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of S4 in model building. Like in the previous model, here also we use the recent

experimental data for fitting and make predictions.

ix



Chapter 1

Introduction: Survey of the Field

Quarks and leptons which are the elementary fermions interact through the exchange
of gauge bosons. The Standard Model of Particle Physics is the gauge theory that
describes electroweak and strong interactions using the gauge group SU(3)×SU(2)×
U(1). The current formulation of the Standard Model was finalised in the mid 1970s
with the confirmation of the existence of quarks. The discovery of the last of the
fermions, the top quark (1995) and tau neutrino (2000), came later completing the
picture of the three families. The apparent discovery of the Higgs boson, the last
undiscovered particle in the Standard Model, came in 2012.

1.1 The Standard Model

In particle physics the fundamental interactions are described through local gauge
theories. Here the Lagrangian is invariant under continuous local transformations
formulated using the language of the Lie groups. Quantum electrodynamics is the
simplest of these with a local abelian U(1) gauge symmetry. This theory is extremely
successful in predicting the electromagnetic interactions. In 1960 Sheldon Glashow
discovered that the electromagnetic and the weak interactions can be combined in
a single non-abelian gauge theory and later in 1967 Steven Weinberg and Abdus
Salam incorporated the Higgs mechanism into Glashow’s electroweak theory.

Fermions acquire mass through spontaneous symmetry breaking of the elec-
troweak symmetry with the help of the Higgs mechanism. The Yukawa couplings
give particles their corresponding masses and also bring about the phenomenon of
flavour mixing. The Higgs mechanism also gives mass to the W and Z bosons, the
only massive gauge bosons. The detection of the neutral weak currents caused by the
Z boson exchange in 1973 and later the detection of W and Z particles in 1981 gave
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the conclusive experimental confirmation for the electroweak theory. The masses of
these gauge bosons were found to be the same as predicted by the theory.

Three flavours of quarks were first proposed by Gell-Mann in 1961 using
his theory of eightfold way to explain the existence of a large number of hadrons
and also to sort them into groups, but searches for free quarks failed. However
high energy experiments proved that hadrons were indeed composed of constituent
particles, also called partons. James Bjorken’s theory of partons was verified at the
Stanford Linear Accelerator. The explanation for the existence partons and the non-
observation of free quarks came with the discovery that a non-abelian gauge theory
leads to asymptotic freedom at high energies and confinement at low energies. David
Gross, David Politzer and Frank Wilczek showed that the SU(3) non-abelian gauge
theory can successfully describe the strong interaction and this theory came to be
known as the quantum chromodynamics. The evidence for the existence of gluons,
the SU(3) gauge bosons, came in jet events observed at the DESY collider facility.

The Higgs mechanism

The Higgs, H, is a scalar field and an SU(2) doublet. The Higgs potential

V (H†H) =
m2

2h2
o

(
H†H − h2

o

)2
(1.1)

has a continuous minimum at H = (0, ho) and this is the vacuum expectation value
acquired by the Higgs field. Note that ho is real; we have used the three degrees of
freedom of the gauge group to force the first component of H to be 0 and the second
component of H to be real. The Higgs particle is the excitation of the Higgs field
away from its VEV.

The Higgs Lagrangian is given by

LH = (DµH)†DµH − V (H†H) (1.2)

where
DµH =

(
∂µ + i

g1

2
Bµ + i

g2

2
Wµ

)
H (1.3)

with Bµ and Wµ being the U(1) and SU(2) gauge fields and g1 and g2 being the
corresponding couplings. The fieldWµ has three componentsW 1

µ , W 2
µ andW 3

µ when
expanded as the coefficients of the three Pauli matrices.

It can be shown that after symmetry breaking by the Higgs mechanism, the

2



dynamical term in the Higgs field gives rise to the massive gauge fields

W+
µ =

W 1
µ − iW 2

µ√
2

, W−µ =
W 1
µ + iW 2

µ√
2

, (1.4)

Zµ = W 3
µ cos θw −Bµ sin θw (1.5)

where
cos θw =

g2√
g2

1 + g2
2

, sin θw =
g1√
g2

1 + g2
2

(1.6)

with the corresponding masses

Mw =
hog2√

2
, (1.7)

Mz =
ho
√
g2

1 + g2
2√

2
. (1.8)

Also we get a massless field

Aµ = W 3
µ sin θw +Bµ cos θw (1.9)

which is nothing but the photon.
The Higgs also couple to the fermions. For the charged-leptons we have

Llm = −me

ho
L†HeR −

mτ

ho
L†HµR −

mµ

ho
L†HτR (1.10)

where L is the left-handed lepton doublet, eR, µR, τR are the right-handed charged-
lepton fields. After symmetry breaking, the charged-leptons e, µ and τ get the masses
me, mµ and mτ respectively. Neutrinos remain massless. However both the up-type
and the down-type quarks are massive resulting in the phenomenon of mixing. This
is explained in more detail in later sections.

1.1.1 Beyond the Standard Model

Here we list and briefly discuss some of the challenges facing the Standard Model.

The hierarchy problem and the supersymmetry

In the Standard Model the quantum corrections to the Higgs mass is quadratic
resulting from fermionic loops in the Higgs propagator. Therefore at a very high
scale such as the Grand Unification scale or the Plank scale, the corrections to the
Higgs mass will become very high. The fact that the Higgs mass itself is much

3



small compared to this scale constitutes the hierarchy problem. In order to obtain
the small Higgs mass, we would need incredible fine-tuning cancellation between the
quadratic radiative corrections and the bare mass.

A possible solution to the hierarchy problem is through the introduction of
supersymmetry. The loop contribution from the fermions and their superpartners
cancel each other and the quadratic divergence is removed. None of the supersym-
metric particles have been observed so far. The current experimental limit to the
mass of squarks and gluinos are around 1.1 TeV and 0.5 TeV respectively. Coupled
with the observation of a relatively large Higgs mass, the null result in the super-
particle searches has made the minimal supersymmetric extension of the Standard
Model rather “unnatural”.

Neutrinos

In the original formalism of the Standard Model, the neutrinos are massless. However
solar neutrino problem and the consequent discovery of the neutrino oscillations have
shown that neutrinos are massive. The nature of the neutrino mass is unknown,
i.e. whether the neutrinos are Dirac or Majorana. Also the oscillation experiments
can measure only the mass-squared-differences and therefore the mass offset is yet
to be measured. These developments necessitates extending the Standard Model to
allow neutrino mass terms. How this can be done is still an open question.

Gauge unification and gravity

The Standard Model gauge group is the direct product group of U(1), SU(2) and
SU(3) with three independent gauge couplings. From a theoretic point of view, it
is elegant to unify these three interactions into a single gauge group with a unified
coupling constant. Such a Grand Unified Theory will also explain the quantisation of
electric charge, the fact that all particles carry electric charges in exact multiples of 1

3

of the elementary charge. The masses of the new particles predicted are of the order
of the GUT scale, ≈ 1016 GeV, and hence they are not within the observational reach
of the current collided experiments. However future observations such as proton
decay, electric dipole moments of the elementary particles etc. may provide indirect
evidence for the grand unification.

SU(5) and SO(10) are the most common gauge groups used in unification.
For these cases, the renormalisation group running does not result in the accurate
convergence of the Standard Model gauge couplings at a single point. Also SU(5)

grand unification of the Standard Model is ruled out by the current limits on the
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proton decay rates. Hence the minimal supersymmetric extension of the Standard
Model is often used which gives a better convergence of the gauge couplings as well
as a longer proton lifetimes.

The Standard Model and also the Grand Unified Theories do not involve
the gravitational force and the quantisation of gravity is a harder problem to solve.
A quantum theory of general relativity may require a framework beyond the field
theory itself like the string theory or the loop quantum gravity.

Cosmological problems: dark matter, baryon asymmetry etc.

Particles that do not interact electromagnetically and hence dark constitute the
dark matter. Cold dark matter is essential to explain the structure formation in
the universe and it is estimated that dark matter constitutes approximately 84%

of the universe. Various candidates like the weakly interacting massive particles,
axions etc have been proposed to account for the dark matter. Extensions of the
Standard Model usually contain good dark matter candidates, but none has been
experimentally detected so far.

Baryon asymmetry refers to the matter-antimatter imbalance in the observ-
able universe. CP -violation is used for explaining this asymmetry. CP -violation
ensures that matter and antimatter interact differently and if the Sakharov condi-
tions are satisfied it results in baryogenesis. The Sakharov conditions are: 1. Baryon
number violation, 2. C and CP violation and 3. Interactions out of thermal equi-
librium. The Standard Model allows for CP -violation through the complex phase
appearing in the CKM mixing matrix, but this is too small to account for the ob-
served baryon asymmetry. A beyond Standard Model theory may provide larger
CP -violation.

The flavour problem

The origin of flavour physics can be traced back to the concept of isospin introduced
by Werner Heisenberg to describe the similarities of a proton and a neutron. They
were together called nucleons and their masses were almost equal. The strong inter-
action did not seem to distinguish a proton from a neutron. Since they were almost
identical (except for their charges), protons and neutrons can be thought of as dif-
ferent states of the same particle. They were assigned isospin projections I3 = +1

2

and I3 = −1
2 and as far as nuclear forces are concerned the effect of isospin can be

safely neglected. Many newly discovered particles were observed to be isospin mul-
tiplets, e.g. a doublet, I = 1

2 , of K mesons (K0 and K̄0), a triplet, I = 1, of Sigma
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baryons (Σ+,Σ0,Σ−), a singlet, I = 0, of Lambda baryon (Λ0), a quartet, I = 3
2 , of

Delta baryons (∆++,∆+,∆0,∆−) etc. With the discovery of Kaons and the quan-
tum number strangeness, the isospin symmetry was enlarged to include strangeness
also. Murray Gell-Mann theorised the existence of SU(3) flavour symmetry with
the up, the down and the strange belonging to its fundamental representation. The
octet (the famous eight fold way) is simply the adjoint representation of the SU(3)
flavour symmetry. Over time three more flavours, i.e. charm, bottomness (or beauty)
and topness were discovered, but these quarks are much heavier and this makes the
expanded SU(6) flavour symmetry badly broken.

Flavour physics involves the experimental as well as the theoretical study of
the masses and mixing observables. In the Standard Model these observables are free
parameters. The Standard Model consists of a total of 19 parameters (this excludes
the case of massive neutrinos) and their numerical values appear to be unrelated and
arbitrary. We search for beyond the Standard Model theories to describe and model
these parameters through mechanisms like flavour symmetries and grand unification
which lead to specific textures for the Yukawa couplings and thus to predictions for
and/or relations among them.

1.1.2 Mixing in the quark sector

The mass term in the Standard Model containing the Yukawa couplings is given by

LY = −Y d
ijQ̄LiHdRj − Y u

ij Q̄LiεH
∗uRj + hc. (1.11)

where Y u,d are 3 × 3 complex matrices, H is the Higgs field, i, j are family labels,
and ε is the 2× 2 antisymmetric tensor. QL are the left-handed quark doublets and
dR and uR are right-handed down- and up-type quark singlets, respectively, in the
weak eigenstate basis. When the Higgs acquires a vacuum expectation value (0, ho),
the Yukawa couplings in Eq. (1.11) give the mass matrices for the quarks. The weak
eigenstates of the quarks are linear combinations of the mass eigenstates determined
through the unitary matrices, V u,d

L,R, which diagonalise the mass matrices,

Mf
diag = V f

L Y
fV f†

R ho (1.12)

for f = u, d. Thus we obtain the Cabbibo-Kobayashi-Maskawa (CKM) matrix

VCKM ≡ V u
L V

d†
L =

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

 (1.13)

6



whose elements are the couplings between the charged-current W± interactions and
the physical states (mass eigenstates) of the quarks. The PDG [2] adopted the
following convention in parametrising the unitary CKM matrix using three mixing
angles and a CP -violating phase:

V =

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 (1.14)

where sij = sin θij , cij = cos θij and δ is the CP -violating phase. The angles θij can
be chosen to lie in the first quadrant, so sij , cij ≥ 0.

To conveniently denote the experimentally observed hierarchy s13 � s23 �
s12 � 1, Wolfenstein introduced the parametrisation [3],

s12 = λ =
|Vus|√

|Vud|2 + |Vus|2
(1.15)

s23 = Aλ2 = λ

∣∣∣∣ VcbVus

∣∣∣∣ (1.16)

s13e
iδ = V ∗ub = Aλ3(ρ+ iη) =

Aλ3(ρ̄+ iη̄)
√

1−A2λ4

√
1− λ2(1−A2λ4(ρ̄+ iη̄))

. (1.17)

The parameter ρ̄ + iη̄ = −(VudV
∗
ub)/(VcdV

∗
cb) is phase-convention-independent. We

can expand VCKM to any order of λ, for example to O(λ4) we have

V =

 1− λ2/2 λ Aλ3(ρ− iη)

−λ 1− λ2/2 Aλ2

Aλ3(1− ρ− iη) −Aλ2 1

+O(λ4). (1.18)

Note that the above matrix is unitary to O(λ4). The experimental values [2] of these
parameters are

λ = 0.22535± 0.00065, A = 0.811+0.022
−0.012, ρ̄ = 0.131+0.026

−0.013, η̄ = 0.345+0.013
−0.014.

(1.19)
Using the unitarity conditions of the CKM matrix we get∑

k

VkiV
∗
kj = δij ,

∑
j

VikV
∗
jk = δij . (1.20)

When i 6= j the summation vanishes and the three complex numbers in the sum-
mation can be represented as a triangle in the complex plane. The areas of all
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these triangles are phase-convention-independent and equal to half of the Jarlskog
invariant J [4], given by

Im(VijVklV
∗
ilV
∗
kj) = J

∑
m,n

εikmεjln (1.21)

which measures the CP -violation.
In the literature the most commonly used unitarity triangle is the one formed

using the first and last columns of the CKM matrix:

VudV
∗
ub + VcdV

∗
cb + VtdV

∗
tb = 0. (1.22)

The above equation is divided by VcdV ∗cb and thus we get vertices at (0, 0), (1, 0) and
(ρ̄, η̄), using Eq. (1.17), as shown in Figure 1.1. The ρ̄, η̄ plane is used to display
various measurements of mixing. Overconstraining the unitarity triangle is a precise
test for Standard Model and deviations from unitarity will provide insights to Beyond
Standard Model theories.

Figure 11.1: Sketch of theunitarity triangle.

2

3
1

Figure 1.1: The unitarity triangle [2].

1.2 Neutrinos

The existence of neutrinos was postulated by Wolfgang Pauli to preserve energy-
momentum conservation in beta decay. Neutrinos can interact with matter through
charged current interactions and produce charged leptons. Hence a direct discov-
ery of neutrinos should involve a detection of these charged leptons. Cowan and
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Reines [5] used such an interaction

ν̄e + p→ n+ e+ (1.23)

to finally get irrefutable proof of the neutrino’s existence. Antineutrinos produced
at the Savannah River nuclear site interacted with protons in a tank of water in
the detector producing positrons and neutrinos. The positron annihilates with an
electron in the medium producing two gamma rays of about 0.5 MeV each. A
scintillator in the tank of water and photomultiplier tubes were used to detect these
gamma rays. Cd-108 was used to detect the neutrons. Excited Cd-109 is produced
when the neutron is captured by the Cd-108 nucleus. The de-excitation produces
a gamma ray which again is detected using the scintillator-photomultiplier set-up.
The simultaneous detection of the positron annihilation and the neutron capture
uniquely confirms the presence of an antineutrino interaction.

In 1962 muon neutrinos were observed by Lederman et al [6] at the Brookhaven
Alternating Gradiant Synchrotron facility. These neutrinos were produced mostly
through pion decays:

π± → µ± + (ν/ν̄). (1.24)

The neutrinos in turn were detected when they interacted with matter and produced
muons and not electrons. This proved that these neutrinos were different from the
previously discovered electron neutrinos. Separate electron and muon lepton number
conservation laws were postulated which also helped to explain why decays like
µ→ e+ γ were not observed. In the detector, a spark chamber was used to identify
muons.

Finally the tau neutrino (the last remaining fermion in the standard model)
was discovered in 2000 by the DONUT collaboration [7]. An 800 GeV proton beam
interacting with a one meter long tungsten beam dump was used to produce the
tau neutrinos. DS mesons produced in the beam dump undergo leptonic decay and
produce tau leptons (τ) and tau antineutrinos (ν̄τ ). The τs subsequently decay
producing ντ s. The ντ was detected in a nuclear emulsion: through the charged
current interaction the ντ produces a τ and the identification of the τ as the only
lepton created at the point of interaction provides a unique signature for ντ . Within
a couple of millimetres after its creation, the τ decays typically producing a charged
daughter particle. Thus a short track with a kink signifies the production and decay
of a τ . If the daughter particles were an electron or a muon, they were detected
using a charged particle spectrometer providing extra information.
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1.2.1 Neutrino mass measurements

Beta decay experiments

A direct neutrino mass measurement can be done in principle, by analysing the
energy spectrum of beta decay. Tritium having one of the least energic beta decays
is an ideal candidate for this type of experiment. Here the total energy shared
between the neutrino and the electron is only 18.6 keV. The maximum energy that
the electron can carry is limited by the rest mass of the neutrino. The energy
spectrum of the electrons will extend only up to the point which is the total energy
of 18.6 keV minus the rest energy of the neutrino. The electron energy spectrum is
shown in Figure 1.2.

Figure 1.2: Beta decay spectrum of tritium [8]. Detection of neutrino mass requires
a high precision measurement to analyse the end point of the spectrum.

The KATRIN (Karlsruhe Tritium Neutrino) Experiment can attain a sensitiv-
ity of 0.2 eV with the help of a special type of spectrometer called the MAC-E-Filter
(Magnetic Adiabatic Collimation combined with an Electrostatic Filter).
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Electrons are isotropically emitted from the source, but they are collimated using
a slowly varying magnetic field into a beam moving almost parallel to the field
lines. An electrostatic barrier acting as an integrating high-energy pass filter is used
to separate the electrons above a given energy which are then re-accelerated and
detected, thus providing the energy spectrum.

Using a set of recent tritium beta experiments, an upper limit ofm(νe) < 2 eV
at 95% C.L. is obtained [9].

Neutrinoless double-beta decay

Figure 1.3: Double-beta decay processes, ββ2ν and ββ0ν respectively

Beta decay occurs when a neutron in a nucleus is converted into a proton (increasing
the atomic number by one) with the emission of an electron and a neutrino. This
can happen only if the binding energy of the final nucleus is more than that of the
initial one. In some nuclei like Ge-76, the nucleus with the atomic number higher
by one has lower binging energy, but the nucleus with atomic number higher by
two has higher binding energy. Therefore they can not undergo a single beta decay,
instead they can emit two betas and two neutrinos together (double beta decay),
left of Figure 1.3. The two-neutrino double beta decay, ββ2ν

(Z,A)→ (Z + 2, A) + 2e+ 2ν̄e (1.25)

conserves lepton number. If the neutrino is also its own antiparticle, it can be emitted
as well as absorbed in simultaneous decays giving rise to neutrinoless double beta
decay, right of Figure 1.3, ββ0ν:

(Z,A)→ (Z + 2, A) + 2e. (1.26)
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Neutrinoless double beta decay violates lepton number and is possible only if neu-
trinos are massive Majorana particles.

The shape of the total energy spectrum of the outgoing beta particles is
determined by the phase space of all the light decay products [10]. In ββ2ν, some
energy is carried away by the neutrinos and thus we get a continuous energy spectrum
for the electrons below the maximum allowed end point energy (where the energy
carried away by the neutrinos tends to zero). In the case ββ0ν, all the energy is
carried by the electrons and so we get a single peak at the end point energy. The
spectrum is shown in Figure 1.4.

Figure 1.4: The spectrum of the total energy of the two electrons in a double beta
decay. In the case of neutrinoless decay a bump appears centred at the end point
of the main spectrum. The plot is made with an energy resolution of 5% [10] which
smears the delta function into a bell-shaped curve.

Being a second-order process, ββ2ν has a very long lifetime, 10 orders of
magnitude longer than the typical lifetimes of trace radioactive impurities which also
give betas of similar energy. So detecting double beta decays is quite challenging,
not to mention even the rarer neutrinoless mode. But several cases of ββ2ν have
been detected and improvements in the sensitivity for the detection ββ0ν have been
made. These improvements lead to better limits on the effective neutrino mass, since
the ββ0ν rate is proportional to the square of the neutrino mass. The half-life for
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the neutrinoless double beta decay is given by(
T 0ν

1
2

)−1
= G0ν

∣∣M0ν
∣∣2 〈mββ〉2 (1.27)

where G0ν is a phase space factor, M0ν is the nuclear matrix element and mββ is the
effective neutrino mass. Evaluation of the nuclear matrix element mainly depends on
theoretical calculation and it is the source of the largest uncertainty to mββ . The ex-
perimental upper limit of mββ is often quoted as a range of values which corresponds
to the different models used to calculate the nuclear matrix element. Experiments
like Heidelberg-Moscow, NEMO, COBRA, CUORE, GERDA etc. are aimed towards
the goal of detecting ββ0ν even though no conclusive evidence for it has been found
so far. In 2001 a claim was made by a part of the Heidelberg-Moscow collaboration
to have observed ββ0ν, but this is yet to be universally accepted by the larger sci-
entific community. Various experiments have set limits on the effective Majorana
neutrino mass. The NEMO-3 experiment [11] gives |mββ | < 0.47 − 0.96 eV and
|mββ | < 0.94− 2.5 eV corresponding to the isotopes Mo-100 and Se-82 respectively.

Cosmic neutrino background

There is a relic neutrino background with a temperature of 1.95K and a number
density of 112cm−3/flavour [12]. The corresponding energy density (Ωνh

2 = mν
93eV)

constitutes dark matter. From neutrino oscillation experiments we know that neu-
trinos have a minimum mass of about 0.05 eV which constitutes only 0.1% of dark
matter. Tritium decay experiments set an upper bound on electron neutrino mass at
around 2.2eV. A value close to this mass can contribute about 12% of dark matter.
Neutrinos are classified as hot dark matter and they affect the large scale structure
formation of the universe. Their large thermal energy hinders growth of clusters on
a small scale. On the other hand both hot and cold dark matter can cluster at large
scales. Knowledge of the large scale distribution and the galaxy power spectrum can
be used to calculate an upper limit to the mass of the neutrinos. The WiggleZ Dark
Energy Survey [13] gives the strongest cosmological limit on neutrino mass so far,∑
mν < 0.29 eV.

1.2.2 Theory of neutrino mass and mixing

An excellent review of neutrino theory is given in [14] and this section is written
mostly based on it.

13



Neutrinos are observed to change their flavour as they propagate. Neutrinos
are weakly interacting particles and hence they are produced and detected as flavour
eigenstates. As they propagate, the probabilistic contents of different flavours os-
cillate periodically. This phenomenon is called neutrino oscillation. In the original
Standard Model neutrinos were assumed to be massless. Observation of neutrino os-
cillation has proved that they have mass and this necessitated adding extra neutrino
mass terms.

For interactions involving the neutrino fields we have the charged current

jCCρ = 2
∑

l=e,µ,τ

νlLγρlL (1.28)

and the neutral current
jNCρ =

∑
l=e,µ,τ

νlLγρνlL (1.29)

which couple with the W and the Z vector gauge bosons. Here νls are the neutrino
flavour fields, lLs are the left-handed charged-lepton fields and γρ are the gamma
matrices. In the Standard Model the charged current and the neutral current inter-
actions are given by

LCCI = − g

2
√

2
jCCρ W ρ + h.c. (1.30)

LNCI = − g

2 cos θW
jNCρ Zρ (1.31)

where θW is the Weinberg angle and g is the SU(2)L gauge coupling constant.
Charged current interactions define the neutrino flavour eigenstates νe, νµ, ντ : i.e.
we may say that ν̄e is the particle produced in the decay π− → e− + ν̄e. Neutrinos
are always produced and detected as flavour eigenstates.

