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Summary

This thesis concerns the behaviour of maps with a unique critical point which
is either a maximum or a minimum: so-called unimodal maps. Our first main
result proves that for C?*7 unimodal maps with non-flat critical point we have
good control on the behaviour of cross-ratios on small scales. This result, an
improvement on a result of Kozlovski in [K2|, proves that in many cases the
negative Schwarzian condition (which is not even defined if a map is not C?) is
unnecessary. This result follows recent work of Shen, van Strien and Vargas. The
main tools are standard cross-ratio estimates, the usual principal nest, the Koebe
Lemma, the real bounds from [SV] and the ‘Yoccoz Lemma’.

Our second main result concerns questions of structural stability. Prompted by
the final section of Kozlovski’s thesis [K1], we prove that in some cases we can
characterise those points at which a small local perturbation changes the type of
the map. We prove for these cases that this set of ‘structurally sensitive points’
is precisely the postcritical set. The main tools are the Koebe Lemma, the real
bounds of [LS1], and the quasiconformal deformation argument of [K3].

The thesis is arranged in the form of two chapters dealing with each of the main
results separately, followed by an appendix to prove an auxiliary result. The
chapters may be read independently of each other.



Chapter 1

Cross-ratio bounds

In this chapter we will show that the negative Schwarzian condition, which is
only defined for C*® maps, is often unnecessary for C**7 (for any n > 0) unimodal
maps with non-flat critical points. Our main result is that for such maps, we can
choose our intervals in such a way that we have good bounds on how cross ratios
are affected. That is, for such maps, for all 0 < K < 1 there exists some nice
interval [ around the critical point such that for any intervals J C T, if f*|r is
a diffeomorphism and f"(7') C Iy then

B(f*,1T,J) > K,

A(f",T,J) > K.

This is principally an extension of the results of [K2] and [SV].

1.1 Introduction to cross-ratio estimates

For maps with critical points we can have no bound on non-linearity. However,
for C3 maps with negative Schwarzian derivative we have some nice properties on
how intervals behave under iteration, for example there are some useful extensions
of the Koebe Lemma which do give us some bounds on non-linearity in certain
cases. As demonstrated in [MS], such properties tend to arise from the fact that

maps with negative Schwarzian derivative increase cross-ratios.

In fact, negative Schwarzian seems a somewhat synthetic condition. A smooth
change of coordinate can destroy this property. Or, indeed for C® maps, an
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analytic coordinate change can create a map which has first return maps with
negative Schwarzian, as proved by Graczyk, Sands and Swiatek in [GSS2]. So we
might look for other conditions to give us properties like increasing cross-ratios.

We note that many theorems do not even need cross-ratios to increase, but for
them to be bounded away from zero. Probably the most important such result in
one-dimensional dynamics is the Koebe Lemma. Kozlovski proved in [K2] that
for C® unimodal maps with non-flat critical point, lower bounds for the change
in cross ratios under iteration do exist, provided the intervals are small. So he
was able to transfer the properties of maps with negative Schwarzian to ‘small
scales’ for C® unimodal maps with non-flat critical points.

So we might say that negative Schwarzian condition is only really meaningful on
large scales, for example limiting the number of attracting cycles. (However, it
is also interesting to note that Palamore [P] has some results which apply on
small scales too. There it is shown that the sign of the Schwarzian is significant
in finding the speed of convergence for Newton’s method of finding the zeroes of
a map.)

It is a natural question to ask whether the result of [K2] can be extended to
the C? case, as most of the results in one-dimensional dynamics are proved for
either C' maps, C? maps, or analytic maps. It is often the absence of non-
wandering domains for C? maps which lies behind the C? results (in fact this can
be weakened slightly to C'*Z maps too, see [MS]). In order to deal with central
cascades, here we prove the result of [K2] for C*™ maps. It is likely that many
proofs which currently rely on negative Schwarzian for cross-ratio estimates and
so are currently proved only for C*® maps (for example the decay of geometry in
[GSS1]) can be extended to the C*™ case by our results here.

In [K2], real bounds were found for all unimodal maps, even when there were
cascades of central returns: saddle node cascades or Ulam-Neumann cascades.
Some real bounds were proved in the C? multimodal case without inflection points
by [V] and also in [Sh1]. While these bounds suffice for us, the successor to
that paper [SV] is more general and is closer in spirit to the following approach,
although we restrict ourselves to the unimodal case. (For example, they provide a
generalisation of the following result of [K2] to the multimodal case: there exists
some neighbourhood U of the critical values of the map f such that if f"(x) € U
for n > 0 then the Schwarzian derivative of f™ at z is negative.)

However, these bounds were proved away from central cascades so we must find a



CHAPTER 1. CROSS-RATIO BOUNDS 3

way of extending some of their useful properties into the cascades. We return to
methods applied in [K1] to bound a sum of intervals which was to be used in the
proof of the main result in [K3] (this method not required in the final version).
Finding bounds there relied on ‘decay of geometry’. We don’t, however, require
decay of geometry. Instead, we show that we can decompose the sums of intervals
into blocks determined by the central returns. These blocks are then shown to
decay in size in a uniform way:.

1.2 The cross-ratio theorem

We will generally assume that we are dealing with maps that are merely C? and
then point out when we are restricting our results to the C**" case.

We explain the terminology in the following definitions.

Definition 1.2.1. For some interval T', suppose that J C T is a subinterval. If we
denote the left-hand and right-hand components of 7'\ J by L and R respectively,
then a cross-ratio for J and T' is the value of

719
L[ R]
We denote this by B(T,.J). We also have the cross-ratio
Eaig
AT, J) = .
(T..7) |LU J||JUR)|

Suppose that g : T'— R is a diffeomorphism. We let B(g, T, J) := % and

A(g,T,J) = % be our estimates of how the map acts on cross-ratios.

Observe that for diffeomorphisms g : T'— ¢(7T') and h : g(T) — hg(T) we have
B(hg, T, J) = B(h,g(T),9(J))B(g, T, J).
Similarly for A(g,T,J).

For a C® map ¢ of an interval, the Schwarzian derivative Sg is defined for non-

critical points x as

Sq(a) = 29 _3 (%j(%))

- Dg(x) 2
Section IV.1a of [MS] shows that cross-ratios are increased by maps with negative

Schwarzian.
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Definition 1.2.2. We say that T is a d-scaled neighbourhood of J if %, % > 0.
When we have some ‘universal’ lower bound on ¢ for some such pairs of intervals
J, T we say that J is well inside T. (Our bound, which will be denoted by y, will
depend only on f.)

We suppose throughout that our functions map from I to I where I is the unit
interval [0,1]. Furthermore, we will assume that f(0I) C OI (these are not

meaningful restrictions).

Definition 1.2.3. We say that a map ¢ : [a,b] — R is in the class C**" for some
0 < n < 1if D*g is continuous and, furthermore, there is some constant C' such
that |DFg(x) — D*g(y)| < Clz — y|" for all z,y € [a, b].

Definition 1.2.4. We say that a unimodal C* map has non-flat critical point c
if in some neighbourhood U of ¢, there exists some C* diffeomorphism ¢ : U — I
with ¢(c) = 0 and g(z) = £|p(x)|* + g(c) for some a > 1. « is known as the
critical order for f. We denote the set of such maps by NF*. We also denote
this neighbourhood by Us.

Such maps have many useful properties. For example, such maps have no wan-
dering intervals (that is, there is no non-trivial interval U such that f*(U)NU = ()
for n > 1), see for example Chapter IV of [MS]. More importantly for us here is
how such maps act on cross-ratios. In particular, how iterates of such maps act
on cross-ratios. Our main result is as follows.

Theorem 1.2.5. For any n > 0, let f € NF?™ be a unimodal map with a
critical point whose iterates do not converge to a periodic attractor. Then for any
0 < K < 1, there is a nice interval V around the critical point such that if, for
an interval T and some n > 0,

e f"|r is monotone; and

e cach interval from the orbit T, f(T),..., f"(T) belongs to a domain of the
first entry map Fy :|J; VI =V and f(T)CV,

then
B(f",T,J) > K,

A(f"T,J) > K

where J is any subinterval of T
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This theorem is proved for C* maps in [K2].

We have the following corollary which we prove in Section 1.3.

Corollary 1.2.6. For any n > 0, let f € NEF* be a unimodal map with a
critical point whose iterates do not converge to a periodic attractor. Then for all
0 < K’ < 1 there exists some nice interval Iy around the critical point such that
for any intervals J C T and n > 0, if f"|r is a diffeomorphism and f™(T) C I
then

B(f™,T,J) > K,

A(f",T,J) > K'.

Our setup will involve first return maps, as outlined below.

Definition 1.2.7. For a map f, we say that an open interval V' is nice for f if
frEV)YNV =0 for n > 1. (When f is clear we just refer to such interval as

nice.)

Suppose that c is recurrent. Let [y ¢ be a nice interval. Given some x € [
which eventually iterates by f into Iy, there exists some minimal n(z) > 0 such
that f"(®)(x) € I;. For every € I; there is some domain Iij C I; around x which
maps diffeomorphically to I;. We thus obtain the first return map Fy : | ; Ig — I
to Iy. We label the interval which contains ¢ by I. This branch is referred to
as the central branch. Observe that Fy is diffeomorphic on all branches I when
7 # 0 and is unimodal on IJ. For the next step of this inducing process, we now
let 1§ also be denoted by I;. Then we derive the first return map Fj : Uj I f — I,
where we denote the central branch by I?. Thus we obtain maps F; : | J ; Il — I,
We refer to this process as inducing on Iy. The sequence of intervals Iy D [y D ---
is known as a principal nest.

For every x ¢ I; which eventually iterates by f into Iy there is some domain Uij
around = which maps diffeomorphically to I;. So we may extend F; by letting
E’Uij : U/ — I,. Then letting U; U/ consist of all such intervals added to U; r,
we let F; : Uij — I; be known as the first entry map to I,. We will often switch

between these two very similar types of map.

Given F; : (J; Il — I;, we will generally assume that Fj(c) is a maximum for

Fi|1,,, (this assumption is merely for purposes of exposition, it plays no role in
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the proofs). We say that F; is low if Fj(c) lies to the left of ¢ and F; is high if
F;(c) lies to the right of c. Fj is central if Fi(c) is inside ;41 (if this is not the
case, then Fj is non-central). A representative of some F; where F; is high and

central is given in Figure 1.1.

1'+1 I’

1

Figure 1.1: Fj is high and central.

Note that we will use capitals to refer to first entry maps or first return maps
throughout this paper. For example GG; will denote the first entry map of g to J.

Strategy of proof

It can be shown that we can get a lower bound on B(f™, T, J) if we can find some
bound on 7=, | f#(T)|. We will split up this sum in a manner determined by
the principal nest explained above.

We will suppose that I is some small interval and 7' is an interval and n is some
integer such that f"|r is a diffecomorphism such that f*(7") C Iy. Let ng = n. For
a given ¢ > 0, suppose that some iterate f7(T) enters I;. Now we let n; be the last
time that f/(T) isin I, i.e. f*(T) C I; and f"*(T)NL; =0, j=0,1,...,n—n,.
If f/(T) never enters I;, let k > 1 be minimal such that f7(T) does enter I;_y.
Then we let n; = n;_. We will be interested in estimating > ="+ | fE+mi (T
for different 7. We refer to this as the sum for F;. Note that if we don’t have an
infinite cascade, as i — in fty the intervals I; shrink down to c. Thus we are able
to bound 71— | f*(T)| by bounding the sums for all F;. We will find another
method in the infinite cascade case.
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In order to prove the main theorem, we will consider the following cases.

e F; 5 is non-central. We consider the sum for F; as follows.

Proposition 1.2.8. There exists some Cyyp, > 0 such that

MG —M41 ni (T
S i) < Cunt
k=1 :

where 0; = SUPycgomr, Zyg) |f7(V)| (and n(V) is defined as k where
Eilv = f*).

We call this the well bounded case. It is dealt with in Section 1.4;

e [ 5 is non-central and Fj, ..., F;,,,_1 are central. We consider the sums
for F}, Fiiq, ..., F,, as follows.

Proposition 1.2.9. For all £ > 0 there exists some Cqs. > 0 such that

N —Ni+m+1

Z |fk+nz‘+m+1 (T)|1+£ < Ccascgiﬂn

k=1

where 0., is defined as follows. Let 0; := SUPyegomr, Z?g) |2 (V)| (and
n(V) is defined as k where Fy|y, = f*). Let V C I;\ Iiy1 be an interval such
that f*(V) is one of the connected components of I; \ I+1 for some i > 0
and fi(V) is disjoint from both I; \ Iy, and I, for 0 < j < a(V). Then
Tim 15 the supremum of all such sums Z?g) | F(V)| and o;.

We call this the cascade case. It is dealt with in Section 1.5;

e F;, , is central and F;_; is non-central. We consider the sum for F; as
follows.

Proposition 1.2.10. There ezists some Cep > 0 andniy1 < niz < nio <ny
such that

Z | fEE (T < Crpoy (\f"i(T)!

k=1

- +

| fr2(T)] |f"i’3(T)|>
|1 1] |1

where 0; = SUDycdomr, Z;Lg) 1A (V)| (and n(V) is defined as k where
Fily = f*).
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(In many cases, the latter two summands are not required.)

We call this the exceptional branches case. It is dealt with in Section 1.6;

e we have some interval I such that F; are all central for ¢ = 0,1,.... We
call this the infinite cascade case. We prove a similar proposition to those
above in Section 1.7.1.

For the case where ¢ is non-recurrent see [St]. Finally, the proof of Theorem 1.2.5

is given in Section 1.7.

With these propositions we can decompose the sum 7~} | f#(T)| into blocks of
sums Yo"t | fFHin ()|, These blocks will then be shown to decay in size in

a uniform way.

The first two cases use real bounds of Theorem 1.3.5. These bounds imply that
the cross-ratio for any branch of F; and I; is bounded above. This will also be the
case for all, but possibly two, branches of F; in the third case. Then cross-ratios
are used to bound the sums. The main tool here is Lemma 1.4.3, which gives us
decay of cross-ratios when we have these real bounds.

The final case, which arises in the infinitely renormalisable case, is different from
the other three. It uses the Koebe Lemma and a lemma of [K2| to find some

uniform expanding property which helps bound the sums.

In all cases except the infinite cascade case we must ensure that we have some
initial interval which has a first return map which is well bounded. To do this we
can simply pick some nice interval to begin with and then induce until we find a
map which is well-bounded. This is always possible when there is not an infinite
cascade.

Note that we need extra smoothness to deal with the cascade case. This ensures
that we can deal with the case when we have many consecutive low central returns,
a ‘saddle node cascade’. Furthermore, note that the sum for F; in the third case
only arises when F;_; is high and central. The sum for F; when F;_; is low and

central is the same as the well bounded case.

In Kozlovski’s proof for C? maps he was able to use the fact that there exists some
C' > 0 depending only on f such that for interval J C T we have B(f,T,J) >
exp{C|T|?} and, denoting the left and right components of 7'\ J by L and R
respectively, A(f,T,J) > exp{C|L||R|}. See Chapter IV.2 of [MS]. In particular
this means that there exist such real bounds as in our Theorem 1.3.5 for all 7, not
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just those for which F;_; is a non-central return. So the long central cascades we
encounter in Section 1.5 present much less of a problem in the C? case. Indeed,
the work done in Section 1.6 is also unnecessary in the C? case.

We will deal with the well bounded case first. It is the simplest and gives us a
good idea about how we may proceed in general.

We will use J to refer to a general interval from here until Section 1.7. This

allows us to use less new notation.

When we use the constant C' > 0, we mean some constant depending only on f.

1.3 Introductory results

Note that some of the more basic definitions which are used more widely in
Chapter 2 are defined there (for example, recurrence, periodic points and so on).

We start by restating some results of Chapter IV of [MS]. We introduce the
following definition.

Definition 1.3.1. For an interval [a,b], let ¢ : [a,b] — R be a continuous func-
tion. Then define for x,y € [a, b],

wy(9) = | gulrié lg(z) — g(v)|.

The function wy is known as the modulus of continuity of g.

For a reference on this function, see [D]. There it is proved in Theorem 1.4.3 that
for any continuous g, wy(0) = 0 and w, is continuous on [0,b — a]. We will be
concerned here with the modulus of continuity of D?f : I — R. For the duration
of this chapter we let w 1= wpey.

We suppose throughout this chapter that our maps have a maximum at the
critical point. This is not a meaningful restriction. We also suppose that f is
symmetric about c¢. That is, f(c —€) = f(c+ ¢€) for all e. This assumption is
useful for simplifying proofs (particularly in Section 1.6, which is already quite
technical), but is not crucial since on small scales our maps will be essentially
symmetric (in particular, for small e, |D f(c — €)] is like |Df(c + €)]).

The following lemma and theorem are proved for a more general case in Chapter
IV of [MS]. We include a proof here both for completeness and to give some
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insight into how, firstly, the non-flatness of the critical point and, secondly, the
behaviour of the second derivatives of our maps affect our results.

Lemma 1.3.2. For a unimodal map f : I — I, f € NF?, there exists C; > 0,
B >0 and ef > 0 such that if T is an interval such that f|r is a diffeomorphism,
IT| <er and J C T, then

B(f,T,J) 2 exp{—=C1|T|[w(|T]) + 5|T]]}.

Proof: We suppose that Uy is symmetric about ¢ and let U, (; denote the interval
centred at ¢ with size %. We let €7 := ‘U—E:”|. If |T'| < €s then T is either contained
in Uy or is outside Uj. Suppose first that 7" is contained in Us. Then for z € T,
f(z) = £]o(x)|* + f(c). Since the map g,(x) := x has negative Schwarzian for
any a > 1 and thus expands cross-ratios, B(f,T,J) = B(¢,T,J)B(ga,T,J) >

B(o, f,T,J). So we need only deal with ¢.
Let T = [a1, a4], J = [ag, ag]. Then,

dlaz)—d(az2) = ¢laa)—=¢(a1) _ ¢(az)—¢(a1) = ¢(as)—¢(a3)
_ az—a ag—ai az—ai a4—as
B, T, J)—1] = Flax)—o(er) _ Plar)—o(as)
az—aq a4—as
o 1 ‘d)(a:a) — Paz)  plas) — p(ar)
T D9 | az—as as —
_925(@2) — ¢(a1) . ¢(as) — p(as)
az — a1 a4 — as

where |- |_ gives the minimum value of a function in the domain in which it is
defined.

We estimate this by applying the Mean Value Theorem repeatedly. 6; € T will
denote points obtained from this theorem.

Plas) — ¢laz) @las) — ¢lar)  Plaz) — dar) ¢(as) — ¢(as)

a3 — as aqs — ap a9 — A as — as

= [D¢(61)Dé(02) — D(63) D(04)]

= |Dg(61)[D(04) + D*$(05)(0> — 04)]
—D¢(64)[Dg(6:) + D*¢(65) (6 — 61)]]

= [Dp(61) D*$(65) (05 — 64) — Dp(8) D?¢(65) (65 — 61)]

= [[Dp(84) + D?*¢(67) (61 — 04)]D*6(05) (02 — 64)
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—Dp(04) D*$(65) (65 — 61))
= [Dp(04)[D*$(05) (62 — 64) — D*¢(06)(05 — 61)]

—D*¢(07) D*$(05)(61 — 04) (62 — 6a))|
< |D@loo| D*$(05) (0 — 04) — D*¢(65) (05 — 61)]

+|D¢loo| D*$(05) (05 — 61) — D*¢(06) (03 — 01)| + | D*[2,| T
< [ Déloo| D?*Ploo| T| + | D|ocw(IT)|T| + | D?¢|2, T

where | - |, is the usual sup norm.
Therefore there exist C;, 3 > 0 depending on D¢ and D?¢ such that
|B(¢, T, J) — 1| < C1[T|[w(|T]) + B|T]]

ie. B(¢,T,J) = exp{—=C\|T|[w(|T]) + 5IT]]}.

The case where T' C Uy follows similarly.

We may simply extend the above lemma to the following theorem.

Theorem 1.3.3. For a unimodal map f : I — I, f € NF?, if T is an interval
such that f"|r is a diffeomorphism and J C T is a subinterval, then there exists

a continuous function o : [0, |I|] — [0,00) depending on f such that

BT ) 2 exp {—a<s<n, my If"(T)I}
where S(n,T) := maxo<i<n_1 | f*(T)].

Proof: In the above lemma we let o(e) = C1[w(e) + Be].

The following lemma, a consequence of the absence of wandering intervals, is
Lemma 5.2 in [K2].

