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THE COMPUTATION OF GREEN FUNCTIONS OF FINITE CHEVALLEY

GROUPS OF TYPE E- (n = 61718)
II

W.M. Beynon and N. Spaltenstein

The main purpose of this report is to present tables

of Green functions for the finite groups Er, (n = 61718). It

is intended to complement our paper [BS], in which the

mathematical significance and interpretation of tbese

results is di-scussed in d.etail. A brief account of the

computation is also included; some of the technical details

may be of interest to others wj-shing to develop similar

programs.

1. Tbe abs;tract eomPqtalt:Len

To put the computation in its proper context, and

to understand its justification, the reader should be

familiar with the first two sections of [BS]. For our

purpose, it will suffice to give a sketchy resume of the

notation and formulae required to formulate the computational

problem and its solution.

let k be an algebraic closure of a finite field

Fq(q = P€, P a prime). Let G be a slmple algebraic group

of type 8., (n = 6r? or 8) over k defined ove" Fq with
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Frobenius endomorphism F : G + G. Let W be the Weyl

group of G, and U the unipotent variety of G. As 1n

tnS1, if H is a finite group, then H^ will be used to

denote the set of lsomorphism classes of irreducible

eomplex representations of H.

As explained in tns1, the Green fupctions to be

computed can be tbought of as integer-valued functions

on W indexed by elenents u 1n UF" Each such function

Q[ aupurrds only on the GF*conjugaey class of u in UF.

We initislly assume that each

the form:
4 can be expressed in

4 = :ti 
n*,i,"Qi)" (1.1)

where the coefficj-ents nurirK are integers, and the

summati-on is over K in lf^. Our calculations vindicate

thls assumption, and e>rplicitly determlne the coefficients

n-- : .- in the class of fonqtulae (1.1)r or equivarentry,
url-rK

the faurily of polynomials 
I ",rrir*Qt indexed by elements

K of W^ for a representative u of each GF-con;ugacy class

of U['. The famj-lies ef ntn. already been computed (see

IBL] ) .

The princlple of the computation is to determine

the el'" in a particular sequence



-3-

elo,*$r, *3r, . . .,al^rocl-l,

(where (uo = L, *1, uzr... rtNocl,_l) ls a transversal of

the GF-conSugacy classes of UF) in such a way that at

each step

where s = !r2r3 or (i-n one exceptional step, for G of

type Eg)?, are determined from Q3.'" with i < i. As
J

representatives for GF-orblts within CFn where C is a

unipotent class, and are in 1-1 correspondence with

conjugacy classes in a group A(u) of isomorphism type

(1) (s=1), CZ (s=2), Sg (s=3) or SS (s=7). The sequence

(L.2) then corresponds (in the obvious fashion) to an

ordering of the unipotent classes

C1, CZr"""rCk

with the property that dim Ct < di.m Crr if i < i. This

ensures that if Ci is contalned in the closure of C;,

then i < j. (The sequences of the form (1.2) used in our

computations for G of type 86, Ef and EU are described

exptr-ic j"tly krelow. )

(L.2)

(1.3)

explained in detail j-n

tl = ui4tr *io2r...r*i*=
[BS], when s

are chosen to form a set of
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It remains to give details of the way in which the

polynomial families (1.3) are computed at each step.

$uppose then that C, u = ulalrul+2 ti*" and A(u) are

as above. If s = 1, 2 or 3 then to each Q in A(u)^ there

corresponds a unique element of W^, denoted 0ur0' Adapting

formula (2.2) in [BS].

lou I ,ir,.o,ul+r)F l-t.afr*",or,Q'ry n$r*" ( 1.4 )

= qN e pu,o ai - lctl ,1, lco(urlFl-1.e$j,pr,o'* a3;

for each Q in A(u)^, where N = N(G) is the number of

positive roots of G, and lo"l and lco(ur)Flaru known

polynomials in q. Suppose now that aL = Ira2r "'r&s

are representatives of conjugacy classes of A(u)

associated with ui*1r ui+2 ui+r respectively, under

the 1-L correspondence mentioned above. For the

computation, we assgme that for a suttable choice of u

in cF:

.a: rp,, ^) = qB(u)O(ar) for 1 < r s sr (1.5)-ui+r'' u,9

where B(u) is known. (This assumption is invalid if G

is twisted of type E6' and for one partlcular class C
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in E, if q = 2 (mod 3). In both cases, the required

results can stil1 be obtained by interpreting the

computed results appropriately (see [BS] and sectlon 3

below for detalls).) We can then combj-ne (1.4) and (1.5)

to obtain

no(u) 1cr | ,r_, lc6(u1+rlt l-to,*rrnSr*" (1.6)

(1.7)

for each S in A(u)^. This

with as many equations as

is a system of llnear equatlons

unknowns which has the a:.
1+r

= qN e pu,oal - lou I ,io lcotu, )r l-t.efl ,gr,0rn a3;

(1 < r < s) as unlque solutj-on.

