in a given context. It is also possible to demonstrate both analytically
and numerically that these settings are robust to moderate misspecification. We begin the
paper with some technical background.

2. A Simple Likelihood Ratio

2.1. Conjugate Bayesian estimation of profiles
Consider the Gaussian conjugate Bayesian regression model where D = (Yq,...,Y,,) and
Y = vec(D) satisfy

Y=XB+¢

where B = (81,82,-..,0p) € R? and € ~ N(0,5%I) is a vector of independent error terms
with 02 > 0. Note that Y; € R" for i = 1,...,n. The posterior Normal Inverse Gamma
joint density of the parameters (3, 02) denoted by NIG(0,V,a,b), is given by

p(/@70,2|y) o (0.2)*(a*+20/2+1) exp {_% [( _ m*)/(v*)fl(ﬁ _ m*) + 2b*]}

20
with ) )
m* = (V4 X'X)IX'Y .
Ve o= EV‘1+X’X§‘1 @’ = atrn/2
S O GO (U e B A

where a,b > 0 and V is a positive definite matrix. Throughout this paper we assume that
X =1, ® B, where B is a known matrix, and that X’X = nB’B is full rank. The Bayes
factor associated with this model can then be calculated from its marginal likelihood L(y),
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Clustering with Proportional Scaling 3

see for example page 240 of Denison et al. (2002) and pages 308-12 of O’Hagan and Forster

(2004). Thus
B 1 nr/2 pa |V*|1/2I‘(a*)
w=(3) T T

which can be written as

2log L(y) = 2l(y) = K(V,a,b,n) — 2a" log(b+7/2)

nr/2 *(1/2 *
1 % I'(a

Because X’X is full rank the maximum likelihood estimate B of the mean vector 3 is
uniquely defined and given by

where

B=(X'X)"'Xy=n"Y(B'B)"'B'D1

and ,
y=rno> + 6 (V+(X'X)"H™ '8

where 52 = (y — X8)'(y — X3)/rn is the maximum likelihood estimate of o2,

Note that, as pointed out by Heard et al. (2006) p. 19, this hierarchical structure has
the useful property of modeling the time dependance of the vector of observations in each
profile Y. For example, the Fourier basis B we later use in a running example allows us
to model any individual profile so that its predictive distribution is an arbitrary weakly
stationary process (see West et al., 1997).

2.2. Comparing two regression profiles
Define the observation vector Y = (Y, Y @Y where YU = (ng), e ,Ysljj))’. The

components {ygj) 11 <4i<n,,j=1,2} are profiles of a fixed length r > p with
() _ (4)
Y,/ = Bﬁj +¢;

where 51(-” ~ N(0,0%1), B = (B,B8,) and I, EEJ)W with ][] representing independence
between random variables. Thus the profile vectors containing the longitudinal data on
each unit, ng ), each follow the same linear model with a design matrix B of rank p. Yy
is a vector of length rn;, j=1,2.

Let model M, assume that the vectors Y| ¥'?) are independent with (8, 02) [[(8,, 02),
where (3;, sz) is assumed to have the prior density NIG(0,V},a;,b;). Then, with the ob-
vious extension of the notation given above, its log marginal likelihood I5(y) is given by

20,(y) = > K(Vj,a5.b5m5) 2 Y atlog(b; +19)/2)
j=1,2 j=1,2

where

. R ~/ _ _ IR
7§J) = T”jagz‘ +ﬁj(v} +n; l(BIB) 1) 1/8j
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4 J. Q. Smith, P. E. Anderson and S. Liverani

and
3 1 -1
B; =n; (B'B)"'B'Dj;1.

Now, compare the model M with a model M; that assumes the vectors Y(l), Y @ share
the same parameter values. Under My, 8, = B, and 0? = 02 where (3,,0%) has the prior
density NIG(0,V,a,b). So the log marginal likelihood l;(y) of this model satisfies

2(y) = K(V,@,b,n12) — 2a" log(b +7:/2)
where nia = n1 + n9e and
v = 11252 + B (V +n (B'B)~") "8

52 is the standard maximum likelihood estimate of the variance of the combined sample,
2
/6 = TL;; Z TLJ,BJ
j=1

and
ninz

(ﬁ ~ B.)'B'B(B, - B2)

T‘?’L120' = Z njro +
j=1,2
We note that both models have a marginal likelihood which is a function of their hyperpa-
rameters and the four familiar statistics {ﬁj, Sij=1,2}

2.3. Bayesian MAP model selection

One popular method is Bayesian Maximum A Posteriori or MAP model selection (Bernardo
and Smith, 1994). This simply chooses the model with the highest posterior probability.
If the prior log odds for model M; against model M, are x, then the distinct or separate
vector model My is preferred to the combined vector model M; when the posterior log odds
are greater than k. This occurs when I4(y) — l;(y) > & or, equivalently,

~/ ~ -~/ ~ ~/ ~ ~/ ~
¢ = log(u + B,C118; — 28,C1285 + B2C208,) — Z pjlog(u; + ﬁjAjﬁj) > K

j=1,2
where . , -
A = (V+—=(B'B)"")”
Cn = (n_l 2_12151-‘1-71)3/)3 A = (BB
= 12 2 = 2b—|—r(n101 +7’LQU%)
022 = nn_122 7?122A+nlBB Uj = 21?:7”7’%8?
Cro = mm(La+pp) M7 a;/a
niz niz

Note that the threshold

IQ/: 2Kk — Z K(Vj,aj,bj,nj)+K(V,E,5,n12)+2(6—a1—a2)10g2 /25*
=12

depends on the data only through (n1,n2) and the specified prior log odds x between the
two models. In principle, the prior parameter x and hence k' can take any value, so the
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Clustering with Proportional Scaling 5

behaviour of this selection algorithm is formally explained simply through the geometry of
the contours of the function ®. For the remainder of the paper we will use the condensed
notation K (n) to denote K(V,a,b,n).
The function ® can be further simplified by introducing some new notation. We set w;
so that
wiAjw; = wi(V; + nj_l(B’B)fl)fle =1

Further, we define z; = ||QBJ||, where @ is any matrix satisfying Q'Q = A; and let
A1 = wiC11wi, A2 = wiCiawa, Ay = whCaaws.
We then prefer M, to M, if and only if

® = log(T + \1Z3 — 2\12Z1%2 + N\aZ3) — Z pjlog(uj +73) > '
j=1,2

Note that (z1,Z2) are the distances of the two profiles from zero, each scaled by a factor
reflecting the deviation from zero we expected a priori under the separating model M. The
statistics u; depend on the data only through 83—. The statistic @ is a linear function of
u1 and uo and so is a linear function of the two corresponding sums of squares, and A;
corresponds to the distance from zero expected for the profile ﬁj under M, relative to that
expected under Mj.

