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ABSTRACT 

This thesis describes an investigation into university students' manipulation of 

symbols in solving calculus problems, and relates this to other aspects such as 

drawing and interpretation of graphs. It is concerned with identifying differences 

between students who are successful with symbol manipUlation and those who are 

less successful. 

It was initially expected that the more successful would have flexible and efficient 

symbolic methods whilst the less successful would tend to have single procedures 

which would be more likely to break down. Krutetskii (1976) noted that more 

successful problem-solvers curtail their solutions whilst the less able are less likely to 

acquire that ability even after a long practice. This suggested a possible correlation 

between success and curtailment. An initial pilot study with mathematics education 

students at a British University showed that in carrying out the algorithms of the 

calculus, successful students would often work steadily in great detail, however, they 

were more likely to have a variety of approaches available and were more likely to 

use conceptual ideas to simplify their task. However, the efficiency in handling 

symbolic manipulation may not be an indication that the students are able to relate 

their computational outcome to graphical ideas. 

A modified pilot test was trialed at the Universiti Teknologi Malaysia before a main 

study at the same university in which 36 second year students were investigated in 

three groups of twelve, having grades A, B, C respectively in their first year 

examination. 

The findings of this research indicate that there is no significant correlation between 

ability and curtailment, but ability correlates with conceptual preparation of 

procedures where there is an appropriate simplification to make the application of the 

algorithm simpler. The more able students may have several flexible strategies and 

meaningful symbolic mathematical representations but these may not always relate to 

visual and graphical ideas. On the other hand the less able students are less likely to 

break away from the security of a single procedure and liable to breakdown in getting 

the solutions for the calculus problems. 
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CHAPTER! 

OVERVIEW 

This thesis is focused on second year university students' manipulation of symbols in 

solving calculus problems, related to other aspects such as drawing and interpretation 

of graphs. It is concerned with identifying differences between students who are 

successful with symbol manipulation and those who are less successful. 

Krutetskii (1976) observed that gifted students often solved problems in a very few 

steps, the capable students tend to curtail their solutions effectively while the 

incapable tend to fail in using curtailed solutions even after a long practice. This not 

only makes the solutions more efficient for the more successful, it makes them easier 

to manipulate mentally. The variation in the number of steps used by the students 

indicates that some compression takes place. In curtailment of solutions, the capable 

students use their strong conceptual linkages to produce effective solutions. The less 

able students have fragile conceptual and cognitive linkages. Thus they tend to face 

breakdown of procedures as they fail to link meaningfully between bits of relevant 

mathematical infonnation in their long solutions. 

When looking at students' different mathematical abilities, it is apparent that there is 

a range of different procedural lengths in the number of steps perfonned by these 

students. In other words, some students miss out certain steps in getting the answers 

for certain problems. I caIled this phenomenon procedural compression to indicate 

whenever two or more steps being compressed to a single step. Krutetskii (1 g]6) used 

the term curtailment. 

Students may have several meaningful representations of mathematical concepts. If 

the representations are rightly and strongly linked these students have no difficulty in 

switching rapidly and freely from one representation of a mathematical concept to 

another and are able to look for the one which is comfortable to perform in order to 

get to the solution of the mathematical problem more easily. In other words these 

students are able to move easily from one way of thinking to another which greatly 

increases their chances of solving a given mathematical problem. Such links of 

representations are less apparent in weaker students. To acquire such ability is likely 

to overburden them as they have to rely upon other links of representation which have 

already burdened them. As a result of that these students often restrict themselves to a 

single secure representation. 
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Another type of compression which I also suspected I initially termed conceptual 

compression which involves conceptual linkages to simplify technical complexity. In 

this type of compression, the students are reorganizing material, so when it comes to 

carrying out regular procedures, the actual techniques in the procedures are 

. l'fi d F . dy . 1 + x
2 

SImp I Ie. or example, when findmg - for the functIOn y = --? -, conceptually 
~ x· 

more able students may simplify the expression before carrying out the 

differentiation, but less successful students may attack it straight away as the 

derivative of a quotient. In this example the initial simplification reduces the number 

of steps used, but it may happen that using conceptual linkages may improve the 

security of the solution without necessarily reducing the number of steps involved. 

Hence this type of simplification prior to using a standard procedure will be called 

conceptual preparation of the procedure rather than conceptual compression. 

Other studies on students abilities and difficulties in manipulation of calculus symbols 

are widespread (Orton, 1983a, 1983b; Selden, Mason & Selden, 1989, 1990; Shin 

1993 and Mundy, 1984); none of the studies indicate compression of students' 

procedures in trying to get the answer for a calculus problem. 

In other areas, there are studies that indicate some younger students compress their 

symbolised procedures when performing arithmetic operations (Krutetskii. 1976; 

Gray & Tall, 1994 ). 

In Chapter 2, studies on young students' performance in using mathematical 

symbolism are described. According to Thurston (1990), it is the compression of 

mathematical information that make successful students able to see relationships 

between notions at the university level. 

In younger students' mathematics, there were at least two kinds of procedures 

available: visually moderating sequences (VMS) and integrated sequences (Davis 

1983). According to him, in VMS, symbols are manipulated and written down and 

this cues the next symbolic manipulation. In an integrated sequence, the mathematical 

algorithm is conceived as whole and may be broken down systematically into smaller 

component sequences. 

Hiebert and Lefevre (1986) distinguished the between procedural and conceptual 

approaches. They suggest that a procedural approach involves appropriateness of 

mathematical symbolism, representation and suitable procedures for solving 

mathematical problems. On the other hand, a conceptual approach involves 

relationship between individual bits of mathematical information. 
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Gray & Tall (1991, 1994) focused on the flexible way in which children use 

symbolism in arithmetic and algebra. They noted that many symbols in these subjects 

evoke both a process (such as the addition of two numbers 5+3) and also the concept 

produced (the sum 5+3, which is 8). They used the termprocept to refer to a symbol 

which represents both process and concept. They hypothesised that students who 

thought in a flexible way which utilised symbols as both process to do mathematics 

and concept to think about would find mathematical problems easier to solve than 

procedural students who fail to develop the same conceptual richness and remain at a 

more routine procedural level. 

A ware of Krutetskii' s work with small children, it was initially suspected that 

university students with a strong calculus background would be likely to solve 

problems using less symbol manipUlation and thus likely to show subtle curtailment 

in their solution. Based on this fact, I initially hypothesised that there is a correlation 

between curtailment of procedures and students' ability at university level. 

Chapter 3 and 4 describe the pilot test at the University of Warwick. The purpose of 

this test is to obtain some notions about the second year students' symbolic 

manipulation at the Universiti Teknologi Malaysia. To serve the purpose, eight 

BA(QTS) (prospective British teachers) students were chosen. Analysis of their 

performance show that two selected students with grade A at A-level failed to curtail 

the solution whereas some students with lower grades did curtail. In this sample the B 

students often performed better than the A students, who not only failed in 

curtailment, but also sometimes failed to execute the integral and differentiation 

processes correctly or could not begin to a provide solution. It was realised that the 

more successful students (which in this case were the B students) would often write 

out algorithms in great detail to make certain that each step was correctly executed. 

Hence in this case the two grade B students possess strong conceptual structures to 

enable them to join reasonably isolated bits of procedures. But the other students fail 

to do so, because they do not possess such richness in conceptual knowledge. 

This phenomenon may have occurred because there is only a small sample involved 

in the study, so the more and the less successful are not widely spaced as in the whole 

population. However, it may also suggest that there may be little correlation between 

the students' ability and curtailment. So what differences between success and failure 

may be identified? 

In the pilot test at the University of Warwick, there was a qualitative difference 

between "more" and "less" successful students in which the "more" successful solve 

certain calculus problems by using general strategies which are less algorithmic. By 
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doing so the students tend to reduce cognitive strain in solving a certain type of 

problem, 

Such a possibility may be revealed when a student is given a problem which looks 

like a straight algorithm but is actually simplified further by doing some preliminary 

I 'h' , I'fi ' F ' fi d dy h 1 + x
2 

non-a gont mlc SImp I Icahon, or mstance, to In - W en V = --2 -, a 
dx . x 

perceptive student may perform some conceptual preparation by changing the 
, 1 + x 2

, , , 
expreSSIOn --2 - mto Its eqUIvalent 

x 

1 x 2 

--2+~" 
X X 

and then differentiating y = x-2 + 1 to immediately obtain : =_2x-3
, In order to 

develop conceptual preparation of procedures, the students have to have a flexible 

conceptual structure to be able to see a subtle simplification that will reduce the 

complexity of the procedure. 

In contrast with conceptual preparation of procedure, a student may use the quotient 

rule or product rule to differentiate the expression I + :2 , Using such a formula will 
x 

involve a complicated computation and lengthy algorithm which need stages of 

simplification later on termed post-algorithmic simplification. For example in finding 

dy h 1+ x
2 

I 'th' , l'f' , . 't d' b Id h -'-, w en y = --~ -, post-a gon mlc sImp 1 lCatIOn IS pnn e m 0 as sown 
dx x· 
below: 

1+ x 2 

Y=--2-' 
X 

dy (2x)(x2 )-(2x)(1 +X2) 
-= 
dx (X2)2 

2x3 -2x-2x3 

2x 
= - X4 

2 
=--

3 ' 
X 

Another possible indication of flexible thinking is the ability of a student to be able to 

use several different approaches to solve a problem, Analysis from the pilot test at the 

University of Warwick reveals that most students offered at most one method of 
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solving each problem, with only one student offering two approaches for the same 

problem. 

Chapter 5 and 6 report a pilot at the Universiti Teknologi Malaysia was carried out 

with the aim to identify the relationship between students' ability and conceptual 

preparation of procedures. Conceptual preparation is not done by using a specific 

formula or rule. The methods used will differ from one mathematical context to the 

other. It was found that the nature of questions plays an important role in determining 

whether the use of conceptual preparation of a procedure has an advantage or 

otherwise. For example, the problem 

dy (I n 

Find dx • wheny= \x + x) 

may be solved more easily if one uses the chain rule. Nevertheless, in finding dy 
dx 

2 

when y = (x + ~) ,the simpler method is using conceptual preparation of procedure 

by multiplying out the bracket. There is a conflict in choosing either the generalisable 

chain rule method or the simpler method by expanding the expression (x + ±-) 2 prior 

to differentiation. 

The main study in Chapter 7 considered several aspects which may distinguish why 

some students are more successful in using symbolism than others. It is hypothesised 

(a) That there is a correlation between ability and curtailment (which is 

expected to be false). 

(b) That there is a correlation between ability and conceptual 

preparation of procedures (which is expected to be true). 

(c) That there is a correlation between ability and flexibility of process 

(several procedures for the same desired outcome). 

(d) Students who are good at symbolic manipulation may fail to link 

this to visual ideas. 

(e) Students who are flexible at performing familiar processes may fail 

to reverse them. 

Thirty six students were involved in this study twelve of them with grade A, twelve 

with grade B and twelve with grade C. These grades were based on the first year 
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mathematics examination result at the Universiti Teknologi Malaysia. An overall 

grade C is required for the student to be allowed to continue in the course. 

Chapter 8 shows there is no clear relationship between attainment and curtailment. 

This is may due to the population under consideration. It consists only those 

Malaysian students following degrees involving mathematics taken from the 50th to 

the 90th percentile of the total population. The only clear phenomenon is that the 

number of lower attainers successfully solving the problem greatly decreases and it is 

thus statistically significant. However, for hypothesis (b), making use ofaX2 test with 

Yates correction, the difference between grade A and grade C is significant at the 5% 

level. 

In this study, the nature of conceptual preparation of procedures is also described. For 

example in finding Z when y = (x + ~) 2, out of twelve students with grade A, six 

of them expand the bracket prior to differentiation whilst the other six carry out the 

chain rule. In the interview, four of the six using the chain rule could see a possible 

advantage in the alternative method but preferred to use the more general strategy and 

trust their facility in manipulation. 

However, those high attainers have flexible alternatives in tackling calculus problems. 

The less successful who are unlikely to break away from using increasingly 

complicated symbol manipulation tend to experience breakdown in their procedures. 

Chapter 8 reveals the student flexibility of using different approaches in solving the 
dy 1+ x2 

same mathematical problem. Aware that the problem, find dx when y = ~ has at 

least four rather simple alternatives that can be used to solve it, I consider this 

question is most appropriate to serve the above purpose. More able students have 

strong conceptual linkages. Hence they are able to demonstrate more flexible 

strategies in symbolic manipulation. This phenomenon can be seen when the students 

develop meaningful relationship between symbolism and show the ability to 

interchange symbolism freely in different number of ways. The number of lower 

attainers successfully solving the same problem by different approaches greatly 

decreases. Using the X2 test with Yates correction, the difference between grade A 

and grade C is significant at the 5% level. Given several methods available for 

tackling a calculus problem, the more able students use their conceptual knowledge to 

retrieve an easier method that needs less cognitive strain. Hence, a calculus course 

does not cause a great problem for them. Lacking such conceptual quality, the less 

able students face considerable difficulties in performing calculus tasks. 
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Good symbolic manipulation does not necessarily imply reasonable interpretations for 

the same object in different forms. The occurrence of this phenomenon can be seen 

when certain more able students conceive the solutions of f(x + 1)2 dx obtained by 

different methods are not the same because of the different ways in which the added 

arbitrary constant is displayed. 

This chapter reports that some students can link their computational outcomes to 

geometrical representations. For instance, the computational outcome obtained is 

finite, hence the more able students tend to draw graphs which are finite. The less 

able students are less likely to have good visual images and fail to obtain the 

reasonable graph. For instance, when asked to calculate the area between two graphs 

some of them shade infinite rather than finite regions. Using the X2 test with Yates 

correction, the difference between grade A and grade C students in this respect is 

significant at the 10% level. 

Some students shows flexibility in using the integral notion to find the area of regions 

under the graph, but the not the reverse, i.e. to find the integral by using area under 

the graph. Such phenomenon occurs because all the separate processes in the brain 

operate in a single direction. To reverse a process cannot be done as with a video, by 

"running it in reverse", it requires the development of a new process in the reverse 

direction. Thus when students develop a procedure to do something in a certain way, 

may not be able to reverse the procedure easily. Hence it may be obvious that the 

integral may be used to determine the area under the graph, but it may not be obvious 

that the area under the graph (visualisation) may sometimes be used to determine the 

value of the corresponding integral. This phenomenon is described in Chapter 8. 

Chapter 9 summarises the results and offers suggestion to fill gaps in the limitations 

of this study, together with ideas for future developments in research. 
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CHAPTER 2 

LITERATURE REVIEW 

2.1 Introduction 

Some students are efficient in handling symbolic manipulation when solving calculus 

problems. However, in performing the tasks these students tend to face some cognitive 

obstacles. Thus the literature review will set this in a wider context by considering cognitive 

research into the learning of calculus on the one hand and the wider issues of symbolism on 

the other. 

2.2 Cognitive difficulties in the calculus 

Research on the learning of calculus is fairly recent. Initially several studies focused on the 

difficulties with calculus concepts, often involving limits. For example, Orton (1983a, 1983b) 

interviewed 110 students over a wide range of calculus topics to seek the origins of various 

difficulties. His thesis (l980a) originally focused on whether these were related to Piagetian 

stages at the concrete operational and formal operational levels, but by the time it was 

published (l983a, 1983b) it had changed to focusing on whether errors made by students 

were structural (related to the conceptual ideas) executive (errors in performing the tasks) or 

arbitrary. 

From the analysis of students' errors and misconceptions, Orton pointed out that most of the 

students, including those following mathematics degrees in colleges of education, 

demonstrated structural weaknesses; they gave a poor performance on conceptual tasks such 

as conceptualization of the limit processes related to the derivative and integral. 

Robert (1982) was concerned with the students conception of the limit concept, whether it 

was dynamic with the variable tending to a limit, or static, in terms of neighbourhoods or the 

formal £ - N definition. 

Cornu (1981, 1983) considered the cognitive obstacles that students faced in handling 

calculus concepts such as limits of sequences and the concept of differentiation. These 

included: 

Genetic and psychological obstacles which occur as a result of the personal development 
of the student, didactical obstacles which occur because of the nature of the teaching 
and the teacher, and epistemological obstacles which occur because of the nature of the 
mathematical concepts themselves. (Cornu, 1991, p.158). 
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According to Cornu, the mathematical concept of limit is not easy for the students to grasp. 

He identified several obstacles which affected the students' perceptions, including: 

• 

• 

• 

The metaphysical aspect of the limit, which uses completely new methods 
that do not rely on familiar arithmetic and algebra and seem "shrouded in 
mystery". 

Is the limit attained? The limit process seems to go on forever and the limit 
value may not be reached. 

The notion of the infinitely large and infinitely small. The idea of E being 
"arbitrarily small" suggests the existence of arbitrarily small, 
"infinitesimal" quantities. Similarly "arbitrarily large N" suggests the 
existence of infinite quantities. 

Insights into the nature of these difficulties came through later research into the relationship 

between the process of tending to a limit and the concept of the limiting value. The notion of 

a process being encapsulated (or reified) as a concept (Dubinsky 1991; Sfard 1991) had 

arisen earlier in the theory of Piaget (1952). Gray & Tall (1991) introduced the term procept 

to describe the combination of a symbol, process and concept where the symbol stood for 

both a process to be carried out and the concept output by that process. Tall (1991) suggested 
that lim an is a procept i.e. the same notation represents both the process of tending to a limit 

n~'" 

and the concept of the value of the limit. This has the potential of shedding light on all three 

of the obstacles of Cornu mentioned above. According to him: 

Now we have the phenomenon that Cornu (1981. 1983, 1991) identified as an obstacle 
... : understanding the dynamics of the process does not lead directly to the calculation of 
the limit. Instead indirect alternative methods of computation must be devised. 

(Tall. 1991. pp. 255). 

Because of the strangeness of the process of computing the limit, the result is not 

encapsulated as an object in the same way as earlier experiences, so it is "shrouded in 

mystery" and may not be attained. Instead the process of the variable tending to zero is itself 

encapsulated as a cognitive infinitesimal. 

The lack of encapSUlation of the limit process into a limit concept is hypothesised by Tall to 

cause students to be locked in the procedural aspects of calculating the limit. But even here 

the structure of computation is different from their previous experiences: 

Just as with arithmetic. the theory of limits has a structure for devising new facts from old. 
But in arithmetic the new facts are derived from old using the calculation processes of 
arithmetiC and the new facts have the same status as the old: they can be calculated by 
the processes of arithmetic in the same way. In the case of theory of limits. the "known 

facts" are one or two elementary deductions from the definition: that lim ~ is zero .... 
n~'" 
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derived from the definition in a singularly peculiar way which can cause the initial 

confusion. The fact that k tends to zero might be deduced from Archimedes' axiom, or 

perhaps by some heuristic appeal to the fact that: "I can make k smaller than E by 

making n bigger than the integer part of 1/£ plus one", both of which are strange ways of 

asserting k gets small as n gets large ... 

Thus, it is that the procepts in advanced mathematics work in a totally different and 
completely enigmatic way compared with the procepts in elementary mathematics. It is 
no wonder that, faced with this confusion, so many students end up conceiving the limit 
either as an (unencapsulated) process or in terms of meaningless rote-learned symbol 
pushing. (Tall, 1991, pp. 255-256). 

Artigue (1991) noted the natural way in which students seem to think in infinitesimal terms. 

She claimed that 

Non-standard definitions are closer to the descriptions of differential and integral 
problems in physics than standard analysis. They also have fewer quantifiers and do not 
require the reversing of direction of the standard £ -d and f -N formulations: for 
example, a sequence UN is convergent to a limit I if and only if for every infinitely large N, 

UN-I is infinitesimal. Perhaps the definitions are more usable by students and the chasm 

between concept image and concept definition may be diminished by permitting a more 
gradual initiation to formalization. (Artigue, 1991, p. 198) 

Sullivan (1976), Artigue (1991) and Frid (1992) claim that by using this approach the 

students were able to interpret the mathematical formalism but Tall (l980b) cautioned that 

there are significant differences between cognitive infinitesimals and mathematical non-
r 1 n 

standard infinitesimal. For instance, the sequence 0.9, 0.99, ... with nth term 1- ~ 10) tends 

to 1. Cognitively students often believe that the limit is 0.999 ... , which is the "largest number 
N r 1 N+l 

less than 1", whereas 1 - C~) forinfinite N is infinitely close to 1, but 1- ~ 10) is even 

larger. 

2.3 What the students do to avoid the difticolties 

Students apply different arguments suitable for each case instead of considering the whole 

argument globally. The benefit of using the argument globally is to prevent conflicts arising 

in separate compartments. For instance, a student might use different conceptions of limit 

selected according to a particular context being considered without being concerned about 

possible overall consistencies: 

And I thought about all the definitions that we deal with, and I think they're all right -
they're all correct in a way and they're all incorrect in a way because they can only apply 
to a certain number of functions, while other apply to other functions, but it's like talking 
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about infinity or God, you know. Our mind is so limited that you don't know the real 
answer, but part of it. (William, 1991, p. 232) 

There is an evidence that the students learn those materials that enable them to pass the 

examinations: 

Much of our students have actually learned ... - more precisely, what they have invented 
for themselves - is a set of coping "skill" for getting past the next assignment, the next 
quiz, the next exam. When their coping skills fail them, they invent new ones. The new 
ones don't have to be consistent with the old ones; the challenge is to guess right among 
the available options and not to get faked out by teacher's tricky questions .... We see 
some of the "best" students in the country; what makes them the "best" is that their 
coping skills have worked better than most for getting them past the various test barriers 
by which we sort students. We can assure you that does not necessarily mean our 
students have any real advantage in terms of understanding calculus. 

(Smith & Moore, 1991) 

In order to be able to avoid the possible difficulties in dealing with conceptual questions, the 

students tend to emphasise more on the procedural-oriented materials that are most often 

asked in examinations. This is possible because the teacher prefers to set procedural questions 

rather than the conceptual questions. However, this type of approaches may influenced 

students learning at college or tertiary leve1. Ferrini-Mundy & Gaudard (1992) pointed out 

that: 

It is possible that procedural, technique-oriented secondary school courses in calculus 
may predispose students to attend more to the procedural aspects of the college course. 

(Ferrini-Mundy & Gaudard 1992, p.S8) 

2.4 Computer approaches 

Computer algebra systems are now being used extensively in teaching calculus. In relation to 

computers, Tall (1991) note that: 

The first computer applications in calculus were numerical - using numerical algorithms to 
solve equations, calculate rates of change (differentiation), cumulative growth (integration 
and summation of series) and the solution of differential equations. All of these can be 
performed in a straightforward, but sometimes inaccurate, manner using simple 
algorithms. and then improved dramatically by using higher order methods ... 

One method to improve matters is to engage the student in appropriate programming 
activities so that the act of programming requires the student to think through the process 
involved. (Tall ,1991, p.1S) 

Small, Hosack & Lane (1986) report the effects of using a computer algebra system in 

college mathematics. The activities often encourage the students to apply a technique, already 

understood in a simple case, to more complicated cases where a symbolic manipulator can 

cope with the difficult symbolic computations. 
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Tall (1986) reports the building and testing of a graphical approach to the calculus, using 

software designed to allow the user to play with examples of a concept, to enable the 

abstraction of the underlying principle embodied by the software. 

Tall (1986) suggests graphics alone were unsatisfactory in developing versatile movement 

between representations. Graphics give qualitative global insight where numerics give 

quantitative results and symbolics give powerful manipulative ability. 

Heid (1984, 1988) used graphical software to study calculus concepts and the early computer 

algebra system Mu Math to perform symbolic manipulation. Her study reveals that 

Students showed better understanding of course concepts and performed almost as well 
on a final exam of routine skills as a class of 100 students who had practiced the skills for 
entire 15 weeks. (Heid. 1988. p. 7) 

According to her, 

The students felt the computer aided in their conceptual understanding by refocusing 
their attentions in three ways: 

1. Students felt the computer relieved them some of the manipulative aspects of calculus 
work ... 

2. They felt it gave them confidence in the results on which they based their reasoning .... 

3. They felt it helped them focus attention on more global aspects of problem solving .... 

(ibid. p. 22) 

Palmiter (1991) used the symbolic software MACSYMA to teach one cohort of students a 

first course in integration for five weeks whilst a parallel cohort studied a traditional course 

for a full of ten weeks. The MACSYMA students use the software to carry out routine 

computations whilst the traditional were taught the techniques. Both groups took a conceptual 

examination and a computational examination at the end. The conceptual examination was 

taken by both groups under identical condition, the experimental students were allowed to use 

MACSYMA in the computational examination but had only one hour whilst the control 

students were given two hours. The results showed that a student using MACSYMA can be 

more successful in conceptual and computational tasks than that of a traditional student. 

2.5 Why not use computers? 

Computers can provide a lot offacilities which include developing students' understanding of 

limit concept by offering a new approach of proving limit involving notation e - (), 
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illustrating basic derivative and integral concepts. Yet, there is a disadvantage in too much 

reliance on computers. 

Coulombe & Mathews (1995) compare students in a computer laboratory using Derive with a 

traditional course. Their study reveals that there is no significant difference in knowledge, 

paper and pencil manipUlation, conceptual understanding or higher order thinking skills. 

According to Tall (1995) 

... some 'conceptually oriented" courses have shown students able to respond well to 
conceptual questions, able to perform manipulations better using technology and 
performing nO worse at paper and pencil skills with a little practice, the knowledge being 
obtained is certainly different and is likely to have new strengths and also hidden flaws. 

The use of software with graphical facilities and symbol-manipulation changes 
conceptions of the calculus and their abilities to carry out the related skill. 

(Tall, 1995, p. 29) 

Such phenomena are described by Hunter, Monaghan & Roper (1992). The students were 

asked to say something about u if u = v + 3 and v = 1. 

Hunter et aI, (1992) note that since 

The relationship u = v + 3 is a functional one, one which CAS effectively masks, and to 
respond correctly, an understanding of the role of substitution is required - a skill which 
the CAS has removed. 

(Hunter et ai, 1992, p. 7) 

According to Tall (1994), the use of symbol manipulators can cause students to go through 

very different processes for computing a result. Calculation of derivatives no longer requires 

working through first principles or using the fonnulae for the derivative such as product and 

composite. Monaghan, Sun & Tall, (1994) noted that some students using a computer algebra 

system to carry out the process of differentiation responded to a request for explanation of 

differentiation by describing the sequence of key strokes that were necessary to get the result. 

It appears that some students may simply replace one procedure which has little conceptual 

meaning with another. 

