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Abstract

We study the non-autonomous ordinary differential equation # = f(t,z) in the
situation when the vector field f is of limited regularity, typically belonging to
a space LP(0,T; L9 (R")). Such equations arise naturally when switching from an
Eulerian to a Lagrangian viewpoint for the solutions of partial differential equations.
We discuss some measurability issues in the foundations of the theory of regular
Lagrangian flow solutions. Further, we examine the sensitivity of the choice of
representative vector field f on solutions of the ordinary differential equation and,
in particular, we demonstrate that every vector field can be altered on a set of
measure zero to introduce non-uniqueness of solutions.

We develop some geometric tools to quantify the behaviour of solutions,
notably a non-autonomous version of subset avoidance and the r-codimension print
that encodes the dimension of a subset S C R™ x [0, T'] while distinguishing between
the spatial and temporal detail of S. We relate this notion of dimension to the more
familiar box-counting dimensjons, for which we prove some new inequalities.

Finally, motivated by the issues with measurability that can arise with ir-
regular vector fields we prove some fundamental results in the theory of Bochner

integration in order to be able to manipulate the representatives of the equivalence

classes in L (0,T; L9 (R™)).
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Chapter 1

Introduction

This thesis is concerned with the study of the non-autonomous ordinary differential
equation
dg (¢) _

5 = (€(1),1) (1.1)

when the vector field f: R™ x [0,7] — R™ is not necessarily continuous but is
measurable and sufficiently integrable to belong to the space L? (0, T; L? (R")) for
some 1 < p,q < co. Such problems arise naturally when switching from an Eulerian
to a Lagrangian viewpoint for the solutions of partial differential equations which

can have only very limited regularity, such as the Navier-Stokes equations.

In Chapter 2 we discuss the foundations of the theory of irregular ordinary dif-
ferential equations. We recall some elements of the classical theory, where typically
the vector field f is continuous and the objects of study are classical flow solutions
of (1.1). In this familiar setting we introduce the concepts of solution concatenation
and the avoidance of sets by classical flow solutions, which we develop for irregular
ordinary differential equations in Chapters 3 and 4. In Section 2.2 we follow the
seminal paper of DiPerna and Lions [1989] and the refinements in Ambrosio [2004]
and De Lellis [2008] to motivate and discuss the appropriate notion of solution of
(1.1) when the vector field is merely integrable. In particular we note that a classical
flow solution is too strong to be of use for two reasons: firstly, a classical solution ¢
requires the vector field f to be continuous on the trajectory f (£(t),t), which is a
strong restriction for vector fields that are only assumed to be integrable. Secondly,
we recall that the elements of the space L (0,T; L9 (R™)) are equivalence classes of
maps that are equal almost everywhere. Consequently, in order to be able to use
the tools of functional analysis to find solutions of (1.1) we require that solutions

are invariant under a choice of representative of the equivalence class of f.



An appropriate notion of solution of (1.1) in the irregular setting, identified
in DiPerna and Lions [1989] and developed in Lions [1998], Ambrosio [2004], Hauray
et al. [2007], De Lellis [2008] and others, is that of a regular Lagrangian flow solution,
which we detail in Definition 2.32. Roughly, a regular Lagrangian flow solution is
an integrable map X : [0,7] x R™ x [0,T] = R™ satisfying

T d¢ T B
/OX(t,x,s)Et-(t)dt+/0 F(X (t,2,8),8) 6 (t)dt = 0

for all test maps ¢ € C((0,T)), for almost every (z,s) € R"™ x [0,7] with the
additional Lusin property that for every Borel set A C R™ of zero measure the set
{r € R"X (t,z,s) € A} has zero measure for almost every t € [0,7] and almost
every s € [0,7]. Essentially, this property guarantees that spatial sets of positive
measure are not transported under the action of the flow into sets of zero measure.
In the example of Section 2.1.5 we describe a classical flow solution that does not
have the Lusin property, illustrating that regular Lagrangian flows are not strictly
a generalisation of classical flows.

In DiPerna and Lions [1989] the authors demonstrate that a regular La-
grangian flow solution X necessarily has some Sobolev regularity with respect to
time. Further, as one dimensional maps with Sobolev regularity have absolutely con-
tinuous representatives the authors conclude that there is a representative of X that
is absohitely continuous in time, simplifying much of the theory. In Section 2.4 we de-
scribe this argument and examine a potential obstruction: we claim that if X is a reg-
ular Lagrangian flow solution of (1.1) then there is a map X: [0, T]xR"x|0, T)] - R"®
such that

e for almost every (z,s) € R™ x [0,T] the map ¢t — X (t,z,s) is absolutely

continuous, and

° X(t,az,s) = X (t,z,s) for almost every ¢ € [0,T) for almost every (z,s) €
R" x [0, 7] |

however, we argue that it does not follow that the map X is equal to X almost
everywhere on [0,7T] x R™ x [0,T). In particular, the map X may not be measur-
able, in which case we are unable to consider the measure of the inverse images
X1 (t,-,s) A which are significant to the theory of regular Lagrangian flows. For-
tunately, in Chapter 8 which was completetd after the submission of this thesis, we
are able to demonstrate that the map X is measurable. We end the chapter by
discussing a similar problem in a classical result from the theory of Sobolev maps,

and how adapting the proof of this result may remove the obstruction to the theory



of regular Lagrangian flows. We discuss the sensitivity of choosing representatives
of equivalence classes in a more general setting and at greater length in Chapter 7.

In the remainder we ise the result of Chapter 8 that guarantees there is a
measurable absolutely continuous representative of each regular Lagrangian flow and
we restrict ourselves to this representative. With the additional regularity of this
representative a map X is a regular Lagrangian flow solution of (1.1) if it sastisfies

the Lusin condition and for almost every (z,s) € R™ x [0, T]
t
X (t,z,s) =a:+/ f(X (r,z,8),7)dr Vte[0,T],
L)

which is the definition used in Lions [1998], Hauray et al. [2007], Crippa and De
Lellis [2008], and others. With this formulation we can regard the map X as an
aggregate of absolutely continuous solutions, with one solution for almost all initial
data.

In Chapter 3 we discuss the uniqueness of absolutely continuous solutions of (1.1).
We revisit the technique of solution concatenation and demonstrate in Theorem 3.1
that the concatenation of any absolutely continuous solutions is itself a solution.
As a consequence, we see that examples of vector fields with non-unique solutions
are easy to construct: we give two examples of vector fields with arbitrary Sobolev
regularity (that is in W (R™;R") for all k € N) such that there are non-unique
solutions for all initial data.

In Theorem 3.4, which is the main result of Chapter 3, we illustrate that the
uniqueness of solutions is sensitive to the choice of representative vector field f. We
prove that if there exists a regular Lagrangian flow solution of (1.1) then there is a
vector field equivalent to g such that the ordinary differential equation § =g (1)
has non-unique solutions on a set of initial data of positive measure. We end the
chapter by demonstrating that if (1.1) has a regular Lagrangian flow solution X and

unique solutions for almost all initial data, and if the set
N:={(z,t) € R* x [0,T]|f (z,t) # g (=, 1)}

is sufficiently small that the flow X ‘avoids’ N, then the solutions of E=yg (&,t) are
unique for almost all initial data. An article containing the discussion and results

of Chapter 3, co-authored with James Robinson, is currently in preparation.

We discuss the avoidance of subsets at length in Chapter 4 where, in Theorem

4.8, we adapt a result of Aizenman [1978b] to the non-autonomous case to give a



sufficient condition for a regular Lagrangian flow to avoid a subset S C R™ x [0, T.
This condition is written in terms of both the spatial and the temporal regularity of
the vector field f and an integral quantity dependent on the set S. In Chapter 5 we
use this integral quantity to define a two-parameter ‘r-codimension print’, similar to
the Hausdorff dimension print of Rogers [1988], which encodes the ‘dimension’ of the
set in such a way that the temporal detail is distinguished from the spatial detail.
In Theorem 5.13 we partially describe the r-codimension print of S in terms of the
box-counting dimensions of the projections of S onto the coordinate axes. These
results on non-autonomous avoidance and the r-codimension print are described in
an article, co-authored with James Robinson, that is currently under review for

publication in the Journal of Differential Equations.

Theorem 5.13 gives a partial description of the r-codimension print of a subset S,
in terms of the upper and lower box-counting dimensions of its projections. In order
to obtain the sharpest results for this Theorem, we need the best possible control of
the upper and lower box counting dimensions of the set S and of its projections. In
Chapter 6 we recall the definition of the box-counting dimension in a general metric
space and in Theorem 6.8 we prove that for compact subsets F, G € R™ the upper

and lower box-counting dimensions of the product set F' x G satisfy

dimpp (F) + dimpp (G) < dimrp (F X G)
< min (dimgp (F) + dimp (G) ,dimp (F) 4 dimp5 (G))
< max (dimpg (F) + dimp (G) ,dimp (F) + dimy5 (G))
< dimp (F x G)
< dimp (F) + dimp (G) .

As far as we are aware the second and fourth inequalities are new. In the second half
of Chapter 6, we provide a method of constructing ‘compatible generalised Cantor
sets’ F G C R such that the upper and lower box-counting dimensions of F,G and
the product set F' x G take arbitrary values subject to the above inequalites. The
results in this chapter are described in an article, co-authored with James Robinson,

that has been accepted for publication in Real Analysis Ezchange.

Throughout this thesis we avoid the abuse of notation in which we would write
f € LY (R") for a map f as properly the elements of this space are equivalence
classes of maps. We write f € L£! (R™) if the map f: R™ — R is Lebesgue measur-
able and the integral [p. |f (z)|dz is finite. We observe that the space £! (R") is



only equipped with a semi-norm, which we denote by ||-|| cirny- In Chapter 7 we
discuss Bochner integration with a view to defining and manipulating elements of
the spaces LP (0,T'; L9 (R")), which feature prominently in the theory of irregular
non-autonomous ordinary differential equations. An important result of Chapter 7 is
that the space L' (0, T’; L' (R™)), which consists of equivalence classes of equivalence-
class-valued maps, is isometrically isomorphic to a space L' (O, T; Lt (]R”)) of real
valued maps modulo the equivalence relation defined by f ~ g iff f (¢,z) = g(¢,x)
for almost every z € R™, for almost every t € [0,T)] is a Banach space. With this
characterisation we can regard a real valued map f: [0,T] x R® — R" as being a
representative of an equivalence class of L* (0, T; L' (R™)).

In Section 7.2.2 we illustrate an important consequence of dealing with
maps rather than equivalence classes: even though the spaces L' ((0,T) x R") and
Lt (0, T; L} (R”)) are isometrically isomorphic the inclusion

L1 ((0,T) x R™) C L' (0, T; £ (R™))

is strict. Indeed, in Corollary 7.13 we demonstrate that the indicator map of a set
first described in Sierpiniski [1920] is in £* (0, T; £* (R™)) but is not measurable as a
map from [0, T]x R™ — R. In particular, if f (z,t) = g (,t) for almost every z € R",
for almost every t € [0,7] then it is not necessarily the case that f (z,t) = g (z,t)

almost everywhere on R" x [0, T).
In general, manipulating the ‘almost everywhere’ quantifier of measure theory

requires caution, as we discuss in Appendix A. In this appendix we demonstrate

that the only implication between statements with almost everywhere quantifiers is
P(z,y) Vz, aey = P(z,y) aevy, Vuz,
and in fact the validity of the implication

P(z,y) aez, aey =3 P(z,y) ae.y, ae.z,

depends upon our choice of axioms. To avoid these difficulties whenever we manip-
ulate these quantifiers we will do so explicitly.

The spaces LP (0,T; L? (R™)) for 1 < p < oo similarly are isometrically iso-
morphic to L? ((0,7) x R") but this is not true of L*® (0,T; L* (R™)). In Section
* 7.4 we describe a simple example of a map f, due to Juan Arias de Reyna (Univer-
sity of Seville), that is in £ ([0, 1] x [0,1]) but not in £ (0,1; £ (0,1)). Further,
we show that no map that is equal to f almost everywhere on [0,1] x [0,1] is in



both spaces. We use this example to show that there is an isomorphism between
L™ (0,T; L* (R™)) and a proper subspace of L ([0,T] x R").

An article containing the discussion and results of Chapter 7 co-authored with
James Robinson and José Real (University of Seville) is currently in preparation.

Both James and I were saddened to learn of the death of José Real on the 27" of
January 2012.



C‘hapter 2
Ordinary Differential Equations

Our interest is in the non-autonomous ordinary differential equation

d

=,y (ODE)
when the vector field f: R" x [0, T] — R" is of limited regularity, typically belonging
to the space LP (0, T; LI (R™)) for some p,q € [1,00]. Intimately related to (ODE)

are two partial differential equations, the transport equation

%‘H.vmu:o on R®x (0,T) (TE)

and the continuity equation

%—te—{—div(fp):O on R"x(0,7). (CE)

There are two notions of solution of (ODE): trajectories, which describe a single
continuous curve through the phase space R™ that satisfy (ODE) in some sense; and
flow solutions, which describe an aggregate of trajectories satisfying some additional
propérties.

First, we recall the definitions of classical trajectories and flow solutions,
where we require the vector field f to be continuous, before defining appropriately

weakened analogues for vector fields of limited regularity.

2.1 Classical solutions

In the classical case we require a solution to the equation (ODE) to hold in the

pointwise sense; for each point t € [0, T] we require the derivative to exist and to be



equal to the vector field evaluated at this point.

Definition 2.1. For each (z,8) € R" % [0,T] a map &: [0,T] = R™ is a solution of
(ODE) with initial data (x,s) if

o ¢ is continuously differentiable on [0,T]

o for each t € [0,T] the pointwise derivative % = f(£(t),t), and

*{(s) ==
For such & the map t — (£(¢),t) is called a trajectory of (ODE) with initial data
(z,8).

Note that we require the map to be defined and satisfy the equation (ODE).
over the entire temporal domain. We can consider local solutions, where the map
is defined on just a small neighbourhood of the initial time s but this is beyond the

scope of this thesis.
There is a useful equivalent formulation in terms of integral equations:

Lemma 2.2. The map £&: [0,T] = R™ is a solution of (ODE) with initial data

(z,s) € R™ x [0,T) if and only if £ is continuously differentiable and satisfies

t
e@=o+ [ S Dar Vi),
8
A classical flow solution of (ODE) is an aggregation of a solution of (ODE)
for each initial data with an additional group property:

Definition 2.3. A map X: [0,T], x R} x [0,T]; — R™ is a classical flow solution
of (ODE) if for all initial data (z, s)

o X (-,z,5) is continuously differentiable on [0,T], and
O.X(t,.’II,S)=$+fstf(X(7‘,.T,$),T)dT Vitel0,T),
and further the map X satisfies the group property
Xt X(r,2,8),7) = X (t,z,8) VezeR" Vit,r,s€e[0,T]. (GP)

The group property requires that distinct trajectories in the flow do not
intersect; that is if two trajectories in the flow intersect then they are equal. It also

guarantees that the flow is invertible, as X (¢, X (s,z,t),s) = z for all z € R™ and



t,s € [0,T]. Consequently for each fixed t,s € [0,T] the map X (¢,-,s) : R® — R
is a bijection.

The existence of a solution for all initial data is not sufficient to guarantee
the existence of a classical flow. However if there is a unique solution for all initial
data then the existence of a unique classical flow is guaranteed, which is the content

of the following lemma:

Lemma 2.4. If there ezists a unique solution of (ODE) for all initial data (z,s) €
R™ x [0, T] then there exists a unique classical flow solution of (ODE).

Proof. For each (z,s) € R"™ x [0,T] let £ ;) be the unique solution of (ODE) with
initial data (z,s) € R" x [0,T)]. Clearly the map X (¢,z,5) := {( 5 (t) is the unique
aggregate of solutions. Assume for a contradiction that (GP) does not hold then
there exist z € R™ and t,s,7 € [0,T] such that

X (t, X (r,z,8),7) # X (t,z,5)
Consequently, the solutions £ x(r z,s),r) and (z,¢) are distinct, yet
§(X(T,£L’,S),T) (1) = §(m,s) (1) = X (7, =, s)

so there are two distinct solutions to (ODE) with the initial data (X (7,z,s),7),

which contradicts the uniqueness of solutions. O

2.1.1 Dependence on initial conditions, the transport equation and

the continuity equations

It is well known that a classical flow solution of (ODE) inherits the regularity of
the vector field f in the sense that if f € C* (R x [0,T];R"™) and there exists
a classical flow solution X of (ODE) then X is C* with respect to z and s and
Ck+1 with respect to t. Essentially, for k = 1 we consider the system of ordinary

differential equations

d§ _

azz (f,t) &(S)—ZL‘

T =Vaf &0 () =1

where 7 (t,z,s) is an n x n matrix and by assumption the matrix V; f exists and
is continuous. As the latter ordinary differential equation is linear it has a unique
solution and by approximating by difference quotients it can be shown that this
solution is VX (see Chapter V Theorem 3.1 of Hartman [1964] for details). For

k > 1 the existence of higher derivatives is demonstrated by extending the above

9



system of ordinary differential equations by formally differentiating the right hand
sides in the above system of ordinary differential equations repeatedly.

If the vector field is continuously differentiable then the additional regularity
of the classical flow solution allows us to find solutions of the transport and conti-

nuity equations. For the remainder of this section we assume that the vector field
f is at least in C* (R™ x [0,7];R").

Proposition 2.5. If the vector field f € C (R™ x [0,T];R™) and X is a classical
flow solution of (ODE) then for all s € [0,T] and all us € C* (R™) the function
u(x,t) := us (X (s,x,t)) is the unique solution of the transport equation (TE) with

the initial condition uli—s = us.

Proof. Clearly u(z,s) = ug (x). Further

—u (X (t,z,s),t) = s (z)=0

so u is constant on the trajectories of X. Consequently,

0
(X(t,z,s),t)
= — + — Va:u| X (t,z,8),t
ot (X(t,x,s),t) ot (t,2,5) (X (t,z,s),t)
d

:a—tu(X (t,z,8),t) =0

for all t,s € [0,T] and z € R, and as X (t,-,s) is bijective we conclude that the
pointwise equality (TE) holds everywhere on R" x (0,T). O

Proposition 2.6. If the vector field f € C'(R™ x [0,T];R") and X is a classical
flow solution of (ODE) then

det VX (t, z,8) = ef:divf(X(T,m,s),T)dr Ve e R" Vi se [O,T] (2.1)

Proof. Applying the Lioﬁville Theorem (see Chapter IV Theorem 1.2 of Hartman
[1964]) to the linear differential equation

dt

=V.f (X (t,z,8),t) Vo X

yields
det VX (t,z,8) = efsttr Vo f(X(r,2,8),m)dT
x [ Rad]

10



where

tr Vo f (X (7,2,8),7):= Z%(X(T,!L’,S),T)

=1
=div f (X (1,2,5),7)

giving the result. 0

We remark that for each t,s € [0,T] the familiar quantity det V, X (t, z, s)
is the Jacobian of the map z — X (t,z,s) and from (2.1) this Jacobian is strictly
positive. Further as the map z — X (t, z, s) has inverse z — X (s, z,t) the Jacobians

of these maps are related by
[det V.’EX (57 Z, t)]—l = [det V:EX] (t, X (3’ z, t) ’ S) . (22)

In fact, this identity allows us to show that the Jacobian of the map z +— X (s, z, )
solves the continuity equation (CE) provided that the vector field f is sufficiently

regular.
Proposition 2.7. If the vector field f € C?(R™ x [0,T];R™) and X is a classical
flow solution of (ODE) then for all s € [0, T} and all p; € C*™ (R™) the function

p(z,t) := [det Vo X (s,2,t)] ps (X (s, 2,1))

is the unique solution of the continuity equation (CE) with the initial condition
p|t=s = Ps-

Proof. Observe that p(z,s) = [det VX (s,z,5)] ps (z) = [det Voz] ps (x) = ps (z)
so the initial condition is satisfied. Using the identity (2.2) we write

p(X (t,z,8),t) = [det Vo X (2, 2, $)] 7 ps ()

hence
4o (X (1,,5),0) = - et 9. X (1,2, LT (X (12,0), )4 )

which, from the equality (2.1),

= [det Vi X (ta z, S)]_l div fl(X(t,m,s),t)Ps (.’IJ)
=P (X (tv z, S) ) t) div fl(X(t,:t,s),t)~

11



Further, from the chain rule,

d dp dXx
—pP (X t,z,s t) = =7 + =7 \% pl
dtp( ( ) ) dt (X(t’z,s),t) dt (t’z,s) z (X(tywys)yt)
d
= __P + f (X (t7x’ 5) 7t) V-'lﬂol(X(t,:z:,s),t)

4t | (x(t,2,5)1)

as X solves (ODE). Consequently,

d
(_Il—tp— + f (X (t,.’L‘,S) ’t) vfI?pI(X(t,alr:,s),t)
(X(tz,s),t)

+p (X (t’ z, 3) 7t) div f'(X(t,:c,s),t) = 0.
Finally, as X (t,-,s) is bijective this implies
% + fVep+pdivf=0 which is precisely de +div(fp) =0
dt zf T p dt
so p satisfies the continuity equation (CE) in the pointwise sense. 0

2.1.2 Existence and uniqueness of flows: Lipschitz vector fields

To demonstrate the existence of a unique flow solution of (ODE), in light of the
aggregation Lemma 2.4, it is sufficient to demonstrate that for all initial data (z, )
there exists a unique solution of (ODE) with this initial data. However, the require-
ment in Definition 2.1 that solutions are defined on the entire temporal domain
[0, 7] is remarkably strong. We illustrate in Example 2.17 below that smooth vector
fields may not have such solutions: in this case any map satisfying (ODE) ‘blows up’
which is to say that it tends to infinity in finite time, so is not defined on the entire
temporal domain. A sufficient condition to prevent this ‘blow up’, and guarantee the
existence of solutions on [0, T, is for the growth of the vector field to be controlled in
that the vector field satisfies the globally Lipschitz condition, which we define below.
The global Lipschitz condition, and in fact the weaker local Lipschitz condition, also
defined below, is sufficient to guarantee that solutions of (ODE) are unique. This
uniqueness theorem is classical, and is the first of the myriad uniqueness theorems
in Agarwal and Lakshmikantham [1993].

In the remainder, we recall the ‘local’ approach to (ODE), in which we con-
sider ‘local’ solutions that satisfy (ODE) on some subinterval of the temporal domain
[0,T]. Further, using the terminology of Sobolevskii [1998] and Sobolevskii [1999]
we consider local non-uniqueness points, defined below, which are roughly the points
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of the domain R™ x [0, T} at which distinct solutions of (ODE) arise. Ultimately,
by finding the necessarily unique local solutions that do not take values in the local
non-uniqueness points, we can identify all the solutions of (ODE) as the concate-
nation (also defined below) of these local solutions. This analysis is epitomised in
Example 2.19, below. Finally, the local viewpoint is advantageous as local solutions
of (ODE) can be found with much milder assumptions on the vector field than the
global Lipschitz condition that is generally required to demonstrate the existence
of solutions defined on the entire temporal domain. We begin by defining local

solutions:

Definition 2.8. We say that the map §: I — R™ is a local solution of (ODE) on
the interval I with initial data (z,s) € R™ x [0,T) if the interval I C [0,T] contains
5,€(s) =z and

L=rewn vier

Further, we say that the local solution §~ : J = R™ is an extension of the local solution
TR ICJ and

E(t)=€(t) Vtel

Finally, we say that a local solution { is maximal if there does not exist an extension
of €.
The continuity' of the vector field is sufficient for the existence of local solution

of (ODE), which is the content of the following classical theorem:

Theorem 2.9 (Peano Existence Theorem). If f: R™ x [0,T] — R™ is a-continuous
vector field then for all (z,s) € R™ x [0,T] there exists a local solution of (ODE)
with initial data (x,s) defined on some interval I C [0, T).

Proof. See, for example, Theorem 2.1 in Chapter 2 of Hartman [1964)]. O

~ Further, each local solution is either maximal or admits a maximal extension
(see, for example, Theorem 3.1 in Chapter 2 of Hartman [1964]), so we may restrict
our attention to maximal local solutions. We remark that this local existence theo-

rem does not imply that the local solution is unique, nor that the local solution can

be extended onto the entire temporal domain.
We first examine the uniqueness of solutions by defining the local non-

uniqueness points of (ODE) which are those points on which every temporal neigh-
bourhood admits multiple local solutions:

Definition 2.10 (Sobolevskii). 4 point (z,s) € R*x[0,T] is a local non-uniqueness
point of (ODE) if for every open interval I C [0, T] containing s there exist two local
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solutions £1,€5: I — R™ of (ODE) with initial data (z,s) such that & () # & (t)
for sometel.

Definition 2.11. We say that a vector field f: R™ x [0,T] = R™ is

o uniformly Lipschitz on the domain U C R™ x [0,T] with Lipschitz constant
Ly >0if

If(z,t) = f(y, )| < Lulz—yl V(2,%),(y,t) €T, (2.3)

e locally Lipschitz if for each point (z,s) € R™ x {0,T) there ezists a neighbour-
hood U of (z,s) such that f is uniformly Lipschitz on U, and

e globally Lipschitz if f is uniformly Lipschitz on U = R™ x [0, T}, that is if
there exists a constant L > 0 such that

If (@,t) = fy,t)| < Lle—yl Ya,yeR® Vie[D,T].  (24)

Clearly a globally Lipschitz vector field is locally Lipschitz. Further, a con-
tinuously differentiable vector field is locally Lipschitz as for each convex compact
neighbourhood K C R™ x [0, 7] the constant

Lxg = sup sup |V.f(z,t) ul <o
(z,t)eK |ul=1
satisfies (2.3) for all U C K. In fact, a continuously differentiable vector field f is
globally Lipschitz if and only if this spatial derivative of f is bounded on R" x [0, T},
Le.

IVeflloo := sup sup sup {Vif (z,t)-u| < oo
t€[0,T] z€R™ ju|=1

in which case the above supremum is the smallest constant L such that (2.4) holds.
The significance of Lipschitz vector fields in the study of ordinary differential equa-

tions is evident from the following classical theorems:

Theorem 2.12. If the continuous vector field f: R™ x [0,T] — R" is uniformly
Lipschitz on the domain U C R™x [0, T then no point of U is a local non-uniqueness

point of (ODE).

Proof. Follows from Theorem 1.2.4 of Agarwal and Lakshmikantham [1993] or The-
orem 1.1 in Chapter 2 of Hartman [1964]. O
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Corollary 2.13. If the continuous vector field f: R™ x [0,T] — R" is locally Lips-
chitz then every local solution (and hence every solution) of (ODE) is unique.

Proof. Suppose &3,£5: I — R™ are distinct solutions of (ODE) on the interval I C
[0, T} with initial data (z,s). Assume that &; (1) # &2 (7) for some 7 € T with 7 > s
and define t*:= sup {t > s|¢1 (t) = €2 (t)} so that certainly t* < 7. We show that
(&1 (t*),t*) € R™ x [0,T] is a local non-uniqueness point contradicting the result of
the above theorem: by continuity &; (£*) = & (¢*) so both &1 and & are local solutions
of (ODE) with initial data (¢; (t*),t*) € R" x [0, T}, however &; (t* + €) # & (t* + €)
for all € > 0. O

Theorem 2.14 (Cauchy-Lipschitz Theorem). If the continuous vector field f: R™ x
[0,T] — R" is globally Lipschitz then there exists a unique solution of (ODE) for

all initial data (z,s) € R™ x [0,T.
Proof. See, for example, Theorem 1.1 in Chapter 2 of Hartman [1964]. O

Corollary 2.15. If the continuous vector field f: R™ x [0,T] — R"™ is globally

Lipschitz then there exists a unique classical flow solution of (ODE).
Proof. Follows from Theorem 2.14 and the aggregation Lemma 2.4. O

We remark that if f is globally Lipschitz then the Lipschitz bound guarantees

some regularity of the classical flow solution:

Proposition 2.16. Let f be a globally Lipschitz vector field with Lipschitz constant
L > 0. The classical flow solution X of (ODE) satisfies

X (t,3,8) = X (ty,0)| < e —yl Vo,yeR" Vtse[0T],  (25)

and for all compact K C R™ there exists a constant C > 0 dependent on K, L and
T such that

|X (ty,21,81) — X (t2, 22, 82)| < C|(t1, 21, 51) — (P2, T2, 52) (2.6)

for all t;,s; € [0,T] and z; € K.
Proof. Follows from a straightforward application of Gronwall’s inequality. 0

The classical zoo of pathologies include the following:

15



Example 2.17. Let f: R x [0,T] — R be defined by f(z,t) = 22, For all initial
data (z,s) € R x [0, T] with x > 0 the map

r,st [O, s -+ :E_1> No0,7) —-R

oo (8):=—(t— z - s)—l

is the unique mazimal local solution of (ODE) with initial data (z, s).

The vector field f is locally Lipschitz but not globally so as |2 — v = |z —y||z + o
and |z +y| is unbounded for z,y € R, so from Corollary 2.13 local solution &, , is
unique. Further, this local solution is maximal as ;s (t) = co ast — s+ 27! so for
initial data (z, s) such that s+xz~! < T the local solution &, s cannot be extend onto

" the entire temporal domain [0,7]. Consequently, there does not exist a solution in
the sense of Definition 2.1 for all initial data, so there is no classical flow solution.

In the following example we use the technique of solution concatenation,
defined below and discussed further in Chapter 3 to extend local solutions and to

construct multiple solutions for given initial data.

Definition 2.18. Let &1: I — R™ and £2: J — R™ be local solutions of (ODE) such
that INJ # 0 such that there exists a point 7 € INJ with § (1) = & (7). We define

the concatenation of £ to &, at time T by
Vr (€1,€2) : (IN (=00, 7)) U(JN[r,00)) = R"
| ‘ @) tel t<r

Vo (§1a€2) (t):
&) ted <t

We remark, however, that the concatenation of two local solutions is not

necessarily a local solution as the ‘join’ may not be differentiable.

Example 2.19. Let f: R x R = R be defined by f (z) = Ix|% Observe that for all
¢,d € R each of the maps £°(t) :=0 ViteER,

& ()= 7 (6= teleoo), ond
& ()= —7 (e~ a7 te (o0,

is a local solution of (ODE). Further, for each point (z,8) € R x R there is a local

solution with this initial data:

o if x > 0 the local solution 5:_2\/5 suffices,
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o if £ < 0 the local solution 5;2\/_—96 suffices, and
o if z =0 any of the local solutions £°,¢} or £ suffice.