2.4. Using g-priors for conjugate clustering
Employing a general form of covariance matrix V' demands that the space of prior hyper-
parameters is very large. For simplicity, transparency and to ensure invariance to linear
transformations of bases various authors (Chipman et al., 2001; Fernandez et al., 2001;
Smith and Kohn, 1996; Zellner, 1986) have advocated the use of g-priors for prior covari-
ance matrices. L
In the given context, these priors would set V.~ =gB'B, V; ! = ¢¢B'B, V; ! = g2 B'B
for specified constants (g, ¢1,¢92) associated with the combined cluster ¢ and the smaller
clusters c¢; and ca. Here g is a measure of noise-to-signal so, in particular, the larger the
value of g the greater the shrinkage of the expected posterior profile towards zero. Let
z; = (Z§J),Z§J), ... 7z]gj))’ with 7 = 1,2 where
;95 2
5=\ g,
The vectors z; and zo are the posterior expected profiles of the two clusters, normalised by
their posterior variance. After some algebra it can be shown that the parameters of ® then
simplify to
(g +1n1)(g2 + n2)
(G + n12)92

(g +n2)(g1 +n1)
(G +ni12)g

)\1 = )\2 = y )\12 = /\(1)2 COS(@[Zl,ZQ]),

where

(9 +n12)%9192

The parameter 0[z1, z2] is the angle between vectors (z1,22) on a plane through zero con-
taining the two rays (0,z1), (0,22). So, this is a measure of the difference in the scaled
shapes of the two profiles.

A0, — \/n1n2(91 +n1)(g2 + n2)
12 =
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6 J. Q. Smith, P. E. Anderson and S. Liverani

A common choice of prior for model selection would be to set g1 = g2 = ¢ = ¢. This
assumes that knowing the size, n, of a cluster would not affect the strength of our prior
beliefs about the mean profile of a unit in that cluster. The prior information about each
unit conditional on o? is implicitly assumed to be based on exactly the same sources as
other units in its cluster. We call this the dependence setting. Note that in this case

min{ny, no}
g

1< AMi=X<1+

An alternative protocol is sometimes applicable to, for example, gene expression data, where
learning that a cluster of genes is large increases the chance that the cluster profile is close
to zero: i.e. the cluster is not involved in regulation. A prior structure consistent with these
beliefs — here called the independence model — assumes that the sources of information
about the prior density of each single gene in a cluster are independent and of equal strength
conditional on 2. This implies that g; = gn; and g = gni2 so that

n n 1 /nmin
M=14— do=1+— Ap=2 [2
gni2 gni2 g nig

3. Using Bayes Factors to Select Between Many Partition Models

3.1. A typical example of conjugate Bayesian model selection

MAP model selection is used routinely in many tree and cluster models. In order to show
how the performance characteristics of such selection can be linked to the study of the
function ®, we next review Bayesian model selection as it applies to the clustering algorithm
in Heard et al. (2006). There, thousands of longitudinal profiles of genes are collected into
a partition C' € C whose sets are the clusters ¢ € C. Microarrays measure the level of
expression (a real number) for all of its genes over a sequence of times. In our running
example there are 13 time points (Edwards et al., 20006).

The vector of profiles of the logged gene expressions, Y ., within each cluster are assumed
to be exchangeable. Y© = B3, + ¢, ec ~ N(0,021,.,.), [T |8, B = vec(B,, By, - - -, Bn),
where Y. is a vector of length rn., where r is the length of the profile, n. is the number
of gene profiles in cluster ¢ and N the number of sets in the partition C. Using analogous
notation to that in section 2, we have that

YEC) — B/Bc + E,EC)

for 1 < i < n,, where ! ~ N(0,02I,) and ]_[icaz(-c)w, ¢ € C. The design matrix B is
customised to the context. Thus a spline basis is émployed in Heard et al. (2006), a Fourier
basis is used in Anderson et al. (2006) and Edwards et al. (2006) and a wavelet basis is
used in Ray and Mallick (2006). The profile vectors 3, and variances o2 of the different
clusters ¢ € C are all assumed to be mutually independent of each other and to follow the
conjugate distributions given in section 2. So, in particular, each cluster has an associated
multivariate t-distribution with log marginal likelihood I.(y). Furthermore, because of the
assumed independencies between clusters in a given partition, the log marginal likelihood

lc(y) of any partition C' is simply the sum of the marginal likelihoods of its components:

lo(y) = le(y)

ceC
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Clustering with Proportional Scaling 7

The log marginal likelihood of any partition can therefore be written down explicitly. Under
MAP selection an optimal partition C* € C will be any partition such that, for all C € C,

le<(y) +logm(C™) > lc(y) +logn(C)

where 7(C') is our prior probability that partition C' generated the data.

3.2. Exchangeability and cohesions
To preserve certain exchangeability properties for partition models, the following four as-
sumptions are commonly made (Barry and Hartigan, 1992; Quintana and Ingelias, 2003).

(a) The prior parameters (V,, a., b.) of cluster ¢ € C' depend on ¢ but not C.
(b) The parameters (V., a., b.) are a function of ¢ only through n., the number of genes
in c.

(¢) The probabilities {w(C) : C' € C} satisty

m(C) o H e

ceC

where the proportionality constant is the sum of all these products of cohesions, m,
over C € C.
(d) The probability 7. is allowed to depend on ¢ only through its cardinality n..

We call prior beliefs for clustering balanced if they are consistent with these four assump-
tions. Previous studies (Anderson et al., 2006; Edwards et al., 2006; Heard et al., 20006)
make a stronger assumption than (b) that (V, ac, b.) are not a function of n.. The default
choice of Heard et al. (2006) is balanced and sets cohesions so that m. = n.!. The appro-
priate choice of parametric form of a family of balanced priors - which determines the prior
distribution of cardinalities of the vector of clusters in a given partition - is clearly highly de-
pendent on the science and purpose underlying the statistical analysis. The default setting
mentioned above tends to favour partitions with clusters of similar sizes, whilst Dirichlet
priors tend to do reverse. However although this prior obviously influences which partition
is optimal, all the instabilities we address in this paper apply whatever the choice of par-
tition prior (see section 6). It is therefore possible to separate modeling issues associated
with the three hyperparameters of each cluster from appropriate choices of balanced priors:
an important issue but beyond the scope of this paper. Henceforth, when no confusion shall
arise we will write (Ve,, ac;,be;,ne;) as (Vj,a;,b5,n5), j =1,2.