The invisible width of the Z boson is used to determine the number of light
neutrino flavours. LEP measurements gave it to be quite close to 3 with the most
recent experimental value being 2.994± 0.012, confirming that no neutrino flavours
other than e, µ, τ exist. The electron, the muon and the tau lepton numbers are
conserved in the charged current and neutral current interactions. Precision mea-
surements of branching ratios of various decays have been made to obtain strong
bounds on the probabilities of lepton number violating processes and so far there
has been no proof for Lepton number violation in any of these decays.

Non-zero neutrino masses and the phenomenon of neutrino mixing lead to
violation of lepton number conservation. Let νlL be left-handed flavour neutrino
fields and νkL be the left-handed neutrino
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fields with definite masses mk. The flavour eigenstates νlL are assumed to be super-
positions of the mass eigenstates νkL:

νlL =
n∑
k=1

UlkνkL (l = e, µ, τ) (1.32)

where U is the PMNS matrix responsible for mixing. In the simplest case the number
of massive neutrino fields n is equal to 3. However if we postulate the existence of
sterile neutrinos (which do not interact weakly as given in Eqs. (1.28, 1.29)) then
n can be greater than 3.

Quarks interact weakly via the V-A current∑
q′=u,c,t

∑
q=d,s,b

q′LγρVq′qqL (1.33)

where V is the Cabibbo-Kobayashi-Maskawa matrix which leads to the observed
mixing phenomenon in quarks. Even though the neutrino mixing relation, Eq. (1.32)
is analogous to the quark mixing, Eq. (1.33), there is a fundamental difference. Unlike
the quarks which are four component Dirac particles, the nature of the neutrinos is
not well established. If they are also Dirac particles, neutrinos and antineutrinos
will have opposite lepton numbers and hence the total lepton number

L = Le + Lµ + Lτ (1.34)

will be conserved. On the other hand if the massive neutrinos are two component
Majorana particles then the total lepton number, Eq. (1.34), will not be conserved.
Models can be constructed with different kinds of neutrino mass terms which lead
to Dirac or Majorana neutrinos.

Dirac mass term

We have the Standard Model Higgs mechanism that generates the fermion masses
through electroweak symmetry breaking via the Yukawa couplings of the Higgs to
the fermions. A Dirac neutrino mass term is similar to the mass term for the up
type quarks. The neutrino mass term, after electroweak symmetry breaking, takes
the form

LD = −
∑
l,l′

νlLM
D
ll′νl′R + h.c. (1.35)

where MD is in general a complex 3× 3 matrix.
Any complex 3× 3 mass matrix can be diagonalised by using two unitary
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matrices V and U which are left and right multiplied on the mass matrix:

MD = UmdiagV
†. (1.36)

The diagonal matrix, mdiag, can be made positive definite, mdiag = miδij with
mi ≥ 0. In the diagonalised form the Dirac mass term, Eq. (1.35), takes the form

LD = −
3∑

k=1

mkνkνk + h.c. (1.37)

where νlL is given by Eq. (1.32). Thus the left-handed components νkL of the three
fields of neutrinos with masses mk (k = 1, 2, 3) are unitary linear combinations of
the three flavour fields νlL (l = e, µ, τ). Similarly the right-handed components νkR
are also linear combinations of the right-handed fields νlR (l = e, µ, τ) through the
unitary matrix V :

νlR =

3∑
k=1

VlkνkR (l, e, µ, τ). (1.38)

Right-handed fields, νlR, however, do not interact in the Standard Model and hence
these sterile fields do not affect neutrino mixing.

For a Dirac field νk, the Lagrangian is invariant under global U(1) transfor-
mation

νl → eiφνl, l→ eiφl (l = e, µ, τ) (1.39)

where the phase φ is the same for all the neutrino and charged lepton fields. Noether’s
theorem states that for every global symmetry there exists a conserved quantity. Here
the conserved quantity is the total lepton number. A particle and its antiparticle
have opposite lepton numbers. Thus a Dirac neutrino and its antineutrino can be
distinguished by their lepton numbers. Even though processes like µ→ e+γ, µ− →
e−+e+ +e− are allowed by the Dirac mass term, Eq. (1.35), the branching fractions
of such decays are negligibly small.

A 3 × 3 unitary mixing matrix has 9 independent parameters, 3 angles and
6 phases. When these phases go to zero, the 3× 3 unitary matrix is reduced to a 3
parameter 3× 3 orthogonal matrix. In the Standard Model, out of the 9 parameters
in the mixing matrix U , only four are observable. The charged current for the leptons
in the Standard Model is given by

jCC
†

ρ = 2
∑

l=e,µ,τ

lLγρνlL = 2
∑

l=e,µ,τ

3∑
k=1

lLγρUlkνkL. (1.40)
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It can be shown that five phases out of the six can be eliminated by absorbing them
into the charged lepton and neutrino fields. The only remaining phase in U leads to
CP -violation in the lepton sector.

A parametrization similar to the CKMmixing matrix for the quarks, Eq. (1.14),
is adopted for the leptonic sector also:

V =

 c12c13 s12c13 s13e
iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 (1.41)

where cij = cos θij and sij = sin θij and δ is the CP -violating phase. In the above
parametrisation we can see that the CP -violating term eiδ is always multiplied with
s13. Therefore a small mixing mixing angle θ13 implies a comparative reduction in
CP -violation. In fact this is applicable to any of the three mixing angles and if any
of them goes to zero the CP -phase can be removed by redefining the lepton fields.

Dirac-Majorana mass term

A Dirac-Majorana mass term is the most general construction using a set of left-
handed flavour fields νlL (l = e, µ, τ) and sterile right-handed fields νsR (s = s1, s2, ...).
Here lepton numbers are not conserved. The Dirac-Majorana Lagrangian

LD+M = LML + LD + LMR (1.42)

has three parts with

LD = −
∑
s,l

νsLM
D
sl νlR + h.c. (1.43)

LML = −1

2

∑
l,l′

νlLM
L
ll′ν

c
l′L + h.c. (1.44)

LMR = −1

2

∑
s,s′

νcsRM
R
ss′νs′R + h.c.. (1.45)

There are nR sterile right-handed fields and in general nR and the number of flavour
fields (3) are different. The mass matrices MD, ML and MR are complex. The
charge-conjugation operation

(νlL)c = CνlLT , (νsR)c = CνsRT , (1.46)
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where C is the charge-conjugation matrix, converts the left-handed field to right-
handed and vice versa. The mass matrices ML and MR can be assumed to be
symmetric without loss of generality. This is because

(νlL)cνl′L = (νl′L)cνlL (1.47)

and thus any antisymmetric part in ML and MR becomes irrelevant.
A left-handed column vector

nL ≡

(
νL

(νR)c

)
(1.48)

is defined with

νL ≡

νeLνµL
ντL

 , νR ≡


νs1R

νs2R

.

.

 . (1.49)

Since ∑
s,l

νsLM
D
sl νlR = −

∑
s,l

νTlRM
D
sl νsL

T =
∑
s,l

(νlR)c(MD)Tls(νsL)c (1.50)

and using the (3 + nR)× (3 + nR) matrix

MD+M ≡

(
ML MD

(MD)T MR

)
(1.51)

we get

LD+M = −1

2
nLM

D+MncL + h.c.. (1.52)

Note that the matrix MD+M is symmetric.
We use the unitary matrix U to diagonalise the complex symmetric matrix

MD+M :
MD+M = UmdiagU

T (1.53)

where (mdiag)kj = mkδkj and mk ≥ 0. With this substitution, the mass term,
Eq. (1.52), takes the form

LD+M = −1

2
N cmdiagN

c = −1

2

3+nR∑
k=1

mkνkνk (1.54)
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where

N ≡


ν1

ν2

.

.

 = U †nL +
(
U †nL

)c
. (1.55)

The fields νk are Majorana because

(νk)
c = νk (k = 1, 2, 3, ..., 3 + nR). (1.56)

Therefore, when we have a Dirac-Majorana mass term with 3 neutrino flavours and
nR sterile right-handed fields, we get 3 + nR Majorana fields with definite masses.
A global phase transformation that keeps the mass term, Eq. (1.52), invariant does
not exist; i.e. we do not have conserved quantities like lepton numbers that can
differentiate particles and antiparticles.

Using Eq. (1.55), we can see that the left-handed neutrino fields, νlL, are
unitary linear combinations of neutrino states with definite mass, νkL,

νlL =

3+nR∑
k=1

UlkνkL (1.57)

(νsR)c =

3+nR∑
k=1

UskνkL (1.58)

This leads to the observed mixing phenomenon among the flavour neutrinos νe, νµ
and ντ . Eq. (1.57) implies that the flavour fields oscillate among themselves as
was the case with the Dirac neutrinos. From Eq. (1.58) it is clear that the flavour
neutrinos can also oscillate into unobservable sterile states.

It is well known that the Standard Model does not allow the term LML in the
Dirac-Majorana mass term, Eq. (1.42). We need models beyond the Standard Model
like SO(10) GUT theories to get all richness of the Dirac-Majorana mass term.

Majorana mass term

A pure Majorana mass term is the only possibility if no neutrino field other than
the three flavour fields νlL(l = e, µ, τ) exists. Then we have

LM = −1

2

∑
l,l′

νlLM
L
ll′ν

c
l′L (1.59)

where ML is a complex matrix which is also symmetric. The mixing relation is
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νlL =
3∑

k=1

UlkνkL (1.60)

where νk is a Majorana field with mass mk. Here we have only three massive neu-
trinos, equal to the number of flavour fields. The Majorana condition, Eq. (1.56)
does not remain invariant under the rephasing of neutrino fields. Earlier, for the
Dirac neutrinos, we could remove 5 out of 6 phases by redefining the lepton fields,
Eq. (1.40). Here rephasing can be done only for the charged-lepton fields and this
removes only 3 phases. Thus the Majorana case leaves three CP -violating phases in
the mixing matrix U . But these extra phases do not cause any observable effect on
neutrino oscillations.

The see-saw mechanism

Consider the Dirac-Majorana mass term, Eq. (1.42), and the resulting symmetric
mass matrix, Eq. (1.51). Assume that ML = 0, MD is of the order of the weak
scale and MR is at a very high energy scaleM. The scaleM is a model-dependent
quantity. This can be very high, for example the grand unification scale ≈ 1015 GeV
or even the Plank scale ≈ 1019 GeV or a comparatively low scale as low as the TeV
scale. Under these conditions we will get a set of eigenvalues (neutrino masses) scaled
inversely proportional to the large scale M resulting in very light neutrinos. Also
we will have a set of heavy neutrinos hitherto unobserved. This process is known
as the see-saw mechanism. The see-saw mechanism is quite attractive in the sense
that it gives an explanation for the smallness of the neutrino masses compared to
the masses of all other fermions. Of course it is the right-handed Majorana mass
term at the high scaleM that violates lepton number conservation.

The see-saw mechanism in the case of three families is analysed in detail
below. Here we assume that MD and MR are 3 × 3 matrices in Eq. (1.51). As
stated earlier ML is assumed to be zero. Such a mass matrix can be brought into a
block diagonalised form (up to corrections of order (MR)−1MD) through the unitary
transformation

W TMD+MW ≈

(
Mlight 0

0 Mheavy

)
(1.61)

where

W ≈

(
1− 1

2(MD)∗(MR(MR)†)−1(MD)T (MD)∗(MR)†−1

−(MR)−1(MD)T 1− 1
2(MR)−1(MD)T (MD)∗(MR)†−1

)
(1.62)
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and
Mlight ≈ −MD(MR)−1(MD)T , Mheavy ≈MR. (1.63)

Three simple possibilities corresponding to specific choices of MD and MR are dis-
cussed below.

1. If MR =MI, where I is the identity, we will have the quadratic seesaw:

Mlight ≈ −
MD(MD)T

M
(1.64)

and thus we have the light neutrino masses

mk =

(
mf
k

)2

M
(1.65)

wheremf
k are the eigenvalues ofMD which are in weak scale. So the neutrino masses

scale as the squares of the masses mf
k

m1 : m2 : m3 = (mf
1)2 : (mf

2)2 : (mf
3)2. (1.66)

2. If MR = M
MW

MD, where MW is the scale of MD, we have the linear
see-saw,

Mlight ≈ −
MW

M
MD (1.67)

and thus we have the light neutrino masses.

mk =
MW

M
mf
k (1.68)

Here the neutrino masses scale as the masses mf
k :

m1 : m2 : m3 = mf
1 : mf

2 : mf
3 . (1.69)

3. The third possibility is the one in whichMD =MW I. Let the eigenvalues
of MR beMmR

k . So we get

Mlight ≈ −M2
W (MR)−1 (1.70)

with the light neutrino masses

mk =
M2

W

MmR
k

. (1.71)
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So the neutrino masses scale inversely as the masses mR
k :

m1 : m2 : m3 =
1

mR
1

:
1

mR
2

:
1

mR
3

. (1.72)

1.2.3 Neutrino oscillations in vacuum

Let |νk〉 be a neutrino mass eigenstate with mass mk and assume that it is ultrarel-
ativistic, p� mk i.e. we have

Ek =
√
p2 +m2

k ≈ p+
m2
k

2p
. (1.73)

The flavour eigenstate, |να〉, will be the coherent superposition of mass eigenstates:

|να〉 =

n∑
k=1

U∗αk|νk〉. (1.74)

The neutrinos are produced as flavour eigenstates and let the state shown in Eq. (1.74)
be at time, t = 0. When propagating freely, the wavefunction of a particle with en-
ergy Ek evolves with a phase factor exp(−iEkt) as described by the Schrodinger
equation. Therefore when the neutrino, Eq. (1.74), reaches its destination after time
t, its state is given by

|να〉(t) =
n∑
k=1

Uαke
(−iEkt)|νk〉. (1.75)

Just as they are produced, the neutrinos are also detected as flavour eigenstates. So
we make the expansion

|να〉(t) =
∑
β

Aνα→νβ (t)|νβ〉 (1.76)

where

Aνα→νβ (t) =

n∑
k=1

Uαke
(−iEkt)U∗βk. (1.77)

Aνα→νβ (t) is the amplitude of να → νβ oscillation after a time t or an equivalent
distance, L ' t. The square of the amplitude gives the probability:

Pνα→νβ =
∣∣Aνα→νβ (t)

∣∣2 =

∣∣∣∣∣
n∑
k=1

Uαke
−iEktU∗βk

∣∣∣∣∣
2

. (1.78)

While deriving Eqs. (1.77, 1.78) we assumed that the state, |να〉, belongs to one
of the three flavours. But these formulae are valid for additional sterile neutrino
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states also provided they are light particles (i.e. we have more than three light mass
eigenstates). The presence of the sterile neutrinos is detectable indirectly through
the disappearance of the flavour neutrinos. Note that in the case of the see-saw
mechanism described earlier, with all the extra mass eigenstates being heavy, os-
cillations to sterile states do not happen. But it is possible to build models with
light sterile states also, where flavour to sterile transitions become applicable. If the
first n′ mass eigenstates are light, (n′ < n), and the rest are heavy, only the n′ × n′

submatrix of U takes part in neutrino oscillation. For the see-saw mechanism, this
n′ × n′ submatrix is unitary to a good approximation. This is assumed in further
discussions and we use n to mean n′.

For the antineutrino flavour state |ν̄α〉, using the relation Eq. (1.74), we have

|ν̄α〉 =

n∑
k=1

U∗αk|ν̄k〉. (1.79)

Therefore for the antineutrino transition ν̄α → ν̄β the amplitude is given by

Aν̄α→ν̄β (t) =

n∑
k=1

U∗αke
−iEktUβk. (1.80)

Note that neutrino and antineutrino transition amplitudes differ only by the ex-
change of U → U∗.

Using the unitarity relation,
∑n

k=1 U
∗
αkUβk = δαβ , and also the ultrarela-

tivistic approximation, Eq. (1.73), the transition probability, Eq. (1.78), takes the
form,

Pνα→νβ =

∣∣∣∣∣δαβ +

n∑
k=2

U∗βkUαk

(
exp

(
−i

∆m2
k1L

2E

)
− 1

)∣∣∣∣∣
2

(1.81)

where ∆m2
kj ≡ m2

k−m2
j . We can see that the quantity L/E, which is determined by

the experimental set-up, is important in oscillation studies. The exponential part in
Eq. (1.81) produces a noticeable oscillatory change only if

∆m2 &
E

L
. (1.82)

So if the experimental set-up provides a large value for the parameter L/E, smaller
values of ∆m2 can be probed, provided the corresponding mixing angle is not too
small.

For both neutrinos and antineutrinos, the transition probabilities are invari-
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ant under the phase transformation

Uαk → e−iφαUαke
−iψk . (1.83)

Since the Majorana CP-violating phase can be absorbed into the above mentioned
phases, the Majorana and the Dirac cases can’t be distinguished by observing neu-
trino oscillations.

From the expressions for the transition amplitudes of neutrinos and antineu-
trinos, Eq. (1.77) and Eq. (1.80), we get

Pνα→νβ = Pν̄β→ν̄α , Pνα→να = Pν̄α→ν̄α . (1.84)

This in turn is due to the fact that any local field theory is invariant under CPT
transformation. In the special case of CP invariance in the leptonic sector, we get

Pνα→νβ = Pν̄α→ν̄β . (1.85)

In this case, for massive Dirac neutrinos, we will be able to rephase the neutrino
and the charged lepton fields to make U real. On the other hand, for Majorana
neutrinos, we get

U∗αk = Uαkρk (1.86)

with ρk = −iηCPk = ±1, where ηCP is the CP parity of the Majorana neutrinos
having mass mk.

For measuring CP -violation it is not easy to set up identical experiments
with neutrinos and antineutrinos to compare the transition probabilities as given
in Eq. (1.85). However, for a long baseline oscillation experiment, CP -violation
modifies the pattern of oscillations as a function of neutrino energy. Thus we can
measure CP -violation using neutrinos alone. For this purpose νe appearance experi-
ments are the ideal candidates since they can unambiguously identify the oscillation
as νµ → νe.

Oscillations in the two-neutrino case

The transition probability, Eq. (1.81), in the case of only two neutrino flavours, takes
the form

Pνα→νβ =

∣∣∣∣δαβ + Uβ2U
∗
α2

(
exp

(
−i∆m

2L

2E

)
− 1

)∣∣∣∣2 (1.87)

where ∆m2 = m2
2 − m2

1 and α, β are e, µ or µ, τ etc. Usually neutrino oscillation
data is analysed under this assumption. The elements of U appearing in Eq. (1.87)
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connect the oscillating flavours with the mass eigenstate ν2 (or ν1). Note that the
phase does not appear in Eq. (1.87) meaning CP violation is not observable in an
oscillation scenario with only two flavours. This result can be demonstrated from
Eq. (1.83) also. With the substitution, Uα2 = sin θ, we get

Pνα→νβ =
1

2
sin2 2θ

(
1− cos

∆m2L

2E

)
(α 6= β) (1.88)

Pνα→να = Pνβ→νβ = 1− Pνα→νβ (1.89)

which is valid for neutrinos as well as antineutrinos. In experimentally applicable
units we have

Pνα→νβ =
1

2
sin2 2θ

(
1− cos 2.53

∆m2L

E

)
(α 6= β) (1.90)

where L is in metres, E is in MeV and ∆m2 is in eV2. Evidently the probability os-
cillates as a function of L/E with an amplitude of sin2 2θ. The condition, Eq. (1.82),
can be re-written using the oscillation length,

Losc =
4πE

∆m2
≈ 2.38

E(MeV)
∆m2eV2m, (1.91)

to give
Losc . L. (1.92)

The transition probability, Eq. (1.88), with sin2 2θ = 1 is plotted in Figure (1.5).

Δm2 L / 4 π E

10-2 10-1 100 101

P
ν

α
→

ν
β

0.0

0.2

0.4

0.6

0.8

1.0

Figure 1.5: Transition probability for two flavour oscillations [14] is indicated using
the grey line. The x-axis is in units of L/Losc.
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Since the incoming neutrinos have a range of energies, averaging over the neutrino
energy distribution is required. The black line represents averaging over a gaussian
distribution with mean value E and standard deviation σ = E/10. At the limit of
large distances, the probability tends to a constant, 1− sin2 2θ/2 for L� Losc.

Analysis with three flavours is more complicated and is not discussed here.

1.2.4 Mikheyev-Smirnov-Wolfenstein (MSW) effect

The MSW effect [15] is the phenomenon of flavour conversion occurring to the neutri-
nos when they propagate through a medium. The vacuum Hamiltonian is modified
because of the charged current and the neutral current interactions of neutrinos with
the electrons and the nuclei in matter which in turn modifies the mass eigenstates and
mixing angles. Electron neutrinos are born near the centre of the sun, where ambient
densities modify the Hamiltonian such that the higher energy electron neutrinos are,
to an excellent approximation locally, in a ν2 mass eigenstate. The dynamics ensures
that the mass eigenstate at a particular matter density remains an eigenstate as long
as the density varies slowly (adiabatic condition). This is satisfied for high energy
solar neutrinos and as a result the neutrino state emerging from the sun is ν2, the
mass eigenstate, which does not evolve with further propagation.

Figure 1.6: The MSW effect under the variation of neutrino energy. The plot [16] is
made numerically with the assumption that |Ue2|2 = 1

3 .

Thus for these neutrinos the survival probability is simply the overlap of the ν2

eigenstate with the νe, i.e. |Ue2|2. For other energies, the survival probability returns
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to the vacuum expression, Eqs. (1.88, 1.89). The results of a numerical calculation
are shown in Figure 1.6.

1.2.5 Neutrino oscillation experiments

Solar neutrinos

In the sun, most of the energy is produced through the fusion of hydrogen to form he-
lium via different fusion chains. The Standard Solar Model (SSM) relates variables
like radius, pressure, temperature, luminosity, density etc. using stellar structure
equations. Numerically solving these equations with the help of the observed proper-
ties of the sun like its luminosity and surface abundances, we can predict the relative
contributions of different nuclear fusion chains in the energy produced. This allows
us to calculate the number of neutrinos produced at various energies. Figure 1.7
shows the neutrino energy spectrum predicted by the BP04 solar model [17].

Figure 1.7: The predicted solar neutrino energy spectrum [17]. For continuum
sources, the neutrino fluxes are given as the number of neutrinos per cm2s1MeV1

at the Earth’s surface. For line sources, the units are number of neutrinos per
cm2s1. The difficult-to-detect CNO neutrino fluxes are not shown here.
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Figure 1.8: This is the primary mechanism
in light water detectors like Kamiokande-
2. Electron neutrinos, unlike the other
flavours, can undergo both neutral and
charged current interactions and thus elec-
tron neutrino interaction dominates by a
factor six. The direction of cerenkov light
provides the direction of the incoming neu-
trino.

During the late 1960s, the Home-
stake experiment conducted by Ray-
mond Davis Jr. and John N. Bahcall
reported a deficit in the number of so-
lar neutrinos. A 100,000 gallon tank
filled with tetrachloroethylene kept in
the Homestake gold mine was used as
the neutrino target in the experiment.
The chlorine (Cl-37) in the fluid gets
converted into radioactive argon (Ar-37)
by capturing a neutrino (threshold en-
ergy∼ 814 keV) on rare occasions. After
running the experiment for a few weeks,
argon was collected by bubbling Helium
through the fluid. By measuring the
amount of argon, the number of neutri-
nos was calculated. But only a third of
the number expected by the SSM was
observed and this came to be known as
the solar neutrino problem. The high
energy neutrinos detected at Homestake
are subject to the MSW effect, the value of ∆m2/E corresponding to roughly
2 × 10−5 on Figure 1.6. Thus, the observed survival probability ' 1

3 corresponds
to |Ue2|2 ' sin2 θ12 ' 1

3 . The GALLEX experiment using gallium chloride solution
with a lower threshold energy of 233.2 keV also confirmed the solar neutrino deficit.
For the low neutrino energies which dominate these data, there is no MSW effect,
the value of ∆m2/E corresponding to roughly 2 × 10−4 on Figure 1.6. Thus, the
vacuum formula, Eqs. (1.88, 1.89) applies, with the factor cos

(
∆m2L/2E

)
vanishing

when averaged over the energy distribution. A measured survival probability ' 5
9

here thus also indicates a value of |Ue2|2 ' sin2 θ12 ' 1
3 .