In the exceptional case (which arj-ses once only,

when G is of type Eg), there is a unipotent class C',

together with representatlves

v = *t*1r . .. ru1+f

}'I'for the G^-orbits of (C')', with A(v) isomorphj,c to Sb.

In this case, prr* is defined for all but one element
 of A(v) , and the analogue of (1.6) supplies 6 equations

j-n 7 unknowns. The exceptional element of A(v)^ corres-

ponds to the sign representation s of SF..
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For b in A(v), let vb denote the representative

associated with the conjugaey class of b of A(v) in

( 1.7) . Let

a3,, = lA(v) l-t o"i,.,r, 
e(b) 4o.

It ean be shown [BS] that the polynomial

lcotvo)rl = lcs(rr)(b) lqao,

where Ce1'.r,(b) is the centraliser of b in A(v). From

(1.8), it is easy to see that if alr, = 0, then

(r.8)

lcul ,irlto,ui+r)F[-1u(ur){r*" 
= Q. (1.s}

As explained in [BS], it ls possible to assume that

a$, 
"

= Q and carry out the computatlon of (possibly

spurious) famllies Qfi (1 s r < V) and Q* (i > t+7)-*t+r *j
by adjoining (1.9) to the 6 equations derived as in (1.6).

To verify that the results obtained in this way are

correct, it then suffj.ces to check that if u = *j+1e " .. r*j*u
(j > t+7) as in (1.3) are associated with a subsequent

step, then (letting Q[. denote nl, for O s i < t):
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lou I l:: lcoturlu l-t.eli,or,or2 = qN.ro,r,*ef ,0*,0,

(1.10)

for all 0 in A(u)^.

Our main computation, which is described. in ful1er
L

detail below, calculates the Green functions Ql as in

(1.2) by the above method. However, if s t 1r and

u = *i+1t ui+2 ui+s

are as in (1.3), the results presented in our tables are

the polynomiaL famllies n3,* (O e A(u)^), where

*1,* = *!, Itn(.,r)(u") l-10(a")Qf;.*"' (1"11)

in the notation of (1.6). (In particular, the fact that

Qrr, = 0 when G is of type Eg and A(v) = SS is expllcit

in the tables. )
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2. Thg computer calculations

In this sectionr w€ give brief technical details

of the actual computations made. Sinee the essential

features of the computatlon are illustrated adequately

when G is of type 86, we consider thls case in detail.

The special abstract and practieal problems associated

with the case when G is of type Et will be briefly dls*

cussed later"
Assume that G is of tYPe Errr

W denotes the Weyl group of G. For

elements of W^ will be referred to

and the GF-con;ugacy classes of UF

The data initlaj-ly available

The sequence

1 = ro, ul ttto't,*l (NOCL = 25)

of representatj-ves of classes associated with ( 1.2)

The vector

gluo), 6(u1) r ,B(u*oat*t)

where $ = g(1) (= 36).

The famlJ"y of polynomj,als in Z[q]:

where n = 6, and that

convenience, the

as "characters t',

as "classestt "

is as li-sted below"

(2.1)

(2 "2)

nl
ico(ur)'r (o < i < NocL)
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Tr F. T'.
where lc'l = lcotr)'[, and in generar lcc(ui)^ I has

degree zB(i) + I1 = zg(L) + 6.

The set of characters

KgrKlr...IKNOCH-1 (NOCH = 25)

which are id,entified with the columns of the 25 x 25

character table of It.

The vector

(2.4)

c0, c1r... rGNOCH-1 (2.5)

specifying the slzes of conjugacy classes in W.

