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A BETTER ALGORITHM FOR RANDOM Ek-SAT*

AMIN COJA-OGHLANT

Abstract. Let ® be a uniformly distributed random k-SAT formula with n variables and
m clauses. We present a polynomial time algorithm that finds a satisfying assignment of ® with
high probability for constraint densities m/n < (1 — e;)2" In(k)/k, where ¢, — 0. Previously no
efficient algorithm was known to find satisfying assignments with a nonvanishing probability beyond
m/n = 1.817 - 2% /k [A. Frieze and S. Suen, J. Algorithms, 20 (1996), pp. 312-355].
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1. Introduction. The k-SAT problem is well known to be NP-hard for k£ > 3.
This indicates that no algorithm can solve all possible inputs efficiently. Therefore,
there has been a significant amount of research on heuristics for k-SAT, i.e., algorithms
that solve “most” inputs efficiently (where the meaning of “most” varies). While some
heuristics for k-SAT are very sophisticated, virtually all of them are based on (at least)
one of the following basic paradigms.

Pure literal rule. If a variable x occurs only positively (resp., negatively) in the for-
mula, set it to true (resp., false). Simplify the formula by substituting the
newly assigned value for x and repeat.

Unit clause propagation. If there is a clause that contains only a single literal (“unit
clause”), then set the underlying variable so as to satisfy this clause. Then
simplify the formula and repeat.

Walksat. Initially pick a random assignment. Then repeat the following. While there
is an unsatisfied clause, pick one at random, pick a variable occurring in the
chosen clause randomly, and flip its value.

Backtracking. Assign a variable z, simplify the formula, and recurse. If the recursion
fails to find a satisfying assignment, assign x the opposite value and recurse.

Heuristics based on these paradigms can be surprisingly successful on certain types
of inputs (e.g., [10, 16]). However, it remains remarkably simple to generate formulas
that seem to elude all known algorithms/heuristics. Indeed, the simplest conceivable
type of random instance does the trick: let ® denote a k-SAT formula over the
variable set V' = {z1,...,x,} that is obtained by choosing m clauses uniformly at
random and independently from the set of all (2n)* possible clauses. Then for a large
regime of constraint densities m/n satisfying assignments are known to exist due to
nonconstructive arguments, but no algorithm is known to find one in subexponential
time with a nonvanishing probability.

1.1. Main result. To be precise, keeping k fixed and letting m = [rn]| for a
fixed r > 0, we say that ® has some property with high probability (“w.h.p.”) if the
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2824 AMIN COJA-OGHLAN

probability that the property holds tends to 1 as n — oo. Via the (nonalgorithmic)
second moment method and the sharp threshold theorem [3, 4, 14], it can be shown
that @ has a satisfying assignment w.h.p. if m/n < (1 — )2FIn2. Here ¢}, is inde-
pendent of n but tends to 0 for large k. On the other hand, a first moment argument
shows that no satisfying assignment exists w.h.p. if m/n > 2¥In2. In summary, the
threshold for @ being satisfiable is asymptotically 2% In 2.

Yet for densities m/n beyond e - 2¥/k no algorithm has been known to find a
satisfying assignment in polynomial time with a probability that remains bounded
away from 0 for large n—mneither on the basis of a rigorous analysis nor on the basis
of experimental or other evidence. In fact, many algorithms, including Pure Literal,
Unit Clause, and DPLL, are known to either fail or exhibit an exponential running
time beyond c - 2¥ /k for certain constants ¢ < e. There is experimental evidence that
the same is true of Walksat. Indeed, devising an algorithm to solve random formulas
with a nonvanishing probability for densities m/n up to 2fw(k)/k for any (howsoever
slowly growing) w(k) — oo has been a prominent open problem [3, 4, 8, 22], which
the following theorem resolves.

THEOREM 1.1. There exist a sequence €, — 0 and a polynomial time algorithm
Fix such that Fix applied to a random formula ® with m/n < (1 — &;)2%In(k)/k
outputs a satisfying assignment w.h.p.

Fix is a combinatorial, local search-type algorithm. It can be implemented to run
in time O((n +m)>/?).

The recent paper [2] provides evidence that beyond density m/n = 2% In(k)/k the
problem of finding a satisfying assignment becomes conceptually significantly more
difficult (to say the least). To explain this, we need to discuss a concept that originates
in statistical physics.

1.2. A digression: Replica symmetry breaking. For the last decade ran-
dom k-SAT has been studied by statistical physicists using sophisticated and in-
sightful, but mathematically highly nonrigorous, techniques from the theory of spin
glasses. Their results suggest that below the threshold density 2¥In2 for the exis-
tence of satisfying assignments various other phase transitions take place that affect
the performance of algorithms.

To us the most important one is the dynamic replica symmetry breaking (ARSB)
transition. Let S(®) C {0,1}" be the set of all satisfying assignments of the random
formula ®. We turn S(®) into a graph by considering o, 7 € S(®) adjacent if their
Hamming distance equals 1. Very roughly speaking, according to the dRSB hypothe-
sis, there is a density rrsp such that for m/n < rrgp the correlations that shape the
set S(®) are purely local, whereas for densities m/n > rrsp long-range correlations
occur. Furthermore, rrsp ~ 28 In(k)/k as k gets large.

Confirming and elaborating on this hypothesis, we recently established a good
part of the dRSB phenomenon rigorously [2]. In particular, we proved that there is a
sequence £5 — 0 such that for m/n > (1+¢;)2% In(k)/k the values that the solutions
o € S(®) assign to the variables are mutually heavily correlated in the following
sense. Let us call a variable x frozen in a satisfying assignment o if any satisfying
assignment 7 such that o(z) # 7(z) is at Hamming distance ©(n) from o. Then for
m/n > (1+ e;)2¥In(k)/k in all but a o(1)-fraction of all solutions o € S(®), all but
an ep-fraction of the variables are frozen w.h.p., where 5 — 0.

This suggests that on random formulas with density m/n > (1 4 ;)2%In(k)/k
local search algorithms are unlikely to succeed. To see this, think of the factor graph,
whose vertices are the variables and the clauses, and where a variable is adjacent to all
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clauses in which it occurs. Then a local search algorithm assigns a value to a variable
2 on the basis of the values of the variables that have distance O(1) from z in the
factor graph. But in the random formula ® with m/n > (1+¢;)2% In(k)/k, assigning
one variable z is likely to impose constraints on the values that can be assigned to
variables at distance Q(Inn) from z. A local search algorithm is unable to catch these
constraints. Unfortunately, virtually all known k-SAT algorithms are local.

The above discussion applies to “large” values of k (say, k > 10). In fact, non-
rigorous arguments as well as experimental evidence [5] suggest that the picture is
quite different and rather more complicated for “small” k (say, k& = 3). In this case
the various phenomena that occur at (or very near) the point 2* In(k)/k for k > 10
appear to happen at vastly different points in the satisfiable regime. To keep matters
as simple as possible we focus on “large” k in this paper. In particular, no attempt has
been made to derive explicit bounds on the numbers 5 in Theorem 1.1 for “small” k.
Indeed, Fix is designed so as to allow for as easy an analysis as possible for general k
rather than to excel for small k. Nevertheless, it would be interesting to see how the
ideas behind Fix can be used to obtain an improved algorithm for small £ as well.

In summary, the dRSB picture leads to the question of whether Fix marks the
end of the algorithmic road for random k-SAT, up to the precise value of e.

1.3. Related work. Quite a few papers deal with efficient algorithms for ran-
dom k-SAT, contributing either rigorous results, nonrigorous evidence based on physics
arguments, or experimental evidence. Table 1.1 summarizes the part of this work that
is most relevant to us. The best rigorous result (prior to this work) is due to Frieze
and Suen [15]. They proved that “SCB” succeeds for densities 7;2*/k, where 7, in-
creases to 1.817 as k — oo. SCB can be considered a (restricted) DPLL algorithm. It
combines the shortest clause rule, which is a generalization of Unit Clause, with (very
limited) backtracking. Conversely, there is a constant ¢ > 0 such that DPLL-type
algorithms exhibit an exponential running time w.h.p. for densities beyond c - 2¥ /k
for large k [1].

TABLE 1.1
Algorithms for random k-SAT.

Algorithm Density m/n < - -- Success probability | Ref., year
Pure Literal o(1) as k — oo w.h.p. [20], 2008
Walksat, rigorous % -2k /K2 w.h.p. (9], 2009
Walksat, nonrigorous 2k /K w.h.p. (23], 2003
. k—2 k
Unit Clause % (%) 27 Q(1) (7], 1990
Shortest Clause é ( ) % % w.h.p. (8], 1992
SC + backtracking ~ 181728 w.h.p. [15], 1996
BP + decimation e-2F/k w.h.p. [22], 2007
(nonrigorous)

The term “success probability” refers to the probability with which the algorithm
finds a satisfying assignment of a random formula. For all algorithms except Unit
Clause this is 1 — o(1) as n — oo. For Unit Clause it converges to a number strictly
between 0 and 1.

Montanari, Ricci-Tersenghi, and Semerjian [22] provide evidence that Belief Prop-
agation guided decimation may succeed up to density e - 2¥/k w.h.p. This algorithm
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is based on a very different paradigm from the others mentioned in Table 1.1. The
basic idea is to run a message passing algorithm (Belief Propagation) to compute for
each variable the marginal probability that this variable takes the value true/false in a
uniformly random satisfying assignment. Then, the decimation step selects a variable
randomly, assigns it the value true/false with the corresponding marginal probability,
and simplifies the formula. Ideally, repeating this procedure will yield a satisfying
assignment, provided that Belief Propagation keeps yielding the correct marginals.
Proving (or disproving) this remains a major open problem.

Survey Propagation is a modification of Belief Propagation that aims to approx-
imate the marginal probabilities induced by a particular nonuniform probability dis-
tribution on the set of certain generalized assignments [6, 21]. It can be combined
with a decimation procedure as well to obtain a heuristic for finding a satisfying as-
signment. However, there is no evidence that Survey Propagation guided decimation
finds satisfying assignments beyond e - 2% /k for general k w.h.p.

In summary, various algorithms are known or appear to succeed with either high
or a nonvanishing probability for densities c-2¥ /k, where the constant ¢ depends on the
particulars of the algorithm. But there has been no prior evidence (either rigorous
results, nonrigorous arguments, or experiments) that some algorithm succeeds for
densities m/n = 2Fw(k)/k with w(k) — oo.

The discussion so far concerns the case of general k. In addition, a large number
of papers deal with the case k = 3. Flaxman [13] provides a survey. Currently
the best rigorously analyzed algorithm for random 3-SAT is known to succeed up to
m/n = 3.52 [17, 19]. This is also the best known lower bound on the 3-SAT threshold.
The best current upper bound is 4.506 [11], and nonrigorous arguments suggest that
the threshold is ~ 4.267 [6]. As mentioned in section 1.2, there is nonrigorous evidence
that the structure of the set of all satisfying assignments evolves differently in random
3-SAT than in random k-SAT for “large” k. This may be why experiments suggest
that Survey Propagation guided decimation for 3-SAT succeeds for densities m/n up
to 4.2, i.e., close to the conjectured 3-SAT threshold [6].

1.4. Techniques and outline. Remember the factor graph representation of a
formula ®: the vertices are the variables and the clauses, and each clause is adjacent
to all the variables that appear in it. In terms of the factor graph it is easy to point
out the key difference between Fix and, say, Unit Clause.

The execution of Unit Clause can be described as follows. Initially all variables are
unassigned. In each step the algorithm checks for a unit clause C, i.e., a clause C' that
has precisely one unassigned variable z left while the previously assigned variables do
not already satisfy C. If there is a unit clause C, the algorithm assigns z so as to
satisfy it. If not, the algorithm just assigns a random value to a random unassigned
variable.

In terms of the factor graph, every step of Unit Clause merely inspects the first
neighborhood of each clause C' to decide whether C is a unit clause. Clauses or
variables that have distance two or more have no immediate impact (cf. Figure 1.1).
Thus, one could call Unit Clause a “depth one” algorithm. In this sense most other
rigorously analyzed algorithms (e.g., Shortest Clause, Walksat) are depth one as well.

Fix is depth three. Initially it sets all variables to true. To obtain a satisfying
assignment, in the first phase the algorithm passes over all initially unsatisfied (i.e., all
negative) clauses. For each such clause C, Fix inspects all variables z in that clause,
all clauses D in which these variables occur, and all variables y that occur in those
clauses (cf. Figure 1.1). Based on this information, the algorithm selects a variable x
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F1G. 1.1. Depth one versus depth three.

from C' that gets set to false so as to satisfy C'. More precisely, Fix aims to choose x
so that setting it to false does not generate any new unsatisfied clauses. The second
and the third phases may reassign (very few) variables once more. We will describe
the algorithm precisely in section 3.

In summary, the main reason Fix outperforms Unit Clause and the other algo-
rithms is that it bases its decisions on the third neighborhoods in the factor graph,
rather than just the first. This entails that the analysis of Fix is significantly more
involved than that of, say, Unit Clause. The analysis is based on a blend of proba-
bilistic methods (e.g., martingales) and combinatorial arguments. We can employ the
method of deferred decisions to a certain extent: in the analysis we “pretend” that
the algorithm exposes the literals of the random input formula only when it becomes
strictly necessary, so that the unexposed ones remain “random.” However, the pic-
ture is not as clean as in the analysis of, say, Unit Clause. In particular, analyzing
Fix via the method of differential equations seems prohibitive, at least for general
clause lengths k. Section 3 contains an outline of the analysis, the details of which are
carried out in sections 4—6. Before we come to this, we summarize a few preliminaries
in section 2.

2. Preliminaries and notation. In this section we introduce some notation
and present a few basic facts. Although most of them (or closely related ones) are
well known, we present some of the proofs for the sake of completeness.

2.1. Balls and bins. Consider a balls and bins experiment where p distinguish-
able balls are thrown independently and uniformly at random into n bins. Thus, the
probability of each distribution of balls into bins equals n™*.

LEMMA 2.1. Let Z(u,n) be the number of empty bins. Let X = nexp(—u/n).
Then P [Z(p,n) < A/2] < O(/1t) - exp(—A/8) as n — oo.

The proof is based on the following Chernoff bound on the tails of a binomially
distributed random variable X with mean A (see [18, pp. 26-28]): for any ¢ > 0

t2
2.1) P(X > < -
21) POXzA+0 <o (- o

£2
(/\+t/3)> and P(X <A t)gexp< )

Proof of Lemma 2.1. Let X; be the number of balls in bin 4. In addition, let
(Yi)i<i<n be a family of mutually independent Poisson variables with mean p/n,
and let Y = Y7 | Y;. Then Y has a Poisson distribution with mean . Therefore,
Stirling’s formula shows that P[Y = u] = ©(u~'/?). Furthermore, the conditional
joint distribution of Y3, ...,Y,,, given that Y = p, coincides with the joint distribution
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of Xi,..., X, (see, e.g., [12, section 2.6]). As a consequence,

P[Z(u,n) < A2 =P[{i€n]:Yi=0} < \2]Y =
< Pl{ien]:Yi =0} < A/2]
- PY = ]
(2.2) =0(Vm) -P[{i € [n]:Y; =0} <A/2].