Lemma 1.3.4. Suppose that f € NF?, f : I — I. Then there exists a function
7 : [0, |I]] — [0,00) such that lim._q7(e) = 0 and for any interval V' for which
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f™v is a diffeomorphism and (V') is disjoint from the immediate basins of
pertodic attractors, we have

max |f'(V)| < 7(lf"(V)])-

0<i<n

We may use this lemma to extend the estimate of Theorem 1.3.3 as

B(f”,T,J>zexp{—a (/T ZIJ“ }

where o' (|f™(T')|) = a7 (|/™(T))).
We can now prove our main corollary.
Proof of Corollary 1.2.6: Let 0 < K’ < 1 be as in the corollary.

We will fix some small Iy from Theorem 1.2.5 and assume that f"(7T") C Iy. Just
how small I, must be is specified below.

Let 0 < m < n be maximal such that f™(7") C Iy. Then f™(T) is contained in a
domain of the first return map to Iy. Then Theorem 1.2.5 says that B(f™, T, J) >
K for some 0 < K < 1 which can be very close to 1 if I is sufficiently small.

We also have
B(f",1,J) = B(f™T,J)B(f"™", f™(T), f"(J))
> KB(f"™, f™(T), f"(J)).

By the above theorem and lemma we have

B(f“m,fm<T>,fm<J>>>exp{—a (If=(r Zw }

Since f™(T) C Iy, by Lemma 1.3.4 we have o'(|f""(T)|) < o’(|Ip|). Further-
more, .71 | f(T)| is a sum of disjoint intervals and so is less than 1. Therefore

exp{—o'(|/"(T)|) X0, [//(T)[} > exp{—0(|Io|)} and
B(f".(T),(J)) > K exp{—0o'(|1o])}.
So if Iy is small enough then B(f™,T,J) > K'. There is an analogous result to

Theorem 1.3.3 for A(f,T,J), see, for example [Sh3|, which allows us to prove

the second part of the corollary.
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We will use the following result of [SV] throughout. (In fact it is stated there in

greater generality, as Theorem A.)

Theorem 1.3.5. If ¢ € NF? is a unimodal map with recurrent critical point,
then the following hold.

1. For all k > 0 there exists {(k) > 0 such that if Gi—y : |, I — Iy s
non-central, then Iy is a (k)-scaled neighbourhood of I; 1.

2. Foreach & > 0 there is some & > 0 such that if I; is a £-scaled neighbourhood
of I;11 then I; 11 is a &'-scaled neighbourhood of any domain of G;y1.

This result gives us real bounds for some of our first return maps. We let y :=
£(1) > 0 from the above theorem for our map f.

We now state a version the Koebe Lemma. The following is Theorem IV.3.1 of

IMS].

Theorem 1.3.6. For each S, > 0 and each map g € NF? there exists a constant

C(S,0) > 0 with the following property. If T is an interval such that g"|7r is a

diffeomorphism and if 2’;:_01 lg'(T)| < S, then for each interval J C T for which
g(T) contains a d-scaled neighbourhood of g(J) we have

1 < Dg™(x)

C(S,0) — Dg"(y)

< C(8,9)
for any x,y € J, where C(S,0) = (1;—26)26093 where Cy > 0 depends only on g.

The proof of this theorem uses a more basic Koebe Lemma added to Theo-
rem 1.3.3. We sometimes wish to deal with intervals J C T such that S0 | f/(T)]
has no good bound, but 37" "|f*(J)| is well bounded. The following improve-
ment of Theorem 1.3.6 deals with these cases. It is presented in more generality

in [SV] as Proposition 2: ‘a Koebe principle requiring less disjointness’.

Theorem 1.3.7. Suppose that ¢ € NF?. Then there exists a function v :
[0,]1]] — [0,00) such that v(e) — 0 as ¢ — 0 with the following properties.
Suppose that for some intervals J C T and a positive integer n we know that g"|r
is a diffeomorphism. Suppose further that g™(T) is a §-scaled neighbourhood of
g"(J) for some § > 0. Then,
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o for every x,y € J,

Dg"@)| _ S o S i L[S
Dol p{ (56,7 Yo (‘])'H =)

o T is ad scaled neighbourhood of J where

, 1 o [1+6]7 (=204 6(1 - 20)
=5 et 9}[ 5 210 !

and we let 0 := v(S(n,T)) S0 [g°(J)]-

We will often use this theorem when weaker versions would also suffice.

Again we may use Lemma 1.3.4 to substitute v(S(n,T")) with v/(|f"(T)|) where
we define /(| f™(V)|) == vr(|f™(V))|).

We will often use the first part of this theorem. We mostly deal with the case
when ¢ is the x we obtained following Theorem 1.3.5.

We will sometimes be in a situation where we wish to estimate the derivative of
a function in between two repelling fixed points. The following two well known
results allow us to do this. The following is known as the Minimum Principle;
see, for example, Theorem IV.1.1 of [MS].

Theorem 1.3.8. Let T = [a,b] C I and g : T — g(T) C I be a C* diffeomor-
phism. Let x € (a,b). If for any J* C T* C T,

B(g, T, J") > 1> 0
then

|Dg(x)| > ji* min(|Dg(a)l, [ Dg(b)]).

The following result is Theorem IV.B of [MS].

Theorem 1.3.9. For g € NF? there exist ng € N and p, > 1 such that

|Dg"(p)| > py

for every periodic point p of period n > ny.

We are now ready to begin the proof of Theorem 1.2.5.
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1.4 Well bounded case

We deal with the case where F; is well bounded. Let n] > n;;1 be minimal such
that f™(T) C I;. We will initially assume that we have some x > 0 such that for

the ‘return sum’,
Z\F’“ FUT)| < KT (1.1)

where j; is such that FVi |f"§(T) — fm—nilfn/ o) (We prove this proposition before
bounding this return sum in order to try to give an idea why we need bounds on

return sums.) We recall Proposition 1.2.8.

Proposition 1.2.8 There exists some Cyp > 0 such that

Mg —MN441 n; T
S ()] < Cunt
k=1 i

where 01 = SuDy cqomp, S5 1/ (V)| (and (V') is defined as k where By = ).

This proposition is taken from Lemma 5.3.4 of [K1] which assumes that f € C3.
There, the bound on the sum 37 | F*(f7(T'))| is obtained using methods which
fail in the C? case.

Proof of Proposition 1.2.8 assuming (1.1): Let n;.1 <my <--- <mj, =n;

be all the integers between n;,; and n; such that f™(T) C I; \ I;4; for j =

1,...,7i — 1 and let my = n;y;. Let F;: U Uj — I; be the first entry map to I;.
i z*l m mj | rm;

We will decompose Y " i ()] as ] Ty o | pmatk (T

Suppose, for 1 < j < j;—1, that f™YT) C UZ-J where Uij is some domain of first
entry to I;. Suppose further, that F;|,; = f%. Then there exists an extension to
Vj D Uj so that f% : Vj — I;_1 is a diffeomorphism. Then from Theorem 1.3.7

we have the distortion bound: W <C ()()'fmj‘;—1 Whence

mjp1—m; mj1 (Y| LT ! mj+1 (T
> i) < oS 1)) < ctomt
k=1 ¢ k=0 !

Therefore

ng

DRV O 2 Zlf"“

Jj=nit+1+1
l.e. we are interested in the sum Zj'zl |fmi(T )|7 that is, Y1) |F*(T)| where
T = f™(T). But we have assumed in (1.1) that this sum is bounded by k|F™(T)|.
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We will next prove that (1.1) does hold, i.e. that the return sum is indeed
bounded.

1.4.1 Bounding return sums

We note that no element of f™+ (T ... f"(T) is contained inside I;;;. Such
elements will have been summed in the sum for Fj;; for some j > 1. If some
friertk(T) for 1 < k < m; —n,y intersects Ol;41 then f7+17%(T) could never iter-

ate by f inside I; as elements of dI;;1 never return to ;. Therefore fr+1+*(T) =
fr(T).
We derive some useful estimates regarding cross-ratios.

Suppose that B(f",U,J) > 6 and B(f"(U), f*(J)) < A. Then

e 1 0 0
|l BWU,J) ~ B(f~U), f(J) = A
Ll 1B 6
Whence T A
Since |.J| = [U| = |L| — |R| we have |J| < [U| = 2|J|§ so |J] < {15L.
A

Lemma 1.4.1. For all 6 > 0 there exists A = A(d) > 0 such that A(6) — 0
as 6 — 00. Suppose that U is an interval, J C U is a subinterval and that the

left and right components of U \ J are denoted by L and R respectively. Suppose
further that |L|,|R| > 6|J|. Then

B(U,J) < A.

Proof: We know that %, % < %. Suppose, without loss of generality that
|L| < |R|. Then

L o A V2 I A L P
IL|[R] ~ 6|R] 3|R) P

So, letting A := % + 5% the lemma is proved.
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From the above we have an upper bound on B(/;, I;11) depending on .

We suppress the ¢ notation for now. Let I’, I” denote I; and I;_; and let I denote

the first return domains to I’.

Let D, denote the set of non-central domains F~'(I'), i.e. Dy = J; 4, 7. Let Dy
denote the set of domains F~!(D;) which are disjoint from the central domain.
Inductively, we let Dy, denote the set of domains F~!(D;_;) which are disjoint
from the central domain. Therefore, for any element J, € Dy, F* : J, — I’ is
a diffeomorphism. We will try to bound Zf;é |F9(Jy)| for some Jy, € Dy. We
will prove this by showing that there exists some A\ < 1 such that B(I’,J) <
AB(I', F(J)) where A is independent of i. We let

p:=exp{—ad'(|l])}.

Supposing that n(j) is the return time of [? to I’ and J C [7 then by The-
orem 1.3.3 we have B(f™9) I7.J) > pu for all j. We will use this value of
repeatedly. It is not an optimal bound, but for any intervals J* O J such that
f™| .y is a diffeomorphism; f™(J’) is disjoint from the basin of immediate attrac-
tors; | f™(J')| < |lo|; and the intervals J', f(J'),..., f™(J') are disjoint, then we
have B(f™,J', J) > p.

The following lemma is Lemma 2.3 of [GK]. For completeness, we provide a

proof here.

Lemma 1.4.2. For every 6 > 0 there is some X' = XN(§) < 1 such that if
J CV CU are three intervals and U is a d-scaled neighbourhood of V' then

B(U,J) < NB(V, J).

Proof: Denote the left and right components of V' \ J by L and R respectively.
Further, denote the left and right components of U \ V' by L’ and R’ respectively.
We have |L'|,|R'| > 6|V|. Denote the closed interval which is left-adjacent to |V
and has size §|L| by L. Denote the interval which is right-adjacent to |V| and
has size 0|R| by R. Let U := LUV UR. Clearly U C U. Then,

R J L
B J) = sl (12 R )
IVI\IL|+ L] ) \|R| + |R]
But,

101 (1L IRl \ (1Ll +]J]+IR] <1 )2_ 14 26
VINILI+ L ) \|R| +|R] 7] 1+6)  (1+0)%
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Letting \' := (11(25?2 we have B(U,J) = XB(V,J). Note that X < 1 since

(146)%> = (14 26) + 62. Since U is a strict subset of U,
B(U,J) < NB(V,J)

as required.

We add this lemma to the real bounds of Theorem 1.3.5 and the distortion of

cross-ratios in Theorem 1.3.3.

Lemma 1.4.3. If Iy small enough, there exists some X\ < 1, depending only on
f such that for any J C Dy,

B(I',J) < AB(I',F(J)).

Observe from the proof that A depends strongly on y, but x depends only on f.

Proof: From Theorem 1.3.5 we know that for each j we have B([;, ]f) < x. So
from the previous lemma there exists some X' = X (x) < 1 such that

B(I',J) < NB(I’, J).

Now from Theorem 1.3.3 we obtain
B(I',F(J))
1

B(I',J) < N

where p is defined above in terms of |y|. If Iy is chosen small enough then )‘;' < 1.
We let A := 2. Thus B(I',J) < AB(I', F(J)).

In fact we shall adjust A again in both Sections 1.5 and 1.6, but it will remain
strictly less than 1.

Sofor k > 2, B(I', J,) < N*"1B(I', F¥=1(J,,)). Suppose that F¥~1(J,,) C I7. Then
by Lemma 1.4.1, using Theorems 1.3.5 and 1.3.7, B(I, I’) < A where A = A(xX/).



CHAPTER 1. CROSS-RATIO BOUNDS 19

Therefore, it is easy to see that B(I', F*"1(J,)) < A‘Fku—f{]’“)‘. Since we have

|FF=1(J,)] < C(x )\Fk(Jk)U“ we know that B(I', FE=1(.J,)) < C(x) AUl

1y’ g

We apply these estimates to the sizes of Jy:
']

1 2[17]
AE=LO () AFF ()]

| Jk| <

Then |Ji| < CANHF*(J)]. So Y2570 [Fi(Ji)| < CEHYEL Whence

k
S PO < [P (1+:55)

This holds for any sum of returns which never lands in the central domain. It is
independent of ¢. Thus prove that (1.1) holds by letting (1 + <) be x. Thus,

we complete the proof of Proposition 1.2.8.

1.5 Cascade case

Note that Theorem 1.3.5 implies that if there is some Iy with a bound on the
number of consecutive central returns then we have uniform real bounds for all
F;. However, there may be arbitrarily long chains of consecutive central returns;

the case we deal with here.

We suppose that there is some i such that f™(7T) C I; where F;_5 has a non-
central return and F; has a central return, possibly followed by more central
returns. We assume that Fj; all have central returns for j = 0,1,...,m —1 and
that Fj.,, has a non-central return. We aim to bound the sum

N —Nj4+m+1

Yo ().

k=1

As in the well bounded case, we focus on the ‘final consecutive sequence’ of j for
which f](T) lie in I,L \ [i+m+1'

Let my = njymy1 and let n; > my > n;; be the minimal integer such that
fm™(T) C I; \ Iiz1. Let n; > my > my be the next integer for which f™*(T") C
I; \ I;1 if such my exists. Proceeding in this manner, we obtain a sequence,

N1 <Mqp < Mo < -+ <My =N;.
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So
M —Nifm41 N—-1mjq1—m;
SO A1) = P (T
k=1 7=0 k=1

We denote the left and right components of I; \ 1,11 by L; and R, respectively.
We know from Theorem 1.3.5 that =ik ARl > X-

[Zig1]? [Ligal

Observe that if we only consider the central branches, the elements of F~'(L;, ;)
and F'(R;y;) are Liyj41, Ripjp1 for j =0,...,m — 1. So any pullback of L;, R,
looks like a procession of intervals Jy, Ji, Jo, ... where J; € {L;1;, R;y;} for j €
{0,...,m—1}, followed by a pullback by a non-central branch of F; into I; \ I;;.
The picture is similar to that in Figure 1.5.

Let D; be the set of ]Z-j for j # 0. Let Do be the set of domains J C I; \ ;11 such
that F*|;,, F|,;(J) € Dy for some j # 0 and 0 < k < m. Similarly we define Dy,
We then let F be the map such that for J C Dy, F(J) € Dy_1.

We can’t use Lemma 1.4.3 since for J € Dy N [;;; there is not an extension to
I;_1. So we use Lemma 1.5.1 instead to say that for J, € Dy, for k > 3, if

F(Jx) C Jo C Jy for some Jy € Dy, J; € Dy then we have an extension to J;. So
we can apply the same ideas of cross-ratio decay.

Observe that for J; € Dy and Jy, € Dy where J; C Jo, we have B(Jy, Jy) <
BULF(J2) - Thep by Lemma 1.4.2 there exists A\i < 1 such that for J C J, then
B(J1,J) < AgB(Ja,J). Then we can prove that for J, € Dy for j > 2 where
Ji C Jy for Jy € Do,

!/ !/

Bl L) < %Bmua,ﬁuk)) < %’B(J{,F(Jm

for some J; € D;. We can assume that % < 1 and can adjust A < 1 slightly, if

necessary, so that % < A. So we can prove the following lemma.
Lemma 1.5.1. For J, € Dy, and k > 2 where J, C J; and Fk_Q(Jk) C J| we
have

B(Jy, Ji) < N2B(JL FF=2 ().

Ak72
o

Clearly we also have, B(Jy, Ji) < B(I;, F*2(J})).

We recall Proposition 1.2.9.
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Proposition 1.2.9 There exists some Ceuse > 0 such that

N —Nit+m+1

Z |fk+m+m+1(T)‘lJr5 < Ccascai,m

k=1

where 0; ,,, 1s defined as follows. Let 0; := SUPyegomr, Z?g) lF7(V)| (and n(V) is
defined as k where Fy|y = f*). Let V C I;\ I;11 be an interval such that f*(V') is
one of the connected components of I;\ I 11 for some i > 0 and f3(V) is disjoint
from both I;\ Iy and I, for 0 < j < (V). Then oy, is the supremum of all
such sums Z?Sf) |F1(V)| and o;.

Observe that since we have supposed that our map f is on the unit interval,
Oim < L

Proof: We will consider Z LS| fktm ()| We begin by considering
the sum Y ;257" | fREmi ()| for 0 <j <N —2 We will initially assume that
f(T) € I; will lie inside some ;1 ; \ I ;11 for 0 <j <m —1.

Denote f™i(T) by T. Then there is some domain .J; € D; which contains 7. J;
must be some I,L-j where j # 0. We have two cases for F |+ Firstly, T could be
mapped by a non-central branch straight back into I; \ I;.1, i.e. F|T = F|ng.
Secondly, T could be mapped by a non-central branch inside ;4 \ [,, and then
it will be mapped out to I; \ I;+1 by iterations of the central branch, i.e. F|T =
(F* 1 F|i)| ¢ for some 0 < k < m. Therefore, in general supposing that F|;, =
f7¢1) and that F

= f% our sum is

Iitq
Mjp1—m; R J(J)— k
S = Z FH(T \+ZZ|f’fs+p
k=1 k=0 k=0 p=0

for some 0 < k <m.
We consider these two terms separately.

Step 1: consider first ZJ (h)- Y|fR(T)|. Since j < N — 2 we know that T is
contained in some J; € Dy. We suppose that F(Jy) = J| where J, € D;. Now
B(f*(Jy), f¥(T)) < w since all intermediate intervals are disjoint. If

F|s = F|z (ie. k= 0) then we have B(f*(.Jy), f*(T)) < B“TF

B(f*(Jy), f¥(T)) < w by disjointness again. So in either case, | f*(T)| <
[f*(J2)]

24
B(J],F(T))

If not, then

1+
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Therefore,
j(Jl)_]- ] Jl k
ot () 0; Tim
Z £ < 1+% <1+%§1+%
k=0 B(J{,F(T)) B(J1,F(T)) B(J{,F(T))

Step 2: supposing that k& > 0, we consider Zi:o > e UL (F(T))). Clearly,

F(T) C L, ;- Since ‘f‘;;igi(,;)f‘ <7 Ji’;l’jz for any 0 < k < k , we have
tBULET)
Eos—1 k
Zs |fk8+p T Zk OZ |f s+p(Lz‘+i€)| < Oim
2 — 2“2
k=0 p=0 1+ B(J1, F(T)) 1+ B(J{,F(T))
The two steps above give us
M1 —=m; 9%
> D] <
k=1 * BOLED)
Note that f™(T) C J, for some J;, C Dy. Then 201'2’:; < 2;:’2’(‘%‘
B(J],E(T)) 1+B(J1,Jk)\F(T")\

Since k > 2, supposing FF=2 ¢ Jo for Jy € Dy then by Lemma 1.5.1 we have
20'1' m < ZUi,m < 2Ui,m
2w 2u2| Ja| 2Pl
A i R G P A R T L==Tra]

for A = A(x) as usual.

Then if FN=3(T) C J,,

N—-4mjr1—m; N-3 20_
k+m; i,m
SNl < X
J=0 NA|FN=3(T)|
AAG  |FN73(T))
pAHL=A)  |A

We have |[FN=3(T)| < C(y ) ‘J2| |FN 2(T)|. Similarly,

y EOL _ o ey UL

[N < COOIFN (T )|F2(J2>| 7

Therefore,
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N M)

D) < Coim /(D]

|1

= Cai,m
7=0 k=1

Also, using the method for the well bounded case we have

S U] < Ol L

k=1 | 1il
and
MN_1—MpN_2 my—1 (T ni (T
Z |fk+mN_2(T)’ < C(X)Ui,m|f ( )| < CUz‘,m|f ( )’
P | i 1]
So N
—1mj41—my n;
|fk+mj (T)‘ < CUi,m |f I(T)| ]
J=0 k=1 |4

Now we consider the case where f™(T) N d1l;11 # 0. Suppose that there is some
maximal n;,, < j < n; such that f/(T) C I, \ Iy;. Then let T := fi+1(T).
If no such j exists, let n;; < j < m; be minimal such that f/(T) C I; and let
T := fJ(T). There exists some M > 0 such that FM(T) = f*(T). We will
bound 1%y |F4(D).