The Kamiokande-2 experiment gave the first conclusive evidence that the
neutrinos observed were indeed coming from the sun [18]. Being a water Cerenkov
detector, the experiment could measure the direction of the incoming neutrinos.
Also unlike the previous radiochemical experiments, it gave real time detection. All
neutrino flavours can interact via neutral current interaction with the electrons and
protons in water, but the charged current interaction channel is available only to
election neutrinos, Figure (1.8). The neutrino energies are not high enough for the
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production of muons and tau leptons, so νµ and ντ cannot interact via charged
currents. The scattered charged particles moving faster than the speed of light in
the medium emit Cerenkov light. Photomultiplier tubes amplify and measure this
light, thus detecting the neutrino interactions. Kamiokande-2 had a much higher
threshold of 7.15 MeV than the radiochemical experiments and the deficit observed
was only about half of the value predicted by the SSM. The experiment also provided
constraints on the oscillation parameters [19] with the assumption that neutrino
oscillation was the reason for the deficit.

Figure 1.9: Through charged current in-
teraction, the neutron in the deuterium is
converted into a proton and the electron
neutrino is converted into an electron. The
electron with its smaller mass gets most of
the energy and the electron which is su-
perluminal in the medium emits Cerenkov
light.

The SNO experiment using heavy
water as the target material was sensi-
tive to all neutrino flavours unlike pre-
vious detectors. The neutrons in heavy
water nucleus (deuteron) increased the
number of possibilities in which the in-
coming neutrinos can interact compared
with a light water target. The neu-
trino interactions in SNO are shown in
the Figures (1.8-1.10). SNO not only
confirmed the electron neutrino deficit,
but also showed that if all the neu-
trino flavours were combined, the re-
sult agreed with the number of neutrinos
predicted by the SSM. This conclusively
proved the neutrino oscillation hypoth-
esis.

Again, the high energy neutrinos
observed at Kamioka and SNO are sub-
ject to the MSW effect, the detected sur-
vival probabilities of electron neutrinos

being ∼ 1
3 , indicating again, a value of |Ue2|2 ∼ sin2 θ12 ' 1

3 . Combined anal-
ysis of solar neutrino data from all phases of operation of SNO carried out in a
two-flavour neutrino oscillation framework yielded ∆m2

21 = (5.6+1.9
−1.4)× 10−5eV2 and

tan2θ12 = 0.427+0.033
−0.029 [20].

It is clear from Figure 1.7 that the Cerenkov detectors have a high threshold
energy. To overcome this deficiency, new generation neutrino detectors like SNO+,
Borexino, HERON etc. are designed. SNO+ is a liquid scintillator based detector.
Scintillators produce much more light than the Cerenkov process and this decreases
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the energy threshold so that the detection of pep solar neutrinos can be achieved.
The Borexino detector is also scintillator based, but with still lower threshold of
around 250 keV, small enough to detect Be-7 neutrinos. The HERON experiment
also with a comparable threshold proposes to use superfluid helium as target. In
these highly sensitive detectors ultrapure materials need to be used to minimise
backgrounds.

Atmospheric neutrinos

Figure 1.10: The Deuterium nucleus is
broken apart as a result of a neutral cur-
rent interaction. The liberated neutron is
slowed down in the heavy water through
scattering. The neutron is finally captured
by another nucleus which emits gamma
rays through de-excitation. The gamma
rays will scatter electrons which in turn
produce detectable light via the Cerenkov
process. Cl-35 is more efficient in neutron
capture than deuterium, so it was added
in the later phase of detector operation.

High energy particles coming from outer
space called cosmic rays were the most
important tools in the study of parti-
cle physics before the advent of parti-
cle accelerators. In recent years cosmic
rays began to play a major role again
through atmospheric neutrinos whose
production proceeds in three steps [14].
The first step involves the creation of
charged pions and kaons directly or in-
directly, when the cosmic rays bombard
the nuclei in the upper atmosphere. The
decays of these mesons produce a part
of the atmospheric neutrino flux in the
second step:

π+ → µ+ + νµ, π− → µ− + ν̄µ

K+ → µ+ + νµ, K− → µ− + ν̄µ.

(1.93)
Electron neutrino and antineutrino
fluxes and further muon neutrino and
antineutrino fluxes are produced in the
third step:

µ+ → e+ +νe+ ν̄µ, µ− → e−+ ν̄e+νµ.

(1.94)
It is clear from Eqs. (1.93, 1.94)

that (νµ + ν̄µ)/(νe + ν̄e) ≈ 2, where ν
denotes neutrino flux. For neutrino en-
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ergies larger than 1 GeV, the corresponding muon’s lifetime becomes large enough
for them to reach the earth’s surface before they decay, Eq.(1.94). Thus there will
be relatively fewer electron neutrinos produced and the above ratio begins to rise
with energy. Monte Carlo models of atmospheric neutrino production are able to
predict individual electron and muon neutrino fluxes with only large uncertainties.
But they can calculate the ratio of the fluxes with much better accuracy. Therefore
in atmospheric neutrino oscillation studies the double ratio

R =
Rdataνµ/νe

RMC
νµ/νe

(1.95)

is used.
Most atmospheric neutrinos are produced at an altitude of 10km to 40 km

above the earth. For a detector kept deep underground, observation of muons cross-
ing the detector horizontally or upwards is an indication of atmospheric muon neutri-
nos. Experiments conducted in the Kolar gold field in India and also in South Africa
were the first ones to report the detection of these atmospheric-neutrino-induced
muons. Cerenkov detectors like the Kamiokande and iron plate calorimeters like
the Soudan-2 could distinguish up and down going neutrinos. They were also able
to differentiate electron and muon flavours. The νe and νµ events produced dif-
fuse and sharp Cerenkov rings respectively in Cerenkov detectors and showers and
tracks in iron calorimeters. They found that the ratio R, Eq. (1.95), is less than 1.
This deficit, called the atmospheric neutrino anomaly, could be explained through
the νµ → ντ oscillation hypothesis. The Super-Kamiokande detector, more than 10
times bigger than its predecessor Kamiokande, has been used in the detection of
solar, atmospheric and beam neutrinos.

Using Eq. 1.90 along with the observed νµ deficit, the values of ∆m2
23 and θ23

can be extracted. From the atmospheric data measured by Super-Kamiokande we
get 1.9 (1.7)× 10−3 < ∆m2

23 < 2.6 (2.7)× 10−3eV2 and 0.407 ≤ sin2 θ23 ≤ 0.583 [21].

Reactor neutrinos

Uranium-based nuclear reactors produce energy through the nuclear fission of U-
235. The radioactive fission products often undergo beta decays before approaching
the line of stability [22]. These beta decays produce around 6 antineutrinos per
fission. The nuclear reactor fuel usually contains less then 5% of U-235. The rest,
consisting of U-238, Pu-239, Pu-241 etc., also undergoes fission which again produces
antineutrinos through beta decays. The neutrino flux can be calculated with the
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knowledge of these decay chains, but these calculations have large errors. Early
neutrino oscillation experiments like Goesgen (Switzerland), Ronvo (Russia) and
Bugey (France) measured neutrino fluxes at varying distances from the reactor core,
but only within a few tens of meters. Their measurements found no evidence for
neutrino oscillations.

Reactor experiments, Chooz and Palo Verde, with a longer baseline of about
a km were commissioned in the late nineties. They also did not find any evi-
dence for neutrino oscillations. By probing the parameter region corresponding to
∆m2

atm ∼ 10−3eV2, these experiments proved that the muon neutrino deficit in the
Kamiokande atmospheric result was not due to νµ → νe oscillations assuming CPT
invariance. The Chooz experiment also provided the world’s best constraint on the
θ13 at that time: sin2(2θ13) < 0.14 at ∆m2

atm = 2.5 × 10−3eV2. KamLAND was a
long baseline reactor experiment with an average distance of around 180 km from
the surrounding reactors, sensitive to probe ∆m2

sol. KamLAND found evidence for
oscillations compatible with solar neutrino experiments, thus linking oscillations of
antineutrinos in vacuum to the flavour transformations through MSW matter effect
in the sun.

Recently the Daya Bay Reactor Neutrino experiment [23] found that θ13 is
non-zero. The experiment consists of three underground experimental halls con-
nected with horizontal tunnels. The unique feature of this experiment is the use of
the so-called movable detector. Antineutrino flux from six pressurised water reactors
is detected in the two near (flux-weighted baseline 470 m and 576 m) and one far
(1648 m) experimental halls. A 6% deficit was found in the far detector compared
to the expected flux based on near hall measurements.

As in the case of the atmospheric neutrino deficit, here also we use Eq. 1.90
to express the observed neutrino disappearance (here ν̄e) and to extract the mixing
angle. The Daya Bay analysis yields sin2 2θ13 = 0.092±0.016(stat)±0.005(syst) [23].
Later RENO, a similar medium baseline reactor experiment in South Korea, also
made a compatible measurement, sin2 2θ13 = 0.113±0.013(stat.)±0.019(syst.) [24].

Accelerator neutrinos

Neutrino beam experiments where one can control the properties of the beam can
be used to study neutrinos better. The LSND experiment based at the Los Alamos
National Laboratory was one of the earliest beam neutrino experiments. Liquid
scintillators were used to detect the neutrinos produced and evidence for neutrino
oscillation was found. But this was not consistent with solar and atmospheric neu-
trino oscillation data (assuming only three neutrino flavours) and this came to be
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known as the LSND anomaly. Another accelerator-based experiment called KEK to
Kamioka (K2K) was started in 1999. A proton accelerator was used in KEK to gener-
ate neutrinos and the observation was carried out at the Super-Kamiokande detector
which was constructed 250 km away. A deficit of neutrinos was found compatible
with previous observations of neutrino oscillation in atmospheric neutrinos.

A more advanced experiment called Tokai to Kamioka (T2K) with a baseline
of 295 km is currently being conducted. This uses a high-intensity neutrino beam
produced at J-PARC and the number of events detected at Super-Kamiokande is
about 50 times more enabling the investigation of the additional neutrino oscillation
mode, νµ → νe. The neutrino beam from J-PARC is directed at an angle 2.5◦ away
from the Super-Kamiokande detector. The off-axis technique is used to tune the
neutrino energy at oscillation maximum. From the direct beam to the off-axis beam,
the peak energy shifts from around 2 GeV to < 1 GeV which is the ideal value.
By observing the appearance of νe in a νµ beam T2K can measure the least known
mixing angle θ13. T2K can also measure the observables ∆m2

23 and sin22θ23 more
accurately than previously via νµ disappearance studies.

MiniBooNE is an ongoing neutrino beam experiment at Fermilab. One of the
aims of the experiment was to independently verify the LSND anomaly. MiniBooNE
found no appearance of electron neutrinos in the muon neutrino beam compatible
with the two neutrino oscillation interpretation of LSND data. NuMI is the latest
neutrino beam at Fermilab. Here a beam of protons is injected onto a carbon tar-
get. Mesons like pions and kaons are produced and are then focussed. The mesons
decay into muons and neutrinos during their flight. A hadron absorber removes
any left over hadrons and the subsequent earth shield removes the muons allowing
only the neutrinos to pass through. This beam is used for experiments like MINOS,
MINERνA etc. MINOS consists of a near detector at Fermilab and a far detector at
the Soudan Mine 735 km away. Another experiment to utilise the NuMI beam is the
proposed NuMI Off-Axis νe Appearance (NOνA) experiment. This experiment also
has near and far detectors (at Fermilab and Northern Minnesota respectively), but
with a longer baseline of 810 km and a better sensitivity to neutrino mass ordering.

The OPERA neutrino experiment in the underground Gran Sasso Laboratory
(LNGS) is designed to detect the neutrino oscillations in the direct appearance mode
in the νµ → ντ channel. The νµ beam is aimed from CERN to LNGS giving a baseline
of 730 km. This experiment complements the atmospheric neutrino experiments
which measure the mixing angle θ23 through the disappearance of νµ. At OPERA
two ντ candidate events have been observed so far, one in 2010 and the other in
2012.
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Feynman diagrams for the charged current and the neutral current interac-
tions experienced by neutrinos and antineutrinos in ordinary matter are shown in
Figure 1.11. Depending on the detector design we can observe a subset of these
interactions.
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Figure 1.11: Feynman diagrams for the neutrino interactions in matter. The fermions
(p, q) represents (ν̄l, l) or (q̄2/3, q−1/3) and r represents e,u or d.

Using the global fit of oscillation experimental data [25] we get ∆m2
sol =

7.66±0.54×10−5 eV2 and ∆m2
atm = 2.53×10−3±0.22 eV2 (normal hierarchy) or =

2.43×10−3±0.22 eV2 (inverted hierarchy) with 3σ errors. The results on the mixing
angles can be converted into moduli-squared of the elements of the PMNS matrix
elements. We get

|UPMNS|2 =

0.61− 0.72 0.26− 0.37 0.017− 0.034

0.04− 0.32 0.15− 0.53 0.35− 0.67

0.05− 0.35 0.16− 0.56 0.31− 0.63

 . (1.96)
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Chapter 2

Flavour Symmetric Observables
and their Renormalisation
Evolution

In the Standard Model, flavour physics is encoded in the Yukawa couplings between
the fermions and the Higgs. Through the Higgs mechanism, the weak isospin sym-
metry is broken and the fermions acquire the observed masses and mixing properties
depending on the choice of the Yukawa couplings. The values of these Yukawa cou-
plings are ad hoc i.e. they are purely experimentally determined quantities. Specific
forms of Yukawa couplings were postulated based on theoretical considerations like
flavour symmetries and such theories lead to relations among masses and mixing
observables. There are also phenomenological relations like the Koide formula [26]

me +mµ +mτ

(
√
me +

√
mµ +

√
mτ )2

=
2

3
(2.1)

discovered in 1981 which relates the masses of charged leptons. An important factor
in the study of these relations among flavour observables (phenomenological or theo-
retical) is the effect of renormalisation evolution. The masses and mixing observables
evolve with the change of energy scale through renormalisation. A phenomenological
relation like the Koide formula which was originally proposed for the pole masses
should also be valid for the renormalised values of masses. For the relation to be
fundamental, we require it to be valid in a high energy scale where some unknown
physics generates the relation in the first place. Likewise if we are constructing a
theoretical model, the relations obtained will be applicable at the high energy scale
of the theory. To test the model, we will have to evolve these down from the high
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energy scale to the low energy experimental scale using renormalisation.
In this chapter we analyse the Koide formula and briefly discuss some of its

possible extensions which are also flavour symmetric (invariant under the permu-
tations of flavours). Later we study the renormalisation evolution of the flavour
observables. This leads to the discovery of a set of renormalisation invariants in
the Standard Model. We also discuss the possibilities of some pheneomenological
relations motivated by these invariants. These results were published under the title
“Exact One-Loop Evolution Invariants in the Standard Model” [1].

2.1 The Koide formula and its extensions

x

y

y=Hx-1L2

y=x-5�6

H3�2,2�3L

1.0 1.5 2.0 2.5

0.5

1.0

1.5

Figure 2.1: The modified Koide constraint (the parabola) and the line with the unit
slope (y = x− 5

6). It is interesting to note that the point (3
2 ,

2
3) lies in the middle of

the points of intersection of the parabola and the line.

With the accurate measurements of electron and muon masses, the Koide formula,
Eq. (2.1), fixes the tau mass at 1776.96 MeV/c2 and this is within the current
experimentally allowed range, 1776.67 MeV/c2 ↔ 1777.01 MeV/c2. The remarkable
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accuracy of the formula, along with the fact that it is flavour permutation symmetric,
motivates further search for similar relations that are not only applicable to the
charged leptons, but also to the whole set of fermions.

The neutrino oscillation experiments provide the mass-squared differences of
the neutrinos. This data rules out the Koide formula for neutrinos unless we include
negative square roots of the masses. This limitation can be avoided if we remove
the square roots from Eq. (2.1) by rearranging and squaring it twice. Thus we get a
modified Koide formula which is valid for both leptons and neutrinos:

6DL1 =

(
S − L1

2

16

)2

(2.2)

where

L1 = me +mµ +mτ (2.3)

S = memµ +mµmτ +mτme (2.4)

D = memµmτ (2.5)

are flavour-permutation-symmetric functions of lepton masses. These three quanti-
ties are simply the coefficients of the eigenvalue equation of the charged lepton mass
matrix. Dividing the equation with L1

4 leads to

y = (x− 1)2 (2.6)

where

y =
6× 162D

L1
3 and x =

16S

L1
2

are flavour-permutation-symmetric and dimensionless. Fixing a point in the x-y
plane fixes the mass hierarchy. The modified Koide constraint, Eq. (2.2), forms a
parabola in the x-y plane as shown in Figure 2.1. The point corresponding to the
charged leptons (the pink dot) is more or less fixed by the accurate measurement
of the charged lepton masses. The constraints on neutrino masses imposed by the
oscillation experiments assuming normal hierarchy is shown as the pink band in
Figure 2.1.

The uncertainties in the measurement of the neutrino mass-squared differ-
ences give some freedom for the choice of the neutrino point, i.e. a point in the
parabola with in the pink band. We may draw a straight line joining the charged
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lepton point with the neutrino point:

y = mx+ c. (2.7)

The slope of the line, m, is found to be in the range of 1.039 ↔ 0.911 with a
corresponding range of −0.863 ↔ −0.754 for the y intercept, c. If we fix the slope
at 1, the y intercept has to be fixed at −0.829 to constrain the mass hierarchy
accurately. The line y = x− 5/6 is a very good first approximation.

2.1.1 A Koide-like relation for the quarks

For leptons we have the Koide formula

me +mµ +mτ

(
√
me +

√
mµ +

√
mτ )2

=
mν1 +mν2 +mν3

(
√
mν1 +

√
mν2 +

√
mν3)2

=
2

3
. (2.8)

We have shown that the charged leptons satisfy the above equation to a high degree
of accuracy and the neutrinos can have consistent solutions if we allow negative
square roots. An analogous Koide-like formula can be written for the quarks:

mu +mc +mt

(
√
mu +

√
mc +

√
mt)2

=
md +ms +mb

(
√
md +

√
ms +

√
mb)2

=
1

k
(2.9)

where k is a constant. Of course the Koide formula is a special case of the above
equation with k = 3

2 .
We may proceed in the same way as we did previously to get a generalised

Koide parabola
y = (x− 1)2 (2.10)

where

y =
64k

(k − 1)4

D

L1
3 and x =

4

(k − 1)2

S

L1
2 .

We can fit this with the experimental data for quarks and the allowed range of
k is obtained to be k = 1.198 ↔ 1.219. Large uncertainties in the measurement
of the masses of quarks give more freedom for the choice of k compared to the
leptons. Interestingly the line joining the up and down quark points with a slope=1
is phenomenologically allowed just like in the case of the leptons (even though the
y-intercept of the line is different). This new constraint of unit slope further reduces
the range of k for the quarks. Converting the Koide-like relation, Eq. (2.9), into the
form given by Eq. (2.10) and the ansatz of using the line with unit slope (y=x+c)
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A typical set of Calculated values of k and Experimental values of
experimental values [27, 28] the rest of the masses the rest of the masses [27]
me = 0.511 MeV,
mµ = 105.66 MeV, k = 1.5
mτ = 1776.82± 0.16 MeV
mν2

2 −mν1
2 = 75± 2.0 meV2 mν1 = 0.39 meV, mν3

2 −mν1
2

mν2 = 8.7 meV, = 2320+120
−80 meV2

mν3 = 48 meV,
mν3

2 −mν1
2 = 2343 meV2

mu = 2.3+0.7
−0.5 MeV,

mc = 1.77± 0.14 GeV, k = 1.21
mt = 173.5± 1.4 GeV
mb = 4.91+0.12

−0.11 GeV md = 4.6 MeV, md = 4.8+0.7
−0.3 MeV

ms = 97 MeV ms = 95± 5 MeV

Table 2.1: Predictions made using generalised Koide constraints. The errors in me

and mµ are insignificant for our calculations. For the quarks, relative errors are less
for the up-type quarks. So we use their masses to calculate k = 1.21 for the quarks.
Among the down-type quarks, mb is the most accurately known. Therefore we use it
as the input value. The value of k and the masses in the second column corresponds
to the best fit.

are the original ideas presented in the above sections.
Thus we have a Koide parabola, Eq. (2.10) with k = 1.500038 ↔ 1.499995

for the leptons and k = 1.198 ↔ 1.219 for the quarks along with the lines of unit
slope. These curves partially constrain the mass hierarchy for both leptons and
quarks. The only remaining freedom is in fixing the y-intercepts of the lines. The
masses of electron, muon and tau can be used to calculate the value of k and also
the y-intercept for the leptons. This fully fixes the mass hierarchy for the neutrinos.
Similarly we may use the masses of the up type quarks to calculate the value of k and
the y-intercept for the quarks which in turn fixes the mass hierarchy for the down
type quarks. Table 2.1 summarises these results. Note that for the charged leptons
as well as for the heavy quarks we use the pole masses. Since the perturbative QCD
calculation is not reliable in the low energy region of the light quarks, we use their
MS masses at an accessible scale of µ ≈ 2 GeV [27].

2.1.2 Renormalisation effects on Koide formula

The Koide formula is intriguing and fascinating. But the fact that it relates pole
masses instead of the renormalised ones makes us wonder if it is indeed fundamental
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or just accidental. The importance of the effect of renormalisation on Koide-like
relations becomes apparent in this context. Nan Li and Bo-Qiang Ma [29] studied
the energy scale dependence of the Koide formula for the charged leptons and the
Koide-like formulae for the other fermions. The parameters kl, kν , ku and kd are used
to describe the deviations from the Koide formula for leptons and quarks

kl =
me +mµ +mτ

2
3(
√
me +

√
mµ +

√
mτ )2

. (2.11)

Similarly the other parameters are also defined.
They solve the renormalisation group equations numerically. At energies

much higher than the weak scale, the authors have considered two cases; one with
Standard Model and the other with minimal SUSY. For the quarks general trend
is a decrease in the renormalized mass with an increase in energy. For the up type
quarks the value of ku is in the range of 1.327 ↔ 1.359 and for down type quarks
the value of kd is in the range of 1.025↔ 1.072. For the charged leptons it is found
that even at very high energies the value of kl lies close to 1 (1.001881 at 2 × 1016

GeV for Standard Model). From these results they conclude that the Koide formula
is more or less energy scale independent. For neutrinos, the allowed range of kν
for the normal as well as the inverted hierarchies is 0.50 ↔ 0.85. The authors also
introduce a quark-lepton complementarity-hypothesis of the masses, i.e. a constraint
that club the neutrinos with the up type quarks and the charged leptons with down
type quarks. Some relations like kl + kd ≈ kν + ku ≈ 2 are proposed and using these
the absolute neutrino masses are predicted.

2.2 Renormalisation

In this section we recapitulate the general theory of renormalisation quite briefly.
Then we discuss the renormalisation of Standard Model parameters and find that
directly using the RG evolution equations of masses and mixing parameters is less
efficient in studying flavour symmetric constraints like the Koide formula. There-
fore we develop a more suitable approach in which the evolving variables are flavour
symmetric combinations of masses and mixing observables. This leads to the dis-
covery of a set of one-loop renormalisation invariants which do not evolve under
renormalisation.

The origin of renormalisation can be traced back to the perturbative calcula-
tions in Quantum Electrodynamics (QED). Amplitudes of Feynman diagrams con-
taining loop integrals were found to be divergent. Loops consist of virtual particles
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and to compute the amplitude we need to integrate over all possible four momenta of
these particles. The divergences can be classified into ultraviolet divergences (which
appear when energies of virtual particles tend to infinity) and infrared divergences
(when energies tend to zero). To remove ultraviolet divergences we need to redefine
or renormalise the parameters of the theory. Three kinds of ultraviolet divergences
appear in QED (Figure 2.2); vacuum polarisation, electron self energy and vertex
correction which correspond to the renormalisation of field strength, mass of elec-
tron and charge of electron respectively. Infrared divergences are less problematic
and can be removed without the renormalisation of the parameters of the theory. For
example infrared divergences in the vertex diagram can be cancelled by the addition
of bremsstrahlung photons of energies tending to zero emitted from the electron legs.

Figure 2.2: The three divergences in Quantum Electrodynamics: Vacuum polarisa-
tion, Electron self energy and Vertex correction respectively.