Finally, since Y7,...,Y, are mutually independent and P[Y; = 0] = A/n for all 1 <
i < n, the number of indices i € [n] such that Y; = 0 is binomially distributed with
mean A. Thus, the assertion follows from (2.2) and the Chernoff bound (2.1). O

2.2. Random k-SAT formulas. Throughout the paper we let V. =V, =
{z1,...,7,} be a set of propositional variables. If Z C V, then Z = {z : z € Z}
contains the corresponding set of negative literals. Moreover, if [ is a literal, then |I|
signifies the underlying propositional variable. If 11 is an integer, let [u] = {1,2,..., u}.

We let Qp(n,m) be the set of all k-SAT formulas with variables from V =
{x1,...,x,} that contain precisely m clauses. More precisely, we consider each for-
mula an ordered m-tuple of clauses and each clause an ordered k-tuple of literals,
allowing both literals to occur repeatedly in one clause and clauses to occur repeat-
edly in the formula. Thus, |Qx(n,m)| = (2n)*". Let ¥x(n,m) be the power set of
Qi (n,m), and let P = P (n,m) be the uniform probability measure.

Throughout the paper we denote a uniformly random element of Q4 (n, m) by ®.
In addition, we use ® to denote specific (i.e., nonrandom) elements of Q(n,m). If
® € Qi(n,m), then @, denotes the ith clause of ®, and ®;; denotes the jth literal
of (I)z

LEMMA 2.2. For any 6 > 0 and any k > 3 there is ng > 0 such that for all
n > ng the following is true. Suppose that m > dn and that X; : Qi(n,m) — {0,1}
is a random variable for each i € [m]. Let yu = ﬂnQ n] For a set M C [m] let Eamq
signify the event that X; =1 for all i € M. If there is a number X > § such that for
any M C [m] of size . we have

PEm] < M,
then
p [Z Xi>(1+ 5)/\m] <n™ 10
i=1

Proof. Let X be the number of sets M C [m] of size p such that X; = 1 for all
1 € M. Then

EX] = > P[VieM:Xi:1]<(m>)\“.
MC [l M|=p a

If>", X; > L=[(1+8)Am], then X > (ﬁ) Consequently, by Markov’s inequality

PlixizL gP{X2<L>} <E[LX] <

=1 H
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Since Am > 6%n we see that (1 + d)dm — pu > (1 + 6/2)Am for sufficiently large n.
Hence, for large enough n we have P[>.7" | X; > L] < (1+46/2)* <n~ 0 O

Although we allow variables to appear repeatedly in the same clause, the following
lemma shows that this occurs very rarely w.h.p.

LEMMA 2.3. Suppose that m = O(n). Then w.h.p. there are at most Inn indices
i € [m] such that one of the following is true.

(1) There are 1 < j1 < jo < k such that |®;;,| = |®ij,|.

(2) There are i’ # i and indices ji1 # ja, ji # Js such that |®ij,| = [®ij| and

[ ijo | = |Pirjy |-
Furthermore, w.h.p. no variable occurs in more than In*n clauses.

Proof. Let X be the number of indices ¢ for which (1) holds. For each i € [m] and
any pair 1 < j; < ja < k, the probability that |®;;, | = |®j,| is 1/n, because each of
the two variables is chosen uniformly at random. Hence, by the union bound for any
i the probability that there are j; < j such that |®;,| = [®,,| is at most (£)/n.
Consequently, E [X] < m(g)/n = O(1) as n — oo, and thus X < 1lnn w.h.p. by
Markov’s inequality.

Let Y be the number of i € [m] for which (2) is true. For any given i,4’, j1, 51, j2, jb
the probability that |®;;,| = [®,| and |®;;,| = [®4,| is 1/n*. Furthermore, there
are m? ways to choose 4,1’ and then (k(k — 1))? ways to choose j1, j1, ja, j5. Hence,
E[Y] < m?k*n=2 = O(1) as n — oo. Thus, Y < % Inn w.h.p. by Markov’s inequality.

Finally, for any variable 2 the number of indices ¢ € [m] such that  occurs in ®;
has a binomial distribution Bin(m, 1 —(1—1/n)¥). Since the mean m-(1—(1—1/n)*)
is O(1), the Chernoff bound (2.1) implies that the probability that x occurs in more
than In? n clauses is o(1/n). Hence, by the union bound there is no variable with this
property w.h.p. O

Recall that a filtration is a sequence (Fy)o<t<r of o-algebras Fi C X (n, m) such
that F; C Fypq for all 0 < ¢ < 7. For a random variable X : Qi(n,m) — R we let
E [X|F:] denote the conditional expectation. Thus, E[X|F] : Qr(n,m) — R is an
Fi-measurable random variable such that for any A € F; we have

S EXIFR(@) =) X(®).

PcA dcA

Also remember that P [-|F;] assigns a probability measure P [-|7] (®) to any @ €
Qi (n,m), namely,

P[|F](®): A € Zg(n,m) — E[La|F] (P),

where 14(p) =1if o € A and 14(p) = 0 otherwise.

LEMMA 2.4. Let (Ft)o<i<r be a filtration and let (Xi)i<t<- be a sequence of
nonnegative random variables such that each X; is Fy;-measurable. Assume that
there are numbers & > 0 such that E[Xi|Fi—1] < & for all 1 < t < 7. Then

E[ngtgr Xt|-7:0] < HlStST &t
Proof. For 1 < s < 7 welet Yy = Hle X;. Let s > 1. Since Y, 1 is Fs_1-
measurable, we obtain

E Y| Fo] = E[Ys-1Xs|Fo] = E[E [Ys1 X[ Fs—1] | Fo]
=E [stlE [Xs|fsfl] |-F0] S gsE [szfll-FO] )

whence the assertion follows by induction. 0
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We also need the following tail bound (“Azuma-Hoeffding”; see, e.g., [18, p. 37]).

LEMMA 2.5. Let (My)o<i<- be a martingale with respect to a filtration (Fi)o<i<+
such that My = 0. Suppose that there exist numbers ¢; such that |My — M| < ¢; for
all 1 <t < 7. Then for any A > 0 we have P [[M,| > X <exp [-A?/(2Y;_, ¢})].

Finally, we need the following bound on the number of clauses that have “few”
positive literals in total but contain at least one variable (either positively or nega-
tively) from a “small” set.

LEMMA 2.6. Suppose that k > 3 and m/n < 2%k=1nk. Let 1 <1<k and set
§ =0.01- k=%, For a set Z CV let Xz be the number of indices i € [m] such that
P, is a clause with precisely | positive literals that contains a variable from Z. Then
max {Xz : |Z| < on} < Vén w.h.p.

Proof. Let = [v/0n]. We use a first moment argument. Clearly we just need to
consider sets Z of size [dn]. Thus, there are at most (J) ways to choose Z. Once Z
is fixed, there are at most (m) ways to choose a set Z C [m] of size u. For each i €
the probability that ®; contains a variable from Z and has precisely [ positive literals
is at most 21”%(1;)5. Hence, by the union bound

P fmax {X7 : |Z] < 6n} > ] < (5’;) (ZL) [2’%(’;) 5]“

()" ()

( )M (W)u [as m/n < 28k~ In k]
(

(6)5” §Von/s [using 6 = 0.01 - k4]

— oxp [n\/s <\/3(1 —ln5)—|—%ln5>} .

IN IN
SO Ke)

IN

)én (4etm(k)- &' VB)"  because = [Vén]]

> @

IN
>

The last expression is o(1) because v/§(1 —In¢) + 21nd is negative as § < 0.01. O

LEMMA 2.7. Assume that k > 3 and m/n < 2k W.h.p. ® does not admit a set
M C [m] of p=|M| <lnn clauses and a set Y C V of Y| < u variables such that
for each i € M there are at least three j € (k] such that |®;;| € Y.

Proof. We use a first moment argument. For a given 3 < u < Inn let X, be the
number of pairs (M,Y) with |[M| = |Y| = p such that ®; features three variables
from Y for each i € M. Since there are (') ways to choose M and (},) ways to choose
Y, and because for a random literal ®;; the probability that |®;;| € Y equals p/n,
we obtain

1 3 2 3,3\ M
E[X,] < (Z) (Z‘) <§> (%) s <%) < (2FH 3= I ).

AS Y ac<inn EXy = o(1), the assertion follows from Markov’s inequality. O

3. The algorithm Fix. In this section we present the algorithm Fix. To es-
tablish Theorem 1.1 we will prove the following: for any 0 < & < 0.1 there is
ko = ko(e) > 10 such that for all k > ko the algorithm Fix outputs a satisfying
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assignment w.h.p. when applied to ® with m = |n- (1 — )2k~ !Ink|. Thus, we as-
sume that k exceeds some large enough number %y depending on ¢ only. In addition,
we assume throughout that n > ng for some large enough ng = ng(e, k). We set

w=(1-¢)lnk and k; = [k/2].

Let @ € Qg (n,m) be a k-SAT instance. When applied to ® the algorithm basically
tries to “fix” the all-true assignment by setting “a few” variables Z C V to false so
as to satisfy all clauses. Obviously, the set Z will have to contain one variable from
each clause consisting of negative literals only. The key issue is to pick “the right”
variables. To this end, the algorithm goes over the all-negative clauses in the natural
order. If the present all-negative clause ®; does not contain a variable from Z yet,
Fix (tries to) identify a “safe” variable in ®;, which it then adds to Z. Here “safe”
means that setting the variable to false does not create new unsatisfied clauses. More
precisely, we say that a clause ®; is Z-unique if ®; contains exactly one positive
literal from V' \ Z and no literal from Z. Moreover, z € V' \ Z is Z-unsafe if it occurs
positively in a Z-unique clause, and Z-safe if this is not the case. Then in order to
fix an all-negative clause ®;, we prefer Z-safe variables.

To implement this idea, Fix proceeds in three phases. Phase 1 performs the
operation described in the previous paragraph: try to identify a Z-safe variable in
each all-negative clause. Of course, it may happen that an all-negative clause does
not contain a Z-safe variable. In this case Fix just picks the variable in position
k1. Consequently, the assignment constructed in the first phase may not satisfy all
clauses. However, we will prove that the number of unsatisfied clauses is very small,
and the purpose of Phases 2 and 3 is to deal with them. Before we come to this, let
us describe Phase 1 precisely.

ALGORITHM 3.1. Fix(®).

Input: a k-SAT formula ®. Qutput: either a satisfying assignment or “fail.”
la. Let Z =0.
1b. Fori=1,...,mdo

lc. If ®; is all-negative and contains no variable from Z

1d. If there is 1 < j < k1 such that |®;;| is Z-safe, then pick the least such j and
add |<I:'Z]| to Z.

le. Otherwise add |®; %, | to Z.

The following proposition, which we will prove in section 4, summarizes the anal-
ysis of Phase 1. Let oz be the assignment that sets all variables in V' \ Z to true and
all variables in Z to false.

PROPOSITION 3.2. At the end of Phase 1 of Fix(®) the following statements are
true w.h.p.

(1) We have |Z| < 4nk~'Inw.

(2) At most (14 ¢/3)wn clauses are Z-unique.

(3) At most exp(—k*/*)n clauses are unsatisfied under .

Since k > ko(e) is “large,” we should think of exp(—k/®) as tiny. In particular,
exp(—ks/ 8) < w/k. As the probability that a random clause is all-negative is 27%,
under the all-true assignment, (1 + 0(1))27%m ~ wn/k clauses are unsatisfied w.h.p.
Hence, the outcome oz of Phase 1 is already a lot better than the all-true assignment
w.h.p.

Step 1d considers only indices 1 < j < k;. This is just for technical reasons,
namely, to maintain a certain degree of stochastic independence to facilitate (the
analysis of) Phase 2.
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Phase 2 deals with the clauses that are unsatisfied under oz. The general plan is
similar to Phase 1: we (try to) identify a set Z’ of “safe” variables that can be used
to satisfy the oz-unsatisfied clauses without “endangering” further clauses. More
precisely, we say that a clause ®; is (Z, Z')-endangered if there is no 1 < j < k such
that the literal ®;; is true under oz and |®;;| € V \ Z’. Roughly speaking, ®; is
(Z, Z")-endangered if it relies on one of the variables in Z’ to be satisfied. Call ®;
(Z,Z")-secure if it is not (Z,Z')-endangered. Phase 2 will construct a set Z’ such
that for all 1 <4 < m one of the following is true:

e &, is (Z,Z')-secure.

e There are at least three indices 1 < j < k such that |®,;| € Z'.
To achieve this, we say that a variable x is (Z, Z')-unsafe if x € Z U Z’ or there are
indices (,1) € [m] x [k] such that the following two conditions hold:

(a) For all j # 1 we have &;; € ZUZ' UV \ Z.

(b) q)il = X.

(In words, = occurs positively in ®;, and all other literals of ®; are either positive but
in ZUZ', or negative but not in Z.) Otherwise we call x (Z, Z’)-safe. In the course of
the process, Fix greedily tries to add as few (Z, Z’)-unsafe variables to Z’ as possible.
Phase 2 proceeds as follows.

2a.  Let Q consist of all 7 € [m] such that ®; is unsatisfied under oz. Let Z' = 0.

2b.  While Q # 0

2c. Let i = min Q.
2d. If there are indices k1 < j1 < j2 < j3 < k — 5 such that |®;;,| is (Z, Z')-safe for
1=1,2,3,

pick the lexicographically first such sequence ji,7j2,j3 and add [P |,
|@ijy |, |Pijs| to Z".
2e. else
let £ —5 < j1 < j2 < js < k be the lexicographically first sequence such that
|®;5,| € Z" and add |®,;,| to Z' (I =1,2,3).
2f. Let Q be the set of all (Z, Z')-endangered clauses that contain less than 3 variables
from Z'.

Note that the While-loop gets executed at most n/3 times, because Z’ gains three
new elements in each iteration. Actually we prove in section 5 below that the final
set Z' is fairly small w.h.p.

PROPOSITION 3.3. The set Z' obtained in Phase 2 of Fix(®) has size |Z'| <
nk™12 w.h.p.

