THE UNIVERSITY OF

WARWICK

University of Warwick institutional repository: http://go.warwick.ac.uk/wrap

This paper is made available online in accordance with
publisher policies. Please scroll down to view the document
itself. Please refer to the repository record for this item and our
policy information available from the repository home page for
further information.

To see the final version of this paper please visit the publisher’s website.
Access to the published version may require a subscription.

Author(s): Antonio Lei, David Loeffler, Sarah Livia Zerbes

Article Title: Wach modules and Iwasawa theory for modular forms
Year of publication: 2010

Link to published article:
http://www.intlpress.com/AJM/AIM-v14.php#AJIM-14-4

Publisher statement: First published in Asian Journal

of Mathematics in Vol. 14(4), 2010, published by the International
Press. Copyright © International Press. All rights reserved.


http://go.warwick.ac.uk/wrap

WACH MODULES AND IWASAWA THEORY FOR MODULAR FORMS

ANTONIO LEI, DAVID LOEFFLER, AND SARAH LIVIA ZERBES

ABSTRACT. We define a family of Coleman maps for positive crystalline p-adic representations of the absolute
Galois group of Qp using the theory of Wach modules. Let f = > ang™ be a normalized new eigenform and
p an odd prime at which f is either good ordinary or supersingular. By applying our theory to the p-adic
representation associated to f, we define Coleman maps Col, for ¢ = 1,2 with values in @p ®z, A, where

A is the Iwasawa algebra of Z;f, Applying these maps to the Kato zeta elements gives a decomposition of
the (generally unbounded) p-adic L-functions of f into linear combinations of two power series of bounded
coefficients, generalizing works of Pollack (in the case ap = 0) and Sprung (when f corresponds to a
supersingular elliptic curve). Using ideas of Kobayashi for elliptic curves which are supersingular at p, we
associate to each of these power series a A-cotorsion Selmer group. This allows us to formulate a “main
conjecture”. Under some technical conditions, we prove one inclusion of the “main conjecture” and show
that the reverse inclusion is equivalent to Kato’s main conjecture.
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1. INTRODUCTION

1.1. Background. Let E be an elliptic curve defined over Q which has good ordinary reduction at the
prime p. In | ], Mazur and Swinnerton-Dyer constructed a p-adic L-function, f% £, which interpolates
complex L-values of E. Let Qoo = Q(up~). If Goo denotes the Galois group of Qs over Q, then f/p,E is
an element of Ag, (Go) = Q ® Z,[[Goo]]. It is conjectured that L, g is in fact an element of the Iwasawa
algebra A(G) = Zp[[Gol]-

Recall that the p-Selmer group of E over any finite extension F' of Q is defined as

1 ot (F v Ep“’)

Sel,(E/F) = ker (H (F, Bpo) — H 5 ®@p/zp> :
where the product is taken over all places of F. If we let Sel,(E/Qx) = lim Sel,(E/Q(ppn)), then
Sel,(E/Qo) is equipped with an action of G, which extends to an action of the Iwasawa algebra. It
is not difficult to show that the Pontryagin dual Sel,(F/Qs)" is finitely generated over A(Gw ), and a
theorem of Kato-Rohrlich (conjectured by Mazur) states that it is in fact A(Gwo)-torsion. We can therefore
associate to it a characteristic ideal for each A-isotypical component, where A is the torsion subgroup of
G, and the main conjecture of cyclotomic Iwasawa theory for F predicts that this ideal is generated by
the corresponding isotypical component of f/p’ E-

The construction of p-adic L-functions has been generalized to more general primes and modular forms in
[ , ]. If f =>" anq™ is a normalized new eigenform of weight k& > 2, level N and character €, p{ N,
then there exists a p-adic L-function Ena, for any root a of X% — a, X + €(p)p" ! such that v,(a) < k — 1,
interpolating complex L-values of f. Perrin-Riou [ ] and Kato | | have established theories of p-
adic L-functions for a wide class of p-adic Galois representations and formulated respective Iwasawa main
conjectures. When the representation corresponds to a modular form, these main conjectures have been
reformulated by Kato | ] using the theory of Euler systems. If f is good ordinary at p (in other words,
pt N and a, is a p-adic unit) and « is the unique unit root, then L, , is an element of Ag,(Gx). At a
A-isotypical component, the main conjecture is equivalent to asserting that f/p,a generates the characteristic
ideal of Sel,(f/Qw)Y. In op.cit., Kato has shown that L, is contained in the characteristic ideal of
Sel,(f/Qs0)Y under some technical assumptions; his proof relies on the construction of certain zeta elements
(which we will refer to as Kato zeta elements).

When f is supersingular at p (by which we mean p{ N and a,, is not a p-adic unit), two problems arise:
on the one hand, the p-adic L-functions of Amice-Vélu and Vishik are no longer elements of A(G,), but
they lie in the algebra H (G ) of distributions on G, and on the other hand, Sel,(f/Qu)" is no longer
A(G)-torsion. Perrin-Riou’s (and hence Kato’s) main conjecture can therefore not be translated into a
statement relating IN/p’a and Sel,(f/Q) as in the ordinary case. When a,, = 0, a remedy was made possible
by the works of Pollack | ]. If a; and ay are the roots of X2 + e(p)p*~1, Pollack showed that there is a
decomposition

Ly, =logl, LF 4+ a;log, , L,

for 7+ = 1,2, where [N/;,t € Aqg,(G) and logik are some explicit elements of H(Gs) which only depend

on k. When f corresponds to an elliptic curve E/Q (and p > 2), the E;‘E are in fact elements of A(G).
In | ], Kobayashi formulates a main conjecture giving an arithmetic interpretation of these new p-adic
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L-functions. In analogy to the ordinary reduction case, he defines even and odd Selmer groups Selﬁ(E /Qoo)
by modifying the local conditions at p in the definition of the usual Selmer group. Let T),E be the Tate
module of E. Kobayashi shows that Sel;t (E/Qu) is A(G s )-cotorsion by constructing the so-called plus and
minus Coleman maps
Col* : HL (Q,, T,E) = A(Gs),

which depend on the structure of the formal group attached to E. (Here Hllw((@p,TpE) is the Iwasawa
cohomology, defined as lim = H HQp(ppn ), T, E); see §2.3 below.) Kobayashi’s modified main conjecture then
asserts that in each A-isotypical component, the functions E;t generate the respective characteristic ideals
of Self(E /Qo0)Y. This main conjecture is in fact equivalent to | , Conjecture 12.10] (to which we refer
as Kato’s main conjecture from now on). Using the fact that the maps Col® send the localization of the
Kato zeta elements to ipi, Kobayashi shows that the elements Z;,—‘ are contained in the characteristic ideals
of Sel;t (E/Qx)" (possibly after inverting p if p is one of the finitely many primes for which the p-adic Galois
representation of E is not surjective), establishing half of the main conjecture. (When the elliptic curve has
complex multiplication, the full conjecture has been proved by Pollack and Rubin | 1)

Sprung [ ] has extended the results of Kobayashi to elliptic curves with supersingular reduction at p
and a, # 0 (which forces p to be 2 or 3). He constructs Coleman maps

Col”, Col” : HL,(Q,, T,E) — A(Gs)
and defines Eg, INJI’j € A(Gx) by applying these Coleman maps to the Kato zeta element. Analogously to

the case a, = 0 discussed above, he defines two Selmer groups Selg(E /Qs0) and Sel} (E/Qx) to formulate
the corresponding main conjectures. Moreover, he constructs a matrix M € My(H(Gs)) whose entries are
functions of logarithmic growth depending only on a, such that

7 7o
() (&)
Lpp L;
generalizing Pollack’s results.

Generalizing Kobayashi’s work in a different direction, the first author has shown in [ ] that the
definition of the maps Col® can be extended to general modular forms with a, = 0, using p-adic Hodge
theory in place of formal groups. For a normalized new eigenform f, there exists a p-adic representation V
of Gg = Gal(Q/Q) attached to f, as constructed by Deligne | |. When a,, = 0, one can then construct
+-Coleman maps

Col™ : Hy (Qp, Vs) = Ag, (Geo),
using the structure of Dygis(Vy) and Perrin-Riou’s exponential map (see Section 2 in | ). Generalizing
Kobayashi’s construction, one can use Col™ to define +-Selmer groups, which again turn out to be A(G)-
cotorsion and whose characteristic ideals at each A-isotypical component contain Pollack’s p-adic L-functions.
Analogous to the work of Pollack and Rubin for elliptic curves, one can show that equality holds for forms
of CM type; see [ | for details.

1.2. Statement of the main results. Looking at all these results raises some natural questions: Is there
a uniform explanation for Sprung’s logarithmic matrix M and Pollack’s +-logarithms? Can one generalize
the construction of the two Coleman series to more general modular forms which are supersingular at p?
In this paper, we approach these questions using methods from the theory of (¢, G )-modules. As shown
by Fontaine (unpublished — for a reference see [ ]), for any Z,-linear representation T" of G, there is
a canonical isomorphism h%}p,lw : HL (Qp, T) = D(T)¥=!, where D(T) denotes the (¢, Go)-module’ of T
and ¢ is a certain left inverse of . Recall that D(T) is a module over the p-adic completion Ag, of the
power series ring Z,[[7]][r71]. Also, A(Gs) can be identified with the additive group Z,[[x]]¥=° via the
Mellin transform (c.f. Section 5.1). It seems therefore natural to expect that by carefully choosing a basis of
D(T), it should be possible to define the two Coleman maps as certain maps on the coefficients of an element

More familiarly known as a (¢, I')-module — our G is denoted by I' in Fontaine’s work, while we use I for its torsion-free
part.
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x € D(T)¥=L. Such a construction would generalize the classical case T' = Z,(1): in this case, the Coleman
map H}\, (Qp, Zy(1)) 22 Af " = Z,[[x]][7~']¥=" is just the map ¢ — 1.

Here, we develop this idea using Berger’s theory of Wach modules | ], which is a refined version of
(¢, Goo)-modules for crystalline representations over unramified base fields originally studied by Wach in
[ ]. The Wach module N(V') of a crystalline Gg,-representation V' is a certain subspace of the (¢, G )-
module D(V') which is a finitely-generated module over the simpler ring IB%ESP = Zpl|[r]] @z, Qp. If V is a
crystalline representation of G, with non-negative Hodge-Tate weights, and V' has no quotient isomorphic
to Qp, then Berger has shown in [ ] that D(V)¥=! = N(V)¥=L. Let ¢*N(V) be the Bap—submodule of
D(V) generated by the image of . For any such representation, 1 — ¢ gives a map

1= :N(V)¥=! — ("N(V))¥=°.

Our first main result relates this map to Perrin-Riou’s theory. Suppose that V; is the p-adic representation
associated to a modular form f with p a good prime for f, i.e. p does not divide the level of f (we assume
here for notational simplicity that the coefficient field of the modular form is Q, so V is a 2-dimensional
Qp-vector space). Let V = Vy(k — 1), then V is a crystalline representation with Hodge-Tate weights
0,k —1. We fix 71,05 a basis of Deis(Vy) in Section 3.3. It lifts to a basis ni,ns of N(Vy). Note that
T 0y @ ep—1, 7' " 0y @ ey then gives a basis of N(V). Let M = (mj;) € Ma((B, o )) be such that

(' Fny @ ep_1) —pm(® ey
o(mFny @ ex_1) Do @t Fe, 1)
Proposition 1.1 (see Proposition 3.22). For i = 1,2 we have a commutative diagram

Ry, 1w
N(V)»=! — % 1L (Q,, V)

w

1—¢

Y

("N )=

M L1,5,@(1+m)

(B,

pr;

\ Y

(Bl o)™ — s H(Gae)

Brig,Qp

Here, £ 5,5 (14x) is a certain Ag,-module homomorphism whose definition is given in equation (18) below,
defined using Perrin-Riou’s exponential map and the Perrin-Riou pairing H{,, (V) x H{, (V*(1)) — Ag,. Also,
M is the inverse Mellin transform (see (13)), pr; is the projection map onto the i-th component, and for an
element x € (¢*N(V))¥=C, M.z is defined as follows: if z = z10(7' *n; ®@ er_1) + z20(7' Fny @ e,_1) for
some z; € (Bap)wzo, then M.x = M <i1>

2

By applying this diagram to Kato’s zeta element z%a% ¢ H}.(Qp, V), we deduce that there exist M €
M;(Q, ®q, @(Bzg@p)) and Ly 1,Lp0 € (]Béfp)w:() (c.f. Section 3.5.1), depending only on the basis ny,ng,
such that we have a decomposition

v () = 222)
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In order to interpret this decomposition in terms of measures, we need to study the structure of (p*N(V))¥=0
as & A(Gw)-module. The following result was proven independently by Berger (Theorem 3.5, for general
Wach modules) and ourselves (Theorem 4.24, for the Wach module of the representation arising from a
supersingular modular form).

Theorem 1.2. Let N be a Wach module of rank d. Then (*N)¥= is a free Ag,(Go)-module of rank d.
Moreover, there exists a basis ny,...,nqg of N such that (14 m)p(n1),..., (14 m)p(ng) is a Ag,(Go)-basis
of (¢"N(V))*=",

When V is the p-adic representation associated to a modular form with v,(a,) > L’;%fj, then there is
an explicit choice of the B&p—basis of N(V) which was constructed in | ] (c.f. Section 4). We show
(Theorem 4.24) that this basis (n1,m2) has the additional property that (1 + m)e(n1), (1 + m)p(ne) is a
Ag, (Gso)-basis of (¢*N(V))¥=". Hence we may define the Jwasawa transform

T ("N(V)P=0 — Aqg, (Gso)®?
to be the induced isomorphism of Ag, (G )-modules associated to this basis. This map has the following

property: if a, = 0, then J fits into the commutative diagram

_ hy 1w
N(V)P= ——= Hy (Qp, V)
1—¢ (Col¥)

(P"N(V))¥=0 — Ag, (Goo)®?

where Col® are the Coleman maps constructed in [ ] and | ]. In other words, if ¢ = 1,2 and we
define Col, : N(V)¥=! — Ag, (G) to be the composition of J o (1 — ¢) with the projection of Ag, (Gog)®?
onto the i-th component, then we recover the constructions in op.cit. In Sections 5.2 and 5.3, we use this
new description of the Coleman maps to give alternative proofs of their main properties.

When v, (a,) > [%J, we define the maps Col, in the same manner, and it it follows from Proposition 3.24
that the following diagram is commutative:

1
hgp 1w

N(V)»=! Hy, (Qp, V)
1—¢ (Col, ,Col,)

(P"N(V))¥=0 —T > Ag, (Goo)®2

M M £1,9i®(1+7r)
—o\®2m~1!
((Bleo,)'™%)  ——=H(Gx)®?
pr; El
_ o1
(Bigg,) ™ —— H(Gx)

Here, the map pr, is the projection onto the i-th component in H(Goo)®?. In particular, this diagram allows
us to translate (1) in terms of Ag, (G ):

Theorem 1.3 (see Theorem 3.25). For i = 1,2, define L,; = Col,(z5*°). There exists a 2 x 2-matriz
M € M(Q, ®q, H(Gx)) depending only on k and a, such that

L L,
9 pot 8 RO D (et 3
( ) (Lp,5> o (Ln?)
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We show in Proposition 5.10 that this decomposition reduces to the decompositions of f/pya, f/pﬁ given
by Pollack when a, = 0.

Assume now that V; is the p-adic representation associated to a modular form f which is good ordinary
at p, and let V = V;(k — 1). By choosing a suitable basis for De,is(Vy) (c.f Section 3.6) and applying
Theorem 3.5 to (p*N(V))¥=% we can prodeed analogously to the supersingular case discussed above to
construct Coleman maps Col; : N(V)¥=! — Ag,(Gs). Let a and 8 be the unit and non-unit eigenvalues
of the Frobenius respectively. The Kato zeta element gives rise to two p-adic L-functions f/p,a and f)pﬁ,
where IN/p) g conjecturally agrees with the critical-slope p-adic L-function constructed by Pollack and Stevens
in | ] when V} is not locally split at p. The analogue of (2) becomes

3) Lyo _ 0 @\ (Lya
L,s —alogp)k * Lyo )

for some 4 € Ag(Goo)™ (c.f. (37)). Note that a similar decomposition can be obtained from works of Perrin-

Riou for elliptic curves with good ordinary reduction at p (see | , Section 1.4]). The decomposition (3)
allows us to show that L, 1, L, 2 # 0 under some technical assumptions.
As in the cases studied in | ] and | ], we can use the maps Col; to construct Selmer groups

SeI;( f/Qs) (see Definition 6.4), and we prove the following results. Define assumptions
(A) (when f is supersingular at p) k > 3 or a, = 0;
(A’) (when f is good ordinary at p) k > 3 and V7 is not locally split at p.