The technique of renormalisation can be summarised as follows [30]. The
fields in the Lagrangian are rescaled to absorb the field strength renormalisations.
Then each term is split into two parts. One is the physical part and the other is
the counter term. Infinite unobservable shifts are contained in the counter terms.
Physical quantities like the observed coupling constants and the masses are defined
using the renormalisation conditions. Finally we can calculate the amplitudes using
the new Feynman rules (with physical and counter terms) making sure that the
renormalisation conditions are obeyed. The following equations show how the QED
Lagrangian is split into physical and counter terms.
In the original QED Lagrangian,

L = −1

4
(Fµν)2 + ψ (i 6∂ −m0)ψ − e0ψγ

µψAµ, (2.12)

we make the substitution ψ =
√
Z2ψr and Aµ =

√
Z3A

µ
r to absorb the field strength
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renormalisation Z2 and Z3 and thus we get

L = −1

4
Z3 (Fµνr )2 + Z2ψr (i6∂ −m0)ψr − e0Z2

√
Z3ψrγ

µψrArµ. (2.13)

Here ψ, Aµ and ψr, A
µ
r are the original and renormalised fields respectively.

With the substitution e0Z2

√
Z3 = eZ1, δ3 = Z3−1, δ2 = Z2−1, δm = Z2m0−m and

δ1 = Z1− 1 = (e0/e)Z2

√
Z3− 1 the required splitting of the Lagrangian is attained:

L =− 1

4
(Fµνr )2 + ψr (i6∂ −m)ψr − eψrγµψrArµ

− 1

4
δ3 (Fµνr )2 + ψr (iδ2 6∂ − δm)ψr − eδ1ψrγ

µψrArµ (2.14)

where e0, m0 and e, m are the bare and physical quantities respectively.

2.2.1 Renormalisation Group

For describing electromagnetic interactions we may specify the effective charge, e,
of the particle at a momentum scale µ, but since the scale is arbitrary we may use
other momentum-charge pairs, {µ′, e′}, as well which gives the same physical results.
The set of transformations of the physical parameters associated with the change in
scale and necessary to keep the physics constant is called the Renormalisation Group
(RG). The variation of the renormalised charge with an infinitesimal change in scale
is described using the differential equation

µ
dα(µ)

dµ
= β (α(µ)) , β(α) = β2α

2 +O(α3) (2.15)

where the beta function, β(α), can be calculated as a series expansion in powers of
α.

2.3 Standard Model Evolution

The one-loop renormalisation group equations for the gauge couplings gis in the
Standard Model (at high energies) are [31]:

dg1

dt
=

41

6
g3

1,
dg2

dt
= −19

6
g3

2,
dg3

dt
= −7g3

3. (2.16)

where t = 1
16π2 ln (µ/µ0) for renormalisation-scale µ. Here we use the U(1) gauge

coupling normalisation of [32, 33]. The evolution of the couplings is shown in Fig-
ure 2.3.

42



Α1
-1

Α2
-1

Α3
-1

0 5 10 15 20

10

20

30

40

50

60

Log@Μ�GeVD

Α
-

1

Figure 2.3: Renormalization evolution of the Standard Model gauge couplings. We
have α−1

i = 4π
g2i

where gis evolve according to Eqs. (2.16)

We define the Hermitian squares of the Yukawa coupling matrices for charge
+2

3 (U) and charge −1
3 (D) quarks respectively:

U = U †U, D = D†D (2.17)

and the variables:

T = Tr(3U + 3D +N + L), (2.18)

GU =
17

12
g2

1 +
9

4
g2

2 + 8g2
3, (2.19)

GD =
5

12
g2

1 +
9

4
g2

2 + 8g2
3 (2.20)

One-loop RG equations for the quark Yukawa coupling matrices in the Standard
Model [34] are given by

U−1dU

dt
= γu +

3

2
(U − D), (2.21)

D−1dD

dt
= γd +

3

2
(D − U) (2.22)
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where
γu = T −GU ; γd = T −GD, (2.23)

Neglecting N and L which correspond to neutrinos and charged leptons, we can solve
the evolution equations, Eqs. (2.16, 2.21, 2.22), numerically. We extract the values
of the quark masses from this solution and the result is shown in Figure 2.4.
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Figure 2.4: Renormalization evolution of the quark masses. The x-axis is in units of
Log(µ/GeV) and the y-axis in GeV. All masses decrease continuously from the weak
scale to the GUT scale under Standard Model evolution.

From Figure 2.4 it is clear that all quark masses decrease with increase in
energy scale and they evolve more or less at the same rate. Therefore the evolution
of the ratios of quark masses should be much slower. This is shown in Figure 2.5.
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Figure 2.5: Renormalization evolution of the ratios of the quark masses. The
mass ratios evolve much slower compared to the masses. The x-axis is in units
of Log(µ/GeV).

Recently, there has been interest in evolution invariants [35, 36, 37, 38], com-
binations of observables which do not evolve under the renormalisation group. Appli-
cations have thus far been primarily focussed beyond the Standard Model [35, 36],
although approximate evolution invariants of the Standard Model have also been
identified [37, 38]. Any empirical relations among evolution invariants are more
likely to be fundamental than relations valid at a particular scale between observ-
ables which evolve differently with energy such as the Koide formula.

The RG evolution equations of the Yukawa couplings are compactly written
as matrix equations [34, 39], since the problem is intrinsically flavour-symmetric - all
flavours are treated equivalently. Conventional flavour observables, such as the quark
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and lepton masses (proportional to the eigenvalues of the Yukawa coupling matri-
ces) or their mixing angles, break the flavour symmetry so that their RG equations
are more complicated [32, 33, 38]. This complexity has meant that in most cases,
only quantities that are invariant in certain approximations have been found, eg. as-
suming no fermion mixing [35], assuming only two generations of fermions [37], or
neglecting the contributions of light quark masses [38]. Motivated by the earlier work
on flavour-symmetric variables [40, 41], we introduce a set of flavour-symmetric ob-
servables whose one-loop RG equations in the Standard Model are especially simple.
These lead straightforwardly without approximation to Standard Model evolution
invariants which, for the first time, are exact (at this order). This new approach
might find further application beyond the Standard Model. For illustration, we con-
sider primarily the quarks, but our considerations are equally valid for the leptons
in the case that neutrinos are Dirac particles, in which case more invariants follow.

The evolution equations for U and D, the Hermitian-squared matrices of
Eq. (2.17), are:

dU
dt

= 2γuU + 3U2 − 3

2
{U ,D}, (2.24)

dD
dt

= 2γdD + 3D2 − 3

2
{U ,D}. (2.25)

We introduce a complete set of ten flavour-symmetric invariants (each is in-
variant under independent S3 permutations of the (u, c, t) and/or the (d, s, b) flavour
labels):

T+0 = Tr(U) T0+ = Tr(D)

T−0 = Tr(U−1) T0− = Tr(D−1)

T++ = Tr(UD) T+− = Tr(UD−1) (2.26)

T−+ = Tr(U−1D) T−− = Tr(U−1D−1)

DU = Det(U) DD = Det(D).

The set is complete in the sense that these ten variables are fully determined by the
physical masses and mixings, and are in turn, sufficient to fully determine them (up
to discrete permutations of the flavour labels). A further ten analogous variables
can be similarly constructed using Hermitian squares of Yukawa matrices for the
neutrinos (N ) and the charged leptons (L).

Differentiating Eqs. (2.26) and using Eqs. (2.24) and (2.25), we obtain the
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separate evolution equations of our ten flavour-symmetric observables:

dT+0

dt
= 2γuT+0 + 3(T 2

+0 − 2T−0DU − T++) (2.27a)

dT0+
dt

= 2γdT0+ + 3(T 2
0+ − 2T0−DD − T++) (2.27b)

dT−0

dt
= −2γuT−0 − 9 + 3T−+ (2.27c)

dT0−
dt

= −2γdT0− − 9 + 3T+− (2.27d)

dT++

dt
= 2(γu + γd)T++ (2.27e)

dT−−
dt

= −2(γu + γd)T−− (2.27f)

dT+−
dt

= 2(γu − γd + 3T+0)T+− − 6T+0

+ 6DU (T−− − T−0T0−)

(2.27g)

dT−+

dt
= 2(−γu + γd + 3T0+)T−+ − 6T0+

+ 6DD(T−− − T−0T0−)

(2.27h)

dDU
dt

= 3DU [2γu + (T+0 − T0+)] (2.27i)

dDD
dt

= 3DD[2γd − (T+0 − T0+)]. (2.27j)

Here we make the following observations. Most of the variables’ evolutions
have two parts: 1) A part proportional to the variable itself, whose coefficient de-
pends at most on γu, γd, T+0 and T0+. We call this the “pure” part; 2) A part which
depends more generally on the other variables - the “mixed” part. The four vari-
ables DU , DD, T++ and T−− have only pure parts (this is also the case for Jarlskog’s
determinant [4, 42], which was the main result of Ref. [43]). This feature seems
to be peculiar to the Standard Model - we will rely on it in the next stage of our
derivation.

2.4 Standard Model Evolution Invariants

Exploiting the opportunity to cancel the terms involving T+0 and T0+ in Eqs. (2.27i)
and (2.27j), we note that the quantity Det(UD) = (DUDD) has a pure evolution
with exactly a factor three times the coefficient which appears in Eqs. (2.27e) and
(2.27f):

d

dt
ln Det(UD) = 6(γu + γd). (2.28)
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We may thus form two independent combinations which are exact evolution invari-
ants at one loop order:

IqTD ≡
T++

(DUDD)
1
3

≡ Tr(UD)

Det
1
3 (UD)

;
dIqTD
dt

= 0, (2.29)

IqPD ≡ T−−(DUDD)
1
3 ≡ Tr(UD)−1Det

1
3 (UD);

dIqPD
dt

= 0. (2.30)

The pure evolutions expressed by Eqs. (2.27e), (2.27f) and (2.28), and the
two resulting RG invariants, Eqs. (2.29)-(2.30), are the key results of this chapter.
Our notation for IqTD and IqPD is based on which of the coefficients of the eigenvalue
equation of the matrix UD the RG invariant may be constructed from, e.g. IqPD =

P (UD)/Det
2
3 (UD), where P (UD) is defined in Eq. (2.46). IqTD and IqPD appear to

be the only exact RG invariants that can be constructed from the quark Yukawa
coupling matrices alone in the Standard Model case. We have not succeeded in
finding similar exact RG invariants involving only Yukawa couplings in the MSSM
or the 2 Higgs doublet model (2HDM).

We can construct entirely analogous evolution invariants using N and L,
the (Hermitian squares of the) Yukawa coupling matrices for the leptons (in the
Dirac neutrino case). The RG evolution equations of N and L are analogous to
those in Eqs. (2.24)-(2.25) with γν and γ` defined as in Eq. (2.23) with the same
value of T (Eq. (2.18)) and the gauge contributions, Eqs. (2.19) and (2.20), modified
to GN = 3

4g
2
1 + 9

4g
2
2 and GL = 15

4 g
2
1 + 9

4g
2
2. The leptonic analogue of the “pure”

evolution rate 2(γu + γd), Eqs. (2.27e-2.27f) and (2.28), is just 2(γν + γ`), being the
pure evolution rate of Tr(NL) and Det

1
3 (NL). Thus two more invariants follow,

which we call I`TD and I`PD respectively, having definitions in terms of N and L
analogous to those in Eqs. (2.29) and (2.30).

For completeness, we present here other exact one-loop evolution invariants
of the Standard Model. The T -dependence cancels in the ratio of any corresponding
pair of purely-evolving quark and lepton observables, leaving only a dependence on
gauge couplings, gi (i = 1..3). Thus e.g. using Eq. (2.28), together with its leptonic
analogue and Eq. (2.16), we have that:

Iqlprod ≡
Det(UD)

Det(NL)
g
− 96

41
1 g

− 96
7

3 (2.31)

is also an exact one-loop evolution invariant.
We note that by combining Eqs. (2.27i) and (2.27j), to form the pure-evolving

Det(UD), we have effectively removed one independent evolution equation from the
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complete set, Eqs. (11). Thus, we may add the (independent) Jarlskog commuta-
tor [4, 42] which also has a pure RG evolution equation [43]:

d

dt
ln(Det[U ,D]) = 3[2(γu + γd) + Tr(U) + Tr(D)] (2.32)

and likewise for the leptons. Noting the definition of T , Eq. (2.18), and using
Eqs. (2.28), (2.32), their leptonic analogues, and Eq. (2.16), we find another RG
invariant:

Iqlcomm ≡
Det3[U ,D]Det[N ,L]

Det3(UD)Det
5
4 (NL)

g
− 81

82
1 g

81
38
2 . (2.33)

Using Eqs. (2.16), two more RG invariants can be constructed from gauge
couplings alone:

Ig12 ≡
6

41
g−2

1 +
6

19
g−2

2 , (2.34)

Ig13 ≡
6

41
g−2

1 +
1

7
g−2

3 . (2.35)

Finally, we note the Standard Model RG evolution equation of the Higgs vacuum
expectation value, v [44]:

dv

dt
= v

(
−T +

3

4
g2

1 +
9

4
g2

2

)
. (2.36)

Since its product with any Yukawa coupling gives a mass term, we have that if we
use mass matrices directly, rather than Yukawa matrices, the T - and g2-dependences
of the γi, Eq. (2.23), are exactly cancelled leaving only the dependences on g1 and
g3. Thus, using v together with purely-evolving quantities, and the gauge couplings,
allows the construction of other RG invariants, e.g.

IqDV ≡ Det
1
3 (UD) v4g

4
41
1 g
− 32

7
3 . (2.37)

Of course, only one of these invariants involving v is independent of the set already
defined.

2.5 Evaluation

In constructing our RG invariants, we have used only four of the variables defined
in Eq. (2.26), namely DU , DD, T++ and T−−. While Det(UD) = DUDD is simply
the product of all six eigenvalues, variables of the form Tr(UnDm) depend also
on the mixing matrix elements. It is easy to show that such quantities are simple
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mass moment transforms [45] of the “P -matrix” [46] of transition probabilities |Vαi|2.
Writing u = m2

u/v
2, etc., with analogous expressions for the charge −1

3 quarks:

Tr(UnDm) =
(
un, cn, tn

)
·

|Vud|
2|Vus|2|Vub|2

|Vcd|2|Vcs|2|Vcb|2

|Vtd|2|Vts|2|Vtb|2

 ·
d

m

sm

bm


=
∑
αi

m2n
α m

2m
i |Vαi|2/v2(m+n) ∀m,n, (2.38)

(with α = u, c, t and i = d, s, b) in which terms, the flavour-symmetry property is
manifest. We may now expand our new RG invariants explicitly. From Eq. (2.29):

IqTD =
∑
αi

m2
αm

2
i |Vαi|2

(mumcmtmdmsmb)
2
3

=
∑

α6=β 6=γ,i6=j 6=k

(
m2
α

mβmγ

m2
i

mjmk

) 2
3

|Vαi|2. (2.39)

From Eq. (2.30):

IqPD = (mumcmtmdmsmb)
2
3

∑
αi

m−2
α m−2

i |Vαi|
2

=
∑

α 6=β 6=γ,i 6=j 6=k

(
mβmγ

m2
α

mjmk

m2
i

) 2
3

|Vαi|2. (2.40)

Analogous formulae are obtained for the leptonic RG invariants, I`TD and I`PD.
From Eq. (2.31):

Iqlprod =
mumcmtmdmsmb

m1m2m3memµmτ
g
− 96

41
1 g

− 96
7

3 , (2.41)

while from Eq. (2.33):

Iqlcomm = J3
q f

3(u)f3(d)× J`f(ν)f(`)× (y1y2y3yeyµyτ )−
1
4 g
− 81

82
1 g

81
38
2 , (2.42)

with f(u) = (m2
t −m2

c)(m
2
c −m2

u)(m2
t −m2

u)/(m2
tm

2
cm

2
u) and similar definitions for

the charge −1
3 quarks, and the leptons. The yν and y` are the eigenvalues of N and

L.
For brevity, we limit the following discussion to IqTD and IqPD, the RG invari-

ants constructed only from quark Yukawa matrices. Using the experimental values of
the quark masses [28], and the Wolfenstein parameters [3], λ,A, ρ and η for the CKM
matrix, we find both invariants to be of the order of 108, as shown in Figure 2.6,
with their ratio (IqPD/IqTD) = 0.7+1.1

−0.4, consistent with unity.
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Figure 2.6: The black point shows the values of the RG invariants IqTD and IqPD found
using quark masses from [28] and measured values of the CKM mixings (all renor-
malised to MZ). The cluster of points indicates the range allowed by experimental
and theoretical uncertainties. The straight line shows the hypothesis IqTD = IqPD
suggested by the data.

The strongly hierarchical quark masses and the small CKM mixing angles
mean that each of them is dominated by a single leading term. We find at next-to-
leading order in small quantities (small mass ratios and λ2):

IqTD ≈
(
mt

mu

mt

mc

mb

md

mb

ms

) 2
3

(
1 + λ2

(
mc

mt

ms

mb

)2
)
, (2.43)

IqPD ≈
(
mt

mu

mc

mu

mb

md

ms

md

) 2
3

(1− λ2). (2.44)

Since for IqTD, Eq. (2.43), the leading term is several orders of magnitude
larger than the next-to-leading term, the combination

(
m2
tm

2
b/mumcmdms

) 2
3 is itself

invariant to a very good approximation. At next-to-leading order, the O(1) invariant
ratio is:

IqPD
IqTD

≈
(
m2
cm

2
s/mtmumbmd

) 2
3 (1− λ2). (2.45)

From the weak scale to the GUT scale, the various quark masses evolve by
typically 55-65% (Figure 2.4). The different mass ratios, on the other hand, vary at
a slower rate, eg. mb/ms changes by ∼16% and ms/md by ∼1.8% (Figure 2.5). As
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stated earlier we have numerically solved Eqs. (2.21) and (2.22) together with the
RG equations for the gauge couplings, Eq. (2.16), and here using that solution we
have verified that the RG invariants do not evolve at all. We have similarly verified
that the leading terms of our RG invariants given in Eqs. (2.43) and (2.44) change
by 0.05% or less as shown in Figure 2.7.

aL

bL

0 5 10 15
logJ �������������Μ

GeV
N

5.´10
7

1.´10
8

1.5´10
8

Leading terms of the Invariants

Figure 2.7: Evolution of the leading terms of the RG invariants IqTD and IqPD. Nu-
merical analysis indicates that the leading terms of the RG invariants a) the RHS
of Eq. (2.43) and b) the RHS of Eq. (2.44) practically remain unchanged from weak
scale to GUT scale

2.6 Interpretation

While the Yukawa coupling matrices U and D separately have the mixed and coupled
evolutions given by Eqs. (2.24) and (2.25), it is an interesting feature, apparently
peculiar to the Standard Model, that the eigenvalues, λi, of the product matrix UD
have pure evolutions with common rate, leaving the eigenvalue ratios RG-invariant
(There is no significance to the choice of the product order UD over DU , since the
eigenvalues are the same in each case. All our results are equally applicable to both
cases). This follows since T++ = Tr(UD) and Det(UD) with pure RG evolution
equations given in Eqs. (2.27e) and (2.28), are simply the order-one and order-three
coefficients in the eigenvalue equation of the matrix UD, while T−− = Tr(UD)−1,
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with pure evolution given by Eq. (2.27f), is simply P (UD)/Det(UD) where:

P (UD) ≡ 1

2

[
Tr2(UD)− Tr(UD)2

]
(2.46)

(= λ1λ2 +λ2λ3 +λ3λ1) is the corresponding order-two coefficient. From Eqs. (2.27e),
(2.27f) and (2.28), we thus see that each of the coefficients in the eigenvalue equation
of UD has a pure RG evolution equation with an evolution rate which is simply given
by the order of the coefficient times the same basic rate, 2(γu + γd). Since the three
eigenvalues of UD are all order-one in terms of these coefficients via the formula
for the roots of a cubic, it follows that they also have pure RG evolution equations
with common evolution rate 2(γu + γd). We thus conclude that the ratios of the
eigenvalues of UD, λi/λj (i 6= j), are also each RG invariants (although clearly they
are not individually flavour-symmetric).

While it is an undoubted mystery why the two independent invariants, IqTD ≈
(λ2

3/λ1λ2)
1
3 and IqPD ≈ (λ2λ3/λ

2
1)

1
3 , should be so large (O(108)), it is also a puzzle

why they should be so nearly equal to each other - the proximity to unity of their
observed ratio, (IqPD/IqTD) ' 0.7+1.1

−0.4 (see Figure 2.6), represents a significant fine-
tuning of Standard Model parameters. Moreover, it is interesting to observe that if
this ratio were exactly unity, then the spectrum of the product matrix UD would be
geometric, i.e.

IqTD = IqPD(= I, say)⇒ λ3/λ2 = λ2/λ1 ≈ I, (2.47)

relations which are then valid at all scales. Indeed, one might reasonably postu-
late that nature requires the spectrum of the matrix UD to be exactly geomet-
ric, (IqPD/IqTD) ≡ 1, at some (presumably high) energy scale, the data being fully
consistent with this. Of course, the separate spectra of the U and D matrices
have long been known [47] to be approximately geometric: m2

c/(mumt) ∼ O(1),
m2
s/(mdmb) ∼ O(1). However, such separate relations are not RG-invariant and are

therefore a priori less interesting and generally more difficult to test experimentally.
We consider briefly why the Standard Model admits RG invariants con-

structed from the Yukawa couplings, but the MSSM does not. As we did in Eqs. (2.17,
2.26) for the Standard Model, here also we define a similar set of ten flavour sym-
metric observables. The RG evolution equations for the MSSM [43] are

U−1dU

dt
= −GU + 3T+0 + (3U †U +D†D) (2.48)

D−1dD

dt
= −GD + 3T0+ + (3D†D + U †U) (2.49)
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where

GU =
16

3
g2

3 + 3g2
2 +

13

9
g2

1 (2.50)

GD =
16

3
g2

3 +
7

9
g2

1. (2.51)

The evolution equations for the ten flavour symmetric observables in the MSSM are
given by

1

2

dT+0

dt
= T+0(−GU + 3T+0) + 3T 2

+0 − 6T−0DU + T++ (2.52a)

1

2

dT0+
dt

= T0+(−GD + 3T0+) + 3T 2
0+ − 6T0−DD + T++ (2.52b)

1

2

dT−0

dt
= −T−0(−GU + 3T+0)− 9− T−+ (2.52c)

1

2

dT0−
dt

= −T0−(−GD + 3T0+)− 9− T+− (2.52d)

1

2

dDU
dt

= DU (3(−GU + 3T+0) + 3T+0 + T0+) (2.52e)

1

2

dDD
dt

= DD(3(−GD + 3T0+) + 3T0+ + T+0) (2.52f)

1

2

dT++

dt
= T++(−GU −GD + 7(T+0 + T0+)) + 4DU (T−+ − T−0T0+) + 4DD(T+− − T+0T0−)

(2.52g)
1

2

dT−−
dt

= −T−−(−GU −GD + 3(T+0 + T0+))− 4(T−0 + T0−) (2.52h)

1

2

dT+−
dt

= T+−(GD −GU + 3(T+0 − T0+) + 2T+0)− 2T+0 + 2DU (T−− − T−0T0−)

(2.52i)
1

2

dT−+

dt
= T−+(GU −GD + 3(T0+ − T+0) + 2T0+)− 2T0+ + 2DD(T−− − T−0T0−).