Further, for each ¢ € R the concatenation of €0 to £} at time ¢ is a solution of
(ODE) as the “oin’ is sufficiently smooth:

Jim 5 (Ve (€%,67) e+ h) = Ve (€%.67) (9) = lim

1
4
Jm (Ve (€0,60) (e 1) = Ve 64,60 (9) = i 3 (0 J0) =0

so the derivative is defined at t = ¢ and satisfies (ODE) at this point since ‘

d
d_t Ve (50762—) (C) =0=f (0) =f (Vc (60762—) (c)) .

Consequently, the concatenation satisfies (ODE) for allt € R, and so is a solution
of (ODE) in the sense of Definition 2.1. Similarly, for all c,d € R with d < c,

o the concatenation of £ to €0 at time d,
e the concatenation of £; to 52' at time d, and
o the concatenation of £ to V. (€°,€}) at time d

are solutions of (ODE) (see Figure 2.1). We see, therefore, that each of the local
solutions €°,¢} and &7 admit at least a one parameter family of distinct extensions
onto the entire temporal domain. Consequently, for each point (z,s) € RxR there is
a local solution of (ODE) with this initial data and this local solution admits multiple
distinct extensions, so there are multiple solutions in the sense of Definition 2.1 of
(ODE) with initial data (z, s).

" We remark that each point in {0} x [0, 7] is a local non-uniqueness point of
(ODE), and as the vector field f is locally Lipschitz away from this set by Theorem
2.12 there are no other local non-uniqueness points. Despite the non-uniqueness of
solutions for all initial data there is a unique classical flow solution of %% = |€ {2,
which is composed of the solutions that are concatenations of £ * and €7, and not
of €9, which are exactly those solutions that do not ‘loiter’ at the origin: we define

Ve_avz (53——2¢5’§s+_2ﬁ) z20

X (t,z,s) :=
- +
Vetay~z ( s+2\/_::5’£s+2\/—_2')

<0
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time

. 1
Figure 2.1: The trajectories of three distinct solutions of £ = |€|2 with the same
initial data (illustrated by the star). In the figure we plot the vector field with a unit

] . . . . .
time component, i.e. <|:1:|§ , l) as this is the derivative of the trajectories (€ (t),t).

and remark that X satisfies the group property. Further, any other aggregate of so-
lutions contains a solution that ‘loiters’ at the origin for some time interval, which., as
is evident from Figure 2.1, ensures that there are distinct trajectories that intersect
violating the group property (GP).

The essential features of the above example are that the vector field f has
a fixed point at the origin, all solutions of (ODE) reach the origin in finite time
and the solutions can be concatenated in a sufficiently smooth way. Together, these
features ensure that we can construct solutions that ‘loiter’ at the origin for an
arbitrary time interval, which yields non-uniqueness of trajectories. We revisit solu-
tion concatenation in Chapter 3 where in the weaker setting we will see that every

concatenation of solutions of (ODE) is itself a solution of (ODE).
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2.1.3 Compressibility

A classical flow solution X: [0, T], x R? x [0, T'], — R™ induces a family of measures
on the Borel o-algebra of R", defined for each t,s € [0,T] by the push forward of
Lebesgue measures via the map = — X (¢, z, s), that is

X (t’ ',S)# Hn (A)= Hn ({CB € Ran (t,IE?S) € A})
= ln (X‘l (t,-,s)A)

for all Borel A C R™, where
X7t 5) A= {z € R"X (t,z,5) € A}.

Of course in order for this definition to make sense we require the map z — X (¢, z, s)
to be measurable for all ¢, s € [0,T]. For each t,s € [0,T] the measure X (t, -, $) 4 Hn
is characterised by the integral equality

A ¢dX (t,',S)# Hn = Rn¢(X (t,.’L‘,S))diE (27)

for all ¢ € C° (R").
The measures X (¢, -, s)# Wy are significant as they describe the evolution of

the measure of spatial sets under the action of the flow.
Definition 2.20. We say that a map X: [0,T], x R x [0,T], — R"

(i) is incompressible if X (t,,8) 4 pn (A) = pn (4) for each Borel subset A C R™
and all t,s € [0,T],

(ii) is nearly incompressible if there ezists a constant C > 0 such that

’é—ﬂn (A) < X (t,8) 4 tin (A) < Cun (4)

for each Borel subset A C R™ and allt,s € [0,T), and

(ili) satisfies the Lusin condition if X (t,",5)4 pn (A) = 0 for all t,s € [0,T) for
each Borel set A C R™ such that py (A) = 0.

We remark that these properties are related by the implications (i)=(ii)=>(iii).
It is well known that if the vector field f is sufficiently regular then the flow

is nearly incompressible, which is the content of the following proposition:
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Proposition 2.21. Let the vector field f be globally Lipschitz and continuously
differentiable on [0,T] x R™ and X be the classical flow solution X of (ODE). For
all t,s € [0,T] the push forward measure X (t,-, ) pn satisfies

e TV Flloo . (A) < X (t,+,5) 4 pn (A) < el fllo ) (A) (2.8)
for all Borel subsets A C R™, where

|div f|lo, = sup sup |div f (z,t)| < oco.
te[0,T] zeR™
In particular the flow is nearly incompressible, and further, if div f = 0 the flow is

incompressible.

Proof. As f is continuously differentiable the spatial divergence of f exists and is
bounded uniformly in ¢ as

Zf‘

of

|5z; (z, t)}

|d1vf z,t)]

IVaf (z,t) €] S n||[Vaflly -

'M: TM:

<
Il
-

Next, for each ¢, s € [0,T] the Jacobian of the map z + X (s,z,t) is defined and

from Proposition 2.6
det V, X (S, z, t) — efts div f(X(7,z,t),7)dT
so for each ¢ € C%° (R™) by the change of variables formula the integral

¢ (X (t,z,5))dz = H(X (t, X (s,2,t),8)) |det Vo X (s,2,t)|dz
Rn
¢ (z) efts div f(X (r,2,t),7)d7 4
Further, as the divergence is bounded,
e—lt=sllldiv £l ¢ (z)dz < ¢ (X (t,x,5))dz < elt=sllldiv fllo ¢ (zx)dz
Rn

R7 R"

which extends to hold for all Borel maps ¢ € L (R™). Consequently, (2.8) holds for
all Borel A C R”. O
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2.1.4 Fractal geometry

In DiPerna and Lions [1989] the authors remark that there is a more direct proof
of the claim in Proposition 2.21 that classical flow solutions of (ODE) are nearly
incompressible if the vector field f is globally Lipschitz. Indeed, from the bound
(2.4) and the group property (GP) it is easy to derive the estimates

e7Ht=sl g —y| < X (t,2,8) — X (t,y,8)] < eFt=sl |z — g (2.9)

for 2,y € R™ and for all ¢t,s € [0,T]. As the image measure of Lipschitz maps is
controlled by the Lipschitz constant (see, for example, Proposition 2.2 in Falconer
[2003]) we conclude that

e_nL|t—s|Mn (A) S pn (X (t,A,8) < enth—sIMn (4)

for all Borel subsets A  R” and so
e Ty (A) < X (8, t) 4 pin (A) < €Ty (4).

DiPerna and Lions further remark that this is the “wrong” explanation as the ap-
proach in Proposition 2.21 is sharper and more easily generalised. However, in
addition to controlling the n-dimensional Lebesgue measure the Lipschitz bounds
(2.9) show that the geometry of the phase space is sufficiently preserved under the
action of the flow to maintain some structure of fractal sets. In order to make
this more precise we now recall the definitions of the Hausdorff measure, Hausdorff

dimension, and upper and lower box-counting dimensions:

Definition 2.22. Let F be a non-empty subset of R®. For all d > 0 the d-
dimensional Hausdorff measure H%(F) of F is defined by

HE(F):= }in(l) HE (F) where
—

o0
FCUU;’, diam (U;) < & Vi}

1=1

HI(F):= inf { idiam(Ui)d
i=1

and the Hausdorff dimension of F' is dimg (F') := sup {d[H(F) = 0}.
If F is bounded then the upper and lower boz-counting dimensions of F are defined
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log N (F,$)

di F):=limsu and
mp (F):=lmewp =105
. .. log N (F,0)
dimppg (F):= hgf,(l,ﬁf ~Togd

respectively, where N (F, ) is the smallest number of sets of diameter § whose union

contains F.

Further, we recall that the Hausdorff measure of the image of a set under
a Lipschitz map is controlled by the Lipschitz constant, and that dimy,dimg and

dimyp are non-increasing under Lipschitz maps:
Lemma 2.23. Let g: R® — R™ be a Lipschitz map with Lipschitz constant ¢ > 0.
For all subsets F C R™ the d-dimensional Hausdorff measure of the set g (F') satisfies

HE (g (F)) < PHY(F) Yd=0

and consequently, dimpy (g (F)) < dimg (F).
If in addition F is bounded then dimp (g (F)) < dimp (F) and dimpg (g (F)) <

dimzp (F).

Proof. See Proposition 2.2 in Falconer [2003] for the proof of the Hausdorff measure
inequality, which immediately implies the Hausdorff dimension inequality. For the

box-counting dimensions see §3.2 (iv) of Falconer [2003]. O

With this well known result we can characterise the geometry of spatial

subsets under the action of a classical flow solution of a sufficiently regular vector

field, which is the content of the following lemma:

Lemma 2.24. If X is a classical flow solution of (ODE) and the vector field f is
globally Lipschitz then for t,s € [0,T] and all d > 0 the d-dimensional Hausdorff

measure HY satisfies

e~dllt=slyd (F) < HE (X1 (¢, 8) F) < e™eIn? (F)
for all subsets F C R™. In particular for allt,s € [0,T]

dimy (F) = dimg (X' (t,-,8) F)
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and, in fact, the stronger property
HY(F)=0 if and only if H* (X' (t,-,5)F) =0.
holds. Further, if F' is bounded,

dimp (F) = dimg (X' (t,-,s) F) and
dimzp (F) = dimpp (X‘l (t,-, ) F) .

Proof. As f is globally Lipschitz the flow satisfies (2.9). Consequently, for all ¢, s €
[0,T] the map =z — X (t,z,s) is bi-Lipschitz so the results follow from Lemma

2.23. 0

For a subset S C R™ x [0,T] we can consider the set Px (S) C R™ of initial

data at time s = O whose trajectories intersect S, that is
Px (S):={z e R*|(X (t,2,0),t) € S for somet € [0,7]},

which can be thought of as the ‘projection’ of the set S C R" x [0, T] onto R™ x {0}
along the trajectories of X. As z — X (t,z,8) is invertible we can write this

explicitly as
Px (S) ={X (0,z,t) | (x,t) € S}.

Recall that the dimensions do not increase under the canonical projections in
Euclidean space, which follows immediately from Lemma, 2.23 and the fact that pro-

jections are Lipschitz. For sufficiently regular flows the projection along trajectories

has the same property:

Lemma 2.25. If X is a classical flow solution of (ODE) and the vector field f
is globally Lipschitz then for all bounded subsets S C R™ x [0,T) the projected set

Py (S) C R™ satisfies,

dimg (Px (5)) < dimg (5),
and the stronger statement that

HE(Px (S) =0 if H(S)=0.
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Further,

dimp (Px (5)) < dimp (S), and
dimLB (PX (S)) S dimLB (S) .

Proof. If f is globally Lipschitz then from (2.6) the flow X is locally Lipschitz on
[0,7] x R™ x [0,T). As S is bounded there exists a compact K C R™ such that

S C K x [0,T] so the projection
(z,t) = X (0,z,t) z€ K tel0,T]
is Lipschitz. Consequently, the set
Px (S) = {X (0,z,t) | (z,t) € S C K x [0, T}

is the image of S under a Lipéchitz map and the result follows from Lemma 2.23. O

In a typical application the vector field f is degenerate in some sense on
aset § C R™ x [0,T) and we wish to demonstrate that only a ‘small’ number of
trajectories of a flow solution X intersect S. While the above lemma illustrate that
we can have quite precise control of the ‘size’ of Px () we restrict our attention to

the n-dimensional Lebesgue measure and give the following definition adapted from

Aizenman [1978b]:

Definition 2.26. Let X be a classical flow solution and S C R™x [0, T] be a compact
subset. We say that X avoids the set S if pin (Px (9)) =0.

We discuss avoidance at length in Chapter 4 where we give some new suf-
ficient conditions for a flow to avoid a set in terms of the geometry of S and the
regularity of the vector field f generating the flow. The avoidance property has
useful applications including the following: if S is the set of points at which f is not
locally Lipschitz and a flow solution X avoids S then there is a unique solution of
(ODE) for almost every initial data (z,0). This argument is epitomised in Robinson
and Sadowski [2009] where the authors use this approach to demonstrate the almost

everywhere uniqueness of trajectories where the vector field f is a suitable weak

solution of the 3D Navier-Stokes equations.
We end this section with an example of a discontinuous vector field for which

there exists a flow solution of (ODE) that does not preserve the geometry of subsets

in the sense of Lemmas 2.24 and 2.25. As far as we are aware, there is no such

example in the literature.
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2.1.5 A flow into a Cantor set .

In this section we construct the map illustrated in Figure 2.2. The figure indicates
that under X the unit interval [0,1) is mapped at time ¢ = 2 — 2177 into the j*
stage in the construction of the Cantor middle third set. After rigorously defining
X we demonstrate in Lemma 2.28 that for each z € [0,1) as t — T the trajectory
X (t,z) converges to a point in the Cantor set. Consequently, X does not preserve
the Hausdorff or box-counting dimensions of the unit interval.

Further, in Lemma 2.29 we demonstrate that X is sufficiently regular to
give rise to a classical flow solution and in Lemma 2.30 we demonstrate that the

trajectories of X do not intersect.

213 - : : E
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0 1 312 714
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Figure 2.2: The maps t — X (t,z) plotted up to time ¢ = g for various initial data
z € [0,1).

First. we recall that the j* stage of the Cantor middle third set is the
set of intervals Cj:= Upep, [p,p+ 37911 where the set of left end points of these
intervals P is defined inductively by Py:= {0} and Pj;;:= (2-37P;)UP;. We write
Qj:= Pj+37 71! for the set of right end point of the intervals C';. The Cantor middle

third set C' is defined as the intersection of the sets C}.
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Define the map Yy: [0,1] x [0,1) — [0,1) by

(22 —t*+1)2
Y3 ih8) = 5 oy
—t2+1)(xz—1)+1

(3

(2.10)

o wlno
—_ N

&
IN A
AA

o
N|—

illustrated in Figure 2.3.
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23 k- —— . |
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w
13 | ]
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Figure 2.3: The maps t — Yj (¢, 2) for various initial data = € [0, 1).

Observe that at time t = 1

2 1

. )3® ()S:r<§

Yi(l,z2)= ol LR
s2+3 §5¢

and in particular the images of the intervals [0, %) and [%, 1) under the map Y at
time ¢t = 1 are ¥; (1, [0,3)) = [0, 3) and Y, (L,[%,0)) = [%, 1) respectively. More
concisely, we write

Y1 (L,[0,1)) = Ca\ Qo, (2.11)

so that the range of Y; at time ¢t = 1 is contained in the second stage of construction
of the Cantor middle third set Cy. By rescaling, duplicating and translating the

map Y; we can iterate this map so that the range at subsequent times is contained
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in later stages Cj:

define the map Ys: [1, 1+ %] x Cy\ Q2 — [0,1) by

Y (2t —2,32) /3
Yi(2t-2,3(z—%))/3+2

AN

Yot x) =

—_ W=

T
Dl

win O
INA

)

which can be thought of as two translated copies of the map Y; rescaled temporally

by a factor of 2 and spatially by a factor of 3, illustrated in Figure 2.4. Observe

1 T i
23 - -
@Q
o
8 12 | .
2]
13 + J
0 1 1
0 1 312

Time

Figure 2.4: The maps t — Y2 (t, ) for various initial data x € [0, 1).

that

Y, (1 + %,Yi (1,0, 1))) =& (1 + %»CQ \ Q2> =C3\ Q3.

For all j € N with j > 2 we define t;:= 2—270U~1Y and the map Y;: [8gay 8]
Ci\Q; — [0,1) by

Y;_1(2t —2,3z) /3 0<z<3
Y, (t,z) := g |y (2.12)
Y]‘,](Qt—2,3(:l'—§))/3+§ §§1<],

which can be thought of as two translated and rescaled copes of the map ¥i-1.

27



Observe that for all j € N
Y (t5,Y5-1(t-1,Ci—1\ Qj-1)) = Y5 (¢, C5 \ @Q5) = Cj1 \ Qjua.

Next, we let T':= lim; 0 t; = 2 and assemble the maps Y; in the following
way: let the map X: [0,T) x [0,1) — [0,1) be defined by

Y1 (t, z) 0<t<1
X (t,2) = (2.13)
Y (¢, X (tj-1,2)) ti-1 <t<t

so that under the action of X each z € [0,1) is sent via the map Y] to a point in
Cy \ Q2 at time t = 1. Subsequently, this point is sent via the map Y to a point in
C3\ Q3 at time t =1+ %, as illustrated in Figure 2.2. This continues for all j € N
ast—T.

Lemma 2.27. Let the map X be as defined in (2.13). For all z € [0,1) the map
t— X (t,z) is continuously differentiable on [0,T).

Proof. Observe from the definition (2.10) for all z € [0,1) the map ¢ — Y; (¢,x)
is continuously differentiable on (0,1). It follows that for all with j > 2 and for
each z € C;\ Q; the map t — Yj (t,) is continuously differentiable on (t;_y,¢;).
Consequently, for each z € [0,1) the map t — X (¢, z) is continuously differentiable
on the open interval (¢;_1,t;) for each j. Further, the continuity of ¢t — X (¢,z) at
tj—1 for each j follows immediately from the definition (2.13).

It remains to show that ¢t — X (¢,z) is continuously differentiable at each

tj-1. From (2.10) it is apparent that

ov;
ot

(0,2) = %(m) ~0 Vzelo1)

and 80, as the Y; are rescaled Y}, for each j > 2

dY; 9Y;
—a_tj(tj—l,x) = 8—tj (tj,2) =0 Vzel;\Q;

Consequently, the derivatives of ¢ — X (¢, z) from above and below at ¢;_; are equal

to zero, so %)t—( exists and is continuous at £;-1. O
Next, we extend X to the closed time interval [0, T).

Lemma 2.28. Let the map X be as defined in (2.13). For all x € [0,1) the limit
lim¢y7 X (¢, ) exists and take values in the Cantor middle third set C.
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Proof. 1t is immediate from the definition of Y; that
Yi(t,z) €[0,1) Vtel0,1) V;zel01).
Consequently, as the Y; consists of rescaled copies of the map Y7, for all j > 2
Y;(ta) € C\Q Vi€l VoeG\Q,
Consequently, for each fixed z € [0,1)
X (t,z) € C; Vte [tj_1,t].

As t — X (t,z) is continuous on [0,T") as t — T the map X (t,z) takes values in
nested intervals whose length tends to zero, so X (t,x) converges as t — T.. a

We define the map X: [0,T] x [0,1) — [0,1) b

(2.14)

% (t,2) X (t,z) tel0,T)
,Z) 1=
limy,r X (t,2) t=T.

Lemma 2.29. Let the map X be as defined in (2.14). For each x € [0, 1) the map
t — X (t,z) is continuously differentiable on the closed interval [0,T).

Proof. In light of Lemma 2.27 it is sufficient to demonstrate that X is continuously
differentiable at t = T. Clearly, from (2.14), t — X (¢, ) is continuous at ¢t = T.
Further, from the definition (2.10), the derivative

oy |2(t¥-t)x 0<z<i
o |2 -t)(z-1) i<z<1
and it is straightforward to show that
1
‘8;;1@ )< Vie1], Yze01). (2.15)

Further, from the definition (2.12), for all ¢ € [t;_1,%;] and all z € C; \ Q; the

derivative

221 (2t - 2,3z) /3

l% (t,z) =
0% -2 - ) 34 2

ot

IA
8
AN A
e

-

wio O
IN
8]
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s0, inductively from (2.15),

Y, 2\t 1

Consequently, from the definition (2.13), for ¢ € (t;-1,1;]

0X 2)/ "1
‘W(t,x)i < (g) 1

and so %)t—( (t,z) = 0 as t — T. We conclude that for all z € [0,1) the derivative
%)t—{ (t,z) exists and is continuous at t = T. m|

Next, we demonstrate that the trajectories of X do not intersect:

Lemma 2.30. Let the map X be as defined in (2.14). For all t € [0, T) the map
X (t,z) is injective.

Proof. Clearly for all t € [0,1] the map z — Y; (t, ) is injective. Consequently, this
injectivity is inherited by each Y; so from the definition (2.13) the map = — X (¢, z)

is injective for all ¢ € [0,T"). It remains to show that the map X (T,-): [0,1) = C
is injective. However, it is straightforward to show that if z is written as non-

terminating binary expansion z = 0.z1%223...2 Where z; € {0,1} then X (T,z)
has non-terminating ternary expansion X (T,z) = 0.(2x1) (2z2) (223) .. .3 (see, for
instance, Examples 1, 4 and 14 in Gelbaum and Olmsted [2003]). Recall that w, z €
[0,1) are equal if and only if their ternary expansions w = Q.wyws...3 and z =

0.2122 .. .3 satisfy either

e wy=2z forallie N, or

e for some k € N

w; = 2z 1<k W; = 2; i<k
w; =0,z =1 i=k or w;,=1,2=0 1=k
w; =2,2z=0 1>k, w; =0, =2 i>k.

Consequently, if z = 0.z1z923...2 and ¥y = 0.y192y3 .. .2 then X (T,z) = X (T,y) if

and only if
0.(2z1) (222) (2x3) .. .3 = 0. (2y1) (2y2) (2y3) . . 3.

However, as no digit in these expansions is equal to 1 this equality holds if and

only if z; = y; for all 4, in which case z = y. We conclude that z — X (T,z) is

injective. O
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From the above Lemma we see that for each t € [0,T)] the inverse X1 (¢, z)
is defined for all z € X (t,[0,1)). Consequently, the function defined by

g9(z,1) = aa_f (X-l (t,x)) vze X (t,[0,1) Vteo,T]

trivially satisfies

%f. =g(X(t,2),t) VzeX(t[0,1)) We[0,T].

To summarise, we have defined an aggregate of non-intersecting trajectories
of the ordinary differential equation X = g(X,t), defined on the image of X. It
is straightforward to extend g and X onto the entire space so that X = g (X, t) is
satisfied everywhere (for example, set g = 0 outside the image of X so that every
point is fixed). Finally, as the trajectories do not intersect it is trivial to further
extend X to provide trajectories of the ordinary differential equation for initial times
s other than s = 0. The resulting map is a classical flow solution of X =g (X,1).

This example can be adapted to generalised Cantor sets (as discussed in
Chapter 6) to produce flows such that the image of the unit interval has arbitrary

fractal dimension less than 1 in finite time.

2.2 Generalised solutions

There are two considerations in identifying a suitably weakened notion of solution
of (ODE) for irregular vector fields f € L. (R™ x [0,T];R™): first, through the
equality (ODE) any regularity requirements on the solution become regularity con-
straints on the class of vector fields we hope to define solutions for. Indeed, the
existence of a classical solution, having a continuous derivative, has the strong re-
quirement that the §ector field f is continuous along trajectories, which precludes a
large class of vector fields from having solutions to (ODE). The standard approach
to relaxing this strong requirement is to require (ODE) to hold distributionally and
accordingly we give the following definition, which does not require the solution to

be differentiable in ¢.

Definition 2.31. The map X is a weak flow solution of (ODE) if

(i) the maps X and f o (X,id) are in LL,((0,T), x R x (0,T),;R™), and
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(ii) the integral equalities

/Xtms dt+/f (t,z,8),t)p(t)dt —z ¢(s) = 0 (2.17)

and

/ths dt+/ f(X(tz,8),t)pt)dt +z ¢(s) =0 (2.18)

hold for all test maps ¢ € CZ°((0,T)), for almost every (x,s) € R™ x [0, T).

Note that the condition (i) ensures that the integrals in equation (2.17) and
(2.18) are defined and finite for almost every (z,s) € R"x (0,T). We remark that we
can extend the condition (ii) to account for initial data at s = 0, which is significant

in many applications, by requiring that
T dd) T )
/ X (t,z,s) T (t)dt+/ f(X(tz,s),t)(t)dt + x4 (0) =
o 0

for all test maps ¢ € C° ([0,T)).
The second consideration in the search for a suitably weakened notion of

solution is a desire to use the tools of functional analysis to derive the existence,
uniqueness and other properties of solutions: to demonstrate existence the usual
approach (see for example, DiPerna and Lions [1989], Ambrosio [2004], and Crippa
and De Lellis [2008]) is to approximate f in some sense with smooth globally Lips-
chitz vector fields f., each of which give rise to a unique generalised flow solution X,
and to demonstrate that the flows X. converge in some sense to a map X satisfying
(i) and (ii) above. ‘

To be able to apply such approximation arguments we must operate on ele-
ments of the Banach space L' (R™ x [0, 7)), which are equivalence classes of vector
ﬁeldé that are equal almost everywhere. Consequently, an appropriate notion of
solution must be independent of the representative vector field of the equivalence
class, which is to say that if X is a solution of %—)t( = f(X,t) then for any vector field
g equal to f almost everywhere we require that X is a solution of % = g(X,1).
The appropriate restriction is to require the map X to satisfy one of the properties
of Definition 2.20 relaxed to hold for almost every ¢,s € [0,T]. In some treatments
(for example in Hauray et al. [2007]) incompressible maps are studied for conve-
nience, although much of the theory was developed for nearly incompressible maps
(for example, in DiPerna and Lions [1989], and the extension to BV vector fields
in Ambrosio [2004]). However, as noted in De Lellis [2008] a relaxed version of the

32



Lusin condition (iii) of Definition 2.20 is sufficient for the invariance of solutions

under a change of vector field.

Definition 2.32. The map X: [0,T], x R} x [0,T], — R" is a regular Lagrangian
flow solution of (ODE) if

(i) X is a weak flow solution of (ODE), and

(ii) for each Borel set A C R" such that pn, (A) = 0 the pushforward measure of A,
X (t,+,8) 4 bin (A) = 0 for almost every ¢ € [0, T}, for almost every s € [0, T).

Observe that in the example of Section 2.1.5 the map X is a weak flow
solution but is not a regular Lagrangian flow solution as the inverse image of the
Cantor set (which has zero measure and is a Borel set as it is the intersection of a

countable number of half open intervals) has positive measure.
In the following lemma we demonstrate that a regular Lagrangian flow so-
lution is invariant under equivalent vector fields. The proof follows a sketch in De

Lellis [2008]. We first define the following notation:

Definition 2.33. Let S C R x [0,T]. For each t € [0,T] we write
St:= {z € R"|(z,t) € S}.
and call such sets the sections of S.

Lemma 2.34. Let X: [0,T), x R} x [0,T]; = R" be a reqular Lagrangian flow
solution of (ODE). For every vector field g such that

g(z,t) = f(z,t) for almost every (z,t) € R™ x [0, T

the map X is a reqular Lagrangian flow solution of ‘ij—)t( =g (X,1).

Proof. Let f: R"x[0,T) — R" be a vector field, X a regular Lagrangian flow solution
of (ODE) and g a vector field equal to f almost everywhere. From Definition 2.31
we wish to demonstrate that g o (X,id¢) is in ﬁlloc ((0,T), x Rg x (0,T),;R"™) and
that (2.17) and (2.18) hold with g in place of f. Consider the push-forward of
the (n + 2)-dimensional Lebesgue measure via the map (t,z,s) — (¢, X (t,z,s),s)

which we denote

(id, X, ids)# HUn+2 (A) := pnt2 ({(¢t, =, s) | (t, X (t,z,8),s) € A})
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for A C [0,7] x R x [0,T). As the map (¢,z,5) — X (t,z,s) is measurable this
push-forward is a measure on the Borel g-algebra of [0,T] x R” x [0, T]. Now, let
N= {(t,z)|f (z,t) # g (z,t)} so by assumption pny1(N) = 0 and consequently
there exists a Borel set U containing N with pp41 (U) = 0. By Fubini’s theorem
the push-forward measure of the product set U x [0,7] is given by

T pT
(ids, X, ids) 4 ptny2 (U x [0, T7]) =/0 /0 pn ({z| (t, X (t,2,8),8) € U x [0,T]})ds dt
T rT
= [ [ el x a0 evpasar
T T
= / / X (t,,8) 4 bin (U?) ds dt.
0 0

where U*:= {z € R"|(t,z) € U}. However, again by Fubini’s theorem, y,, (U*) = 0
for almost every t € [0,7] so, as the map X satisfies the Lusin condition (ii) of
Definition 2.32, this final integral is equal to zero. Consequently the set of points
(t,z,s) for which f (X (¢,z,5),t) # g(X (t,z,s),t)

{(t2,9)|(LX (t,2,5),5) € N x [0,T1} € {(t,%,8)| (, X (t,2,5) ,5) € U x [0, ]},
has pn+9 measure zero. We conclude that
fo(X,id;) =go(X,id;) for almost every (t,z,s) € [0,T] x R" x [0, T

so go(X,ide) € L, ((0,T), x R* x (0,T),). Applying Fubini’s theorem once more,

we see that f (X (t,z,s),t) = g (X (¢,,s),t) for almost every t € [0,T] and almost
every (z,s) € R" x [0, T so certainly (2.17) and (2.18) hold with g in place of f. O

Essentially, we can interchange vector fields that are equal almost everywhere
as we only require (ODE) to be satisfied at almost every point. Similarly, any map
equal to a a regular Lagrangian flow solution almost everywhere is also a regular
Lagrangian flow solution. This is mentioned in passing in the literature (see, for

example, De Lellis [2008]) but here we provide the following proof:

Lemma 2.35. If X is a reqular Lagrangian ﬁow solution of (ODE) and X (t,z,s) =
Y (¢t,z,8) for almost every (t,z,s) € [0,T] x R® x [0,T] then Y is also a regular
Lagrangian flow solution of (ODE).

Proof. Immediately,
[ (X (t,z,s),t) = f(Y (t,z,5),t) for almost every (¢,z,s) € [0,T] x R" x [0, T
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so Y is a weak solution of (ODE). Further, let N:= {(¢,z,s)|X (t,z,5) # Y (t,, s)}
and note that Ny s:= {z|(t,z,s) € N} has measure zero for almost every t € [0, 7],
for almost every s € [0, T]. Consequently, for all sets A C R™

{z|Y (t,z,s) € A} = ({a]Y (¢,7,8) € A} \ Nio) U ({2]Y (t,2,5) € A} N Nis)
= ({z|X (t,z,5) € A}\ Nps) U ({z|Y (¢, z,8) € A} N Nis)

so for Borel sets A C R™
Y (t7 K 8)# Hn (A) =X (t> "y 3)# Hn (A) + Un (Nt,s) '
Consequently, for almost every s € [0, T], for almost every t € [0, T

Y (- 5)# pn (A) = X (¢, 3)# fin (4) .
so Y satisfies the almost everywhere Lusin condition (ii) of Definition 2.32. a

Accordingly, we say that a regular Lagrangian flow solution X of (ODE) is
unique if every regular Lagrangian flow solution of (ODE) is equal to X almost
everywhere on [0,7] x R™ x [0, T.