Theorem 1.4 (see Theorem 6.5). Under assumption (A) (if f is supersingular at p) or assumption (A’)
(if f is good ordinary at p), the group Sel,(f/Qoo) is Aoy (Goo)-cotorsion fori =1,2. Moreover, there evist
some n; > 0 such that

@™ L, € Chary,,_ry(Sely(f/Qo0)"")
where 1 is any character on A when i = 1 and it is the trivial character when i = 2.

Corollary 1.5 (see Corollary 6.6). Let 1) be a character on A as in Theorem 1.4. If either assumption (A)
or assumption (A’) is satisfied, and the image of Gal(Q/Qs) in GL(V}) contains a conjugate of SLa(Zy),
then Kato’s main conjecture is equivalent to

Chara,, (r)(Sely (f/Qu)¥*") = Charp, vy (Im(Col;)" /(L3 ;).

Note that in the ordinary case, l~/p,2 agrees with the usual p-adic L-function of f up to a unit in Ag(Gs).
It will be shown in a forthcoming paper of the first and third authors | ] that the corresponding Selmer
group is the usual Sel,(f/Qo); whereas the first Coleman map gives a new p-adic L-function Ep,l and a
new Selmer group.

1.3. Notation. Throughout this paper, let p be an odd prime. Fix embeddings of Q into @p, and into
C. For n > 0, write Qpn = Qp(ppn) (resp. Qn = Q(upn)) for the extension of Q, (resp. Q) obtained by
adjoining the p"-th roots of unity. Let G,, denote its Galois group. Let Qp o = |JQp,n, and write G for
the Galois group of Qo over Q,. We identify G with the Galois group of Qo = J,,;»; Q, over Q. Then
Goo =2 A x T where A is a finite group of order p—1 and I' £ Z,,, the Galois group of ijoo over Q,(pp). We
fix a topological generator v of I' and write x for the cyclotomic character of G. Let Gg, = Gal(@p /Qp)
and Ho, = Gal(@p /Qp.0), Where @p denotes an algebraic closure of Q.

Given a finite extension K of Q, with ring of integers Ok, Ao, (Gs) (respectively Ap, (I')) denotes
the Iwasawa algebra of G (respectively I') over Ox. We further write Ax(Go) = Aok (Go) @ Q and
Ax(T) = Ao, (T) © Q.

Given a module M over Ao, (G) (respectively A (G )) and a character n: A — Z), M" denotes the
n-isotypical component of M. For any m € M, we write m" for the projection of m into M".
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2. REPRESENTATIONS OF G,

In this section we review some aspects of the theory of p-adic representations of Gg,. Most of our account
is reproduced from | ] and | , §2]. Let E be a finite extension of Q, with ring of integers Og. An
E-linear representation of Gig, is a finite dimensional E-vector space V' with a continuous E-linear action of
Gq,. We similarly have the notion of an Og-linear representation of Gg,, which is a finitely-generated (not
necessarily free) Og-module with a continuous Og-linear action of Gg,. Define Repg(Gg,) (respectively
Repp, (Gg,)) to be the categoy of E-linear (respectively Op-linear) representations of Gg, .

2.1. p-adic Hodge theory. In this section, we recall the definitions of some of Fountain’s rings of periods.
Let C, be the completion of Q,, for the p-adic topology, endowed with the usual valuation v, normalized
such that v,(p) = 1. Let

E = lim C, = {(z©@, 20 ) : @) = 201,
TP
and let Et be the set of 2 € E such that 2(©) e Oc,. We can equip E naturally with the structure of an
algebraically closed field of characteristic p: if = () and y = (y¥), define = + y and zy by

(x+9)P = lim (20 + y(i+j))P"
J—+oo
(zy)@ = 2y,

Define a complete valuation on E by vz () = v,(2(?) if z = (2()) € E. Let At = W(E*) be the ring of
Witt vectors of E*, and let BT = A*t[p~!]. An element = € Bt can then be written uniquely in the form

=3 P,

>>—00

where z; € ET and [z;] denotes the Teichmiiller lift. The ring B is equipped with the Witt vector Frobenius
map ¢ (lifting the map z — 2P on E*), and with a map

0:B" — Cp
via 0 (3 ;s oo PlT]) = Disee pia”. Fix an element ¢ = (¢M™) € E* with e©® = 1 and e # 1. Let
T=-1,m=[¢p )] —1land w=

i
T

The ring BJ}; is defined as Bl = @1]@* /ker(0)™. It is a discrete valuation ring, and its maximal ideal is
generated by t = log([¢]). Define Bqr = B [t7!] to be the fraction field of B, which is equipped with an
action of Gg, and a filtration defined by Fil' Byr = ti]B%jR.

Define the ring IB;LS as

w™ S .
B:rris = { E an—y where a,, € BT is a sequence converging to 0},
n!
n>0

and B¢ = IB%&S
action and filtration, as well with a continuous Frobenius ¢ which extends the map ¢ : BT — B+, If V
is a Qp-linear representation of Gg,, then Des(V) = (V ® IB%mS)G@p is a filtered ¢-module of dimension
< dimg, (V). We define V' to be crystalline if equality holds.

If V' is a Q,-linear representation of Gg,, say that V' is Hodge-Tate, with Hodge-Tate weights h1, ..., hq,
if we have a decomposition C, ®q, V = ®L Cp(h;). Say that V is positive if its Hodge-Tate weights are
negative. It is easy to see that a crystalline representation V' is Hodge-Tate, and that its Hodge-Tate weights
are those integers h such that Fil™" Deis(V) # Fil' =" Deyis (V).

If V' is an E-linear representation of Gg,, then we define its Hodge-Tate weights to be the weights of
the underlying Q,-vector space, and we say that V is crystalline if and only if the underlying Q,-linear
representation is crystalline. In this case, De,is(V) is an E-vector space, and the filtration and Frobenius are
E-linear.

[t~1]. The ring Beis injects canonically into Bgr, and it is endowed with the induced Galois
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2.2. Crystalline representations and Wach modules. Let A= W(IE), and let Ag, be the completion
of Zy[[n]][x71] in A in the p-adic topology, so Ag, is a complete discrete valuation ring with residue field
F,((e —1)). Let B be the completion of the maximal unramified extension of By, = Ag,[p~!] in B, and
define A = BN A and BT = BNB*+. These rings are endowed with an action of Gq, and of the Frobenius
operator . One can show that (B+)"% = 7Z,[[r]][p~'], which we denote by IB(ESP.

We define a left inverse ¢ : B — B by @ — ¢~ (p7! Trp ) (z)). If @ = f(7) € Bg,, then the value of
¥ (x) can also be calculated by

powla) = 3 JClr+1) - 1),
P&
Since the residual extension I~E/ go(IFZ) is inseparable of degree p, ¢ preserves A and Ag, .

An étale (p, Goo)-module over Ag, is a finitely generated Ag,-module M, with semi-linear ¢ and a
continuous action of G, commuting with each other, such that o(M) generates M as an Ag, -module.
In | ], Fontaine constructs a functor 7' — ID(T") which associates to every Z,-linear representation of Gq,
an étale (¢, Goo)-module over Ag,. Moreover, he shows that this functor is an equivalence of categories. By
inverting p, one also gets an equivalence of categories between the category of Q,-linear p-adic representations
and the category of étale (¢, G )-modules over By, . The left inverse ¢ of ¢ extends to the (p, G )-module.

If E is a finite extension of Q,, we extend the Frobenius and the action of G, to E@Bg, by E-linearity.
We then get an equivalence of categories from the category of E-linear (or Og-linear) representations to the
category of étale (p, G )-modules over E ® Bg, (resp. over E® Ag,).

If V is a crystalline representation, we can say more about the (¢, G )-module. Let Aap = Zy|[x]] and
B&p = Aap [p~!] as above. The following result is shown in | , §IL.1 and S§III.4] and | , 82 Vs
an E-linear representation, then V is crystalline with Hodge-Tate weights in [a, b] if and only if there exists
a (necessarily unique) E ®q, Bap—module N(V) contained in D(V') such that the following conditions are
satisfied:

(1) N(V) is free of rank d = dimg(V) over E ®q, Bap;

(2) the action of G, preserves N(V') and is trivial on N(V)/7N(V);

(3) p(r®N(V)) € 7®N(V) and 7°N(V') /¢* (7 N(V)) is killed by ¢*~* where q = @. (If M is a R-module
equipped with a Frobenius ¢ where R is any ring, then ¢*(M) denotes the R-module generated by
e(M).)

If V is crystalline and positive, then we can take b = 0 above, so ¢ preserves N(V'). In this case, if we
endow N(V) with the filtration Fil' N(V) = {z € N(V) | p(z) € ¢’N(V)}, then N(V)/aN(V) is a filtered

E-linear p-module, and as shown in | , §II1.4] we have an isomorphism N(V)/7N(V) 2 Deyis (V).
If T is a Gg,-stable lattice in V, then N(T) = N(V) N ID(T) is an Op ®z, Agp—la‘ctice in N(V), and
by | , 8II1.4] the functor T — N(T) gives a bijection between the Gg, -stable lattices 7" in V' and the

Op ®z, Aap—lattices in N(V) satisfying
(1) N(T') is free of rank d = dimg(V') over O ®z, Aap;
(2) the action of G preserves N(T);
(3) @(x’N(T)) € 7PN(T) and 7N(T)/¢* (x"N(T)) is killed by ¢*~* where g = £,
Let B be the set of f(m) € Qp[[n]] such that f(X) converges for all X in the open unit disc in

rig,Q,
C,. Note that t € B;Eg,@p- If V is a positive representation of Gg,, then as shown in [ , §L.5], we
can recover Deis(V) from N(V) as De,is(V) = (IB%I&QP ®Bap N(V))G‘”. Moreover, the inclusion Des(V) C

+ . . . .
Brig@p ®ng N(V') gives rise to an isomorphism

L ngg’(@p [t ®q, Deris(V) = B

rig,Qp [t_l] ®]B§$p N(V)

In | , proposition 2.12], Berger shows that for all n > 0 there is an injective map @’”(]B;Eg@p

which is compatible with the natural map gp‘"(@"’) — IB%IR. It is characterized by the fact that it sends

) = Bix,
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7 to e exp(t/p”) — 1. Define a derivation 9 : B;ﬁg@p — ]B%Ig@p by & = (1 + 7). Under the map

B;ﬁg@p — Qp[[t] given by 7 — exp(t) — 1, O corresponds to the derivation <.

If 2 € Qpn((t) ®q, Deris(V), denote the constant coefficient of z by 9y (2) € Qp. ®q, Deris(V)-
2.3. Iwasawa cohomology and the Fontaine isomorphism. If 7' € Repy . (Gg,), define
Hllw(th T) = @ H' (Qp,m T)»

where the inverse limit is taken with respect to the corestriction maps. As shown by Fontaine (unpublished

— for a reference see | , Section II]), for any 7' € Repy,(Gq,), there is a canonical isomorphism of
Ao, (G )-modules
(4) M, DIT)Y = — Hyy(Qy, ).

Similarly, for V' € Repg(Gg,), define H} (Qp, V) = H{, (Q,,T) ®z, Qp, where T is any G, -invariant
lattice of V'; this is independent of the choice of T', and h}@pylw extends to an isomorphism of A g (G )-modules
D(V)?=" = Hy, (Qp, V).

3. THE COLEMAN MAPS

3.1. Positive crystalline representations. In this subsection, we shall define d Coleman maps for a d-
dimensional positive crystalline representation V', depending on a choice of basis of the Wach module N(T')
for a lattice T in V.

Let E be a finite extension of Q,. Let V be a positive crystalline d-dimensional E-linear representation of
G@p with Hodge-Tate weights —rqy < —rg_1 < --- < —r; < 0. We assume that V' has no quotient isomorphic
to E(—rg) and fix an Opg-lattice T in V' which is stable under Gg,. Write N(T') for its Wach module, which
is a free Op ®A6p—modu1e of rank d, whereas N(V) = N(T) ® Q, is a free E®B6P—module of rank d. Choose

an O ® A&p—basis ni,...,ng of N(T') and write P for the matrix of ¢ with respect to this basis. Then

p(n1) n1

¢(na) nd
where AT denotes the transpose of A if A is a square matrix. Moreover, by | , section 3|, the determinant
of Pis ¢"T "4 up to a unit, where ¢ = @ as above.

Let m = Z?Zl ri. Then, for z € D(T(m))¥=!, we have z € N(T(m))¥=! by | , appendix A].
But N(T'(m)) = n~™N(T) ® ey, where e, is a vector space basis of Z,(m). Hence, there exist unique
T1,...,2q9 € O ®A6p such that

ny
(5) c=n""(z1 - wa)| i | Ren.
ng
Lemma 3.1. For any x € D(T(m))¥=!, the entries of the row vector
Col(z) == (x1 -+ z4)¢™(P")™" = (p(z1) - ¢l(za))
are elements of (Op ® Aép)wzo,

Proof. Recall that the determinant of P is ¢"™ up to a unit in Op ® A+p, so the entries of Col(x) are indeed
elements of O ® Aap. Since ¢(7) = mq, (5) implies that

p(n1)
T = (371 xd) qm(PT)_l<p(7r_m) ® e
p(nq)



10 ANTONIO LEI, DAVID LOEFFLER, AND SARAH LIVIA ZERBES

Hence,

nd
Therefore, ¢ (z) = 2 implies that
(@ o za) g™ (P = (21 o wa).
Hence the result. U
Definition 3.2. For 1 <i < d, we define the i-th Coleman map Col; : D(T(m))¥=! — (Og ®A6p)w:0 by
sending x to the i-th component of Col(z).
ny n}

Lemma 3.3. Let ny,...,ng and nf,...,n, be two bases of N(T') with | : | = M" | : |. Then, the

ng n,

Coleman maps defined by these two bases, Col and Col' are related by Col(z)p(M") = Col'(z) for all
x € D(T(m))¥=1.
Proof. For any x € D(T(m))¥=1, write x = x1ny + - - - xgng = 0} + - - - 2/;n/;. Then,

(l-/l e 'Tfj) — (ml e xd) Ml/
Let P and P’ be the matrices of o with respect to ni,...,ng and nf,...,n/, respectively. Then PTM" =
o(M")P'T. Therefore,

Col'(z) = (2} - b)) q™(P")™" = (p(z}) ()
=(x1 -+ wa)g"M"(P'T)? (w(ah) o o(za)) @(M")
=(z1 - za) @ (PT)To(M") = (@(z1) - plxa)) p(M").
Hence the lemma. U

It is clear that we can extend Col; to a map from D(V (m))¥=! to (E®]B6p)¢:0. By an abuse of notation,

we will write this map as Col; as well. We now relate Col(z) to (1 — ¢)(z). By writing down ¢(z), we have
the following:

(6) (1= ¢)(x) = Col(z) - p(m)™"PT | : | ®em

ng
Remark 3.4. We see from (6) that for any x as above, (1 — @)z € (¢*N(T(m)))¥=0.

Note that the maps Col; are not A(G)-homomorphisms under the canonical action of G, on (B&p)wzo
because G acts non-trivially on the basis {n;}1<i<q4 of N(V'). We deal with this problem using Theorem 3.5
below. Its proof is due to Laurent Berger; we quote it with his permission. In the case when V is the p-adic
representation associated to a modular form with v,(a,) > [’;%%j, we have independently found a proof of
this result which uses the basis of N(V') constructed in [ ]. Tt is more explicit than Berger’s proof, and
we give it in Section 4 since it will be needed to analyse the images of the Coleman maps. For notational
simplicity, we take £ = Q, for the time being. Conceptually, there is no difficulty in extending the result to

an FE-linear representation.

Theorem 3.5. Let V' be a crystalline p-adic representation of G, of dimension d, and let T be a Gq,-stable
lattice in V. Then (p*N(T))¥=C is a free A(G)-module of rank d. Moreover, if nl, ... ,nY is a basis of N(T),
then there exists a basis ni,...,nq such that n; = nY mod 7 for all i and (1 + m)p(ny),..., (1 + m)p(ng)
forms a A(Goo)-basis of (0*N(T))¥=0.
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Note that in this theorem we do not assume that V is positive. The proof of this result requires several
preliminary lemmas. We assume without loss of generality that x(v) =1+ p. For k > 0, define

pr =1 =71 =x()") ... (1= x()' "),
which is an element of A(T").
Lemma 3.6. Ifa € Z, and x € N(T) and f € Aap and g € G, then

(1 —ag)(fz) = (1 —ag)f)z + ag(f)((1 - g)x).
Proof. Immediate. 0
Lemma 3.7. The map M : A(G) — (Aap)d’zo given by f — f(1+47) is an isomorphism of A(G,)-modules,
which takes pxA(Goo) to gp(w)k(Aap)w:O.

Proof. The first assertion is standard (we recall the relevant theory in section 5.1 below). Note that v(7) =
x(7)7+O(7?), which implies that the image of pyA(G ) is contained in go(w)k(Aap)ﬂ’:o. Hence the surjection
A(Goo) — (Aapyb:O gives a surjection A(Guo)/pr — (A5P)¢:0/gp(w)k. Since both are free Z,-modules of

rank k(p — 1), this must be an isomorphism. a
Remark 3.8. Following the terminology of | , 8IL.6], we refer to the inverse of M as the Mellin
transform.

