THE UNIVERSITY OF

WARWICK

University of Warwick institutional repository: http://go.warwick.ac.uk/wrap

A Thesis Submitted for the Degree of PhD at the University of Warwick

http://go.warwick.ac.uk/wrap/57578

This thesis is made available online and is protected by original copyright.
Please scroll down to view the document itself.

Please refer to the repository record for this item for information to help you to
cite it. Our policy information is available from the repository home page.


http://go.warwick.ac.uk/wrap
http://go.warwick.ac.uk/wrap/57578

From Uncertainty to Adaptivity: Multiscale Edge
Detection and Image Segmentation

By

Kung-Hao Liang

Submitted for the degree of Doctor of Philosophy
to the Higher Degree Committee

University of Warwick

Department of Engineering

University of Warwick, Coventry, U.K.

August 1997



Contents

1 Introduction

1.1 EdgeDetection . . . ... ... ... . .. e
1.2 Texture Segmentation . . ... ... ... ... .. ...,
1.3 Motion Field Segmentation . . ... ... ... .. ... ...........
1.4 Uncertainty, Scale and Multiresolution . . . . . .. ... ... ... .....
1.5 Organisation of the Thesis . . . . .. ... ... .. ... ...........

2 Edge Detection

2.1 Finite Difference Edge Detector . . . . . . . .. ... .. ... ........
2.2 Laplacian of Gaussian Operator . . . . .. ... .. ... ...........

2.2.1 Uncertainty and Gaussian . . . .. ... .. ... ... .. ......
2.3 Surface Fitting Edge Detector . . . . . . .. .. ... ... ..........
2.4 Active Contour Model . . . .. ... ... ... ... ... .. .o
2.5 DISCUSSION + v v v v v v e e e e e e e e e e e e e e e e e e

3 Roof Edge Detection and Regularisation
3.1 Roof Edge Detection . . . . .. ... ... ... ... ... . ...
3.2 Well-posedness and Regularisation . ... ... ................
3.3 Regularised Cubic B-Spline Fitting . . . . ... ... .. .. ... ......

10

13

14

16

17

19



3.3.1 Quadratic Energy Equation . . .. ... .. ... ........... 26

3.32 IlI-Conditioness . . . . . . . . . .. i v vt i e e 27
3.3.3 Theorem of Linear Fitting . . . . . ... .. ... ... ........ 29
3.4 The Design of a Roof Edge Detector . . . . .. .. .. ... ......... 30
3.4.1 Principal Cross Section . . . . . . .. . v v i v it e 31
3.4.2 Horizontal-Vertical Decomposition . .. .. .. ... ......... 32
3.43 The Algorithm . . . .. .. .. .. ... . . ... 33
3.5 Performance Evaluations . . . . ... ... .... ... ... ......... 35
3.6 SUMMATY . . & o v vt et e e e e e e e e e e e e e e e 41
Bounded Diffusion 42
4.1 Multiscale Edge Detection . . . . . .. .. ... .. ... .. ... ... ... 42
4.2 Bounded Diffusion in « Scale Space . .. ... .. ... ... ... ... .. 46
4.2.1 Uncertainty and Bounded Diffusion .. .. .. ............ 46
422 ascalespace . .. ... ... e 47
4.3 The Designof MRCBS . . . . . . ... .. ... . .. .. .. .. ... ... 50
4.3.1 AdaptivityinScale . . . . .. ... ... . L 52
4.3.2 Scale-Threshold Consistency . .. ... ................ 56
4.3.3 Anisotropic Diffusion . . . . . ... ... .. L L. a7
434 The Algorithm . . .. ... .. ... ... .. ... . ... ... .. 58
4.3.5 MRCBS and Edge Focusing . . . . ... .. .. ... .. ... ... 59
4.4 Performance Evaluations . . . . ... ... ... .. ... .. ... ..., 61
4.5 SUMIATY . . v o v v e b e e e e e e e e e e e e e e e e 70
Texture Focusing 73
5.1 Statistical Texture Segmentation . . ... ... .. ... ... ... .... 73

il



5.2 Uncertainty, Multiresolution and Adaptivity . . . . .. ............ 74

5.3 The Design of Texture Focusing . . . . .. ... .. .. ... .. ....... 78
5.3.1 Texture Characterisation . . ... ... ................ 78
5.3.2 Spatio-Featural Mutual Focusing . . .. .. ... ........... 79
533 Splitand Fix . .. ... ... .. ... .. . . . . e 81
5.3.4 Linear Temperature-Varying Probability . . . . . ... ... ... .. 83
53.5 The Algorithm . . .. . ... ... ... .. ..... .. .. ..... 87

5.4 Performance Evaluations . . . . ... ... ... ... ... ..., ..., 91

BB Summary ..o e e e e e e e 98

Motion Field Segmentation 101

6.1 Uncertainty, lll-posedness and Ill-conditioness . . . ... ... ... ..... 101

6.2 The Design of a Motion Field Segmentation Scheme . . ... ... ... .. 104
6.2.1 Optical Flow Pyramid . . . . ... ... .. .............. 104
6.2.2 Multiresolution clustering . . . .. ... .. .............. 107
6.2.3 The Algorithm . . . . . ... ... ... ... 108
6.2.4 Comparison of Texture and Motion Field Segmentation . . ... .. 112

6.3 Performance Evaluations . . . . . ... .. ... ... ......... . ... 113

6.4 SUMMATY . . . . v o vttt e e e e e e e e e e 116

Conclusions 117

7.1 Achievements in this Thesis . . . . .. .. ... .. ... ........... 117

7.2 Toward a Generalised Theory of Adaptivity . . .. ... ... ... ..... 119

List of Publications 121

A.l Journal papers . . .. .. ... ... ... e 121

A.2 Conference papers . . . . ... ... ... ... 121

i



B The codes of the roof edge detector and for the computation of FCR/ATR.

123

C The codes of MRCBS, the Haralick edge detector, Edge Focusing and

the Chen/Yang edge detector. 124
D The codes of Texture Focusing and for the computation of PCS. 125
E The code for the motion field segmentation. 126

iv



List of Abbreviations

ATR: The approximate-true ratio.

EHF: The energy of the high-frequency components.
FCR: The false-correct ratio.

FT: Fourier transform.

MAP: Maximum a posteriori.

MFT: Multiresolution Fourier transform.

MRCBS: The multiscale edge detection scheme using the regularised cubic B-spline fitting.
MRF: Markov Random Field.

NSD: The standard deviation of the Gaussian noise.
OFC: Optical Flow Constraint.

PCS: Percentage of the Correct Segmentation.
RCBS: Regularised cubic B-spline.

TEHF: The threshold on the energy of the high-frequency components.



List of Figures

2.1

2.2

3.1

3.2

3.3

3.4

3.5

(a) The image of “Trevor”; (b) The edge-enhanced image produced by the
LoGfilter. . . . . . . . . e e e e e e e
(a) The image of “Trevor”; (b) The edge map produced by the Haralick

edge detector (the thresholdis4).. . ... ... ... ... ... .......

Anexampleofaroofedge. . . ... ... ... ... ... ...
(a) The mask of the Chen/Yang edge detector, where the orientation of the
fitting is determined by the Prewitt operator. (b) The mask of the proposed
roof edge detector. . . . . .. .. . e
From top to bottom: cubic B-spline and its first, second and third order
derivatives. . . . . . . . e e e
The fitted curve (solid line) on a roof edge (dashed line) using the RCBS
fitting with various regularisation factors a. From top to bottom: a=1077,
1071°,10713,107%6, 107", and 0. . . .. ... .. ...
Top of (a): the fitted curve (solid line) of a straight line (dashed line) using
the RCBS fitting; Top of (b): the fitted curve (solid line) of a step edge
(dashed line) using the RCBS fitting; Bottom of (a) and (b): the fitted

curve obtained by the exact mapping (EM) method. Here a=0.1. . . . . . .

vi

21

29



3.6

3.7

3.8

3.9

3.10

4.1

The optimum edge maps produced when the test image (edge size=40) is
contaminated with noise of various standard deviations (NSD’s). (a) The
test image. (b) The ideal edge map. (c) NSD=0. (d) NSD=5. (e) NSD=10.
(fY NSD=15. (g) NSD=20. . . ... . . i ittt
Top: The optimum regularisation factors obtained when the test image is
contaminated with noise of various standard deviations (NSD’s). Bottom:
the corresponding FCR’s when the optimum regularisation factors are used.
In this test, the size of the roof edge and the threshold are 40 and 10
respectively. . . . . .. L e e
Top: The optimum thresholds obtained in noise-free images with roof edges
of various sizes. Bottom: The corresponding FCR’s. In this test, the regu-
larisation factor v is 0.1. . . . . . . ... L o e
The optimum edge maps obtained for noise-free roof edges of various sizes:
(a) The ideal edge map; (b) Edge size=10; (c) Edge size=20; (d) Edge
size=30; (e) Edge size=40. . .. ... .. .. ... .. ... .. o ..
(a) The “Trevor” image. (b) The edge map of “Trevor” produced by the
proposed roof edge detector (@=0.1; threshold=6). (c) The edge map of
“Trevor” produced by the Haralick step edge detection scheme with the

threshold of 4. . . . . . o o o i i e e e e e e e e e e e e e e e e e e e e e

The edge models considered for the analysis in the a scale space. Top: the
isolated edge model. Middle: the pulse edge model. Bottom: the staircase

edgemodel. . . . ... .. e

vii

48



4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

4.10

4.11

The a scale space of: (a) the isolated edge model; (b) the pulse edge model;
(c) the staircase edge model; (d) the staircase edge model with aleft contrast
of 50 and a right contrast of 100. . . . . . ... ... ... .. ... ...,
Top of (a): the fitted curve of a pulse edge model with a=0.001; Top of (b):
the fitted curve of a staircase edge model with a=0.001; Bottom of (a),(b):
The second derivative of the fitted curve. . . ... ... ... ... .....
(a) The operator kernel of MRCBS employed in every scale. (b) The op-
erator kernel of MRCBS which is employed only in the finest scale. The
orientation of the fitting is along the orientation of the gradient. The equal-
weighted averaging is used to achieve anisotropic diffusion. . . . . . ... ..
The schematic diagram of MRCBS. . . . . .. .. ... ... ... .....
The relationship between the noise level (NSD), the scale of & and the EHF
when the edge contrastis 100.. . . . . .. ... .. ... ... ...,
The numbers of correct localisations when the RCBS fitting at various scales
is applied to 10000 different noisy edges. The contrast of the edge is 100
andthe NSDis 10. . . . . .. .. 0 v vt i i e
The relationship between oo and NSD when TEHF is 308. . . ... ... ..
The ideal step edge and its fitted curves using the RCBS fitting with various
scales. Solid line: a step edge; dotted line: a = 1; dashdot line: o = 3;
dashed line: @ =5. . . .. .. ... . e e e
(a) The synthetic image used in the first test; (b) The ideal edge map. .

(a) (b) and (c): The FCR’s of the edge maps which are produced by the Har-
alick scheme, the Edge Focusing scheme and MRCBS in test 1 respectively.

(d) (e) and (f): The ATR’s associated with (a), (b) and (c) respectively. . .

viii

49

64



4.12 The FCR’s and ATR’s of the edge maps which are produced by the Chen/Yang
edge detector in test 1 using various scales and thresholds. (a) a = 1; (b)
a=2;(c)a=3;(d) a=4;(e) a =5; (f)-(j) are the corresponding ATR’s
of (a)-(e)respectively. . . .. .. .. ... . e 65

4.13 The optimum FCR’s and the corresponding ATR’s of the edge maps pro-
duced by four different schemes in test 1 under various NSD’s. MRCBS:
solid line; the Edge Focusing scheme: dashed line; the Chen/Yang edge
detector: dashdot line; the Haralick scheme: dotted line. . .. ... ... .. 66

4.14 (a)-(d) The optimum edge maps of the first test produced by the Haralick
scheme (FCR=2.05, ATR=0.62), the Chen/Yang edge detector (FCR=0.15,
ATR=0.31), the Edge Focusing scheme (FCR=0.60, ATR=0.88) and MR-

CBS (FCR=0.05, ATR=0.43) respectively. These edge maps are obtained
when the NSD of the test imageis25. . . .. ... ... ........... 67

4.15 (a) The test image 2 contaminated by Gaussian noise with NSD ranging
from O (on the left) to 25 (on the right); (b) The ideal edge map. . . . . . . 67

4.16 The FCR’s and their corresponding ATR’s of the edge maps produced by
four different schemes in test 2 using various thresholds. MRCBS: solid
line; the Edge Focusing scheme: dashed line; the Chen/Yang edge detector:
dashdot line; the Haralick scheme: dotted line. . . ... ........... 68

4.17 (a)-(d) The edge maps of the second test produced by the Haralick scheme
(FCR=0.86, ATR=0.32), the Chen/Yang edge detector (FCR=0.14, ATR=0.13),
the Edge Focusing scheme (FCR=0.07, ATR=0.24) and MRCBS (FCR=0.02,

ATR=0.31) respectively. The thresholdis 7. .. .. ... ... ... ... .. 69

ix



4.18 (a) The real image of “Trevor”. (b), (c) and (d): The optimum edge maps

5.1

5.2

5.3

5.4

produced by the Haralick scheme (threshold=5), the Chen/Yang edge de-
tector (a@=0.1, threshold=4) and MRCBS (threshold=2) respectively. (e),
(f) and (g) Three of the edge maps in the focusing process of the Edge
Focusing scheme, where (G) is the final edge map. The threshold is 2 and
the scales are o = 4.2, 1.4 and 0.7 respectively. (h) The final edge map (o =
0.7) produced by the Edge Focusing scheme using a threshold of 1. (i) The

edge map produced by MRCBS using a threshold of 5. . . .. ... .. ...

(a) An image with two textures- nuts and straw. (b) The boundary between
the two textures. The variances of (a) using windows: (c) of size = 7
(pixels) and (d) size = 25 (pixels). (e) The edge map of (a) produced by
the Laplacian of Gaussian scheme. (f) The luminance profile along the
central lineof (a). . ... ... ... ..
(a) A multiresolution representation of an image. The two textures are
depicted as grey and white. The central regions of homogeneous textures
are represented using large windows, whereas the border regions of textures
are represented using small windows. (b) The feature space of (a), where
large circle represent the texture feature of a large region in (a).. . . . . . .
The neighbouring blocks of a block in the (a) central area, (b) border area,
(c) corner areaof animage. . . .. . ... ... ... e
Upper Left: The P(change) determined by the Metropolis probability
when T=3; Lower Left: LTV P(change) when T=3; Upper Right: The
P(change) determined by the Metropolis probability when T=1; Lower

Right: LTV P(change) when T=1. . . .. ... .. ... ... ... .....

84

86



5.5

5.6

5.7

5.8

5.9

5.10

5.11

6.1

6.2

(a) LTV P(assign) at various levels. L=1: solid line; L=2: dashed line;
L=3: dashdot line. (b) LTV P( fix) at various levels. L=3: solid line; L=6:
dashed line; L=10: dashdot line. .. ... ................... 86
(a) An image with two textures- metal and straw. (b) The boundary
between the two textures. The segmentation map of (a) using a : (c)
margin_ratio of 0.17 (PCS=48); (d) margin_ratio = 0.32 (PCS=96); (e)
margin_ratio = 0.37 (PCS=97); and (f) margin_ratio = 0.45 (PCS=0). . . 92
The percentages of the correct segmentation (PCS’s) of the segmentation
results of Figure 5.6(a) using various margin_ratios. . . ... ... ..... 93
The intermediate segmentation maps of Figure 5.6(a) at different levels
using a margin_ratio of 0.37. From (a)-(h): level 1-8. . ... ... .. ... 95
The intermediate fixed regions (shown as grey) at different levels using a
margin_ratio of 0.37. From (a)-(h): level 1-8. . . . ... ... ... ..... 96
(a) An image with textures of two different metals. The segmentation map
of (a) using a : (b) margin_ratio of 0.17 (PCS=39); (c) margin_ratio =
0.20 (PCS=59); (d) margin_ratio = 0.27 (PCS=69); (e) margin_ratio =
0.31 (PCS=93); and (f) margin_ratio = 0.35 (PCS=93).. . . . .. ... .. 98
The percentages of the correct segmentation (PCS’s) of the segmentation

results of Figure 5.10(a) using various margin_ratios. . ........... 99

(a) Two OFC’s (0.2u+0.25v—1 = 0 and 0.19u 4+ 0.26v— 1 =0) in theu —v
plane. (b) The OFC’s with a slightly perturbed coefficients (0.2u + 0.25v —
1.03=0and 0.19u+0.26v - 0.97=0). . ... .. ... ... ... ..... 103
The parent-children relationship in a quad-tree: a unit for an over-determined

set Of OFCs . . . . . v v i e e e e e e e e e e e e e e e e e e 105



6.3

6.4

6.5

6.6

The u — v plane with a determined vector %, and a undetermined vector 47 106
A multiresolution representation of an image. The two motion fields are de-
picted as grey and white. The central regions of homogeneous motion fields
are represented using large windows, while the border regions of textures
are represented using small windows. . . . . .. ... ... ... .. ..., 108

(a) An image frame in a sequence of synthetic images and (b) its previous

The segmentation map of the motion field (basis-margin = 0.2 pixel/frame

and fiz_threshold=1). . .. .. ... ... ... . .. . . .. 0., 114

xii



List of Tables

4.1

4.2

5.1

5.2

5.3

6.1

Slopes of the fitting at various scales, and the ratios of these slopes with

the slope at the coarsest scale. . .. ... ....... ... . ... ... 58
Edge Focusing vs. MRCBS . . . .. ... ... ... ... .. . ... ... 62
PCS’s of segmentation maps of Figure 6(a) using various margin_ratios. . . 93
PCS’s and the percentage of the fixed region at various levels. . . . . .. .. 94

PCS’s of segmentation maps of Figure 5.10(a) using various margin_ratios. 99

The actual velocities, the estimated velocities, the error ratios and the num-

bers of pixels of the three major motion fields in Figure 6.5. . . . . ... .. 115

Xiii



Acknowledgements

I would like to express my gratitude to my supervisor, Dr. T. Tjahjadi, for all his
supports and advices throughout these three years. Without his patient proof reading
and his comments, this thesis would not appear in such a well-written form. The financial
support from the Linda Sumartini Foundation is gratefully acknowledged.

I would like to thank Dr. R.Staunton for his help while Dr. Tjahjadi was on sabbatical
leave. I would also like to thank Chang-Tsun Li for all the stimulating discussions.

Finally, I would like to thank my parents, my sister and my dearly loved Yun for their
supports and encouragements. They are the major motivations and driving forces for me

to achieve the PhD degree.

Xiv



Declaration

This thesis is presented in accordance with the regulations for the degree of Doctor
of Philosophy by the Higher Degree Committee at the University of Warwick. The thesis
has been composed and written by myself based on the research undertaken by myself.
The research materials have not been submitted in any previous application for a higher

degree. All sources of information are specifically acknowledged in the content.

Kung-Hao Liang

XV



Summary

This thesis presents the research on two different tasks in computer vision: edge detec-
tion and image segmentation (including texture segmentation and motion field segmenta-
tion). The central issue of this thesis is the uncertainty of the joint space-frequency image
analysis, which motivates the design of the adaptive multiscale/multiresolution schemes
for edge detection and image segmentation. Edge detectors capture most of the local
features in an image, including the object boundaries and the details of surface textures.
Apart from these edge features, the region properties of surface textures and motion fields
are also important for segmenting an image into disjoint regions. The major theoretical
achievements of this thesis are twofold. First, a scale parameter for the local processing of
an image (e.g. edge detection) is proposed. The corresponding edge behaviour in the scale
space, referred to as Bounded Diffusion, is the basis of a multiscale edge detector where the
scale is adjusted adaptively according to the local noise level. Second, an adaptive mul-
tiresolution clustering scheme is proposed for texture segmentation (referred to as Texture
Focusing) and motion field segmentation. In this scheme, the central regions of homo-
geneous textures (motion fields) are analysed using coarse resolutions so as to achieve a
better estimation of the textural content (optical flow), and the border region of a texture
(motion field) is analysed using fine resolutions so as to achieve a better estimation of the
boundary between textures (moving objects). Both of the above two achievements are the
logical consequences of the uncertainty principle. Four algorithms, including a roof edge
detector, a multiscale step edge detector, a texture segmentation scheme and a motion
field segmentation scheme are proposed to address various aspects of edge detection and

image segmentation. These algorithms have been implemented and extensively evaluated.

Xvi



Chapter 1

Introduction

In recent years, digital images have been used extensively in medical, industrial and
telecommunication applications due to the rapid progress of digital techniques. Various im-
age modality, including charge-coupled devices for light and thermal imaging, laser range
imaging, Synthetic Aperture Radar imaging (SAR), as well as various medical imaging
modalities such as the Magnetic Resonance imaging (MRI), the Computed Tomography
(CT) and the Positron Emission Tomography (PET), have been developed to generate
2-D and 3-D images using signals with lower dimensions [18]. At the same time, various
image processing techniques have been investigated to extract useful information from
digital images, which normally contain some physical defects such as noise or blurring.
The research discipline of image processing includes computed imaging, filtering, restora-
tion and coding, etc. The discipline of computer vision, which is closely related to image
processing, emerged in the 70s. Computer vision starts with the physiological and psy-
chophysical investigations of the human (mammalian) visual systems, and then constructs
artificial visual systems using sensors together with various computing algorithms [67].
The basic principle behind computer vision is that the visual process is a computational

process, therefore a systematic investigation in vision can result in a series of algorithms



which build up an artificial visual system. Tasks of computer vision include structure from
motion, shape from shading, object tracking, etc. [40].

Although image processing groups and computer vision groups have slightly different
emphases and attitudes toward research (the former tend to devise generic approaches,
whereas the later are more interested in the interpretation of physical scenes from images),
their close relationship cross fertilises each other. For example, segmentation and feature
extraction are normally the starting points of both fields. In addition, the adaptivity in
scale is generally the key component for an efficient computer vision or image processing
algorithm.

Computer vision is an inverse process because the physical scene is reconstructed
through images [6]. Since the physical information of a scene is incomplete in the im-
age, assumptions have to be made during the reconstruction stage to estimate the missing
information. An inverse problem is ill-posed in the presence of noise, violating the three
requirements of well-posedness: (1) a solution exists, (2) the solution is unique, and (3)
the solution depends continuously on the input data (see Section 3.2). Regularisation is a
procedure for formulating a well-posed task by employing assumptions which guarantee a
unique and stable solution to the task (see Section 3.2). It has been pointed out that reg-
ularisation has a close relationship with the concept of scale [94]. This close relationship
leads to the Bounded Diffusion theory presented in Chapter 4, which is one of the central
issues addressed in this thesis.

In the early 80’s, Marr proposed a hierarchy of tasks which lead to the ultimate goal of
computer vision. In this hierarchy, the high level information (i.e. symbolic descriptions of
the physical scene) is derived from the middle level (e.g. 2%D surface maps, object shapes
or movements) and the low level (i.e. primal sketches) information [67]. Marr’s systematic

approach toward vision became a standard paradigm, where tasks in different levels are



tackled separately. In this thesis the tasks of edge detection and image segmentation
using textures and motion fields are investigated. These tasks are low-level tasks, which

determine the performance of the subsequent high-level tasks.

1.1 Edge Detection

Identifying and locating object boundaries in an image is an essential task in low-level
computer vision because an object boundary provides an initial description of the scene.
Object boundaries manifest themselves as significant discontinuities between image grey-
levels of adjacent pixels, thus, the detection of these discontinuities (referred to as edges)
attracts enormous attention from computer vision groups. A step edge corresponds to an
abrupt change in grey-level (i.e. a discontinuity), whereas a roof edge corresponds to the
first order discontinuity in the image gradients. Marr uses edges to illustrate the concept
of primal sketches [66], therefore the performance of the higher level computer vision relies
on the accurate detection of edges. Physiological evidences also show that the recognition
of edges plays an important role in mammalian vision. For example, Hubel and Wiesel
have shown that mammalian cortex contains a population of feature detectors which is
tuned to edges and bars of various width and orientation [66).