If T intersected a uniformly bounded number of boundary points 0l;y; for 1 <
j < m then we would be able to find some bound easily. But we may have m

very large and also many of these intersections. We relabel F' as F'and [; as

Iipq
Iy. We have two cases to consider. For some background on this dichotomy see
[Ly2].

The high case

We first assume that F; are high and central for ¢ = 0,...,m. This is known as
an Ulam-Neumann cascade. Let I; = (a;,a;). We are assuming that Fy(c) is a
maximum for Fy|;,. Denote Fy on the central branch by F. We know that [ is
a y-scaled neighbourhood of I;.

We will use the Minimum Principle (Theorem 1.3.8) and Theorem 1.3.9 to es-
timate derivatives. The idea here is that either we have derivative greater than
one in (ay,a,) and we can bound nyzo |FF(T)| as a geometric sum; or we have
a small derivative in some region, in which case we find have a bound on the

number of a; that are in this region.
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We fix some integer 7 > 1 and some v > 1 such that x>, ;7" > 1. Observe
that there is a fixed point p € (a1,c¢). We can choose Iy to be so small that
the return time to it is greater than ng given in Theorem 1.3.9. Therefore, by
this theorem, |DF'(p)| > ps. If [DF(ay)| > 7 then from the Minimum Principle,
|DF|(4, ) > % where 4 = p?min(y, py) where p is defined in terms of |Ip| in
Subsection 1.4.1. We fix Iy to be small so that 4 > 1. Therefore, we can easily
bound 317, |FA(T)).

Suppose now that there is some u € (ay,c) such that |DF|q, ) < v. We will
show that this must mean that the region (a;,u) must be small in terms of the
cascade. We have |a; 1 — a;| > W Therefore, if (a1, ay) C U then

N-1 N
lc —ag| > Z laiv1 — a;| > |ay — ag| Z’Yﬂ-
i=0 1=0

We know that |a; — ag| > x|c¢ — ao|. If N > r then |c¢ — ao| > x|c — ao| D i7"
which is impossible by the definition of » and «. Thus N is bounded.

So we will have |DF| @y > 7

F A
D .
[ 1
f [ I I I | | I
aO al aM—] CZM aMH aM+1+t am ¢

Figure 1.2: When T intersects the boundary points J1;.

This helps us bound Yo" |F*(T)| where F*(T) C I \ I,,. We suppose that
FM(T) = (ag,a;) for t < m. (In fact the worst case would be if FM(T) =
(ag, F*(c)) for some large t > 0 but we will obtain essentially the same bound.)
See Figure 1.2. Then

M

Z |F¥(T)| = |ay — ao| + min(2, M — 1)|ay — a1| + min(3, M — 2)|as — az| +
k=0

<-4 min(i, M — (0 — 1))|a; — ar—i| + -+ + |anr4t — Aprpe—1]-

This is bounded above by

min(i, M - (1 — 1))

oo
NlaN—a0|+|aN—aN+1|Z y
i=0 v
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This second summand is clearly bounded.
The low case

We assume that we are in the same setting as above, but with F{ central and
low. This is known as a saddle node cascade. Again we would like to bound
ZkM:O |F*(T)| defined as above. However, as we shall see, we are only able to
bound 3" | F*(T)|'¢. We will apply the following result, a form of the Yoccoz
Lemma, see for example [FM].

Lemma 1.5.2. Suppose that f € NF2. Then for all 6,0 > 0 there exists C > 0

such that if Iy is a nice interval such that

1. Iy is a d-scaled neighbourhood of I ;

2. F; is low and central for i =0,...,m;
3. there is some 0 < i < m with \Ilﬂl <149,
then for 1 < k < m,
1 1 [ Litr—1 \ Litk C
C min(k,m — k)2 | L] min(k,m — k)2’

This lemma was suggested by W. Shen. For the proof, see the appendix. (For
comparison with other statements of the Yoccoz Lemma, note that we will prove

that one consequence of our conditions for the lemma is that we have a lower

[T \ T4 1] )

bound on
|11

Suppose that I satisfies all the conditions of the lemma. In particular we assume

‘I|I+|1| < 14 ¢ for some 0 < i < m. Then,

that for some fixed ¢’ > 0, we have

M
D OIFMT)| = Jar — ao| +min(2, M — 1)|az — 1| + min(3, M — 2)[as — az| +
k=0

pmin(i, M = (i 1)|a; = api] + - + larsy — asrepi]

M
1
1 .
< Clhl ;_0 min(k, M — (k — 1))

This is bounded above by C|Iy| Sy L. If M is allowed to be large then this

E.
bound becomes large too. So instead of bounding z,i\/[:o |F*(T)|, we recall that
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the sum we want to bound is S_or | F*(T)["*€. Since 377, e is bounded for

any £ > 0 we are finished in this case.

Now suppose that ‘ for i = 0,...,m. Note that |Io| > (1 + )|[,| >

(14 0")?|15| > - ( +5’)M]IM\ Therefore
M M
FH(T b1, < ol
];l <3 Z Tl <5 kz_: 1+6’

Clearly this sum is bounded.

So in either case S0, |F*(T )| < C|Iy|. We apply the usual method to say that
this means that Zz;lj | fH(T )| < C0; . So there is some Clgse such that

N —Ni+m+1

Z |fk+ni+m+1<T)‘1+§ < Ocascai,m

k=1

as required.

1.6 Exceptional case

In the last section we dealt completely with the saddle node cascade. It is easily
shown, for example applying Lemma 1.6.1 to all branches, that following a sad-
dle node cascade we essentially have a well bounded case. An Ulam-Neumann
cascade, however, is not always followed by a well bounded case. We estimate
the sum for F; in this alternative case here. Most of the sum is dealt with using
the methods for the well bounded case, but we need some new techniques to deal
with two of the branches of F;.

We suppose that we have F; where F;_; has a non-central return, but F;_ 5 has a
central return. We assume that F;_;(c) is a maximum for F;_; : I; — I;_1. We
will also assume that F;_; has a high return (otherwise, we may proceed as in the
well bounded case). The situation is only slightly different to the case where F;_5
has a non-central return. We can prove that all branches of F; are well inside I;,
except possibly two. These branches I* and I are the largest subintervals Iij
of I; which have F;|,; = Fi_1|;;. We let the left-hand such interval be denoted
by I} and the right—zhand one Zby I, These are the exceptional branches, see
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L, I

Figure 1.3: The exceptional case.

Figure 1.3. If I; is well inside I;_; then by Theorem 1.3.5 we know that I and
IR are well inside [; and we may proceed as in the well bounded case. But this
won’t always be so if I;_; is at the end of a long Ulam-Neumann cascade. So we

will assume that I; is not well inside I;_;. We recall Proposition 1.2.10.

Proposition 1.2.10 There ezists some Cep > 0 and n;q1 < n;3 < nio < n,; such
that

zi |fk+ni+1 (T)| < C,,0; (|f”z(T)’

k=1

|f72(T)| \f”i’3(T)|)
o n )

The strategy for the proof is as follows.

e Show there is some upper bound on B(I;, I7) for j # L, R.

e State our main result in the proof, Proposition 1.6.4. We suppose that
we have some interval J C ]Z-j for j # L,R,0; Fy(J),...,F™(J) C IFU
IR and F"™'(J) ¢ I/ for j/ # L,R,0. Then there exists some A <
1 such that B(I;,J) < AB(I;, F"*'(J)). Furthermore, Y ;" |FF(J)| <
B(I;, F""(J)). We can prove Proposition 1.2.10 with this result. In the

rest of this section we prove Proposition 1.6.4.
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e We look for an upper bound on > ;" |FF(J)|. In Lemma 1.6.5 we show
that for some interval V' there is some v > 1 such that

| DFi|rummpnw > 7-

e We next focus on V. We take first return maps to V and use decay of
cross-ratios again to estimate sums of intervals in V', see Lemma 1.6.7.

We first show that we have uniform bounds on how deep the branches of F; are

in I; for all branches except I}, .

Lemma 1.6.1. In the exceptional case outlined above, if 7 not equal to L, R or
0, we know that I; is a x"-scaled neighbourhood of If

In fact, the above result holds for the central domain too by Theorem 1.3.5, but
this isn’t important for us here.

As we shall see, the proof of this lemma is reminiscent of the cascade case since
we follow iterates of intervals along the central branch of some Fj .

Proof: There exists some maximal i < ¢ such that F;_, is non-central. Then
by Theorems 1.3.5 and 1.3.7, I;;_; is a x-scaled neighbourhood of I;; and I is a
x’-scaled neighbourhood of all domains of Fj.

For j # L, R we will find F}| [ as a composition of some branches of Fj in order
to find some extensions. Fj| I,,, Maps Ig out of I; along the cascade, through the
sets I;_1 \ 1;, I_2 \ I;_1 and so on, until it maps to some interval in Iy \ Ly yo.
Then this interval is mapped into some [ f,/ This then maps back into I;;,1. The
process may be repeated many times before Il-j is finally mapped back to I;.

So know that Fj|,; is a composition of maps as follows. Let j; # 0 be such
that (Fi ", (L) C I Let ki = i — ¢, I il = (Fol)(Fy")

)

Iz"+1)’1ij
then we stop here; we say r = 1. Otherwise, let ks > 0 be minimal such that
Fp82(1]) € I \ ga. Let jo # 0 be such that Fy ™2 (1f) € [P 1f |, =
Fi]71+1+k2+1| ;i then we stop here; we say r = 2. Otherwise, we continue this

process until we finally return to I; and obtain k.
Suppose that » = 1. That is,

(=i
Fi’]? - Fi’ |I,j'
k3 1

(This is the simplest case; in the other cases, we must deal with compositions of
such maps.) Let U denote Fi(/l_z,)(fg) and U’ denote I7'. Then Fy(U) = I, and
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Fy(U') = Iy. From Theorem 1.3.5 we know that [, is a x’-scaled neighbourhood
of I;. So if we can show that, taking the appropriate branch, (Fi,*(i*i/) |1,,,)(U") C
I;, we know by Theorem 1.3.7 that I; is a x”-scaled neighbourhood of Iij (since
all the intervals we are concerned with are disjoint). It is easy to see that
(ﬂ,_(i_i/)hi,ﬂ)((]’) C I; by the structure of the saddle node-cascade: we have
(Fi,’llfi,ﬂ)(U’) C Ly \ Ligo, (FJQ’L-/H)(U/) C Iyio \ I3 and so on. So the
lemma is proved when r = 1.

In the more general case, where » > 1 and

7

Y1 (k1)
Fz|15 = F |Ig'

we may apply the same idea, again using the disjointness of the first return map,
to prove that I; is a x"-scaled neighbourhood of I7.

O

Remark 1.6.2. If we have a good upper bound on B(I;, IX), B(I;, I?) then we
can proceed with the method from the well bounded case to prove Proposi-
tion 1.2.10. But this is not generally the case. So for our work here, we may
assume that B(I;, IF), B(I;, I?) are large.

To prove Proposition 1.2.10 we must deal with the case where some iterate of J
enters IX U IE.

Remark 1.6.3. In the previous sections we had uniform upper bounds on the
cross-ratio B(I;, I]) for all j and so we obtained estimates on the decay of cross-
ratios directly. This was used to estimate the sums of intervals. The problem
we often encounter in this section is that sometimes we have good estimates on
how cross-ratios decay and sometimes we have good estimates for the decay of
the sizes of intervals. But these estimates are difficult to marry together directly,
so we will have to split up such cases. This type of argument is used three times
in this section. The process is first described in the proof of Proposition 1.2.10
and again in the proof of Lemma 1.6.7. (As we will see later, this scheme deals
with the cases where we enter [} U I from I;; V from IF U I}}; and A from V)

Denote the smallest interval containing both I* and IF by I’. We suppress the
i notation when it is clear that we are in I;. (In fact we will refer to I*, I in
place of IF, I and F in place of Fj; but we keep the same notation for I; so

as not to confuse it with the original interval /.) To gain some intuition as to
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the properties of F|p, we may consider the model g5 : (—2,2) — (—2,2) where
go(x) = 2 — 2. (In fact, since g»(0) = 2 this is, in a sense, a ‘worst case’ model

for our situation.)
The principal result in this section is the following proposition.
Proposition 1.6.4. If J,F(J),...,F™(J) C I* UI" then
1. there exists some 0 < m < m such that Y, |F*(J)| < C(|F™(J)| +
[E™ ()]
2. Il < CFm ()] + [F™(I)));
3. if F™Y(J)C I’, j # L, R then

(a) Yo [FF(T)| < CB(IL;, F"1());

(b) letting J' be some element of F~'(J) inside some interval I’ for j' #
L, R then we have B(I;, J') < AB(I;, F"™2(J")) where A\ < 1 depends

only on f.
I
A
]L 1./ [0 [/ ]R
R \ A
NS — I TS | 7
Fy g P ¢ T )

Figure 1.4: An illustration of Proposition 1.6.4.

To see a schematic representation of the situation of this proposition, see Fig-
ure 1.4. Once we have proved this then we can prove Proposition 1.2.10 as
follows.

Proof of Proposition 1.2.10: As in the proof in the well bounded case, we first
show that we are principally concerned with the intervals inside I;. Again, the
proof of this fact is a slightly modified version of the proof in the well bounded

case.

Let njy1 < my < --- < my, = n,; be all the integers between n;,1 and n; such that
fmi(T) C I; \ Iixq for j =1,...,j; — 1 and let mg = n; 1. Let F; : UZUZ] — I;
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be the first entry map to ;. We will decompose the sum > = |fH(T)| as
ji—1 Mj41—Mm; mas
o kst LT

Suppose that f™+1(T) c U/ for some U/. Suppose further, that Filyi = f4.
Then there exists an extension to V/ D U/ so that f% : V7 — I, is a diffeomor-

phism, where i’ is defined in the proof of Lemma 1.6.1. Then we have distortion
PEUTSTIN] < () LD

bounds as usual: o S 7l

mj41—m; . mjp1—m;—1 .
s fmy+1 T . fm]+1 T
S 1) < e ST i < cge 2T
k=1 |4 k=0 |4
Therefore, 3277, [f(T)] < COO)T; §;1 |f™(T)|. Le. we are principally

interested in the sum ;;1 |fm (T)\, tha’E is SV FR(T)| where T = fm™(T).
In fact, we focus on bounding Y 77 | F*(T))].

We split S7-2|F (T)| into two sums. The first sum is that concerning sum-
mands outside I* U I®. The problem clearly comes when we must deal with
some J such that for some k > 0, we have F*(J) C I’ for some j # L, R; then
FFEL(T), F*2(0), ..., F¥(J) C I* U I® for some k' > k; and finally F*¥*'(J) C
I’ for some j' # L, R. From the last part of Proposition 1.6.4 we have

B(I;, F*(J)) < AB(I;, F¥*1(.J)).

Therefore, we can bound the sums of intervals which lie in the intervals I7 for
all 7 # L, R in a similar manner to that for the well bounded case as follows,
independently of those intervals inside I U I'%,

Given k > 0 such that F*(T") C I/ for some j # L, R we wish to estimate | F*(T")].
Let 0 < k < j; — 2 be maximal such that F’“(T) C I for some j' # L, R. Then
we apply Proposition 1.6.4 repeatedly to obtain B(I;, F*(T)) < NB(I;, F*(T)))
for some [ > 0. This [ counts the number of times that F k*’”(T) lies outside
I"UIfforo<r< k. Then

~ |1
|[FMT)| < 5

1+ N B(I;,F&(T))

We have two cases. In the first case we have k = Ji — 2. Then

|[Fi(T)]

) . , Gi—2(T
B (1) < s, o) 7

I—J”| < A(x)
< AX)CK)|F#Y(T)].
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Therefore, |F*(T)| < CX'|F#~1(T)|. This suffices to prove a bound of the form
C|F#~(T)] for the iterates of T outside I* U I in this case. Then we can show
in the usual way that including all the intermediate f-iterates as well we have a

bound of the form Co; |F7i I |( Dl in this case.

In the second case k < Ji — 2. We have

[FHT)| _ AIFH(T)]
|17 |17

B(I, F*(T)) < B(I,, I’)

Since |[F¥(T)| < C(x)|FMY(T )Mu,l and by the second part of Proposition 1.6.4

we have |FFL(T))| < C(|[F#=2(T)| + |F™(T)]|) for some k < m < j; — 2, we
obtain

B(I;, FX(T)) < CCOOAL|(|F*2(T)] + | F™(T))).

Therefore, in this case we have a bound of the form C(|F#2(T) + |F™(T)|) for
the iterates of T outside ¥ U I. Again we can show in the usual way that

including all the intermediate f-iterates as well we have a bound of the form
Coi(|F7i2(T)+| F™(T)])

in this case.
|1;]

We need to use the above information about sizes of intervals outside I* U It to
bound the sums of intervals inside I* U I® too. In the first case above, we have
a bound of the form C|F%~1(T)| for the iterates of T in I* U I®. In the second
case above, we have bounds of the form C(|F#~2(T)| + |F™(T)|) for the iterates
of T'in I* U I%.

So in the worst case we have the bound

G (LT D )

+ +
|13 1| 1|

for the sum 370" ., | f5(T)|, as required.

1.6.1 Proof of Proposition 1.6.4

Recall that we are assuming that the critical point is a maximum for F|;,. Note
that whenever we refer to F'|;, we mean F;_|;. This means that there is some
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fixed point p of F in I. Clearly, there also exists a point p’ € I'” such that
F(p')=p. Let V= (p/, p).

We outline the proof of Proposition 1.6.4 as follows. Let 0 < 51 < s5 < s3 be
defined as follows. F*(J) C I'\V for 1 < k < s1; F*H(J) c Vn(IFUT®); and
Fortk(Jy c I'\ 'V for 1 < k < s3 — so. Any sum of the form Y ;" |F*(J)| can
be broken up into blocks consisting of such sums.

The scheme for proving Proposition 1.6.4 is to firstly to show that |DF|my is
uniformly large. This is proved in Lemma 1.6.5 and helps to deal with the sums
S [FR(T) and D732 % | F52+*(.J)|. Then we have to prove that we have bounds
on the sums of intervals which return to V. This, proved in Lemma 1.6.7, helps
to deal with > ;> *" |[F*r PR ().

Lemma 1.6.5. There exists some v > 1 depending only on f such that

‘DF‘I’\V > .

Proof: We start by using Theorem 1.3.9 along with Theorem 1.3.8, the Minimum
Principle. Clearly, if Ij is small enough then the first return map to I, must have
large return times. So we may choose [y so small that the return time to I is
greater than ng given in Theorem 1.3.9. Since I’ C Iy we know by Theorem 1.3.9
that |DF(p)| > ps. By symmetry, |[DF(p')| > p; too. Observe that I also
contains a fixed point ¢ of F'. We have |DF(q)| > py too. Furthermore, there
exists a point ¢’ € I such that F(¢') = q. From symmetry, |[DF(¢')| > p;.

We can estimate |DF|(, ) using the Minimum Principle as follows. We use
our u defined in Subsection 1.4.1 in place of fi. Then |DF|y s > pPps. By
Theorem 1.3.3, when [j is small enough, p is close to 1. Thus we may ensure that
our intervals are so small that | DF |, oy > p for some p > 1. (To fix precisely how
small our intervals must be, we can let p = |/p;.) By symmetry, |[DF|q ) > p.

We deal with the remaining part of the proof of Lemma 1.6.5 by showing that F
has large derivative when = € I’ has either x < q or z > ¢. We use the following
consequence of Theorem 1.3.5 and the Minimum Principle.

Claim 1.6.6. There exists some v > 1 such that, denoting I* = (I=,1%) and
I% = (r=,r%), if Iy is sufficiently small and B(I;, I*), B(I;, I%) are sufficiently
large then

|DE|g-q), [DF| (g 4y > 7"
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Proof: We will use the Minimum Principle to prove the claim. Let £ and R
denote the left and right components of Iy \ I’ respectively. Then F(L) and
F(R) are the left and right components respectively of I;; \ I;. Using symmetry,
[F(LO)] e \ L
£ i \ 1|
We suppose that |I'| = §|I;] for some 0 < § < 1 which tends to 1 as B(I;, I*)

increases. We can calculate that

_ 4l 1— | ;]
|1\ I |1y 1 =10 T 1]
4 T | > (1+2x)) A
[l \ I [T \ 11— 1-—
|Ii’+1| ‘Ii’+1‘

|7

so if
|Ii’+1|’

From the second part of Theorem 1.3.5 we have an upper bound on
B(I;, I*) is sufficiently large then

i g
A2 [l ) >y

for some ~" > 1.
We deduce that there must be some xg € Iy4q \ I’ such that |DF(xo)| > +".
Therefore, by Theorems 1.3.8 and 1.3.3 we have

|DE (o) > exp{=30"([Lo])[ lo[} min(y", py).

