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Abstract

We define a universal Fréchet set S of a Banach space Y as a subset containing a
point of Fréchet differentiability of every Lipschitz function g: ¥ — R. We prove a
sufficient condition for S to be a universal Fréchet set and use this to construct new
examples of such sets. The strongest such result says that in a non-zero Banach
space Y with separable dual one can find a universal Fréchet set S C Y that is

closed, bounded and has Hausdorff dimension one.
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Chapter 1

Overview

1.1 Lipschitz functions and differentiability

We shall investigate Lipschitz functions defined on Banach spaces. Throughout, all
Banach spaces will be over the field of real numbers. We shall denote the unit sphere
of a Banach space X by S(X).

Definition 1.1. If X and Y are Banach spaces a mapping f: X — Y is said to be
Lipschitz if there exists L > 0 such that

1f (@) = fW)lly < Lz —yllx

for all z,y € X. The smallest such constant L is denoted Lip(f).
We are interested in investigating where such mappings are locally linear.

Definition 1.2. If X and Y are Banach spaces a mapping f: X — Y is said to be
Fréchet differentiable at x € X if we can find a bounded linear operator f'(x): X —
Y such that for every e > 0 there exists a § > 0 such that

If (@ + k) = f(2) = f@)(B)] < |l

for any h € X with ||h| < 0.

We note that there is another common notion of differentiability that applies

to mappings between Banach spaces. First another definition.

Definition 1.3. If X and Y are Banach spaces and f: X — Y then for x € X we
say that f is differentiable in the direction e € X \ {0} if the limit

Fae) = lim LEH 1) = [(@)

t—0 t




exists. If e € S(X), the number f'(x,e) is then called the directional derivative of f

at x in the direction e.
We may now define the notion of Gateaux differentiability.

Definition 1.4. If X and Y are Banach spaces a mapping f: X — Y is said
to be Gateaux differentiable at © € X if we can find a bounded linear operator
f'(x): X =Y such that for each e € S(X) the directional derivative f'(x,e) exists
and is given by

f/(.%', 6) - f/(x)e'

In this thesis we shall be exclusively concerned with Fréchet differentiability.

We remark that if f is Fréchet or Gateaux differentiable then the operator
f'(x) that appears in the respective definitions is unique and is called, respectively,
the Fréchet or Gateaux derivative of f at x.

Further, if a function f: X — Y is Fréchet differentiable at a point z € X
then f is also Gateaux differentiable at  and the two derivatives coincide. In gen-
eral, however, Fréchet differentiability is a strictly stronger property than Gateaux
differentiability, even for Lipschitz functions.

On the other hand the two notions do in fact coincide for Lipschitz functions
defined on a finite dimensional Banach space; see [5]. In this case we may simply
speak of differentiability.

The question of whether a Lipschitz function is somewhere Fréchet differen-
tiable is answered in the simplest possible case, in which X =Y = R, by a classical
theorem, which says that such a function is differentiable almost everywhere in the

sense of Lebesgue measure.

Theorem 1.5 (Lebesgue). If f: R — R is a Lipschitz function that is not differen-

tiable at any point in A C R then A has Lebesgue measure zero.

Proof. See for example [12]. O

‘What is less well known is that this statement has a converse.

Theorem 1.6. If A C R has Lebesgue measure zero, then there exists a Lipschitz
function f: R — R such that f is not differentiable at any point in A.

Proof. We use the fact that a null set may be covered by a countable collection of
open intervals whose union has arbitrarily small Lebesgue measure. Let Iy = R. Now
for each n > 1 find I, a countable union of open intervals, such that A C I, C I,
and

1]



for any maximal interval I C I,,_;, where m(A) denotes the Lebesgue measure of
the set A C R.
Now if

reR\( I,
let
g(z) = (=1)"

where n, is the maximal integer n > 0 with x € I, if such exists. We note that ¢
is defined almost everywhere, is Borel measurable and is bounded by 1, so is locally
integrable. Defining f: R — R by

f(af):/oxg

we note that f is Lipschitz with Lip(f) <1, as |g| < 1.
Suppose now that = € A so that x € I, for every n. For each n, pick a

maximal interval (ay,, b,) with
x € (an,by) C I,.

We note that as the Lebesgue measure of I, 1 N (ay, by,) is less than or equal
to (bp — an) /2" we have g(z) = (—1)" on (an,b,), except on a set of measure at

most (b, — a,)/2" . Hence we may estimate the difference quotient

f(bn) — f(an)

1 bn
P < e [
1 b, — an,
< -2
b, —a on+l
1
:27

It follows that
f(bn) — flan)

bp — an
does not converge as n — 0o. As ay, b, — x we see that f’(x) does not exist. That
holds for all z € A. I

In fact the exact characterization of the possible sets of non-differentiability
of a Lipschitz function f: R — R is known. We first recall that a G5 subset of

a topological space is a countable intersection of open sets and a G, subset is a



countable union of Gy sets.

Theorem 1.7 (Zahorski). Given a set A C R, there exists a Lipschitz function
f: R = R such that

A = {x € R such that f'(z) does not exist}

if and only if A is a Gs, subset of R with Lebesgue measure zero.

Proof. See [27]. O

1.2 Universal sets

We now look at the case in which the domain has dimension greater than one. The

following generalization of Lebesgue’s theorem is also classical.

Theorem 1.8 (Rademacher). If m > 1 and f: R™ — R is a Lipschitz function

that is not differentiable at any point in A C R then A has Lebesgue measure zero.
Proof. See [12]. O

Rather surprisingly, the converse to this statement turns out to be false for
m > 2.

Theorem 1.9 (Preiss). If m > 2 there exists a Lebesque null set S such that if
f: R™ — R is Lipschitz then there exists x € S such that f is differentiable at x.

Proof. See [23, Corollary 6.5] and Theorem 4.11. O

In fact the proof of Preiss shows that under the assumptions of Theorem 1.9
one may take S to be any Lebesgue null G set that contains every line that passes

through two points of R” whose coordinates are rational.

Definition 1.10. IfY is a Banach space we call a set S CY a universal Fréchet set
if for every Lipschitz g: Y — R there existsy € S such that g is Fréchet differentiable
at y.

Theorem 1.9 shows that any Euclidean space of dimension at least two has
universal Fréchet sets with Lebesgue measure zero. Most optimistically we may ask

the following.

Question 1.11. If Y is a Banach space, is there a complete characterization of

universal Fréchet sets in' Y ¢



This question is wide open, for any Y of dimension at least two. However in
this thesis we shall prove some partial results: we derive a sufficient condition for
a subset S C Y to be a universal Fréchet set and then use that to construct some
non-trivial examples of such sets.

The first question to ask is whether a given Banach space Y has the property
that every Lipschitz f: Y — R has at least one point of Fréchet differentiability. We
already know the answer is affirmative if Y is finite dimensional, by Rademacher’s

theorem. The next theorem will generalize this statement. First another definition.

Definition 1.12. A Banach space Y is called Asplund if every separable subspace
of Y has a separable dual.

Theorem 1.13 (Preiss). IfY is an Asplund space, g: Y — R is a Lipschitz function
and O CY is a non-empty open subset of Y then there exists y € O such that g is
Fréchet differentiable at y.

Proof. See [23]. O
Remark 1.14. We make two quick remarks.

1. Unlike the classical Lebesgue and Rademacher theorems, Preiss’s result is not
an almost-everywhere result. Instead, a point of Fréchet differentiability is

constructed explicitly, by an involved iteration argument.

2. The proof of Theorem 1.9 was in fact obtained as a byproduct in establishing
Theorem 1.13.

We now mention that the condition that Y is Asplund in Theorem 1.13

cannot be weakened. First we recall the following definition.

Definition 1.15. If (Y,|| - ||) is a Banach space then an equivalent norm on'Y is a
norm || -|': Y = R on'Y such that there exist A, B > 0 with

Allyll < llyll” < Bliyl

forallyeY.
We now quote the following.

Theorem 1.16 (Asplund). IfY is not an Asplund space then there is an equivalent

norm || - ||" on'Y that is non-Fréchet differentiable at every point y € Y.

Proof. See [4]. O



As any equivalent norm is a Lipschitz function, any non-Asplund Y has a
nowhere Fréchet-differentiable Lipschitz ¢g: ¥ — R.

Therefore, it is sensible to investigate the collection of universal Fréchet sets
in a Banach space Y if and only if Y is Asplund. If the latter is true, then the space
Y itself is at least such a set; if the latter is false then Y has no such sets.

The first improvement on Theorem 1.9 we shall mention, also in the case in

which Y is finite dimensional, was obtained by Maleva and the author in [8].

Theorem 1.17. If n > 2 then there exists a compact and null subset S C R"

containing a differentiability point of every Lipschitz function.

See Chapter 4.3 of this thesis.
Subsequently this result was improved further by obtaining a bound on the

Hausdorff dimension of such a set.

Theorem 1.18. If m > 1 then there exists a compact set S C R™ of Haus-
dorff dimension one containing a differentiability point of every Lipschitz function
g: R™ — R.

See [9] and Chapter 4.4.
Finally, the result was generalized to include the case in which Y is an infinite

dimensional Banach space.

Theorem 1.19. If Y is a non-zero Banach space with separable dual then there

exists a closed and bounded universal Fréchet set in'Y of Hausdorff dimension one.

See [10] and Chapter 4.5.
We note that the condition that Y has separable dual is exactly equivalent
to demanding that Y is a separable Asplund space.

1.3 Sigma porosity

We now discuss an important necessary condition that S C Y must satisfy if S is a
universal Fréchet set.

We start with the definition of porosity at a point.

Definition 1.20. If A is a subset of a metric space Y then A is said to be porous
at a point y €'Y if there exists X > 0 such that for all § > 0 there exist y' € Bs(y)
and r < & such that r > Nd(y',y) and

B.(y )N A=0.



This allows one to define a porous set.

Definition 1.21. A subset A of a metric space is said to be porous if the set A is

porous at every x € A.
Finally we define a o-porous set as follows.

Definition 1.22. A subset A of a metric space is said to to o-porous if A is a

countable union of porous subsets of A.

We remark that the family of o-porous subsets of Y is a o-ideal. More
detailed information about o-porous sets may be found in [28].
We can see the connection between porosity and differentiability immediately

by proving a very simple observation.

Lemma 1.23. IfY is a Banach space and A CY is non-empty then the distance
function
=|ly — A := inf ||y —
Fl) = lly — All = inf |}y — o
is mot Fréchet differentiable at any porosity point of the set A.
Proof. For any y € A, as f(y) = 0 and f is non-negative function, the only possible

value of the derivative f’(y) is zero. However, by the porosity property, there exists
A > 0 such that for all § > 0 we can find y' € Bs(y) with

ly' — Al > Xy —yll.

Since then

f) = fy)
ly" =yl

for 3/ arbitrarily close to g, this quotient cannot converge to 0 as ¢’ — y. Hence the

> A

Fréchet derivative f’(y) does not exist. O
The following more general fact is slightly less trivial.

Lemma 1.24 (Kirchheim, Preiss, Tiser). If Y is a separable Banach space and A
18 a o-porous subset of Y, then there exists a Lipschitz function f:Y — R such that
f is not Fréchet differentiable at any point of A.

This result, in the special case in which A is a countable union of closed
porous subsets of Y, is due to Preiss and Tiser. A proof appears in [5]. Kirchheim
subsequently observed that the condition of closedness is really not necessary so

that the result holds for any o-porous A.



Thus, a necessary condition for S to be a universal Fréchet set is that S is not
o-porous. To start our investigation we may ask whether there exists a compact,
null subset of a finite dimensional Euclidean space that is not o-porous. The answer

is affirmative.

Theorem 1.25. Forn > 1 there exists a compact and Lebesque null o-porous subset

S C R™ with no porosity points.
Proof. See [29]. O

Hence, it is sensible to hope to find compact, null universal Fréchet sets in

Euclidean spaces.

1.4 Outline of the approach

The obvious approach to constructing universal Fréchet sets in finite dimensions
would be to construct a singular measure p such that every Lipschitz function is
differentiable p-almost everywhere. Then any null set S with u(S) > 0 would be an
example of a universal Fréchet set. However the following result shows that such a

measure cannot exist, at least in the plane.

Theorem 1.26 (Alberti, Csornyei, Preiss). If S C R? is Lebesque null then then
there exists a Lipschitz function g: R? — R? that is not differentiable at any point
yes.

Proof. See [1]. O

Equivalently, if S is a null subset of the plane then we can find a pair of real
valued Lipschitz functions on the plane that have no common point of differentiabil-
ity in S. If, on the other hand, there was a measure y with the property mentioned
above then every pair - indeed every countable collection - of Lipschitz functions
would have a common point of differentiability on any Lebesgue null subset S with
wu(S) > 0.

The following however is still open.

Conjecture 1.27. There exists a singular measure p on R™, for n > 3, such that

every Lipschitz f: R™ — R is differentiable p-almost everywhere.

As a measure approach does not seem to work, at least in an obvious way,
our methods for constructing universal sets are much closer to those of Preiss in [23],
in which a point of Fréchet differentiability is constructed by an explicit algorithm.

In fact our methods draw heavily from the techniques of Preiss in [23].



The method used in [23] can be adapted to show the following.

Theorem 1.28. Suppose Y has an equivalent norm that is Fréchet differentiable on
Y \ {0} and O is a non-empty Gs subset of Y such that for every y € O and e >0
there exists

do = do(y,e) >0

such that for any 6 € (0,00) and any u,v € Bs(y) there exists a line segment
[, 0] € O with ||u' —ul| < &6 and ||v/ —v|| < €. Then O contains a point of
Fréchet differentiability of every Lipschitz g: Y — R.

However it is easy to check that any set O with this property is somewhere

dense, so that its closure cannot be Lebesgue null if Y is finite dimensional.

Lemma 1.29. If O has the properties of Theorem 1.28 then O is dense in some

non-empty open subset of Y.

Proof. For each n > 1 let
1
U, = {y € O such that dp(y,1/2) > } :
n

As O is Gs and U,U,, = O there exists U, such that U, is somewhere dense in Y,
by Baire’s theorem. It quickly follows that one can find an open set U such that for
any € O and any y € U there exists 2’ € O with

I~ Il

/
— <
o' - yll <

It follows that O is dense in U. OJ

Crucially, in [8], the single set O in Theorem 1.28 was replaced by a family
of sets (S;)ier indexed by a partially ordered set I, with S; C S; whenever i < j.
The condition, replacing the hypothesis of Theorem 1.28, is that for any y € S; and
i < j one can find sufficiently many line segments in S; nearby the point y.

In this thesis we use a slightly different approach; to prove S is universal we
construct a bundle 7: X — S where X is a complete space. We then show that for
x € X one can find, near y := 7z, line segments in Y that lie in 7(N) where N is a
small neighbourhood of x in X.

A brief outline of the proof that S is universal is as follows.

Given a Lipschitz function f: Y — R, we first find a point y € Y and
a direction e € S(Y), the unit sphere of Y, such that the directional derivative

f'(y,e) exists and is in some sense locally maximal.



We then prove f is differentiable at y with derivative

f'(y,e)e’

where e* is the Fréchet derivative of the norm at e.
A heuristic outline goes as follows. Assuming, on the contrary, that we can

find n > 0 and a vector A with small norm such that

[f(y+X) = fy) = [y e)e”(e)] > nll Al

then we construct an auxiliary point y + h lying near the line y + Re and calculate

the ratio
|fly+A) = fly+h)
A — '

We find that this is at least f'(y,e) + ¢ for some € > 0. By using an appropriate
mean value theorem it is possible to find a point ¢’ on the line segment [y + h,y + A]
and a direction ¢’ € S(Y) such that f'(y/,¢’) > f'(y,e) + e. This contradicts the
local maximality of f(y,e) and so f is differentiable at y. The details are contained

in chapters 2 and 3.

1.5 Comments on higher dimensional codomains

We have confined our attention so far to functions whose codomains have dimension
one. This thesis is exclusively concerned with this case.

Only a few positive results are known about the case where the codomain is
a space of dimension at least two.

One may conjecture the following.

Conjecture 1.30. If n,m are positive integers then there is a null subset S C R™
containing a point of differentiability of every Lipschtz f: R™ — R™ if and only if

n>m.

We have already mentioned that the case m = 1 is known to be true. The
case in which n > m = 2 will be addresed in [11], building heavily on methods due

to Lindenstrauss, Preiss and TiSer, who proved the following.

Theorem 1.31 (Lindenstrauss, Preiss, Tiser). If H is a separable Hilbert space
then any Lipschitz function f: H — R? has a point of Fréchet differentiability.

See [19].

10



Equivalently, any pair of real valued Lipschitz functions defined on H has a
common point of Fréchet differentiability.
The only significant partial result towards Conjecture 1.30 for n > 3 uses a

weaker notion of Fréchet differentiability, which is sometimes quite useful.

Definition 1.32. If X,Y are Banach spaces and f: X =Y, e >0 and x € X then
we say that f is e-Fréchet differentiable at x if there exists § > 0 and a bounded
linear mapping f'(x)e: X =Y such that

1 £ (@ +h) = f(z) = F'(@)hll < elh]
for |n < 5.