We note that partition priors have been criticised because consistency is not preserved if
exchangeability of units is demanded after deletion (McCullagh and Yang, 2006). However
it is easily deduced that Ewens process priors which do have this consistency property lead
to the same separation issues of hyperparameters from choice of partition prior parameter.

3.3. Model search

When the number of units partitioned is large (for example in Anderson et al. (2006) we
clustered over 22,000 genes), the partition space is huge. So, even being able to calculate
the scores of single cluster partitions quickly is not enough to ensure that the scores of all
the partitions in the vast partition space C can be evaluated. In practice it is therefore
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8 J. Q. Smith, P. E. Anderson and S. Liverani

often necessary to use an appropriate search algorithm to perform this optimisation task
on a sensible subset of such partitions.

One useful feature of using lo(y) for selection is that the difference between the scores
of two partitions identical outside a given set ¢ will depend only on their relative scores over
¢. We call partitions C™ and C~ adjacent if the two partitions differ only on a set ¢ € C*
where € = ¢ Ucg with ¢; Neg =0, ¢1,¢c2 € C~ so that {c1, o} partition €. Then

lo-(y) =lo+(y) = Q[C™,CT] = logm(C™) + logm(CT)

where
Q[Oia OJr] = lCl (y) + lCz (y) - lE(y)

and 7(C™), 7(CT) are the prior probabilities of C~ and C™T respectively. The comparison
of adjacent partitions when using balanced priors is therefore especially straightforward and
is utilised in many search algorithms used in this context. For example, the improvement
presented by C~ (the model assuming the genes in ¢ are in two different groups ¢; and ¢3)
over CT (the model assuming all genes in ¢ are exchangeable) is measured by ® — £’ (n1,n2)
where

o 2{log ., (n1) + log me, (n2) — log menia} + K(n1) + K(ng) — Knia
2a*

Note that ' is a function of the two partitions only via a symmetry of the cardinalities
(n1,m2) of the two potentially combined clusters. C~ has a higher posterior probability
than C* if and only if ® — &’(n1,n2) > 0. Thus, any search algorithm that moves only
between adjacent partitions, either merging or splitting two clusters depending on whether
the function @ is large enough to instigate a split relative to a splitting penalty &' (a
function depending on cluster cardinalities within the relevant partitions but not on the
data) is especially fast.

The most popular technique that uses adjacent moves to search a partition space is a
greedy search algorithm called agglomerative hierarchical clustering (AHC) (Heard et al.,
2006); a type of forward selection. This starts with each of the N gene profiles in N
separate clusters with fixed values of the hyperparameters. A sequence of new partitions is
then obtained by sequentially merging two clusters, thus decreasing the number of clusters
by one. The two clusters chosen to be combined are the ones that increase the score (here
the marginal likelihood of the partition) by the most (or reduce it by the least). Clusters
are combined in this way until the trivial partition is reached, with one cluster containing
all V genes. We have now calculated the marginal likelihood for a selection of N promising
partitions containing 1 to IV clusters. Finally we choose the partition in this sequence with
the highest score: i.e. with the highest posterior probability over the partitions searched.
Examples of other more elaborate search algorithms also using adjacent moves either in
conjunction with a deterministic or stochastic search are given in Anderson et al. (2006)
and, in a slightly different context, Chipman et al. (1998, 2002).

For the remainder of the paper we will study the geometry of @(8%,8%,31,32) as a
function of the sufficient statistics {Bj, 832- : 7 = 1,2} in order to understand the behaviour
of MAP model selection methods using AHC. However we note that the problems we identify
with the consequent model selection also apply to more sophisticated local search algorithms
that allow clusters to be split as well as combined.

CRiSM Paper No. 08-04, www.warwick.ac.uk/go.crism



Clustering with Proportional Scaling 9

4. Bayesian Model Selection over Partitions

4.1. Three weaknesses of uncalibrated Bayesian model selection

Uncalibrated model selection based on Bayes factors like the one discussed above can fail
for a number of reasons. Firstly, we have noted that the Bayes factor acts as an implicit
real-valued score function over the different cluster partitions. There is thus an inevitable
implicit trade-off between the closeness of the variances of the two potentially combined
clusters and the closeness of their mean profiles. For this and other reasons, it is now
well recognised that the chosen values of prior hyperparameters have a marked effect on
the characteristics of Bayesian model selection, and their influence on inference cannot be
expected to automatically fade away as the sample size increases. In fact, in section 7 we
show how influential the selection of these hyperparameters is not only on the scale, but also
on the nature of discrepancies that drive the selection. So there is great advantage to choose
(whenever possible) prior values for hyperparameters not only so that the features of the
selection algorithm match contextual knowledge, but also so that selection characteristics
of the method are plausible a priori. As we discuss below, if this is not done, the properties
of the induced selection algorithm can be absurd.

Secondly, as emphasised in Denison et al. (2002), the function ® is not translation
invariant. We demonstrate below that the optimal choice of partition is typically critically
dependent on where we choose to set the prior mean vector of the profile — here we select
zero. Hence unless, as in Edwards et al. (2006), there actually is a natural “preferred point”,
we cannot recommend the use of these methods. Henceforth we will assume, as is often the
case in practice, that such a preferred point exists.

Thirdly the assumption of conjugacy is usually an expedience and there are at least
two questionable consequences. First, the tails of the conjugate marginal likelihoods are
inverse polynomials. Although this helpfully limits the number of small clusters, it also
finds ”optimal” partitions that often contain clusters that include outlying profiles. Second,
these conjugate models imply that the prior mean and variance of the cluster profiles are
quite highly dependent: for a careful discussion of this see O’Hagan and Forster (2004).
One implication is that clusters observed to have an estimated profile very different from
zero — our preferred point — will be allocated a high prior variance: a property which, if
not recognised and adjusted for, can distort any search algorithm in ways discussed below.

4.2. Selection as a function of the magnitude of the mean profile
From the comments above we might suspect model selection to be disrupted by outliers.
Consider the effects of increasing the magnitude of a cluster profile away from zero whilst
holding all other statistics fixed. Fix Za, wj, Ejz and n; for j = 1,2.. Then, provided
0<p <1,
lim (I)(El,fg) =00
|z1]—00

Thus whatever the values of prior hyperparameters, as we increase the magnitude Z; of the
profile of the first cluster ¢; (provided z; is large enough) our model will prefer to keep
clusters ¢; and c; separate, as we might hope.