Let nY,...,nY be a basis of N(T'). Since the action of G on N(T) is trivial modulo 7, we have (1—g)n? €

7N(T) for all 1 <i < d and for all g € G

Lemma 3.9. Let g be a topological generator of Goo, and write (1 — g)nd = wm; for some m; € N(T). If
we put n; =n? — Txigy: then ni, ... nq is a basis of N(T), and (1 —~)n; € ©°N(T).

Proof. Note that since p # 2 and g is a topological generator of G, 1 —x(g) € Z,, so n; € N(T) for all i, and
they are obviously a basis. Since g(7) = x(g)7 + O(n?), this basis is designed such that (1 — g)n; € 72N(T),
and this implies that (1 — g)n; € 72N(T). O

Let A be the A(G)-submodule of (o*(N(T))¥=% generated by (1 + m)p(n1),..., (1 + m)p(ng).
Lemma 3.10. Lety € (*N(T))¥=C. Then there existn € N and z € (p*(N(T))¥=0 such that y = n+p(r)z.
Proof. Write y = Z?Zl yip(n;) with y; € (Aap)wzo. By Lemma 3.7 we can write y; = b;(1 + 7) for some
b; € A(Gs), and Lemma 3.9 implies that b;n; = n; mod 72N(T'). Therefore, we have

Zb 1 +7T Zyz@ ni) € 90 ) (W*N(T))wzoa

which is slightly better than the lemma. |

Lemma 3.10 can be generalized to all k£ > 0:

Proposition 3.11. Let k > 0 and y € o(7)*(0*N(T))¥=. Then there ezists n € ppN and z € (¢*N(T))¥=0
such that y = n+ o(m)F 1z,
Proof. The case k = 0 is just Lemma 3.10. Assume that k£ > 1, and that the result is true for & — 1.
Ify = Zgzl yip(n;) with y; € @(w)k(A6P)¢:O, then we can write y; = b;(1 + 7) with b; € prA(Goo) by
Lemma 3.7. By the definition of py, we can write b; = (1 — ay)c; with a = x(7)'~* for some ¢; € A(Gy).
Moreover, pi_1|c; for all i. Let x; = ¢;(1 + 7), then
d d
> wip(ni) =Y (1 —av)zi)p(n)
i=1 i=1
d

(1—ay) (Z zip(n; ) - ZV(xz‘)((l —7)e(n:))

i=1
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by Lemma 3.6. Let zp := Z?zl v(z;)((1=7)p(n;)). By Lemma 3.9 and the fact that px_1|c; (so ()"~ 1|xz;),
we have 2g € (7)1 (p*N(T))¥=0.

Consider the element Ele zip(n;) where x; = ¢;(1+7) is divisible by o(7)*~! by Lemma 3.7 as py_1]c;.
Therefore, by induction, we can write Zle z;p(n;) as z + p(m)*w with 2 € pp_1 N and w € (¢*N(T))¥=°.
If we set

n=(1-ay)(x),
p(m) 1z =20 + (1= x(7) ") (p(m)*w)  and
py1 = (X(0'* = x(0) ) (p(m) ),
then y = n + p(m)** 1z + py; with n € ppN, 2 € (p*N(T))¥=0 and y; € ¢(m)*(p*N(T))¥=°.

Iterating this gives us y; € (¢*N(T))¥=° and converging sequences n; € N and z, € (¢*N(T))¥=° such

that

y=n;+o(m)* e+ ply;.
The proposition follows by taking n and z to be the limits of n; and z;, respectively. O
Proof of Theorem 3.5. If y € (p*N(T))¥=0, the iterating Proposition 3.11 shows that for all k& > 0 we can
write

y=ng+ng +--+ng+o(n)tlz

with n; € p;N. Passing to the limit over k shows that y = 37,.on; € N, which shows that (1 +
m)p(n1), ..., (1 +7)p(ng) form a generating set of the A(G o )-module (¢*N(T))¥=0.

Finally, the map A(Goo)®/prA(Goo)®? — (0*N(T))¥=0 /()% (p*N(T))¥=" is a surjective map between
two Z,-modules of equal rank, so that it is injective, and therefore the kernel of A(G )P — (¢*N(T'))¥=°
is equal to mkzo prA(Goo)? = 0. This finishes the proof. |

We now resume our assumption that V' is a positive crystalline E-linear representation of Gg,, with
Hodge Tate weights —r; such that > .7, = m, and T C V an Og-lattice, as above. Applying theorem

3.5 to the representation V(m), we find that for any basis n?,...,nY of N(T), there is a basis ni,...,nq of
N(T) with n; = n? mod 7 such that the vectors (1 + 7)@(7~™n; @ e,,) are a basis of (@*N(T(m))¥= as a
Ao ,-module. With respect to such a basis nq,...,n4, we make the following definitions:

Definition 3.12. Define the Iwasawa transform to be the Ao, (G )-equivariant isomorphism
3 (9*N(T(m)) =" — Ao, (Goc)®
determined by sending (1 4+ m)p(n; @ 7~™e,,) to (0,...,0,1,0,...,0), where the 1 is the i-th entry.

Definition 3.13. Define Col : N(T(m))¥=! = Ao, (G)® as Jo (1 — ), and for 1 < i < d, let Col; :
N(T(m))¥=! = Ao, (Gw) be the composition of Col with the projection onto the i-th component.

Note 3.14. For all 1 <1i < d, the map Col; is Ao, (Go)-equivariant.

3.2. Comparison with D.;;. We now give an alternative formula for the Coleman maps of the previous
subsection using the comparison isomorphisms between the Wach module N(V') and De,i5(V).

Recall from section 2.2 that for any positive crystalline representation V' we have a canonical isomorphism
N(V)/aN(V) = Deis (V) ([ » § HIL4]).
Lemma 3.15. Let V' be a positive crystalline E-linear representation of Gg,. Given any basis v1,...,vq of
Deris(V) over E, we can lift it to a basis of ny,...,ng of N(V) over E® IB%P. Moreover, we may assume
that (1 4+ 7)o(m"™n1 @ em)y - -, (1 +T)o(m™ng @ em) is a Ap(Goo)-basis of (¢*N(V (m)))¥=0.
Proof. Let T be a Gg,-stable Og-lattice in V. By theorem 3.5 above, we may choose a Op ® A&p—basis
n1,...,nq of N(T) such that (1 + 7)p(7~™0; ® ey,) is a Ao, (Goo)-basis of (0*N(T(m)))¥=C. Hence these
elements are also a A (G )-basis of (p*N(V(m)))¥=0.

By the comparison isomorphism, the elements {7; := fi; mod 7 : i = 1,...,d} give a basis of Des(V)
over E. Let A € GL4(E) be the change of basis matrix from vy,...,v4 to #1,...,74. On applying A~ to
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1, ..., 74, we obtain a basis nq,...,ng of N(V) lifting v1,...,v4. Now it is clear that (1 4+ m)e(m"n; ®
em)s- -, (1+m)o(mT " ™ng®@eyn,) is a Ap(Gao)-basis of (¢*N(V(m)))¥=0, since it differs from the original basis
by the scalar matrix A~!, which is clearly invertible in Ag(Gy). O

With respect to such a basis nq,...,nq of N(V'), we can clearly define an Iwasawa transform and Coleman
map as above but with E-coefficients,

32 (@ NV (m))P=0 —+ Ap(Goo)®
Col : N(V(m))¥=" — Ap(Goo)®?,

which are homomorphisms of Ag (G )-modules.

Remark 3.16. If T' is an Og-lattice in V stable under Gg, and the Og-lattice in Deyis(V) spanned by
Vi,...,vq is the reduction of N(T), then we can define the Coleman maps integrally, as in the previous
section. In section 4 below we will work with a specific basis v; for which such a lattice T can be explicitly
constructed.

Now, let v1,...,v4 be a basis of Des(V) over E, and nq,...,nq a basis of N(V) lifting v4,...,v4 as in
lemma 3.15. We write A, for the matrix of ¢ on Des(V) with respect to the basis v4,...,v4. Again by
[ , section 3|, E ® IB%Ig g, is a Bézout ring and

t\" £\
(7) [(E ® BIg,Qp) ®E®ng N(V) . (E ® BI&Q;}) ®E ]D)cris(V)] = |:(7T) MO (7-‘-) :| .
In other words, there exists £ ® ]EIngp—bases wi, ..., wq and vy, ...,vq for (E® IBSj;ngp) ®poB} N(V) and
E @ Bt ®p Deis(V) respectively such that v; = (¢t/7)"w; for i« = 1,...,d. Therefore, the change of
rig,Qp

basis matrix M’ € My(E ® B;’i’g@p) with

%1 ny
(8) =M

Vq Nngq
has determinant (t/7)™ up to a unit in F ® BI&QP' Moreover, since nq,...,ng lifts v1,...,vq, we have

M'|z—o = I, the identity matrix. The compatibility of the action of ¢ implies that
(9) p(M')PT = ATM',

where P is the matrix of ¢ on N(V) with respect to the basis ny,...,nq as in the previous subsection. We
can now rewrite (5):

m 1/1
t
(10) x:(xl md).(w) Mt : @t e,
2

with (t/m)"M'~" € Ma(E®@ B, o ) and v; @t ey, i = 1,...,d a basis of Deyis(V (m)).

Rewriting (6) using this, we see that

(11) (1 —¢)(x) = Col(z) - <7fq> PIM™H[ o | @t e,
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3.3. Supersingular modular forms. We now apply the theory of Coleman maps developed above to the
Galois representations attached to modular forms.

Let f = > anq™ be a normalized new eigenform of weight k and character e. Let p be an odd prime which
does not divide the level of f. For simplicity, we will always assume that ¢(p) = 1. In particular a, = a,.
We write E = Qp(a, : n > 1), which is the completion of the coefficient field F' of f at the prime above
p determined our choice of embeddings. Then, by Deligne | |, we can associate to f a 2-dimensional
E-linear representation Vy of Gg. Moreover, when restricted to Gg,, Vy is crystalline and its de Rham
filtration is given by

. El/1 D EV2 if 4 S 0

(12) D¢ (Vi) = ¢ Eny fl<i<k-1
0 ifi >k
for some basis v1, vp over E. We further assume that v,(ap) # 0, i.e. f is supersingular at p. Then v; is not
an eigenvector of ¢ by [ , Theorem 16.6] and we may choose vo = p'~*p(v1) so that the matrix A, of
0 with respect to the basis vy, v, is given by
()
PPl a,

since p? — ayp +p*1 =0 (cf. | ]). We call such a basis a ‘good basis’ for Deyis(V7).

Let 77 and 75 be a ‘good basis’ of DcriS(Vf). Then, the matrix of ¢ with respect to this basis is equal to
A, also since a, = ap.

Note that V; has Hodge-Tate weights 0 and —k +1, so it is positive. Fix a basis n1,ns of N(Vf-) satisfying

the conditions in Lemma 3.15, so (Zl> =M (Zl> with M'|,—o = I. We obtain two pairs of Coleman
2 2
maps associated to f:
Col; : D(Vi(k — 1))¥=" — (E@ B )=,
Col, - D(V(k — 1)*=! —+ Ap(Guo),

fori=1,2.
Recall the isomorphism (4) above:

hg, 1w : D(Vi(k — 1))¥=" = H} (Qp, Vi(k — 1)).

We can therefore consider the localization of Kato’s zeta element z%8t° from | (see section 6.1 below),

|
which a priori is an element of H{, (Q,, Vz(k — 1)), as an element of D(V(k — 1))¥=!. We can now define
two pairs of p-adic L-functions:

Definition 3.17. Fori = 1,2, define L, ; = Col;(z¥*°) € (E®B6p)¢:0 and Iim = Col,(z8%°) € Ap(Gu)

Kato

where z is the localization of the Kato zeta element.

The reason why we consider V; instead of V¢ will become apparent in section 3.4 below. In addition,
below is a list of assumptions which we will need later when we prove different results.
Assumption (A): k>3 ora, =0.
Assumption (B): a, is not of the form p/ + p*~277 for some integer 1 < j < k — 3.
Assumption (C): v,(ap) > |[(E—2)/(p—1)].
Assumption (D): p >k — 1.

3.4. Relation to the Perrin-Riou pairing. Let a and 3 be the roots of the quadratic X?—a, X +p*~1. By

the work of Amice—Vélu and Vishik cited in the introduction, we can associate to o and g p-adic L-functions

L, o and L, g respectively; see | , §11] for an account of the construction. We will relate them to L, ;,

i =1,2, as defined above. We first prove some preliminary results on general crystalline representations.
Let v be a topological generator of I'. Define

H(Goo) = {f(v = 1) | f(X) € Qu[A][[X]] such that f converges for all X € C, with |X| < 1}.
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We can identify H(Go) with (B o )¥=° via the map

rig,Qp
M: H(Go) — (B ¥=0
(13) ( ) ( rlg,(@p)
fr=1 — f(y=D(r +1),
where any g € G, acts on 7 by (74 1)X(9) —1. As shown in | , B.2.8], this map is a bijection, extending

the isomorphism A(Go) — (A@p)wzo of Lemma 3.7. For r > 1, define

tem n . . ‘cn70|1)
H, P = E E CneoX™: lim —— =0

n—+oo N’
c€EANn>0

Let H'™P =, HE™P, and define H*P(Goo) = {f(y — 1) | f(X) € HmP}.
Let V be any crystalline E-linear representation of Gq,, and let h be a positive integer such that
Fil ™" Deyis (V) = Deyis(V). . Denote by

QV,h : (Htcmp(Goo) & Dcris(v))zzo - Htcmp(GOO) ®AQP Hllw(Qpa V)

Perrin-Riou’s exponential map as constructed in | ]. Here,

h
2 : By g, ©¢, Deris(V) = B (Deris(V)/(1 = p*)) (k)
k=0
is the map sending f € ]B%;qu@p ®q, Deris (V) to the class of ©0%(f)(0), where 0 = (1+m)-L is the derivation
on ]B%j;g@p defined in §2.2. Since Qy 5 is a homomorphism of H'*™P (G )-modules, we can extend scalars to
get
_ =0
(14) Qup ((B;gg@p)w—o ® Deris (V)™ — H(Goo) @ng, Hiy(Qp, V),
where we identify (B;ﬁg@p)wzo with H(Gs) via M.

Remark 3.18. We will only apply (14) to elements in which lie in the image of H*™P(Gs) @ Deyis(V)
under M, so we can refer to | | for the properties of Q.. The reason for extending scalars to H(Goo)
is that we want to be able to use Berger’s description of the exponential map in | , §IL.5].

Recall that we have chosen a p-power compatible system (™, n > 0, of p-power roots of unity.

Proposition 3.19. Assume that V is a crystalline representation of Gq,. Let h > 1 such that D (V) =

Deris(V) and p~7 is not an eigenvalue of @ on Deyis(V) for j € Z with 0 < j < h. Then, for all v € Deyis(V),
the projection to the n-th local cohomology H*(Qp.n, V) of ﬁﬁv,h((l +7) ®@w) is given by

pexpr, v (Sl e @)+ (1- ) 0)) ifnz1

(15) o . .
expg, v ((1 - T) (1—-¢) (v)) if n=0.

Proof. Let g € (IB;’;g’Qp)l/’:O ®q, Deris(V). We write Aj(g) = 87(g)(0) and

oy

G=9-3 L1081 A,(9).

£ 4!

7=0
By [ , section 2.2], the sum Y~  ©™(g) converges. A solution to (1 — )G = g with G € (BI&QF ®q,

]D)C]ris)w:1 is given by

e’} h
n(~ 1 j
G=Y @)+ Hosy
n=0 7j=0
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where v; € Deyis(V) is such that A;(g) = (1 —p’p)v;. Now, take g = (1+7) @ v, so Aj(g) = v for all j. Let
n be a positive integer, then

(n—m) _ 1 m if
mia )1y (€ )@ e™(v) ifm<n
(16) ©"(g)(e 1) { 0 otherwise.
Therefore, we have
n—1
G(E(n) 1) = (E(nfm) —1D) @™ W)+ (1 —¢) H(v)
m=0
n—1
=Y M Re™v) + (1-9) " (v)
m=0
Hence, by the main result in | |, the n-th component of ﬁQV,h((l +m) ®v) is given by the image of
1 n—1
(17) p e G(E™ —1) = o (Z e @ ™ (v) + (1 - 90)1(U)>
m=0

under the map exXpg, .,V For the 0-th level, it is given by the image of
L 1 1) o -1 —1
Tro /0, | ¥ G =1)) = -Trg,, /g, @™ (v)+ (1 —¢)" (v))

(Flee W)+ (-1 -¢) '(v)

1

1-22) -0

under the map eXpq, s SO We are done. O

NR =S

Define the Perrin-Riou pairing ( , )y by
(2 v Hiy(Qp, V) x Hyy (@, V(1)) —  Ap(Gu),
<(xn)7 (yn)>V = mETGGQP/ng (7—<xn) U yn)T'
Remark 3.20. In | |, the pairing is defined by
o (-1
((zn), (yn))v = I&HETQGQP/G&) (77 (Tn) Uyn)T
We use the different convention so that the map Ly, . defined in (18) below is a A(Goo)-homomorphism.