The role of an edge detector is to locate the discontinuities in image grey levels accu-
rately in the presence of noise. This is a dilemma because a small degree of smoothing
is preferable for locating the edges, whereas a large degree of smoothing is required for
suppressing noise. This dilemma is commonly acknowledged as the uncertainty principle
(see Section 1.4) because a large operator kernel provides a large degree of smoothing,
which inevitably reduces the resolution of the edge maps (e.g. [105]). Contrary to this

common belief, Chapter 4 demonstrates a new concept of scale for local image processing



tasks such as edge detection. This new concept is referred to as the Bounded Diffusion
theory, where the adjustment of the regularisation effect according to the noise levels does

not increase the size of the operator kernel.

1.2 Texture Segmentation

Image segmentation is the process by which an image is partitioned into disjoint regions,
each of which has a homogeneous region property such as a texture or a motion field.
It is an intermediate process toward a high-level interpretation of a scene. Although
object boundaries manifest themselves as edges, edge detection alone cannot serve as a
complete image segmentation scheme. The reason being that edge detectors capture both
boundaries and surface textures of an object. In addition, a procedure of edge linking is
required after edge detection to compose a parametric contour (i.e. a chain of boundary
locations) to complete the segmentation process (see Section 2.3). The difficulties of
image segmentation is normally under-estimated because our natural aptitude to interpret
a visual scene is excellent and spontaneous [105]. There are two approaches to tackle
the problem of image segmentation: to consider region properties such as textures or
colours; and to use information from multiple frames such as stereos or motion fields to
recognise occlusion. In this thesis, texture segmentation and motion field segmentation
are investigated.

Texture segmentation partitions an image according to the pattern of variations of the
image grey levels. In texture segmentation, the boundary of a region with homogeneous
texture has to be accurately located, while the texture content within the boundary is used
to determine the homogeneity. The former requires a small operator kernel to achieve high

spatial resolution, while the latter requires a large kernel to achieve high feature resolution.



This is a dilemma occurring in the joint space-frequency analysis, i.e. the uncertainty
principle (see Section 1.4), which indicates that a good texture segmentation can only be

achieved using an adaptive multiscale (multiresolution) approach.

1.3 Motion Field Segmentation

The optical flow constraint equation (OFC) proposed by Horn and Schunck [43] is com-
monly used to derive the motion field from image sequences. OFC assumes that the image

grey level of a moving point is stationary with respect to time, thus

dS(a,0.1) _ 0S(,w,t)de | 0S(z,u,t)dy | 95(z,4,1) _

dt 9z dt oy dt a1 0, (1.1)

where S(z,y,t)is the grey-level at an image pixel (z,y) at time ¢; and u = j—f and v = %%
represent the two orthogonal components of the velocity of the image pixel.

Deriving the optical flow from OFC’s is an ill-posed task because the two variables of
u and v are determined using a single constraint equation. This is commonly known as
the aperture problem. In addition, OFC is derived under the assumption that S(z,y,t)is
continuous, thus errors of the optical flow will be introduced at positions with grey-level
discontinuities usually caused by the occlusion of objects. The above two problems can
be solved to a certain extent by the regularisation technique. For example, the multi-
point approach assumes the optical flow of adjacent image pixels are identical (i.e. the
regularisation), thus a smoothed but unique optical flow field is determined under this
assumption. This approach still suffers from the dilemma of uncertainty because the
solutions of OFC’s tend to be erroneous due to the ill-conditioness (Section 6.1) when
a small window (i.e. high spatial resolution) is used. If a large window is used (i.e.

low spatial resolution), then the optical flow is an averaged value within the window,

which is less likely to be influenced by noise but is more likely to contain several objects,



each of which corresponds to a distinct motion field in the image. Thus, an adaptive

multiresolution scheme is required to circumvent the uncertainty.

1.4 TUncertainty, Scale and Multiresolution

As indicated in the previous three sections, researches on edge detection, texture seg-

mentation and motion field segmentation all involve (by their nature or by a common

misunderstanding among researchers) the uncertainty of the joint space-frequency anal-

ysis. In this section, the uncertainty principle is examined in detail. Let h(z) denote

the operator kernel (a real function with unit L; norm) of the analysis, and H(w) be

the Fourier Transform of A(z). Assume h(z) — 0 when z — too. The spatial resolu-

tion Az and the feature resolution Aw in the time-frequency plane (also referred to as a

spectrogram [84]) are defined as the variances of h(z) and H(w) respectively [20, 98]:

A:ﬂ:/ 22 |h(z)|? dz,

Aw?

—00

/oo w? |H(w)f? dw

-0

/O:o I ()] de.

(Schwarz inequality)

Thus,
o0 o0 2
Azt Aw? = / x2|h(z)|2dmx/ |h'(z)|" dz
= Jow
> ‘ / zh(z)H(2)dz
Since
o0 1 oo
/ sh(z)(z)de = = / zdh(z)?
-0 2 /-

?12- [zh(z)2] (:0 - -;—/_o:o h(z)2da:

y

[R
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equation (1.2) becomes

Az Aw® > (1.3)

o=

The above formula imposes a lower bound on the time-frequency product, which shows
that high resolutions in both the spatial domain and the frequency domain cannot be
achieved simultaneously in the joint space-frequency analysis. The equality of (1.3) is
reached (i.e. the uncertainty of the time-frequency product is minimised) when the two
functions involved in the Schwarz inequality of (1.2) are proportional to each other, i.e.

[20, 98]

h(z)
zh(z)

= constant,

where the solution of h(z) is a Gaussian.

The issue of uncertainty, scale and resolution is the central issue of this thesis. It
has also been discussed in scale-space filtering methods (e.g. [59, 108]), wavelet meth-
ods (e.g. [64, 84]), diffusion methods (e.g. [79, 102, 103]), as well as various multi-
scale/multiresolution techniques (e.g. [5, 62, 63, 110]). The underlying objectives of these
theories are similar, which are the decomposition of an image into different spatial fre-
quency channels (scales) so as to facilitate the joint space-frequency or space-scale analysis.
Generally, a scale is defined as the standard deviation of the Gaussian pre-filter o (e.g.
(5, 62]), a continuous parameter, which indicates the degree of smoothing of an image.

The standard deviation o of the Gaussian is proportional to the spatial resolution Az.
In the literature, the spatial extent of the block-shaped window in the quad-tree image
structure is also referred to as the resolution, which is a dyadic series. In this thesis the
terminology of the scale is used in continuous situations, whereas the resolution is used to
indicate the block size of the quad-tree.

Since a scale reflects the degree of smoothing, it is adjusted in accordance with the



noise level. If an image is noise-free, then the inner scale (i.e. the smallest scale which is
determined by the granularity of the image) always provides the most complete information
of an image. Otherwise, an adequate scale is required to suppress noise. An accurate
modelling of the noise level is thus essential for the indication of the scale. This will be

discussed in Section 4.3.1.

1.5 Organisation of the Thesis

This thesis tackles three computer vision tasks of edge detection, texture segmentation and
motion field segmentation. In this thesis, uncertainty, scale and adaptivity are the central
concepts which are closely linked together. Due to the local nature of edges (see Section
1.1), Bounded Diffusion is proposed to provide a local scale factor for edge detection,
where the spatial extent of the operator kernel is independent of the scale. Texture seg-
mentation and motion field segmentation are susceptible to uncertainty, thus an adaptive
multiresolution clustering method is devised to circumvent the uncertainty.

The organisation of the thesis is as follows: Chapter 2 reviews the important edge
detectors to illustrate an evolution of concepts for edge detection. Chapter 3 presents the
theories of regularisation and well-posedness, as well as a design of a roof edge detector.
In Chapter 4, a local scale factor of a is proposed as the basis for a multiscale edge
detector, where the scale is adjusted adaptively according to the local noise level. Chapter
5 presents a multiscale texture segmentation scheme, referred to as Texture Focusing,
where the regional resolutions are adaptively determined according to the boundary of the
texture. In Chapter 6, Texture Focusing is incorporated with the optical flow multi-point

method to achieve the motion field segmentation. Finally, Chapter 7 concludes this thesis.



Chapter 2

Edge Detection

2.1 Finite Difference Edge Detector

A digital image is a two-dimensional (2-D) array of grey levels, which correspond to the
sampled light intensities in light images, or the depth values in range images. Normally the
grey levels are indicated by a third coordinate which is perpendicular to the 2-D image
plane. Therefore, the digital image g(z;,y;) is viewed as the sampled data from a 3-D
continuous surface f(z,y), where z and y are spatial coordinates, and z; and y; are the
grid points of z and y.

As defined in Section 1.1, a step edge corresponds to an abrupt change in grey level,
whereas a roof edge corresponds to the discontinuities in image gradients. The abrupt
change occurs in grey-level g(z;,y;) when the underlying surface f(z,y) is very steep. A
step edge is thus defined as the set of pixels (z,y) where the gradient of f(z,y) exceeds a

certain threshold value:

\/6f(w,y) + 99 5 eshold,
oz Ay

In a sampled image, the derivatives of 6%’;” and afg’;’y) are approximated using the finite



difference method, i.e.

w ~ g(:c,'_’_l,y,') - g(wi» yi)’
af(a:;, y) ~ g(zi,yi-f-l) —_— g(z,-,y"). (2.1)

Alternatively, they can be determined by convolving a weighting mask (also known as a

window or an operator kernel) with the image. These masks are square matrices, e.g.

-1 -k -1
of(z,
%zg(ﬂfﬁyi)* 0 0 0 )
1 k 1
-1 0 1

%";’y)zfl(z.‘,yﬁ)* -k 0 k|

—IOIJ

where * denotes convolution; k is a positive constant. Compared with the finite difference
method of equation (2.1), these weighting masks introduce a smoothing effect along the
orientation which is perpendicular to the derivative so as to suppress noise. Different value
of k have been proposed heuristically. For example, £ = 2 in the Sobel operator and k = 1
in the Prewitt operator [30]. Masks with different sizes are also proposed for different
degrees of smoothing. However, these approaches are incapable of calibrating the size of

the masks according to the noise level so as to avoid excessive bluring.

2.2 Laplacian of Gaussian Operator

The finite difference approach which thresholds the image gradient produces thick edges in
the edge map. This is because more than one pixel adjacent to the grey-level discontinuity
qualify as edge pixels due to their large gradients. To produce one-pixel wide edge sketches,

the pixels which are the local maximum of the gradient are thus defined as edges. These
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pixels correspond to the zero values of the second order derivative along the gradient in

the underlying surface f, i.e.
0% f

o2’
where n is the coordinate along the gradient [94]). Normally the above process is simplified
to detecting the zero-crossings of the Laplacian of the image, i.e. 2f, as an edge.

The detection of an edge using the Laplacian operator or the finite difference operator is
an ill-posed task because the inherent differentiation enhances the high-frequency compo-
nents of the image including noise. The results are thus highly noise-sensitive. A rigorous
definition of well-posedness is presented in Section 3.2. The method of regularisation con-
verts an ill-posed task into well-posed. Torre and Poggio showed that regularisation can
be achieved by convolving the data with a cubic-spline filter, which has a shape similar to
a Gaussian [94].

Marr and Hildreth [66] proposed the Laplacian of Gaussian operator (LoG), an isotropic
operator, for edge detection. The idea is to convolve an image with a Gaussian smoothing
pre-filter G(o, ¢, y) for the regularisation, and then calculate the Laplacian of the smoothed

image to produce an edge-enhanced image E E(z,y;) (a band-passed image), i.e.

EE(zi, %) = V2[G(0,2,) * 9(wi, 1)) = [V*G(0,3,9)] * g(=:, :),

where o is the standard deviation of the Gaussian. The LoG operator 2G(o, z, y) is

z? + y? — 202 e_LTLZ— 1:: 2

2mab

v*G(o,z,y) =

’

which is also known as the "Mexican hat” operator due to its shape [66]. Note that the

2-D Gaussian can be decomposed to two 1-D Gaussians, i.e.

R NP SR G 1 oo
G(U’x’y)_2W02e 20 —\/2—7”762" X\/Q_ﬂ:ae?" —G(a,x,O)xG’(a,O,y).
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Similarly

QG((T T 'l) = (ﬁ -+ 3_2) [G( 0) 5, ('( 0 ]
V sy Ty Y o 8.’172 ay,) g,r, 7(0o, ’y)
0* i

This shows that the 2-D convolution of an image with \7?G(0o, z,y) can be simplified as
four 1-D convolutions. The LoG operator can also be approximated by the Difference of
Gaussian (DoG) kernel [66], which is the basic principle of the Laplacian pyramid [13].
Figure 2.1 shows the image of “Trevor” and the edge-enhanced image obtained from
the convolution of “Trevor” with the LoG kernel. In Marr and Hildreth’s approach, the
edge map is further derived using the set of pixels with zero values in the edge-enhanced

image.

(a) (b)

Figure 2.1: (a) The image of “Trevor”; (b) The edge-enhanced image produced by the

LoG filter.

The value of ¢ in the Gaussian pre-filtering corresponds to the degree of smoothing.
When o is small, all the tiny edges with small gradients are extracted. This is why the
LoG edge detector also incorporates a thresholding process on the gradient to separate

salient edges from tiny edges [36]. Another way to deal with the tiny edges is to introduce

12



a large amount of blurring by increasing the value of o, which however causes the edges to
be displaced from its original positions (see Chapter 4). Marr and Hildreth have discussed
the edge behaviour under various value of ¢ [66]. This concept is further developed by

Witkin as the scale-space theory [108].

2.2.1 Uncertainty and Gaussian

Canny employed the numerical optimisation method to design an optimised 1-D kernel for
an edge detector [16). Three criteria, i.e. the suppression of noise, the localisation of edges,
and one single response to an edge, are chosen for the optimisation. The result showed
that the optimised kernels for step and roof edges are approximated by the first and the
second order derivatives of a Gaussian respectively. Canny’s first two criteria correspond
to the uncertainty which occurs in edge detection, i.e. a large degree of smoothing is
required to suppress noise, whereas a small degree of smoothing is preferable for locating
the edges accurately. Thus Canny’s numerical result confirms the theoretical prediction
of the uncertainty principle that the Gaussian is the optimum kernel (see Section 1.4).

Canny also suggested the use of the ai:yG(a, n) operator instead of the LoG operator
for edge detection, where n is the coordinate along the gradient. This agrees with the
natural definition of an edge, i.e. g—:&, which is also accepted by Torre and Poggio [94],
Haralick (see Section 2.3), and the MRCBS proposed in Chapter 4.

The fact that the optimised 1-D roof edge detector is the second order derivative of the
Gaussian suggests that the Laplacian kernel, the sum of two 1-D second order derivatives
in the orthogonal directions of an image, is a candidate for roof edge detection. In Chapter
3 the second order derivatives are used to indicate the presence of roof edges, where the

Gaussian smoothing is achieved by a regularised fitting process.
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2.3 Surface Fitting Edge Detector

Reconstructing the physical scene from digital images is the objective of computer vision.
Under this premise, an intuitive procedure is to fit the sampled grey levels with a continu-
ous surface. Haralick proposed the facet-model based edge detector [39], which comprises
two steps. First, a set of 2-D Chebychev orthogonal polynomials are employed to fit a
window of image pixels g. The reconstructed underlying surface f, referred to as a facet,
is a linear combination of these Chebychev polynomials, where a series of coefficients ¢
determine the weights of the polynomial. These coefficients are determined by the least-
square fitting, which minimises a well-posed quadratic energy function E =|| Ac — g ||?,
where || - || denotes the l3-norm, and matrix A maps the coefficients from ¢ space to g
space. Hence, the minimum of E occurs when ¢ = (AT A)"' AT g [90], which indicates that
¢ is continuously dependent on g. The least-square fitting provides a smoothing effect
similar to the result of the Gaussian pre-filtering.

Second, the gradient of the facet f and the second derivative along the gradient ori-
entation (i.e. Z—Z'é) are determined. If a zero-crossing occurs on %{- at a pixel, and the
gradient of the pixel is larger than a threshold, then this pixel is classified as an edge pixel.
Figure 2.2(b) shows the edge map produced by the Haralick edge detector.

Apart from the Haralick operator which classifies edge pixels according to the deriva-
tives of the local facet, Nalwa and Binford argued that an edge is a piecewise curve com-
posed of short, linear edge elements referred to as edgels, each of which is characterised
by a position and a direction [75]. The 1-D surface (i.e. the surface where the grey-level
is constant in one spatial direction) is thus used to match the local surface of an edgel.
The hyperbolic tangent function (tanh) is chosen as the 1-D surface because it is similar

in shape to a step edge. This method is summarised as follows:
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(a) (b)

Figure 2.2: (a) The image of “Trevor”; (b) The edge map produced by the Haralick edge

detector (the threshold is 4).

1. A 1-D plane is used to least-square-fit a window of image pixels;
2. Determine the gradient orientation of the fitted plane;

3. A third-order 1-D polynomial is used to least-square-fit the same pixels to refine the

estimation of the gradient;
4. A 1-D tanh function is used to least-square-fit the same window;

5. A quadratic polynomial is used to least-square-fit the image pixels along the orien-

tation determined at step 3;

6. Compare the error of the least-square-fitting in steps 4 and 5. If the error in 4 is
greater than in 5, then an edgel is determined. The 1-D tanh function is thus used

to determine the orientation and the magnitude of the edgel.

Nalwa and Binford argued that their edgel detector is more useful than edge detectors
because the result produced by an edgel detector is more suitable for the subsequent

linking process.
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2.4 Active Contour Model

The active contour scheme is devised to extract a contour directly from the image grey

levels [50]. This scheme minimises the functional E:

E= [ Eutern(8) + [ Bimage(#)ds + [ Econa(5(5))ds,

where the contour is represented parametrically by #(s) = (z(s),y(s)), with arc length
parameter s € [0,1]. FEjntern is the internal energy due to the elastic deformation and
the bending of the contour. Ej;,ge corresponds to the target feature such as a step edge
or a roof edge. The external constant term E,,,; is defined as the distance between the
contour and a given spatial position. This is to facilitate the man-machine interaction.
The solution ¥(s) is determined by minimising E. For example, the energy functional of a

roof-edge contour is:

E = [(a(s)lus)l* + B(s)lTus(s)P)ds + 3 a(o(s))

where a(s) and B(s) are weightings; ¥,(s) and ¥,,(s) are, respectively, the first and the
second order derivatives of the contours #(s). g(%(s)) denotes the grey level along #(s).
A few nodes, referred to as snaxels, have to be specified in the active contour scheme
to provide an initial condition. This is because the contours are composed of curves
(e.g. B-Splines) interpolated between the snaxels. The number of snaxels thus reflects
the resolution of the contour. However, these snaxels have to be specified individually,
which is a very tedious work. Therefore, Schnabel extended the active contour model to
a multiscale contour extraction scheme of shape focusing [87], which starts from an image
blurred by Gaussian with a coarse scale (i.e. a large value of o) where fewer snaxels are
required. A rough contour is thus obtained by the active contour scheme. This contour

serves as the initial condition for the following steps in the finer scales where more snaxels
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are inserted automatically. Thus, a contour with a complex shape is gradually extracted

as the scale decreases.

2.5 Discussion

This chapter reviews the advantages and drawbacks of the finite difference operators, the
Laplacian of Gaussian operator, the Haralick’s facet model, the tanh 1-D surface fitting
approach, as well as the active contour model for edge detection. The use of the finite
difference operators for edge detection is intuitive but ill-posed, thus it fails on noisy
images. The Laplacian of Gaussian operator, which combines the Gaussian pre-filter and
the Laplacian differentiator, is well-posed. However, the isotropic Laplacian of 7?2 is an
approximation of the true edge differentiator of 31:; [94]. The Haralick operator comprises
the facet model (for a local surface fitting) and the 6%2;- differentiator. Nalwa and Binford
proposed a complex approach which is based on the 1-D tanh surface fitting. The local
surface around an edge is fitted and therefore, the parameters of the edgels are available
for the subsequent edge linking process. The active contour scheme, which is based on
the minimisation of a regularisation functional, produces a contour directly from the grey
level image according to the required features (e.g. step or roof edges). However, a few
snaxels have to be specified to serve as the initial condition.

Both the Haralick scheme and the LoG scheme are well-posed edge detectors. Even
though the theoretical analysis shows that the ai:T differentiator (as in the Haralick scheme)
is preferable to 72 (as in the LoG scheme), the experimental results show that the per-
formance of the LoG operator is comparable with the Haralick operator [36]. The Har-
alick scheme, where the Gaussian pre-filter is not used, lacks a systematic approach to

the adjustment of the degree of smoothing, which is achieved by the least-square fitting.
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In contrast, the standard deviation of the Gaussian provides a scale parameter for the
scale-space theory [108] as well as various multiresolution schemes such as the Laplacian
pyramid [13]. Gaussian filtering also facilitates the multiscale active contour method [87].

A detailed discussion on multiscale edge detection will be presented in Chapter 4.
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Chapter 3

Roof Edge Detection and

Regularisation

3.1 Roof Edge Detection

A roof edge is an important feature in various applications. For example, it is argued that
human facial expressions in images are better depicted by roof edges than by step edges
[78]. The extraction of roof edges from digital terrain models plays an important role in
lithology, structural geology and geo-morphology [83]. Roof edges are also important in
the analysis of aero-magnetic images [44] and the segmentation of range images [41, 77).
A roof edge is generally defined as a discontinuity in the first order derivative of a 1-D
grey-level profile f [77, 54]. This definition is adopted in this thesis. However, in certain
instances a sign change in the first order derivatives on the two sides of the discontinuity is
also required [38],i.e. f'(t,+)X f'(t,~) < 0, where the discontinuity occurs at the position
t,. Thus, a roof edge is a local maximum or a local minimum of a grey-level profile, which
are referred to as a ridge or a valley, respectively, in the literature [38, 44, 83]. Figure 3.1

illustrates an example of a roof edge occurring at the origin of the 1-D coordinate along
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the principle orientation (the principle orientation is defined in Section 3.4.1).

! -1
Spatial coordinate (pixel) -6 Coordinate on Principal orientation

Figure 3.1: An example of a roof edge.

Various schemes for detecting roof edges (or ridges and valleys) have been proposed.
Pearson and Robinson proposed a valley detector, which uses a set of criteria to examine
the relative grey levels of a group of neighbouring pixels [78]. These criteria determine the
local extremum of the second order derivative of the underlying grey-level profile, which
indicates the occurrence of a roof edge. Unfortunately, this scheme requires three thresh-
olds to be given heuristically. Furthermore, it is an ill-posed task due to the embedded
differentiation process (see Section 3.2).

The Haralick schemes of step [39] and roof [38] edge detection employ the process of
least-square optimisation. A set of Chebychev orthogonal polynomials is used in these
schemes to reconstruct the underlying grey-level surface of the image. Step edges and
roof edges are then determined according to the corresponding criteria. Least-square
optimisation methods minimise a well-posed quadratic energy function, where the solution
is obtained by linear algebra [90]. Note that a regularisation formula can be transformed

into a quadratic equation (see Section 3.3).
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Recently, Chen and Yang proposed a step edge detector based on the Regularised Cubic
B-Spline (RCBS) fitting [17]. However, this scheme has two limitations which degrade its
performance. First, the Prewitt edge detector, an ill-posed operator, is used to indicate
the local gradient, along which the subsequent fitting is applied. The accuracy of this
scheme is thus limited. Second, the grey-levels along the gradient, which are required for
the fitting, do not coincide with the grid pixels of the image (Figure 3.2(a)). Interpolation
is thus required, which increases the computation time. This chapter presents a roof edge
detector, derived from Chen and Yang’s step edge detector, which overcomes the above
two limitations. The proposed roof edge detector employs the 1-D RCBS fitting on the
horizontal and the vertical orientations of a window of image pixels to generate two 1-D
signals (see Figure 3.2(b)), which provides sufficient information of the 2-D facet to enable

edge detection.