2.3 Existence of regular Lagrangian flows

To demonstrate the existence of regular Lagrangian flow solutions the seminal paper
of DiPerna and Lions [1989] exploits the relationship between the equations (ODE),
(TE) and (CE) described above for regular vector fields. First, the authors demon-
strate that it is comparatively straightforward to establish the existence of weak
solutions of (TE) and (CE) under mild assumptions on the vector field f. Further,

the authors demonstrate that if a vector field f has the following renormalization

property, then these solutions are unique.

Definition 2.36. A vector field f € Lfoc (R™ x [0,T]) has the renormalization
property if for every 8 € C* (R) whenever the map u: [0,T] x R® — R is a weak
solution of (TE), respectively (CE), with initial data us € L (R™), then the map
B (u) is a weak solution of (TE), respectively (CE), with initial data B (us).

Essentially, the argument is that for any solution u of (TE) with initial data
equal to zero by the renormalization property the non-negative map u? is also a
solution of (TE) with initial data equal to zero. It can be shown (see for example,
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Theorem 1.7 in De Lellis [2008]) that this non-negative map satisfies a distribu-
tional form of Gronwall’s inequality from which we conclude that © = 0. Once the
uniqueness of (TE) and (CE) are established the existence and uniqueness of regu-
lar Lagrangian flow solutions follow by an approximation argument: mollified vector
fields f¢ give rise to smooth flow solutions X¢ of (ODE), which from Propositions
2.5 and 2.7 yield solutions u. to (TE) and p. to (CE). Consequently, ue and p,
converge to the unique solutions of (TE) and (CE) respectively, and the unique flow
solution of (ODE) can be recovered from these solutions by a ‘reverse’ theory of
characteristics.

It remains to highlight which vector fields f have the renormalization prop-
erty, and so by the above argument have a unique regular Lagrangian flow solution
of (ODE). The two main results are contained in DiPerna and Lions [1989], in which
the authors demonstrate that vector fields belonging to

11 (0,7, Wil (R%R™)
have the renormalization property, and in Ambrosio [2004], in which the authors

demonstrate that this property extends to vector fields belonging to

L'(0,T; BV (R%;R™)).

2.4 From regular Lagrangian flows to absolutely contin-
uous flows

In the first result of this section we demonstrate that in order for a map X to satisfy
(ODE) distributionally it is necessary for the map X to have some Sobolev regularity
with respect to ¢. This was observed in DiPerna and Lions [1989] and the authors
subsequently concluded that X is absolutely continuous in ¢ using the well known
embedding result of Lemma B.9. Absolute continuity of the flow with respect to
time is desirable as it allows us to interpret (ODE) in the classical sense, albeit with

the equality holding almost everywhere, which greatly simplifies the treatment of

regular Lagrangian flows.
Initially, we recall that the above claim of DiPerna & Lions is that there

exists a map X equivalent to X in some sense to be made precise such that X is
absolutely continuous in t. After we make this equivalence precise we use a result

from Section 7.2.2 to demonstrate that the map X may not be measurable from
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[0,T], x R™ x [0,T], to R™. Consequently, X may not be a regular Lagrangian flow
solution of (ODE) and in particular the pushforward measures X (¢, -, s)# iy used
throughout the theory may not be defined so this potential loss of measurability is
not trivial.

We continue this discussion by highlighting possible approaches to solving
this measurability issue, in particular an approach inspired by a standard result in
the theory of Sobolev maps. Fortunately since the preliminary submission of this
thesis we have been able to address these issues, which we delay until Chapter 8 as

the results are heavily dependent on the material of Chapter 7.
We begin by demonstrating that weak solutions of (ODE) have some Sobolev

regularity, which is the content of the following lemma:
Lemma 2.37. If the map X: [0,T], xR} x [0,T], = R" is a weak flow solution of
(ODE) then the map

t X (t,z,8) is in WY ([0,T]) for almost every(z,s) € R" x [0, T]

where WL ([0, T)) is the space of Sobolev maps defined in Definition B.5 of Appendix
B.

Proof. Immediately from Definition 2.31 we see that the integral quantity

T T
/ X (t,z,5) %‘f (t)dt = / f(X(tz,5),t)p(t)dt Vo€ C((0,T))
0 0
for almost every (z,s) € R™ x [0,77], which is precisely the statement that the map

t— X (t,z,8)

has weak derivative given by the map
te f(X (¢ 2,5),1)

for almost every (z,s) € R™ x [0,T]. Further, as the maps X and f (X,id) are in
L ([0,T], x R? x [0,T],) then, by Fubini’s theorem, the map ¢ = X (t,z,s) and
its weak derivative ¢t — f (X (t,,8),t) are in L' ([0,T]) for almost every (z,s) €
R™ x [0, T}, so we conclude that the map t — X (t,,s) is in Wbl ([0,T]) for almost
every (z,s) € R" x [0,T]. O

Next, we see from Lemma B.9 that for each (x,s) € R™ x [0,T] such that
the map t — X (t,z,s) is in WH1 ([0, T]) there exists an absolutely continuous map
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Xzs: [0, T], — R" equal to X (t,z, s) for almost every ¢ € [0, T],. Consequently, we
‘have the following corollary of the above lemma:

Corollary 2.38. If the map X satisfies the hypothesis of Lemima 2.37 then there
exists a map X: [0,T], x R? x [0,T], = R" such that

t— X (t,7,s) is absolutely continuous for almost every (z,s) € R™ x [0, T)

and

[X (t,z,8) = X (t,z,s) for almost everyt € [0, T]]
for almost every (z,s) € R™ x [0,T]. (2.19)

In fact, in light of Lemma B.9 we can explicitly write the map X (up to

equality for almost every (z, s)) as

. t+e . )
X (t,3,5) = hmg—)IO th—e X (1,z,s)dr if this limits exists, and

0 otherwise.

However, as we demonstrate in Section 7.2.2 the equality between X and X given by
(2.19) is significantly weaker than equality for ynio-almost every (¢,z,s) € [0, T] x
R™ x [0, T]. In particular, as we illustrate in Lemma 7.16, the equality (2.19) is not
sufficient to ensure that X inherits the measurability of X, which is to say that the

map
X: [0,T], xR x [0,T], —» R™

may not be measurable.
This measurability issue is resolved in Chapter 8 where in Corollary 8.5

we demonstrate that the map X given above is measurable. Consequently, in the
remainder we exclusively consider regular Lagrangian flows that are absolutely con-
tinuous in ¢t for almost every (z,s) € R™ x [0,T]. In Theorem 8.6 we demonstrate

that by restricting our attention to the absolutely continuous representative of s,
regular Lagrangian flow we can use the following equivalent definition used in Lions
(1998], Hauray et al. [2007] and Crippa and De Lellis [2008]:

Definition 2.39. A map £: [0,T] — R" is an absolutely continuous solution
of (ODE) with initial data (z,s) € R® x [0,T) if

o & is absolutely continuous, and
o (t)y=a+ [{f(E(r),) dr V;te[0,T).
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Equivalently, £ is an absolutely continuous soiution of (ODE) with initial
data (z,s) if
e ¢ is absolutely continuous,
e {(s) =1z, and
o &= f(£(t),1) for almost every t € [0,T].

Clearly absolutely continuous solutions are weaker than classical solutions. Hence-
forth by ‘solution’ of (ODE) we mean an absolutely continuous solution.

Definition 2.40. A map X: [0,T], xR} x [0,T], — R™ is a regular Lagrangian
flow solution of (ODE) if

e Xe€ ‘Clloc ([O’ T]t X Rg X [O’ T]s ;Rn)

e for almost every (z,s) € R" x [0,
t
X (t,z,8) = z—f—/ f(X(r,z,8),7)dr Vte[0,T], and
8 .

e for each Borel set A C R™ with uy (A) = 0 the pushforward
i ({2 € RPIX (£,3,5) € A}) = 0

for all t € [0,T], for almost every s € [0,T].

Consequently, we see that a regular Lagrangian flow solution is an aggregate
of absolutely continuous solutions of (ODE) that satisfy the Lusin condition.

2.4.1 A related result in the theory of Sobolev maps

In this section we outline an approach to considering the measurability of the abso-
lutely continuous map X. Ultimately, the result is proved in Chapter 8 and does not
require any of the material in this section. This section is included as it appears in
the original thesis before we developed the results of Chapter 8 and may be skipped

by the reader.
We consider the following problems:

(OP 1) Can the equality (2.19) be strengthened to equality for almost every (t,z,s) €
[0,T] x R™ x [0,T]?
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(OP 2) Conversely, is there a vector field f such that for every regular Lagrangian
flow solution X of (ODE) and every map X satisfying the result of Corollary
2.38 the map X is not measurable from [0, T}, x R? x [0, 7], into R™?

We suggest an avenue that may lead to a positive answer for (OP 1) which

takes inspiration from the following classical result in the theory of Sobolev maps:

Theorem 2.41. If g € WU (R™) then there ezists a map h, equal to g almost
everywhere on R™ such that h is absolutely continuous on almost every line parallel

to a coordinate axis, which is to say that for alli=1...n the map

t h(x1,. . Tin1, 6, Tig 1, oo, Tn)
is absolutely continuous in t for almost every (x1,...,Ti—1,Tit1,...,Tpn) € R?L,
Proof. See §4.9.2 of Evans and Gariepy [1992]. O

Naively we may try and prove the above theorem using a similar approach to
Corollary 2.38: for a fixed i (we take i = n for brevity) and Z:= (z1,...,2,-1) € R"

we consider the map

Ini: R—R
t— g(Z,t)

which by Fubini’s theorem, is in Wb (R) for almost every Z € R""!. Consequently,
by Lemma B.9 there exists an absolutely continuous map hy z: R — R that is equal

to gn z almost everywhere on R. However, we have the same problem as Corollary

2.38: the aggregate of these maps Ay, (z) := hn 3 (2n) is absolutely continuous in z,
for almost every (zi,...,2Zn-1) € R”~! however we only have the equality

l9(z) = hy, (x) for ae. zn € R] for ae. (z1,...,Zn-1) € R™1

s0, in light of the discussion in Section 7.2.2, the map A, is not necessarily equal to

g almost everywhere.
We sketch the proof of the above theorem, which is surprisingly involved

and relies on the content of Appendix B. We recall from Proposition B.7 that the
mollifiers ¢¢ of g satisfy

e ¢° — g in WL (R"),

o ¢° (z) — g (x) for every point z € R™ that is a Lebesgue point of g.
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Further, we recall from Theorem B.8 that for the precise representative g* of g there
is aset N C R" with £*~! (N) = 0 such that every point z € R*\ N is a Lebesgue
point of g*. Next, as the projection of this set

P(N)={zeR"!(%,z,) € N for somez, € R}

also has u,_1 (P (N)) = 0, we conclude that for almost every Z € R™! the point
(%, ) is a Lebesgue point of g* for all z,, € R. Consequently, the mollifier

9¢ (Z,zp) = g* (Z,2,) forallz, € R, for almost every & € R 1, (2.20)

Next, a straightforward application of Fubini’s theorem to the convergence

g° — g* in WH! (R™) implies the convergence
¢ (%)) = g*(&,-) inWH (R) for almost every zTe R™1L, (2.21)

Finally, we know from Lemma B.9 that the convergence (2.21) implies that there
is a continuous representative gi°™ of g*(Z,-), and further from the properties
of mollifiers in Proposition B.7, the values g° (Z,z,) converge to g&®™ (z,,) for all
Ty, € R, so from (2.20) g5 (zn) = ¢* (%, xy) for all z,, € R.

We conclude that the precise representative g* is absolutely continuous on
almost every line parallel to the z, axis. Similarly, by considering the other pro-
jections we can demonstrate that g* is absolutely continuous on almost every line
parallel to a coordinate axis. Finally, it is trivial that the precise representative
retains the measurability properties of g.

In order to adapt this method to the regular Lagrangian flow solution and
obtain a positive answer to (OP 1) we require that the precise representative X* of
X has Lebesgue points outside a set N C [0,T] x R™ x [0, T] where pp+1 (N) = 0.
However, as we only wish to demonstrate continuity with respect to ¢t the above proof
is sufficient to answer (OP 1) under the weaker hypothesis that the point (¢, z, s) is
a Lebesgue point of X* for all t € [0, T, for almost every (z,s) € R™ x [0, T|, which

we leave as an open problem.
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Chapter 3

Uniqueness

3.1 Trajectory non-uniqueness

In Example 2.19 we demonstrated that there are multiple solutions for each initial
condition by finding trajectories that intersect and proving that the concatenation
of these trajectories at the point of intersection is differentiable and so defines an
additional solution. However, generally there is no guarantee that a concatenation
of solutions is differentiable so in the general case we do not necessarily define addi-
tional solutions through this process. However, in the weaker setting for vector fields
in Elloc (R™) where we consider regular Lagrangian flow solutions we only require so-
lutions to be absolutely continuous and satisfy the pointwise equality (ODE) almost
everywhere. Consequently, as the concatenation procedure introduces at most one
extra point of non-differentiability, in this weaker setting the concatenation of arbi-
trary intersecting solutions is always a solution, which is the content of the following
theorem. For clarity we restrict our attention to autonomous ODEs throughout this
chapter and remark that the main results are easily adapted to the non-autonomous
case. For the autonomous case the solutions do not depend upon an initial time.
Consequently for each regular Lagrangian flow solution X of (ODE) we suppress

the third argument and define
X (t,z) := X (t,z,0).

Theorem 3.1. If £1,&: [0,T) — R™ are solutions of (ODE) and & (1) = & (1)

for some 7 € [0, T] then the concatenation of {1 to &2 at time T

fl(t) t<T

Vr (€1,€2) (t) := ) <t
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is a solution of (ODE).

Proof. For notational clarity let & = V, (£1,&2). From Lemma B.11, the map ¢ is
absolutely continuous and so is differentiable almost everywhere. Further, whenever

the derivative exists, for ¢t € [0,7) U (7, T)

él(t) t<T
ég(t) T<t

f&@®) t<r
f&@®) <t

= f(£(@®).
Consequently, the derivative £ (t) is equal to f (€ (¢)) for almost every ¢ € R. 0O

3.1.1 A scalar example

In the following we extract the desirable properties of Example 2.19: as we are
considering generalised flows we only require the trajectories to be differentiable
almost everywhere, so in particular the trajectories do not have to be differentiable

when they arrive at or leave the origin. Let f: R — R be the autonomous function

1 2#0

fi@)= 0 z=0.

Immediately, we see that f = 1 almost everywhere, so by Lemma 2.35 X is a
regular Lagrangian flow solution to (ODE) if and only if X is a regular Lagrangian

d§
= =1,
. dt
This ordinary differential equation trivially has the unique regular Lagrangian flow

solution X (¢,z) = x + t which is clearly measure preserving.
Alternatively, we can naively plug the function f into the results of DiPerna

and Lions [1989): clearly f € L (R) so f is arbitrarily locally integrable. As the
function f is equal to one except at x = 0 the derivative f’ exists and is equal to
zero for all z € R\ {0}. Consequently, for each ¢ € C° (R)

0=/qu(m)dx:/Rfuw'(m)dw:/Rf%x)wx)dm

so f has weak derivative and weak divergence equal to zero. Consequently, from the

flow solution to
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results of DiPerna and Lions [1989] discussed in Section 2.3 there exists a unique
regular Lagrangian flow solution to (ODE). _

The absolutely continuous maps ¢ (t) := 0, £ (t) := t and the temporal trans-
late s (t) :=t — s are solutions of (ODE) and as their trajectories intersect we can
use Theorem 3.1 to define new trajectories. Essentially, as f = 1 away from the
fixed point at the origin, every solution intersects the origin where they can wait for
arbitrary time, which resembles the qualitative features of the classic Example 2.19.

For each a,b € RU{—00,00} with a < b the map

(t—a) t<a
€ap (1) =40 a<t<b
(t—b) b<t

is a solution of (ODE). Further,

o for each inital data x < O the family of trajectories £_,; parameterised by

b € [—z, 00] satisfy the initial condition £ (0) = =

e for each initial data x > 0 the family of trajectories £, _, paramterised by

a € [—oo, —z] satisfy the initial condition & (0) =

e the family of trajectories £, parameterised by a,b € [—00, 00] such that a < b
satisfy the initial condition & (0) = 0.

This example exhibits non-uniqueness on a large scale: for each initial data z € R
there are uncountably many distinct trajectories £ of (ODE) with initial condition
£ (0) = z. However, there is a unique regular Lagrangian flow solution to (ODE).

It is possible to demonstrate that this flow is unique without invoking any of
the DiPerna-Lions theory, nor relying on the results of Lemma 2.35. To do this we
first demonstrate that all solutions of (ODE) have the form €a,b, Which follows as
the function f is locally Lipschitz away from the origin. Next, we let X be a regular
Lagrangian flow solution of (ODE), which has the form

X (tz):= €az b (t)

for some a, b, such that the initial condition X (0, z) = z is satisfied. Now, for a,b €
R with a < b we define the set of initial data Agp:= {z € R|X (t,2) =0 for¢ € (a,b)}.
As X is a regular Lagrangian flow, p; (Aqp) = 0 for all a < b as otherwise a set of
positive measure is compressed to a point under the action of the flow at all times
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t € (a,b). Consequently, the set

{z€Rljaz <bs} C |J 4pg

P,9€Q
p<g

has measure zero, so we conclude that for almost every z € R the parameters Qg
and by are equal, so the regular Lagrangian flow X (t,z) = é_, _, (t) for all t € R
and almost every z € R.

3.1.2 A planar example

In the following we give an example of a vector field f: R? — R? for which every
initial data (z,y) € R? gives rise to multiple distinct trajectories of (ODE) yet
there is a unique regular Lagrangian flow solution. Further, each component of f is
non-zero at every point.

Let f: R? — R? be the autonomous vector field

L (1’1) r=y
f(z,y) = 21) sy (3.1)

illustrated in Figure 3.1.
Again, the vector field is equal almost everywhere to the vector field g = (2, 1)

which clearly has a unique measure preserving flow solution. Alternatively, we
can reason as in the previous example by constructing the flow out of individual
solutions: as f is locally Lipschitz away from {z = y} solutions are unique outside
a neighbourhood of {z = y}. However, we will see that every solution intersects
the set { = y} in finite time where it may remain for an arbitrary time interval.
In the same manner as Example 2.19 and the scalar example above, this arbitrary
wait, yields non-uniqueness of solutions for every initial data in R2. Once again we

will see that the unique regular Lagrangian flow solution consists of those individual

solutions that do not ‘loiter’ on the line {z = y}.

e for each initial data (z,y) with z < y and each b € [y — z, 00| the map

(x+2t,y+1t) t<y-—=x
€@ =91 y+ty+1) y—z<t<b
(y+b+2(t—-0b),y+t) b<t

is a solution of (ODE) with initial condition f(“; Db 0) = (z,y),
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Figure 3.1: A plot of the vector field f. Clearly every trajectory of (ODE) intersects
the line z = y, and as the line z = y is invariant, solutions may remain on the line for
arbitrary time. Consequently, every initial data of (ODE) has non-unique solutions.

e for each initial data (z,y) with = > y and each a € [—o0,y — | the map

(z+a+2(t—a),y+t) t<a
Saya W= W+ty+1) ast<y-z
(x + 2t,y + t) y—x <t
is a solution of (ODE) with initial condition 5(;&),“ (0) = (z,y). and
e for all initial data (z,y) with = =y, each a € [—00,0] and b € [0, 0o] the map
(z+a+2(t—a),y+t) t<a

E?g:,y),a,b (t) = (23+t,y+t) @ =< b
(T+b+2(t—b),y+t) b<t
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is a solution of (ODE) with initial condition f?x n.ap(0) =0

From Theorem 3.1 it is easy to see that these maps are solutions of (ODE) as they
are the concatenation of three trivial trajectories. Again, this example demonstrates
non-uniqueness on a large scale: for each piece of initial data (z,y) € R? there are
uncountably many distinct trajectories ¢ of (ODE) with initial condition £ (0) =
(z,y). Let X be a regular Lagrangian flow solution of (ODE) and let A be the set
of initial data defined by

A= {(IIT,Z/) eRz<y X(t(z,y) = é(tc,y),b (t) forb>y— x}

so A consists of the initial data in {z < y} such that the solution X (¢, (z,y)) takes
values in the line y = x for some time interval. Arguing as in the previous example,

the set A is contained in a countable union of sets of the form

Apgi={z eRIX (t,(z,y)) e {z =y} forte (p,q)}

for p, g € Q with p < ¢, which have measure zero as X satisfies the almost everywhere
Lusin condition. We conclude that for almost every initial data (z,y) with z < y a
regular Lagrangian flow solution X must take the values

X (t,(,1)) = € 1y 2 (0)

The result for initial data (z,y) with 2 > y follows similarly.
Note that this autonomous planar ordinary differential equation can easily
be written as a non-autonomous scalar ordinary differential equation as the vector

field f has constant unit y-component.

3.2 A general non-uniqueness result

In this section we demonstrate that for each vector field f # 0 for which there
exists a regular Lagrangian flow solution of (ODE) we can find a vector field g equal
to f almost everywhere such that the ordinary differential equation € = g () has
non-unique solutions for a set of initial data of positive measure.

Essentially the proof is a generalisation of the above examples: for a subset
N C R" of the phase space with py, (N) = 0 we redefine f on N so that N is an
invariant manifold of (ODE). While particular choices of sets N and values of the
. vector field f|y will yield invariant lines such as that in the example of Section

3.1.2, or other interesting invariant manifolds, we simplify proceedings by setting
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fln = 0. With this alteration any solution that enters the set N can remain there for
arbitrary time before ‘rejoining’ a solution that leaves N. Consequently, if a solution
¢ of (ODE) with initial data z € R™ intersects N then there are uncountably many
solutions of (ODE) with initial data z € R™.

In order to guarantee non-uniqueness of solutions for all initial data in a
set D C R" of positive measure, we need to find a set N C R" of measure zero
such that for each z € D the solution X (-, z) intersects N. This is the content of
Lemma 3.3. First, we remark that if f is a smooth vector field then finding such
sets is straightforward due to the continuity of the flow with respect to the initial
data. We examine the smooth case in the following lemma to motivate the proof of

Lemma 3.3.

Lemma 3.2. Let f € C®(R"™) be a non-zero vector field and let X be a classical
flow solution of (ODE). For each x € R™ with f (z) # 0 there exists a 6 > 0 such
that for all y € B (x) the solution X (t,y) € 0B;s (x) for some t € R.

Proof. Take z € R™ such that f (z) # 0 and observe that there exists a 7 > 0 such
that X (r,z) # z. Let e = | X (7,z) — | /2, so that B, (z) N B (X (7,z)) = 0. Now,
as X is continuous with respect to initial data there exists a 6 with 0 < § < € such
that

y € Bs(z) = X (1,y) € B (X (1,1)).

Consequently, for each y € Bj (z) the solution takes the value X (7,y) € B (X (7, z))
at time 7. Further, as B;s (z) C B, (z) is disjoint from B, (X (7, z)) we conclude that
consequently X (t,y) € 8B; (x) for some ¢t € (0,7] as the solutions are continuous
in time. a

Essentially, away from the zeroes of f, if a ball of initial data is sufficiently
small then every solution with this initial data crosses the boundary of the ball.
Consequently, it is trivial to find sets of initial data of positive measure such that
every solution intersects a set of null measure by taking these respective sets to be
the ball and the boundary of the ball in the Lemma 3.2. With a regular Lagrangian
flow solution we typically do not have continuous dependence with respect to initial
data. Consequently, rather than find a particular ball of initial data whose solutions
move outside the ball, we abandon the ‘local’ approach of Lemma 3.2 and consider
for each € > 0 the set of all initial data whose solutions ‘move’ more than ¢ from

their initial data.

Lemma 3.3. Let f € LL_(R™) be a vector field that is not equivalent to the zero

loc

vector field and let X : RxR™ — R™ be a reqular Lagrangian flow solution of (ODE).
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There exist sets N, D C R™ with pn (N) = 0 and pn (D) > 0 such that for almost
every z € D the map X (-,z) intersects N in finite time.

Proof. For a fixed € > 0 examine the set of initial data whose solutions intersect a

ball of radius € centred on their initial value:

D.:= {a: e R"

sup|X (t,z) — z| > 6} :
teR

We show that pup,(De) > 0 for some ¢ > 0. Assume for a contradiction that
pn(De) = 0 for all € > 0. In this case, as the trajectories are continuous for

almost every x € R"™, the set

o0
{zeR"X(,z)e C(R) X(t,x)#x forsomete R} C UDl/i

i=1
has measure zero, so X (t,z) = z for almost every z € R"™. Consequently,

_dx

0= Fra f(X (t,x)) = f(z) for almost every t € R, for almost every z € R"

so f(z) = 0 for almost every x € R", which contradicts our assumption on the
vector field.
Next, fix € > 0 such that u, (D) > 0 and examine the mesh

€ .
z; = 2—— for some z € Z forsomez=1...n}

2vn

which are the boundaries of n-dimensional cubes of side-length £/24/n, which have

N:={x€R”

diameter £/2. Note that any e-separated points lie in distinct cubes and, as N is
a countable collection of (n — 1)-dimensional planes, py, (N) = 0. Consequently, for

each z € D, the solution X (-, z) intersects NNV in finite time. d

Theorem 3.4. Let f € Ll (R™) be a vector field that is not equivalent to the zero
vector field and let X : RxR™ — R" be a regular Lagrangian flow solution of (ODE).
There ezists a vector field g equal to f almost everywhere on R™ such that the set
of initial data for which there are non-unique solutions ofé = g (&) has positive

measure.

Proof. Let f € LL . (R™) be a vector field that is not equivalent to the zero vector
field and let X : RxR™ — R" be a regular Lagrangian flow solution of (ODE). From
Lemma 3.3 there exist sets D, N C R™ with p, (N) = 0 and py, (D) > 0 such that

for almost every x € D the trajectory X (-, ) intersects N in finite time. Define the
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vector field g by
flz) z¢N
0 =x€eN

g(z)=

and note that f = g almost everywhere, so from Lemma 2.35 X is also a regular
Lagrangian flow solution of £ = g (£). Consequently, for almost every x € R™ the
map X (-,z) is a solution of £ = g ().

Next, observe that every point z € N is a fixed point of £ = g (€) which is to
say that the ordinary differential equation has a solution given by the trivial map
¢z (t) =z for all t € R.

Finally, for almost every x € D there exists a time t; € R such that
X (tz,x) € N. Consequently, if t, > 0 then for each s € R with s > t, the
map

X (t,z) t <ty
£,s (1) := { X (tz,2) ty <t <s
X(@t+ty—sh) s<t

is the concatenation of the intersecting solutions X (-, z) and ¢x (s, ¢) (-) and so, from
Theorem 3.1 is a solution of £ = g (£) with initial condition £45(0) = . Similarly
if t, < 0 then for each s € R with s < t; the map

X(t+ts—sz) t<s
£rs(t) =4 X (t, ) s<t <ty
X (t,h) ty <t

is a solution of £ = g (€) with initial condition 25 (0) = z. Consequently, as the
solutions §§£S are distinct for each s € R, almost every z € D has a one parameter

family of distinct solutions of £ = g (£). O

In the above theorem we alter the vector field f on a set of zero measure,
which from Lemma 2.34 does not affect the existence or uniqueness of regular La-
grangian flow solutions to (ODE). Consequently, even if we use the above technique
to introduce non-uniqueness of trajectories for almost all initial data we will a priori
be unable to aggregate these solutions into a distinct regular Lagrangian flow. We
can see this directly by observing that in the above construction the additional so-
lutions ‘loiter’ in a set of zero measure for an interval of time. Consequently, if there
are too many ‘loitering’ solutions in an aggregate then the Lusin condition will not

be satisfied. We make this rigorous in the following lemma:
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Lemma 3.5. Let D,N C R" be sets with pu, (D) > 0 and pn (N) = 0. Suppose
that for each x € D there exist times ay,b, € R with a, < by and a solution
acpzz: R = R™ of (ODE) with initial data = such that

50:3:7”2,% (t) € N Vt € [a17 b.’L‘] .

If X is an aggregate of solutions of (ODE) such that X (t,z) = &,, b, 2 (t) for each
x € D then X is a regqular Lagrangian flow only if by = a, for almost every x € D.

Proof. We assume that the aggregate X is a regular Lagrangian flow solution of
(ODE) and argue as in the examples of Sections 3.1.1 and 3.1.2: for a < b define
Dyp:= {z € D|a, < by} and observe that D, C X1 (¢,N) for t € [a,b]. Conse-
quently, as un, (N) = 0 and X satisfies the Lusin condition, py (Dgp) = 0. Conse-
quently, the set

{r € Dlaz <bs} C | Dpg

p,g€Q
p<g

has measure zero as it is contained in a countable union of sets of measure zero, and

we conclude that X (¢t,z) = &,, 4,z (t) for almost every z € D. O

We remark that the vector fields in the scalar and planar examples of Sec-
tion 3.1.1 and 3.1.2, and the redefined vector fields of Theorem 3.4 are somehow
artificial examples, but they illustrate that the qualitative property of ‘almost ev-
erywhere uniqueness of solutions’ is highly sensitive to the choice of representative of
equivalence classes in LP (R™). The result of Theorem 3.4 illustrates that, regardless
of the regularity of f, if there is a regular Lagrangian flow solution of (ODE) then
there is a representative vector field with non-unique solutions for a set of initial
data of positive measure. :

It is reasonable to search for a canonical representative that mitigates against
this pathological behaviour. One such candidate is the precise representative f* of
the vector field f (defined in Appendix B (B.1)), which is determined by the average
value in the neighbourhood of each point. Intuitively, the precise representative
f* seems incapable of containing an invariant manifold such that locally te the
manifold the vector field takes values both heading towards and heading away from
the manifold, and such that there is a unique regular Lagrangian flow solution to
(ODE). Roughly, the thought is that if the vector field f has values heading towards
and away from the manifold then the average value of the component of f transverse
to the manifold is non-zero. If f has non-zero component transverse to the manifold

then the manifold is not invariant, so solutions cannot ‘loiter’ on them arbitrarily.
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This leads us to the following open problems:

(OP 1) If f is a vector field such that there exists a unique nearly incompressible
regular Lagrangian flow solution of (ODE) then does the precise representative

of f have unique solutions for almost every initial data?

(OP 2) Conversely, is there a vector field f equal to its precise representative, such that
there exists a unique nearly incompressible regular Lagrangian flow solution
of (ODE) and such that the set of initial data with non-unique solutions has

positive measure?