Choosing |Io| small we have some o' > 1 such that [DF|, 4 > 7. In particular
|DF|q- .4 >~'. Similarly we can show |DF| +) > 7.

Letting v := min(p, '), the lemma is proved.

O

By the above, we will be able to estimate the sizes of iterates of T" inside (/% U
I™)\V as a geometric sum. The next step is to consider what happens to intervals
inside V. We denote the first return map to V by F : |J ; Vi — V. We first wish
to find some control on the sizes of the domains of F'. Let my; be such that
Flys = F™ily,.
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Lemma 1.6.7. If Fu(J),...,Fi=(J) ¢ V.n (IF U I%) are all the iterates of
J up to l, which lie in V N (IY U I®), and all intermediate iterates F*(J) for
k=0,1,...,1, liein I* UI% then

b

Y IFED < CIE ().
k=0
Furthermore, there exists \y < 1 such that |J| < CAp~™| Fln(J)|.
Before we can prove this Lemma, we need some real bounds for V. The following

lemma, which contrasts with Lemma 1.6.5, will later be used to obtain these

bounds.

Lemma 1.6.8. There exists some C = C(x, |I'|) > 0, where C(x, |I'|) tends to
some constant C(x) as |I'| — 0, such that

|DF|; < C.

Proof: We work with Fj : Iy,; — I; where ¢ is defined in the proof of

Lemma 1.6.1. There exists some m > 1 such that Fi/|1i,+1 = fm I, We
can decompose this map into two maps so that Fiy = Lg where g = fly,, i.e
9(z) = f(c) = |¢(z)|*, and L = f"~: f(Iis1) — I
By Theorems 1.3.7 and 1.3.5 we have L(x < C(x) for x,y € f(Li41). So
I; I;
DL € OO = CoO
| f(Lis1)] ’¢ (|11_+1|> ’
2
for x € f(I;+1). Also
_ a—1 ‘IZ-H’
|Dg(x)| = a| Do(x)[|o(2)* | < a sup |Do(x)]|¢
z€l, il 41
[Dg ()]

For U C U, a small neighbourhood of ¢, let Dist(¢, U) denote sup, el Do
Observe that as I’ becomes smaller, Dist(¢, I') tends to 1. For = € I;,4,

Supx61i+1 ‘D¢($) ‘ ‘IZ ’

()

1|

| Lisa|

|DF(x)| < aC(x) < 2aC(x)Dist(e, I')
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Since we have assumed that Toal Bl

that

‘ is bounded, there is some constant C' > 0 such

|DF(z)| < CDist(¢, I').
Letting C(x, |I|) := CDist(¢, I') we have proved the lemma.

We use this below.

Proof of Lemma 1.6.7: We split the sum as follows
lm m—11+1-;

DUIFEDI=D0 Y [FR)

k=0

j=0 k=1

where we let [p = —1. We know from Lemma 1.6.5 that |DF|p\y > 7 so

]il |FLTR( )| < |Fl]+1(J)|lj+Ilel <l)k < |Flj“<(J))|'
1 —

=\ 1
Whence,
Im m
SUIFHI) < o SIS ()]
k=0 - (;) =0

So we only need bound the sum of returns to V.

Denote the rightmost element of | J/ V7 by V' and the leftmost element by V2
(observe that F|yr = F2|y1 and Fly2 = F2|2). We get an estimate on how
deep each V7 is inside V for j > 2 because V! and V? have some definite size
compared to |V|; since by Lemma 1.6.8 we know that [V!], [V?| > |V| . Therefore,
there exists some ;) depending only on f such that V' is a §j-scaled nelghbourhood
of V7 for all j > 2. So by Lemma 1.4.2, there exists some )|, < 1 depending
on &) such that for any interval J' C V7, B(V,J') < X|,B(V4,J') for j > 2 (in
fact this is also shown in Claim 1.6.9 below). As usual we can use Theorem 1.3.3
to conclude that there exists some Ay < 1 such that B(V,J') < A\yB(V, F(J')).
If we remain away from V! and V2, this fact and the usual argument would be
sufficient to obtain the required bound on sums.

We must deal with the case where iterates enter V', V2. The idea is to split the
situation into the case where intervals land in a region where |DF| is large and
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the case when the intervals land in a region where we don’t have good estimates
on |DE|.

We firstly focus on V2. We know from Theorem 1.3.9 that |[DF(p/)| > p; and
so |DF(p)| > p7. There must also exist some fixed point r of F in V? with
|DF(r)| > py. Letting Ay := (p/,r) and applying the Minimum Principle as
before, we obtain |DF|y, > p. Let ' be the point in V! such that F(r') = r.
Then there exists some p > 1 such that |DF | p) > p. We define A; to be the
interval in V! which has F(A;) = V \ V2. Clearly Ay C (+/,p), so |DF|s, > p.
For convenience later, we let A := A;UA,. The reason for fixing these intervals in
this way is explained below when we consider the case when F™™~'(J) ¢ VI UV?2,

We are now ready to deal with bounding "7 ' |F*(J)|. Observe that F™1(.J)
must be contained in some V7. Suppose first that j > 2; we deal with the case
where j = 1 or 2 later. Suppose further that J C V7' and j/ > 2: here the
other case is similar. We will again split up the sum. Let N] = 0. Let N; be
minimal such that FN'(J) N A = () and FM+1(J) € A. Let N] > N; be minimal
such that FN(J) ¢ A and FNM*(J)NA = §. In a similar fashion we obtain
N < Ny < N{ <--- < Np1 < Nj,_, so that

m—1 M—-1 [Nj+1—Nj Nj1=Njt1
FE = Do D IFYTEO YD PR
k=0 7=0 k=1 k=1
NM—NI/\/I—I
Y ENe )
k=1

where N3y = m — 1. Observe that the first sum in the brackets concerns intervals

which land inside A and the second sum in the brackets concerns intervals in
V' \ A. Then

Njp1=Nj+1 Nj+1=Nj -1 1\ C
> < P S (5) <l
k=1 k=0 p 1- (%)

for some C.
Now we consider ile_Nj |ENiR()|. In fact we learn most from estimating
the sum ZkaliNM‘l | FNu-FE ()| We adjust Ay < 1 so that for J € V7\ A, for

j=1,2 we have B(V,J) < A\yB(V, F(J)). Then for 1 <k < N, — N}j,;_4,

N]W_N],\/Ifl_k

B(V, FNu-tR (1)) < Ay B(V, ENv ().
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Recalling that M = m — 1 we calculate B(V, F™1(.J)) < B(V, V3Ll

V7]

Letting By := max {sup;-, B(V,V?), B(V,V*\ A), B(V,V?\ As)}, we obtain

V]

2|Vj\

[Nt ()] <

1+)\NM N’

M-1" P
v BV\F’" LI

Letting By = % we have

]\[ 1+k |V|

FNu-th (| < B )\
| (J) v %

|IFm W)L

We wish to bound [F™~1(.J)| in terms of |F™(.J)|. We do this by constructing an
extension. Let V = (a,a’). Let the left-hand and right-hand members of F~!(a)
be denoted by b and b respectively. Denote (b,b") by V’. By Lemma 1.6.8, V"’ is
a dy-scaled neighbourhood of V' where dy+ depends only on f.

Claim 1.6.9. For all branches V7, j > 2 there exists an extension to some
interval U7 D V7 such that U7 C V and F™ : Ul — V' is a diffeomorphism.

Proof: For j > 2 the return maps are a composition of F|, followed by F|;r
and then some number of iterates of F|;z. So F~' must pull V/ back into I,
Observe that this element of F~'(V’) is below p’ (and clearly away from F(c)).
Any further pullbacks in I* remain below p’ also. Therefore when some element
F~*(V") is finally pulled back into I, it is mapped above p and remains away
from F(c). Therefore we have elements of F'~*~2(V’) mapping inside V which
don’t contain c.

O

By the above claim and Theorem 1.3.7 we have some C' > 0 depending only on

f such that if 7 > 2,
v

DF|y;
C|V]| —| |V

B |Vj [Vi|
(Recall that we are assuming that F™ 1 (V)N A =)

Nar—Nh,_ +k

Letting B = C' By we have |FNu-1+5( )| < A, B|F™(.J)|. Therefore,

NM_NJI\lfl

. B|EF™
Z |FNM71+k(J)| < ’ (‘])’
p 1= Ay
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So we can find an estimate for the sums of lengths of the iterates of J which land
in A in terms of |[F™(.J)|. We now proceed to estimate the other sums concerning

intervals outside A as follows. Let i := exp {—V’ ([0)1,”(0‘; ] } Suppose that
FNv-2(J) C VJ. then taking the appropriate branch, FNv-2~Nua=1(V) ¢ V7
and

BV.FM=(1) < BN L), BV ()
/
< EB(EV),FY (D)

~

i
Av

il

<

BV, PYu-rt1(7))

Modifying u, i if necessary, as usual, so that % =: Ay < 1, we obtain
B(V, FNu=2(.])) < Ay B(V, FNu-171(.])).

Clearly then we can proceed in bounding the sum using the usual method of

decaying cross-ratios. So we have bounded Y7 ' |[F*(.J)| for this case.

There remains a further complication to consider. Above we assumed that
F™=1(J) € VJ where j > 2. But if j € {1,2} we have two cases. We first
note that if £ (J) N {r,r'} = 0 then the intervals we are concerned with are
either completely inside Ay, A; or completely inside V' \ (A U Ay). Then we may
proceed as above. But if F*(J) contains 7 or 7/ then we split F*(J) into two
intervals, with this periodic point at their intersection. We may then apply the
procedure above to estimate the size of each interval. We need only apply this
splitting argument once since if we intersect a periodic point of F once, we must
stay there for all time under iteration by F. Thus we need only alter our con-
stants by a factor of 2 to deal with this case. Note that we only have one sum

where this problem could occur: Z]kV:lMl_NM |FNvAR( )| where N}, = m. This is

because r is a fixed point for F.

Clearly, we can use the cross-ratio argument as usual to obtain the estimate

[FO ()] < APTOIF ()], s0 || < ApTICIF™ ().

We may adjust our usual A so that Ay <\ < 1.

Proof of Proposition 1.6.4: Suppose first that F™(J) C [7 for j # L, R.

Then, in particular, we can be sure that F™(J) does not contain p or p’. Then
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we also know that none of F*(J) contain p or p’ for 0 < k < m — 1. This means
that we can be sure that all the intervals we consider are either contained in V'
or are disjoint from V.

Recall that 0 < s; < sy < s3 = m are defined as follows. F¥(J) C I'\V
for 1 < k < sp; F7Y(J) € Vn(IF U If); and F2(J) ¢ V n (It U If),
PRy c '\ V for 1 <k < s3— so.

Then if s3 > so,

83—89 s3—s2—1 k

1 Fs3(J
S [FE)] < [F() (—) <)
k=1

by Lemma 1.6.5.

From Lemma 1.6.7,
S9—81

D ) < ClF(J))

and |F*11(J)| < C|F=(J)].

Also
N A Y 2AY 1
S PO < 1Py (;) )
ClF=(J)|
1(1-(3))
Therefore,
SRk < SR e < clpa)
%" 00)

If s3 > s9 then
> Fs3(J
S 1P < EEL )
LG

Therefore, the first two parts of the proposition are proved.

Now if F™*1(J) C I’ for j # L, R,0 then recalling that s3 = m we will obtain

an estimate for |F*2(.J)| in terms of B(I;, F™T1(.J)).

BULF"(J) _ B F™*1(7))

I [ ’

B(I;, F*(J)) < B(E~=)(L;), F*2(J)) <
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We are allowed to use p here since all intermediate intervals must be disjoint
(otherwise we would have to pass through V again). Therefore |F*2(J)| <
— M < C|L|B(L;, F™'(J)). Similarly we can show that [F™(J)| <

RN SN0

C|L|B(I;, F™T'(.J)). Therefore

S PR < CIL|B(1, F™( )

We now prove the final part of the proposition.

Let i := exp{—1/'(|Io|)2C|Iy|}. Clearly for any run of intervals F(.J),..., F*(J) C
I* U I, considering the branch of F'~* which follows the iterates of J, we know
that B(F*, F~*(I;), J) > fi. We consider the branch of F~™~2 which follows the
backward orbit of F™*1(J). Clearly, F~™"2(I;) is strictly inside I/. Thus,

B(I;,J) < NB(I’,J) < NB(F ™ 2*L),J)
)\/ )\/
< ZB(FYIL), F™(J)) < =—B(I;, F"2(J").
7 (F (L) (J) i ( (J)

We can alter the usual A slightly so that % < A and still ensure that A < 1.
Thus, B(I;, J') < AB(I;, F™*2(J")) as required.

When we do not escape I” U I® then we may have some intersection with p or
p’. In this case, we spilt our interval in two and estimate the size of each piece
as above. We need only apply this idea once, so we can change our constants to
cater for this case too. Then we needn’t find the cross-ratio B(1;,J') in terms of

B(I;, F™2(J")).

1.7 Proof of the main result

We will first prove Theorem 1.2.5 when we are not in the infinite cascade case.

When f € C*' there is some Cy > 0 such that wpp(e) = Cae’. In fact, we
change Cs so that Ci(€" + fe) < Cy€" where Cf, 3 come from Lemma 1.3.3.
Recall that B(f",T,J) > exp{—Cy 3>_1—s | f*(T)[**"}. We will find a bound on
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the sum S 71— | f#(T)|"*" by using the main propositions above and also finding
some decay property for the size of the intervals f™(T") for some values of i.

Let F; : U, U/ — I, be the first entry map to I; (we include the branches of the
first return map in this case too). For i < j, we define the function S(i, j, J) to be
the maximum of |f ()], |f2(J)],...,|f7(J)|. We will consider S(n;1,n;,T).
Let n(j) be such that FZ|Uf = f"(j)|Ul_j. Now let Uis(i) be the interval for which
S (0,n(4), Uf) is maximal. Clearly,

S(nip1,ni, T) < S <O,n(s(i)), U.S“')) .

(2

We would like to show that for certain ¢, this quantity decays with ¢ in a controlled

way.

First suppose that F;_; is in the well bounded case. We have two cases. Firstly,
suppose that Uf(z) C I;. Then since F;_; is in the well bounded case, we have
|i—1]

\Uf(i)\ < T3 - Since [; is a domain of the first return map to I;_; we have

$ (0.n(s(i = 1)), U5
1+ 2y '

U9 <

Now assume that Uis(i) NI; = (). Then there exists some extension V; D Uis(i) such
that @) .V, — I,_; is a diffeomorphism. We will show that U:(z) is uniformly
smaller than V;. By Theorem 1.3.3 we know that B(V;, U") < @ Thus,

by Lemma 1.4.1, |Uf(i)] < 14!% Since V; is a first return domain to I;_; we
A0
have : ’
o, S (06 =1, 025
U] < 15 2= '
T 300

Let v := max < 1 ;> Clearly v < 1. So

1+2x° L s
S (o, n(s(i)), U;@) <78 (o, n(s(i — 1)), U:j;”) .

We let Cyy = max(Cup, Cegse, 3Cez). If f € C*™ and F;_; is well bounded, we
have

e N )

NG —MNit1
ZeXp{—Cz(S(mH,m,T))” > If’”’“’“(T)I}

k=1
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> exp {—02 (s (o, n (s (i), Uj“”))" oa“}
> exp {—02 (’yS (O,n (s(i—1)), U;ﬁ(a&)))” Call} .

(For the case of a long saddle node cascade we are able to bound the sum
S| fRe (TP for any € > 0. So we can alter the above calculation

by choosing some ¢ < 71 and considering

N —Ni+1

. s(1— 77_§ n;
(35 (0m (s i = 1), UZT0)) " DT e
k=1
instead.)
If we are not in the infinite cascade case then the sums for Fj, F;.q,... can be

broken into blocks consisting of a cascade; possibly followed by an exceptional
case; followed by one or more well bounded cases. So suppose that F; is well
bounded, F;, Fi.1, ..., Fi1,_1 have central returns, F;,,, has a non-central return
and Fj,,,11 is an exceptional case. So note that, in particular, Fj,, o must be
well bounded. Then,

S (0.n(s(i+m+3)), U ) <58 (0,n(s( 4+ m +2)), UL

7S (o, n(s(i + 1)), Uﬁ"ﬁ”) <428 (o, n(s(i)), U;@) .

Therefore,

n—1
B(f",T,J) > exp {—02 |f’“(T)|1+’7}
k=0
> exp {—czcau (5 (0.n(s(0), 55)) "> 7’“"}
k=0
(|1 n
> exp {—C’QCQU—(U (5sD) }
1 —nn
Therefore, it is easy to see that for any 0 < K < 1, if Iy is the central domain
of a first return map to some I_q, Iy is sufficiently small and F_; is in the well
bounded case, then we may bound B(f", T, J) below by K.

It remains to show that we can always begin with a well-bounded case when we
don’t have an infinite cascade. If w(c) is non-minimal, then arguing as in the

proof of Theorem A’ of [LS1], we can immediately find an interval I_; which has
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the first return map F_; in the well bounded case. Otherwise, when we don’t
have an infinite cascade, we simply induce on a nice interval finitely many times
until we obtain a non-central return and thus obtain a suitable /_;. We consider

the infinite cascade case in the next section.

The second part of Theorem 1.2.5, which concerns A(f", T, J) is proved similarly
with an analogous result to Theorem 1.3.3 for A(f,T,J) (see [Sh3] or [St] for
example).

Remark 1.7.1. Note that the above method of proof relies on the modulus of
continuity w = wp2 having some smoothness property. In fact, what we actually
require is that there is some € > 0 such that Y ;° w(e') is bounded. In general,

—W

Tog s for some

this is not the case. For example, if w is of the form w(x) =
parameter w > 0, for x in a neighbourhood of 0.

Remark 1.7.2. In [K1] there is a way of proving the above theorem for the C?
case by showing that o; decays to 0 in a good way as ¢ increases. Indeed, suppose
that we only have C? smoothness, but that all the other conditions above are met.
If we can then show that ) .-, o; is bounded then the result follows. However,

this may not be the case in general.

1.7.1 Infinite cascade case

Here we deal with the case where we have some Iy such that F; are central for
t=0,1,.... In this case we will find that % gets very close to 1. See Figure 1.5
to see what a typical such map will look. In particular, I; will not shrink down
to a point (the critical point ¢) as ¢ increases so we can’t use the method above

to bound sums of intervals which get very close to c.

When f is only finitely renormalisable, we don’t encounter this phenomenon. The
principal tool is an extension given to us by a result of [K2].

We start by letting Iy be any nice interval about ¢. We assume that we have
some infinite cascade. This means that F; is central for all ¢, where F; is defined
in the usual way. The main idea here is that we can still find good bounds on
some interval [, and then apply the methods of Section 1.5 to it. Then we need
to find another interval I; ; around ¢ which is smaller than all Iy ;, also has good
bounds and is uniformly smaller than . In such a way, we obtain a sequence
of intervals I; o which can each be treated as in the cascade case above and which

shrink down uniformly to the critical point. We will assume that F;; is always
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I

\I_

1

\’\‘
L, I

+2

Figure 1.5: An infinite cascade.

central for all 7,5 > 0. Otherwise we can simply choose I such that we never

have an infinite cascade.

For all 7 the central branch of F; has two fixed points, gy and py to the left and
right of c respectively (as usual, we assume that Fj(c) is a maximum for Fj|y,, ).
We let ¢ be the point in I;;; not equal to go which maps by F; to gop. We define
py similarly. We define Iy to be (pf, po). Let Fyp : Uj Ig,o — Iy be the first
return map to I o (where 18’0 = Iy is the central domain). We have the following

lemma.

Lemma 1.7.3. There exists some x > 0 depending only on f such that Iy is a

x-scaled neighbourhood of every domain 13,0-

Proof: Clearly, I; tends to (qo,q)). So we denote (qo,qy) by I. We will first
show that I, is uniformly larger than Iy, and then show that all non-central
domains of the first entry map to Iy, have an extension to I, and show what

this means for I .

In a similar manner to the exceptional case, we will find an upper bound for

|DFly,,,. This will allow us to get good bounds for the first return map to Iop
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For large i, the ratio I; has |I|’[—+l|1‘ close to 1. The following lemma, an adaptation

of Lemma 7.2 of [K2], allows us to bound |DF;

Lig1-

Lemma 1.7.4. If f € NF? then there exist constants 0 < 75 < 1 and 73 > 0
with the following property. If T is any sufficiently small nice interval around
the critical point, Ry is the first entry map to T and its central domain J is
sufficiently big, i.e. % > Ty, then there is an interval W which is a T3-scaled
neighbourhood of the interval T such that if ¢ € Rp(J) then the range of any

branch of Ry : V. — T can be extended to W provided that V is not J.