N
Grid Pixel
——Grid Pixel Centre of the Mask / Vertical
o o -] o
° ° ° ° ° Orientation RCBS
of the .
Centr Fittin
. Equal-Weighted entre of the Mask g
° ° ° ° ° o o Averaging
o L] o o [} ° o Jd
K } K }
~ Orientation of the Fitting Horizontal RCBS Fitting
(a) (b)

Figure 3.2: (a) The mask of the Chen/Yang edge detector, where the orientation of the
fitting is determined by the Prewitt operator. (b) The mask of the proposed roof edge

detector.
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3.2 Well-posedness and Regularisation

Hadamard defined a well-posed task to have the properties of existence, uniqueness and

continuity [6], where

existence: for each datum g in a given class of functions G, there exists a solution z in

a prescribed class X;
uniqueness: the solution z is unique in X;

continuity: when the error on the data g tends to zero, the induced error on the solution

z also tends to zero.

As indicated in Chapter 1, the tasks of computer vision are inverse processes in the
sense that the 3-D physical scene is reconstructed from digital images. The information
contained in an image is insufficient to produce a unique and stable solution which repre-
sents the physical scene, unless an adequate physical knowledge is used to constrain the
solution space. The incorporation of constraints is referred to as the regularisation process.
For example, due to the process of differentiation in edge detection, a small perturbation
of g (e.g. noise) induces an unpredictable change of the edge location z. Thus, it is an
ill-posed process which violates the criterion of continuity. From the point of signal pro-
cessing, the process of differentiation corresponds to a high-pass filtering, which enhances
the noisy components of the signal. Hence, the task is ill-posed and the solution of z is
numerically unstable.

Tikhonov’s theory of regularisation provides a method to convert an ill-posed process
into a well-posed process [93]. The principle of Tikhonov’s regularisation is to employ
adequate constraints in the process [6, 92]. A typical ill-posed task, which corresponds to

image restoration or the curve/surface fitting in edge detection, is to find a function f(-)
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from the data g(-) such that f(-) ~ g(-). Tikhonov’s format includes an additional term

which comprises a suitable norm || - || as well as a stabilising function @Q, i.e.

E=|| f()=g() I +e || QFC) 112, (3.1)

where a determines the degree of regularisation and F is the energy. Thus f(-) is deter-
mined such that E is minimised.

L, norm is generally chosen as || - || and d2/dz? as Q for the sake of simplicity [94], i.e.

J(ELE) )2, (1-D)

[ [(9*f(z,y))dzdy. (2~ D)

Q) II*=

In this way, the space of the solution for a regularised functional is constrained by sup-
pressing the second order derivative of f(-), i.e. a smoothness constraint. The physical
justification is that the noise-free image is band-limited by the optics, therefore, all its
derivatives of the underlying surface should exist and be bounded [94].

Toore and Poggio argued that the determination of f(-) via the Tikhonov regularisation
is equivalent to convolving the digitised image g(-) with a a cubic spline filter, which is
very similar in shape to a Gaussian filter [94]. On the other hand, the role of Gaussian
smoothing can be replaced by a regularised fitting. This is the basic concept of Bounded

Diffusion, which will be discussed in Chapter 4.

3.3 Regularised Cubic B-Spline Fitting

The Regularised Cubic B-Spline (RCBS) fitting, which employs the principle of the regu-
larisation theory [6, 92], is used to reconstruct the grey-level profile f(z) from a discrete

array of data g(z;) in a well-posed way, i.e.
d2
E= Y () - o(z)) + o [ e, (32)
J
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where « is a positive number and z; are the sampled pixels of a spatial coordinate z.
The variational approach is commonly used to solve the functionals [92]. However, tech-
niques such as curve fitting can transform a functional problem into the minimisation of
a quadratic energy equation, where the solution is easily determined by linear algebra.
Among various curves available for the fitting, a spline under a certain premise has a least
value of the second order derivative according to the Holladay theorem [1]:

Holladay Theorem

Let A :a = 21 < 292 < ... < rpm = b, and a set of real numbers {g(zk)}(k =
1,2,....., M) be given. Then among all the functions f(z) with a continuous second deriva-
tive on [a,b], and such that f(zi) = g(zk), the spline function Sa(z) with junction points

at zi and with S (a) = SA(b) = 0 minimise the intergal
b
[ (" @)yas.

Here the spline function Sa(z) is defined to be composed of cubic polynomials in each
sub-interval zp_1 < z < zx (k = 2,3, ....., M), and satisfies Sh(zx+) = Sh(zx—) as well
as §% (zk+) = SA(zk—), (k:2,3,..... M = 1).

Since the sampling rate of a digital image is fixed, the interval [zk—1,2k] is equidistant.
Hence a spline Sa(zx) is a linear combination of a third-order basis function provided
that the derivatives of the basis function are zero at the boundary points. This concept

motivates the RCBS fitting [17, 56], which uses the cubic B-spline Q (Figure 3.3) as the

basic elements of the fitting:

4

0 2< ||

Q=9 —|zP/6+ 2> -2z +4/3 1< [z <2

| [2/2 = |2? + 2/3 lz] <1
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Figure 3.3: From top to bottom: cubic B-spline and its first, second and third order

derivatives.

By shifting the basis function over the interval [1,M],
ei(z) = Qz —1) 0<i<M+1 i€l

The solution f(z) in equation (3.2) is then represented as the linear combination of the

basis functions:
M+1

flz)= ) ciei(z), (3.3)

1=0

where c; is the coefficient of the basis function e;.
In this way, the regularised functional in equation (3.2) becomes a quadratic energy

equation:

M M+1 M M+l d2e (_'1} )
E= Z Zc, (2j) = g(aj)? +a ) (Y e~ z2)% (3.4)
=0 j=1 =0

The first term of the above equation is the summation of the square of the differences
between f(z;) and g(z;), while the second term determines the summation of the second

order derivatives in z;. Minimising E represents the reduction in the differences as well
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as the second order derivatives at the positions of z;, and « is used to adjust the relative
importance between the two terms. Given g(z;) and «, ¢; is then determined. The
solution f(z) and its derivatives can then be easily obtained by multiplying ¢; with the

corresponding derivatives of e;:

M+1
f) = Y el (a),

=0
where f(*)(z) and egn) (z) represent the nth order derivatives of f(z) and e;(z), respectively.
3.3.1 Quadratic Energy Equation

Define
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where A, A and G are known, and C is the unknown variable. In this way, equation

(3.4) can be represented as

E = (ATc-a)T(ATc-G)+oAa7C)T(ATC)
= (ATC)T(ATC)- GTATc - (ATC)TG + GTG + aCTAzATC
= CT(AAT + aAzAT)C - 2cTAG + GTG.
Define
P = AAT {aAAT
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0 ol Ag
Since the row vectors of [A Aj] are independent of each other, the matrix P is positive

definite as long as a > 0. Therefore,
E=cTpc-2cTac +GTa.

This is a standard quadratic energy equation and the graph is a paraboloid in the (M+2)

dimensional hyperspace. The minimum of E occurs at C = P~ AG [90].

3.3.2 Ill-Conditioness

A quadratic energy equation is well-posed. However, it can be ill-conditioned, which
means that a small perturbation in the input signals results in a large variation of the
output. When a — 0, P — AAT whichisa singular matrix because the rank of A is M,
and the dimension of the matrix AAT is M+2 by M+2 such that det(AAT) = 0. The
singularity of AAT causes the computation of C, which requires the inverse of P, to be
ill-conditioned. Since there is no clear boundary between ill-conditions and well-conditions
[6], the MATLAB software is used to simulate the fitting with a decreasing value of @. The
results (Figure 3.4) show that when a equals to 1077,1071%, 10713, satisfactory fittings are
achieved. However, when o is further decreased to 107'6,10~!? as well as 0, the results
of the fitting are unsatisfactory, i.e. the results do not represent roof edges. Similarly,
a — 0o causes the computation to be ill-conditioned. Values of a in the range 10~7 to 20
showed similar results to Figure 3.4(a).

In the RCBS fitting, the number of coefficients (M+2) exceeds the number of grid

pixels (M) to be fitted. As a result Chen and Yang [17] proposed the exact mapping (EM)
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Figure 3.4: The fitted curve (solid line) on a roof edge (dashed line) using the RCBS fitting
with various regularisation factors a. From top to bottom: a=10-7,10-10, 10-13, 1018,

10-19, and 0.
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method which changes equation ( 3.3) to:

M
f(z) = ;Ciei(z')

Therefore, only M cubic B-splines are used instead of M+2 as in equation (3). However,
the use of EM will not result in an optimum fit, because the RCBS fitting is regularised
and therefore, is well-posed. The solution of a well-posed problem is guaranteed to exist, is
unique, and is continuously dependent on the input data (see Section 3.2). If the boundary
cubic B-splines (i.e. eo(z)and epr41(2)) is removed from the fitting procedure as suggested
in [17], then the accuracy of the fitted curve degrades as illustrated in Figure 3.5. In this

thesis the RCBS fitting with M+2 cubic B-splines is used.

Figure 3.5: Top of (a): the fitted curve (solid line) of a straight line (dashed line) using
the RCBS fitting; Top of (b): the fitted curve (solid line) of a step edge (dashed line) using
the RCBS fitting; Bottom of (a) and (b): the fitted curve obtained by the exact mapping

(EM) method. Here a=0.1.

3.3.3 Theorem of Linear Fitting

The regularised fitting is a linear process in the sense that the fitted curve is proportional

to the sampled value according to the following linear fitting theorem:
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Theorem 1 Linear Fitting Theorem

Consider the regularised fitting

E(fi0)= [(f - 9z 4o [(SL e,

the solution f of the functional E(f,g) is linearly dependent on the image grey-level g.
Proof :
Given g,,
Let f, be the candidate solution of g, which minimises E, i.e. E(f,,g,) is minimised.
then
forgm =axg,+b, (a,beR)

there exists f,, = a X f, + b, such that

d fm

Efmgm) = [(fn = gm)de +a (G yodz,

= [athe - gtz + o [(Heledyiae,
2E(fo,90),

is also minimised.
3.4 The Design of a Roof Edge Detector

A roof edge is defined as a discontinuity in the first order derivative of a 1-D grey-level
profile g [54], which is fitted by a continuous function f. Thus, the location of a roof edge
corresponds to the extremum in the second order derivative f”, and the zero-crossing in the
third order derivative f”’. The zero-crossings of f” can accurately indicate the position
of edges, but they are very sensitive to high-frequency signals such as noise. Thus, a
threshold in f” is introduced to make the criteria more robust against noise. As a result

the criteria for a roof edge are:
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e f" > threshold;

e zero-crossing occurs in f”’.

Since an image is a 2-D signal, the above 1-D criteria cannot be used directly. There
are two approaches to solve this problem: (1) augment the 1-D criteria to 2-D; and (2) use
a 1-D signal in an appropriate orientation to represent the 2-D image. The latter approach

is used in this design to simplify the computation.

3.4.1 Principal Cross Section

The grey level of a 2-D image describes a 3-D surface. To use a 1-D signal f (a grey-
level profile) to represent this 3-D surface for roof edge detection, a cross-sectional plane
is required on which f is the projection of the 3-D surface. This cross-sectional plane,
referred to as the principal cross section, is perpendicular both to the 2-D image and
the isophote curves (i.e. the curves which connect pixels of the same grey level). The
orientation of the principal cross section is thus referred to as the principal orientation
(see Figure 3.1).

Let S(z,y) be the 3-D grey-level surface, where z and y are spatial coordinates. Let

& be the principal orientation, and § be the orientation of the isophote curve, then % =

%%‘59- = 0. Given an arbitrary direction ¢ inclined at an angle § to the direction of Z, then
Z = tcosl and 9 = tsiné.
Therefore,
ﬁ = Q—‘SXCOSB-{-a—SXSinO
dt ~— 0% 9
= Q*S X cosd, (3.5)
0z
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and

28 rs 925 r2s
_dt_2 = onos0+2xai‘ag>(szn0><c030+a—gz)(sm0
0%s
= —65:2 X cos?8. (36)
Denote
a8 98
[ "o
and
dS d%S
! el "o
f0 - dt ’ fo - dt2 .

Therefore, equations (3.5) and (3.6) become

fo(z,y) = fp(z,y) x cosh,

fo(z,y) = fp(z,y) x cos®d. (3.7)

These relationships infer that f along the principal orientation (§ = 0) has the maximum
first and second order derivatives. Note that these relationships are obtained under the
assumption that the isophote curves are parallel to the roof edges. Although this is not

always true, the assumption generally approximates the real cases.

3.4.2 Horizontal-Vertical Decomposition

To obtain the derivatives along the principal orientation (i.e. fp(z,y)and ff(z,y)),a 2-D
image is decomposed into two 1-D signals which are perpendicular to each other, e.g. the
horizontal and the vertical components of the signal. The derivatives along the principal
orientation are then determined from the derivatives of these signals. Given a cross section

with an angle (6 + 90°), equation (3.7) becomes

fé+90°(z7y) = f;:(.’l), y) x 008(0 + 900) = f;’(zvy) X sind,
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fo'vo00(2,9) = fp(2,y) X cos*(0 + 90°) = fi(z,y) x sin?6.

Therefore,

(f5(2:9))* + (fogooo(z,9))* = (fb(z,9))’c0s’0 + (fp(z,y)) sin’0

= (fp(z,9)% (3.8)

S3(2,9) + fiooe(2,9) = [p(2,y)cos®0 + fi(z,y)sin0 = fi(z,y).  (3.9)

Equation (3.8) and (3.9) show that fp(z,y) and fp(z,y) can be obtained from the
derivatives along any two perpendicular orientations. Note the two formulae in equation
(3.8) and ( 3.9) are identical to the definition of the gradient and the Laplacian respectively,
where fp(z,y) corresponds to the gradient, and fp(z,y) corresponds to the Laplacian.
To simplify the computation, the two perpendicular orientations are chosen to be the
horizontal and the vertical orientations so that the grey levels on the sampled image can

be directly used for the regularised fitting.

3.4.3 The Algorithm

In the proposed roof edge detector, the RCBS fitting is applied along the horizontal and
the vertical orientations to reconstruct two continuous grey-level profiles (Figure 3.2(b)).
The derivatives of the fitted curve f along these two orientations are then obtained as
described in Section 3.3. Since the basis function, the cubic B-spline, is a third order
piecewise polynomial, the third order derivative of the fitted curve f is not continuous at
the grid pixels (see Figure 3.3).

The criteria for detecting a roof edge (Section 3.4) are then applied along the principal
orientation. The first criterion requires fp, determined using equation (3.9), to be greater
than a threshold. The second criterion requires a zero-crossing in f", i.e. fp/(to+) X

fP(to—) < 0. To simplify the application of these criteria, the third order derivatives are
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examined along the horizontal and the vertical orientations. If a sign change occurs along
either of the two orientations, the second criterion is satisfied. The first criterion is then
used to detect the roof edge.

The magnitude of f7 is used as an indication of roof edges in the proposed scheme,
where f} is determined from two regularised 1-D signals, and equals approximately to the
Laplacian of Gaussian 72G(0, z,y) * S. The difference between fp and 72G(o,z,y) * S
is the shape of the kernel, i.e. a cross kernel (Figure 3.2(b)) is used to compute fg, while
a square kernel is used to compute 2G(o,z,y) * S.

The pseudo codes of the proposed roof edge detector are:

begin

Input (Image(z,y), a, threshold);

Assign n = the size (in pixels) of the image;
For (z =1,2,...n)(y = 1,2,...n) do

begin

Apply the RCBS fitting along the horizontal orientation;

Determine flll’orizontal(x’ y)’ ]I,L,érizontal(m ™ y)’ and fl’llérizontal (‘T+ ’ y);

Apply RCBS fitting along the vertical orientation;
Determine [}, ,;0i(Z,¥)s frerticat(%:9=), and fidyicai(z,y+);
I (1 izontat(T=2¥) X Shorizontat(2+,9) < 0)
or (fierticat(T+¥=) X foerical(%,y+) < 0)
then
begin
fB(2,Y) = | frorizontat(2:9) + fierticar(2: )]

If fi(x,y) > threshold

then Set EdgeMap(z, y)=Edge;
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else Set EdgeMap(z,y)=Not an Edge;
end
end
Output (EdgeMap(z, y));

end

3.5 Performance Evaluations

The values of the regularisation factor a and the threshold are required for the proposed
roof edge detector. The value of a determines the degree of smoothing, therefore, a large
value of a should be used when the image is noisy. Conversely, if the image is noise-free,
a small value of a should be used so as to preserve the image details. The value of the
threshold reflects the size of an edge, which is defined as the difference of the slopes at
the two sides of the roof edge [54]. The larger the edges to be detected, the larger the
threshold.

Several synthetic images are used to test the proposed roof edge detector. These
synthetic images contain a roof edge of a “ring” shape so that the performance of the
edge detector in all orientations can be measured. The advantage of using synthetic
images is that the true edge positions are known and therefore, quantitative evaluations
are possible. The measurements of performance is the False-Correct Ratio (FCR) [17],
which is determined by first classifying the pixels in the edge map to be true-positive, true-
approximate, true-missing, neutral-extra, and false-positive; and regarding the number of
falsely-detected pixels as the sum of true-missing (ntm) and false-positive pixels (nfp),
and the number of correctly-detected pixels as the sum of the true-positive (ntp), true-

approximate (nta), and neutral-extra (nne) pixels. FCR is the ratio of the number of
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falsely-detected pixels to the number of correctly-detected pixels, i.e.

number of falsely-detected pixels

FCR =
number of correctly-detected pixels

_ ntm+nfp
- ntp+nta4nne

The lower the value of FCR, the better is the performance of the operator. If the value of
FCR is greater than 1, the operator is considered to have failed, because the number of
falsely-detected pixels exceeds the number of correctly-detected pixels. Here the param-
eters which generate an edge map with the least value of FCR are considered optimum
parameters.

In test 1, a synthetic image which contains a roof edge with a slope of 20 at both
sides of the edge, i.e. the size of the edge is 40, is used to represent a typical roof edge
(Figure 3.6(a)). The image is contaminated with zero-mean Gaussian noise of various
standard deviation (NSD), and the FCR’s of the edge maps produced by the proposed
roof edge detector are determined. In the noise-free case, the edge map has a FCR of
0 (i.e. the edge map is perfect in the context of FCR) when the regularisation factor is
0.1 and the threshold is 10. The threshold is then set to 10 for all the noise levels since
the regularisation factor alone should reflect the noise level. The optimum regularisation
factors and their corresponding FCR’s are then measured under various NSD’s. The results
(Figure 3.7) show that the optimum regularisation factor increases as the NSD increases.
The corresponding optimum edge maps are shown in Figure 3.6.

In test 2, noise-free images are used and the size of the roof edge is decreased gradually
so as to determine the effect of the threshold on the performance of the edge detector.
The result is shown in Figure 3.8. As the size of the roof edge decreases, the optimum
thresholds become smaller. The perfect edge map (i.e. FCR=0) cannot be produced when

the size is reduced to 10. This is because as the size is reduced, the edge and non-edge

36



(a) (b)
27 R
A
L ol
(e) (f)

Figure 3.6: The optimum edge maps produced when the test image (edge size=40) is
contaminated with noise of various standard deviations (NSD’s). (a) The test image. (b)

The ideal edge map. (c) NSD=0. (d) NSD=5. (¢) NSD=10. (f) NSD=15. (g) NSD=20.
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Figure 3.7: Top: The optimum regularisation factors obtained when the test image is con-
taminated with noise of various standard deviations (NSD’s). Bottom: the corresponding

FCR’s when the optimum regularisation factors are used. In this test, the size of the roof

edge and the threshold are 40 and 10 respectively.
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points become more and more similar, and hence more and more difficult to distinguish.

Figure 3.9 shows the corresponding optimum edge maps.
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Figure 3.8: Top: The optimum thresholds obtained in noise-free images with roof edges
of various sizes. Bottom: The corresponding FCR’s. In this test, the regularisation factor

«a is 0.1.

In test 3, a real image of “Trevor” (Figure 3.10(a)) is used as a test image, and the
corresponding roof edge map generated by the proposed scheme is shown in Figure 3.10(b).
Figure 3.10(c) shows the step edge map produced by the Haralick step edge detector [39]
for comparison. It shows that the features on the step edge map and the roof edge maps
are different. For example, the step edge map shows the wrinkles on the shirt, while the
roof edge map shows the stripes on the shirt. The pattern on the tie appears to be better

detected using the proposed detector than the Haralick step edge detector.
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(d) (e)

Figure 3.9: The optimum edge maps obtained for noise-free roof edges of various sizes:
(a) The ideal edge map; (b) Edge size=10; (c) Edge size=20; (d) Edge size=30; (e) Edge

size=40.
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(b) (c)

Figure 3.10: (a) The “Trevor” image. (b) The edge map of “Trevor” produced by the
proposed roof edge detector (a=0.1; threshold=6). (c¢) The edge map of “Trevor” produced

by the Haralick step edge detection scheme with the threshold of 4.
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3.6 Summary

In this chapter, the concept of regularisation is examined. This concept relates to both the
numerical stability (i.e. the well-posedness of the task) and the scale (Section 3.2). Section
3.3.1 shows the use of Cubic B-spline fitting transforms a functional of regularisation into
a quadratic energy function. A roof edge detector is devised which does not rely on the
Prewitt edge detector as in the Chen/Yang step edge detector [17]. The roof edge detector
is much simpler than the Chen/Yang step edge detector, because the proposed Horizontal-
Vertical decomposition enables a 2-D image to be analysed on a 1-D basis. The Regularised
Cubic B-Spline fitting is also modified to achieve a better fitting (Section 3.3.2). Although
the RCBS fitting is well-posed, the regularisation factor a should be carefully chosen to

make the computation well-conditioned (Section 3.3.2).
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Chapter 4

Bounded Diffusion

4.1 Multiscale Edge Detection

The multiscale aspect of edge detection was first examined by Rosenfeld and Thurston
(85]. They analysed the edge responses using the box-shaped kernels with various sizes,
and observed that some edge points are not detected when a large kernel (i.e. low spa-
tial resolution) is applied. Marr and Hildreth proposed the Laplacian of Gaussian edge
detector, in which a Gaussian pre-filter is applied to regularise the ill-posed task of edge
detection and to suppress noise (see Section 2.2). They observed that when an image is
convolved with a Gaussian kernel of various standard deviation o, different edge maps,
defined as the zero-crossings of the Laplacian, are produced. A small o results in an edge
map with more details than one which is obtained using a large o, but there are also more
noise-induced responses [66]. Marr and Hildreth suggested that the zero-crossings which
exist over several scales should be considered as physically significant {66]. These edges
are referred to as salient edges.

Witkin proposed the scale-space filtering, which shows the evolutionary behaviour of

an edge under different scales [108]. A scale space is spanned by the spatial coordinate and
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a scale coordinate, where the scale is the standard deviation o of the Gaussian pre-filter.
In a scale space, the zero-crossings of the second order derivative of a signal produce traces
which reflect the relationship between the scale and the step edges. Witkin pointed out
the “well-behavedness” of the o scale space, i.e. when the scale is varied from coarse to
fine, new local extrema are created while existing ones remain [108]. Babaud et al. [3]
proved that for a 1-D signal, this property only holds when the signal is convolved with
a 1-D Gaussian. Yuille and Poggio [109] further confirmed that this property also holds
when an image is convolved with a 2-D Gaussian, and proved that it can be applied to all
level-crossing contours. Koenderink [53] proved that the Gaussian is the Green’s function

of the diffusion equation, i.e. in the 1-D case

0* _ 9y

922~ Bo
where o represents the scale, z is the spatial coordinate and 9 is the signal. Hence, the
theory of scale space motivates the study on the diffusive aspects of an image.