(OP 3) Is there a vector field f such that there exists a unique nearly incompressible
regular Lagrangian flow solution of (ODE) and such that for every vector field
equivalent to f the set of initial data with non-unique solutions has positive

measure?

We remark that a positive answer to (OP 3) implies a positive answer to (OP 2).

3.2.1 Vector field redefinition and avoidance

The examples in the previous section can be viewed as the ‘well behaved’ vector
fields

f(.’l?) =1 | and f (:c,y) = (27 1)

respectively, which have unique flow solutions and unique solutions for all initial
data, that are subsequently altered on a set of zero measure to introduce non-
uniqueness of trajectories. In the first example altering the scalar field f = 1
at a single point is sufficient to introduce non-uniqueness, whereas in the second
example the planar field is altered on a line. It seems intuitively reasonable that
altering the vector field in the second example on a set much ‘smaller’ than a line
can not introduce multiple solutions for a ‘large’ set of initial data. The following
theorem formalises this observation in terms of the avoidance property of Definition
2.26. This property is easily extended to regular Lagrangian flow solutions and is

discussed more fully in the following chapter.

Theorem 3.6. Let f € L1 (R™) be a vector field and X a regular Lagrangian flow
solution of (ODE) such that for almost every initial data = € R", the solution
X (t,z) is the unique solution of (ODE) with initial data x € R™. Let g be a
vector field equal to f outside a compact set N C R™. If the flow X avoids N then

52



for almost every initial data z € R™ the solution X (t,x) is the unique solution of
¢ = g (&) with initial data z € R".

Proof. We recall that X avoids N if the set
Px (N):={z eR"X (t,z) € N for somet € R}

has measure zero. For almost every z € R™\ Px (N) the unique solution ¢ — X (¢, z)
of (ODE) does not intersect the set N. Further, as both N and the trace of t —
X (t,x) are closed the solution ¢t — X (¢, ) takes values outside a neighbourhood of
N. Consequently, for all ¢ € R the point X (¢, ) is in a neighbourhood B on which
[ is identical to g so t — X (¢, ) is the unique solution of £ = g (£) with initial data
z € R™ O

In the following chapter we give a sufficient condition for avoidance, which
is dependent on the regularity of f and the box-counting dimension of N.

We remark that the above theory can be extended for non-autonomous vec-
tor fields with the caveat that the vector field cannot be redefined arbitrarily: to
introduce a fixed point z € R™ to a non-autonomous vector field f we have to set
f(z,t) =0 for all ¢t € [0,T], which means redefining f on a line in R™ x [0,T]. As a
consequence it is easier to consider redefining f on sets of the form N x [0, T] with
N CR™
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Chapter 4

Avoidance

4.1 Avoidance

In Theorem 3.4 of the previous chapter we altered the vector field f on set N of
zero measure to introduce non-uniqueness of solutions. We recall that the set N
was constructed so that each solution from a set of initial data of positive measure
would intersect the set N at which point the pathological behaviour is introduced.
In terms of the avoidance property we see that the N was constructed so that the
flow solution X failed to avoid N. Recall that in Theorem 3.6 we demonstrated that
if we alter a vector field on a set that the flow avoids, then we can not introduce
non-uniqueness of solutions for a significant amount of initial data.

In this section we develop a non-autonomous theory of avoidance that extends
the autonomous theory discussed in Aizenman [1978b]. The main result of this
chapter (Theorem 4.8) states that a nearly incompressible regular Lagrangian flow
solution of (ODE) avoids a subset S C R™ x [0,T] provided that the vector field
f is sufficiently regular and the set S has a sufficiently small dimension. As a
consequence of this theorem, if we alter a vector field on a set N then the dimension
of N has to be sufficiently large in order to affect the qualitative properties of the
flow solution in a significant way.

Definition 4.1. For a compact subset S C R™ x [0,T] we say that a regular La-
grangian flow X avoids S if almost every (by the Lebesque measure of the initial

conditions) trajectory does not intersect a point of S, that is if the set
{z e R"|(X (t,2,0),t) €S for somet € [0,T]} (4.1)

has zero n-dimensional Lebesgue measure.

54



In the case that S = A x [0,T] with A C R™ we can regard the subset S as
a set of spatial points which are to be avoided at all times. As (X (¢,z,0),t) € S
if and only if X (¢,z,0) € A the above definition of avoidance reduces to that used
in the literature (see, for example, Aizenman [1978b], Cipriano and Cruzeiro [2005]
and Robinson and Sadowski [2009]) which only considers avoidance of sets of this
form. Throughout we assume S is compact.

In this section we consider nearly incompressible regular Lagrangian flow
solutions X, that is a regular Lagrangian flow solution such that there exists a

constant C' > 0 satisfying

Zbin (B) < pn ({& € R"X (1,2,5) € BY) < Cpin (B) (4.2)

for all Borel subsets B C R", for all ¢,s € [0,T].
First, we give some trivial conditions for avoidance and non-avoidance for

the non-autonomous case in the following lemmas.

Lemma 4.2. If § C R" x [0,T] is compact and consists of a countable union of
temporal sections of zero n-dimensional measure then every regular Lagrangian flow

solution avoids S.

Proof. Suppose S = J;2, 8™ x{7;} with7; € [0,T] and p, (S™) =0 for all i € N and
let X be a regular Lagrangian flow solution. As S is compact each S™ is compact,

and so Borel. First, by the Lusin condition,
pn ({z € R™|X (75,2,0) € S}) =0 foralli e N. (4.3)

as fn (S™) = 0 for all 7 € N. Next, the set of initial conditions at time 0 that give

rise to trajectories that intersect a point of S

{z e R*| (X (t,z,0),t) € S forsomet e [0,T]}
={r e R"| (X (13,2,0),7;) € S for some i € N}
o0
=|J{z e R"|X (7,2,0) € ST}
i=1
which has zero measure as from (4.3) it is the countable union of sets of zero measure.

Consequently, the set S is avoided by the regular Lagrangian flow X. O

Lemma 4.3. If § C R" x [0,T)] has a temporal section S™ of positive n-dimensional
measure for some T € [0,T] then no nearly incompressible reqular Lagrangian flow

solution X avoids S.
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Proof. Suppose py, (S™) > 0 and let X be a nearly incompressible regular Lagrangian
flow. First, from (4.2) ‘

1
pn ({z € RYX (1,2,0) € S7}) > Eun (§7) > 0. (4.4)
Nekt, the set

{z e R*|(X (t,2,0),t) € S for somet € [0,T]}

contains
{z € R* (X (1,2,0),7) € §} = {z € R*|X (7,2,0) € §7}
' =X(7',',0)—1ST.
which, from (4.4) has positive n-dimensional Lebesgue measure. (]

4.2 Avoidance criteria

In Aizenman [1978b] the author gives the following avoidance criterion for au-

tonomous ordinary differential equations:

Theorem 4.4 (Aizenman). Let the vector field f € LI(R™) for some 1 <1 < oo
and A C R™ be a compact subset. A nearly incompressible reqular Lagrangian flow
solution of (ODE) avoids A if the integral

ra(z)™? dz (4.5)
{zeR™|r4(z)<r0}

is finite, where r 4 (z) := dist (z, A), ro > 0 is arbitrary, and q* is the Holder conju-
gate of q, which is to say that

N
9 4g
Proof. See Aizenman [1978b]. This Theorem is also a consequence of Theorem 4.8,
below. O

Aizenman also proves a sufficient condition for the integral (4.5) to be finite
in terms of the upper box-counting dimension of A. We supplement this with a nec-
essary condition in terms of the lower box-counting dimension of A in the following

lemma:

Lemma 4.5. Let A C R™ be a compact set.
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e If¢* <n—dimp (A) then the integral (4.5) is finite, and
e if ¢* > n—dimpg (A) then the integral (4.5) is infinite.

Proof. See Aizenman [1978b] or Lemma 5.7 for the former. The latter is the content
of Lemma 5.9. 0

Aizenman summarises Theorem 4.4 and Lemma 4.5 in the following sufficient

condition for avoidance in the autonomous case:

Corollary 4.6. Let the vector field f € LI(R") and A C R™ be a compact subset.

A nearly incompressible regular Lagrangian flow solution of (ODE) avoids A if

1 1
5 + m < 1. (4.6)

It may seem unnecessary to detail the intermediary results leading to Corol-
lary 4.6, however in the remainder we generalise the above Theorem 4.4 to non-
autonomous vector fields f € £LP (0,T; £? (R")) and compact sets S C [0,T] x R™.
This generalisation is the content of Theorem 4.8, which is the main result of this
section and again gives a sufficient condition for avoidance in terms of the finiteness
of some integral quantities. Unfortunately, in the non-autonomous case it is not
straightforward to derive a relationship between the appropriate integral quantities
and the geometry of S analogous to Lemma 4.5, so we delay such a discussion until
Chapter 5.

In Cipriano and Cruzeiro [2005] the authors provide a limited extension
of Aizenman’s avoidance results to the non-autonomous case: the same criterion
(4.6) guarantees avoidance of sets of the form S = A x [0,T] for vector fields
f € L£Y(0,T;L9 (R*). For a general compact subsets S C R™ x [0,7] the set
S C P, (S) x [0, T) where P; (z,t) = z is the canonical projection onto the spatial
component. Consequently, as avoidance of the superset implies avoidance of the
subset the result in Cipriano and Cruzeiro [2005] implies that X avoids S if

1 1
T rams B ) <! 4.7

This approach ignores the temporal regularity of f and the temporal detail of S
in that it does not distinguish between the subsets 4 x [0,T] and A x {0} of the
phase space despite the fact that the latter set is smaller and intuitively feels more
‘avoidable’. It is useful, therefore, to find an appropriate way of encoding the spatial
and temporal detail of the set S C R™ x [0,7]. To this end we adapt the integral
(4.5).
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We encode the ‘dimension’ of a compact subset S C R™ x [0, T] in, the set of
a, B € (0,00) for which the integral

1
8 B
-3

Ing(9):= / rs(z,t)"%dz | dt

{zeR"|rg(z,t)<ro}

is finite, where rg (z,t) = dist ((z,t),S). This encoding is the subject of
Chapter 5, in which we discuss the properties of this encoding, compute the integrals
for some simple sets and, in a main result analogous to Lemma 4.5 above, we provide
some sufficient and some necessary conditions for the integral I, g (S) to be finite in
terms of more established notions of dimensions. We remark that we can extend the
quantity I, g to take parameters «, 8 = oo by interpreting the integrals as essential
suprema where appropriate. Before turning to the main result of this section we

will need the following technical result which we prove in Chapter 5.

Lemma 4.7. Let S CR" x [0,T]. If ¢* > 1 and I p~ (S) < 00 then each temporal

section S” has Lebesgue measure zero.

Proof. Follows from Lemmas 5.5 and 5.12 of the following Chapter, in which we

discuss the properties of the integral I, g (S). O

Theorem 4.8. Let f € LP(0,T;L9(R™)) for 1 < p,g < oo, let X be a nearly
incompressible reqular Lagrangian flow solution of (ODE) and let S be a compact
subset of R™ x [0, T). If the integral Ip= 5= (S) < 0o, where p* and q* are the Hélder
conjugates of p and q, which is to say that

1

*

+

Q|
[

1
P*

i

then the flow X avoids the subset S.

Proof. We assume that I« p« (S) < co. As the Holder conjugate ¢* > 1 then, from
Lemma 4.7, the temporal section S° has zero Lebesgue measure.
Following Aizenman [1978b)], for § > 0 we define

sup {ulrs (X (t,2,0),t) > 6 Vte[0,u]} rs(z,0)>48

(%) = 0 rs(z,0) <4

the latest time for which the trajectory with initial data (z,0) stays at least § away

from S. As almost every x € R gives rise to a continuous trajectory we restrict our
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attention to such points and note that from this continuity
ro (X (15 (z),2,0) ,73 (2)) = 6. (48)

Let CPx (S) be the points of Px (S) that give rise to continuous trajectories, so
from the definition of the flow u, (Px (S)\ CPx (S)) = 0. If z € CPx (S) then
the (continuous) trajectory with initial data = approaches S arbitrarily closely, so
75(z) < T for all § > 0. Finally, as rg(z,0) = 0 only if (z,0) € S, that is
if z € SY which has zero n-dimensional Lebesgue measure, we only consider those
z € CPx (S) for which rg (x,0) > 0. Consequently, for all § > 0 the set C' Py (S)\S°
is equal to a countable union of sets of the form

Q5= {:1: rs(z,0) > %, 5 () <T, X(,z,0)€C(0, T])} (4.9)

Fix rg > 0 and 0 < § < rg and let
F () :={z|rs (z,0) > rg, 76 (z) < T, X (-,2,0) € C([0,T])}.

We now show that u, (F (§)) — 0 as 6 — 0: first, introduce the Lipschitz function

g(y):{log(%}) §<y<rg

0 o < Y
chosen so that g (rg (z,0)) = 0 for z € F(d), and from (4.8),
g (7‘5 (X (7-5 (CL‘) ,:L‘,O) )y 76 (:II))) =g (5)

so that

pn (F(6)) 19 (8)] = /lg(rs(X(Ta(m),m,O),Ta(w)))—g(rs(w,O))Idx- (4.10)
F(5)

Next, as

|TS (X (tlamvo) ,tl) —Ts (X (tg,:L‘,O) ’t2), < IX (tl’m’o) -X (t2,$,0)|+|t1 — tz,

the map ¢ — rg (X (t,z,0),t) is absolutely continuous and

d d
= < | ]
dtrg(X (t,z,0) ,t)’ < ’th (t,:v,O)' +1
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Consequently, the composition g (rg (X (¢,z,0),t)) is absolutely continuous in ¢ and
so from the chain rule for almost everywhere differentiable functions Serrin and

Varberg [1969] we have for almost every ¢

d%g (rs (X (t,z,0),t)) = ¢ (rs (X (¢,2,0) ,t)) %rs (X (t,z,0),t).

From (4.10) we write

75

m @@= | %g(rs( (.2,0), )t

// X (t,z,0), ))|<§tX(tx0)' )dtdx

// X (t,2,0), )] (1 (X (t,,0),8)] + 1) dt do

F(8)

<C// "(rs (z,1)) ||fxt +1|dt dz

where we use the fact that X is a nearly incompressible regular Lagrangian flow
solution with compressibility constant C. From Fubini’s theorem we conclude

_ T
i (F (6)) 9 (8)] < c/ / ¢’ (s (2, )| I (2, 1) + 1] de dt. (4.11)
0
F(8)
Next, as |g (6)] = log (%) and the derivative

{—% for almost every y € (4, ro)

0 for almost every y > g,

the inequality (4.11) is

mE@) <os (D)7 [ [ st @ +ilaea

{zlrs(z,t)<ro}

which, after applying Holder’s inequality, gives

pn (F' (0)) < log (%9)_1 I pr () |If + 1”LP;L<1(ST0) :

This is finite as I« p+ (S) < 00, and f+1 € L? (0, T; L], (R™)) implies || f + 1|, Lo(Sy,)
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is finite. As § > 0 was arbitrary we let § — 0 whence log (%Q)_l — 0 giving the
desired result. O

We remark that for subsets of the form S = Ax[0,T] as rg (t,z) =74 (z) =
dist (z, A) the integral I, g (S) reduces to

£ N\ 7
o

ra(z) %dz| dt

{z€R™|r4(x)<r0}

Ia,ﬁ (S)

R~

Il
~
i

ra(z) *dz

{zeR|r4(z)<ro0}

consequently, Ia',g (S) < oo if and only if

ra(z)” %*dz < oo.

{zE€R?|r4(z) <0}

In the autonomous treatment of avoidance in Aizenman [1978b] the author demon-
strates that this integral is finite if 0 < @ < n—dimp (A), which we repeat in Lemma
5.7 of Chapter 5. Combined with Theorem 4.8 (which is presented in autonomous
terms in Aizenman [1978b]) this condition on the finiteness of the integral gives the
avoidance criterion (4.6).

For regular Lagrangian flow solutions of (ODE) Theorem 4.8 allows us to
determine if the flow avoids a specified subset S of the phase space knowing noth-
ing more than the regularity of f and the anisotropic detail of S encoded in its
r-codimension print. This criterion is sufficient but not necessary for avoidance: in-
deed, if S consists of the rational coordinates of a compact rectangle R C R™ x [0, 7]
then we will see in Example 5.16 that I, g (S) = oo for all a, 8 € (0, 00], so no reg-
ular Lagrangian flow solution satisfies the hypothesis of the theorem. However, as
S-has only a countable number of non-empty temporal sections and each temporal
section has zero n-dimensional Lebesgue measure, the elementary avoidance result
of Lemma 4.2 guarantees that every regular Lagrangian flow avoids the subset S.

For the autonomous case Aizenman [1978a] highlights an example by Nelson
[1962] of a generalised flow solution to £ = f (x) with the property that almost every
trajectory intersects the origin and f € L9 (R") for all ¢ < n/(n — 1). In particular,
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the flow fails to avoid a set of zero box-counting dimension and

1+ 1 >n—1 1
g n—dimg({0}) n n_

which gives a borderline example for the avoidance criterion (4.6). In Aizenman
[1978a] the author constructs a similar example where a non-null set of trajectories
intersects a set A C R3 of upper and lower box-counting dimension logk/logm
(for k,m € N such that k < m?) and the vector field is in £9(R?) for all ¢ <
log (m®/k) /log (m?/k). Consequently,

1 1 2logm — logk 1

q + 3 — dimp (A) > 3logm — logk + 3—logk/logm

which again gives a borderline example for the avoidance criterion (4.6) but with a
non-trivial subset A. Note that neither these examples nor the criterion (4.6) cover

the case
1 1

5+ n — dimp (A)

and it remains of interest to determine whether a non-avoiding example can be

=1

constructed which satisfies this equality.

It is of interest to produce examples similar to those of Aizenman [1978a]
for the non-autonomous case in order to understand the sharpness of the avoidance
criterion of Theorem 4.8. Trivially, the Aizenman examples can be adapted to the
non-autonomous setting by writing f = (f,1) and S = A x [0,T] (for sufficiently

large T') in which case
ferL®(0,T;£9(R%) for all g < log (m®/k) / log (m?/k)

so that ¢ has Hoélder conjugate ¢* > 3 — log (k/m). Using the result of Theorem
5.13, we see that Ig»_. 1 (S) < oo for all € > 0 yet I+ 1 (S) = oo so there is a sense
in which the hypothesis of Theorem 4.8 is ‘not quite’ satisfied.

This approach demonstrates the sharpness of Theorem 4.8 for vector fields
f € £Y(0,T;£9(R") and product sets S = A x [0,T], but it is of interest to
find similar borderline cases for vector fields with arbitrary temporal regularity and
subsets S that are not products of a spatial set with the entire temporal domain.

In the next chapter we examine the relationship between the geometry of a
subset S C R™ x [0, T] and the set

{(e, 8) € (0,00] |, () < o0}
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We will see that this set encodes some anisotropic detail of § and we will explicitly
find some points of this set in terms of the box-counting dimensions of S and its

projections.
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Chapter 5
Dimension prints

In the previous chapter we introduced the two parameter family of integrals I, 5 (S)
for subsets S C R™ x [0,T] and demonstrated that if I« (S) < oo then the
set S is sufficiently ‘small’ to be avoided by flow solutions with vector fields in
LP (0,T; L9 (R™)). In this chapter we demonstrate that the set

print, () := {(a,ﬂ) € (0, oo]2 I, (S) < oo},

which we call the r-codimension print, carries significant geometric information
about the subset S. In Section 5.1.1 we demonstrate that the prints are well behaved
with respect to unions and inclusions and are invariant under some transformations
of S. Further, we describe some of the structure of the prints by demonstrating that
the print consists of a union of open rectangles (0, &) x (0, 3). In Section 5.1.2 we give
the main results of this Chapter in which we partially describe the print print, (S)
in terms of the upper and lower box-counting dimensions of the projections of S. In
particular from Corollary 5.14 we see that the point (vy, 8) € print, (S) if either

o v <n—dimpg (P (S)),
® f<1-dimp (P (S)), or
e v3 < v (1 —dimp (P (S))) + B (n — dimp (P, (5))),

where P, (S) and P, (S) are the canonical projections of S onto R™ and [0, 7] re-
spectively. These results indicate that print, (S) distinguishes between the spatial
and the temporal detail of S in a manner similar to the Hausdorff dimension print
of Rogers [1988], which we recall below.

The box-counting dimension encodes the degree to which the points of a set

are ‘spread out’ but fails to capture some significant geometry of this detail: if C is
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the Cantor ‘middle half’ set, which has Hausdorff and box-counting dimension equal
to %, then the product set C x C C R? has Hausdorff and box-counting dimension
equal to 1 (the result for the box-counting dimension is a trivial consequences of
Theorem 6.17. Alternatively, see example 7.6 in Falconer [2003]). Consequently,
C x C has the same Hausdorff and box-counting dimension as a line segment in R?
yet the sets have different anisotropic (i.e. directionally dependent) detail in the
sense that the product set has detail in two directions whilst the line segment has
detail in only one.

In Rogers [1988] the author captures the anisotropic properties of subsets of
R™ defining an n-parameter family of measures H® similar to the Hausdorff mea-
sures. The dimension print of a set S is the set of points a for which H*(S) is

non-zero.

Definition 5.1 (Rogers [1988]). For a subset S C R™ and o € R™ with o; > 0 for
all j we define for all 6 > 0 the quantity

00
’H? (S) = inf {Z 1 (B,L')O‘1 R (Bi)a" B; € B, diam B; < 4, U?ilBi D S}
. i=1

where B is the set of open rectangular parallelepipeds (henceforth ‘bozes’) in R™,
li (Bi),la(Bi),...,ln(B;) are the side lengths of the boz B; taken in a non-increasing
order and 1; (B;)° = 1 for all i, ;.

We say that o is in the Hausdorff dimension print of S and write

a € printy (S), if and only if the Hausdorff-type measure

H*(S) :=sup Hf (S)
>0

18 positive.

As each measure weights the side lengths of the boxes differently it is possible
to distinguish between sets that are easily covered by long thin boxes, such as a
liné, and sets which are not, such as the product set C' x C'. Note that the measure
H(@0-40) s equal to the usual d-dimensional Hausdorff measure multiplied by a
constant depending only on n, so it is possible to read the Hausdorff dimension of
a set directly from the Hausdorff dimension print. Also note that we do not require
the boxes B; to have sides parallel to the coordinate axes so that the Hausdorff
dimension print captures the degree to which a set has directionally dependent
detail but not the direction in which this detail lies. In particular the dimension

print is invariant under Euclidean transformations of a set as we can simply apply
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the same transformation to each of the covering boxes B;. Whilst this is generally
regarded as a desirable property for any notion of ‘dimension’ we ultimately wish
to distinguish between spatial detail and temporal detail when we consider subsets
of the space R™ x [0,T] for applications to non-autonomous ordinary differential
equations.

At the expense of this Euclidean invariance we can use dimension prints
to capture the direction in which the detail lies by instead restricting the class of
boxes B in Definition 5.1 to be those with sides parallel to the coordinate axes and
each 19 (B;) to be the length of the side of the box B; which is parallel to the ;%
coordinate axis.

In Lee and Baek [1995] a box-counting dimension print is defined in a similar

way from the premeasure
pe(S) = li%ni(r)lf{Nl (I8 0<l; <lp < ... <1, <6}
—.)

where, after dividing R™ into mesh boxes with dimensions l; x Iy X ... X Iy, the
quantity N; (S) is the number of mesh boxes which intersect the set S. In the next
section we define a similar print, print, (S), by integrating the distance to S over a
neighbourhood of S. We demonstrate that some of the structure of print, (S) can

be determined from the box-counting dimension of S and of its projections.

5.1 r-codimension print

We introduce the r-codimension print, print,. (S), as another way of encoding the
anisotropic fractal detail of a subset § C R™ x [0, T, so called as it is defined in terms
of the function dist (-,.S) : R™ x [0,T] — R which Aizenman [1978b] denotes by 7.
Throughout we assume that S is compact. We demonstrate a relationship between
this print and the box-counting dimension of S before generalising this result for
product sets S = A x T for ACR® and 7 C [0,T.

Definition 5.2. The r-codimension print of a subset S C R™ x [0,T], denoted
print, (), is the set of points (v, 8) € (0,00]? such that the integral

I

0

rs (z,t)”7 dm) dt

is finite, where rg (z,t) := dist ((z,t),S) and Sy, is the ro-neighbourhood of S for
some positive constant rg.
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As r;l is bounded outside each neighbourhood of S the choice of positive
constant g is arbitrary. Equivalently, (-, 8) € print, (S) if and only if

L1, € £ (0,T;L7 (R™)
rs

for some r9 > 0, where 1g,, is the characteristic function for the set Sy,. For brevity

of notation we write

Hg”gﬁ;m(sro) = ||g “1s, £8(0,T;L7(R™))

however this is not a seminorm on £? (0,T; L (R")) as Hg||£5;m(sro) = 0 for any
maps g equal to zero almost everywhere on Sy,

As r;l is unbounded on S,, for fixed «, 8, the quantity Hr?” £8,£7(Srp) is
finite if rgl is not too singular. By allowing v, to vary we can capture how
singular rgl, and therefore how ‘spread out’ the set S is. Further, by allowing
7, B to vary independently we can weight the norms so that contribution from the
spatial component is more or less significant than the contribution from the temporal
component. Consequently, the r-codimension print encodes how ‘spread out’ the
points of S are and the extent to which this spread is temporal rather than spatial.

This definition is easily generalised to consider the anisotropic detail of a
subset § C R™! with respect to each of the (n + 1) coordinates: in this case the

r-codimension print of S is the set of points a € (0, 00]** such that

——1 Lo+ (R (LY (R; Lo (R;...; LY (R . 5.1

s € L7 R (L R R s LB R (5)
This broader definition more closely mimics the dimension prints of Rogers [1988]
and Lee and Baek [1995] however, in the application to non-autonomous ODEs in
Chapter 4 we only distinguish between the spatial and temporal detail of a subset.
The ‘spatio-temporal’ r-codimension print of Definition 5.2 is simply the restriction

]"+1 such that a1 = ag =

of the more general codimension print to points a € (0, 0o
... = ayp so that the spatial contributions to the norm are all weighted equally.
Note that the definition of the r-codimension print presupposes an ordering
of the coordinate axes in the order of integration of (5.1). It is not immediately
clear how the print varies under reordering of axes. However, for our application we
use the canonical spatio-temporal order presupposed in our choice of vector fields:
the norm of the vector field f € £P (0, T; £L7 (R™)) is defined by first integrating with
respect to the spatial variables, then with respect to time. Henceforth, we consider

S C R™ x [0,T] and use Definition 5.2.
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5.1.1 Properties of the r-codimension print

The r-codimension print reverses inclusions, which is a property shared by the so

called codimensions n — dim (A), justifying the use of the term ‘codimension’.
Lemma 5.3. If AC BCR" x [0,T] theﬁ print,. (B) C print, (A)
Proof. Cléarly dist ((z,t), A) > dist ((z,t),B) 50 0 < r4 (z,t)”" < rp(z,t)"! and
Ay, C By,. Consequently, for all (v, ) € (0, 0]?,

||7‘21||4n;m(A,0) < ||7"1_31”Lﬂ;m(3r0)
so (v, 8) € print, (B) implies (v, 8) € print, (A). O

Applying this lemma to a countable collection of subsets A; C R™ x [0, T] yields the

inclusion
o oo 3
print,. (U A,-) C m print,. (4;). (5.2)
i=1 i=1

The r-codimension print is invariant under translation and scaling of sets,
which we demonstrate in the following lemma. However, the print is not invariant

under more general similarities, such as rotations.

Lemma 5.4. Let S C R" x [0,T]. Ify € R*, t € [-T,T] and XA > 0 are such that
the sets

S5+ (yt):={(z+y,s+1)|(z,5) € S}
AS:={(Az,As)|(z,s) € S}

are subsets of R™ x [0,T] then
print,. (§) = print,. (S + (y,t)) = print, (AS).

Proof. It is clear that

s (Az, As) = Arg (z, 8) and Tsy(yt) (T +y,8+t) =75 (z,s)
SO
- 1 _ - -
ras (z, 8) - Xrg (z,s) 1 and TS+(y,t) (T + Y8+ t) L= g (z,s) .
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Consequently, for each (v, 8) € (0, 00]?,

) = Alr3s

s erico(sny) = |5t lewes(s),)

L8 ((S+yt)),,
so print, (S) = print, (S + (y,t)) = print, (AS). O

A straightforward application of Holder’s inequality gives some of the struc-

ture of the r-codimension print:

Lemma 5.5. For each point in the r-codimension print (v,5) € print, (S) the
rectangle (0,7] x (0, 8] is a subset of the print.

Proof. Follows immediately from the inclusion
oz (o,T;m’* (R”)) c £P(0,T; L7 (R™))

for0<p*<B, 0<y*<H. O

In Example 5.15 we explicitly find the r-codimension print of the singleton
{0} € R™ x [0, T], which, from Lemma 5.4, has the same r-codimension print as any
singleton subset of R™ x [0,T]. Consequently, in light of the reversal of inclusion in
Lemma 5.3, the r-codimension print of any non-empty subset S C R™ x [0,T] is a
subset of the union

print, ({0}) = {(v,8) B <v+pn 0<% B <oo}
U{(7,00),0 <y <n}

U{(o0,8),0< B < 1},

illustrated in Figure 5.1.

5.1.2 Relationship with box-counting dimension

In this section we initially present two lemmas that provide conditions for the inte-

/S rs (z)"7 do

0

gral

to converge or diverge respectively. This allows us to obtain some points in the
r-codimension print of S and to exclude others from the print. The first lemma
yields an inclusion criterion in terms of the upper box-counting dimension of S and
" is due to Aizenman [1978b]. We include the proof as a similar argument will be

useful later.
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B Bty

98 =%+ fn

Figure 5.1: The r-codimension print of the singleton {0} C R™ x [0, 7.

We discuss the box-counting dimensions at length in Chapter 6. However,
here we recall the following alternative ‘Minkowski sausage’ formulation of the upper

and lower box-counting dimensions (see, for example. Proposition 3.2 of Falconer
! I

[2003]):

Lemma 5.6. For a bounded non-empty F' C R"

dimp (F) = n — liminf M (5.3)
50 log &
log (puy, (Fs
dimzp (F) = n — limsup M (5.4)
6—0 ]Og 0

where Fy = {x € R"|dist (z, F') < &} is the §-neighbourhood of F. Further, for each
a and 3 such that « > n —dimpg (F) and f < n—dimg (F) and éach 6* > 0 there
exists a constant C' > 0 such that

g i ;
Eo“ < pn (F5) <C8° V8 €0,6*] (

(B3
(3
S

Proof. See Lemma 6.5.