However, if two outlying clusters (c1, ¢2) both have profiles (Z1,Z2) far from zero then
model selection can start to display strange properties. If Zo = l?’f, lis fixed and |Z1| — +oo,
then ®(z1,Zz2) diverges to —oo if p; + kp2 > 1 and diverges to +oo if p; + kps < 1. For
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10 J. Q. Smith, P. E. Anderson and S. Liverani
example, Heard et al. (2006) recommend setting @ = a1 = as. This implies that

4a+n

> 1
2a+n

p1+p2 =

where n = rnqo is the total number of observations associated with the two groups. In this
case, by simultaneously increasing the magnitude of the two cluster profiles by the same
amount z; = 29, we will eventually reach a magnitude where two clusters are combined
wrrespective of how different the shapes of those clusters are: definitely not what we want to
happen. This occurs because, when combined into one cluster, these two outliers become
one outlier and, a priori, one outlier is assumed more probable than two.

Thus two clusters whose expression profiles are far from zero — and hence possibly
biologically significant — will be combined in preference to any other pair: even clusters
whose statistics are identical! The reason this unfortunate property is relatively rare in
practice is that studies such as Heard et al. (2006) happen to suggest the use of a small
value of @. Therefore profiles have to be very different from zero before this phenomenon can
be realised. However, this still happens even at the recommended settings of the parameters.
In figure 1 we can see that genes with completely different profiles have been attracted into
a cluster under an optimal MAP partition found under an AHC search. Note that when
this phenomenon occurs early in an AHC search, the combined cluster can largely cancel
out and then has the signature of the large variance cluster: something we term a junk
cluster in Anderson et al. (2006). When such a cluster is formed under AHC it tends to
act as an attractor to yet more disparate and biologically interesting clusters resulting in a
cluster like the one depicted in figure 2.

05
|

log expression level

-05
1

T T T T T
30 40 50 60 70

Time (hours)

Fig. 1. A cluster of 81 gene expression profiles from a early stage of the clustering performed in
Edwards et al. (2006) using the default hyperparameter settings. The two highlighted genes are
clearly outliers that do not belong in this cluster. This is a result of the AHC and the default settings.

If we differ from Heard et al. (2006) and choose a prior with p; + p2 < 1, then ®(Zz1,%2)
— 00 as |Z1| — oo. This gives rise to an even more problematic property. Whatever our
settings of prior hyperparameters, two profiles sufficiently far from zero will always be put
in separate clusters even when 3, = B3,, 02 = 03 and n; = no, i.e., even when these two
clusters are identical in all respects! Note that the position of the prior mean (here the zero
setting) is central to determining which profiles are outlying in the sense above.
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log expression level

T T T T T
30 40 50 60 70

Time (hours)

Fig. 2. A cluster of 453 gene expression profiles from the same partition as figure 1. This so-called
junk cluster is a by-product of AHC and contains a broad variety of profile shapes. Note that in this
context log expressions outside [—0.5, 0.5] are considered to be potentially of biological interest.

The only case when the associated limit stays finite is when p; 4+ p2 = 1. Unless we set
the hyperparameters to ensure this, on observing profiles far from zero the implications of
the prior are unlikely to be faithful to contextual beliefs. Therefore, the Bayesian clustering
algorithm will be prone to perform inappropriately, and combine profiles it was never meant
to.

4.3. Models with p; + p2 =1

By setting hyperparameters so that p; + pa = 1 the characteristics of the resulting merging
criterion are much more compelling. The demand that p; + po = 1 is satisfied provided
that the hyperparameters (a1, as) of two clusters in a partition and the hyperparameter @
of the combined cluster in an adjacent partition satisfy

a1 +ax=a

For balanced priors, this implies that we set the corresponding hyperparameter a. = ane,
where n. is the number of profiles in ¢ rather than require a. to be independent of cluster
size as is the case in Heard et al. (2006). Our suggestion would make the prior coefficient
of variation of the precision of a cluster proportional to n(l;/ % For example, in the context
of gene clustering this would mean that ‘genuine’ clusters containing large numbers of gene
profiles are expected to have smaller associated coefficients of variation in their precision.
Thus we are a priori less certain about the value of the variance of big clusters: not an
unreasonable assumption in this context. Note that under this setting p; = njnf;, j=12

5. Bayes Factors and Measures of Separation

Under balanced priors, each cluster ¢ in a partition has a set of sufficient statistics x(c) =
(n;18,,52,n). Let #” = min®. Then, it is common (Denison et al., 2002) to interpret
the function A = ® — k¥’ as a measure of the separation between the combined clusters c;
and co in two adjacent partitions identical except on ¢; U co. We have seen above that this
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12 J. Q. Smith, P. E. Anderson and S. Liverani

interpretation may well not be correct. Whenever p; + p2 # 1, two clusters ¢; and co with
identical sufficient statistics can be arbitrarily more separated — i.e. have an arbitrarily
higher value of A — than two clusters that have very different sufficient statistics. In
particular under any search over the partition space, it is quite possible for two clusters
with widely differing profiles to be combined in preference to two clusters with identical
{ﬁjﬁ? 1 =1,2}

Although this phenomenon is much more dramatic when p; + ps # 1, the problem can
still remain even when hyperparameters are set so as to ensure p; + p2 = 1. In this section
we investigate to what extent, with appropriate parameter settings, A(x(c1),x(c2)) can be
interpreted as a measure of separation between the clusters ¢; and cs.

If U(x(c1),x(c2)) = f1(A(x(c1),x(c2))) + f2(n1,n2) where fi is some strictly increasing
function of A(x(c1),x(c2)) and f2 is an arbitrary penalty function on the size of clusters
then a property that would normally be required of a separation measure is that for any
two clusters ¢; and ¢z that have identical characteristics, so that x(c1) = x(c2), we have

Ax(c1),x(c2)) = 0 (1)

At this point it is convenient to re-parametrise ®. Let d = (Z3 + Z3)u ! represent a

normalised squared distance from zero of the two clusters, define o;; = d_lﬂ_lif, ji=1,2

to be the corresponding relative squared distance from zero of the two clusters (so that in
particular aq,a2 > 0, a1 + ag = 1) and let v; = ujﬂ’l, 7 = 1,2 be approximately the
relative sums of squares of the two clusters. Then

Y= /\10&1 — 2/\12\/041042 + )\2042

and
® = log(1 + vd) — p1 log(vy + a1d) — p2log(ve + aad)

DEFINITION 1. Define ®(x(c1),x(c2)) as homogeneous if, whenever x(c1) = x(c2),
O (x(c1),x(c2)) = Po is a function of (n1,n2) alone.