2.6 Students of ditTerent abilities 

Some studies focus on students having conceptual understanding of calculus topics, for 

instance, solving non-routine problems. Selden, Mason & Selden (1989) investigate the 

ability of average students on certain topics in calculus. In this study the students from a 

traditional course were posed with non routine conceptual calculus problems. Analysis from 

the students' test result show that none of them was able to complete and get the correct 
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solutions to any non trivial problems and the highest score obtained was only 35%. Selden, 

Mason & Selden (1994) also observed that none out nineteen of grade A and B students were 

able to solve the non routine problems such as: 

Let f(x) = 
{
ax, xsl 

bx2 + X + 1, x > 1 

Find a and b so that fis differentiable at 1. 

As a result of analyses of Selden, Mason & Selden (1989) and Orton (1983a, 1983b), Amit & 

Vinner (1990) assert that many students have impoverished conceptual knowledge of calculus 

at the university level. They carried out a detailed analysis of undergraduate students' notions 

of derivative in an attempt to locate and identify the source of misconceptions. Analysis of 

the answers reveals that misconceptions in calculus related to the derivative occur at certain 

crucial points. For example, in explaining the concept of the derivative, the teacher usually 

used a typical drawing of a curve with just one tangent shown. Such a static representation 

tend to mislead the students into a situation to conceive the derivative as the equation of the 

tangent. There is a possibility that a wrong implicit idea might affect the student's line of 

thought in non-routine conceptual problems even though the student seems to have correct 

ideas when solving routine derivative problems. 

Shin (1993) has carried out an experiment to investigate the types of error and thinking 

strategies of Korean students in working out the answer to the calculus problems. These 

students have been divided into three groups - A, B and C with each group having a certain 

trait. Group A consists of "average" students from the standardized high school third grade. 

Group B consists of "excellent" students from selected high school second grade while in 

group C were teacher's college freshmen taking mathematics. He noted that both group A and 

B have difficulties in understanding the limit process and found that only 20% of students 

from both groups A and B had a vague idea about the complex symbol calculus symbols such 

as "f(x*)/lx for an independent choice of x* E[xi_l'xJ". 

Studies performed by Selden, Mason & Selden (1994), and Shin (1993), give no indication of 

how different group of students with grade A, Band C carried out the procedures in getting 

the solution to a mathematical problem. 

Krutetskii (1976) performed a wide range of studies on younger children. He classified the 

students selected as "very capable" (or "mathematically gifted"), "capable", "average" and 

"incapable" . 
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According to him, the gifted/more capable children are less likely to find difficulty in 

generalisation of mathematical strategies. In solving mathematical problems they give 

curtailed solutions rather than detailed ones. These students also possess a number of flexible 

strategies which enable them to choose the more appropriate procedures to be executed in 

getting solutions to mathematics problems. This will promote their chances of solving 

mathematical problems posed to them more easily and efficiently. 

For average children generalisation of strategies and curtailment of solutions are not 

immediately apparent. They are likely to acquire abilities to generalise strategies and to 

curtail solutions of mathematical problems after practising several problems of the same type. 

This means the average students have a limited number of methods in working out the 

solutions and the solutions obtained are often in more detailed form. 

Incapable children are less likely to curtail their solutions. Their long-drawn-out solutions are 

often erroneous and continually include irrelevant mathematical information. In generalizing 

mathematical strategies, these students find great difficulty in perceiving the general features 

in the mathematical structures even after along practice. 

The marked difference in ability between those three groups of students may be related to the 

strength of conceptual links formed by the more successful students in their cognitive 

structure (Hiebert and Lefevre, 1986) which helps the individual utilise knowledge in an 

efficient and powerful way. Hiebert & Lefevre discussed two types of mathematical 

knowledge which are mutually benefit: 

Procedural knowledge .,. is made up two distinct parts. One part is composed of the 
formal language. or symbol representation system. of mathematics. The other part 
consists of algorithms. or rules. for completing mathematical tasks. 

(Hiebert & Lefevre. 1986. p.S). 

Conceptual knowledge is characterized most clearly as Knowledge that is rich in 
relationships. It can be thought of as a connected web of knowledge, a network in which 
the linking relationships are as prominent as the discrete pieces of information. 
relationships pervade the individual facts and propositions so that all pieces of 
information are linked to some network. In fact. a unit of conceptual knowledge cannot be 
isolated piece of information; by definition it is a part of the conceptual knowledge only if 
the holder recognizes its relationship to other pieces of information. (ibid .. pp. 3-4). 

Conceptual knowledge is not easy to achieve. For, in attempting to consciously link two 

pieces of knowledge there are three things to think about, two concepts and a connection. The 

"concepts" are in fact highly complex concept images and the "connection" needs to be made 

between appropriate parts of the concept images, provided that they exist. A learner with a 

rich and well-focused concept image may find conceptualleaming an easy way of integrating 

new knowledge. Such a successful person may have many ways available to make 
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connections that enable her or him to be even more successful. But the learner with 

inadequate images to cope with the new knowledge may find such an approach too 

demanding of the limited processing power of her or his focus of attention and seek the 

comfort and security of familiar procedures. 

Out of 34 "gifted" students in Krutetskii's study, 6 were classified as "analytic", 5 as 

"geometric" and 23 as "harmonic". 

According to Krutetskii, analytical thinking 

... is characterized by an obvious predominance of a very well developed verbal-logical 
component over a weak visual-pictorial one. They operate easily with abstract schemes; 
they have no need for visual supports for visualizing objects or pattern in problem­
solving, even when they mathematical relations given in the problem "suggest" visual 
concepts. (Krutetskii, 1976, p. 317). 

In contrast to analytical thinking, he notes that students' geometric thinking 

... is characterised by a very well developed visual-pictorial component, and we can 
tentatively speak of its predominance over a well developed verbal-logical component. 
These pupils a need to interpret visually an expression of an abstract mathematical 
relationship and demonstrate great ingenuity in this regard: in this sense, relatively 
speaking, figurativeness often replaces logic for them. But if they do not succeed in 
creating visual supports, in visualizing objects or diagrams to solve problems, then they 
have difficulty operating with abstract schemes They perSist in trying to operate with 
visual schemes, images, and concepts even when a problem is easily solved by 
reasoning and the use of visual devices is superfluous or difficult. (Ibid, 1976, p. 321) 

Hence given a variation of approaches by such a range of students, it becomes evident that 

methods that may be essential to some may be inappropriate for others. For example, the 

average tends to curtail solutions after routinising problems of the same type. Such repetition 

of routine problems may be less important for the gifted. But the others may develop the 

preference of clinging on to inflexible procedures in attacking mathematical problems. 

In order to be successful in mathematics, the students should possess a number of meaningful 

representations of mathematical concepts that are strongly bonded together. In Krutetskii's 

study these students are named as gifted "harmonic" thinkers. To him gifted harmonic 

thinking is characterised by 

... a relative equilibrium of well developed verbal-logical and visual-pictorial components 
with the former in the leading role. Spatial concepts are well developed in representatives 
of this type ... They are successful at implementing both an analytic and a pictorial­
geometric approach to solving many problems. 

(Ibid, 1976, p. 326). 

These students have the flexibility in switching at speed from one representation of 

mathematical concept to another. They tend to move freely and effectively from one mode of 
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thinking to another. The average or less successful students do not have such quality and tend 

to seek the security of a single representation. To them in order to form another 

representation require detailed work with concepts and operations. This tends to overburden 

them as they already experience a great task in trying all the possible variants and 

combinations in getting a single representation. 

2.7 Compression of Information 

Thurston (1990) suggests that the successful mathematics student is able to compress 

mathematical information. According to him, 

Mathematics is amazingly compressible: you may struggle a long time. step by step. to 
work through some process or idea from several approaches. But once you really 
understand it and have the mental perspective to see it as a whole. there is often a 
tremendous mental compression. You can file it away. recall it quickly and completely 
when you need it. and use it as just one step in some other mental process. The insight 
that goes with this compression is one of the real joys of mathematics. 

(Thurston. 1990. p.B47). 

According to Tall (1994), there are various method of compression of knowledge in 

mathematics. For instance, the method of chunking data together into meaningful chunks is a 

fairly primitive method of compression. If objects are collected together as a set, then one can 

conceive of the set itself as a unit and move this around physically, or "see" it as a unit to be 

manipulated. Chunking is a rudimentary method of compression, which can be performed 

even without language by putting objects into visible collections. But it can also be used in a 

sophisticated manner in formal mathematics to chunk together a collection of elements into a 

set. 

A second, more powerful method, is to use language to give a name to something. Then it is 

possible to manipulate the name rather than the object itself. This is the widely used method 

which gives so much power to thinking homo sapiens. By using a single word to say 

something, it is easy think about it in relation to other things. We can communicate to each 

other in words, with the words evoking linkages in the brain that give them personal 

meaning. Mathematically, according to Tall (1994) 

Symbols such as Ax = z for a system linear equations express relationship in a far more 
compact form than any corresponding use of natural language. But there is a common 
use of symbols in mathematics which introduces compression in a subtle way rarely used 
in ordinary language. It is a method of compression that mathematicians are aware of 
intuitively but do not articulate in any formal sense... (Tall. 1994. p.4). 

Tall (1991) based his interpretation on the theory of procepts - a theory for a process which is 

symbolized by the same symbol as the product. This gives a great flexibility in thinking -
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using the process to do mathematics and get answers, or using the concept as a compressed 

mental object to think about mathematics. 

Related to symbolism, Tall (1992) claim that it is used flexibly by the good mathematician. 

According to him: 

Symbols allow mathematical thinking to be compressible, so that the same symbol can 
represent a process, or even a wide complex of related ideas, yet be conceived also as a 
single manipulable mental object. This flexibility is stock-in-trade for the mathematician. 
But it is not for the average student, who seeks a shorter term goal: to be to do 
mathematics by carrying out the necessary processes. It is this relationship between 
procedures to do mathematics and encapsulation of these concepts as single objects 
represented by manipulable symbols that is at the heart of mathematical success and its 
absence is a root cause of failure. 

We therefore see the use of symbols in a wider sense, dually representing process or 
concepts, linked with other representations including visualisation, gives a flexible view 01 
mathematics that makes the subject easier for the more able. The less successful tend to 
cling more to a single representation, often a procedurally driven symbolic approach, 
which is inherently less flexible and imposes greater cognitive strain on the user. The 
short term gain of showing a student the procedure to be able to do a piece of 
mathematics may, for these students, lead to a cul-de-sac in which security in the 
procedure prevents the flexible use of symbolism as both process (to obtain a result) and 
object (to be able to manipulate as part of higher level thinking). (Tall, 1992, p. 66) 

According to Thurston (1990): 

I remember as a child, in fifth grade, coming to the amazing (to me) realization that the 
answer to 134 divided by 29 is 134/29 (and so forth). what a tremendous-labour saving 
device! To me, '134 divided by 29' meant a certain tedious chore, while 134/29 was an 
object with no implicit work. I went excitedly to my father to explain my major discovery. 
He told me that of course this is so, alb and a divided by b are just synonyms. To him it 
was a small variation in notation. (Thurston, 1990, p. 847). 

A third method is to represent the object by some vi suo-spatial configuration. It is said that 

"a picture is worth a thousand words". A picture can represent a large quantity of information 

and the viewer has the possibility of seeing it as a whole, or scanning it, to focus on selected 

detail in any order desired. In mathematics a diagram may represent information as a table of 

values or as a graph, or in some other way. Some students are not able to interpret the graphs 

they have drawn (Karplus, 1979; Dugdale, 1982; Goldenberg et al 1988; Schwartz, 1990). 

However, research shows that students do not always interpret graphs in the manner expected 

by mathematicians. 

Linking symbolism to graphical representations can also produce unforeseen results. For 

instance, Caldwell (1995) expected students to find the roots and asymptotes of the rational 

function 
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f(x) = x(x - 4) 
(x+ZXx-Z) 

by algebraic means, only to be given a substantial number of approximate solutions such as 

0.01 and 3.98 using a graphing calculator. Here a link to a graphical representation was made, 

without relating back to the precision of the algebra. 

Boers & Jones (1993) report students use of a graphic calculator to draw a graph of 

f(x)= X
2

2
+ZX-3 

Zx +3x-5 

which has a removable discontinuity at x =1. They found that more than 80% of the students 

had difficulty reconciling the graph with the algebraic information, for example, drawing in 

an asymptote suggested by the zero in the denominator, despite the graphic evidence of the 

calculator. 

Figure 2.1 

Graphic calculator display and student graph 

In calculus there are studies (Schoenfeld, 1985; Dreyfus & Eisenberg, 1987, 1991) showing 

that the students are less likely to link their analytic ideas to graphical representations. For 

example these students were able to draw correctly the graph of certain integral problems but 

avoid using them in obtaining the value of the corresponding integral more trivially. 

2.8 Compression of processes 

Another important theme is the way in which the brain operates to handle mathematical 

processes. Because action schemas are fundamental tools of the brain, they have evolved to 

make links between successive actions to build a sequence that can be repeated as a single 

unit. In mathematics a simple thing to do is to practise a sequence of action until it becomes a 
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routine process and the brain can carry it out as a single unit with little conscious 

intervention. 

Operations of arithmetic of a young child benefit from being symbolised. These symbols 

enable a subtle form of compression that is not immediately apparent. An example of 

compression is seen in the addition of two numbers, say 3 + 2, which requires counting out 3 

objects, then 2 objects, then putting the objects together and counting them all to get the 

answer 5. Initially therefore, the sum 3 + 2 is performed by "count aU", involving three 

distinct counting processes which take up considerable processing space in conscious 

attention. When it is realised that it is not necessary to count everything twice, children may 

compress the schema to "count-both" numbers, first (often quickly) counting "one, two, 

three" then two more, ''four, five". A further compression involves the realisation that it is not 

necessary to count the first number, but to just "count-on" the second, "(three), four, five". 

Tall (1994), demonstrates symbol processing by making use the equation 3x + 4 = 2(x +4). 

According to him, 

This equation drastically compresses the information into a compact form which can be 
solved algebraically by a sequence of manipulations: 

3x + 4 - 2(x + 4) 

expand brackets: 3x + 4 - 2x + 2 x 4 

simplify. 3x + 4 - 2x + 8 

subtracl 4 from both sides: 3x + 4 - 4 - 2x + 8 - 4 

simplify. 3x - 2x + 4 

subtract 2x from both sides: 3x - 2x - 2x + 4 - 2x 

simplify. x - 4. 

Experience leads to compression of several steps into one, such as: 

3x + 4 - 2(x + 4) 

expand brackets: 3x + 4 - 2x + 8 

subtract 4 from both sides: 3x - 2x + 4 

subtract 2x from both sides: x - 4. 

The solution process is a visually moderated sequence (VMS) of symbol manipulations 

(Davis, 1984), where each manipulation is performed and written down to be used as a cue 

for the next one. When the procedure is comprehended as a whole, it becomes an integrated 

sequence. The procedure has a strategy in which both sides are simplified by multiplying out 

brackets and collecting together like terms before getting all the numbers one side and all the 

xs on the other, then divide by the coefficient of x (if it is not one). A VMS uses mental 
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resources to good advantage, focusing successively on salient features to make best use of our 

short term attention. 

2.9 Misconceptions and errors in handling standard differentiation and integration in 

elementary calculus 

2.9.1 Overgeneralisation of basic rules in algebra 

Recent reports and studies had shown students find difficulties in handling algebraic 

manipulation (Radatz, 1979; Vinner et a1., 1981; Kuchemann, 1981; Confrey, 1982; Booth, 

1984; Tall & Thomas, 1991; Tall, 1992; Anibal, 1993; Fischbein and Barash, 1993). Such 

deficiency might result in overgeneralisation in algebraic rules that might affect calculus 

performance. As for example, Orton (1983b) found that most students expanded the 

expression of the form (a + h)2 as a2 + h 2. This misconception is an example of students' 

over generalisation of previously learned rules in algebra (Hiebert and Carpenter, 1992). The 

students viewed the expression (a + h)2 to be associated and having the similar properties as 

(ab t and,J;;b. Since the last two expressions can be decomposed as an bn and JaJb 
respectively, Hiebert & Carpenter assumed there were possibilities that the students tend to 

write (a + br as a" + b" and Ja+ b as Ja +.Jb. 

Another example of such algebraic overgeneralisation is shown as follows: 

... , since from (x -3)(x-4) = 0 one deduce x =3 and x= 4. the student writes that from (x -A)(x­
B) = K follows x-A = Kand x-B = K. 

(Fischbein & Barash. 1993. p.162) 

Fischbein & Barash (1993) have a different view related to overgeneralisation. They 

hypothesised that the students overgeneralisation were inspired by an algebraic model of 

distributive law m( a + b) = ma + mb that the students have strongly developed in their mind. 

According to them, errors might be as a result from the misapplication of such a model. 

2.9.2 Over generalisation in basic derivative and integral rules in calculus 

Since the introduction of symbols dx and dy in 1677, Leibniz had shown quite a number of 

over generalisation in the derivation of such formulae like product and quotient rules without 

giving any rationale for neglecting the infinitesimal of higher order in the formulae. For 

example, by considering dx and dy as the difference in x and y respectively, the difference 

dxy in xy was initially considered to be dxdy in Leibniz's manuscripts. It was only by 

considering "infinitesimals of different orders" and using 

d(xy) =(x+ dx)(y+ dy) -xy =xdy +ydx +dxdy 
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to neglect the higher order of infinitesimal dxdy to obtain the formula d(xy) = xdy + ydx . 

Norman and Prichard (1992) in their studies to identify cognitive obstacles in college 

students' learning of calculus, identified students' thinking processes in elementary calculus 

related to derivatives and integration. They made a detailed analysis of students' problem­

solving behaviours. Their study reveals that some of the students over generalised the 

previously learned rules and algorithms in solving calculus problems. For example, in finding 

the derivative of lex) = t.x,J{, they found that the student had used the product rule after 

regarding the function as a product of two factors t x and -lit . 

Mundy (1984) describes such overgeneraIisation in her study as misidentificaJion-a term 

used by Vinner, Hershkowitz & Bruckheimers (1981). She notes that 34.1 % of the students 

have misidentified the rule ~(xn) "" nx,,-t when the students gave y' = (x + 1)X"~ as the 
dx 

derivative of y = xx+1 • According to her, without understanding the related concepts, the 

students perceive the equation y ... xx+1 as y"" x" and apply a well-rehearsed derivative rule 

and hence the obtained answer are inappropriate. Similarly in the case of integration, the 
3 3 

students after perceiving the expression i31x + 21 dx as i3 (x + 2) dx start to apply the rule of 
X,,+I 

f x"dx = --+C. 
n+l 

Algebraically, related to the fact of exponent rule (abr = a"b" , another overgeneralisation 

occur in calculus when the student applied inappropriately the exponent rule in derivative 

problem as pointed out by Norman & Prichard (1992). According to them, in finding (fg)' , 

for example, some students with good knowledge of the exponent rule tend to write 

(jg)' = j'g' , instead of differentiating the expression fg by means of the product rule. The 

same phenomenon occurs when the students try to evaluate (jg)" . 

In a differential equation class, they note that some students find the solution for y" + 2y' = 0 

by performing procedures as follows: 

y" + 2y' = 0 - y'(y' + 2) = 0 

=> y= C, y= -2x+c 

Tall (1986) found Adam had made a similar overgeneralisation. He tried to differentiate 

V = ~311'2(6-r) by differentiating each part of the product to give ': "" ~311'(-1). This type 

of over generalisation was first made by Leibniz, whose first idea of the product rule as dxy = 
dxdy was inspired by his discovery of the formula d(x +y) = dx + dy, but soon corrected to the 

usual formula. 
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Tall (1986) also had shown an example the overgeneralisation of the quotient rule , 

(~) = ~: . In his study, Adam tried to differentiate 

(300T - 2400) -100 - 5T 

T 

"top and bottom". On the other hand, Norman & Prichard (1992) observed that one of their 

respondents use quotient rule in order to find the derivative of Jjx
2 

• 
2 

d "I 

For simplicity, in this study the rules _xn =nxn- I and fxndx = ~ + c will be respectively 
dx n+l 

named the basic rule of differentiation and basic rule of integration. 

2.10 Summary 

According to Krutetskii, the more capable students are likely to curtail their solutions. In 

order to have the such curtailment these students must have a strong conceptual images, rich 

in relationships. In addition to the ability to curtail the solution, the more capable students 

have a number of strategies when dealing with mathematical problems. They are able to 

interchange freely and meaningfully mathematical symbolism and hence they are able to 

choose those methods which are easier. Since these students have strong conceptual linkages, 

they are able to generate successfully new knowledge. 

The less able students have inadequate conceptual knowledge. The lacking of such 

knowledge means a deficit in conceptual relationships. This phenomenon may hampers the 

less able students to curtail their procedures when handling mathematical problems. So, in 

order to solve mathematical problems they rely upon detailed solutions whereby each bits of 

mathematical information in the procedures may be erroneous, not related or may be 

dispensable. These students have limited number of approaches in dealing with mathematical 

problems. They face great difficulties in interchanging the symbolism systematically and 

correctly. Development of new knowledge are less likely to occur. Thus, in order to be secure 

they are satisfied with familiar procedures. 

More able students have a number of reasonable and strongly linked representations. They 

can switch easily from one representation to another and are always looking for a simpler and 

effective representation to be used in solving mathematical problems. 

The less able students have a limited number of such representations. For example, they find 

great difficulty in linking the graphical representations with the algebraic information. The 
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reversal of processes are less likely to occur in weaker students. Hence they manage to work 

just in one direction. 
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CHAPTER 3 

PILOT STUDY AT THE UNIVERSITY OF WARWICK 

3.1 Introduction 

This thesis is focused on the second year Universiti Teknologi Malaysia students' 

manipulation of symbols in solving calculus problems, relating this to other aspects, 

such as the drawing and interpretation of graphs. These students had undergone a 

calculus course in the first year. They are prospective teachers and engineers. The 

first year calculus course at the Universiti Teknologi Malaysia is equivalent to British 

A-level calculus. Thus, in order to obtain some notions about the thinking of the 

second year students at the Universiti Teknologi Malaysia in the above area, a pilot 

study on symbolic calculus was initially conducted with a group of eight first year 

BA(QTS) students (prospective teachers) at the University of Warwick in July 1993. 

The aim of this pilot study was to see how the more successful students at tertiary 

level differ from less successful students in the way they solve calculus problems. 

Krutetskii (1976) studied younger children solving problems, classifying them into 

four groups with different mathematical abilities: gifted, capable, average and 

incapable. In terms of carrying out the procedures, he noted that there is a marked 

difference between those performed by the gifted/capable students compared with 

those performed by the incapable ones: 

Able pupils are distinguished by a rather pronounced tendency for the rapid and 
radical curtailment of reasoning and of the corresponding system of 
mathematical operations also "on the spot,· in certain sense, since it even begins 
to appear in the first problem of a type new to them. 

(Krutetskii, 1976, p. 263). 

He added that 

No appreciable curtailment was observed in incapable pupils, even as a result of 
many exercises ... The reasoning of incapable pupils was always marked by 
superfluous comprehensiveness, detail, and unnecessary activity ... At the same 
time, their reasoning was not distinguished by accuracy, consistency, or a proper 
logical decomposition into parts. 

(ibid. 1976. p. 265). 

Based on Krutetskii's study, it was hypothesised that at university level, the more 

successful students will tend to use the information in a more compact way so that 

there is a less strain on their cognitive structure and thus it is hypothesised that: 
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(a) there will be a correlation between curtailment of procedure and 
success. 

In the pilot study other phenomena will be considered. For instance, it is expected 

that: 

(b) Good manipUlation does not necessarily imply the ability to interpret 
the same objects in different fonns. 

(c) There exists students who are good at symbolic manipulation yet fail 
to visualise. 

(d) The more successful students will show greater flexibility in using 
different approaches to tackle the same calculus problem. 

3.2 Research instruments 

In this study, students' thinking in calculus is revealed by questionnaires administered 

in interviews. This combined approach is used to take account of individual strengths 

and limitations of the two methods. According to Amit & Vinner (1990): 

The common belief is that an interview is a better instrument than the 
questionnaire. This is because many ambiguities can be resolved in an interview 
that cannot be resolved in a questionnaire. Also, some spontaneous reactions in 
an interview can be extremely illuminating, much more than the controlled or 
even inhibited reactions one can get in a questionnaire. This might be true in 
many cases but there are also many cases in which the situation is more 
delicate. Assume that a student makes an ambiguous statement in an interview 
and the interviewer wants to ask a question which is supposed to clarify this 
ambiguity. Of course, this must be done in such a way that the student will not 
change his mind as a result of the question posed to him. Practically, however, 
this might be impossible. There are situations in which any reconsideration of a 
given answer causes a critical analysis. This analysis will lead to a clarification in 
a direction different from the one in the original answer. Everybody with minimal 
self awareness knows that very often he has vague ideas which he believes in, 
but the moment he formulates them in words or even listens to somebody else's 
formulation he realizes that these are faulty ideas. So, there are cases in which 
an interview will not lead to clear and unambiguous information but even to 
distorted information. Also the belief that in an interview we can obtain more 
spontaneous reactions is not necessarily true. It depends on the student and on 
the interviewer and on the relations between them formed before and during the 
interview. (Amit & Vinner, 1990, pp. 4-5) 
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3.3 Sampling 

3.3.1 The Subjects 

Eight first year BA(QTS) students (prospective teachers) following the same 

mathematics course were selected. Based on their mathematics grades in the British 

A-level examination, the sample comprised two students having grade A, two with 

grade B, two with grade C while the other two scored grade D. The two students with 

grade D took mathematics as second subject while the rest had mathematics as their 

main subject. For simplicity in analysing the data in this study, the students were 

simply numbered. For example the two A students were marked as A 1 and A2. 

3.3.2 Rationale behind choosing the students 

(i) Since the study is involving students' thinking in calculus, the 

students chosen are those who had experienced a calculus course at 

British A-level. 

(ii) So as to see the students' range of performance in the first year 
calculus course, the students with various grades (A, B, C and D) in 
mathematics of the British A-level examination are preferable. 

(iii) Since some of the students involved in the main study at the 

Universiti Teknologi Malaysia are prospective teachers, it is 
considered appropriate to see the extent of performance in calculus 

of their British counterparts at the University of Warwick. 