70



We this formulation of the box-counting dimension, we can prove the follow-
ing:
Lemma 5.7 (Aizenman [1978b]). For S C R", any 0 < vy < n —dimp (S) and any

ro > 0 the integral
/ rs (z) " dz
S,

0

is finite.

Proof. Choose ¢ € (0,n —dimp (S) — ). We split the integral into the minimum
value for 75 (z)”7 and the the difference between the minimum and actual value

J

Clearly the first integral is finite and for the second

B rs(z)™"
/ [rs ()77 —rg 7] dz = / / 1dudz
s, S Jrg?

which, from Fubini’s theorem, is equal to

o0 oo
/r“‘* / 1dmdu=/r_7,un(8u_%)du

0 L 0
zirg(z)<u” 7 }

TS (a:) Ydx = / 'rO_'de + /S [T‘S (,1:) - _ ,,.(-)—’Y] dr

To STO o

0

As v+ e < n —dimg () we have from Lemma 6.5 that there exists a constant C

—1\(r+e) 1
such that u, (S - %> <C (u W) for all 4~ < rg. Consequently the above
u
integral is bounded above by

/oo C (u_%>7+€ du = C/oo u_(1+%)du
,,.5"{ 7.5’7

which is convergent as 1 + % > 1. |

Corollary 5.8. For SCR" x [0,T] and 0 < v < n+ 1 — dimp (S) the point (vy,7)

is in the r-codimension print of S.

Proof. From the above lemma the integral

T
// rs(z,t) " dzdt = / / rs (z,t)"" 1s, dz dt
Sro 0o Jre

= ([[1"51”0;5"(5TfJ))7
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is finite, so (v,7v) € print, (5). O

The second lemma yields an exclusion criterion in terms of the lower box-

counting dimension of S:

Lemma 5.9. For S C R™, any v > n —dimyp (S) and any ro > 0 the integral

/S rs(z) 7 dz

0

diverges.

Proof. As in the proof of Lemma 5.7 we write the above integral

_ _ o0
/S rs () ’de=/ ro“Ydm-i-/_an(Su_%)du.

0 S, To To

We ignore the first term and note that from Lemma 6.5 as v > n — dimzp (5)
_INTY 1
there exists a constant C such that % (u v) < n (S _%) for all v » < rg.
u
Consequently the above integral is bounded below by

which diverges. a

Corollary 5.10. For S C R" x [0,T] and v > n+ 1 —dimpg (S) the point (v,7) is

not in the r-codimension print of S.

Proof. From the above lemma the integral

T
// rs(w,t)—“’dxdt=/ / rs(:c,t)_Wlsroda:dt
Sro 0o JR»
_ v
= (”rslum;m(sro))

diverges, so (v,~) € print, (5). O

Corollary 5.11. For a subset S C R™ x [0,T] every point of the open square
(0,7 + 1 —dimp (S))? is in r-codimension print of S. Further, every point of the
square (n + 1 — dimg g (S5) ,00]% is not in the r-codimension print of S. These points

are illustrated in Figure 5.2.

Proof. Follows from the previous two corollaries and the Lemma 5.5. O
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There is a gap between the inclusion criterion of Lemma 5.7 and the exclusion
criterion of Lemma 5.9. Indeed, the hypothesis for either lemma is not satisfied for
in the range n —dimp (S) < v < n—dimgp (5) and, as we demonstrate in Chapter
6 that there are sets for which dimzp (S) = 0 and dimp (S) = n, this gap can be

large.

n+1—dimygS

n+1-—dimpsS [T il
|
|
|
|
|
|
|

1

n+1—dimgS n+1—dimpgS

v

Figure 5.2: A subset of points (v, 3) that are in print, (S) and a subset of points
(v, ) that are not in print, (S).

The following lemma relates the Lebesgue measure of a set to its codimension
print. We consider the Lebesgue (n + 1)-dimensional measure of the set S and the

Lebesgue n-dimensional measure of the temporal sections S™:= {z € R"|(z,7) € S}.
Lemma 5.12. For S C R" x [0, 7]
o If iny1(S) > 0 then print, (S) = 0.

e If S has a temporal section with positive n-dimensional Lebesgue measure, that
is jin (S7) > 0 for some 7 € [0,T], then the r-codimension print of S does not
contain any point (v, B) with B > 1.
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Proof. If pp+1(S) > 0 then the Hausdorff dimension of S, dimpy (5), is at least
n+ 1. Consequently, from the relationship between the Hausdorff and box-counting
dimensions (see, for example, pp.46 of Falconer [2003] or §3.2 of Robinson [2011]),
n+1 < dimg (S) < dimz g (S) and so, from the exclusion result of Corollary 5.11, no
point of (0, 00]? is in print, (S) so the print is empty. More directly, if fn41 (S) > 0
then the function rg (z,t)”" is unbounded on a set of positive (n + 1) measure so
Hr;lnm;m(&o) is infinite for all v, 8 > 0.

Next, suppose that u, (S7) > 0 for some 7 € [0,T]. Clearly S™ x {r} C S
and

8™ x [r =10, T +10] C (8™ X {7}),y C Sro-

Further, rg-y(r} (z,t) = [t — 7| for all (z,t) € S” x [T — 1o, T + o] 50, as §" x {7} C
S, the distance function rg (z,t) < |7 —t|. Consequently,

B
5
T

= rs(z,t) Tdz | dt

”r?”cﬂ;m(sro) o

{z|rg(xz,t)<ro}

B
T+70 . v
> / [t—7]77dz | dt
T—T0

T+7T0
— i (575 / 1t — 778 dt

T—70

which, as uy, (S7) > 0, diverges for 8 > 1. , O

5.1.3 Product sets
We now consider sets of the form S:= A x T where A C R™ and 7 C [0,7]. With

this product structure we can write the distance r (z,¢) in terms of the distance
from z to A and the distance from ¢ to 7: we introduce the notation rg (z,t), 74 ()

and r7 (t) for these respective distances and note that
rs (z,1)° =ra(2)* +r7 ()" (5.6)

The following theorem provides conditions for points to be in the r-codimension
print of product sets. Conditions (i) and (ii) are consequences of Lemma 5.7; our

interest is in conditions (iii) and (iv).

Theorem 5.13. Suppose S C R™ x [0, T is such that S = A X T for some A C R®
and T C [0,T). The point (v, B) is in print, (S) if one of the following conditions
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holds:

(i) v < n—dimpg (A)

(i) f<1—dimpg(T)

(iii) v <y (1 —dimpg (7)) + f(n — dimp (A)).

Further, the point (v, 3) is not in print, (S) if the following condition holds

(iv) B8 > (1 —dimzp (7_)) +/ (Tl —dimyp (A)) 2

These points are represented in Figure 5.5.

1—dimygT |-

1 —dimg T

|

n—dimgA n—dimygA

g

Figure 5.3: The result of Theorem 5.13: the region below the lower hyperbola
consists of points (v,3) € print, (A x T); the region above the upper hyperbola
consists of points (v,/3) ¢ print, (A x T). The theorem provides no information
about points on the hyperbolas themselves or in the region between them.

Proof. Note that in light of the equality (5.6)

H".§l||c/’;m(s,.o) i H(TA Ty

2 ,2)-%

(5.7)
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First, we assume that condition (i) holds in which case, from Lemma 5.7, the integral

/A ra(z) 7 dz

T0

(SIS

is finite. Consequently, as (r% +7%) 2 < r3* and Sy, C Ay, x [0,T], the quantity

(5.7) is bounded above by

Irs*lzoizr(s,) < 173l 2osv (¢ 077)

-1
= “TA 1(Ar0 x[0,T7) H[ﬁ(O,T;C"(R"))

-\

which is finite for all 8 € (0, co].
Next, we assume that condition (ii) holds in which case, from Lemma 5.7,

/ T (t)—ﬂ dt
T

0

ra(z)™" dm) !

0 £A((0,T))

the integral

=

is finite. Consequently, as (r + %) 2 < T}l and S;, C Ay, x Tr, the quantity

(5.7) is bounded above by

175 en.er(sr) < 17 esenange) = 77 trgxi) | oo ey

which, as l(AroxTro) (z,t) = l(Aro) (z) 1(7;0) (t) and 7‘}11(7;0) is independent of z,
is equal to

-1
T H(T)

” Lar)l 2 (R™) £A(j0,T)

1
B
-8
t dt
which is finite for all v € (0, 00].

For conditions (iii) and (iv) both v and j are finite so

= Hluro)

Tl

st [ (s 1y woe) o] - e
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From (5.6)

S = (@) Irs (2, 1) < 7o} = {(x, ) 1ra (@) < /7 — rr (7 (8) < ro}

which with (5.8) yields
£ 1%
Y
rs (z,t)7" dm) de| . (5.9)

-1 =
Irs ”cﬂ;m(sro) - /7;0 (/Am
0

We now write the middle integral of (5.9) in a more useful form: Denote

J(t):=/ rs (z,t) T dz
A, [rZ-r(t)?
-2
_ / (ra@?+rr ) 7 de

from (5.6). Fix t € T, and, proceeding in a similar fashion to the proof of Lemma

5.7, we write J (t) as the sum

J(t) = | ro dz (5.10)

A,/rg—rT(:)Z
+ /
A\/rg—r»r(t)z

The second integral (5.11) is equal to

(TA (2)? + rr (t)2)—% —ry 'dz. (5.11)

(ra@?+rr®)?) "7 ()=
/.

/ / 1du dz = /
A o/ e
T(%_TT(t)2 7‘67 ] —1'7—(t)2

-
To

from Fubini’s theorem. Consequently,

rr(t)”

10 =1 (A ggmm) + [ (A

it
To

2o
X
py
e
N—’
(o9
[~

7



so from (5.9)

sy = | [ |7 (4, 7)

Tro
rr(t)”7 g 5
+ / n (A —3 2) du} dt] . (5.12)
u T —r7(t)
o

Next, assume that (iii) holds. In light of the previous two cases, we assume ad-
ditionally that v > n — dimp (A) and that n — dimpg (A) > 0 as condition (iii)
reduces to (ii) if dimp (A) = n. With these assumptions there exists an 1 such that
0 <np<n-dimp(A) and

¥8 < (1 - dimp (T)) + Bn. (5.13)

Consequently, from Lemma 6.5 there exists a constant C such that u, (4s) < C"
for all 0 < § < rg. From (5.12),

” rr ()7 8 1

2 B
”Irgl”ﬁﬁ;ﬁ“f(sro) S l:/ l:’f‘o_ O(T’O —TrTr (t) )2 -+ C (u L s (t)z)z du] dt:|

Ty !
1
i rr(t)™ 77
<C / rd 7 + uwrdu | dt
0
rg !

and, as v > 7,
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which, from Lemma 5.7, is finite as 0 < (8y — fn) /v < 1 —dimg (T) from (5.13).

Next, assume that (iv) holds so there exists an n such that

n>n—dimzpg (A4)

and vB > v (1 —dimgp (T)) + . (5.14)

From Lemma 6.5 there exists a constant C' such that u,(A45) > C~1§7 for all

0 < 6 < rg and consequently, from (5.12),

1
B8
rr(t)”” v f
-1 1 _2 2 "21
75l s,y 2 € (v —rr ) du |
Tro Ty

By restricting the domain of the first integral to 7,/ 5 and the domain of the second

to u such that ry” < u < (V2rr (t)) ", we write

. £ 13
(Varr ()" 7
—1 _1 _2 2 3
”Ts ”U’;D(Sro) 2C / / (u v —rfr.(t) ) du| dt
Tro/v2 5
and for v in this range, us > 2r7 ()% so that
r _ 8 %
(Verr ()" K
- -1
||T‘Sl||Lﬂ;L’Y(STO) >C~ / / T (t)’7 du dt
7;‘0/\/5 T, R
_ 1
5
—C> / (2—%7"7- &) — 1o rr (t)") dt
:’;0/\/5
1
5
Bln=
> 07127 / rr (05 dt
7-To/\/i

which, from Lemma 5.9, diverges as (8y — fn) /¥ > 1 —dimzg (T) from (5.14).

a

Note that the conditions are related by the implications (i) = (iii) and

(ii) = (iii) for finite v, 8, so the condition (iii) is sufficient for finite v, 5.
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Corollary 5.14. For a general set S C R™ x [0,T] the point (v, B) € print, (S) if

either
o v <n~—dimp (P, (5)), or
o 8 <1-dimp(P(S)), or
* 18 <y(1-dimp (R (5))) + B (n — dimp (Pz (5))),

where Py (S) and P, (S) are the canonical projections of S onto R™ and [0,T)] re-

spectively.

Proof. Follows from the trivial inclusion S C P, (S) x P; (S), the reversal of inclusion
Lemma 5.3, and the Theorem 5.13. O

5.1.4 Examples

We compute the r-codimension print for some subsets of R™ x [0,7"]. Whilst the
calculations are straightforward, we find that computing the r-codimension print
of even the most elementary subsets is quite involved. Fortunately, the result of

Theorem 5.13 greatly simplifies this calculation.

Example 5.15. The singleton S = {0} C R™ x [0,T] has r-codimension print the

union

print, (S) ={(y,B) W8 <v+PBn 0<~,B< oo}
U{(y,00),0 <y <n}uU{(o0,8),0 < <1},

illustrated in Figure 5.1. As S can be written as the product set {0} x {0} and
dimp ({0}) = 0 conditions (i), (ii) and (iii) of Theorem 5.18 guarantee that the
print contains this union. Further, as dimpp ({0}) = 0, condition (iv) guarantees
that no point of {(v,B8) W8 >~v+Bn 0<~,B < oo} is in the print.

In this case, Theorem 5.13 yields the majority of the structure of print, (S)
as only the borderline cases remain: we now show that points on the hyperbola
vB = v + Bn, the points (v,00) for v > n and the points (0o, ) for 8 > 1 are not
in print, (S):

For simplicity we assume that T > /2. The distance function is given by
rs (z,t) = +/|z|* + |t|* and by taking ro = V/2 the rectangular set [-1,1]" x [0,1] C

Sro- Consequently, by reducing the domain of integration, for 0 < v,8 < oo such
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that y8 =~ + fBn

-

- ' g
Y

Hr;lnm;m(sro) > (|x|2+ W)-% de | a

[ \fellel<ld}
i £ 1%
1 =2
> (2|t|2) “do | de
{zllz] <[t}

- ;

> [/ 2= 5 1t pn{z| |z| < It]}gdt]
0

and as pn{x||z| < |t|} = wn|t]", where wy, is the volume of the unit ball in R™, the

quantity “Gl”gﬂ;m (510) is bounded below by

1
g 1 8_ B 8 1
[wgz"%/ [t 'Bdt] = [wﬁ’2_'§/ |t|‘1dtJ
0 0

-1
2

ol

which diverges.

Next, as SUD{z|rg(x,t)<ro} (,x|2 + lt|2) = ,t'_l’

va _
s ey = || essu (iaf+ 1) o

{x]rs(m,t)<r0}
V3
= / [t dt
0

which diverges, so (0o,1) ¢ print, (S). Consequently, from Lemma 5.5, (co,f) ¢
print, (S) for all > 1.
Finally, the domain {x||m|2 +t? < 7"8} and the integrand ([az:I2 + |t|2>

are both largest at t = 0 so we clearly have

Wi

i 3
2

-1 —
s ”cw;cl(sm) - ises[(i;]l)/{x||m|2+!tl2<r§

= / |z| " dz
{zllz|<ro}

which diverges, so (n,00) ¢ print, (5). Again, Lemma 5.5 yields (v, 00) ¢ print,. (S)

} <|x|2 + Itlz)_% dz

forally > n.
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In the following example the set is merely countable, but is sufficiently ‘large’

to have an empty r-codimension print:

Example 5.16. Let S consist of the rational coordinates of a compact rectangle
R C R"x[0,T). As the upper and lower boz-counting dimensions are invariant under
closure (Falconer [2003], proposition 8.4) and S = R, dimpg (S) = dimyp (R) =
n+ 1. Consequently, by Corollary 5.11, print, (S) = 0.

Unfortunately, Theorem 5.13 does not necessarily capture the entire r-codimension
print, even for product sets, as the following example demonstrates:

Example 5.17. Let A C R™ and T C [0, T be such that dimp (A x T) < dimp (A)+
dimp (T), for ezample if A and T are the generalised compatible Cantor sets of Ex-
ample 6.18. From this inequality there exists v for which

n+1—dimg (A) —dimp (7) <y<n+1—-dimp (A xT)

Consequently, the point (v,7) is in the print of S from Corollary 5.11. However this
point is not captured by Theorem 5.13 as 7? > v(n — dimp (A)) +~v(1 = dimp (7))
and so does not satisfy condition (iii).

In light of this example it is of interest to determine exactly how badly
Theorem 5.13 can fail to capture the r-codimension print. We can first attempt to
optimise this example so that the inequality dimp (X x Y') < dimp (X) + dimp (Y)
is as wide as possible. Indeed, if 1 = dimp (X x Y) < dimp (X) + dimg (Y) = 2
(which, as we see in the next chapter, is the widest inequality of this type and
is given by the sets in Example 6.19) then Theorem 5.13 does not provide any
points of print, (X x Y'). However, we see from Corollary 5.11, that the open square
(0,1) x (0,1) C print, (X x Y).
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Chapter 6

Box-counting dimension

6.1 Box-counting dimension

In the previous chapter we saw that as a result of Corollary 5.11 and Theorem
5.13 we can find points in and exclude points from the 7-codimension print of a set
S C R™ x [0,T] if we know the upper and lower box-counting dimensions of the
sets S and its projections P, (S) and P; (S). Further, we demonstrated that there
is a discrepancy between these results and that the size of this discrepancy depends
upon the size of dimpg (P, (S)) +dimp (F; (S)) —dimp (S). In this chapter we derive
and discuss the box-counting dimension product formula in order to determine the
sharpness of Theorem 5.13.

First, we define and prove some properties of the box-counting dimension of
a set F' C X in an abstract setting where X is a general metric space. We will see
that some proofs are simplified in the Euclidean case X = R"™. We begin by defining
the sets for which we can make sense of the box-counting dimension:

Definition 6.1. A set F C X is totally bounded if for any length § > 0 there

ezxists a finite collection of sets of diameter & that form a cover of F.

In the following lemma we demonstrate that in the Euclidean case the totally
bounded sets are precisely those that are bounded: that is those sets contained in a

ball about the origin of some finite radius.
Lemma 6.2. A set F C R" is totally bounded if and only if it is bounded.

Proof. Suppose F is totally bounded and fix 6 > 0. Let {U;},; be a finite collection
of sets of radius § > 0 that forms a cover of F' and for each ¢ € I select a point
u; € U;. Clearly, for each ¢ € I the set U; is contained in the ball of radius ¢

centred on u;, so no point of the cover, hence no point of F, is further than distance
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max;er {|u;|} + 6 from the origin.

. Conversely, suppose F' is bounded then so that the closure of F, denoted by F, is
‘ i ccF As eacE
element of this cover is open and F' is compact there exists a finite subcover of F

compact. For a fixed § > 0 consider the cover of F' given by {Bs/s ()}

(and hence of F) of balls of diameter §. As § > 0 was arbitrary we conclude that F'
is totally bounded. O

For a general metric space X boundedness is not sufficient to ensure total

boundedness, as illustrated by the space X = R endowed with the discrete metric

0 z=y

p(z,y) =
1 z#uy.

Note that the metric space (R, p) is contained within the unit ball centred on the
origin, however the interval [0, 1] requires infinitely many balls of diameter 1/2 to

cover as no two points of [0, 1] are in the same ball.

Definition 6.3. The upper and lower box-counting dimensions of a totally
bounded set F C X are defined by

. log N (F, )
di F):= limsup ———— and 6.1
m (F) 5—>0+p —logé (©.1)

. .. . logN(F,6)
dimzp (F):= I{Snl(l)rif “Togd (6.2)

respectively, where N (F, ) is the smallest number of sets of diameter 6 that form a

cover of F.

It is sufficient to only consider d < 1, which avoids the singularity at § = 1.
Essentially, if N (F,d) scales like §7¢ as § — 0 then the box-counting dimensions
capture € which gives an indication of how ‘spread out’ the set F' is at small length-
scales.

. Definition 6.3 immediately yields the inequality dimgp (F) < dimp (F) for
all sets FF ¢ X. This inequality can be strict, even in the Euclidean case, as
illustrated in exercise 3.8 of Falconer [2003] or the example in §3.1 of Robinson
[2011]. The existence of such sets is also a consequence of Theorem 6.17 albeit
with a less direct construction than that of Falconer [2003] or Robinson [2011]. If
dimyp (F) = dimp (F) then we say that the box-counting dimension of the set
F C X exists and is equal to this common value. However, as the literature does
not use the term ‘box-counting dimension’ consistently we will exclusively refer to

the upper and lower box-counting dimensions.
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6.1.1 Equivalent definitions

The limits in Definition 6.3 are unchanged if we replace N (F,§) with one of many
similar geometric quantities. These equivalences are discussed at length in Falconer
[2003] §3.1 and the proofs proceed by finding relationships between the quantities
and demonstrating that the difference vanishes at the limit. For completeness we
derive these relationships as we will use them to prove the box-counting dimension

product formulas in the next section. The geometric quantities of interest are

o the largest number of disjoint balls of diameter § with centres in F, which we
denote N’ (F,4), and

e in the Euclidean case X = R™, the number of §-mesh boxes, that is sets of the
form .
[m1d, (mq + 1) 8] x ... x [mypd, (mp, + 1) 4]
for integers mi, ..., my, that intersect ', which we denote by M (F,4).
We take the following from §3.1 of Falconer [2003]:

Lemma 6.4. For each set F C X and length 6 > 0 the geometric quantities N and
N' are related by

N(F,2) <N (F3), 63)
N'(F,26) < N (F,3), (6.4)

and, if X = R", the geometric quantities N and M are related by

N (F,6v/n) < M (F,5) and (6.5)
M (F,5) < 3"N (F, ) (6.6)

Proof. Let z; € F for i = 1...N'(F,d) be the centres of disjoinf balls of diameter
26. For j = 1...m let each U; be a set with diameter 4. If the U; cover F then
they certainly cover the centres z;, but if z; € U; then Uj is contained in the ball
of diameter 26 centred on z;. As these balls are disjoint, there must be at least one
U; for each z;, yielding (6.4).

Next, let z; € F for i = 1...N'(F,6) be the centres of disjoint balls of diameter
5. Consider the balls Bys (z;) of diameter 2§ with centres z;. Suppose that these
balls do not form a cover of F then there exists a y € F' such that |z; —y| > 4.
Consequently, there exists an additional disjoint ball of diameter § with centre y € F,
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which is a contradiction, so the Bys (z;) for i = 1...N'(F,d) are a cover of F,
yielding (6.3).

Next, if X = R™ and F intersects M (F,4) mesh boxes of side length 4§, then these
boxes have diameter §y/n and form a cover of F' yielding (6.5).

Finally, any set of diameter ¢ is contained in at most 3" boxes of side length §,
yielding (6.6). O

In the Euclidean case X = R™ there is an alternative ‘Minkowski sausage’ formu-

lation (éee Falconer [2003] for proof of equivalence). For a compact F' C R"

. o Jog (pn (F5))
dimg (F) =n — hgri}élf log 8 (6.7)
1 F;
dimyg (F) = n — limsup log (in (F5)) (6.8)

60 logd

where Fs = {z € R"|dist (z, F') < &} is the é-neighbourhood of F. Essentially, if
U, (Fy) scales like "¢ as § — 0 then the box-counting dimensions capture € giving
an indication of the growth of the d-neighbourhood of F. In fact we have the
following bounds on u, (Fs):

Lemma 6.5. Let F be a compact, non-empty subset of R™. For each o and 3 such
that o > n — dimpg (F) and f < n — dimp (F) and each 6* > 0 there ezists a
constant C > 0 such that

0% < (Fs) S OF Wi e(0,67) (6.9)
Proof. Immediately from (5.3) and (5.4) there is an 5 with 0 < n < 6* such that

log (un (£5)) <o and log (4 (F5)) > B  forall §intherange0 <d<n
log - log é

Cansequently,
6% < pp (F5) <69 for0<d<n. (6.10)

For § in the range n < § < &* observe that Fjs is contained in a ball B* of ra-
dius diam (F') /2 + 6* and, as F' is non-empty, Fs contains a ball B~ of radius .
Consequently,

pn(B7) < pn (Fs) S pn (BT)  forp<d<dr.
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and so

6 6f .
pin (B7) 57w < tin (F5) < pin (BT) 7 forp <6 < 6" (6.11)

From, (6.10) and (6.11) it suffices to choose C sufficiently large that

1

C > max (1,,un (BY) n”ﬂ) and rol < min (1, s (B7) 6*7%).

The constant

C' = max (L#n (B+) n_ﬂ,,un (B_)—l 5*a)

= max (1,wn (diam (F) /2 + 6*)" n‘ﬂ,wgln‘“d"a) ,

where w, is the n-dimensional measure of the unit ball in R”, is sufficient.

Finally, we extend this bound to § = 0 by noting that Fp = F' and that if
tn, (F) = 0 then the bounds (5.5) are trivially satisfied as & > 0. If u, (F) > 0 then
the lower bound is trivially satisfied and n < dimpy (F') < dimpg (F). In this case
B < 0 and the upper bound is vacuous. 0

The growth of u, (Fs) at small length scales reflect how ‘spread out’ the set
is at these length scales: rapid growth as ¢ increases indicates that the § neighbour-
hoods around a significant number of individual points of F' do not intersect by a

large amount, which is that these individual points are ‘spread out’.

6.1.2 Product sets
For the remainder of this section, let (X,dx) and (Y,dy) be metric spaces and

endow the product space X x Y with the metric

(& +d)F  pell,o0)

max(dx,dy) P =00

for some p € (1, 00]. It is well known that if ¥ C X and G C Y are compact subsets
then the lower and upper box-counting dimensions of the Cartesian product F' x G

satisfy

dimzp (F x G) > dimpp (F) + dimzp (G) and (6.13)
dimp (F x G) < dimp (F) + dimp (G) (6.14)
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respectively. These inequalities follow from the good behaviour of the above ge-
ometric quantities on taking products: for each of these geometric quantities we
can derive a relationship between the values taken for the sets F', G and the set
F x G, which is the content of the next lemma. Further, we require these geometric
relationships to establish the useful equivalent definitions for the lower and upper

box-counting dimensions of products sets given in Lemma 6.7.

Lemma 6.6. If F C X and G CY are compact subsets then for all 6 > 0

N <F X G,Qzl‘:d) < N(F,6) N (G,0) (6.15)

where we define 2% =1 at p =00 and

N'(F x G,8) > N’ (F,8) N' (G, 6). (6.16)
Further, if X = R™)Y =R™ and X x Y = R"™ then for all 6 > 0

M (F x G,8) = M (F,6) M (G,$6) . (6.17)

The proof of (6.15) is standard (see, for example, Falconer [2003] or Robinson
[2011]) and relies on the fact that the Cartesian product of a cover of F' with a cover
of G is a cover of F'x G, possibly with a larger diameter. The inequality (6.16) is less
familiar (see Robinson [2011]), but follows from the fact that the Cartesian product
of a set of disjoint balls with centres in F' and a set of disjoint balls with centres in

G is a set of disjoint balls with centres in F' x G. We now prove the equality (6.17):

Proof. Let {Ui}ini(lF’é) be the set of 4-mesh boxes of R® which intersect F' and let

{VJ};VI:(lc ) be the set of 6-mesh boxes of R™ which intersect G. For each i =
1...M (F,§) and j = 1... M (G, ) the set U; x V; is a §-mesh box in R"*™, and as
there exists f; € U; (| F and g; € V;( G the point f; x g; is in (U; x V;) (" (F x G)
so the product box U; x Vj intersects F' X G.

Next, an arbitrary point (f,g) of F x G has f € U; forsomei =1... M (F,$)
and g € V; for some j = 1...M(G,0), so that (f,g) € U; x V; for some i =
1...M(F,6)and j = 1... M (G, 9). Consequently, the set of -mesh boxes of R**™

which intersect F' x G is precisely the set
{UyxVili=1...M(F,8), j=1...M(G,6)}

which has exactly M (F,8) M (G, ) members. O
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The proof that different geometric quantities provide equivalent definitions of the
box-counting dimensions is relatively easy (see Falconer [2003]) and proceeds by
finding relationships between the quantities and demonstrating that the difference
vanishes at the limit. Using a similar technique we derive the following equivalent

definitions for the box-counting dimensions of a product set:

Lemma 6.7. Let (X,dx),(Y,dy) be metric spaces and endow the product space
X x Y with the metric (6.12) for some p € [1,00]. For compact subsets F C X and
Gcy

) . log N (F,8) logN (G,$)
dimpp (F x G) = I}SIE(I)Ef ( —logd —logé (6.18)
) log N (F, ) logN(G,(S))
d di Fx@G) =1 . 6.19
wddims (7 x0)~timan (LG SRE2). e

Proof. From the geometric inequality (6.15)

lim inf (log N (F,8) , logN (G, 5)) i BN (FL8) N (G, 6)

50+ —logé —logé 60+ —logé
> liminf log N (F x G, 6) ‘
60+ —logé

which is dimz g (F x G). From the equivalence of the definitions of the box-counting
dimension

lOgNI (F X G*)(S) > hmlnf lOg(N/(F,(S) N,(G’é))
T -0+ —logé

= liminf =75

using the inequality (6.16). Finally, from the inequality (6.3)

log (N (F,26) N (G, 26)) — lim inf log (N (F,8) N (G, 6))

= l%rgér_:f —logé 50+ —logé

so there is equality throughout, yielding (6.18). The upper box-counting equivalence

(6.19) follows similarly.
Note that in the Euclidean case we can immediately write

| (g M(F8) _ logM (G,6)
dimpg (F x G) = lggéﬂl_f ( —logé + —logé
| sy (LD oM G.0)
and dimp (F x G) = hg?)lip < —logé T log é .

from the equality (6.17).
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This observation simplifies the proof of the main theorem and the calculation

of the box-counting dimensions in the subsequent examples.

Theorem 6.8. For compact subsets FF C X and G C Y the upper and lower boz-
counting dimensions of the product set F' x G satisfy

dimzg (F) + dimpp (G) < dimpp (F x G)
< min (dimzp (F) + dimp (G) ,dimp (F) + dimz g (Q))
< max (dimy g (F) + dimp (G) ,dimp (F) + dimz 5 (G))
< dimp (F x G)
< dimp (F) + dimp (G) .