G
The farnily a; of polynomials in Z[q]:

N
r n., ,- qk for r in w^ (2.6)

t<=O 
- ItKtK

For each pair u and Q in A(u)^ as 1n (1.4) the

assoclated character grrO 1s also known. As descrlbed

prevlouslVr if t = ti*l, *i*2r...r*i*" (where s = L12

or 3) are the representatlves assoclated wj-th one step

of the computation as j,n (tr.3), then the *i'* are in 1-L

correspondence wlth the conjugacy classes of A(u), and

hence in (non-canonical) 1-1 correspondence with the

elements of A(u)^. It is computatlonally convenient to

exploit the artificial correspondence



ti*" <- + Q. € A(u)^ (1 < r < s)

set up in this w&Yr and to consider Por', as correspondi-ng

to ul*r. The family 0*rO" "to then be conceived as a

vector of characters

p(uo) = Ko(o), p(u1) = Ko(t)"..r9(u*oal-1) = oo(Noct-l)

t2.7>

where p(uit) ie defined &s 9.,,-,,t, (The map o is in faet
*rVf

a permutation of (0r1 NOCL-I = NOCH-I).)

The result required (c.f. (1.1)) ls the indexed

set of families of PolYnomials

-10-

(Osieli

where a: comprises polynomiale*i

g(1) w A

zi*(c) = olo 
tor-,kr69^ for r in w , (2'8)

fl

and Ql is given as inPut (2.6).

As explained above, the families QY are cornputed'ui
ln sequence from (1.6). There are two computational

steps for which s = 2; the families ,Cls,qlo) and ,nlrr,n[ru'
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are computed together. There is one step for whlch s = 3;

the famllies (a: , a: , a: ) are computed together.*19 *14 *15

ForO<i

For each Q, in A(u) (1 < t < s), equation (1'6) can

then be expressed more simPIY as

no(u) ,!r*t(ar)ri*rtn'nlr*, 
( 2"s)

N^Gl^G4G= q" r *o(t) a; 
il.ni;, 

Ko(t)twfj(o)01..

Since we work with thls varlant of (1.6), the

polynomials fi(q) are pre-computed from (2.3). More-

over, ir vj-ew of the form of (2.9), it proves to be

useful to store the familles

F

tr(o)a;- (osi<NocL) ( 2.10)

together with the families ql (It ls j-n fact necessary-ui

to work with an integer rnultlple of the fi'u to avoid

rational arlthmetlc. )

To further simplify (2.9 ), observe that

^N, *o(t) a: = : ,o'lo nl,k,Eok), "o(t)t. (2.1"1)

K
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Using (2.4) and (2.6) the product of characters t *o(t)K

can be expressed ln the form

f,e K for freW
ft.rc

K

Substltuting in ( 2.10) and re-arranging gives

NNq"eKo(t)=:,*io,l nr,k,ft*u,*)qk)t (2"13)

Uslng (1.1) and (2.13) it is then posslble to re-write

(2.9) as a fanJ-Iy of equations lndexed by characterst

vLz:.

(2.L2)

(2"14)
S

,1, 0s( a 
")f1+r 

(e) zt*n*(e)

N-B(u) N 1

= q-' ts\ -' lo (E rlrkrtt;u,<)qK 
;lo "j*orurrn) rr(o) zro(o)

k=0["

for r in W^.

The system of equations (2.1l&)' where 0t ranges

over A(u)^, is the expliclt version of, (1.6) used by our

programs. Note that for each character K, the determination

of the polynomj.als fi*r(e) zi+3"(O) ls stralghtforward,

since the coef f icients on the LHS of (2.L4) depend onJ"y

upon A(u). The polynomiale z1+1,*(e) are then found by

polynomial divj-sion.



-l_ 3-

It remalns to consj-der the way in which polynomial

data is represented in the above eomputatj-on. In the

case of 86, it would. be possible to represent all poly-

nomials simply by sufficiently long coefficient vectors.

The familles Ql night then be stored in coefficient form*i
in a 25 x 25 x 3? array of iategers, and the famllles

(2.1O) similarly in a 25 x 25 x 73 artay. Such

representations are too wasteful to be feasible for Et

and Eu, and an alternative method is used. Almost all

polynomials are stored as triples (UrLrA), where U and

L are non-negative integeas, and A is a coefficient

vector of length u-L+1. Thus (UrLrA) encodes the poly-

nomial

qL (ao + al{ +
U.L.+ fu-Lq )

where A = (a0, u'r... rau-1,) and arfu-l * 0. Multiplicatlon

and divislon of polynomi-als is performed relative to this

representation. Coefficient arra.ys are used to represent

polynomials only ln the computation of the RHS of (2.La);

for this purpose, it is eonvenient to have O! i* array

form so that the computation of the first term is a

matrlx multiplication, and the accumulation of terms is

also rpst simply carried out on a coefficient array.
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When G is of type E7r the method of computation

described above applies subiect to minor changes. For

EZ, the parameters NOCH, NOCL and N are respeetlvely 6O,

60 and 63"