Remark 1.33. It is easy to check that a function f: X — 'Y is Fréchet differentiable
at x € X if and only if f is e-Fréchet differentiable at x for every e > 0.

Theorem 1.34 (de Pauw, Huovinen). Ifn > 3 then there exists a Lebesgue null set
S C R™ such that if € > 0 and f: R™ — R"! is Lipschitz, there exists x € S such
that f is e-Fréchet differentiable at x.

Proof. See [21]. O

In [14, 17] the notion of e-Fréchet differentiability is studied in relation to

Lipschitz mappings with the emphasis on the infinite dimensional case.

11



Chapter 2

A criterion for Fréchet
differentiability

In this chapter we aim to prove that if f: ¥ — R is a Lipschitz function and
(y,e) €Y x S(Y)

is such that the directional derivative f’(y,e) is in some sense ‘almost locally maxi-

mal’ around y, then the function f is Fréchet differentiable at y with derivative

f'y) = f'(y,e)e”,

where e* is the Fréchet derivative of the norm || - || at e € Y.

A similar result was proved by Preiss in [23, Theorem 4.1 and Theorem 6.3].
The method we use is the same, in outline, as that of Preiss. The result we prove
requires slightly weaker conditions on the pair (y,e); given v > 0 we only require
that

f'€) < fly.e)+v

holds for a collection of pairs (v/,e’) with 3/ € F, where the set F' is allowed to vary
with v.

In fact, we prove the result of this chapter in more generality than we need
to establish the main results of this thesis.

In all the examples we consider in Chapter 4, the set F' we construct contains
line segments, close to y, that point in a dense set of directions in Y. In Theorem 2.1
we only demand that the set I’ contains a large portion, in the sense of Lebesgue

measure, of curves that belong to a collection that closely approrimates a dense set

12



of line segments nearby y.

Further, we also give an explicit bound on the radius of e-Fréchet differen-
tiability of a function satisfying the conditions of Theorem 2.1. See Lemma 2.5.

Finally we note that a related result, proved by Maleva and the author, also
appears in [8, Lemma 4.3], for the case in which Y is a Hilbert space.

To set the notation for this chapter, if Y is a Banach space we denote the
unit sphere of Y by S(Y) and, given y € Y and § > 0, we use Bs(y) to denote an
open ball in Y, with centre y and radius 6. We use m(A) to denote the Lebesgue
measure of a measurable subset A of the real line.

The principal aim of this chapter is to establish Theorem 2.1.

Theorem 2.1. Let (Y,||-||) be a real Banach space and let f: Y — R be a Lipschitz
function with Lip(f) < L, where L > 0. Suppose that (y,e) € Y x S(Y), the
directional derivative f'(y,e) exists and is non-negative and the norm ||-|| is Fréchet
differentiable at e with derivative e* € Y*.

Suppose further that for each v,n,p > 0 there ewvists a set F' = F,,, CY
and s, = s«(v,m, 1) > 0 with the following properties.

1. If s € (0,s4) and
lyr =yl < s and |ly2 — yl| <s

there exists an almost-everywhere-differentiable Lipschitz curve v: [0,1] — Y

with
17(0) = w1ll < ms, [[7(1) — w2l < ns (2.1)
17 (t) = (y2 — 1) || < ms for almost all t € [0,1] (2.2)
m({t € [0,1] such that v(t) ¢ F,.}) < p. (2.3)

2. If (', €') € Fypu x S(Y) is such that the directional derwative f'(y',€") exists,
'y €)= f'(y.e) and

((f( +te) = fF(y) = (f(y +te) — f(y))] (2.4)
< 106\/(f/(y/76/) - f/(y7 6))L : ‘t‘

for every t € R, then
') < flye)+rv (2.5)

Then f is Fréchet differentiable at y and its derivative f'(y) is given by the formula
f'y) = f'(y,e)e. (2.6)

13



The following Lemma, due to Lindenstrauss and Preiss, can be understood
as an improvement of the standard mean value theorem, on the real line. It is a

consequence of the fact that the Hardy-Littlewood maximal operator is of weak type
(1,1).

Lemma 2.2. Suppose a < b are real numbers and h: [a,b] — R a Lipschitz function

whose Lipschitz constant is < 1. Assume that

b
[ ®lae = 2n(e) - h(w.

Then there is a measurable set A C (a,b) so that
1. m(A) = 5 [, I (t)ldt,
2. B (s) > f: [P/ (t)|dt/8(b— a) for every s € A,
3. [h(t) — h(s)| < 8\/W(s)- |t — s| for every s € A and t € [a,b].
Proof. See [15, Lemma 1]. O

Lemma 2.3. Suppose that —s < £ < s, 0 < A <1 and ¢¥: R — R is a Lipschitz
function with Lip(v) < 3,

2A?
9] > ors 2.7)
and Al )
[(0)] < Tesltl for all s < Jt] < ZS' (2.8)
Then there exists a measurable set B C (—s, s) with
m(B) > 4A%s/10°
such that if T € B then /(1) ewists, ' (1) > 2A%/10° and
[t +7) — ()] < 10°\/P/(7) - [¢] for [t] < s/A (2.9)
[(t+7) = D(7) = ()] < 10°V/' (1) - [t] for |t > s/A. (2.10)

14



Proof. Note, using (2.7) and (2.8), that

| 1012 10O — o) +16(6) — v€)
> 2(€)] — [(—s)| — [(5)]

> 4A%s/10* — 2A%s/10°

> 3A%s/10*

and 2|1 (s) — (—s)| < 4A%s/10° < 3A%s5/10%, by (2.8) once again. Hence, using

Lemma 2.2 with (a,b) = (—s,s) and h = 1¢/3, we can find a measurable set

A c (783 S)
with A2 A2
1 /3 1 3A%s  6A%s
> "> —-—"" —° )
such that for all 7 € A we have
, 1 /8 , 1 3A%s  2A?
> > 2> :
ST . W= 165701 > 108 (2.12)
and, for any ¢ € [—s, s,
[(t) —¥(7)] < /Y (7) - |t — 7). (2.13)

Let B be the set of 7 € A with |7| < (1 — A%2/105)s. Note from (2.11) that

For any 7 € B and s <t < 2s/A we have, using (2.8) and (2.13),

9(6) — D) < 16(8) — ()] + bls) — ()
< At +5)/10° + 14/ (1) - |s — 7
< 4NV 4 1) s

<40 - ,/%10%'(7) = 7| 4+ 14/ (1) - [t — 7]

< 10°/y/ (1) - |t — 71,

where, in the penultimate line, we used A?s/10% < s—7 < t—7, from the definition of

B, and (2.12). An identical calculation proves this inequality for —2s/A <t < —s.
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Using (2.13) once more, along with the observation that if |t| < s/A and 7 € B
then |t + 7] < s/A+ s < 2s/A, we may then deduce (2.9).

Finally to obtain (2.10) we let || > s/A and use Lip(y) < 3, |7] < s
and (2.8):

(4 7) = (1) =¥ ()] < 3|7] + [4(7)]
< 3[7] 4 3[7 = 5|+ [(s)]
<3s+4+6s+s=10s
< 10A[¢t|
< 20Alt — 7|

1
<20 5106¢’(7) St —T]
<10°VY/(r) - [t = 7],
by (2.12) again. O

Lemma 2.4. Let Y be a real Banach space, f: Y — R be a Lipschitz function with
Lip(f) <1 and let A € (0,1) and M € [0,1]. Supposey €Y, e € S(Y) and s >0

are such that Al
[f(y +te) = fly) = Mi| < 551t (2.14)

for |t| < 2s/A. Suppose further that & € (—s,s) and h € Y satisfy
[y +h) = f(y) — Mg > 24%5/10° (2.15)

and v: [—s,s] = Y is an almost-everywhere-differentiable Lipschitz curve such that

v(£s) =yt se and y(§) =y + h, (2.16)

7' — el <A almost everywhere, (2.17)
A? 2A?

m <{7‘ € [—s, s] such that |7/ (7)]| > 1+ 106}) < 1065 (2.18)

Then we can find a measurable set C C (—s,s) with
m(C) > 2A%5/10°
such that for all 7 € C then v/(1) exists and is non-zero and, letting

/

Yy =~(r) and & =

16



the directional derivative f'(y',€') exists with f'(y',e') > M + A%/105 and

((f( +te) = f(y) = (f(y +te) — f(y))] (2.19)
<10°V/ f'(y' e') — M - [t]

for allt € R.

Proof. Extend v to R by y(t) = y + te for |[t| > s. Note that Lip(y) < 2 and
V(7 +8) = (v(7) + te) || < Alt] (2.20)

for any ¢,7 € R, using (2.17), the fact « is Lipschitz and A € (0,1).
Define ¢p: R = Y by

P(t) = f(y(t) — fly) — M. (2.21)

Then Lip(¢)) < 3, from Lip(y) < 2, Lip(f) <1 and M € [0,1].
We have [1(€)] > 2A25/10% using (2.16) and (2.15).
For s < [t| < 2s/A then

4
V(0] = |y +te) — (o) — Mt] < S (222)

by (2.14).

Hence by Lemma 2.3 we can find a measurable set B € (—s, s) with
m(B) > 4A%s/10° (2.23)
such that for all 7 € B, ¢/(7) exists with
Y'(1) > 2A%/10° (2.24)

and (2.9) and (2.10) hold.
Let

C = {7 € B such that /(7) exists with 0 < ||7/(7)|| <1+ A?/10°}. (2.25)

Then C' is measurable with

17



by (2.17) and (2.18); note that (2.17) implies that 7" # 0 almost everywhere.

For any 7 € C then as 7/(7) exists and is not equal to 0, we may define

F— (7). ¢ = 7'(7)
A T

We may note, from (2.21) and the fact that ¢’(7) exists and f is Lipschitz,
that f'(y/,€’) exists with

W) = f(y(7), 7 (7)) — M
= f', e ()] = M. (2.26)

Now for |t| < s/A,

(fy(t+ 7)) = f(¥) = (fly +te) = f(v)]
<|f(y(t+7)) = f(y) = Mt| + | f(y + te) — f(y) — M|
= [t +7) = (1) + | f(y + te) — fly) — Mt
4
< 10°\/4/(7) - |t| + 1AO5 |t (2.27)

using (2.9) and (2.14).
For [t| > s/A then as y(t) = y + te,

((f(v(t+7)) = F) — (fly+te) = f(y))
=|(f(y(E+7) = fF(3(7) = (F(v () — F ()
= |t +7) —(t) — (1)
< 10°\/4'(7) - [t]. (2.28)

by (2.10).
Now using Lip(f) < 1 and (2.20),

[f(y' +te) = f(v(t + 7)) < Al
and so by (2.27), (2.28) and /(1) > 2A2%/10°,

((fF(f +te) = f(y) — (fly+te) — f(y)] <2-10°/¢/(7) - |¢] (2.29)

for all t € R.
Recall that as 7 € C C B, /(1) exists and we have /(1) > 2A2%/10°
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from (2.24). Hence by (2.25),

/ A? 1,
WO <1+ 155 < T+ 5¥().
Now from (2.26),
V(7)) = 1" e ()] - M.

As /(1) > 2A%/105 > 0 and M > 0 we deduce f'(y',€’) > 0.
Hence from (2.30),

L +¢'(r)/2) - M
¢') = M +4/(1)/2.

P(m) < f(

',
',

IN

using f’(y’,€’) < Lip(f) <1 in the final line.
Thus

\
[\
—_
an]

[=3)

using (2.24) once again.

Finally from (2.29) we may now deduce (2.19).

(2.30)

O

The following lemma gives an estimate on the size of the neighbourhood of

e-Fréchet differentiability of f at y € Y.

Lemma 2.5. Let e € (0,1) and f: Y — R be a Lipschitz function with Lip(f) < 1.
Suppose that (y,e) € Y x S(Y) and that e* € Y*, M € [0,1], A € (0,¢) and 6 > 0

satisfy
le+ Bl < 1+ () + ~<|Jall for ] < 222
¢ =5Te 103 oriiml = 701z
A4 1046
!f(y+te)—f(y)—Mt!STO5\t\ for |t] < T

Suppose further that if
10%e6
se (0.5

2A2g
Ihll = =
10%¢

and h € Y with

then

19

(2.31)

(2.32)

(2.33)

(2.34)



1. for m = %1, there exist almost-everywhere-differentiable Lipschitz curves
Yr: [0,1] =Y
with v-(0) =y + h, v=(1) = y + wse and
Iy — (mse — )| < 5 lmse — (2.35)

almost everywhere,

2. there exists a set D C [0,1] with m(D) < A?/10° such that if

ve[0,1]\ D
and ™ = +1 then . (v) exists,
/ A?
0 < 4] < fmse — 1 - (1+ ) (2.30
and, defining
(v
v =v:(v) and e =7 I Eviu, (2.37)

if the directional derivative f'(y',€') exists, f'(y',e') > M and for any t € R,

(FW +te) = f(y) — (fly +te) — f(y)] <10°\/f'(y/ . €') — M - |t| (2.38)

then we have )

A
! / /
f(y,e)<M+—106. (2.39)

Then f is e-Fréchet differentiable at y with

[f(y+h) = f(y) — Me(h)] < el (2.40)

for any h € Y with
[[R]| < 6.

Proof. We suppose, for a contradiction, we can find ||h|| < § such that

[f(y+h) = f(y) — Me"(h) > e[[h]]. (2.41)
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We write h = ru where v € S(Y') and 7 > 0 and define

§=re*(u)

and
B 10%er
*T AT

This equation, with = ||h|, implies (2.33) and (2.34). We let v,: [0,1] = Y
and D C [0,1] be given by (1) and (2) in the statement of the present lemma.
As A < e <1 wehave [£| <r <s/2.

Further from

T 2A2
s 10%
we deduce by (2.31) that
e— gruH <1- gre*(u) + % - g
s 2A?
=1——re —. 2.42
STe (u) + 07 (2.42)

We may now note for t € [0,1] \ D and m = £1, using (2.36), that

el = s e = Zrul - (1 + fm)

<s (1 - ET‘G*(U) + 2A2> : <1+ A2>
s 107 107
= <s—7r§+ws) : (1+A2)
107 107
<|s—mg|- <1+4A2) . <1+A2>
- 107 107
A2
<|s—mt]- <1+106>, (2.43)
where, in the penultimate line, we have used || < r < s/2 so that |s — w&| > s/2
and, in the final line, we have used A € (0, 1).
Now let p: [—s,s] — [0,1] be a function that is affine on [—s,&] and [€, s]
with p(§) =0 and p(—s) = p(s) = 1.
Write
E=p (D) C[-s,s4 (2.44)

and note that as the magnitude of the gradient of p is 1/(£ + s) on [—s,£] and
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1/(s — &) on [, s] we have

m(E) < (§+s)-m(D) + (s — &) -m(D)

2A%s
=2s-m(D) < . 2.4
Define v: [—s,s] = Y by v(t) = (v, o p)(t) where
m = —1 for t € [—s,£]
m = +1 for t € [¢, s]. (2.46)

We shall now verify the conditions of Lemma 2.4 for Y, e, f, A, M, y, e, s,
&, h and 7.

We already know that f: Y — R is Lipschitz with Lip(f) < 1, A < e < 1,
M €[0,1], (y,e) €Y x S(Y) and s > 0.

Since
2s _ 10%6
< —
A~ A3
using r < §, we deduce (2.14) from (2.32).
As A2
2A*s
ellh|| =er = BT

we derive (2.15) from (2.41).

We know that v: [—s,s] — Y is Lipschitz and differentiable almost every-
where as v, and p are Lipschitz and differentiable almost everywhere.

We readily derive (2.16) from v,(0) =y + h, v-(1) =y + 7wse, p(§) = 0 and
p(=s) =p(s) =1.

From (2.35) and the fact ||h|| = r < s/2 we have for almost all ¢ € [0, 1] and
m = +1 that 7. (¢) exists and

A
Iz (#) = (wse = h)|| < s.
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Therefore, by (2.46), for almost all ¢ € [—s, s], we can find 7 € {—1,1} with

I7/(0) ~ ell = e 0 ) (1) — e
= Ik(o(t) ¢ —el
_ |z (e(t)) = wse + Eell
ms — €

< 2l (o0)) — mse + e

< 2 (4 o(2)) — (mse — )] + llge — )

2 A 2

—— - —h
S s+ Clige—hl
_A L 4

- 2 S

<A,

IN

where, in the penultimate line, we have used |£| < ||h|| = r and, in the final line, we

used
r 2A%7 A
s 100 T8
by 0 < A <e.
Thus we have verified (2.17).
Finally, if

tel=s s\ (BEU{})

then, as p(t) € [0,1] \ D from (2.44), we have for some 7 = %1,

Y ()] = I (p(t)] - 16 (1)]

< r(p®)] -
A2

1
s — ¢

<1+ —
< +106,

using (2.43). Hence from (2.45) we may derive (2.18).
We let the measurable set C' C (—s, s) be given by Lemma 2.4. Note that as

2A2g

and A2
2A%s
T
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we may pick

TeC\ (EU{&}).
Then as 7 € C we know ~/(7) exists, 7/(7) # 0 and, defining
7' (7)
vt ed €= e

then f'(y/,€’) exists with

F',e)>M+ (2.47)

106
and such that (2.19) holds.
Letting v = p(7) then v € [0,1] \ D from (2.44). Further from (2.46),

/
/ ' Yz (V)
Y =7z(v)and e’ =7
7z ()l

for some m € {—1,1}.
Hence as f'(y,¢') exists, f'(y',e’) > M and (2.38), we deduce from (2.39)

that
2

A
/ / /
<M+ —.
This contradicts (2.47). We are done. O
We require one more simple observation before proving Theorem 2.1.