Based on the evolutionary behaviour in the scale space, a few multiscale edge detection
schemes have been proposed. The essence of these schemes is to locate edges as accurately
as possible while suppressing noise. Bergholm proposed the Edge Focusing scheme [5]
which first obtains an edge map from a coarse scale, and then consecutively decreases the
scale to recover the true positions of edges. Lu and Jain [63] proposed the scheme for
“reasoning about edges in scale space” (RESS), which involves a large amount of decision
making to classify edges according to their behaviour in the scale space.

The scale defined in the Edge Focusing and RESS schemes are basically the standard
deviation (o) of the Gaussian pre-filter. Since o relates to the shape and the range of the
filter’s impulse response, the value of the scale affects not only the smoothing effect on the

signal, but also the kernel size. When a large ¢ is required to suppress noise, the resultant
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kernel size is large. However, an edge is a local feature. A large kernel includes irrelevant
information into the edge detection and therefore, the detected locations of edges deviate
from their true positions. This is why in both Bergholm’s, and Lu and Jain’s approaches,
extra computations are required to recover the true positions of edges. The « scale space
is proposed in Section 4.2 to cope with this problem. In the a scale space, the size of
the operator kernel is independent of the value of a, which corresponds to the degree of
smoothing.

The value of a scale corresponds to the noise level of the image [16]. The higher the
noise level, the stronger the smoothing effect should be. Hence, the noise level determines
the lower bound of the scale, beyond which the estimated locations of edges are no longer
accurate because the noise is not sufficiently suppressed. The Edge Focusing scheme
employs a series of scale (o = 4.2, 3.85, 3.5, 3.2, 2.8, 2.5, 2.1, 1.75, 1.4, 1.0, 0.7) which is
heuristically chosen [5]. Therefore, if an image is very noisy, the edge locations recovered
in the finest scale are not accurate. This is referred to as an “over-focused” phenomenon in
[5]. In some images, the noise level varies from one region to another, thus the scale needs
to be adjusted adaptively. This adaptivity is referred to as the “variable blurring” in [5].
To prevent over-focusing and to enable variable blurring in edge detection, a multiscale
edge detector is proposed in Section 4.3 where the finest scale is adaptively adjusted
according to the local noise level.

Bergholm claimed that noise and unnecessary edge details are both eliminated in the
Edge Focusing scheme by the thresholding in the coarsest scale. In the successive stages
(at finer scales), the Canny operator [16], but without the thresholding process, is used to
detect edges [5). However, in a very noisy image, some noise responses are not eliminated
in the coarsest scale, and they develop into noise clusters (see Section 4.4 and Figure

4.14(c), 4.17(c)). This is because there is no thresholding process in the successive scales
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to suppress noise. Note that the criterion of an edge being the zero-crossings of the second
order derivative is susceptible to noise, thus it is normally accompanied by the criterion
of a large gradient (see Sections 2.2 and 2.3). To prevent noise clusters in edge detection,
a series of thresholds should be used in every scale in a multiscale scheme.

A multiscale edge detector with a fixed-size kernel is proposed to address the above
three issues. The scale is adjusted adaptively according to the local noise level. A series of
thresholds are used in every scale, which controls the amount of details to be preserved in
the edge map. The proposed multiscale edge detector is still based upon the Regularised
Cubic B-Spline (RCBS) fitting described in Section 3.3, where a set of cubic B-splines
(Figure 3.3) is used to approximate the underlying 1-D grey-level profile. A regularisation

term, controlled by a factor «, is introduced to suppress the effect of noise:

B = T/ - o m]))2+a§:<‘”(”“) dz, (4.1)

where g(z;) denotes the grey level at the spatial coordinate z;. The fitted curve f(z) is
determined by minimising the functional E. The proposed edge detector is thus referred
to as the Multiscale edge detector based on Regularised Cubic B-Spline fitting (MRCBS).

In equation (4.1), a reflects the degree of smoothing, which is determined by the value
of o in Gaussian pre-filtering methods. Also, both the Gaussian pre-filtering and the
regularised fitting convert the ill-posed nature of edge detection to well-posed [94]. As the
kernel size is independent of e, the image is diffused within a small range, i.e. a bounded
diffusion. Therefore a could be interpreted as a scale, where the terminology of scale is
used in a more generalised manner, i.e. the scale is a parameter which controls the degree

of smoothing.
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4.2 Bounded Diffusion in a Scale Space

4.2.1 Uncertainty and Bounded Diffusion

A signal contains both global and local information, where a scale such as o normally
reflects the spatial extent of the operator kernel. The essence of a multiscale analysis is to
interpret a signal using the operator kernel with varous spatial extents. As indicated in
equation (1.3), the spatial resolution of Az and the frequency resolution of Aw in a joint
space-frequency (space-scale) analysis are constrained by the uncertainty principle [20].
This can be illustrated by two simple examples. The Fourier transform (FT) of a Dirac
function (é(z)) is 1 for all frequency w. Similarily, the FT of a function that approximates

an edge:

1 when z >0,
edge(z) =

—1 when z < 0;

is 2/jw, where j is the unit imaginary number.

These two examples illustrate that the energy of a local feature in an image, e.g. a
delta function or a step edge, spreads out over the entire frequency spectrum. This is
also illustrated by the scale-space theory, which shows that an edge is scale (i.e. the
frequency band) invariant [108]. On the other hand, although a single frequency function,
e.g. sin(z), is well localised in the frequency domain, it cannot be defined using a small
number of pixels. Therefore, if an accurate frequency is required as in the analysis of
textures, then the signal has to be analysed in a large interval in order to achieve a high

resolution in the frequency domain. Conversely, if a feature has to be spatially localised,
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then a small kernel with a fixed size is preferable in order to maintain the same spatial
resolution.

Since an edge is defined as the union of the discontinuities (i.e. the local information)
in the grey-level profile [54], the locations of the edge pixels are of primal concern. There-
fore, a small and fixed-size operator kernel is preferred, which implies that the normal
interpretation of a scale as o is inadequate for edge detection. This is why the o scale
space is proposed in Section 4.2.2 such that an image is diffused within a fixed-size kernel.
A scale of a controls the degree of smoothing, but does not affect the size of the kernel.
In this way, any irrelevant information is excluded from the smoothing process for noisy

images.

4.2.2 a scale space

In this section, the diffusive/convergent behaviour of a signal which is regularised by the
RCBS fitting is illustrated in the a scale space. The horizontal axis of this space is the
spatial coordinate and the vertical axis is the scale in logarithm form. The logarithm form
is used in order to visualise the evolutionary behaviour of an edge, depicted by dots, over
a wide range of a. To generate the « scale space, three edge models: the isolated edge
model, the pulse edge model, and the staircase edge model as in [110] are used (see Figure
4.1). An isolated edge model represents a single edge within an operator kernel. The pulse
edge model and the staircase edge model are used to show the interaction between two
edges which occur in an operator kernel. The size of the kernel is set to be 13, and the
edge contrast in these models is set to 100.

The a scale space of the isolated edge model is shown in Figure 4.2(a). The central
line is the true edge response, and the others are spurious responses, which are caused by

the subtle oscillations of the fitted curve. Figure 4.2(a) shows that the edge response of
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Figure 4.1: The edge models considered for the analysis in the « scale space. Top: the

isolated edge model. Middle: the pulse edge model. Bottom: the staircase edge model.

an isolated edge does not deviate from its true position as « varies. This is similar to the
o scale space [62, 108]. Also, when the scale is varied from fine to coarse, the spurious
responses drift away.

Figure 4.2(b) is the « scale space of the pulse edge model when the distance between
the two edges is 3 pixels. It shows that the pair of true edge responses (which are between
spatial coordinates +2 and which exist in all scales) converge to the true positions as
a — 0, and they move away from each other as a increases. This phenomenon agrees
with Witkin’s localisation assumption [108], which suggests the use of the coarse-to-fine
paradigm in the design of a multiscale scheme. As « increases, the spurious responses
outside the true edges drift away while those inside merge with each other. Figure 4.2(c)
is the « scale space of the staircase edge model. A phantom edge (the central line) exists
between the true edges, and the true edges merge with the phantom edge at large value
of @. When the two sides of the staircase edge have different contrast (left contrast of

50; right contrast of 100), the corresponding a scale space is shown in Figure 4.2(d). In
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this case the phantom edge merges with the weaker edge. For a detailed discussion about

phantom edges, see [19].
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Figure 4.2: The « scale space of: (a) the isolated edge model; (b) the pulse edge model;
(c) the staircase edge model; (d) the staircase edge model with a left contrast of 50 and a

right contrast of 100.

Figure 4.3 shows that for the pulse edge model and the staircase edge model, the
oscillations of the fitted curves result in zero-crossings in the second order derivatives of
the fitted curves. These oscillations are subtle compared to the contrast of the edge. Note
that the RCBS fitting is a linear process (see Section 3.3.3) and thus the amplitude of the
oscillation is proportional to the contrast of the edge. Therefore, the spurious responses

can be eliminated by the thresholding of the first order derivative of the fitted curve, which
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is an essential process in edge detection (see Section 4.3 and [16, 94]).

Figure 4.3: Top of (a): the fitted curve of a pulse edge model with a=0.001; Top of (b):
the fitted curve of a staircase edge model with «=0.001; Bottom of (a),(b): The second

derivative of the fitted curve.

The « scale space indicates that the coarse-to-fine paradigm is suitable for an a-based
algorithm such that the detected edges will converge to their true positions. In addition,
the deviations of edges from their true positions are caused by the interaction between
edges which coexist in an operator kernel. Since the probability of two edges occurring in
a small and fixed-size kernel is lower than in a varying-size kernel, a is more suitable than

o to be used as a scale in edge detection.

4.3 The Design of MRCBS

An edge is the union of discontinuities in the grey level of an image. In a regularised
(smoothed) 2-D image f, an edge is defined as the union of pixels which correspond to the
zero-crossings of the second order derivative along the orientation of the local gradient,

and which is larger than some threshold [16, 94], i.e.

e Gradient > threshold;
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o A zero-crossing of g—nf;;

where n is the spatial coordinate along the orientation of the gradient. The value of the
threshold determines the amount of edges to be preserved in the resultant edge map. In
MRCBS, the RCBS fitting is applied along the horizontal and the vertical orientations of
the image so as to reconstruct the continuous grey-level profiles (Figure 4.4(a)). The first
and the second order derivatives along both orientations are measured (see Section 3.3)

so as to determine the local gradient.

/N
Grid Pixel
{ Vertical Grid Pixel Centre of the Mask
‘ ° o ° °
RCBS ° ° ° ° ° Orientation
- f the
Fittin, o
Centre of the Mask 8 . Equal- Weighted
° ° ° ® ° ° ° Averaging
Al ° ° ° ® ° ° °
K N K_ e e e e e
Horizontal RCBS Filting 4 Orientation of the Filling
(a) (b)

Figure 4.4: (a) The operator kernel of MRCBS employed in every scale. (b) The operator
kernel of MRCBS which is employed only in the finest scale. The orientation of the fitting
is along the orientation of the gradient. The equal-weighted averaging is used to achieve

anisotropic diffusion.

Based on the coarse-to-fine paradigm [5, 108], a is consecutively decreased in MRCBS
until the lower bound of the scale is reached. The lower bound is determined by measuring
the Energy of the High-Frequency component, which is defined in Section 4.3.1. For each
scale, a threshold for the local gradient is adjusted in accordance with the scale, which
is discussed in Section 4.3.2. In summary, the coarsest scale and a threshold are initially
used. If the local gradient is greater than the threshold, and the scale is greater than the

lower bound, a finer scale is then used so as to locate the edge with a better accuracy.
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In the finest scale, the RCBS fitting is applied along the orientation of the gradient to

52 . 2 . . .
measure #. The zero-crossings of —8371{» are classified as edges. Figure 4.5 shows a schematic

diagram of MRCBS.

( For every pixel in the image )

Use the coarsest scale
and corresponding threshold
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Figure 4.5: The schematic diagram of MRCBS.

4.3.1 Adaptivity in Scale

An index of the noise level is required to determine the lower bound of the scale. In the
literature, several methods which adaptively adjust the regularisation factor a according

to the image property have been proposed for image restoration {49, 68]. These methods
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propose various models which induce o to converge iteratively to an appropriate value.
All of these models assume a to be a monotonically increasing function of the noise level.
However, different models result in different values of a for the same image.

It is commonly known that a low-pass filtering is suitable for suppressing noise because
noise contains more high-frequency components than physical edges. For the same reason,
a measurement of the high-frequency components of a signal indicates the local noise level.

In the RCBS fitting, the following regularised functional is minimised:
E=|l f()=gC)I? +e |l £7O) 1%,

where || - || denotes the {? norm, f(-) denotes the fitted curve, and g(-) denotes the original
image data. The first part of this functional || f(-) — g(-) ||* is the residual energy of the
fitting. The second part || f”(-) ||? represents the Energy of the High Frequency component
(EHF), which provides an index of the noise level. To illustrate the relationship between
noise level, a and EHF, a series of tests is conducted. The EHF’s of a 1-D step edge with
a contrast of 100 (the top plot of Figure 4.1) and contaminated by the Gaussian Noise of
various Standard Deviations (NSD’s) are measured. The RCBS fitting is used to regularise
the noisy images. Each EHF is the average value of 10000 different noisy edges with the
same noise level. The results (Figure 4.6) show that EHF is a function of NSD and «,
with « inversely related to EHF. Also, a noisy edge has a higher EHF than a less noisy
edge. Therefore, if the scale is consecutively decreased as in the coarse-to-fine paradigm,
and a Threshold of EHF, referred to as TEHF, is used to terminate the decrement of the
scale, then a noisy edge will cause the decrement of « to stop at a higher value. In this
way, the value of a is adjusted automatically according to the local noise level, i.e. this is
equivalent to variable blurring.

Applying TEHF is equivalent to cross-sectioning the surface in Figure 4.6 perpendicular
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Figure 4.6: The relationship between the noise level (NSD), the scale of @ and the EHF

when the edge contrast is 100.

to the EHF-axis and in parallel to the NSD-scale plane. Although the scale () is a
monotonically increasing function of the noise level (NSD), using a different value of TEHF
results in a different relationship between them. To calibrate the NSD-a relationship
by adjusting TEHF, an ideal step edge with a contrast of 100 (top plot of Figure 4.1),
and contaminated by the Gaussian noise with NSD of 10, is assumed to be commonly
encountered in real images. The RCBS fitting is applied to this signal with a ranging
from 0.5 to 4.5, with an increment of 0.5. For each «, 10000 different noisy edges with
NSD of 10 are fitted, and the edge is considered to be correctly localised if a zero-crossing
of the second order derivative of the fitted curve occurs within +0.1 pixels of the edge.
The number of correct localisations, a function of a, reaches its maximum when a = 3.5
(Figure 4.7). To terminate the decrement of a at a value of 3.5 when NSD=10, a TEHF
which is the average of the EHF’s when a = 3.5 and 4.0, and NSD=10, i.e. 326.05 and
289.99, is chosen. In this way, when a = 4.0, the scale is decreased because EHF < TEHF;
when o = 3.5, the decrement of the scale is terminated because EHF>TEHF. Hence

TEHF is set to be 308 and therefore, the NSD-a relationship as in Figure 4.8 is obtained,
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in which a = 3.5 when NSD= 10.

4300
4300

Figure 4.7: The numbers of correct localisations when the RCBS fitting at various scales
is applied to 10000 different noisy edges. The contrast of the edge is 100 and the NSD is

10.

Scale

35

a

10 15
Noise Level (NSD)

Figure 4.8: The relationship between a and NSD when TEHF is 308.
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For a 2-D image, the RCBS fitting is applied along both the horizontal and the vertical

orientations of the sampled image, thus the 2-D EHF is defined as follows:

EHF(2'D) E” fi,zlorizontal(') ”2 + ” lellertical(') ”2 .

Therefore, the decrement of the scale terminates when
EHF(2-D) > TEHF(2-D),

where the value of TEHF(2-D) is twice as large as that of TEHF, i.e. 616.

4.3.2 Scale-Threshold Consistency

As indicated in Section 4.1, a thresholding process in every scale is necessary for a mul-
tiscale scheme to prevent noise clusters. However, the slope of a regularised edge, the
variable to be thresholded, varies with the different degree of smoothing (e.g. ¢ and «).
Figure 4.9 shows an ideal step edge and the curves fitted by the RCBS fitting with various
o: the higher the scale, the smaller is the slope. The thresholds, which distinguish the
preserved and the eliminated edges, should have the same thresholding capability in all
scales, i.e. if an edge with a small contrast is to be eliminated, then it should be eliminated
in any scale by the corresponding threshold. This is the concept of scale-threshold con-
sistency, which determines the relationship between a scale and a threshold. Hence, when
the threshold for the slope in the coarsest scale is given, the corresponding thresholds in
other scales with the same thresholding capability are also determined according to the
scale-threshold relationship.

A series of measurements is conducted on an ideal step edge with a contrast of 100 so
as to determine the relationship between the scale and the threshold. The RCBS fitting
is applied with o ranging from 0.5 to 4.5. For each scale, the first order derivative (i.e.

the slope) of the fitted curve at the position of the edge is measured. Also, the ratios of
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Figure 4.9: The ideal step edge and its fitted curves using the RCBS fitting with various

scales. Solid line: a step edge; dotted line: a = 1; dashdot line: o = 3; dashed line: a = 5.

the slopes at various scales to the slope in the coarsest scale is calculated and shown in
Table 4.1. Although these ratios are measured on an edge with a contrast of 100, they can
be used for edges of all contrasts. This is because a regularised fitting is a linear process
(see Section 3.3.3) which results in the ratios to be independent of the contrast. In this
way, the threshold with the same thresholding capability at a given scale is determined by
the product of the ratio associated with that scale and the threshold used in the coarsest

scale.

4.3.3 Anisotropic Diffusion

Whitaker [102, 103], and Perona and Malik [79] proposed the anisotropic diffusion. Its
basic concept is that the degree of smoothing along the orientation of the edge and across
the edge should be different, with a strong smoothing along the orientation of the edge to
suppress noise, and a weak smoothing across the edge so as to minimise blurring of the
edge.

This concept is employed in the design of MRCBS so as to locate the edge as accurately
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Table 4.1: Slopes of the fitting at various scales, and the ratios of these slopes with the

slope at the coarsest scale.

Scale (@) 50 45 40 3.5 3.0
Slope | 21.991 22.545 23.172 23.802 24.734

Ratio 1.0000 1.0252 1.0537 1.0864 1.1247

Scale (a) 2.5 2.0 1.5 1.0 0.5
Slope 25.744 27.001 28.660 31.088 35.492

Ratio 1.1706 1.2278 1.3033 1.4136 1.6139

as possible. In the finest scale, before the RCBS fitting is applied along the orientation
of the gradient (i.e. across the edge), an equal-weighted averaging (i.e. the Gaussian
smoothing with o — o00) is applied perpendicular to the orientation of the fitting. Figure
4.4(b) shows the operator kernel in the finest scale, which is also used in [17]. Since a
strong smoothing is imposed along the orientation of the edge, it eliminates noise without

blurring the edge.

4.3.4 The Algorithm

The pseudo codes of MRCBS are:
begin
Input (Image(z,y), threshold(coarsest scale));
Determine threshold(a)=threshold(coarsest scale) X ratio_of slope(a);
Assign n = the size (in pixels) of the image;
For (z =1,2,...n)(y=1,2,...n) do

begin
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Assign a = the coarsest scale;
Do

Apply the RCBS fitting along the horizontal orientation;

Determine filwrizontal(x’ y)’

Apply the RCBS fitting along the vertical orientation;

Determine f],,..;001(Z,9);

Determine Gradient = \/(f,’mizonm,(a:, Y2+ (florticai(Z>¥))%

If Gradient < threshold(a) then STOP;

Determine EHF(2-D) = || fiorizontat(€:9) I* + | foersicar(: 9) II%
Assign a to a finer scale;

While (NONSTOP and EHF(2-D)<TEHF(2-D) and o > 0)

Apply the RCBS fitting along the orientation of the Gradient;

Determine %;

If (NONSTOP and 24 = 0)

then Set EdgeMap(z,y)=EDGLE;

else Set EdgeMap(z,y)=NONEDGE;

end

Output (EdgeMap(z,y));

end

4.3.5 MRCBS and Edge Focusing

In this section, the underlying principles of two multiscale schemes, MRCBS and the Edge
Focusing scheme, are compared. MRCBS uses the regularisation factor a of the RCBS
fitting as the scale, while the Edge Focusing scheme uses the standard deviation o of the

Gaussian pre-filter. The Gaussian pre-filter is commonly used in image processing and
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computer vision because psychophysical evidences suggest that the Gaussian pre-filtering
simulates the visual process of mammals (e.g. [66]). In addition, the Gaussian kernel
minimises the uncertainty of the space-frequency product Az A w (see Section 1.4) of
a signal [66, 94]. Using the method of computational optimisation, Canny showed that
the Gaussian approximates the pre-filter of the optimum 1-D step edge detector, where
the optimisation is achieved by the suppression of noise and the localisation of edges
(see Section 2.2.1). Torre and Poggio showed that the regularisation can be achieved by
convolving the data with a cubic-spline filter, which is similar in shape to a Gaussian [94].
Linderberg [59] and Babaud et al. [3] have proved that the Gaussian kernel is the only
kernel which does not introduce ripples in the smoothed images or cause spurious edge
responses. Note that the RCBS fitting introduces ripples, which is shown as the spurious
responses in the a scale space (see Section 4.2). However, as the scale is increased, the
spurious responses either drift away or merge with each other. No new responses are
introduced. This shows that the o scale space has the “well-behavedness” as in the o
scale space.

In the Edge Focusing scheme, a coarse scale is initially used to extract significant fea-
tures. Insignificant edges and noise are either smoothed out or eliminated by a threshold.
The o scale space is used to determine the amount of deviation of an edge in a scale,
and hence a series of scale (i.e. o = 4.2, 3.85, 3.5, 3.2, 2.8, 2.5, 2.1, 1.75, 1.4, 1.0, 0.7) is
heuristically chosen to ensure that the edge deviation between two successive scales are
less than a pixel. By a consecutive decrement of the scale, true edge positions can be
gradually traced. In the coarsest scale, a threshold is used to classify pixels with large
gradients as edges. In the successive steps (at finer scales), no threshold is used, and the
zero-crossings of g—:ﬂ} are classified as edges [5].

MRCBS is more efficient and effective than the Edge Focusing scheme for the following
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reasons:

1. A fixed-size operator kernel is used to reduce the edge deviation in large scales, while

retaining the ability for strong smoothing;

2. The lower bound of the scale is determined by the local EHF of the image, hence

the requirement of variable blurring [5] is achieved;

3. A series of thresholds with the same thresholding capability is used in every scale to
prevent noise clusters, which exist in the edge maps produced by the Edge Focusing

scheme;
. 82 . .
4. The zero-crossings of %{- are only examined in the finest scale;

5. Anisotropic diffusion is employed to impose different degrees of smoothing along the

orientation of the edge and across the edge.