Under the family of separations above, a necessary and sufficient condition for ¥(x(c;), x(cz2))
to satisfy the property leading to equation (1) is that ®(x(c1),x(c2)) is homogeneous.

THEOREM 1. If ®(x(c1),x(c2)) is homogeneous and a g-prior is employed then for any
two identical clusters c; and co such that n = 2n,

a = 2ay, b=2b; and g =2g.
Furthermore, if these three conditions above hold, then ®(x(c1),x(c2)) will be homogeneous.

See Appendix A.1 for the proof. Note that the standard way of assigning a prior to a
conjugate model is not homogeneous and so falls at the first hurdle. However there is an
obvious family of conjugate Bayesian models which is homogeneous.

COROLLARY 1. The proportional model which sets a. = ane, b, = I;nc and g. = gne for
some values a,b, g > 0 is homogeneous.
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Clustering with Proportional Scaling 13

For the proportional model, p; = njnl_Ql, u; = (25 + r&?)nj and T = u; + ug so that
v1 + vg = 1. Furthermore, let the value of v when two profiles are identically oriented (so
that 0[z1,z2] = 0) be 79. Then under the proportional model

Yo =1+ (Vpzar — /praz)?g "

We can now derive some important properties of proportional clustering (see Appendix
A2 for the proof).

THEOREM 2. Under proportional clustering, for all possible values of x1(c1),%x2(c2),
P(x1(c1), x2(c2)) = 1(p)
where pj = nynis,j = 1,2, and I(p) = — > j=1.2Pjlogp;.
COROLLARY 2. For any fixed (unordered) pair n = (ni,ns)
An(x(c1),x(c2)) = (x1(c1), x2(c2)) + £”(n)
where k' (n) = —I(p) — k' is a separation measure. That is,

(a) For all pairs (x(c1),x(c2))
An(x(c1),%x(c2)) >0

with equality if and only if x(¢1) = x(c2)
(b) For all pairs (x(c1),x(c2))

An(x(c1),x(c2)) = An(x(c2),%(c1))

See Appendix A.3 for the proof of Corollary 2. So a sufficient and almost necessary
condition for MAP selection to behave in a way that combines clusters in partitions with
”close” statistics is that the hyperparameters are set as a proportional model. For most
other settings, and in particular those advocated by other authors as defaults, this is not the
case. It is interesting to note that to ensure consistency in different contexts various authors
have suggested introducing a dependency of the parameter g on sample size. However, this
suggested dependency demands that the prior variance of the proportional model decreases
in the cluster size n whereas here it increases. This is not too disturbing for our applications.
The natural type of consistency we might require here is associated with the length of
profile — a function of the experimental design — not the number of genes of certain types
which is determined by the technology of the gene chip and thus fixed. Note that with
the hyperparameter settings recommended here, consistency is automatic under increasing
profile length.

6. Comparison for Two Simple Simulation Studies

In order to illustrate the characteristics of cluster inference under the conventional settings
of the hyperparameters as described by Heard et al. (2006) and our proportional setting, we
have simulated from scenarios where the desired characteristics of the clustering algorithm
are fairly transparent.

CRiSM Paper No. 08-04, www.warwick.ac.uk/go.crism



14 J. Q. Smith, P. E. Anderson and S. Liverani

6.1. Outliers and junk clusters

First consider clustering just 7 points (profiles of length 1) simulated from 3 clusters of sizes
n1 = 2, ng = 4 and ng = 1. The two points in the first cluster are drawn from a distribution
with a large negative mean expression —s, the points in the second cluster drawn have zero
mean expression and the point in the fourth cluster has large expression s. So the means
of the 7 points cluster into the partition A = {(—s,—s),(0,0,0,0), (s)}. In our notation

YW = g, + O

where 8 = (8;,85,83) = (—5,0,5)', B=1 and ¢¥) ~ N(0,0.05) for j = 1,2,3 and we set
s =1,000.

Note that whilst the undesirable partition B = {(—s, —s, s),(0,0,0,0)} appears as can-
didate partition in both methods, as is typical, it appears earlier under the conventional
settings than the proportional settings.

To compare the proportional scaling method with that of Heard et al. (2006) for simplic-
ity we have subsequently set ¢ = g, a = a, b= b, so that the algorithms exactly correspond
at the beginning. For comparability we use the same default prior as Heard et al. (2006)
over the partition space.

We now compare the performance of the clustering algorithm by Heard et al. (2006) for
different values of the prior parameters to ours in figure 4. A typical dendrogram of the
combination under the conventional setting and default partition priors is given in figure
3 together with another dendrogram which is often produced by the algorithm by Heard
et al. (2006). Note that in the second dendrogram in figure 3, as anticipated in section 4.2,
the first cluster combines the three outliers at an early step, a combination that under AHC
can never be retrieved. Such unhelpful properties obviously depend on the setting of the
hyperparameters.

T L

OOOO‘I)C?‘? U>UI>U)OOOO

Fig. 3. Two of the dendrograms produced by AHC using the algorithm with proportional parameters
and the algorithm by Heard et al. (2006).

Obviously the precise combination reflected in such dendrograms depends on how the
values of the hyperparameters are chosen. So in figure 4 we have determined which values of
the simulated data sets correctly identified the true simulated partition for the conventional
and our settings of hyperparameter (identified as above) and default choice of prior by Heard
et al. (2006) over the partition space. Notice that our method appears much more stable
to misspecification of these three hyperparameters. The values used are g = g% € [1,10],
a=del0.01,1] and b=b € [0.01,1].

Finally in figure 5 we compare the number of times during the simulations the partitions
A, B, the ‘large variance’ partition C' = {(—s,—s,0,0,0,0,s)} and all other partitions D
are chosen as optimal. Notice that the broad effect here is for the vast proportion of
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Heard et al. (2006) Prop. parameters

Fig. 4. Result of the clustering algorithm by Heard et al. (2006) and our algorithm for different values
of the prior parameters. Each dot corresponds to a combination of values of the prior parameters
which generated the desired partition A of our dataset.

partitions misclassified as B under conventional clustering to be properly clustered as A
under proportional clustering.

700
|

] B Heard et al.(06)
O Prop. parameters

400 500 600
1 1 1

300
1

200
|

100
1

ol B A=

A B C D

Fig. 5. When different prior parameters are used, the algorithms produce different partitions of our
dataset. The plot above shows the counts of each partition produced by the algorithm by Heard et al.
(2006) and the algorithm with proportional parameters.