After completing Phase 2, Fix is going to set the variables in V'\ (ZU Z’) to true
and the variables in Z\ Z’ to false. This will satisfy all (Z, Z’)-secure clauses. In order
to satisfy the (Z, Z')-endangered clauses as well, Fix needs to set the variables in Z’
appropriately. To this end, we set up a bipartite graph G(®, Z, Z’) whose vertex set
consists of the (Z, Z')-endangered clauses and the set Z’. Each (Z, Z')-endangered
clause is adjacent to the variables from Z’ that occur in it. If there is a matching M
in G(®,Z,Z') that covers all (Z, Z')-endangered clauses, we construct an assignment
oz,z'.m as follows: for each variable z € V' let

false fzeZ\Z,
ozz m(x) =< false if {®;, 2} € M for some ¢ and x occurs negatively in @;,
true  otherwise.

To be precise, Phase 3 proceeds as follows.

3. If G(®, Z, Z") has a matching that covers all (Z, Z’)-endangered clauses, then compute
an (arbitrary) such matching M and output o7 7/ . If not, output “fail.”
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The (bipartite) matching computation can be performed in O((n 4+ m)3/?) time
via the Hopcroft-Karp algorithm. In section 6 we will show that the matching exists
w.h.p.

PROPOSITION 3.4. W.h.p. G(®,Z,Z') has a matching that covers all (Z,Z')-
endangered clauses.

Proof of Theorem 1.1. Fix is clearly a deterministic polynomial time algorithm.
It remains to show that Fix(®) outputs a satisfying assignment w.h.p. By Propo-
sition 3.4 Phase 3 will find a matching M that covers all (Z, Z’)-endangered clauses
w.h.p., and thus the output will be the assignment o = o0z 7z u w.h.p. Assume
that this is the case. Then o sets all variables in Z \ Z’ to false and all variables
in V\ (ZUZ’) to true, thereby satisfying all (Z, Z’)-secure clauses. Furthermore,
for each (Z, Z')-endangered clause ®; there is an edge {®;, |®;;|} in M. If ®;; is
negative, then o(|®;;|) = false, and if ®;; is positive, then o(®;;) = true. In either
case o satisfies ®;. 0

4. Proof of Proposition 3.2. Throughout this section we let 0 < £ < 0.1 and
assume that k > ko for a sufficiently large ko = ko(g) depending on & only. Moreover,

we assume that m = |[n - (1 —¢)2*k~!Ink| and that n > ng for some large enough
no = no(e, k). Let w= (1 —¢)Ink and k; = [k/2].

4.1. Outline. Before we proceed to the analysis, it is worthwhile to give a brief
intuitive explanation as to why Phase 1 “works.” Namely, let us consider just the
first all-negative clause ®; of the random input formula. Without loss of generality
we may assume that ¢ = 1. Given that ®; is all-negative, the k-tuple of variables
(|®1;])1<j<k € V* is uniformly distributed. Furthermore, at this point Z = (). Hence,
a variable x is Z-unsafe iff it occurs as the unique positive literal in some clause.
The expected number of clauses with exactly one positive literal is k2~ %m ~ wn as
n — oo. Thus, for each variable z the expected number of clauses in which z is
the only positive literal is k2~*m/n ~ w. In fact, for each variable the number of
such clauses is asymptotically Poisson. Consequently, the probability that = is Z-safe
is (1 + o(1)) exp(—w). Returning to the clause ®1, we conclude that the expected
number of indices 1 < j < ki such that |®y;] is Z-safe is (14 o(1))k1 exp(—w). Since
w=(1-¢)lnk and k; > %, we have (for large enough n)

(1+ o(1))k; exp(—w) > k°/3.

Indeed, the number of indices 1 < j < ki so that |‘I>1j| is Z-safe is binomially dis-
tributed, and hence the probability that there is no Z-safe |®1;| is at most exp(—k®/3).
Since we are assuming that k > ko(e) for some large enough ko(g), we should think
of k¢ as “large.” Thus, exp(—k®/3) is tiny, and hence it is “quite likely” that ®;
can be satisfied by setting some variable to false without creating any new unsatisfied
clauses. Of course, this argument applies only to the first all-negative clause (i.e.,
Z =0), and the challenge lies in dealing with the stochastic dependencies that arise.

To this end, we need to investigate how the set Z computed in steps la—le evolves
over time. Thus, we will analyze the execution of Phase 1 as a stochastic process,
in which the set Z corresponds to a sequence (Z;)i>0 of sets. The time parameter
t is the number of all-negative clauses for which either step 1d or step le has been
executed. We will represent the execution of Phase 1 on input ® by a sequence of
(random) maps

me[m] x (k] = {-1,1}UV UV ={£1,21,%1,...,Tn, Tn}.
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The maps (7s)o<s<¢ capture the information that has determined the first ¢ steps of
the process. If m(i,j) = 1 (vesp., m¢(4,j) = —1), then Fix has only taken into account
that ®,; is a positive (negative) literal, but not what the underlying variable is. If
m(i,j) € VUV, Fix has revealed the actual literal ®,;.

Let us define the sequence m(,7) precisely. Let Zy = (). Moreover, let Uy be
the set of all ¢ such that there is exactly one j such that ®;; is positive. Further,
define (1, 7) for (i,7) € [m] x [k] as follows. If i € Uy and ®;; is positive, then let
mo(i,j) = ®;;. Otherwise, let mo(7,7) be 1 if ®;; is a positive literal and —1 if ®,; is
a negative literal. In addition, for z € V' let

Up(z) =|{i € Uy :3j € [K] : mo(i, ) = x}]

be the number of clauses in which x is the unique positive literal. For ¢t > 1 we define

7 as follows.

PI1 If there is no index i € [m] such that ®; is all-negative but contains no variable
from Z;_1, the process stops. Otherwise let ¢; be the smallest such index.

PI2 If there is 1 < j < ky such that U;—1(|®4,;]) = 0, then choose the smallest
such index j; otherwise let j = k. Let 2z = ®4,; and Z; = Z;_1 U {2z }.

PI3 Let U, be the set of all ¢ € [m] such that ®; is Z;-unique. For x € V let Uy(x)

be the number of indices ¢ € U; such that = occurs positively in ®;.
PI4 For any (i,0) € [m] x [k] let

‘I’il if(i=¢tAl§k1)V|q)il|=Zt
Wt(i,l): V(iGUt/\WQ(i,Z):l),
m—1(i,1)  otherwise.

Let T be the total number of iterations of this process before it stops, and define
T = T, Jp = ZT, U, = UT, Ut(ZIJ) = UT(ZIJ), d)t =z =0forallt>T.

Let us discuss briefly how the above process mirrors Phase 1 of Fix. Step PI1
selects the least index ¢, such that clause @, is all-negative but contains no variable
from the set Z;_1 of variables that have been selected to be set to false so far. In terms
of the description of Fix, this corresponds to jumping forward to the next execution
of steps 1d—1le. Since U;_1(x) is the number of Z;_;-unique clauses in which variable
x occurs positively, Step PI2 applies the same rule as 1d—1e of Fix to select the new
element z; to be included in the set Z;. Step PI3 then “updates” the numbers U;(x).
Finally, step PI4 sets up the map m; to represent the information that has guided the
process so far: we reveal the first k; literals of the current clause ®4,, all occurrences
of the variable z;, and all positive literals of Z;-unique clauses.

Example 4.1. To illustrate the process PI1-PI4 we run it on a 5-CNF & with
n = 10 variables and m = 9 clauses. Thus, k&; = 3. We are going to illustrate
the information that the process reveals step by step. Instead of using +1 and —1
to indicate positive/negative literals, we just use + and — to improve readability.
Moreover, to economize space we let the columns correspond to the clauses. Since
® is random, each literal ®;; is positive/negative with probability % independently.
Suppose the sign pattern of the formula ® is

|
|
!
!
!
|
n
!
+ 4+
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Thus, the first three clauses @, ®5, ®3 are all-negative, the three clauses ®4, @5, ®g
have exactly one positive literal, etc. In order to obtain my, we need to reveal the
variables underlying the unique positive literals of ®4, ®5, 4. Since we have only con-
ditioned on the signs, the positive literals occurring in ®4, @5, g are still uniformly
distributed over V. Suppose revealing them yields

- - — X5 X2 Xz + +
_|_

!
++ +

= - - - - — — — =
________|__

Thus, we have Uy = {4,5,6}, Up(x2) = Up(xs) = Ug(xs) = 1, and Up(z) = 0 for all
other variables x. At time ¢t = 1 PI1 looks out for the first all-negative clause, which
happens to be ®;. Hence ¢; = 1. To implement PI2, we need to reveal the first
k1 = 3 literals of ®;. The underlying variables are unaffected by the conditioning so
far; i.e., they are independently uniformly distributed over V. Suppose we get

X2 — — x5 x2 wx3 + 4+ +
X3 — — - - - + - +
£ - - — - - — — +
- - - - - - =

The variables o, z3 underlying the first two literals of ®; are in Uy. This means
that setting them to false would produce new violated clauses. Therefore, PI2 sets
j =k =3,z =, and Z; = {x1}. Now, PI3 checks out which clauses are
Z1-unique. To this end we need to reveal the occurrences of z; = x; all over the
formula. At this point each +-sign still represents a literal whose underlying variable
is uniformly distributed over V. Therefore, for each f-entry (7, j) we have |®;;| = z1
with probability 1/n independently. Assume that the occurrences of ;1 are as follows:

T2 — X1 x5 w®2 x3 + + +
Iz — — — — — + - +
X - - - - - = - x
- L Ly -
- - - X - = = = =

As x1 € Z1, we consider x; assigned false. Since x; occurs positively in the second
to last clause ®g, this clause has only one “supporting” literal left. As we have
already revealed all occurrences of z1, the variable underlying this literal is uniformly
distributed over V\{x;}. Suppose it is z4. As x4 is needed to satisfy ®g, we “protect”
it by setting Uy (z4) = 1. Furthermore, ®, features x1 negatively. Hence, this clause
is now satisfied by x1, and therefore x5 could safely be set to false. Thus, U;(z5) = 0.
Further, we keep Uy(z2) = Us(xzs) = 1 and let U; = {5,6,8}. Summarizing the
information revealed at time ¢t = 1, we get

o — T1 X5 X2 X3 + Xq4 -+
rz3 — - - - - + - +
"= - - - - - — — I
- - - - - - - x -
- - - ¥ = = = = -
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At time ¢t = 2 we deal with the second clause ®5 whose column is still all-minus.
Hence ¢ = 2. Since we have already revealed all occurrences of x1, the first k&1 = 3
literals of ®4 are uniformly distributed over V\ Z; = {z3,...,x19}. Suppose revealing
them gives

To Xy T1 T3 X9 T3 + x4 -+

The first variable of ®2 is x5, and Uj(zs) = 0. Thus, PI2 will select 20 = x5
and let Zo = {x1,25}. To determine Us, PI3 needs to reveal all occurrences of xs.
At this time each +-sign stands for a literal whose variable is uniformly distributed
over V' \ Zy. Therefore, for each +-sign the underlying variable is equal to x5 with
probability 1/(n — 1) = 1/9. Assume that the occurrences of x5 are

To X5 T1 X5 T2 X3 + x4 -+

r3 r» — — — — + — X5
ry T3 — - - - — — I
- - - - - - - o -
X5 — — I - - - - -

Since x5 occurs positively in the last clause @y, it has only one plus left. Thus,
this clause is Zs-unique, and we have to reveal the variable underlying the last +-
sign. As we have already revealed the occurrences of x; and x5, this variable is
uniformly distributed over V' \ {x1,x5}. Suppose it is 24. Then Uy = {5,6,8,9},
UQ(ZIJQ) = UQ(ZIJg) = 1, UQ(ZIJ4) = 2, and T2 reads as

To Ts X1 Ts T2 X3 + T4 Xg

T3 T2 — — — — + - 25
o = T1 I3 — — — - - - I
i
Irs - - 7 - - - - -

At this point there are no all-minus columns left, and therefore the process stops with
T = 2. In the course of the process we have revealed all occurrences of variables in
Zy = {x1,x5}. Thus, the variables underlying the remaining +-sign are independently
uniformly distributed over V '\ Zs. a

Observe that at each time ¢t < T the process PI1-PI4 adds precisely one variable
2t to Zy. Thus, |Zy| =t for all t < T. Furthermore, for 1 < ¢ < T the map m; is
obtained from 7;_1 by replacing some +1’s by literals, but no changes of the opposite
type are made.

Of course, the process PI1-PI4 can be applied to any concrete k-SAT formula
® (rather than the random ®). It then yields a sequence 7 [®] of maps, variables
zt [®], sets Uy [®], Z; [®], and numbers Uy (z) [®]. For each integer ¢t > 0 we define an
equivalence relation =; on the set Q(n,m) of k-SAT formulas by letting ® =; U iff
s [@] = s [¥] for all 0 < s < t. Let F; be the o-algebra generated by the equivalence
classes of =;. The family (F;);>0 is a filtration. Intuitively, a random variable X is
Fi-measurable iff its value is determined by time ¢. Thus, the following is immediate
from the construction.
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Facr 4.2. For any t > 0, the random map m, the random variables ¢¢+1 and
zt, the random sets Uy and Z;, and the random variables Uy(x) for x € V are Fi-
measurable.

If m(i,7) = £1, then up to time ¢ the process PI1-PI4 has taken only the sign
of the literal ®;; into account, but has been oblivious to the underlying variable. The
only conditioning is that |®;;| & Z; (because otherwise PI4 would have replaced the
+1 by the actual literal). Since the input formula ® is random, this implies that |®;;|
is uniformly distributed over V' \ Z;. In fact, for all (¢, 7) such that m(i,j) = +1 the
underlying variables are independently uniformly distributed over V'\ Z;. Arguments
of this type are sometimes referred to as the “method of deferred decisions.”

FAacT 4.3. Let & be the set of all pairs (i,7) such that m(i,j) € {—1,1}. The
conditional joint distribution of the variables (|®4j])q j)ee, given Fi is uniform over
(V\ Z) . In symbols, for any formula ® and for any map f : & [®] — V \ Z; [®] we
have

P[V(i,5) € & [®] : |®i;] = £, 5)|Fe] (B) = [V '\ Z; [@] |71,

In each step t < T of the process PI1-PI4 one variable z; is added to Z;. There
is a chance that this variable occurs in several all-negative clauses, and therefore the
stopping time 7" should be smaller than the total number of all-negative clauses. To
prove this, we need the following lemma. Observe that by P14 clause ®; is all-negative
and contains no variable from Z; iff m,(i,j) = —1 for all j € [k].

LEMMA 4.4. W.h.p. the following is true for all 1 <t < min{T,n} : the number
of indices i € [m] such that 7 (i,j) = —1 for all j € [k] is at most 2nw exp(—kt/n)/k.

Proof. The proof is based on Lemma 2.2 and Fact 4.3. Similar proofs will occur
repeatedly. We carry out this one at leisure. For 1 <t < n and ¢ € [m] we define a
random variable

o _ 1 i< Tandm(ij) =1V € [k,
%71 0 otherwise.

The goal is to show that w.h.p.