3.4 Interview 

3.4.1 Procedure 

The interviews were carried out on the 3rd, 4th, 10th and 17th November 1993. For 

each of the corresponding days, two students were welcomed into the room. Before 

answering any of the questions in the interview the students were put at their ease. At 

this time the researcher introduced himself to the students. The students were told that 

the meeting was not an examination and the researcher explained his intentions of 

carrying out the study. All their responses would be kept confidential. 
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Before proceeding with the calculus questionnaires, the students were asked general 

questions with the intention to identify the way they conceptualise and learn calculus 

topics. 

After getting this infonnation each student was given a set of calculus questions that 

related to differentiation and integration. The whole process of interviewing and 

answering all the questions lasted for about one hour. After each question had been 

solved, the researcher discussed the solution with the student concerned. If the 

solution was correct, some appreciation was given. If the solutions were incorrect or 

unreasonable, the students were not told that the solutions were wrong or incorrect. 

Instead they were asked whether they were able to make some adjustment to what 

they had done or to suggest other alternatives to tackle the problem. 

Each student was given a chance to explain the procedures or solutions without any 

intennediate interference from the researcher. If the students were silent, they were 

asked what they were thinking. If they could not proceed with a problem, the 

researcher guided them in reaching the required solution. 

Since two students were involved in each meeting, the interview was carried out 

alternately so that each student had the same chance as the other. The interviews were 

video-taped and subsequently transcribed. Only seven students underwent the whole 

interview and questionnaires because one D-grade student had to leave the interview 

before its end. 

3.4.2 Interview Questions 

The interview consists of two parts. 

The first part of the Interview: 

The questions posed are open-ended and infonnal with the intention 

of getting general infonnation on how students conceptualise and 

study calculus topics. 
Rationale: To get some insight into how students learn calculus and 
to get some information on whether the students find calculus 
difficult to understand, interesting, challenging, confusing or 

otherwise. 
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The second part of the Interview 

The questions are open-ended and based on the questionnaires. By 
considering 

(a) The role of good symbolic manipulation in interpretation of the 

computational outcomes. 
Rationale: To observe whether the students with good symbolic 
manipulation have the ability to interpret reasonably the same 
mathematical concepts in different forms 

(b) The geometrical interpretation of the computational result. 
Rationale: To see whether the students who are good at 
computation may easily visualise its representation. 

(c) The number of approaches available in dealing with the same 
calculus problem. 
Rationale: To identify students' flexibility in tackling the same 
calculus problem. 

3.5 The questionnaires 

3.5.1 The nature of the questionnaires 

All the questions related to simple integration and differentiation. The questions are 

presented in a hierarchical form from simple to more difficult. The aim of the 

questions is to identify at some stage the level of students' understanding in calculus 

from the aspect of their 

Ability to handle the basic differentiation and integration, 

Ability to curtail or detail solutions, 

Flexibility in using different approaches to tackle the same 
calculus problem, 

Misconceptions and errors in calculus. 

3.5.2 Sources and rationales of the questionnaires 

The questions are selected from various references: 

SECTION I(a) 
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Question 1. 

Find dy, wheny = 2X4 - x 2 
- 6 

dx 

is taken from Universiti Teknologi Malaysia Tutorial Sheet 199211993. This question 

is used to identify the students' basic idea and knowledge of symbolic differentiation 

in calculus. 

Question 2. 

dy 1 
Find dx' wheny = t 

(x+ 1) 

is taken from Universiti Teknologi Malaysia Tutorial Sheet 1992/1993. This question 

is used to identify the students' procedural knowledge of symbolic differentiation in 

calculus involving fractional indices. 

Question 3 consisted of two parts. 3(a) is taken from Kolman and Denlinger's 

Calculus for the Management, Life and Social Sciences (1988, p.143) and question 

3(b) is a modification of question 3(a). 

Question 3(a). 

dy 
Find dx' when y = 5. 

Question 3(b). 

Find dy, when y = Vii . 
dx 

This problem is relatively harder than the previous one. These questions are used to 

identify students' knowledge of differentiating constant terms and to test the students' 

geometrical interpretation of the computational result. 

Question 4. 

Find dy, when y = J2X3 • 

dx 

is taken from Universiti Teknologi Malaysia Tutorial Sheet 199211993. This question 

is used to identify students' preference of methods (either curtailed or detailed 

procedures) in solving the given problem. It is considered that this question is likely 
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to provide a sense of the measure that is being considered for different number of 

steps in the solution in differentiation. 

Question 5. 

Find Z, when y = ( x + ~) 2 

is taken from Dakin and Porter's Elementary Analysis (1980, pAl) and is used to 

identify students' different techniques in differentiation of the same expression. For 

example by expansion of the squares in the expression prior to differentiation, by the 

chain rule, or possibly by the product rule. 

Question 6. 

dy 1+ x 2 

Find - when y = --
dx' x 2 

is taken from De Sapio's Calculus for the Life Sciences (1976, p.l24). This question 

is used to identify students' 

1 +X2 
(a) preference of methods ( either by first simplifying the expression --2 - before 

x 
carrying out the actual differentiation or applying the standard rules of differentiation) 

in solving the given problem. 

(b) the number of methods that can be used to tackle this problem. 

SECTION I(b) 

Question 1. 

Evaluate f(x + 1)2dx 

is taken from Elliot, Fryer, Gardner & Hill's Calculus (1966, p.I50). 

(a) This question is used to identify the students' basic idea and knowledge of the 

integral in symbolic calculus. 

(b) There are two possible ways of solving this problem: 

(i) By expanding the square before actual differentiation, 
(ii) By means of substitution. 
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By the above methods the answer obtained for the above problem will be in two 

different forms. Thus, this question is also used to observe whether the students with 

good symbolic manipulation have the ability to make a reasonable interpretation of 

the same objects in different forms. 

Question 2. 

1 
Evaluate J(x_3)sdx 

is taken from Universiti Teknologi Malaysia Tutorial Sheet 199211993. This question 

is used to identify students' procedural knowledge on integration involving negative 

integral indices. 

Question 3. 

is taken from Universiti Teknologi Malaysia Tutorial Sheet 199211993. This problem 

is used to identify students' different techniques for integration of the same 

expression. For example by expansion of the squares in an expression prior to 

integration or possibly by substitution. 

Question 4. 

Evaluate f.J3x3 dx 

This question is designed to identify the extent within which the students are able to 

compress algebraic procedures in integration. It is a modification of a question 

taken from Calculus (Abbot, 1970, p. 161) and the problem 

f J3idt 
taken from Edward and Penney's, Calculus and Analytic Geometry (1990, p. 246). It 

is considered that these two questions are likely to provide a sense of the measure that 

is being considered for different number of steps in the solution. The former question 

is considered to be lengthy in its procedural implication, whilst the latter is considered 

relatively straight forward. The final question contained components from each of the 

two questions in an attempt to establish the procedural implication. This question will 
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be used to identify whether the students apply curtailed or detailed procedure in 

solving the problem. 
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4.1 Interview 

CHAPTER 4 

ANALYSIS OF DATA IN THE PILOT TEST AT 

THE UNIVERSITY OF WARWICK 

4.1.1 General information about how students feel about and learn calculus. 

Eight students took part in this part of the interview. Seven of them expressed 

sentiments indicating that the calculus course is difficult to understand, boring, 

complicated, involving too much computation. These students have to rely upon 

standard rules for solving the calculus problems. For example, as one B student said: 

Calculus is difficult because a lot of theorems, laws and formulae that have to be 
remembered. Normally, the theorems are explained in sentences which are too 
difficult to be understood. There are a lot of proofs which I don't understand. 

(BA(OTS) student. 1993) 

The other B student (81) found that learning calculus is very interesting and does not 

stress much upon the reliance of standard rules and formulae in calculus. According 

to her: 

Sometimes the rules are not necessary because some of the calculus problems 
can be solved without using such rules ... By doing so, sometimes the problem 
might be easier to be solved. (BA(OTS) student, 1993) 

4.1.2 The ability of students who are good at symbolic manipulation in 
interpreting the same objects in different form 

The students are asked to solve integral problem 1 from section I(b), i.e. 

2 

Find the integral f<x + 1) dx. 

Before reaching this part of the interview one of the students (D2) had left the room. 

Thus only responses of seven of them are recorded. Out of seven students attempting 

the above problem, only one (B 1) is able to respond that the integration process could 

be performed in two ways. According to her: 
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This problem can be solved by two methods. The first one by expanding the 
square of (x+1) before carrying out the integration. The other one by means of 
substitution of u = x + 1. (BA(QTS) student, 1993) 

Her performance in carrying out the process of integration in this problem are shown 

in the table below: 

Performance of B 1 

By first expanding the square 

f(x + 1)2dx = f(x + l)(x + l)dx 

= f{x 2 +2x+l}n-

x3 2X2 
~-+-+x+c 

3 2 
x3 

2 
~-+x +x+c 

3 

By substitution of u = x + 1 

u=x+l 

du = 1 
dx 

f(x+ Wdx ~ fu 2du 

if (x+ 1)3 
=-+c= +c 

3 3 

Table 4.1 

Since the problem solved is the same, B 1 stresses that the solution obtained should be 

the same irrespective of the methods used. In explaining the sameness of the solution, 

h d h b f h 
.. h d I· . (x + 1)3 

S e expan s t e cu e 0 t e expression 10 t e secon so utton, I.e. 3 + c as 

x
3 

2 1 . fh d h - + x + x + - + c. But after looking at the expanded solutIOn 0 t e secon one, s e 
3 3 

changes her mind. This is because of the constant! in the second solution which is 
3 

absent in the first solution. She conceives the constant c in the first solution to be the 

same as that in the second solution. 

By this observation there is a possibility that good symbolic manipulation does not 

necessarily imply the ability to interpret reasonably the same object in different 

forms. 

4.1.3 Geometrical interpretation ofthe computational result 

The questions for this interview are 3(a) and 3(b) from Section I(a), i.e. Find :' 

when 

(a) y = 5 
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(b) Y = ;[4. 

All selected and attempted one or the other of these questions. Out of eight students, 

only two students (one with grade A and one with grade B) obtained the right answers 

and were able to interpret the results geometrically, 

Gradient o/a straight line ... It is parallel to the x axis,. 

Three students (one with grade A, one with grade B and one with grade C) obtained 

the correct answer but failed to respond to the geometrical interpretation of the result, 

one (with grade C) carried out wrong procedures because of the absence of the 

variable x in the equation and two students (both of them D students) made no 

progress at all. The students' performance in solving problem 3 can be summarised as 

below: 

Students performance 

Al&B2 A2,Bl &C2 CI DI&D2 

(a) y =5 (b) y=;[4 (b) y=;[4 Cannot 

dy =0 dy =0 =4~ proceed 
dx dx dy = 4~dx 

Gradient of a straight line ... No verbal No verbal 
It is parallel to the x axis response response 

Table 4.2 

From the above analysis, there is an indication that a successful student in this case 

(B 1) may fail to relate her computational outcomes to visual ideas. 

4.2 To identify the students' ability in handling the basic dift'erentiation and 

integration 

Realising that some of the BA(QTS) students involved in this study had learned 

calculus long before joining the university, four questions were designed to test their 

procedural knowledge of basic differentiation and integration. For differentiation, two 

problems have been chosen from Section I(a), i.e. 

dy h 4 2 6 Question 1- Find -, w en y - 2x - x - . 
dx 
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Question 2 - Find dy, when y = 1 I. 
dx (x + 1)2 

In the case of integration, two problems are taken from Section I(b), i.e. 

Question I-Evaluate f(x+ 1)2dx. 

Question2-Evaluate! 1 sdx. 
(x-3) 

All students could solve problem I in both sections. When attempting to solve 

question 2 some students found difficulty and started to make errors. There were two 

types of errors found in this study -algebraic manipulation and inability to carry out 

the algorithms of differentiation or integration. This will be discussed later in the 

analysis of errors. 

4.3 To identify whether students curtail or detail their procedures in solving 

calculus problems 

When looking at students' different abilities in performing calculus tasks, there are 

variations of procedural length in term of number of steps performed by these 

students. Some students prefer detailed solutions while some go for curtailment. In 

order to see this phenomenon Question 4 in section I(a), is chosen. The problem is 

Find dy, when y == J2X3 , 
dx 

Out of seven students attempting this problem, only one student displayed a curtailed 

procedure by using three steps in order to get to the solution. The solution obtained 

was in a conventional form. One student demonstrated detailed procedure. Both of 

these were grade B students. The remaining five students, after changing the equation 

to y = (2X3 t started to use a formula and did not show either a curtailed or detaHed 

procedure. 

A simple count of the steps used in each procedure does not give a true measure of 

the actual steps involved. Some students begin by writing the question down and then 

performing simplification, others start immediately with a form different from the 

format of the question. In counting the number of steps in a procedure, the first step 

counted is the first change in the format of the question. Re-writing the question is not 

counted as a step. 

At the end of the question some students made further simplifications not done by 

others. Hence in order to gain a better measure of uniformity, the idea of a 
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conventional solution is introduced. A note was then made as to whether the solution 

was given in what may be considered a conventional form, or not, to give further 

information to distinguish between the degree to which one solution might be 

curtailed or detailed compared with another. The idea is illustrated in the detailed 

solution displayed in the following: 

Given the equation y = J2x3 
, the student manipulates it to give its equivalent 

y = (2X3 t. Knowing that the expression (ab r = (a x b)" for n =.!., this student uses 
2 

the power rule to give the expression 2~ x (X3)~ and then uses (xm t = x mn
, so that 

the original equation becomes 

Y= 2~ xx~. 

The process from y = (2X3 t to y = 2~ x x~ is performed in a single step. Since the 

number 2~ is separated from the power of x, this number can be changed into its 

conventional form .Ji, the equation becomes 

Y=.J2 xx~ 

~ 1! . d(cf) df 
but this equation can be written as y = v2x . Now, by applymg ~ = c dx and 

using the formula nxn -I for n = ~, this student obtains 
2 

The above result can be written in its equivalent form as 

dy 3.Jix~ 
-= 
dx 2 

The answer obtained by this student will be considered in a conventional form. 

Another conventional form of the solution could be 

~.Ji~. 
2 

Analysis of the performance reveals that grade B students produce more satisfactory 

solutions than the two selected gmde A students. This means that, in this small study, 

grade B students are more successful than grade A students.(see Table 4.3 and 4.4). 
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The B students are able to curtail solutions. In contrast, the grade A students not only 

fail to curtail solutions, but also fail to carry out the integral processes correctly. 

Students' perfonnance in this problem can be summarised as follows: 

Solution of the 
Solution of the first B student Erroneous solutions 

second 
B student 

y = (2x3)! =./iH Y = J2X3 Y = (2 X3)J! Y = 2~ x (X3t [Erroneous solutions 

dy =~J2x~ =:.y=./ixx1,. are given in the table 

dx Y= J2xy, 
below] 

=:. !!L -.J2 x ~ x~ 
dx 

3.J2~ 
= 

2 

Curtailed procedure Detailed procedure 
(3 steps) (6 steps) AI, A2, CI, C2 & DI 

(B2) (Bl) 

Table 4.3 

Students' errors in solving problem 3 in section I(a) 

Al A2 *Cl&C2 Dl 

y=(2f)~ y=J2x3 y = JfX = (2x)~ y=(2X3)~ 

:: = f(6x2rt = (2x3 )4- =4x~ 
dy = ~(2X3 rt x 6x2 

dy I 3 _l dy 4x-~ dx 
1 dx = ,!.6x(2x· ) 2 -=--

= 12x2(2x3r~ dx 2 = 
2{6x2 )"f I 2 = 3x(2x 3 )-'1 

=~ x 
3x 

= 
J(2x3 

) 

Mixture of 
Error in 

Misapplication of Error in simplification the d n manipulating the rule for -x chain rule product of correct dx indices 
and chain rule chain rule 

Table 4.4 
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Key: * - example displayed in the table indicates the work of the corresponding 

student. For instance in this case, it is the solution of C 1. 

The ability to obtain more satisfactory solutions indicate that these grade B students 

may have stronger conceptual structures than the grade A students. In this problem 

B I carries out the procedures in great detail. Such a performance indicates that this 

student is probably making sure that each step is correctly carried out. Hence in this 

case B I has sound conceptual linkages and is more likely able to join isolated bits of 

information to carry out the procedures in a meaningful manner. But the other 

students fail to do so, presumably because they do not possess such richness of 

conceptual knowledge. Their links are often flawed and they tend to break down in 

their procedures in getting the solution. The reversal in performance of the A and B 

students may be due to the small sample involved in the study, so the more and the 

less successful are not as widely spaced as they might be in the whole popUlation. 

However, it may also suggest that there may be little correlation between the 

students' grades and their tendency to curtail solutions. 

4.4 Breakdown of procedures 

The students who demonstrated detailed solution may have experienced a breakdown 

in their procedures. The breakdown of procedures in the solution may be due to 

involvement of less appropriate linkages in certain areas. For example in this pilot 

study, lack of strong conceptual knowledge produce phenomena such as algebraic 

misconceptions and inappropriate overgeneralisation of a standard rule in 

differentiation and integration. To see a breakdown of detailed procedures in integral 

problem, Question 4 in section I(b) is chosen, i.e. evaluate f N dx. Out of seven 

students who attempted this question, six of them broke down. 

One B student, B2, faced breakdown of procedures after successfully performing 

three steps while two students Al and CI experienced breakdown of procedures due 

to incorrect algebraic manipulation, i.e. after changing f(3x3)! dx into f9(x3
),! dx. 

One student C2, after manipulating the term f M dx to give f(3x3 )! dx started to 

apply an overgeneralisation of a mixture the basic rule of integration and possibly the 

product rule (differentiation) to give an answer as H3x3
)! + iX4. Two students A2 

and D 1 got stuck right from the beginning. Only B 1 successfully use detailed 

procedures to reach final answer. She carried out her detailed solution as shown 

below: 
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Given the integral 

fMdx, 

she changed it into its equivalent form 

and possibly manipulated it mentally thus: 

In other words, ~ gives 3~ or Jj whereas Y gives x~. The above integral 

becomes 

f«3 X) x(x~ »dx 

Knowing that the mUltiplicative sign need not to be written, the above integral can be 

changed into equivalent form thus 

f JSxXdx. 
X"+l 

Jj can be placed outside the integral sign and applying the formula -- for n = X 
n + 1 

gives 

Jjx1> --x-+ c. 

She performed these operations in a single step. The term Jj;~ is not in a form 

which would normally be considered conventional because the denominator is in 

fractional form. Thus, the whole term is rewritten as 

to give the answer as 

2.J3x1! 
.... c. 

5 

This is a final solution given by the students. It is a matter of convention that the 

2J3~ 
radical Jj is placed after the fraction such as , so that some students may 

5 
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perform a further modification to give a final result as 2J3x~ , '!:..,{jx~, '!:..,{jU or 
5 5 5 

equivalent. 

The solutions of all seven students in this problem may be summarised as follows: 

Solutions of students 

Detailed procedure Breakdown of procedures 

fNdx = f(3x3 )1zdx fMdx fJ3~dx fMdx 
Cannot 

= f«3~) x (x~»)1x = f(3x3)!dx = f(3x3)~dx = f(3x 3)!dx proceed 

=f J3x~dx = f(3~xt}tx = f9( x3 )'! dx = H3x3}~ +1X4 
right 
from 

,{jx1> = f31 x (x3 )dx = f9x-!dx the =--+c 
Yz 9x! beginning 

2J3xf> =-
5 

= +c 2 
5 5 

18x'1 
=--+c 

5 
(5 steps) Incomplete Algebraic Mixture of the A2&Dl 

Bl procedure misconception basic rule of 
B2 Al & *CI integration and the 

product rule 
C2 

Table 4.5 

4.5 Comparison of solutions to problems in differentiation and integration 

For the purpose of comparing students' performance in differentiation and 

integration, two problems were chosen one from each of section I(a) and I(b). They 

are respectively 

Find dy, when v = J2x3 

dx . 

and 

Evaluate f N dx . 
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4.5.1 Comparison of solutions of Bl and B2 to problems in differentiation and 

integration 

B 1 is able to display procedures in great detail while solving both differentiation and 

integral problems. She uses six steps in differentiating the first problem while in the 

integral problem she uses five steps. From this analysis, it is apparent that B 1 has 

powerful conceptual structures and is more likely to build sound relationships 

between bits of information so as to obtain a logical sequence of procedures. With 

this quality, she is more likely to reflect on her previous steps during working out 

solution for the problem. By doing so, she can detect whether the procedure used is 

reasonable or otherwise. Her performance in the two problems are tabulated thus: 

Solutions of the Bl 

Differentiation Integration 

Y= J2X3 y = (2X3)J! Y =2~ x (X3)~ f J3;3dx =f(3x3~dx 
==:> Y = .Ji x x~ == J«3~) x (x~)~ 
Y= .J2x~ 

= J Jjx1zdx 
-==;. !!l... =.J2 x Yz x~ 

dx .J3~ 
=--+c 

3.J2~ ~ 
= 

2.Jjx12 2 = +c 
5 

Detailed solution Detailed solution 

6 steps 5 steps 

Table 4.6 

In the case of B2, she curtails the procedures in doing the first question. She uses 

three steps to get to the solution. In the second problem she tries to write a detailed 

procedure but fails. This phenomenon may occur due to her failure in coping with the 

long sequence of procedures. In other words, her conceptual structures may not be 

strong enough to recall the next reasonable steps. Hence she faces breakdown in the 

procedure in solving the integral problem. In this case the breakdown of procedures 

occurs after performing three steps. 82's solutions in both problems are shown below: 
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Solutions of B2 

Differentiation Integration 

Y= (2X3)! =,fIR fNdx 
dy = iJ2x~ 

I 

= J(3x 3Ydx dx 
= J(3!x!) 

= J3! x ( x3 t'dx 
Curtailed procedure 

3 steps 
Incomplete procedure 

Table 4.7 

4.5.2 Comparison of solutions of At and A2 to problems in ditJerentiation and 

integration 

In the case of the A grade students, both fail to get the solutions when dealing with 

these two problems. In other words these students experience breakdown in the 

solutions. The causes of breakdown of procedures in both problems are not the same. 

In the case of AI, the breakdown in the differentiation problem occurs due to an 

overgeneralisation of a mixture of the basic rule of differentiation and the chain rule. 

It appears after the second step. Breakdown in the second problem occurs due to an 

algebraic error. Here, the phenomenon occurs also after the second step. From the 

analysis of AI's performance in both problems, it seems that the mathematical 

information retained by her may not linked by conceptual linkages. So, when it comes 

to retrieve the necessary information she may tend to get the wrong or inappropriate 

one. The presence of unreasonable mathematical facts in the solutions indicates the 

starting point for the occurrence of breakdown of procedures. AI's performance in 

both problems can tabulated as shown on page 45. 
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Solutions of Al 

Diff erentiati on Integration 

y = (2X3)~ .I. 

f(3x
3
)' 

dy = t(6x2t t 
dx 

f(3x4) 

I 3x! 
= 

2(6x2t 
=-

! 
6x! 

=--+c 
5 

Overgeneralisation of the Algebraic 
basic rule of differentiation Misconception 

and the chain rule 

Table 4.8 

Like AI, A2 also fails in getting the solutions for both problems. However, the causes 

of breakdown are entirely different. In the first problem, the cause of breakdown is 

due to misapplication of chain rule. This phenomenon occurs after the first step. In 

the second problem, A2 cannot proceed from the beginning. From this analysis, it is 

found that A2's conceptual structures seem weaker than those of Al. Performance of 

A2 in both problems is tabulated as follows: 

Solutions of A2 

y=J2x3 
fMdx 

_ (2X3)~ 

dy = t. 6x(2x3 rt 
dx 

I 
3 ~ 

= 3x(2x ) 
3x 

= J(2x3
) 

Misapplication of chain rule Cannot proceed 

Table 4.9 
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4.5.3 Comparison of solutions of Cl and C2 to problems in differentiation and 

integration. 

In the case of C students none of them get to the solutions for both problems. Similar 

to grade A students, the grade C students face breakdown. CI experiences breakdown 

of procedures in both problems because of algebraic errors. In both problems, the 

breakdown occurs after the first step. When comparing the conceptual linkages of B 1 

to that of C I, it seems C 1 possesses less appropriate linkages in this area. The 

performance of CI in both problems can be seen in the table below: 

Solutions of CI 

Differentiation 

Y=.J2X = (2x)~ 

=4xX 

dy = 4x-~ 
dx 2 

2 =,-x 

Algebraic Error 

Integration 

fJ3x3dx 

= J<3x3 )!dx 

= f9( x3 )'1 dx 

= J9xi dx 

9xi 
=--5 

'!' 
s 

18x! 
=--+c 

5 
Algebraic Error 

(Error in manipulating the 
indices before differentiation) 

(Error in manipulating the 
indices before differentiation) 

Table 4.10 

C2 experiences breakdown of procedures due to algebraic error. The breakdown 

occurs in the first step. In the second problem she overgeneralises the basic rule of 

integration and the product rule of differentiation or possibly the chain rule. This 

phenomenon occurs after getting the first step correct. Performance for C2 is 

tabulated on page 47. 
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Differentiation 

y=J2; 
t 

=2x 
I 

dy = 2x-'l' 

dx 2 
1 

=t x 

Algebraic error 

Solutions of C2 

Integration 

fMdx 

= J(3X3)tdx 

= i(3x3)~ +iX4 

Overgeneralisation of basic rule of 
integration and product rule in 

differentiation 

Table 4.11 

In the case of D students, a comparison of their solutions in differentiation and 

integration cannot be made. This is because one of the D students, D2, left the 

interview room before answering both questions. D 1 is able to use the chain rule but 

fails to simplify the final answer. The work of D2 is shown in the table below: 

Solutions of D 1 

Differentiation Integration 

y _ (2X3)~ 
f(6x)2dx = i( 6X)3 x 6 

dy x( 3t' 2 dx = 2x x6x = 18(6xf 

= 12x2(2x3r~ 

Chain rule 
Mixture of the basic rule of 

integration and the chain rule 

Table 4.12 

From the above observations it is found that the more able student, in this case Bl, 

has strong conceptual structures which enable her to retain and retrieve effectively the 

necessary mathematical information when required. In performing detailed 

procedures she tends to reflect the previous steps as they proceed to the next steps by 

joining the existing information to the new mathematical facts. By this means, her 

procedures are more likely to be connected in reasonable sequence and hence 
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breakdown in solutions is noticeable and can be avoided. In contrast, the conceptual 

linkages for the less able students are less well connected. Their bits of mathematical 

information may not connected. So, when recalling the required mathematical facts, 

they usually get the inappropriate bits. These inappropriate bits will affect the 

reasonableness of procedures of the less able students. 