6.2. Merging of complementary profiles

A property of a clustering algorithm we would like to avoid is one where two complementary
profiles (i.e. two profiles where one is approximately the negative of the other, each with high
expression) are combined into a single large variance approximately zero mean cluster. In
our second simulation we therefore created such a scenario. Typically for higher dimensional
problems we introduce further tuning parameters on the prior over the partition. However
the parameters have no effect on the combination of clusters when they are all of the same
cardinality - as they are at the beginning of the AHC algorithm. We can therefore compare
our algorithm fairly with the conventional one with default prior if we focus on the behaviour
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16 J. Q. Smith, P. E. Anderson and S. Liverani

of the algorithm on the first combination of the AHC.
Thus consider the dataset formed by the following three clusters

Y = B 4e k=1
v?® = BBP 4 k=2,....6 (2)
v = -BBY e k=7

where g, ~ N(0,1) for k =1,...,7 and B is the Fourier design matrix as in Anderson et al.

(2006).

Following the notation and vocabulary of the running example as in Anderson et al.
(2006), our dataset, drawn in figure 6, has two complementary gene profiles and 5 gene
profiles close to zero. Note that genes in cluster 1 and 3 have opposite complementary
profiles, so it is critical not to combine genes from these two different profiles into a single
cluster. Cluster 2 represents a set of unresponsive genes with a zero mean profile.

Fig. 6. Data simulated as in model (2). The amplitude of the curves is variable and depends on the
value of o2.

The worst case scenario happens when the observations in clusters 1 and 3 are combined
together at the first iteration of the algorithm. When this happens under AHC the algorithm
can never identify the desired partition, which therefore will not be identified no matter
which priors we are using on the partitions. Consider the results in 1. The prior parameters
used were g = § € [1,1000], a = & € [0.01,1] and b = b € [0.01,1]. Again it is easy to
see how our new settings improve on the original in this circumstance, particularly when
expressions are large.

7. Separation of Models: Separation of Statistics

7.1. Some useful parameters

Although we have found a separation measure corresponding to Bayesian selection, it re-
mains to demonstrate that this induced measure is largely consistent with a separation
measure with which we would be content predictively. We therefore next examine how the
function ® = AM + AP 4 [(p) where

A log(1 + vd) —log(1 + d)
A® = log(1+d) — p1log(vs + ard) — palog(ve + aad) — I(p),
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Table 1. The table shows the number of times (out of
432) that genes in cluster 1 and 3 are combined to-
gether at the first step of the algorithm by Heard et al.
(2006) and the algorithm with proportional parame-
ters as the amplitude of the curves increases.

o’ Heard et al. (2006) | Our algorithm
10 3 0
100 8 0
1,000 32 0
10,000 62 0
100,000 95 0
1,000,000 102 0

compares adjacent partitions for the proportional model as a function of the sufficient statis-
tics of two profiles. This allows us both to confirm that the characteristics of the induced
separation measure are largely desirable and guides us to settings of prior hyperparameters
that ensure plausible predictive implications. Because we need to acknowledge that the
Bayes factor clustering has an intrinsic structure that selects as a function of (n1,nz), in
this section we will assume the cardinalities (ny,n2) of two candidate clusters — and hence
(p1, p2) — are fixed. There are four statistics that are central to the combination rule: d,
v1 (defined above), n and ¢? (defined below).

(a) The statistic n = \/araz(1 — cos(f[z1, 2z2]) is a weighted measure of the angle between
the two cluster profiles, taking a value of zero when the posterior expected profiles are
proportional to one another and its maximum value when the profiles are proportional
to one another but of opposite sign: as would be the case whenever one gene is up-
regulated the other is down-regulated. Thus 7 is a measure of the dissimilarity in
orientation of the two profiles.

(b) A measure of the differences in overall magnitudes of squared differences in distance
from zero relative to that expected under the given cluster size under the prior, ¢2,
satisfies

0< ¢ = (VP21 — /p102)? < max{pi, pa}

Note that ¢ = sin(sin™'(/a7) — sin~'(,/p1)) and so, for fixed pi, ¢ is an invertible
function of ag.

Now
AV (v(n,¢),d) =log(1+ (y—1)(1+d "))
where
1<y=1+(C+2n/p1p2)g " (3)
and

AP (v1,¢,d) =log(1+d) — > pjlog(v; + a;d) — I(p)
j=1,2

Note that A§ is a function only of (n, ¢, d) and ignores (v1, v2) whilst AY is a function
of relative variances, relative size ¢ expressed as a function of a1, and combined size d and
also ignores 7.
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18 J. Q. Smith, P. E. Anderson and S. Liverani

7.2. Angular separation, A,(nl)

The following results are straightforward to verify. A,(nl)(v(n, ¢),d) is strictly increasing in
1, ¢ and d with

nn%A;l) = log(1+¢(1+dH g H >0

n—

sup ALY = log(1+ (max{p, p2} +2y/p172)5 )
; (€5

e’ = o

Note that this function is bounded. Its contribution to the selection depends on the prior
noise-to-signal parameter §. Thus if g is large, so that observational error is assumed to
dominate the signal, the contribution of this term to the selection is negligible. On the other
hand, if ¢ is small, the difference in orientation between the two profiles is smaller. The
oriented distance is weighted in this function by /a2 so that similar length profiles and
similar orientations are made less prone to combination than similar length profiles with
different orientations, whilst the term /p1p2 ensures this penalty only bites for clusters of
comparable magnitude. The further apart the posterior expected profiles of the clusters are
from zero, the more inclined we are to keep these separate.

7.3. Relative distance/variance separation, A,(f)

The second component ALY (vi,a1,d) = log(14+d) — p1 log(vi +ard) — p2 log(ve +aad) — I(p)
is a function of the relative sums of squares and scaled relative distances from zero but not
g. unlike Ag,l)(v,d) it is unbounded above and, depending on the distance d of the two
clusters from zero, can heavily penalise the combination of clusters with relatively very
different associated estimated variances or different scaled lengths from the origin. Thus,
for example,

lim AP (vy,a1,d) = pylog pry p2 log P2
d—0 U1 V2
lim AP (v1,a1,d) = p;log L2 p2 log r
d—o0 aq (&%)
lim A](OQ) (v1,1,d) = lim  Ap(vi,0q,d) =0
vi=a1—0 vi=a1—1

So when d is small and the two profiles are close to zero, A, acts as a penalty mainly
for divergent estimates of variance, taking close to its minimum value whenever 57 = 73.
However when d is very large it penalises almost entirely on the basis of the difference in
distance of the two clusters from the origin and ignores any divergence in their estimated
variances. So under the AHC algorithm, when all the clusters in a partition are about the
same cardinality, the Bayes factor algorithm will still tend to encourage the combination
of clusters far from zero with the same orientation and distance from zero even when their
estimated variances are very different.