Proof. The result follows immediately from the equivalent definitions (6.18) and
(6.19) together with the elementary analytic inequalities

liminf A + liminf B < liminf (A + B), (6.20)
liminf (A + B) < liminf A4 4 limsup B, : (6.21)
liminf A + limsup B < limsup (4 + B) and (6.22)
limsup (A + B) < limsup A + limsup B. (6.23)

The inequalities (6.20) and (6.21) yield

log N (F,6) logN(G,$)

dimy g (F) +dimy g (G) = lim inf

§—0+ —logé —logd
F log N (G, 6
< liminf [ 08NV (F.9) | log N (G, )> (6.24)
60+ —logé —logé
log N (G, 6
<limint BNV B0 Ly cup 108V (G:9)
é—0+ —logd s—0+ = —logé

= dimrp (F) + dimp (G)

and the result follows as (6.24) is equal to dimpp (F' x G) from (6.18). The remain-

ing inequalities are proved similarly. O

It is possible to derive similar product formulas for the product of m compact
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sets F1,..., Fy, by introducing the bounds

dimzp (Fy X ... x Frp) < min | dimpp (F) + Y dimp (F}) (6.25)

i=1l...m

m .
and  dimp (Fy x ... x Fp) 2 max dimB(Fi)+ZldimLB(F})
= )

which follow from the analytic inequalities liminf (4; + ... + Ap,) < liminf A; +
> jeolimsup 4; and limsup (A1 + ... + Ap) > limsup A; + Yoty liminf A;. Note
that the right hand side of (6.25) can be greater than the right hand side of (6.26)
as illustrated by the Cartesian product F'x F' x F if dimyp (F') = 0 and dimp (F) =
1. Consequently, we cannot write the inequalities (6.25) and (6. 26) as a chain of

(6.26)

inequalities as in the statement of Theorem 6.8.

If each of the sets F' and G have equal upper and lower box-counting dimension

then the box-counting dimension of their product is also well behaved:

Corollary 6.9. If dimg (F) = dimyp (F) and dimp (G) = dimyg (G) then
dimp (F x G) = dimyp (F x G) = dimp (F) + dimp (G) .

Proof. As dimpp (F) + dimyp (G) = dimp (F) + dimp (G) we clearly have equality
throughout the statement of Theorem 6.8. 0

6.2 Compatible generalised Cantor sets

A generalised Cantor set (see §4.11 in Mattila [1995]) is a variation of the well known
Cantor middle-third set that permits the proportion removed from each interval to
vary throughout the iterative process. Formally, for b > 1 we define the application
of the generator gen, to a set of disjoint intervals 7 as the procedure in which the
middle 1 — 217 proportion of each interval in Z is removed.

With generators of this form, we can produce sets F' of arbitrary box-counting

dimension in the range (0, 1) through the repeated application of a single generator.

Lemma 6.10. Fiz b > 1. Starting from the initial set Fy = [0,1] let F}; =
geny (Fj_1) for all j € N. The resulting set F = () F}; has upper and lower boz-

counting dimension equal to %
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Proof. See §4.10 in Mattila [1995]. This is also a consequence of Theorem 6.17. [

In the following we detail a method to construct a generalised Cantor sets F
from an arbitrary sequence of generators gen;, . Roughly, the (j — l)th stage of the
construction F;_; will consist of a finite number of disjoint intervals and we define
the j% stage of the construction F; by iteratively applying the generator geny. to
the set Fj_;. As we are applying the generator geny, to a finite number of disjoint
intervals we are effectively creating # (Fj_1) disjoint copies of the set from Lemma
6.10 with box-counting dimension equal to b—lj, so by applying the generator geny, a

sufficient number of times the ‘box-counting function’

log N (F, )
—logé

approaches bij for length scales  of approximately the length of the intervals of F;.
While it is relatively straightforward to calculate the required number of iterations,
the length scales 6 and the value of N (F,d) it is prohibitively difficult to calculate
these quantities for the set F' X G where G is another arbitrary generalised Cantor

set.
We rectify this incompatibility by constructing the generalised Cantor sets

F and G in parallel from two arbitrary sequences of generators gen,, and gen, . At
the j* stage of the construction, as above, we iteratively apply the generators geny,
and gen,, respectively to the intermediary sets F;; and G;_; a sufficient number

of times for each set to ensure that

e the intermediary sets F; and G; consist of intervals of the same length, which

is the content of Lemma 6.11,

e for & equal to the common length of the intervals of F; and G; the ‘box-

counting functions’

log N (F,6) log N (G, 4)
e =R Sl d —_—— 6.
—logé an —logé (6.27)

approach % and é respectively, which is the content of Corollary 6.14, and

that

e for all § the ‘box-counting functions’ (6.27) are tightly controlled, which is the

content of Lemma. 6.15.

As a consequence, for a given length scale § we have good bounds on the values of
the box-counting functions (6.27) which from Lemma 6.7 yields good bounds on the

92



‘box counting function’ of the set F' x G.

We proceed by defining the construction of these compatible generalised Can-
tor sets before describing their geometry in the next section in enough detail to find
minimal covers by sets of diameter 4.

We construct the set F' from a sequence of generators gen, and the set G
from a sequence of generators gen,,. For simplicity, we assume that b;, ¢; are rational
numbers greater than 1 for all i. Let Ko =0, bp,co = 1 and take a set of increasing

positive integers {K;};o, such that

K, Ki1 K; Ko

b e g (6.28)
for all j € N and
j-1
( (Kl - Ki——l) /bz) /Kj —0 as j o (6.29)
i=1
i1
< (KZ - Ki—l) /Cz> /Kj —0 as j— oo. (6.30)
i=1

The sequence K := 2% Hf:ll num (b;) num (¢; ), where numb; is is the numerator of
the rational number b;, is sufficient.

We define F':= [,y Fj where Fo = [0,1] and the set at the 7 stage of the
construction, Fj, is formed by applying the generator geny, atotal of (K i— K- 1) /b;
times to the set of disjoint intervals Fj_i. This is well defined as, from (6.28),
(K; — Kj_1) /b; is a positive integer. Similarly, we define G:= (;cy G; where Gy =
[0,1] and Gj is formed by applying the generator gen, a total of (K; — Kj_1) /c;
times to the set G;_;.

In order to calculate the box-counting dimensions of the sets F and G we
need to find reasonable bounds for one of the geometric quantities from the previous
section. For the remainder of this section we use the geometric quantity N (F,d)
which, we recall, is the minimum number of sets of diameter ¢ that form a cover of
F.

6.2.1 Geometry of generalised Cantor sets

For n = 1...(Kj — Kj-1) /b; define Fj_; , to be the result of n successive appli-
cations of the generator geny, to the set F;_1. The sets Fj_;, are the sets which
make up the ‘substages’ in the construction of F', with one such substage for every

application of a generator. Note that F}; = Fj_l,(Kj_ K;_1)/b; and as the sets are
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monotonically decreasing in n,

(K;—Kj-1)/b;
FF= [\ Fpn (6.31)

n=1

We write # (F;,) for the number and ! (F},) for the length of the intervals in
F.‘jvn'

Lemma 6.11. Forallj € Nandn=1...(K; — K;_1) /b;j the number of intervals

in the set Fj_1, is ,
# (Fj_1n) = o3I 1 (Ki—Ki1)/bitn

and these intervals are of length

U(Fj1n) = 27H5170m,

Proof. As Fj_; is formed by applying ZZ;II (K; — Ki_1) /b; generators, the set
F;_ 1 is formed by applying a total of Z{;ll (K; — Ki_1) /b; + n generators. Fur-
ther, as each generator splits all intervals into two, and our initial set Fj, is a single

interval, F;_; , consists of

#(Fyo1,p) = 25 UKo ot

intervals.

Next, applying the generator gen, to a set Z of disjoint intervals of length
A removes the middle 1 — 217% of each interval and so the intervals in geny (Z) are
of length A\2~%. Consequently, as the set F;_; is formed from the unit interval by
applying the generator gen,, a total of (K; — K;_1) /b; times foreach i =1...j—1,

the set F;_; consists of intervals of length
l(F]—l) = 22'::_11 —b; (K —K;-1)/b; — 2—Kj_1.

Finally, as the set Fj_1, is the result of a further n applications of the generator

geny,
[(Fy 1) =1 (Fy2) 2757 = 7Koo,

O

Replacing the b; with ¢; throughout the above lemma gives the corresponding
result for the intermediary sets G;j_1 used in the construction of G. Note that the
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intervals in Fj_; are the same length as the intervals in G;_; despite the arbitrarily
chosen sequences {b;};°; and {c;};=;. These common lengths greatly simplify the
calculation of the box-counting dimensions of the product set F' x G, and in this

sense the sets F' and G are ‘compatible’.

We will need to find explicitly some points of the generalised Cantor set F'. Recall
that F is defined by F:= ﬂjeN F; which, in light of (6.31), is the intersection of

every intermediary substage Fj_1,, and can be written

K;~K;-1/b;
F.= ﬂ m Kj—l,n-
jeN n=1

When applying a generator gen, to an intermediary set of disjoint intervals Z, a pro-
portion is removed from the middle of each interval. Consequently the endpoints of
the intervals 7 are in the set gen, (Z) and remain endpoints of intervals. Inductively
we see that the endpoints of each intermediary set F;_; , are in the final set F.

As each intermediary set Fj_1 5 is a cover of F' and the length of the intervals in
F;_1 . approach zero as j — oo it is natural to use the minimal cover formulation of
the box-counting dimension for these sets: we immediately have that if { (Fj_;,) < ¢
the set F;_,, is a suitable cover of F. Unfortunately this cover is not always a
minimal cover at this length-scale. However, a reasonable lower bound on N (F,6)
is easy to find and if we restrict the choice of generators so that the intervals are

suitably separated then the sets Fj_1, are minimal covers at the approriate length-

scale.

Lemma 6.12. For ¢ in the range [ (Fj_1,) < 8 < 1 (Fj_1n—-1) the minimum number

of sets of diameter § which cover F satisfies
# (Fj—1n-1) S N (F,6) < # (Fj1) - (6.32)

Further, if the choice of generators is restricted so that b; > log (3) /log (2) for all %

then
N (F,0) = # (Fj—1) -

Proof. The upper bound follows immediately from the fact that F};_; ,, is a cover of
F consisting of # (Fj_1,,) sets of diameter less than §. For the lower bound consider
the following points in F: let E consist of all the left endpoints of the intervals in

Fj_1pn-1 so that E consists of # (Fj_1,,-1) points. Now, any two points of F are
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separated by one of the intervals of Fj_1 1 so no set of diameter 6 < I (Fj_1,_1)
can intersect two points of E (see Figure 6.1). Consequently, at least # (Fj_1, ;)
sets of diameter § are required to cover E therefore at least this many are required

to cover F', yielding

# (Fj—l,n~1) < N (Fa 5) < # (Fj—l,n) .

L(Fj-1,n-1) G L(Fj-1,n-1)

Fj_1,n-1 x ' E X

Figure 6.1: Two intervals in the set Fj_1,_1 (black lines) to illustrate that sets with
diameter § < [ (Fj_1,-1) (grey ellipses) can not intersect two left endpoints (black
crosses). Consequently we require at least one set of diameter ¢ for each interval in
Fj_1 -1 to cover all the left endpoints. Generally this cannot be improved as the
distance between intervals € can be arbitrarily small.

If we restrict the generators to those gen, with b > log(3) /log(2) then
with every application of a generator at least the middle third of each interval is
removed. Consequently, the intervals in F;_1, 1 are separated by at least the
length I (Fj_1,-1) so that if E is the set of all (both left and right) endpoints of
the intervals in Fj_j 1 then no set of diameter 6 <! (Fj_1,-1) can intersect two
points of E (see Figure 6.2). As E consists of 24 (Fj_1, 1) = # (F;_1,) points
at least this many sets of diameter ¢ are required to cover £ and hence required to

cover F', yielding
# (Fi—1n) S N (F,6) < #(Fj-1n)-

L(Fj-1n-1) L 2 L(Fj-1n-1) L

1;17.—1,".41 x ‘x

x-L.

=

Figure 6.2: Two intervals in the set Fj_ 1,1 (black lines) constructed from gener-
ators gen, with b > log (3) /log (2). As the distance between intervals is at least
the length of the interval a set of diameter 6 < I (Fj_1,-1) (grey ellipses) can not
intersect two endpoints (black crosses). Consequently we require at least two sets
of diameter 6 for each interval in F;_1 1 to cover all the endpoints.
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6.2.2 Box-counting dimension

We can now calculate the box-counting dimensions of compatible generalised Cantor

sets.

Lemma 6.13. For all j € Nand n = 1...(K; — K;_1) /b; if § is in the range
27Ki-176n < § < 27Ki-1=8i(n=1) then the ‘boz-counting function’ of F' satisfies

S (Ki— K1) [bi+n =1 < g N(F9) _ I (Ki— Ki1) /bt

. (6.33
K; 1+bmn - —logd Kj_1+bj(n—1) ( )

Proof. Immediate from Lemmas 6.11 and 6.12. O

Replacing b; with ¢; throughout the above lemma gives the corresponding
result for the set G.

Corollary 6.14. With F and G constructed as above

1 1

dimzp (F) < liminf — limsup — < dimp (F)
J—00 0j jooo bj
1 1

dimzp (G) < liminf — limsup — < dimpg (G)
J—oo Gy j—ooo  Cj

. ..l 1 . 1 1 .
dimzp (F x G) < liminf — + — limsup — + — < dimp (F' x G)

im0 b g jooo bj ¢

Proof. Consider the sequence d;:= 2% and apply Lemma 6.13 with
n= (KJ — Kj—l) /bj to yield

Sl (Ki— Kia) fbi =1 _logN(Fé;) YL (i~ Ki1) /b
Kj - —logdj Kj -1 )

Consequently,

i—1

log NV (F,é;) . 1, —Kjo1/by+ 50y (Ki— Kia) /bi— 1 (6.34)
—logd; b K;

log N (F,0;) _ 1 1/b; = Kj-1/b;+ SIT) (Ki — Kio) /bi (6.35)

—10g5j bj Kj —1

A

and
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and from (6.29) the second terms tend to zero as j — co. Consequently,

log N (F, 6,
lim inf log N (F,0) < lim inf log N (£,05) _ lim inf -
6—0+ —logé j—oo  —logd; j—oo by
log N (F, é;
and lim sup log N (F,9) > limsup log N (F §;) = lim sup —1—
-0+ ~logé o0 —log 5j jooo 0

The result for the set G follows similarly using the same sequence §;. Next, we sum
each of (6.34) and (6.35) with their equivalent inequalities for the set G so that at
the limit

lim inf (08N (F.9) , log NV (G, 57')) — liminf — + -
=00 —log 5j —log 5]- j—oo bj Cj
)l G,é; 1
and  limsup <logN(F,5J) og N ( ,6])) ~ limsup — + &
j—o0 — log (5j — log (Sj j—oo 0 Cj

and the result for the product set F' x G follows from the equivalent definitions
(6.18) and (6.19). O

Finally, we find some bounds on the ‘box-counting’ function for all 4.

Lemma 6.15. For § in the range

27Ki < § <27 Ki (6.36)
. (1 1 log N (F,6) 1 1
)& {———= — j 6.37
min (bj’bj_1> g < “og6 < max b b + €5 (6.37)
1 log N 1
min (——, —1—> —g < ig—(—G’—d) < max (i, ———) + &5 (6.38)
cj’ cj—1 —logd ¢j' cj—1
where €5 — 0 as j — 00.
Proof. For § in the range (6.36) there exists n € N such that
9~ Ki-1=bin < § < 9 Ki-1=bi(n=1) (6.39)
Lemma, 6.13 yields the lower bound
log N (F,9) Sl (Ki— Kia) /bi+n—1
—logéd K;_1+bjn
_ 1 Kyatbian Kjafbjoa = NI (K- Kin) /b + 1
bj_l Kj_l -+ bjn Kj__l + bjn
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and writing the second term as ¢

; we consider the separate cases

1 KZ 1+bzn — . .
> J G Kt TE; bj—1 2 b

1 by Kjatbmn .
5 b Kootbm 16 bi-1<b

1 1 _
> min b b11 +€j.

The term €; tends to zero as 7 = o0 as

’ ‘ 72/b] 1+EJ2K Ki1)/bi+1
&

=0

as j — oo from (6.29).
Similarly, for § in the range (6.39), we have the upper bound

log N (F,8) SVUZ1(K;— Ki_1) /bi+n
—log é KJ_l +bj(n—1)
1 Kj_1+bj_1(n—1)
—bj 1 K- 1+b-(n—1)
(K2 —1) /b1 = Y2 (Ko — Kicy) /by
Ki 1+b; (n——l) '

we consider the separate cases

Again, writing the second term as e;’

—1+bj(n—1) + ) ,
< bJ 1 K] 1+b]in 1i te b] Z b]“l
- 1 bj-1 Kj-1+b; (n—- 1) + . '
bj-1 by Kj_1+bi(n-1) +6] b] < bJ_l

1 1 +
< max +e€

The term 6;T tends to zero as j — o0 as

< (Kj-2—1) /bj—1— 5;12 (Ki — Ki—1) /b;

-0
i - K;

+
<

as j — oo from (6.29).
Similarly, for & in the range (6.36) there exists an m € N such that

2—Kj—l‘_cjm S § < 2—Kj—1_cj(m_1) (640)
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and similarly we can find n; and 7)]'-F such that

log N

Ci Cj-1 —log5 Cj Cj-1

for 4 in the range (6.36) where 7;” - 0asj— co.

Taking €; = max (' ' ' l '77] , lnj ,) completes the proof. 0

Corollary 6.16. With F and G constructed as above

1

lim 1nf — < dimzg (F) dimp (F) < limsup —

J—00 bj j—00 bj

. . 1

lim inf 1 < dimzp (G) dimp (G) < limsup —

J—oo Gy j—00 Cj
o I 1 . . . 1 1
and liminf [ — 4+ = ) < dimpp (F x G) dimp(F x G) <limsup [ — + —
gm0 \bj ¢ j—oo i Gy

Proof. The results for the sets F' and G follow immediately from (6.37) and (6.38)
after taking limits. Next, if § is in the range (6.36) then

(1 1 (1 1 log N (F,8) logN(G,d)
- 9. <
min (bj’ )~|—m1n( -, ) 2e; < “Togd + “Togd

< max 1 1 + max ! 1 + 2
b b] 1 ¢’ ¢j-1 <
from (6.37) and (6.38) and the result for the product set F' x G follows after taking
limits from the equivalent definitions (6.18) and (6.19). O

Using these bounds we can explicitly write the box-counting dimensions of

the sets F', G and their Cartesian product F' x G:

Theorem 6.17. With F' and G constructed as above,

1 . . 1
dimzp (F) = liminf — - dimp (F) = limsup —
i—00 i iboo 05
. . 1
dimy g (G) = lim 1nf — dimpg (G) = limsup —
i—00 € isoo €

1 . . 1 1

dimzp (F x G) —llmlnf—+~— dimp (F' x G) = limsup — + —

ivoo by ¢ iwboo Ui G

Proof. Immediate from Corollaries 6.14 and 6.16. O
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Example 6.18. If F' and G are constructed as above from the sequences defined by

2 1=6n-5 ’ 3 i=6n-2
bi=¢6 i=6n-4 and ¢ =145 i=6n-1
4  otherwise 4 otherwise
forn € N then
. 1 ) 1
dimyg (F) = 6 dimp (F) = 5
1 ) 1
dimrg (G) = 5 dimp (G) = 3
5 . 3
dimLB (F X G) = E dlmB (F X G) = Z

and in particular,

dimpp (F) + dimz 5 (G) < dimps (F x G)
< min (dimzg (F) + dimp (G) ,dimp (F) + dimz 5 (G))
< max (dimz g (F) + dimp (G) ,dimp (F) + dimg5 (G))
< dimp (F x G)
< dimp (F) + dimp (G) .

Example 6.19. If F' and G are constructed as above from the sequences defined by

2 i=1 2 =1
bi=14i/(i—1) iodd, i>1 and ¢ =141 iodd, i>1
) i even i/(i—1) 1ieven

forn € N then

dimppg (F) = dimp (G) = 0, dimpp (F x Q) =1
and dimp (F) = dimp (G) = dimp (F x G) = 1.

The Example 6.18 illustrates that there are sets F' and G for which the chain

of inequalities in Theorem 6.8 are all strict. Further Example 6.19 demonstrates
. some counter-intuitive behaviour as two sets with zero lower box-counting dimension
have a product with positive lower box-counting dimension, and for the same sets

the upper box-counting dimension does not increase upon taking the product. It is
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clear from Theorem 6.17 that we are able to construct sets F, G C R such that the
upper and lower box-counting dimensions of the set F,G and F' X G can take any
arbitary values subject to the chain of inequalities in Theorem 6.8.

These results are relevant to the r-codimension prints of the previous chapter,
as we see in Example 5.17 that the main theorem to determine the content of the
r-codimension print fails to capture the entire print whenever the sets have strict

inequality in the box-counting dimension product formula.
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Chapter 7

Function spaces and

measurability

In Section 2.4 we described a measurability issue in the foundations of the theory of
regular Lagrangian flows. This issue arose as a map was considered to be a member
of two functions spaces on which there are two different equivalence relations. Con-
sequently, when a particular representative of this map was selected with respect
to one equivalence relation there was no guarantee that the resulting map was also
equivalent with respect to the other equivalence relation. In this chapter we discuss
~ the measurability issues that arise as a consequence of considering maps belonging

to both spaces
L' (0,T; L (R™)) and LY ((0,T) x R™).

Further, we examine the analogous L* spaces and in Lemma 7.20 we demonstrate

that the map
1 z<¢
ft )=

0 z>t
belongs to L> ((0,1) x (0,1)) but does not belong to L*> ((0,1); L> ((0,1))). Ulti-
mately we demonstrate that the latter space is isometically isomorphic to a proper

subset of the former space.
It is well known that the spaces L' (Z x Q) and L! (Z; L! (Q)) are isomet-
rically isomorphic where the former space consists of equivalence classes of maps

f:Z x Q — R and the latter space consists of equivalence classes of maps f: 7 —
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L' (). However, with abused notation we often see statements like
fell(TxQ) = fel'(T;11 () . (7.1)

for a map f: Z x & — R. We consider the sense in which amap f:Z xQ - R
can ‘belong’ to both of these spaces. This is our first main result (Theorem 7.10)
in which we demonstrate that the space L' (Z; L! (2)) can be written in a natural
way as a space of maps f: Z x 2 — R modulo an equivalence relation. However,
it is erroneous to conclude that the equivalence classes of L! (Z x Q) and those of
L' (Z; L' (2)) contain the same maps even though these spaces are isometrically

isomorphic, as they have different equivalence relations:

e in the equivalence classes of L* (Z x 1) two vector fields f and g are equivalent,

and we write f = g, if and only if

f(t,z) =g (t,z) for almost every (t,z) € Z x Q, and (7.2)

e in the equivalence classes of L! (Z s L1 (Q)) two vector fields f and g are equiv-

alent, and we write f ~ g, if and only if

[f(t,z) = g(t,z) for almost every z € Q2] for almost every t € Z. (7.3)

We demonstrate that every map in an equivalence class of L (T x Q) isin an
equivalence class of L! (I L (Q)) but that the converse does not hold: in Corollary
7.13 we give a map which ‘belongs’ to L' (Z; L* (2)) but is not measurable as a map
IxQ—R.

The situation is recovered in Lemma 7.17 in which we demonstrate that if &,
map f is in an equivalence class of L! (Z;L? (2)) then there is a map g ~ f such
that g is in an equivalence class of L! (Z x Q). Consequently, there always exists a,
‘nice’ representative map for which the implication (7.1) and its converse hold. In
many applications we are free to choose this well behaved map as a representative,
but we must cautious when applying these inclusions to particular maps.

Initially, we establish the necessary theory to be able to integrate maps that
take values in Banach spaces, the so called Bochner integration after Bochner [1933].
We draw upon the treatment of Bochner integration in Lang [1993] Chapter 6, which

has the advantages of brevity as it does have the theory of integration of real valued
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functions as a prerequisite. Here, we develop the theory with greater generality in
order to examine the integration of maps that take values in spaces which are not
necessarily complete and only have a seminorm. This generalisation is motivated
by the desire to integrate maps whose values are integrable maps, which will allow

us to write the space LP (Z; L4 ({2)) in a more accessible way.

7.1 Definitions of the L? spaces

Let X be a (semi)normed space and A C R™.

7.1.1 Measurability and strong measurability

The fundamental maps in measure theory are those that take finitely many values
and such that the inverse image of any value is a measurable set of finite measure.

Such maps can be written as a finite sum as follows:

Definition 7.1. A map f: A = X is a step map if for some m € N
m
f(8) =Y wla, () (7.4)
i=1

where x; € X, the sets A; are Lebesgue measurable subsets of A with u, (A;) < oo

and 14, is the characteristic function of the set A;.
The following definitions of measurability and integrability only require a -
map to take values in X for almost every point in the domain. We use the notation

fiA—- X

if there is a set N' C A of zero measure such that f(t) € X forall t € A\ N. In
particular the map f can take values outside X, or even be undefined, on a set of

Zero measure.
Definition 7.2. A map f: A — X

e is measurable if for every open subset O C X the inverse image f~1(O) is

a Lebesgue measurable subset of A,

e is strongly measurable, and we write f € £L°(A;X), if there is a sequence

of step maps fi such that

f(@) = lim fi(t) for almost everyt € A, and
k—00
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e is almost separably valued if there erists a null set N C A such that the
image f (A\N) C X contains a countable set that is dense in f(A\ N).

Immediately we see that step maps are strongly measurable and also, as
the inverse image of an open set under a step map is a finite union of Lebesgue
measurable sets, step maps are measurable.

It is known (see, for example, Lang [1993] pp.124) that a map f: 4 - X
is strongly measurable if and only if it is measurable and almost separably valued.
Consequently, if X is separable then measurability and strong measurability are
equivalent. Also, it can be shown (see Lemma 451Q Fremlin [2000] vol.4 pp.425)
that if A C R" is of finite measure and f is measurable then f is almost separably
valued and so is strongly measurable.
| Strongly measurable maps are closed under pointwise limits almost every-

where, which is the content of the following lemma:

Lemma 7.3. If the maps fx € L0(A;X) forallk e Nand f: A — X is a map
such that

f ()= lim fi(t) for almost every te A
k—oo
then f € L%(A; X).

Proof. As a map is strongly measurable if and only if it is almost separably valued
and measurable it is sufficient to demonstrate that the set of almost separably valued
maps and the set of measurable maps are closed under pointwise limits almost
everywhere. The fact that the set of measurable maps is closed is standard (see,
for example, Corollary 2.2.2 of Cohn [1994] pp.59). Further, as a countable union
of null sets is null and a countable union of separable sets is separable it follows

that the set of almost separably valued maps is closed. For further details see, for
example, Lang [1993] pp.125. 0

We recall the definitions of the L” spaces below, where we follow Lang [1993].

7.1.2 Spaces of maps LP (4; X)

Case 1 < p < o0t

Recall that the £P semi-norm of the step map (7.4) is the real number

1fllcra;x) = (Z lzill% pn (Ai)>
i=1
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and the integral of the step map (7.4) is the element of X given by

[ 7 Qb= Y ().
A i=1

Definition 7.4. For p < oo the map f: A— X isin LP (A; X) if and only if there
exists a sequence of step maps fr: A = X such that

o fi(t) = f(t) for almost every t € A, and

e the maps fr are Cauchy with respect to the |||| Lr(asx) Seminorm.

Note that a fortiori £P (A;X) C L% (4;X). We think of the space £ (4; X)
as a ‘quasicompletion’ of the step maps with respect to the £P seminorm and we
extend the £P seminorm to maps in £LP (A4; X) by continuity. Consequently, a map
f € LP (A; X) has finite £P seminorm.

For a map f € £!(A; X) we say that an element z € X is an integral of f

if there exists a sequence of step maps fi that approximate f as per Definition 7.4

sugh that
Z _'/ fr dun
A

It is easy to show that if the space X is complete then for each map f € £! (4;X)
there is an element of X that is an integral of f, and further if z,y € X are both
integrals of f then ||z — y||x = 0. In particular, if X is a Banach space then there
exists a unique integral of f € L£! (4;X), which we.denote f 4 f dpin.

= 0.
X

lim
k—00

Case p = oo: .
Definition 7.5. The map f: A— X isin L (A; X) if and only if
o fcL0(A;X), and
e there exists a constant ¢ > 0 such that || f (t)||x < c for almost every t € A

The £* semi-norm is the infimum of such constants c, that is
[ leasny 1= ess supf (Dl = inf {e € Rl s ({2 € A1 S (@)l > c}) = 0.
€

We remark that generally it is not necessary for f to be strongly measurable
~ to define a vector space of maps with finite £°° semi-norm. However, the restriction
to strongly measurable maps ensures that each f € £> (A4; X) is locally integrable,
that is for each compact K C A the restriction of f to K, denoted f|x, is an element
of L1 (4; X).
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7.1.3 Spaces of equivalence classes [? (4; X)

The spaces of maps LP (A; X) are only equipped with a seminorm so are not Banach
spaces. Indeed, if two maps f,g: A — X are identical except on a subset of A with
zero measure, then the seminorm ||f — gllz»(4,x) is equal to zero. Recall that we
say the maps f,g: A — X are equivalent if f (¢) = g (¢) for almost every t € A, and
that this is an equivalence relation on LP (4; X).

Definition 7.6. e The space LP (A; X) is the set of equivalence classes of maps
in LP (A4; X),

e for each map f € LP (A; X) we denote by [f] 4 the equivalence class in LP (A; X)

that contains f, and

e for each equivalence class § € LP (A; X) we define the quantity

”3“[}(,4;)() = ”.f”f,P(A;X) (7.5)

where f is any representative of the equivalence class §.

It is entirely standard to show that (7.5) is independent of the representative
of the equivalence class § and that (7.5) is a seminorm on the space LP (4;X).
Further, if X is normed space then (7.5) is a norm and if X is a Banach space
then LP (A4; X) is a Banach space with this norm (see, for example, Lang [1993]
chapter VI). Further, if f € £!1(4;X) and X is a Banach space we define the
integral [, § dun= [, f dun € X which again is independent of the choice of

representative f € §.

7.2 LP(Z;LP(Q)) and LP(Z x Q) as equivalence classes of

real valued maps.

Let Z C R be an interval and 2 C R™ be an open subset. From Definition 7.6 we

recall two familiar spaces:

e the space L? (Z x ;R), given by setting A = Z x Q and the Banach space
X =R, and

e the space LP (Z; L? ((4;R)), given by setting A = Z and the Banach space
X = LP (O R).