4.6 Flexibility of method in solving same calculus problems 

Certain calculus problem can be solved in a number of ways. These methods are not 

necessarily common rules in differentiation or integration. Sometimes they are more 

efficient ways for the students to obtain solutions. For example in differentiating 

1 + 2
X2 

the problem can be solved easier by first simplifying the expression as 4 + 1 
x x 

before carry out the actual process of differentiation. Out of seven students attempting 

this problem, only B 1 uses this method. This student is the more successful one on 

several items in the test. She uses her strong conceptual knowledge and links to 

interchange the symbolism in a meaningful manner and displays her procedure thus: 

This student can also see the expression 1 + :2 as a quotient. Thus the quotient rule 
x 

can be used to differentiate the expression directly. According to this student she 

preferred the fonner method. Her richness in conceptual links makes her more likely 

able to choose the easier method to be employed. 

In contrast less successful students may not easily realise the existence of the first 

method and their narrower procedural knowledge fails to help them in switching the 

calculus symbolism in getting the easier approach. As these students cling onto 

specific strategies, they find great difficulty in handling the calculus task. In this 

problem the less able students see the expression to be differentiated just as a quotient 

which leads them into more complicated symbol manipulations. 
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Based on the analysis of students' perfonnance in this question, six out of seven 

students tried to solve this problem by a complicated quotient rule method. Out of six 

students, only two of them, A I and C I, managed to get the correct solution. 

1 +X2 
Y=­

x 2 

U = 1+ x2 
V = x2 

du dv 
- =2x -=2x 
dx dx 

dy = x2.2x-(I+x2)(2x) 
dx X4 

2x3 
- 2x - 2x3 

4 
X 

2x 
=- X4 

2 
=- x3 • 

Four of them failed to obtain the simplified fonn of a solution. Of these four students, 

two of them, A2 and B2, displayed incomplete procedures while the other two, 01 

and C2, failed to simplify the solution. As the less able students seem to be lacking in 

conceptual structures, they are less likely to reflect back on all the steps they have 

displayed and fail to check whether the solutions they have obtained are reasonable or 

otherwise. The performance of these four students can be tabulated as below: 

Solutions of Students 

Incomplete procedure Non-simplified answer 

u = 1+ x2 
V =x2 

U = 1+ x2 
V =x2 

du dv du dv 
-=2x -=2x -=2x - ... 2x 
dx dx dx dx 

(X2 X 2x) - [ (1 + X2) x 2x ] dy x 2(2x) - {I + x2}(2x) 
= -= 

X4 4 dx X 

2x3 - 2x( 1 _ X2) .. 2x3 -2x- 2x3 

... 
4 

2X(X2 -I-
x 

2x ---X4 

2 students 2 students 
(B2& *A2) (01 & *C2) 

Table 4.13 
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By these observations, it seems that the less able students believe the quotient rule to 

be the only means to get to the solution for this problem. They fail to see that this 

problem can be solved by at least four methods namely - by first simplifying the 

expression prior to actual differentiation, by using the quotient rule, by using the 

product rule, and by rearranging the equation and using implicit differentiation. In 

this study none of the students was able to carry out more than two approaches named 

above in tackling this problem. None of them used the product rule or the less 

familiar implicit differentiation. Only one student (B 1) in the interview responded 

that this problem can be solved by two methods. 

In solving this problem, I can use the quotient rule. But I can also solve this 
problem by another method. (BA(QTS) student, 1993) 

This phenomenon may occur as only seven students were involved in the study. This 

number is very small and hence possibly their abilities are not widely spaced as in the 

whole population. 

However, there is an indication that the more able students have flexibility in using 

approaches with more than one strategy for solving the same calculus problem and 

have the ability to switch easily from one representation to the another, looking for 

the simpler method. Such a student is more likely to succeed in working out the 

solution for a calculus task. The less successful students lack flexible strategies and 

may find great difficulties in solving various types of calculus problems. 

4.7 Algebraic misconception 

One cause of an algebraic misconception results from the failure in handling indices 

during manipulation. For example, question 5, in section I(a), 

Find : when y = ( x + ~) 2 

Some students seem to prefer to expand the square of the expression prior to 

differentiation. Out of seven students attempting this problem, five students tried to 

get the solution by using this approach. Because of their weaknesses in handling 

indices during algebraic symbolic manipUlation, all five failed completely or managed 

to expand the expression partially. Students' errors in handling indices in this problem 

can be tabulated as on page 51. 
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Errors of students 

y 
( 1 2 

=\X+-;) Y= (X+±f Y=(X+;f 

= (X +;) ( x + ~) (X+X-'r (X+X-'r 
2 2 -I (-1)2 (X+X-I)(X+X-I) 

2 2 1 
x + X.X + x 

- X +-+- X2 + 2x-1 + X-2 2 -2 X X2 X +X 
dy 

=2x -2lnx-2x-3 dy 2 2 -2 2 -3 El=2x_ 2 -= X- x - x 
dx dx dx X3 

A2 B2 AI, *Cl & Dl 

Table 4.14 

From the above analysis, A2 made an algebraic error when she expanded the 

. ( 1)( 1) 2 2 I . h . expression \ x + -:; \ x + :; to get x +:; + x2 • Perhaps, III t e expansIOn A2 

conceived all the expressions must contain x. So, instead of writing 2 in the expanded 

expression she writes ~. This expression may seem appropriate because the next 

. . 1 
expression IS 2". 

x 

x 

B2 makes an error when she simplifies the expression x2 + 2x.x-' + (X-
I

)2 as 

x2 + 2x -I + X -2. In this case, perhaps this student multiplies the power of x in the term 

2.xx -I as 1 x ( -1), leaving the term in the answer as 2 x -I • 

AI, Cl and Dl who made the same errors expanded the square (X+X-I)(X+X-I) 
as(X2 + x-2). These students failed to see the existence of2 as the middle term. Such 

a type of error perhaps arises from over generalisation of previously learned 

procedures which is in accordance with view of Hiebert & Carpenter, (1992), i.e. if 

(.xyt is x"y", then many students will think (x + y)" is x" + yn. 

4.8 Other form of algebraic misconception 

In problem 2 from section I(a), i.e. 

Find dy when y= It, 
dx (x+l) 

51 



two students B2 and C2 were able to carry the procedural differentiation but had 

misconceptions in their final answers. Their performance in this problem can be 
tabulated as below: 

Solutions of students 

B2 C2 

y=(x+lr" 1 
y== 

dy = -t{x + l)-t 
(x+ I)~ 

dx y=(x+l)-t 
2 

:&. == -t{x + l)-~ =-
(x + 1)4 dx 

1 
==-

t(x + l)t 

Table 4.15 

. 1 
In thIS case, C2 produces an answer - ( )t possibly after conceiving the 

t x+l 

expression -t(x + W! as -H(x + l)tr' . 

In problem 4 from Section I(a), 

Find dy, when y = J2X3 , 

dx 

01 is able to carry out the process of differentiation but has a misconception in her 

final answer. 

Solutions of 01 

Oiff erentiati on Integration 

y=(2X3)~ 2 I( l f(6x) dx = '3 6x x6 

dv ~(3rt 2 ... 18(6xY -' = 2x x6x 
dx 

= 12x2 (2X3 r t 

Table 4.16 
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Here, D 1 finds difficulty in simplifying the complex expression. She makes the error 

after conceiving the product of M x 6 as 12 to yield an answer for the above problem 

as 12x2 {2x3 r~. 

In the integration problem 

Evaluate f(6x)2dx 

she makes a similar kind of mistake in simplification of the answer. 

4.9 Errors in performing integration and differentiation 

Some students overgeneralised the calculus rule or wrongly applied the existing 

formulae when trying to work out the answer for certain problems. For example, Al 

overgeneralised the basic rule of integration when she gave the answer for problem 3 

from section I(b), 

as 

1 3 
-(6x) + c. 
3 

In solving problem 2, 

f 1 dx 
(x _3)5 , 

A2 over generalises the mixture of integration of reciprocal function 1. and the basic 
x 

rule of integration as she proceed as follows: 

1 -5 

f(x_3)5 dx - f{x -3) 

= In (x - 3 r5 
+ c 

In{x-3)-4 
= - +c 

4 

B lover generalises the basic rule of differentiation when she tries to solve problem 5 

in Section I(a) as follows: 
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B2 over generalises the basic rule of integration in problem 3 in Section I(b), when 

she demonstrates her procedure in trying to get the solution as shown below: 

C2 makes an error when she wrongly applies chain rule to problem 5 in Section I(a). 

Her work is as shown below: 

C2 also overgeneralises the basic rule of integration possibly with the product rule or 

chain rule in integrating expression in problem 4 in Section I(b), when she tries to 

solve the problem thus: 

fMdx 

= J(3x 3
)!dx 

=i(3x3t +~X4. 
Dl has a mixture of the basic rule of integration and possibly the chain rule in 

differentiation when trying to solve problem 3 from section J(b) 

Evaluate f<6x) 2 dx 

as follows: 

In =~(6XY x6 

= 18(6x)3 
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4.10 Summary 

From the above observations, it is found that the grade A student failed to see the 

sameness of a solution when it is displayed in different mode. Thus, it is hypothesised 

that students who are good at symbolic manipulation may not necessarily be able to 

reasonably interpret the same objects in different forms. 

The more able student, Bl, displays detailed procedures in problems 4 in Section I(a) 

and in problem 4 in Section I(b). This phenomenon suggests that there is no 

correlation between curtailment of procedures and success. The failure to get a wide 

spectrum of students' performance may be due to the limited size of the sample 

involved. In this study, only eight students (one left before interviews ended) 

participated. Hence, it is possible this phenomenon might affect the study. Thus, it 

become more obvious that some students who are successful may wish to include a 

detailed solution to make sure they are correct. Thus more successful students might 

include both curtailed and detailed solutions. 

Here, the more able student possesses a number of reasonable representations and 

tend to show flexibility in switching from one representation to the other. Thus, it is 

hypothesised that students with higher grades may have more strategies to tackle the 

same calculus problem and are likely to choose the easier method. The students with 

lower grades, with inadequate conceptual knowledge are more likely to be satisfied 

with the security of a single familiar procedure. 

4.11 Implication for the main study 

4.11.1 Limitations ofthe pilot test 

1. The pilot study was designed to identify range of students' performance in the first 

year calculus course. Thus, the most appropriate students selected must be based on 
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their achievement of calculus course at A-level. But the students here are selected on 

the basis of their achievement in mathematics in general, which is less appropriate. 

2. The students involved in the study are prospective teachers. Since in the main study 

at the Universiti Teknologi Malaysia, engineering students are also involved, the 

result of the pilot study might be giving a very vague notion about all students' 

thinking and their performance in a calculus course. These two group of students 

might have different levels of achievement and thinking in calculus. 

3. During an interview, two students are chosen and are interviewed openly one after 

the other in the same room. Since the questions asked are the same, the second 

student might consider and imitate the first student responses and thus fail to express 

her/his own personal views or responses. In other words, the interviews in the pilot 

study are not independent and confidential. 

4. The same phenomenon might be seen during answering the questionnaires. Since 

the students sat very closely together, one could copy the solution of the other. In 

addition to that, good student's achievement might have some effect on the feeling of 

their weaker friends. Thus, the weaker students might present not their actual work 

but only one which they consider is desired by the interviewer. 

4.11.2 Comments about the questionnaires 

1. All the integral problems are of indefinite form. Thus, students' knowledge and 

ideas regarding the definite integral can not be identified. 

2. There are no graphs or illustrations in the pilot test. 

In order to design the questionnaires for the pilot test at the Universiti Teknologi 

Malaysia, the questions are carefully re-selected from the set of the pilot test at the 

University of Warwick. The questions in pilot questionnaires at the Universiti 

Teknologi Malaysia will be discussed in Chapter 5. 
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CHAPTERS 
PILOT STUDY AT mE UNIVERSITI TEKNOLOGI MALAYSIA 

S.l Introduction 

Based on Krutetskii's (1976) findings on younger children, it was initially 

hypothesised that there would be a correlation between university student's 

mathematical ability and his/her curtailment of solution. However, in the pilot test at 

the University of Warwick, some successful students preferred to write out algorithms 

in detail, so this is likely to be less clear. What was revealed in the pilot test at the 

University of Warwick was a qualitative difference between "more" and "less" 

successful students in which the "more" successful solve certain calculus problems by 

using general strategies which are less algorithmic. 

Such a possibility may be revealed when a student is given a problem which looks 

like a straight algorithm but is actually simplified further by doing some preliminary 

non-algorithmic simplification. For example: 

. dy 1+ x2 

Fmd - , whenever y = --2-' 
dx x 

I d .. h d· . f 1+x2 . h d d I . h &' th n etermmmg t e envattve 0 --2 -, uSlOg t e stan ar a gont m lor e 
x 

derivative of a quotient involves the student needing to use the formula in a 

cumbersome way and then simplifying the result: 

1 +X2 
Y---,­

x~ 

u=1+x2 

du 
-=2x 
dx 

dv 
-=2x 
dx 

dy _ x2.2x - (1 + x2 )(2x) 
dx - X4 

2~ -2x- 2x3 

4 
X 

2x 
=- X4 

2 
=- x3 
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Using such a formula or method may involve a complicated computation and lengthy 

algorithm which need stages of simplification later on, which will be termed post­

algorithmic simplification. 

However, if the expression is first simplified as x-2 + I then its derivative is straight 

away seen to be - 2x -3, affording a considerable reduction in processing. 

Students may shorten their solutions in various ways. For instance, the initial 

simplification in this problem might be conceived as a succession of formal 

manipulations: 

1 + x2 1 x2 
2 

--2-=-2+2'=X- +1. 
x x x 

However, several students compress this further to a single written step: 

A possible reason for this may involve first processing ~ as x-2, then x: as 1. Some 
x x 

students do this by reading the symbol 1 + :2 as two fractions in the form 
x 

1 x2 

--2+-2- , 
x x 

I 
scanning it in such a way as to read 2', translating it and writing it down 

x 
immediately as x -2, then the rest of the expression is seen and written down as + I. By 

operating in this way, the simplification may be written down in a single composite 

step. Such simplification of an algebraic expression before carrying out the actual 

process of differentiation is termed conceptual preparation. 

For the purpose of the main study, it is hypothesised that there is a relationship 

between ability and curtailment (which is expected to be false) and a relationship 

between ability and conceptual preparations of procedures (which is expected to be 

true). 

Graphs contain a considerable quantity of mathematical information. But there is an 

evidence that students find great difficulty in linking the analytical use of symbolism 

to graphical ideas. For example these students were able to draw the graph of certain 

integral problems correctly but ignored them in obtaining the value of the 
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corresponding integral which would help them to get the solutions more easily. Based 

on this evidence, it is also hypothesised in the main study that: 

(a) Students who are good at symbolic manipulation yet fail to link to 
visual ideas. 

(b) Students who are flexible at perfonning familiar processes but fail to 

reverse them. 

S.2 Questionnaires in the pHot study at the Universiti Teknologi Malaysia 

The questions in the pilot test at Warwick university were modified. Several questions 

were deleted because they were repetitions and involved just using procedures in 

order to get the correct answers. The questionnaire used in the pilot study at the 

Universiti Teknologi Malaysia are as follows. This questionnaire was in interview 

fonnat, with the student doing one question at a time followed by a discussion of 

what had been done. 

PILOT STUDY AT THE UNIVERSITI TEKNOLOGI MALAYSIA 

SECTION I 

(i) Evaluate f N dx . 

(ii) Find dy when 
dx 

SECTION II 

1 
(a)y= .£' 

1 + x 2 

(b)y= -2-' 
x 

(i) Find the area of the shaded region. 
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1 

·l·)oj ••• 0 _~'" 

It 

Figure 5.1 

Please explain graphically, how this might be done. 

(ii) By considering the function y = J4 - X2 , sketch and shade the region 

of the graph given by the following integral 

2 r:---T 
f o ~4- x- dx 

What is the value of the above integral? 

The questionnaires in the pilot test at the UTM comprised two sections. Section I 

consists of simple indefinite integral and differentiation while Section II dealt with 

. I 'd All . dy hI. . vlsua 1 eas. questJons except problem ii (a) i.e. find - w en y = r ' 10 sectIOn 
dx -.IX 

I have been taken from the pilot study at the University of Warwick. The purpose of 

selecting those problems have been stated in the pilot study. Problem ii(a) is taken 

from Love and Rainville 's Differential and Integral Calculus (1958, p. 35) and is 

used to identify the extent of students ' ability in curtailment of solution in 

differentiation. Questions 4 from section I(a) in the pilot study at the University of 

Warwick, i.e. find dy when y = J2x3 is omitted. The reason for omission is that 
dx 

problem 4 from T(a) is similar to problem 4 in section I(b), i.e. to evaluate f.J32 dx. 

The only major difference is that one is an integral question while the other one in the 

pilot test at the University of Warwick is differentiation. 

Other questions which are used to identify the basic knowledge and ideas in 

differentiation and integration in the Warwick pilot test are also omitted. They are too 

trivial or can be solved by using a standard rule in calculus. When the students faced 

questions for example find dy , when y = 2 X4 - x 2 
- 6 , they just applied the basic 

dx 
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rule of differentiation or when they came to evaluate f bdx, they either use the 
~x +1 

substitution method or changed it its equivalent f(x+ l)-tdx before integrating it by 

using familiar basic rules of integration. 

In Section II, two new questions are added. The first question aims to identify those 

students who are good at symbolic manipulation yet fail to link to visual ideas. In that 

case questions 3(a) and 3(b) in Section I(a) in the pilot study at the University of 

Warwick are replaced with a problem (i) in Section II as shown above. This question 

is a modification of example 6 from the text used by the first year students (Common 

First Year Mathematics Group of the University Teknologi Malaysia, 1993/1994, pp. 

141-142). The second question in Section II is used to identify those students who 

have a number of representations but fail to link between them. It is stated as number 

(ii) in section II above. This question is taken from Introductory Calculus Unit Guide 

(SMP, p. 26). 

5.3 The sampDng of the subjects 

For the purpose of a pilot study at the Universiti Teknologi Malaysia, a set of twelve 

second year students were chosen at random, six of them from SPK (prospective 

computer science teachers) while the other six from SKA course (prospective civil 

engineers), based on their grades achieved in first year mathematics examination at 

the Universiti Teknologi Malaysia. Their scores in mathematics vary: three with grade 

A, three with grade B, three with grade C, three with grade D. However one of the D 

grade students failed to turn up in the interview. 

5.4 The procedure of the interview 

The questionnaires administered in the interview in the pilot test at the UTM 

commenced on the 6th July 1994. Altogether there were 6 interviews. The second, 

third, fourth, fifth and sixth were carried out respectively on the 7th, 9th, 12th, 14th 

and 17th of July 1994. For each of the corresponding days, there were 2 students 

interviewed at different times. The interviews were held either in the morning, 

afternoon or night depending on the availability of the students. These interviews 

were carried out either in the researcher's office or in a room (specially arranged for 

the interviews) in the students' hostel. The idea of using this combined method was 

already stated in Chapter 3. 

Before the interview each student was invited into the room. He/she was allowed for. 

sometime to relax with some refreshment given. The idea of doing this was to enable 

61 



the student to regain confidence and build a rapport with the researcher. Thus the 

researcher was able to obtain the actual student's responses to the questions posed in 

the interviews. 

At this time the researcher introduced himself to the student. In this introduction the 

researcher explained his post as a lecturer in the Mathematics Department at the 

Universiti Teknologi Malaysia and perhaps he could be teaching them in 1994 if he 

was not away at the University of Warwick in England for a PhD. 

The researcher also told the students about his interest in identifying the extent of 

students' understanding in the calculus course and the researcher was aware that the 

students had completed a calculus course last session. It was emphasised to the 

students that this is not an examination. The result would be confidential to the 

researcher. Lastly, before the interview started the researcher thanked the student for 

giving him some of his/her time in participating the interview. 

Each student was given a set of questions and was asked to write his/her name at the 

top of the front page. The whole process of interviewing and answering all the 

questions lasted for about one hour. After each question had been solved, the 

researcher carried out a similar procedures and strategy to that in the pilot study at the 

University of Warwick. However, in this case all responses were tape recorded and 

transcribed. 
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CHAPTER 6 

ANALYSIS OF DATA IN THE PILOT STUDY AT THE 

UNIVERSITI TEKNOLOGI MALAYSIA 

6.1 A study of the extent to which students compress algebraic 

procedures in terms of the number of steps used to carry them out 

Faced with algorithmic calculus problems, some students preferred 

curtailed solutions while some preferred detailed solutions. However, 

many faced breakdown of procedures in their solutions. In order to see this 

phenomenon, the extent to which students compress algebraic procedures, 

in terms of the number of steps used, is analysed. For this purpose 

question (i) from Section I, 

Evaluate f,/3'7 dx 

is used. Eleven students - three with grade A, three with grade B, three 

with grade C and two with grade D attempted this question. The 

performance of all three grade A students may be summarised as on page 

64: 
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Solutions of grade A students 

All responses correct (3) 

Al A2 A3 

fMdx = f J3x4dx fJ3x3 dx = f(3x3 )!dx 

JJ3x!dx ,/3Jx!dx =J J3x4dx 
5 x! x' =.J3Jx'dx =./3-.2 =.J3-+c 5 5 

2.J3 
'2 ( X!+l) 

=-x" 2,/3 5 =.J3 -
5 =--x"!+c 1+ 1 

5 
2 

=.J3( ~t) 
= 2./3 xi +c 

5 

3 steps 4 steps 6 steps 

Curtailed solution Detailed solution 

Table 6.1 

Out of three A students attempting this question, A 1 uses three steps, A2 

uses four steps while A3 uses six steps in order to get the solution. 

The A student who performed six steps (the more detailed solution) might 

have carried out the procedures as already described in Chapter 4. From 

the above observation, it is found that Al uses the same general method as 

that used by A2 or A3. Comparison of performance of grade A2 and A3 

students in doing this question is described thus: 

3 

In getting to f JIx! dx from the original question, A3 uses more detailed 

procedures (2 steps) than that of A2 (only one step). Similarly in getting to 

J.3( x; ) from f .J3x ~ dx , A3 has included the arithmetic operation in the 

step immediately after the integration process but A2 just uses one step in 

getting to the above stage. Since A3 performs extra steps, A3's solution is 

more detailed than that of A2. In Al and A3's solutions the constant c has 

been left out. 
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However, in building up detailed procedures one may hypothesise that 

these more able students are more likely to make use of their strong 

conceptual structures to link between bits of procedures. They are more 

likely to use their rich conceptual knowledge to reflect the reasonableness 

of their procedures as they proceed. In this way, these students are able to 

display a long systematic sequence of meaningful procedures in reaching 

the final answer (in conventional form) for calculus problems. Thus, the 

breakdown in the procedures are less likely to occur in solutions 

performed by the more able students. 

Out of three B grade students attempting this problem, two of them, B 1 

and B2, are able to reach the final solution while one of them, B3, has an 

error in his procedure. The performance of all three B grade students can 

be seen in the table below: 

Solutions of grade B students 

Correct responses (2) Error (1) 

Bl B2 B3 

fJ3;3dt fJ3xJdt fJ3x3dt 

f(3x3)!dt = f(3x3)~dt f<3x3~dt 

3 = f3-!.X!dt (3x3t .Jjfx~dt 
3 ~ 

,.8'f2xil+c =J3fx'1dt 
= 2(3x3t l5 J 5 

x"! 
2./3 xi +c sJ3.-s +c 3 

5 r 

= 2.$ xi + c 
5 

4 steps 5 steps Breakdown in the 
second step 

Misapplication of basic rule of 
integration 

Table 6.2 

The successful B students in this problem use either four or five steps in 

order to get the solutions. B3 faces breakdown after successfully 

performing the first step. She makes an error in integrating 

65 



as 

In other words, she overgeneralises the basic rule of integration. 

In the case of C grade students, all of them demonstrate erroneous 

procedures. Their performances are as in the table below: 

Solutions of grade C students 

Errors in all responses 

*Cl & C2 C3 

fJ3x3dx fJ3x3dx 

= f(3x3)~dx = f(3x3)~dx 

= f3x~dx -(3X3)~ 

3x! ~ 
=-s-+c 

'! 

2 
= -.3? +c 

5 
6 

= -x~ +c 
5 

Breakdown in the second Breakdown in the second 

step step 
Error due to algebraic Error due to direct application of 

misconceptions basic rule of integration 

Table 6.3 

All face breakdown after the first step. There are two types of errors 

display by the C students. Two of them have algebraic misconceptions as a 

result of changing the integral f(3x3)~dx to f3~dx prior to integration 

whilst the other one considers the integral expression f(3x
3 )~dx as 

fx"dx before erroneously applying the basic rule of integration. 

The two 0 students also experience breakdown of procedures. 01's error 

is due to an algebraic misconception whilst 02's error is due to 

misapplication of substitution method of integration. As in the case of 
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grade C students, the breakdown of procedures occur just after the first 
step. 

Solutions of grade D students 

Errors in all responses 

Dl D2 

fJ3x3dx fJ3x3dx 

= f(3x3)~dx = f(3x3)~dx 

=f3x~dx 'f du 
= f(3u dx 

=3f~dx 

=3~x~+c 
5 

Breakdown in the second Breakdown in the second 
step step 

Error due to algebraic Error due to misapplication of 
misconceptions substitution method of integration 

Table 6.4 

The less able students in trying to perform or to cope with detailed 

procedures probably have to rely most of the time upon their 

memorization of numerous isolated bits of mathematical information. 

Without strong conceptual structures, the less able students may fail to 

retrieve all the necessary information and find great difficulties in using 

them effectively. Hence, the procedures and solutions displayed by these 

students are not satisfactory. In other words, the less able students fail to 

reflect on the appropriateness of their procedures and solutions. Hence, 

they are likely to experience breakdown in their procedures. From the 

above analysis, it is found that one of the grade B students, all the three C 

grade students and both D grade students exhibit such a phenomenon. All 

the breakdown of procedures occur at a very early stage in their solutions. 

6.2 To identify the extent of students' ability in curtailment of solution 

For this purpose, question ii(a), 

dy 1 
find - when y = r= 

dx ~x 
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is considered. All seven students attempted this problem. 