(4.1) Vi<t<nm: ZX” < 2nwexp(—kt/n)/k.

i=1

To this end, we are going to prove that

(4.2) P ZX“- > 2nwexp(—kt/n)/k| = o(1/n) for any 1 <t <mn.

i=1

Then the union bound entails that (4.1) holds w.h.p. Thus, we are left to prove (4.2).

To establish (4.2) we fix 1 < t < n. Considering ¢ fixed, we may drop it as a
subscript and write X; = Xy; for i € [m]. Let u = [In®n]. For a set M C [m] we
let Eo¢ denote the event that X; =1 for all i € M. In order to apply Lemma 2.2 we
need to bound the probability of the event Exq for any M C [m] of size u. To this
end, we consider the random variables

. N _
Nsij:{l i 706, 7) Land s < T,

0 otherwise (ie€[m],jelk],0<s<n).
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Then X; = 1 iff Ny;; = 1for all 0 < s < t and all j € [k]. Hence, letting N, =
H(i,j)e/le[k] Nsij, we have

(4.3) PlEu] =E

1T Xi] =E [ﬁON] :

ieM

The expectation of Ny can be computed easily: for any ¢ € M we have H§:1 Noij =1
iff clause ®; is all-negative. Since the clauses of ® are chosen uniformly, ®; is all-
negative with probability 27%. Furthermore, these events are mutually independent
for all © € M. Therefore,

k
(44) E [Ng] =E l H HNOij‘| = 27 kIMI = g—kn,

iEM j=1
In addition, we claim that
(4.5) E [N:|Foo1] < (1 —1/n)kr for any 1 < s < n.

To see this, fix any 1 < s < n. We consider four cases.

Case 1: T'< s. Then N, = 0 by the definition of the variables N;;.

Case 2: ms_1(1,7) # —1 for some (i,j) € M x [k]. Then ms(i,j) = me—1(i,j) # —1
by PI4, and thus N = Nsij =0.

Case 3: ¢s € M. If the index ¢4 chosen by PI1 at time s lies in M, then P14 ensures
that for all j < k; we have 74(¢s, j) # £1. Therefore, Ny = Ny4.; = 0.

Case 4: None of the above occurs. As ms_1(i,5) = —1 for all (¢,5) € M x [k], given
Fs—1 the variables (|®;])(;, jye mx [k are mutually independent and uniformly
distributed over V'\ Z;_; by Fact 4.3. They are also independent of the choice
of z5, because ¢s ¢ M. Furthermore, by PI4 we have N;; = 1 only if |®,;] #
zs. This event occurs for all (4,7) € M x [k] independently with probability
1—|V\Zs_1|7' < 1—1/n. Consequently, E [N;|Fs_1] < (1—1/n)*, whence
(4.5) follows.

For any 0 < s < t the random variable N is Fg-measurable because 75 is (by

Fact 4.2). Therefore, Lemma 2.4 implies in combination with (4.5) that

(4.6) E lH Ns|]:0‘| < (1—1/n)*" < exp(—ktu/n).
s=1

Combining (4.3) with (4.4) and (4.6), we obtain

1]+ o]

s=0
< E[Ng] - exp(—ktu/n) = M,  where A = 27 F exp(—kt/n).

PlEu] =E

Since this bound holds for any M C [m] of size p, Lemma 2.2 implies that

p liXi > 2)\m] =o(1/n).

i=1

As 2 m < 2nwexp(—kt/n)/k, this yields (4.2) and thus the assertion. 0
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COROLLARY 4.5. W.h.p. we have T < 4nk~'Inw.

Proof. Let tg = |2nk~'lnw| and let I; be the number of indices ¢ such that
m(i,j) = —1 for all 1 < j < k. Then PI2 ensures that I; < I;_; — 1 for all
t < T. Consequently, if T' > 2ty, then 0 < Iy < I, — to, and thus I;, > tyg. Since
|2nk~ ' Inw]| > 3nwexp(—kto/n)/k for sufficiently large k, Lemma 4.4 entails

P[T > 2to] <P, > to) =P [Iy, > [2nk™ ' Inw]]
< P[L, > 3nwexp(—kto/n)/k] = o(1).

Hence, T' < 2tg w.h.p. a
For the rest of this section we let

0= |4nk ' Inw].

The next goal is to estimate the number of Z;-unique clauses, i.e., the size of the
set Uy. For technical reasons we will consider a slightly bigger set: let U; be the set of
all ¢ € [m] such that there is an index j such that my(i,j) # —1, but there exists no
[ such that 7(i,1) € {1} U Z;. That is, clause ®; contains a positive literal, but by
time ¢ there is at most one positive literal ®;; ¢ Z; left, and there in no [ such that
®,; € Z,. This ensures that U, C U,; for i € Uy iff there is exactly one j such that ®,;
is positive but not in Z; and there in no ! such that ®; € Z,. In section 4.2 we will
establish the following bound.

LEMMA 4.6. W.h.p. we have maxo<;<7 |Ui| < maxo<i<7 U] < (14 €/3)wn.

Additionally, we need to bound the number of Z;-unsafe variables, i.e., variables
x € V\ Z; such that U;(z) > 0. This is related to an occupancy problem. Let us think
of the variables x € V'\ Z; as “bins” and of the clauses ®; with i € U; as “balls.” If
we place each ball ¢ into the (unique) bin x such that x occurs positively in ®;, then
by Lemma 4.6 the average number of balls per bin is

|U¢| - (1+¢/3)w
|V\Zt| - 1—t/n

w.h.p.

Recall that w = (1 —¢)Ink. Corollary 4.5 yields T < 4nk~—! Inw w.h.p. Consequently,
for t < T we have (1+¢/3)(1 —t/n)"'w < (1 — 0.6¢) Ink w.h.p., provided that k is
large enough. Hence, if the “balls” were uniformly distributed over the “bins,” we
would expect

VA Zeexp(— Ul /IV\ Ze]) = (n— k%71 > nk®/27

“bins” to be empty. The next corollary shows that this is accurate. We defer the
proof to section 4.3.
COROLLARY 4.7. Let Q; = {x € V'\ Z; : U(z) = 0}|. Then

min Q; > nk*/?>1 w.h.p.
t<T

Now that we know that for all ¢ < T there are “a lot” of variables z € V' \ Z;_;
such that Uy(xz) = 0 w.h.p., we can prove that it is quite likely that the clause ®4,
selected at time ¢ contains one. More precisely, we have the following.

COROLLARY 4.8. Let

L if minycjcr, Usm1(|®g,5]) > 0,
B, = Qi1 = nk*/?71, |Upa| < (1+¢/3)wn, and T > t,
0  otherwise.
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Then By is Fi-measurable and E [By|Fi—1] < exp(—ks/ﬁ) forall 1<t <8.
In words, B; = 1 indicates that the clause ®4, processed at time ¢ does not con-
tain a Z;_i-safe variable (“mini<j<g, Ur—1(|®4,;]) > 07), although there are plenty

such variables (“Q;_1 > nke/ 2’1”) and the number of Z;_j-unique clauses is small
(4021 < (1 +¢/3)wn”).

Proof of Corollary 4.8. Since the event T' < t and the random variable Q;_; are
Fi—1-measurable and as U;_1(|®4,;|) is Fy-measurable for any j < k; by Fact 4.2, B,
is F;-measurable. Let ® be such that T'[®] > ¢, Q; 1 [®] > nk®/27!, and |U;_, [®] | <
(1 4+ &/3)wn. We condition on the event ® =; ; ®. Then at time ¢ the process
PI1-PI4 selects ¢ such that m_y1(¢s,7) = —1 for all j € [k]. Hence, by Fact 4.3
the variables |®g, ;| are uniformly distributed and mutually independent elements of
V' \ Z;—1. Consequently, for each j < ki the event U;_1(|®y,;|) = 0 occurs with
probability |Q; 1|/|V \ Z;_1| > k°/>~! independently. Thus, the probability that
Ui—1(|®4,j]) > 0 for all j < ki is at most (1 — k%/271)k1=1 Finally, provided that
k > ko(e) is sufficiently large, we have (1 — k¥/2-1)F1—1 < exp(—k</6). O

Proof of Proposition 3.2. The definition of the process PI1-PI4 mirrors the
execution of the algorithm; i.e., the set Z obtained after steps la—1d of Fix equals
the set Zp. Therefore, the first item of Proposition 3.2 is an immediate consequence
of Corollary 4.5 and the fact that |Z;] = t for all ¢ < T. Furthermore, the second
assertion follows directly from Lemma 4.6 and the fact that |U;| < U] equals the
number of Z;-unique clauses.

To prove the third claim, we need to bound the number of clauses that are un-
satisfied under the assignment oz, that sets all variables in V' '\ Zr to true and all
variables in Zp to false. By construction any all-negative clause contains a variable
from Zp and is thus satisfied under oz, (cf. PI1). We claim that for any i € [m] such
that ®; is unsatisfied under oz, one of the following is true.

(a) Thereis 1 < ¢ < T such that i € U;_; and z; occurs positively in ®;.

(b) There are 1 < jl < j2 < k such that ‘I’ijl = éijz-

To see this, assume that ®; is unsatisfied under oz, and (b) does not occur. Let us
assume without loss of generality that ®;1, ..., ®; are positive and ®;;41, ..., ®;; are
negative for some [ > 1. Since ®; is unsatisfied under oz,, we have ®;1, ..., ®;; € Zr
and ®;41,..., Py & Z7. Hence, for each 1 < j < [ there is t; < T such that
Dy = 2, As ®;1,..., P, are distinct, the indices t1,...,¢; are mutually distinct,
too. Assume that t; < --- < ¢;, and let t; = 0. Then ®; contains precisely one
positive literal from V' \ Z;,_,. Hence, i € Uy,_,. Since ®; is unsatisfied under oz,
no variable from Zp occurs negatively in ®;, and thus ¢ € U, for all t;_1 < s < 1;.
Therefore, i € Up,—1 and z;, = ®y; i.e., (a) occurs.
Let X be the number of indices i € [m] for which (a) occurs. We claim that

(4.7) X < nexp(—k*/7) w.h.p.
Since the number of ¢ € [m] for which (b) occurs is O(Inn) w.h.p. by Lemma 2.3,

(4.7) implies the third assertion in Proposition 3.2.
To establish (4.7), let B; be as in Corollary 4.8 and set

D, — Ut—l(zt) if Bt =1 and Ut_l(zt) S 1112 n,
t 0 otherwise.

Then by the definition of the random variables By, Dy, either X < Y, _,_, D; or one
of the following events occurs: o
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(i) T > 0.
(i) Qi < nks/?~1 for some 0 <t < T.
(ili) (U] > (1 4+ ¢/3)wn for some 1 <t <T.

(iv) |Ui—1(2)| > In*n for some 1 < ¢ < 6.
The probability of (i) is o(1) by Corollary 4.5. Moreover, (ii) does not occur w.h.p. by
Corollary 4.7, and the probability of (iii) is o(1) by Lemma 4.6. If (iv) occurs, then the
variable z; occurs in at least In? n clauses for some 1 <t < 60, which has probability
o(1) by Lemma 2.3. Hence, we have shown that

(4.8) X< Y D whp.
1<t<0

Thus, we need to bound Zl <t<6 Dy. By Fact 4.2 and Corollary 4.8 the random
variable D; is F;-measurable. Let D; = E [D;|F,_1] and M; = 22:1 D, — Ds. Then

(My)o<i<p is a martingale with My = 0. As all increments Dy — D, are bounded by
In? n in absolute value by the definition of D;, Lemma 2.5 (Azuma-Hoeffding) entails
that My = o(n) w.h.p. Hence, we have

(4.9) Z Dy =o(n) + Z D, w.h.p.

1<t<0 1<t<0
We claim that

(4.10) Dy < 2wexp(—k¥/%)  V1<t<.

For by Corollary 4.8 we have

(4.11) E[Bi|Fi 1] <exp(—k¥/%)  vVi<t<o.

Moreover, if B, = 1, then PI2 sets z; = |®4,x,|. The index ¢; is chosen so that

mi—1(¢¢,j) = —1 for all j € [k]. Therefore, given F;_1, the variable 2z, = ®4,1, is
uniformly distributed over V '\ Z;_; by Fact 4.3. Hence,

3 Ur—i(z) _ U] E[Be| Fen]

5 < ) =
Dy < E[Bi|Fi-1] [V \ Zi-1] [V \ Zi—1

xeV\Z;_1

Furthermore, B; = 1 implies |U;—1| < (1 4 ¢/3)wn. Consequently, for k > ko(e) large
enough we get

(1+5)wn-E [Bi| Fi—1] < 1+ 3)wn-E [Be|Fi—1]

412) Dy <
( ) b= n—t - n—=0

S 2wE [Bt|]:t—1] .

Combining (4.11) and (4.12), we obtain (4.10). Further, plugging (4.10) into (4.9)
and assuming that k > ko(e) is large enough, we get

Z D; = 2wexp(—k¥/%)0 + o(n) < 3wexp(—k*/%)8 < nexp(—k*/7) w.h.p.
1<t<0

Thus, (4.7) follows from (4.8). O
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4.2. Proof of Lemma 4.6. For integers ¢t > 1, i € [m], j € [k], let

1 ifmea (i) = 1 and (i, §) = 4,
(413) Pais _{ 0 otherwise,

S 1 if T >tand m(i,j) € {1,-1},
%71 0 otherwise.

Thus, H; = 1 indicates that the variable underlying the positive literal ®;; is the
variable z; set to false at time ¢ and that ®;; did not get revealed before. Moreover,
Siij = 1 means that the variable underlying ®;; has not been revealed up to time ¢.
In particular, it does not belong to the set Z; of variables set to false.

LEMMA 4.9. For any two sets T, J C [0] x [m] x [k] we have

E[ H Htij . H Stij|f01 < (n - 6‘)7|I| (1 - 1/n)“7‘ .

(t,i.j)€T (tij)eT

Proof. Let 1 <t <0. Let Z, = {(1,7) : (t,4,5) € I}, T = {(3,7) : (t,4,7) € T},

and
Xy = H Heij - H Stij-

(1,4)€Ts (1,4)€Tt

If X; =1, then either Z; U J; = 0 or t < T'; for if t > T', then Siij = 0 by definition
and Hy;; = 0 because m = m;_1. Furthermore, X; = 1 implies that

(414)  m_1(ij)=1 V(i,j) €Ty and m_1(i,j) € {~1,1} VY (i,j) € J.