It is easily checked that the stationary points of Ag) are solutions of P+ Qd = 0 where

p
Q

—1 —1
V1V2 — pragvy — paaavy = V102 (1 — proquy ' — paagvy ')

-1 -1
P1U102 + P22 — Q12 = —Q (2 (1 — P11y — P2U20y )
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If we set ag = 0.5(1 — w) and v = 0.5(1 — €) then it follows that AP will have a non-zero
feasible stationary point in d if and only if w and ¢ have different signs. Otherwise, Ag) is
monotonic in d. Note that when p; = ps = 0.5, A,(f) has a stationary point d* = ﬁ if
and only if M > 0. So in this case the stationary point is a minimum. When d = 0,
AP = —o. 51og(1 —e2). Asd — 00, AP — —0.5log(1 —w?) so d = 0 and d = 0o are the
two local maxima of this function.

Whatever the value of p1, v1 = a1 = P = Q = 0 so that A® is not a function of d and
takes the value

A(2 (v1,¢,d) Z P;j log—
j=1,2

Thus the characteristics of the induced separation measure of the proportional model
seem eminently desirable, with the caveat that the conjugacy encourages outlying clusters
with similar profiles but different variances to occasionally be combined when the two
clusters are far from zero. However it is easily verified that when clusters are about the same
cardinality, so that p; ~ ps, and ¢,w are small then this dependence on d is insignificant.

7.4. Combined separation

Finally, to appreciate how the relative magnitude of clusters is traded with its distance from
zero, think of ® as a function of d only and fix a;. We can then calculate that its stationary
points satisfy the equation

P +Q'd=0
where
P = YV1V2 — V21 p1 — V1Q2P2
Q' = ~(agva + agvr) — a1p1(yve + ) — aspe(yv1 + aq)

Thus, in particular, there is at most one stationary point of ® for d € R+y. This will
be located at d* = —P’Q'~! provided P'Q'~! < 0. Note that when § is small, except when
|[v1vg 1| is Ag) will dominate this expression so that ® is simply increasing in d.

Note that the geometry of ® is simple because p1 + p2 = 1. When p; + p2 # 1 it is easily
verified that the stationary points lie on a quadratic, giving rise to a much richer geometry
in ®. This is the algebraic reason for much of the strangeness of the induced selection. This
phenomenon is illustrated in the central column of figure 7 where we graph ® for two clusters
with identical orientation and cardinality for various settings of the hyperparameters. The
dependence of ® on d is only significant when ® takes large values. In this case the clusters
will usually be kept separate for other reasons anyway. Dependence on the relative distance
from zero of the two clusters only occurs when d is of moderate magnitude. Furthermore the
discrepancy in relative variances is only significant when their ratio is substantially different
from one and then only when d is quite far from zero.

The left hand column of figure 7 illustrates the phenomenon discussed in section 4.2
that when p; + p2 < 1, clusters become increasingly large the further d is from zero: ®
eventually becoming very large regardless of how close the pair of cluster statistics are. On
the other hand the right hand column (when p; 4+ p2 > 1) shows as d becomes large, the
two clusters will become close regardless of the value of the other statistics. This illustrates
why Bayes Factor selection can be badly behaved unless the hyperparameters are chosen
carefully.
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7.5. Characteristics of non-proportional models

We have seen that when p; 4+ p2 # 1 the function ® does not behave anything like a
separation measure on the other components. On the other hand, when p; 4+ p2 = 1 the
characteristics of ® can still sometimes act as an approximate separation measure. Writing
vj=uju ! forj=1,2and d=2u"

®(d, v, v1,v2, a1, p1) = log(1 + vd) — p1log(vy + ard) — (1 — p1) log(va + (1 — ay)d)

so that
dlij{)lo ®(d,~,v1,v2, 1, p1) = logy — p1logar — (1 — p1)log(l — aq)

which is at least bounded for fixed values of the hyperparameters. Also, for fixed p;,~y and
d, ® is minimised: i.e. most inclined to combine when

v1 +a1d=p1 and w9 + aod = po

This is satisfied when p; 'u; = py'us and p; oy = pytag. For two clusters of moderate
cardinality and moderate settings of hyperparameters, this implies that we are most inclined
to combine when the sample variances of the two clusters are approximately equal, and
when they are at a distance from zero consistent with being from the same distribution
respectively. Both these properties are clearly desirable. If we choose not to set b, = bne
but just to a common value for all clusters, as is done in Heard et al. (2006), then if either n4
or no is large then v; +v2 ~ 1 and so little distortion from a separation is felt. Two clusters
with low cardinality, small values of d, and small but proportionately different values of
sums of squares tend to be kept separate. For the purposes of gene clustering this is not a
particularly germane property since such clusters are unlikely to be of regulatory interest
and also occasionally distort the initial stages of forward selection techniques like AHC.

Finally a g-prior, ensures that ® is increasing in the angular distance 1 — cos 8 between
the clusters. However, without a g-prior and the more usual dependence model, with large
(n1,m2) it is easily checked that this is still approximately the case.

Thus, whilst in our context of gene profile clustering we would recommend the use of
the proportional model, provided that we set p; + p2 = 1 for larger cluster cardinalities,
the conjugate combination algorithm will often have reasonable characteristics. Any prob-
lems that arise tend to concern the combination of clusters with small cardinalities: an
inevitable consequence of using algorithms like AHC, but avoidable if more sophisticated
search algorithms (Chipman et al., 2001) are employed.

7.6. Setting hyperparameters in proportional models

There are two complementary and fully Bayesian ways of setting the hyperparameters
(é,l;, g). First, these parameters should be chosen so as to coincide with predictive be-
liefs about the individual cluster profiles we expect to see before incorporating the data.
The value of a/ b is our prior expectation of the precision 0~2 of a typical cluster, whilst a
can be calibrated to our coefficient of variation of this information [Emc]_l for a cluster ¢
of a given cardinality n.. The magnitude of g determines the relative strength of the prior
information on each unit profile and governs the extent that the cluster posterior means
shrink towards zero. Note that, in agreement with Wakefield et al. (2003), we recommend
setting these prior parameters so that they calibrate to pre-posterior predictions of the
variance of a particular cluster.
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Second, it is important that the values (a, l;, g) calibrate hyperparameters to pre-posterior
beliefs about the relative probabilities of adjacent partitions after realising certain hypo-
thetical observations. Thus, the magnitude of parameter g solely influences the relative
weight we place on two clusters having different orientations of profiles. The smaller this
parameter, the more likely clusters — all of whose characteristics are the same but whose
orientations are different — are kept separate. That is, the higher weight given to A()
relative to A(M). To fix an appropriate value of § we suggest calibrating to two expected
profiles of different orientation distances from the value of § we suggest calibrating to two
expected profiles of different orientation distances from the origin and asking the scientist
which two profiles are most likely to come from the same cluster.