The grade A students perfonnance in this problem are as follows: 

Solutions of grade A students 

A3 Al&A2 

1 y--rx 
~ 

I 

-x 2 y=x"" 

dv l_~ dy 1_~ 
---= --x· ----x· 
dx 2 dx 2 

1 
=-2# 

2 steps 3 steps 

Table 6.5 

A11 three A students attempted this problem. All of them used two steps in 

reaching the answer for this problem. In the case of A I and A2, they have 

written one extra step, i.e. - ~ . But based on idea in the text written 
2"x3 

(Moore, 1973; Kruglak & Moore, 1973, ), the answer of the above 

question can be rewritten as 

3 

1 -t x -., 1 1 
--x -- -:;:r ---

2 ' 2' 2x ' 2G 

or equivalent which may all be considered conventional form. Thus, Al 

and A2' have written the same answer but in different fonn. 

The grade three B students perfonnance on this problem are as shown 

below: 
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Solutions of grade B students 

Bl &B3 B2 

y=x' y=x' 

!!l.. = _'!'x-t !!l.. I-H =--x 
d.x 2 d.x 2 

1 -1 =--x 
2 
-~ x . ---2 

2 steps 4 steps 

TabJe6.6 

In solving this problem two of B students ( Bl & B3) use two steps while 

t.he other one (B2) uses three steps to reach t.he ;'\oJution. B2 includes 

arithmetic operations in the second step. This is why B2's solution is more 

detailed than that of Bl and B3. Here student B2 has displayed one extra 
3 

step in the solution by displaying - x-':' which is another form of the same 
2 

solution. 

From the above oh.~f'.rvatjon, the pTeSf'.J1r.e of I>.-xtTa steps in a solution does 

not necessarily imply that the solution is essenlial(v more detailed than 

that of another. 

Solutions from grade C students are as follows: 

Solutions of grade C students 

Cl & *C2 C3 

1 -t 1 1 
y--'"'x y- rx-y; rx x x 

dy l_~ 
-=--x· 

-x-~ 

d.x 2 1l = - J1x-4 
d.x 

2 steps 3 steps 

Table 6.7 
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Cl and C2 use more curtaiJed solutjons than that of ('3. In ot.ber words, C1 

and C2 perfonn two steps while C3 perfonns three steps in getting the 

solution for this problem. C3 starts to detail the ,solution when she tries to 

convert the expression "* to its equivalent form x-X; she demonstrates 

the intennediate step ~ which Cl and C2 miss out. Perfonnance of 

students with D grndp, are tahulatf'.d as hP-low: 

Solutions of grade D students 

D2 D1 

v = (x)"-! y-x-~ 

.!!...(x)-~ = -.!(xt~ dy =x-~ 
dx 2 dx 

2 steps Breakdown after the first step 

TabJe6.8 

One grade D student (D2) performed the procedures in two steps in 

reaching the solution while anotber (Dl) faced breakdown as she failed to 

differentiate the expression x-~. 
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6.3 Comparison of solutions to problems in ditTerentiation and 

integration 

Question (i), i.e. to evaluate f.J37 dx and (ii)(a), i.e. to find :' when 

J 
y = r.' are used to compare students' solution in differentiation and 

""X 
integration. All questions are from Section I. The perfonnance of Al and 

A3 in these problems can tabulated thus: 

Solution of Al Solution of A3 

Problem (i) Problem (ii)(a) Problem (i) Problem (ii)(a) 

JJ3xt
dx 

J fJ37dx = J(3~)tdx 1 y=x' v--
s dy I-t =J Jix4dx 

".JX 
x"1 

=./3-.2 -=--X· =x--! dx 2 
5 1 .J3i 

2./3 .; = Ix dx dv 1_3 
=-2# ......... = --x' 

=-x dx 2 
5 ( !+l) -.J3 ~ 

%+ I 

=~(x;) 
= 2£ x! + c 

5 

3 steps 2 steps 6 steps 2 steps 
Curtailed solution as Detailed soIllIion 

compared to 

solution of A3 

Table 6.9 

Student Al uses a curtailed solution to solve problem (i)(a) while student 

A3 applied detailed procedures in getting the answer for the same 

problem. Student A3 included arithmetic operations during performing the 

integration process. In other words, this student wrote ~ + 1 in the 

solution. Both answers to this questions are in conventional fonn. For 

problem (ii)(a) student A3 stopped the procedure after getting 

dv 1 -~. hi' f -"- = --x·, but Al continued to the next step to get t e same so utl0n 0 
dx 2 
different fonn. However both solutions (AI &A3) are in conventional 

fonn. 
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Solution of 81 Solution of 82 

fNdx y=x-t fJ3~dx y=x-t 

f{3x3 )!dx 
Ei.. l_~ 

= f(3~)!dx Ei.. I-H =--x- =--X· 
dx 2 dx 2 

3 

= f31.x!dx 1 _;: ,{jfx'-dx =--x 
, 2 

,J3r.!.x! 1 + c =.JJfx!dx x- t 
l5 J ~ 

=--

2.J3 xi +c 
x- 2 

-.JJ· s + c 

5 ~ 

_ 2$ x! +c 
5 

4 steps 2 steps 5 steps 4 steps 
Less detailed Curtailed solution Detailed solution Detailed solution 
soiutionas as compared to 

compared to that of B2 
solution of B2 

Table 6.10 

In doing problems (i) and (ii)(a) from Section I(a), student 82 applied 

detailed solutions when compared to that of 81. Student 82 displayed 

arithmetic operations in her procedures. All solutions displayed are in 

conventional fonn. 
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Solution of C 1 Solution of C3 

fJ3x3dx I fJ3x3dx 1 1 
Y= J"X Y=---J"X - x~ 

=f(3x3)~dx =x-JI,. = f(3x3)~dx =x-~ 

... f3x~dx ~=_~x-12 = 
(3X3)~ ~= -J1x-4 

3x! X 
=-+c 

~ 

= ~.3xX +c 

6 
=-~+c 

5 

Breakdown 2 steps Breakdown after the 3 steps 
after the first first step 

step Error due to direct application 

Error due to an of basic rule of integration 

a1gebmic 
misconception 

Table 6.11 

Both students have an error in solving problem (i). Cl 's error arises due to 

an algebraic misconception by writing (3x3 r as 3x~ whilst C3 made an 

error when overgeneralising the basic rule of integration. But in solving 

problem (ii)(a), Cl used two steps whilst C3 used three steps. Both 

answers to this problem are in conventional fonn. 
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Solution ofDl Solution of D2 

f J3;i3dx y=x-~ fJ3x3dx 
I 

Y= (xf'! 

= f(3x3)~dx dy -I! = f(3x
3
)Xdx ~(xrX -=x 

dx dx 
= f3x~dx '1 du 

= - .!.(x)-:.! = f(3u dx 

= 3fxXdx 
2 

2 
OK 3-x~ +c 

5 

Breakdown Breakdown Breakdown after the 2 steps 
after the first after the first step 

step second step Em)f due direct application of 

Error due to Overgeneralisation substitution method of 

algebraic of basic rule of inte!!J'lltion 

misconceptions differentiation 

Table 6.12 

In the case of D students, both students experienced breakdown of 

procedures in doing problem (i) from Section I. In this problem Dl has an 

algebraic misconception by writing (3x3 ~ as 3x~ whilst D2 

overgeneralised the substitution method. He correctly substituted u = x
3 

in 

(3x3 r but failed to handle dx tenn satisfactorily. In problem (ii)(a) from 

Section I, D2 use 2 steps and give the answer in conventional fonn, while 

student Dl had a breakdown when he tried to differentiate the expression. 

By looking at the solutions of B2, it seems that a student who used a 

detailed solution in one problem may use a detailed solution in another. 

(See page 72). In general, this is not the case since A3 gave a detailed 

solution for problem (i) from Section I but a curtailed solution for problem 

(ii)(a) from the same Section. 

6.4 To identity the relationship between ability and conceptual 

preparation of procedure 

Question (ii)(b) from Section I serves this purpose 

. dy 1 + x2 

Fmd -' ,when y = --2-' 
dx X 
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Out of eleven students attempting this problem, five of them-three with 

grade A and two with grade B solved this problem by conceptual 

preparation of procedure. The way in which students may carry out 

symbolic manipulation in this aspect has already been fully described at 

the beginning of Chapter 5. 

The other six students failed to perfonn conceptual preparation of 

procedures but were successful with a more complex version of the 

algorithm. 

The students' performance and preference of conceptual preparations of 

procedures in this problem may be summarised as follows: 

Students with Conceptual preparation Post-algorithmic 
grade of procedures simplification 

A 3 0 

B 2 1 

C 0 3 

D 0 2 

Table 6.13 

From these observations, it is suspected that there is a relationship 

between students' ability and conceptual preparation of procedures in a 

larger size of population. Based on this fact, it is hypothesised that there is 

a correlation between students' ability and conceptual preparation of 

procedure. 

605 Various alternatives in tackling one particular problem 

Some students have the ability to use effectively more than one method of 

solving calculus problems. This phenomenon can be seen when these 

students work out solutions for problem (ii)(b), i.e. find : when 

Y = 1 + :2 . This problem is chosen because it can be solved by using at 
x 

least four possible alternatives: 

(a) conceptual preparation of procedures, 
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and 

(b) quotient rule, 

(c) product rule 

d) implicit differentiation, if the equation y = 1 + :2 is changed 
x 

into the equivalent form x2y - 1 + x2 prior to the actual 
differentiation. 

Of all seven students attempting this problem, none could solve this 

problem by using four methods or carry out rather complicated implicit 

differentiation. However, from this group of students it is found that, one 

A grade student, A2 is able to use three methods in differentiating the 
1 +X2 

expression --2 -. According to her: 
x 

The expression 1 + :2 is a quotient. Thus it can be solved by means 
x 

of quotient rule. But I think I can go for a simpler method ... I can 

transform 1 + :2 to x -2 + 1 first before performing the differentiation. 
x 

(Second year SPK students. 1994). 

In other words, the first method chosen is conceptual preparation of 

procedures after seeing that the expression can be differentiated easier if it 

is simplified prior to the actual differentiation. The second method 

exhibited by this student is the normal quotient rule. This expression can 

be expressed as a product of two factors, i.e. 

1+x2 1 2 
--2-= -2 (1 +x ). 

x x 

Hence, this expression can be differentiated by means of product rule. Her 

various approaches in getting the solutions for this problem are tabulated 

on page 77. 
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An A grade student with 3 approaches 

l+x2 1 
Y"'--~- x2~(l + x2) - (l + X2)~(X2 

Y= 2"(1+ x 2
) 

x· 
dy 

x 
1 dx dx :z =O+X2)( - ;) + (:2)(2X 

-= =-+1 dx (X 2)2 
x 2 

~-(-~)+o 
x2(2x) - (1 + x2)(2x) _ (_ ~ _ 2) + 2: - (X2)2 

x X x 
2 2x3 -2x -2x3 2 2 2 

=-- == 4 =----+-
x 3 x x3 

X x 
2 2 2 2 =----- ---x ~ X x 3 

2 
=--

x3 

Conceptual 

preparation of Quotient rule Product rule 
procedure 

Table 6.14 

The other two A students (AI & A3) manage to use two alternatives in 

tackling this problem. Both A 1 and A3 showed a preference for 

conceptual preparation of procedure over the quotient rule. 

Out of three grade B students attempting this problem, B2 and B3 show 

the ability of using two methods of solving the problem. B3 shows a 

preference for conceptual preparation of procedure over the quotient rule 

while B2 goes for the reverse. Bl has only one method of tackling this 

problem. He uses conceptual preparation of procedure. 

Out of three C students attempting this problem, only CI can solve this 

problem by means of two methods-the quotient rule and conceptual 

preparation of procedures (in that order of preference) while the other two 

grade C students (C2 & C3) manage to work out this problem only by 

means of the quotient rule. 

In the case of two D grade students, one (D2) demonstrates two ways of 

getting the solution for this problem. She prefers the quotient rule over 

conceptual preparation of procedures. The other one (Dl) just applies the 

quotient rule for this problem. 
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The various approaches used by the students in tackling problem (ii)(c) 

can be summarised as follows: 

Student Performance (in order of preference) 

Grade 3 App. 2 App. lApp. 

A 3 2 0 
1 CPIQRlPR 2CPIQR 

B 0 2 1 
I CPIQR. I QRICP CP 

C 0 1 2 
QRICP 2QR 

D 0 1 1 
QR/CP QR 

Table 6.15 

Key: App.-Approaches/Approach; CP-Conceptual preparation of 

procedure; QR-Quotient rule; PR-Product rule 

From the above observation, it is possible that the students with higher 

grades have more flexible strategies in dealing with symbolic 

manipulation. They show the ability to relate meaningfully between 

symbols. For example, A2 is able to interchange the symbolism in the 

. 1+x2 h h . b d equatIon y .. --2- so t at t e equatJOn can e represente as 
x 

y - ~(1 + Xl). They tend to use those approaches which involve less 
x 

cognitive strain. Such an ability may not be fully developed in less 

successful students who are more likely to cling to specific rules. 

6.6 Effect of the nature of the problem on conceptual preparation of 

procedure 

For this purpose question (ii)(c) from Section I, i.e. Find :: when 

2 

y = (X + ~) is used. Out of eleven students attempted this problem, four 

students (A2, B 1, B3 and C 1) expand the bracket before carrying out the 

differentiation. For example 
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2 
-2x-3". 

x 

Four of them (AI, A3, B3, C2) successfully use the chain rule. For 

example, thus 

2 
-2x--. 

x3 

The other three students (C3, DI and D2) failed to give the correct final 

solution. C3 used the chain rule but displayed an incomplete post 

algorithmic simplification. D I wrongly applied the chain rule whilst D2 

correctly applied the quotient rule but failed to carry out the immediate 

post algorithmic simplification. 

79 



Errors perfonned by these students can be tabulated as below: 

Students' solution 

C3 DJ D2 

( 1 2 
dy = 2( x +.!.) . .!.. y=\x+;) dx x x 2 

( 1 2 

Y-\X+~) 
Z = 2{x+x-l)x(1-x-2) ( 2) J 2 

-,2x+; .x2 =(X2+1\ 

- 2( x + !) ( 1 -:2) 2 2 
x ) 

... -+- dy (X)2( 4x3 + 4x) _(x 4 + 2X2 + 1)(2x) 
X x 3 

-0: 

(X2 )2 dx 

4X6 + 4r -2x5 -4r -2x ... 
(X)4 

4x6 -2xS -2x 

(xt 

Incomplete post Wrong application Correct quotient rule but error in post 

algorithmic simplification of chain rule algorithmic simplification 

Table 6.16 

Conceptual preparation of procedures varies from case to case and is not 

given by a single algorithm, so students may use some fonn of conceptual 

preparation of procedures in some calculus problems, but not in others. 

Sometimes it may not even be clear whether some fonn of conceptual 

preparation may be advantageous. For instance, the problem 

1 
is best solved by using the chain rule with u = x + - to obtain the 

x 

d · . . h r "-I du H h bl envative ID t e Jonn nu -. owever t e pro em 
dx 

dv (1 2 

Find dx ' when y = , x + x) 
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happens to be more curtailed by expanding the bracket to differentiate 

x2 + 2 + x-2
• In this case there is a choice between using the generaJisable 

chain rule method and the particular method expanding the bracket, which 

happens to be marginally shorter. This is reflected in the performance of 

the grade A students where one of three A students expanded the bracket 

prior to differentiation. 

6.7 Students who are good at symbol manipulation yet fail to link this 

to visual ideas 

Question (i) in section II, 

Find the area o/the shaded region. 

'1 

t.,., •• 8 D-..JC:!'" 

Figure 6.1 

Please explain graphically, how this might be done. 

is used for this purpose. Out of eleven students, onJy one of three grade A 

students managed to solve this problem. An example of the grade A 

performance is as follows: 
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-=- -t .1 ) ~ I q - :!:1 ]. 1.- ?, 
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-:::- 1 

.", 

--
1 
-v 

Although this student succeeded in computing the area, he failed to 

explain graphically how this might be done. This phenomenon occurred 

because the process of integration was carried out with respect to the 

variable y. 

In the class most of the times we were given questions, with the 
integrals that can be evaluated with respect to the variable x .. But if 
we were given the integrals than can be evaluated with respects to 
variable y, the related questions are not as difficult as this one. 

(Second year SPK student, 1994). 

However, from the above observation there is a possibility that there are 

students who are good at symbolic manipulation yet fail in linking up their 

computational outcomes to visual ideas. 

6.8 Students who can compute the area by using an integral notation 

but fail to use the area to compute the value of the integral 

Some students may have several representations of mathematical concepts. 

But when it comes to solving certain calculus problems, they fail to switch 

from one representation to another. When this inflexibility occurs these 

students have great difficulties in finding the solution for a certain calculus 

problem. For example in problem (ii) from Section II, i.e. 
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By considering Lhe function y = ,14 - x2 
, sketch and shade 

the region of the graph given by the following integral 

2 ,-;-----:r fa v4- x~ dx 

What is the value of the above integral? 

In this problem A2 and A3 is able to draw the graph fa2 J4- x2 dx which 

represents a region within the circle in the first quadrant. 

-2 o 2 

Figure 6.2 

They succeed in using the integral notation to calculate the area under the 

graph. However they are probably unaware that the area under the graph 

can be used to find the corresponding value of the integral. 

Two students, A 1 and B2 try to get the solution by means of trigonometric 

substitution but can only proceed halfway due to the failure of retrieving 

the trigonometric identity involved in the procedure. 

The rest of the students cannot proceed at all or soon break down. 

In this problem each student is required to draw the graph f: ,14 - x
2 
dx 

before proceeding with the computation. If they fail , they are guided until 

the correct graph is drawn. 
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The perfonnance of students in this problem can be summarised as below: 

Solutions of student in problem (ii) in section II 

Trigonometric substitution Incomplete procedure 

2 r;---, fo ..;4 - x-dx 

x -2sin6 

dx = 2cosde 
When x ",,0; 6 .. 0 

x =2;6= ~ 

(J4 -4sin 2 6 2cos6da 

- t2Jl-sin2 6 2cos6da 

= t 4cos
2 ed8 

2ooS2 6-1 -oos2e 

4cos2 6 ... 2 + 2 cos26 

t2+2COS26d6 

= 2t(1+ cos26J16 

= 2r6+.!sin261~ 
l 2 Jo 

... 4(~ +0) -(0 +0)] 

=.11: 

*A2&A3 

r: J4-rdt 
x=2sin6 

dx = 2cosdO 

f J4- 4sin2 6 2cos6d6 

Al &*B2 

Table 6.17 

Error 

10(4 _X2)~dt 
r2(4- X2)Q2 

... l 3 10 

3 

2(4)T 
-0--

3 

2.[1 
=-

3 
2(8) 

""--3 
16 

3 

From the above observation A2 and A3 students show flexibility in using 

the integral notation in finding the area of a region under the graph, but 

fail to use the area under the curve to find the value of the integral. This is 

because of the lack of a process in the reverse direction when these 

students have already become fixed in solving certain problems in a 

particular way. 
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6.9 Summary of the Pilot Test at the Universiti Teknologi Malaysia 

From the above analysis, the students with higher grades can curtail and 

detail their solutions. For example, in problem (i) from Section J, in 

reaching the solution for this problem, A 1 used three steps whilst A3 used 

six steps. A3 performed a detailed solution may be because she wanted to 

make sure that every step carried out was right. In order to perform long 

detailed solutions, A3 must have strong conceptual and cognitive links to 

enable them to join all the necessary bits of mathematical information in a 

meaningful manner. A3 may have the ability to reflect on the previous 

steps while perfonning the new one. Hence by doing so, A3 is less likely 

to experience break down in her procedures. The students with lower 

grades have more fragile conceptual knowledge. They are more likely find 

great difficulty in making cognitive connections and thus they are more 

likely to make errors in their procedures and thus exhibit breakdown of 

procedures. 

In this study A3 has three strategies whilst Al and A2 have two ways in 

tackling the same mathematical problem. From here it is observable that 

A3 has three representations (all symbolic manipulation) of the particular 

mathematical concepts. Out of variation of methods or representations, 

there is an indication that the students with higher grades prefer to use the 

conceptual preparation of procedures in solving certain calculus problems 

so as to make their computation easier. From the above analysis the 

students with lower grades are less likely to switch freely and easily from 

one representation to another. Hence if they work using a single 

representation they are reluctant to break away from it. 

This evidence suggests that there is a correlation between students' 

success and flexibility of process (several procedures for the same desired 

outcome). 

6.10 Limitations of the Pilot Test and Suggestions for the Main Study 

at the Universiti Teknologi Malaysia 

6.10.1 Question in the pilot test at the Universiti Teknologi Malaysia 

The problem on graphical ideas in the pilot test at the University 

Teknologi Malaysia is too difficult for many students. Only one with 

grade A was able to get to the computational solution. The rest could not 
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proceed. So, for the purpose of the main study, another question was 

carefully selected so that the value of the definite integral could be 

evaluated with respect to the variable x. Such a question is considered 

appropriate because much of the time, the students face integration 

problems with respect to that variable. 

6.10.2 The tiDdings ill the pilot tests at the University of Warwick and 

Universiti Teknologi Malaysia. 

Based on results obtained in the pilot test at the University of Warwick 

and the pilot test at the Universiti Teknologi Malaysia, it was 

hypothesised that: 

(a) There is a correlation between students' ability and 
their curtailment of solution (which is expected to be 

false). 

(b) There is a correlation between students' ability and 
conceptual preparation of solutions. 

(c) There is a correlation between students' ability and 
flexibility of process (several procedures for the same 

desired outcome). 

(d) Students may be good at symbolic manipulation yet 

fail to link to visual ideas. 

(e) Students may be flexible at perfonning familiar 

processes but fail to reverse them. 

6.10.3 The place to carry out the illterview 

In order to obtain unifonn data, all the interview were carried out in the 

researcher's office so that all the students will experience the same 

learning environment in answering the questions posed to them. 

86 



CHAPTER 7 

METHODOLOGY OF THE MAIN STUDY AT THE UNIVERSITI 
TEKNOLOGI MALAYSIA 

7.1 Introduction 

In order to get a wide spectrum of students in dealing with calculus symbolic 

manipulation, a study which involved a group of 36 selected students was carried out. 

This study commenced on 9th of A ugust and ended on 25th of September 1994. 

7.2 Sampling 

7.2.1 The subjects 

The students chosen were those second years undergraduates who had undergone the 

same calculus and mathematics courses in the first year. They were from group SPK 

course (prospective computer-science teachers), and group SKA courses (prospective 

civil engineers). The number in each group initially were 83 and 95 respectively. The 

other engineering students following the same calculus course or students taking 

different mathematics courses in the first year were left out. Based on grades and 

marks of mathematics obtained in the first year examination, the students' ability 

involved in this study range from 50% up to 90% of the total population The top 10% 

were not included because they were sent overseas to further their study. The bottom 

50% percent have taken different mathematics course in the first year at the Universiti 

Teknologi Malaysia. 

Each group of students was divided into three categories according to their grades A, 

Band C. Students having grade E and some with grade 0 were considered not to 

reach the minimum requirement in the first year examination. Since some of them 

were not given chances to continue or to repeat the course, the number of these 

categories of students in the class was very small and insufficient for this study. For 

example, from the SPK course, only four students scored grade 0 and two had grade 

E in mathematics (with overall grade C compensated by better perfonnances in other 

subjects). Thus, the investigations of mathematical thinking of the second year 

students are restricted up to only those students having A, B and C grades. 
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7.2.2 The procedures 

In the main study, the students (different from those in phase one) are grouped 

according to their grades A, B and C. Their names are arranged in alphabetical order. 

To ensure the randomness of the selection of the students, the first nine students were 

chosen from each group. Altogether fifty four students were selected: twenty seven 

students from SPK course and twenty seven students from SKA course. 

In this study it is suspected that students may have different attitudes towards 

calculus. This notion is based on Yusof's (1995) finding that students have different 

attitudes towards mathematics. Thus in order to obtain students' homogeneity from 

this aspect, each of them was given an attitudinal questionnaires towards calculus. 

The questions (as stated below) are based on Yusof's (1995) thesis on problem 

solving: 

Q1. The calculus topics we study at the university make sense to me. 

Q2. I learn calculus through memory. 

Q3. I usually understand a new idea in calculus quickly. 

Q4. I am able to relate calculus ideas learned. 

Q5. Calculus is abstract at University. 

In addition students were asked: 

Q6. In few sentences describe your feeling about calculus. 

Questions one to five are based upon a five point scale: Y, y, -, n, N (i.e. definitely 

yes, yes, no opinion, no and definitely no). Questions Ql, Q3 and Q4 are considered 

positive while questions Q2 and Q5 to be negative. Based on Yusof & Tall (1995) the 

score recorded on responses of the former is the reverse of that recorded on the latter. 

In this study responses of positive questions, thus-the response N is equivalent to 

score 0, response n is equivalent to score 1, response - is equivalent to score 2, 

response y is equivalent to score 3 while response Y is equivalent to score 4. Thus, 

score 0 implies the most negative attitude, score 2 indicates that the students has no 

opinion regarding the course and 4 implies the most positive attitude towards the 

subject. In general, a score of below 2 represents a negative attitude and a score above 

2 represents a positive one. 

The total score of each student was computed. Three students who showed more 

positive attitude and three students with more negative attitude towards calculus were 
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identified and selected from each group of nine students. Altogether thirty six 

students were selected with their total attitudinal scores on calculus were as follows: 

Student MaIhs Attitudinal Scores Total 
No. Grade 01 02 Q3 Q4 05 Score 

13 A 4 3 3 3 3 16 
18 A 3 4 3 3 3 16 
19 A 4 3 1 3 4 15 
21 A 3 3 2 3 3 14 
17 A 4 3 3 3 1 14 

22 A 4 1 1 3 3 12 

23 A 3 3 1 1 3 11 

24 A 3 3 3 1 1 11 
14 A 3 1 1 1 0 6 
15 A 2 0 1 1 1 5 

20 A 2 1 1 1 0 5 
16 A 0 0 1 2 0 3 

7 B 4 3 4 3 3 17 

8 B 4 3 3 3 2 15 

9 B 4 3 3 1 3 14 

1 B 3 3 1 3 3 13 

10 B 4 1 3 3 1 12 

6 B 4 3 1 3 1 12 

5 B 3 3 1 3 1 11 

11 B 4 3 1 1 1 10 

12 B 3 1 3 2 1 10 

2 B 3 0 1 1 2 7 

3 B 3 1 0 1 0 5 

4 B 1 1 0 1 1 4 

28 C 3 4 3 3 3 16 

29 C 3 4 3 3 3 18 

30 C 3 3 2 3 3 14 

31 C 1 3 3 3 4 14 

33 C 3 3 3 1 3 13 

32 C 4 0 4 3 1 12 

36 C 4 1 1 3 0 9 

35 C 4 1 1 1 1 8 

34 C 2 2 1 1 0 6 

27 C 3 0 1 2 0 6 

25 C 1 0 1 1 1 4 

26 C 1 0 1 1 1 4 

Table 7.1 
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7.3 Aim of the study 

Students in the main study at the Universiti Teknologi Malaysia were grouped 

according to their mathematics grade-A, Band C, obtained in the first year 

mathematics examination. The aims of this study are (i) to identify some possible 

qualitative differences and (ii) to test for their significant difference. 