Thus, let ® be a k-CNF such that T'[®] > ¢t and m,_q [®] satisfies (4.14). We claim
that

(4.15) E [X(|F_1] (®) < (n— )71 21 — 1/n)I72l,

To show this, we condition on the event ® =;_; ®. Then at time t steps PI1-PI2
select a variable z; from the all-negative clause ®4,. Since for any (7, j) € Z; the literal
®,; is positive, we have ¢ # i. Furthermore, we may assume that if (¢, j) € J;, then
J > ki1, because otherwise m:(7,j) = ®;; and hence X; = Sy,; = 0 (cf. PI4). Thus,
due to (4.14) and Fact 4.3 in the conditional distribution P [-|F;_1] (®), the variables
(1®4])¢i,j)ez,u7, are uniformly distributed over V'\ Z;_; and mutually independent.
Therefore, the events |®;;| = z; occur independently with probability 1/|V '\ Z;_1| =
1/(n—t+1) for (i,j) € Ty U Jt, whence

E[X/|F 1] (@) < (n—t+ 1)1 —1/(n -t + 1) < (n — o)~ (1 — 1/n) 021,
This shows (4.15). Finally, combining (4.15) and Lemma 2.4, we obtain

0
Bl I Hui- ] SuilFo HXt|f01
=1

(t,i,5)€T (ti,5)eT

=E

0
< [[n-0)"™a—1/m)7 = (-0~ @ -1/

t=1

as desired. 0
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Armed with Lemma 4.9, we can now bound the number of indices i € U; such
that ®; has “few” positive literals. Recall that ¢ € U, iff ®; has [ > 1 positive literals
of which (at least) [ — 1 lie in Z; while no variable from Z; occurs negatively in ®;.

LEMMA 4.10. Let 1 <1< Vk and 1 <t <. Moreover, let

-0 0-8)”

With probability 1 — o(1/n) either T < t or there are at most (1 +&/9)A;(t)n indices
1 € Uy such that ®; has precisely | positive literals.
Proof. Fix 1 <t < 6. For i € [m] let

X — 1 if T'>t, ®; has exactly [ positive literals, and i € U,
‘71 0 otherwise.

Our task is to bound Zie[m] X;. To do so we are going to apply Lemma 2.2. Thus,

let 1 = [In®n], let M C [m] be a set of size p, and let Exq be the event that X; = 1
for all i € M. Furthermore, let P; C [k] be a set of size | — 1 for each i € M, and
let P = (P,)icm be the family of all sets P;. In addition, let t; : P; — [t] for all
i € M, and let T = (t;);em comprise all maps t;. Let Eaq(P,T) be the event that
the following statements are true:

(a) ®, has exactly [ positive literals for all 1 € M.

(b) ®i5 = 2,(j) and 7, (j)—1(i,j) = 1 for all i € M and j € P;.

(¢) T > t, and no variable from Z; occurs negatively in ®@;.
If the event Exq occurs, then there exist P, T such that Eaq(P,T) occurs. Hence, in
order to bound the probability of £x¢ we will bound the probabilities of the events
Em(P,T) and apply the union bound.

To bound the probability of Exq(P,T), let

I=Tm(P,T)=A(s,i,j) :i e M,j € Piys =t:(j)},
‘7 - jM(PvT) = {(S7ivj) € [t] X M X [k] . Wo(i,j) = —1}.

Let Y; = 1 if clause ®; has exactly [ positive literals, including the [ — 1 literals ®;;
for j € P; (i € M). Then P[Y; = 1] = (k — 1+ 1)27% for each i € M. Moreover, the
events Y; = 1 for i € M are mutually independent and Fy-measurable. Therefore, by
Lemma 4.9

PEM(P,T)] < E[E

H Hiij - H Stij|]:0‘| : H Y;

(t,i.5)€T (ti.g)eT €M

_De

E—1+1 L 1\ k0t

T it 1-— .
1y ( n)

For each i € M there are (,",) ways to choose a set P; and then #'~! ways to
choose the map ¢;. Therefore, the union bound and (4.16) yield

PlEm] <D PEMP.T) < M,
P, T

kN, k—1+1 - 1\ k-0
= L (n—= 1— = ]
A (l_1>t ey ( n)

(4.16)

where

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



2844 AMIN COJA-OGHLAN
Hence, by Lemma 2.2 with probability 1—o(1/n) we have 3, () Xi < (14107 be)Am.
In other words, with probability 1 — o(1/n) either T < t or there are at most

(1+107%)Am indices i € [m] such that ®; has precisely [ positive literals and i € U;.
Thus, the remaining task is to show that

(4.17) Am < (1+¢/10)A;(t)n.

To show (4.17), we estimate

. -1 t(k—1—(1—1))
< . —k J—
< k2 <1—1) ( t) (1 )
E—1 NG AN (1-1)
4.1 <m-k27Fk. - 1— =
I () [ B ()

where we let
(o \Tra =\t
L 1—t/n '

(4.19) am <mn-N(t) 7.

Hence, (4.18) shows that

We can bound 7 as follows:

k—1
n<(1+t/(n—1t) (exp (e_}?;gl_f/ (’Lf)/n)g)) < (1+ 2t/n) exp(k(t/n)?)

< exp(210/n + k(0/n)*) < exp(8lk~ ' Inw + 16k~ In® w).

Since I < vk and w < In k, the last expression is less than 1 + ¢/10 for sufficiently
large k > ko(g). Hence, n <1+ ¢/10, and thus (4.17) follows from (4.19). O

The following lemma deals with i € U; such that ®; contains “a lot” of positive
literals.

LEMMA 4.11. W.h.p. the following is true for all I > Ink. There are at most
nexp(—1) indices i € [m] such that ®; has exactly | positive literals among which at
least | — 1 are in Zy.

Proof. For any i € [m] we let

X = { 1, ®; has exactly [ positive literals among which [ — 1 are in Z,
! 0  otherwise.

Let M C [m] be a set of size u = [In*n], and let Ex4 be the event that X; = 1 for all
i € M. Furthermore, let P; C [k] be a set of size [ — 1 for each i € M. Let t; : P, — [0]
for each i € M, and set T = (¢;)icm. Let Eap(P,T) be the event that the following
two statements are true for all i € M:

(a) ®, has exactly [ positive literals.

(b) For all j € P; we have ®;; = 2,(;) and 7y, (jy—1(4,7) = 1.
If Eaq occurs, then there are P, T such that Ea(P, T) occurs. Hence, we will use the
union bound.
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For i € M we let Y; = 1 if clause ®; has exactly [ positive literals, including the
literals ®;; for j € P;. Set T = {(s,i,j) :i € M, j € P, s =t()}. If Em(P.T)
occurs, then

H ,Hsij'H}/izl-

(si,9)€T ieM

As in the proof of Lemma 4.10 we have E [[T;c, Yi] < ((k — 1+ 1)/2%)". Moreover,
bounding E[ ], ; ;yez Hsij|Fo] via Lemma 4.9 and taking into account that [, v, Y;
is Fp-measurable, we obtain

<

PEMP,T)] <

B[ vl

ieEM

H HS’L]|-FO‘|

(s.i.4) €T

_ 1 H
{% =0

Hence, by the union bound

PEM] <P[IP, T : Em(P,T) occurs] ZP [Em(P,T)] < M,
P.T

s

where
A= (l B 1)9 o (n—0)"".

Lemma 2.2 implies that Zle (m] X; < 2 m w.h.p. That is, w.h.p. there are at most
2Am indices i € [m] such that ®; has exactly [ positive literals of which [ — 1 lie in
Zg. Thus, the estimate

ok+lyn [k \ k—1+1 o\
< . . .
2am < <1—1) ok <n—0)

-1 -1
< 2wn - (#M) < 2wn <12llnw> (as 0 = 4nk~llnw)

< nexp(-I) (because [ > Ink > w)

completes the proof. O

Proof of Lemma 4.6. Since T' < 6 w.h.p. by Corollary 4.5, it suffices to show that
w.h.p. for all 0 < ¢ < min{T, 0} the bound |U;| < (1 + £/3)wn holds. Let Uy be the
number of indices i € U; such that @, has precisely [ positive literals. Then Lemmas
4.10 and 4.11 imply that w.h.p. for all ¢ < min{7, 6} and all 1 <[ < k simultaneously

Uy < nexp(—1) if 1 > Vk,
"= (14+¢e/9)A;(t) otherwise.
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Therefore, assuming that k& > ko(e) is sufficiently large, we see that w.h.p.

k

max U] < max E Uy
0<t<min{T,0} 0<t<min{T,0} =1

€

< — e

< nkexp(—Vk) + ogtg?niﬁﬂe} Z (1 + 9) Ai(t)n
1<I<VE

Sn—l—(l—i—g)wn

E—1\ /t\! £\ (E=D=(-1)
. - 1— =
ogtgnran?f{:r,e} 1<Z (l - 1) <n> < n)

<i<Vk
(1 + E) wn
3 b)

IN

as desired. 0

4.3. Proof of Corollary 4.7. Define a map v, : Uy — V as follows. For i € U,
let s be the least index such that i € Us; if there is j such that ®;; € V' \ Z,,
let ¢ (i) = ®;;, and otherwise let ¢4 (i) = z;. The idea is that 94(¢) is the unique
positive literal of ®; that is not assigned false at the time s when the clause became
Zs-unique. The following lemma shows that the (random) map v, is not too far from
being “uniformly distributed.”

LEMMA 4.12. Let t >0, Uy C [m)], and 4y : Uy — V. Then

P |4y = e |Uy :Z/A{t} < (n—t)" el

The precise proof of Lemma 4.12 is a little intricate, but the lemma itself is very
plausible. If clause ®; becomes Z-unique at time s, then there is a unique index j
such that ®;; € V' \ Z,. Moreover, ms_1(4,j) = 1; i.e., the literal ®;; has not been
“revealed” before time s. Therefore, Fact 4.3 implies that ®;; is uniformly distributed
over V'\ Z (given Fs_1). Thus, ¢;(i) = ®;; attains each of [V \ Zs| =n—s>n—t
possible values with equal probability. Hence, we can think of ®; as a ball that gets
tossed into a uniformly random “bin” 1)4(7) at time s. But this argument alone does
not quite establish Lemma 4.12, because our “ball” may disappear from the game at
a later time s < u < t: if ®;; = z, for some [ € [k], then ®; is not Z,-~unique anymore.
However, this event is independent of the bin 1)4(7) into which the ball was tossed, as
it depends only on literals ®;; such that 7,_1(¢,{) = —1. Let us now give the detailed
proof.

Proof of Lemma 4.12. Set Z_1 = (). Moreover, define random variables

(i) = { melbg) G D) €L g ) € ) x (4]
Thus, 7; is obtained by just recording which positions the process PI1-PI4 has
revealed up to time ¢, without taking notice of the actual literals m;(i,57) € V UV in
these positions. We claim that for any i € [m]

(4.20) el & né?g]cWo(i,j) > 0A (V)€ [k]:v(i,j) = min{y(i,7),0}).
J

For U, is the set of all ¢ € [m] such that ®; contains none of the variables in Z;
negatively and has at most one positive occurrence of a variable from V' \ Z;. Hence,
i € Uy iff the following hold:
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(a) For any j € [k] such that ®,; is negative we have ®;; ¢ Z;; by PI4 this is
the case iff m(4,j) = —1, and then v (i,5) = —1.

(b) For any j € [k] such that ®,; is positive we have (i, j) = ®;; and hence
v¢(4,7) = 0. To see this, assume that ¢ € U;. If ®;; € Z;, then m(i,j) = By
by PI4, and hence v.(4, j) = 0. Moreover, if ®;; is the only positive literal of
®,; that does not belong to Z;, then i € Uy and hence 7.(7, j) = ®;; by PI4.
Thus, v(4, j) = 0. Conversely, if 74(7,j) = 0 for all positive ®;;, then ®; has
at most one occurrence of a positive variable from V' \ Z;.

Thus, we have established (4.20).

Fix a set U; C [m], let ® be any formula such that U, [®] = Uy, and let 4, = 7, [®]
for all s <t. Moreover, for s < t let I's be the event that v, = 4, for all u < s. The
goal is to prove that

(4.21) P [ge = dolly| < (n— )71,

Let 7 : Uy — [0, 1] assign to each i € Uy the least s such that i € U,. Intuitively this is
the first time s when ®; becomes either Z,-unique or unsatisfied under the assignment
oz, that sets the variables in Z; to false and all others to true. We claim that

(4.22) P |VielUy: (i) = &t(z‘)m} < [[m-rG)"

ielflt

Since 7(i) < t for all i € Uy, (4.22) implies (4.21) and thus the assertion.

Let 7, be the event that 1, (i) = 1 (i) for all 0 < u < s and all i € 7~!(u), and
let 71 = Q(n,m) be the trivial event. In order to prove (4.22), we will show that
forall0<s <t

(4.23) PlrlreoiNTL] < (n—s)~I7 ®
and
(424) P [7'5|7'5_1 n FS] =P [7'5|7'5_1 n Ft] .

Combining (4.23) and (4.24) yields

P Vi et : (i) = M‘)m} =Pl = [] Plnlrnly
0<s<t

= [I Plrlr-intd < I (n—s)717 @),

0<s<t 0<s<t

which shows (4.22). Thus, the remaining task is to establish (4.23) and (4.24).
To prove (4.23) it suffices to show that

p [Ts N FS|-7:S—1] (v)

<(n—s) TG Vo eTs 1 NI,
P N Fr] () = Y Pen

(4.25)

Note that the left-hand side is just the conditional probability of 75 given 75_1NI["s with
respect to the probability measure P [-|Fs_1] (¢). Thus, let us condition on the event
D=, 1 pecT5_1NIT,. Then ® € I'y, and therefore v9 = §¢ and vs = 45. Hence,
(4.20) entails Us [®] = Us [p] = Us [®] and thus 771(s) C Us [®]. Let i € 771(s),
and let J; # (0 be the set of indices j € [k] such that vs_1(i,j) = 1. Recall that
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1(3) is defined as follows: if ®;; = z, for all j € J;, then ¢5(i) = zs; otherwise
1s(i) = ®;; for the (unique) j € J; such that ®;; # z;. By Fact 4.3 in the measure
P [-|Fs—1] (), the variables (®;);c,-1(s),je, are independently uniformly distributed

over V' \ Zs_1 (because ms_1(i,) = vs—1(i,j) = 1). Hence, the events (i) = 1 (i)
occur independently for all i € 771(s). Thus, letting

pi =P [¢s(i) = () AVj € Ty i vs(i, j) = 0|]:s—1:| (),
qi = P [V] € Jz : P)/s(ivj) = 0|-stl] ((,0)

for i € 771(s), we have

(4.26)

P [TS N F |.F3 1 ) H pl
P [7'5 1 ﬂF |]:S 1 (p zer—l(s)
Observe that the event Vj € J; : v5(4,j) = 0 occurs iff ®,; = z; for at least |J;| — 1
elements j € J; (cf. PI4). Therefore,

gi = | il - [V \ Zsa |7V = VA Zoa |71 + [V Zoa |71

To bound p; for i € 771(s) we consider three cases.