We can extend the pairing { , )y to
o (H(Goo) @, HL(Qp V) X (H(Goc) @ng, HA(Qp, V(1)) —> H(Goo).

Any z € (B,

“g@p)wzo ® ]D)ms(V))E:O therefore defines a map

Lot H (@ V(1)) — H(Gu).
(gm0 F—= (v (2), () -

As recalled in section 2.3 above, for any p-adic representation V' of Gig, we have a canonical isomorphism

h‘(ap,lw : D(V)w:1 = Hllw(QI)? V)

(18)

Lemma 3.21. For all j € Z and for all y € D(V)¥=! and y' € D(V*(1))¥=!, we have
aj <h(1@p,lw (y)7 h%}p,lw (y/)>V = <h(1@p,lw (y ® ej)7 h(l@p,lw (yl ® e*j)>V(j)'
Proof. See Lemme ii) Section 3.6 in | ]. O
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We now return to the setting in Section 3.3. We will apply Perrin-Riou’s theory that we recalled above to

the crystalline representation Vy(1). In particular, Vy(1)*(1) = V¢(k —1). By (12), we can take h = 1. Note
-1

that ¢ acts on Deyis (V¢ (1)) by <pk0_2 p_pla ) with respect to a ‘good basis’ v; @t~ 1ey, i = 1,2 as chosen in
P

Section 3.3. But a, # p+p*~2 by the Weil bound, so both 1 —¢ and 1 —py are isomorphisms on Deyis(Vy(1))

and ¥ = 0. Let 7,75 be a ‘good basis’ for Dcris(Vf). We can identify Depis(Vy) with Deis(Vr(1)) (resp.

DcriS(Vf) with DcriS(Vf(k —1))) via v; = v; @ et (resp. 7; — ; @ e,_1t1 ). Under these identifications,

the natural pairing

(19) [ ] Deris(VE (1) X Deris (Vi(k — 1)) = Deris(E(1)) = E - et ™"
satisfies [y, 1] = 0. By applying ¢, we have [vq, 73] = 0, too. We also have [vq, U3] = —[va, 71] # 0. Without
loss of generality, we may assume that [vq, 2] = —[va, 1] =1

Let € D(Vj(k —1))¥='. It follows from the construction of the Coleman maps in Section 3.3 that if we
let

k—1
(20) M= mir iz _ i P
Mo1 Mo mq ’
then, by (11), (1 — ¢)(z) can be written as
(21) (1—)(z) = (Y11 + yamo1)71 @ ' Fe_1 + (y1maz + yamoz) v @ ' Fey_y,
where y; = Col;(x) for i =1, 2.
Proposition 3.22. On identifying with their images under 9, we have
(22) Q1 (T+7m) @), 2)v, 1) = yimaz + yamaz,
(23) Qv (L +7m) @v2),2)v,1) = y1mar + Yamar.
The rest of this section is devoted to proving this result. We follow closely Berger’s proof of Perrin-Riou’s

explicit reciprocity law in [ ]. We first make the following definition: let V' € Repg (Gg,). For an
element z € H{, (Q,,V), define h}@p’v(x) to be the image of x under the projection map Hy, (Qp,, V) —

HY(Q,,V).
Recall also the map Jy defined in subsection 2.2: for z € Q,((t)) ®q, Deris(Vy(1 + j)), we denote the
constant coefficient of 2 by Oy, (145)(2) € Qpn ®q, Deris(Vy (1 +5)).

Lemma 3.23. Leti € {1,2}, and choose y; € (B;’;g@p ®q, ]Dcris(Vf(l)))w:l such that (1—)y; = (14+7)Qu;.
Then

h, vy Qv a4 (07 (L m) @ v @1 ej) =
-1
. © . o
Jtexpg, v, (14+5) ((1 - 7)8Vf(1+j)<8 ni ot ]ej))-

Proof. By Proposition 3.19, we need to prove that an(Hj) (079, @t9e;) = (1 — @) H(v; ® t77e;). Note
that ¢ commutes with 9y, (145 and ¢ 0977 =p’077 o p, s0
(1= 9)v;149) (0779 @ 7 €5) = vy 049 (077 (L4 m) @i @t ey).

Note that (14m) = 1+, 50 dy, (145 (07 (1+7) @v; @t Je;) = v; @t 7e;. Also, as observed above, 1 —¢
is invertible on Deis (V5 (1)), which proves the result. O

We can now prove Proposition 3.22. We will only prove (23) here; the proof of (22) is analogous.

, =1 .
Proof. For i = 1,2, let y; € (B:Egﬁ@p ®0, Deis(Vy(1))) such that (1 — ¢)y; = (1 + 7) @ v;. By p-adic
interpolation it is sufficient to show that

& (v, 1)1 (1 + ) @), h(]Qp,Iw(x)>Vf(1)) (0) = & (y1ma2 + yama2)(0)
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for all 7 > 0. We have

O (v, ((L+7m) @ rv2),z)y o)) = () (L+7) @ v2) @ €5, by v, 01 (E D i)y (145

(24) = (_1)j<QV.f(1+j)’1+j (8_j(1 +T)@re ® t_jej)v h%w,fo(kflfj)(x ® e—j)>vf(1+j)
by Lemma 3.21 and the properties of Q (c.f. p. 119, Théoréme (B)(ii) in | ]). Hence
8i (<QVf(1)71((1 + 7'(') ® 1/2), $>Vf(1))(0)
(25) = (_1)J<h<%}p,vf(1+j)ﬂvf(1+j)»1+j (8_J(1 + 71') R Ve @ t_Jej)7h(ap,Vf(k717j) (SC & 67-7‘)>Vf(1+j)
-1
© . s
(26) J'<exp@p Vi (149) (( - 7)5Vf(1+j>(5 e ®t ]ej)> hg, vko1-5) (@ ® € )>vf<1+y>
(27) = ]' |:( 7>6vf 1+g)(6 31]2 ®t Jej) eXpr v (1+]) th,Vf(k 1— ])(J? ® ):| Vf(1+j)
1
Y (=) O
(29) = ! 0v, 14 (07 (L +m) @12 @177¢)),Bv,6-1-5) (1 — Pz @ ej)] vV (149)

The equalities can be explained as follows:

the first equality is immediate from (24) and the construction of { , )y;

the implication (25)= (26) follows from Lemma 3.23;

the implication (26)=- (27) is the duality between expp (14 and XDy, (14))
)= (28) follows from | , Theorem I1.6], and

(29) follows from (28) since 1 — ¢ is the adjoint of 1 — ‘PTTI under the pairing [ , ].

the implication (27)=

Now d(1 + 7) = 1+ 7, which implies that 077 (1 +7) @ o @ t Je; = (1 4+ 7) @ v» ® t Je; and hence
A, a0 (1 +m) Qv @t Te)) =@t e,
By (21), we can write

(1— @)z = (y1ma1 + yama1)1 + (y1maz + yamas)vo.

Recall that by construction, we have [v9, 1] = —1 and [v;, 7] = 0 for ¢ = 1,2. It follows that if we write
—(y1ma1 +yamar) = >0t with ¢; € Q,, then (29) is equal to jlc;. Since also —97 (y1m11 +y2m21))(0) =
jle;, this finishes the proof of (23). |

We can summarize the results of this section by the following corollary:

Corollary 3.24. We have a commutative diagram

1
hgy 1w

N(v)#=t Hy,(Qp, V)
1—¢ (@17@2)
(p*N(V))»=0 Ag, (Goo)®?
M M L1,0;@(1+m)
_o\®2m—t
((Blgg,)V=") " ——H(Gx)®?
pr; br;
m—l
(Bigq,)"=" H(Goo)
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Here, pr; and pr, denote the projection maps onto the respective i-th components, and for an element x €
(@*N(V))¥=0 M.z is defined as follows: if x = z10(m Fny @ ex_1) + z20(7' ™*ny @ ex_1) with x1, x5 €

+ =0 _ T1
(Bg,)"=", then M.x =M (z2

3.5. Bounded p-adic L-functions. We now establish some basic properties of L, ; and f/p’i.

3.5.1. Decomposition of p-adic L-functions. Recall that o and /3 are the roots of the quadratic X? —a, X +

pE=t By [ , Theorem 16.6], there exist eigenvectors 7, and ng of ¢ in E(a)® gDeis(Vy) with eigenvalues
a and B respectively such that [n,,71] = [, 71] = 1 and we have

(0 (1) @025, = Ly

<Qvf(1)71((1+7(') ®nﬁ)7ZKato>Vf(1) = Lp’ﬁ.

It can be verified that
o = ' — vy,
ng =B — 1.
Therefore, by Definition 3.17 and Proposition 3.22, we have
M(Lpa) = (' miz+mi1)Lys+ (@ mag +mo1)Ly 2,
M(Lyp) = (B 'maz+mi1)Lp1 + (B 'maz +ma1) Ly a;
in the notation of Section 1.2, we have

oflmlz +mqy oflmgg + Moy
M - —1 —1 .
BT mig +myr BT Moz + moy

The functions L, and L, 2 can therefore be written as

(B s )DL — (o s+ ma )L )
(30) Lp’l _ 22 21( e 1)de( 2; 21

_ (B 'mag +m)M (Lp,a) (a™ m12+m11)m(l~/p,ﬁ)
ey fra = (o T~ 377) det(M)

Let z € D(V¢(k — 1))¥='. On the one hand,
(1 — )z = Coly(z) - [(L + m)p(m'~"n1 @ e—1)] + Coly(2) - [(1 + m)p(m' *nz @ ep_1)]-
On the other hand, Proposition 3.22 says that
(1-p)z=90o ‘cl,l/1®(1+7r) (x)p2 ® tlikek-_1 — Mo El,u2®(1+7r) ()i ® tlikek_l.
Therefore, we have
(Coly(z) Coly(x)) - [(1+m)M] = (=MoL ,e04m (@) Mo L1y, e0+m)(T)) -
Let M = (m,;) = M~ '[(1 + 7)M], then as elements of H(Gw)
(32) (Ql(x) @2(‘%)) M= (751,1/2@(1-&-#) (@) Lime@+n (I)) .
Therefore, by exactly the same calculation as above, we have the following theorem:

Theorem 3.25. Define

-1 -1

M= (@ Mg + My Q7 Mgy + Mgy

=T\ B imyy tmyy BT Mgy Mg )
Mgy + My, Moy + Moy

Ly
= M (=P
(Ln?)

Then we have the decomposition

& ()
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Again, in the notation of Section 1.2, we have

-1 -1
M= [© Mg + My O Mgy + My
=\ B imyy+myy BT Mgy Mg )
My + My Moo + Moy

3.5.2. Interpolating properties. We calculate the values of our new p-adic L-functions at characters modulo
p. We first state a lemma concerning such characters.

Lemma 3.26. If A € (B, rig,Qp )¥=Y is divisible by p(m), then M~1(A) is zero when evaluated at any character
with conductor p.

Proof. This is a special case of Theorem 5.4 as proved below. O

Notation 3.27. For any element x € C, ® (B} rig,Q, )¥=% and n a character on G, we write n(x) for
n(M(z)).
Proposition 3.28. Let n be a primitive character modulo p, then

T(n) L(fy-1,1)
n(Lp1) = ph1 ’ Q?(*l) ’
’I](Lp,g) = 0.

Similarly, if n is the trivial character, then

a’p_pk72_1 L(fal)

W(LI)J) = ph1 : Q}r )
1N LR

Proof. Since
= (t/nq)" T PTM' ™Y = (t/mq)* (M) A

and M'|,—o = I, we have M|,r:(<_1) = AW for any p-th root of unity ¢. In other words, we have M = Ag
mod (7). Therefore, (30) and (31) imply that,

(ﬁ_lap — 1)m(f/p a) — (oflap — 1)M(Ly5)

(34) L,y = (B_l’ Ep Y mod o()
_ (fﬂma) — o lm( p.8)

(35) L,, = (a-1-5 1) mod ¢(7)

Therefore, we are done by Lemma 3.26 and the values of 77(L, ) and 1(L, ) given in | ] for example.
([l

Corollary 3.29. If k > 3, then L, ; # 0 fori € {1,2}. Moreover, if n is a character of A, then LZ,1 # 0.

Proof. Since k > 3, the result follows from the fact that L(f,-1,1) # 0 (by [ , Proposition 2]). O

Remark 3.30. If k =2 and a, = 0, we will show that under the Mellin transform, Ly 1 and Ly 2 agree with

Pollack’s plus and minus p-adic L-functions up to a unit. Therefore, by | , Corollary 5.11], it is in fact

enough to assume that assumption (A) holds in order for Corollary 3.29 to hold.

Remark 3.31. We see that the interpolating properties of L, 1 and Ly 2 at a character modulo p are inde-
pendent of the choice of ny,na as long as we have fized a pair of ‘good bases’ for Deyis(Vy) and Deyis(Vy)-

Lemma 3.32. If z € Ag(Gw) and f € (E®Bg,)"=°, then z- (fn;) = (z- f)n; mod ¢(x) fori=1,2.
Proof. Tt follows from the fact that if g € G, g(eN(V)) C ¢(m)N(V) for any V. O

Corollary 3.33. Proposition 3.28 (and hence Corollary 3.29) still hold after replacing L, ; by [N/p)i for
i=1,2.
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Proof. By definitions, we have

() = (1 1) (1) 00 s = (- D) ({110

Kato

where z is the localization of the Kato zeta element and M is as defined in (20). This implies

ny\ _ 5 ~ . (1 + 7r)n1
(Lp,1 Lp,Q) <n2) = (Lp71 Lp,z) ((1 +7T)n2) .
Therefore, by Lemma 3.32, we have L, ; = M(L,;) mod ¢(r) and hence M~(L,;) agrees with L, ; at a
character modulo p by Lemma 3.26. ]

3.5.3. Infinitude of zeros. Let 1 be a character of A. Mazur proved that at least one of I~/p7a and [N/p)g has
infinitely many zeros if v,(a) # v,(8). This has been generalized to the case a, = 0 (] , Theorem 3.5]).

We show that our decomposition of L, , and ip, g can be used to give an alternative proof to Mazur’s result
as well as generalize Pollack’s result to the case a) # 0.

Proposition 3.34. If f is a modular form as given in the beginning of Section 3.5 and n a character of A,
then either L] . or LZ P has infinitely many zeros.

y2iyet
Proof. Assume not, then | , Lemma 3.2] implies that f/;,”a and EZﬁ are O(1).
By | , Lemmas 3.3.5 and 3.3.6], the entries of M are O(log,") where m = max{v,(a),v,(8)} < k—1.

Therefore, with the notation above, m;; = O(log,") for i,j € {1,2}. In particular, the n-component of
(B mas + mo1) Ly o — (@ ' mas + ma1) Ly
is O(log,)™. By (30), the quantity above is divisible by (t/mq)F~1 ~ log’;_1 which forces Lz’l = 0 contra-
dicting Corollary 3.28. |
As with [ , Theorem 3.5], we have:

Corollary 3.35. If a« ¢ E(n), then both L  and iz,ﬁ have infinitely many zeros.

p,x

3.6. Good ordinary modular forms. We now assume that f is good ordinary at p. We will pick different
bases from the supersingular case to define our Coleman maps. Let a be the root of X2 —a,X + pF~1 which
is a p-adic unit and § is the one with p-adic valuation k — 1. By a result of Deligne and Mazur-Wiles (see
for example | , Section 17] for an exposition), there exists a 1-dimensional Gg,-subrepresentation V}é

in V. Moreover, Vfi has Hodge-Tate weight 0 and Dcris(V}) can be identified with the a-eigenspace of ¢ in
Deris (V). We fix a nonzero element vy € ]D)ms(Vfi). Then, by (7), n1 = 1 is a basis of N(Vfi) over £ ® ]Bap.
Let 75 be a nonzero [-eigenvector of ¢ in ]D)criS(Vf).

Proposition 3.36. We may find ny € N(Vy) lifting vo such that ny,ny is an E® ]Bap—basis of N(V§), and
(L+m)e(r ™k ny @ ex_1), (14 m)p(r' " ny @ ex_1) is a Ap(Gos)-basis of (p*N(Vi(k —1)))¥=0.
Proof. Let N = N(Vf) and N' = N(VJQ). Then the quotient N = N/N’ may be identified with the Wach
module of the quotient Vf/ V!, and we have an exact sequence

0 — (p*N'(k = 1))"=" — ("N (k= 1))~ — (¢"N"(k = 1))~ — 0.