When G is of type Eg, tbere are si-gnifleant

dlfferences, In this case, the nunber of classes (NOCI")

is 113, the number of characters (NOCH) is LL?, and

]rf = 12O. For the partj-cular sequence (2.1) used in our

program, the exceptional step occurs when tbe families

to3rn'n3ro' nlui' n$ur' n3.r' nSun' ntur'

are computed together that is, t = 58 and v = *bg in

the context of (1.?), Ilere Pur, is undefJ-ned, and the

vector (2.7 ) aecordi-ngly has a nissf ng entry at ttrj"s

point. The system of equatlons

7

,lot(\")fbg*(o)zuu*o*(u) 
= Q for r< in lV , (2"15)

is used ln conjunction wlth (2.L4) |n thie excepti-onal

step. The cornputatj-on is otherwise slmilar to that

earrj_ed out for Eu and E?. (The required checks are

easily made subject to storing the data needed to verify

(1.10) as it is computed.)
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The computation of our tables for E* also presented

peculiar technical difficulties, largely on'account of

the enormous amount of d.ata involved. (The input data

required by this program comprised. about 36,OOO integers.)

compi.ling the data was i-tself, a major part of the pro-

gramming effort, for which a nunnber of auxiliary prograrns

were written. Most of the computation was programmed in

C for the local VAX*1t/75O system' but the pre-computation

of the polynornials fi(q) for E, (and Er) was carried out

on an APt system at IBM Warwick.

In the main computation for G of type Egr a very

Iarge proportlon of the processing time was spent in

computing the LLZ matrices (e- ) of size LLz x \LZt
KrK

which required d.ouble*length (64 blt 2's eomplement)

arithmeti-c. The cornputatj-on of the f,lrst 62 tables

requlred approximately 8oo minrrtes process tlme. To

cope with errors in data, it was (inevitably) necessary

to devise a recovery verslon of the program to read the

tables so far eonnputed, and re-start the computation-

An early version of this prograrn required a notionaL 600

minutes process time to recover th.e first 52 tables !

This problem was the result of using an inappropriate

storage allocatlon mechanism, and modiflr:ation reduced

the elapsed tlme required for recovery of data from

days to minutes. This was particularly significant since
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recovery of alt 113 tables was needed to east the resul.ts

into the form (1.11) in which they appear below.
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3. The tables

Tables for Spri.nger's representatj-ons are given

The Green functions can be expressed in terms of

For E, and E* the part which ls relevant to

applications (E) and (r') of [BS], that is, the determination

of all j.nclusions of closures of unlpotent classes and the

branching of such closures, is given in a separate tabLe.

The characteristic is assumed to be good. For

Green functions we must further assume that p and q are

large.

Springerr s representatlons .

We give the integers nrr*,rrx (u e G unipotento

0 e A(u)^, i e Il{, X . If^) detlned by n*r',u,. =

<x E o,H2iCe$l>w xA(u) (see tBsl). tve adopt the

convention that the representation in degree O is trivial

The Green functions can be recovered as follows.

Suppose first that G is split and let C be a unipotent

class in G. There are then two cases to consider:

(i) there is a split elernent ul in CF (in the sense of

tBSl). If the cF-cLass of u € ir corresponds to ae A(u)

and if T* is an F-stable maximal torus corresponding to

w € W, then
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Qt*,c(t) = oft*l = or,o,i,xo(*) x(w)
xuIV^
0eA(u)^
i>0

(ii) there is no split element j.n CF; this is the case

only 1f G is of type Egr C 1s the class Dt(aU) and q =:).
(mod 3).

In this ea"se we choose u € CF i.n such a. way tErat

F aats triviall-y on A(u) = sg' lfith the s&me notati-ons

as abover w€ have then

or*r*(u) +

where o (resp" e) is the two-dlmensional (resp. the sign)

representation of Sg.

If G is twi_sted of type E5r the Green functlons ar€

obtained by reptr"aci-ng q by -q and w blr w*w 5"n the poly-

nonnials giving the Green funetions fon split groups of,

tyire E*. Ilere w, is the longest eLement of W. The details

are given in tBSl.