This lemma is only given as a C® result in [K2], but it easily extends to our C*?

case.
In the infinite cascade case we always have this ¢ € Ry (J) condition.

It is straightforward to see that the above lemma is sufficient to prove a version
of Lemma 1.6.8 in our case. That is, for large i, there exists some C’ such that
|DFE|1,,, < C’. This implies that there exists some 0 < 6 < 1 depending only
on f such that |Ipo| < 6|Ix| and, equivalently, some y > 0 such that I is a
X-scaled neighbourhood of .

Now, for the moment we let Fp also denote the first entry map and (J ; I&O also
denote the first entry domains. Suppose that there exists a domain Ij, disjoint
from Iy which does not have an extension to /... That is, supposing Fp | By =
o] 11, there is no interval V' such that 7).V — I is a diffeomorphism. Let
0<k < n(j) — 1 be maximal such that f"0)=F fk(Ig’O) — I has no extension
to I (clearly if g is small f : f"D~Y(I] ) — I, always has an extension
so k < n(j) —1). Then there exists some interval V' D fk“([gp) such that
fr=k=1 -y — [ is a diffeomorphism and the element of f~'(V) containing
F¥(I3,4) contains c.

Since I, is a nice interval, V C I,. We also know that f’f(Ig,o) C I\ Inp.
Therefore V contains either py or pf). But then either f*=F=1(py) or fr@)=k=1(pr)

is contained in I \ Iy which is not possible.

Now consider f (ngo) for some j # 0 where Ig}o C Iy is a domain of the first return
map. There exists some V D f (Ig’o), where f"0) . V — I is a diffeomorphism
and V is a x-scaled neighbourhood of f (I&O). Let V(f(c)) denote the maximal
interval around ¢ which pulls back by f~! to Iy. If V is not contained in V(f(c))
then either py or pj) is contained in V’ the respective pullback by f~! of V' (the one
which contains I&O). Thus, f"U)(pg) or 9 (ph) lies in I, \ Inp, a contradiction.
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So V' C Iy and Iy is a x-scaled neighbourhood of Ig’o where x = min ()Z’, %)

The case of the central branch follows in the usual manner.

So we are in a type of well bounded case for Fpo. Furthermore, we may assume
that Fpyo has an infinite cascade too. We sum for Iy, Fi,... as in the cascade
case. We let g1, ¢}, p1,p) be defined as above for the fixed points of Fy s, ,. We
let Iy o denote (q1,q;). We may apply the same ideas as above to find some new
interval I; o := (p1,p}) which has |1 ] < 6]y |- We may define I; ; for i > 2,

and 0 < j < o0 in a similar way.

Let fYi(T) be the last iterate of T" which lies inside Ip;. Let N > N, be the
last time that f"i(T") contains p; (if no such integer exists, set N/ = N;;;). Then
we can prove the following proposition.

Proposition 1.7.5. For all £ > 0 there exists some Ciny > 0 such that

N;—N!

Z | N[ < Cingbs
k=1

where &; is defined as follows. Let 0; := SuPycqomr, zyg) 127 (V)| (and n(V) is
defined as k where Fyo|lv = f*). Let vV C Lo\ 1i1 be an interval such that f”(V)
is one of the connected components of 1;o\ 1;1 and fj(V) is disjoint from both

Lio\ Lir and Iy for 0 < j <n(V). Then &; is the supremum of all such sums
S (V)] and o,

It is clear that we can prove the proposition when we don’t enter [; ... When
we enter [; o \ Ji+1,0 we simply use the Minimum Principle as usual to show that
|DF;
these pullbacks.

Ii.s\Ii41,0 18 uniformly greater then 1. Then this gives us decay of the size of

In order to bound the whole sum, we must bound ijgm“ | fENee ()| too. To
do this we split fVi(T) into the intervals f¥i(7;") and fN(T;") to the left and
right of p; respectively. If we denote M; > 0 to be the last time that an iterate
of T;” contains p;+1. Then using Proposition 1.7.5, we have

N-M,
Z [fFMUT)| < Cingiga
k=1
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Such logic then leads us to conclude that

N; 0o
D T < Clag Y (k= 1)
k=0 k=1

While this sum is not obviously bounded, this is not the sum we need to bound
when f € NF*™. As in the cascade case, we bound ZIZJQN{ fEENL(T)| €. This
is bounded by a sum of the form Cj,y|loo|supy<; 0: S0, i0%. Clearly this is
bounded.

1.8 Possible Extensions
To continue these studies we could:

e extend our result to all maps in NF2. Most of our bounds only require the
maps to be C?. It is only in Section 1.7 when we require extra smoothness.
Furthermore, in many cases it is not hard to improve our bounds on return
sums to bounds like CB(I;, f*(T')) and indeed, in some cases to obtain
even better bounds which relate some cross ratios for f™ (7)) and f™(T);

e extend our results to the case of C?*" multimodal maps with non-flat critical
points. The key results we use here come from [SV] and they relate to

multimodal maps;

e use our result to find some extension to results already existing relating
to the ‘decay of geometry’ for maps with non-flat critical points. See for
example, [GSS1] (which requires negative Schwarzian to obtain decay of
geometry in C® maps). This would possibly help us to show some decay of
0; with ¢ which could, by Remark 1.7.2 help to prove Theorem 1.2.5 in the
C? case.

e use our bounding methods to simplify and possibly extend the estimates
on the Hausdorff dimension of attractors for unimodal maps in [GK]. This
process will be a little more complicated than our situation above as we raise
the summands to some powers. If we consider T is as in Theorem 1.2.5, we
will be trying to bound sums of the form Y ;_ | f*(T)|” where ; < 8 < 1.



Chapter 2

Structurally sensitive points

Kozlovski proved in [K3] that Axiom A maps are dense in the space of C* uni-
modal maps for k = 1,2,...,00,w. So we know what form ‘most maps’ in the
unimodal class take. The proof involves some global perturbation of a unimodal
map (to make it analytic) followed by a local perturbation at the critical value to
reach an Axiom a map. The consequence of this is that almost all small global C*
perturbations of non-Axiom A unimodal maps produce Axiom A maps. Here we
go some way to showing that near some points almost all small local C* pertur-
bations produce Axiom A maps too. Conversely, at other points no small local
C* perturbation changes the type of the map. Thus we are able to characterise

the effect of a large class of perturbations on a large class of maps.

In fact, we prove that in some cases we know that a specific perturbation about
any point in the postcritical set will give us an Axiom A map. Any small pertur-

bation outside this set will not change the type of the map.
This type of result has been proved in the C? case around f(c) in [BM].

In [A] a lamination of the space of C* unimodal maps with the same topological
type is constructed. So our results show that for some cases we can find families

of maps which are transverse to this lamination.

There are, unfortunately, only some maps which we can apply our ideas to. We

will give some idea as to the difficulties in other cases.

49
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2.1 Finding structurally sensitive points

In this section we introduce our main result. See the following section for defini-

tions.

We will try to find local perturbations which lead to a change of the combinatorial
type of the unimodal map. We may only address this problem in the C* setting,
k # w (see Section 2.5 for the definition of this class of maps), as there are no

local perturbations of analytic maps.

The class of maps we deal with is defined as follows.

Definition 2.1.1. We say that a unimodal C* map has non-flat critical point c
if in some neighbourhood U of ¢, there exists some C* diffeomorphism ¢ : U — I
with ¢(c) = 0 and g(x) = £|o(x)|* + g(c) for some o > 1. « is known as the
critical order for f. We denote the set of such maps by NF*. We also denote
this neighbourhood by U,. When the critical order is 2 we say that we have a
quadratic critical point. We denote this class by Q*.

In this chapter we deal with maps in N F* which have no parabolic cycles and are
not Axiom A. We denote this class by NFH*. Denote the set of maps in both
NFH* and QF by QH*.

We introduce a definition.

Definition 2.1.2. For f € C* where f : I — I, a point x is called a structurally
sensitive point of the map if for any neighbourhood U of x and any £ > 0 there
is some map g € C* s.t. ||f — gllex < € and g|pv = flnw, but f and g are not

combinatorially equivalent.

That is, in an arbitrarily small neighbourhood of such points, an arbitrarily small
perturbation of the map changes the combinatorial type. In fact, in some cases

this concept will be stronger as we will see in Lemma 2.1.5.

As we explain in detail in Section 2.2, we let B(f) denote the basin of attraction
for f. We are interested in finding the following type of maps.

Definition 2.1.3. We say that C! map f : I — I is Aziom A if:

e f has finitely many hyperbolic attractors;

e the set X(f) = I\ B(f) is hyperbolic.
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We let PC(f) denote the posteritical set |J,~, f"(c). Our main theorem is as
follows.

Theorem 2.1.4. We find perturbations to prove the following.

1. If f € NFH* for k > 2 and c is preperiodic or non-recurrent then PC(f)
is the set of C* structurally sensitive points for k =1,2,. ...

2. If f € NFH? then the set of C* structurally sensitive points is PC(f).

3. If f € QHY then PC(f) is the set of C* structurally sensitive points where
k=1,2...

4. If f € QH* and w(c) is minimal then PC(f) is the set of C* structurally
sensitive points where k =1,2....

5. If f € QH and {x € w(c) : w(x) # w(c)} N{c} = 0 then PC(f) is the set
of C* structurally sensitive points where k =1,2. . ..

Usually this type of perturbation is done at f(c), see for example, [BM] or [K3].
In fact, in [BM] it is proved that any f € NF? is C? structurally sensitive at
f(c). The method of proof there does not easily extend to f™(c) for n > 1.

For any point z( outside PC(f), there is an open set U,, > xo which also lies
outside PC(f). Any small C! perturbation supported on U,, will clearly not
change the combinatorial type of a map f (we need merely to ensure that we

don’t create a new critical point). So to prove any of the parts of Theorem 2.1.4

we only need to prove that points in PC(f) are structurally sensitive. Below
we will let U,, be some small neighbourhood of the point xy in which we will
perturb. Observe that if f € Q¥ for any point not equal to ¢, a small enough
local perturbation will yield a map in Q*.

Also, if ¢ is preperiodic then it is easy to see that there are small perturbations
which change the itinerary of c.

In Section 2.2.1 we prove the following.

Lemma 2.1.5. Let f € NFH3. Then for any xo ¢ PC(f) there exists some
€ > 0 such that any C® perturbation in an e-small neighbourhood of xo which is
e-small in the C* topology yields a map which is conjugate to f.
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Therefore, whenever we can prove that the set of C? structurally sensitive points
for f is precisely W(f) then we can also be sure that these are the only points
about which small local perturbations change the topological type (clearly if two
maps are not combinatorially equivalent then they are not conjugate). So we can

talk of these points as topologically structurally sensitive points.

The main idea behind this lemma, as we will see in Subsection 2.2.1, is a result

of [K3| that states that small C* perturbations outside PC(f) cannot create
attracting cycles. We are unable to prove this for all small C? perturbations.

Strategy of the proof of Theorem 2.1.4

e We prove Theorem 2.1.4 in the case where ¢ is non-recurrent in Section 2.3.

e We make C! perturbations in Section 2.4.

The analytic case is proved in Section 2.5.

e The minimal case is dealt with in Section 2.6.

A simple non-minimal case is considered in Section 2.7.

Our theorem could extend to the following conjecture, a version of which appears
in the final section of [K1].

Conjecture 2.1.6. Let f : I — I have f € QH*. Then the set of C* structurally
stable points is the closure of the postcritical set. Here k =1,2,.. ..

To prove the conjecture, it would be necessary to deal with C*-structurally sen-

sitive points for k£ > 2 where f is non-Axiom A, recurrent and non-minimal.

The following theorem provides the main technique for our proofs for C* struc-
turally sensitive points for k = 2,.... It is taken from Theorem C of [K3]. We
don’t use it directly, but we are able to make minor adjustments to the proof in

order to obtain a similar result in our case. For definitions, see below.

Theorem 2.1.7. Let f : I — I be an analytic family of analytic unimodal
maps with a non-degenerate critical point and no parabolic cycles, A €  C RY
where ) 1s a closed set. Suppose that the family f is non-degenerate in the sense
that there exist some X\, N € Q such that f\ and fyv are not combinatorially
equivalent. Then for each A € ), either fy is Aziom A or there is a map which
is not combinatorially equivalent arbitrarily close in the C* topology to fr. Here

k=1,...,00,w.
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In [K3] for a given unimodal map f € C*, firstly f is approximated by a map in
QH®. This is a global perturbation. This is the map then denoted by fy in the
theorem. In our case, we can often find our map fy by a local perturbation of f.
In fact, we don’t require fy to be analytic. We just need fy to induce some such
polynomial-like map. Then in [K3] f is embedded in a non-degenerate family by
perturbing at f(c) rather than at any point of PC(f). Note that in both their
case and our case, this second perturbation can be large in the C? sense. However,
rigidity theorems for holomorphic maps show that, in fact, such a perturbation
can be very small in the C* topology for k =1, .. ..

So the fundamental difference for us is that we make purely local perturbations:
firstly to get the polynomial-like map and secondly to create a non-degenerate

family by perturbing a point in the postcritical set.

We sketch the proof of Theorem 2.1.7, observing how it can be adapted to our
case. For more details, see [K3]. A family of maps are created as follows. Given
a non-Axiom A map fp with non-flat critical point, a polynomial-like map Fj :
By — A is induced where By = |J, By and A = |J; A" (there are a finite number
of such B and A").

We suppose that f, for A in a neighbourhood of 0 is a family which depends
holomorphically on A. If we know that for all neighbourhoods D of 0 there is
some A € D such that fy and f) are not combinatorially equivalent then we are

finished.

Next we obtain F\ : By — A. By the construction of F) we can see that, in
our case, this must be a polynomial-like mapping. This is because the structure
of the set 0A N R persists for fi. (In fact, by a change of coordinates, we may
assume that A is fixed for all fy.) Now given F : B — AJ® a quasi-conformal
mapping ¢, is defined as mapping ¢y : 9B;UIA — B UAI® where for z € OB},
dx(2) = Fy ' Fy(2) and for 2z € 0A, ¢(z) = =.

The map ¢, can be extended to A\ By in a quasiconformal way since for most of
the finite number of domains B® we have, mod(A \ B*) bounded away from zero
(there is a further argument when 0ByNJA intersect). The Beltrami coefficient of
this map can be pulled back by Fy. The measurable Riemann mapping Theorem
provides a family of maps with this Beltrami coefficient hy : A — A such that
the map

G : hAFOh)_\l :By— A

is holomorphic for each A close to 0. Furthermore this family depends holomor-
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phically on A.

The next step is to show that fy and f, are combinatorially equivalent if and only
if F, = G. The proof of this requires the rigidity theorem and the straightening
theorem.

Finally, if we assume that 0 is an accumulation point of parameters A such that
fx is combinatorially equivalent to fy then F\ = G, in an open neighbourhood
of 0. But by kneading theory we know that such a set of parameters must be
closed. So all parameters must give combinatorially equivalent maps. But it is
assumed that for some A we have f, and f) not combinatorially equivalent so this
is a contradiction. Whence there are maps arbitrarily close to fy which are not
combinatorially equivalent to fy.

Therefore, if we are able to find a C* small local perturbation of f which induces a
polynomial-like map for some k, and we are then able to change the combinatorics
by another local perturbation, then the method of Theorem 2.1.7 yields a map

which is a C* small local perturbation of f and is not topologically conjugate to

f.

2.2 The setting for local perturbations

We fix the notation I to be the unit interval [0, 1]. We will also assume that the
unimodal maps f : I — I which we deal with have f(0I) C dI. (Throughout,

(e}

for a set U C R, we let U denote the closure of U, let / denote the interior of U
and OU denote the set U\ U.)

Definition 2.2.1. Two non-recurrent unimodal maps f and f with critical points
¢ and ¢ respectively are combinatorially equivalent if there exists an order pre-
serving bijection,
helJ e - 7meo,
neEL neL

which conjugates f and f, where ¢, ¢ are the critical points of f and f respectively
and h(c) = ¢.
We can also refer to such maps being of the same combinatorial type.

Supposing that we have a unimodal map f : I — [ with critical point ¢, then we
may divide [ into the intervals L = [0,¢) and R = (¢, 1]. So I = LU{c}UR. We
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may associate to a point x € I a sequence i(z) = (ig(z),1(x),...) where

L if f*(z) e L
() =1 ¢ if f¥z)=c
R if fk(x) € R

This is called the itinerary of x.

We say that a point x is periodic with period n if there is some minimal n > 0
such that f"(x) = x. We say that a point z is preperiodic if there is some m > 0
such that f™(x) is periodic. Observe that this implies that here we allow periodic

points to be classed as preperiodic too (which is not always the case elsewhere).

If f € C' and for some point & € I, there is some p > 1 such that f?(z) = x. Then
we say that x is attracting if | D fP(z)| < 1, repelling if |D fP(x)| > 1 and parabolic
it |DfP(z)] = 1. {x, f(z),..., fP"Y(x)} is referred to an attracting, repelling or
parabolic cycle respectively for each of the above cases. D fP(x) is referred to as
the multiplier for the periodic cycle {z, f(z),..., fF"*(z)}.

We say that a sequence (g, i1, ...) is periodic with period n if there exists some
n > 1 with 4;4,, = ¢; for any 0 < j < n and p > 0. Such a sequence is eventually

periodic if there is some m > 0 such that (i,,,%m11,...) is periodic.

Remark 2.2.2. For the unimodal map f, any point x which is not preperiodic,
but which does have an eventually periodic itinerary must be attracted to an
attracting periodic orbit. For example suppose that f has periodic itinerary.
Suppose that i(x) = (R, R,...). Then since f|g is continuous, the only way that
x can always land in R is if it is attracted to a periodic point (see, for example,
Lemma 2.2.12 below). It is easy to see how this extends to all periodic and

eventually periodic itineraries.

Definition 2.2.3. We call the sequence given by lim,.i(y) the kneading invari-
ant of the unimodal map f.

Note that if two unimodal maps are combinatorially equivalent then they have the
same kneading invariant. We are interested in changing the kneading invariant
of a non-Axiom A unimodal map f by some perturbation. We will create a
continuous family fy where f = f, which has some X\’ such that fy has a different
combinatorial type to fy. We can use the continuity of the kneading invariant to
show that some Axiom A map fy» has X" € (0, \N']. We see this from Corollary
I1.10.1 of [MS] as follows.
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Theorem 2.2.4. Let f\ : I — I be a unimodal family consisting of C* maps de-
pending continuously on \. Suppose that maps in our family satisfy the following
condition. If fy, fx have preperiodic critical points and their kneading invariants
are equal then A = X. Then

A= v(fy)

18 monotone.

We can choose our families to be so small that there is no region where this map
is discontinuous, but the critical point is preperiodic for some member of the

family. Then, in our case we will obtain a map f) with

v(fa) = (iox(c),i10(¢), ..y ime1a(C), tma(c), - . .)
where 4,,(c) € {L, R} and

v(fy) = (ioa(€), i1 0(C)s -+ s ime12(C), G (C), . )

where 4y, y(¢) # im v (c). Then by Theorem 2.2.4 there must be some A\ € [\, X]
such that 4,, x»(c) = ¢. Thus, ¢ must be periodic for fy» and fy» is Axiom A.

We will often need the following definition.

Definition 2.2.5. Define the omega limit set w(x) of a point = € I as the

following;:

w(zr) = {y : there exists a sequence n; — oo with ™ (x) — y}.

We say that z is recurrent if it is not periodic and x € w(x).

Definition 2.2.6. For a C!' map f : I — I, if x is an attracting periodic point
of period n then we call the set of points y € I such that x € w(y) the basin of .
We let the immediate basin of x be set of n connected components of the basin
of x, each containing an element f7(z) for 0 < j < n. We denote the union of all
the basins by B(f) and the union of all the immediate basins by By(f).

Definition 2.2.7. Given amap f: X — X, aset A C X is said to be minimal
with respect to f (or simply minimal) if A is a closed, f-invariant set (i.e. f(A) C
A) which has no closed f-invariant subsets

(Note that when we say A is f-invariant, we mean

For f: I — I a unimodal map with critical point ¢, we say that f is minimal if

w(c) is a minimal set.
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Definition 2.2.8. Let f : [ — I. A closed proper subinterval J of [ is called
restrictive with period n > 1 for f if

1. the interiors of J,..., f*~1(J) are disjoint;
2. fr(J)cJ, fr(oJ) C aJ;
3. at least one of J, ..., f*"1(J) contains a turning point;

4. J is maximal with these properties.

A map with restrictive intervals of arbitrarily large periods is called infinitely
renormalisable.