(2.52j)

For the Standard Model it can be seen from Eqs. (2.24) and (2.25), that the mixed
parts of the evolution equations for the Yukawa coupling matrices U and D have
balanced positive and negative coefficients. These are exploited in the evolution of
the product UD where these terms cancel on taking the trace of simple powers. The
existence of balanced coefficients in the Standard Model can be traced back to the
use of the conjugate Higgs for the Yukawa couplings of the charge 2

3 quarks, by
contrast with the MSSM and the 2HDM, which use independent Higgs fields in each
charge sector, resulting in mixed evolutions, Eqs. (2.52), with coefficients all having
the same sign, so that no such cancellation is possible.
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We have recast the Standard Model RG equations using flavour-symmetric
weak-basis invariant functions of the Yukawa coupling matrices, leading to the iden-
tification of exact one-loop RG invariants in the Standard Model. We have identified
two such invariants involving quark Yukawas alone, and two similar ones for leptons
in the case of Dirac neutrinos. The Standard Model seems at least somewhat unusual
in allowing such RG invariants - we have not been able to find any in the MSSM
or 2HDM. Despite the fact that the evolutions of U and D are coupled and mixed,
the weak-basis invariants of their product matrix UD have pure evolutions with a
rate simply proportional to their order, so that its eigenvalue-ratios are RG-invariant,
and are furthermore experimentally observed to be consistent with a geometric spec-
trum.
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Chapter 3

A Model for Lepton Yukawa
Matrices based on the Discrete
Symmetry C3 × C3 o C3

In this chapter we construct a model for Yukawa mass matrices motivated by the
observation of small mixing angles in the quark sector and mostly large mixing in
the leptonic sector. After the introductory section, we move on to study our flavour
group C3 × C3 o C3. Some basic group theoretical techniques essential in model
building are also explained. In the next section we construct the lepton flavour
model in the Standard Model framework. Then we do a phenomenological analysis
and make predictions. Finally we briefly discuss the applicability of the model in
the quark sector.

3.1 Introduction

In the Standard Model of particle physics, fermions acquire mass through the Higgs
mechanism. The Yukawa couplings are responsible for the different values of masses
the fermions have and also for the phenomenon of flavour mixing. If all the Yukawa
matrices are diagonal there is no mixing. On the other hand, if the Yukawa matri-
ces are non-diagonal, their unitary diagonalising matrices in general lead to flavour
mixing (UuU

†
d for the quarks and UlU

†
ν for the leptons). Mixing observables in the

quark sector are expressed using the CKM matrix and in the leptonic (neutrino)
sector using the PMNS matrix respectively. On a rough approximation we might
say that the mixing is close to minimal for quarks (CKM matrix is close to the
identity) and close to maximal for neutrinos. To be more precise neutrino mixing is
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characterised by two large mixing angles, the solar angle (tan2θ12 = 0.47+0.06
−0.05 [48])

and the atmospheric angle (sin2 2θ23 > 0.92 [49]), together with the relatively small
reactor mixing angle, θ13 [23, 24]. The Tribimaximal (TBM) mixing scheme [50],
having tan2θ12 = 1

2 and sin2 2θ23 = 1, has proved a useful first approximation to the
data.

It is reasonable to assume that a unified description of fermion mixing should
include elements of both maximal and minimal mixing along with a mechanism
that pushes it towards minimal mixing for the quarks and maximal mixing for the
leptons. We have UCKM = UuU

†
d and UPMNS = UlU

†
ν where Uu, Ud, Ul and Uν are

the unitary matrices that diagonalise the Yukawa matrices corresponding to charge
+2

3 quarks, charge −1
3 quarks, charged leptons and neutrinos respectively. Here we

assume that the Yukawa matrices are hermitian.
A circulant Yukawa matrix

Ycirc =

 0 A A∗

A∗ 0 A

A A∗ 0

 (3.1)

is diagonalised by the Trimaximal mixing matrix [51, 52]

T =
1√
3

1 1 1

1 ω ω̄

1 ω̄ ω

 (3.2)

where ω and ω̄ are the complex cube roots of unity, −1
2 + i

√
3

2 and −1
2 − i

√
3

2 re-
spectively. Trimaximal matrix with all its elements equal in modulus ( 1√

3
) can be

considered as the maximal form of mixing. On the other hand, a diagonal Yukawa
matrix

Ydiag =

−B − ε 0 0

0 2B 0

0 0 −B + ε

 (3.3)

does not contribute to mixing at all. Note that the circulant and the diagonal Yukawa
matrices in Eq. (3.1) and Eq. (3.3) are written as traceless. This is because adding a
part proportional to identity to a matrix does not change its diagonalising matrix. A
model that incorporates circulant as well as diagonal parts in the Yukawa matrices
may be suited to describe mixing in both the quark and the leptonic sectors. So we
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postulate that the Yukawa matrices have the general circulant-plus-diagonal form

Y = KI +

−B − ε A A∗

A∗ 2B A

A A∗ −B + ε

 . (3.4)

It should be noted that it is not straightforward to obtain a highly hierarchical
set of masses from the above mass matrix, Eq. (3.4), and we require some fine tuning
of the parameters. For simplicity let us ignore the circulant part. First we fine tune
the parameter K (coefficient of the identity) so that it is very close to 2B, but has
the opposite sign. This gives the smallest mass, K + 2B. The other eigenvalues are
K −B− ε and K −B+ ε. Now, appropriate fine tuning is applied to the parameter
ε also to obtain the other two masses satisfying the large hierarchy.

3.1.1 Circulant-plus-diagonal Yukawa matrices and Tribimaximal
mixing

The TBM mixing matrix in terms of the moduli of its elements is given by

|TBM| ≡


√

2√
3

1√
3

0
1√
6

1√
3

1√
2

1√
6

1√
3

1√
2

 . (3.5)

In many models of neutrino mixing, the TBM pattern arises from the neutrino mass
matrix alone, while the charged lepton mass matrix is assumed to be diagonal. But
when it was originally proposed [50], the TBM mixing was modelled as the product
of Trimaximal matrix, Eq. (3.2) and the 2× 2-maximal matrix

1√
2

0 − 1√
2

0 1 0
1√
2

0 1√
2

 . (3.6)

In this scenario, diagonalisation of the charged lepton and neutrino mass matrices
should lead to Trimaximal and 2 × 2-maximal matrices respectively whose product
gives rise to TBM mixing.

For circulant-plus-diagonal mass matrices, we assume that in the case of
charged leptons, the traceless diagonal part is very small compared to the circulant
part, Eq. (3.7). We also impose the condition that the phase of the circulant elements
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is small. Thus we have

Yl = KlI +

−Bl − εl Al A∗l
A∗l 2Bl Al

Al A∗l −Bl + εl

 (3.7)

with
|εl|, |Bl| << Im(Al) << |Al|. (3.8)

The above condition, Eq. (3.8), makes sure that the diagonalising matrix for the
charged-lepton Yukawa matrix, Eq. (3.7), is close to the Trimaximal pattern.

For the neutrinos on the other hand, the circulant part should be very small
compared to the traceless diagonal part. Here also we need to impose another con-
dition, namely, the circulant elements should be large compared to the difference
between diagonal elements, i.e. ε in Eq. (3.4). Thus we have

Yν = KνI +

−Bν − εν Aν A∗ν

A∗ν 2Bν Aν

Aν A∗ν −Bν + εν

 (3.9)

with
|εν | << |Aν | << |Bν |. (3.10)

The condition, Eq. (3.10), makes sure that the diagonalising matrix for the neutrino
Yukawa matrix, Eq. (3.9), is close to the 2× 2-maximal pattern, Eq. (3.6).

3.1.2 Theory of finite groups - A primer

A set of objects with the definition of the operation of multiplication constitute a
group. Multiplication should be associative and the group should be closed under
multiplication. A multiplicative identity as well as multiplicative inverses for all the
group elements should exit. The number of elements in a group is called the order
of the group and a finite group is the one with a finite order. For every element of
the group, a ∈ G, we have aha = e where e is the identity element and ha is said to
be the order of the element a.

Let f be a map from a group G to another G′. This map is homomorphic
only if it preserves the multiplicative structure, i.e. f(a)f(b) = f(ab). The special
case where the map is one-to-one is known as the isomorphic map. The element
g−1ag for g ∈ G is called the element conjugate to a. The set of all the elements
conjugate to a form a conjugacy class of G, i.e. g−1ag,∀g ∈ G. All elements in a

59



conjugacy class have the same order. Every group can be divided into a specific
number of conjugacy classes.

If the subset H of a group G is itself a group, then H is said to be the
subgroup of G. If a subgroup N of G satisfies g−1Ng = N for any element g of G,
then N is called a Normal subgroup of G. Let H and N be a subgroup and a normal
subgroup of G respectively. The group HN is defined as

{hini|hi ∈ H,ni ∈ N} (3.11)

It can be shown that HN = NH and this group is a subgroup of G. The normal
subgroup is important in the definition of semidirect product of two groups. In the
special case where G = HN = NH with H∩N = {e}, the semidirect product NoH
is isomorphic to G. Let a1, a2 ∈ N and b1, b2 ∈ H. The multiplication rule for the
semidirect product N oH is given by

(a1, a2)(b1, b2) = (a1, fa2(b1), a2b2) (3.12)

where fa2(b1) denotes the homomorphic map

fa2(b1) = a2b1a
−1
2 (3.13)

from H to N . The definition of direct product is simpler. Let a1, a2 ∈ G1 and
b1, b2 ∈ G2, where G1, G2 are two groups. The multiplication rule for the direct
product G1 ×G2 is given by

(a1, a2)(b1, b2) = (a1b1, a2b2). (3.14)

A representation of G is a homomorphic map from the abstract elements g
of G onto matrices D(g). The representation is said to be faithful if the map is
injective, i.e. if all the representation matrices are distinct. The vector space on
which the representation matrices act is said to the representation space and the
dimension of the vector space is the dimension of the representation. If vj constitute
a subspace of the representation space and D(g)ijvj∀g also lies in the same subspace,
then it is called an invariant subspace. A representation with an invariant subspace
is reducible, and one without is irreducible. Every reducible representation can be
block diagonalised into irreducible representations using similarity transformations.
In other words, every reducible representation is a direct sum of the constituting
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irreducible representations:

D(g) =
r∑

α=1

⊕Dα(g) (3.15)

where D(g) is reducible and Dα(g) are the various irreducible representations. Given
two irreducible representations, we may obtain the tensor product of the correspond-
ing irreducible vector spaces. The tensor product representation acting on this tensor
product space in general is reducible:

Dm(g)⊗Dn(g) =
r∑

α=1

⊕Dα(g) (3.16)

Character χD(g) of a representation D(g) is the trace of the representation
matrix D(g). Similarity transformations do not change the character. By the same
logic, all the elements in a conjugacy class have the same character. The number of
irreducible representations for a group will be equal to the number of its conjugacy
classes. In a character table, characters of all the conjugacy classes for all the
irreducible representations are tabulated.

Suppose we are given the tensor product of any two irreducible representa-
tions and we need the decomposition of the direct product into the direct sum of
irreducible representations. As a first step, we can use the character table and the
orthogonality relationship for characters to enumerate the irreducible representations
contained in the direct sum. Let Da and Db be two irreducible representations. The
orthogonality relation [53] for characters is

1

N

∑
g∈G

χDa(g)∗χDb(g) = δab (3.17)

where N is the order of the group G and χs are the characters. The direct product
a⊗ b can be represented using the Kronecker product of matrices Da and Db. So the
characters of the direct product representation will be the product of the characters
of the representations Da and Db.

Let Da⊗b be the representation of the direct product of two irreducible rep-
resentations, Da and Db. Let χDa⊗b(g) be the characters of this direct product
representation. Since Da⊗b is a reducible representation, it will contain each of the
irreducible representations (Dc) some integer number of times, mc. We can use the
orthogonality relation, Eq. (3.17), to compute mc:

mc =
1

N

∑
g∈G

χDc(g)∗χDa⊗b(g) =
1

N

∑
g∈G

χDc(g)∗χDa(g)χDb(g). (3.18)
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3.2 The flavour group - C3 × C3 o C3

We assume that both left and right handed fermions fall in the same representation
of the flavour group. Higgs(H) is assumed to be a flavour singlet. Consider the mass
term in the Standard Model Lagrangian

ψ†LY HψR (3.19)

and a flavour transformation

ψL → gcψL, ψR → gcψR (3.20)

where gc is an element of the defining representation of the cyclic group C3, gc ∈
{1, c, c2} with

c =

0 0 1

1 0 0

0 1 0

 . (3.21)

The mass term, Eq. (3.19), will remain invariant under the transformation, Eq. (3.2),
only if Y is a circulant matrix because

gcYcircg
†
c = Ycirc. (3.22)

The defining representation of C3 can be diagonalised using the Trimaximal
mixing matrix (T ), Eq. (3.2). So we have

TcT † = d (3.23)

where

d =

1 0 0

0 ω 0

0 0 ω̄

 . (3.24)

The matrix d contains the irreducible representations of C3 which are 1, ω and ω̄.
It is also obvious that if the Yukawa matrix is diagonal, then

dYdiagd
† = Ydiag. (3.25)

Because of these observations we use c and d as the generators to construct our
flavour group and it turns out to be C3 × C3 o C3. This group was used in model
building in earlier studies [54, 55, 56].
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C3 ×C3 oC3 also known as ∆(27) has 27 elements. This group belongs to a
class of groups named as ∆(3N2) which is isomorphic to CN ×C ′N oC3. For ∆(27),
we have N = 3. Let a, a′ and b be the generators of CN , C ′N and C3 respectively.
Using these generators we can write the following presentation for the group ∆(3N2).

aN = a′N = b3 = e, aa′ = a′a,

bab−1 = a−1a′−1, ba′b−1 = a. (3.26)

All the 3N2 elements of ∆(3N2) take the following simple form in terms of the above
mentioned generators

g = bkama′n (3.27)

for k = 0, 1, 2 and m, n = 0, 1, 2, ..., N−1. We mentioned earlier that the matrices
c, Eq. (3.21), and d, Eq. (3.24) generate ∆(27). Therefore c and d can be used to
construct the generators a, a′ and b for the specific case of ∆(27):

a = ωd, a′ = ω̄d, b = c. (3.28)

C3 × C3 o C3 consists of 11 conjugacy classes. So we have 11 irreducible
representations. Two of those are the defining representation 3 and its conjugate
representation 3. All the other representations are one-dimensional. This includes
the trivial representation 1 and eight others which are not faithful representations.
We provide the characters of the group representations in Table 3.1. The eight non-
trivial one-dimensional representations are named based on the group element under
which the representation transforms trivially. For example 1c transforms trivially
under c which is quite evident from the character table. It transforms like the
irreducible representations of C3 under the remaining generator d. Others are also
named analogously.

3.2.1 Direct product of representations

Once we have the irreducible representations and the character table, the next step
in building the model is to construct invariants out of the representations. For that
we need the direct product expansion of the various irreducible representations. The
direct product of one-dimensional representations can be obtained trivially from the
character table. For example 1c × 1c = 1 and 1c × 1d = 1cd. For the three-
dimensional representations (3 and 3) of C3 × C3 o C3, the tensor product decom-
position can be calculated using Eq. (3.18) and the results are shown in Table 3.2.
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e 1C
(1)
3 1C

(2)
3 3C

(1)
3 3C

(2)
3 3C

(3)
3 3C

(4)
3 3C

(5)
3 3C

(6)
3 3C

(7)
3 3C

(8)
3

χ1 1 1 1 1 1 1 1 1 1 1 1

χ1c 1 1 1 1 1 ω̄ ω ω̄ ω ω ω̄

χ1c
1 1 1 1 1 ω ω̄ ω ω̄ ω̄ ω

χ1d
1 1 1 ω̄ ω 1 1 ω̄ ω ω̄ ω

χ1d
1 1 1 ω ω̄ 1 1 ω ω̄ ω ω̄

χ1cd
1 1 1 ω ω̄ ω̄ ω 1 1 ω̄ ω

χ1cd
1 1 1 ω̄ ω ω ω̄ 1 1 ω ω̄

χ1cd̄
1 1 1 ω̄ ω ω̄ ω ω ω̄ 1 1

χ1cd̄
1 1 1 ω ω̄ ω ω̄ ω̄ ω 1 1

χ3 3 3ω 3ω̄ 0 0 0 0 0 0 0 0

χ3 3 3ω̄ 3ω 0 0 0 0 0 0 0 0

Table 3.1: Character table for the group C3 × C3 o C3. The conjugacy classes are
given in the form nC

(j)
h where n is the number of elements in the class, h is the order

of each element in the class and j is the index to differentiate otherwise identical
classes.

Tensor product Decomposition

3× 3 3 + 3 + 3

3× 3 3 + 3 + 3

3× 3 1 + 1c + 1c + 1d + 1d + 1cd + 1cd + 1cd̄ + 1cd̄

Table 3.2: Tensor product expansion of three-dimensional representations of C3 ×
C3 o C3

The next step is to calculate the explicit expressions of the irreducible rep-
resentations contained in the direct product representation. The technique is called
the method of canonical decomposition [53].
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3.2.2 The Canonical decomposition of a representation

Let D be a representation of the group G acting on the vector space V . Let χ1, ..., χh

be the distinct characters of the irreducible representations W1, ...,Wh of G and
n1, ..., nh their degrees. The method of canonical decomposition follows two steps.
First we obtain a direct sum decomposition of V which is “coarser" than the de-
composition into irreducible representations, but which has the advantage of being
unique. Let this decomposition be

V = V1 ⊕ V2 ⊕ ...⊕ Vh. (3.29)

In the second step we decompose each of the Vis into irreducible spaces:

Vi = V 1
i ⊕ V 2

i ⊕ ...⊕ V m
i (3.30)

where each of V 1
i , V

2
i ... transform under a representation isomorphic to Wi. In other

words, we have decomposed V into a direct sum of irreducible representations and
collected together the isomorphic representations. We use the projection operator
pi to decompose V into Vis:

pi =
ni
N

∑
g∈G

χi(g)∗D(g). (3.31)

Now consider the second step i.e. the decomposition Vi into its subspaces,
Eq. (3.30). However this decomposition is not unique. It can be done in infinitely
many ways. But a method for explicitly constructing a decomposition of Vi into a
direct sum of subrepresentations isomorphic to Wi is explained below. Let rαβ(g)

be the matrix elements of Wi. For each pair of integers α and β taken from 1 to ni,
let pαβ denote a linear map of V into V defined by

pαβ =
ni
N

∑
g∈G

rβα(g−1)D(g). (3.32)

The map pαα is a projection whose image Vi,α is contained in Vi and in fact Vi
is the direct sum of Vi,α for α from 1 to ni. Let (x1

1, ..., x
m
1 ) be a basis of Vi,1.

Let x1
α = pα1(x1

1). The vector space spanned by x1
αs for α from 1 to ni is stable

under G. Thus using the mapping pαβ , m such vector spaces can be generated from
(x1

1, ..., x
m
1 ). Thus we have decomposed the space Vi into subspaces V 1

i , ..., V
m
i .

In the model using C3 × C3 o C3 described in the next section, the relevant
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Representation Expression

1 ψ†LψR

1c ψ†LcψR

1c ψ†Lc̄ψR

1d ψ†LdψR

1d ψ†Ld̄ψR

1cd ψ†LcdψR

1cd ψ†Lc̄d̄ψR

1cd̄ ψ†Lcd̄ψR

1cd̄ ψ†Lc̄dψR

Table 3.3: Explicit expressions of the tensor decomposition of 3× 3

tensor product is 3× 3. So we do its canonical decomposition here. Let

ψL =

ψL1

ψL2

ψL3

 , ψR =

ψR1

ψR2

ψR3

 (3.33)

transform as 3s. The explicit expressions of the irreducible representations (1, 1c,
1c, 1d, 1d, 1cd, 1cd, 1cd̄, 1cd̄) contained in the direct product 3 × 3 of ψ†L(3) and
ψR(3) are given in Table 3.3.

3.3 The Flavon Model

Flavons have been postulated [57, 58, 59, 60] as a means of explaining the observed
patterns in fermion masses and mixing. In model building, flavour symmetries are
mostly implemented using scalar fields called the flavons. The simplest case involves
promoting the Yukawa couplings to gauge singlet scalars. The flavons are usually
invariant under the gauge group of the underlying theory either Standard Model or
GUT and they transform only under the flavour symmetry group. Since their masses
are typically much larger than the electroweak scale, they introduce a further en-
ergy scale in the model. The mass matrices arise from the spontaneous breaking of
the flavour symmetry by means of the VEVs of the flavon fields, the VEVs define
the symmetry breaking energy scale. The mass terms appearing at the electroweak
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scale are obtained from the terms in the flavon model which couple the flavons with
the fermions. We also have the flavon potential terms involving the self couplings
among the flavons. A discrete flavour symmetry leads to a discrete set of values for
the flavon fields corresponding to the minima of the potential. When the field ac-
quires one of these values, the symmetry is spontaneously broken. It should be noted
that in the case of a continuous symmetry, spontaneous symmetry breaking produces
Goldstone bosons. Discrete flavour symmetries avoid this problem. Flavon models
often involve dimension-5 and higher operators. These are non-renormalisable and
hence are regularised using the cut-off scale. The lowest dimensional terms corre-
spond to the mass matrices at the lowest order. Higher dimensional terms produce
higher order corrections to the mass matrices.

3.3.1 Circulant-plus-diagonal Yukawa matrix using C3 × C3 o C3

flavons

A circulant-plus-diagonal mass matrix can be obtained by postulating three flavons
φι, φc and φd that transform as a 1, 1c and 1d respectively. These flavons are scalar
fields and are neutral under the Standard Model gauge group. As shown in Table
3.3, we construct terms that transform as 1, 1c and 1d using the fermions ψ†L and
ψR:

1 ≡ ψ†L1ψR1 + ψ†L2ψR2 + ψ†L3ψR3 (3.34a)

1c ≡ ψ†L1ψR3 + ψ†L2ψR1 + ψ†L3ψR2 (3.34b)

1d ≡ ψ†L1ψR1 + ω̄ψ†L2ψR2 + ωψ†L3ψR3. (3.34c)

Using the flavons and the fermions we construct the following invariant:

φι(ψ
†
L1ψR1 + ψ†L2ψR2 + ψ†L3ψR3)+

φ∗d(ψ
†
L1ψR1 + ω̄ψ†L2ψR2 + ωψ†L3ψR3) + φd(ψ

†
L1ψR1 + ω̄ψ†L2ψR2 + ωψ†L3ψR3)∗+

φ∗c(ψ
†
L1ψR3 + ψ†L2ψR1 + ψ†L3ψR2) + φc(ψ

†
L1ψR3 + ψ†L2ψR1 + ψ†L3ψR2)∗.

(3.35)

The above expression takes the matrix form

ψL1

ψL2

ψL3


†φι + φd + φ∗d φc φ∗c

φ∗c φι + ωφd + ω̄φ∗d φc

φc φ∗c φι + ω̄φd + ωφ∗d


ψR1

ψR2

ψR3

 (3.36)

67



which is indeed a circulant-plus-diagonal matrix. For future reference it is convenient
to express the above matrix in terms of the phases of the flavons θc and θd:

φιI +

2|φd|Cos(θd) |φc|eiθc |φc|e−iθc

|φc|e−iθc 2|φd|Cos(2π
3 + θd) |φc|eiθc

|φc|eiθc |φc|e−iθc 2|φd|Cos(−2π
3 + θd)

 . (3.37)

We note that the form of Eq. (3.37) corresponds to the postulated form of Yukawa
matrices, Eq. (3.4).

3.3.2 The Flavon Model in the Standard Model framework

Here the model is constructed in the Standard Model framework, even though it can
be extended to a beyond Standard Model theory. The mass term for the charged
leptons is given by

ylιφlι
Λ

(L†eeR + L†µµR + L†ττR)H+

ylcφ
∗
lc

Λ
(L†eτR + L†µeR + L†τµR)H +

ylcφlc
Λ

H†(τ †RLe + e†RLµ + µ†RLτ )+

yldφ
∗
ld

Λ
(L†eeR + ω̄L†µµR + ωL†ττR)H +

yldφld
Λ

H†(e†RLe + ωµ†RLµ + ω̄τ †RLτ ).

(3.38)

For the neutrinos we assume a similar Dirac mass term:

yνιφνι
Λ

(L†eνeR + L†µνµR + L†τντR)εH∗+

yνcφ
∗
νc

Λ
(L†eντR + L†µνeR + L†τνµR)εH∗ +

yνcφνc
Λ

HT ε(ν†τRLe + ν†eRLµ + ν†µRLτ )+

yνdφ
∗
νd

Λ
(L†eνeR + ω̄L†µνµR + ωL†τντR)εH∗ +

yνdφνd
Λ

HT ε(ν†eRLe + ων†µRLµ + ω̄ν†τRLτ ).