Case 1: (i) €V \ Zs_1. As ®;j € V\ Z,_, for all j € J; the event ¢,(i) = vy (i)
has probability 0

Case 2: z/;t(z) = z5. The event Ys(i) = z/;t(z) occurs iff ®;; = z, for all j € J;, which
happens with probability [V'\ Zs_1|~¥i! in the measure P [-|Fs_1] (¢). Hence,
pi=(n—s+1)"1il,

Case 3: (i) € V\Z If 44 (i) = 9(i), then there is j € J; such that ®;; = U (i)
and ®;;; = z, for all j/ € J; \ {j}. Hence, p; = |J;| - |V \ Zs_1|~ “” =
|J|(n—8+1) il

In all three cases we have

@ o [iltn—s + DA -1/ (0 — s +1))
pi |Ji|(n — s+ 1)~ 1l

Thus, (4.25) follows from (4.26). This completes the proof of (4.23).
In order to prove (4.24) we will show that for any 0 < b <c<a

=n—3=-S.

(4.27) P[[.|7 ML) =P [TLT.).
This implies (4.24) as follows:

P [rs NTY] P [Ti|7s NT] P rs N Ts]
Plrlr NIy = —
[rolmsan] = 3 [fo1NTy  P[Lefrs_1 NI, P[re1 Ny
(427) P[r,NT]

o P [7'5_1 n Fs]

=P [rs|rs-1 NTy].

To show (4.27) it suffices to consider the case a = ¢+ 1, because for a > ¢+ 1 we have

P [Fa|Tb M Pc] =P [Fa|Tb M Pc+1] P [Tb M Fc+1|Tb n FC]
= P[Cul7y N Cost] P [Topa|m N T

Thus, suppose that a = ¢+ 1. At time a = ¢+ 1 PI1 selects an index ¢, € [m]. This
is the least index 7 such that v.(i,7) = —1 for all j; thus, ¢, is determined once we
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condition on I'.. Then, PI2 selects a variable z, = |®4,;, | with j, < k1. Now, 7, is
obtained from 7, by setting to 0 the entries for some (¢, j) such that ~.(,5) € {—1, 1}
(cf. PI4). More precisely, we have 7,(¢4,j) = 0 for all 7 < ky. Furthermore, for
i € m]\{dq} let J; be the set of all j € [k] such that 7.(i,7) = v.(i,5) € {—1,1}, and
for i = ¢, let J; be the set of all ky < j < k such that 7.(i,7) = .(¢,7) € {—1,1}.
Then for any i € [m] and any j € J; the event v,(i,7) = 0 depends only on the events
|®j/| = z, for j' € J;. By Fact 4.3 the variables (|®;j/|)ic[m] jes, are independently
uniformly distributed over V'\ Z.. Therefore, the events |®;;/| = z, for j' € J; are
independent of the choice of z, and of the event 7,. This shows (4.27) and thus
(4.24). O

Proof of Corollary 4.7. Let i1 < (14¢/3)wn be a positive integer, and let U, C [m]
be a set of size . Suppose that t < 6. Let v = nk~/2, and let B be the set of all
maps ¢ : U; — [n] such that there are less than v 4 ¢ numbers x € [n] such that
¥~1(z) = 0. Furthermore, let B; be the event that there are less than v variables
x € V'\ Z; such that U (z) = 0. Since |Z;| = t, we have

p [Bt|ut - L?t] <P M — Uy = L?t} <|B|(n—t)"*  (by Lemma 4.12)

YeB
|B| t \"_|B| 1
= — —_— < —_— —
nt 1+n—t — nt exp(29n)
B
(4.28) < |n_“| -exp(9nk 1 In? k).

Furthermore, |B|/n* is just the probability that there are less than v empty bins
if p balls are thrown uniformly and independently into n bins. Hence, we can use
Lemma 2.1 to bound |B|n~#. To this end, observe that because we are assuming
€ < 0.1 the bound

2¢e

U 5 g2
exp (_ﬁ) > exp (— (1 + 5) w) = k> ! holds, where o = 3 3 > 0.6¢.

Therefore, Lemma 2.1 entails that

|Bln~ < P2, n) < exp(—p/n)n/?)
(4.29) < O(v/n) exp [— exp(—p/n)n/8] < exp [-k*'n/9] .
Combining (4.28) and (4.29), we see that for k > ko(e) large enough

P =P [Bt|L{t U U C [m], |Z;{t| = u} < exp [nk‘l (91112 k— kO‘/Q)] =o(1/n).
Thus, Corollary 4.5 and Lemma 4.6 imply that
PEt<T:|{zeV\Z:U(x) =0} <vf

<P[T>0+P L@% | > (1 + 8/3)%} + 0;93 =o(1),

as desired. 0

5. Proof of Proposition 3.3. Let 0 < ¢ < 0.1. Throughout this section we
assume that k& > kg for a large enough kg = ko(e) > 10, and that n > ng for some
large enough ng = ng(e, k). Let m = [n- (1 —¢)2"k~'Ink|, w = (1 —¢)Ink, and
k1 = [k/2]. In addition, we keep the notation introduced in section 4.1.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



2850 AMIN COJA-OGHLAN

5.1. Outline. Similarly as in section 4, we will describe the execution of Phase 2
of Fix(®) via a stochastic process. Roughly speaking, the new process starts where
the process PI1-PI4 from section 4 (i.e., Phase 1 of Fix) stopped. More precisely,
recall that T' denotes the stopping time of PI1-PI4. Let Z) = () and nj, = 7p. Let
Uy = Urp, and let U (z) be the number of indices i € U} such that x occurs positively
in ®@; for any variable z. Moreover, let @, be the set of indices i € [m] such that ®;
is unsatisfied under the assignment oz, that sets the variables in Zr to false and all
others to true. For t > 1 we proceed as follows.

PI1’ If Q}_, = 0, the process stops. Otherwise let 1y = min Q}_;.

PI2’ If there are three indices k1 < j < k — 5 such that 7;_; (¢4, 7) € {1, -1} and
Ul_1(|®y,j]) = 0, then let k1 < j1 < j2 < j3 < k — 5 be the lexicographically
first sequence of such indices. Otherwise let £k — 5 < j; < j2 < j3 < k be the
lexicographically first sequence of indices k—5 < j < k such that |®,,;| € Z;,_;.
Let Z] = Z]_ U{|®y,;|:1=1,2,3}.

PI3’ Let U/ be the set of all ¢ € [m] that satisfy the following condition. There is
exactly one [ € [k] such that ®; € V' \ (Z] U Zr) and for all j # [ we have

®;; € ZrUZ, UV \ Zr. Let U/(z) be the number of indices ¢ € U such that
x occurs positively in ®; (x € V).
PI4’ Let

q)ij if (Z:¢t /\j>l€1)\/
m(i,7) = |®i;| € Z,UZr V (i € U Amo(i, j) = 1),
m_1(4,7) otherwise.

Let @} be the set of all (Zr, Z])-endangered clauses that contain less than three
variables from Z;.
Let T be the stopping time of this process. For ¢ > T’ and z € V let 7, = 7/,
Ul =Uk, Z{ = Z,, and U/(z) = U}/ ().

The process PI1'-PI4’ models the execution of Phase 2 of Fix(®) since in the
terminology of section 3, a variable z is (Zr, Z})-safe iff U/(x) = 0. Hence, the set
Z' computed in Phase 2 of Fix coincides with Z/.,. Thus, our task is to prove that
|Z5 ) < nk='? w.h.p.

The process PI1’-PI4’ can be applied to any concrete k-SAT formula @ (rather
than the random ®). It then yields a sequence 7} [®] of maps, variables z; [®], etc.
In analogy to the equivalence relation =; from section 4, we define an equivalence
relation =, by letting ® = ¥ iff & =; U for all s > 0, and 7/, [®] = «, [¥] for all
0 < s < t. Thus, intuitively ® =, ¥ means that the process PI1-PI4 behaves the
same on both ®, ¥, and the process PI1'-PI4’ behaves the same on ®, ¥ up to time
t. Let F| be the o-algebra generated by the equivalence classes of =}. Then (F});>0
is a filtration.

Facr 5.1. For any t > 0 the map 7}, the random variable ;. |, the random sets
U/ and Z}, and the random variables U/(x) for © € V are F{-measurable.

In analogy to Fact 4.3 we have the following (by “deferred decisions”).

Fact 5.2. Let & be the set of all pairs (i,7) such that w(i,j) € {£1}. The
conditional joint distribution of the variables (|®i;])(i jee; given Fi is uniform over
(V\ 2.

Let

0" = |exp(—k*/1%)n)],

and recall that § = |4nk~!Inw], where w = (1 —¢)Ink. To prove Proposition 3.3
it is sufficient to show that 7" < 0" w.h.p., because |Z]| = 3t for all t < T’. To this
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end, we follow a similar program as in section 4.1: we will show that |U/| is “small”
w.h.p. for all ¢ < #’, and therefore that for ¢ < ¢’ there are plenty of variables z such
that U;(x) = 0. This implies that for ¢ < €’ the process will “generate” only a very
few (Zr, Z{)-endangered clauses. This then entails a bound on 7”, because each step
of the process removes (at least) one (Zr, Z})-endangered clause from the set Q}. In
section 5.2 we will infer the following bound on |U/|.

LEMMA 5.3. W.h.p. for all t < 0" we have |U/\ Ur| < n/k.

COROLLARY 5.4. W.h.p. the following is true for all t < 0': there are at least
nke/3=1 variables x € V' \ (Z/ U Z7) such that U}(x) = 0.

Proof. By Corollary 4.7 there are at least nk*/2~! variables z € V \ Zr such that
Ur(x) =0 w.h.p. Hence,

up = |{$ S V\ZT : UT(x) = 0}| > nke/2-1

If € V\ (Z,U Zr) has the property U/(z) > 0 but Up(z) = 0, then there is an index
i € U/ \ Ur such that x is the unique positive literal of ®; in V'\ (Z;U Zr). Therefore,
by Lemma 5.3 w.h.p.

ug ={x e V\(Z,UZr): Ur(z) =0 < U/(x)}| <|U/\ Ur| < n/k.
Finally, by PI2’' we have |Z/| < 3t for all . Hence,
Hz e V\ (Z/U Zgr) : Ul(z) = 0} > uy —ug — | Z}| > nks/>~t —n/k — 30’ > nk/>71,

provided that k > k() is sufficiently large. O

COROLLARY 5.5. Let Y be the set of all t < 60" such that there are less than
3 indices k1 < j < k —5 such that wi_1 (¢4, j) € {—1,1} and U;_{(|®y,;|) = 0. Then
|V| < 36" exp(—k°3¢) w.h.p.

We defer the proof of Corollary 5.5 to section 5.3, where we also prove the fol-
lowing.

COROLLARY 5.6. Let k = |k®/*|. There are at most 2k exp(—r)n indices i € [m]
such that ®; contains more than k positive literals, all of which lie in Zg U Zp.

COROLLARY 5.7. W.h.p. the total number of (Zr,Z), )-endangered clauses is at
most §'.

Proof. Recall that a clause ®; is (Zr, Zj,)-endangered if for any j such that
the literal ®,;; is true under oz, the underlying variable |®;;| lies in Zj,. Let Y be
the set from Corollary 5.5, and let Z = (J,cy, Z; \ Z;_;. We claim that if ®; is
(Zr, Zj,)-endangered, then one of the following statements is true:

(a) There are two indices 1 < j; < jo < k such that |®;;, | = [, |.

(b) There are indices i # i, j1 # j2, j; # Jjs such that |®;;,| = [®4;] and

([ Pija| = | Pirjy -

(¢) ®; is unsatisfied under oz,..

(d) ®; contains more than x = |k®/4] positive literals, all of which lie in Zj), U Z7.

(e) ®; has at most x positive literals, is satisfied under oz,, and contains a

variable from Z.
To see this, assume that ®; is (Zr, Z), )-endangered and (a)—(d) do not hold. Observe
that Z D Zp N Zy by construction (cf. PI2’). Hence, if there is j such that ®;; =
for some x € Zp, then € Z and thus (e) holds. Thus, assume that no variable
from Zp occurs negatively in ®;. Then ®; contains [ > 1 positive literals from
V' \ Zr, and we may assume without loss of generality that these are just the first
[ literals ®;q1,...,®;;. Furthermore, ®;1,...,P; € Zé,. Hence, for each 1 < j <[
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there is 1 < t; < ¢ such that ®;; € Z; \ Z; _;. Since ®; satisfies neither (a)
nor (b), the numbers ¢y, ...,¢ are mutually distinct. (Indeed, if, say, t; = to, then
either ®,; = ®,5, or ®; and <I>wt1 have at least two variables in common.) Thus,
we may assume without loss of generality that t; < --- < ¢;. Then i € Ut’l_1 by the
construction in step PI3’, and thus ®; € Z. Hence, (e) holds.

Let X,,..., X, be the numbers of indices ¢ € [m] for which (a)—(e) above hold.
W.h.p. X, + X3 = O(Inn) by Lemma 2.3. Furthermore, X.. < exp(—k%/®)n w.h.p. by
Proposition 3.2. Moreover, Corollary 5.6 yields Xy < 2kexp(—x/2)n w.h.p. Finally,
since Y < 3¢ exp(—k3¢) w.h.p. by Corollary 5.5 and as |Z| = 3|)|, Lemma 2.6 shows
that w.h.p. for k& > ko(e) large enough

X <k-|Z]/n-n<k- \/Qexp(—k5/4)9’/n <0/2 (as 0" = |exp(—k=/1O)n]).

Combining these estimates, we obtain X, + --- + X, < 6 w.h.p., provided that
k > ko(e) is large. O

Proof of Proposition 3.3. We claim that 7" < ¢ w.h.p. This implies the propo-
sition because |Z7/| = 3T and 3¢ = 3|exp(—k*/'%)n| < nk™12 if k > ko(e) is
sufficiently large. To see that T < ¢’ w.h.p., let X be the total number of (Z7, Z, )-
endangered clauses, and let X; be the number of (Zr, Zj, )-endangered clauses that
contain less than 3 variables from Zj. Since PI2’ adds 3 variables from a (Zr, Z,)-
endangered clause to Z; at each time step, we have 0 < X; < Xy — ¢ for all t < T".
Hence, T’ < Xy, and thus the assertion follows from Corollary 5.7. a

5.2. Proof of Lemma 5.3. As in (4.13) we let

W, = 1 ifm_1(i,7) =1 and 7 (i, ) = 24,
"7 71 0 otherwise,

S — 1 if T >tand m(i,j) € {1,—-1},
%=1 0 otherwise.

Note that Hy;j,Syij refer to the process PI1I-PI4 from section 4. With respect to
PI1'-PI4’, we let

W 1 ifm_(i,45) =1, m(i,5) € Z}, and T <0,
tij 0 otherwise.

In analogy to Lemma 4.9 we have the following.
LEMMA 5.8. For any I' C [0'] x [m] x [k] we have

E

II Héijlf{)] < (3/(n—0-30)"".