Definition 2.2.9. Given some map of an interval f : I — [ an open interval T’
is called nice for f if the elements of JT never map into the interior of 7" under
iteration by f. Further, given some interval T', we say that the interval 7" is nice
with respect to T if the elements of T” never map into the interior of 7'

For a given x € I we may choose a nice interval containing x as follows. Given
a periodic cycle, choose a~ to be the element of the cycle which is nearest to
x and less than z; similarly choose a® greater than z. Typically, we will be
looking for very small nice intervals. We can usually find such intervals around
x if preperiodic points accumulate on x.

For a nice open interval 7', we let F': Uj U? — T be a first return map to T for
the map f. If T" is nice then we know that U’ are all disjoint. We see this by
letting U7 = (a;,d}) and n(j) be some integer such that F|y; = f"9)]y;. Then
suppose that U7 N U7 # (). We may assume that a; € U/ N U7 and n(j) < n(j").
Then since f"U)(a;) = b for some b € 9T, we must have f*)=0)(p) € T which
contradicts niceness. Similarly we can show that all U’ are strictly contained in

T.

If f*(U7) never meets ¢ for 0 < k < n(j)—1then F : U/ — T is a diffeomorphism.
Clearly, there will be a periodic point z; in each branch U’ on which F is a
diffeomorphism. If 7" is a nice interval around ¢ then we let U° denote the domain
which contains ¢. Note that F': U° — T is unimodal. On all other domains F is

clearly a diffeomorphism. U° is known as the central domain.

Lemma 2.2.10. For f € NFH? be such that c is not preperiodic, there exist

arbitrarily small nice intervals around ¢ which have preperiodic boundary points.
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We prove this lemma using the following results.

Definition 2.2.11. We say that U is a wandering interval for a map f: I — [
it U, f(U), f2(U), ... are pairwise disjoint.

The following is Lemma I1.3.1 of [MS].

Lemma 2.2.12. Let f : [ — I be a continuous map. Suppose that J C I is an
interval such that f™|; is monotone for alln > 0. Then there are two possibilities,

1. J is a wandering interval.

2. every point of J is contained in the basin of a periodic orbit.

The following is a well known result, see, for example, Theorem IV.A of [MS].

Theorem 2.2.13. If f € NF? then f has no wandering intervals.

Thus for f € NEF?, we only need consider case 2 in Lemma 2.2.12. Therefore
every point x € I is accumulated by either the preimages of ¢ or of By or both.

We will need the following result, Proposition IV.18 of [BC]

Proposition 2.2.14. For f : I — I a continuous map, any point x such that
there is some sequence xp — x and a sequence of integers ny — oo such that

f™(xg) — @ then x is contained in the closure of the set of preperiodic points.

We also need the following claim.

Claim 2.2.15. For an attracting periodic point x € I with period m, there exists
some interval B, which is a connected component of By containing x. Then the

elements of 0B, are periodic.

Proof: For B, = (a,d’) suppose that a, is some sequence of points in B,
such that a, — a. Then f™(a,) € B, for all n. Furthermore, by continuity,
limy—.e f™(z,)) € By. Thus f™(a) € By. If f"(a) €B, then a €B, which is
a contradiction. Hence f™(a) € 0B,. Since f™|p, is a diffeomorphism then ei-
ther f™(a) = a and f™(a') = a’ or f™(a) = @’ and f™(a’) = a. In either case
f*™(a) = a and f?™(a') = d.
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O

Proof of Lemma 2.2.10: First we want to find preperiodic points near c. If ¢
is accumulated by preimages of By then since, by the above claim, the elements
of 0By are preperiodic we are finished. If ¢ is accumulated by preimages of ¢ then
by Proposition 2.2.14 we are finished.

Now we construct our interval using these points. Let U be an arbitrarily small
neighbourhood of ¢. For some preperiodic point b of f in U we let a be the
element of {J,~, f"(b) which is closest to ¢ (since ¢ is not preperiodic, we can be
sure that a # E) Let @’ be the point not equal to a for which f(a’) = f(a). Then
let U = (a,a’). So U’ consists of preperiodic points. Furthermore, it is easy
to show that since a is close to ¢, then o’ must be close to ¢ too. Therefore U’
satisfies the lemma.

2.2.1 Topologically structurally sensitive points

Here we will prove Lemma 2.1.5. We first define what we mean by a conjugacy.

Definition 2.2.16. Given two continuous interval maps f : I — I and g : I' — I
then we say that a continuous map h : I — I’ a conjugacy between f and g if the

following diagram commutes.

2=

We say that f and g are conjugate, or of the same topological type.

We recall the lemma.

Lemma 2.1.5. Let f € NFH?3. Then for any xo ¢ PC(f) there exists some
€ > 0 such that any C? perturbation in an e-small neighbourhood of xo which is
e-small in the C* topology yields a map which is conjugate to f.

Proof of Lemma 2.1.5: Suppose that o ¢ PC(f). Then we choose some
open interval U,, containing o which is also disjoint from PC(f). We apply the
following result, Theorem I1.3.1 of [MS].
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Theorem 2.2.17. Suppose that f, g are two unimodal maps with turning points
c and ¢ for f and g respectively. Assume that the map

helJ e —Ja@

n>0 n>0

defined by h(f™(c)) = ¢g"(¢) is an order preserving bijection. We suppose that the

following properties are satisfied.

1. If c is periodic then the ‘conjugacy’ h maps J, 5o f"(c) N Bo(f) into the
corresponding set for g.

2. Assume that i) f and g have no wandering intervals; ii) there are no inter-
vals consisting of periodic points of constant period; and iii) the restriction
of the map h to By(f), i.e.

he|J £ e)nBo(f) = | 9"(6) N Bolg

n>0 n>0

extends to a congugacy from Bo(f) to By(g). Then h extends to a congugacy

on I.

Note that any perturbation inside U,, to a map g will give g the same combinato-
rial type as f. This is because no forward iterate of the critical point ever enters
Us,- Clearly, if our perturbation is small enough it does not affect the immediate
basins of the attractive periodic points By(f). We first assume that we have not
created a periodic attractor, so we may begin to apply the theorem above. We
will assume that xo ¢ By(f) since this case is obvious.

Our two maps already have the same combinatorial type, so our h satisfies the
first part of the theorem. Furthermore, 2i) is satisfied trivially and ii) is satisfied
since there are no parabolic cycles. If our perturbation doesn’t create a new
attracting cycle then and iii) holds since we haven’t changed the basins; so we let
h be the identity on By(f). Therefore the maps are topologically conjugate.

It remains to show that we don’t create an attracting cycle. We apply the fol-
lowing result, Lemma 4.6 of [K3]

Lemma 2.2.18. Let f € NFH3. Then there is a C® neighbourhood of f which
is contained in NFH?3.
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This lemma relies on Theorem A of [K2] which says that for such maps there
must exist some neighbourhood Z of the critical value such that if f"(z) € Z for
some x € [ then Sf™(x) < 0 where Sf(z) denotes the Schwarzian derivative of
f at x. This is then coupled with a well known theorem of [Sin] that parabolic
cycles near the critical point attract the critical point when the Schwarzian is
negative.

This means that when we are in the C? case, our perturbation cannot create a
parabolic cycle and thence an attracting cycle. So Lemma 2.1.5 is proved.

2.3 Non-Recurrent Case

We want to prove that the post-critical set is structurally sensitive. Here we
deal with the Misiurewicz case, that is, when c is not preperiodic and there is a
neighbourhood W around ¢ such that f™(c) ¢ W for any n > 0. We must restrict
ourselves to the C? case since we can’t prove our result in the case that ¢ is in a
wandering interval. Theorem 2.2.13 means than we can be sure that in the C?
case we don’t have any wandering intervals.

Lemma 2.3.1. Let f € NFH? be a map for which c is non-recurrent and let € >
0. Then for any n > 0 there exists a C* perturbation in an e-small neighbourhood
of f™(c) which is e-small in the C* topology which maps f*(c) onto a preperiodic
point. Here k =0,1,....

Proof: Given zy € W(f) we take some small neighbourhood U,, around xy.
Clearly there will be some n > 0 such that f"(¢) € U,,. We assume that n > 0
as the case when zy = ¢ follows similarly and more simply. We will make our
perturbation in small interval U C U,, around f"(c).

By Lemma 2.2.10 we can find preperiodic points arbitrarily close to ¢, so we can
find preperiodic points arbitrarily close to f"(c). Let U be a small nice interval
around ¢ with preperiodic boundary points as in Lemma 2.2.10. Also, let U be a
small nice interval around xg, disjoint from U, with preperiodic boundary points
such that both U and the intervals of B, are nice with respect to U and such that
fie)NU =0 for j < n. Let V 3 f*(c) be a small interval deep inside . We
have two cases.
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Case 1: Suppose that there is some m > 0 such that f™(V)N (U U By) # () and
FWV)YNU =0 for 0 < j < m. We know that f™(f"(c)) cannot be contained
in U or By. Thus f™(V) is not strictly contained in either U or B, and must
intersect some boundary point of U U By. So by the construction of U and the
above claim, f™(V') contains a preperiodic point. We let p be the corresponding
preperiodic point in V. Observe that p never returns to U under iteration by f.
Then we show below that there is a perturbation which perturbs f™(c) to p.

Case 2: If we are not in case 1 then we must return to U before entering U U By,
We use the following well known result of Mané , see for example Theorem II11.2.1
of [MS].

Theorem 2.3.2. Let f : I — I be a C* map and U be a neighbourhood of the
set of critical points of f. Then

1. all periodic points of f contained in I \ U and of sufficiently large period

are hyperbolic and repelling;

2. if all periodic orbits of [ which are contained in I \ U are hyperbolic then
there exists C' = C(U) and A\ = AN(U) > 1 such that
[Df* ()| > CA"
whenever f'(z) € I\ (UU By(f)) for all0 <i<n—1.

Therefore, |Df™|y > CA"™ where C' = C(U) and A = A(U). Whence V expands
under iteration if it doesn’t meet U U By and so we must either be in case 1 or
we must return to U. So again we have the preperiodic point p (a point which
maps to oU ) as required.

We let U = (o™, at) and let

. ({B _ a—>k+1(a+ _ w)k—i—l
Pa(a) = A (at — a)%+2

(2.1)

We choose A such that pyx(f™(c)) = p. Observe that Dip,,(a®) = 0 for 0 <
j < k. When we fix U this perturbation has |pakllcr governed by the size of
|f"(c) — p|. But since we can make this distance arbitrarily small, the lemma is
proved.

We will use this perturbation below also.
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2.4 (' structurally sensitive points

In this section we prove part 2 of Theorem 2.1.4: the case where we are only
looking for C*! structurally sensitive points, which should be the simplest case.
Note that such a perturbation at ¢ is done in Exercise I11.2.4 of [MS]. However,
that result relies heavily on the derivative of f being small in the support of the
perturbation, so it doesn’t generalise to our case.

2.4.1 Direct C' perturbation for non-minimal C? maps

We will apply an explicit perturbation which is C' small. Not only will this
process prove part 2 of Theorem 2.1.4, but it will also provide us with a family
of maps which is non-trivial in the sense that the combinatorics change through
the family. This is not so important to notice for this part of the proof of Theo-
rem 2.1.4, but we will use this family in later parts of the proof. For an overall
idea what’s happening here, see Figure 2.1.

The idea here is that the ‘decay of geometry’ gives us a large space between some
domain of a first return map and the boundary of a range of the first return map.
The C! perturbation can then be supported on that range. This first return map
won’t be the usual type of map to one domain, but will be a return map to two
domains. The following definition makes the concept of space in nested intervals

rigorous.

Definition 2.4.1. Suppose that J C T are two intervals. Denote the left-hand
and right-hand elements of 7'\ J by L and R respectively. We say that T is a
0-scaled neighbourhood of J if %, % > ).

We will assume that c¢ is recurrent. Observe that since f is non-Axiom A and
recurrent, the itinerary and the kneading sequence for f coincide. Then by the
Remark 2.2.2 we know that the kneading sequence must not be preperiodic. We
will perturb f to some map which does have a periodic kneading sequence.

Given a nice interval U around ¢, we will choose some nice interval U such that U
and U C U,, are nice with respect to each other. That is to say, f*(OU) N U = (
for all n > 0 and f*(QU) N U = ( for all n > 0. In fact, we will also require that
the boundary points of these intervals are preperiodic points, as in Lemma 2.2.10.
Then we will consider the first return map R,z <U] Uj> U (U] UJ> —UuU
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where U7 are the domains in U and U7 are in U. As usual, we denote the
central domain by U°. Then all maps Ry : U7 — UUU for j # 0 and
Ry,p : U7 — UUU are diffeomorphisms.

We can show that U/ ¢ U and U/ C U as follows. Suppose that U = (a,a’) and
U = (b,'). We have shown above that any U’ for which R, ;(U’) = U will be
contained in U. Suppose instead that Ry, p(U’) = U and U/ N AU # §. Assume
that a is in this intersection. Then, R, ;(a) € U. But this is a contradiction
by the niceness of these intervals with respect to each other. The case when
Ry,(U7) = U for some j follows similarly.

The following can be proved as in Theorem A’ in [LS1].

Theorem 2.4.2. Suppose that f € NFH? has a recurrent critical point ¢ such
that w(c) is non-minimal. Then there exists a sequence 6; > 0 and a sequence of

nested nice intervals I; D 111 D --- containing the critical point such that

1. I;1y is the central domain I? of the first return map F; : Uj If — I;;
2. |L;| = 0 asi— oo;

3. the elements of 01I; eventually map onto repelling periodic points;

4. I;_1 is a 0;-scaled neighbourhood of I;;

5. there exists a subsequence i, — 00 as m increases such that §;, — 00.

The proof relies principally on finding a partition of I by repelling periodic points
and using distortion estimates. In fact, it can be shown that for all branches of
F;, except two diffeomorphic branches, which we denote by I and I?, and the
central branch, the range of F; | : Ifm — I, extends to I;,_;. See Section 1.6
for details of such maps. In the foligwing we generally refer to F; and only mention

F;, when necessary.

For interest, if f € C® we could use the following result: Theorem 1 of [GSS1]
which applies to the both minimal and non-minimal cases.

Theorem 2.4.3. Suppose that f € NF3 has a recurrent critical point and is not
infinitely renormalisable. Then for every & > 0 there exists some arbitrarily small
nice interval T containing ¢ such that for the central domain U of the first return

map to T we know that T is a d-scaled neighbourhood of U.
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We will only focus on the non-minimal case for the moment. The proof for the
minimal case follows in Section 2.6. This means that we only need f to be C2.

Consider |J, -, f*(0I;) for some I; from Theorem 2.4.2. Let U; C U,, containing
some f"(c) for ¢ > 0 have boundary points consisting of two adjacent members of
U, >0 f*(OL). If I; is sufficiently small then f"(I;) is very small and so U; C U,
must be very small too. Then, as before, U, is nice and, furthermore, I; and
U, are nice with respect to each other. Again we consider the first return map

Ry o, (U UJ> U (UJ Uf) — I, UU;. We wish to find a domain Uf containing
an iterate of ¢ which is deep inside U; which allows us to change the combinatorial
type of the map by supporting a perturbation on U;. We will use the following
theorem, presented in more generality in [SV] as Proposition 2: ‘a Koebe principle

requiring less disjointness’.

Theorem 2.4.4. Suppose that ¢ € NF?. Then there exists a function v :
[0,|I]] — [0,00) such that v(e) — 0 as € — 0 with the following properties.
Suppose that for some intervals J C T and a positive integer n we know that g"|r
is a diffeomorphism. Suppose further that g™(T) is a §-scaled neighbourhood of
g"(J) for some § > 0. Then,

o for every x,y € J,
1Dg"(x)] P [Har
expq v(S(n,T g'(J — |
e < exp S T) Yl |
o T is ad scaled neighbourhood of J where

5 :lexp{ o) l1+6] (—20%—5(1—20))’

2496

where we let 6 := v(S(n, T)) S0 |g*(J)|.

Let n > 0 be minimal such that f"(¢) € U;. Denote the domain of Ry e,
containing f"(c) by UP. We have two cases.

Case 1: RIiuUi(Uz‘O) € I;. Suppose that g : I — R is C! and that gy, : V — T
is a diffeomorphism onto the interval 7. If there is some larger interval V' 2 V
such that gly/ : V! — ¢g(V”) is a diffeomorphism then we say that the range of the
map gly : V — g(V) can be extended to g(V'). We use the following well known

result, see for example Lemma 1.1 of [K3].
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Lemma 2.4.5. Let f be unimodal map, T a nice interval around the critical point
and U be the central domain of the first return map to T. If V is a domain of the
first entry map Ry to U and V is disjoint from U then the range of Ry : V — U
can be extended to T

Suppose that R, g [v0 = f¥lyo. Then by this lemma, there is an extension
Vo o Uzo such that f* : VO — [,_; is a diffeomorphism. We can show that
VO C U; as follows. If VO N AU; # () then there exists a point of J ., f*(91;)
which maps inside [;,_; \E But the first time that I, maps back into I; 4, its
boundary points map to dI; ;1. So by the niceness of I;_; we are finished.

Since I;_; is a d;-scaled neighbourhood of I; we have from Theorem 2.4.4 that U,
is a d!-scaled neighbourhood of U9,

For simplicity, we will support our perturbation, py; on V = (a”,a™) where
V C U; is defined as follows. Its boundary meets one boundary point of Uj
and, defining the left-hand and right-hand components of V' \ [A]Z-D as L and R
respectively, we have |L| = |R|. Note that since U; is a d/-scaled neighbourhood
of U? then V is a &}-scaled neighbourhood of U? too. This process extends so
that we can let V = U; if necessary. This extension will be useful in proving
later parts of the proof of Theorem 2.1.4, but for the moment the V' that we have
defined above is sufficient.

7, &,
7 t £ s Fal
4 o i o
— '_.;'j_' — 1 ; — '_|E:I, T EI;1+ '_||:I+
Jre)

Figure 2.1: How p) ; acts on UZ in case 1.

Letting U° = (b~,b"), we require that pyi(c,) = b*. See Figure 2.1 Thus A\ =
%. To bound ||px1]|c1, we must first bound |A|. We have
(bt —b")(a" —a")*

Al < (b= —a~)2(a+ — b+)?’
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Note that by Theorems 2.4.2 and 2.4.4 we have ((gj:f;)) < %. So
t—a” b))+ (BT =)+ (b —a” 1
(e O o B Ui s B o' B
b —a) (b —a) 5
and similarly E‘Zj:z:)) <2+ 5%. Thus

A < (5" —b7) <2+§)4.

%

4
We may suppose that (2 + %) is bounded above by a constant C; > 16. When

i =i, for large m, this is close 16. Then for = € (a™,a™),

_ Pz —a”Pla® —a? (07 = b7)C

IPA (@)l = lat —a~ |4 16
and
2[M[(z —a7)(a* —2)* — (v —a”)*(a* — )]
|Dp)\’1(:1c)‘ - |CL+ — CL_|4
26’1|b+ — bf| 20,

< .
lat —a~| 1+ 26,

So by choosing a large m, we obtain a large ¢;,, and we may make ||py1]/ct as

small as we wish.

Since f(c) is the first time that an iterate of ¢ enters U, once we perturb f7(c)
to b, which in turn maps to dI;, this image will never be perturbed again and ¢

becomes preperiodic as required.

Case 2: RIZ,UUZ,([ZO) € U;. Then U? and I; are nice with respect to each other
and so we may instead consider the first return map to I; U UZO If f(c) is in some
domain which maps by R; o to I; then we proceed as in case 1. Otherwise, we
take a new first return map algain. This procedure can be repeated many times,
but since ¢ is recurrent we must eventually find ourselves in case 1 after a finite

number of applications of this process.
So we have proved part 2 of Theorem 2.1.4.

Observe that we can use these ideas to create a C* family of maps fi = f + pax-
We can support p) , on U, in case 1 and on the corresponding domain in case 2.
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2.4.2 General method shown through C'!

This section is concerned with exploring a possible route to proving Conjec-
ture 2.1.6. The fundamental problem in proving Theorem 2.1.4 is that ||py x| c2
defined above is generally very large. One way around this is to use the methods
of [K3]. There, rigidity results relating to analytic maps are employed. So we
would like to perturb our first return maps so that they have some extension to
C. As proved in Lemma 2.4.7, we can sometimes find an extension of the first
return map into C. In fact we will find the following type of map. See Figure 2.2.