(3.39)

Here L is the left handed lepton doublet, H is the Standard Model Higgs doublet

with ε being the antisymmetric matrix

(
0 1

−1 0

)
, Λ is the cut-off scale, φlι, φνι,

φlc, φνc and φld, φνd are the invariant, the circulant and the diagonal flavons for the
charged leptons and the neutrinos respectively and ylι, yld, ylc, yνι, yνd, yνc are real
constants.

It is well known that the Higgs gets a vacuum expectation value

(
0

ho

)
at

the weak scale. Similarly through spontaneous symmetry breaking at a higher en-
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ergy scale, the flavons also acquire vacuum expectation values. For the flavon φι,
extremising a potential of the form φ4

ι − 2v2φ2
ι will provide a non-zero vacuum ex-

pectation value ±v. For the flavons φc and φd suppose we write potentials of the
form (φ∗φ)2 − 2v2φ∗φ. They are the “Mexican hat" potentials invariant under U(1)

transformation φ→ eiαφ and they give a VEV with |φ| = v. Such a potential is not
very interesting to us. What we need is something which is C3-invariant only. So we
may introduce the following potential:

1

Λ2

∣∣φ3 − v3
∣∣2 (3.40)

which is obviously invariant under the transformation φ → ei
2nπ
3 φ, n being an

integer. This potential is shown in Figure 3.1. There are three minima, corresponding
to φ equal to v , vei

2π
3 and vei

4π
3 . Here we have assumed the parameter v to be real.

Figure 3.1: C3 invariant potential

Through spontaneous symmetry breaking, each of the complex flavons (φlc,
φνc, φld, φνd) acquire one of the above VEVs and they along with the VEVs of
invariant flavons (φlι, φνι) generate the fermion Yukawa matrices. For the charged
leptons we get the following mass matrix:

Yl = ylιI +


2yld cos

(
2nldπ

3

)
ylce

i
2nlcπ

3 ylce
−i 2nlcπ

3

ylce
−i 2nlcπ

3 2yld cos
(

2(nld+1)π
3

)
ylce

i
2nlcπ

3

ylce
i
2nlcπ

3 ylce
−i 2nlcπ

3 2yld cos
(

2(nld−1)π
3

)
 (3.41)
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where nlc and nld are integers and ylι = ylι〈φlι〉/Λ, ylc = ylc|〈φlc〉|/Λ, yld =

yld|〈φld〉|/Λ with 〈〉 representing a VEV.
The above equation is in the form of Eq. (3.7) as expected. But to realise

the condition specified in Eq. (3.8) we require the phases appearing in the Yukawa
matrix, Eq. (3.41), to be small, unlike multiples of 2π

3 generated above. Therefore
we allow the VEVs to acquire a small non-trivial phase away from 2nπ

3 by slightly
perturbing the previous potential to the following form:

1

Λ2

∣∣∣φ3 −
(
veiα

)3∣∣∣2 (3.42)

where α is the small phase. The resulting potential is shown in Figure 3.2. Here we
have made a simplifying assumption that the expression for the potential, Eq. (3.42),
is the same for all complex flavons, i.e. the small phase α is common to all the flavons.
This decreases the number of free parameters in the model and makes it predictive.

Figure 3.2: C3 invariant potential perturbed by a small phase α

With this modification of having a phase 2nπ
3 + α for the flavon VEVs, we

obtain the Yukawa matrices for the charged leptons:

Yl = ylιI+


2yld cos

(
2nldπ

3 + α
)

ylce
i
(

2nlcπ

3
+α

)
ylce

−i
(

2nlcπ

3
+α

)
ylce

−i
(

2nlcπ

3
+α

)
2yld cos

(
2(nld+1)π

3 + α
)

ylce
i
(

2nlcπ

3
+α

)

ylce
i
(

2nlcπ

3
+α

)
ylce

−i
(

2nlcπ

3
+α

)
2yld cos

(
2(nld−1)π

3 + α
)


(3.43)
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and for the neutrinos:

Yν = yνιI+


2yνd cos

(
2nνdπ

3 + α
)

yνce
i( 2nνcπ

3
+α) yνce

−i( 2nνcπ
3

+α)

yνce
−i( 2nνcπ

3
+α) 2yνd cos

(
2(nνd+1)π

3 + α
)

yνce
i( 2nνcπ

3
+α)

yνce
i( 2nνcπ

3
+α) yνce

−i( 2nνcπ
3

+α) 2yνd cos
(

2(nνd−1)π
3 + α

)
 .

(3.44)
A small but non-zero α, along with the integer nlc = 0 ensures the conditions,

Eq. (3.8), on the parameters of Yl. For the neutrino case, the first inequality of
Eq. (3.10) is taken care of by the smallness of α, since α → 0 makes two diagonal
elements equal. Clearly the extreme limit

yld
ylc

<< α <<
yνc
yνd

<< 1 (3.45)

leads to TBM, with deviations from this mixing pattern calculable, in principle, in
terms of these “small” parameters. Overall, the model has 7 independent parameters,
ylι,ylc,yld,yνι,yνc,yνd and α, which determine 10 observables. This constrains the
parameter space of the masses and the mixing observables. In the next section we
fit these parameters to the 8 currently-measured experimental observables (three
charged-lepton masses, two neutrino mass-squared differences and three leptonic
mixing angles) and make predictions for those yet to be measured (the lightest
neutrino mass and the CP phase).

3.4 Fitting the model with experimental data

Rather than making a fit numerically through brute force, we first approach the
problem analytically and use a parametrisation that separates the masses from the
mixing observables. This makes the final numerical analysis easy and also helps to
get a better understanding of the parameter space.

3.4.1 Parametrising circulant-plus-diagonal matrices

In general a matrix which is the sum of circulant and diagonal parts, Eq. (3.37), is
proportional to

I +

2kd cos(θd) kce
iθc kce

−iθc

kce
−iθc 2kd cos(2π

3 + θd) kce
iθc

kce
iθc kce

−iθc 2kd cos(−2π
3 θd)

 . (3.46)
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The characteristic equation for the above matrix is

λ3−3λ2 +3(1−k2
c −k2

d)λ+2(1−k3
c cos 3θc−k3

d cos 3θd)−3(1−k2
c −k2

d) = 0. (3.47)

Let us rewrite Eq. (3.47) in the following way

λ3 − 3λ2 + 3(1− x2)λ+ 2(1− x3y)− 3(1− x2) = 0 (3.48)

where

x2 = k2
c + k2

d (3.49a)

x3y = k3
c cos 3θc + k3

d cos 3θd. (3.49b)

Eliminating x from Eq. (3.49b) using Eq. (3.49a) we get

y = (cos ζ)3 cos 3θc + (sin ζ)3 cos 3θd (3.50)

where ζ is defined using the following equations:

kc = x cos ζ (3.51a)

kd = x sin ζ. (3.51b)

Let the eigenvalues of matrix (3.46) be e1, e2 and e3. We have

e1 + e2 + e3 = 3 (3.52a)

e1e2 + e2e3 + e3e1 = 3(1− x2) (3.52b)

e1e2e3 = 3(1− x2)− 2(1− x3y). (3.52c)

We define two flavour symmetric quantities r1 and r2:

r1 =
e1e2 + e2e3 + e3e1

(e1 + e2 + e3)2
(3.53a)

r2 =
e1e2e3

(e1 + e2 + e3)3
. (3.53b)

These dimensionless quantities “measure" the hierarchy of the eigenvalues or the
masses.
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The parameters x and y in terms of r1 and r2 are given by

x2 = 1− 3r1 (3.54a)

y2 =
(2− 9r1 + 27r2)2

4(1− 3r1)3
. (3.54b)

Thus x and y can be calculated if the fermion masses are experimentally
known. Mixing information is contained in the variables θc, θd and ζ along with the
constraint given through Eq. (3.50). This completes our discussion on the parametri-
sation of a circulant-plus-diagonal matrix.

3.4.2 Monte Carlo analysis

In the model both the charged-lepton and the neutrino mass matrices are circulant-
plus-diagonal. Correspondingly we have two sets of variables and equations. More-
over θc and θd are α plus an integer multiple of 2π

3 for both charged leptons as well
as neutrinos. Thus we end up with the following set of equations:

Charged Leptons:

rl1 =
memµ +mµmτ +mτme

(me +mµ +mτ )2
(3.55a)

rl2 =
memµmτ

(me +mµ +mτ )3
(3.55b)

x2
l = 1− 3rl1 (3.55c)

y2
l =

(2− 9rl1 + 27rl2)2

4(1− 3rl1)3
(3.55d)

yl =
(
cos3 ζl + sin3 ζl

)
cos 3α (3.55e)

Neutrinos:

rν1 =
m1m2 +m2m3 +m3m1

(m1 +m2 +m3)2
(3.56a)

rν2 =
m1m2m3

(m1 +m2 +m3)3
(3.56b)

x2
ν = 1− 3rν1 (3.56c)

y2
ν =

(2− 9rν1 + 27rν2)2

4(1− 3rν1)3
(3.56d)

yν =
(
cos3 ζν + sin3 ζν

)
cos 3α (3.56e)

where m1, m2, m3 are the masses of the neutrino mass eigenstates.
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We do a Monte Carlo analysis with two random variables α and ζν . Let us
first consider Eqs. (3.56). Using Eq. (3.56e) and the random variables α and ζν ,
we calculate yν . Squared differences of neutrino masses are known experimentally,
Table 3.4. We use this information and the previously calculated value of yν along
with Eqs. (3.56a, 3.56b, 3.56d) to solve for the unknown neutrino mass offset (or
equivalently the lightest neutrino mass). Finally we calculate xν and the neutrino
mass matrix. Now consider the Eqs. (3.55). Masses of charged leptons are known,
Table 3.4. So we can calculate the values of xl and yl using Eqs. (3.55a - 3.55d). This
value of yl and the random variable α are used in Eq. (3.55e) to calculate ζl. Thus
we generate the charged lepton mass matrix also.

Lepton Mass

me 0.4959MeV

mµ 104.7MeV

mτ 1780MeV

m2
2 −m2

1 91meV2

|m2
3 −m2

2| 2900meV2

Table 3.4: Masses of leptons renormalised at 1 TeV [28]. We need to use the values
renormalised at the unknown scale Λ. But in the previous chapter we have seen
that even though the masses vary considerably through renormalisation evolution,
the mass ratios remain more or less constant. Since our fit depends only on the mass
ratios, it will remain valid not just at 1 TeV, but even to energy scales a few orders
of magnitude higher.

Observable Best fit ±1σ

sin2 θ12 0.312+0.017
−0.015

sin2 θ23 0.51± 0.06 (normal hierarchy)

0.52± 0.06 (inverted hierarchy)

Table 3.5: Experimental values of the large neutrino mixing angles θ12 and θ23 along
with 1σ errors [61].
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In the next step we compute the PMNS matrix from the mass matrices.
Experimental neutrino oscillation data for large mixing angles with 1σ errors is
given in Table 3.5. For the small mixing angle θ13, we use the weighted average of
the Daya Bay and RENO observations:

sin2 θ13 = 0.025+0.003
−0.003. (3.57)

The values of sin2 θ12, sin2 θ23 and sin2 θ13 are extracted from the computed PMNS
matrix and they are fitted with the experimental data using a χ2 goodness of fit
variable:

χ2 =
∑

θ=θ12,θ23,θ13

(
(sin2 θ)model − (sin2 θ)expt

σexpt

)2

(3.58)

where σexpt is the experimental error on sin2 θ.
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Figure 3.3: Predicted values of δCP vs. the mass of the lightest neutrino mass eigen-
state. The shaded region denotes ∆χ2 ≡ (χ2−χ2

min) ≤ 1, and the best fit is indicated
by the red dot.

As stated earlier the model has 7 parameters while there are 10 masses and
mixing observables. Two of these observables, the overall neutrino mass offset and
the CP -violating phase δCP have not been measured yet. So the model is used to
predict the values of these unknown observables. The remaining 8 observables are
fitted with the 7 parameters of the model. It is obvious that the fit is over-constrained
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by one degree of freedom. The earlier discussion described how we make this fit: first
separate out and fit the mass observables, then fit the 3 mixing observables with two
random variables of the model, α, ζν , using Monte Carlo analysis and χ2 goodness of
fit method. The predictions made using this analysis are given in Figure 3.3. We note
that our numerical analysis does not give an acceptable χ2 for any normal hierarchy,
whereby an inverted hierarchy ((m2

3−m2
2) < 0) can be said to be a prediction of our

model, given the measured observables. The best fit gives a lightest neutrino mass
m3 ' 64.6 meV (m1 ' 83.6 meV and m2 ' 84.1 meV).

The best fit is given (at high precision) by ylι=628.31, ylc=576.43, yld=9.30,
yνι=21.36, yνc=7.884, yνd = −52.44, α = −2.944◦, along with the integers nlc,
nld, nνc, nνd equal to 0, 1, 1,−1 respectively. The values of ylι, ylc, yld are in units
of MeV/ho and yνι, yνc, yνd are in meV/ho where ho is the Standard Model Higgs
VEV. After diagonalisation, the charged lepton mass matrix gives the electron, muon
and tau lepton masses given in Table 3.4. The diagonalisation of the neutrino mass
matrix, UνYνU

†
ν , gives 83.59 0 0

0 −84.13 0

0 0 64.63

 . (3.59)

Note that the negative sign of second eigenvalue can be removed by absorbing it into
the unobservable right diagonalising matrix. i.e. νmasses = UνYνSU

†
ν , where S is a

diagonal matrix with entries 1,-1,1. The neutrino masses m1 = 83.59, m2 = 84.13

and m3 = 64.63 agree with the mass-squared differences given in Table 3.4.
The moduli-squared of the elements of the PMNS matrix corresponding to

the best fit is given below:

PMNS Matrix ≡

0.670 0.305 0.025

0.161 0.339 0.500

0.169 0.356 0.475

 . (3.60)

This gives sin2 θ12 = 0.313, sin2 θ23 = 0.513, sin2 θ13 = 0.025 as expected. We
also get CP -violating phase, δCP = 90.1◦ with the Jarlskog CP -violating invariant,
J = 0.0357 (to be compared with its theoretical maximum value, Jmax ' 0.0962).

Approximate analytic predictions can be derived as series expansions in the
“small” parameters of our model, βl ≡ yld

ylc
' 0.016, α ' −0.051 and βν ≡ yνc

yνd
'

−0.15. For example, starting from the expression:

J =
iDet[Ml,Mν ]

2DiscrlDiscrν
(3.61)
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whereMl andMν are the leptonic mass matrices, Discrl = (me−mµ)(mµ−mτ )(mτ−
me) and Discrν = (m1 −m2)(m2 −m3)(m3 −m1), we find

J ≈ α

6βν

(
1 +

βlβν
4α2

− 3α2

2β2
ν

+
βν
3

+
27α4

8β4
ν

− 3βl
8βν

. . .

)
= 0.0360 (3.62)

in close agreement with our numerical results above.

Figure 3.4: Blue region denotes the correlation between θ13 and δCP predicted by
the model with ∆χ2 ≤ 1. The plot is superimposed with the T2K figure [62] for
68% and 90% C.L. regions obtained experimentally. For large θ13 the model predicts
δCP ≈ π

2 . Note that in the lower blue region we have δCP ≈ −π
4 consistent with the

experiment, but this region vanishes for ∆χ2 ≤ 0.3. The best fit lies in the upper
blue region and we have analysed only this solution. The vertical lines represent the
latest world average value for θ13 with 1σ error range.

Even though the fit gives a close-to-maximal CP phase, we note that the
large CP phase is not a generic prediction arising from the structure of the model
itself. Rather, the value of δCP depends on several of the parameters and these are
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constrained here by the measured values of other observables. In fact δCP is strongly
correlated with θ13 and comes out close to π

2 for large values of θ13 as indicated by
recent experiments. Figure 3.4 illustrates these points. The model constrains the
observable to the blue region which corresponds to ∆χ2 ≡ (χ2 − χ2

min) ≤ 1 (but
unlike in the previous analysis here we keep θ13 as an unknown variable, i.e. for
calculating χ2 we use only θ12 and θ23 in Eq. (3.58)). A value for δCP close to π

2

offers the potential for large observable CP -violating asymmetries in future neutrino
oscillation experiments, with Jarlskog’s CP -violating invariant, J , assuming close to
40% of its theoretical maximum value.

3.5 Quark masses and the CKM matrix

Quark masses are strongly hierarchical, especially for the charge 2
3 quarks, given the

very large mass of the top quark. From Eq. (3.54b) it is clear that y goes to the
limiting value 1 when r1 and r2 tend to 0, i.e. when one of the quark masses becomes
very large. A value of y very close to 1, severely restricts the allowed range of ζ, θc
and θd as can be seen from Eq. (3.50). Then ζ tends to nπ

2 and θc or θd tends to
nπ
3 . We did a numerical analysis and found that unfortunately the mixing predicted
under the above mentioned limits can not fit the experimental CKM values. The
problem lies with the angle θ23 which turns out to be only about a third of the
experimental value for our best fit. Nevertheless we are able to get a large enough
value for the Cabibbo angle, θ12, and also a very small value for the angle θ13 as
required.

We have shown earlier, Eqs. (3.9, 3.10), that a mass matrix with a large
diagonal component and a small circulant component can be used to generate a
nearly 2 × 2-maximal diagonalising matrix. The strategy adopted for the quarks is
to assume this form of mass matrix for both the up-type and the down-type quarks.
So we get nearly 2 × 2-maximal unitary contributions from both the up and the
down sectors, i.e Uu and Ud are nearly 2× 2-maximal. When we take their product
to calculate the CKM matrix, UCKM = UuU

†
d , they nearly cancel each other to

give a mixing matrix close to the identity. But the individual matrices Uu and Ud
are not exactly 2× 2-maximal, therefore their cancellations will not be exact. This
non-cancellation can be adjusted to give a realistic value for the Cabibbo angle,
θ12. However, in Uu and Ud, the mixing contribution coming from outside the 2× 2

part is very small by construction. So it becomes impossible to get reasonably large
θ23, which essentially vanishes in the limit where Uu and Ud becomes 2 × 2 mixing
matrices.
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Chapter 4

Non-zero θ13: Derivation of the
“Simplest” Texture from the
Discrete Symmetry S4 and a
Model for Majorana Neutrinos

4.1 Introduction

Lepton mixing is characterised by two large mixing angles: θ12 ' 35◦, θ23 ' 45◦, and
one small angle: θ13. For several years, the data on neutrino oscillations were com-
patible with θ13 = 0, and the data together were approximated by the tribimaximal
(TBM) mixing ansatz, proposed in 2002 [50]. TBM has been used as a starting point
for model building. In this ansatz the mixing matrix has three symmetries. The first
one is the µ-τ symmetry in which the moduli-squared values of the µ and τ rows
are equal. Besides the µ-τ symmetry the second column is democratic, meaning the
moduli-squared of the second column elements are equal which also implies that they
are 1/3 each due to unitarity. The Tribimaximal mixing also has θ13 equal to zero
which leaves CP-symmetry conserved. In other words µ-τ symmetry, democracy for
the second column and CP conservation uniquely imply Tribimaximal mixing.

The Daya Bay Reactor Neutrino Experiment [23] has recently measured the
value for the mixing angle θ13: sin2 2θ13 = 0.092 ± 0.016 (stat.) ± 0.005 (syst.) and
has confirmed that θ13 is non-zero. Later the RENO Experiment [24] also made a
compatible measurement, sin2 2θ13 = 0.113 ± 0.013 (stat.) ± 0.019 (syst.). A large
number of models based on discrete symmetries have been proposed to reproduce
Tribimaximal mixing. It is possible to generate non-zero θ13 by introducing higher
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order corrections. But in generic cases, the deviations produced should be of the
same order for all the mixing angles [63]. Since the experimentally allowed deviation
of θ12 from sin2 θ12 = 1/3 is small, it is rather difficult to generate a much larger
correction to θ13 alone as observed in the recent reactor experiments.

A generalisation of Tribimaximal mixing in which only the conditions of µ-τ
symmetry and democracy are imposed while the θ13 = 0 condition is relaxed is called
Triχmaximal mixing [64]. The TχM mixing is given by

TχM =


√

2
3 cosχ 1√

3

√
2
3 sinχ

− cosχ√
6
∓ i sinχ√

2
1√
3
±i cosχ√

2
− sinχ√

6

− cosχ√
6
± i sinχ√

2
1√
3
∓i cosχ√

2
− sinχ√

6

 . (4.1)

The only free parameter in TχM mixing is the angle χ. In the basis where charged-
lepton mass matrix is diagonal, a neutrino mass matrix which is hermitian and with
µ-τ symmetry and democracy leads to this form of mixing. The general hermitian
mass matrix that produces Triχmaximal (TχM) mixing is

MH = a

 1 ±ik ∓ik
∓ik 0 1± ik
±ik 1∓ ik 0

+ b

0 1 1

1 0 1

1 1 0

+ c

1 0 0

0 1 0

0 0 1

 (4.2)

where k, a, b, and c are real parameters.
In the above mentioned mass matrix, the parameter k uniquely determines

the angle χ in Eq. (4.1). In fact, only the first term in Eq. (4.2) (with the coefficient a)
is sufficient to generate TχM mixing. When diagonalised using the unitary matrix
U (the TχM matrix 1), this term generates three unique eigenvalues. The same
matrix (U), when applied to the second term (with the coefficient b), generates
two degenerate eigenvalues. The third term (cI), obviously, gives three degenerate
eigenvalues. In other words

D = U MH U
† = a

1 0 0

0 −
√

1 + 3k2 0

0 0
√

1 + 3k2

+b

2 0 0

0 −1 0

0 0 −1

+c

1 0 0

0 1 0

0 0 1

 .

(4.3)
It is straightforward to obtain the mixing angles in terms of the parameter χ

1where we have |U | = |TχM†|. The modulus indicates the extra degrees of freedom in the
unitary matrix which can be taken out of the four parameter mixing matrix as diagonal phase
matrices. These phases do not affect neutrino oscillations and so the phases are ignored here.
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using Eq. (4.1). We have |U | = |TχM †| and using the standard PDG parametrisation

|U †τ3| = sin θ13, |U †µ3| = sin θ23 cos θ13, |U †e2| = sin θ12 cos θ13. (4.4)

we get

|U †e3|
2 = sin2 θ13 =

2

3
sin2 χ (4.5)

|U †e2|
2 = sin2 θ12 cos2 θ13 =

1

3
(4.6)

|U †µ3|
2 = sin2 θ23 cos2 θ13 =

sin2 χ

6
+

cos2 χ

2
=⇒ sin2 θ23 =

1

2
(4.7)

δCP = ±π
2

(4.8)

As mentioned earlier, the parameter k in the mass matrix, Eq. (4.2), uniquely de-
termines χ. The relation is given by

cos 2χ =
1√

1 + 3k2
. (4.9)

A mass matrix arising from the Majorana mass term for the neutrinos should
be complex symmetric. Therefore we would like to determine the general complex
symmetric mass matrix that generates TχM mixing. One way to achieve this is to
multiply the matrix MH with the 2 − 3 permutation matrix P to get the complex
symmetric matrix

MS = MH P = a

 1 ∓ik ±ik
∓ik 1± ik 0

±ik 0 1∓ ik

+ b

0 1 1

1 1 0

1 0 1

+ c

1 0 0

0 0 1

0 1 0

 (4.10)

where

P =

1 0 0

0 0 1

0 1 0

 (4.11)

and a, b and c are complex in general. So we have

D = U MH U
† = U MH P P U

† = U MS P U
†. (4.12)

A complex symmetric mass matrix can be diagonalised using a unitary matrix
and its transpose,

U ′MS U
′T = |D| (4.13)

81



where D is the same diagonal matrix given in Eq. (4.3). U ′ can be calculated as the
diagonalising matrix for the hermitian matrix MSM

∗
S

U ′MSM
∗
SU
′† = D2. (4.14)

It can be shown that the unitary matrix U from Eq. (4.3) itself can be used to
diagonalise the symmetric matrix MS , but this leaves some extra phases on the
eigenvalues. The relevant equations are

U MS U
T = e−iDiag(2θ1,2θ2,2θ3)D (4.15)

U ′ = eiDiag(θ1,θ2,θ3)U. (4.16)

The phenomenon of neutrino oscillations is unaffected by the above mentioned
phases. Therefore we do not discuss them any further.