For brevity of notation we write LP (4) for L? (A4;R) so that the spaces considered
here are LP (I x ) and LP (Z; LP (Q)) respectively.
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In the remainder we will occasionally have to write the measure of a subset
A CZ xQ in terms of the measure of the sections A*:= {z € Q| (¢,z) € A}. Recall
from the definition of the Lebesgue measure on the product space R®*! the following

lemma:

Lemma 7.7. If the set A C R™"! is Lebesgue measurable then for almost every
t € R the section A* C R defined by

At:= {z e R"|(t,z) € A}
is méasumble and
pnis (4) = [ o (4)
Proof. See, for example, Cohn [1994] Theorem 5.1.3. a

Corollary 7.8. If A C R" is non-measurable and Z:= S x A for some set S C R™

of positive measure then Z is not measurable as a subset of R**™,

Proof. Consider the case when m = 1. Suppose for a contradiction that Z is measur-
able, then by Lemma, 7.7 almost every section Z! is measurable. As S has positive
measure it follows that for some ¢ € S the set Z* = A is measurable, which is a
contradiction. The result for general m € N follows by induction. 0O

7.2.1 A characterisation of L? (Z;L? (Q))) for 1 < p < oo.

From Definition 7.6 the space LP (Z; L” (1)) consists of equivalence classes of equiva-
lence class valued maps, which are neither easy to manipulate nor intuitively accessi-
ble. To unpack these nested equivalence relations we give an alternative formulation
of the space L? (Z; LP ().

To this end we additionally examine the following spaces:

o LP(ZT;LP(N2)), which consists of maps from Z into the seminormed space
LP(Q), and

e LP(Z;LP(R)), which consists of maps from Z into the Banach space L? ().

Lemma 7.9. There ezist (semi)norm preserving operators my and m
LP(T; LP () B LP (T, LP () T5 LP (T, LP ().

such that w9 is linear and surjective and w1 has the following properties:
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o forall f,ge LP(Z;LP () and a € R
m1(af +g)(t) = am (f) (t) + m1(g) (t) for almost everyt € Z, and

o for every f € LP (Z;LP(Q)) there ezists an f € LP (T;LP(Q)) such that

m (f) (¢) =f(t) for almost everyt € Z,

which we call ‘almost linearity’ and ‘almost surjectivity’ respectively.

Proof. Let my be the operator that for each f € £LP (Z; L? (2)) assigns the equivalence
class of LP (Z; LP (£2)) that contains f, which is to say that 75 (f) := [f];. As this is

precisely how the space LP (Z; L? (Q2)) is defined it is immediate from Definiton 7.6
that 7o is surjective, linear and (semi)norm preserving.

Let the operator 7} be defined by

[fBla ft)eLlr(Q)

(7.6)
[0l f(t) ¢ Lr(Q)

7T1(f)(t)={

for each f € LP(Z;LP (). This operator is well defined: from Definition 7.4 the
map f € LP (T;LP (2)) has values f (¢) € LP () for almost every t € Z, so [f(t)]q
is defined for almost every t € Z so m1 (f) : Z — LP ().

We now show 7 is almost linear: let f,g € LP (Z;LP (f2)) and a € R and let

N={teZ|f(t)¢ L)} U{t€Ilg(t) ¢ LP ()}
then for all ¢ € Z \ N the value (af +g) (t) € LP (©2) and

m (af +9) () = [(ef +9) (V)]q
=a[f(t)]q + 9t
= am (f) (t) + 71 (g) (t).

We conclude that 7 is almost linear as the set A/, being the union of two sets of
measure zero, has zero measure.

We now demonstrate that 71 (f) € £P (Z; LP (2)): from Definition 7.4 there
exists a sequence of step maps fi: Z — LP () such that fx () — f (¢t) with respect
to the £? (Q) seminorm for almost every t € Z. Observe that m (fx) : Z — LP ()
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is a step map and that for each ¢t € Z with f (t) € LP(Q)

71 (&) (8) = 71 () @)l zoiy = NFB)la = [F Bl ey
I£e(®) — f Olall o)
= [1fe ) = F (Ol oy (7.7)

which tends to zero as k — oo. Consequently, the step maps 71 (fi) converge almost
everywhere to 71 (f), so the map 7 (f) is strongly measurable. Further, if p < oo
we assume that the step maps fi are Cauchy with respect to the L£P (Z;LP (Q))
seminorm. Observe that 7, preserves the semi-norm of step maps: if g: Z — L7 (Q)
is a step map defined by g (£) = >_iv; 9:14, (¢) for maps g; € LP () and measurable
sets A; C T then

1

1 (9) | oz ooy = (Z lgidal o ke <Az-)) ,,

i=1
1

= (Ig:ll%p gy £n (40))”

= |9l 2o (z;27(02)) (7.8)

and this extends to maps g € LP (Z; LP (2)) by continuity, so 7; is seminorm pre-
serving.
Consequently, from the linearity of =; and (7.8), as the difference of step

maps is also a step map,

”’”1 (fk) — 71 (fj)'ILP(I;LP(Q)) = “fk - fj”cp(l‘;ﬁp(n)) (79)

so the step maps 7 (fx) are Cauchy with respect to ”-Hﬁp(z;ﬁp(m), so the map 71 (f)
is in £P (Z; LP (Q)). Finally, if p = oo the map 7, (f) satisfies

71 (f) @)l ooy = IIF W)l Lo  for almost every ¢ € 7 (7.10)

50 |13 () (Bl zm(ey < IFlee(rizomqayy < 00 for almost every ¢ € 7, so m1 (f) €
L% (Z; L*° (2)). Finally, it follows from (7.10) that

[|71 (f)“coo(I;Loo(Q)) = “f“LW(I;LOO(Q)) . (7.11)

Next, we show that 7; has the ‘almost surjectivity’ property: let f € LP (Z; L? (Q))
and for each ¢ € Z such that the equivalence class f(¢) is in L? (2) choose a rep-
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resentative f' € f(¢). Consider the map f: Z — LP () defined by f () := f* and
note that by construction 71 (f) (¢t) = f(¢) for almost every ¢ € Z. It remains to
show that the map f is in £P (Z; LP (Q)): from Definition 7.4 there exist step maps
fx: Z — LP (Q) such that i (t) — f(t) with respect to the L? (2) norm for almost
every t € Z. For each step map

Fie (8) :=)_ gkilay, (1),
i=1

where g ; € L? (Q) and the sets Ag,; C Z are measurable and of finite measure, we
choose a representative map gi; € L? (Q2) of each equivalence class g ; and consider
the maps fi, defined by

Je(t) = Z gk,ila,, ().
=1

Clearly, each map fi: Z — LP(Q) is a step map and 7 (fx) = fx. Further, from
(7.7), for almost every t € T

I f (t) = f (t)”z:p(g) = [Im1 (fi) (¢) — 1 (f) (t)”Lp(n) = |Ife () — f(t)“_r,p(m

which tends to zero as k — oo for almost every t € Z. Consequently, fi (¢) — f (t)
for almost every t € Z so the map f is strongly measurable. Finally, if p < co then
(7.9) guarantees that the step maps fi are Cauchy with respect to ”'“[:P(I;LP(Q)) and
if p = oo then (7.11) guarantees that f is essentially bounded, so we conclude that
f € LP(Z; LP(£)) and so the operator 7m; has the ‘almost surjectivity’ property. O

In the following theorem we extend the result of the previous lemma to
provide an isomorphism between the space LP (Z; LP (Q?)) and a quotient space of
LP(Z; LP (Q)).

Theorem 7.10. There exists an isometric isomorphism
O: LP(T;LP(Q) ) ~ = I (LIP(2)),
where ~ is the equivalence relation defined by

[f &) (z) =g (t)(z) for almost everyx € Q] for almost everyt € I, (7.12)

We denote by [f] the equivalence class containing the map f: Z x Q — R

under this equivalence relation.
This theorem allows us to regard the space LP (Z; LP (1)) as a space of maps
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f:Z x 2 — R modulo the equivalence relation defined by (7.12), which is per-
haps more intuitively accessible. In Corollary 7.13 we demonstrate a distinction
between the equivalence relation (7.12), that is equality for almost every = € Q for
almost every ¢t € 7, and the equivalence relation given by equality for almost every
(t,x) € Tx K, which, from Definition 7.6, defines the space LP (Z x ). As the equiv-
alence relations are distinct we will see that the spaces LP (Z x ) and L? (Z; L? (Q))
have no elements in common: in fact each equivalence class of L? (Z x Q) is a proper
subset of some equivalence class of LP (Z; LP (Q?)). Nevertheless, there is an isomor-
phism between these space for 1 < p < 0o, as we demonstrate in the next section.

To prove Theorem 7.10 we demonstrate that the composition
maomy: LP(Z; LP (Q)) — LP (T; LP (2))

is a bounded surjective linear map with kernel ker (73 o m1) = {f ~ 0} which, from
the first isomorphism theorem for seminormed spaces (see, for example, Megginson
[1998] Theorem 1.7.14), yields the isomorphism ®. These maps are summarised in

the following diagram

LP (Z; £P () — s LP (T; P () —2~ IP (Z; IP ()

Tr ® (7.13)
LP(T; L7 () ) ~
where 7. is the canonical projection from LP(Z;LP(f)) to the quotient space

LP(Z; L7 () ] ~.

Proof of Theorem 7.10. Let w1, ™2 be the maps from Lemma 7.9. We immediately
see that the composition g 0 7 is a (semi)norm preserving map. Further, w9 o 7} is
linear: if f,g € LP (Z;LP(Q2)) and o € R then, from the almost linearity of =y, the
maps 71 (af + g) and am (f) + 71 (g) are equal almost everywhere on Z and so are
in the same equivalence class [m; (af + g)]; € LP (Z; L? (Q)). Consequently,

mo (m1 (af + ) = [m (af + 9)lz = [am (f) + ™1 (9)]1
= 7y (am (f) + 71 (g))

=amyom (f)+mom (9)

as o is linear.
Next, we show that mg o is surjective: let § € LP (Z; LP (R2)). From Lemma
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7.9 the map mq is surjective so there exists a map f € LP (Z;LP(f2)) such that
7 (f) = §. Further, from Lemma 7.9, the map m; is almost surjective so there exists
amap f € LP(Z;LP(Q)) such that

1 (f) (t) =f(t) for almost everyt € Z

so the maps 7 (f) and f are in the same equivalence class §. Consequently, 7 (71 (f))
§ so mg o 7y is surjective.
As 7wy o 1 is surjective, linear and bounded the first isomorphism theorem

guarantees the existence of a unique isomorphism
®: LP(Z;LP (Q)) [ ker (mp 0 m) — LP (Z; LP (Q))

such that the diagram (7.13) commutes.

Next, recall that the zero element of LP (Q2), which we write Oz»(q), is the
equivalence class containing the constant map z — 0 € R. Also recall that the
zero element of LP (Z; LP ()), which we write Oz»(z,10(q)), s the equivalence class

containing the constant map ¢ + 01»(q). Consequently,

T2 011 (f) = Our(z;Lr)) © 71 (f) € [Opo(ey],
& T (f)({t) =0ppq) foraetel

and, recalling the definition of the operator m; in (7.6),

& [f(t)]Q = OLp(Q) forae tel
&S [ft)(z)=0 forae zeQforaetel

so ker (mg o mp) = {f ~ 0}.

Finally, we recall that the quotient space £P (Z; LP (2)) / ~ inherits the quo-
tient seminorm, so by definition the projection 7. is seminorm preserving. Con-
~ sequently, as the operators 71,7 and . are (semi)norm preserving and for all
f e LP(Z; L7 ()

mpom (f) = ®on. (f)

we conclude that @ is also (semi)norm preserving and so is an isometric isomorphism.
(]

In the remainder we identify L? (Z; L? (Q)) with £P (Z;LP (Q))/ ~ through
the isomorphism ®. Further, we identify the map-valued maps f: Z » £ (Q) with
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the real valued map f: Z x Q — R by setting f (t,z) := f (¢) (z). Consequently, the
elements of L (Z; LP () are equivalence classes of maps f: Z x Q — R under the

equivalence relation (7.12).

7.2.2 Equivalence classes of [? (Z x Q) and L? (Z; L? (Q)).

Recall from Definition 7.6 that the elements of L? (Z x Q) are equivalence classes of
maps f:Z x 2 — R that satisfy the equivalence relation defined by' f =~ g if and
only if

f(t,z) =g (t,z) for almost every (t,z) € Z x Q, : (7.14)

~
~

and we denote by [f] the equivalence class containing the map f: Z x Q@ — R under
this equivalence relation.

There is a link between the equivalence relations (7.14), which is equality for
almost every (t,x), and (7.12), which is equality for almost every z for almost every
t. However, they are not identical as a consequence of the existence of the following

pathological sets due to Sierpinski [1920]:

Lemma 7.11. There erists a non-measurable set E C R? such that the intersection
of E with any line consists of at most two points. In particular, for all t € R the

section E* C R is measurable and of measure zero.
Proof. See Sierpiriski [1920] or Gelbaum and Olmsted [2003] pp.142. O

Corollary 7.12. For any interval Z C R and open subset @ C R™ there ezxists a
non-measurable set Z C I x Q such that for all t € T the section Z* is measurable

and of measure zero.

Essentially, we take the product of the Sierpiriski set with R®~2? and demon-
strate that this is also non-measurable and, further, contains a bounded non-measurable
subset. This bounded non-measurable subset can then be rescaled so that it lies in

I x 0.

Proof of Corollary 7.12. Let E C R? be the set from Lemma 7.11. Suppose for a
contradiction that the intersection [—,7]° N E is measurable for all + > 0 then the

countable union

U ([—r,r]QﬂE) = <U [~r,r]2> NE=R’NE=E

reN reEN
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is also measurable, which is a contradiction as E is non-measurable. Consequently,
there exists an r > 0 such that the intersection E,:= [—r, r]2 N E is non-measurable.
Further, for all t € R the section E! C E* and so EL consists of at most two points.
, Next, without loss of generality we assume that 0 € Z x © and let § > 0 be
sufficiently small that the cube [0,26]""! is contained in Z x Q. We translate and
scale the set E, so that it is contained in the square [0,26]%: let g: R? — R2? be the
map g (t,z) = (0r~1 (¢t +7),0r 1 (z+7)) and observe that

e g(E;) c[0,20%,

e g(E,) is non-measurable as measurability is preserved under the biLipschitz

map g~ ! (see, for example, Corollary 262E of Fremlin [2000]), and
o for all t € R the section g (E,)" consists of at most two points as

T Tt—
ng(E,»)tc)gm—re LA

and the section ES* " consists of at most two points.

In particular, for all ¢ € R the section g (E,)* is measurable and of measure zero.

Next, let Z:= g (E,) x [0,26]""" and observe that Z C [0,20]""! ¢ Z x Q.
Further, as Z is the product of a non-measurable set from Corollary 7.8 it follows
that Z is non-measurable. Finally, for all ¢ € Z the section

.Zt ={(z1,79,...,Zn) | (&, 21, 22,...,Zn) € Z}
= {(xl,mz,-.-,wn) | (t,x1,%2,...,Zn) € g (E,) x [0, 26]"“1}
= {z1] (t,21) € g (Er)} x [0,28]" "
=g(E.)" x [0,26]""1

which has (n + 1)-dimensional Lebesgue measure zero as the section g (E,)" has

1-dimensional Lebesgue measure zero. 0

We remark that it is possible to adapt Sierpinski’s argument directly to the
set Z x  to produce a suitable pathological set, however the proof is involved.

Corollary 7.13. Let f,g: I x Q2 — R. If f = g then f ~ g. Conversely, there
exists a map f such that f ~ 0 but f % 0.

Proof. Suppose that f ~ g and let N:= {(t,z) € T x Q|f (t,z) # g(t,z)}. From

Lemma 7.7

s ) = [ (V)
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and from the definition (7.14) pn+1 (NV) = 0 s0 we conclude p,, (N?) for almost every
t € Z. Consequently, f (t,z) = g (¢,z) for almost every z € Q for almost every ¢t € T.

Next, from Corollary 7.12 there exists a non-measurable subset Z C 7 x
such that for all ¢ € Z the section Z* has measure zero and examine the characteristic
function 1z: Z x @ — R. As every section Z* has measure zero clearly 1z (t,z) = 0
for almost every x € Q for almost every t € Z. However, as Z is not measurable it is
not the case that 1z (¢,z) = 0 for almost every (¢,z) € Z x 2. Consequently 1z ~ 0
but 1z % 0. 0

7.3 Inclusions between L” (Z x (1) and L (Z; L? (Q)).

In the previous sections we have defined the L? spaces and demonstrated that their
elements are equivalence classes of maps f: Z x  — R with different equivalence
relations that are related but not identical. For 1 < p < oo we recall the Fubini
theorem and its partial converse which relate the maps in the equivalence classes of
LP (T x Q) and LP (Z; LP (2)). Further in Lemma, 7.17 we demonstrate that the par-
tial converse is almost a full converse in the sense that every map f € LP (Z; LP (2))
can be modified on a ‘negligible’ set so that the modified map is in £P (Z x Q).

Theorem 7.14 (Fubini’s Theorem). For 1 < p < oo if the map f € LP (I x Q)
then f € LP(Z; LP () and there is equality in the seminorms

“f”L‘P(IxQ) = “f”cp(z;gp(g)) .

Proof. See, for example, Lang [1993] Theorem 8.4. O

Theorem 7.15 (Partial converse to Fubini’s Theorem). For 1 < p < oo if the
map f € LP(Z;LP (Q)) and f is strongly measurable as a map f: L x 2 — R then
f € LP (T x Q) and there is equality in the seminorms

1l zpzxey = Ifllco(z,cr(y) -

Proof. See, for example, Lang [1993] Theorem 8.7. 0

Theorem 7.15 is not a complete converse to the Fubini Theorem 7.14 as it has
the additional requirement that f € L0 (T x §), which, as we see in the following
lemma, is not guaranteed by f € LP (T;LP (Q)).
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Lemma 7.16. For 1 < p < oo and each map f € LP (Z;LP (Q)) there ezists a map
g~ f such that g ¢ LO(Z x Q) hence g & LP (T x Q).

Proof. Let Z C I x) be the pathological set from Corollary 7.13 and 1z: ZxQ) - R
be the characteristic function of this set. Recall that 1z ~ 0 but 1z ¢ £%(Z x Q).
Now, let f € LP(Z;LP(Q)). If f ¢ LO(ZT x ) then let g = f. Otherwise, if
f € LO(Z x Q) then consider the map f+1z. As 1z ~ 0 and ~ is an equivalence
relation on the vector space £? (Z; L (2)) we conclude that f+1z ~ f. We suppose
for a contradiction that f+ 1z € L% (Z x £), but as L% (Z x Q) is a vector space we

conclude that
1,=f+1z-fecL(ZxQ)
which contradicts the result of Corollary 7.13. 0

The previous lemma demonstrates that each map in LP (Z;LP (2)) has an
equivalent map which is not in L0 (Z x Q). We now show that there is also an
equivalent map that is in £0(Z x ). We remark that this seems unlikely to be a

new result, yet we have been unable to find a reference in the literature.
Lemma 7.17. For 1 < p < oo if f € LP(T;LP (2)) then there egists a map g ~ f
such that g € L% (Z x ).

The proof is notationally demanding but reasonably straightforward; the

most elementary step-map-valued step map

h: T — LP(Q)
. 1g(z)z te A
0 t¢g A

where AC Z, BC Q and z € R can trivially be written as the step map

hIxQ—>R

(t, .’13) > ].Asz.

Consequently, any step-map-valued step map, being a finite sum of such elementary
maps, can be written as a step map with the product domain Z x §2. Next, a map
f € LP(Z; LP (%)), from the definition of the space, is the limit almost everywhere

of LP ()-valued step maps f, each value of which is the limit almost everywhere

of real valued step maps gki;- This gives rise to a sequence of step-map-valued
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step maps, which from the above observation can be written as step maps with the
product domain.

The difficulty lies in ensuring that this sequence of step maps from Z x
converges to f for almost every (t,z) € Zx$2; in Corollary 7.13 we demonstrated that
this does not hold generally as a union of null sections can form a non-measurable
set. However, by aggregating the troublesome spatial points for which the step maps
gk,i,; do not converge and redefining all the step maps on this set, we can ensure
that the modified step maps converge to f outside a measurable subset of Z x €.
Further, as the troublesome spatial points are a countable union of null sets, the

step maps converge to f almost everywhere on 7 x Q.

Proof. Let the map f € LP(Z;LP (Q)). As f:Z — LP(Q) is strongly measurable
there exists a sequence of step maps fi: Z — LP (Q) such that

fi(t) = f(t) with respect to the seminorm [|-[|z5q) for almost every t € Z

as k — oo. Let the set N:== {t € Z|fx (t) » f(t)} and observe that N has zero

measure. Define
flo=f-1pw Jei=Fi 1o (7.15)

and observe that f’(t) = f (t) for almost every ¢ € Z, the maps f}: Z — LP () are

step maps, and
fr. (t) = f'(t) with respect to the seminorm ||-{| 5y V¢ €T (7.16)

For each k € N the step map f;, has the form
mg
fe(®) = _grilag, () (7.17)
i=1

* for some my, € N, measurable sets Ay ; C T of finite measure and maps gi ; € £P ().
Now, as each gii:  — R is strongly measurable there exists a sequence of step maps

Gk,i,j: §8 = R such that
Gk,ij () = gri(x) for almost every z € Q

‘asj — 00. Now, for each k,i € N let the set wy;:= {z € Q|gk;; (z) » gk, (z)} and
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observe that wy ; has zero measure. Consequently, the countable union

w:i= U Wi

kjieN

has zero measure. As before, define

Gki = Gk, - Loww Gyij = Ikij - Low (7.18)

and observe that g ; (z) = gk, (z) for almost every z € (2, that the g; ; ; are step
maps and that
g;c,i,j (z) = g;c,i (z) VzeQ. (7.19)

Define f,;"j: Ix0Q—Rby

f ng 1,9 (z) 1Ak i (t) - (7.20)

and consider for each k € N the map f;: Z x Q@ — R defined by f(t,z) =
lim; o0 ft ; (¢, ). From (7.20)

fr (t,z) Z lim gbs;(2)1a,, (1) V(t,e) €TxQ
which, from the convergence (7.19),
—ng, z)1la,,(t) VY{tz)eIxQ
further, from the definition of g} ; in (7.18),

>k ki ()14, (1) VZzeQ\w Viel
0 Veew Vtel

which, from (7.17),

@M (z) YeeQ\w VteI
0 View Vtel.
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Now recall from (7.16) that

=0 Viel
£r(9)

lim fy () = f' (%)

so limy_,o0 ff, (t) (z) = f'(t) (x) for almost every x € (2 for all t € Z, so for each
t € 7 the set

we:= {z € Qfy (t,2) » f'(t, )}

has zero measure.

Consequently, the pointwise limit

f1(#) (z) VeeQ\w, z¢w Vtel
' (t,2) = lim fi/(t,2) = {limk oo f (1) () VZEQ\w, z€w VteI
0 Veew Vtel

where the limit limy_, f, (t) () does not necessarily exist. Finally, from the defi-
nition of f’ in (7.15),

() (2) VreQ\w sdw VieI\N
f”(tm)z{o VeeQ\w, z¢w VteN
limgoo fr, (1) () VZEQ\w, z€w Vtel
\0 Veew Vtel.
(7.21)

We now show that f” ~ f, indeed if ¢ € Z \ N then, from the equality
(7.21), f"(t,z) # f(t)(x) if and only if z € w; Uw, which has measure zero as it
is the union of two sets of measure zero. Consequently, as N is of measure zero,
[’ (t,z) = f(t) (z) for almost every z € §) for almost every t € Z.

Finally, we show that f”: T x £ — R is strongly measurable. It is straight-
forward to see that f,’c’,j: T xQ — R is a step map: indeed, if we write each step
map gy ; ; in (7.20) as

Mk.i,j

g;c,i,j (z) = Z mk,i,j,llBk,i,j,t (z)
=1
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then, after ordering the My j:= Y "% my; ; summands, (7.20) can be written

My, ;
6= 3 1010, 5

Mk,]

= Z lAk,ika,i,j (t7 x) xkvivj'
i=1

Consequently, f;': T x Q@ — R is strongly measurable by definition as it is the
pointwise limit of step maps f ;- Finally, f"+ T x = R is the pointwise limit of

strongly measurable maps and so by Lemma 7.3 is strongly measurable. O

The Fubini Theorem 7.14 together with Lemma 7.16 demonstrate that for
1 < p < oo each equivalence class § € LP(Z x Q) is a proper subset of some
equivalence class & in L? (Z; LP (Q2)). Indeed, the Fubini theorem guarantees that
each element f € §F is an element of £ (Z;LP (Q)) and Corollary 7.13 guarantees
that each map f € § is in the same equivalence class & € L? (Z; LP (), so certainly
§ C 6. Further, Lemma 7.16 demonstrates that there are elements of & which are
not in § so this is a strict inclusion. Finally, Lemma 7.17 ensures that for 1 < p < oo
each equivalence class & € LP(Z;LP (1)) contains an element (and consequently,
by Corollary 7.13, an entire equivalence class of elements) of L7 (Z x ), so each
equivalence class & € LP(Z;LP(f2)) is a superset of some equivalence class § €
LP (T x Q).

Due to this strict inclusion no element of LP (Z x Q) is equal to an element
of LP(Z; L? (2)) so strictly these two spaces are disjoint. However, the spaces are
isometrically isomorphic, which is the content of the following theorem.

Theorem 7.18. For 1 < p < co the spaces LP (I x Q) and LP (Z;LP (f2)) are iso-
metrically isomorphic.

Proof. Consider the map ®: LP (Z x Q) — LP(Z;LP(f2)) defined by ® (F) = [;]
-where f is any representative of the equivalence class §. As every f € F is a map
f € LP (T x Q) Fubini’s Theorem 7.14 yields f € £P (Z;LP (2)) and

12 B Lezee)) = Il zrzcr@)) = 1l erzxay = I8l rzxa)
so @ (%) = [;] € LP(Z;LP(Q2)) and ® is norm preserving. Further, if f,g are two

representatives of § then f = g, which implies from Corollary 7.13 that f ~ g so ®

is independent of the choice of representative of the equivalence class.
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It is immediate that ® is linear. Further, ® is injective: indeed, ® (F) = [0]
if and only if there exists f € F such that f ~ 0. However, as f: Tx Q — R is
strongly measurable it is measurable so the inverse image N := f~1(R\ {0}) is a

measurable subset of Z x Q. As N is measurable, from Lemma 7.7

s W) = [ (V)

which is equal to zero because

N ={zeQ|(t,z) e f(R\{0}))} = {z e Qlf (t,z)# 0}

has measure zero for almost every t € Z since f (¢, z) = 0 for almost every z € (, for
almost every t € Z. As pny1 (f71(R\ {0})) = 0 we conclude that f (¢,z) = 0 for
almost every (t,z) € Z x € so § is the equivalence class of LP (Z x ) that contains
the zero map. ‘
Finally, ® is surjective as Lemma 7.17 guarantees that each equivalence class
§ € LP(Z;LP (Q2)) contains a map f € § that is strongly measurable from Z x Q
into R. Consequently by Theorem 7.15 f € LP (Z x Q) and by the definition of ®

o (17) = 171=3

7.4 Inclusions between L* (Z x Q) and L* (Z; L™ (Q))

When p = oo the situation is more complicated as the Fubini theorem does not
hold, as we demonstrate in Lemma 7.20. However, the partial converse given in
Theorem 7.15 does hold for p = oo, which is the content of Theorem 7.19. As
a consequence we will see that every equivalence class § € L*(Z;L*® (Q2)) can
.be realised as a superset of some equivalence class & € L* (Z x Q) but there are
equivalence classes in £ (Z x ) that are disjoint from every equivalence class in
L™ (Z; £ (2)). The discrepency is realised in Theorem 7.22 in which we demon-
strate that L% (Z; L% (§)) is isometrically isomorphic to a proper subspace of
L>®(Z x Q).

Theorem 7.15, the partial converse to Fubini’s theorem, also holds for p = oo:

Theorem 7.19. If the map f € L= (Z;L£> () and f is strongly measurable as a
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map f:Z X Q— R then f € L (T x Q) and there is equality in the seminorms

£l zoo(z;c0002)) = 1Fllzoo(zx2)

Proof. Let f € L®(Z;L£* (1)) and for each c € R let
Xe:={(t,z) e T x Q||f (t,z)| > c}.

As f: TxQ — R is strongly measurable the map | f| is measurable, so for each c € R
the set X, is measurable as it is the inverse image of the open interval (c, co) under
the map |f|: Z x 2 — R. Consequently, by the definition of the product measure
(see, for example, Cohn [1994] Theorem 5.1.3),

pnt1 (Xe) = Aﬂn (Xf») dt (7.22)

where X%:= {z € Q||f (¢t,z)| > c}, which is the inverse image of the open interval
(c,00) under the map |f (t)| : @ — R. Now,

1 £ll zoo(zcooy) < € If (D)l ooy < ¢ for almost every t € T

& lin (Xé) =0 for almost everyt € Z
which, from (7.22), holds

& pnt1(Xe) =0 “f”Lw(IxQ) <c

Consequently, the map f has finite ||| Leo(zxq) Seminorm and there is equality in

the seminorms
(£l coozxy = 1l coo(z. 20000y -

O

However, Fubini’s theorem does not hold for p = oo, as the following example

demonstrates:

Lemma 7.20. Let Z = ) = (0,1). There exists a map f € L (I x Q) such that
[ & Lo(T;L7())
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Proof. Let T = = (0,1) and consider the indicator map

1 <
f(t,l’) = l{zgt} (t,(l?) = { Tst

0 z>t.

As the set {(t,z) € T x Q|z < t} is measurable and py ({(t,z) € Z x Qlz < t}) =
1/2 < oo, the map f: Z x @ — R is a step map and so is a fortiori strongly

measurable. Further,

0 1<e¢

pe ({(t,2) € T x Q|f (t,2)] > c}) = {
1/2 0<e<1

80 || fll zoo(zxq) = 1 and we conclude that f € L (Z x X).
Next, observe that

ft,x)=21py(x) VzeQ tel
so for each t € (0,1) the map f (t) : @ — R defined by

f(t) (z) = Lo (2) = f (t,2)

is a step map, so is a fortiori strongly measurable. Further, ||1(0,t]” Loo(@) = 1 so
f(t) € L*(Q) and the map f: Z — L™ () defined by

frte f(t) =10y

is a map from Z into £* (2). We now demonstrate that the £*° (Q2) valued map
f:t— f(t) is not strongly measurable and so f & L (T;L>® (Q)):
Observe that for each s,t € Z with s <t
I @) = f (oo = ess sup |f () (z) = f (s) (z)]
z

= ess sup ll(O,t] (%) = 1(o,4 (z)]
zes

= ess sup |1(s,t] (x)]
e

)1 t#s
0 t=s.
Consequently, for each t € Z the open ball in £* (Q) of radius 1/2 with centre the
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map f (t), which we denote B/, (f (t)), contains no other map f (s) for any s # t.
Consequently,

(B (F(1)) == {s € ZIf (s) € Buya (f (1))} = {t}.