Lemma 2.6. Suppose that Y is a Banach space, n,u > 0 and v: [0,1] = Y is an

almost-everywhere-differentiable Lipschitz mapping with

17(0) —wll <m
v(1) =2l <m
17 = (y2 — y1)|| < n almost everywhere.

Then there exists an almost-everywhere-differentiable Lipschitz curve 7: [0,1] =Y

such that ¥(0) = y1, (1) = o,
= An
17 — (y2 — )|l < — almost everywhere, (2.48)
p

and
m({t € [0,1] such that ¥(t) # v(t)}) < p. (2.49)

Proof. We can assume that p < 1; otherwise we may simply take 7 to be an affine

mapping with 7(0) = y; and F(1) = ye.
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Note first that by the mean value theorem,

l7(t) = (1 = )y — tyal| < 21 (2.50)

for any t € [0, 1].

We now let 5(¢t) = y(t) for /2 <t <1 — pu/2 and define 7 to be affine on
[0, /2] and [1 — /2, 1] with 7(0) = y; and 7(1) = y2. We only need to check (2.48).
Indeed for t € (0, 1/2),

76) = =)l = | I ()
_ (w/2) = (1/2)y2 = (1 = p/2)u ]|
/2
4n
— M )

using (2.50) in the final line. A similar proof shows that the bound also holds for
t € (1 —p/2,1). Finally the bound is also true for almost all ¢ € (p/2,1 — p/2)
because then 7' (t) = +/(t). O

Proof of Theorem 2.1. We assume the conditions of Theorem 2.1. We may take
L =1, without loss of generality.

Let M = f'(y,e) > 0 and € € (0,1). We shall verify the conditions of
Lemma 2.5.

As the norm || - || is Fréchet differentiable at e € Y with derivative e* we may
pick A € (0,¢) such that (2.31) is satisfied.

Further, as the directional derivative f/(y, e) exists and equals M, there exists
d > 0 such that (2.32) holds. We may take

A2
RS ms*(ya 77):“’)7 (251)
where
A? Al A?
T A AT e T

and s, is given by the conditions of Theorem 2.1.

If is
10%¢e
e <o, 105 )
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and

2A%s
h|| = ——
then we have, using 0 < A < e < 1,
2||hl| < s < si(v,m, p1). (2.52)

Thus, for each m = £1, we can find an almost-everywhere-differentiable Lipschitz

curve v: [0,1] — Y with

17(0) = (y + W) < ns and [|7(1) — (y + 7se)|| < ns
|17 (t) — (mse — h)|| < ns for almost all t € [0, 1]

and such that
m({t € [0,1] such that v(t) ¢ F,,.}) < p. (2.53)

By taking v =7, as in Lemma 2.6 with

y1 =y + h and
Y2 =y + mse,

we have that -, is an almost-everywhere-differentiable Lipschitz mapping with

Y7(0) =y + h, (1) =y + 7se,

4dns
v () — (se = h)|| < "
A? s
<=2
— 107 2
2
< — — .
< 107H7rse hl| (2.54)
for almost all ¢ € [0, 1] and
A2

m({t € [0, 1] such that v.(t) ¢ F,. ., for some 7 = £1}) < 4p < (2.55)

106

by (2.53) and (2.49). As A < 1 we have verified (2.35) and hence (1) of Lemma 2.5.
To establish (2) of Lemma 2.5 we let D be the set of all ¢ € [0, 1] such that

for some m = +1,

1. v=(t) ¢ Fypu or

2. ~L(t) does not exist or
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3. Yx(t) =0or
4. |y (t) = (wse = h)|| > 15r A%|lwse — h].

By (2.55) and the fact that 4/ (¢) exists and is non-zero for almost all ¢ € [0, 1],

with (2.54), we have
AZ
< —.
m(D) < 158

It is immediate that for v € [0,1] \ D we have (2.36).

Finally if we assume (2.37) and (2.38), then as y’ € F,, , we deduce (2.39)
from (2.5). Hence (2) is satisfied.

Hence by Lemma 2.5, for h € Y with ||h|| <,

[f(y+h) = f(y) = f'(y,e)e”(h)] < el|h]l.

As e € (0,1) was arbitrary, we are done. O
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Chapter 3
An optimization algorithm

In this section, given a Banach space Y, we shall show how to find a point y € Y
and direction e in the unit sphere of Y with almost locally maximal directional

derivative

f(y,e),

where
frY—>R

is a Lipschitz function. Eventually we shall combine this construction with the
criterion proved in the previous chapter, to show that the point y we arrive at is a
point of Fréchet differentiability of the function f; see Theorem 4.2.

The basic idea behind the proof - to take a sequence of pairs (yy,e,) with
the directional derivative f’(yy,e,) almost maximal, subject to some constraints,
and to argue that (y,,e,) — (y,e) for some (y, e) with the desired properties - goes
back to Preiss; see [23].

The main difference between the algorithm presented in [23] and the one here
is that we do not optimize over Y itself; instead we let 7: X — Y be a bundle over
Y, where X is a complete space, and find a point x € X and direction e € Y such
that the directional derivative f’(7z,e) is almost locally maximal, for x € X.

A similar result was also proved, by the author and Maleva in [8, Theorem
3.1], for the case in which Y is a Hilbert space. Instead of working over a bundle, in
this paper we optimize over a family (S;);c; of closed subsets of the Hilbert space,
indexed by a partially ordered set I.

Further, the proof in [8] achieved the convergence of the direction vectors e,
by adjusting the Lipschitz function f by a small linear piece at each stage of the

iteration. This method appears not to work for general Banach spaces; thus in this
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chapter we instead achieve this convergence by making a small change to the norm
|- || of Y at each step of the construction. This latter idea is due to Preiss; see [23].

We recall that a complete space X is a topological space whose topology can
be induced by a complete metric. Given a Banach space Y we let S(Y') be the unit
sphere of Y and, given a metric space X, x € X and § > 0, we denote by Bs(x) and

Bs(r) the open and closed balls in X, respectively, with centre  and radius 4.
Theorem 3.1. Let
(a) X be a complete space,
(b) (Y,|l-1) be a Banach space,
(c) m: X =Y be a continuous map,
(d) ©: (0,00) = R be a real-valued function with O(t) — 0 ast — 0" and
(e) p>1.

Suppose now that g: Y — R is a Lipschitz function such that the set
D :={(x,e) € X x (Y \ {0}) such that ¢’ (nz,e) exists}

18 mon-empty.

Then there exist
(1) a Lipschitz function f: Y — R, with f — g linear and Lip(f) < 3Lip(g),

(2) anorm || -||" on'Y, with
lyll < llyll” < wllyll

forally €Y, and

(3) (z,e) € D with ||e||' = 1 such that the directional deriative f'(mwx,e) > 0 is
almost locally mazximal in the following sense. For any € > 0 there exists an
open neighbourhood Ne of x in X such that if (2',¢') € D with

(i) ' € N, ||| =1 and
(ii) for anyt € R

|(f (w2 +te) — f(ma)) = (f(ra + te) — f(r))]
< @(f/(ﬂ'l'/, 6/) - f/(ﬂ"% 6))’t’, (31)
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then we have f'(wa' ') < f'(wx,e) + ¢.

Moreover, if the original norm || - || is Fréchet differentiable on Y \ {0} then the

norm || - ||" can be chosen with this property too.

The purpose of this chapter is to prove Theorem 3.1.
We let d be a complete metric on X. Without loss of generality we may take
Lip(g) =1/3, p <2 and O(t) > 0 for all £ > 0. Further since

|(f (w2 +te) — f(ma')) = (f(rx + te) — f(r))]
<|f(ra' +te) — f(mwa')| + |f (72 + te) — f(ma)| < 2J¢]

for all t € R whenever f: X — R is a Lipschitz function with Lip(f) < 3Lip(g) =1
and z,2' € X, e € Y with |le]| < 1, we may assume that ©(¢) < 2 for all ¢ > 0.
Lemma 3.2. There ezists a function : (0,00) — (0,00) such that

1. Q(t) > 20(t) for allt € R,

2. Qt) > 0ast— 0",

3. Q is continuous and, for each a > 0, Q is uniformly continuous on [a,c0),

4. if A, B >0 then Q(A) +2B < Q(A+ B).

Proof. For each n € Z let

B(2") = sup O) <2
0<t/<2n+1
We may uniquely extend S to (0,00) by imposing the property that g is affine on
each interval of the form [27,2" 1] for n € Z. Note that 3 is continuous, increasing
and B(t) > O(t) for every t > 0 since, choosing n € Z with 2" < ¢t < 2""!  we have
B(t) = B(2") = O(t).

Further for ¢ < 2™ where n € Z, we have

Bt)<pER") = sup O
o<t/ <2n+1
and as O(t) — 0 as t — 07 we deduce that 3(t) — 0 as t — 0.
We now let Q(t) = 25(t)+2t. Then (1) and (2) are immediate as 5(t) > O(¢)
and B(t) — 0 as t — 0T. As 3 is continuous so is Q. But as () is increasing with ¢

and is bounded above by 2 it converges as t — co. Hence 8 is uniformly continuous
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on [a,00) for any a > 0; therefore so is 2. Finally for (4) we may use the fact that

B is increasing to deduce that for A, B > 0,

Q(A+ B) =28(A+ B) +2A+2B
> 23(A) + 24 + 2B
— Q(A) +2B. O

We now begin the iteration procedure that will construct the required pair
(x,e) € D.

As D # () we can pick (xg, eg) € D. By rescaling e if necessary and by replacing eq
with —eq if necessary we can assume that |leg| = 1 and ¢'(7wx0,e9) > 0.
We let ef € Y* with efj(eg) = 1 and ||ef|| = 1, and then we define f: Y — R
by
2 *
f=9+3¢% (3.2)
Note that
Lip(f) < Lip(g) +2/3 = 1. (3.3)

As f — g is linear the set D is precisely the set of all (x,e) € X x Y \ {0} such that
f/(mx, e) exists.

We can prove a very simple observation immediately.
Lemma 3.3. If (z,e) € D with f'(mxo,e0) < f'(wx,e) then ef(e) > 1/2.

Proof. We may write the inequality f’(mxo,e) < f'(7x,€e) as

2 2
g (rxo, e0) + 3= g (rz,e) + 363(e>-

As ¢'(wxo,e9) > 0 and Lip(g) = 1/3 we deduce

- <
3_

from which the result follows. O

Now define o9 = 16, 6o = 1, to € (0,1/2) with t3 < u — 1, the norm py be

the original norm || - || of Y and wgy = wy,, where the latter is defined as follows.

Definition 3.4. If p is a norm on'Y and (x,e) € D then we write

_ f'(me)
wp(z,e) = o)
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Further for o > 0 we let Gp(z,e,0) be the set of all (z',€¢’) € D such that
wp(x,e) < wy(x',e)
and

[(f(ma’ +te) — f(ma)) — (f(mx + te) — f(mx))]
< (0’ + Q(wp(x', e) — wp(z, e))) |t]

for all t € R, where the function ) is given by Lemma 3.2.
For n > 1 we shall pick
pn7 wn7 Unv tna 87’17 Dn; xnv ena an A’I’M 671

in that order where
® p, are norms on Y,

e w, are weight functions defined on D,

D,, are non-empty subsets of D C X x Y \ {0},

(Tn,en) € Dy,
b O—nutn7€N7 Vn; Ana(sn > 0

After defining the set D,, and choosing &, > 0 we shall pick (z,,e,) € D,, C
D such that weight wy, (x,, ;) is within &, of its supremum over D,,. We shall show
that p, — Poo and (zp, €n) = (Too, €0o) for some norm po, on Y and (2, €00) € D.
The constants d,, > 0 will be used to bound d(zy,, x,,) for n > m whereas ¢,,, > 0
will bound ||e,, — e;,]| and t,,, > 0 will control the differences between the norms py,
and p,, for n > m.

Given y € Y and e € Y \ {0} we use the notation ||y — Re| to denote the
distance between the point y and the one dimensional subspace of Y generated by

e. This distance is calculated with the original norm || - || on Y.
Algorithm 3.5. Given n > 1 choose

(1) Pa(y)? = Pa—1(y)® + ta_1lly — Rena|® for ally € Y,

(2) wy, = wp, - see Definition 3.4,

(8) on € (0,0,-1/16),
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(4) tn € (0,t,-1/2) with t2 < 0,,—1/16,
(5) en € (0,17,07/2"),
(6) D,, to be the set of all pairs (x,e) € D with d(x,xn—1) < 0n—1, |le]| =1 and
(z,e) € Gp, (Tn-1,€n—1,0n-1 — V)
for some v € (0,0,-1/2),
(7) (xn,en) € Dy such that wy(x,e) < wy(xy, en) + ep for every (z,e) € Dy,
(8) vn € (0,04,-1/2) such that (zn,en) € Gp, (Tn—1,€n—1,0n-1 — Vp),
(9) A, >0 such that
|f(mxn + ten) — f(mwy) — f/(7an, en)t] < on_1]t|/32 (3.4)
|f(man_1 +ten—1) — f(mzn_1) — f (mTn_1,en—1)t] < on_1lt|/32 (3.5)
for all t with |t| < 4A,, /vy,
(10) 6y, € (0, (0p—1—d(zpn, Tn-1))/2) with |[Tx—7x,| < A, whenever d(x, x,) < dy,.

That p,, defines a norm on Y is almost immediate; the proof of the triangle

inequality follows from the formula

n—1
pa(®) =\ ll2+ D 2]y — Rep |2
m=0

and Minkowski’s inequality, and the other properties are straightforward to check.
Note that (6) implies that (z,—1,e,—1) € Dy, and so D,, # 0; further as
Lip(f) <1 and py(e) > |le|| =1, for (z,e) € D, we see

sup  wy(z,e) < 1.
(z,e)€Dy
Therefore we are able to pick (x,,e,) € D, with the property of (7).
The definition (6) of D,, then implies that we can find v, with the property
of (8). Further, we have d(x,,zn—1) < dp—1 by (6) and (7); as 7 is continuous at z,,
we may choose d,, as in (10).

We collect some rather simple facts.

Lemma 3.6. The following siz statements hold.
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1. The sequences oy, tn, €n, On, Vn all tend to 0 as n — oo.

2. If n > 1 and (x,e) € D then pp(e) > pp—1(e) and wy(z,e) < wyp_1(x,e) with

equality in both cases if (z,e) = (Tp—1,€n—1)-
3. For eachn > 1, Bs, (7,,) C By, _,(Tn_1)-
4. For eachn > 1, |lyl| < pn(y) < pllyll < 2[ly|| for any y € Y.

5. For each n > 1 we have
Wi (Tny €n) = Wp(Tn—1,€n—1) = Wnp—1(Tn_1,€n—1).
6. For each n > 1 then if (z,e) € D,
|f’(7r:c,e)—f/(7mn_1,en_1)| < 2wy (x, e)—wp (Tp—1, en—1)|+4|le—en—1]]- (3.6)

7. If (x,e) € Dy, where n > 1 then ej(e) > 1/2.

Proof. Ttem (1) is immediate from Algorithm 3.5(3),(4),(5),(8) and (10). Likewise
items (2) follows from Algorithm 3.5(1),(2) and Definition 3.4. For item (3) we may
note from Algorithm 3.5(10) that

On < Op—1 — d(Tp, Tp—1)-
Hence if d(z, x,) < §, then
d(l‘, xn—l) < p+ d(l‘n, xn—l) < Op-1.

For item (4) we can use Algorithm 3.5(1),(4) to deduce
Pa(®)® = Iyl + Z t2.lly — Rep >

to
<t + S () 1w
m=0
< Ilyll® +2t3 - Iyl
< @u—1)- Iyl < ¥y

as t3 < u — 1. Then we simply note that u < 2.
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For item (5) we note that (zn,e,) € Gp,(Tn—1,€n—1,0n—1 — V) by Algo-
rithm 3.5(8). Hence Definition (3.4) implies wy,(zn—1,€n—1) < Wn(Tn, €,). We have
already proved the equality wy,(xp—1,€n—1) = Wnp—1(Tp—_1,€n—1) in (2).