The texture of Eq. (4.2), but with b = 0, was proposed in 2004 [65] (after
having been speculated upon briefly already in 2002 [64]) to obtain a special case of
TχM, known as “Simplest” mixing. The eigenvalues of the “simplest” mass matrix
are given in terms of the parameters by the RHS of Eq. (4.3), with b = 0, and using
Eqs. (4.5, 4.9) we get the very straightforward and exact relation between the reactor
mixing angle and the eigenvalues (ei):

sin2θ13 =
2

3

(e2 − e1)

(e3 − e1)
. (4.17)

In the original publication[65], this texture was proposed forM2
ν := MνM

†
ν , in which

case the eigenvalues are the neutrino masses-squared, resulting in the very successful
prediction:

sin θ13 =

√
2

3

∆m2
sol

∆m2
atm

, (4.18)

i.e. sin22θ13 = 0.086+0.003
−0.006 (Predicted in 2002/2004 [64, 65]) (4.19)

cf. sin22θ13 = 0.093± 0.010 (Measured in 2012 [23, 24]). (4.20)

Motivated by the success of the “Simplest” mixing texture, here we propose
a model based on the symmetric group of degree four (S4). In order to do this, we
must first make the following changes: we adopt the same mass matrix form, but this
time for the mass matrix itself (as opposed to its hermitian square), and also assume
a Majorana mass term (coupling between two heavy right-handed neutrinos). Thus,
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we postulate a Majorana neutrino mass matrix of the following “Simplest” complex-
symmetric form:

Mν(Majorana) = a

 1 ∓ik ±ik
∓ik 1± ik 0

±ik 0 1∓ ik

+ c

1 0 0

0 0 1

0 1 0

 . (4.21)

In the following sections we construct such a Majorana mass matrix assuming
symmetry under the S4 group. The neutrino Dirac mass matrix (coupling between
the left-handed and the right-handed neutrinos) is assumed to be proportional to the
identity. We show that this model has a phenomenology compatible with experiment,
and we use it to predict the masses of the light neutrinos. Light neutrinos acquire
their masses through the see-saw mechanism. Because the Dirac mass matrix is
proportional to the identity, the see-saw mechanism makes light neutrino masses
inversely proportional to the eigenvalues of the ”Simplest” Majorana matrix. In
other words, using Eq. (4.17) we get

sin2θ13 =
2

3

(
1

mν2
− 1

mν1

)
(

1
mν3
− 1

mν1

) (4.22)

where mν1, mν2 and mν3 are the light neutrino masses.

4.2 The group S4 and the µ-τ rotated basis

The group of permutation of four objects called the group S4 [64] is the symmetry
group of a cube, Figure 4.1 (and also of an octahedron). It can be constructed using
the generators

a =

−1 0 0

0 0 1

0 1 0

 , (4.23a)

b =

0 1 0

0 0 1

1 0 0

 . (4.23b)

The generator a corresponds to a rotation about the axis x = 0, y = z by an angle
π. We have a.a = I. The generator b corresponds to the rotation about the axis
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x = y = z by an angle 2π/3. So we have b.b.b = I. Also the matrix

a.b =

0 −1 0

1 0 0

0 0 1

 (4.24)

corresponds to a rotation about the axis z = 0, by an angle π/2. So we have
a.b.a.b.a.b.a.b = I. All the 24 elements of the group S4 are generated using a and b.
Thus in an abstract form, the group has the presentation

〈a, b|a2 = b3 = (ab)4 = e〉. (4.25)

x

y

zaxisa

axisb

Figure 4.1: Octahedral symmetry as the rotational symmetries of a cube. The
generators a and b correspond to rotations about the axes axisa and axisb by angles
π and 2π/3 respectively.

S4 symmetry is demonstrated using the rotational symmetries of the cube
in Figure 4.1. The characters of S4 representations are given in Table 4.1. S4 has
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C1 C3 C6 C ′6 C8

χ1 1 1 1 1 1

χ1′ 1 1 −1 −1 1

χ2 2 2 0 0 −1

χ3 3 −1 1 −1 0

χ3′ 3 −1 −1 1 0

Table 4.1: Character table for the group S4

five conjugacy classes. The elements in various conjugacy classes of the group in
terms of the generators and also in the defining representation are listed below,
Eqs. (4.26-4.30).

C1 =
{
a2
}

=
{(

1 0 0
0 1 0
0 0 1

)}
(4.26)

This is the identity element.

C3 =
{
bab2ab, (ba)2, (ab)2

}
=
{(

1 0 0
0 −1 0
0 0 −1

)
,
(−1 0 0

0 1 0
0 0 −1

)
,
(−1 0 0

0 −1 0
0 0 1

)}
(4.27)

The class C3 corresponds to rotations by an angle π about the three axes passing
through face centres of the cube.

C6 =
{
a, bab2aba, b2ab, bab2abab2, bab2, ab2aba

}
=
{(−1 0 0

0 0 1
0 1 0

)
,
(−1 0 0

0 0 −1
0 −1 0

)
,
(

0 0 1
0 −1 0
1 0 0

)
,
(

0 0 −1
0 −1 0
−1 0 0

)
,
(

0 1 0
1 0 0
0 0 −1

)
,
(

0 −1 0
−1 0 0
0 0 −1

)}
(4.28)

The class C6 corresponds to rotations by an angle π about the six axes passing
through centres of opposite edges. The elements in this class can be grouped in
pairs; elements in each pair have axes that lie in a plane parallel to one of the faces.
The product of each pair gives a rotation by an angle π about an axis perpendicular
that plane, i.e. the product of each pair in C6 gives the corresponding element in
C3.
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C ′6 =
{
bab, (ab)2a, ab2, ba, b2a, ab

}
=
{(

1 0 0
0 0 1
0 −1 0

)
,
(

1 0 0
0 0 −1
0 1 0

)
,
(

0 0 −1
0 1 0
1 0 0

)
,
(

0 0 1
0 1 0
−1 0 0

)
,
(

0 1 0
−1 0 0
0 0 1

)
,
(

0 −1 0
1 0 0
0 0 1

)} (4.29)

The elements in the class C ′6 can also be grouped in pairs; they correspond to rota-
tions by an angle +π/2 and −π/2 about the three axes passing through face centres
of the cube. Therefore the squares of the elements in C ′6 give the corresponding
elements in C3.

C8 =
{
b, b2, ab2a, aba, ab2(ab)2a, bab2a, b2aba, bab2(ab)2a

}
=
{(

0 1 0
0 0 1
1 0 0

)
,
(

0 0 1
1 0 0
0 1 0

)
,
(

0 −1 0
0 0 1
−1 0 0

)
,
(

0 0 −1
−1 0 0
0 1 0

)
,(

0 −1 0
0 0 −1
1 0 0

)
,
(

0 0 1
−1 0 0
0 −1 0

)
,
(

0 1 0
0 0 −1
−1 0 0

)
,
(

0 0 −1
1 0 0
0 −1 0

)} (4.30)

The elements in the class C8 correspond to rotations by 2π/3 and −2π/3 about the
four axes passing through the opposite corners of the cube.

Models are usually constructed where the neutrinos transform as a triplet

ν =

νeνµ
ντ

 (4.31)

under the postulated symmetry group. While using the S4 group, the basis given
in Eq. (4.23) is used frequently in model building. Here the coordinate system is
oriented such that the coordinate axes are normal to the faces of the cube as shown in
Figure 4.1. So the x, y and z coordinate axes are the symmetry axes of π2 -rotations.
In a model constructed with a neutrino triplet ν, Eq. (4.31), defined parallel to
the coordinate axes (x, y, z) in the above basis, νe, νµ and ντ can be thought of
as simply the invariant eigenstates (eigenstates with eigenvalue equal to +1) of the
corresponding π-rotations about the axes passing through face centres (conjugacy
class C3 ). These states are shown in Figure 4.2. Note that they are also invariant
eigenstates of the elements of the conjugacy class C ′6 (π2 -rotations).

This choice of neutrino eigenstates is straightforward, and is the one used in
most models using this group so far. It is however, by no means the only choice,
and there is no reason why we should not define the neutrino flavour basis states in
a different way. To construct a model with µ-τ symmetry, for example, it will prove
useful to define νµ and ντ eigenstates rotated by an angle π

4 relative to the x, y and
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z coordinate axes defined above, using the rotation matrix

R =

(
1 0 0
0 1√

2
1√
2

0 − 1√
2

1√
2

)
. (4.32)

Ν
e

ΝΜ
ΝΤ

Figure 4.2: The neutrino eigenstates νe, νµ and ντ defined as invariant eigenstates
of π2 -rotations of the cube are normal to the three faces of the cube

The matrix R represents a rotation about the x axis by an angle π/4 relative
to the cube, and this rotation will make a difference to the physical predictions of
our model. This redefinition of νµ and ντ eigenstates is shown in Figure 4.3. The
state νe is still the invariant eigenstate of the π as well as π

2 rotations about the
axis passing normal to the upper and lower faces of the cube. Now that the states
νµ and ντ have been redefined, do they still form some symmetry axes of the cube?
Yes, they do. From Figure 4.3 it is clear that they are aligned along the edge centres
of the cube. So they are the invariant eigenstates of π-rotation about the above
mentioned edge-centred axes. It is to be noted that S4 is the smallest group where
this works i.e. a pair of invariant eigenstates after a rotation using the matrix R gives
another pair of invariant eigenstates. The new definition of the neutrino eigenstates
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can be stated abstractly as follows: “νe is the eigenstate of one of the elements in
the conjugacy class C3 and νµ and ντ are the eigenstates of the pair of elements in
C6 whose product is the earlier mentioned the element in C3”.

In model building, specific textures of mass matrices are obtained by coupling
the flavons to the fermions and then imposing necessary vacuum alignments for the
flavons. Redefining the fermion flavour eigenstates changes the texture of the mass
matrices (unless the flavon VEVs are also changed to get an equivalent result). In
our model it is useful to define the fermion flavour states in the rotated basis as
shown in Figure 4.3, so that in the end we reproduce the “Simplest” texture for the
Majorana mass term and a diagonal mass matrix for the charged-leptons.

Ν
e

ΝΜ
ΝΤ

Figure 4.3: Redefinition of the neutrino flavour eigenstates νµ and ντ . Note that the
new states are aligned such that they pass through the edge centres of the cube.

We rotate the coordinate system to reflect this physical rotation of the flavour
eigenstates. In other words, we rotate the y and z coordinate axes to align with the
new νµ and ντ flavour eigenstates respectively as shown in Figure 4.4.
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x’

y’

z’

Ν
e

ΝΜ
ΝΤ

Figure 4.4: Rotation of the coordinate system to align along with the newly defined
νµ and ντ flavour eigenstates

We call this the µ-τ -rotated co-ordinate basis. The rotation of the coordinate
system from (x, y, z) to (x′, y′, z′) transforms the group generators as: a → R.a.R†

and b → R.b.R†. Thus we have the generators a′ and b′ in the new (x′, y′, z′) basis
as follows:

a′ =

−1 0 0

0 1 0

0 0 −1

 (4.33a)

b′ =


0 1√

2
− 1√

2
1√
2

1
2

1
2

1√
2
−1

2 −1
2

 . (4.33b)
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The elements of the conjugacy classes in the new basis are listed below:

C1 =
{(

1 0 0
0 1 0
0 0 1

)}
(4.34a)

C3 =
{(

1 0 0
0 −1 0
0 0 −1

)
,
(−1 0 0

0 0 −1
0 −1 0

)
,
(−1 0 0

0 0 1
0 1 0

)}
(4.34b)

C6 =

(−1 0 0
0 1 0
0 0 −1

)
,
(−1 0 0

0 −1 0
0 0 1

)
,

 0 1√
2

1√
2

1√
2
− 1

2
1
2

1√
2

1
2
− 1

2

 ,

 0 − 1√
2
− 1√

2

− 1√
2
− 1

2
1
2

− 1√
2

1
2

− 1
2

 ,

 0 1√
2
− 1√

2
1√
2
− 1

2
− 1

2

− 1√
2
− 1

2
− 1

2

 ,

 0 − 1√
2

1√
2

− 1√
2
− 1

2
− 1

2
1√
2
− 1

2
− 1

2


(4.34c)

C ′6 =

( 1 0 0
0 0 1
0 −1 0

)
,
(

1 0 0
0 0 −1
0 1 0

)
,

 0 − 1√
2
− 1√

2
1√
2

1
2

− 1
2

1√
2
− 1

2
1
2

 ,

 0 1√
2

1√
2

− 1√
2

1
2
− 1

2

− 1√
2
− 1

2
1
2

 ,

 0 1√
2
− 1√

2

− 1√
2

1
2

1
2

1√
2

1
2

1
2

 ,

 0 − 1√
2

1√
2

1√
2

1
2

1
2

− 1√
2

1
2

1
2


(4.34d)

C8 =


 0 1√

2
− 1√

2
1√
2

1
2

1
2

1√
2
− 1

2
− 1

2

 ,

 0 1√
2

1√
2

1√
2

1
2
− 1

2

− 1√
2

1
2
− 1

2

 ,

 0 − 1√
2

1√
2

− 1√
2

1
2

1
2

− 1√
2
− 1

2
− 1

2

 ,

 0 − 1√
2
− 1√

2

− 1√
2

1
2

− 1
2

1√
2

1
2

− 1
2

 ,

 0 − 1√
2

1√
2

1√
2
− 1

2
− 1

2
1√
2

1
2

1
2

 ,

 0 1√
2

1√
2

− 1√
2
− 1

2
1
2

1√
2
− 1

2
1
2

 ,

 0 1√
2
− 1√

2

− 1√
2
− 1

2
− 1

2

− 1√
2

1
2

1
2

 ,

 0 − 1√
2
− 1√

2
1√
2
− 1

2
1
2

− 1√
2
− 1

2
1
2

 .

(4.34e)

The neutrino triplet, Eq. (4.31) transforms as a 3′ in the µ-τ -rotated basis.
Define a unitary matrix U as given in Eq. (4.37). The matrix U can be used to
do the transformation from the tensor product basis of two 3′s to the irreducibly
decomposed basis. In other words, we have

U.Kr(g, g).U † = gblock (4.35)

where the Kronecker product, Kr(g, g) is the group element representing the tensor
product of two 3′s and the block-diagonalised element, gblock is the sum 1⊕2⊕3⊕3′,

3′ ⊗ 3′ = 1⊕ 2⊕ 3⊕ 3′. (4.36)

For the generators a and b, the block diagonalised matrices are given in Eqs. (4.38).
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U =



1√
3

0 0 0 1√
3

0 0 0 1√
3

−
√

2
3 0 0 0 1√

6
0 0 0 1√

6

0 0 0 0 0 1√
2

0 1√
2

0

0 0 0 0 1√
2

0 0 0 − 1√
2

0 1√
2

0 1√
2

0 0 0 0 0

0 0 1√
2

0 0 0 1√
2

0 0

0 0 0 0 0 1√
2

0 − 1√
2

0

0 0 − 1√
2

0 0 0 1√
2

0 0

0 1√
2

0 − 1√
2

0 0 0 0 0



(4.37)

ablock =



1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 −1 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0

0 0 0 0 −1 0 0 0 0

0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 −1 0 0

0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 −1


(4.38a)

bblock =



1 0 0 0 0 0 0 0 0

0 −1
2

√
3

2 0 0 0 0 0 0

0 −
√

3
2 −1

2 0 0 0 0 0 0

0 0 0 0 1√
2

1√
2

0 0 0

0 0 0 1√
2

1
2 −1

2 0 0 0

0 0 0 − 1√
2

1
2 −1

2 0 0 0

0 0 0 0 0 0 0 1√
2
− 1√

2

0 0 0 0 0 0 1√
2

1
2

1
2

0 0 0 0 0 0 1√
2
−1

2 −1
2



(4.38b)
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Therefore for the representation 2 we have

a =

(
1 0

0 −1

)
(4.39a)

b =

(
−1

2

√
3

2

−
√

3
2 −1

2

)
(4.39b)

and for the representation 3 we have

a =

1 0 0

0 −1 0

0 0 1

 (4.40a)

b =


0 1√

2
1√
2

1√
2

1
2 −1

2

− 1√
2

1
2 −1

2

 (4.40b)

as the generators.
Using Eq. (4.37) , we get

ξ1 =
1√
3

(νe.νe + νµ.νµ + ντ .ντ ) (4.41)

ξ2 =

−√2
3νe.νe + 1√

6
νµ.νµ + 1√

6
ντ .ντ

1√
2
(νµ.ντ + ντ .νµ)

 (4.42)

ξ3 =


1√
2
(νµ.νµ − ντ .ντ )

1√
2
(νe.νµ + νµ.νe)

1√
2
(ντ .νe + νe.ντ )

 (4.43)

ξ′3 =


1√
2
(νµ.ντ − ντ .νµ)

1√
2
(ντ .νe − νe.ντ )

1√
2
(νe.νµ − νµ.νe)

 (4.44)

(4.45)

where the product νi.νj is the Lorentz invariant product of the neutrino fields,
i.e. νi.νj = νiαν

α
j . The expressions ξ1, ξ2, ξ3 and ξ′3 transform as 1, 2, 3 and 3′

respectively.
Note that the expressions ξ1, ξ2 and ξ3 are symmetric and the expression ξ′3

is antisymmetric under the exchange of the two 3′s in the LHS of Eq. (4.36). Since
we have only a single set of right handed neutrino fields (only one type of 3′), the
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antisymmetric combination vanishes, i.e. ξ′3 = 0.
We define three kinds of flavons φ1, φ2 = (φ1

2, φ
2
2)T and φ3 = (φ1

3, φ
2
3, φ

3
3)T

that transform as 1, 2, and 3 respectively. Then the general invariant term takes
the form

Inv = c1ξ1φ1 + c2ξ
T
2 φ2 + c3ξ

T
3 φ3 (4.46)

where c1, c2 and c3 are constants. In a matrix form Eq. (4.46) can be written as

Inv = νTαMνα (4.47)

where

M = c1φ1I + c2


−
√

2
3φ

1
2 0 0

0 1√
6
φ1

2
1√
2
φ2

2

0 1√
2
φ2

2
1√
6
φ1

2

+ c3


0 1√

2
φ3

3
1√
2
φ2

3

1√
2
φ3

3
1√
2
φ1

3 0
1√
2
φ2

3 0 − 1√
2
φ1

3

 . (4.48)

If the flavons get VEVs 〈φ1〉 = 1, 〈φ2〉 = (−1
2 ,
√

3
2 )T and 〈φ3〉 = (1,−1, 1)T ,

the mass matrix will become

M = c1I +
c2

√
3

2
√

2


2
3 0 0

0 −1
3 1

0 1 −1
3

+
c3√

2

 0 −1 1

−1 1 0

1 0 −1

 (4.49)

which is in the same form as Eq. (4.21) assuming c1 and c2 to be real and c3 to be
imaginary. Unlike in Eq. (4.21), here the trace is removed from the second term and
is absorbed into the first. In the next section we study the above mentioned VEVs.

The most general case of the coefficients, where c1, c2 and c3 are imaginary,
corresponds to the ‘democratic’ mixing ansatz. In this ansatz one row or column of
the mixing matrix is trimaximally mixed, i.e. the moduli of all the three elements
of that particular row or column will be 1√

3
. The phenomenologically acceptable

case is the one in which the second column of the mixing matrix is trimaximal so
that we have |UPMNS|e2 = 1√

3
consistent with the solar oscillation data. The TχM

mixing is a special case of the democratic mixing where we have the extra constraint
of maximal CP-violation (δCP = ±π

2 ). The earlier mentioned assumption - ‘c1 and
c2 real and c3 imaginary’ - imposes this maximal CP-violation constraint. However
it should be noted that here we do not provide a theoretical origin for this choice of
coefficients.
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4.3 Flavon vacuum alignments

The VEV for φ1 being proportional to 1 is trivial. What is special about φ2 and φ3

having the VEVs (−1
2 ,
√

3
2 )T and (1,−1, 1)T respectively? To understand it, we need

to examine the group elements of the representations 2 and 3.
The elements of 3 are listed below:

C1 =
{(

1 0 0
0 1 0
0 0 1

)}
(4.50a)

C3 =
{(

1 0 0
0 −1 0
0 0 −1

)
,
(−1 0 0

0 0 1
0 1 0

)
,
(−1 0 0

0 0 −1
0 −1 0

)}
(4.50b)

C6 =

( 1 0 0
0 −1 0
0 0 1

)
,
(

1 0 0
0 1 0
0 0 −1

)
,

 0 − 1√
2

1√
2

− 1√
2

1
2

1
2

1√
2

1
2

1
2

 ,

 0 1√
2
− 1√

2
1√
2

1
2

1
2

− 1√
2

1
2

1
2

 ,

 0 1√
2

1√
2

1√
2

1
2
− 1

2
1√
2
− 1

2
1
2

 ,

 0 1√
2

1√
2

1√
2

1
2
− 1

2
1√
2
− 1

2
1
2


(4.50c)

C ′6 =

(−1 0 0
0 0 1
0 −1 0

)
,
(−1 0 0

0 0 −1
0 1 0

)
,

 0 1√
2
− 1√

2

− 1√
2
− 1

2
− 1

2
1√
2
− 1

2
− 1

2

 ,

 0 − 1√
2

1√
2

1√
2
− 1

2
− 1

2

− 1√
2
− 1

2
− 1

2

 ,

 0 − 1√
2
− 1√

2
1√
2
− 1

2
1
2

1√
2

1
2

− 1
2

 ,

 0 1√
2

1√
2

− 1√
2
− 1

2
1
2

− 1√
2

1
2
− 1

2


(4.50d)

C8 =


 0 1√

2
1√
2

1√
2

1
2
− 1

2

− 1√
2

1
2
− 1

2

 ,

 0 1√
2
− 1√

2
1√
2

1
2

1
2

1√
2
− 1

2
− 1

2

 ,

 0 − 1√
2
− 1√

2

− 1√
2

1
2

− 1
2

1√
2

1
2

− 1
2

 ,

 0 − 1√
2

1√
2

− 1√
2

1
2

1
2

− 1√
2
− 1

2
− 1

2

 ,

 0 − 1√
2
− 1√

2
1√
2
− 1

2
1
2

− 1√
2
− 1

2
1
2

 ,

 0 1√
2
− 1√

2

− 1√
2
− 1

2
− 1

2

− 1√
2

1
2

1
2

 ,

 0 1√
2

1√
2

− 1√
2
− 1

2
1
2

1√
2
− 1

2
1
2

 ,

 0 − 1√
2

1√
2

1√
2
− 1

2
− 1

2
1√
2

1
2

1
2


(4.50e)

The VEV (1,−1, 1)T is the eigenstate of the matrix−1 0 0

0 0 1

0 1 0

 (4.51)

with an eigenvalue -1. So φ3 can be said to have acquired a VEV equal to the
eigenstate of the second element in the conjugacy class C3 with an eigenvalue -1.
It should be noted that this matrix has one eigenvalue equal to +1 and two others
equal to -1. So the eigenstate with an eigenvalue -1 is not unique. We may be able
to remove this ambiguity by embedding the group S4 in a larger group.
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The elements of 2 are listed below:

C1 = {( 1 0
0 1 )} (4.52a)

C3 = {( 1 0
0 1 ) , ( 1 0

0 1 ) , ( 1 0
0 1 )} (4.52b)

C6 =

{(
1 0
0 −1

)
,
(

1 0
0 −1

)
,

(
− 1

2
−
√
3

2

−
√
3

2
1
2

)
,(

− 1
2
−
√
3
2

−
√
3
2

1
2

)
,

(
− 1

2

√
3

2√
3

2
1
2

)
,

(
− 1

2

√
3

2√
3

2
1
2

)} (4.52c)

C ′6 =

{(
1 0
0 −1

)
,
(

1 0
0 −1

)
,

(
− 1

2
−
√
3

2

−
√
3

2
1
2

)
,(

− 1
2
−
√
3
2

−
√
3
2

1
2

)
,

(
− 1

2

√
3

2√
3

2
1
2

)
,

(
− 1

2

√
3

2√
3

2
1
2

)} (4.52d)

C8 =

{(
− 1

2

√
3

2

−
√
3

2
− 1

2

)
,

(
− 1

2
−
√
3

2√
3

2
− 1

2

)
,

(
− 1

2

√
3
2

−
√
3

2
− 1

2

)
,

(
− 1

2
−
√
3

2√
3
2
− 1

2

)
,(

− 1
2

√
3
2

−
√
3
2
− 1

2

)
,

(
− 1

2
−
√
3

2√
3
2
− 1

2

)
,

(
− 1

2

√
3

2

−
√
3

2
− 1

2

)
,

(
− 1

2
−
√
3
2√

3
2
− 1

2

)}
.