Now, if V' C 7 is any non-measurable set then the union of open balls

Z:= U By (f (1) € L>(Q)

teV’

is an open subset of £ () but f~! (Z) = V, which is non-measurable. We con-
clude that f: Z — £* (Q) is a not a measurable map, so is a fortiori not strongly
measurable. Consequently, f ¢ £ (Z; L* (2)). a

In fact, any map in the same equivalence class of the map in the above
lemma is also not a member of L™ (Z; L (£2)), which is the content of the following

corollary:

Corollary 7.21. There exists an equivalence class of maps § € L™ (T x Q) such
that no representative map g € § is a member of L (Z;L>®(£2)).

Proof. Let f be the map from lemma 7.20 forNWhich we demonstrated that f €
L®(IxQ)and f ¢ £°(T; £ (). Let g € [f] so that clearly g € £ (T x Q).
Suppose for a contradiction that g € L®(Z;L£>°(Q)): as g ~ f it follows from
corollary 7.13 that g ~ f, so we conclude that f is in the same equivalence class [;]

so f € L®(Z;L£>®(€)) which is the required contradiction. O

Consequently, there are equivalence classes in L> (Z x Q) that have no ele-
ments in common with any equivalence class of L* (Z; L% (£2)). In this sense the
space L™ (Z x Q) is ‘bigger’ than the space L™ (Z;L*> (§2)), which we formalise in

the following theorem.

-Theorem 7.22. The space L™ (Z;L> (f2)) is isomorphic to a proper subspace of
L® (T x Q).

Proof. From Lemma 7.17, in each equivalence class § € L (Z; L> (Q)) there exists
a representative map f € § that is also strongly measurable as a map f: ZxQ — R.
By Theorem 7.19 this representative map f € § is also an element of £> (Z x ).

Now, define the operator

&: LP(Z;LP (Q)) » LP(Z x Q)
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by ® (3) := [f] where f € § is any representative map for which f € £°(Z x Q).
Clearly, ® is linear. Further, if f,g € § and f,g € L°(Z x Q) then the set
{(t,z) e T x Q|f (t,z) # g(t,z)} is measurable so from Lemma 7.7

s ({(t,2) €T % QIf () # 9 (1,2)}) = /I in ({z € QIf (t,2) # g (8,2)}) dt,

which is equal to zero as f ~ g implies that u, ({z € Q|f (t,z) #g(t,z)}) = 0
for almost every t € Z. Consequently, f ~ g so the map ® is independent of the

representative of the equivalence class §.
Further, by Theorem 7.19,

1@ ) zoozxy = 1flzoozxay = Il coo(zizoo()) = 1l Lo (7,100 (1))

where the map f € §N L (Z x Q).

Next, we show that ® is injective: if the equivalence class @ (F) is the zero
element of L™ (Z x ) then it contains the zero map. Consequently, any map f € §N
L% (Z x Q), which is in ® (§), is equivalent to zero map, that is f ~ 0. Consequently,
from Corollary 7.13, f ~ 0 and so § is the zero element of L™ (Z; L% (2)).

We conclude that ® is an isometric isomorphism
®: L™ (Z; L™ () = @ (L™ (Z; L™ (£2)))

and that the range of ® is a proper subspace as from Corollary 7.21 there are
elements of L™ (Z x ) that do not contain any map f € L= (Z; L™ (Q2)). O
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Chapter 8

Addendum: Continuity of
Sobolev Maps

In this chapter we resolve the measurability issue of Chapter 2: recall that each reg-
ular Lagrangian flow solution Y gives rise to a map Y that is absolutely continuous
with respect to the time variable ¢, but that it is not immediately apparent that
Y is measurable. Ultimately in Corollary 8.5 we prove that Y is measurable and
consequently, in Theorem 8.6 that with this continuity the regular Lagrangian flow
can be defined in a more direct way. We begin with a general result relating the
measurability of a map from a product space to the measurability and continuity of
its sections.

For measurable Euclidean domains X and 7 the Fubini theorem guarantees
that if f: X x 7 > R is a measurable map then

(i) the section f*: T — R is measurable for almost every z € X, and
(ii) the section f;: X — R is measurable for almost every t € T,

where here and throughout this chapter, f* (t) := f; (z) := f (z,t).

The converse implication does not generally hold. Indeed, the characteristic
function of the Sierpinksi set considered in Corollary 7.12 is non-measurable yet
every section f* and f; is measurable. However, in Ursell [1939] the author demon-
strates that f is measurable under the stronger hypothesis that the section f* is
continuous for all z and the section f; is measurable for all ¢.

In Theorem 8.3 we generalise the result of Ursell to demonstrate that f is
measurable if the section f” is continuous for almost every x and the section f; is

measurable for almost every ¢.

Theorem 8.1 (Ursell). If f: X x T — R is a map such that
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(i) the section f*: T — R is continuous for every z € X, and

(i) the section fi: X — R is measurable for everyt € T
then f is measurable.

Proof. First examine the one-dimensional case 7 C R. Suppose f: X x T = R
satisfies (i) and (ii). For each n € N define the map fj,): X x 7 — R by

fig (@,8) = [z, ) %§t<m2—tl and €T
n I -

0 otherwise.

Clearly, from the continuity in (i), fi) (=,t) = f(z,t) as n — oo for each fixed
z € X, s0 fip) — f pointwise on X x T.
Next, fix n € N. For each open O C R

f[:lll (0) = U f[;]l,t (0) x {t},

teT

where the section fi,);: X — R is defined by fi,): (z) := fi (z,t). However, as Jin]
is piecewise constant in ¢, for each t € [%}, %#) the inverse image of the section
f[;]{t (0) = f;__nﬁl (O). Consequently,

“1(0) — -1 m m+l
i © = U 73 ©0)x | 1. ")
meN
and, as each fy! (O) is measurable from (ii), f[;]l (O) is a countable union of mea-
i
surable sets, and so is measurable. We conclude that the map f is the pointwise
limit of a sequence of measurable maps, and so is measurable.

The general case follows by induction on the dimension of 7. O

In the following theorem, we generalise the above by noting that for a given
-f: X x T — R the approximation scheme induced by the set {%”;lm,n €N } cT
can be replaced by a scheme induced by any dense subset D C 7 such that every
section fi: X — R is measurable. First we give a condition for the existence of such

a subset:

Lemma 8.2. If D C T is such that T \ D has Lebesgue measure zero then D is
dense in T .

Proof. Let D C T be such that 7 \ D has Lebesgue measure zero. We assume for
a contradiction that D is not dense so there exists a £ € T and an € > 0 such that
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B (t)N D = (. However, this implies that B, (t) C 7\ D and so 7 \ D has positive

measure, which is the desired contradiction. O
Theorem 8.3. If f: X x T — R is a map such that

(1) the section f*: T — R is continuous for almost every z € X, and

(ii) the section f;: X — R is measurable for almost everyt € T
then f is measurable.
Proof. First we examine the one-dimensional case 'T CR. Let f: X xT —Rbea
map satisfying (i) and (ii). Let the set

D:={te T|fi: X — R is measurable} (8.1)

so that, from (ii), 7\ D has Lebesgue measure zero and so from Lemma 8.2 D is
dense in 7. Next, fix n € N and note that for each interval (2%, ’;—nl) with non-empty
intersection with 7~ there exists a cn; € (g%, %) N D as D is dense in 7. We use
these points to define approximations to f in the following way: for each n € N

define the map fi;: X x 7 — R by

f (=, Cn,i) Cni St <cpit

0 t<cp; Vi

f[n] (37, t) = {

Observe that if z € X is such that the section f is continuous then for each t € 7
the point f) (z,t) = f (z,t). Consequently, from (i),

fin) (z,t) = f(z,t) VteT, foralmosteveryze X

so in particular fi,) (z,t) — f (z,t) almost everywhere on X x T
We now demonstrate that each map f[n] : X X T » R is measurable. Fix n € N and
‘let O C R be an open subset. As in the proof of Theorem 8.1 we write

f[;]l (0) = U f[;]lyt (0) x {t}

teT
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and similarly, as f,) is piecewise constant in ¢,

f[;]l (O) = Uf[:t]l,cn, (O) X [cn,iacn,i+1)

= Ufc:,,l,. (0) X [en,ir Cnjiv1) -
i

Now, as ¢,; € D from (8.1) we see that each section f., ; is measurable. Conse-
quently, f[r_z]l (O) is a union of at most a countable number of measurable sets, and
so is measurable. We conclude that the map f: X x T »— R is the limit almost
everywhere on X x T of a sequence of measurable maps, and so from Lemma 7.3 is

measurable.
The general case now follows from induction on the dimension of n. O

8.1 An application to nonautonomous Sobolev spaces

The following theorem characterises measurable maps that have Sobolev regularity

in one component.

Theorem 8.4. Let the map f: X x [0,T] — R be measurable. If the section
e Wb ([0,T)) for almost everyzxz € X

where WH1([0,TY]) is the Sobolev space defined in Definition B.5 of Appendiz B then
the map

f(z,t) = lime o £ % f(z,7) dT ¥ €[0,T] if f € Whi([0,T)) (8.2)

0 otherwise

satisfies
(i) f: X x[0,T] — R is measurable,
(i) f(z,t) = f(z,t) for almost every (z,t) € X x [0,T], and
(iii) the section f%: [0,T] — R is absolutely continuous for almost every z € X.

Proof. Define :
Q:= {z € X|f* e W ([0, T))}

and note that X \ Q has measure zero. For each z € () we see from Lemma B.9

that ¢ — f(z,t) is the precise representative of the section f%. Consequently, for
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each z € Q the map t — f(z,t) is absolutely continuous in ¢, proving (iii), and

f(z,t) = f(z,t) for almost every t € [0,T]. Consequently,
[f(:c,t) = f(:v, t) for almost every t € [0, T]] for almost every z € X. (8.3)
Next, we demonstrate that f is measurable: consider the map

f (z,1) fttjff(xﬂ-) dr Vre[0,T] zeQ
M \Z» 1) = n

otherwise
and note that from (8.2)
f[n] (z,t) = f(z,t) Vte[0,T], for almost every z € X.
as n — 0o. Interchanging the quantifiers, from Corollary A.2 we see that
f[n] (z,t) = f (z,t) for almost every z € X, Vt € [0,T)

as n — oo and that in particular for all ¢t € [0,7] the map = — f (z,t) is the limit

almost everywhere of the sequence of maps = f[n] (z,t).
Further, as f is measurable, from Fubini’s Theorem we see that for almost

every t € [0,T] the map

n t—%

t+3 9 [t+i
:1;»—)][ . flz,T) d7'=—/ f(z,7) dr
-

is measurable for each n € N. Consequently, for almost every ¢ € [0,7] the map
e f[n] (x,t) is measurable for each n € N and so the map z — f (z,t) is the limit
almost everywhere of a sequence of measurable maps which, from Lemma 7.3, is
measurable.

Consequently, the map f is such that

e the section f7: [0,T] — R is continuous for almost every z € X, and
e the section f;: X ~— R is measurable for almost every t € [0, T]

and so from Theorem 8.3, f: X x [0,T] — R is measurable, proving (i).
Finally, as f and f are both measurable their difference f — f is also mea-

surable and so the set

N:= {(:z:,t) e X x [0,T]|f (z,t) # f(:r,t)}
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is measurable. Consequently, from (8.3) and Fubini’s Theorem we conclude that N

has measure zero, proving (ii). O

This measurability result ensures that the absolutely continuous represen-
‘tative of a regular Lagrangian flow solution of (ODE) is itself measurable. ‘Conse-
quently we are able to interpret (ODE) in the classical sense with equality holding

almost everywhere. We make this precise in the following:

Corollary 8.5. Let Y: [0,T), x R} x [0,T], = R™ be a regular Lagrangian flow
solution of (ODE) in the sense of Definition 2.32. There ezists a map Y: [0,T], x
R™ x [0,T], = R™ such that

o YV: [0,T], x R" x [0,T], —» R" is measurable,
o Y (t,z,s) =Y (t,z,5) for almost every (t,z,s) € [0,T] x R® x [0,T], and

o the map t — Y (t,x,s) is absolutely continuous for almost every (z,s) € R™ x
[0, 71,

Proof. Let X:=R? x [0,T], and f ((z,s),t) := Y (t,z,s). The result follows from
the above Theorem. O

By identifying a regular Lagrangian flow with the absolutely continuous rep-
resentative of Corollary 8.5 we give the following equivalent definition:

Theorem 8.6. If X : [0,T],xRyx[0,T];, — R" is a regular Lagrangian flow solution
~of (ODE) then there is a map X : [0,T], x R? x [0, T], = R™ such that
(i) X € L. ([0, T}, x R x [0,T],;R™),

loc

(ii) for almost every (z,s) € R™ x [0,T]
X (t,z,s) =w+/ f (X (T,:L‘,S),T) dr vtel[0,T], and
s

" (iii) for each Borel set A C R™ with py (A) = 0 the pushforward

X (t,1,8)y tin (4) = i ({2 € R*|X (t,,5) € 4}) =0
for all t € [0,T], for almost every s € [0,T).
Proof. Let X: [0,T], x R? x [0,T], — R" satisfy

e t — X (t,z,5) is absolutely continuous for almost every (z,s) € R x [0, T],

and
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e X (t,x,s) = X (t, x,s) for almost every (t,z,s) € [0,T] x R* x [0,T].
The existence of such an X is ensured by Corollary 8.5. We see that X is a regular
Lagrangian flow solution of (ODE) from Lemma 2.35 as X is equal to X almost
everywhere. Further, for almost every (z,s) € R x [0, 7] the map t +— X (¢, z, s) is
absolutely continuous with weak derivative given by the map ¢ — f (X' (t,z,8) ,t).
Consequently, from (B.3), for almost every (z,s) € R" x [0,

X(t,x,s)=m+/tf(X(T,x,s),T) dr vte[0,T). ’

O

This Theorem rigorously justifies the transition from the regular Lagrangian
flows of Chapter 2 that are defined in terms of weak derivatives, to the regular
Lagrangian flows of the subsequence Chapters that are defined in terms of almost
everywhere equality of derivatives. This solves measurability obstruction in the
theory of irregular ordinary differential equations as developed in DiPerna and Lions
[1989], Lions [1998], Ambrosio [2004], Hauray et al. [2007], and De Lellis [2008].
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Chapter 9
Conclusion

In Chapter 2 we identified that the temporal Sobolev regularity of a regular La-
grangian flow X implies that there exists a map X such that

(i) for almost every (z,s) € R™ x [0,7] the map ¢t — X (t,z,s) is absolutely
continuous, and

(i) X (t,z,s) = X (t,z,s) for almost every ¢ € [0,T] for almost every (z,s) €
R™ x [0, T).

Although the continuity with respect to time greatly simplifies the treatment of

regular Lagrangian flows it is not immediately apparent that the map

X: [0,T] xR*"x [0,T] - R"

is measurable. This is problematic as we are unable to define the pushforward
measures X (t, -,s)# (o, that are fundamental to the theory of regular Lagrangian
flows if the map X is not measurable. However, in Chapter 8 we demonstrate that
this absolutely continuous representative is measurable and so we can legitimately
choose this representative in order to simplify the theory. In this manner we have
.addressed an issue in the theory of irregular ordinary differential equations that
seems to have been overlooked in the literature.

In Chapter 3 we demonstrated through the examples in Sections 3.1.1 and
3.1.2 that there is no Sobolev regularity or integrability condition on the vector
field f that is sufficient for (ODE) to have unique solutions for almost all initial
data. Further, in Theorem 3.4, we demonstrated that the uniqueness of solutions
for almost all initial data is sensitive to the choice of representative of the vector
field f. In fact we demonstrated that every non-zero veétor field f for which there

is a regular Lagrangian flow solution there is a vector field g equal to f almost
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everywhere, such that the ordinary differential equation & = g (¢, t) has non-unique
solutions for a set of initial data of positive measure. These constructions can seem
quite artificial as we deliberately introduce values of f that do not represent the local
_average in order to introduce qualitatively different behaviour. Consequently it is of
interest to consider the uniqueness of solutions when we restrict the vector field f to
one that represents the ‘local average’ such as the precise representative of f*. We
remark that the classical Example 2.19 has non-unique solutions for all initial data
and the that vector field is equal to the precise representative, and further that if a
vector field has sufficient Sobolev regularity then the precise representative of this
vector field is Lipschitz continuous, and so have unique solutions. With these two
examples established it is of interest to determine the extent to which the regularity
of a vector field equal to its precise representative affects the non-uniqueness of
solutions to (ODE). .

In Chapter 4 we provide a sufficient condition for a nearly incompressible
regular Lagrangian flow solution of (ODE) to avoid a subset S C R"[0,7]. This
condition is written in terms of the r-codimension print of S, which encodes the
spatio-temporal detail of S in a useful way, as we demonstrated in Chapter 5. In
the exposition of avoidance in the autonomous case in Aizenman [1978b], the au-
thor gives examples illustrating the sharpness of his sufficient condition for avoid-
ance. While these autonomous examples can trivially be embedded into the non-
autonomous framework they fail to show that the the condition of Theorem 4.8 is
sharp with respect to the temporal regularity of the vector field or the temporal
detail of the subset. It would be interesting to explore the sharpness of Theorem
4.8, and generally to see if any other geometric information can be derived from the
r-codimension print.

It may be fruitful to attempt to generalise the avoidance property for regular
Lagrangian flows. We recall from Section 2.1.4 that for classical flow solutions we can
project sets S C R™"x [0, 7] along the trajectories of the flow solution and consider the
fractal properties of this projection rather than simply its n-dimensional Lebesgue
"measure. For flows with Lipschitz regularity, these projections are well understood
as their box-counting and Hausdorff dimensions do not exceed that of the set S. By

considering the fractal dimension of the set
{z € R (X (t,2,0) 1) € S}
we are effectively defining a ‘finer’ variant of the avoidance property, in which we

can determine the size of the set of initial conditions whose trajectories intersect
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S. Unfortunately, we cannot in general apply these finer variants of avoidance to
regular Lagrangian flows as the flow is only defined for almost all initial data xz € R™.

However, there are regular Lagrangian flow solutions for which there is a
trajectory defined for all initial data. The flow constructed in Foias et al. [1985]
is one such example, where the authors demonstrate that for a suitable weak so-
lution f € £! (O, T, L® (R3)) of the 3D Navier-Stokes equations there are abso-
lutely continuous solutions of (ODE) for all initial data. Consequently, given a set
S C R3 x [0,T] we can consider the Hausdorff measure or box-counting dimension
of the set

{z e R} (X (t,2,0),t) € 5}

If we are able to adapt the tools of Chapter 4 to find these finer bounds on the
fractal dimension of this set then we would be in a position to improve the result of
Robinson and Sadowski [2009] in which the authors use the quasi-non-autonomous
avoidance result of Cipriano and Cruzeiro [2005] to determine that a suitable weak
solution f of the 3D Navier-Stokes equations avoids the set of singular points of S
and so gives rise to unique solutions of (ODE) for almost all initial data. If we are
able to develop a theory of finer avoidance then we would be able to use the best
known bounds in Caffarelli et al. [1982] of the dimension of the singular set of S
together with the best known regularity of f to determine a good bound on the
dimension of the set {z e R3| (X (t,z,0),t) € S} of initial data which gives rise to
non-unique solutions.

In Chapter 6 we proved that the the upper and lower box-counting dimen-

sions satisfy the chain of inequalities

dimpp (F) + dimyg (G) < dimzp (F x G)
< min (dimgg (F) + dimg (G) ,dimp (F) + dimz g (G))
< max (dimgp (F) + dimp (G) ,dimp (F) + dimz 5 (G))
< dimp (F x G)
< dimpg (F) + dimp (G) .

As far as we are aware the second and fourth inequalities are new. In addition we
detailed a method to construct generalised Cantor sets in such a way that their
length-scales are compatible, making it easy to calculate the upper and lower box-
counting dimensions of their product. We used this method to construct sets F, G C
R such that the upper and lower box-counting dimensions of F, G and the product
F x G take arbitrary values subject to the above chain of inequalities.
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Finally, in Chapter 7 we illustrated the possible pathologies in measurability
that may arise when specifying representative maps in function spaces. We saw that
typical embeddings between function spaces are isometric isomorphisms of equiva-
lence classes rather than a straightforward inclusion of maps. Further we illustrated
that as these equivalence relation may differ, care is needed when manipulating

maps in the intersection of two function spaces.
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Appendix A

Measure theory

In this section we examine two planar sets that illuminate the difficulties in manipu-
lating statements that hold almost everywhere. Critically, when making a statement
dependent on multiple variables, the order of the quantifiers is important, and gen-

erally cannot be interchanged.
For a planar set N C R? we define the sections

NY:={z € R|(z,y) € N} forallyeR, and
Ny:={y e R|(z,y) € N} forallzeR.

Lemma A.1. Let N C R2. The following implications hold:

pe (N) =0 = p1 (NY) =0 ae yeR, (A.1)
pz2 (N) =0 = p1(Ng) =0 aez€R, and (A.2)
NY=0 aeyeR = u1(Nz) =0 VzeR. (A.3)

Generally, however,
p1 (Nz) =0 VzeR B NY=0 aeyeR. (A4)

Proof. (A.1) and (A.2) are consequences of Fubini’s theorem, as N is a measurable
subset of R2. Next, observe that

N. = {y € Rlz € N} C {y e RINY # 0}

so if NV = {) for almost every y € R then y; (V) = 0 for all z, yielding (A.3). Finally,
observe that (A.4) follows from considering the example of the set {(z,y) |z = y},
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for which every section is non-empty and of zero measure. |

Corollary A.2. If P is a statement dependent on two variables z,y € R then

P(z,y) a.e (z,y) € R? = P(z,y) aez€eR, foraeycR, and
P(z,y) VzeR, ae.ye R = P(z,y) aeyecR VzeR

but

P(z,y) aeyeR, VzeR » P(z,y) VzE€R, ae yeR.

Proof. Let the set N consist of the points (z,y) such that P (x,y) does not hold.

The results follows from the above lemma. 0

It remains to establish whether u; (N;) = 0 for almost every z € R implies
p1 (N¥) = 0 for almost every y € R, and correspondingly, whether P (z,y) holding
for almost every € R, for almost every y € R implies that P (z,y) holds for almost
every y € R for almost every z € R. Interestingly enough the answer depends on
our choice of axioms. In Friedman [1980], and independently proved in Freiling
[1986], the author takes the Zermelo-Fraenkel Axioms and the Axiom of Choice and

constructs a model in which
Jmayda = [ vy
R R

for all sets N C R? such that N, is measurable for almost every z € R and NV is
measurable for almost every y € R. Note that this is strictly weaker than require-
ment that N is a measurable subset of R?, as in the classic Fubini theorem.
Alternatively, if we assume the Zermelo-Fraenkel Axioms, the Axiom of
Choice and the Continuum Hypothesis then we can demonstrate the existence of a

set IV such that

w1 (Ny)=0 VzeR and
u(N¥)=1 VyeR.

The existence of this set is classical (see for example Theorem 7.1.2 of Ciesielski
[1997]) and hinges on the fact that with these axioms we can demonstrate the

existence of a well-ordering on R such that each element has countably many pre-

decessors.
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Appendix B

Precise representatives and

absolutely continuous maps

We list definitions and basic propositions concerning Sobolev maps, mollifiers, pre-
cise representatives and absolutely continuous maps taken from Evans [2010] and
Evans and Gariepy [1992], and a lemma on the concatenation of absolutely contin-

uous maps, due to the author.

B.1 Lebesgue points and precise representatives

For a map f € L] (R") we write the average of f over the ball B, (z) C R as

loc

][ f@)dz= i (Br (@) [ f(2)de.
B, {(z)

B (x)

Definition B.1. We say that the point x € R" "is a Lebesgue point of the map
feLl, (R if
imf e i@l =0
T

r—0 Br(
Theorem B.2 (Lebesgue Differentiation Theorem). If f € L] (R™) then almost
every ¢ € R™ is a Lebesgue point of f.

Proof. See, for example, §1.7.1 of Evans and Gariepy [1992]. O

Definition B.3. For a map f € L, (R") we define its precise representative f* by

lim, f(y)dy if this limit exists, and
f* (@) ‘={ ol T (B.1)

0 otherwise.
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It is straightforward to demonstrate that if z € R" is a Lebesgue point of f
then f(z) = f*(z) so in light of Theorem B.2 f* is equal to f almost everywhere.
However, not every point for which the limit in (B.1) is defined is a Lebesgue point.

B.2 Sobolev maps

Definition B.4. For a map g € L] (R") we say that the map h € L _(R") is the

loc loc
it weak partial derivative of g if

/ng(x)gg;dmz_/nh(m)fﬁ(x)dx

for all test maps ¢ € C° (R™).
We denote the it* weak partial derivative of g by d%-%.

Definition B.5. For 1 < p < co the Sobolev space of maps WP (R™) consists of
all maps g € LP (R™) such that fori=1...n the ith weak derivative (Td% exists and
belongs to LP (R™).

The Sobolev space WHP (R") is endowed with the seminorm

1
dg ||P P _
ol + (s[4 ) 1P <00
llgl| = £P(R™)
g lel’(]R") . -gi
gl coemny + i || || oy P =0

Definition B.6. The Sobolev space WP (R™) consists of equivalences classes of
maps in WHP (R™) under the equivalence relation given by equality almost everywhere
on R™,

Under this equivalence relation the seminorm ”-”Wl'p(Rn) becomes a norm,

which we denote |||y 1,(gn), and the space WP (R™) is a Banach space.

B.3 Mollifiers and the precise representative of Sobolev
maps

Next, we recall some fact about mollified maps: Let n € C2° (R™) be positive have
support in B; (0) and g, 1 dz = 1. For each € > 0 define

Ne (z) := ;1,;77 (g)
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For f € L] _(R™) we define its mollification by

loc
F@)= [ nele-u)s G

Proposition B.7. Let f € £} (R").

loc
o f€ e C>®(R")
e if x is a Lebesque point of f then f€(z) = f(z) = f*(z)
o if f € LP(R") then f¢ — f in LP (R™)
o if f € WIP(R") then f¢ — f in WLP (R™).
Proof. See, Theorem 1 §4.2 of Evans and Gariepy [1992]. O

The Lebesgue points therefore are the ‘good’ points of f, as the limit of the
mollifiers is equal to f at these points. It is of interest to determine the ‘size’ of
the set of points N:= {z € R"|z is not a Lebesgue point of f}. However, as f () =
f* (z) for all Lebesgue points the result u, (N) = 0 provided by the Theorem B.2
any improvement of this result does not apply to every map g equal to f almost
everywhere. Consequently, to hope to improve the result we must restrict ourselves
to good representatives of f and the precise representative f* is the obvious choice.

Theorem B.8. If f is in Wh1 (R™) then the set
N:= {z € Rz is not a Lebesgue point of f*}

has H"~1 (N)=0.
Proof. The proof proceeds via defining the capacity measure of a Sobolev map and

is a consequence of Theorem 1 §4.8 and Theorem 3 §5.6.3 of Evans and Gariepy
[1992]. a

The precise representative of a Sobolev map, then, is the limit of its mollifica-
tion outside a set of zero (n — 1) dimensional Hausdorff measure. In one dimension
the precise representative of a Sobolev map is absolutely continuous, which is the

content of the following lemma:
Lemma B.9. Let g € Wh1([0,T)) and denote the weak derivative of g by 4. The

precise representative of g is given by

*(¢) = lim T)dr Vte|0,T]. B.2
g @=tmf o) 0.7 (B.2)
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Further, g* is absolutely continuous on [0,T], and for each Lebesgue point ty of g

O =g0)+ [ L(ar wepT)

to

Finally, for all to € [0, T

g (1) = g" (to) + /

to

t *

((iii- (r)dr Vvte|0,T]. (B.3)

Proof. See Theorem 1, §4.9.1 of Evans and Gariepy [1992]. The equation (B.3)
follows from the absolute continuity of g*, but can also be derived from applying
the first part of the lemma to the map ¢g* and noting that every point of [0,T)is a

Lebesgue point of g* as the map is continuous. 0

B.4 Absolutely continuous maps

Absolutely continuous maps satisfy the integration by parts formula:
Lemma B.10. Ifg: (0,T) — R is absolutely continuous and ¢ € C ((0,T)) then

b b
[soFwi=sove-s@v@- [ Fovna ©a

for all intervals [a,b] C (0,T).

Proof. Observe that the product g - 9 is absolutely continuous on (0,T) and is
differentiable at t if and only if g is differentiable at ¢, in which case

Cov) =Ly +em L@

and the formula (B.4) follows after integrating. O

Lemma B.11. If h: R = R" is continuous and piecewise absolutely continuous

then h is absolutely continuous.

Proof. 1t is sufficient to consider a continuous function in two absolutely continuous
pieces as the general result will follow inductively. Let h: R — R"™ be continuous

and have the form

ho (t) 71
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for some 7 € R and hj, he absolutely continuous. Let € > 0. From the absolute
continiuity of hA; and ho there exists a d; > 0 such that

o for any finite sequence of disjoint intervals [z}, y;] C (—oco,7)
3
D luj =2l <=3 I (w) ~ ha ()| < 3 and (B.6)
e for any finite sequence of disjoint intervals [z;,y;] C [, 00)

Sty — il < 8= 3 Ihe (u) ~ ha (w5)] < = (B.7)

Further, as h is continuous at 7, there exists a d; > 0 such that |z — 7| < 63 implies
|h(z) — h(7)| < €/6. In particular if [z,y] is an interval of length less than &

containing 7 then

€
h() ~h (@) <5 (B.3)
Let § = min (é;,d;) and let Z index a finite sequence of disjoint intervals [ch, y;] CR
such that
D lyi—al <6
jeT
Write
I~ ={j € I|[zj,y5] C (o0, 7T)},
It ={j € I|[zj,y;] C [1,00)}
so that
I=I"UITU{jeI|re (z,yl}.
Consequently,

S Ik ) =)l =D ki (ys) = ha (@)l + Y ke (35) — ha ()]

jE€T JjET~ jeTt

+ ) R (y) - k()]
{j€TiTe(zy,y5]}
g £ £
<z 4z hd
<z+s+ > :

{jeZire(=;,y5]}

from (B.6), (B.7) and (B.8) as the sum of the lengths of the intervals, and so the
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length of individual intervals, is less than 6. Next, as the intervals are disjoint only
a single interval [z;,y;] can contain 7 so the final summation is over at most one

term. Therefore,

> Ik (ys) =R (z)l <e

jeT

so h is absolutely continuous. O
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