The differences between the Edge Focusing scheme and MRCBS are summarised in Table

4.2,

4.4 Performance Evaluations

The objective of the performance evaluations is to compare the noise-immunity and the
edge-localisation of four edge detection schemes: MRCBS, the Haralick scheme [39], the
Chen/Yang edge detector [17], and the Edge Focusing scheme [5]. All of these schemes
adopt the natural definition of an edge [94). The Haralick scheme, the Edge Focusing
scheme and MRCBS has a variable parameter (threshold), which reflects the amount of

edge details to be preserved. The Chen/Yang edge detector has two variable parameters:

the scale and the threshold.
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Table 4.2: Edge Focusing vs. MRCBS

Edge Focusing MRCBS

o Scale Space a Scale Space
Varied Kernel Size Fixed Kernel Size

One Threshold Consistent Thresholds

Lower Bound of Scale = 0.7 | Lower Bound Determined by EHF
Non-Variable Blurring Variable Blurring
%:—;é is examined in all scales g—ié is examined in the finest scale

Isotropic Diffusion Anisotropic Diffusion

Several synthetic images, which contain edges of all orientations, are used as test im-
ages. One of the measurements of performance is the False-Correct Ratio (FCR) as in
Section 3.5. However, FCR alone is insufficient to indicate the accuracy on edge local-
isation for a detailed comparison between edge detectors. This is because the neutral-
extra and true-approximate pixels, which allow errors of one-pixel magnitude, are also
considered as correctly-detected pixels. To reveal the accuracy of edge localisation, the

Approximate-True Ratio (ATR) is proposed:

number of neutral-extra pixels + number of true-approximate pixels

ATR = =
number of true-positive pixels

ATR is used when the FCR’s of two edge maps are similar. The lower the value of ATR,
the more accurate is the edge map. If the value of FCR exceeds 1, then ATR is meaningless
because the precision of the edge map should only be considered when most of the edges
are correctly detected.

In the first test, a synthetic image which contains edges of all orientations and with

a contrast of 100 (Figure 4.10(a)) is used. The Gaussian noise with various NSD’s are
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added to this image, and the FCR’s and the ATR’s of the edge maps produced by the
four schemes are computed. Figure 4.11 shows the FCR’s and the ATR’s of the Haralick
scheme, the Edge Focusing scheme and MRCBS using various thresholds. It shows that
the performance of the Haralick scheme depends heavily on the value of the threshold when
the image is noisy, and it fails in some cases when the FCR exceeds 1 (Figure 4.11(a)).
The performance of the Edge Focusing scheme and MRCBS are less dependent on the
threshold (Figure 4.11(b) and (c)). Since the Chen/Yang edge detector has two variable
parameters, its performance has to be measured using various scales and thresholds. The
results (Figure 4.12) show that the Chen/Yang edge detector has the optimum performance
when the scale is 1. However, the performance in this scale depends on the value of the

threshold when the image is noisy.

(a) (b)

Figure 4.10: (a) The synthetic image used in the first test; (b) The ideal edge map.

The optimum FCR’s and ATR’s of the four schemes in Figure 4.11 and 4.12 are shown
together in Figure 4.13, to facilitate the comparison of their performances under various
NSD’s. MRCBS has the best performance because it has the lowest FCR’s at all NSD’s.
The Edge Focusing scheme is less capable in dealing with noise than the Chen/Yang edge
detector and MRCBS when the NSD is greater than 15. The optimum performance of

the Haralick scheme is similar to MRCBS and the Edge Focusing scheme when the NSD
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(a) (b) (c)

() (e) (f)

Figure 4.11: (a) (b) and (c): The FCR’s of the edge maps which are produced by the
Haralick scheme, the Edge Focusing scheme and MRCBS in test 1 respectively. (d) (e)

and (f): The ATR’s associated with (a), (b) and (c) respectively.

is low, but it degrades when the noise level increases. Note that the performance of the
Haralick scheme depends on the value of the threshold. If another threshold is used, the
performance is worse. Compared to the Edge Focusing scheme and the Haralick scheme,
the Chen/Yang edge detector is less sensitive to noise. To visualise the performances of the
four schemes, the optimum edge maps produced by the Haralick scheme, the Chen/Yang
edge detector, the Edge Focusing scheme and MRCBS when NSD=25 are shown in Figure
4.14(a)-(d) respectively. Note that the Edge Focusing scheme produces noise clusters and
zig-zag edge contours (Figure 4.14(c)) which degrade its performance.

An image which is contaminated by the Gaussian noise with NSD ranging from 0 (on
the left) to 25 (on the right) is used in the second test. This image (Figure 4.15(a)) is used
to examine the capability of variable blurring [5] of the four schemes. The performances

of the four schemes using various thresholds are shown in Figure 4.16. Here the scale
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(a) (b) (c)

(8) (h) (1)

)

Figure 4.12: The FCR’s and ATR’s of the edge maps which are produced by the
Chen/Yang edge detector in test 1 using various scales and thresholds. (a) @ = 1; (b)
a=2;(c)a=3;(d) a=4; (e) a =5 (f)-(j) are the corresponding ATR’s of (a)-(e)

respectively.
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Figure 4.13: The optimum FCR’s and the corresponding ATR’s of the edge maps produced
by four different schemes in test 1 under various NSD’s. MRCBS: solid line; the Edge
Focusing scheme: dashed line; the Chen/Yang edge detector: dashdot line; the Haralick

scheme: dotted line.

of the Chen/Yang edge detector is chosen to be 1, because this scale leads to its best
performance in the first test. Figure 4.16 shows that MRCBS performs better than all
the other three schemes. The performance of the Haralick scheme depends on the value
of the threshold. The edge maps produced by the Haralick scheme, the Chen/Yang edge
detector, the Edge Focusing scheme and MRCBS using the threshold of 7 are shown in
Figure 4.17(a)-(d) respectively. (a) shows the inability of the Haralick scheme in dealing
with noise. On the right half of (c), the noise clusters and the zig-zag edge contours show
the “over-focused” phenomenon, which can be alleviated by variable blurring. The noise
clusters can also be prevented if the thresholds with the same thresholding capability are
applied in every scale. This is why MRCBS produces a better edge map (d) than the Edge
Focusing scheme.

In the third test, an image of “Trevor” (Figure 4.18(a)) is used to visualise the per-

formances of the four schemes on a real image. The main features to be observed are
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(c) (d)

Figure 4.14: (a)-(d) The optimum edge maps of the first test produced by the Haralick
scheme (FCR=2.05, ATR=0.62), the Chen/Yang edge detector (FCR=0.15, ATR=0.31),
the Edge Focusing scheme (FCR=0.60, ATR=0.88) and MRCBS (FCR=0.05, ATR=0.43)

respectively. These edge maps are obtained when the NSD of the test image is 25.

©

(a) (b)

Figure 4.15: (a) The test image 2 contaminated by Gaussian noise with NSD ranging from

0 (on the left) to 25 (on the right); (b) The ideal edge map.
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Figure 4.16: The FCR’s and their corresponding ATR’s of the edge maps produced by
four different schemes in test 2 using various thresholds. MRCBS: solid line; the Edge
Focusing scheme: dashed line; the Chen/Yang edge detector: dashdot line; the Haralick

scheme: dotted line.

the face, the tie, the wrinkles on the shirt, and the contours of the clothes. A series of
thresholds is used, and the best edge maps of the Haralick scheme, the Chen/Yang edge
detector, and MRCBS are shown in Figure 4.18(b), (c¢) and (d) respectively. All of these
schemes perform satisfactory on the face and in preserving the wrinkles on the clothes.
MRCBS and the Chen/Yang edge detector perform better than the Haralick scheme on
the pattern of the tie. However, a large amount of trial-and-error has to be performed for
the Chen/Yang edge detector before the right scale and threshold are determined. Figure
4.18(e), (f), and (g) are three of the images in the focusing process of the Edge Focusing
scheme. The threshold is 2 and the scales are ¢ = 4.2, 1.4 and 0.7 respectively. Even
though the contours of the clothes are well preserved, the wrinkles are eliminated due to
the use of a large kernel with a strong degree of smoothing in the coarsest scale. In the final
edge map (g) the “over-focused” edges are zig-zag, which distorts the facial expression.

In comparison, (f) has a better facial expression than (g). When the threshold is further
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(c) (d)

Figure 4.17: (a)-(d) The edge maps of the second test produced by the Haralick scheme
(FCR=0.86, ATR=0.32), the Chen/Yang edge detector (FCR=0.14, ATR=0.13), the Edge
Focusing scheme (FCR=0.07, ATR=0.24) and MRCBS (FCR=0.02, ATR=0.31) respec-

tively. The threshold is 7.
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reduced to 1, which is a very small threshold, the details such as the wrinkles are still
not detected. Instead, some other clusters of edges adjacent to the contour of the clothes
appear (h), which further degrades the edge map. This shows that the Edge Focusing
scheme preserves significant contours [5] such as the boundary of Trevor. All the other
details are eliminated. In this regard, MRCBS is more flexible because the threshold is
used to control the amount of edges to be preserved. If only the significant contours are

to be preserved, then the threshold is increased to 5 and the result is shown in (i).

4.5 Summary

The major achievements of MRCBS are threefold. First, the regularisation factor of « is
interpreted as a scale because an edge is a local feature. The size of the operator kernel
in the o scale space is thus fixed, and irrelevant informations are precluded from the
smoothing process. Second, the EHF is used to determine the lower bound of the scale,
which enables MRCBS to adjust the finest scale adaptively according to the local noise
level. Third, a series of thresholds with the same thresholding capability are used in their
corresponding scales, which prevents noise clusters. In addition, the design of MRCBS
employs the concept of anisotropic diffusion, which introduces strong smoothing along the
orientation of the edge to eliminate noise. Less smoothing is imposed across the edge to
minimise blurring of the edge.

Due to the above three reasons, MRCBS performs better than the Edge Focusing
scheme, the Chen/Yang edge detector and the Haralick scheme. The Chen/Yang edge
detector has two variable parameters (i.e. the scale and the threshold) to be determined,
and MRCBS provides a means to determine the scale adaptively according to the local

noise level, while the variable parameter of the threshold is used for the adjustment to
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Figure 4.18: (a) The real image of “Trevor”. (b), (c) and (d): The optimum edge maps
produced by the Haralick scheme (threshold=5), the Chen/Yang edge detector (@=0.1,
threshold=4) and MRCBS (threshold=2) respectively. (e), (f) and (g) Three of the edge
maps in the focusing process of the Edge Focusing scheme, where (G) is the final edge
map. The threshold is 2 and the scales are ¢ = 4.2, 1.4 and 0.7 respectively. (h) The final
edge map (0 = 0.7) produced by the Edge Focusing scheme using a threshold of 1. (i)

The edge map produced by MRCBS using a threshold of 5.
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satisfy different requirements. The performance of the Haralick scheme is sensitive to the
value of the threshold. This sensitivity can be reduced in multiscale approaches such as the
Edge Focusing scheme and MRCBS, which are thus more robust against noise of various
levels. Since the Edge Focusing scheme starts with a strong smoothing caused by the
large operator kernel, it only preserves significant edges. In comparison, MRCBS is more
flexible because edge maps with various degrees of details are produced according to the
value of the initial threshold. In addition, MRCBS has the capability of variable blurring.
The use of thresholds with the same thresholding capability prevents noise clusters. The

experimental results show the superiority of MRCBS over the other three schemes.
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Chapter 5

Texture Focusing

5.1 Statistical Texture Segmentation

Texture segmentation is a basic aptitude of human vision in distinguishing an object from
the background using the surface texture of the object. It is thus an important issue in
computer vision. A natural texture is tessellated by primitives known as texels [47] or
textons [48] in a certain structure. This has resulted in several structural-based texture
analysers where symbolic descriptions are used to represent the pattern of the tessellation
of these primitives [99]. In addition to these structural-based methods, schemes such as
the co-occurrence matrices [37] which are based on statistical decision rules have also been
investigated.

Bouman et al. define texture segmentation as the process which divides an image into
regions with distinct statistical distributions of the image grey levels [11, 12]. This defi-
nition is adopted in this thesis, where a textural feature is defined as the set of statistics
which represents the textural contents of a block of image pixels. The textural feature
space, a Cartesian space where each coordinate represents a statistic of the textural con-

tent, is the basis of the segmentation.
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5.2 Uncertainty, Multiresolution and Adaptivity

An adequate texture segmentation scheme needs to employ all the local, global and con-
textual information of the image. The reasons being: (1) the boundary between differ-
ent textures has to be located accurately; (2) the textural content is estimated within
a (global) spatial extent which corresponds to a block of pixels; and (3) neighbouring
blocks are likely to contain the same texture [95]. According to the uncertainty principle
of the joint space-frequency analysis (see Section 1.4), high resolutions in both the spatial
domain (correspond to a small window) and the feature space (correspond to a narrow
frequency bandwidth) cannot be achieved in a single process. A large spatial extent im-
proves the estimation of the textural content at the expense of the spatial resolution of the
segmentation map. For example, Figure 5.1(a) contains two textures, and the boundary
between the two textures are shown in Figure 5.1(b). The variances of Figure 5.1(a) are
measured using block-shaped windows of different sizes. The values of the variances are
shown as the grey-level in Figure 5.1(c) with size = 7 x 7 and Figure 5.1(d) with size =
25 x 25. In Figure 5.1(c), edges which depict the details of texels are enhanced. This is
similar to the edge map in Figure 5.1(e) produced by the Laplacian of Gaussian (LoG)
edge detector (see Section 2.2). Both Figure 5.1(c) and Figure 5.1(e) fail to locate the
boundary between the two textures. Conversely, two textures are roughly separated in
Figure 5.1(d) at the expense of the spatial resolution. This test illustrates two points:
first, the spatial resolution, which corresponds to the unit block size, influences the result
of the segmentation significantly; and second, a single-scale local operator such as LoG
is inadequate for texture segmentation. This is because no significant local features exist
at the boundary of the texture (see Figure 5.1(f)). The above observations justify that

texture segmentation is a multiresolution task where both global and local information
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are important. Note that if a statistic is computed using a window which is smaller than
a texel, it will only represent a portion of this texel and give a misleading estimation of
the texture. More precisely, the resolution of the segmentation map are upper-limited by
the size of the largest texel.

A few multiresolution schemes have been introduced in recent years (e.g. [15, 97]).
Chang and Kuo use the tree-structured wavelet transform to analyse images with various
textures in various channels [15]. These channels are adaptively chosen according to the
energy distribution of the texture in the scalogram of the image. Wilson et al. proposed
the Multiresolution Fourier Transform (MFT) which uses different resolutions to represent
the different portions of an image. Each block in this representation satisfies a pre-defined
hypothesis (e.g. the existence of a linear feature) [106]. The tree-structured wavelet
transform and MFT are two examples of adaptive image processing, where the adaptivity
of the tree-structured wavelet transform lies in the feature domain, and that of MFT lies
in the spatial domain. MFT has been implemented for edge detection [106] and curve
extraction [14]. However, the implementation of MFT for texture segmentation is still in

progress [55].

A few attempts have also been made on the application of the Markov Random Fields
(MRF) for texture segmentation (e.g. [2]). Geman and Geman [33] demonstrate the re-
lationship between the Markov random field and the Gibb’s distribution, and employ a
stochastic relaxation method of simulated annealing [52] to optimise the posterior dis-
tribution for restoring images. Following the above approach, Muzzolini et al. employ
the simulated annealing in a multiresolution framework for texture segmentation [71, 74].
A quad-tree structure is used to represent an image, where the level of the quad-tree

corresponds to the image resolution. The simulated annealing is used to determine the
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Figure 5.1: (a) An image with two textures- nuts and straw. (b) The boundary between
the two textures. The variances of (a) using windows: (c) of size = 7 (pixels) and (d) size
= 25 (pixels). (e) The edge map of (a) produced by the Laplacian of Gaussian scheme.

(f) The luminance profile along the central line of (a).
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increment or decrement of the resolution of a randomly chosen leaf node in the quad-tree
(i.e. the split and merge process [71]). If a leaf node contains several features, then this
node is likely to be split; if the four leaf nodes associated with the same parent node have
the same feature, then they are likely to be merged as one node. The likelihood of split
or merge is determined by the Metropolis probability (see Section 5.3.4). At the start of
the segmentation, classes of different regions are randomly altered and the resolution is
continuously adjusted. When the posterior distribution is gradually increased through an
iterative process, the randomness is reduced until the computation is terminated.

Muzzolini et al. use the merge process to address the contextual information, i.e.
grouping nodes of the same parent into one region if their textural contents are similar.
However, the quad-tree structure inhibits the contextual information to be used efficiently
because it precludes the possibility for the merging of adjacent nodes which are associated
with different parents even though they have the same textural content. There is no
reason to believe that the spatial distribution of natural textures is confined by the logical
parent-children relationship of a quad-tree.

In the following sections of this chapter, a multiresolution texture segmentation scheme,
referred to as Texture Focusing, is proposed. This scheme is computationally simpler than
the various MRF-related methods, and achieves high resolutions in both the spatial and
featural domains using a multiresolution process. The quad-tree is used without the merge
process so as to avoid the rigorous constraint between nodes of the quad-tree. A split-and-
fix process is also introduced, which employs the contextual information as an indication
for the adequate resolution in each region of the segmentation map. In addition, texture
focusing possesses both the merits of adaptivity of MFT and tree structured wavelet

transform in the spatial and featural domains respectively.
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5.3 The Design of Texture Focusing

5.3.1 Texture Characterisation

When the image resolution is fixed, the task of texture segmentation is a labelling task
because each block of pixels is labelled according to its textural content. A labelling
task comprises two stages: to determine a set of characteristic measures as a feature,
and to partition the feature space [31]. Due to the diversity of natural textures, the
selection of a feature for texture segmentation is a difficult task, and there seems to be
no textural features which can characterise all known textures. Tamura et al. conducted
a series of psychophysical tests on the human vision to determine an adequate textural
feature [91]. They propose six basic elements of textures including coarseness, contrast,
directionality, line-likeness, regularity and roughness [91]. Francos et al. propose a texture
model which comprises three components: the purely-indeterministic field, the harmonic
field and the generalised evanescent field [29]. In the segmentation scheme proposed by
Muzzolini et al. [74], samples of the image are used to characterise the texture. A textural
feature is thus determined and used for the segmentation. Similarly, the unsupervised
texture segmentation scheme proposed by Hofmann et al. comprises the modelling and
the optimisation stages [42], where the modelling stage corresponds to the process of
texture characterisation.

The number of dimensions of a textural feature space is a trade-off between the ability
to discriminate similar textures and the computation cost [72]. The more textures to be
distinguished, the more dimensions are required. For the sake of simplicity, each of the
statistics of mean, standard deviation and quasi skewness of a block of image pixels serves
as a dimension of the Cartesian textural feature space. These statistics are defined as

follows:
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Thus, a textural feature = {mean, standard deviation, quasi skewness }, which is a vector

in the 3-D textural feature space.

5.3.2 Spatio-Featural Mutual Focusing

In addition to the complexity in characterising a natural texture, Andrey and Tarroux
point out a dilemma which exists in the second stage of texture segmentation, that the
value of the textural feature, which is required to partition the feature space, cannot be
accurately determined until the image has been adequately segmented [2]. If the size of
the texel is known and used as the window size for the analysis, then various clustering
methods can be used to group blocks with the same texture into one region, and hence
solve the above dilemma. However, the size of the texel is very difficult to estimate.
Furthermore, these clustering methods involve either an iterative process or a parameter
to be given heuristically. For example, the starting point in the cluster-seeking algorithm,
the maximin distance ratio in the maximin-distance algorithm, and the number of clusters
(i.e. the value of K) in the K-means algorithm have to be given heuristically [95]. To cope
with the situations when the size of the texel is unknown, a quad-tree image structure is
employed in the multiresolution clustering process of Texture Focusing. In addition, the
root of the quad-tree, which corresponds to the entire image, is a natural starting point

for texture segmentation.
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The coarse-to-fine process is commonly adopted by various multiresolution schemes.
For example, the edge focusing algorithm traces the locations of salient edges from a coarse
spatial resolution to its finest resolution (see Chapter 4 and [5]). In texture segmentation,
the locations of boundaries between textures also need to be focused, which justifies the use
of the coarse-to-fine process for spatial focusing. At the same time, the textural content
also needs to be accurately determined for the segmentation. However, the resolution of the
feature space is low in the fine spatial resolution as indicated by the uncertainty principle.
The estimated feature is thus unreliable. This is why the feature focusing is introduced in
conjunction with the spatial focusing to construct the spatio-featural mutual focusing in
the coarse-to-fine multiresolution clustering scheme. The basic idea is that a good spatial
estimation of the boundary results in a good estimation of the textural feature, and vice
versa. The coarse-to-fine process increases the spatial estimation of the boundary as the
level of the quad-tree increases. At each level, featural focusing re-estimates the texture
content according to the segmented regions of the current level, which is spatially more
accurate than those of the previous level.

To begin with, the textural feature (i.e. {mean, standard deviation, quasi skewness })
of the entire image (i.e. the root of the quad-tree) is computed and serves as the cluster
centre for the segmentation at the next level. Also, the class of the root node is propagated
temporarily to its children nodes. The textural feature of each node at the next level is
then computed. If the textural feature of a node is in the vicinity of the cluster centre of
its temporary class, then the temporary class is assigned as the class of the current node,
thus preserving the global information. (The vicinity of a class centre is determined by
the Linear Temperature-Varying Probability which will be introduced in Section 5.3.4.)
Otherwise, the scheme searches for another cluster centre in the feature space which is

the closest to the feature of the current node. If the feature of the current node is not
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in the vicinity of any class centre, then a new cluster centre is created using the feature
of the current node. Note the number of classes (textures) is flexible which reflects the
number of textures detected at each level. Thus, a dynamic chain is designed to store the
information of the classes (e.g. the cluster center) for the flexibility of the scheme (see
Section 5.3.5).

The image is roughly segmented by the labelling of nodes into different classes (tex-
tures). The resolution of the roughly segmented image is determined by the block size of
the node. All the cluster centres are re-computed according to the current segmentation
map (i.e. feature focusing). Since the current segmentation map is more accurate than
the map at the previous level, the cluster centres, determined on large regions, are better
estimated. If all the nodes originally belonging to a class are re-assigned to other classes,
then this class is eliminated from the dynamic chain. This whole process is repeated at the
next levels until the upper bound of the resolution is reached. In this way, the boundary
is focused to its best resolution and the textural content within this boundary becomes
most accurately determined, i.e. both the global and the local information are effectively

used.

5.3.3 Split and Fix

In texture focusing, the block size decreases as the level of the quad-tree increases. Al-
though the cluster centres are determined on large regions, the estimation of the textural
content of each node becomes less and less accurate as the level increases. In addition, the
upper bound of the resolution, which corresponds to the size of the texel, is very difficult
to determine. The split-and-fix paradigm, which results in an adaptive multiresolution
representation of an image similar to MFT, is proposed for solving the above problems.

The ’split’ represents a coarse-to-fine process. In this multiresolution representation, the
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central areas of homogeneous textures are analysed using larger blocks, while the borders
of textures are analysed in the sub-texel resolutions so as to achieve better estimation of
the boundary (see Figure 5.2(a)). The feature space corresponding to the multiresolution
representation is shown in Figure 5.2(b), where the radius of the circle represents the
block size of a region. The central area of a homogeneous texture determines an initial
cluster centre in the feature space. The sub-texel segmentation is assumed to be credible
if the cluster centre has already been accurately determined using the central area of a

homogeneous texture.

(a) (b)

Figure 5.2: (a) A multiresolution representation of an image. The two textures are depicted
as grey and white. The central regions of homogeneous textures are represented using large
windows, whereas the border regions of textures are represented using small windows. (b)

The feature space of (a), where large circle represent the texture feature of a large region

in (a).