It is clear that (147)p(n; @7 Fes_1) is a basis of (¢*N’(k—1))¥=0, and the result now follows on applying
theorem 3.5 to N”'. |

Hence the change of basis matrix M’, with

(52) =2 ().

is lower triangular, with 1, (t/7)*~! on the diagonal. With respect to this basis, the Coleman maps given in
Section 3.1 enable us to define:
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Definition 3.37. Fori = 1,2, define L,; € (E® ]B%ap)w:o to be the image of the localization of the Kato

zeta element (on using the identification as given by (4)) under Col;. Similarly, define Iipyl- to be the image
of the localization of the Kato zeta element under Col,.

Since ¢(n1) = ang, the matrix P as defined in Section 3.1 is upper triangular and there exists a unit u in
E® ]B%jQE such that
P
@ *
P= (0 uqk1> '
Therefore, (10) becomes

(36) (1-¢)(x) = (Coly(z) Coly(x)) (O‘(;gk)kl 2) (Z;) © 1 Fep_1.

Lemma 3.38. Let vq, vy be a basis of Deyis(Vy) such that o(v1) = avy and ¢(v2) = Bra. Then

[l/i (9 t_leh v & tl_kekfl] =0

fori=1,2 where [ , | is the pairing defined in (19).
Proof. Assume m; := [v; @t le;, 3 @ t17%e,_1] # 0. Since [ , ] is compatible with ¢, we have
ol @t e, @t Fep_y] = [p(ri @t ter), o(ir @t Fep_1)]
pimy = [apTlri @t e, ap' TFo @t ey ]
pk_lml = a2m1.
Hence, a? = p*~!, which is a contradiction. The proof for i = 2 is similar. O
As in Section 3.4, we may assume that [v1, 2] = —[ve,71] = 1 and an analogue of Proposition 3.22 says
that

1 1 a(z)" 0
E):n (_£D2®(1+ﬂ') o hIW £V1®(1+Tr) o hIW) = (Col]_ COIQ) Trq* .

u

In particular, if we apply this to the Kato zeta element, we have

) ) o k=1
(M) MEpa)) = (s 1) (“F )

u

ZKato)

where Ly, 5 = L, ( . Similarly, we have

= = = = 1 0
(37) (_LIHB Lp,a) - (LPJ Lp,Q) (a O*gpk ﬂ)

where log,, , = [1}=g log, (x(7) 7/7)/(x(7) 77 — 1) and @ € Ap(Goo)*.

Therefore, as in Section 3.4, we can decompose ip)g into a linear combination of f/p,l and I~/p72, whereas
ﬂp,a = Ep,g, up to a unit. We now say something about IN/p’l. When V; is not locally split at p, Ep,g is
conjecturally equal to the critical slope p-adic L-function constructed in | ]. We itemize this condition
since we will need it again later.

e Assumption (A’): V} is not locally split at p and k > 3.

In this case, | , Theorem 16.4 and 16.6] imply that L, 5 has the same interpolating properties as
Ly, namely:
ro(T Cn, T (T Sn,
(38) X n(Lp,oz) = é]an(fn*17T + 1) and X n(L;D”@) = ﬁ[’(fnflar + 1)

where 7 is a finite character of conduction p”™ > 1, 0 <r < k — 2 and ¢, is some constant independent of «
and (. Note that the values given by (38) do not determine L, g uniquely. However, they allow us to show
that Lp71, Lp71 7& 0.

Proposition 3.39. If assumption (A’) holds, then i;lv L;’)l % 0 for any character n on A.



WACH MODULES AND IWASAWA THEORY FOR MODULAR FORMS 23

Proof. As in the proof of Proposition 3.28, M’ implies that M|.—_1) = AL for any ¢(?» = 1, where
A, = (g g) is the matrix of ¢ with respect to 7, v5. Therefore, DJT(INJP,B)(Q —1) = aL, (¢ —1). Since V;

is not locally split and k > 3, by the above discussion, Q(Li"ﬁ) = T(;)L(fn_l, 1) # 0 as in the supersingular
case. Therefore, L, 1(¢ — 1) # 0. The statement about L, ; then follows as in Corollary 3.33. |

We see from the proof that the interpolating properties of M~*(L, 1) and INJPJ at characters modulo p
are the same as that of L, g after multiplying a constant.

Remark 3.40. If V; does split locally at p, we can choose ny = Uy and both P and M’ would be diagonal.

Therefore, we have L, 5 = M1 ((t/nq)*1L,1) = log,, Ly1. But it is not known that whether L, 5 is
nonzero or not.

4. COLEMAN MAPS FOR THE BERGER—LI-ZHU BASIS

In this section, we will prove some results on the images of the Coleman maps under the assumption that
vp(ap) > Lﬁ%ﬂ, using the explicit basis of N(V) written down in | ]. We shall also give an explicit
proof that this particular basis satisfies the conclusions of theorem 3.15.

Write m = |(k —2)/(p — 1)] and define

10g+(1+7r):HM: I &0tn

n>0 p n>1 p
n éven

and

and log™ (1 +7) = H 4‘02;@ = H M

n>0 n>1 p
n odd

where ®,(X) is the p”-th cyclotomic polynomial. Let z; be elements of Q, such that
k-1

m (log” (1+ 77)) i
= 2T,
b <log+(1 + ) ;
then as shown in | , Proposition 3.1.1],
k=2
z = Z zim € Lypl[r]]-
i=0
By | ], under assumption (C), i.e. v,(a,) > m, there is a lattice T in V and a basis of N(Tf) such

that the matrix of ¢ with respect to this basis, P, is given by

0 -1
qkfl S5z

where ¢ = a,/p™. In particular, the reduction of this basis modulo 7 is a “good basis” in the sense of
§3.3, and hence the Coleman maps may be defined integrally as in remark 3.16. By construction, for any
€ D(Tp(k — 1))¥=! with

r=ml"F (361 962) (Z;) & ek—1,

we can express Col;(z), i = 1,2, in terms of z; and xs:

(39) Coli(z) = =z — @(x1) + 021,
(40) Coly(z) = —¢" 'tz —@(xs).
Remark 4.1. The representation constructed in | | is really Vi twisted by an unramified character.

But since we assume that €(p) = 1, it does not affect the action of P and our calculations later on.
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4.1. The image of Col;. We first give a few preliminary lemmas.

Lemma 4.2. For alln >0, we have " (M'~')(AL)" = "1 (PT)--- o(PT)PTM'~'. Moreover, as n — oo,
the quantity above tends to 0.

Proof. The equality follows from (9) and induction. For the limit, note that M’|,—¢o = I, hence ¢"(M') — I
as n — oo. The eigenvalues of A, are o and 3. But o”, 8" — 0 as n — o0, so we are done. O

Lemma 4.3. Let x = 7!~F (xl xg) (Zl> ® ex—1. Then, P(z) is given by
2

(@162 +w2)  —(g"ar)) w'H <Z;>

Proof. Recall that ¢(7) = wq, we have

v o= 7R (z ) (PT)7! (z(nl))

= (moztas —¢"m)p(m)' (iEZ;D :

hence the result O

Lemma 4.4. For alln > 1, the constant term of 1(q") is p"~*.

Proof. Induction. (]
Lemma 4.5. If f(n) € E ® B , then there exist unique a; € E for 1 < i < k — 1 such that f(r) =
Sl ai(r +1)F mod wh1 ’
Proof. Note that
(41) (r+ =M+ D" =+ (D2 )+ D) + (-1 mod 7F.

k—1

Suppose now that there exist a1,...,a,_1 € E such that (7 + 1)k = 37" a;(m +1)* mod 7*. Subtracting
this sum from (41) shows that

((5) = o) (74 D1 (CDF2(0) — o) +1) + (<D =0,

But this gives a contradiction since {(m + 1)*}o<;<x is a basis of the vector space of polynomials of degree
<k-1. |

Proposition 4.6. Under assumption (C), the map (7*"1Op ® Aap)wzo C Coly (D(Tj(k —1))¥=1).

Proof. Recall that (6) says

(1= pe = ) (ra P72 @ encn
For any y; € (7" "10p ® A6P)¢:o, we have
y:=(y1 0)- (mq)~*PT <Z;> ®ep—1= (0 yi/7F1) <Z;) ®ep_1.
Then,

e y) = (0 @ (/7)) " HPT) o (PT)PT (ZD@@M

= (0 ¢*(yn/7* 1) " (M) (AD)" M’ <Z;)®ek—1~

Hence, Lemma 4.2 implies that ¢™(y) — 0 as n — oo and the series x := ) ., ¢"(y) converges to an
element of D(T7(k — 1))¥=! with (1 — )z = y. Therefore, y; = Coly (x). O
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Proposition 4.7. Under assumptions (B), (C) and (D), the map Coly : D(V¢(k — 1)) — (E® Eap)wio is
surjective.

Proof. By Proposition 4.6, if y; € (7*71E ® Bap)wzo, then y; € Im(Coly). For an arbitrary y; € (F ®
B6P)¢:O, by Lemma 4.5 there exists y’ in the E-linear span of {(1 + m)'}1<;<x such that y; + p(y') is
divisible by 7%~!. Hence, by the same argument as above, the sum

gw” ((0 (1 +@(y))/7) (Z;))

converges to an element z € N(Vz(k —1)). By Lemma 4.3 and the fact that ¢(y;) = 0, we have

@) -z = ¢ ((0 (11 + () /7" ) <Z;)>
= 7Ry 0) <Z;>

n
Let o/ = ¢ + 71—k (551 CCQ) (n;) Then

n2

(') — a2’ = =k (y’ —x1 +Y(r102 + 22) —x90 — w(qk_lxl)) <n1> .
Hence, 2’ € D(Vy(k —1))¥=" if and only if
wy = —P(q" )

Y = a1 — Y(2162) + 3 (¢" 'ay)

Assume that such z; exists in the E-linear span of {(1 + m)"}1<i<k, and let a be its degree in 7. Since
the degrees of 6z and ¢*~! are at most k¥ — 2 and (p — 1)(k — 1) respectively, the degrees of 1(x16z) and
¥?(¢"1xy) are at most (k—2+a)/p and ((p—1)(k— 1) +a)/p? respectively. But we assume that p > k—1,
so the right-hand side of (42) has degree < a. Since y’ has degree at most kK — 1 and 7 is in the E-linear
span of {(1 + 7)*}1<i<k, both 9 (2162) and 1?(¢*~'z;) are scalar multiples of (1 + 7). We write

(42)

k—1 k—1 k—2
y':Zai(lJrﬂ')i, x1:2[3¢(1+77)i and 52:Z'yi(l+7r)i
i=1 i=1 i=0

where «;, B;, vi € E. Then (42) says that
a; = Bi for ¢ > 2
ap =1 — Z Bivj + Bp2—(k—1)(p—1)
i+j=p
where v, = 8, = 01if i < 0. But p> — (k—1)(p — 1) > 1 and 7,1 = 0, the matrix relating (o;)1<i<k—1
and (B;)1<i<k—1 is upper triangular with non-zero entries on the diagonal. Therefore, there is a bijection
between (a;)1<i<k—1 € E* and (B;)1<i<k—1 € E¥~1. In other words, given any y as above, there exists a
unique z1 (and hence x3) such that 2/ € D(Vz(k —1))¥='. For any 0 < j < k — 2, we can therefore choose y
(and hence ') such that 1 = 7/ mod 7771, In this case,
Coli(2') = y1 + @(y') — ¥(¢"'21) — (1) + 2182
= (" 'a1) — o(x1) + 2162 mod 7F1
=(—p" 7 —p/ +ap)r’ mod 7T,
where we deduce the last line from the previous one using Lemma 4.4 and the observation that mg = ().
Therefore, our assumption on a, implies that for all y; € (E@]B%&p)w:(J’ there exists some z € D(Vy(k— 1))¥=t

such that Col*(z) =y; mod 7/t by induction. Hence we are done. g
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Corollary 4.8. Under assumptions (B), (C) and (D), the image of Coly : D(T7(k—1))¥=' — (OE®A6P)“’:0
is pseudo isomorphic to (O ® Agp)wzo_

Proof. It suffices to show that the said image has finite index in (Og ®A6p)w:0. The proof of Proposition 4.6
shows that (7*~10g ®A6p)¢:0 lies in the image and for all 0 < j < k—2, there exists z; € D(Tj(k—1))*¥="

such that Col;(z;) = a7/ mod 7T for some a; # 0. Therefore, the quotient lies inside Hf;g Op/a;0g,
so we are done. g

4.2. The image of Coly. We now describe the image of Col,. We will show that it is generated by two
elements.

Lemma 4.9. Let z = 7' F (ml .’172) (Zl> ® ex—1 and vy a topological generator of I, then
2

y(z) = w17k (’Y(xl) ’7(552)) G, (Z;) ® eg—1
for some G, € I + M (2, Zy[[]]).

Proof. By | , Proposition 3.1.3], there exists G, € I + 7Ms(Zp[[x]]) such that (%ZID =GT (Z1)
2 2
Therefore,

Az) = 7)1 (y(@1) (@2)) GT (") © () ey

no
1—k
((+ )X — 1 T (1
= (X(’Y) (7(331) ’7(352)) G, no & eg—1-
But x(7) € 1+ pZ,, which implies ((1+ )X —1)/x(v) € 7(1 + pZ,[[x]]). Hence the result. O

Lemma 4.10. Let ¢ = w1~ % ({E1 ;vg) Z; ®ex—1 € D(Vp(k - )=t Write z; = ijo a; jm. Then 1

has order < k — 1 if and only if x5 has order < k — 1. If this is the case, they have the same order which we

denote by d. Moreover, as 4, = —pk_g_dmalydw.

Proof. Since x € D(Vj(k —1))¥=!, we have 25 = —t(¢*~21), hence the result by Lemma 4.4. O

Proposition 4.11. Under assumptions (C) and (D), the image of Coly : D(Vy(k — 1)) — (E @Bap)wzo
contains (p(7)F'E ® Bap)wzo and the quotient of the containment is a cyclic Ag(T')-module under the
action of I' described in Lemma 4.9.

Proof. For any ys € (p(m)* 'E® B@)d’:o, we have

y:=(0 ) (mq)~FPT" (Z;) ®ep1=@(m)' " (—y2  y262) (Z;) ® ep—1-

Hence, as in the proof of Proposition 4.6, >~ -, ¢™(y) converges which implies that y, lies in the image of
COIQ. B

Recall that if x = 71=F (:1:1 :cg) <Zl) ® ex_1, then — Coly(x) = ¢" oy + 1p(xs). For i = 1,2, write
2

R ol
T =) ;500 T and

Clz) = ¢" a1 —p(z2) mod ()

= (¢!

k-1

a1+ az0) + o(m)(* 2ar,1 + az1) + - o(1)* 3 (qar k-2 + azp—2) mod p(m)F
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We now construct a generator f for C(D(V)¥=!) over Ag(I') inductively. By the proof of Proposition 4.6,
there exists x; € D(V)¥=! of order i for all 0 < i < k — 1. Let fo = 9. For i > 0, suppose that we have
constructed f;. Write

i

f=11 0 =x07)(f:)

=0

— ik ( L) <Z;) ® ep_1

then it follows from Lemma 4.9 that f/ is of order > i+ 1. Let a;41,1 and ;41,2 be the coefficients of i+l
in the power series expansions of fi/,l and f{yQ, respectively. There are two possibilities: either both a;41 ;
are non-zero, in which case we let f; 11 = f;. Or both of them are zero, in which case we let f;11 = f; +xiy1.

Let f = fx_2. Then for all 0 < i < k — 1, the order of H;ZO (’y — X(’y)j)(f) is 4. To finish the proof, it
is now sufficient to observe that by Lemma 4.10, for all z € D(V¢(k — 1))¥=1 there exist scalars a; € E for

0 <¢<k—1such that z — Zf:_f oy H;Zl(’y —x(v)?)f is of order > k — 1. O
4.3. The Iwasawa transform.

Convention 4.12. For the rest of this section as well as in Sections 4.4 and 4.5, we assume without loss
of generality that x(v) =1+ p.

Lemma 4.13.

q -1
43 —— =1 mod (pr,7P7").
(1) (9) ( )
Proof. We have ¢ = @, and v(1 4+ 7) = (1 4+ m)(1 4 ¢(7)). Hence
¢ _  l4q+em)

(@) 1+ p(q) + 3 (m)

It remains to notice that ¢ = 77~! mod p. Moreover, the constant term of ¢ (and hence of ¢(q)) is p, and

;ﬁg(—p)j is the multiplicative inverse of 1 + p, which implies the result. O

Corollary 4.14. Both A{éfog;) and W(lffg:) are congruent to 1 mod (pm,wP~1) (and hence in particular

congruent to 1 mod (pm,n?) since we assume p > 3).

Proof. Clear from Lemma 4.13 and the definition of log*. ]
Define
( log* )’H 0
k—1) _ v(log™)
G’(Y ) - 0 ( log™ )k,—l
v(log™)

Lemma 4.15. ng_l) o~ <(1) (1)) mod (p, 72).

Proof. Immediate from the definition and Corollary 4.14. |

Let wg be a uniformizer of E.

Proposition 4.16. G, ~ <1 0

0 1> mod (wgm, 72).