Next for item (6), using p,(en,—1) < 2 from (4),

|f’(7TfU7 e) — f’(ﬂmn—la en—1)]

|f!(mz,e) — f/(man—1,en—1)]

<2

pn(enfl)
f/(ﬂ-x¢€) . f/(ﬂ-xnflaenfl) / 1 B 1
<2 ey | Tl e S T e

(&
< 2w (2, ) — wn(n_1,en1)] + 2 $1pn(€) = pulen-)

pn(en—l)pn(e

< 2|wn(:c, 6) - wn(mn—la en—1)| + 4H6 - 6n—1”7

where, in the penultimate line, we are using Lip(f) < 1 and, in the final line,
[Pn(en—1)ll = llen—1ll =1, [[pn(e)]] = [le]| and the fact that

‘pn(e) - pn(en—1)| < pn(e - 6n—l) < 2”6 - 6n—1H7

using the triangle inequality and (4) again.

Finally for (7) we note that if (x,e) € D,, then wy,(x,—1,€n—1) < wy(x,e)
so that by (4) and (5), wo(zo,e0) < wp(z,e) < f'(mx,e). Hence by Lemma 3.3,
ep(e) > 1/2. O

We next require a slightly more complicated calculation.
Lemma 3.7. The following three statements hold.
(i) If n > 1 and (z,e) € Dypy1, then (x,€e) € Gp, (Tn—1, €n—1,0n—1 — Vn/2).
(ii) If n > 1 then Dyy1 C D,,.
(11i) If n >0 and (z,e) € Dypt1, then |e — ey < 0,/8.

Proof. For n = 0, condition (iii) is satisfied by |le|]| = |len]| = 1 and op = 16. It
suffices now to check that if n > 1 and condition (iii) is satisfied for n — 1, i.e.
le' —en—1]| < on_1/8 for all (z/,¢’') € D, then (i)-(iii) are satisfied for n; the lemma
will then follow by induction on n.

Thus we may let n > 1 and assume that

On—1

8

len —en—1] <
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as (zn,en) € Dy,
To establish (i) we let (x,e) € D,,+1. We have

d(x,zy) < op (3.8)

and
(z,e) € Gan (@n, €n,0n — V) (3.9)

by Algorithm 3.5(6), for some v € (0,0,/2), and we wish to verify
(z,€) € Gp, (Tn-1,€n—1,0n—1 — Vn/2). (3.10)
First note that as wp41(z,€) > wpt1(zn, €n), from (3.9), we have
wp(z,€) > Wpi1(x,€) > Woi1(Tp, en) = Wp(Tn, en) > Wy (Tn_1,€n—1) (3.11)

using Lemma 3.6(2) and (5).
Now for |t| < 4A,, /vy, using first (3.4), (3.5) and then Lip(f) <1,

|(f(mx +ten—1) — f(mz)) — (f(7Tn-1 + ten—1) — f(mTn-1))|
< |(f(rw + ten—1) — f(m2)) — (f (720 +ten) — f(man))|

1
+ ‘f/(ﬂ'$7uen) - f/(ﬂ'.an_l, en—l)’ : ‘t‘ + 70'71—1‘“

16
< |(f(rx +ten) — f(mz)) — (f(72n +ten) — f(man))| + [len — en—al| - [t]
+ ‘f’(ﬂ'l’n,en) - fl(ﬂ'xn—lven—l)’ : ‘t‘ + %Un_l‘t‘.

We may now apply (3.7) and (3.9) to deduce

(2 + ten 1) — f(72) — (f(rtn s + e 1) — F(nza )|
< (00 =¥+ wrial,6) = wnss(omen)) + 5 ) I
1 (xnsen) — ' (nzn1,en )] It
< (o1 + 2wa(00) — v o)) I
(2w (s €n) — Wn(n-1,¢n1)) + 4llen — en 1]} I8
< (Zan_l + Qwn (s €) — wn(@ns €n)) + 2(wn (20, €n) — Wn(@n1, en_l))> "

<(on—1—vn/2+ Qwp(z,€) — wp(Tn-1,en-1))) |t], (3.12)
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for |t| < 4A/v,, where we have used o, € (0,0,-1/16), from Algorithm 3.5(3),
and then Lemma 3.6(2),(5),(6), Lemma 3.2(4) and v, € (0,0,-1/2), from Algo-
rithm 3.5(8).

Now we consider the case [t| > 4A,,/v,. As d(z,x,) < 0, from (3.8) we have

|mx — mxy || < A < pylt]/4
from Algorithm 3.5(10), so we get

|(f(mz +ten—1) — f(mx)) — (f(m2n_1 + ten—1) — f(T2n_1)|
< 2|lrx — map|| + |(f (7an + ten—1) — f(72n)) — (f(Tan—1 + ten—1) — f(T2n-1)|
< vnlt]/2+ (on-1 = Vn + Uwp(zn, €n) — wn(Tn_1,n-1))) [t]

< (Op-1— /2 + Qwp (2, €) — wy(Tn-1,€n-1))) [t],

using (xn,en) € Gp, (Tn—1,€n—1,0n-1 — Vp), from Algorithm 3.5(8), wy,(zp,en) <
wp(z,e), from (3.11), and the fact Q is increasing, from Lemma 3.2(4).

Then (3.12) together with this last inequality verifies (i).

Further, for (z,e) € Dp41 we have |le]| = 1 and d(z,zp—1) < dp—1, using
d(x,x,) < d, and Lemma 3.6(3). From (i) we see then that (x,e) € D,; hence (ii).

Finally to see (iii), let (x,e) € Dp4+1 with n > 1 and recall that

w”l(xN7 en) = Wn+1 (xm en) < wn'ﬁ‘l(l‘) 6).

We deduce from Definition 3.4,

pn(e)
pn+1(e)
pn(e)
S pn+1(e)

wn(xmen) < wn(x,e)

(Wn(Zn, en) + €n) (3.13)

using (z,e) € Dy, from (ii), and Algorithm 3.5(7).
Writing d := ||e — Re,,|| < 1 we note that ¢, < tg < 1/2 so that

pule) 1 <1— t2d?
pnri(€) 1T+ E2d2/pu(e)2 ~  4pule)?

using the fact that 1/v/1+2<1—2xz/4for 0 <z <1.
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Substituting this inequality into (3.13) we obtain

12 d? t2 d?
o <en[1—-—"— ) <ep.
4pn(e)2wn(:cn, en) < én Ipn(e)2 ) S

But p,(e) < 2 and

2 1
Wi (Tn, en) > wo(wo, €0) = g'(mx0, €0) + 3 > 5

using Lemma 3.6(5) and ¢'(7wxo,ep) > 0, so that, using Algorithm 3.5(5), we have
d? < 02 /28 and so

On
—1 < — .14
e~ teall < o

for some t € R.

Now |efy(e — tep)| < 0,,/16 < 1/2, for n > 1, and ef(e) > 1/2, ef(en) > 1/2
by Lemma 3.6(7). Hence t > 0.

Then from (3.14) and ||e,|| = |le]| = 1 we get that

On
1—-t < —
1-t< 1
and so
o
e — el < 22
using (3.14) once again. O

We now show that the sequences x,, e, and p, converge and establish some
properties of the limits. We first quote a lemma for determining the Fréchet differ-

entiability of the norm pg.

Lemma 3.8. If the norm of a Banach space Y is Fréchet differentiable on Y \ {0},
if em €Y and t,, > 0 with Y. t2 < oo, then the function p: Y — R defined by the

formula

o0
py) = | lwl?+ D 2,]ly — Rep||?
m=1

is an equivalent norm on'Y that is Fréchet differentiable on Y \ {0}.
Proof. See [23, Lemma 4.3]. O
Lemma 3.9. We have xp, — oo € X, €y — €00 € S(Y) and pp, — poo where

(1) d(Too, Tm) < Om, and ||ece — em|| < o /8 for all m > 0,
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(1i) poo i a norm on'Y with

Pm(¥) < Poo(y) < (14 t2)pm(y) < pllyl]

forally € Y and m > 0; further p,, is Fréchet differentiable on Y \ {0}

provided this is true of the original norm || - || of Y,
(iii) If (x,e) € D and n > 1 then |wp(z,€) — woo(x,€)| < 2 where woo := Wy,
(10) (Tooy €o0) € D With Weo(Too, €o0) > 0 and Wi (T, €m) ™ Woo(Too, €00 ),
(V) (Zoo,€00) € Gp,, (Tm—1;€m—1,0m—1 — Vm/2) and
(Vi) (Zooy€o00) € Dy for all m > 1.

Proof. For n > m > 1, by parts (ii) and (iii) of Lemma 3.7 we have
(xna en) S Dn+l - Dm+1

and |le, — en| < 04,/8. Hence d(zy,zy) < dp from the definition of Dy,4; in
Algorithm 3.5(6).

As (X,d) and (Y, || - ||) are complete and 9y, 0, = 0 we have z,, = o0 € X
and e, — ex € Y where d(Teo,Zm) < O and |les — €| < 01 /8. The former
implies

Too € Bs, (m) C Bs,,_, (Tm—1)
for all m > 1, using Lemma 3.6(3). Finally as e,, € S(Y) for all m we have

e € S(Y) too.
For item (ii) we note by Lemma 3.8 that

o0
Poc®) =y | lWlZ+ > 2]y — Ren?
m=1

is a norm on Y that is Fréchet differentiable on Y \ {0} provided this is true of || - |[;
further from tp,41 € (0,¢m/2),

D
Poo(®)® = n(¥)> + D tolly — Re |
m=n

< paly)? + 262 - |lyl®
< (1+262)pa(y)?
< (1+1t2)%pa(y)*.
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We then may note that 1+ 2 <1+ < pu.
For (iii),

|wp(z, €) — weo(z, €)

f@e) (  peole) )’

— 1 (r.e |p00() pnef

()
()poo()

< 2

— ’n

using Lip(f) < 1, [poc(€) — pn(e)] < t7pn(e) from part (ii) and po(e) = [e]-
We now show that the directional derivative f'(7mxso,€n0) exists.
For n > m we have (z,,€,) € Dy,11; therefore by part (i) of Lemma 3.7 we

know
(@, en) € Gp,, (Tm—1,Em—1,0m—1 — Vm/2). (3.15)

Now from Lemma 3.6(5), wo(zo,e0) > 0 and Lip(f) < 1 we have

Wn (Tn; €n) /L

for some L € (0,1]. By part (ii) of the present lemma and ¢, — 0 we also have

Woo (T, €n) — L and wy41(xp, €,) — L. Note then that for each fixed m,

wm(mn, en) - wm(l'm—lv em—l) — Sm,

n—oo
where
L poo(eoo)
Sy 1= L — wp(Tm-1,em—1) —— 0. (3.16)
pm(eoo) m—sc0

As wp(Tn, en) > W (Tm—1,€m—1) from (3.15) we have s, > 0 for each m. Taking

n — oo in (3.15) we obtain

|(f(To0 + tem—1) = f(T2o0)) = (f(TTm—1 + tem—1) — f(T2m-1))| < rmlt| (3.17)

for any ¢t € R, where

Tm = Om—1 — Vm/2+ Q(sm) = 0 (3.18)
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by Lemma 3.2(2). Using ||eésc — €m—1|| < om—1 and Lip(f) < 1:

|(f(TTeo + tess) — f(TTo0)) — (f(TTm—1 + tem—1) = f(7Tm—1))| < (rm + om-1)|t].

(3.19)
Let € > 0. Note that as
F(mTm—1,em-1) = Pm—1(€m—1)Wm—1(Tm—1,€m—1) = Poo(€oo)L
we may pick m such that
Tm+ 0m_1 <¢&/3 and |f (7xm_1,em—1) — Pool(€cc)L| < €/3 (3.20)
and then ¢ > 0 with
|f(mxm_1 +tem_1) — f(mam_1) — f(7m_1, em_1)t| < elt|/3 (3.21)

for all ¢t with [t| < §. Combining (3.19), (3.20) and (3.21) we obtain

|f(7'm:oo + teoo) - f(ﬂ'xoo) _poo(eoo)Lt‘ < E|t|

for |t| < 4. Hence the directional derivative f/ (7m0, €c0) exists and equals poo(€xo ) L.
Therefore (zo0, €00) € D with

Woo (Too, €00) = L.

As L > 0 and wy(zp,e,) L, we obtain (iv).

From (3.16) we may now deduce
Sm = wm(l'ooa 6<>o) - wm(xmfla emfl)-

As sp, > 0 for all m, we have wy,(Too, €00) = Wi (Tim—1,€m—1) for all m.
Further from (3.17) and (3.18),

[(f(m2o +tem—1) — f(T2)) — (f(TTm—1 +tem—1) — f(7Tm—1))|

<om_1— Vm/2 + Q(wm(xoov 600) - wm(xmflv emfl))|t|
for any t. Hence

(xooy 6oo) € Gpm ($m,1, €m—1,0m—1 — Vm/2)-
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This establishes (v).
Finally (vi) follows immediately from (i),(iv),(v) and ||es]|| = 1. O

We are left needing to verify that the weight wee(Zoo, €00) is almost locally

maximal in the sense of Theorem 3.1.

Lemma 3.10. If e > 0 then there exists 6 > 0 such that whenever
(:U,? 6,) S Gpoo (xooa €0 O)

with d(2', o) < § then we have woo (7', €") < Woo(Toos €c0) + €.

Proof. Find n > 1 with &, +2t2 < £ and then pick A > 0 such that for [¢t| < 8A /v,

f (o0 + tens) — F(m00) — F (7o, €0 )| §%an,1|t| (3.22)
f(7ns + ten1) — f(mn_1) — f' (7201, en1)t] S%an_ﬂﬂ. (3.23)

Using Lemma 3.9(i) and the continuity of 7 we can find
b€ (O,5n_1 — d(a;oo,xn_l)) (3.24)

such that
|[r2 — T < A (3.25)

whenever d(z/, 2) < 0.

We now suppose, for a contradiction, that

(@',€') € Gp. . (Too, €0,0)
d(2',200) <6 (3.26)
Woo (T, €') > Weoo(Too, €00) + €.
As weo (2, €') is invariant if we scale €’ by a positive factor, as is the membership
relation (2/,€') € Gp, (Too, €0, 0), we may assume that [|e/|| = 1.
First we shall show that (2/,¢) € D,.

Since (3.24) and d(2',2o0) < ¢ imply d(2/,z,—1) < dp—1, to prove (a/,¢') €
D,, it is enough to show that

(2',€) € Gp, (Tn-1,n—1,0n-1 — Vn/4); (3.27)

see (6) in Algorithm 3.5.
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First note that as wp+1(z,€) > wpt1(zn, en), from (3.9), we have
wn(a:, 6) > wn-l—l(xy 6) > wn—i—l(wn? en) = wn(xny 6n) > wn(xn—la en—l) (328)

using Lemma 3.6(2) and (5).
Then for |t| < 8A /vy, using first (3.22), (3.23) and then Lip(f) < 1,

|(f (w2’ + ten—1) — f(ma")) = (f (721 + ten—1) — f(72n-1))]
< |(f(ma’ +ten1) — f(m2')) = (f(T2o0 + teo) = f(T2o0))]

1S (oere00) = f'(rtn1, en )] - [t + gomalt
< ‘(f(”x/ +teoo) — f(ﬂ'x/)) — (f(T2o0 +tec) = f(TTo0))| + [l€co — en—1l| - [¢]

1 (s ) = f (a1, en1)| - 1] + gom ]
Note now that ||eco — ep—1]| < 05—1/8 from Lemma 3.9(i). Further, using
(2, €) € Gp (Too, €00, 0)
we have

|(f (w2’ + teso) = f(72")) = (f(T2oo + teoo) = f(T30))]

< Q(woo(x/, 6/) - woo(xoov 600)) ’ |t|
for all t € R. Hence

|(f(ma’ + ten1) = f(72")) = (f (r2n—1 + ten—1) = f(w2n_1)|

< (Jout + Qo) ~ () ) g
+ | (700, 00) — f (TTp_1,€n-1)
< <ian_1 + Qweo (7, ) — Woo(Too, €00) ) |t]
+ (2(wWn(Toos €0) = Wn(Tn—1,en-1)) + 4llese — en—1l|) [¢|

+ 2(wn(Too, €0o) — Wn (Tn—1,€n—1))|t|

< <ian_1 + Qweo (7, ) — Woo(Too, €00) > |t]

< (;Un—l + Q(wn<$/a e/) Woo xocn eoo

+ 2(Woo (Too, €00) — Wi (Tn—1, €n—1))[t]
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for |t| < 8A/vy,, where we have used Algorithm 3.5(3) and then Lemma 3.6(6)
with (z,€) = (Too,€00). In the final line we note from Lemma 3.9(ii),(iii) and
Algorithm 3.5(4) that weo (2, €') < wy, (2, ¢") and

| (Zoos Eco) — Woo (Too, €co)| < t% < op—1/16.
Finally by Lemma 3.2(4) and v, € (0,0,,-1/2),

|(f (2’ +ten—1) — f(wa’)) — (f(72n1 +ten1) — fm2n_1)|
< (on—1 — vn/4+ Qwy (2, €) — wp(Tp—1,en-1))) [t]- (3.29)

Now we consider the case |t| > 8A/v,. From d(2',x+) < § and (3.25) we
have
|2’ — maoe|| < A < wylt]/8

so we get, using (Zeo, €c0) € Gp, (Tn—1,€n—1,0n—1 — Vp/2) from Lemma 3.9(v),

|(f (2’ +ten—1) — f(wa’)) — (f(72n1 + ten1) — fm2n_1))|
< [(f (oo +ten1) = f(m200)) = (f(wn—1 +ten1) = f(mrn_1))|

+ 2||rx’ — x|
< (O'nfl - Vn/2 =+ Q(wn(xom 6oo) - wn(xnfl’ enfl))) |t‘ + Vn’t’/4
< (O‘n_l — Un/4 4+ Qwp (2, €) — wp(xn_1, en_l))) t], (3.30)

where, in the final line, we have noted from Lemma 3.9(iii) and
woo(xla el) > woo(xom eoo) +e> woo(xom eoo) +en + 2t721

that

wn(x/, 6/) > wn(xom 6oo)-

From (3.29) and (3.30) we deduce (2/,€¢/) € D,. It follows from Algo-
rithm 3.5(7) that

by Lemma 3.9(iv).