The contextual information is used in the ’fix’ process to determine the adequate reso-
lutions for different regions in an image. In the image context, the features of neighbouring

blocks are similar to that of the central block [95]. To use the contextual information, the
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adjacent 8, 5 and 3 blocks are defined respectively as the neighbouring blocks of a block in
the central, the border and the corner area of an image (Figure 5.3). At each level, every
node of the quad-tree and its neighbours are classified using cluster centres in the textural
feature space. If the class of a node is identical to some of the neighbouring nodes, then
this node is assumed to be situated within a homogeneous texture region, and the class
of this node is likely to be fixed, i.e. the class is likely to be assigned to all its children
nodes without an estimation on the textural feature in the higher resolutions. The above
procedure, referred to as the ’fix’ process, is used to preserve a credible estimation of the
textural content from the coarser resolution. If there are more neighbouring nodes with
the same class, then it is more likely that the node will be fixed. The likelihood is de-
termined by the Linear Temperature-Varying Probability introduced in the Section 5.3.4.
Different regions are fixed at different levels of the quad-tree, thus resulting in a mul-
tiresolution segmentation map. As the level increases, the central area of a homogeneous
textural region is fixed first to provide a good estimation of the cluster centre. The border
areas are fixed at a later stage to provide a boundary with a higher spatial resolution.
The split-and-fix process is repeated until the pixel level is reached, thus resulting in a

sub-texel segmentation.

5.3.4 Linear Temperature-Varying Probability

The simulated annealing is commonly used to achieve the global optimisation of a complex
task where the state space is too large to be examined thoroughly [52]. In simulated
annealing, the Metropolis probability plays an essential role in determining the probability

of a change of state P(change), i.e.

1 if AU <0;
P(change) = (5.1)

e else,
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Figure 5.3: The neighbouring blocks of a block in the (a) central area, (b) border area,

(c) corner area of an image.

where T is the temperature and AU is the increment in the optimisation function caused
by a random change of state. If AU < 0, P(change) = 1, the state is changed to reduce
the optimisation function. Otherwise, P(change) is an exponential function of AU and
T. The principle behind the simulated annealing is that the global parameter T controls
the probability of change so that it decreases continuously. In the early stage of the
computation, the state is easily adjusted to search for the global minimum. Thereafter,
the probability of change is reduced. As T — 0, 5 0, and the state is assumed to
have converged to the global minimum.

The concept of using a global parameter to control the probability of change is useful
in providing the adaptivity in texture focusing, where the probability of a change in the
state is adjusted in different stages of the process. The complex computation caused by
the exponential in the Metropolis probability motivates a simpler probability function,

referred to as the Linear Temperature-Varying Probability (LTVP), which uses the first
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AU
two terms of the Maclaurin series of e~ 7 ,i.e. 1~ %. Therefore, equation ( 5.1) becomes:

1 ifAU<O0;
LTV P(change) =4 o if AU > T,
\ 1-——A-7—.Ll else.

The comparison in the use of the Metropolis probability and LTVP is illustrated in
Figure 5.4. Texture focusing is designed as a non-optimisation scheme (an optimisa-
tion scheme must have an explicitly defined energy function), therefore LTVP is used to
determine the probability of assigning a class to a node during the ’split’ process (i.e.
LTV P(assign)) as well as the probability of fixing a central block during the ’fix’ process
(i.e. LTV P(fiz)). LTVP is a linear function of AU which starts from the change of
a state (LTV P(change) = 1) to the retainment of a state (LTV P(change) = 0) within
a range of AU determined by 7. This linear range is referred to as a margin and an
increment in the implementation of LTV P(assign) and LTV P( fiz) respectively. Both
probabilities represent the retainment of a state rather than the change of a state as in
the simulated annealing. Therefore, T needs to be increased to reduce the probability of
change. In the quad-tree coarse-to-fine algorithm, the level of the quad-tree L is a natural

choice of T, i.e. T = L, where L € Z and L = 0 denotes the root of the quad-tree.

In the ’split’ process, the assignment of a class to a node is determined by the Eu-
clidean distance dist between the class centre and the textural feature of the node in the
textural feature space. If the textural feature of a node is identical to the class centre,
then LTV P(assign) = 1. If the distance between them is greater than a margin, then
LTV P(assign) = 0. Otherwise, LTV P(assign) decreases linearly from 1 to 0 (Figure

5.5(a)). According to LTVP, a margin is proportional to the global parameter L, i.e.

margin = (basis_margin) X L.
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Figure 5.4: Upper Left: The P(change) determined by the Metropolis probability when
T=3; Lower Left: LTV P(change) when T=3; Upper Right: The P(change) determined

by the Metropolis probability when T=1; Lower Right: LTV P(change) when T=1.

The basis_margin is determined by the product of a parameter margin_ratio (which is

determined in the experiment) with the length of the feature vector of the root node, i.e.

basis_margin = (margin_ratio) X || feature(root)||.

LTVP(fix)
°
>

2 3 4 5 L 7 8 9 o 1

2 3 4 5 L) 7 8
margin number of neighbouring blocks with the same class

(a) (b)

Figure 5.5: (a) LTV P(assign) at various levels. L=1: solid line; L=2: dashed line; L=3:

dashdot line. (b) LTV P(fiz) at various levels. L=3: solid line; L=6: dashed line; L=10:

dashdot line.

The ’fix” process starts from level 3 of the quad-tree because there are insufficient

86



nodes lying in the central area of the image rather than at the border or the corner
area at level 0, 1 and 2. Let nnb denote the number of neighbouring blocks, i.e. 8, 5
or 3; no denote the number of neighbouring blocks which have the same class as the
central block; and total_level denote the number of the levels in the quad-tree, which is
determined by logy(w) where w is the width (in pixels) of the image. If the classes of
all of the neighbouring blocks are identical to the central block (i.e. no = nnb), then
LTV P(fix) = 1. If nnb — no is greater than the linear range of LTVP (referred to as an
increment), then LTV P(fiz) = 0. The linear range increment is proportional to L — 2,

ie.

nnb
(total devel) — 2’

increment = (L — 2) x

L — 2 is chosen instead of L because the ’fix’ process starts from level 3. When L =
total level, increment = nnb. Therefore, LTV P(fiz) is determined by the following

equation:

0 if (no+ increment) < nnb;
LTVP(fiz) =
no—nnbtincrement
increment

else.

An example of LTV P(fiz) when total_level=10 and nnb=8 is illustrated in Figure 5.5(b).

5.3.5 The Algorithm

In summary, texture focusing is a multiresolution texture segmentation scheme which
alleviates the uncertainty inherent in the task by focusing both the spatial boundaries
and the estimation of the textural content. The split-and-fix process, which employs the
contextual information of an image, is incorporated in texture focusing to result in a
multiresolution structure of the segmentation map. The LTV P is used to determine the
probabilities of the assignment of a class to a node (LTV P(assign)), and the fixing of

a node (LTVP(fiz)). A random number (0 < random-no < 1) is thus compared with
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LTV P(assign) or LTV P(fiz) to decide the execution/suspension of an assignment or
a fixing process. In the implementation, two quad-trees are used respectively to contain
the textural feature (denoted as feature (L, node)) and the class (denoted as class (L,
node)) of each node. A dynamic chain is also used to contain the class information (e.g.
cluster_centres) of all the classes. The data structures and pseudo codes are as follows:

Definitions of data structures

quad-tree: feature (L, node)={mean, standard deviation, quasi skewness};

/* the textural feature of a node at level L */

quad-tree: class (L, node)={class_pointer, fired};

/* the class of a node at level L */

dynamic chain: class_table (class_pointer)={cluster_centre, class_number};
/* a table of cluster centres and their corresponding number of nodes which belong

to the class */

Pseudo Codes
begin
Input (Image, margin_ratio);
Assign w = the width (in pixels) of the image;
Assign total level = logy (W);
Determine feature (0, root);
Assign basis_margin = margin_ratio x ||feature (0, root)||;
Assign margin = basis_margin;
For L=1 to total_level do [* coarse to fine */
begin
/* split */
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Propagate all the class (L-1, parent) to their children nodes’ class (L, children);
For every node at level L. do
begin
If (class (L, node) # fixed)
begin
Determine pl = feature (L, node), p2 = class_table (class (L, node));
Determine dist = distance (p1, p2);
Determine LTV P(assign) using dist and margin;
If (random_no > LTV P(assign))
begin /* search for a new class */
For every class in the class_table do
Determine dist = distance (cluster_centre, feature (L, node));
Determine the closest_class such that dist is minimised;
Determine LTV P(assign) using dist of the closest_class and margin;
If (randon_no < LTV P(assign))
Assign class (L,node) = closest_class;
else
Create new_class = { feature (L, node), 1 };
Append new_class to class_table;
Assign class (L, node) = new_class;
end
end
end
Assign margin = margin + basis_margin;

[* fix */
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If (L > 2)
begin
Determine increment=(L-2) x (W,T;,—e,m;
For every node at level L do
begin
/* use contextual information */
Determine no = nnb x P(class (neighbour) = class (the central node));
Determine LTV P(fiz) using increment and no;
If (random_no < LTV P(fiz))
class (L,node)=fixed;  /* update un-fixed pixels to fixed */
end
end
For every class in the class_table do  /* feature focusing */
begin
If (class_number=0)
Eliminate the current class from the class_table;
else
Determine cluster_centre using { feature (L, node) | class (L, node) = cur-
rent class };
end
end
Produce Segmentation Map according to class (totallevel, node);

Output (Segmentation Map)

end
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5.4 Performance Evaluations

Three experiments on images with two natural textures are designed to evaluate the per-
formance of the proposed texture focusing scheme. The spatial location of the boundary
between the two textures of each image is known precisely to enable a quantitative eval-
uation of the performance. In addition, a performance measurement, referred to as the

percentage of the correct segmentation (PCS), is defined as follow:

0 if 0DC = IDC;

%N—w—q x 100 else,

PCS =

where w is the width (in pixels) of the image; ODC and IDC represent the Class with
Dominant (largest) number of pixels Outside and Inside the boundary, respectively. NODC
is the Numbers of pixels outside the boundary which is also classified as ODC. Similarly,
NIDC is the Numbers of pixels inside the boundary which is also classified as IDC. The
range of PCS is from 0 to 100, the higher the PCS the better the segmentation. The PCS
of a perfect segmentation map is 100.

The first experiment is designed to examine the performance of texture focusing us-
ing different values of margin_ratio, the only parameter in the scheme. The test image
(Figure 5.6(a)) is composed of two textures of metal and straw, and the boundary be-
tween the two textures is a circle with a radius of 80 pixels (Figure 5.6(b)). The size
of the image is 256x256 pixels (i.e. w=256). The PCS’s of the segmentation map using
various margin_ratios are shown in Table 5.1 and Figure 5.7. Some of the segmentation
maps are shown in Figure 5.6(c)-(f), where regions with different textures are visualised
using different grey levels. When the margin_ratio is between 0.23 to 0.40, the PCS’s
of the segmentation results are greater than 95, thus showing that the performance of

texture focusing is insensitive to a wide range of margin_ratios. When the margin_ratio
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is too small, each region is sub-divided into several regions (Figure 5.6(c)). This is be-
cause the scheme picks up the variation in the illumination from one area of the image to
another. The influence of the variation in luminance will be further investigated in the
third experiment. When the margin_ratio is too large (i.e. > 0.41), the scheme is unable

to distinguish the difference between the two textures, and thus results in the PCS of 0

(Figure 5.6(f)).

(d) (e) (f)

Figure 5.6: (a) An image with two textures- metal and straw. (b) The boundary be-
tween the two textures. The segmentation map of (a) using a : (c¢) margin_ratio of 0.17
(PCS=48); (d) margin_ratio = 0.32 (PCS=96); (e) margin_ratio = 0.37 (PCS=97); and

(f) margin_ratio = 0.45 (PCS=0).

The second experiment is designed to show the intermediate states of the segmentation
(Figure 5.8) and the fixing process (Figure 5.9) at each level. Figure 5.6(a) is used again

as the test image, and the margin_ratio is 0.37 because it results in the highest PCS
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Table 5.1: PCS’s of segmentation maps of Figure 6(a) using various margin_ratios.

margin_ratios | PCS’s || margin_ratios | PCS’s || margin_ratios | PCS’s
0.15 42 0.16 57 0.17 48
0.18 45 0.19 82 0.20 81
0.21 91 0.22 93 0.23 95
0.24 96 0.25 96 0.26 97
0.27 96 0.28 97 0.29 97
0.30 97 0.31 97 0.32 96
0.33 96 0.34 96 0.35 96
0.36 96 0.37 97 0.38 96
0.39 96 0.40 95 0.41 0
0.42 0 0.43 0 0.44 0

0 N 2 L N s
0.15 0.2 0.25 0.3 0.35 04
margin ratio

Figure 5.7: The percentages of the correct segmentation (PCS’s) of the segmentation

results of Figure 5.6(a) using various margin_ratios.
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(97) in the first experiment. At level 1, the four nodes have similar textural features and
are thus assigned to the same class (Figure 5.8(a)). Since the image is divided into two
regions at level 2, the scheme begins to focus the estimation of the textural features using
the rough segmentation. The PCS’s and the percentage of the fixed area at each level are
shown in Table 5.2. The PCS increases rapidly from 0 to 90 as the level increases to level
3, and then increases up to 97 at levels 6, 7 and 8. The PCS does not increase any further
after level 6 because the resolutions at the higher levels are smaller than a texel. For
example, each pixel is classified individually at level 8, and a pixel contains only the grey
level information which is not sufficient for the estimation of texture contents. However,

the finer resolutions result in smoother boundaries in the segmentation maps.

Table 5.2: PCS’s and the percentage of the fixed region at various levels.

Level | PCS’s | percentage of fixed region
1 0 0.0
2 81 0.0
3 90 48.4
4 93 73.8
5 95 88.4
6 97 95.2
7 97 98.3
8 97 99.4

Figure 5.9 shows the intermediate fixed regions at different levels. The fixed region
is represented by grey while the un-fixed by black. The ’fix’ process starts from level

3, and the fixed regions grow as the level increases. The central area of a homogeneous
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(a) (b)
(c) (d) (e)
(f) (8) (h)

Figure 5.8: The intermediate segmentation maps of Figure 5.6(a) at different levels using

a margin_ratio of 0.37. From (a)-(h): level 1-8.
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(f)

Figure 5.9: The intermediate fixed regions (shown as grey) at different levels using a

margin-ratio of 0.37. From (a)-(h): level 1-8.
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texture region ir fixed in the earlier stage (i.e. coarser resolutions). The estimations of
the textural contents in the border areas are prone to inaccuracy if coarse resolutions are
used. Therefore, these areas are fixed at the finer resolutions to locate the boundary with
greater accuracy.

In the third experiment, a 256x256 image which is composed of two different metals
is used as the test image (Figure 5.10(a)) where the radius of the boundary is 90 pixels.
The texture outside the boundary contains a variation in luminance, i.e. the luminance
at the lower right corner are brighter than at the upper left corner. The variation of
the luminance is caused by the tiny variation of nature light during the imaging process.
According to the texture model proposed by Francos et.al. [29], the variations in luminance
are the generalised evanescent components which can be detected by a 1-D filter tuned to
a certain orientation. Since texture focusing does not consider orientation information, the
variation in luminance is not interpreted correctly and thus degrades the performance. The
PCS’s of the segmentation, shown in Table 5.3 and Figure 11, are roughly separated into
four ranges: margin_ratio < 0.18 (PCS < 50); 0.19 < margin_ratio < 0.30 (PCS =~ 65);
0.31 < margin_ratio < 0.37 (PCS > 90) and margin_ratio > 0.38 (PCS=0). In the first
range, the image is divided into several regions (Figure 5.10(b)). Note that the border of
the two textures is classified as one region because it is the transient area where the textural
feature is different from both textures. In the second range, texture focusing segments the
region outside the boundary into two classes due to the variations in luminance (see Figure
5.10(c) and (d)). Comparing Figure 5.7 with Figure 5.11, most of the margin_ratios in
this range result in a satisfactory segmentation in the first experiment. In the third range,
the PCS’s reach as high as 93 (Figure 5.10(e) and (f)). In the final range, texture focusing
cannot distinguish the two textures in the image, and the segmentation maps are identical

to Figure 5.6(f). This experiment shows that the variations in luminance degrades the
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performance of texture focusing. However, if the margin_ratios is chosen properly, a good

segmentation can still be achieved.

(d) (e) (f)

Figure 5.10: (a) An image with textures of two different metals. The segmentation map of
(a) using a : (b) margin_ratio of 0.17 (PCS=39); (c) margin_ratio = 0.20 (PCS=59); (d)
margin-ratio = 0.27 (PCS=69); (e) margin_ratio = 0.31 (PCS=93); and (f) margin_ratio

= 0.35 (PCS=93).

5.5 Summary

This chapter presents texture focusing, an efficient multiresolution image segmentation
scheme which is computationally modest. Texture focusing comprises the concepts of the
spatio-featural mutual focusing and the split-and-fix process. The spatio-featural mutual
focusing achieves high resolutions in both the spatial and the featural domains for texture

segmentation. The split-and-fix process employs the contextual information to indicate the
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Table 5.3: PCS’s of segmentation maps of Figure 5.10(a) using various margin._ratios.

margin_ratios | PCS’s || margin_ratios | PCS’s || margin_ratios | PCS’s
0.15 33 0.16 33 0.17 39
0.18 41 0.19 59 0.20 59
0.21 56 0.22 63 0.23 63
0.24 64 0.25 67 0.26 69
0.27 69 0.28 66 0.29 66
0.30 70 0.31 93 0.32 93
0.33 93 0.34 93 0.35 93
0.36 92 0.37 91 0.38 0
0.39 0 0.40 0 041 0
0.42 0 0.43 0 0.44 0
100
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Figure 5.11: The percentages of the correct segmentation (PCS’s) of the segmentation

results of Figure 5.10(a) using various margin_ratios.
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adequate resolution in every region of the segmentation map. LTVP, a concept motivated
by the Metropolis probability of the simulated annealing, is also employed in texture
focusing to adjust the probability of a change of state according to the image resolution.
Texture focusing results in a multiresolution segmentation map, where the central regions
of homogeneous textures are represented using coarse resolutions so as to achieve a better
estimation of the textural content, and the border region of a texture is represented using
fine resolutions so as to achieve a better estimation of the boundary between textures.

A measurement of PCS is proposed for the quantitative evaluation of the performance
of texture focusing, where a higher PCS indicates a better seg.xnentation. The experimental
results show that a segmentation with PCS higher than 90 can be obtained using a wide
range of margin_ratios. The highest PCS obtained is 97. The variations in luminance
of the textural image influences the performance. However, a proper selection of the

margin_ratio results in a satisfactory segmentation map.
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Chapter 6

Motion Field Segmentation

6.1 Uncertainty, Ill-posedness and Ill-conditioness

The tracking of moving objects through a sequence of images is one of the important
tasks in computer vision. It is a real-time task in which motion is an important cue for
the detection of targets. Meyer and Bouthemy argue that the process of object tracking
should comprise two stages: the detection of a moving target; and the pursuit of the
target [69]. The first stage aims to detect the moving objects from the background using
an optical flow, a dense motion field extracted from an image sequence (see Section 1.3).
A parametric motion model of the target is then derived which serves as the basis for the
second stage of the tracking. There are other methods which depend on pre-defined object
models (e.g. [8]) or certain image features (e.g. [88]). The Meyer and Bouthemy’s approach
is adopted in this thesis because it requires the least amount of a priori information.

As indicated by equation (1.1), the optical flow constraint equation (OFC) is derived
under the assumption that the image grey-level of a moving point is stationary with
respect to time. It is an ill-posed task to derive the motion field (a field of 2-D velocity

vectors) directly from OFC’s, because two variables of u and v are determined using
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a single constraint equation, i.e. the aperture problem. To be more precise, only the
velocity component perpendicular to the isophote curve of the image is determined in
OFC'’s (see [4] and Section 6.3.1). In addition, the coefficients of OFC (i.e. three partial

derivatives of $2, 2 and §) are very sensitive to noise. Furthermore, OFC is derived

s 9S8 as
z? Oy t

under the assumption that S(z,y,t) is continuous, which will fail at discontinuities in real
images. Three approaches have been proposed to overcome the above three limitations:
the multi-constraint approach, the regularisation approach and the multi-point approach
[26]. The multi-constraint methods involve a global smoothing stage to suppress noise
[26]. The regularisation approach, which smooths the motion field, normally involves the
calculus of variations or the labelling of Markov random fields (MRF) using the maximum a
posteriori (MAP) method. For example, Meyer and Bouthemy [69] employ the MRF-MAP
method proposed by Bouthemy and Francois [10] as their first stage of tracking. Both
the calculus of variations and the MRF-MAP method are computationally expensive, thus
their implementation for real-time tracking is unrealistic.

The multi-point approach assumes that the optical flow of adjacent image pixels are
almost identical. Thus, the OFC’s of pixels within an operator window are used to de-
rive an over-determined set of equations, where the solution (obtained by the least-square
method) represents the group velocity of these pixels. Note that a window which spans
across object boundaries causes an erroneous estimation of the velocity due to the discon-
tinuity in the motion field. Nesi et al. thus propose a complex method which estimates
the velocity (u, v) from the intersection points of the OFC’s in the u — v solution plane
[76]. However, the ill-conditioned nature of the over-determined sets of OFC’s makes these
intersection points unreliable [51]. The ill-conditioness means a small perturbation in the
input signal results in a large variation of the output (see Section 3.3.2). For example,

Figure 6.1(a) shows two OFC’s 0.2u + 0.25v — 1 = 0 and 0.19z + 0.26v — 1 = 0, which
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intersect at the position (2.2222,2.2222) of the v — v plane. If %If: is slightly perturbed
(due to noise) as in Figure 6.1(b) (0.2u + 0.25v — 1.03 = 0 and 0.19u + 0.26v — 0.97 = 0),
then the intersection changes significantly to (5.6222, —0.3778). Thus, the estimation by

intersection is not reliable.

/— Intersection

Intersection

(a) (b)

Figure 6.1: (a) Two OFC’s (0.2u¢ + 0.25v — 1 =0 and 0.192 4+ 0.26v — 1 = 0) in the u — v
plane. (b) The OFC’s with a slightly perturbed coefficients (0.2u + 0.25v — 1.03 = 0 and

0.19u + 0.26v — 0.97 = 0).

All the above methods are single-resolution methods. However, the size of the window
influences the estimation of the motion field. OFC’s of a small window (i.e. high spatial
resolution) tend to result in an erroneous solution due to the ill-conditioness. If a large
window is used (i.e. low spatial resolution), then the estimated optical flow is an averaged
value within the window, which is less likely to be influenced by noise but is more likely to
contain multiple objects. This is the uncertainty problem which can be circumvented by
the use of multiresolution approaches (see Sections 1.4 and 5.2). In addition, the use of the
OFC’s of the image pixels of the same physical object achieves a better estimation of the
motion field. However, a dilemma emerges that object boundaries are not known until the

motion field has been adequately estimated. This is the dilemma of segmentation which
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also occurs in the task of texture segmentation (see Section 5.3.2). The multiresolution
clustering method of Texture Focusing proposed in Chapter 5 has already solved the above

two dilemmas. It is therefore extended to achieve the motion field segmentation.

6.2 The Design of a Motion Field Segmentation Scheme

6.2.1 Optical Flow Pyramid

The proposed motion field segmentation scheme is based on the multi-point method and
the multiresolution clustering method of Texture Focusing. This is an attempt to gener-
alise the multiresolution clustering method as an image segmentation framework. In the
proposed method, an optical flow pyramid is generated, which is used by the subsequent
multiresolution clustering process in producing a segmentation map. First, the spatial
Gaussian filtering with various standard deviations (o) is applied on two temporally ad-
Jjacent frames to construct two Gaussian pyramids [13]. This is to reduce noise as well as
the temporal aliasing caused by large movements of objects [4]. Note that the Gaussian
pyramid is a quad-tree image structure which provides a natural over-determined set of
OFC'’s, i.e. the OFC’s of the four children nodes determine the group velocity of the image
pixels associated with the parent node (Figure 6.2). Second, the Gaussian pyramids of
the current frame S7,(z,y,t) and the previous frame S7.(z,y,t — 1) are used to determine
the coefficients of the OFC of each node, i.e. the three derivatives, via the finite difference

method (see Section 2.1):

as

a_tL = SL(zay’t) - SL((II, ?/,t— 1) )
aSL _ SL("7 +1, yvt) — SL((E -1, y?t)
oz 2 X window_sizey, ’
6SL _ SL((E, y+ la t) - SL(II), Y- 1’ t)
0y 2 x window_sizer, !