Proof. We first review the construction of G, as in | , 83.1]. For | > k, we define recursively

G =G 4 7l=tH®
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for some H®) € M(2,Z,[[X]]) where X = a,/p™ and m = L%J Note that X € mg by assumption (C).

The matrix G, is then given by the limit of Gsyl ) as 1 — oo. Therefore, when k > 2, the result is immediate
from Lemma 4.15.

When k = 2, it suffices to show that H®) =0 mod wg. By construction (see | , Lemma 3.1.2 and
Proposition 3.1.3]), H?) satisfies the following:
(44) H® — PyH® (pPy) ™" = RV mod 7
- p(1) 0 1 : hi1 hig
for some matrix R\ € XM (2,Z,[[r, X]]) and Py = . If we write H = , then (44) says
P a, ha1  haa
that
hi1 hig +hor) _
(h21 B ) =0 mod X,
and hence we are done since wg|X. ]

Let n) = p(n; @ 7' ~%ej,_1) for i = 1,2. Let T = Tr(k—1) and V = Vg(k — 1). (In fact, the proof works
for T'= T(m) for any integer m.) Recall that x(v) =1+ p.

Proposition 4.17. We have v[(1 + 7)n}] = (1 + ¢(7))(1 + m)n; mod (wrp(n),¢(m)?) fori=1,2.

n ny
Proof. We know that ( ,1> =pT (
n no

2
fy(PT)Gg = @(GZJ)PT, which implies

(nf) v (535) e ().

> ® p(m)!"*ej_1. Since the actions of v and ¢ commute, we have

Now
)= = xX(7)
() 1+q+ ()
(45) =1 mod (pm,7?)
where the congruence comes from the fact that the constant term of ¢ is p, and hence the constant term

of m is Z;':Og(fp)j, which is equal to x(v)~!. Hence ¢ (%) =1 mod (pp(r),p(7)?). Moreover,

Y1 +7) =14+ m)XY = (14 7)1+ ¢(x)). Hence
Y[+ mny] = A+ @)1+t mod (wrep(r),p(m)?)
by Corollary 4.16 |

We will now show that we can adapt the arguments form Proposition 4.17 to pass from ¢(7)(1 4 7)n} to
o(m)?(1 + m)nt mod (wpp(r), p(r)?) for i =1,2.

Lemma 4.18. We have (v — 1)[¢(7)(1 4 m)n}] = o(7)?(1 4+ m)n; mod (wre (), ¢(m)?) fori=1,2.
Proof. We have y(m) = (1+m)(1 + ¢(m)) — 1 = 7+ (7) + mp(m), so
e(v(m)) = o(m)(1 + ¢(q) + ¢(m)e(q))

= ¢(r) mod (wre(r),p(r)?).
Therefore,

v [e(m) (1 4 m)n)]

P(m)(1+ 9(q) + ¢(m)e(q)) (1 + 1) (1 + @(m))n)  mod (wpp(m)*,¢(1)?)
p(m)(1+m)(1+¢(m))ni  mod (wrp(m), o(m)?)

and hence
(46) (v = D[p(m) (1 +mn!] = p(m)?(1+m)ny  mod (wee(r), ¢(r)?).
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The lemma generalizes as follows for arbitrary r» > 1.

Proposition 4.19. We have (v — 1)[¢(m)"(1 + m)n}] = (7)™ (1 + m)n} mod (wge(m)", p(7)"2) for
i=1,2.

Proof. Be the same calculations as in Lemma 4.18, we have
ve(m)" (1 +m)n] = ()" (1 + (@) + @(m)e(@)" (L + 7)1+ p(m)n) mod (wre(m) ™, (1))
= p(n)"(L+m)(1 +¢(m))ni mod (wrp(m)",¢(r)"?)

Definition 4.20. For all r > 2, denote by I, the ideal of p(Op ®z, Aap) generated by the elements
@ o), @y Ye(m)?, . wee(m)" T () T,
and let 3, = I.(p*N(T))¥=°.
Note that J, is stable under the action of G.
Lemma 4.21. We have (y — 1)J, C Jpy1.

Proof. 1t is enough to show that (y — 1) [ze(7)™(1 4 m)n}] € J,41 for any m > 0, any z € I, and i = 1, 2.
Let x = wy, 'p(m)? where 1 < j <r — 1. By Proposition 4.19, we have

(v = D[@p Te(@)™ (1 + m)ni] =@ ()™ 1+ m)n} mod (@i T e(m) ™, @iy p(m) ™)
=0 mod J,41
for all m > 0. Similarly, the same holds for # = o(7)"*1. Hence the result. |
Proposition 4.22. We have
(v=1)"[(1+m)n}] = ¢(r)" (1 +m)n; mod J,
for allr > 2.
Proof. We proceed by induction on r. Let » = 2. By Proposition 4.17, we have
(7= D[ +m)n}] = p(m)(1 +m)n} mod (@sp(r), p(m)?).
It therefore follows from Lemma 4.18 and Proposition 4.19 that
(v = D*[(1 +m)ni] = o(m)* (1 +m)n; mod (wre(m), p(1)?).
Assume now that the result is true for » — 1 > 2, so

(v=1)" 1+ mnf] = @)1+ m)n; mod J,_;.

Now
(7= D[e(m) (1 + mnl] = p(m) (1 + mn] mod (mpp(r),w(r)™)
= o(m)"(1 +m)n; mod J,
by Proposition 4.19. The result therefore follows from Lemma 4.21. (]

To simplify the notation, let X = p(Op ®z, Aap)(l +m)ny + ©(Ofp @z, Aap)(l + m)nb.
Corollary 4.23. For all x € X, there exist wi,ws € Ao, (T') such that
wi (14 m)nt) +wa((1+ m)nh) — 2 € wpX.

Proof. (¢*N(T))¥=° is complete in the (wg, p(7))-adic topology, and the J,, » > 1 form a neighbourhood
of zero in (p*N(T))¥=°. Hence the result follows from Proposition 4.22. O

Note that (o*N(T))¥=0 is the A-orbit of X. The previous corollary therefore implies the following result:
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Theorem 4.24. (¢*N(T))¥= is a free Ao, (Goo)-module of rank 2, and a basis is given by (1 + m)n} and
(14 m)nk,.

Proof. Let y € (o*N(T))¥=%. It follows from Corollary 4.23 and the fact that Ap,(Gs) is p-adically
complete that there exists wi,ws € Ap(Gs) such that y = wi((1 4 m)nf) + wa((1 + m)nh). As shown
in | ], N(T)¥=1 is a free Ap(Gs)-module of rank 2, and the map 1 — ¢ : N(T)¥=1 — (p*N(T))¥=0 is
injective since V% = {0}. Hence the result. O

It therefore follows that after tensoring with Q, there is an isomorphism of A g (G )-modules (the Twasawa
transform)
J: (@ N(V))P=0 — Ap(Go)®
which satisfies the following condition: if y = y1(1 + m)n} + y2(1 + m)ns with y; € 9(EF ®q, IBS(ESP) (write
y = (y1,Y2)) and (z1, 22) = J(Y1,¥2), then y = z1[(1 + m)nf] + 22[(1 + 7)ns). In particular, J is additive and
linear over F.

4.4. An algorithm for J. We now summarize the results of the previous section to give an explicit de-
scription of J when restricted to p(E ®q, Bap)(l +m)n} © o(E ®q, B@)(l + m)n} = ¢(E Qq, B(gp)@z For
a non-zero y = (y1,42) € (£ ®q, ]Bap)@Q, we write

Yy = Z anp(m)" and Yo = ancp(w)".
n=0 n=0

On multiplying by a power of g, we may assume that y € p(Op ®z, A&p)@Q but wg ty. For such a y, we
define the order ord(y) of y to be the minimum integer n such that either a,, or b, is a unit in Og.

Proposition 4.25. Fory as above, there exists 2™ € (v —1)"Ap, (T')? such that y — I3~ (™) has order
strictly greater than n.

Proof. This is simply a reformulation of Proposition 4.22. In particular, one could take

2 = (an(y = 1)", bu(y = 1)").
]

Corollary 4.26. For y as above, there exists a sequence 20,z .. in Ao, (T)%2 such that 20 0 as
i — 0o and

y—3°! (Z Zﬁ)) € wpp(Ok ®z, A(&)f
i=0

We write y(©) =y and u(? for the infinite sum given by Corollary 4.26. Define a sequence 3™ recursively:
for n > 0, let y™ Y = (y™ — 3= 1(u(™))/wp where u(™ to be the sum given by Corollary 4.26 on applying
it to y(™. Then, we have

) = whul.
i=0
4.5. The image of Col;. Throughout this section, we assume that assumptions (B), (C) and (D) are
satisfied.
Definition 4.27. Let Col = Jo Col : N(T)¥=! — Ao, (G)®?, and fori = 1,2, define
Col; : N(T)"™" —= Ao (Goe)
as the composition pr; o Col, where pr; is the projection from Ao, (Goo)®? onto the i-th coefficient.

By abuse of notation, we also write Col; for the natural extension N(V)¥=! — Ap(G.). The aim of this
section is to prove the following theorem.

Theorem 4.28. The map Col; : N(V)¥=! — Ap(G.) is surjective.
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The idea of the proof is to translate Proposition 4.7 using the explicit description of J given in Section 4.4.
Note that since J is a Ag(Goo)-homomorphism, it is sufficient to show that @@ € Im(Col,) for some m € Z.
Proposition 4.29. Let yz € (O ®z, A@). Then there exists a sequence 20 € Ao, (T) tending to 0 as
i — +00 and & € N(T)¥=! and y} € ¢(Op ®z, A&p) such that

3(0,y2) = J o Col(#) = _(0,2) + wuJ(0, 45)-
i>0

Proof. If (0,y2) = 400, then wg|y» and we are done. Assume that ord(y2) = n and write yo = > < brpp(m)".
Then, by Lemma 4.25, a

~ 1 1 n
(47) 30,52) = 3 w5 + (0,bu(y = 1)),
where y( ") has order strictly greater than n. By applying 3! to (47), we see that

y2(1 + m)nh = y§”<1 +m)nt + 5" (1+ )b + ba(y — 1)"[(1 + m)nj).

Since G, is diagonal mod %=1, this implies that y(l) = 0 mod p(m)*~1. In particular, the proof of
Proposition 4.6 implies that there ex1sts x1 € N(T)¥=" such that (1 —¢)x; = ygl)(l + m)n}. Hence, we have

3(0,92) = o Col(ar) = 3(0,55”) + (0,24
where z(1) = b, (y — 1)".
On applying the above to yél) and repeat, we obtain sequences {z,, € N(T)¥=1}, {z(") € Ap, (')} and
{yén) € @(Aap)} such that

300,457 Y — 3o Col(zn) = J(0,55™) + (0, (M),
(n)

the sequence m,, = ord(yy") is strictly increasing, (™ € (y—1)""-1 Ao, (') and Col(z,,)+ (yén) (n 1))(1—1—
m)nly = 2M[(1 4+ m)nb)]. Now Col(z,) € ¢(Of ®z, A&p)(l +m)n}, so (i) z, — 0 and (ii) ( gn) gn 1)) 0.
By completeness, (ii) implies that yén) converges to an element in wpp(Op Xz, Aap). (The limit must be

in wpp(Of ®z, A@) because the order of the limit is 400 by construction.) Now, on taking sums, we have
forall m > 1,

(0,2) = Y J o Col(z;) = J(0,45™) + Z(o, ).
i=1 i=1
We obtain the result by letting n — oo. O

Corollary 4.30. Let y» € ¢(Ox ®z, Aap). Then there exists a sequence ) € Ao, (T) tending to 0 as
i — +oo and ¥ € N(T)¥=! such that
3(0,y2) = J o Col(F) = (0,21).
i>0
Proof. Tterate the result in Proposition 4.29 for J(0,%53) etc. and use that both Ao, (I') and *(N(T))¥=°
are p-adically complete. O
Corollary 4.31. Let y € (¢*N(T))¥=C be of the form y = yonb for some y2 € (Op @z, A(—gp)w:o_ Then
there exists a sequence z) € Ao, (Go) tending to 0 as i — +oo and & € N(T)¥=' such that
3(y) = Jo Col(@) =Y (0,21).
>0

Proof. Immediate from the previous corollary and the observation that (Op ®z, A6P)¢:0n§ is the A-orbit
of (O ®z, Aap)(l + m)nk,. O
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We can now prove Theorem 4.28. By Proposition 4.7 there exists € N(T)¥=! such that Col(z) =
@ (14 m)nf + yonj for some y» € (Op ®z, Aap)w:O_ It is clear that J(w@ (1 + m)n}) = (wh,0). Also,
we know by Corollary 4.31 that there exists a sequence 2 € Ap,(Gs) tending to 0 as i — 400 and
7 € N(T)¥=" such that

J(yanh) — Jo Col(&) = > (0,29).

i>0

Hence J o Col(z) — J o Col(Z) = (w§,0) + >_;5,(0, 2), ie.

JoCol(z — &) = (wy,0) + > _(0,2).
i>0

Remark 4.32. Alas so far we don’t know how to translate Proposition /.11 into a statement about Im Col,.

Remark 4.33. In a forthcoming paper | |, we give a description of the images of the Col, using
Perrin-Riou’s p-adic requlator.

5. RELATIONS TO EXISTING WORK

5.1. Fourier transforms. In this section, we prove a compatibility result in p-adic Fourier theory (theorem
5.4 below) which will allows us to relate divisibility of elements in H (G ) and of their images in (]B%;qg Qp)wzo
under the Mellin tranform. This will allow us to compare our results above to the ones in | I, | ]

and | ]. Throughout, F is a complete extension of Q,.

5.1.1. The Fourier transform for Z, and Z, . We recall some standard results of p-adic Fourier theory. These
results are due to Amice | ]; see also | | for a more modern account. We denote by C'%(Z,, E) the
space of locally analytic E-valued functions on Z,, with the topology it acquires as the locally convex direct
limit as n — oo of the Banach algebras of functions analytic on cosets of p"Z,. A distribution on Z, is a
continuous E-linear functional C'*(Z,, E) — E; we write D'*(Z,, E) for the space of distributions.

Proposition 5.1 (| , theorem 2.3]). There is an isomorphism between D'*(Z,, E) and the subset of
functions f € E[[T]] converging for all T in the open unit disc of Cp, given by p— Fj,(T) =3, 0T ().
The value of F,, at a point x € E (with |x| < 1) is p(kg), where ki, is the unique character of Z, such that
k(1) =1+z.

Thus we may identify D'*(Z,, F) with E ® ]B;‘i'g,(@p. Under this identification, the subspace Dla(Z; ,E) of

distributions supported in Z, corresponds to (£ ® B:Eg@p)wzo [ , §2.4.5].

Suppose p # 2. An alternative description of Dla(Z; , /) is given by the isomorphism Z; = (14+pZp) x A =
Zy x A, where A is the group of (p — 1)st roots of unity in Z,. If we fix a topological generator v of 1+ pZ,,
we thus have an isomorphism

1 Y
D*(Z},E) = E ® H(Ga),
where as in section 3.4 above, H(G o) is the ring of formal series f(y — 1), for f € Q,[A][[X]] converging for
all | X] < 1.
Thus for a distribution p on Z,, we obtain two power series

+ + =0
F,u (7T) € (E ® Brig,(@p)

and
FA(X)e E@H(G).
These are related by the Mellin transform of lemma 3.7: we have M(F < (7)) = F,F.
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5.1.2. Step functions. Let n > 0 be an integer. We say a function f : Z, — F is a step function of order n if
it is constant on any coset a+p"Z,; the space Step,,(Z,) of such functions is clearly a subspace of C'#(Z,, E)
of dimension p™.

For each n we have an inclusion Step,, (Z,) — Step,,,(Z;). A section of this is given by the “averaging”
map I : Step,,,(Zy,) — Step,,(Z,) defined by

I(f)(x)=% S fa+pmy).

y€EZ/pZ

For n > 1, we say a function f € Step,(Z,) is a primitive step function if it is in the kernel of this map, and
write PStep,,(Z,) for the space of such functions, which clearly has dimension p"~!(p — 1). For consistency
we take PStepy(Z,) = Stepy(Z,) = K.

Lemma 5.2. Let n > 0 and suppose E contains a primitive p"-th root of unity (pn. Then a basis for
Step,,(Z,) is given by the functions x + ((pn)™, as t varies through Z/p™Z. The subset corresponding to
t € (Z/p"Z)* is a basis for PStep,,(Z,).
Proof. This follows immediately from the fact that z — pi doien /pnz((pn)“(g‘pn)*“t is the characteristic
function of a + p"Z,. O
We also have a “multiplicative” version. For n > 1, we define Step,,(Z,’) as the functions in Step,,(Z;)
which are supported in Z). For n > 2 the averaging map restricts to a map Step,,(Z,’) — Step,,(Z,; ), and
we define PStep,,(Z,’) to be its kernel. We take PStep, (Z,’) = Step;(Z,;), so for all n > 1 restriction to Z,
defines a surjective map PStep,,(Z,) — PStep,,(Z,;).