Using Lemma 3.9(iii) once more,

Weo (7', €') < Woo(Too, €00) + En + t% < Woo(Tooy €00) + €.
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This contradicts our assumption
woo(xly 6/) > woo(xom eoo) +¢,

completing the proof. O

Proof of Theorem 3.1. We verify the conclusions of the theorem.
First, item (1) is immediate from (3.2) and (3.3). For item (2) we define

I 1" = poo

and then the inequality ||y|| < |ly||" < p|ly|| holds for all y € Y by Lemma 3.9(ii).
For (3) we define

T = Too

€= GOO/HGOOHI‘

Then Lemma 3.9(iv) shows that (z,e) € D. That |le||’ = 1 is immediate from the
definition of e.
Now given any € > 0 we choose d > 0 as in Lemma 3.10 and then define the

open neighbourhood N of x in X by
N. = Bs(x).
If (2/,¢') € D with 2/ € N, and ||¢/||’ = 1 then from Definition 3.4 we have

Woo (Too, €c0) = f(mx, €)

weo(2', €)= f(ma!, e).
Subsequently if (3.1) is satisfied then as 20 < Q, from Lemma 3.2(1), and
lesol” < pllesoll < 2

we have
(2',¢) € Gp. (Toos €00, 0).

Then by Lemma 3.10, as 2’ € Bs(z),

woo(xly 6,) < woo($007 eoo) + €,
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and so
f(r2' e) < fl(mz,e) +e.

Finally, by Lemma 3.9(ii), if the norm || - || is Fréchet differentiable on Y\ {0}

then so is the norm || - ||’. O

46



Chapter 4

Universal Fréchet sets

4.1 A criterion for universality

Definition 4.1. Given a Banach space Y we say that a subset S CY is a universal
Fréchet set if for every Lipschitz function f: Y — R there exists y € S such that f
1s Fréchet differentiable at x.

We remark that if Y is an Asplund space then, by Theorem 1.13, any non-empty
open subset of Y is a universal Fréchet set. If, on the other hand, Y is not Asplund
then by Theorem 1.16, there exists a nowhere Fréchet-differentiable Lipschitz func-
tion f: Y — R; in fact f may be taken to be equal to a certain equivalent norm on
Y. It follows that any non-Asplund Y has no universal Fréchet sets.

We now prove a sufficient condition for a set S C Y to be a universal Fréchet
set. We use the notation Bs(y) and Bs(y) to denote open and closed balls in Y,
respectively, with centre y and radius ¢. As usual we shall use S(Y') to denote the

unit sphere of a Banach space Y.

Theorem 4.2. Let X be a non-empty complete space, Y be a Banach space with
an equivalent norm that is Fréchet differentiable on Y \ {0} and 7: X — Y be a
continuous function.

Suppose that for every n,u > 0, x € X and every open neighbourhood N
of © in X there exists 6o = do(x, N,n,u) > 0 such that for any 6 € (0,dy) and

y1,y2 € Bs(y) where y = mx, there exists an almost-everywhere-differentiable Lips-
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chitz v: [0,1] =Y with

17(0) = wull < nd, (1) = yall <nd (4.1)
17 (t) = (y2 — 1) || < nd for almost all t € [0,1] (4.2)
m({t € [0,1] such that v(t) ¢ 7(N)}) < p. (4.3)

Then the image ©(X) is a universal Fréchet set in'Y . In fact, writing Dy CY for
the set of points of Fréchet differentiability of a Lipschitz function g: Y — R, the
intersection Dy Nmw(X) is a dense subset of m(X).

Proof. As the conditions of the theorem are invariant under a renorming of Y and
as the set of points of Fréchet differentiability of any Lipschitz function is unchanged
under such a renorming, we may assume that the original norm || - || of Y is Fréchet

differentiable on Y\ {0}.
Let r € X and y = nmx € Y and

5 € (0,00(x, X,1/2,1/2)).

Pick y1,y2 € Bs(y) with ||y2 —y1|| > 6. We may find a Lipschitz curve v: [0,1] = Y
with
19 (t) = (2 —w)ll < 6/2 (4.4)

for almost all ¢ € [0, 1] and such that
m({t € [0, 1] such that (t) ¢ m(X)}) < 1/2. (4.5)
Let now g: Y — R be Lipschitz with Lip(g) < 1. Note then that
govy:[0,1] = R

is a Lipschitz function so by Lebesgue’s theorem it is differentiable almost every-
where.

Using (4.4) and (4.5) we may pick ¢ € [0,1] such that v(¢t) € 7(X), v/(¢)
exists and is non-zero and (g o 7)'(t) exists. Write v(t) = 7z where z € X. As g is
Lipschitz we deduce that ¢'(y(t),~'(t)) exists. Therefore the set

D :={(z,e) € X x (Y \ {0}) such that ¢'(nz,e) exists}

is non-empty because it contains (z,7'(t)).
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Define ©: (0,00) — R by
O(s) = 10%V/3s,

and p = 2. Then conditions (a)-(e) of Theorem 3.1 are readily verified and we have
already established that D # ().

Let the Lipschitz function f: Y — R, the norm || - ||’ on Y, (x,e) € D and,
for each v > 0, the open neighbourhood N, of x € X be given by the conclusion
of Theorem 3.1. Note that Lip(f) < 3, that we may take || - ||’ to be Fréchet
differentiable on Y \ {0} and finally

Izl < llzll" < 2]zl (4.6)

forall z €Y.

We claim that y = wx is a point of Fréchet differentiability of f. As Fréchet
differentiability in (Y, ||-||) is equivalent to Fréchet differentiability in (Y ||-]|’), since
the two norms are equivalent, it suffices to verify the conditions of Theorem 2.1 for
(Y, ||I-lI'), applied to the Lipschitz function f, L = 3 and the pair (y, €). To accomplish

this, we let v,n, 4 > 0 and prove the existence of

F= Fv,n,u

Sk = 5*(’/777, M)

such that (1) and (2) of Theorem 2.1 hold, with the norm || - || replaced by || - ||".
We shall take

Fopp=m(Ny)
5*(”77% ,LL) = 50(I‘, Ny, 77/27/‘)'

Suppose s € (0, s4), |ly1 —y|’ < s and |ly2 —y|’ < s. Then
ENS (0750(%1\711777/27#))

and, from (4.6), we have ||y1 —y|| < s, [[y2 —y| < s.

Thus there exists an almost-everywhere-differentiable Lipschitz curve

v:[0,1] =Y
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such that

17(0) = wll < ms/2, Iv(1) = w2ll < ns/2
17 (t) — (y2 — y1)|| < ns/2 for almost all t € [0, 1]
m({t € [0,1] such that y(t) & 7(N,)}) < u.

Thus by (4.6),

17(0) =l < ms, |v(1) — w2 < ms
17 (t) — (y2 — y1)||" < ms for almost all t € [0,1].

This verifies condition (1) of Theorem 2.1.

For condition (2) we can note that if y' € F,,, ,, |||’ =1 and

((f( +te) = f(y) = (f(y +te) = f())]
<10°V(f'(y' €)= f'(y, €))L - |t]

for all t € R, then as F),, , = 7(NN,) we may write y = 7z’ where 2’ € N,,. AsL =3
and O(s) = 10%/3s, the conditions (3)(i) and (3)(ii) of Theorem 3.1 are satisfied,

with e replaced with v, so we deduce that
f(mal ') < f'(ma,e) + v,

which verifies (2.5).

As all the conditions of Theorem 2.1 are satisfied we deduce that f is Fréchet
differentiable at y = mx € w(X). As f — g is linear, g is also Fréchet differentiable
at y € m(X). Hence w(X) is indeed a universal Fréchet set in Y.

To verify the last observation of the present theorem, it suffices to note that
if y € 7(X) and € > 0 then by the continuity of 7 we may pick a non-empty open
set N C X such that

7(N) € B.(y).

Then as the restriction bundle mx: N — Y satisfies the conditions of the present
theorem, as can easily be checked, any Lipschitz g: ¥ — R contains a point of
Fréchet differentiability in

m(N) € m(X) N Be(y). H

It is convenient to reformulate Theorem 4.2 for the case in which the set we
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wish to prove universal is a closed subset of the Banach space Y. This reformulation

is closer in spirit to the approach in [8].

Corollary 4.3. Let Y be a Banach space with an equivalent norm that is Fréchet
differentiable on 'Y \ {0} and (F)\)o<a<1 be a family of non-empty, closed subsets of
Y with Fy C Fy whenever A < X.

Suppose that for every n,u >0, 0 < A <1 and

ye U F)\/

0<N <A

there exists 61 = 61(y, A, n, 1) > 0 such that, for any 6 € (0,61) and y1,y2 € Bs(y),

there exists an almost-everywhere-differentiable Lipschitz curve ~y: [0,1] — Y with

17(0) —yull < né, lIv(1) — wall < nd (4.7)
17 (t) = (y2 — 1) || < nd for almost all t € [0,1] (4.8)
m({t € [0, 1] such that v(t) ¢ F)\}) < p. (4.9)

Then for each A € (0,1) the set Fy is a universal Fréchet set. In fact, writing
D, C'Y for the set of points of Fréchet differentiability of a Lipschitz function
g: Y = R, the intersection Dy N Ugcr<tFy is a dense subset of Upcr<tFh, for any
te(0,1).

Proof. For each A € (0,1) we let

F{ = () B
A'>A

Fix ¢t € (0,1) and define X C (0,¢) x Y by
X = {()\,y) such that y € F}}.

Note that X # (). We claim that X is a complete space; indeed if we take A to be

a complete metric on (0,¢) then we may check that the metric

d((X,y), (A, ) = max(AX, ), [ly" = yl) (4.10)

is a complete metric on X as follows.

Suppose that (A,,yn) is a Cauchy sequence in (X,d). As ((0,t),A) and
(Y, || - ||) are complete we deduce that A, = A € (0,¢) and y,, - y € Y. We wish
to show that (\,y) € X. Note that if N € (\,1) then as A\, < )\ for sufficiently
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high n we have y, € F' /’\n C Fy. As the latter set is closed we deduce that y € F)y.
This holds for every X € (A, 1) so that y € F}. Hence ()\,y) € X, proving that X is
indeed complete.

The map 7: X — Y given by

7T()‘7 y) =Y

is of course continuous.
We shall now verify the conditions of Theorem 4.2. Given n,u > 0, x =
(A\,y) € X and an open neighbourhood N of z in X, to show the existence of

do(z, N,n, 1) we may assume, without loss of generality, that IV is an open ball
N = {2’ € X such that d(2/,z) < ¥}

in X and n € (0,1).
We then pick X' € (A, t) with A(XN,\) < ¢ and let

o(z, N,n, ;) = min <5l(y, N, ), g) :

If § € (0,80) then as § € (0,01(y, N, n, 1)), for any y1,y2 € Bs(y) there exists

an almost-everywhere-differentiable Lipschitz curve v: [0,1] — Y with

17(0) =l <06, [Iv(1) = wall <nd (4.11)
17 (t) = (y2 — 1) || < nd for almost all ¢t € [0, 1] (4.12)
m({t € [0,1] such that vy(t) ¢ Fx}) < u. (4.13)

Using y1,y2 € Bs(y), (4.11), (4.12), n < 1 and § < §p < 1»/3 we deduce that

v(t) € Bss(y) € By(y)

for all ¢ € [0, 1].
Thus if y(t) € F) then as

d((XN', (1)), ) = d(X',7(1)), (A, ) <,
by (4.10), we have (X,~v(t)) € N and so ¥(t) € w(N). Therefore

m({t € [0,1] such that y(t) ¢ 7(N)}) < u
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by (4.13).

Hence by Theorem 4.2, we deduce that 7(X) C F) is a universal Fréchet set.
This holds for every A € (0,1).

The final observation again follows by noting that if y € Fy for some t' € (0, t)
and € > 0, then the collection

(Fxit1—nye N Be(y))o<a<1

still satisfies the conditions of the present theorem, so contains, for each A, a point

of Fréchet differentiability of any Lipschitz function g: Y — R. Therefore so does

(lJ.ﬂ)ﬂBAw. O

0< A<t

Remark 4.4. We make two short remarks.

1. The condition that Y has an equivalent norm that is Fréchet differentiable on
Y'\{0} is always satisfied if Y* is separable - that is if Y is a separable Asplund
space. See []]. We shall make a brief remark about the case in which Y is

non-separable in the final section of the thesis.

2. If Y is a Banach space then we say that a function g: Y — R is locally
Lipschitz if for every y € Y there exists an open neighbourhood U of y in'Y
and a constant Ly > 0 such that for every z,w € U,

9(2) = g(w)| < Ly |z — w].

It is easy to show that if X, Y and m: X — Y satisfy the conditions of The-
orem 4.2 then the set w(X) contains a Fréchet differentiability point of every
locally Lipschitz g: Y — R. Let x € X, y = mx and let U be an open neigh-
bourhood of y € Y as above. Then one can extend g to a Lipschitz function
g: Y — R. As the points of Fréchet differentiability of g are dense in w(X) we
can find such a pointy € m(X)NU; then y is a point of Fréchet differentiabil-
ity of g. Similarly, if (F)\)o<r<1 Satisfies the conditions of Corollary 4.3 then
Uo<r<1F) contains a point of Fréchet differentiability of every locally Lipschitz
g:Y —R.
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4.2 The original example of Preiss revisited

By Rademacher’s theorem, every subset of a Euclidean space with positive Lebesgue
measure is trivially seen to be a universal Fréchet set. The converse however is false
in any Fuclidean space of dimension at least two. The original proof of this statement
is due to Preiss - see [23] - and in this section we shall revisit his example.

We first recall the elementary fact that any Gs subset of a complete metric

space is a complete topological space.

Lemma 4.5. If (Y, A) is a complete metric space and O = Np>10,,, where the sets

O,, are open, then the subspace topology on O is induced by a complete metric d

2.

Proof. 1t is straightforward to check this formula defines a metric on O. That d

where

=1 1 1
d(xay) = A(ﬂﬁ,y) +Z27mln A(y OC) - A(IE OC)
n=1 ron ron

induces the subspace topology on O, considered as a subset of Y, follows from the
inequality A(z,y) < d(z,y) and the fact that d is a continuous function on O x O,
with respect to the metric A; the latter holds as d is a uniform limit of continuous
functions.

Finally if (ym)m>1 is a Cauchy sequence in O then as A(Ym, Yn) < d(Ym, Yn)
and (Y, A) is complete we have A(y,,y) — 0 for some y € Y. Further, for each

n > 1 the sequence

1
<A(ymn 0761) > m>1
is Cauchy; therefore it is a bounded sequence. It quickly follows that A(y, O%) > 0
for all n > 1 so that y € O. Hence d is complete. O

Theorem 4.6. Suppose that Y is a Banach space with separable dual, T is a dense
subset of Y and S CY 1is a Gs subset of Y containing every line segment joining

two points of T. Then S is a universal Fréchet set in'Y .

Proof. We let the space X = S with the topology inherited from Y; as S is Gg, X
is a complete space. Let m: X — Y be the inclusion map; clearly 7 is continuous.
Note that Y has an equivalent norm that is Fréchet differentiable on Y \ {0} by
Theorem 1.16. The conditions (4.1)-(4.3) of Theorem 4.2 can be satisfied for any
d9 > 0 by taking v to be an affine map and using the density of T. Therefore
m(X) = X = S is a universal Fréchet set. O

Instead of proving directly that S may be taken to be Lebesgue null if Y =
RM for M > 2, we shall show the stronger fact that S may be taken to have
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Hausdorff dimension at most one for any Banach space Y with separable dual.

We first recall the definition of Hausdorfl dimension.

Definition 4.7. If S is a metric space then we call a sequence (C;)i>1 of subsets of
S a countable cover of S if S = U;>1C;. We then define, for any non-negative real

number d,
C%(S) = inf Z diameter(C;)?
i>1

and then define the Hausdorff dimension
dp(S) = inf{d > 0 such that C%(S) = 0}.

We may consider any subset S of a Banach space Y as a metric space in its

own right and apply this definition to calculate its Hausdorff dimension.