(t,i,4)€T’

Proof. Let Ty = {(i,j) : (t,4,5) € '} and Xy = [[; ;)ez; Hiij- Due to Lemma 2.4
it suffices to show that /

Iz v <,

(5.1) E[X;|F{_1] < (3/(n—0-30")
To see this, let 1 <t < #" and consider a formula ® such that 7' [®] < 6, ¢ < T"[®], and
my_1(4,7) [®] = 1forall (i, ) € Z;. We condition on the event ® =, ; ®. Then at time
t steps PI1'-PI2’ obtain Z; by adding three variables that occur in clause ®,,, which
is (Zr, Z;_,)-endangered. Let (i,7) € Z;. Since ® =;_1 ® and 7,_(¢,7) [P] = 1, we
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have m;_;(i,j) [®] = 1. By PI4’ this means that ®,; ¢ Zp U Z]_, is a positive
literal. Thus, ®; is not (Zp, Z;_;)-endangered. Hence, 1y # i. Furthermore, by
Fact 5.2 in the conditional distribution P [-|F/_,] (®), the variables (®;)(;,j)ez; are
independently uniformly distributed over the set V' \ (Zy U Z/_,). Hence,

(5.2) P[®;; € Z{|F/ ] [®] <3/[V\ (ZrU Z{_))|  forany (i,j) € T},

and these events are mutually independent for all (i,7) € Z;. Since |Zp| = n—T
and T = T [®] < 0, and because |Z{_;| = 3(t — 1), (5.2) implies (5.1) and hence the
assertion. O

LEMMA 5.9. Let 2<1<Vk, 1<U'<1—-1,1<t<6, and 1 <t <0 For
each i € [m] let X; = X;(I,U,t,¢') =140 >T >t, T' > t', and the following four
events occur:

(a) ®; has exactly I positive literals.
(b) 1 of the positive literals of ®; lie in Z,, \ Zr.
(¢) L —=1U"—1 of the positive literals of ®; lie in Z;.
(d) No wvariable from Z; occurs in ®; negatively.
Let

(53)  B(U,t) = dwn- (G‘Zk)ll . (’;:;:11) (%)l_l,_la—t/n)m

Then P[>0 X; > B(L,I,t)] = o(n™?).

Proof. We are going to apply Lemma 2.2. Set u = [In®n], and let M C [m] be
a set of size u. Let Exq be the event that X; = 1 for all i € M. Let P, C [k] be
a set of size [, and let H;, H C P; be disjoint sets such that |H; U H| =1 — 1 and
|H]| =1 for each i € M. Let P = (P;, H;, H])icm. Furthermore, let ¢; : H; — [t]
and t; : H — [t'] for all i € M, and set T = (¢;,t})iem. Let Ep(P,T) be the event
that 6 > T > ¢, T/ > t/, and the following four statements are true for all 7 € M:

(a’) The literal ®;; is positive for all j € P; and negative for all j € [k] \ P;.

(b') @45 € Z], 1) and Wti(J)il(l j)=1forallie M and j € H..

(c") ®ij = 2z,(;) foralli € M and j € H;.

(d") No variable from Z; occurs negatively in ®,.
If a4 occurs, then there exist (P, T) such that Eaq(P, T) occurs. Hence, we are going
to use the union bound. For each i € M there are

k
(1 vi—r 1) ways to choose the sets P;, H;, H].

Once these are chosen, there are

t’l/ ways to choose the map ¢}, and =t I ways to choose the map t;.
Thus,
PlEm] <D PEM(P,T)
P.T
, Iz
' < -1 =1 )
(5.4) [(171’ I )t t 171’}%;(13[8]\4(77,7‘)]
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Hence, we need to bound P [Ex(P, T)] for any given P, T. To this end, let

I:I(Mvva) = {(S7iaj) S M?] S HlaS:tl(])}a
=T (M, P, T)={(s,i,j):i € M,j € H.,s =t.(j)},
T=TM,P,T)=A{(s,4,5) : i € M,j € [k]\ Pi,s < t}.

If Em (P, T) occurs, then the positive literals of each clause ®;, i € M, are precisely
®,; with j € P;, which occurs with probability 2% independently. In addition, we
have Hy;; = 1 for all (s,4,5) € Z, H;; = 1 for all (s,i,5) € 7', and S5 = 1 for all
(s,i,7) € J. Hence,

PEm(P,T) <27F

E [ H Héi] H Htlj H StzJ|FO]

(t,i,5)€T’ (t,i,§)€T (ti,5)eT

Since the variables Hy;; and Sy are Fj-measurable, Lemmas 4.9 and 5.8 yield

E[ 11 Hiiﬂfé]' I % 1 Stzj|]:0]
(

PEm(P,T) <27F

(t,3,5)€T’ t,i,j)EL (t,5,7)eT
ll
< 9~ kn . 3 #-E H,o - Seii | Fo
= n—0—30 II #ei- II Swiro
(t,1,7)€T (t,5,5)eT
l/
< okn 3 RSN k=1t

Combining (5.4) and (5.5), we see that P [Eaq] < M, where

k 3t/ 4 ¢ 1—-1'—1
—k k—1
(56) =2 (1,1/,1—1/—1) (n—9—30’) (n—o) (L= 1/m)®0Y,

whence Lemma 2.2 yields

(5.7) P li X; > 2/\m1 =o(n™?).

i=1

Thus, the remaining task is to estimate Am: by (5.6) and since m < n - 2*w/k, we
have

(5.8)

k-1 3t/ Yok—r -1 £\
k ). v _ (k—1)t
Am = bz < g )(n—0—30’) (1—1/—1> (n—0> 1=1/m)
o'k B I—1'—1
<wn- <GT> <l— o 1) <n> (1—t/n)*t.n, where
B n 1—-1'—1 ( 1/TL k—1
- \n—96 1—t/n

g\
< (1 + — 9) exp(kt?/n?) < exp(260l/n + k6% /n?).
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Since # < 4k~ 'nlnk and | < vk, we have n < 2 for large enough k > ko(g). Thus,
2 m < B(l,1’,t), whence the assertion follows from (5.7) and (5.8). O

LEMMA 5.10. Let Ink <1<k, 1<U<[,1<t<0,and 1<t <0O. For each
iem]letY; =14 0>T>t, T >t, and the following three events occur:

(a) ®; has exactly I positive literals.

(b) ' of the positive literals of ®, lie in Z}, \ Zr.

(¢) 1 =1 —1 of the positive literals of ®; lie in Z;.
Then P[> Vi > nexp(—1)] = o(n™3).

Proof. The proof is similar to (and less involved than) the proof of Lemma 5.9.
We are going to apply Lemma 2.2 once more. Set p = [In®n], and let M C [m] be
a set of size u. Let Eaq be the event that YV; = 1 for all ¢ € [M]. Let P; C [k] be
a set of size [, and let H;, H C P; be disjoint sets such that |H; U H/| =1 — 1 and
|H!| = U for each i € M. Let P = (P, H;, H])iepm. Furthermore, let ¢; : H; — [t]
and t; : H] — [t'] for all i € M, and set T = (t;,t;)icm. Let Ea(P,T) be the event
that 6 > T > ¢, T/ > t/, and that the following statements are true for all i € M:

(a") ®;; is positive for all j € P; and negative for all j & P;.

(b') ®;; € Zé;(j) and ﬂé;(j)il(i,j) =1foralliec M and je€ H/.

(C/) q)ij = Zt;(5) for all . e M andj c H;.
If Exq occurs, then there are (P,7) such that Ex(P,T) occurs. Using the union
bound as in (5.4), we get

PEm] <Y PEMP,T)]
P, T

k A -1 —1 g
(5.9) < [(1,1’,1—1’—1)t t %%ch[SM(P,T)].

Hence, we need to bound P [Ex(P, T)] for any given P, T. To this end, let

I:I(M,P,T) = {(877’7]) 11 € Ma] S Hias = tz(])}a
' =T (M,P,T)={(s,i,j):i € M,j € H,s =t.(5)}.
If Em(P,T) occurs, then the positive literals of each clause ®; are precisely ®,; with

j € P (i € M). In addition, Hs; = 1 for all (s,i,7) € T and H;; = 1 for all
(s,i,7) € I'. Hence, by Lemmas 4.9 and 5.8

IT #s 11 Htij|f01

(t,i,5)€T’ (t,i,5)€T

3 N
: < |27*
(5.10) - [2 (n—9—39’) (n—9>
Combining (5.9) and (5.10), we see that P [Eaq] < M, where
, v 1—1'—1
gk k 3t t
LUI=1U-1)\n—0-36¢ n—10
B / i o 1-1'—1
ot (F 1 3t (k-1 -1 t
U n—0—36¢ I-1'=1)\n—-190

6k0'\" [e(k —1' —1)p\'"'!
. <k27F. .
o st (5F) ()

PEm(P,T) < 27" |E

S
©w
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Invoking Lemma 2.2, we get P [>°1" | Y; > 2Am] = o(n™?). Thus, we need to show
that 2Am < exp(—I)n.
Case 1: 1" > 1/2. Since §/n <4k~ 'lnw and 0'/n < k=2, (5.11) yields

Am < wn (4delnw - t9//n)l//2 < exp(=l)n/2.
Case 2: " < 1/2. Then (5.11) entails
Am < wnexp(—21") (10e lnw/l)l_l,_1 < exp(=1l)n/2.

Hence, in either case we obtain the desired bound. O
Proof of Lemma 5.3. For 1 <t' <0 and 1 <1 <k, let I;(t') be the set of indices
i € U}, \ Ur such that ®; has precisely [ positive literals. Then

k
(5.12) UL \Ur = JL(t).

=2

To bound the size of the set on the right-hand side, we define (random) sets X (1,1’,¢,t')
for 1 <’ <l—1,and t > 1 as follows. If t > T or t' > T, we let X(I,I’,t,t') = 0.
Otherwise, X (I,1',t,t") is the set of all i € [m] such that ®; satisfies the following
conditions (cf. Lemma 5.9):

(a) ®, has exactly [ positive literals.

(b) 1’ of the positive literals of ®; lie in Z;, \ Zp.

(¢) I =1 —1 of the positive literals of ®; lie in Z;.

(d) No variable from Z; occurs in ®; negatively.
We claim that

-1
(5.13) Lt c |J X0, 7, min {1",¢'}).
'=1

To see this, recall that Ur contains all ¢ € [m] such that ®; has precisely one positive
literal ®;; € V \ Zr and no negative literal from Zr. Moreover, U, is the set of
all ¢ € [m] such that ®; features precisely one positive literal ®;; ¢ Z}, U Zp and
no negative literal from Zz7. Now, let i € I;. Then (a) follows directly from the
definition of I;. Moreover, as i € I; C U}, clause ®; has no literal from Zp; this shows
(d). Further, if ¢ € I;(t'), then at least one positive literal of ®; lies in Z], \ Zr, as
otherwise ¢ € Up. Let I’ > 1 be the number of these positive literals. Then I’ < [,
because there is exactly one j such that ®;; ¢ Zp U Z,, is positive (by the definition
of U})). Furthermore, as there is ezactly one such j, the remaining [ — I’ — 1 positive
literals of ®; are in Zp. Hence, (b) and (c¢) hold as well.
With B(I,1’,t) as in Lemma 5.9, let £; be the event that

V2<I<VELI<U<I—1,1<t<0,1<t <0 :|X11U tt)|<BII¢).
Further, let £ be the event that
Wh<l<k1<I'<l-1,1<t<0,1<t <0 X1t <nexp(—1).

Let &£ be the event that T' < 6 and that both &;, £ occur. Then by Corollary 4.5 and
Lemmas 5.9 and 5.10,

(5.14)  P[=E] < P[T > 0] + P [=&] + P [=&)] < o(1) + 2k%00" - o(n™3) = o(1).
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Furthermore, if £ occurs, then (5.13) entails that for all ¢’ < ¢’

-1 kE o1-1
> L)< >0 D IXEE, Tomin {7, ¢ )<Y Y BT
2<i<Vk 2<I<VE V=1 I=11'=1
k U k=1'-1 j k—1'—1—j
60’k k-1 -1 TY’ T J
<4 § - _
= (n) Z( J ><n>(1 n)
I'=1 7=0
k I
60"k 60’k _ n2
(5.15) wnl;_1< - ) < 5wn S

because 0’ < n/k* for k > ko(e) large. Moreover, if £ occurs, then (5.13) yields that
forall ¢/ <@’

(5.16) S < > exp(-ln < n/k?,

VE<I<k VE<I<k

provided that k > ko(e) is large enough. Thus, the assertion follows from (5.12) and
(5.14)-(5.16). O

5.3. Proof of Corollaries 5.5 and 5.6. As a preparation we need to estimate
the number of clauses that contain a huge number of literals from Z; for some t < 6.
Note that the following lemma refers solely to the process PI1-PI4 from section 4.

LEMMA 5.11. Let t < 6. With probability at least 1 — o(1/n) there are no more
than nexp(—k) indices i € [m] such that |{j : k1 < j <k, |®sj| € Z:}| > k/4.

Proof. For any i € [m], j € [k], and 1 < s <0, let

z 1 if [ @] = 26, me—1(i,j) € {—1,1}, and s < T,
5t 0 otherwise.

We claim that for any set Z C [t] x [m] x ([k] \ [k1]) we have

H Zsij

(s,4,5)€T

(5.17) E < (n—0)7171,

To see this, let Z, = {(i,7) : (s,4,7) € I}, and set Z, = [[(; ;yez, Zsij- Then for all
s < 6 the random variable Z; is Fs-measurable by Fact 4.2. Moreover, we claim that

(5.18) E (2| Fem1] < (n—0)7 1%

for any s < #. To prove this, consider any formula ® such that s < T [®] and
ms—1(1,7) [®] € {—1,1} for all (i,7) € Zs. Then by Proposition 4.3 in the probability
distribution P [-|Fs_1] (®) the variables (®;;)(; j)ez, are mutually independent and
uniformly distributed over V' \ Zs_1. They are also independent of the choice of the
variable z4, because j > k; for all (¢,j) € Zs and the variable z, is determined by the
first kq literals of some clause ®,, (cf. PI2). Therefore, for all (,j) € Z, the event
®;; = z, occurs with probability 1/|V '\ Z,_;| independently. As |Z;_1| = s — 1, this
shows (5.18), and (5.17) follows from Lemma 2.4 and (5.18).