Lemma 5.3. A basis for Step,, (Z;) is given by the Dirichlet characters modulo p™. For n > 2 the subset of
primitive characters modulo p™ gives a basis for PStep,,(Z,).

Proof. Similar to the previous lemma. O

5.1.3. Relating the additive and multiplicative transforms. We now suppose we are given a distribution p €
D™(Z)Y,E). Let F)¥ and F,} be the corresponding transforms.

Theorem 5.4. Forn > 2, the following are equivalent:
(1) E;f is divisible by the cyclotomic polynomial ®,,(1 + ) in B;Eg@p'
(2) p annihilates PStep,,(Z,).
(3) w annihilates PStep,,(Z,; ).
(4) F(x) is zero for all primitive Dirichlet characters x mod p".
(5) E is divisible by ®5,—1(1+ X) in E @ H(Gx).
For n =1, the same holds with the last two statements replaced by:

(4) ;S (x) is zero for all Dirichlet characters x mod p.
(57) E is divisible by X in E @ H(Goo).

Proof. It is clear that (1) < (2) for arbitrary u € D'(Zp, E) (not necessarily supported in ZX), because
of Lemma 5.2. Since restriction of functions gives a surjective map PStep,,(Z,) — PStep,,(Z, ), we have
(2) < (3). The equivalence (3) < (4) follows from Lemma 5.3.

To show (4) < (5) for n > 2, let us write F = Zf;ll[T(z)]Fi(X), where F; € E[[X]] and 7(i) € A is
the Teichmiiller lift of . For any primitive p”~'st root of unity ¢, there are exactly p — 1 primitive Dirichlet
charcters modulo p™ mapping v to ¢, and their restrictions to A are given by 7(i) + 7(i)* for k € Z/(p—1)Z.
So (4) is equivalent to
1

T(A)*Fi(C—1) =0
1

p

K2
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for all k = 0...p — 2 and all primitive p"~!st roots of unity ¢, which is equivalent to F;(¢ — 1) = 0 for
each ¢ = 1,...,p — 1. In other words, each of the functions F;(X) vanishes at every root of the polynomial
®,,—1(1 + X), which is clearly equivalent to F);* being divisible by @, _1(1+ X) in F® H(G ).

(The only change necessary for n = 1 is to note that PStep,(Z, ) is the linear span of all Dirichlet
characters modulo p, not just the primitive ones.) O

We also have an accompanying result:

Lemma 5.5. Let F € (E® ]Bji'g@p)w:o. Then ®1(1 + ) divides F(m) if and only if (7)) = 7®1(1 + )
divides F ().
Proof. Since ¥(F')(0) = 0, we have

F0)+ ) F(¢-1)=0.

CELp
A

Hence if F' vanishes at the points ¢ — 1 for primitive ¢ € p,, then it must also vanish at 0. ]

5.2. The case a, = 0. We now relate the construction of Coleman maps in this paper to the construction
given in | | for modular forms with a, = 0.

5.2.1. Construction of the Coleman maps. Consider f a normalized new eigenform as in Section 3.3 with

a, = 0. To ease notation, we assume that E = Q,. The plus and minus Coleman maps in [ ] are
constructed as follows.
Let u = x(y). In | |, Pollack defines the following elements of H(G):

k-2 “+00 .
1 Dy, (u™77)
+ 2n Y
st~ T LT 220
7=0 =1

k—2 “+o00 .
_ 1 Do, 1 (u77)
log, = H » H P ‘
=0+ n=1

Let v~ = iy, v* = iy be the basis of Deyis(V) as in Section 3.3 and let n* = (1+7)@v* € (]B%j;g@p)w:0®
Deyis (V). Let
Ly o Hiy,(Qp, Vi(k — 1)) — H(Go)
be the map defined by (18).
Lemma 5.6. logik | L1+ (2) for any z € H{ (Qp, Vi(k —1)).
Proof. See | , Lemma 2.2]. O
One can therefore define
(48) Col* : H}, (Qp, Vi(k — 1)) — Ag, (Gwo)
5 El,nii(z) '
log,, ;.
In this setting, we can work out the matrix M in (20) explicitly. As in section 4 above, we let ny,ns be
the basis of N(V) constructed in [ ]. The results of op.cit. imply that the O ® A&p—span of ni,ng is

N(Ty) for a Gg,-stable Og-lattice Ty C V5.

Recall that M € Mg(go(]B:quQp)) is the matrix satisfying (ZEZ;D =M (2)

Lemma 5.7. The matrix M is given by

< 0 (log™(1 +w))k1)
—(log™ (1 +m)/q)*" 0 '
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Proof. With respect to the basis ni,n2 of N(Vf) over B@, as chosen in [ ], the matrices of ¢ and
v € G are given by
10g+(1+7r) k—1
0o -1 ( o +(1+n)>) 0
49 P = _ and Tios _
(19) (o5 o) O (ctan )
v(log™ (1+))

respectively. Then,
v = (10g+(1 + ’/T))kflnl and 7y = (log™ (1 + W))k71n27

so the base-change matrix M’ (defined in (8)) is given by

+ k—1
(50) (log™ (1 +m)) B 0 L
0 (log™ (1 +m))
k-1
and the result follows from explicit calculations, using that M = (ﬂ%}) PTM'L, O

Lemma 5.8. We have o(log™ (14 7)) = log™ (1 + 7) and p(log™ (1 + 7)) = Blog™ (1 +m).
Proof. Tmmediate. U
Lemma 5.9. Forie {1,...,p— 1} we have

M (14 ) og (14 m) - 0B, q,)) = 7(0) log, . (7) - H(T)

and
om-! ((1 +7)log™ (1 +m)F 1 /g* L sO(B;Eg,@p)) = 7(i)log, .(v) - H(T),
where 7(i) € A is the Teichmuller lift of i.

Proof. Let us suppose first that k& = 2. Any element f € (1 + 7)*log™ (1 + 7) - @(IBI&QP

distribution p on Z,,, supported in i + pZ, C Z,'; hence we have a corresponding multiplicative Fourier

) is F,f for some

transform F; = 9~ (f), lying in 7(7)H(T'). Moreover, we have the implications

log"(1+7) | f in ]B%:quQp
<= &, (1+m) | f for all even n > 2
= ®,(1+X) | M L(f) for all odd n > 1 (by theorem 5.4)
= log  (1+X) | M (f).

The second statement is similar, noting that ¢ = ®;(1 + 7) and hence log™ (1 + 7)/q divides f if and only if
f vanishes at the primitive p™-th roots of unity for all odd n > 3.

For general k > 2, we note that f € IEBjig’Qp vanishes to order k£ — 1 at a point z if and only if &7 f vanishes
at z for j = 0,...,k — 2, where 0 is the differential operator (1 + w)% introduced in §2.2. Applying the
preceding argument to each of the functions &7 f, we see that log™ (1 4+ «) | f if and only if MM~ (87 f) is
divisible by log™ (1 + X) for 0 < j < k — 2. Since M~ 1(d f)(2) = ML(f)(w/ (1 + 2) — 1) where u = x(7),
this is equivalent to the divisibility of f by log, . Again, the second statement follows very similarly to the
first. (Il

Proposition 5.10. There ezists a* € Ap(Goo)* such that

_ 0 —a” log, .
M= <a+ log;;,€ 0 ’
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Proof. By Lemma 5.9, 9 restricts to an isomorphism of H(Gs)-modules between the subspaces X+ =
(14 7)p(log®(1 +m))k—1. cp(IBE;'[g’Qp) and Y+ = logik “H(Goso). In particular, there exist a* € H(G) such
that

MH(1+ m)p(log™ (1 + 7)) ") = a* logy -
Furthermore, (147)@(log® (147))* ! are A (Goo )-module generators of (14-7)p(log™ (147))*~1 ~¢(B6p), by
Proposition 4.24. Since any finitely-generated submodule of H(G ) is closed, they must be H (G )-module

generators of the closures of these spaces, which are clearly X*. Therefore the images of (1 + 7)p(log® (1 +
7))*~1 under 9! must be generators of Y+, so the factors a* are units. O

Therefore, by (32), we have:
Corollary 5.11. Let a™ be as in Proposition 5.10, then a~ Col, = Col~ and a™* Col, = Col™.

5.2.2. Description of the kernels. The aim of this section is to give a simple description of ker(Col;) for
i = 1,2. Recall that the basis 7, 75 of Dcris(Vf) determines a basis of ]D)ms(Vf(k — 1)) via the map »; —

7; ® e_1t' 7%, We first need to know a bit more about N(Vf). As stated in [ , Section I1.3], we have a
comparison isomorphism
L B;gg@p [t Vg N(Vi(k — 1)) = ]Ba;g@p 7] ®q, Deris(Vi(k — 1)).

By (20) and (10), if z € D(Vj(k —1))¥=", then we can write +(x) = 21 (7 ® ex_18' %) + 22(72 @ €111 7F)
where

for some 2,z € I%fp.
We will need the following auxiliary lemma.

Lemma 5.12. Let z be as above. Then p*=20(x1) + 0(z2) = 0.
Proof. By | , Theorem I1.6], we have
(51) XDy, Vi(k—1) (hép,vf—(kfl)(x)) =(1-p e Hoy(a).
Since dy (z) = 0(x1)71 @ e, 111 7F + 0(22) Vs @ 1,111 7F, we have
(1—p e Hov(x) = (0(z1) —p~'0(x2))v1 + (0" 20(z1) + O(x2))va.
The image of exp@p,vf,(kfl) is contained in Fil® Dcris(Vf(k:— 1)), which implies that p*~20(z1)+6(z2) = 0. O

Lemma 5.13. Let x € D(Vy(k —1))¥=", and write 1(x) = z1 (i @ e—1t7F) + 22 (2 ® e_1t' %) as above.
Then

(i) x € ker(Coly) if and only if p(x1) = —pF~1ep(z1);
(ii) x € ker(Coly) if and only if p(xs) = —pF~1ah(xs).

Proof. We will prove the proposition for Coly; the proof for Col, is analogous. Note that the condition that
Y(x) = x translates as (z1) = —p'~Fxy and (22) = z1. By Lemma 5.8, Col;(z) = z — ¢(z}) = 0 if and
only if 23 = ¢(x1). Hence, Coly(z) = 0 if and only if p(z1) = —pF~ (). O

Proposition 5.14. Let x be as above, and write x; = f;(m) with f;(X) € Qp[[X]]. Then
(i) = € ker(Coly) if and only if

(52) Trq, . /Qpn1 (fl((:pn — 1)) =—p>7Ff (Cpn—2 — 1) for alln > 2, and

(53) T, /g, (f1(¢p — 1)) = —(1+p*7") f1(0);
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(ii) = € ker(Coly) if and only if
Trg, .. /Qpn_1 (f2(¢pm — 1)) = —p2_kf2(§pn—z —1) for alln > 2, and
Trq, ,/0,(f2(¢ — 1)) = —(1 + > ) £2(0).
Proof. We prove the proposition for Col;. Recall that
() =p ' Y ACA+T) —1).
¢r=1
Hence, (1) = —p*~14(z1) implies that
(54) S A +7) —1) = —p* R (fi(m)).
¢r=1
Let n > 2. On applying 6 o =" to (54) implies that
Trq, /@t (1(Gr = 1) = D F1(CGn = 1) = =p*F fi(Gpn2 — 1),
¢r=1
Similarly, we obtain the second condition by applying 6 to (54).
Conversely, assume that (52) holds for all n > 2, then o(f1) + p*~*(f1) = 0 at (,» — 1. Recall that
x1 = 2} (log™ (1 + 7))*~! where 2} € ]B%ép. By Lemma 5.8,
(1) + PP (@) = (p()) + (g 1)) (log ™ (1 + )L

Hence, the power series in Q ® Z,[[X]] corresponding to (¢(x}) + ¥ (¢*~12})) has infinitely many zeros, so
it must be zero itself and we are done. 0

As a corollary, we obtain the following descriptions of ker(Col;).
Corollary 5.15. For x € D(Vi(k — 1))¥=!, write e,(x) = exp;, v, ,, °Prn ohg, 1w(®) where Pr, is the
projection from H{ (Qy, Vi(k —1)) to H'(Qpn, Vi(k —1)). Leti =1 (respectively i = 2), then

ker(Col;) = {z € D(V¢(k — 1)Y= eg(x) =0 and e,q1(x) = p~Len(x)V odd (respectively even) n > 1}.

Proof. Again, we only prove this for i = 1. By | , Théoreme IV.2.1], we have e, (z) = p~ "0y (¢~ "(z)) for
all n > 1. But =2 is the multiplication by —p*~! on Deyis(Vy(k — 1)). Using again that Im(expj‘l,vmil)) C

Fil° Deyis(V'), we see that

ean(z) = p 2" (=p)"F TV f1(Gen — D @ Fer 4
eant1(z) =p 2" (- )n(k_l)fQ(szn‘"l — )i @t Fep 4
and fa(Cpen — 1) = f1((pzn-1 — 1) = 0 for all n > 1. Therefore, (52) holds for 2n — 1 and for 2n if and only
if eon(2) = Trp,, /5, (€2n41(7)) = D™ tegn_1(x).

Now eg(x) = (f1(0) — p~1£2(0))n @ t1~*e_1 by (51) and p*~2f1(0) + f2(0) = 0 by Lemma 5.12, so
eo(x) = (1+p") 10 @t Fer 1 = —(*F +p ") f2(0)n @t ey
The condition (53) is therefore equivalent to f1(0) = 0, which in turns is equivalent to eg(z) = 0. O

In the rest of this section, we will relate Corollary 5.15 to the description of ker(Col*) in [ , Section
2.2]. Recall that Hf (Qp.ns Tf( ))* is defined by

{2 € H{(Qpn.Ts(1)) : corpjmy1z € Hi(Qpm, T(1)) Vm even (odd),m < n}.

Denote by Hi(Qpn, T7(k — 1)) the annihilator of H} (Qp.n, Ty(1))* under the pairing
(55) [t HY(Qpons Ty (1) % HY(Qpon, Ty(k — 1)) = Zy.
As shown in | , Section 2.2.4], we have ker(Col*) = lim HY(Qpn, Tf(k —1)). Hence, we can identify

the kernels descrlbed in Corollary 5.15 with ker(Col*) described in | ] via the isomorphism A/ w.Vp(k—1)"
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Proposition 5.16. For any © € H' (Qpn, Tf(k — 1)) and m < n, let e, () = exp;’Vf(k_l)(corn/m(x)).
Then, HL(Qpn, Tf(k — 1)) coincides with the following set:

{x € HY(Qpn, Tf(k — 1)) : eg(x) = 0 and ey (z) = p~'em_1(z)¥m odd (even),m < n}
Proof. On the one hand, (55) factors through
H' (Qpn, Ty(k — 1))
Hp(Qpn, Ty(k—1))

H}(Qpn, Ty (1)) x — Zyp.

On the other hand, the pairing

e (O B 01) (G & Besth 1) ™

factors through
(@pn ® Derss (V3 (1))/DEyis (V3 (1)) X (@ @ Do (Vrlk = 1)) = Q.

Hence, the compatibility of the two pairings, namely [exp,, v, 1)(~), ~|n = Tty /0[~, exp}, Vf(k—l)(N)];l’ im-

1
plies that Hi (Qpn, TF(k — 1)) is the exp’ Vf(k_l)—preimage of ( ;{n ® Dcris(Vf(1))/]D)Sris(Vf(1))> where
in ={r € Qpn:Try/mi1(x) € Qpm Ym even (odd), m < n}.
But we have:

1 1
(QF n ® P (V; (1)/D8 (V1)) = (Q5n) @ DE(Vy(k = 1))
1
where ( fn> is the orthogonal complement of Qin under the pairing
Qp,n X Qp,n — Qp
(z,y) = Try,0(zy).

By simple linear algebra, we have

L
( = ) ={2x € Qpn:Try(x) =0and Tr,/pmi1(2) € Qpm ¥m odd (even), m < n},

pyn
hence the lemma. ([l
5.3. Elliptic curves with a, = 0. We now specialize to the case when f corresponds to an elliptic curve £/

over Q with a, = 0. Then Vy(k—1) = V(1) = Q, ®z, T, where T' = T),(E). Furthermore, E[p] is irreducible
as a mod p representation of Gg,; thus 7' is the unique Gg,-stable lattice in Q, ®z, T),(E) up to scaling,

and in particular we may take the lattice T (1) constructed in | ] (which is only defined up to scaling)
to coincide with 7.
In this situation, we can recover results of Kobayashi [ ] which give a precise description of the

images D(7)¥=! under the Coleman maps. Recall that if x € D(V)¥=! say x = (z1n; +z2n2) @ 7 Ley, then
we have

Coly(x) = o — p(x1)
Cola(x) = qz1 + p(z1)
where we have replaced Cols by — Cols for simplicity.

Proposition 5.17. The map Col; : D(T)¥=! — (A&p)lbzo is surjective.