Lemma 4.8. IfY is a Banach space and L is a countable union of line segments
in'Y then there exists a Gg subset O of Y with L C O and such that the Hausdorff

dimension of O is less than or equal to one.

Proof. We first note that it is easily checked that C?I is countably subadditive, when
considered as a set function defined on subsets of a metric space, and that if [ is a

line segment of length at most one, d > 0 and k is a positive integer then

4

d
CH(By(l) < k- (k) =qd. (-1, (4.14)

as we may cover By (l) with k open balls of radius 2/k. Here, as usual, B;(S)
denotes the open r-neighbourhood of S

B(S):= | B.(y)

yes

for any S C Y and r > 0.

Now let L be a countable union of line segments in a Banach space Y. One

L:ULm

m>1

may write

where each L,, is a line segment in Y of length at most one.
We let

m=1
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and -
0= ﬂ Oh.
n=1

Note that O is a Gg subset of Y, containing L. We must verify that the
Hausdorff dimension of O is no greater than one.
Let d > 1. It suffices, by Definition 4.7, to show that

C4(0) = 0.

But for each n,

m=1
S Z 4d . 27(m+n)(d71)
m=1
—4%. M
1— 27(d71)

using the countable subadditivity of C%, (4.14) and d > 1. The right hand side

tends to 0 as n — oo so we deduce that
C4(0) =0

for all d > 1, as required. O

Corollary 4.9. Any Banach space Y with separable dual has a universal Fréchet

set S CY with Hausdorff dimension at most one.

Proof. This is immediate by combining Theorem 4.6 with Lemma 4.8. 0
We may remark that, for non-trivial Y, the Hausdorff dimension of a such a

set S must in fact be exactly one.

Lemma 4.10. If Y is a Banach space with Y # {0} and S C'Y has Hausdorff
dimension less than one then there exists a Lipschitz function g: Y — R that is not

Fréchet differentiable at any y € S.

Proof. Let m € Y* with ||x|| = 1. As 7 is Lipschitz and Hausdorff dimension is

non-increasing under taking the Lipschitz image, the set
m(S)CR
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has Hausdorff dimension less than one. Hence 7(5) has Lebesgue measure zero. By
Lemma 1.6 we can therefore find a Lipschitz function f: R — R that is nowhere
differentiable on 7(S). We let g: Y — R be given by

g=/form.

We note that g is Lipschitz. Let e € S(Y') with me # 0. For any y € S and t € R,

gy +te) —g(y) = f(my + (me)t) — f(my).

As f is not differentiable at 7wy € w(S), we deduce that the directional derivative

g'(y,e)

does not exist for any y € S; hence g: Y — R is not Fréchet differentiable at any
yes. O

Finally, we use the elementary fact that any subset of Y = RM with Hausdorff
dimension strictly less than M has Lebesgue measure zero to deduce the following,

from Corollary 4.9.

Corollary 4.11. If M > 2 then RM has a universal Fréchet set of Lebesgue measure

ZET0.

See [23, Corollary 6.5], and the subsequent remark, for the original presen-

tation of this result.

4.3 A compact null universal Fréchet set in Euclidean

space

Although the universal sets we constructed in the previous section can be taken to
be Lebesgue null, in finite dimensional Euclidean space, their closure necessarily has
positive measure. In this section, for our second non-trivial example of a universal
Fréchet set, we shall re-derive the result, due to Maleva and the author [8], that
in any Euclidean space of dimension at least two, such a set may be taken to be
compact as well as Lebesgue null.

To demonstrate this, we shall construct a family of compact and Lebesgue
null sets (F)\)p<x<1 that satisfy the conditions of Corollary 4.3.

We shall work in RM where M > 2. We shall denote the standard inner
product on R by (,), the Euclidean norm on RM by || - || and we shall respectively
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denote open and closed balls, in the Euclidean norm, by B,(x) and B,(z). It will

also be convenient to use the supremum norm || - ||, on RM; we shall denote balls

in this norm by Boo(a,r) and Be(a,r).

The construction we give here is very similar to the one in [8]; in fact the

example of a compact null universal Fréchet set coincides exactly in the case M = 2.

We shall construct a set system (F))o<a<1 such that if M’ < X\ and = € F)/ then in

F)\ one can find, nearby x, pieces of a dense set of hyperplanes, with co-dimension

one in RM. In fact hyperplanes are not strictly necessary; to apply Corollary 4.3 we

only require that F) contains sufficiently many line segments nearby .

Definition 4.12. We define the following.

1.

Let (Np)n>1 be a sequence of odd integers with Ny, > 1 such that N,, — oo and
don N%Jy = 0.
For X € [0,1] put dy = do(\) =1 and, for each n > 1, set

1

"~ NiNs...N, N}

B 1
NiNy...N, 1N,

dn ()

and d,, = dy (1)

For each n > 1 define the lattice C,, C RM by

Cp=dp_1 (@;) +ZM>. (4.15)

Given X € [0,1] define the set T,(A\) C RM by

T,(\) = |J B (c,;dn(k)) (4.16)

ceCh

Given \ € [0,1] define the set F\ C RM by

Fy =RM\ Ej T,,(\). (4.17)

n=1

We note that for X < X\ we have T,,(\) D T,,()\) so that Fy C F).

Lemma 4.13. For each X\ € [0,1] the set Fy is a closed, non-empty subset of RM

with Lebesgue measure zero.
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Proof. The set F) is closed as each T),(\) is open and it is non-empty as it contains
0. We now verify that F)\ has Lebesgue measure zero.

For each n > 0 we define sets D,, and R,, of disjoint open M-dimensional
hypercubes as follows. Let Dy = @ and Ry = {(0,1)M}. Given n > 1 divide
each hypercube in the set R,,_1 into N,]LV[ equal open cubes. Let D,, comprise the
central cubes of each such division and let R,, comprise all the remaining cubes. By
induction each cube in D,, and R,, has side d,, and the centres of the cubes in D,
belong to the lattice C,,.

Now for each m > 1,

SH(VIVERCD)

Ao, M < [0, 1M\ 6 U Du = B,

and as |R,,| = (N —1)...(NM — 1) we can now estimate the Lebesgue measure
of Fy N [0,1]M as follows:

m(Fy 0 [0, 1) < [Ron]d = (1 - NlM) (1 - NQ) .

1

so that

This tends to 0 as m — oo, because ) ﬁ = 00. Therefore the Lebesgue measure
m(Fy N[0, 1]M) = 0.

Furthermore, from (4.15), (4.16) and (4.17), F) is invariant under translations by
the lattice ZM. Hence m(Fy) = 0 for every X € [0, 1].
O

Given a non-zero vector a € R™ we use the notation at to denote the

hyperplane of all vectors perpendicular to a:
L= {2 € R such that (z,a) = 0}.

If a € ZM \ {0} we call the set a™ a rational hyperplane.

The following is a simple observation.

Lemma 4.14. Ify,c,a € RM and d > 0 with a # 0 and the affine hyperplane y+a™*
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intersects the hypercube By (c,d) then we have
|y — c.a)| < dM'?|al. (4.18)

Proof. Letting 3/ be a point of intersection, we have (y —y,a) = 0 and ||y —¢[| < d.

Hence

[y —c,a)| = [y —c,a)]
<|ly" —cll - [lall
<MYy = clloo - lla]
< MY2.d-|al.

O]

The next couple of lemmas show that we can shift any rational hyperplane

slightly to make it avoid T,,(\) for large values of n.

Lemma 4.15. If A € [0,1], a € ZM \ {0}, x € RM and I C R is a closed interval
of length at least 3L where

and n > 1 is such that
N;y > AM'?|ja]|

then we may find a closed subinterval I' C I of length at least L such that the affine
hyperplane x + pa + a* does not intersect T, (\) for any p € I'.

Proof. We may assume that I = [¢,t + 3L] for some ¢ € R. We claim we may either
take I’ = [t,t + L] or I' = [t + 2L, t + 3L].

Assuming, for a contradiction, that there exists
w1 € [t,t+ L] and po € [t + 2L,t + 3L]

with
(@ + pia +a™) NTu(X) # 0

for ¢ = 1,2, then we may find c¢1,co € C,, with

(& + pia + a*) N Buc <c ;dn()\)) £0.
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Then

o+ ma— e a)] < =My (4.19)
for ¢ = 1,2, by Lemma 4.14. We also note that
L <|p2 — p1] < 3L. (4.20)
Using the triangle inequality on (4.19) we obtain
[{(c2 = e1) = (42 = m)a, @) < dp(\)M?|lal| = Llja]* (4.21)

If (c2 — c1,a) = 0 then
|tz = pa| - [lall* < Lial|?

contradicting (4.20).

If {ca — c1,a) # 0 then, as co — ¢; = d,,_1l for some [ € ZM | we have
|(c2 = e1,a)| = dn1[(l, a)| = dn—1,
since a € ZM. Hence from (4.21) and (4.20),
dp-1 = 3Lla|* < L|jal*

This can be re-written
A1 < Adp(N)M?||al|

i.e.

Ny < AM'2|al,

which contradicts the condition given in the statement.

Fither way we have a contradiction. O

Lemma 4.16. If A € [0,1], a € ZM \ {0} and n > 1 are such that
Np, =AM |al|
for all m > n, then for any y € RM there exists y' € RM with
ly' =yl < 3M"2d,(N)
such that the affine hyperplane y' + a* does not intersect Ty, (\) for any m > n.
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Proof. Let

for m > n. Using Lemma 4.15 and Ly,+1(A) < Ly, (M) /3 for m > n, from

dm () dm ()
dm )\ = S ’

we may inductively construct a sequence of nested closed intervals
[073Ln()\)] =1, 2 In+1 2

with |Ip,| = 3Ly, (A) for each m > n such that for any m > n and p € I,,, the affine
hyperplane z + pa + a does not intersect T, (\).
Taking

o0
pe () Inm
m=n
we may set ¥’ = y + pa and note that as p € I, we have
Iy = yll = pllall < 3Ln(N)l|all = 3M/?d,,()).

O]

We now show how to avoid T, (\') for low values of n and some value X' €
(0,1).

Lemma 4.17. Ifn>1,0< A< A+¢ <1, 2 € RM\ T,(\) and

1
I<a<l-——

NY

then
Badn()\)/g(.f) N Tn(A + 7,/1) = (Z)

Proof. If x ¢ T,,(\) then for every ¢ € C), we have

1
o= e 2 5da().
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Then for any 2’ € Bqg, /2(z),

Hxl —cClloo > |7 — ¢lloc — Hx/ — 7|00
1
> §dn(>\) - ||$/ — ||
1 dp (A
Z §dn(/\) - O‘é)
1 1 dp(N)
> Zd,(\) — (11— —
= 50 ( Nif’) 2
1

This holds for every c € C), so that

a' ¢ To(A+ ).

Combining Lemma 4.16 and Lemma 4.17 we obtain the following.

Theorem 4.18. Ife >0, ¢ > 0 and a € ZM \ {0}, there ewists

52 — 52 (57 @ZJ, CL)

such that for any 6 € (0,82), A € (0,1) with0 < A< A+ <1,z € Fy andy € RM
there exists y' € Bes(y) such that

(4 +a®) N Bs(x) € Fypy.
Proof. Pick a > 0 with a < 1— N,; ¥ for all n > 1. Find ng > 1 such that
6MY? < eaNY

and
Ny > 4M'?|al|

for n > mng. Choose 3 > 0 such that 202 < dpa for n < ng. Let 6 € (0,02). Pick a
minimal n such that d,(\)a < 28. Note that n > ng so that 6M /2 < caNy . Given
y € RM_ by Lemma 4.16 we can find 3y’ € RM with

(' +a)NTA+) =0 (4.22)
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for all m > n where

ly" = yll < 3MY2d,(A+ )
= 3MY2NY - d, (V)

e 20
<=2
T 2 «
= 0.

Now for m < n we have d,(\)a > 2§, by the minimality of n, so that
Bs(x) N Tn(A+¢) =0 (4.23)

by Lemma 4.17.
Combining 4.22 and 4.23 we deduce that for all m > 1,

(v 4+ at) N Bs(z) N T(A+1) = 0

so that
(v’ +a*) N Bs(z) C Fayy

as required.
O

We now wish to replace the condition that a € ZM \ {0} with a € S(RM),
the unit sphere of RM, and to obtain a uniform estimate over a belonging to the
latter. To accomplish this we note the that the set of scalar multiples of elements of

ZM is dense in the unit sphere and then use the fact that the unit sphere is totally
bounded.

Corollary 4.19. If e, > 0 there exists

53 = 53(65 ¢)

such that ifa € S(RM), 0 <A< A+ < 1,6 €(0,83), x € Fy and y € Bs(x), then
there exists y' € RM with ||y’ —y|| < €6 and o’ € S(RM) with ||a’ — a|| < € such that

(y' + a’L) N B(;(ac) - F/\er.

64



Proof. Find ay, ...,a, € Z™ \ {0} such that

s®M)yc B€< & )

and set

03 = 12’21 02(g,1, a;).
]

It follows immediately that the set system (F))g<a<1 satisfies the conditions
of Corollary 4.3. Hence we deduce the following.

Corollary 4.20. For M > 2 there exists a compact, null universal Fréchet set in
RM.

Remark 4.21. We make two quick remarks.

1. As any universal Fréchet set is non-o-porous, the sets we have constructed
are examples of closed, null, non-o-porous subsets of RM, for M > 2. Such
sets were originally constructed by Zajicek in [29]. In fact one of the sets

constructed in the aforementioned paper is precisely our set Fy.

2. Since the set system we construct has the strong property that one can find
pieces of hyperplanes of codimension one, nearby a suitable set of points, it is
natural to conjecture that the sets we have constructed should contains a point

of Fréchet differentiability of every Lipschitz
f:RM - RV
at least for the case M = 3. This will be investigated in [11], building on work

of Lindenstrauss, Preiss and Tiser; see [19].

4.4 A compact universal Fréchet set of Hausdorff di-
mension one in Euclidean space

So far we have shown, in finite dimensional Euclidean space, that a universal Fréchet

set may be constructed with Hausdorff dimension one. We have also shown, sepa-

rately, that such a set may be constructed to be compact and Lebesgue null. The

set the former construction gives, however, is necessarily somewhere dense, so that
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its closure has positive Lebesgue measure. It can be checked that the Hausdorff di-
mension of the set given by the latter construction is equal to the dimension of the
underlying space. One may ask, therefore, if we may combine the features of these
two examples and construct, in Euclidean space, a universal Fréchet set that is com-
pact and has Hausdorff dimension one. We shall answer this question affirmatively

by proving the following.

Theorem 4.22. If M > 1 then there is a compact universal Fréchet set S C RM

with Hausdorff dimension one.

See also [9].
We shall start by working in a more general setting. First, we fix some
notation. If (Y,d) is a metric space then, as is standard, we use d(y, S) to denote

the distance from a point y to a set .S

:= inf
d(y,5) := inf d(y, z)
and given r > 0 we define the open and closed r-neighbourhoods of .S by

B,(S) ={y € Y such that d(y,S) < r}
B,(S) = {y € Y such that d(y, S) < r}.

As before we use B,.(y) := B.({y}) and B,(y) := B,({y}) to respectively denote the

open and closed balls of radius r centred at a point y € Y.
Theorem 4.23. We fix the following data. Let
e (Y,d) be a metric space,

o (K,)rer be a collection of compact subsets of Y indexed by a metric space
(R,7), with the property that if v(s,r) < & then

K, C Bs(K,), (4.24)

i.e. H(Ky,Ks) <~(r,s) for every r,s € R where H is the Hausdorff metric,

e O be a Gy subset of Y containing a y-dense subset of (K,),cr, i.e.

Vr € R, e >0 3s € R such that Ks C O and y(s,r) < €, (4.25)

o (Ap)n>1 be a strictly increasing sequence of positive integers and the metric
space (I,A) comprise all (N\,T) such that A € [0,1] and T = (Ty,)pn>1 is a
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strictly increasing sequence of positive integers with sup,, Z—:‘L < oo, with the

metric A given by

T —T,
AN, T"), (N, T)) = max <]X — )|, sup |"A|> :

If the space (R,~) is totally bounded - that is for every € > 0 there exists

a finite subset R(e) C R such that for every r € R there exists s € R(e) with

v(s,7) < € - then for any ro € R with K,, C O we can find a collection (S;)icr of
subsets of Y with

K., CS5; CO for everyiel, (4.26)

such that the following hold.

(1) For each e, >0 and i = (\,T) € I with \ <1 there exists
54 - 64(5)71Z)7i) >0

such that the following property holds. If 6 € (0,64), y € S; and s € R with
K C Bs(y) there exists t € R and j € I such that Ky C S;, y(t,s) < &b and

A1) < 9.

(2) The set X is a closed subset of I x'Y where

X :={(i,y) such thaty € S;}.

(3) For everyi € I and v > 0 then F = F(i,) is a closed subset of Y where

F:={y €Y such thaty € Sj for some j € I with A(j,i) < }.

Proof. Using (4.25) and the fact that R is totally bounded, for each £ > 0 we can
find a finite set R(¢) C R with K, C O for every r € R(e), such that for every r € R
there exists s € R(e) with v(s,r) < e.