Figure 2.2: A holomorphic box mapping (with three domains)

Definition 2.4.6. Let A C C be a simply connected Jordan Domain, B C A
be a domain such that each connected component is a simply connected Jordan
domain, and let G : B — A be a holomorphic map. Then we call G a holomorphic
box mapping if the following conditions are satisfied:

e (7 maps the boundary of a connected component of B onto the boundary
of A;

e there is one component of B (which we will call a central domain) which is

mapped in a 2-to-1 fashion onto A;
e all other components of B are mapped univalently onto A by the map G;

e the iterates of the critical point of G never leave the domain B.

A holomorphic box mapping G is induced by the map g if, on each of the domains

of B, the mapping is some iterate g".
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If the domains B and A are symmetric with respect to the real line, the holomor-
phic box mapping is called real.

Note that a Jordan domain is a subset of C which is homeomorphic to the open
unit disk. For an interval J C R, we let p;(-,-) denote the Poincaré metric on the
domain C; := C\ (R\ J). It can be shown, for example in Section VI.5 of [MS],
that the set Di(J) :=={z € C: p;(z,J) < k} is the intersection of two Euclidean
disks, symmetric to each other with respect to the real axis. (Furthermore, it
can be shown that the exterior of Dy intersects the right-hand boundary of J in
the upper half plane with an angle of # such that £ = log tan (g — g). Therefore,
Dlog tan( 32 )(J ) is the disk symmetric with respect to the real line intersecting R

at J.) We refer to such sets as lenses.

Our holomorphic box maps will have such lenses for their range. The following

lemma is the main result in this subsection.

Lemma 2.4.7. Let f € QH? be non-minimal and let € > 0. Then there exists
an e-small C* perturbation of f in an e-small neighbourhood of either ¢ or f(c)
such that for our perturbed map there is an induced holomorphic box map to some

complex neighbourhood of the critical point.

Proof: We will start with ¢. The case for f(c) follows similarly. This proof also
helps to illustrate why making local perturbations in the C* case is problematic.

The idea is that we will make a perturbation on each branch of a first return
map to make the first return map into a piecewise linear map. Then it might be
possible to apply the techniques of [K3].

We take some I;_1, I; from Theorem 2.4.2 such that 7 is some ,,. There exists
some K; = K;(0;) > 1 such that for z,y in some branch of the first return map
F; Uj Iij — I;, we have KL < g?g; < K;. By Theorem 2.4.4 as m increases,
K;,, — 1. We have

|DFi(z) — DFi(y)| < [DFi(y)|(K; — 1). (2.2)

This helps us estimate f by some map f which induces a piecewise linear first

return map on most branches as follows.

We deal with the branches Fj[;z, Fj[po, I3[,z later. For some j ¢ {L,0, R}, let

Li(x) = %az We ignore translation and show that this helps us approximate f

in a useful way. This is our first approximation for F;|,;. Let n(j) be the integer
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such that Fi|lg' = f”(j)\lg. We could approximate f on I by f; = f~®)-1[;
which would give us a first return map to I; which is linear on If However, if
we were to approximate in a similar way on all branches, we would obtain a map
which is not globally C'. Therefore, we must add on some perturbation g; as
explained below.

From here until Lemma 2.4.9, when we refer to F;, we mean the branch F; : ]Z-j —
I; for fixed j # 0. Supposing that I/ = (0,|7]) and I, = (0,|L]) (so we can
‘ignore translation’), we let dy = DF;(0) — ||;]| and d; = DF;(|I]]) — ||;]| Observe

that by (2.2), |do, |dy| < (K; — 1)Ll We let

7|

2dy +d do+d

o a2
Then qj(O),qj(]IijD = O and Dg;(0) = dO,qu(|IZ.j]) = d;. We‘let ¢j = Lj + qj.
Then ¢;(0) =0, ¢;(|1}]) = |I;] and D¢;(0) = DF;(0), D¢;(|I]]) = DE(|17]).

We must show that ||f — f||c1 is small and that the first return map has an
extension into the complex plane which is a holomorphic box mapping.

Lemma 2.4.8. For any € > 0, we can adjust the above situation so that

I(FET 05 = Plpller <.

Proof: For z € I/,

P00 = F0)] < DAl F0y(0) = ol < 0= oy (o) = Fio)

where | - |5 and | - |_o denote the maximum and minimum respectively of a

function (in its domain of definition).
Now, |¢;(z) — Fi(z)| <
every x € I/, there exists some 6, € I/ such that ‘Llg, F;(x), we have

i |17
z = F()] < {gilz = Oa] < | L.

Hx — F;(z)| + |gj(x)|. For the first term, since for

1]
IH

For the second term,

< 6(K; — 1)|L|.

2dg + d
o)) < ldue] + | (2220 ) o

do+d
)
Q@
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Therefore,

TK|I|

— 2 Df|TEG| .
DF| |Df |17 |

[fF65(x) = f(2)] < [Dfls

Now

ID(fF ¢5)(x) = Df(x)] = |Df(F 6;(x)) DE;(95(2)) Déj(x) — Df ()]
= |Df()[DF (¢ ()) i(2)] = Df ()]
+H (@ — F () D* F(O)[DE (¢(2)) Dby ()]
)=

for some 6 € I7. For the term in square brackets we have Do;(x |” + Dg;(x).
But
do+d1) 2 |£i]
D )| < |do| + (2dy + dy)x| + |3 - 4l < 13(K; — 1)—.
[ Dg;(x)] < |dol ”J‘ o+ di) ' ( G ( )w’

Therefore, |DF; ' (¢;(z))D¢;(z)| < K; + 13K;(K; — 1) and
|Df (2)[DE;(¢(2))D;(x)] — Df ()] < 14K;(K; — 1),

Furthermore,
|(x — F'¢,(2)) D f(0)[DF (¢(2)) Doy ()|
< 6K (K; — 1)|I][| D? foo (K + 13K (K, — 1))
So we have [(FF, 65 — Plyllen < e
O

Lemma 2.4.9. There exists some ¢ > 0 such that if we choose i,, correctly then
for each j ¢ {L,0, R} there exists some domain A’ in C such that A7 N ]fm = Ifm
and Aj C D(b([lm) has QSJ(AJ) = D¢(L’m)

Proof: To ease notation, we assume that i = i,,. We consider D¢;(z + iy) for

T E If
. -2 , do + d .
|Doj(x +iy) — Do;(x)| = W(Zdo +dy)(iy) + 3 ( OU-j\ 1) (2ziy — y2) )
If we suppose that |y| < |I7| then
|1
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Therefore,

) I; 1
|Doj(x + iy)| > ||I.j|] (y — 24(K; — 1)) :

and so for K; close to 1, this is strictly positive and ¢; is univalent in D(j) :=

{ +iy:z e I |yl <|I/|). We can then show that this has a uniformly large
range in C too (in terms of |;]).

Recalling that ¢ is some 7,,, note that when we increase m we will have K; — 1

and so we have everything as small as we wish.

O

We may approximate each branch I7 for j ¢ {L,0, R} in this way. We approxi-
mate on I, I?, I by polynomials. For details on how we obtain a holomorphic
box mapping from this see Section 2.5. So we obtain a map f such that there is a
first return map F; which extends to the complex plane to give us a holomorphic

box mapping as required. We may shift this entire construction to f(c) too.

The problem with extending this construction to f"(c) for n > 1 is that some
domains return to f"(/;) and so might be perturbed arbitrarily many times by
this method (this will occur in the non-renormalisable case). So we are able
to prove Lemma 2.4.8 by this method for finitely many domains, but not for
infinitely many domains (which we have to deal with when f is non-minimal).

Hence the resulting map f would not be arbitrarily close to f.

Observe also that we cannot use this process as a step in showing that ¢ and f(c)
are C? structurally sensitive because the perturbation from |, to ¢; is large in
the C? sense.

To prove Conjecture 2.1.6, we would hope now to apply the methods of [K2]
directly to the holomorphic box map which we have constructed. However, that
method currently requires such a map to have a finite number of domains (for
example the ‘polynomial-like map’ given in the following section). This would
allow us to use quasi-conformal deformation techniques to construct holomorphic
families of such maps. It is possible that extending such ideas to maps with an

infinite number of ranges might be the next step in proving structural sensitivity.
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2.5 Analytic case

Definition 2.5.1. We say that f € C¥(A) if f is defined on the real interval [
and can be holomorphically extended to a A—neighbourhood of I in the complex
plane.

We shall simply refer to this case as the analytic case.

We will deal with the minimal case for more general maps later, so we restrict
ourselves to maps which are non-minimal. We will next obtain the following type
of map, similar to a holomorphic box map. The difference is that the range of

the map is that the range is not necessarily connected (see Figure 2.3 below).

Definition 2.5.2. A holomorphic map G : B — A is called polynomial-like if the
following conditions are satisfied:

B and A are subsets of the complex plane, they each have finitely many

connected components and each connected component is a simply connected
Jordan domain. B is a subset of A and the intersection of the boundaries
of A and B is either empty or consists of a forward invariant set of finitely

many points;

e (7 maps the boundary of a connected component of B onto the boundary
of some connected component of A;

e there is one component B(c) of B (which we will call a central domain)
which is mapped in a 2-to-1 fashion onto A and B(c) is relatively compact

in A (i.e. B(c) C A). Here B(z) and A(z) denote connected components
of B and A which contain x;

e all other components of B are mapped univalently onto A by the map G,

the iterates of the critical point of G never leave the domain B.

A polynomial-like map G is induced by the map ¢ if, on each of the domains of

B, the mapping is some iterate g".

If the domains B and A are symmetric with respect to the real line, the map is

called real.

The following result is Theorem 3.1 of [K3].
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Theorem 2.5.3. Let f € QHY be an analytic unimodal not infinitely renormal-
1sable map. Then for any € > 0 there exists a polynomial-like map F : B — A
induced by the map f, and satisfying the following properties:

e the forward orbit of the critical point under iterations of F' is contained in

B .

)

o A is a union of finitely many lenses of the form Dy (J) where J is an interval
on the real line, |J| < € and 0 < k < logtan (3F);

e if F(x) € A(c), then B(x) is compactly contained in A(x) (i.e. B(zx) C

A(z));

e ifa € DAN OB, then the boundaries of A and B at a are smooth; however
if we consider a smooth piece of the boundary of A containing a and the
corresponding smooth of piece of the boundary of B, then these pieces have
the second order of tangency;

e if B(x)NB(2') =0 and b € I(B(x) N B(x')), then the boundaries of B(x)
and B(x")are not smooth at the point b and not tangent to each other;

e for any x € B we have
| B(x)]
|Az)]

where |B(x)| denotes the length of the real trace of B(x);

<,

o ifz € B and Flpu) = f", then fi'(x) ¢ Alc) fori=1,...,n—1;

o flc) & A;
e let a € DA be a point closest to the critical value f(c), then

£ (B(0))]

— < €.

o — f(c)|

So we obtain the kind of map shown in Figure 2.3.

Note that we want to create a perturbation which yields a map in Q*. Clearly, if

we apply a small local perturbation in PC(f) \ {c} then we remain in QF.

To show that maps are structurally sensitive at ¢ we will perturb as follows. Since
we are assuming here that ¢ is recurrent, for any small neighbourhood U of ¢ there
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Figure 2.3: A fragment of our polynomial-like map.

is some n > 0 such that f"(¢) € U. We may apply our perturbation at f"(c)
rather than at ¢, and so we remain in Q*.

The key difference between applying the methods of Theorem 2.1.7 to the above
polynomial-like mapping in [K3| and our case here is that we create our family
in a different way. In the construction of the polynomial-like map, partitions are
defined as follows. Firstly, a partition Py C I of periodic points, some of which
are boundary points of a nice interval Ty around ¢, is defined. Then this partition
is pulled back m times to give a partition P,, which defines the elements of 0ANR
in the theorem. Importantly, intervals defined by this partition are small and the
partition points all eventually map to repelling periodic points.

In [K3] the perturbation to create the family f\ is at f(c): the partition P, is
stable under this perturbation. That is, there is a conjugacy between f and f) on
Py and the perturbed partition. This ensures that when the map G is created,
it is a polynomial-like map. In our case we wish find some partition P} which is
stable under local perturbation at f"(c) for some n > 0.

We adapt the original partition as follows. We include the elements of oU UdU,
which are defined in Section 2.4, in the partition Fj. 0U will behave as T does
in the original theorem. Since our added points eventually map to repelling
periodic points, the adapted partition Pj gives us the same type of map as in
Theorem 2.5.3. Next we show that we can extend our perturbation p); to act

upon our polynomial-like mapping.
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Letting U = (a,a™), we extend pyx to the complex plane:

z—a~ k41 at—z k+1 . B
D k(z) = )\( (al_a£)2k+2) if %(2’) - [CL ,CL+]
| 0 it R() ¢ [a=,a*]

(Where R(z) is the real part of z.)

Therefore, for a given £ > 1, the map f\ = f + pax extends holomorphically to
A\{z € A: R(z) € {a,a"}}. Observe that our partition P} is stable under this
perturbation for small A\. Whence we find a non-degenerate family of polynomial-
like maps F) which depend holomorphically on A; so we can apply the methods
of Theorem 2.1.7.

2.6 The minimal case

We will first show that we can use the fact that minimal maps give us first return
maps with finitely many domains to construct a holomorphic extension to some
domain in C. Then we will use this to construct a holomorphic box mapping.
This construction will initially take place around ¢, but we will show that we can
push it forward to any f"(c) for n > 0. Finally we will make some perturbation
of this box mapping to give us a suitable family of maps.

We will use the following well known claim which provides an equivalent definition
of minimality. We provide a proof for completeness.

Claim 2.6.1. The minimality of w(x) is equivalent to all y € w(x) having w(y) =

w(z).

Proof: Let y € w(x). We can prove that w(y) is f-invariant: given z € w(y)
there must be some sequence ny such that f™(y) — z as ny — oo. Then
f(2) = flimg_o f™(y)) = limg_o f(f™(y)) by continuity. This is clearly in
w(y) so w(y) is f-invariant. Since w(x) is minimal, any f-invariant subset must

be equal to w(x); whence w(y) = w(x).

We next state and prove another well known result.

Lemma 2.6.2. Suppose that w(c) is minimal and T is some nice interval around

c. Then the first return map to T has finitely many domains intersecting w(c).
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Proof: Given a nice interval T, let Ry : Uj U’ — T be the first return map to 7.
Note that [ J; U7 cover all elements of w(c)NT". This is because every x € w(c) has
w(z) = w(c) and so all x € w(c) NT must return to 7. Therefore the first return
domains form an open cover of w(c) NT. Since w(c) NT is closed, it is compact,
so there is a finite subcover. Because each domain is disjoint, this subcover is
precisely the set (J ;U J of domains of the first return map.

O

We obtain the first return map Ry : Uj.vzo UJ — T as above. Given j > 0, we
approximate Rr|ys : U7 — T by a polynomial p;. We must choose p; to be close
to I on U’ and have its derivatives match up with those for Ry on oU’. We
can do this using, for example, the Bernstein polynomials of Section 6 of [P].
Furthermore, we can assume that we are looking for C*-structurally sensitive
points (as we have already dealt with the C! case) and so we can ensure that ¢
is non-flat for py.

For each j # 0 there exists some constant x; > 0 such that there is some domain
A7 © C with |A7| = U7 such that p; : A7 — D, (T) is univalent. Furthermore,
there exists some ko > 0 such that py : A — D, (T) is a holomorphic double
covering. Then we let

K = min Kj
0<j<N

and A := D, (T). Then for each j there exists some A7 C C such that for j # 0,
p;j : AV — A is univalent and py : A — A is a holomorphic double covering. So
letting F* be equal to p; on A, F: U;VZO AJ — A is a holomorphic map. Indeed,
if A9 C A for 0 <j < N then this is a holomorphic box mapping. However, this
may not be the case. So we must do more work.

We will need the domains of the map that we are dealing with to be compactly
contained in their ranges in order to guarantee that we have a holomorphic box
mapping. To this end we induce on F as follows. Denote F by Fy and |AY| by
I,. and the first return map by Fy to I, by F; : Uj ]f — [;. Similarly we obtain
E; - U]. I — I,. Each of these maps extends to a map Fj : Uj Al — A; where A;
is some complex neighbourhood of I; such that |A;| = I;. Similarly for A7.

We use the following result, Lemma V.1.5.2 of [MS]. Recall that we let p,;(-, ")
denote the Poincaré metric on the domain C; :=C\ (R\ J).

Lemma 2.6.3. Given a > 0 and ro > 0 there exist s = s(rg,a) and ly > 0 with
the following property. If ® satisfies the following conditions:
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1. ® is holomorphic and univalent on a Fuclidean disk of radius a centred at a
point of an interval J C R and D,,(J) is contained in this Euclidean disk;

2. ® maps the real axis into the real axis;

3. 17| <lo.

Then, provided k < ry,

pa)(P(x), ®(y)) < (1+ s|J])ps(x,y)

for all x,y € Dy(J); so in particular ®(Dy(J)) C Days)ape(P(J)).

This extends in our case to the following result.

Lemma 2.6.4. For ¢ large enough there is some k > 0 and some domains Ai
such that F; extends to some holomorphic box mapping F - U, Al — Dy(I).

This lemma is an adaptation of Lemma 3.2 of [K3]. See [LS2] for the infinitely
renormalisable case. For the proof of this we introduce some notation. For an
interval J and a > 0 let D(a,J) denote the round disk in C centred at the
midpoint of J with radius a. Let D(J) be D('—‘2]|, J).

Proof: Suppose that n(j) > 0 is such that Fi|1{ = Fg(j)hg. Pulling back by the
appropriate branch, we see that by Lemma 2.4.5 we have an extension of FJ Lon
F~*(I;) to some domain I (k) where k < n(j) — 1. In fact, if we select a suitable
¢ then we have an extension of Fo_ ! on the appropriate pullbacks of F~")=1([))

too (we just ensure that F, s ‘non-central’). By Theorem 2.4.4 the size of this
| 1:]

A i1l N
such that I(k)] is an e-scaled neighbourhood of F, *(I;).

extension is dictated by the size of So for a given € > 0 there exists some ¢

For large i we see that [ is holomorphic on the round disk D(ff ). Then we
can choose some a > 0, 7o > 0 as in Lemma 2.6.3 depending on ¢ such that
D(a, F;7*(I)) € D(I(k)}) (and therefore each branch of Fjy ! is univalent on

D(a, Fy*(1,))) and D, (Fy*(1;)) € D(a, F;*(I)). So we have satisfied all but
the last condition of Lemma 2.6.3. By inducing some more we can satisfy that
condition too. Observe that by [SV], we can choose an i such that our inducing

does not alter the condition for €, so the above assertions still hold.

It can be seen from rescaling that we can do this for all iterates of branches. Then

if k is small enough,
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F DU E )] € By Y [ Dpyygapanne B )] €

So choosing 0 < ky < and noting that Z?:(]O) |FA(ID)] < |Ay|, we

T0
Lbs 1) 1B (1) ~ 3
complete the lemma by fixing some k < k¢ and letting A7 be the pullback by F;

of Dy,(I7). Finally, we denote Dy(I7) by A;.
O

Letting fly; := f(F~'p;), we obtain F as the first return map by f to 7. Fur-
thermore, we have ensured that f € C*.

We can now apply the methods of [K3] to f.

We can transfer this construction to f"(c) as follows. We denote f"(c) by zo. We
choose some neighbourhood U,, of x, which is disjoint from 7". We may choose
T and U,, so that f*(T) are disjoint from T U U,, for k = 1,...,n — 1. Let
1 < M < oo be the maximum number of times any domain of I iterates by f
into U,, before returning to 7'. Then similar calculations to those in the proof of

Lemma 2.4.8 can be used to prove the following lemma.

Lemma 2.6.5. For the setting above, for € > 0 there exists some € > 0 such that
for j =0,...N, if ||p; — Fllcr < € then, choosing appropriate branches, on U’

we have [|/(f~0D"p, ) — fllow < .

We let fy be equal to f outside f™(T)\ f"(U°) and equal to f(f~ O pyfm)
on U% Fori=1,...,N —1welet f;;1 be equal to f; outside f*(T)\ fH(U)
f—(n(i—l-l)—n

; 'pif™) on U1, So if we choose our p; as in the above

and equal to f;(
lemma we have ||fy — fllcr < €.

Note that if any interval f™(U7) iterates back into f™(T') then it must coincide
with some other f*(U7") for j' # j. Thus for z € 0 (U;V:() Uj> we have D' fy(z) =
Dify(z) for i = 0,...k. Therefore fy € CF.

We can therefore obtain a holomorphic box mapping in this case as above.

We next define a perturbation to create a family of holomorphic box maps. Given
our holomorphic box mapping F, : U i flg — /Ali, we consider the first time that
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f”(/il) lands in U,,. We then support our perturbation on the f”(fl?), mapping
f™(c) to a boundary point of f*(A?) by some py . Our partition is unchanged
by pak, so despite the fact that the perturbation is large even in the C' sense,
we can apply the methods of [K3] to this family.