The effects of the setting of the value of b has a strong effect on the combination rule
when clusters have profiles close to zero. If it is set very small so that d — 0 then two
clusters with small cardinality and a ratio of the sums of squares very different from unity
will be kept apart. Within the context of our running example, such gene expression profiles
are not in practice interesting enough to keep separate and this phenomenon can sometimes
disrupt the AHC algorithm. So, at least pragmatically, there are good reasons for keeping
this parameter well away from zero. This implicitly demands that the prior expectation on
the precision o~2 is not big: often a plausible assumption. Interestingly, this parameter is
set by default to be very small in Heard et al. (2006) which may account for a different type
of instability in their algorithm that sometimes occurs early in the AHC.

The effect of the parameter @ is only felt through the threshold x”. Thus for example,
using the default prior capacities suggested in Heard et al. (2006) it can be shown after
a little algebra that @ also controls the penalty on cluster size. When, as will be most
common, this prior coefficient of variation is high (so that @ is small) then the penalty
tends to hold more equally sized clusters apart and to pull smaller clusters into larger ones
whenever possible. However note that the setting of the prior capacities also acts solely as
a penalty on (n1,n2) and is therefore somewhat confounded with a.

8. Conclusions

Our experiences suggest that simply getting hyperparameters in the right ball park as
described above can dramatically improve the characteristics of these search algorithms,
see Anderson et al. (2006). Conjugate models with proportional parameter settings are not
only fast but, if reasonably calibrated, behave appropriately. Even the occasional outlier
can be identified and easily separated from the body of a cluster, iterating on the search
algorithm if this is then necessary. The inconvenience in having to do this appears to us a
small price to pay for the fast conjugate algorithm.

One useful spin-off of this analysis is that we have noted that for gene regulation, after
a MAP partition has been found, the between-cluster statistic 7 is a useful summary. Thus
clusters of genes that are potentially co-regulated can be expected to have similar profile
shapes whilst the extent of the expressions, as measured by (¢, d), is less biologically signif-
icant. Note that under Bayesian selection, provided search is extensive, all subsets of genes
in a cluster will have similar associated values of 1 to other clusters and so this parameter
not only characterises differences between clusters but also differences between collections
of genes within clusters. This stability is important in this application since certain sub-
sets of genes within clusters are of known biological function and therefore of more interest
than others and would not be accounted for by other more ad hoc methods. Note that the
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separation 1 between any two clusters is trivial to calculate given the previously computed
statistics associated with the clusters in the MAP partition.

Finally, it is important to point out that although the problems addressed in this paper
are easy to demonstrate using a conjugate analysis, many are not simply a consequence of
conjugacy but actually derive from a misinterpretation of a Bayes factor as a separation
measure. There is every reason to believe that other non-conjugate selection based on Bayes
factors and routinely chosen prior hyperparameters will also exhibit analogous unfortunate
properties. Indeed, conjugate analysis has much useful symmetry which is destroyed by
incorporating different priors. The effect of introducing this lack of symmetry through the
use of non-conjugate models is likely to be influential to the selection, but very difficult
to characterise so that the inevitably influential hyperparameters can be set appropriately.
We speculate that most current numerical analogues of the models discussed here which
exhibit the same qualitative hierarchical structure will be prone not to act as if guided by
a separation measure. The same care is needed to ensure genuine prior predictive beliefs
are specified, otherwise the formal selection (and not just its numerical approximation) is
likely to be unstable in this more general setting.
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Appendix A

A.l. Proof of Theorem 1
If x(c1) = x(c2) then a1 = ag = 0.5, v1 =ve = v (say), n1 =ng =n and p; = pa = p

1+~d

— 92p
exp(®) = 2" 5

where
=051 — 2M12 + Xo) = [T+ 2n)g1] ' (g +n)F

Clearly, @ is a function of z unless p = 0.5 implying @ = 2a;. Substituting gives

1+d
_ ol

exp(®) = 2v+d

Since by definition v and d are functionally independent, we therefore must have
v=05 & b=2h

and also
2
v=1e l+L=1+2 & g=2¢
g1 g

as required. Finally, under these conditions when x(c;) = x(c2), ®(x(c1),x(c2)) = log 2.
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A.2. Proof of Theorem 2

& = log(l+~d)— p1log(vi + ard) — palog(ve + azd)
A(l) (’77 d) + A(2) (U17 P1, a1, d) + I(p)

where

AW (v, d) = log(1 + vd) —log(1 +d) >0

since
v = A1 — 2A2y/a1as + A0z > Yo
with equality if and only if cosf[z1,z2] = 1 where ~y > 1 is defined above, and

A(2)(’U1,p1, ag,d) =log(1+d) — p1log(vi + a1d) — p2log(va + aad) — I(p)

Note that
AW =0 & prag =pras
cosf(z1,z2] =1 < o :2
ni1 n9

Also, for fixed p1, p2 with p1 + p2 = 1, ZFl o pjlogx; is maximised when z; = Tp;. So
letting T'= 1+ d, v; = p; gives

AP (v, pr,a1,d) > log(l+d) — pilog(pi (1 +d)) — palog [p2(1 +d)] — I(p)
- 0
= A(2)(p1,p1,a1,d)

Therefore
(I)(vlvplaalvd) Z I(p) = (I)(plaplvalad)

A.3. Proof of Corollary 2
The first bullet is a direct consequence of the theorem on noting that A >0, and A =0
as

takes its maximum if and only if vy = 1 and % = 72 so that the scaled distances of the

two profiles from zero satisfy nl_lal = n2_1B2. Also, A® > 0 and A® = 0 if and only if
o = p; so that

vi+ojd=pi(l+d) & v;=p;, & 85:85
The second bullet is immediate from the symmetry in (x(c1),x(c2)) of the three functions
D(x1(c1),%x2(c2)), I(p) and £'(n).
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