We write O = ﬂzozl Oy where Oy, are open subsets of Y with Oy C Oy, for
each kK > 1.

Let Ry = {ro} and wy = 1.

For each k > 1 we define a non-empty finite set Ry C R and w; > 0, with
K, C O for every r € Ry, by the recursion

o R =Rp_1U R(wkfl/k)
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o wy, € (0,1/k) is such that By, (K,) C Oy for every r € Ry.

Such a wy exists because for every r € R we know K, C O C Oy, K, is
compact, Oy is open and the set Ry is finite.
Given k > 1 and X € [0, 1] we put

reRy,

and then define S; for each i = (\,T") € I by

S; = ﬁ Mz, (V). (4.28)

n=1

Note that as My (\) C Oy we have S; C Op, for each n > 1 and hence S; C O
since T;, — oo. Further, as rop € Ry C Ry, we have K,, C My(A) for all £ > 1 and
A € [0,1], so that K,, CS; for every i € I. Hence (4.26).

We now verify (1). First note that we may assume that ¢ < 1 and that
¥ <1— X wherei=(\T).

As T, — oo and A, — oo we may pick kg such that Ty, > 2/¢e and
Ay, > 1/1. Let 64 > 0 be such that 204 < ¢wr, for all n < k.

Suppose that § € (0,d4). As wp, — 0 we may pick a minimal k& with
Ywr, < 26. Note that k > ko. Put j = (N, T") € I where N = XA+ € [0,1] and T"

is given by

T/ =T forl <k
T/ =T+ 1forl > k.

We have A(j,7) = max(|]\ — A|,sup;>; 1/4;) = ¢ as X' — X =« and Ay >
Ag, > Q/)_l.
Now let y € S; and K C Bs(y). Pick t € R(wy, /(Ty + 1)) C Ry 41 with

Y(t,s) <wr,/(Tk +1)
< wak/wTk
< 25/¢Tk0 < €9,

where we have used Ty, > 2/ve and Ywr, < 20.
Note that if [ > k then T} > Tj + 1 so that t € Ry 41 C RT[' Hence
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Ky © My (XN') for I > k by (4.27). However for | < k we have
wiN — wA = w > 26 (4.29)

using the minimality of k& with wr, ¢ < 20. Asy € MT[()‘) we conclude Bas(y) C
My (X') using the definition (4.27) and (4.29). Then from (¢, s) < de < 4, (4.24)
and K, € Bs(y),

K; C Bs(Ks) € Bas(y) € MTZ’()‘/>'

Hence K; C MTI’(X) for all I > 1 so that, using (4.28), Ky C S; as required.
This establishes (1). Before turning to (2) we note that for any k£ > 1 the set

Hj, :={(y, A) such that y € M(\)} (4.30)
is a closed subset of Y x [0, 1]. Indeed if (y?, \9) € H}, with
(', X)) = (1, 2) €Y % [0,1]

then using (4.27) we have d(y?, K,q) < Awy, where r¢ € Ry. But as Ry is finite
we may assume, passing to a subsequence if necessary, that r¢ = r is a constant
sequence. Then taking the d — oo limit we obtain, using y? — y and A% — X, that
d(y, K;) < Awy where r € Ri. Hence y € My(\) and (y,A\) € Hy so that Hy is
indeed closed.

To establish (2), suppose that (i¢,y%) € X with

(i%,y%) — (i,y) € I x Y.

Note that y? € S;a. Write i% = (A%, T%) and i = (A, T). For each fixed n then
for sufficiently high d we have T¢ = T, so that y¢ € My, (\%) and (y?,\?) € Hy,;
see (4.28) and (4.30). As Hry, is closed we deduce that (y,\) € Hr,; hence y €
Mr, (M) for each n > 1. We conclude y € S; and (i,y) € X. Hence (2).

Finally for (3) we suppose that y¢ € F and y? — y € Y. We aim to show
y € F. Find j4 = A\, T9) ¢ I with 3¢ ¢ Sja and A(5%,4) < 4 for all d. Write
i=(\T).

By passing to a subsequence if necessary we may assume that A4 — X € [0, 1]
where |\ — A < 1. Further as |T¢ — T;,| < ¥ A, we may assume, after passing
to another subsequence if necessary, that for each fixed n we have T¢ = T for
sufficiently high d, where |T}, — T,,| < A, and T, < T} ;. Note that j := (X', T")
is an element of I with A(j,7) <. It is enough, therefore, to prove that y € S;.
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Fixing n > 1 we have, using y? € S;a and (4.28), yd e Mypa(A™) so that for
sufficiently high d, y¢ € My, (A% and so (y¢,\%) € Hyr. As the latter set is closed
we deduce that (y,\') € Hy; and y € Mg, ().

This holds for every n > 1; hence y € S;, establishing (3). O

We note that the metric space (I, A) used in Theorem 4.23 is complete; in
fact it is isometric to a closed subset of Ioo(R) by the mapping (A, 1) — (yYn)n>0
where yo = A and y,, = % for n > 1. We also note that (A, A) € I for any A € [0, 1]
so I # (.

Theorem 4.24. If M > 1, T is a dense subset of the open unit ball By(1) C RM
and O is a Gs set containing every line segment [u,v] with u,v € T then there exists

a closed subset F' C O such that F' is a universal Fréchet set.

Proof. Let Y = RM with the Euclidean metric and let (R,7) be the collection of

line segments with endpoints in B;(0), with the metric
([, vl [, 0']) = max([Ju” = ull, o' = o).

We note that (R,7) is totally bounded and that the other hypotheses of Theo-
rem 4.23 are readily verified. We may then let (S;);c; be the collection of subsets
of O given by the conclusion of Theorem 4.23.

Let ig € I. We note that as

X = {(i,y) such that y € S; for some i € I with A(i,i9) < 1}

is a G subset of I x Y, using Theorem 4.23(2), it is a complete topological space.
We also note that X # ().

The map 7: X — Y given by 7(i,y) = y is continuous. To complete the
verification of the conditions of Theorem 4.2 we note that if z = (i,y) € X and N
is an open neighbourhood of x in X then we may pick ¢, r > 0 with

{j € I such that A(j,i) < ¢} x By(y) C N (4.31)

and
By (y) € B1(0), (4.32)

and then, for any n € (0,1) and p > 0, set

(1 n o,
50(x7N?7]7:u) = min (27’, 54 <27¢7Z)> .
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Then if § € (0,09) and y1,y2 € Bs(y) we may find a segment [u,v] C S; with
lu =1 <nd/2 and [jv — yal| < 76/2, so that

1(v —u) = (2 — 1) || < nd,

where j € I with A(j,4) < ¢. This verifies (4.1) and (4.2). Note now that as
n € (0,1) we have u,v € Bys(y) C B,(y). Hence u,v € B1(0) by (4.32) and further,
as A(j,i) < v, we have {j} x [u,v] C N, using (4.31), and therefore [u,v] C w(N).
Hence (4.3), and so the hypotheses of Theorem 4.2 are satisfied.

We conclude, from Theorem 4.2, that 7(X) is a universal Fréchet set. Hence,

so is the set
F = {y € Y such that y € S; for some ¢ € I with A(i,i9) < 1}.

But, by Theorem 4.23(3), F is a closed subset of Y = RM. Further, as S; C O for
all ¢ € I we have F C O. We're done. O

Corollary 4.25. If M > 1 then there exists a universal Fréchet set S C RM such

that S is a compact set of Hausdorff dimension one.

Proof. This is now immediate from Theorem 4.24, Lemma 4.8 and Lemma 4.10. [

4.5 A closed and bounded universal set of Hausdorff

dimension one in Banach spaces with separable dual

In this section we wish to establish the following.

Theorem 4.26. If Y is a non-zero Banach space with separable dual there exists
a universal Fréchet set S C Y such that S is closed, bounded and with Hausdorff

dimension equal to one.

See also [10].

As we have already proved this result for Y = R™ where M > 1, we may
take Y to be infinite dimensional. We note that in this case, one cannot demand
that S is compact since, as the following simple result shows, any compact subset of
an infinite dimensional Banach space is porous. As in the previous section, we use
the notation d(y, S) to denote the distance between a point y € Y and aset S CY

in any metric space Y.

Lemma 4.27. If Y is an infinite dimensional Banach space and K CY is compact
then for every e > 0 there exists y € Y with ||y|| = ¢ and d(y, K) > ¢/3.
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Proof. We may assume that ¢ = 1. It is well known that one may find an infinite
collection (e, )nen in Y with |ey|| = 1 and |jep, — || > 1 for m # n. Assuming,
for a contradiction, that we cannot find n with d(e,, K) > 1/3 then we can pick
kn € K, for each n with ||k, — e,|| < 1/3. It then follows that ||k, — k|| > 1/3 for

all m # n, contradicting the compactness of K. O

To establish Theorem 4.26 we shall, as in the previous section, start by
working in greater generality. As before we use B,(S) and B,(S) to respectively
denote open and closed r-neighourhoods of a set S C Y and B,(y) and B,.(y) to

respectively denote open and closed balls of radius r and centre y € Y.
Theorem 4.28. Let
e (Y,d) be a metric space,

e (K,)rer be a collection of compact subsets of Y indexed by a metric space
(R,7), with the property that if v(s,r) < & then

K, C B;(K,), (4.33)
i.e. H(Ky, Ks) <~(r,s) for every r,s € R where H is the Hausdorff metric,
e O be a Gs subset of Y containing a y-dense subset of (K, )rer, i-e.

Vr € R, e >0 3s € R such that Ks C O and v(s,r) < &, (4.34)

o (Ap)n>1 be a strictly increasing sequence of positive integers and the metric
space (I,A) comprise all (N\,T) such that A € [0,1] and T = (Tp,)n>1 is a
strictly increasing sequence of positive integers with sup,, % < 0o, with the

metric A given by

/ p—
AN, T'), (A T)) = max (yx Y suplTnATni> |

Suppose that the following condition is satisfied for some constants p,eq > 0.
For every e € (0,e9) there exists a set R(e) C R such that

e for all s € R there exists t € R(e) with y(t,s) < e,

e cvery set in Y of diameter at most pe only intersects K, for finitely many

r € R(e).
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Then, given ro € R with K,, C O and ag > 0, we can find a collection (S;)icr of
subsets of Y with
Ky €85; CON Byy(Kry), (4.35)

for every i € I, such that the following hold.

(1) For each e, >0, 1= (\T) €I with A\ <1 and y € S; there exists
05 = 55(57¢7i>y) >0

such that the following property holds. If§ € (0,35) and s € R with K; C Bs(y)
there exists t € R and j € I such that Ky C Sj, v(t,s) < 6 and A(j,7) <.

(2) The set X is a closed subset of I XY where

X :={(1,y) such that y € S;}.

(3) For everyi € I and v > 0 then F = F(i,1) is a closed subset of Y where

F:={y €Y such that y € S; for some j € I with A(j,7) <}

To prove this result, we may assume p € (0,1). Write O = (2, O,, where
O,, are open subsets of Y with O,4+1 C O,, for each n > 1.

We first observe that we may replace the sets R(g) with sets R(g) that have
the additional property that if r € R'(¢) then K, C O.

Lemma 4.29. For every € € (0,&9) we can find R'(¢) C R such that K, C O for
allr € R'(¢) and

e for all v € R there exists t € R/ () with y(t, s) < ¢,

e if BCY has diameter at most %pa then the set FB(g) is finite where

FB(e) :={t € R'(¢) with K; N\ B # 0}. (4.36)

Proof. For each s € R take ts € R to be such that K;, C O and 7(ts,s) < pe/10,
using (4.34). Then set

R/(¢) = {ts for all s € R(4¢/5)}.

It is clear that K, C O for every r € R/(¢) and that for every r € R we can find
t € R/(e) with v(t,r) < 4e/5+ pe/10 < e.
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Now if t € FP(g) then, writing t = t, with s € R(4¢/5), we see that from
Y(ts,s) < pe/10 and (4.33) that K, intersects B 10(B); this set has diameter at
most pe so the set F'B(¢) is finite. O

We now define the set
T ={(r,w,a) € R x (0,g9) x (0,00) such that K, C O and w < a}. (4.37)
Note that as K,, C O and ap > 0 we can find wy > 0 with (ro, wo, ag) € T. Let
Ry = {(ro, wo, )} (4.38)

We shall now construct, for each k > 1, a set Ry C 7 inductively by adding,
for every (r,w,a) € R; where [ < k, a collection Ry; = Ry ;(r,w,a) of elements
(t,v,8) of T with B,(K;) C Oy such that the set of K; well approximates the
collection (Ky)scr in Bo(K;).

First let

ri1 € (0, p/10) (4.39)

for each 0 <1 < k.

Lemma 4.30. If0 <1 < k and (r,w,a) € T then there is a set
Ry = Ryy(r,w,a) C T

such that

1. for every s € R with Ky C Bo(K,) there exists (t,v,3) € Ry, such that
10
’}/(t,S) S —rka,
p

2. if (t,v,0) € Ry then =1 w < a/10 and v < go/k,
3. if (t,v,8) € Ry then By(K;) C O and Ky C Bao(K,),

4. if B C'Y has diameter at most 8ryw then the set F' = F,fl(r,w,a) of all
(t,v,B) € Ry, such that K; intersects B is finite,

5. there exists v > 0 such that (r,v,r,w) € Ry.

Proof. For each t € R with K; C O we can pick v; € (0,e09/k) such that vy < 7w

and

B’Ut (Kt) g Ok‘?
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as Ky C O C Oy, Ky is compact and Oy, is open. Now let

10
€= —TLw.
1%

Note that € < w < g¢ from (4.39) and (4.37) and that for any ¢t € R'(e) U{r}

we have K; C O. So we may set
Ry = {(t, v, 7 yw) for any t € R'(e) U {r} with K; C Bao (K}

Observe that Ry;; C T, using the definition of v;.

To see item (1), for s € R with Ky C B,(K,) then pick t € R/(¢) with
v(t,s) < e. Then v(t,s) < w < a so that K; C B,(Kj) using (4.33). It follows that
K; C Bao(K;) so that (¢, v, g w) € Ry

Items (2) and (3) are immediate.

For (4) note that if (¢,vs, 75 w) € F then as t € R'(¢) U {r} and B has

diameter at most %pe we have
te FB(e)u {r};

see (4.36). As this set is finite then so is F.

Finally item (5) is immediate with v = v,. O

Recall from (4.38) that we have defined Ry C 7. Now for k& > 1 define
Ry, C T by the recursion

k—1
Re=J |J Rwlrwa) (4.40)
=0 (r,w,a)ERy

Note that for any (t,v,3) € Ry we have
Kt - O and EU(Kt) - Ok (441)

and
. €0
< — .
O<v_m1n<ﬁ,k> (4.42)
using (4.37) and Lemma 4.30(2)-(3).

Lemma 4.31. Ify € Y and k > 0 there exists o, = Ox(y) > 0 such that the set
Fy, = Fy(y) is finite where

Fy, .= {(r,w,a) € Ry, such that d(y, K,) < 6 + 3a}.
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Proof. Let y € Y. For any §y > 0 we pick, the set Fy C Ry will be finite. Suppose
now that £ > 1 and we have picked §; > 0 for every 0 <[ < k such that Fj is finite.
Pick ;> 0 such that for every [ < k we have d; < ¢; and, for any (r,w, o) €
Fy, 6 < rpyw. We shall show that Fj, is finite.
Suppose that (t,v, ) € Fj. We may write (t,v, 3) € Ry ;(r, w, ) where l < k
and (r,w, a) € Ry, using (4.40). Note that K; C Bao(K,) by Lemma 4.30(3). Hence

d(yv KT) S d(ya Kt) + 2
<o+ 38+ 2
< + 3«

using 0 < & and = 1w < /10 from Lemma 4.30(2). Hence (r,w,a) € Fj and
s0 0 < i w. We get d(y, Ky) < 0y + 35 < 47w so that

Kt N §4rk,lw(y) # @

and

§4rk,lw(y)

(t,'l),ﬁ) € Fk,l (vava);

see Lemma 4.30(4).
We conclude that

. B )
4ry qw
rRcly U B, 7w,
=0 (r,w,a)€F;
which is finite. O

Definition 4.32. Ifk > 1, A € [0,1] and w > 0 we define My(\,w) to be the set of
y €Y such that there exist integers n > 1,

O=lhy<h<..<l,=k

and (T, Wi, ) € Ry, for 0 < m < n with
1. (T, Wi, o) € Ry (Pi—1, Win—1, m—1) for 1 <m <n
2. d(y, K;,)) < Aag, for0<m <n
3. d(y, Ky,) < dw,

4. Wy = wW.
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We then let
M(N) = | Me(\,w). (4.43)
w>0

Note that using Definition 4.32(3) and (4.41) we have

MM < ) Baw(E)C Ok (4.44)

Further from (4.38), (4.40), Lemma 4.30(5) and Definition (4.32)(2),
Ky © Mi(A) € Bag () (4.45)
for all k > 1 and A € [0,1]. Finally if My (\,w) # 0 then by Lemma 4.30(2),
w < eo/k. (4.46)
Lemma 4.33. For any k > 1 the set
Hy .= {(y,\) such that y € My(\)}

is a closed subset of Y x [0, 1].