Proof. We first show that (WAEP)wZO C Im(Coly). If y € (WAap)wzo, then the series Zim(fl)i%

. 21
and zizo(—wWS{L(q) converge in Aap to elements x; and x5, respectively, and it is easy to see that

Y(qry) = —x1 and ¥(x1) = xo. It follows that if we let © = x1log™ (1 + 7))y + x2log™ (1 + 7)ve, then
x € D(T)¥=1, and moreover Coly(z) = x5 — ¢(71) = ¥.
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In order to prove surjectivity of Coly, it is hence sufficient to show that there exists y € Im(Col;) with
— . 2i—1 21
y=1 mod . Lety € A(g;w_o such that 7 | ((147)? +y). As above, the series Zi>1(71)zw

q--.¢*2(q)
i 2 204114 o .
and 3,5 0(—1) %converge in Aap. Let

_1 - e W) e (47
a=g |0 HE( D g

_1( . i€ W) e At )
2= P(g(1 + ))"‘1220( 1) o(q) - B 1(g)

It is easy to see that ¥2(q(1 + 7)) = 0, so ¥(qz1) = —zz and ¥(z2) = 21. It follows that if we let z =
z1log™ (14 m)vy + 29 logt (1 4 7)va, then 2 € D(T)¥=!, and moreover
Coli(x) =22 —p(z1) =1 mod .

Corollary 5.18. The map Col, : D(T)¥=! — A(G ) is surjective.

Proof. By Proposition 5.17, there exists x € N(T)¥=! such that Coly (x) = 1+ 7. The result therefore follows
by precisley the same argument as in the proof of Theorem 4.28. O

Proposition 5.19. The image of Coly : D(T)¥=1 — (Aap)wzo is equal to (A&wzo)A + w(w)A&;w:O.

Proof. A similar argument to the one in the proof of Proposition 4.6 shows that @(W)A&wzo C Im(Coly).
In | |, Fontaine shows that (Aap)A = Zp|[mo]], where mp = —p + ZaeF,, [€]@l. Note that () = 0
and 0 o p~1(my) = —p, so My = —p + aq for some « € A@ satisfying o = 1 mod 7. Now {[5}[“}}(1@; is
a basis for Aap over @(Aap), so ¥(mp) = 1 —p, and hence myp + p—1 € Aa:p:ol In order to prove that
(A&;w:O)A C Im(Coly), it is therefore sufficient to prove the following results:

(1) mo+p—1 € Im(Coly);

(2) Ifye (A&w:O)A, then y = ¢(mo +p —1) mod ¢(m) for some ¢ € Z,,.
Proof of claim 1. Note that since mg +p — 1 = —1 + ¢ mod ¢(w), (a) is equivalent to showing that there

exists y € Im(Coly) such that y = —1+¢ mod ¢(x). If i(z) = 1 log™ (1 4+ 7)1 + 2 logt (1 + 7)vy for some
x € D(T)¥=1, then Coly(x) = qr1 + p(x2). As shown in Lemma 5.12, we have 0(x1) = —0(z2), so

Coly(z) = 0(x2)(1 —q) mod ().
Suppose now that (x3) = 0 for all z € D(T)¥=!. Then, the fact that Coly(z) = §(x3) — 0(z1) mod 7
implies that Coly(z) € FA(EEP for all z € D(T)¥=!, which contradicts the surjectivity of Col;. O
- , : =0y A
Proof of claim 2. We will show that if y € (AQp ) , then
(56) y=c(—1+¢) mod p(r)

for some ¢ € Z,. Write y = f(mp) = g(w). In order to show (56), it is sufficient to prove that ¢g(0) =
—(p—1)g(¢p — 1). The condition that y € ker(?)) translates as

! S f(=p+ D Cr+1)ld) =o.
pgl’:l a€l),

Evaluating this condition at 7 = 0 shows that f(0) + (p — 1)f(—p) = 0. By definition, we have my =
P+ D ger, (T+ Dl so g(0) = £(0) and g(¢, — 1) = f(—p), which finishes the proof. O
(|

This completes the proof of proposition 5.19.
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Let n: A — (Z/pZ)* be a tame character. For a A(Gs)-module A, denote by A" the A(G)-submodule
of A on which A acts via 1. The following result is an immediate consequence of Proposition 5.19.

Corollary 5.20. We have

=0\ A .
R ifn=1
(@(W)A&wzo)n otherwise

Im(Coly)" = {

We can translate Proposition 5.19 and Corollary 5.20 into a statement about Im(Col,).
Proposition 5.21. The image of Col, : D(T)¥=! — A(G) is equal to (Zf;ll §YA(Goo) + (v — DA(Goo).

Proof. Let y2 = p(m)(1 4+ 7) € Im(Colg). As shown in the proof of Proposition 5.19, y = (0, y2) € Im(Col);
more precisely, there exists x € N(T')¥=! such that Col(x) = y. Applying the algorithm for J (see Section 4.4)
to y shows that Col,(z) = (y—1) mod (p, (y—1)?), so the A(G o )-submodule of A(G,) generated by Col, (z)
is equal to the ideal generated by (y — 1).

Furthermore, y} Zf;ll(ﬂ +1)% € Im(Coly) by Proposition 5.19, and every y € Im(Col,) is congruent to
a scalar multiple of y5 mod (). If 2’ € N(T)¥=1! satisfies Coly(z’) = yb, then again the algorithm for J
implies that Col,(z) = 2~ 8 mod (y — 1). This finishes the proof. O

Corollary 5.22. We have

A(Goe)® = (X012 01)A(Gs) ifn=1

Im(Col,)" = {((7 _ I)A(Goo))n otherwise

Note that the results of Corollaries 5.18 and 5.22 are equivalent to Theorem 6.2 in | ]

5.4. The case k = 2. In this section we consider the case of modular forms which have weight 2 and are
non-ordinary at p. For modular forms with trivial character and coefficients in Q (hence corresponding to
elliptic curves), but with a, # 0, this case was studied in detail by Sprung.

5.4.1. Coleman maps via the Perrin-Riou pairing. We first review Sprung’s construction of the Coleman
maps for elliptic curves over Q with p | a, but a, # 0, and explain how we can rewrite these Coleman maps
using Perrin-Riou’s pairing.

Let f be a modular form as in Section 3.3 with & = 2. Define for n > 1

(08 78) = (5 ") (O ) e amiGan

Lemma 5.23. Let i € Z and write

Then, we have:

n=\-1 q,) \O0 10/

Then, Ai=" converges in Ma(H(Gw)) as n — oo for a fized i. Write A%, for the limit, then all entries

of AL are O(log}lj/z). Moreover, if n is a character on Go, which factors through G, but not G,_1, then

n(AL) = n(AL™) for any m >n — 1.
Proof. | , Lemma 3.21] 0

Proposition 5.24. For any z € H{, (Vz(1)) and 0 # w € D} (V}), the entries of the row vector

cris
(3L1atmeew (2)  —L101mew(2)) AL
are both divisible by log,(v)/(y —1).
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Proof. For n € Z, write u, = (o™ — ")/(a — ) where a and 8 are the roots of X? — a,X + p. Then,

©" = Upp — puy—1 and
0 p\"_ [(~pun1 puy
-1 a, —Up, Up41)

Therefore, if n > 1 and 7 is a character of G, which factors through G,, but not G,,_1 (so n(7) is a primitive
p"~1-th root of unity), we have

-1y _ [ 7PU—n-1 PU—p 0 0 @i_z Ti_Q
n(As) = ( —U_p, u_n+1> (1 a,,) " (@%_2 1o,
where the last matrix is the identity if n = 2.
By [ , Section 1.1.4], we have

77(£1,(1+7r)®v(z)) = (1)

for any v € Deyis(Vy) and z € HY, (V7(1)). Hence, if w € D} (Vy), then

cris

1 ((5L1,04mep@)(2)  —L1a4mew(2)) AL) =0

1 _ —PU_n—1 PU_pn 0 0 _
s o P2 (4 D)

because

which implies that

1 . —n+1 N —PU—n-1 PU—n 0 0 — 1
(o) =) (Tt Y (0 D) 20 mod Dl vy

O

By [ ], the image of £y (14m)g0 18 O(log[l)/Q) for any v € Deyis(Vy), so we obtain two Coleman maps:

Definition 5.25. Fiz a non-zero element w € D% (Vy). For x = 9,v and z € H{, (V;(1)), Col*(2) €
Ap(Gx) is defined by
(57) (Col”(2) Col“(z)) -log,(7)/p(v — 1) = (3Latmeew) (2) —Laimew(2)) AL
In particular, we can define two p-adic L-functions
E; = Col*(25°) € Ap(Gu)

Kato

where z is the localization of the Kato zeta element and x = ¥, v.

Remark 5.26. The results above hold for any modular forms with k = 2, pt N and vp(a,) > 1/2. This
setting is slightly more general than that in | ].

5.4.2. Compatibility of Coleman maps. Since condition (C) holds and k = 2, with respect to the canonical
basis of N(V) given above, P is simply

0 -1
58 .
(59) (s o)
Write B, (respectively Bf) for the matrix obtained from A%  (respectively A%) by replacing ®,,(v) by

@™ 1(q) for all m. Then, we have:

Lemma 5.27. Under the notation above, M’ = BY_.
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Proof. By (58), (By™)" = Pp(P)--- " 1 (P)A;"™. For v € Guo, we write G = (B;™)T -~ (By™)") .
Then,

Py (Gg”)) y(P)t= GSY"'H).
Hence, if we write G, for the limit of Gg") as n — 0o, then
P-p(Gy) y(P)h =Gy,

It is easy to check that G, satisfies G,~, = G, - 71(G,,) for any 71,72 € Go. Hence, we recover the action
of G on the Wach module N(Vy). In other words, G is the matrix of v with respect to the basis ni, no

chosen in | ]. Since G, = (BY)T -~ ((BgO)T)_1 and G,|r=o = I, we have

n Goo
Bgo (n;) € ((E ® BI&Qp) ® N(Vf)) = Dcris(Vf)
and M' = BY.. .
We write A¢ = det(A)A™! if A is an invertible matrix, then we have:

Corollary 5.28. The matriz M can be obtained from (AZL)¢ by replacing ®,, by p(q)™.

Proof. Recall that
t t
M=—P' (M) ' = —pM AL
Lpron = Lora
By Lemma 5.27, det(M’) = det(B%,) = [[,,>0 229 — ¢/7. But det Ayp = p and ALSY = ATAL for all .

p
Hence, we have

M = ((AD'BL)" = o(BL))

o0

and we are done. 0
On setting 11 = —w in (57), (32) implies that
(59) (Col; Coly) MAZ! = (Col” ohd,  Col® ohl, ) log,(v)/p(y — 1).

By [Spr09],
Im(Col”) = Im(Col?) = Ap(Guo)
and (59) implies that the matrix MAZ! defines a Ap(Goo)-linear map from Ap(Goo)®? onto (log,,(v)/p(y —
1)Ap(Gs))®2. Hence, there exists A € GLa(Ap(Goo)), MAZ! = [log,(v)/p(y — 1)]A. This implies
(Col, Coly) A= (Col”oh}, Col’ohi,).

We also see that M and (A3!)¢ agree up to an element in GL2(Ap(Gw)) which is a generalization of
Proposition 5.10 because of the description of M in Corollary 5.28.

6. MAIN CONJECTURES

6.1. Kato’s main conjecture. In general, if V' is a p-adic representation of G unramified outside a finite
set of primes, and T is a Z,-lattice in V' stable under Gg, we write

HZ(T) = I&HHét (SpeCZ[Cpnv %]7‘7*T> )

H'(V) = Q, ®z, H'(T).
for i = 1,2; see | , §88.2 & 12.2]. Here j is the natural map Spec Q((yn) — Spec Z[(pn, %] Note that

H!(V) is independent of the choice of lattice T

We now continue under the notation of Section 3.3 and Section 3.6. Fix a uniformizer w of Og. Let
Z(Ty) C H'(Ty) denote the Ao, (Goo)-module generated by the Kato zeta elements as defined in [ ,
Theorem 12.5] and write Z(Vy) = Z(T) ® Q. The following assumption will be needed for some of the results
below.
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e Assumption (E): there exists a basis of Ty for which the image of Gal(Q/Qx) in GL2(Of) contains
SLa(Zy).

Theorem 6.1 (] , theorem 12.5]). Let n: A — 7 be a character, then:

(a) H2(T}) is a torsion Ao, (G )-module.
(b) H'(T¥) is a torsion free Ao, (Goo)-module and H*(Vy) is a free Ap(Goo)-module of rank 1.
(c) The quotient H'(Vy)/Z(Vy) is a torsion Ag(Gs)-module.
(d) Chary, ) (B! (V)1/Z(V)7) C Chary (B2 (V,)").
(e) If assumption (E) holds, then Z(T¢) C H*(Tf). Moreover, H'(T}) is a free Ao, (Goo)-module of
rank 1 and
ChaerE(p) (Hl(Tf)n/Z(Tf)n) C Chal"AoE(p)(H2(Tf)n).

Kato’s main conjecture states that:
Conjecture 6.2. Let 1 : A — ZX be a character, then Z(Ty)" C H'(Ty)" and
Chary,, (r)(H' (Ty)"/Z(Ty)") = Chara, () (H*(Ty)").

Remark 6.3. The above formulation of the conjecture can be found in | , 85]; it is more convenient
for our purposes than the original formulation (Conjecture 12.10 of | 1)

6.2. Reformulation of Kato’s main conjecture. Let K be a number field. The p-Selmer group of f
over K is defined by

b3 s ~ R

where v runs through all the places of K.

We choose a “good basis” vy, vy of Dcris(Vf) in the sense of subsection 3.3. Lemma 3.15 shows that we
may find a lift 11, ny of this to a basis of N(Vj) such that (1+m)e(r! ™ ny @ ex—1), (1+m)p(r' ~Fno @ 1)
is a Ap-basis of N(V¢(k —1)). We choose such basis (n1,n2).

With respect to this basis, we write H}(@p,n, V¢ /T¢(1))? for the annihilator of the projection of ker(Col,)
in H'(Qpn, T§(k — 1)) under the pairing

HY(Qpn, T(k — 1)) x H'(Qpn, Vy /Ty (1)) = E/Op.
This enables us to make the following definition:

Definition 6.4.

Sell (£ /Qjipr)) = ker (Selp(f/@(upn)) o H @, Vi/Tr (1)) )

H} Q. Vi /Ty (D)’
Sl (//Quc) = Ly Sel}(£/Qpyn).

n

By the Poitou-Tate exact sequence (see | , Section 7] and [ , Section 4]), we have
(60) H' (T¢(k — 1)) — Im(Col;) — Sel,,(f/Qoc)” — H*(Tf(k — 1)) = 0
where (-)V denotes the Pontryagin dual.

Theorem 6.5. Under assumption (A) (if [ is supersingular at p) or assumption (A’) (if f is ordinary at
p), Sel,(f/Qoo) is Aoy (Goo)-cotorsion. Moreover, there exist some n; > 0 such that

@™ L7 ; € Chary,,_r)(Sely(f/Qoo)"")

where n is any character on A when i = 1 and it is the trivial character when i = 2.
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Proof. Assume f is supersingular at p. By Corollary 3.29, assumption (A) implies that I?Z’i # 0. Hence,
the cokernel of the first map in (60) is Ao, (Goo)-torsion. But H?*(T7(k — 1)) is also Ao, (G )-torsion by
[Kat04], so Sell,(f/Qs0)¥ is Aoy, (Goo)-torsion, too.

As in [Kob03, Theorem 7.3], the first arrow of (60) is now injective and there exist n > 0 such that

(61) 0 —H (Tp(k —1))/Z(T§(k — 1)) — Im(Col,) /(@™ Lp,:) = Sell,(f/Qoo)” — H*(Tf(k — 1)) — 0.
Hence, the second part of the theorem follows from Theorem 6.1(d) on taking n-components. The proof for

the ordinary case is analogous. O

Corollary 6.6. Let n be a character on A as above. If assumptions (A) (or (A’) depending on whether f
is supersingular or ordinary at p) and (E) hold, then Kato’s main conjecture is equivalent to

Chary,, () (Sel,,(f/Que) ") = Chara, (1) (Im(Col,)"/(Ly ;)-
Proof. Tt follows immediately from (61). O

Remark 6.7. We do not assume that ni,ns is an Op ® Aap-basis for N(Ty). Hence Im(Col;) need not be
contained in Ao, (Goo); but it is still clearly a Ao, (Goo)-submodule of Ap(Goo).

By Theorem 4.28, if f is supersingular at p, then assumptions (B), (C) and (D) imply that Im(Col,) =
Ag(G). Therefore, we can reformulate Kato’s main conjecture in the following form:

Corollary 6.8. If f is supersingular at p and assumptions (A)-(D) all hold, then Kato’s main conjecture
(after tensoring by Q) is equivalent to the assertion that CharAE(p)(SeI;(f/QOO)V’") is generated by L) ;.
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