(4.52e)

x

y

y=- 3 x

y= 3 x

Figure 4.5: S3 symmetry as the symmetry of an equilateral triangle. The transfor-
mations (rotations and reflections) are the same as the unfaithful two dimensional
representations 2 of the group S4
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The VEV (−1
2 ,
√

3
2 )T is the invariant eigenstate of the matrix(

−1
2 −

√
3

2

−
√

3
2

1
2

)
. (4.53)

This matrix corresponds to reflection about the line y = −
√

3x. In other words
we may say that φ2 acquires a VEV equal to the eigenstate of the second pair of
elements in the conjugacy class C6. As we can see, 2 is not a faithful representation
of the group S4. They form the subgroup S3 (symmetry group of an equilateral
triangle as shown in Figure 4.5).

4.3.1 Minimisation of flavon potentials and flavon VEVs

In the previous section we have shown that the VEVs of the flavons are invariant
eigenstates. Thus we used the symmetry arguments alone to explain the origin of
the VEVs. Conventionally, the required VEV alignments of the flavons are obtained
through spontaneous symmetry breaking using the minimisation procedure of flavon
potential terms, for example [66]. In the following discussion we show that such a
procedure can be adopted in our model also. This discussion is not an exhaustive
analysis of the flavon potentials that can be constructed in our model.

Here it is useful to evaluate the tensor product expansions of various irre-
ducible representations of S4. We will be working with the µ-τ -rotated basis of the
representation 3′. The tensor product expansion

3′ ⊗ 3′ = 1⊕ 2⊕ 3⊕ 3′. (4.54)

was discussed earlier, Eq. (4.36), and the block-diagonalising matrix U which pro-
duces the above tensor product expansion was given in Eq. (4.37). Note that this
matrix also defines our basis for the other irreducible representations, 2 and 3. All
the possible non-trivial tensor product expansions of the various irreducible repre-
sentations and the corresponding block-diagonalising matrices are given below.

2⊗ 2 = 1⊕ 1′ ⊕ 2 (4.55a)

U2⊗2 =


1√
2

0 0 1√
2

0 1√
2
− 1√

2
0

− 1√
2

0 0 1√
2

0 1√
2

1√
2

0

 (4.55b)
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3⊗ 3 = 1⊕ 2⊕ 3⊕ 3′ (4.56a)

U3⊗3 =



1√
3

0 0 0 1√
3

0 0 0 1√
3√

2
3 0 0 0 − 1√

6
0 0 0 − 1√

6

0 0 0 0 0 1√
2

0 1√
2

0

0 0 0 0 − 1√
2

0 0 0 1√
2

0 − 1√
2

0 − 1√
2

0 0 0 0 0

0 0 1√
2

0 0 0 1√
2

0 0

0 0 0 0 0 − 1√
2

0 1√
2

0

0 0 1√
2

0 0 0 − 1√
2

0 0

0 1√
2

0 − 1√
2

0 0 0 0 0



(4.56b)

3′ ⊗ 3 = 1′ ⊕ 2⊕ 3⊕ 3′ (4.57a)

U3′⊗3 =



1√
3

0 0 0 1√
3

0 0 0 − 1√
3

0 0 0 0 0 − 1√
2

0 1√
2

0√
2
3 0 0 0 − 1√

6
0 0 0 1√

6

0 0 0 0 0 − 1√
2

0 − 1√
2

0

0 0 1√
2

0 0 0 1√
2

0 0

0 − 1√
2

0 1√
2

0 0 0 0 0

0 0 0 0 1√
2

0 0 0 1√
2

0 1√
2

0 1√
2

0 0 0 0 0

0 0 1√
2

0 0 0 − 1√
2

0 0



(4.57b)

2⊗ 3′ = 3⊕ 3′ (4.58a)

U2⊗3′ =



0 0 0 −1 0 0

0 0 −
√

3
2 0 1

2 0

0
√

3
2 0 0 0 −1

2

−1 0 0 0 0 0

0 1
2 0 0 0

√
3

2

0 0 1
2 0

√
3

2 0


(4.58b)
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2⊗ 3 = 3⊕ 3′ (4.59a)

U2⊗3 =



−1 0 0 0 0 0

0 1
2 0 0 0 −

√
3

2

0 0 1
2 0 −

√
3

2 0

0 0 0 1 0 0

0 0 −
√

3
2 0 −1

2 0

0
√

3
2 0 0 0 1

2


(4.59b)

1′ ⊗ 3′ = 3 (4.60a)

U1′⊗3′ =

1 0 0

0 1 0

0 0 −1

 (4.60b)

1′ ⊗ 3 = 3′ (4.61a)

U1′⊗3 =

1 0 0

0 1 0

0 0 −1

 (4.61b)

1′ ⊗ 2 = 2 (4.62a)

U1′⊗2 =

(
0 −1

1 0

)
(4.62b)

From Eq. (4.55) it is clear that using the doublet flavon φ2 = (φ1
2, φ

2
2) we may

construct a second degree doublet
(
− 1√

2
(φ1

2)2 + 1√
2
(φ2

2)2,
√

2φ1
2φ

2
2

)
. Now combining

this doublet with the original doublet we obtain a third degree singlet (invariant),
− 1√

2
(φ1

2)3 + 3√
2
(φ2

2)2φ1
2. Along with the term (φ1

2)2 + (φ2
2)2 (which is basically U(1)

invariant), we can construct the potential

V (φ2) ∝
(
(φ1

2)2 + (φ2
2)2
)3

+ c
(
−(φ1

2)3 + 3(φ2
2)2φ1

2

)
(4.63)

where c is a constant, leading to a VEV of 〈φ2〉 = (−1
2 ,
√

3
2 ), as required. The

potential V(φ2) is shown in Figure 4.6.
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Figure 4.6: The potential, Eq. (4.63), for the flavon field φ2 showing the three points
of minima one of which is the required VEV, (−1

2 ,
√

3
2 ).

For the flavon φ3, it is easier to work in the non-µ− τ -rotated basis. Defining
φ3 = (φ13 , φ

2
3 , φ

3
3) in this basis (the components are italicised for this non-rotated

basis), S4 invariants can be easily constructed by summing up even powers of φ13 ,
φ23 and φ33 symmetrically. A potential constructed in this way is

V (φ3) ∝
(
(φ13 )8 + (φ23 )8 + (φ33 )8

)
+ p

(
(φ13 )6 + (φ23 )6 + (φ33 )6

)
+q
(
(φ13 )4 + (φ23 )4 + (φ33 )4

)
+ r

(
(φ13 )2 + (φ23 )2 + (φ33 )2

)
+s
(
(φ13 )2(φ23 )2 + (φ33 )2(φ23 )2 + (φ13 )2(φ33 )2

)
(4.64)

with the real parameters p, q, r and s under some constraints determined later.
This results in 〈φ3〉 = (1,−

√
2, 0) in the non-rotated basis, corresponding to 〈φ3〉 =

(1,−1, 1), in the µ−τ rotated basis, as required. At the points of extrema first order
derivatives of the potential should vanish, i.e.

∂V

∂φ13
= 0,

∂V

∂φ23
= 0,

∂V

∂φ33
= 0. (4.65)

Applying the above conditions at the point φ3 = (1,−
√

2, 0), we get the following
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constraints:

r = −60− 21p− 6q (4.66)

s = 28 + 9p+ 2q. (4.67)

p

q

q=-H18+5pL

q=

1

8
H208+72p+9p2Lp=-4

-4 -2 2 4

-40

-20

20

40

60

80

Figure 4.7: Constraints between the variables p and q for a positive definite Hessian
matrix. Hessian is positive definite in the region to the right of p = −1 and between
the curves q = 1

8

(
208 + 72p+ 9p2

)
and q = −(18 + 5p).

To ensure that the extrema points are minima, we need to calculate Hessian
matrix,

H =


∂2V

∂φ13∂φ
1
3

∂2V
∂φ13∂φ

2
3

∂2V
∂φ13∂φ

3
3

∂2V
∂φ23∂φ

1
3

∂2V
∂φ23∂φ

2
3

∂2V
∂φ23∂φ

3
3

∂2V
∂φ33∂φ

1
3

∂2V
∂φ33∂φ

2
3

∂2V
∂φ33∂φ

3
3

 (4.68)

and impose the condition that H is positive definite. Thus we get the following
inequalities:

(4 + p) > 0 (4.69)

(18 + 5p+ q) > 0 (4.70)

(208 + 72p+ 9p2 − 8q) > 0. (4.71)
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The above constraints are shown in the p-q plot, Figure 4.7. Assuming these con-
straints, the points of minima obtained for the flavon potential, Eq. (4.64) are shown
in Figure 4.8.

Figure 4.8: The dots represent the points of minima for the flavon poten-
tial. The dots are at (0,±1,±

√
2), (0,±

√
2,±1), (±1, 0,±

√
2), (±

√
2, 0,±1),

(±1,±
√

2, 0), (±
√

2,±1, 0) (denoted in the non-rotated co-ordinate system i.e. Fig-
ure 4.1, for a unit cube)

Note that the potential, Eq. (4.64), contains invariant terms constructed from
the triplet flavon up to a degree 8. In general a very large number of terms (here
≈ 50) can be obtained if we allow ourselves to go up this high degree. Analysing all
those terms is beyond the scope of this chapter. Moreover the most general potential
will contain a large number of free parameters as coefficients of invariant terms. In
our potential, Eq. (4.64), we assume that most of these coefficients vanish. Such a
simplistic assumption is for demonstrative purpose only, to show that the required
VEV can be obtained in the formalism of the extremisation of a flavon potential.
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4.4 The model

The model is constructed in the Standard Model framework with the addition of
heavy right-handed neutrinos. Through type-1 seesaw mechanism light Majorana
neutrinos are produced. The right-handed heavy neutrinos as well as the Standard
Model left-handed weak isospin doublets transform as a 3′ under the flavour group
S4:

νR =

νReνRµ

νRτ

 ≡ 3′, L =

LeLµ
Lτ

 ≡ 3′ (4.72)

where

Le =

(
νLe

eL

)
(4.73)

etc. Note that throughout this chapter, the indices e, µ, τ are used to denote
the three states in the flavour triplets, i.e. they correspond to three families. We
assume three families for the right-handed neutrinos which in turn form the triplet,
Eq. (4.72), and hence we use the same indices e, µ, τ for right-handed neutrinos also.
The right-handed charged leptons transform as flavour singlets.

Apart from the flavons introduced in the last section, we also postulate an
S4 singlet flavon φ−1 along with a C2 flavour symmetry (Note that the cube also has
an additional C2 symmetry corresponding to reflections). This is done to restrict
flavon content of the Dirac mass term for the neutrinos (containing the right-handed
neutrinos and the left-handed lepton doublets) to only the singlet flavon φ−1 and thus
make the Dirac mass matrix proportional to the identity matrix. Three flavons φ1,
φ2 and φ3 that transform as 1, 2 and 3 were introduced in the last section to facilitate
the construction of the “Simplest” neutrino Majorana mass matrix. For providing
three different masses to the charged leptons, we also introduce three flavons φ′3e,
φ′3µ and φ′3τ all of which transform as the triplet 3′, corresponding to electron, muon
and tau leptons respectively. The fermion and flavon content of the model with
representations to which they belong is given in the Table 4.2. The Higgs Boson is
a flavour singlet.

eR µR τR L νR φ−1 φ1 φ2 φ3 φ′3e φ′3µ φ′3τ

S4 χ1 χ1 χ1 χ′3 χ′3 χ1 χ1 χ2 χ3 χ′3 χ′3 χ′3

C2 −1 −1 −1 −1 1 −1 1 1 1 1 1 1

Table 4.2: The flavour structure of the S4 model
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For the charged leptons, the mass term is of the form(
yeL

†eRφ
′
3e + yµL

†µRφ
′
3µ + yτL

†τRφ
′
3τ

) H
Λ

+H.C. (4.74)

where H is the Standard Model Higgs, Λ is the cut-off scale and the yi are coupling
constants. After the spontaneous breaking of the weak gauge symmetry and also
the flavour symmetry with the flavons, φ′3e, φ′3µ and φ′3τ , getting VEVs of (1, 0, 0)T ,
(0, 1, 0)T and (0, 0, 1)T respectively, we obtain the required masses me, mµ and mτ

for the charged leptons where me = yeho
Λ etc. with ho the Higgs VEV.

It is easy to see that (1, 0, 0)T , (0, 1, 0)T and (0, 0, 1)T , the VEVs for the
flavons φ′3e, φ′3µ and φ′3τ , are invariant eigenstates. Note that we are in the µ-
τ -rotated basis, Figure 4.4. Here the state (1, 0, 0)T is aligned along the x-axis
which passes through the face centre of the cube. This state is invariant under
the π

2 -symmetry rotation of the S4 group corresponding to the conjugacy class C ′6,
Table 4.1. The states (0, 1, 0)T and (0, 0, 1)T are aligned along the y-axis and the
z-axis respectively, which pass through the edge centres of the cube. Therefore
these states are the invariant eigenstates of the π-symmetry rotations of the cube
corresponding to the conjugacy class C6.

The basic framework for constructing the Majorana mass term in the model
for the right-handed neutrinos was familiarised earlier, Eq. (4.46). Here we write
down the mass term along the same lines:

(
y1ξ1φ1 + y2ξ

T
2 φ2 + iy3ξ

T
3 φ3

) 1

Λ
+H.C., (4.75)

where ξ1, ξ2 and ξ3 are the expressions given in Eqs. (4.41-4.43) constructed using
the right-handed neutrinos, νR. As discussed in the last section, the flavons φ1, φ2

and φ3 get VEVs 1, (−1
2 ,
√

3
2 )T and (1,−1, 1)T respectively. The couplings y1, y2 and

y3 are in the Grand Unification scale. Thus after spontaneous symmetry breaking
we get

νRαMMaj ν
α
R +H.C. (4.76)

where

MMaj =


m1 + 1√

6
m2 − i√

2
m3

i√
2
m3

− i√
2
m3 m1 − 1

2
√

6
m2 + i√

2
m3

√
3

2
√

2
m2

i√
2
m3

√
3

2
√

2
m2 m1 − 1

2
√

6
m2 − i√

2
m3

 (4.77)

with m1 = y1
Λ etc.
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The Dirac mass term for the neutrinos takes the form

ywL
†νR

φ−1
Λ
H̃ +H.C. (4.78)

where H̃ is the conjugate Higgs and yw is a coupling of the order of the weak scale.
Since L and νR belong to 3′, we should be able to get terms that transform as a 1,
a 2, a 3 and a 3′ from their tensor product. But due to the C2 symmetry from the
Table 4.2 it is clear that invariant terms involving a 2, a 3 or a 3′ are not allowed.
That is why only the singlet flavon φ−1 can appear in Eq. (4.78). This term after
spontaneous symmetry breaking with φ−1 getting a VEV 1, leads to

2ν∗TLαMDir ν
α
R +H.C. (4.79)

where

MDir =

mw 0 0

0 mw 0

0 0 mw

 (4.80)

with mw = ywho
2Λ and

νL =

νLeνLµ

νLτ

 , νR =

νReνRµ

νRτ

 . (4.81)

Thus as promised earlier, the added C2 symmetry ensures that the Dirac mass matrix
is proportional to the identity matrix.

The Dirac and the Majorana mass terms can be combined together and shown
using a 6× 6 mass matrix M :

νTα M να +H.C. (4.82)

where

M =

(
0 MDir

MDir MMaj

)
(4.83)

and

ν =

(
ν∗L
νR

)
. (4.84)

In the discussion in the introductory section we showed that right multiplying
the mass matrix MMaj with P takes it back to the hermitian form. Let the unitary
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matrix U diagonalising this hermitian matrix give the eigenvalues e1, e2 and e3,

UMMajPU
† = D (4.85)

where

D =

e1 0 0

0 e2 0

0 0 e3

 . (4.86)

Let(
UDD UDM

UMD UMM

)(
0 MDir

MDir MMaj

)(
UDD UDM

UMD UMM

)T
=

(
DLight 0

0 DHeavy

)
. (4.87)

As stated earlier MDir is at the weak scale and MMaj is at the GUT scale.
Therefore the seesaw mechanism comes into play. It can be shown that [67], to a
very good approximation, we have

Dlight =


m2
w
|e1| 0 0

0 m2
w
|e2| 0

0 0 m2
w
|e3|

 , Dheavy =

|e1| 0 0

0 |e2| 0

0 0 |e3|

 . (4.88)

The matrices UDM and UMD are very small and can be ignored. The matrices UDD

and UMM are approximately equal to the U , Eq. (4.3, 4.85), with some additional
phase factors

|UDD| = |UMM| = |U |. (4.89)

In other words the left handed neutrinos and the light neutrinos are related through
the unitary transformation involving U :

νi = UDDνL

= ΦiU ΦανL
(4.90)

where

νi =

ν1

ν2

ν3

 , νL =

νLeνLµ

νLτ

 (4.91)

and Φi and Φα are diagonal matrices with phases like the ones shown in Eqs. (4.15,
4.16). The states ν1, ν2 and ν3 are mass eigenstates with masses m2

w
|e1| ,

m2
w
|e2| and

m2
w
|e3|

respectively. Thus after spontaneous symmetry breaking and seesaw mechanism, the
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mass term takes the form

m2
w

|e1|
ν1.ν1 +

m2
w

|e2|
ν2.ν2 +

m2
w

|e3|
ν3.ν3 +H.C.. (4.92)

4.5 Fitting the model with experimental data

The Daya Bay Reactor Neutrino Experiment and the RENO Experiment recently
measured a non-zero value of θ13. In this section we fit the model with this value.
We will use this information along with the experimentally measured mass-squared
differences of the neutrinos to predict the unknown overall neutrino mass offset.

We have earlier stated that given a Majorana mass matrix, MMaj, Eq. 4.77,
with eigenvalues e1, e2, e3, then the three light neutrino masses will be proportional
to the reciprocal of the eigenvalues, Eq. 4.88,

m1 ∝
1

|e1|
, m2 ∝

1

|e2|
, m3 ∝

1

|e3|
. (4.93)

Using the model we have obtained a Majorana mass matrix of the form given in
Eq. (4.21). Using the result given in Eq. (4.3), it is clear that the eigenvalues are

e1 = c− a
√

1 + 3k2 (4.94a)

e2 = c (4.94b)

e3 = c+ a
√

1 + 3k2. (4.94c)

The squared differences of neutrino masses are experimentally known. The PDG
values are

m2
2 −m2

1 = 75.9± 2.1meV2 (4.95a)

|m2
3 −m2

2| = 2430± 130meV2. (4.95b)

Therefore from Eqs. (4.93-4.95) we have

m2
2 −m2

1

m2
3 −m2

2

=
1
e2

2 − 1
e1

2

1
e3

2 − 1
e2

2

=
(
√

1 + 3k2 − r)2(3k2 + 2(−1 +
√

1 + 3k2)r)

(
√

1 + 3k2 + r)2(−3k2 + 2(1 +
√

1 + 3k2)r)

= ± 75.9± 2.1

2430± 130

(4.96)
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where r = c/a. The parameters a and c are assumed to be real, so that the eigen-
values given in Eq. (4.94) are also real.

solution 1 solution 2 solution 3

m1

m2

m3

m1

m2

m3

m1

m2

m3

20

40

60

80

100

120

massesHmeVL

Figure 4.9: The predicted values of the neutrino masses are shown. Solution 1
(r = 0.4101) and solution 2 (r = 14.452) correspond to normal hierarchy. Solution
3 (r = −1.0405) corresponds to inverted hierarchy.

The observations made by Daya Bay [23] and RENO [24] experiments are
sin2 2θ13 = 0.092 ± 0.016(stat) ± 0.005(syst) and sin2 2θ13 = 0.113 ± 0.013(stat.) ±
0.019(syst.) respectively. Given the value of θ13, we use Eqs. (4.5, 4.9) to solve for
k2. For the weighted average value of sin2 2θ13 = 0.098, we get

k2 = 0.238. (4.97)

Substituting the value of k2 in Eq. (4.96) we can solve for r. Eq. (4.96) being cubic in
r, gives three solutions each for positive and negative mass-squared-difference ratios.
For the ratio + 75.9

2430 we have

r = −1.0411, r = 0.4101, r = 14.452 (4.98)

and for the ratio − 75.9
2430 we have

r = −1.0405, r = 0.362− i 0.707, r = 0.362 + i 0.707. (4.99)
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The solution r = −1.0411 corresponds to negative sign for the mass-squared differ-
ence m2

2 −m2
1 and so it is not admissible. Also the complex solutions are not valid.

Thus we have two solutions r = 0.4101 and r = 14.452 corresponding to the normal
hierarchy and one solution r = −1.0405 corresponding to the inverted hierarchy.
The respective neutrino masses are shown in Figure 4.9. The three solutions for m1

along with the errors are shown in Figure 4.10.
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Figure 4.10: The predicted value of m1 (the mass of the neutrino eigenstate ν1) vs
the measured value of sin2 2θ13. The finite thickness of the bands is due to the errors
in the measurement of the neutrino mass-squared differences. The red and the black
lines indicate the best fit value and the errors of sin2 2θ13 respectively

Of course in Triχmaximal mixing (TχM), given the three mixing angles θ12,
θ23, θ13, maximal CP violation (|δCP | = 90o) is always guaranteed. The positive
and negative signs in ±ik correspond to the CP-violating phase δCP = ±90◦.
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Summary

The introductory chapter gives a review of flavour physics with emphasis on neu-

trino oscillations. In the next chapter we discuss the Koide formula and its possible

extension. Later we shift our attention to renormalisation and its effect on flavour

physics. A set of exact Standard Model renormalisation group evolution invariants

which link quark masses and mixing parameters are constructed based on the con-

siderations of flavour symmetry. We study their phenomenology and find that a

simple combination of Yukawa coupling matrices plays a unique role in the Stan-

dard Model, suggesting a possible new insight into the observed spectrum of quark

masses. Our evolution invariants are readily generalised to the leptons in the case

of Dirac neutrinos. We also look into the RG evolution equations in the MSSM and

find that invariants similar to the ones in the Standard Model cannot be constructed

for the MSSM.

In Chapter 3, we present a model of neutrino mixing based on the flavour

group C3 × C3 o C3 in order to account for the recent observation of a non-zero

reactor mixing angle (θ13). The model provides a common flavour structure for

the charged-lepton and the neutrino sectors, giving their mass matrices a ‘circulant-

plus-diagonal’ form. Mass matrices of this form readily lead to mixing patterns with

realistic deviations from Tribimaximal mixing, including non-zero θ13. With the

parameters constrained by existing measurements, our model predicts an inverted

neutrino mass hierarchy with the lightest neutrino mass, m3 ' 65 meV, and a

maximal CP phase giving CP asymmetries in neutrino oscillations of up to 40%.

Chapter 4 is motivated by the “Simplest” neutrino mass matrix proposed in

2004 which predicted sin θ13 =
√

2∆m2
sol/3∆m2

atm. We remark that this prediction
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is consistent with today’s measured value of θ13. The “Simplest” mixing being a

special case of Triχmaximal mixing also leads to δCP = ±π
2 . In this chapter a

model based on S4 symmetry is constructed to include this specific texture as the

Majorana mass matrix. In building the model we define the flavour eigenstates in a

non-conventional way and thus work in the “µ-τ -rotated” basis of S4. We explore its

phenomenology in the context of the see-saw mechanism and use it to predict the

unknown light neutrino mass.
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