2.7 A straightforward non-minimal case

Here we prove part 5 of Theorem 2.1.4.

Let By = {z € w(c) : w(z) # w(c)}. We consider the cases in which it is simple
to perturb appropriately in this set.

Lemma 2.7.1. If E;N{c} = () then there exists a small nice interval U around c
such that the first return map to U has a finite number of domains which intersect

w(e).

Proof: Let U be a small interval around c as in Lemma 2.2.10 such that UNEy =
(). Then any point y € w(c) N U must have w(y) = w(c). In particular, y must
return to U under iteration by f. Thus, as in Lemma 2.6.2 the first return map
to U has a finite number of domains intersecting w(c) as required.

So we may proceed as in the proof of the minimal case.



Appendix A

Proof of the Yoccoz Lemma

We recall the lemma.

Lemma 1.5.2 Suppose that f € NF?. Then for all 6,6 > 0 there exists C > 0
such that if 1y is a nice interval such that

1. Iy is a -scaled neighbourhood of I ;

2. F; is low and central fori=20,...,m;
3. there is some 0 < i < m with ‘I|I+|1| <149,
then for 1 < k <m,
1 1 [ Livk—1 \ Litk C
C min(k,m — k)? || min(k,m — k)%’

For similar statements see [FM] and [Sh2].
Proof: We firstly use the following claim.

Claim A.0.2. For f asin the lemma, there exists some C(f,0,0") > 0 such that

1, ,
Hnl _ ct.6.8)
[ o]

This is proved in Section 5 of [Sh2|. Immediate consequences of this are that
% is bounded below (this is one of the assumptions in the statement of the

Yoccoz Lemma in [FM]) and that F has bounded distortion in (aq, a,,).

81
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Our proof now involves using the bound ¢ and the small size of I; to find a nearby

map in the Epstein class. The structure of such maps, particularly at parabolic

Hipr—1\ iyl
[ 1] '

fixed points, along with some new coordinates, give us estimates for
We suppose that s > 0 is such that F|;, = f*|;,. We observe that f*~! has
uniformly bounded distortion depending on 6. We will denote F'|;, by F'. Letting
Y [am,a1] — [0,1] be an affine diffecomorphism we will work with the map

Y F1~t. For the rest of the appendix we will denote this map by F too.

Previously we assumed that F'|;, had a maximum at c¢. It will be convenient to
suppose now for this section that ¢ is a minimum for F|;,. Also we let I; = (al, a;).
So in particular, F(a;11) = a;. We firstly define a point which allows us to

partition [a,,, a;] in another way.

Let zg € [am, a1] be defined so that |F(zg) — x| = min,,, <z<a, | F(x) —2|. We can
show that DF(zy) = 1 as follows. Note that F'(x) > z for all € [a,,, a1] and that
F is increasing. Then let h(z) := F(z) — (F(xzo) — o). By the definition of xq, we
have h(z)—z > 0. Then we express h as h(z) = zo+ (z—x0) Dh(z0)+O(|z —x0]?)
and so h(x) —z = (z — x¢)(Dh(zo) — 1) + O(]z — x0|?). Therefore, if Dh(zq) > 1
then there exists some z < zy near xy such that h(x) — 2z < 0. Similarly, if
Dh(xy) < 1 then there exists some x > xy near xy such that h(z) —z < 0. In
either case we have a contradiction.

We are able to estimate the shape of F' near z( using the following definition and
lemma.

Definition A.0.3. Let a > 0. We say that the real analytic map f : [0, 1] — [0, 1]
is in the Epstein class &, if f(z) = pQi where Q is the quadratic map Q(z) = 22,
Y is an affine map and ¢ : [0,1] — [0, 1] is a diffeomorphism whose inverse has
a holomorphic extension which is univalent in the domain C(_;144) := C\ (R \
(—a, 1+ a)).

For more details on maps in this class see [MS].

Lemma A.0.4. Let f € NF?. Suppose that I is a nice interval around ¢ and J is
a first entry domain which is disjoint from I and with entry time s. Suppose that
§ > 0 is some constant such that there exists some J O J such that fe J—T
is a diffeomorphism where I' is a §-scaled neighbourhood of I and |fj(j)| <1.
Let 7o : J — [0,1] and 75 : I — [0,1] be affine diffeomorphisms. Then for all
€ > 0 there exists 0 > 0 such that |I| < ¢ implies that there ezists some function
G : I — I in the Epstein class E such that |7, f*7y ' — G|lc> < § and G~ extends
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univalently to C_s144)-

We use this to prove the following claim.

Claim A.0.5. There exists some 0 < A < B such that

F(x0) + (x — 20) + Az — 20)* < F(z) < F(xo) + (x — 20) + Bz — )2

Proof: We know that f° : Io — I; has the following property. The map
f71 . f(I,) — I, has an extension to Iy. Furthermore, since I is a d-scaled
neighbourhood of I; we use Lemma A.0.4 to obtain a C? close map G4, which is
in the Epstein class.

In fact we can choose different starting intervals I,, with the same real bounds
which are smaller and smaller and which are then rescaled to maps F),, which
map from the unit interval. For each such map we obtain the nearby map G, in
the Epstein class where ||F,, — Gpllc2 — 0 as n — oo. We let zf} denote a point
which is equivalent to zy for F'. We suppose |F,(zf) — x| becomes very small;
otherwise our proof is simpler. Then our limit map G, has a parabolic fixed
point z°. Also D*Goo(25°) > 0. Thus, there exist 0 < A < B depending only on
f such that for all € [0, 1] we have

Goo(xX) + (2 —27) + Az — 25°)? < Goo() < Goo(23°) + (v — 2°) + B(w — 23°)?.

Clearly, for large n, we have the same condition for GG,,. Therefore, if we take I,
small enough, we may assume that it holds for F' too.

We denote € := F(zg) — x9. Then we have
e+ Alx —20)? < F(z) —x < e+ Bz — ).

We suppose that N is such that zo € [an,any1). Then for 0 < ¢ < N —1
we let z; := F'(z9). We will use this equation to find estimates for a; — a;41.
Throughout we will find estimates of the following type: ‘there exist ¢’ > C' > 0
such that Cf < a < C'F’. We will write this as a < 3. We will use C, C" where
necessary too. These constants will not all be the same, but to ease notation they

will denote some constants depending only on 9.
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Claim A.0.6.

1
N =< —.
Ve

Proof: Let N/ =max{l <j <N —1:xz; —x¢ < +/e}. We will first show that
N’ satisfies the claim. For j < N’, we have

e<wzjy —x9 < e(B+1).

Therefore,
N'—1

NIE S Z Tjt1 — Ty S NIE(B + 1)
§=0
Since Zj.vzlal Tjp1—x; = x;—To < y/e we have N’ < \% Furthermore ;1 —x¢ >
1 _ 1
\/ESO(N/+].>€(B+].)> eandN’>m—l. le. N//‘\7g
Next we find estimates for N — N’. For N’ < j < N we consider again the
equation

e+ Alzj — 20)* < 2j41 — 2 < e+ B(wj — x0)*.

But note that here B(x; — z9)* > € so we can write instead
A($j — 1’0)2 S Tj41 — Ty S QB(QZ’] — 1'0)2.

We make a change of coordinates. We let y; := xj_;xo Then we have

Yj — Y1 = L
i = _
S (j — 20)(xj4+1 — 7o)
By the above bounds we have
A(x; — 2B(x; —
—(l'] -’L’o) < Yi — Yj+1 < —($] 1’0) < 2B.
ZTj+1 — Zo ZTj+1 — Lo
Furthermore,
A(z; — xo Az — xp) A
Yj = Yj+1 > (=, ) > 5 = .
(j41 — ;) + (2 —x0) = 2B(x; —20)* + (7; —x0) 2B +1

Observe that xy € (a1, ap) and |ag—ay| > 0. So since |y —xn_1]| is approximately
lag — a1| we know that yy = 1. Also note that yy: =< \/ig and so Yy — yn < \%
Summing we obtain

C o

e SN N = >y =y <2B(N - N)
€ j=N-1
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and
C’ A(N — N')

Nl
—_ > , — —_ 9. >~ - 7
e U N j:;lyj Y1 > e

So N — N' = \/ig too. Adding this to the estimates for N’ we prove the claim.

O

To prove the Lemma 1.5.2, we use the above claim added to the fact that, since
Claim A.0.2 gives us bounded distortion, a; — a;; is like an_; — xn_j_1.

Firstly we will use that above coordinate change again. For j > N’ we have

J .
AN =)
Yji > Y —Yn = Zyi_yi+l>m

j=N-1

2
1 A(N—j) . 2B+1
and so w=w ~ 2BA and x4 —2; < 2B <—A(N7j)> .

We have proved that if 0 < j < N’ then
€< Tjp1 —2; < C'e

and if N/ < j7 < N then

Cl

E<Tiy1 —Tj < —.
’ 7N =)

Similarly we can define z; = FY(x) for negative j where 0 < |j| < m — N. We
define some M’ analogously to the definition for N’ and so if |j| < M’ then

e<wjp —x; < Ce
And if M' < |j] <m — N then

¢ <x T, < ¢
(m—N+j)2 7T (m— N+ )
(In the step of the proof where estimates on yy_,, are required, we use the fact
that |am—1 — am| > 6 and |x_,,—1 — 2,,| is approximately |a,—1 — au.)
Note also that we can show that m — M’ =< \/ig

Since aj — a4 is essentially the same as xy_; —axn_j_1. Soift N > j > N — N’,
we have
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Ce < a; — a1 < C'e.

Note that
have

> % > L Since € < % and € < this implies that we

_1 1
N—N’ N (N—N")2

/
ﬁ<aj—aj+1<j—2.
Now if N — N" > j > 1 then

/

— < aj — Gj41 < —
J? J?

(where the lower inequality comes from §). If N < j < m — M’ then we may
again derive
Ce < a; — a1 < C'e.

Note that we also have m — N >m — j > m — M'. Since m — N,m — M’ < L
we have

B

C C’
Ifm—M <j<m-—1 we have
C C’

<aj —aj41 <

(m —j)? (m —3j)?

where the lower inequality comes from § and ¢'.

To conclude, if 1 < j < N then we have some constant C' such that j < C(m —j)
and a; — a1 < J% If N <j<m—1 then we have some constant C’ such that
m—j<C'jand a; — aj41 < ﬁ So in either case we have

1
(min(j, m — ]))2

a; — Qi1 =

as required.



Appendix B

C? convergence

It remains to prove Lemma A.0.4, which we recall below.

Lemma A.0.4. Let f € NF?. Suppose that I is a nice interval around c and J is
a first entry domain which is disjoint from I and with entry time s. Suppose that
§ > 0 is some constant such that there exists some J O J such that fo J—T
is a diffeomorphism where I' is a 6-scaled neighbourhood of I and S |f7(J)| < 1.
Let 7o : J — [0,1] and 75 : I — [0,1] be affine diffeomorphisms. Then for all
€ > 0 there ezists 6 > 0 such that |I| < § implies that there exists some function
G : I — I in the Epstein class E such that |7, f*75 ' — G|lc> < § and G~ extends
univalently to C(_s144)-

This lemma was suggested by W. Shen. Such arguments go back to Sullivan, see
[Sul], but usually the convergence is only C** for some n > 0. We are able to
show here that we have convergence in the C? topology.

Proof: We will assume that we can fix some open neighbourhood U of ¢ such
that f(z) = f(c)+ |z —c|* for z € U. We may ignore the usual function ¢ for the
moment as the lemma extends to that general case too. We also fix some open set
U’ such that U’ C U. Let Jy = J and J; = fi(J). For every 0 <i < j < s —1 we
have a diffeomorphism f7~¢: fi(J) — f7(J). Thus each such map has distortion
bounded by some K = K(J).

We will rescale our maps as follows. Let 7; : J; — [0,1] be the affine homoeo-
morphism such that f; = 7;,1f7, " is monotone increasing. Then the following

diagram commutes.

87
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R e A/

TOJ Jﬂ l ln_l lfs

0,1 £ [0,1] L - L2 0,1 5 (o, 1]

When [ is sufficiently small then by Lemma 1.3.4 each J; is either inside U or is
disjoint from U’. We then approximate f; as follows. For x € J;and 0 <i < s—1
let

(@) = fiz) if J; U,
PI=Y (1= e+ 82 it SN0 =0

where §;, = fol D%f,(t)dt. We observe that Sg; < 0 for all 0 < i < s—1. If
J; € U for some 0 > j < s — 1 we know that g; extends holomorphically to
Cis1+40)- Also, if J;NU" = 0 then Dg;(xz) =1 — % + 57"” As we will see later,
even when the modulus of z is very large, this is non-zero. Therefore (g, - - - go) ™"
extends univalently to a holomorphic map defined on C(_s 145 for 0 <n < s—1.
Furthermore, we can prove that for any & > 0 there exists some M (6, k) such that
|gn - gollcr < M(8,k) for 0 <n < s—1. (For details of the proof see the Koebe

Bieberbach result in [Mi].) We will only be concerned with M (§) := M(J, 3).

We will prove that ||gs—1 - go— fs—1 - follc2 is small. We first prove the following
lemma.

Lemma B.0.7. There exist some My, My > 0 such that
lgi — fillo2 < Myw(|Ji])|Ji]

where w = wp2y as defined in Section 1.3. Furthermore, |D fi(x)—1|,|D? fi(x)| <
Ms|J;| for z € ]0,1].

Proof: Assume J; is not in U, otherwise there is nothing to prove. We will
first estimate |D?g;(z) — D?fi(x)| for z € [0,1]. Observe that D?g;(z) = 6; =
fol D2f;(t)dt and D*f;(z) = L D2 f(771(z)). There exists y € [0, 1] such that

T il

Jy D2fi(t)ydt = D2 f,(y) so D?gi(x) = D? fi(y) and
D2(x) —~ Dfi(w)| = |D?fily) — Do)
= Pl o) - 27
< Py < M w2

| i1l
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D S
infygy |Df()]”

We use this to make the remaining derivative estimates. By the Mean Value

for some M; >

Theorem there exists some z; € [0, 1] such that fi(z1) = gi(z1). Then for z €
[0, 1],

|Dgi(x) — Dfi(x)] S/ [ D?gi(t) — D fi(t)ldt < M| J;w(| Ji]).
Similarly,

l9:(z) — filz)| < /Ox [Dgi(t) — Dfi(t)|dt < My|Ji|w(]Ji]).

Also for x € [0, 1] we have

| J;|?

- T | |D? f(7; @) < Ma|Ji|

| D fi(x))]

sup,qp; | D2 f ()|
where M2 > ian¢U|Df(x)‘ '

By the Mean Value Theorem there exists some xy € [0, 1] such that D f;(zo) = 1.
Then for z € [0, 1] we have

|IDf;(z) — 1] < /x | D2 f,(t)|dt < My|J;].

For our calculations, we introduce some new notation. We let A,_; and By be
the identity map; for 0 <j<s—1welet Aj =gs_1---g;;andfor0 <j<s—1
we let B; = f; -+ fo. We have

s—1
(gs—17-90) = (fs=1-+- fo) = Z(gs—l - git1gifi-1- fo)
=0
~(Gs—1- - gjr1fifi—1-- fo)
s—1
= D AjgiBio1 = A By
=0

If we let Sj = Aj+lngj—1 and 7} = Sj - Sj+1 then (95—1 tee gg) - (fs—l s fo) =
o T
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If J; C U then g; = f; and so T; = 0. We assume that J; is disjoint from U’.
Then

|DTj(x)| = |[DA;j1(9;Bj-1(2))Dg;(Bj-1(x)) DBj-1(x)]
—[DA; 1 (fiBj1(2)) D f5(Bj-1(2)) DBj 1 (2)]|
< [DBjalec| DAj11(9(4))Dg;(y) — DA; 1 (f5(w) D5 (y)
where y = Bj_1(x) and | - | denotes the maximal value of a function on its

domain. Note also that |DBj|«,|DAj|« are bounded since f* has bounded dis-
tortion. So

|DTj(z)| < C(|DAj119;(y) — DAj f5(w)l|Dg;(y)]

+|Dg;(y) — Dfj()|IDA;(f;(y)])
< C(lgj = filoo +1Dgj — Dfjles) < CMyw(|J;])|J;]-

Therefore,
s—1 s—1
[D(gs-1---g0) = D(fou1 -+ fo)loo < CMi Y w(| ;DI 5] < CMuw(r(|1])) Y 1]
5=0 j=0

where the function 7 is defined in Lemma 1.3.4. So our result is proved for the
C! norm. The result in the CY norm follows easily. Bounding the C? norm is
more complicated.

We rewrite the summands as follows.

D%S;(x) D%S;4(x)
D2S.(x) — D2S. — |2\ Do () — 2 [
D8y(0) = DSya(o)] = | B Dsita) - P D)
DS, D?*S;
< I _ 2 |Dg;
- ‘DSJ‘ DSjn oo| o
D25
5] s
J o]
We will show that L
2| DS; ~ DSy |,

is small. Since |D%Sy| is bounded above and |DSp| is bounded below we have

D25, D25,41 :
Bl Therefore ‘—DSjH N is bounded by some M; > 0 for

0 <j <s—1. So once we have shown that (B.1) is small then we know that
|D?(gs—1 -+~ g0) — D*(fs—1--- fo)|oo is small also.

an upper bound on ‘
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To find the bounds for (B.1) we use the fact that for increasing C? functions g

we have D(log(Dg))(z) = Dg((x)) Then since

log(DS;(x)) = log(DAjy1(9;Bj-1(2))) + log(Dg;(Bj-1(z))) + log(DB;_1(x))

and

log(DSji1(z)) = log(DAj11(fjBj-1())) + log(D f;(Bj-1(z))) + log(DB;_1(x)),

we have

log(DS;j()) — log(DS;j41(7))
= log(DA;1(9;Bj-1(x))) —log(DA; 1 (f;Bj-1(x)))
+log(Dg;(Bj-1(x))) — log(Df;(Bj-1(x))).

Differentiating we obtain
D?S; D? DSj () =

(2) D?Ajy1(9;Bj-1(x))Dg;(Bj—1(x))DB;_1 ()
DS, DS, 1

DAj+1(9ij—1($))
- D?Aj(fBj-1(2))Dfi(Bj-1(2)) DBj-i (x)
DAj—H(ijj—l(I))
D?g;(Bj-1(x))DBji(x)
Dyg;(Bj-1(z))
_ D?fi(Bj-1(x)) DB;(x)
Df;(Bj-1(x))

%2;7 (x) — %:11( ) by P;, we can define #; as being the function
obtained by postcomposing P; with B ! and dividing by the function z

DB;_1(B;(x)). Thus,

{DzAjJrl(gj(‘r))ng(x) _ D?Aj (@)D ()
DAji1(g5()) DAj(f(x))
{D{%’(?’?) 3 D2fj(l‘)}
Dgj(x)  Dfj(x) |

We now denote the first summand in square brackets as 9]1. () and the second

Denoting

0;(z)

summand in square brackets as 6% ().

We calculate
! Dgy( )ij(ﬂf)
' (v) = D*f;(x)) D fj(x) + D*fi(x)(Df;(x) — Dg;())
Dgj(z)Df;(x)
< MEMyw(J;)| 5 (1 + My Jj]) + My (Myw(J;)] ;1)) < Msw(] ;)|
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for some M3 > M12[M1(1 + MQ‘J]D + MlMQ].
1,1 1,2 1,3
Also 0}(x) = 0, (x)(0;,7(x) + 6;°(x)) where

1
[DA;j1(g; (@) [DAj 1 (fi(2))]

012(2) = [DA;1(f5 () — DAy11(g;(2))][D* Az 41 (g5(2)) Doy ()]

L1, \
Hj (x) =

and
0;°(x) = [DAj1(g;(2))][D*Aj11(g;(x)) Dgj(x) — D* Az (f5(2)) D f ().

Clearly 01 ()] < K and [61(2)] < [D?A; a2 (1 + MalJy ) Myw(|J, DI . Fi-
nally, 61 (x) = (DA, 11 (g,(x))] (1 (x) + 2(x)) where

n(z) = (D*Aj119;(x))(Dg;(x) — Dfj(x))
and
(@) = (D*Aj(gi(@)) — D* A (f;(2) D fj ().
Clearly, DA;.1(g;(x)) is bounded. Also
92(2)] < [D?Ajii|oc|D° Ajia || D filocl 9 () — f(2)]
and so there is some My > 0 such that |P;(x)| < Myw(|J;])]J;]-

We conclude the proof of the lemma by observing that this means that the value
of (B.1) is small.
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