(i) Qualitative differences which are likely to occur have been stated at the end of the 

last Chapter. 

(ii) Test of significance 

The intention of this study is to look for significant difference of the above qualitative 

differences at 1 % and 5% level by making use of a 'l test with Yates correction. The 

number of students in each group involved in the study is very small as low as 12 

students, a slight change in the figure might affect the statistics greatly. Hence the 

statistic used is not stable. Thus, in this study qualitative differences at 10% level are 

also included. For instance, suppose we have two groups of art students - X 

(experienced artists) and Y (non-experienced artist) and there are twelve students in 

each group. Let 3 be the number of students in group X prefer light colour -LC 

while 9 students in this group like heavy colour- He. Let the number of students in 

group Y be the reverse. 

Group LC HC 

X 3 9 

Y 9 3 

Total 12 12 

Table 7.2 

By making use of a "1.2 test with Yates correction. there is a relationship between 

artists' experience and preference of colour and it is significant at the 5% level. Since 

the number in each group is as small as 12 students, a slight change in the figure 

might have a considerable influence on the statistics used. Based on the above table, 

if the number of students who prefer heavy colour in group X is changed to eight, and 

those who prefer light colour to be four, it is found that relationship between artists' 

experience and preference of colour is no longer significant at 5% level . However, 

the statistic is significant at 10% level. 
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7.4 Calculus questionnaires in the main study 

7.4.1 The calculus questions 

In this study, the questionnaires are administered in interviews similar to that 

performed in the pilot studies at the University of Warwick and the Universiti 

Teknologi Malaysia. The reasons for using a combined approach is already 

mentioned in the pilot study at the University of Warwick. The calculus questions 

used in this study are as follows: 

Question 1. 

Evaluate 

(a)fNdx. 

(b) f(x + 1)2 dt-

Question 2. 

Find : • when 

1 
(a) Y= .JX 

(b) y _ 1+ x
2 

- x 2 

Question 3. 

Based on the diagram below. compute the area of the shaded region. Please explain 

graphically how this might be done. 
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Question 4 

... . ' .. . 
ft 

Figure 7.1 

By considering the function y _ J4 - x2 
, sketch and shade the region of the graph 

given by the following integral 

What is the value of the above integral? 

7.4.2 Source and rationale of calculus questionnaires 

The questions in the pilot test at the Universiti Teknologi Malaysia were modified for 

the second phase (main part) of the study. A few questions are added to the pilot test 

at the Universiti Teknologi Malaysia. Those questions added are 

l(b) f(x + 1)2 cit" 

1 
2 (a) Y= JX 

1 X4 
2(d) Y=--2 ---

1+ x 1+ x 2 

The following question (i) in Section II on graph in the pilot test proved too difficult 

for most students. 
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Find the area of the shaded region. 

, 

Please explain graphical~y, how this might be done. 

Figure 7.2 

This graph has been replaced by the graph in question 3 above. 

Questions l(a), 2(b), 2(c) and 4 are taken from questions of the pilot study at the 

Universiti Telrnologi Malaysia. The rationales for choosing these problems and their 

sources have been stated in the pilot study at the Universiti TeknoJogi Malaysia. 

Question l(b) is taken from the pilot test at the University of Warwick. Its source and 

rationale has been stated in the pilot study at the University of Warwick. 

Question 2(a) is designed to study the extent to which students compress algebraic 

procedures in terms of number of steps used to carry them out. Its source and 

rationale has been stated in the pilot test at the Universiti Telrnologi Malaysia. 

Question 2(d) is used to identify the fragility of conceptual preparation of procedure. 

This problem is taken from Calculus Tutorial Questions for the First Year Students at 

the Malaysia (Common First Year Mathematics Group of the Malaysia, 1993/1994). 

Question 3 is constructed to identify those students who are good at symbolic 

manipulation yet fail to visualise a representation. This question is taken from the text 

used by first year students (Common First Year Mathematics Group of the Malaysia, 

1993/1994, p. 139). 

7.S Interviews 

In the main study students' thinking in calculus is revealed by questionnaires 

administered in the interviews similar to that performed in the pilot study at the 

University of Warwick and the pilot study at the Universiti Telrnologi Malaysia. The 
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reasons for choosing this combined method have been described in Chapter 3. Open­

ended questionnaires are used in the interviews consisting of two parts. The first part 

of the interview mainly focused on how the students learned calculus. The second 

part of the interviews in this study is based on the questionnaires and deals with 

symbolic manipulation relating this to other aspects such as drawing and 

interpretation of graphs. There are several reasons for choosing such questions: 

... they are flexible; they allow the interviewer to probe so that he may go into 
more depth if he chooses, or clear up any misunderstandings: they enable the 
interviewer to test the limits of the respondent's knowledge; they encourage co­
operation and help to establish rapport; and they allow the interviewer a truer 
assessment of what the respondent really believes. 

(Cohen & Manion, 1989, p. 313). 

7.S.1 Interview questions 

The first part of the interview: 

The questions posed are informal with the intention of getting general information on 

how the students study calculus. For example: 

General idea on how students find calculus topics. 
Rationale: 
To get some insight whether calculus subjects interest the students 
and to get some information on whether the students find the 
calculus subject difficult to understand, challenging, confuSing or 

otherwise when compared to other subjects. 

The method used by students in solving calculus problem. 
Rationale: 
To observe whether the students merely rely upon the rule to get to 
the solution or otherwise. Also, to get some insight into what extent 
basic rules and theorems in integration and differentiation influence 

the students performance. 

Students' ability in memorizing without understanding the various rules and theorems 

related to integration and differentiation. 
Rationale: 
To get some insight into whether students really understand the 
various rules and theorems related to integration and differentiation 
and are able to relate them to problem in different context. 
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Relationship of the calculus which has been taught to the activities in every day life? 
Rationale: 

To see whether the students visualize the needs of study and 
understanding calculus. 

The second part of the interview: 

The questions in this part of the interview are based on the calculus questionnaires. 

They are used to test several aspects: 

(a) The number of alternatives students used in tackling the same calculus problem. 
Rationale: 

(i) To identify the extent of students' flexibility in using different 
approaches in tackling a calculus problem. By displaying the 
various methods applied in solving the same problem, the 
students can be categorised as having the idea of conceptual 
preparation of procedures or otherwise. The phenomenon can 
be seen from their order of preference of procedures. 

(ii) To identify the relationship between conceptual preparation of 
procedures and the nature of the problem posed. 

(iii) To identify students who are good at symbolic manipulation 
but do not necessarily have a reasonable interpretation for 

the same object in different forms. 

(b) Geometrical interpretation of the computational result. 
Rationale: 

To see whether the students who are good at symbolism have 
the ability to visual representations more ea<;ily. 

(c) Reversal of processes. 
Rationale: 

To see whether those students with flexibility of using the 
integral notion to find the area under also have the ability to 
use the area the curve to find the value of the co"esponding 
integral. 
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7.5.2 The procedures 

Before the interview the researcher introduced his name and position and in fact, the 

method applied at the starting of the interview is based on that is used by Tuckman 

(1978). 

At the meeting. the interviewer .... should brief the respondent as to the nature or 
purpose of the interview ... and attempt to make the respondent feel at ease. He 
or she should explain the manner in which responses will be recorded. and if a 
tape recording is to be made. the respondent's assent should be obtained. At all 
times the interviewers must remember that they are data collection instruments 
and must try not to let their own biases. opinions. or curiosity affect their 
behavior. It is important that the interviewers not deviate from their format and 
interview schedules although many schedules will permit some flexibility in 
choice of questions. The respondent should be kept from rambling away from the 
essence of a question. but not at the sacrifice of courtesy. (Tuckman. 1978). 

The second part of the interviews is conducted immediately after each problem being 

solved. Each interview together with answering the questionnaire lasts for about one 

hour. Each interview is tape-recorded. Out of thirty six students, twelve of them -

four from each group A, Band C are fully transcribed. Out of these four students 

from each group, two of them obtain the highest attitudinal score whilst the other two 

obtained the lowest attitudinal score. These students' attitudinal scores can be 

summarised as in Table 7.3 below: 

Student MIIths Attitudinal Sconts To1lll 

No. Grade Q1 02 03 04 OS Scora 

13 A 4 3 3 3 3 16 

18 A 3 4 3 3 3 16 

20 A 2 1 1 1 0 5 

16 A 0 0 1 2 0 3 

7 B 4 3 4 3 3 17 

8 B 4 3 3 3 2 15 

3 B 3 1 0 1 0 5 

4 B 1 1 0 1 1 4 

28 C 3 4 3 3 3 16 

29 C 3 4 3 3 3 16 

25 C 1 0 1 1 1 4 

26 C 1 0 1 1 1 4 

Table 7.3 

The students were interviewed individually so as to keep the information 

confidential. 
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CHAPTER 8 
DATA ANALYSIS OF THE MAIN STUDY 

8.1 Introduction 

In this chapter we consider the way in which students carried out standard 

algorithms of differentiation and integration, with possible links to visua1 

representations of calculus problems. 

Students were given standard problems to see if they curtailed their 

solutions (in the sense of Krutetskii), reducing the number of steps to 

produce a shortened solution, or if they gave detailed solutions involving 

a larger number of steps. Krutetskii (1976) suggested that curtailment of 

solutions was an indication of capability - that gifted and capable 

students were likely to have powerful links which enabled them to make 

short connections between ideas, average students were likely to curtail 

solutions only after practice. and incapable students were characterised by 

longer solutions which often contained redundant or repeated steps, with a 

high chance of error and likelihood of breakdown. The students 

concerned here are in the 50th to 90th percentile, which suggests the most 

gifted have been taken away and these are more likely to be capable or 

average students. On previous examinations these students have been 

graded at level A, S, C. It would be expected to find that the grade A 

students are more capable than S, who are in tum more capable than the 

C students. Two questions to be investigated are therefore whether the A 

students produce more curtailed solutions than the S and the C in tum. 

8.2 A study of the extent to which students compress algebraic 

procedures in terms of the number of steps used to carry them out 

To serve the above purpose Question l(a) 

Find fNdx. 

is used. All thirty six students attempted this problem. In this problem all 

A grade students gave correct responses. The number of steps performed 

by these students in reaching the solution varied. Out of twelve grade A 

students one student performed two steps. two students perfonned three 

steps, five students used four steps, two students used five steps and two 
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students performed six steps. The two students with six steps gave 

solutions for this problem in non conventional fonn. Hence from these 

observations the most curtailed solution is the one with two steps while 

the most detailed solution is the one with six steps. A typical detailed 

solution (given by an A grade student) had already been described in 

Cbapter4. 

The solutions of the 12 A grade students may be summarised as follows: 

Typical solutions of grade A students 

1 student 2 students 5 students 2 students 2 students 

f Ji7dt fMdx fNdx 

=.J3fx~dx f .JjxKdx f(3x 3 )tdx 
= f .Jj(x3 )dx = f(3x 3 )idx 

=.J3fx~dx - f3 f (x3)tdx 
xK = Jjfxidx 

= Z.Jj (xM) + c 
=.Jj-(2)+c r X"+l 1 -3tfx idx 5 

.. .J3 r xf . .! 1 + c • Jil- J S 2.Jj !4 X+l I 

L 5J x'l ---x +c 
_ Jjf.!)xK -P-+c 5 

2./3 I 
; 

---x"l+c ~5 
S 

2../3 - P x.!xf +c 
_--xV +c S 

S -.J3~xt+c 
S 

2 steps 3 steps 4 steps 5 steps 6 steps 

(including (one solution (Both in non 

unwritten first non- -conventional 

line) conventional ) fonn) 

Table 8.1 

These students do not usually curtail solutions in the manner suggested by 

Krutetskii for gifted students. Since the top ten percent of Malaysian 

students have been transferred to study abroad, those that remain show a 

wider array of response including the characteristics more likely of 

capable students who learn to carry out routine procedures after practice 

and then curtail in routine ways. The interesting cases here are the 

students who take a larger number of steps, who may be doing so in a 

methodical way to make sure that each small step is perfonned correctly. 
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Because of their greater grasp of the procedures these A students are 

indeed successful in these more detailed solutions. 

The B grade students show a considerable number who fail to obtain the 

correct answer: 

Solutions of grade B students 

3 students 2 students 7 students 

f(3x 3 )tdx f Ji7dx Wrong application 

=,/3fxi dx 
of procedures 

= f(3x l )idx 

= J3 r xl .-=-1 + c 
[see analysis of 

l SJ -J3ixidx 
errors later] 

2J3 I ___ x"f +c 
S 

= 3tJxidx 

1 x'Z ( . 
= 3' j) +C 

= 3 t .~.x~+C 
S 

_ ~Jj(x5{) + c 
5 

4 steps 6 steps 

Table 8.2 

Here we see those who are successful use either four or six steps with the 

solution. More than half (seven out of twelve) make errors. 

The case of the C grade students show a similar number of failures, there 

are more curtailed solutions amongst those successful. 
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Solutions of grade C students 

1 student 1 student 2 students 8 students 

fJ3;idx f,f3;3dx 

= f .JjxYJdx = f .Jjx'lldx f(3x 3 )tdx Wrong 

=.Jj~xt+c JjxfJ 
=.J3fxt dx 

application of 
=--+c 5 ~ procedures 

2 _ ,J3r xt. 21 + c _ -.JjxV +c 
5 L 5J [see analysis 

2.J3 • = __ XT +c of errors later] 

5 
2 steps 

Non-conventional solution 3 steps 4 steps 

Table 8.3 

Seven B students and eight C students give incorrect solutions, so that the 

predominant phenomenon amongst t.bese _<i!tudents is the inability to 

complete the algorithm correctly. Of the correct soJution.~ tbe 8 are more 

detailed (three with four steps and two with six steps) whilst the C 

students are more curtailed (one with two steps. one with three steps and 

two with four steps). However. these represent the minority. The essential 

difference is that two of the B students gave detailed solutions in six steps 

whilst two of the C students gave curtailed solutions with two or three 

steps. In both cases. the remaining students either use four steps. or fail. 

From these solutions of students in grades A. B. C we note that the higher 

attainers in grade A are a11 successful but vary considerable in the number 

of steps taken. Grade B students are less successful (5 out of 12 students) 

and the correct solutions vary from 4 to 6 steps. The grade C students are 

even less successful (4 out of 12 students) and the four successful students 

have solutions varying in length from 2 to 4 steps. It cannot be asserted 

that there is any clear pattern between curtailment and attainment. 

However, there is a clear diminution in lower attaining students 

successfully completing the problem. The difference between the 

performance of Grade A (12 out of 12 students) and Grade B (5 out of 12 

students) is statistically significant using the x2-test with Yates correction 

(p<O.Ol). and between Grade A and Grade C (4 out of 12 students) even 
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more so (p<O.OO25). The zero entry in the Grade A failures greatly biases 

these results, nevertheless the cognitive differences are clearly striking. 

8.3 Breakdown of procedures 

In problem l(a), it is apparent that students with grade A are efficient in 

handling correct symbolic manipulation. None of them make errors in 

performing curtailed or detailed solutions. Hence, they do not experience 

breakdown of procedures. But some Band C grade students face 

breakdown in their solutions. This phenomenon can be seen from errors 

performed by these students. In this problem, there are two types of errors 

identifiable- an algebraic error (handling of indices) and inability to 

carry out the actual process of integration. 
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Example of errors perfonned by seven grade B students are summarised 
below: 

Error of B students 

2 students 3 students 2 students 

fNdx fNdx fNdx 

- f(3x3)~cU - f(3x3 )izcU -J3x15
t/.r 

= (3ft Let u =3x3 
=3f~cU 

du X -=9x2 =3xx.~ 

= 2(3x3t dx 
cU _ du -%xK+c 

3 9x2 

:J(u)!cU == fuYz :; 
1 

=-2fu~du 
9x 

_..!...r~,}d +c 
9x 2 l3 J 
2u~ 2(3x3

) 
---+c---
- 27x2 - 27x2 

6f 2 
... ----x 

27x2 9 

OvergeneraIisation of the Mixture of substitution and Algebraic Error 
basic rule of integration the basic rule of integration (Indices manipulation) 

Table 8.4 

Two B grade students have overgeneralised the basic rule of integration. 

They considered the expression (3x3
) in the integral f(3x3~dx as a 

single term and conceived the whole integral as J x" cU, whereby n is a 

positive fraction. So, in order to get solution for the problem, these 

X"+l I. 2(3x3 t 
students used the formula -- for n - - to gJve - 3 - . Three 

n + 1 2 
students tried to solve the problem using the mixture of substitution 

method and the basic rule of integration. Two students have algebraic 

misconceptions. These students neglected the square root for the number 

three. Based on the above example, it is possible that the students had an 
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intuition that the fractional power can be only be applied to the variable 

and not to the constant 

The breakdown of procedures experienced by these students occurs at an 

early stage. In other words, these students either make errors right from 

the beginning or fail after successfully performing the first step. 

Similarly, in the case of eight C grade students whereby three 

overgeneralise the basic rule of integration, two apply the mixture of 

substitution method u := 3x3 and the basic rule of integration whilst three 

students have algebraic misconceptions. Examples of errors performed by 

the C grade students are summarised below: 

Errors of C grade students 

3 students 2 students 3 students 

fNth: fMth: fMdx 

= f(3x'/'dx = (3x 3 )! ... f(3x3)~ 

=%(3X3~+C 
u_3x3 

... 9f(~~ 
- f(u)! 

r(x~l 
ulA -9lTJ+ c 

=-+c 
~ 

9r(xt 1 +c 2 =-u~ +c = lTJ 
3 

2( 3)~ .. 2(X3)~]+ C 
,..- 3x +c 

3 
= 2x~ +c 

Overgeneralisation of Mixture of substitution Algebraic error 

the basic rule of method u =3x3 and the (indices 

inte2l1ltion basic rule of integration manipulation) 

Table 8.5 

8.4 Comparison of solutions to problems in dift'erentiation and 

integration 

By comparing students' perfonnance in differentiation and integration, 

there is an indication that grade A students with detailed solutions in one 
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problem can carry out curtailed solutions in other problem. Problem l(a) 

as above and problem 2(a), i.e. 

Find dy, whenever 
rk 

1 
y--

JX 
are used for such a comparison. The table below shows that student Al 

performed problem l(a) by making use of five steps while in solving 

problem 2(a) he used two steps. Both AI's solutions are in conventional 

form. 

A2 used six steps in dealing with problem l(a) but used two steps to work 

out the solution for problem 2(a). A2's first solution is in non­

conventional form but his second solution is in conventional form. 

The performances of A I and A2 in these two problems can tabulated thus: 

Performance of A 1 student Performance of A2 student 

Problem l(a) Problem 2(a) Problem l(a) Problem 2(a) 

[Jh3rk 1 fJ3x3rk 
Y= .JX 

= fJ3(~)rk ~ 

Y - (xr! - f3~x rk Y= x-if 

=.J3f~rk !&.. ... -.!.x-~ ~ dy 1 
= f3~x dx ---~ 

rk 2 rk 2x r ~+ll ~ ... J3
l
-

J 
=3~fx dx 

X+l 

-J3(~)x~ 
x~ 

=3i!.-+c 
X 

2$ .. 3i! . .!.~ + c 
=--~+c 5 

5 
J3.2 ~ =-x +c 

5 

5 steps 2 steps 6 steps 2 steps 

Conventional Conventional Non-conventional Conventional 

solution solution solution solution 

Table 8.6 
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In the case of two grade B students who used six steps in getting the 

solution for problem l(a) used three or four steps in getting solutions for 

problem 2(a). Hence, these students demonstrated detailed solutions 

(when compared to those of Al & A2) in problem 2(a). From these 

observations, it is apparent that these grade B students prefer detailed 

solutions rather than curtailed solutions. Probably, they are unable to 

curtail solutions. However, all solutions obtained are in conventional 

form. Their performance in these two problems can be summarised as 

below: 

Performance of B 1 student Perfonnance of B2 student 

Problem l(a) Problem 2(a) Problem l(a) Problem 2(a) 

Ndx 1 Ndx 1 
Y=- Y=-

.JX .JX 
= f(3x3)~dx =x-~ _ f(3x3)rdx ... x-~ 

dy 1 -~-1 dy ... -.!.x-~ 
- 3~fx'>-dx 

-=--x . 
- f3!xtdx dx 2 dx 2 

1 1 ... --x-~ --2R ( X~+l \ 2 
'f t =,13 -- +c 1 - 3- x dx 

X+IJ =- 2x~ 

_3r( ~t) +c 
=J3(X;)+c 

=J3(;~) +c 
_3t.!..~ +c 

5 

2.$ 
=-~+c 

... 2 .$(~)+c 
5 

5 

6 steps 4 steps 6 steps 3 steps 

Conventional Conventional Conventional Conventional 

solution solution solution solution 

TableS.7 

In the case of C grade students, those successful displaying curtailed 

solution for problem I(a) also manage to curtail their solution in problem 

2(a). For example CI manages to solve problem l(a) and 2(a) by using 
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two steps. His first solution obtained is in non-conventional form whilst 

his second solution is in conventional form. C2 successfully solved 

problem l(a) by using three steps and problem 2(a) by using two steps. 

Both answers are in conventional form. Their performance can be 

tabulated thus: 

Performance of Cl Performance of C2 

Problem l(a) Problem 2(a) Problem l(a) Problem 2(a) 

JNdx 1 J.J3;3dx 1 

-J JjxY>dx Y= JX • f.Jj~dx 
Y---x-~ 

..IX 

.J3 2 xi +c 
Y= x-M 

J3xr 
dy 1 

5 !&.. = -.!.x-~ ---+c dx =-2# 
X 

dx 2 
.'!:....!3xi +c 

5 
2 steps 2 steps 3 steps 2 steps 

Non-conventional Conventional Conventional Conventional 
solution solution solution solution 

Table 8.8 

From these observations, we see that some grade A students may detail 

many steps. Such detailed procedures may not be a sign of inability to 

curtail solutions, perhaps representing the desire of the students to write 

out the full steps carefully to be sure of making a correct deduction. In 

order to build up such a considerable number of meaningful steps, the 

students have to use strong conceptual knowledge and cognitive linkages 

so that links between bits of relevant procedures can be established more 

easily. With such linkages, the A students are more likely to reflect the 

reasonableness of previous steps in the solutions while solving 

mathematical problems. By doing so, the A students are less likely to 

experience breakdown of procedures in their solutions. 

Most grade B and C may not have such qualities. Thus, they are more 

likely to make errors either by misapplication of procedures or by using 

irrelevant mathematical information in their solutions. In other words, 

these students are far more prone to break down. However, in the above 

problem, some grade B students succeed by detailed procedures but some 

grade C students succeed by curtailed procedures. 
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8.5 The use of conceptual preparation for algorithms 

In order to see the extent in which the students use conceptual preparation 

of procedure, question 2(b), 

. dy 1+x2 
Fmd _.- , whenever y ... --2-' 

dx x 
is used. The students' performance in the pilot study in this problem has 

already been dicussed in Chapter 5. 

Out of thirty six students attempting this problem, twenty of them 

. l·fi d th . 1 + x
2 

b ~ . h dif"" .. sImp I Ie e expressIon --2 - elore CarrylOg out t e lerentiation. 
X 

For example by writing: 

Fifteen students failed to conceptually prepare and so led to a more 

complex version of the algorithm and the need to perform more 

simplification afterwards. All but one student was successful in this task, 

the remaining student producing the following erroneous solution: 

~ 2X(X2) + 2x(1 + x 2
) 

dx ... (X 2)2 

2x3 + 2x+ 2x3 

X4 

4x3 +2x 
X4 

4 2 
==-+-

x x 3 

The students in the various grades performed as follows: 

Students with Conceptually Post-algorithmic 
grade prepared simplification 

A 10 2 
B 6 6 
C 4 7 

Total 20 15 

Table 8.9 
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Here the number carrying out conceptual preparation reduces from 10 out 

of 12 in grade A to only 4 out of 12 in grade C. Using a X2 test with Yates 

correction, this is significant at the 5% JeveJ (with p = 0.038). The 

numbers involved are smaH and the differences between groups A and B 

and between B and C are Dot statistjcally significant. 

8.6 The fragility of conceptual preparation 

The conceptual preparation for a solution depends very much on the 

nature of the problem. There is no obvious algorithm to cover all possible 

r:::' th d' . f 1 + x
2

• • I'fi db' cases. ror JDstance e envative 0 y ... --2 - IS sImp I Ie y separating 
X 

the expression into two parts, but the derivative of 

1 X4 
y=----

1+ x 2 1+ x2 

is found more easily by adding the two expressions together and the 

numerator. 

1 x4 y=-....---
l+x~ 1+x2 

l_x4 
""1+x2 

0-x2 )(1 + x2 ) 
- (I+x2) 

= l-x2 , 

~--2x. 

In this example, only six of the twelve Grade A students added the terms 

together and factorised the numerator. Conceptual preparation therefore 

varies considerably from case to case and is not given by a single 

algorithm, so students may use some form of conceptual preparation in 

some problems, but not in others. 

Sometimes it may not even be clear whether some form of conceptual 

preparation may be advantageous. For instance, the problem 
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1 
is best solved by using the chain rule with u == x + - to obtain the 

x 

d · . . h fi n-I du h bl envative lD t e onn nu -. However t e pro em 
dx 

Find ::: ,wheny= (x +;) 2 

happens to be more curtailed by expanding the bracket to differentiate 

x2 + 2 + x-2
• In this case there is a tension between using the 

generalisable chain rule method and the particular method expanding the 

bracket, which happens to be marginally shorter. This is reflected in the 

performance of the grade A students where six used the chain rule and six 

expanded the bracket. In the interview, four of the six using the chain rule 

could see a possible advantage in the alternative method but preferred to 

use the more general strategy and trust their facility in manipulation. An 

example of a grade A student's preference for the chain rule in this 

problem is: 

Preference of method 

First choice Second choice 

Chain rule Expanding the bracket first 

( 1 2 

y-~x+;) 
2 2 1 y- x + +-. x 2 

!!J.. 1 1 dy 2 
-=2x--- 2(x+ -).(1--) dx x3 

dx X x 2 

1 1 1 
- 2(x--+ ---) 

x x x3 

1 
= 2(x--) 

x 3 

Table 8.10 

According to this student: 

Actually the chain rule is more appropriate to be used in solving 
problems of this form According to my the first year calculus 
lecturer, it is favourable to have a method that can be applied in 
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many cases. So. in this problem I've the chain rule as my first 
choice instead of the second method by expanding the brackets. 