For i € [m]let X; = 1if t < T and there are at least k = [k/4] indices j € [k]\ [k1]
such that |®;;| € Z;, and set X; = 0 otherwise. Let M C [m] be a set of size
p = [In?n], and let Exq be the event that X; = 1 for all i € M. Furthermore, let
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P; C [k] \ [k1] be a set of size k — 1 for each i € M, and let ¢; : P, — [t] be a map.
Let P = (Pi)iem and T = (t;)iem, and let Epq(P,T) be the event that t < T and
Zi.(jyij = 1 for alli € M and all j € P;. Let

I=Im(P,T) ={(ti(h),i,j) : 1 € M,j € Bi}.
Then (5.17) entails that for any P, T

H Zsij

(s,i,4)€L

(519)  PlEm(P.T)<E < (n—6)"T < (n— g) D),

Moreover, if Exq occurs, then there exist P, T such that Ex(P,T) occurs. For any
i € M there are (kﬁ__kll) ways to choose P; and t*~! ways to choose t;. Hence, by the
union bound

PEmI <D PEMP,T) <M,  where
P, T

v () o (Y (1)

Finally, Lemma 2.2 implies that for sufficiently large k& we have with probability
1—o(n™1)

D Xi <2mA <n-25(120/n)" " < nexp(—k),

i=1

because § = [4nk ' Inw| < 4nk~lInlnk. O

Proof of Corollary 5.5. The goal is to bound the number |Y| of times ¢t < ¢
such that the clause ®,, chosen by PI1’ features less than three literals ®,,; such
that 7;_, (¢4, ) € {—1,1} and U;_,(|®y,;|) =0 (k1 < j < k —5). We use a similar
argument as in the proof of Corollary 4.8. Let

Qi =z e V\(ZruZz): Ui(x) =0},

and define 0/1 random variables B, for t > 1 by letting B; = 1 iff the following four
statements hold:

(a) T > t.

(b) Qi1 = nks/*1.

(c) There are less than k/4 indices k1 < j < k such that |®y, ;| € Z7.

(d) At most two indices k1 < j < k — 5 satisfy

T ) = =1 and  U{_;(|®y,|) =0.
This random variable is F/-measurable by Fact 5.1. Let § = exp(—k/3/6). We claim
(5.20) E[B}|Fi-1] <6 for any ¢ > 1.

To see this, let ® be a formula for which (a)-(c) hold. We condition on the event
® =, | ®. Then at time ¢ the process PI1’-PI4’ chooses ¢, = v [®] such that
®,, is (Zr,Z;_,)-endangered and contains less than three variables from Z; ;. If
m_1(¥¢,5) # —1, then either m;_,(¢4,j) = 1 or ®y,; € Zr U Z,_;. Due to (c)
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there are less than %k/4 indices j > ki such that |®,,;| € Zp. Further, since ®,, is
(Zr, Z{_,)-endangered, there is in fact no j such that m,_,(¢y,j) = 1. Consequently,
there are at least (k—k1—5)—2k—2 indices ky < j < k—5 such that m,_ (¢, j) = —1.
Let J be the set of all these indices. Assuming k > ko(¢) is sufficiently large, we have

(5.21) \T| > (k — ki —5) — k/4—2 > k/5.

By Fact 5.2 the variables (|]®y,;|)jes are independently uniformly distributed over
V\ (Zr U Z,_y). Therefore, the number of j € J such that U/_;(|®y,;]) = 0 is
binomial Bin(|7], Q;_,/|V \ (Zr U Z,_,)|). Since (b) requires Q, , > nks/3~1, (5.21)
and the Chernoff bound (2.1) yield

E [Bi|F{ 4] (®) < [Bm <|J| |V\(ZQ;UIZ;_1)I) <3]

<p [Bin ([k/51,k6/3*1) < 3} <,

provided that k is sufficiently large. Thus, we have established (5.20).
Let Y = |{t € [#'] : B, = 1}|. We are going to show that

(5.22) V' <205 whp.

To this end, letting u = [Inn], we will show that

(5.23) E[()),] < (0'6)",  where ( H V' —j.

This implies (5.22). For if )’ > 26’5, then for large n we have (y/) (29’5 wr >
(1.9-¢'0)", whence Markov’s inequality entails P [}’ > 260’6] < P [(Y'),, > (1.9¢'9)"] <
1.9 = o(1).

In order to establish (5.23), we define a random variable )’ for any tuple 7 =
(t1,...,tu) of mutually distinct integers ti,...,t, € [0'] by letting V- = [/, Bj,.
Since ()'), equals the number of p-tuples 7 such that J7- = 1, we obtain
(5.24) Z E[Vr] <6" max E [V7].

To bound the last expression, we may assume that 7 is such that ¢; < --- <t,. As

B; is F{-measurable, we have for all | < p
l l
E HBQ <E lE HBMFt/l—lH
i=1 j
(5.20) -1
=K HB’ B1F, ]| < §-E|[]B]-
i=1

Proceeding inductively from ! = p down to I = 1, we obtain E [V}] < ¢, and thus
(5.23) follows from (5.24).

To complete the proof, let }”” be the number of indices i € [m] such that |®;;| €
Zp for at least k/4 indices k1 < j < k. Combining Corollary 4.5 (which shows
that |Zr| = T < 6 w.h.p.) with Lemma 5.11, we see that V" < nexp(—k) < 60
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w.h.p. As |Y| <Y+ V", the assertion thus follows from Corollary 5.4 (showing that
'L > nkS/371 for all t w.h.p.), (5.22), and the fact that 65 4 20’6 < exp(—k°3%)n
for k > ko(e) large enough. O
Proof of Corollary 5.6. Let x = |k*/*]. The goal is to bound the number of
i € [m] such that ®; contains at least x positive literals, all of which end up in
Zr U Zy,. Since T < 6 w.h.p. by Corollary 4.5, we just need to bound the number V
of i € [m] such that ®; has at least x positive literals among which at least & lie in
ZoU Zyp,. Let Vyi» be the number of ¢ € [m] such that ®; has exactly [ positive literals
among which exactly I’ lie in Z), \ Zy, while exactly [ — I’ of them lie in Zy. Then
w.h.p.

kool
Z Z Vir < nkexp(—k) by Lemma 5.10, and
=k I'=1
k
Z Vio < nkexp(—k) by Lemma 4.11.

=k
Thus, V < 2nkexp(—«) w.h.p., as desired. d

6. Proof of Proposition 3.4. As before, we let 0 < ¢ < 0.1. We assume
that k > ko for a large enough ko = ko(e), and that n > ng for some large enough
no = no(e, k). Furthermore, we let m = |n- (1 —&)2*k ' Ink|, w = (1 — ¢)Ink, and
k1 = [k/2]. We keep the notation introduced in section 4.1. In particular, recall that
0= [4nk 'Inw|.

In order to prove that the graph G(®, Z, Z’) has a matching that covers all (Z, Z’)-
endangered clauses, we are going to apply the marriage theorem. Basically we are
going to argue as follows. Let Y C Z’ be a set of variables. Since Z’ is “small”
by Proposition 3.3, Y is small, too. Furthermore, Phase 2 ensures that any (Z, Z')-
endangered clause contains three variables from Z’. To apply the marriage theorem,
we thus need to show that w.h.p. for any Y C Z’ the number of (Z, Z’)-endangered
clauses that contain only variables from Y U (V' \ Z’) (i.e., the set of all (Z,Z')-
endangered clauses whose neighborhood in G(®, Z, Z’) is a subset of Y) is at most |Y].

To establish this, we will use a first moment argument (over sets Y'). This argu-
ment does not actually take into account that Y C Z’, but is over all “small” sets
Y C V. Thus, let Y C V be a set of size yn. We define a family (yi;)icim),jer of
random variables by letting

o 1 if|@ij|€Y,
Yii =1 0 otherwise.

Moreover, define for each integer ¢ > 0 an equivalence relation =} on Q(n,m) by
letting ® =} @ iff 7w, [®] = 74 [®'] for all 0 < s < t and y;; [®] = y;; [®'] for all
(i,7) € [m] x [k]. In other words, ® =) @ means that the variables from Y occur
in the same places, and that the process PI1-P14 from section 4 behaves the same
up to time t. Thus, =) is a refinement of the equivalence relation =; from section
4.1. Let FY be the o-algebra generated by the equivalence classes of =} . Then the
family (F} )i>o is a filtration. Since F contains the o-algebra F; from section 4.1,
all random variables that are F;-measurable are F -measurable as well. In analogy
to Fact 4.3 we have the following (“deferred decisions”).

FacT 6.1. Let &Y be the set of all pairs (i,j) such that m(i,j) € {1,—1} and
yij = 0. The conditional joint distribution of the variables (|®i;|)(; jyeer given FY
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is uniform over (V' \ (Z; U Y))gty
For any t > 1, i € [m], and j € [k], we define a random variable

H _ 1 lfylj:()a ﬂ—tfl(iaj):laa'nd ﬂ-t(iaj):'zta
% 71 0 otherwise.

LEMMA 6.2. For any set T C [0] x [m] x [k] we have

E[ 11 %v&“] <(n—0—|y)

(t,4,5)€T

Proof. Due to Fact 6.1 the proof of Lemma 4.9 carries over directly. O

For a given set Y we would like to bound the number of i € [m] such that ®;
contains at least three variables from Y and @; has no positive literal in V'\ (Y U Zp).
If for any “small” set Y the number of such clauses is less than |Y'|, then we can apply
this result to Y C Z’ and use the marriage theorem to show that G(®, Z, Z’) has the
desired matching. We proceed in several steps.

LEMMA 6.3. Lett < 0 andy < 0.1. Let M C [m], and set p = |M|. Furthermore,
let L, A be maps that assign a subset of [k] to each i € M such that

(6.1) LE)NAGE) =0 and |AG)] >3 Vie M.

Let E(Y,t, M, L, \) be the event that the following statements are true for all i € M:
(a) |®i] €Y for all j € A(7).
(b) ®;; €e V\ (Y UZ) for all j € [k]\ (L(7) UA(1)).
(c) ®ij € Zy \Y forall j € L(30).

Let 1 =% e v [L(0)] and A =32, [A(P)]. Then

PE(Y,t, M, L, \)] < 27" nk(2t/n) (2y)*.

Proof. Let &€ =E(Y,t, M,L,A). Let t; be a map L(i) — [t] for each i € M, let
T = (ti)iem, and let £(T) be the event that (a) and (b) hold and ®;; = z;,(;) € Y for
all i € M and j € L(i). If £ occurs, then there is T such that £(7) occurs. Hence,
by the union bound

(6.2) PIEI <) PET) <t max P [£(T)].

To bound (6.2) fix any 7. For i € M we let [; = maxt; ' (maxt;(L(i))); intuitively,
this is the last index j € L(4) such that ®;; gets added to Z;. Let

T =A{(s,i,j) 11 € M,j € L(i) \{li},s = t:(j)} .

We claim that if £(T) occurs, then HY,; = 1 for all (s,4,j) € Z. For if £(T) occurs
and (s,i,7) € Z, then s = t; ( j) and 7(i,7) = ®;5 = 2z, € Y. In addition, by the
choice of I; # j both ®;; and ®;, are p051tlve but not in Z;_1, and consequently
7s—1(4,7) = ms—1(i,1;) = 1. Therefore, HY,. = 1, and thus Lemma 6.2 shows that

sij

P [E(T)1F ] [ II HSM&V]

(s,i,j)ET
(6.3) <((L=ym =0 <(1—y)n—o)*".
Furthermore, the event for all i € M that
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(a') |@;] €Y for all j € A(7),

(b") ®,; is negative for all j & L(i) U A(4),

(c) ®;; is positive for all j € L(7)

is 73 -measurable. Since the literals ®,; are chosen independently, we have
(6.4) P[(a'), (b'), and (¢/) hold Vi € M] < g2\ ke = (29)* 2~ Fn,

Combining (6.3) and (6.4), we obtain P [£(T)] < 27 %#((1—y)n—6)"~" (2y)*. Finally,
plugging this bound into (6.2), we get for k > ko(e) sufficiently large

!
P €] < 27R (1 — y)n — )" (2y)* < 27 Fipr (%) (2y)",

because y < 0.1 and 6 = [4nk~!Inw| < n/3. O

COROLLARY 6.4. Lett < 0. Let M C [m], and set p = |[M|. Let I\ be
integers such that X > 3u. Let E(Y,t, M,l,\) be the event that there exist maps
L, A that satisfy (6.1) such that | = Y ;.\ |L(i)|, X = > ,cr|A(9)], and the event
E(Y,t, M, L,\) occurs. Then

PE(Y,t, M, 1, \)] < 271 Fink (2k7y)>.

Proof. Given [, A there are at most (f‘)‘\) ways to choose the maps L, A (because
the clauses in M contain a total of ku literals). Therefore, by Lemma 6.3 and the
union bound

ki =hP [E(Y,t, M, 1, \)] < (Zk‘;) (%)l (29)*

< ot 4debkp ! 2ekuy A
- In A

l
<ot <50ullnw) (2ky)

(6.5) =271 (2ky)* - w PO where o =

50ulnw

Since —alna < 1/2, we obtain w0 adna < ;250 < (Ink)?+ < k>, Plugging this
last estimate into (6.5) yields the desired bound. O

COROLLARY 6.5. Let t < 0, and let E(t) be the event that there are sets Y C V,
M C [m] of size lnn < |Y| = M| =pu <nk~1'2, and integers | >0, X\ > 3u such that
the event E(Y,t, M, 1, \) occurs. Then P [E(t)] = o(1/n).

Proof. Let us fix an integer 1 < p < nk~'2, and let £(t, 1) be the event that there
exist sets Y, M of the given size p = yn and numbers [, A such that E(Y, ¢, M, 1, \)
occurs. Then the union bound and Corollary 6.4 yield

wl< Y Y. D PEX LML

A>3 Y M:|Y|=|M|=p >0

sw ) CJovmin
- (e n2k 1nw)“ 2k (2

4 ynkﬁ]

/\
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Summing over Inn < p < nk™'?, we obtain P[£(t)] < 30, P[E(t,p)] = o(1/n). O

Proof of Proposition 3.4. Assume that the graph G(®,Z,Z’) does not have a
matching that covers all (Z, Z’)-endangered clauses. Then by the marriage theorem
there are a set Y C Z’' and a set M of (Z, Z')-endangered clauses such that |[M| =
|Y'| > 0 and all neighbors of indices i € M in the graph G(®, Z, Z’) liecin Y. Therefore,
for each clause i € M the following three statements are true:

(a) There is a set A(7) C [k] of size at least 3 such that |®,;| € Y for all j € A(7).

(b) There is a (possibly empty) set L(z) C [k] \ A(¢) such that ®;; € Z for all

j € L(1).

(c) For all j € [k]\ (L(i) UA(i)) we have ®;; € V\ (Y U Z).
As a consequence, at least one of the following events occurs:

(1) T>6= |4k Inw|.

(2) |Z'| > nk—1'2,

(3) The conclusion of Lemma 2.7 is violated.

(4) There is t < 6 such that £(t) occurs.
The probability of the first event is o(1) by Proposition 3.2, and the second event has
probability o(1) by Proposition 3.3, as does the third due to Lemma 2.7. Finally, the
probability of the last event is - o(n~!) = o(1) by Corollary 6.5. O
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