'^ 
(trrrlrirx * oqs)nurorirx e(a)norrriox)x(w) gi

X€1{
i>0
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There is one table for each X e W We use

Frame's notations for X. The lines ln the tables correspond

to the integer i. The columns correspond to the pairs (urQ)

(u e G unipotent, Q e A(u)^) taken up to conjugacy'

The following facts have been used to condense

the tables for Et and Et:

(a) for X and (ur$) fixed, the integers i such that

n # O all have the same parity (this ls an
Ur9rlrX

empi-rical observation) .

(b) in most cases the column giving *lrlrinX (X flxed)

is palindromic, that is, there is an integer m such that

n = n for all i. In some cases we have"1r1rirX "1r1rm-irX
truncated this column, and indlcated the integer m/2 (m is

even) by a sign

we have numbered the conjugacy classes of, pairs (un$).

For the class of u we use the same notations as Bala and

carter. The charaeters of A(u) = $" are labelled by

partitions of r, with (r) fon the trivial- character

and (1r.."11) for the sign. The numbering is as follows.
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b

numher

.j

A2

5

6

F'
a

s

0

1f\

11
II

"9 C!L&

a

(rJ

( 1)

( 1)

/1\

(2)

(1r1)

(1)

( 1)

(1)

( 1)

\ J,r

(3)

nurnber

1e

x4

1K
Id

16

xry

18

10

9f\

ol
.& !,

f)rl
&*

f,}t

24

{A

Dr(a',)

v/

{9 r\

{"}}

( r)

(r)

(1)

(r)

(2)

(1,1)

{ 1i

{1)

( 1.)

Q

At

.rA
'-1

3Ar

Az

^z

Az*41

2Ap,

Ap+241

Ae

2AZ+A,L

D4( al )

D4(el)

u

DA( *f) ( 1, nu 1)

&
1l

D,

A, +4"{+ .[

ra f ^ \-b\*l-'
A

E^(a^)
h-

E^( a^i
$ 

"-1

Llo
a

E^(a-)t')- I'

g

?he el"ass E6(aB) i.s denoted A*"';ao by lviisr"rv.rr":,"
qJ&
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number

o

3

4

5

6

7

8

I

10

11

L2

13

t4

15

16

T7

18

19

I
At

2Ar

( 3A1) "

1se, ) '

Az

A2

44t

Az*A1

Az*A1

A2+2A:I

A2+3A1

2Az

A3

( AB+A1) "

2A2+AL

1er+er),

D4( 41 )
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II. Ineluslons and branchlng of closures ot-uglgotent cJasses

Let u, v e G be unipotent, O e A(u)^ and
A

p = p., 1 € W Then u is in the closure X of the class
Yrr

of \r if and only if **rlrB(v)ro f o. Moreover, trursr$(\ilsp

is the multiplicity of S ira the permtrtation nepresentatlon

of A(u) on the set of braneLres of X at u.

We gj"ve trere the integers nor*rB(v) rO 
(B = 0o, tr) "

The pair (uro) is labeLled as before and v is assigned the

nu^mber eCIrrespondlng to (vrn).

If rrs eorrespond respectS-vely to (ur$), (vr i'),

3.et *"r* = *rrsrg(v)rg. Then *or* = o i"f r > s"

Moreover:

for E, , noru s nrr'L i"f r s 2Q and s > 31" ;

for EU ;

frsSlrr and

r
E2

4 r=2Oor

The remaining values are given in the table.

To aave space, the line and the column 21, in the

tabLe feir EU trave been displaeed. For 6, ttre linee and

the colurnns 2Q and ?7 trave been dispJ-aeed "

>36

and s > 82 or s = V7.66

f?o

32

'{

36

i

{ 
*",

no,* = 
{ **,
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trncLutianE arrd brrnrhinq of r lnsurrE sf ufiipstent alasses in €6,

1l? 111 l1CI 188 10/ 105 !flJ 10? lag ?9 96 95 92 9t 89 A6 g4 77 8? fil ,q0 /fl 75 7:1 rl 70 6? 67
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9l: t I I I I I I 1 I I tr I
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89r I I X I I I t ? 1t111 I
8S:

87r
86r I I t t I I I I I I t 1 tr I I I
6F,
t!J;

84; tr 1 I I I I t t I I I I 1 I 1

7V I I I I I i. I ? I tr t I 1 i I I
83:

8l: I I I I I X I I XXtlltlll I
Sl: n 1 X t X I 1 tr I 3 I t I I 3 I :[
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