104



where L indicates the level of the quad-tree, and window.sizey, is the width of the block-

shaped window at level L of the quad-tree.

' /\;/Y

Figure 6.2: The parent-children relationship in a quad-tree: a unit for an over-determined

set of OFC’s

Third, the velocity (u,v) of a node in the optical flow pyramid is determined using
the set of OFC’s of its children nodes. The solution of the OFC’s are achieved via the
least-square method. Define # = (u,v), and denote A and b as the coefficient matrx and
coeflicient vector of the over-determined set of OFC’s, i.e. A% = b. The solution of @ is

obtained by the minimisation of the least-square error E (i.e. the sum of the square error):
E = (A@ - b)T(A@ - b). (6.1)
The minimum of F occurs when
(ATA)i = A”b.

If det [ATA] > 0, then a unique solution of @ is determined as (ATA)‘IATE. If det [ATA]

Q

0, then a unique solution is still achieved which however is susceptible to noise due to the

ill-conditioness. Otherwise, # is undetermined when det [ATA] = 0. Define
A= [ﬁ q’] !
where ' and § are 4 x 1 vectors. Thus
det [ATA] = 0
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where || - || denotes the I; norm, and 8 is the angle between p and §. The solutions of the
above equation are either 5= 0, §= 0 or § = 0, which are the direct consequences of the
aperture problem. If = 0, then u is undetermined. If §= 0, then v is undetermined. If
6 = 0, then vectors 5 and § have the same orientation, thus the solution of 7 is a line on
the u — v plane, which is composed of a determined vector 4, and a undetermined vector

43 (see Figure 6.3), where u;(u,,v,) is determined by the following equation:

]-,'.1',' q-‘.i,'

Uo = = Vo = =7

17112 + ll4112 17112 + llgli*

In the motion field segmentation scheme, the undetermined vector 1} is assumed to be
a zero vector because the velocity component along the isophote orientation cannot be

detected using the OFC’s (i.e. the aperture problem).

=l

Figure 6.3: The u — v plane with a determined vector 4, and a undetermined vector }
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6.2.2 Multiresolution clustering

As presented in Section 5.3, the multiresolution clustering method is a coarse-to-fine pro-
cess operating on a quad-tree. In motion field segmentation, a moving object is assumed
to generate a homogeneous motion field in the image, thus the pixels with similar value
of u and v are clustered together, i.e. the u — v solution plane corresponds to the fea-
ture space of the clustering. The multiresolution clustering comprises the spatio-featural
mutual focusing and the split-and-fix process. The basic idea behind the spatio-featural
mutual focusing is that a good spatial estimation of the object boundary results in a good
estimation of the motion field, and vice versa. Thus, they are useful in improving the esti-
mation of each other in a multiresolution process. The coarse-to-fine process is employed
to locate the object boundaries with increasing resolutions. Feature focusing is employed
in conjunction with the spatial focusing to indicate an accurate cluster centre (i.e. u and
v) in the feature space.

The least-square error of each node is a by-product (determined according to equation
( 6.1)) in the construction of the optical flow pyramid. These errors are used to indicate
an adequate resolution for each region. If an error of a node is smaller than a pre-defined
threshold (referred to as the fiz_threshold), then the motion field within the window is
assumed to be reasonably homogeneous, thus the spatial resolution of this node is not
increased any further. This is referred to as the split-and-fix process, where the adequate
resolutions in all the regions of the segmentation map are indicated by the homogeneity
of the motion field. This results in a multiresolution segmentation map, where the central
region of homogeneous motion fields are represented using coarse resolutions so as to
achieve a better estimation of # (in the sense of well-conditioness), and the border regions

are represented using fine resolutions so as to achieve a better estimation of the boundaries
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between the homogeneous motion fields (see Figure 6.4).

Figure 6.4: A multiresolution representation of an image. The two motion fields are
depicted as grey and white. The central regions of homogeneous motion fields are rep-
resented using large windows, while the border regions of textures are represented using

small windows.

6.2.3 The Algorithm

In the implementation, two quad-trees are used respectively to store the optical flow
pyramid (denoted as feature (L, node)) and the class (denoted as class (L, node)) in a
multiresolution data structure. A dynamic chain is used to store the class information
(e.g. cluster_centres) of all the classes. The data structures and pseudo codes are as
follows:

Definitions of data structures

quad-tree: feature (L, node)={u, v, error};

/* the optical flow and the least-square error of a node at level L */

quad-tree: class (L, node)={class_pointer, fived};

/* the class of a node at level L */
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dynamic chain: class_table (class_pointer)={cluster_centre, class_number};
/* a table of cluster centres and their corresponding number of nodes which belong

to the class */

Pseudo Codes
begin
Input (Image, basis_margin, fiz_threshold);
Assign w = the width (in pixels) of the image;
Assign total level = logy (w);
Assign margin = basis_margin;
Construct level 3 of the Gaussian pyramids (S3(z,y,t) and Ss(z,y,t — 1));
Determine feature (2, node) using S3(z,y,t) and S3(z,y,t - 1);
Create new_class = { the average of feature (2, node), 16 };
Append new_class to class.table;
For every node at level 2 do
Determine p1 = feature (2, node), p2 = class_table(class (L, node));
Determine dist = distance (pl, p2);
Determine LTV P(assign) using dist and margin;
If (random_no > LTV P(assign))
begin
Create new._class = { feature (L, node), 1 };
Append new_class to class_table;
Assign class (L, node) = new_class;
end

For L=3 to (total_level — 1) do
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begin
/* split */
Propagate all the class (L-1, parent) to their children nodes’ class (L, children);
For every node at level L do
begin
Construct Sp41(z,y,t) and Spq1(2,y,t - 1);
Determine feature (L, node) using Sy41(z,y,t) and Sp41(z,y,t — 1);
If (class (L, node) # fixed)
begin
Determine pl = feature (L, node), p2 = class_table (class (L, node));
Determine dist = distance (pl, p2);
Determine LTV P(assign) using dist and margin;
If (random_no > LTV P(assign))
begin /* search for a new class */
For every class in the class_table do
Determine dist = distance (cluster_centre, feature (L, node));
Determine the closest_class such that dist is minimised;
If L=total_level — 2 or total_level — 1
Assign class (L,node) = closest_class;
else
begin
Determine LTV P(assign) using dist of the closest_class and margin;
If (randon_no < LTV P(assign))
Assign class (L,node) = closest_class;

else
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Create new_class = { feature (L, node), 1 };
Append new_class to class_table;
Assign class (L, node) = new_class;
end
end
end
end
Assign margin = margin + basis.margin;
/* fix ¥/
For every node at level L do
begin
If error of feature (L, node) < fiz_threshold
class (L,node)=fixed;  /* update un-fixed pixels to fixed */
end
For every class in the class_table do  /* feature focusing */
begin
If (class_number=0)
Eliminate the current class from the class_table;
else
Determine cluster_centre using { feature (L, node) | class (L, node) = cur-
rent class };
end
end
Produce Segmentation Map according to class (totallevel, node);

Output (Segmentation Map)
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end

6.2.4 Comparison of Texture and Motion Field Segmentation

The proposed motion field segmentation scheme is different from the Texture Focusing

scheme in the following aspects:

1. In the motion field segmentation scheme, the Gaussian pyramid is employed to reduce
the temporal-aliasing and noise. In Texture Focusing, the Gaussian pyramid is not

used.

2. In the motion field segmentation scheme, the size of the window is a trade-off between
well-conditioness and the spatial resolution. In Texture Focusing, the size of the

window is a trade-off between the spatial and feature resolutions.

3. In the motion field segmentation scheme, the feature space corresponds to the 2-D
u — v solution plane. In Texture Focusing, the 3-D feature space corresponds to the

statistics of the texture content.

4. In the motion field segmentation scheme, the least-square error is used to determine
the fixing of a node. In Texture Focusing, the contextual information is used to

determine the fixing of a node.

5. The motion field segmentation scheme starts from the Level 2 of the quad-tree,
where the average of the optical flows determined at Level 2 is used as the first
cluster centre. In Texture Focusing, the textural feature of the root node of the

quad-tree is used as the first cluster centre.

6. In the motion field segmentation scheme, the mechanism to create a new class is

switched off at the last two levels. In Texture Focusing, this mechanism remains
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active at all levels.

6.3 Performance Evaluations

Two synthetic images with 256x256 pixels (Figures 6.5(a) and (b)) are designed as two
temporally adjacent frames for the evaluation of the proposed motion field segmentation
scheme. The u direction is defined as the vertical downward direction and the v direction
is the horizontal rightward direction. The luminance of the background in the two frames
varies linearly, where the isophote lines (the vertical lines) are shifted four pixels to the
right (v = 4 pixels/frame). This is to simulate a pan of the camera to the left. Two
circular disks, each of a radius of 50 pixels, are used to simulate two moving objects with
different velocities. The upper-right disk moves 2 pixels downward (u = 2 pixels/frame)
and 2 pixels to the left (v = —2 pixels/frame). The lower-left disk moves 2 pixels upward
(u = —2 pixels/frame) and 2 pixels to the left (v = —2 pixels/frame). These movements
are chosen to cause a temporal aliasing situation (i.e. the velocity of the motion is greater

than 1 pixel/frame [4]).

(a) (b)

Figure 6.5: (a) An image frame in a sequence of synthetic images and (b) its previous

frame.

Figure 6.6 shows the segmentation result produced by the proposed scheme using the
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parameters of basis_margin = 0.2 pixel/frame and fiz_threshold = 1. There are 33
optical flows (i.e. the cluster centres in the feature space) detected in this image, where
different optical flows are shown as different grey levels in the segmentation map. Table
6.1 shows the actual velocities @etuqal, the estimated velocities @estimated, the error ratios
and the numbers of pixels of three major regions with distinct group velocities, which

correspond to the two disks and the background. The error ratio is defined as

||ﬁuclual = ll_ZFfSt‘l""L(Lt(?(l ”

I lﬁactual ”

Both of the two disks are classified as homogeneous motion fields, and the estimated
velocities approximates the actual velocity (error ratio &~ 9 x 10=*). The number of pixels
of these two regions are 7272 and 7276 respectively, which approximately corresponds to
circles with a radius of 48 pixles. The estimated circle is smaller than the actual radius of
50 pixels. This is because the assumption of S(z,y,t) being continuous is violated in the
border regions of the disks (see Section 6.1) where a complex motion field is generated.
The majority of the background is classified as a homogeneous motion field where the

estimated velocity approximates the actual velocity (error ratio ~ 107%).

Figure 6.6: The segmentation map of the motion field (basis-margin = 0.2 pixel/frame

and fiz_threshold = 1).
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Table 6.1: The actual velocities, the estimated velocities, the error ratios and the numbers

of pixels of the three major motion fields in Figure 6.5.

Actual velocity | Estimated velocity | Error ratio | No. pixels
(pixel/frame) (pixel/frame)

Background | u 0.0 —0.000090 1.5 x 104 31076
v 4.0 3.999393

Upper-right | u 2.0 2.000460 9.7 x 10* 7272
Disk v -2.0 —1.997283

Lower-left | u -2.0 -1.998474 | 8.9 x 10* 7276
Disk v -2.0 —1.996765

There are 19912 pixels (i.e. 30.38 per cent of the image) which are not classified as the
three major classes. Most of these mis-classified regions lie on the border of the disks due
to the discontinuity of the grey levels and the motion field. The result of the segmentation
is less satisfactory where the boundary of the motion fields need to be accurately detected,
however, it provides a quick estimation of the moving objects with their distinct velocities
when the camera is moving, which is a basic requirement of the first stage of object
tracking.

There are still difficulties for the implementation of the motion field segmentation
scheme on real images. This is because the assumption that a moving object corresponds

to a homogeneous optical flow field is not necessarily true in real images (see Section 6.2.2).
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6.4 Summary

The motion field segmentation scheme proposed in this chapter is an attempt to generalise
the multiresolution clustering method as an image segmentation framework. The motion
field segmentation using the OFC’s is chosen to test the applicability of the multiresolution
clustering method on difficult tasks. The result of the scheme detects distinct moving
objects with their velocities, thus fulfilling the basic requirement of the first stage of

object tracking.
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Chapter 7

Conclusions

7.1 Achievements in this Thesis

This thesis presents the investigations of two different tasks in the discipline of computer
vision: edge detection (Chapters 2-4) and image segmentation, which includes texture seg-
mentation (Chapter 5) and motion field segmentation (Chapter 6). These investigations
result in a general observation that the uncertainty principle is a natural limitation in im-
age analyses, thus adaptive multiscale/multiresolution methods are required to circumvent
the uncertainty.

Chapter 2 presents a review of edge detectors to illustrate the important concepts
for edge detection, particularly in the comparison between the isotropic differentiator of
V2 and the directional differentiator of 3%2;. Even though the theoretical analysis shows
that the % differentiator (as in the Haralick scheme) is preferable to 32 (as in the LoG
scheme), the standard deviation of Gaussian in the LoG scheme provides a natural scale
parameter for the development of the scale-space theory [108].

Chapter 3 examines the concept of regularisation, which is an important technique

for formulating a well-posed task. Section 3.3.1 shows that the Cubic B-spline fitting
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transforms a regularisation formula into a quadratic energy function. The ill-conditioness
of the Regularised Cubic B-Spline fitting is also examined in Section 3.3.2, where the
Regularised Cubic B-Spline fitting is modified to achieve a better fitting. A roof edge
detector is also presented which employs this modified Regularised Cubic B-Spline fitting.

The Bounded Diffusion theory, a logical consequence of the uncertainty principle, is
presented in Section 4.2.1. The « scale space shows the diffusive/convergent edge be-
haviour of Bounded Diffusion (Section 4.2.2). The multiscale edge detector of MRCBS is
based on the Bounded Diffusion, where the size of the operator kernel is fixed to preclude
the irrelevant information from the smoothing process. In addition, the finest scale is
adaptively adjusted according to the local noise level. Furthermore, a series of thresholds
with the same thresholding capability is used in the corresponding scales to prevent noise
clusters. A thorough evaluation of the performance of four edge detectors, i.e. MRCBS,
the Edge Focusing scheme, the Chen/Yang edge detector and the Haralick scheme (Section
4.4) shows the superiority of MRCBS over the other three schemes.

An adaptive multiresolution clustering scheme of Texture Focusing is presented in
Chapter 5. Texture focusing comprises the concepts of the spatio-featural mutual focusing
and the split-and-fix process. The spatio-featural mutual focusing achieves high resolutions
in both the spatial and the featural domains for texture segmentation. The split-and-fix
process employs the contextual information to indicate the adequate resolution in every
region of the segmentation map. Texture focusing results in a multiresolution segmentation
map, where the central regions of homogeneous textures are represented using coarse
resolutions so as to achieve a better estimation of the textural content, and the border
regions of textures are represented using fine resolutions so as to achieve a better estimation
of the boundary between textures.

The success of Texture Focusing in the task of texture segmentation motivates the
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use of the multiresolution clustering method together with the multi-point optical flow
method to tackle the problem of motion field segmentation. This is an attempt to study
the potential of the multiresolution clustering method as a generalised image segmentation
framework. However, the performance of the segmentation via the optical flow constraint
equations (OFC’s) is highly constrained by the aperture problem (Section 6.1) and there-
fore, subsequent investigation is required to improve the performance of this scheme to
achieve an accurate motion field segmentation.

There are two major theoretical achievements in this thesis: the a scale space for a
multiscale edge detector, and the multiresolution clustering method for texture segmen-
tation and motion field segmentation. Both of these two achievements are derived from a
general observation of the uncertainty principle. The a scale space is proposed because an
edge is a local property, thus the local scale factor of a controls the degree of smoothing
according to the local noise level. On the contrary, textures and motion fields are regional
properties, thus a multiresolution representation of the image (see Figure 5.2) is proposed
so that the regional property is estimated using large windows, whereas the location of

the boundaries is estimated using small windows.

7.2 Toward a Generalised Theory of Adaptivity

Wilson and Spann argued that image processing algorithms can be categorised as two
groups: those derived heuristically and those derived rigorously within the framework
of signal processing theory [105]. The former are either difficult to be extended to new
applications or difficult to be compared objectively with each other. The latter tend
to employ assumptions which are inadequate for real images [105]. In this regard, they

advocate the research on a generalised theory which provides a solid theoretical background
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for the unification of image processing algorithms [105].

The research presented in this thesis is a response to the above advocacy. Since a
generalised theory is meaningless unless it is based on the observation of real situations,
two low-level computer vision tasks of edge detection and image segmentation are selected
as the subjects of the investigation. During the investigation, the importance of the
uncertainty principle emerges, which is a candidate as the central issue of a generalised
theory. An adequate understanding of the uncertainty distinguishes the difference between
the local processing of edge detection and the regional processing of image segmentation.
A multiresolution scheme such as Texure Focusing makes the most of the spatial-featural
information by using different resolutions in different portions of an image.

Adaptivity is the common feature for both the multiscale edge detector and the mul-
tiresolution clustering scheme presented in this thesis. These two schemes embody a
common mechanism, which comprises a coarse-to-fine procedure with a decrement of the
scale, and a measure (i.e. EHF for multiscale edge detection, the contextual information
for Texture Focusing and the least-square error for the motion field segmentation) indi-
cates an adequate scale/resolution for each region of the image. This common mechanism
fully exploits the adaptivity in a multiscale/multiresolution scheme, and thus provides a
solution for the uncertainty inherent in the image analysis.

Therefore, this thesis starts from the general observation of the uncertainty, and finishes
with the general solution of the adaptivity which provides a prototype of a generalised
theory for image analysis. However, this is still far from a form of a rigorous theory
derived by mathematics. First, there are unsolved problems when the multiresolution
clustering scheme is extended for the motion field segmentation. Second, most of the
algorithms are heuristically derived. The investigation on a generalised theory is thus still

in progress, which is the long term goal of this research.
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Appendix A

List of Pulklications

A.1 Journal papers

e Kung-Hao Liang, Tardi Tjahjadi, Yee-Hong Yang, "Roof Edge Detection using Reg-

ularized Cubic B-Spline Fitting,” Pattern Recognition, vol.30(5), pp.719-728, 1997.

¢ Kung-Hao Liang, Tardi Tjahjadi, and Yee-Hong Yang, ”Bounded Diffusion for Multi-
scale Edge Detection using Regularized Cubic B-Spline Fitting,” submitted to IEEE

Transactions on System, Man and Cybernetics, in September 1996, awaiting review.

e Kung-Hao Liang, Tardi Tjahjadi, and Yee-Hong Yang, ”Texture Focusing: A Mul-
tiresolution Approach for Segmentation,” submitted to Pattern Recognition in May

1997, awaiting review.

A.2 Conference papers

e Kung-Hao Liang, Tardi Tjahjadi, Yee-Hong Yang, ”A Regularized Multiscale Edge
Detection Scheme using Cubic B-Spline,” in Proc. UK Symposium on Applications

of Time-Frequency and Time-Scale Methods (TFTS’95), IEEE Signal Processing
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Chapter (UKRI Section), Coventry, UK, pp.58-65, 1995.

e Kung-Hao Liang, Tardi Tjahjadi and Yee-Hong Yang, "Multiscale Texture Segmen-
tation based on Image Spectrum,” in Proc. IEEE Nordic Signal Processing Sympo-

sium (NORSIG’96), Helsinki, Finland, pp. 239-242, 1996.

¢ Kung-Hao Liang and Tardi Tjahjadi, ”Spatio-Temporal Filtering for Moving Ob-
jects Tracking,” in Proc. 2nd IEEE UK Symposium on the Applications of Time-

Frequency and Time-Scale Methods (TFTS’97), Coventry, U.K., pp. 53-56, 1997.
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Appendix B

The codes of the roof edge
detector and for the computation

of FCR/ATR.