Proof. Suppose that (y¢, A\?) € Hy, with (y¢, A\?) — (y,\) € Y x [0,1]. It suffices to
show that (y,\) € H.

For each d > 1 then as y? € My (\%) we can find n? > 1,0 = lg <. < lzd =k
and (rd,wd al) € R, for 0 < m < n? such that

o (rd wd al)e Rya ja _l(rflnfl,fwffl,l, ad 1) for 1 <m <n? (4.47)
o d(y" K.4)<Xaf for 0 <m < n (4.48)
o d(y, K, ) < Mug. (4.49)

As1<n?<kwe may assume, passing to a subsequence if necessary, that n? =nis
constant. But then as 0 < [¢ < k we may assume, passing to another subsequence,
that lff1 =1, is constant foreach 0 < m<nwith0=[j<l; < ..<l, =k.
Fixing m then as d(y,y%) — 0, A < 1 and
d(y, K0 ) < d(y,y") + \ag,,

Tm

from (4.48), we have (rd, wl al) € F, (y) for d sufficiently high; see Lemma 4.31.

m?wn’u am
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As this set is finite we can assume, passing to another subsequence, that

(Tgm wgm aﬁln) = (va W, am)

is constant for each 0 < m < n, with (7, Wy, am) € Ry, . Further from (4.47)-(4.49)

we have

L (Tm,wm’am) € le,lmfl('rm—lu Wm—1, am—l) for1<m<n
° d(yd, K, )< Ma, for 0 <m <n
° d(yd,Krn) < )\dwn;

taking the d — oo limit and using y% — y, AY = X we obtain

o (T, Wm, ) € Ryt 1 (Tm—1, Wim—1,0m—1) for 1 <m <n
o d(y,K,,) <Ay for0<m<mn
o d(y,K,,) < wp,

so that y € My () and (y,\) € H. O

Up to this point we have let 71; € (0, p/10) be arbitrary; see (4.39). We now
further stipulate that if 0 <[ < I’ < k then we have

1 1
Lk < and 7541 < 7 (4.50)

Lemma 4.34. Suppose k> 1,0 <A< A+v¢ <1, w>0 andy € Mi(\,w). Then
1. Byu(y) € Mp(A+1,w),

2. if 20 € (Yw,Yag) and e € (20/pk, 1) then for all s € R with Ky, C Bs(y)
there exists t € R with y(t,s) < ed and Ky C My (A + 1) for alll > 1.

Proof. From Definition 4.32 we can find integers n > 1,

O=ly<h<..<l,=k
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and (7, Wi, ) € Ry, for 0 < m < n with

o (T, Wm, ) € Ry iy (Tr—1, Wim—1,0m—1) for 1 <m <n ( )
o dy,K,,) <dayfor0<m<n (4.52)
o dy,K,,) < Aw, (4.53)

(4.54)

e w, =w.

Note that

O = Tyl Win—1 < Qp—1 (4.55)

for each 1 < m <n by Lemma 4.30(2).
To establish (1), suppose d(y',y) < tw; then from (4.52) and (4.53),

Ay, Ky, ) < A, +vw for 0 <m <n
d(y', K;,) < dwy, + Yw.

Using (4.42), (4.54) and (4.55) we have w = w,, < a,, < a;,, so that

dy, K;,) <A+ vY)ay, for 0<m<n
Ay, Kr,) < (A +9)wn;

combining these with (4.51) and (4.54) we get vy € My(\ + ¢, w), as required.

We now turn to (2). We claim that we can find m with 0 < m < n and
(t,w, ) € Riq11,, (Tm, W, Q) (4.56)

where 26 < Ya,, and (t, s) < 0.
To see this suffices, note first that from (4.33) and € < 1 we have

K; C Bs(Ks) € Bas(y) € Byan (v). (4.57)

Let I; = I; and (ry,, wy,, o) = (P, Wi, ) for I <moand 17 ) = k+1 for [ > 1

and, using (4.56) and Lemma 4.30(5), pick inductively

/ / ’ ’ / /
(Tm—i-l? W1 am+l) € Rl:ﬂH,linJrFI (Tm+l—17 Wia1—1> am—i—l—l)

for each I > 1, with 7], =t; then for any ' € K3, as

d(y/, Kn) < d(y, Km) + Yo < (A+ w)aﬁ
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for I < m, using (4.55) and (4.57), while d(v/, K,
Yy € Mgy (A + 1) for I > 1 as required.
We now establish the claim. Suppose first that 2§ < ¢a,,. Then as

my) = 0 for I > 1, we have

KS g B&(y) g E)\an+5(KTn) g Ean(Krn)7

using (4.52), we may pick, by Lemma 4.30(1), (t,w,®) € Rjt1x(rn, Wn, o) with

10 10126

Y(t,8) < —Tpp1pwn < — <ed

using (4.50) and 26 € (Ywy, ). Thus we can satisfy the claim with m = n.
Suppose instead that o, < 26. As 20 < oy we can find m with

Va1 < 20 < Yo, (4.58)

where 0 < m <n — 1. Then as

we may pick, by Lemma 4.30(1), (¢,w, ) € Rit14,, (Tm, W, o) with

(t 3)<Er w <Elr w —Ela <E12—5<66
YL, _pk+1,lmm_pklm+1,lm m—pk m+1 pkl/i
using (4.50), (4.55) and (4.58). Thus the claim is satisfied. O
Proof of Theorem 4.28 For each i = (A\,T) € I we define the set S; by
Si= | Mz, (). (4.59)

n=1

Note that as My(\) C Oy by (4.44) we have S; C Of, for each n > 1 and hence
S; € O since T,, — oco. Further as (rg, wo, ag) € Ry C Ry, we have K,, C M(\) C
By (Ky,) for every k> 1 and X € [0,1] by (4.45); hence (4.35) holds for every i € I.

We now verify (1). First note that we may assume that ¢ < 1 and that
1 <1— X where i = (\,T). Using (4.43) we find w,, > 0 with y € Mg, (A, wy,). As
T,, — oo and A,, — oo we may pick ko such that Ty, > 20/pype and Ay, > 1/1. Let
5 € (0,7%ap/2) be such that 205 < Ywy, for all n < ky.

Suppose that § € (0,d5). As wy, — 0 by (4.46) we may pick a minimal k > 1
with ¢wp, < 26. Note that k > k. Put j = (N, T") € I where N = X+ ¢ € [0,1]
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and T” is given by

T/ =T forl <k
T/ =T+ 1 for | > k.

We have A(j,7) = max(]\ — A|,sup;>; 1/4;) = ¢ as X — X =« and Ay >
Ap, > L
Now let K C Bs(y). By Lemma 4.34(2) since y € My, (A, wyy,), 2§ €
(Ywr,, Yap) and € € (20/pyYpTy, 1), from § < 05 and k > ko, we can find ¢ € R with
v(t,s) < ed and
Ki C My, (N)

for [ > 1. But for [ < k we have 20 < 9w, using the minimality of k, and
Ewal (y) € Mg (N, w) by Lemma 4.34(1) so that as K; C Bas(y), from (¢, s) <
£6 < 6 and (4.33), we deduce finally that K; C Mp, (N, w).
Hence K; C Mygy(X') for all I > 1 so that, using (4.59), K; C S; as required.
To establish (2), suppose that (i¢,y%) € X with

(i%,y") = (i,y) € I x Y.

Note that y? € S;a. Write i = (A4, T?) and i = (\,T). For each fixed n then for
sufficiently high d we have T = T}, so that y? € Mz, (\Y) and (y?,\%) € Hr,; see
(4.59) and Lemma 4.33. As Hr, is closed and y? — y, A — X we deduce that
(y,\) € Hy,; hence y € My, (\) for each n > 1. We conclude y € S; and (i,y) € X.
Hence (2).

Finally for (3) we suppose that y¢ € F and y? — y € Y. We aim to show
y € F. Find j2 = A\, T9) ¢ I with 3¢ ¢ S;a and A(j5%,4) < 4 for all d. Write
i=W\T).

By passing to a subsequence if necessary we may assume that A4 — X € [0, 1]
where [N — A| < ¢. Further as |T¢ — T,,| < A, we may assume, after passing
to another subsequence if necessary, that for each fixed n we have T¢ = T for
sufficiently high d, where |1}, — T,| < ¢ A, and T, < T}, ,,. Note that j := (X, T")
is an element of I with A(j,7) <. It is enough, therefore, to prove that y € ;.

Fixing n > 1 we have, using y? € S;a and (4.59), yd € MTg()\d) so that for
sufficiently high d, y¢ € M (M%) and so (y¢, \?) € Hry. As the latter set is closed
we deduce that (y,\') € Hyy and y € Mg (X).

This holds for every n > 1; hence y € S;, establishing (3). O

We shall now show that the existence of R(¢e) is guaranteed whenever (Y, d)
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is an infinite dimensional Banach space and (R, ) satisfies some further mild con-

ditions.

Lemma 4.35. Suppose (Y,d) is an infinite dimensional Banach space, (R,~) is
separable and has the property that whenever r € R and y € Y then K; = y + K,

for some s € R with
1
v(s,7) < Zpl\yll- (4.60)

Then for every € > 0 there ezists a set R(e) C R such that
1. for all v € R there ezists s € R(e) with y(s,r) < e,
2. if r,s are distinct elements of R(e) then d(K,, Ks) > pe.

Most natural choices of (R, ) in Y, an infinite dimensional separable Banach
space, satisfy the conditions of Lemma 4.35 with p = 1/4. Note that the conclu-
sion (2) implies that any set of diameter at most pe can only intersect K, for at
most one element r € R(e), so that we may apply Theorem 4.28.

To establish Lemma 4.35 we first prove the following.

Lemma 4.36. IfY is an infinite dimensional Banach space and (Ky)n>1 are com-
pact subsets of Y then for any ¢ > 0 we can find y, € Y with ||y,| = € for each
n > 1 such that K], =y, + Ky, satisfy d(K],,K],) > ¢/3 for n # m.

Proof. Suppose n > 1 and we have chosen (Y, )1<m<n such that d(K,,, K]) > ¢/3
for 1 <1< m < n. It suffices to pick y, such that d(K], K] ) >¢e/3 for 1 <m < n.
The difference set

K = K, — Ui<m<n K], = {k — k' where k € K,,, k' € K,;, for some m < n}

is compact so that we may find y € Y with ||y|| = € and d(y, K) > ¢/3, using
Lemma 4.27. Then d(0, —y + K) > ¢/3 so that, choosing vy, = —v,

d(07 K7/1 - U1§m<nK7/n) > 5/3

O]

Proof of Lemma 4.35 Let (r,,)n>1 be a dense sequence in R. By Lemma 4.36 we
can find y, € Y with ||y, || = 3pe such that K], := y, + K, satisty d(K],,K],) > pe
for n # m. Now we may pick 7, with K,» =y, + K,, = K], and

1 3
Y(rps ) < %Hyn” =€
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using (4.60). Setting R(e) = {r], where n € N} we are home. O

Corollary 4.37. If Y is an infinite dimensional Banach space with separable dual,
T is a dense subset of Y and O is a Gs set containing every line segment [u,v]
with w,v € T then there exists a closed and bounded subset G C O such that F is a

universal Fréchet set.

Proof. We may view Y as a metric space. Let (R, ) be the collection of line segments

in Y with the metric
Y([u, o], [u', v']) = max(|Ju’ — ul|, ] = v]).

We note that (R, ) satisfies the conditions of Theorem 4.28 by Lemma 4.35 with
p = 1/4. Let (S;)ier be the collection of subsets of O given by the conclusion of
Theorem 4.28.

Let 19 € I. We note that as

X = {(4,y) such that y € S; for some i € I with A(i,ip) < 1}

is a G subset of I x Y, using Theorem 4.28(2), it is a complete topological space.
We also note that X # 0.

The map 7: X — Y given by n(i,y) = y is continuous. To complete the
verification of the conditions of Theorem 4.2 we note that if z = (i,y) € X and N
is an open neighbourhood of x in X then we may pick ¢, r > 0 with

{j € I such that A(j,i) < ¢} x By(y) C N (4.61)

and then, for any n € (0,1) and p > 0, set

(1 n o,
50(‘%‘7*]\777]7”) = mn (2T7 55 (27¢7Z>> .

Then if § € (0,09) and y1,y2 € Bs(y) we may find a segment [u,v] C S; with
llu—y1|l <nd/2 and ||v — y2|| < 1nd/2, so that

1(v —u) = (y2 — y1) || < nd,

where j € I with A(j,4) < ¢. This verifies (4.1) and (4.2). Note now that as
n € (0,1) we have u,v € Bas(y) C B,(y). Hence, from A(j,i) < 1, we have

{j} x [u,v] € N, using (4.61), and therefore [u,v] C m(N). Hence (4.3), and so the
hypotheses of Theorem 4.2 are satisfied.
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We conclude, from Theorem 4.2, that 7(X) is a universal Fréchet set and that
the set of points D, of Fréchet differentiability of any Lipschitz function g: — R

has dense intersection with 7(X) in 7(X). Hence
G = {y € B,(yo) such that y € S; for some i € I with A(i,ig) < 1}

is also universal, for any (ip,y0) € X. But, by Theorem 4.23(3), G = F N B, (yo)
where I’ is a closed subset of Y. Hence G is a closed and bounded subset of Y.
Further, as S; C O for all i € I we have G C O. We're done. O

Corollary 4.38. If Y is a Banach space with separable dual then there exists a
universal Fréchet set S C Y such that S is closed, bounded and has Hausdorff

dimension one.
Proof. This is now immediate from Theorem 4.37, Lemma 4.8 and Lemma 4.10. [

Remark 4.39. Since any totally bounded metric space (R,~y) clearly satisfies the
condition in Theorem 4.28 that R(e) exists for all € > 0, one does not really need
to separate the finite and infinite dimensional cases as we have done here. A more

unified approach, relying just on Theorem 4.28, will be taken in [10].

4.6 The non-separable case

We have proved the existence of a closed and bounded universal Fréchet set of
Hausdorff dimension one in any Banach space with separable dual - that is, in any
separable Asplund space. We already know that any non-Asplund space has no
universal Fréchet sets. In this final section, we make a few quick remarks about the
remaining case, in which the Banach space is a non-separable Asplund space.

We already know that such a space does indeed have universal Fréchet sets;
by Theorem 1.13 any non-empty open set is an example. We may do slightly better
and construct a universal Fréchet set in Y that is nowhere dense. First we need to
quote a useful result, due to Preiss, that allows us to reduce the task of proving the
existence of a point of Fréchet differentiability on a non-separable space to proving
it for the restriction of the function to a particular separable subspace, which may

depend on the function.

Theorem 4.40 (Separable reduction). If Y is a Banach space, Z is a separable
subspace of Y and g: Y — R is a Lipschitz function then there exists a separable
subspace W of Y with Z C W such that g is Fréchet differentiable at every point
y €Y such that gy is Fréchet differentiable.
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Proof. See [24] and [15]. O

Corollary 4.41. If Y is a non-zero Asplund space then there exists a closed uni-

versal Fréchet set S CY whose complement is dense.

Proof. If Y is one dimensional we may take, by Lebesgue’s theorem, S to be any
closed and bounded subset with dense complement whose Lebesgue measure is pos-
itive. Suppose now that Y has dimension at least two. Let Z be a two dimensional
subspace of Y. Let

mY = Z

be a continuous linear map with ||7|| =1 and 7(Z) = Z. Let (F)\)o<rx<1 C Z be any
collection of subsets satisfying the conditions of Corollary 4.3.
Set
Fl=n"YF)CY.

Let g: Y — R be Lipschitz. Find W as in Theorem 4.40 with Z C W. Note
that as W is a separable subspace of an Asplund space Y it has separable dual,
so has an equivalent norm that is Fréchet differentiable on W\ {0}. It is readily
verified that (F§ N W )o<r<1 still satisfies the conditions of Corollary 4.3. Therefore
each set F} N W contains a point of Fréchet differentiability of gjw- Therefore FY
contains a point of Fréchet differentiability of g.

This holds for every Lipschitz g: ¥ — R so that FY is a universal Fréchet set
inY.

But using chapter 4.3 we may take the sets F\ C Z to be compact and null
and, therefore, to have dense complement in Z. It follows immediately that the sets

Fy are closed and have dense complement in Y. ]

Remark 4.42. As a final comment, however, we note that a universal Fréchet set
S in a non-separable Banach space Y cannot have Hausdorff dimension one - or
indeed finite Hausdorff dimension. If Dy(S) < oo then we can find d > 0 with
C’j‘fI(S) = 0; see Definition 4.7. Hence for every d > 0 there must exist a cover of S
by a countable collection of sets, each of which has diameter less than §. It follows
that there exists a countable subset of Y whose closure contains S, so that S lies in
a separable subspace of Y and S is therefore porous. Hence, using Lemma 1.23, S

1s not a universal Fréchet set.
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