(Second year SKA student. 1994). 

8.7 Flexibility ofusing approaches to tackle a same problem 

Some students have a certain flexibility in their choice of methods of 

solving calculus problems. In order to identify the extent of students' 

flexibility in dealing with calculus problems, question 2(b), i.e. find dy 
dx 

l+x2 
when y - --2-' is chosen. This problem can be solved by using at least 

x 
four possible methods, namely (a) conceptual preparation of procedures, 

(b) quotient rule, (c) product rule and (d) implicit differentiation. 

Out of thirty six students attempting this problem, none solved this 

problem by using four methods. This may be due to the absence of those 

mathematically gifted 10% of the population. However, from this group 

of students it is found that, three A students are able to use three methods 

. dif~ .. th . 1+x2 T fth d aJ lD J erentiating e expreSSIOn --2 -. wo 0 em use conceptu 
x 

preparation of procedures after seeing the expression can be simplified 

prior to differentiation, so as to make the computation easier. This 

expression is a quotient, thus it can be differentiated by means of the 

quotient rule. These students also see this expression can be expressed as 

a product of two factors, i.e. 

As a result of that, these students applied the product rule in order to get 

the solution. An example of a typical A student who used three methods 

in getting a solution for problem 2(b) is as follows: 
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y_x 2 +1 

dy 2-3 
fix = - x 

-2 
== x3 

Conceptual preparation 
of procedure 

Typical A student with 3 approaches 

2 

Quotient RuJe Product RuJe 

Table 8.11 

The other A student who also managed to use three alternatives in 

tackling this problem, instead of using the product rule for the third 

method, used implicit differentiation. This particular student first changed 

h 
. l+r 

t e equation y = --2 - to 
x 

2 2 x y ... l+x 

and perfonned the differentiation thus: 

x2y ... l+ x2 

x 2 dy + Y~(X2) -2x 
fix dx 

x 2 dy == 2x - 2xy 
fix 

dy 2x-2xy --fix x2 

2-2y 
=--

x 

Out of thirty six students who used two methods in solving this problem, 

six with Grade A used conceptual preparation of procedure and quotient 

rule. 

Five witb grade B also applied two methods. Out of these five students, 

two preferred conceptual preparation of procedure over quotient rule. one 

preferred the reverse, one went for the product rule first ratber than 

conceptual preparation of procedure whilst the other one used the quotient 

rule and product rule. 
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Three students with grade C also had two ways of solving problem 2(c). 

Out of these three students only one showed preference for conceptual 

preparation of procedure over the quotient or the product rule. 

It is also found that there were three students with grade A, seven with 

grade B and eight with grade C who had only one method to deal with the 

problem. 

Out of the three grade A students here, two used conceptual preparation 

of procedure while the other applied the quotient rule. 

In the case of grade B students, four out of seven students used conceptual 

preparation of procedure whilst the other three used the quotient rule. 

From eight students with grade C five applied the quotient rule, one 

applied the product rule whilst the other two used conceptual preparation 

of procedure. Out of twelve C grade students, one of them had an error 

due to misapplication of the quotient rule. Students' performance (in 

order of preference) in dealing with problem 2(b) from the above aspect 

can be tabulated as below: 

Student Perfonnance with 

Grade 3 App. 2 App. lApp. Wrong App. 

3 6 3 0 
A 2CP/QRlPR 6CP/QR 2CP,lQR 

I CP/QRlID 

0 5 7 0 
B 2 CP/QR, I QRlCP 4CP,3QR 

I PRlCP, I QRlPR --

0 3 8 1 
C 1 CP/QR, 1 QRlCP 2CP,5QR Misapplication of 

I PRlCP IPR quotient rule 

Total 3 14 18 I 

Table 8.12 

Key: CP- Conceptual preparation of procedure, QR-Quotient rule, PR­

Product rule, ID-Implicit differentiation. 

The number of lower attainers successful in solving the same problem by 

different approaches greatly decreased. In order to find the relationship 

between students' ability and flexibility in tackling a certain problem, the 
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students are divided into two groups- those students who applied two or 

more methods in one group whilst those students who used only one 

approach or misapply the standard rule in another as tabulated below: 

Student Performance with 

Grade 30r2App. 1 or wrong App. 

A 9 3 
B 5 7 
C 3 9 

Total 17 19 

Table 8.13 

Key: 

App. -Approach/approaches 

Here the number of students who were able to perform two or more 

methods reduced from nine out of twelve in grade A to three out of twelve 

in grade C. By making use ofaX2 test with Yates correction. the 

difference in flexibility between grade A and grade C is significant at the 

5% level but the differences between groups A and B and between B and 

C are not statistically significant. 

From the above analysis. it was found that the grade A students 

demonstrated more flexible strategies in dealing with symbolic 

manipulation. These students developed meaningful relationship between 

symbols. They interchanged the symbolism freely in the equation so as to 

get an expression to be represented in different form. However, they were 

aware that the new expression still yielded the same answer after carrying 

out the differentiation process. As an example, one of the A students was 

able to perform the implicit differentiation. This method is rather 

complicated especially in differentiating the part of the expression which 

involves x 2y. Although the final answer still contained the variable y, he 

stressed in the interview that the final solution is the same as the those 

obtained from the first two methods. He verified his answer by replacing 

th . bl . 1 + x
2 

th e vana e y WIth --2 - us: 
x 
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W k th 'abl 1 + x
2 
B' 1 + x

2 

e now e van e y = -2-' Y changmg the y with -2- in 
x x 

the last solution we will get the solution as above. 

2-2y .!_ 2y 
x x x 

_.!_.!( 1 +t) 
x x x 

2 
- - x 3 

(Second year SKA student, 1994) 

In spite of such variation of methods of solving problem 2(b). the more 

successful students with conceptual richness are more likely to choose 

approaches that involve less cognitive strain. This flexibility greatly 

increases their chances of solving mathematical problems. Thus 

mathematical problems given to them are not difficult tasks to be 

perfonned: 

In solving this type problem, the first thing I look is whether the 
expression in the equation can be simplified or not. By such 
simplification we can make our computation task easier. 

(Second year SKA student, 1994). 

In contrast. the less successful students may fail to develop such 

conceptual richness and appropriate linkages. Thus they are less likely to 

possess a number of strategies or tend to develop an error in tackling 

probJem poRed to them. This phenomenon can be seen in the perfonnance 

of one C grade student in problem 2(b). A deficit in his conceptual 

networks probably caused this student to fail in checking whether the 

quotient rule is completely used or otherwise. In this case. he failed to 

multiply -2x in the numerator by x 2
• as shown below: 

1+x2 
Y---2-

X 

dy x2(2x)-2x --dx (x
2 i 

x22x-2x 

Hence. by clinging on to specific strategies the less successful students 

may find calculus problems are not an easy task to be perfonned. 
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8.8 Good symbolic manipulation does Dot DecessarDy imply 

reasonable interpretation for the same object in dift'erent forms. 

SOlutions for certain calculus problems can be represented in different 

fonus. It depends on the method by which the problem is being solved. 

Some students view such solutions to be different. For example the 

solution for question l(b), i.e. find the value of f(x+ 1)2dt, can be 

represented as 

or 

~ + 3x2 + 3x + 1 x3 
2 1 

+c = -+x +x+-+c 
333 

if the expression (x + 1)2 is integrated directly by means of standard basic 

rule of integration. The solution of the above integral can also be 

represented as 

x 3 
2 

3"+X +x+C, 

with C - .! + c, obtained by expanding the square of the brackets prior to 
3 

the actual integration. However, some students conceived the constant c 

and C in the solutions of integral problem as the same number-the data 

to justify this claim will be discussed in the last paragraph. This 

phenomenon of conceiving the sameness of c and C could be seen from 

students' solutions thus: 

X3 2 1 
- + x + x + - + c and 
3 3 

X3 2 
-+x +x+c 
3 

Here the students have used the letter c to symbolise the last constant in 

each of the solutions. Confusion arises when the student see the constant 

term in the first solution as 1. + c and that in the second is only c. By 
3 

displaying such solutions, it may seem that the two answers are different. 

From the analysis, it is found that some students who are good at 

symbolic manipulation are not necessarily able to point out whether the 

two solutions obtained are the same or otherwise. This phenomenon can 
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be seen from grade A perfonnance in this problem. Out of twelve grade A 

students, only five of them demonstrated two ways of getting a solution to 

this problem. Of these five students, four of them are able to explain why 

the two solutions are the same. 

The remaining seven grade A students managed to solve this problem by 

using either one of the methods discussed above. However they were 

guided to use alternatives to enable them to obtain the solution of the 

same problem in another fonn. Since the question is the same, the other 

four of the seven A students at first confidently expressed that the two 

solutions are the same no matter what methods are used. But after looking 

at the final result these students changed their mind-one of them was 

doubtful about the correctness of his computation: 

The solutions should be the same because we integrate the same 
problem. But after expanding the cube in the solution obtained by 

the first method I've got ~ + Xl + X + .!. + c ... This is slightly different 
3 3 

from the solution obtained by the second method. May be 
something wrong with my calculation. 

(Second year SPK student. 1994) 

The other three students pointed out that the two solutions from the same 

calculus problem could be different if it is integrated by two different 

methods. One of them comments 

I never come across a problem like this one. If we solve it by 
different methods. its solutions will be different. 

(Second Year SPK student. 1994) 

8.9 Students who are good at symbolic manipulation yet fail to 

visualize representation. 

Some students can perfonn symbolic manipulation effectively but fail to 

relate their computational outcomes to geometrical representations. This 

phenomenon can be seen whenever they are asked to explain graphically 

how the area of the required region to be found as in problem 3: 

Based on the diagram below, compute the area of the shaded region. 
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... . ' • . 

Please explain graphically, how this might be done. 

Figure 8.1 

Out of thirty six students attempting this question , fifteen of them 

managed to explain reasonably-eight with grade A, four with grade B, 

and three with grade C. According to them the area of the shaded region 

can be computed if they subtract the area enclosed by the positive x-axis, 

the negative y-axis and the curve y = x2 
- 4 from the area of the region 

which is bounded by positive x-axis, the negative y-axis and the 

curve y = - x2 + 4x - 4. These students are able to make use of the correct 

limits. Such phenomenon can be seen from the interview and graphs 

drawn by the students. For example, the graph drawn by one the 

successful students in this problem thus: 

Student's Performance 

The shaded region is the area of A - the area of B 

Figure 8.2 

According to him: 
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We can find the area of the shaded region, if we minus the area of 
8 from the area of A . The area of A can be obtained by making use 

? 

of the integral r: (Xl - 4)d.t and the area of region 8 can be 

obtained by making use of the integral fa (-x 2 + 4x - 4)d.t . 

(Second year SKA student 1994) 

Twelve students - three with grade A, six with grade B and three with 

grade C are able to compute the area of the required region but responded 

to the geometrical question differently from those above. In other words, 

these students failed in linking the computationaJ outcome to the 

graphicaJ representation. The graphicaJ responses observable in this case 

can be divided into groups-incorrect graphical notion of area between 

two curves and notion of intersection of sets. 

Notion of area of a region between two curves. 

This notion, if not fully understood, may lead the students into error. Sucb 

phenomenon occurs when some students conceive the area enclosed 

between the two regions as the area under the upper graph minus the area 

of the lower graph. 

Response of students 

Figure 83 

Having that notion in mind, A I shades the whole region under the upper 

curve y = _x2 + 4x - 4 without taking into account the limits involved. 

However, she successfully shaded the area of the second region, i.e. the 

area enclosed by the negative y-axis, the positive x-axis and the graph 

y = x 2 
- 4, with limits of x from 0 to 2. 

According to her: 
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The area of the shaded region can be obtained if we minus the area 

of the region under the graph y - x 2 - 4 from the area under the 

curve y - _x2 + 4x - 4 . (Second year SPK student, 1994). 

Out twelve students, three of them A 2' B I ' C I and C3 conceive that the 

area of the requjred region can be obtained if they subtract the area below 

the graph y = x2 
- 4 for Limits of x from 0 to 2 from the area enclosed by 

the graph y = _x2 + 4x - 4 with the same x limits. 

One student Bs expJajns that the area can be obtained first finding the 

sum of area under the curve y = _x2 + 4x - 4 from limit 0 to 2 and partly 

under the curve y = x 2 
- 4. From this, according to her, subtract the area 

under the curve y = x 2 
- 4 to obtrun the area of the shaded region. 

Graph drawn by B s Graph drawn by B6 

Figure 8.4 

B6 confuses in distinguishing graphically between a region under the 

upper graph and that under the lower graph. 

According to him: 

I was not being taught how to obtain the area between two curves 
graphically. I wonder whether this can be explained graphically as 
the area under any of the curves is indefinite. But the computed 
area is definite. (Second year SPK student, 1994). 

Notion of intersection of sets 

In explaining grapbjcaJly how to obtain the required region , it is 

observable that some students ' line of thought may have been influenced 
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by the notion of intersection of sets. In this study five students are in that 

situation. They are A 3 , B2 ,B3 ,B4 and c2 • 

Graph 

Figure 8.5 

A 3 ,B2 and B3 , shade the whole region enclosed by the curve 

y = _x 2 + 4x - 4 and the whole region enclosed by the curve y = x 2 
- 4. 

Thus: 

Intersection of the two areas is the area of the required region . 
(Second year SPK student, 1994). 

In the case of B4 and c2 , the idea of how to obtain the area of the 

enclosed region graphically is similar. But in here, they have shaded the 

region enclosed by the graph y = x2 
- 4 just up to the x-axis. 

From the above observations some students are able to link their 

computational knowledge to the graphical task. For example, the required 

area obtained from computation is definite. So, the required regions 

drawn by these students lie within limited scope. The performance of the 

students in dealing with the graph can be summarised as on page 121 
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Students' ability in linking computation to the graph 

Grade CC\CO Cc\WO Wc\WG 

A 8 3 1 

B 4 6 2 

C 3 3 6 

Table 8.14 

Key: CC-Correct calculation; CO-Correct graphical explanation; WC­

Wrong calculation; WG-Wrong graphical explanation. 

Here the number of students with the ability COCG reduces from eight 

out twelve in grade A to only 3 out of twelve in grade C. By classifying 

those who perfonn COCG as one group and those who perform CO WG 

and Wc\WG as another, the information in Tab1e 8.14 can be tabu1ated 

thus: 

Students' ability in graph 

Grade COCG COWG+WOWG 

A 8 4 

B 4 8 

C 3 9 

Total 15 21 

Table 8.15 

By making use ofaX2 -test with Yates correction, the difference in ability 

(CC/CG) between grade A and grade C is statistically significant at 10% 

level. The differences between groups A and B and between Band C are 

not statistically significant. 

However for some students, the area under the graphs have infinite values 

which are impossible to calculate. 
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There exist a number of possible reasons for the occurrence of this 

phenomenon: 

(i) The students fail to understand the meaning of area under 

the curve. To them such area is the whole area under the 
curve, no matter whether the curve lie below x-axis. To 
some of them the area of regions involved are enclosed by 
the graph. 

(ii) In explaining how to obtain the required region, the 
students' line of thought have been influenced by 

(a) The idea of intersection of sets. This can be seen when 
the student' shade the two regions wjthin the graph and 
point out the intersection of the two graphs to be the 
required region. 

(b) The fact that 

iff and g are continuous in [a, b] and g(x) sj(x) for all x 

in [a, b], then the area enclosed by y = fix), y = g(x), x = 

a and x = b is given by L - Ji-f(x) - g(x)]dx . 

In this case X2 - 4s _X2 +4x -4 for all x in [0, 2]. 
Based on this fact the students shade the region under 
the curve y -= _x2 + 4x - 4 and that below the curve 
y - x2 

_ 4 in the same interval [0, 2]. According to them 
the area under the former minus that under the latter is 
the area of the required region. 

(c) Calculus instructors emphasise the symbolic solution for 
this type of problem. All students were told that the area 
of any region is always positive. Thus, the students with 
the notion that an area of any region is always positive 
tend to subtract the smaller area under graph from that 
under the bigger one. From the graph drawn in this 
problem, it appears that the area under the curve 
y __ Xl + 4x - 4 is bigger than that below the curve 
y _ Xl _ 4 in the interval [0, 2]. So, the area of the 

required region is the area of the former subtract the area 

of the latter. 

(iii) The inefficiency and difficulty in explaining the nature of the 
graphical representations may be due to lack of emphasis of 
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calculus instructors 10 the subject. In fact, one of the 
instructors comments 

For this type oj question, if is advisable to put the absolute 
value ojthe function to avoid the negative sign. 

This statement may lead the students into confusion about 

which area is to be subtracted from the other. Out of eight 

lecturers attempting this problem, only two of them give the 

required explanations graphically. For example: 

Calculus instructor method in finding the area of the shaded region 

(computation and graphically) 

A~ 1~ [()C&-4) - (-z. ... ++x - ~J)]c:I)( :. Jl.(~)(1-4'X. )cJx. =- [a.:r:J _ :1.x,a.] to. 

6 6 T eo 

cava eroS: .. (~- 8)_{ o-o)!! -J-tJ..,t~ 
!J, ~,. x'\._+ 

~ L1=1~ 1.:0 S·(JCa.-4)dlr ·r.,l_ ... xl~ .c _ '4. 
D r~:J.. fa' 

~"~"';la,-h P" ~-~ 

Figure 8.6 

(iv) The examples and problems in the text used by the students 

emphasise computational skill. Thus, none of the problems 

in the text need the students to explain verbally how the 

required region is obtained graphically. 

8.10 Students' flexibility in using integral notation to find the area 

under the graph but not the reverse 

More able students possess reasonable representations that are strongly 

linked together. These students are more likely to show flexibility by 

switching from one representation to the others. Hence they are more 
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likely to have the ability to reverse the process. In contrast, the less able 

students have limited representations and they may find great difficulty in 

reversing a process. 

Reversal of a process is not a simple matter because all the separate 

processes in the brain operate in a single direction (Crick, 1994). A 

reversal cannot be done as with a video, by "running it in reverse", it 

requires the development of a new process in the reverse direction. For 

the development of new process, considerable meaningful conceptual 

linkages may be involved which may not be developed in some students. 

Thus when these students develop a procedure to do something in a 

certain way, they may not be able to easily reverse the procedure. Hence 

in this case it may not be obvious to them that the area under the graph 

(visualisation) may sometimes be used to determine the value of the 

corresponding integral. 

The most appropriate problem to serve the purpose is question 4 , i.e. 

By considering the function y - J4 - x 2 
, sketch and shade the region of 

the graph given by the following integral 

What is the value of the above integral? 

The function y - J4 - x 2 represents the graph of a circle above the x-axis 

and the integral 102 
J4 - x 2 dx represents the part of a circle in the first 

quadrant. Hence, by using the familiar rule of finding an area of a circle, 

i.e. area = 1tr2, whereby r is the radius of the circle, the value of the 

integral f: J4- x 2 dx can be determined almost trivially. In this problem, 

quite a number of students failed to draw the graph but they were 

encouraged and guided to do so. The aim is not to see the students' ability 

in drawing a graph but to identify whether the students were able to use 

the area under the graph to determine the value of a corresponding 

integral. 

Thirty six students attempted this problem, twelve grade A, twelve grade 

B and twelve grade C. Out of twelve grade A students, five of them were 

able to use visualisation in finding the value of an integral f: J4- x
2 
dx 
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with one of them failing to draw the appropriate graph at first. However, 

this student was able to draw the required graph after some guidance. 

Three of them managed to use lengthy trigonometric substitutions. The 

other four failed to obtain the answer. In this case one had an incomplete 

trigonometric substitution while the other three misapplied the 

substitution methods or used inappropriate methods. 

Some examples of performance of A grade students in this problem can 

be seen in the table below: 

Grade A students performance in evaluating an integral 

Visualisation Trigonometric substitution Error 

For example For example For example 

.!.n;(2)2 
to J4-x2 dx t J4-x

2
dx 

4 Let x =2sinO = E(4- X2 ldx 
1 dx = 2cosde = -:n;(4) 2 du 4 J4- x 2 

- J4-2sin 2 0 Let u = x ; - = 2x 
=:n; dx 

= 2JI-sin2 O dx ... du 
... 2cosO 2x 

2~ t 2 Then!o 4-x dx= 0 4cos OdO 
jJ.4-u)t du 
o 2x 

= 4t i( 2 cos2 0 - 1) + ~ dO 

-4t(~COS20+~) dO 

= 2t(cos26d6 + l)de 

= 2( .!.[sin20]~ + [Of) 
2 

= [sin 20]~ + 2[O]~ 

= (sin:n; - sinO) + 2(~ -0) 

-:n; 

5 students 3 students 4 students 

Table 8.16 
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Five with grade B were able to use visualisation, but out of these five only 

one of them was able to draw an appropriate graph for the integral 

10
2 

J4 - x2 
dx and to compute its value by means of visualisation. The 

other four students at first had a different interpretation for symbolic 

representation of the integral 102;4 -x 2 dx such as the region of the first 

half of a circle. However, after some guidance, they managed to draw the 

required graph and hence solve the problem. Seven of the B grade 

students failed to compute the value of the integral. Here, two of the 

students had incomplete trigonometric substitutions while the other five 

could not proceed or misapplied the substitution method. Some examples 

of performance of B grade students in this problem can be seen in the 

table below: 

Grade B students' performance in evaluating an integral 

Visualisation Incomplete trigonometric Error 

substitution 

For example For example For example 

The area of the above diagram Let x = 2sinO; f: J4-x2 

1 2 1 22 . It 
-( ltr ) - - x - x 4 smO -1 => 0 -- let u_4-x2 
4 4 7 2 

22 sin 0 == 0 => 0 ... 0 du 
=- - .... -2x 

7 dx = 2 cos dO dx 

;4- x2 = 2 cosO (/ormula) tu~dx 

f:;4 - rdx ... 4.C cos 2 0 dO -lu! du 
o -2x 

5 students 2 students 5 students 

Table 8.17 

Out of twelve C grade students, none was able to use visualisation in 

getting the solution for this problem. However, this student was unable to 

get the correct graph before the interviewer offered guidance. None 

demonstrated the trigonometric substitution. The whole twelve C grade 

students could not proceed or applied inappropriate methods. An example 

of an error performed by a C grade student in dealing with this problem: 
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Grade C students' perfonnance in evaluating an integral 

Visualisation Error 

l (4 - x2y!dt" 

u =4_X2 
du = -2xdx 

du _ dt" 

-2x 

l (4 - x2)idt" 

~ ., du 
= 1u -o -2x 

[ 1 (2 r = _2\3U~lnx) 0 

r 1 ~ 12 = __ (4_X2) lox 
L 3 Jo 

1 
=--

3 

o student 12 students 

Table 8.18 

Although some students have good visual images as above, they are 

unlikely to use them in their calculus exercises and examinations. In this 

study there was only one student who showed flexibility in using 

visualisation over the standard rule of integration. This student is an A 

grade student. For the rest of them, the use of standard formulae are 

preferable. This is revealed in the interview. According to them, problem 

4 may better be solved by using the integral technique and the rather 

trivial formula Area = .!.:nr2 was not acceptable. There are a few possible 
4 

reasons observable in the interview for the occurrence of this 

phenomenon: 

(i) To the students word integration in the last sentence of the 
question implies that the problem has to be solved by 
means of integral technique and not by other methods. 
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I 
I 

(ii) When facing this type of problem in the examination, the 

formula will be given to the students to enable them to 
compute the integral. 

(iii) In fact, in the text used by the students there is an 

indication that the use of visualisation is not preferable. It 
seems to provide the simplest algorithmic method for the 

students. Consider the following statement in the text: 

If u is a differentiable function in x, then the follOWing 
formula can be used in substitution in order to carry out 
the integration easier. For the integral which involved 

leI u-asin8; then 

(iv) The students' methods of solving calculus problems are 

greatly influenced by lecturers' techniques during 

instruction. In other words, if the lecturers fail to use 
visualisation, then the students are reluctant to accept 

visualisation as another reasonable method that can be 
used to solve their calculus task. These students believe 
that if they use visualisation some marks may be deducted 

in their examination or the lecturers might considered 
such methods as mistakes because such methods are too 
elementary to be used in calculus class. As a result of that, 
they try to use algorithmic alternatives. 

8. 11 The lecturers' performance in evaluating the integral 

Out of eight lecturers attempting this problem only two of them used 

visualisation to get to the solution. The other six although, they obtained 

the correct graphs, overlooked the use of visualisation in determining the 

value of the integral. Instead they used the rather complicated 

trigonometric substitution method. Their performance can be seen on 

page 129. 

128 



Instructors' method in evaluating the integral 

Visualisation Trigonometric substitution 

For example For example 

t J4 - x 2dx = .!..(areaof a circle with radius2) 
o 4 lJ4-x

2
dx 

= ~ (3t(2)2) = 3t square units letx= 2 sin t 
dx=2cos tdt 

and J4- x2 
= J4 -4sin 2 t = 2cosl 

Therefore 

2/4-7 t 2 fo 4 - x dx - 4cos t dt 

_ 4{0 + cos2t)dt 
o 2 

2r sin2q~ 
= t+--

l 2 Jo 
={~] 
=3t 

2 lecturers 6 lecturers 

Table 8.19 

8.12 Summary 

Krutetskii (1976) suggests that curtailment of solutions is an indication of 

capability but in this study it is not the case. However, cognitive 

differences between the performance of grade A and grade B and grade A 

and grade C is statistically significant. 

In this study some successful students preferred detailed solutions. These 

students can also performed curtailed procedures in working out answers 

for calculus problems. Thus detailed procedures may not be an indication 

of inability to curtail solutions. Why did some students preferred detailed 

solution when they could curtail? As these students possess strong 
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conceptual and cognitive linkages they are more likely to have a desire to 

write out correctly all the steps. 

These students performed correct steps in the detailed solution by joining 

meaningfulJy new bits of mathematical facts to the existing information. 

In performing such solutions they are more likely to reflect the 

reasonableness of the preceding steps. Such linkages may not be well 

developed in less successful students. Thus they are likely to make errors 

by writing inappropriate information in trying to get to the solutions. In 

other words solutions of the less able students are far more susceptible to 

breakdown. 

In performing the procedures. the more capable students would be more 

likely to carry out conceptual preparation of procedures while the less 

capable students are more likely to plunge straight into the differentiation 

procedure. so that students already having greater difficulties are setting 

themselves a more complex task which is more likely to lead to error. In 

other words students who fail to carry out conceptual preparation are also 

more likely to increase their problems at this later stage. In this study it is 

found that. there is a strong correlation between students' success and 

conceptual preparation of procedures. 

The more successful students may have several flexible strategies in 

dealing with symbolic manipulation. They are efficient in interchanging 

calculus symbolism in obtaining simpler alternatives for solving the 

problems. In other words, they are more likely to switch from one 

representation to another and this may increase their chances of solving 

the problem. The less able students may not have such qualities and tend 

to cling onto the security of a specific strategy. There is a strong 

correlation between ability and flexibility in using possible approaches in 

solving the same calculus problem. However, it is found that some 

students who are good at symbolic manipulation fail to interpret the same 

object in different form. 

Efficiency in symbolic manipulation is not necessarily an indication of an 

ability to establish links between computational outcomes with graphical 

or geometrical representations as some students find great difficulty in 

relating their computational outcomes to visual ideas. For instance, in the 

problem of area under the curve whereby the students' computational area 

is finite but the graph drawn is infinite. 
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Another problem faced by the students is reversal of process. Once the 

students have developed a procedure to do something in a certain way, 

they may not be able to reverse the procedure easily. To reverse a process 

requires the development of a new process to operate in the reverse 

direction. Such development needs strong conceptual linkages which is 

less developed in some students. 
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CHAPTER 9 
SUMMARY 

9.1 An overview of the findings 

Here I shall review the main result of the research. Krutetskii (1 '716) observed that 

gifted students/capable students tend to curtail their solutions effectively while the 

incapable tend to fail in using curtailed solutions even after a long practice. 

It is not in the case for this group of students. It is found that the more successful 

students may include in their mathematical work both form of solutions-curtailed 

and detailed solutions. They are more likely to display detailed solutions by making 

use of their sound conceptual and cognitive linkages. Such linkages may be fragile in 

the less able students. Thus they tend to face breakdown of procedures as they fail to 

develop meaningful connections between different bits of relevant mathematical 

information in their long solutions. 

In this study, it is found that the more successful students develop more flexible 

approaches in tackling calculus problems. They have strong conceptual linkages. 

Hence they are more Hkely to demonstrate flexibility in handling mathematical 

symbolic manipulation. This phenomenon can be seen when the students develop 

meaningful relationship between symbolism and show the ability to interchange 

symbolism freely in a different number of ways. Given several methods available for 

tackling a calculus problem, the more successful students probably make use of their 

strong conceptual knowledge to choose an easier method that needs less cognitive 

strain in execution. Lacking such conceptual quality, the less able students are more 

likely to face considerable difficulties in performing calculus tasks. 

In other words the more successful students have several meaningful representations 

of mathematical concepts. Such representations (all involved symbolic manipUlation) 

seem to be rightly and strongly linked as these students have less difficulty in 

switching from one representation of a mathematical concept to another. In other 

words these students are able to move easily from one way of thinking to another 

which greatly increases their chances of solving a given mathematical problem. 

As the conceptual and cognitive links in weaker students is fragile, such connection 

of representations may not very well developed in these students. For each 

development of new links between representations may require new mathematical 

pieces of information to be linked with the existing links of representation. This is 
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less likely to develop in less able students. As a result of that these students much of 

the time restricted themselves to a single secure representation. 

Although the more able students may have several flexible strategies and meaningful 

symbolic mathematical representations, these may not always relate to visual and 

graphical ideas: the graphs drawn by these students may not be reasonable. Even 

when the graphs are correctly drawn these students are less likely to use them in 

getting solutions for the calculus problems. 

As a result of that we have the less able students who are less likely to break away 

from the security of a single procedure and liable to breakdown and the more able 

students with several strategies in symbolic manipUlation but fail to link them to 

visual geometrical representation. 

The findings in this thesis fit with the findings in theses of Bakat (1991) and Yusof 

(1995). The thesis of Bakar shows that curriculum designers show concept of 

functions as fundamental. But the teachers taught the students those materials that 

they thought the students needed to pass the examination. As a result of that the 

students learn to do the procedures in order to solve the examination questions given 

to them. 

Yusof's study reveals that the students are very dutiful and attempt to learn the 

procedures they are taught. When they were given problem solving ideas, they 

changed their attitudes to become more self-confident. However, the actual technique 

involve were often less demanding than the content of the mathematical courses. 

When these students went back to normal mathematics courses, in the main they 

revert to the procedural approaches. 

9.2 Sugestioas for further research 

The students involved in this study form only a smaIl fraction of the whole population 

in the university. They are prospective civil engineers and prospective teachers. These 

students are selected on their general mathematics performance in the first year 

mathematics examination and not from the calculus achievement in partiCUlar. Thus 

their way of thinking may be restricted to a certain extent to reflect wholly the 

calculus thinking. In order to get the wider spectrum of students thinking in calculus 

those diploma students should also be included in a study. By doing so, it is hoped to 

get clearer differences in thinking between the more successful and the less successful 

students. 
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Although the sample in this study is small, the findings indicate that there is a 

difference between the more successful and the less successful students in the way 

they solve calculus problems. For example, the more able students may have different 

strategies to tackle the same calculus problem but the less successful students are 

more comfortable with the security of a single procedure. The more able students if 

they are procedural may still successful in solving the problem as they are very 

efficient in handling the symbolic manipulation but the less able students tend to 

make error and breakdown in their solutions in coping up the long solution. 

From the above studies, the procedural students will remain procedural and tend to 

breakdown in their solutions. It is therefore essential to consider whether a curriculum 

which causes this to happen is appropriate. Some changes have to be made in the 

pedagogical aspects and curriculum as a whole. The learning materials in the 

curriculum have to undergo trial until obtaining required appropriate topics fit to be 

taught to the students. So, research in this area with the intention to identify the 

effectiveness of the materials has to be conducted. 

Similarly from the pedagogical aspects, apart from teaching efficiency in symbolic 

manipulations, the teachers should encourage the students to use diagrams and graphs 

wherever possible in the learning of calculus. The intention is to promote the building 

of connections between analytical ideas and visual geometrical representations. Hence 

the students tend to have more representations in facing certain calculus problems. 
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Appendix I 

PD..OT STUDY AT THE UNIVERSITY OF WARWICK 

SECTION I(a). 

dy 
Find dx' when 

1 
2. Y= t 

(x+l) 

3 (a) y=5. 

(b) y=V"4. 

4. y_J2x3
• 

1+x2 
6·Y--2-· 

X 

SECTION I(b) 

Evaluate the following integral: 

1. f(x + 1)
2dx 

1 
2. f {x _3)sdx 

3-[(6x)2dx 

4JNdx 
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Appendix 2 

PILOT STUDY AT THE UNIVERSITI TEKNOLOGI MALAYSIA 

SECTION I 

(i) Evaluate r N dx . 

(ii) Find dy when 
dx 

SECTION II 

1 
(a)y= JX' 

1 +X2 
(b)y= -2-' 

x 

(i) Find the area of the shaded region. 

1 

---~~-
I 

Please explain graphically, how this might be done. 

(ii) By considering the function y ... J4 - x 2 
, sketch and shade the region 

of the graph given by the following integral 

What is the value of the above integral? 
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Appendix 3 

THE MAIN STUDY AT THE UNJVERSITI TEKNOLOGJ MALAYSIA 

1. Evaluate 

(a)fNdx. 

(b) J(x+ l/dx 

2 F· dy 
. IOd - '- , when 

dx 

1 
(a) Y= .rx 

(b) y = 1+ x
2 

. 2 
X 

1 X4 
(d) Y = --~ ---2 

1+x- l+x 

3. Based on the djagram below, compute the area of the shaded region. Please explain 

graphically how this might be done. 

4. By considering the function y = J4 - x2 
, sketch and shade the region of the graph 

given by the following integral 

2 r:----2 fo .. 4-x- dx 

What is the value of the above integral? 
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Appendix 4 

My feeliDgs about calculus 

1. The cakulus topics we study at the university make sense to me. 

Definitely Yes NoopiDion No Definitely 
Yes No 

t Calculus 

2. I learn calculus through memory. 

Yes No 

Calculus 

3. I usuaDy understand a new idea in calculus quickly. 

Definitely Yes NoopiDion No Definitely 
Yes No 

I Calculus 

4. I am able to relate calculus ideas learned. 

Yes No 

Calculus 

s. Calculus is abstract at the university • 

Yes No 

Calculus 

6. In a few sentences describe your feelings about calculus 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
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SKA (A) -no. 18 
Questions 

(1) (i) Find 

(a) fNdx 
(b) J(x + 1)

2dx 

(2) Find dy • whenever 
dx 
1 

(a) y = .JX' 

Spoken dialogue 

1. Please do for me no 1.(a). 
S .. OK. 
I. Have you finish? 
S. Yes, I do. 

1. Wonderful. Now let's go on to no 
J(b)? 

1. You have solve this problem using 

direct rule of integration. Is it right? 

S. Yes. 

Appendix S(i) 

Written symbol manipulation 

(a)f .J3x3dx 

= ./3fxXdx 
2J3~ =-(r·)+c 

5 
(b)f(x+ 1)2dx 

or 

1 
=-[(x+l?]+£1 

3 

l. Do you think any other way of doing f x2 + 2x + 1t:U 
this problem? 
S. I can also solve this problem by == [~X3 +X2 + X + c] 
expanding the bracket first. 
I. Can show me, please? 
S.OK 
1. Fine. Now, can you tell me why in 
the first solution you write c, but in the 

second solution you just write c? 
S. This shows the c, and c are not the 

same. 
l. Now, is the first and second solution 
the same? 
S. Yes, it is the same. 
l. Will you please show me? 
S. In this case we have to expand the 
cube in the first solution. 

2(ay =(xr~ 
dy 
dx = (-12)x-X 
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Comment/Observation 

To identify the extent to which 
students compress algebraic 
procedures in terms of the number of 
steps used to carry them. 
The number of steps is 2 and the 
answer is in conventional form 

To identify the ability of students in 
distinguishing the same solution for 
a problem. 
manage to explain why the two 
solutions are the same. 

To identify the extent to which 
students compress algebraic 
procedures in terms of the number of 
steps used to carry them. 
The number of steps is 2 and the 
answer is in conventional form 



1+x2 
(b) Y =---;z 

1 2 

(C) Y= (X + J 
X4 1 __ ~, 

(d) Y == 1 + x 2 1 + x~ 

I. Now, please do 2(b). 
S.O. K. 
I. Is there any other method of solving 
this problem? 
S. I think there is ? Quotient rule 
I. Please show me. 
S. Yes. 
I. Are you done? 
Good work. Is it possible to work out 
the solution by other alternative? 
S. Let me try. 

I. What method you have used? 
S. Implicit differentiation. 
1. Now. In your last solution there is a 
variable y? Do you think your last 
solution in the same with the first two? 
S.Yes. 
l. Please show me. 

l+x' 
S. We know the variable y = -,-, 

x 

B hangi the ·th 1 + x' . the yc ng yWI -,- m x 
last solution we will get the solutions 
as above. 

2-2y _.!._ 2y 
x x x 

2 2( 1 +Xl\ 
-~-~\7} 

222 
- ~- X3-~ 

2 
- -7 

(b)y = 1 + X2 
X2 

1 
Y=2'+l 

X 

dy 1 
-=-2-
dx x3 

or 

1+ x 2 

Y=-­
x 2 

dy x2(2x) - 2x(1 + x2
) 

= dx X4 

2x3 
- 2x - 2x 3 

= 

1 
=-23" 

x 

X4 

or 

x2 y = 1+ x2 

x2 dy + y.!!:.-(X2) = 2x 
dx dx 

x2!k = 2x - 2xy 
dx 

dy 2x-2xy 
dx = x2 

2-2v 
=--" 

x 
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To identify the number of methods 
that can be used in tackling the same 
calculus problem. 
Using three ways in getting the 
answer to this problem. with 
preference of conceptual preparation 
of procedures over standard rule of 
differentiation .. i.e. Simplification of 
the expression before differentiation, 
the quotient rule and the product 
rule. 



I. Do you think there is another method 
of doing this problem? 
S. I don't think so. 
[At this poinl the interviewer told the 

student thal this problem can be solved 

using the product rule]. 

I. Can we go on to the next one? 
S. Let me have a try? 
I. Please do so. 
S. 1 think, I've got the answer. 
I. What method are tou using? 
S. The chain rule. 
1. Do you think any other nethod of 
ooing this problem? 

1 ~ 

(C)y=(x+-;f 

dy =2(x+.!..)O-x-2) 
dx X 

2( -I -I -3) = X+X -X -X 

... 2x - 2x-3 

S. I can expand the btacket and then 1 or 
differentiate the expression. 

2 2 1 y=X + +-I. That's real wonderful. Anyway, 
please show me your suggested 
method. 
S.OK. 
I. Let's go on to the next problem. 
1.. Please tell me how to do 2(d)? 
S. The numerator can be factorised. 
This problem can also be solved using 
quotient rule . But it is too long 

x 2 

dy 1 
-=2x-2-
dx x3 

l-x4 
(d)Y=--2 

l+x 

(1+ x2X1- x2) 
= 2 

(1+ X ) 

= 1- x2 

dy =-2x 
dx 
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Two approaches were: 
l. Preference of using the standard 
rule of differentiation (Chain rule). 
2. Expanding the brackets first. 

Ability to use simplification prior to 
actual dirf erentiation. 



(3) Based on the diagram below, I. Now let's do no3. 

compute the area of the shaded I. (-(ave you got the answer for the first 

region. 

Please explain graphically how 
this might be done. 

..-
4' .. 
n 

i. 

,£.*,I- r 
, ~ 

, 
-.+ .. 

1: , 
I< 

part 
S. Yes,l do. 
I. Now,. can you explain graphically 
how this might be done? 
S. The two areas can be computed 
separately. Then the area of the 
enclosed region is the area of A minus 
the area orB 

4J.~ 

2 2 2 
(3) fa ( -x + 4x - 4) - (x - 4)dx 

2 

= 4x - 2x dx = 2x - - x to 2 r 2 2 31 
o l 3 Jo 

16 8 
=8--=-

3 3' 

Re lations hip with the graph 
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Able to link the computational outcome to 
graphical ideas. 



(4) By considering the function 

Y =.J4 - x2 
, sketch and shade 

the region of the graph given by 
the following integral 

f: .J4- x
2 

dx 

What is the value of the 
above integral? 

I. Now. let's proceed to the move to 
the next number. 
S. May I use the graph to get the value 
of the integral? 
I. Please do so. 
S. The graph which I've got is quarter 
of a circle. Then the value of the 
integral is the area of a circle in the 
first quadnmt 

Able to draw the region correctly 
A = ~(2)2 

= '.1t(4) 

=1t 

1.50 

To identify the reversal of process. 
Able to use the area to find the value of the 
integral 



SPK (B) -no.7 
Questions 

(1) Find 

(a) fWdx 

(b) f(x+ 1)2dx 

Spoken dialogue 

I. Can you show me how to do no I? 

Th 2r~' e answer 5 "jX + c IS true. 

I. Can you solve problem I (b) ? 
S. I can solve this problem using 
substitution method? 
I. That's good. 
I. Anyway is there any other method to 
solve this problem? 
S. There is 00 alternative to be used to 
solve this problem. 
[At this point the interviewer guided the 
student to solve the problem by 
expanding the brackets first}. 
I. Now you have two solutions. Do you 
think it is the same? Please expand the 
cube in the first solution. 
S. I'm not very sure. In the first 

solution there is an extra number ~ .. 
[At this point the interviewer gave a 
brief explanation of the difference 
between the constanJ in the two cases 1 

Appendix 5(ii) 

Written symbol Manipulation 

(a)1 .J3x3dx 

= J31.JX
3 

dx 

=J31x~dx 
x~ 

=J3-+c 
~ 

2../3 =_xX+c 
5 

(b) f(x + lidx 

Substitue u = x + 1 

du =dx 

= fu2 du 

W 
=f3"+c 

(x+ Ii 
= +c 

3 
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Comment/Observation 

To identify the extent to which 
students compress algebraic 
procedures in terms of the number of 
steps used to carry them. The number 
steps used is 4 and the answer 
obtained is in conventional form. 

To identify the ability to distinguish 
the same solution for a problem. 

In this case the student is oot sure 
whether the two solutions are same. 
or otherwise .. 



I.Can you simplify the answer for 
problem 2(c) 

1. Is there any other method that can be 

used to solve this problem? 
S. The quotient rule 
S. Oh! yes I forget. IfI expand the 
brackets. the method would be easier 
than the quotient rule .. 

( 1 2 

(C)Y=\X+;) 

or 

=2(X+;)(1- :2) 
_ 2(X2 + 1\(X2 -1\ 
- x} X2) 

= 

2(x2 + lXx2 -1) 
X3 

2(x4 -1) 

x3 

(
X2 + 1,2 

Y= -x-) 
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(X2 + 1)2 

x 2 

X4 + 2X2 + 1 
= 

x2 

dv 2 3 4 2 
-' =X (4x +4x)-(x +2x +1) 
dx 

Two methods of solving the problem 
exhibited: 
1. By the chain rule. 

2. Trying to tuse he quotient rule. 



1. Can we proceed to 00 2(d)? 
S.Yes. 

I. Very nice. You have done this 
problem using the quotient rule. 
I. Is there any simplest method to be 
used to solve this problem? 
S. I don't know. 

[At this point the interviewer gave a 

brief explanation that the numerator 
can be factorised and the whole 
expression can Simplified before 
carrying out the actual 
differentiation. ) 

(d)y ... (_1_) _(~\ 
\1+ x 2 1 + x 2

) 

l_x4 

... 1 +X2 

!lI = (1 + x2
)( -4x3

) - (1- x
4

)(2x) 
dx (1+ X 2 )2 
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_4x3 
_ 4x5 

- 2x + 2x5 

(1+ X 2)2 

-2x(l + 2X2 + x4
) 

= (1+x2i 

-2x(1 +X2)2 

(1 +x2f 
=-2x 

Using the quotient rule to solve the 
problem 



(3) Based on the diagram below, 

compute the area of the shaded 
region. If you cannot do it, 
please explain graphically how 
this might be done. 

... .' • . 
n 

i 

.. 
~ 

\ 

I. Please tell me how to do no. 3? The 
area lies below the x axis? 
r. The area lies WIder the axis, the area 
should be negative. How come you get 
it positive? 
S. I just take its numerical value. 
1. Now, can you explain graphically 
how the area of the shaded region to be 
found . 
S. I've no idea. We never come across 
such a problem before. 

? 2 

3. f:( _x2 + 4x - 4)dx -fa (x 2 
- 4)dx 

r _x3 12 r x 3 f 
= l3+ 2x -4XJo -l3'- 4XJo 
( - ~ + 8 -8) -(~- 8) 
\ 3 \3 

16 
--=8 

3 
8 
3 

Cannot explain graphically how this 

might be done. 
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Inability to relate the computational 
outcome with grapbical ideas. 



(4) By considering the function 

Y = .J 4 - x2 
, sketch and shade 

the region of the graph f: .J4- x
2 
dx 

What is the value of the 

above integral? 

I. Can you show me how to do no. 4? 
S. I try 
I. What you have to do for the fllSt part 
of the question? 
S. To sketch the graph> 
I. Have you drawn. 
S.No. 

I. y2_4_x
2 

2 2 
X + Y - 4 

This is a circle. Can you proceed from 

there? 
S. Yes, using trigonometric 
substitution. 
I. Geometrically what is meant by that 
integral? 
S. Area. 
I. What is the value of the above 
integral? Usually how you do it? 
S. By using formula. 
I. Can you do it without using 
formula? 
S. 1 don't know 
I. This is an area of a quarter of a eirel. 
The area lies below the x axis. 

1 2 1 Do hink thi A'4"" '4>«4)-,.. you t s 

method will be accepted by your 

lecturer? 
S.l don't think so. 
I.Wby? 
S. Because the question ask us to find 

the value of integral, so we must carry 
out the integration. 

4(a)y=.J4-x2 dx 

f .J4-x
2
dx 

cannot proceed 

(b) .J4- x2 

X =2sin6; 
1t 

When x =2'6 ... -, 2 

x ... 0; 6=0 

dx 
- ==2kosB 
de 

:.J: .J4 - x2 dx ... t: 4kos2e de 
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Inability to use geometrical representation 
to frod the value of the integral. 



SPK(C)-no 28 

Questions 
(1) (i) Find 

(a) [Mdx 
(b) [(x + 1)2dx 

(2) Find dy ,whenever dx 
1 

(a) y = .JX. 

Spoken dialogue 
1. Will you plesae do 00 I(a) 'I 
S. Yes. 
I. Can we slight adjusment to the 
solution.. 
S. Adjustment? 
I. Yes. 
S. Please texplain tome? 
[At this point the interviewer, explain 

the way to integrate the expression 1. 
I. Now,let's do I(b). 
S.OK. 
1. Is there any other method to be use to 
solve I(b)? 
S. Usually, I do by this way. Other 
method,I don't know. 
[At this point the interviewer, explain 

the way to integrate the expression ). 
I. Now, you have two answers. Is it the 
same? 

S. We need to expand the cube in the 
first solution. 
1. Please expand it? 
I. Now how is it? 

S. No, because there is ~ in the first 

solution. 
[At this point the interviewer, explain 

brlejly thefibTencebetween the 
constant in both solutions]. 

I. Can you proceed to 2(a)? 
S.OK. 
I. Can we make slight adjustment to the 
solution. 
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Appendix S(iii) 

Written symbol manipulation 

(a)f J3x3dx 

= f(3x3)~dx 

2(3x3)~ 
-.:-.~+c 

3 

(b )f<x + 1)2dx 

(x + 1)3 
= +c 

3 
1 

2(a) Y=rx 
y = (xrt 

!!l.. = x-~.(-~) 
dx 

3 
=-~ 

Co~nU()bservadon 
To identify the exttent to which 

students compress algebraic 

procedures in terms of number of 
steps used to carry it out. 
Breakdown of procedure in the secod 
step. 

Unable to see the same object in the 
same form. 

Beakdown of procedure in the thid 
step. 



( 1 2 

(b) y= \x +;) 
1+ x2 

(C)Y=-2-
X 

X4 
_I-=-_ ~-~2 

(d) Y "" 1 + x2 1 + x 

. All right Let's poceed to 2(b). 

S. All right 

I. The method is very simple. Is there 
any other method to solve this 
problem? 
S. Let me try first. 
I. Very good. Is there any other method 
to solve this problem? 
S.No. 
[At this point the interviewer, briefly 

explained other ways of doing this 
problem- implicit differentiation and 
the product rule ]. 
I. Now, how many ways we can solve 
the same problem? 
S.4 
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(b)y = 1 + x
2 

x 2 

or 

1 
y=-+1 

x2 

2 =--
x3 

(b)y "" 1 + x
2 

x 2 

V = x2 

dv 
dx =2x 

dy v*-u~ 
-= v2 dx 

u=1+x2 

du 
-=2x 
dx 

(x2 )(2x) - (1 + X2 )(2x) 
... (X2)2 

2x3 
- (2x + 2x3

) 

X4 

2x3 -2x-2x 3 

2 
=-"3" 

X 

X4 

Exhibited two approaches of solving 
the same mathematical problem 
(i) Conceptual preparation of 
procedw-e 
(ii) the quotient rule. 



I. Can you proceed to 2(c)? 

S. OK, I will do using the chain rule. 
I. How is it? 

S. The answer is -~ 
2(x) 

[At this poinl the inlerviewer guided the 
studenl to get the correct solution I 
I. Is there any other method of doing 

2(c)? 

S. Let me think finlt. 
1. Wonderful. Now, which is easier, the 
frrst method or the second? 
S. The second one. 
I. Why you prefer the first one? 
S. No time to think of the second 
mebod. 
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( 1 2 

(C)y=\x+;) 

1 1 
-2(x+-).(--) 

X x2 

1 1 .. 2(x +-)(--) 
X Xl 

After some guidance 

1 1 
=2(x+-)(l- -) 

X Xl 

1 1 1 
=2(x--+---) 

X x x3 

1 
- 2(x--) 

x3 

=2(X4 -1) 
x3 

{ 1 2 

(C)Y=,x+-;) 

1 1 
=(x + -).(1 +-) 

x x 
1 

-x+l+l+--r 
x 

=x2 + 1+ 1+ x-2 

dy = 2x-2x-3 

dx 

Preference of the chain rule over 
expanding the brackets finlt 



I. Can we proceed to 2(d)? 

S. All right. 
I. Wonderful. 
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X4 
1 -----r (d)y- --~2 1 +x 

l+x 

l-x4 
... 1+ x 2 

(12 - x2 )(1 + x 2
) ... 

1 + x2 

... l_x2 

dy = -2x 
dx 

Able to use simplification in solving 
this problem. 



(3) Based on the diagram below, 

compute the area of the shaded 

region. 

Please explain graphically how 
this might be done. 

• . ; 

'"' 

(4) By considering the function 

Y =.J4 - x 2 
, sketch and shade 

the region of the graph 

f: .J4- x
2 

dx 

What is the value of the 
above integral? 

I. Can you proceed to no 3? 
S. Sorry. I can't proceed. 
[At this point, the interviewer guided 
the student to get an answer\ 

1. Can you proceed to 00. 4? 
S. Sorry, it is too hard for me. 
[At this point the interviewer guided Ihe 
student to draw the correct graph and 
show to the students Ihalthe value of 
the integral could be found by the area] 
1. Do you think \\; 11 be accepted by 
your lecturer. 
S. 1 don' t think. so. 
I. Why? 
S. Because we to perform the 
integration. 
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(3)area = ~ (Xl - 4)dx - t (_x2 +4x -4)dxl 

r x3 12 r -2xl 4 ~ 12 
l-- 4X J -l-+-x· -4XJ 3 0 3 2 0 

2 

[

X3 2X3 2 1 
= --4x+--2x +4Xj 
33 0 

= [x3 
_ 2X2 ]~1 

=8-

t.J4 -x
2
dx 

2 2 
= So (4 -x )dx 

2[4 _X2] 

3 

Unable to compute the area of the sha, 

region 

Reversal of process. 

nable to draw the graph. 

nable to use the area under the curve 

evaluater the value of he integral. 
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