123



(0 => g@) I[TUM
{
! (dwe3) Jole=g
aste
‘17 0=9
(0 == TIDSe) JIT
!dme3,=TTOSE

! (dm@3) s3ab
f(aa\T 0 : {0<) x030®3 Hutzrrernbay.)3aurxd
} op
IZ+H=A
f(lo"z/W == /W) || (qutoduny < W) || (€ > H)) @1TuUm
{
! (dme3y) To3e=l
asT3
IL=R

(0 == TIosR) 3IT

‘due3=1TOS®

¢ (dma3)s3iab

f(utogump’‘.q\L ‘ ([ps-€] "ou ppo) ®e3jep peidafoxd jo -oN.)Fautad
} op

1{(0°Z/227Ts(d == Z/227s(d) || (YIpTMxew < @ztsfd) || (0 => 2z71s(d)) aTTum
(
! (Gwel) Toje=az1s(g
asT3
f1=0z1s(q
(0 == T10SE) 3T
M CRIFES & 053]
! (dma3) s13b
{(QIPTMXRH‘LA\T : ([P%-T]°Ou ppo) YIPTM uoT3Iddfoagd.)3jurad
} op

‘aweudO=2T1T3d0

! (sureudQ) sisb

(. : aueuayrtr3y 3ndano deW ab6pz jJood,.)3jaurad
!2WRUdT=aTTIdI

! {(awreugy)saab

(., :oweusaTt3z andur,)zjurzd

! (LU\U\SS3D01d UOTIODa3ad a5pa jFood.)Fautad

L0\ =dwel, xeyd

(R4 &1-1) Jur

}

()ooxddr

/% sawwssvsxssnsxsxsrnsvsy o/
/» SLNEWHIIINOTE TTIY LNANI +/

/% wxwwsesssvnvrxnsvsvrxs x/

{

¢ ()o02d30

! (oandanpouruy ) 33utad
$()BuTIaT

£ (.But3aTy\uU\U\,)FIuTId
f()azTIRTITU]

{ (. 92TTRTITUI\U\U\,)F3ut1d
¢ {)o0adax

}

()utex

/% susxensxsxvssnsxssvanrxsnsvryy o/
/» NOILDALIA D03 40 WWVED0Ud NIVH s/

/v susevxrxsxuswssxxsssexsxvxvsxxs »/

{ [Z+YIDTMXCH+IUTOJUMN] [ Z+U3IP TMXCR+IUTOJUMN] SR
N~N‘u=ﬂoms=zu~N+u=ﬂome:zueuon‘_N+u=ﬁomssz~ﬂm+ucdom5dzumnaﬂm Jeo(s
NHN+u=«omEdzuHucﬂomsazumd.ﬁm+ucmomﬁdzuHunmomﬁszuo< 3eoTly
u-+uaaomEdzuHm+u:ﬂomE=sz~Hm+ucﬂomﬁdz_w 3eoT3
unNﬂmeEHHHmudmmmEH_mmz\HONwwmcEH_HwNﬁmmnEHummME«B T
NAH>.m~>‘Aa=.mﬂm.am\mm>\dm>~m>.mm=.qm=.mm‘Nm jeol3y

‘peuTH ‘fewty ‘d 3BOTI

‘[gT]oweudo‘ [gT]oweudr Xeyd

{8713d0x ‘8TTFdI» XEUD

tox9z 3e0T3F

{YIPTMASEH ‘BZTISLI'W'A Jut

‘proysazyl jur

/% PR BARRA BB F R IR NSRS IR RS R A F RIS SN BN SRR F NIRRT NI

‘juaIpean jo Ipnjrbew Iyl beuTW «/

“n -juaTpeln jo a[bue dyL : LRWIV 4/
/» -1030e3 burzrrernbex AUl : 9 s/
/+ ‘ST9bpe BuTuTWIalsP 103 pasn ST anfea 8yl : PToYsaiul »/
/» *(1)3 sysewqns 8yl o YIPTA YL * YIPTMISEN v/
/» 3USipead ay3 pue uot3oalfoxd syl 3o YIpTM YL 2zT1S{d »/
/» *BUT33ITI 8AIND 203 saullds-d jo JaqumN @ A »/

T T Y T X T Ty R LR R LRt e

y3buetdewsex ‘yidep sex ‘yijbusrTsexr ‘YIptm sex ut
tadiydew—sex ‘adAilTsex ‘qubrey sex ‘OTlew sex ut

9ESE9TESTIT € Id SUTIap#
952 xew], aUTIap#

0 INTYANOV'IE SUTIap#

SST ASTYd dUTIaP#

0 anyl duryap#

S57 ANTYALLIHM SUTIODH
z1s FZISING SUTIOPH
Z1s  9zTsbewl SuTIap#
0T JuTogqunN 2UTFap#

S YIPTMXRH SUTISP#

/3 sexssmssnsnvrassrssssnssnrssssnsnnssynsrnssezy 5/

/= *Tenal Aaxb xoerq a9yl sjuasaxdax INTYANOVIH »/
/% ‘7@ad] K216 93Tym 2yl sjussaider ANTYAZLIHM «/
/= '8zTS I933ng 3[NeISP SYI ST IZISANG »/
/s ‘YIPTM ofewl Jo Iaqunu umwixew Y3 ST IzTSHewI /
/x ‘W JO J3UNU WnmWTXew 3yl ST JUTOJUON «/
/% *9zTs(d JO Iaqumu umwWIXew aY3l ST YIPTMXCH +/

\C I Ty T S R R R RS RS R N AR L ‘\
<y Yjeu> IPNTOUT#

<q-OTp3IS> 9PNIOUTH
<4 qTIP3sS> SpPNIOUTH

¢ ebed 9°'jJool 2€:0¥:60 L661 2 bny

Y R P i
/x* 1°0=9nTeA papuewoday :103d0ey LUTZTIRINGIY «/
/s (L=9nTeA PIPULUMODD) x/
/% -uotyezsdo TeoOT 8Y3 103 sToxTd JO Iaqumu sy3 :eIep paidafoxd 3o "ON «/
/e (T=SNTeA PIPUBIMODDY) »/
/» ‘Butbersse pajybrem-Tenbs syl 103 siaxtd jo Isqumu 3YI :YIPTM uotidoaloird «/
\C I\
/s (Kzonb 3ndur ATpuaTij-I9sn 8yl 23eTITUT uUayl) Joox :aumrexboid ayjl unI oL ./
/% ./
/» W[- 2°30O0I 3JOOI O- DO :9POD BOINOS STYI FTTAWOD 0L »/
\C .IICi.d*ﬁ"d‘ii‘i.’ﬂf‘ii‘(iCIiiﬂlkilﬁt*li’(ii&*ilﬁ’ﬁik‘Cﬂﬁii’k«i*.ilﬁii‘ ﬁ\
/» But33Td 2uTTds-g o2Tqn) pesTIeTnbay Sursn 1030939p 96pa Jood :UOTIDUNL 4/
\- t\
/= o°3001 :aumrexboxd Syl JO SWEN 5/
\C CCIUCUICi"iiil«di.iﬂﬁi'l‘ﬂi’C&ﬂli'illiiitkiik‘CCKCC!C*CC“CCICCCCCC!"C. l\
| ebed 9°JO0I 2£:0t:60 L6614 21 Bny




(#4700 {W>T0D ! Q=T0OD2) a03
(++M0X !A>MOX ! 0=M0X) 203

{
: { {umu] [102] 0¥y [umu] [m0x]p) =+ [T00] [0 ]dmay
(++umu ! A>amul g=wnu) IoJ
{0=[102] [mo1)dme]
}
{++JOD IR>T0D!=T0D) x03
{++MOX IA>MOI!(Q=MOI) I03F

¢ [3utogumy] [ z+3utogqumy] dwe3 3eoT3

‘unu‘T0d‘M0x  JUT

}

()R noTed

T T T P Py YY)
/« NIVOY [d] NI Q@YOLS SI LINSHY FHL THIAHM I(V] T-[Q}=XIULVK FIVINITVO «/

L L Ly R N T YA Y)

{
1 ([190] [mox)zdwel .8+ [100] {mox] Tdwa3)=[T00] [mox]p
{++T02!A>TOD {0=T0D) I0F
{++MOX IA>MOX!(Q=MOX) 03
{
{
L([109] [3u0] Z¥4 [M0X] [3UD] Z¥) =+([TOD] [MOX] zdws3
*([109] [3Ud] 0¥« [MOI] [JUD] Q¥) =+{T02] [mO1] Tduwe]
}
(++3UD {P>IUD I Q=3Ud) 203
fp0=[102] [mox] zdma]=[T0D] [mox) Tdw]
}
(++700!A>TOD 1Q=T0D) 303
{(++MOI ‘A>MOX ! Q=MO) 303

! [z+3uToqumN] [Z+IuTodquny] zAme3 3IeCT3
{ [Z+3uTOoqumN] [Z+3uToqumy] Tdwe3 3eOT3
fquUD ‘70D ‘MOX JUT

}

()@ noted
I I T T T T E T T Y
/s 7Y AVMHY NI QIEOLS SI [.¥) ANV QY AVHNV NI gayols SI (vl s/

/» 0¥ 0 GAILYIAZA PUZ FHL SI TV TWAHM (.¥] L{.V]g+¥ 1({V]=a ILVINDTVED +/

T T Yy I T Y Y

‘0°9=/[102] [Mm0x] O¥
(++T02!A>TOD!(Q=T0D) a0F
(++MOX {W>MOI ! (Q=MOI) 03

!{o2 mox  Jur

}

()¥ noT1eD

\’ Y S RS RS L RS R S R ‘\
/+ ¥=[01[0)0¥ HIIM QdSA SI AVYYY FHLI NOILDILIA IOAT JILS «/
/x SYIHAINT dIYINGTY FHL OL OV JO AVHEY FHL ALVINITYD »/

R T T T L R e LT T Y

{
f{100+Mm01-T] 2dwa=[TO2] (mOx] 2V
! [1oo+mox-T] Tdua={T00] [mOX] Q¥
}
asTd

1p=[100) [mox] Z¥=[T02] [MOX] OV
({0 > (moz-102)) || (2 < (m0x-T0D))) ww
(++T0D!A>T0QD!0=T02) X°OF
A++30u“=v30uuou30kv I03
“ouﬁvumnauuﬁuﬁmuNaEu“m-uHNHnnau“aumaumnauwonﬁouwnﬁu
uouHvuﬂnsu“ﬁnﬂm_ﬁaauuvuﬂmuﬂaEu“HnHH_ﬁmeuuouﬁouﬂaau
¢ {autogumn] zdry ‘ [JuToqumy] Tdw3 BOT3
f,0\.=dwe3, IEyYd
1100 ‘MmO Jut
}
()s3ngorsed
\' i’t’#i#!iClﬂ.l"dil'ldkilk'.ﬂ"iiiﬂltil#liﬂli#.ﬂdi t\

/.« ¥OLYYIdO INI'IdS-8 OI€ND FHI JO XIWIVW FHI IFLVEED */

/% SRR RN NS AR RN U RS F SRR SR P NSNS Y IR TIRRNF XA NI IR Y %/

{

f{U\--sss § USTUTI sux--.)3FIurad

{(.u\,.) 33uTrad

! (aybroy sex’ ,u\pg = jybtey sex, ) yautad

! (yapTMTsex’ ,u\p$ = Y3IPTM sex,)Jjurad

¢ (pToyseayl’.u\pg = PpIoYsaIyl.)3Furad

f(K’.U\P$ = W’S3d e3jed.)33urad

(g U\FT €% = § ' 2030e4 uorijezTre(nSay UMTPoM.)Futad
{{ozZ2TS[d ', U\PS = ozT1s(d.) 3aurad

(811340’ u\S% : deW 86pE jooy.)3Furad

£(o9TT34I’. u\Sg : ewewsTT3 3ndul.)3zjurad

¢ (U .)33utad
{(.u\uoTIDa3ep pue abewr ay3l I03 uoTjewroyul oyl.)FIurid
{{I3TD, ) WPISAS

{(1'217T3d0)3bewTal TIM
}
()o0xd30

/% R AR AR R RN AR EEENANANS VNN B NE N RN ER A RENE SRS RSN AR R N r Ve aana v nwn 0/
/x SNOILVWMOJNI INVIMOdWI EWOS AVIdSIA ANV I7T7Id ¥ Ol FOVHI THI FAVS «»/

T T T Ty T R R =/

! ()ebewrtpeax

‘{0) mﬁﬂns
! (duro3 ) TO3R=032Z
astTe
{p=0397Z
(0 == y108®)} 37
{dweg 4=TTOSe
! (Gwo3) s386
f(xewy.q\0 :018Z.)33urad
} op

f((xewl < proysaayl) || (o > proysaayl)) oﬁﬁna
¢ (Qwe3) T03e=pToYsaIY3
asTa
{p=pToYseIyl
{0 == Ttos®e) 3T
:dwegy ,=TIDS5®
! (Gwe3) s3eb
f(xewl‘.q\v : [P$-0]9ATIRATIOP PUOOSS BY3 3O PTOYSaIYL,.)FIuTad
} op

 ebed 9°jJ004 2£:0¥:60 2661 21 Bny

¢ offed

9°jJoou 2€:01'60 L661 21 Bny




fzu / (eua[0]Z3INng - y3abuwel) = [T)ZIng

‘gu / gabuay Aﬁouaunn
ea1q
‘qifuatdew sex = yibuel
@ste
189L = YIbuRY
/» SOORWT PILOQSSOID puR PILOGAOIYD ,/
(0 == yabuaydew sex) 3JT :g ased
yeaxq
!adA3dewrsex = gibuatr
asT@
‘1 = yabuer
/s SObeWT PILOQSSOID puR PIRVOGAIIYD 4/
(z == adKXidew sex) 3t :L 8sed
ywaxq
tadAky”sex = y3ibuey :9 ased
Iyeaaq
!yabpuayTsex = yibuay :¢ ased
ywaxq
rqadep sex = yibual :p ased
Iyea1q
fqybray sex = yabual :¢ ased
eaxq
!yaptmTsex = gibus :g ased
{yeaxq
!o1bew sex = YIBua 1 Ised
}
(T) yoitms
}

{++T g=>T !1=T) 303

‘9GZs 9GZ « 95T = U

1967 » 9ST =

‘962 = Tu

/» 8TIT3 193Sex 303 Iapesy 23e31d ./

! (pp90 ‘awRUaTTI40) IdID = 73
/s obewt passad01d ayj 91038 03 IB[TF © 93LIIAD 4/

! [9ZISdng] zing Ieyo paubisun

fgu ‘gu ‘Tu ‘L ‘T ‘yabust ‘z3  3UT

}

(1937 ‘swRuUaT13d0) afeutaitam

foureuaTIId0s IRYD

11937 UL

/% srssMsvNEEENTREERERSRTRSERIEANSANSRsurv SR s nnry o/
/» IVREOJ ¥ILSYY NI ITI4 ¥ OL FOVHI JISSID0Ud FHI FLIUM »/

/% SsssussessyxsrsasesnrRsRNSIRRNIRRIRIRRNIRRIRNRIR R LSRR RN &/

(
{(13)esoT>
/v @113 abewT 3SOTD 4/
{
{
l4+T
‘(um}yng = [(]{T1]abewrl
(++umr ‘++C yapim sex » [ !g=f) 203
}
(+4+3 Y => Y 1=¥) I03
0 =
}

(0 < ((ZTS'INQ’IF)peaa = IU)) ATTYM

YIPTMTSRI / ZTIS = A

0o=T1
\«hnuknnnmouﬁﬂoawuﬁouumud@wmmEﬁvMOM-\

f(1'yarbuatdew sex’13)Y38ST
(0 < yypuardew sex) 3T
/s dewxotod ATYS 4/

{

{
yeaxq

fyabuat = yabusardew sex :g Ised
3eaxq

‘y3bua = adiydew sex :, ased
Iyeaaq

{yabuay = odA3~sex :g ased
yeaxq

‘qabus = yibusT sex :g Ised
yeaxq

‘qabual = yiadsp sex :p ased
3eaaq

‘y3buat = ybrayTsex :g Ised
iyeaaq

‘y3bual = YIpim sex g ased
fyesaxq

‘yybua1 = otrbew sexz :T osed

}

(1) 4o3tMs
f(€]3ng+962. (21 INA+95Z295Z[T)INA+9GZ#9522952x{013Nq = yaibuat
{(p’3nq’T3)pess = Iu
}
(++T fg=>T !I=T) 03
/. I9pEsy ST} 193SeI W01 Siajauweied aHewT SNOTIEA SUTWISIBP «/

f{0’a11341)Udo = 13
/+ @113 abewt ay3l uado ./

! [g21s4nd]3ng Ieyo paubrsun

's, xRYO

fum >pp ‘Y ‘L ‘T ‘au ‘y3bust ‘13 ut

}

{)ebewTpRax

2 e I I R e Y
/» IVWMO4 W3LSYH NI @g ISOK HOIHM ‘EIId ¥ WOYJd IOVWI NV aVad «/

T T LI P LA Y

{
! [mox)dwel={mox]3
{+4MOX IA>MOX ! ()=MOI) IOF
{
£ ({10213 [T09] [mO1]P) =+ [mOX]dwS]
(++TO0D !W>TOD!(Q=T0OD) X03
{p={mox}cdwa3
}

(++MOX {A>MOX!(=MOI) 103

! [3utoqumN] dwa3 3eoT3
{1oo'mox Jut

}

() 3@0D38D
S T T T T TN V)
/% NIVOY J AVMNY NI SITINSTA FHL FTHOLS »/

/» [4)°L[¥] T-[a}=[D] INFIDIJAFOD FHL FLVINOTVYD »/

/% sEvmsvassEENANEYIERRRNERRONENBAAARsvRREnnenye ¥/

{[f{oo] [mox])dua3=[T02] [MOX]P

g ebed 9°J00. 2€:01:60 L661 21 bny

G abedq

J°jool 2E:0v'60 L661 21 Bny




}

(}gsyan1

/v swsssssssnsssnsasnzsrsss »/
/» NOIILNLILSENS @IVMMDOVE 0T «/

/% sesvusvsnszssssvvevrvsssns o/

‘(1] [t)eqdre/(dwe3-(1]13)=(T)A
HIC1A (€] [T]eydie) =+dma3

(++C:1>C0=C) x03

{o=dwa3l

}

(++T!A>T10=T) 303

! [Z+3uTOqUNN] A 3JR0T3

!Gmoy Iv0T3

£ urt

}

() gsman1

/% svssssssnvnvussszreverss »/
/» NOILALILSENS QIYMNO4 0T »+/

/% sxvvssvnsnsvvsssvyvsnrs 3/

{
!(100] [mox}dma3=[T02] [mOx]D
(++T100:A>TOD!Q=T0D) IO3
(++MOI {A>MOI!Q=MOX)} 203
{
¢ [umu} 3= 0] [wnu] dwa3
{ ++umu IpA>Umuf g=umu) I03
£ (rgsaan
£{)qsmang
1=[109]3
‘o= (umu] 3
(+40MU ! A>uMU ! g=unu) 03
}

{++T0DA>TOD:Q=T02) 103

{ (z+3uTogumy] [Z+3uToduny] dmey 3eoT3
‘unu ‘oo ‘mox  Jut

}

AVNMHD>HH

T L L T Y LY
/» RQYENTY QISOAN0DIA NIZE SYH HOIHM XIWIVA V¥ 40 ISYIANI FHL GNId «/

R T T T L T T LT L L LTy gy T T T T T T Y T A Y

{

{
£[€] (Flereqy (dwe3-[F] [T]P)=(f] [T]eydre
as1a
f0=[f]{T]eydre
(duey == [L][T]P) 3T
L[] [X]e32q. [A] [T)eydre) =+dua)
(+41C>10=%) x03
!g=cduroy
}
(++T A>T T+L=T) I03
}
((1-a) > £) 37
{
tduez-[C][Tlp=[C] [T]eaaq

f([C){x1eraqe (o] [T]eydre)=+dmal
(++{1T>¥0=)) X03
fg=dwa3l
}
!C=>170=T) 03
}
(++C:A>C20=L) 203
t1=(£][£)eydre
(++C1A>C10=C) 03

{++

!dmwegy eoT3

L't ur

}

() dudgn

\' C.IIC.C’CUUCIIC'.'CCCCCC*U..ﬂllil'.."il.i.lii”'. l\
/= w¥l3d QITIVD SI INO ANV VYHA'TY QITIVO SI INO »/

/v SIXIUIVK BYINONYINL OML OL XINIVK V¥ FSOANODEA OL »/

/% wussrressessvransuvevrevevrrsrsvrsasnsssunsrmmey v/

{

! {)osaaau]

¢ () duogng

}

()a aaaur

\& C’C.CCﬂl.di"'l"lICI'CIC.CIC.'CCCC.CCCC.ﬂ.iCCi'Ciiilli!i’.il"'iil.ﬂlﬁ’ii C\
/% P SY QELINIIFA AVHNY 40 FSUAANI FHL ANIJ Ol ST FAENAIDONd SIHL v/

/s TSHIANI ONIANIJ TYO4d€ Vldd ANV VHATY OLNI JISOJNOOFA Fd LSAWN XTHIVH ¥ »/

% B s s s RN NN R RN AR E RN SNSRI DRSS R SNBSS IRR VBB IER RS ASRRIISIIRIIR RIS -/

‘(z3)9807T2
/» @TT3 3nd3no 3y3 osoTd 4/
/a2l
{(yaprmTsea’zyng‘zy)93Tam
f(f)[T)gabeut = [Clzyng
(++ ‘yapta~sex > [ :!0=[)} xo3
}
T fQ=T} 03
== 193T) 3T
{
{(Y3apTM sex’zinq‘z3)aitam
‘[Cl[rlegabewy = [[lzang
(++C fyaptmsex > [ :0=() z03F
}
(++T ‘3ybroy sex > T [0=T) 103
(Z == 283T) 3IT«/
{
(YapTM Ssex’zing‘z3y)a3Tam
f[C1[v}den = (ClzIng
(++C ‘yapwm sex > [ 9=() z03
}
(++T ‘3ybray sex > T 0Q=%) 103
(T == I83T) JIT
/» S31T3J o3ul ssbewl padsueyuad 33TIM 4/

(++T {3ybray sex >
€

/s O0TQ x/ £(96Z ‘z3Inq ‘zF)93ITaM
/v U9226 «/ ‘{96z ‘z3ing ‘z3F)e3TImM
/» PBI &/ f{96Z ‘z3Inq ‘zI¥)O3Tam
‘Tt = [T]lE3nqg
(++T ‘967 > T ‘0=T) 103
/+ obewT swoxyoouow 103 dewInoTod Y3 33VIAD 4/

{

!y Z3Nq’Z3)93ITIM

f(Tus[z)23I0q - ZU[T]ZING - gus[0]ZIng - y3ibusr) = [€]ZInd
fTu / (Zull1lZ30ng - €U.[0]Z3Ing - yabuar} = {zlzznq

8 abed 9'J004 2£:07:60 L661 21 by

L abed 9°jo01 2€:01:60 L6614 2| Ony




{)but33Td

{

C[T+PTW] I+ {PTW] 34 Z- [T-PTW] I=ZA

{Z-pTW] I~ [T-PTR] €+ [PTRI I~ [T+PTW] F4 (T~) =TEA
T-PTW] - [PTU] FH€+ [T+PTU] F2€- [Z+PTW] & (T-) =UEA
S([Z-PTR}F- [T-PTW] F£ G- [PTW] F4S+[T+PTW]F) 5 (STT 0-) =TTA
uAHﬂuuweuwuvaﬂuwcmlHﬁ+vﬂﬁ_uam+ﬂm+vwﬁuwvcAmNA.onvumﬁ>

/s ®3euUTPI00D jo abueyd ay3 o3l enp pabueyd aq 03 Sey ubTIS BYl DION +/
1Z/A=PTR

tprw 3ur
}
() 1x8qI2A33H

{

f{T+pTW] I+ (PTW]Fo2- (T-PTR} I=CH

{[Z-PTW]I- [T-PTW]) Ju £+ [PTU] I €~ [T+PTW] I="TEH
C[T-PTW] 3= [PTW]F L€+ [T+PTW] J» €~ [Z+PTW] J=UEH
([z-pTu]3- [T-PTW] JS- [PTE] 326+ (T+PTW]F) 4 GZT 0=TIH
NAHa-ums_w-Huﬂsuu.mnﬁﬂ+uaauu.m+ﬁw+uﬂauuv.mma.ouxam

‘T/A=pTa

tprw  3ut
)
() TI30TI0HISD

(

‘asva=({] [(11den
(++C!qapTm sex>Lg=L) 303
(++7:3ybTOY SRI>1/0=T) 103

€'t Jur
}

() obewtmauay

{

! { ) sbewtmauay
f()¥Tnoted
ST T)ASHISDL
! ()s3ogotsed
}
()@2TTeT3TUI

{
()N noTed
()a~aaAur
()@ mo1ed

}
() o0xdnd

{
{
{(JU\. ) FIuTId

f([m0x]3’. J€ 8%.)33urad

{++MOI !A>MOI!(Q=MOI} I0F
flaU\mm e e ») F3utad
f{,u\3 30 Kexxe ayl.)Jaurad
}

(T == pumu) 3T

01 sbed 9°J001 Z2€:0%'60 2661 2k bny

{
£ (Ju\.) 33UTad
t{[102] (MOX]P’. FE°8%.)3FuTad
{++T02!A>TOD!Q=T0OD) I0F
}
(++MOX!A>MOI!()=MOT) IOF
f(aU\~ s e ) 33utad
f{,u\p Fo Keaxe ayg,)Faurad
}
(1T == gumu) 3T
{
{
f(wu\,)F3utad
f([To2] [MOX]Z¥’. 3£ 8%.)3F3uTad
(++TO2 ! A>TOD!Q=T02) I03
}
{(++MOX {W>MOX ! Q=M01) I0OF
f{aU\ e ~~=~.)33urad
f( u\zZV¥ 3JO Aexxe ayl.)3autad
}
(T == zunu) 3T
{
{
{(au\a)F3uTad
f({102] [mox]O¥V’. FE°8%.)F3uTad
{(++TOD IA>TODQ=TOD) I03F
}
(++MOX {W>MOX ! ()=MOX) I0O3
AU\~ ~»)33urxd
I U\QY 3O Aeixe ayg.)yaurad
}
(1 == Tunu) 3IT
! (. u\.)F3utad
/»
I p=xewr
asT®
! JutodumN=Xxeu
(0 == A) 3T */
10D 'm0 Jur

}
(pumu ‘ fumu * Zumu ’ TWnU ) XSWISaL,

/% B EABIBPRRARSERR BRI RS ERREF AR F ISR RIS S XRNRFEI RS F RN RIS »/

/%

iiiATuo p pue ov Aerdsta : 0°T'0'T "6°3 &/

/e 3°'P’'ZY¥ 0V 30 NSYHW FHI ONIAVIISIA ¥0d QISN SI THAAIO0Ed SIHL +/

2 T a4

{
H{T1A=(T]13
(++TA>T?0=T) 03
¢
f{1][Tlelnq/ (dwe3-(T]13)=(T]A
asTe
f0=(T14
(dwey == [T]3) 3T
f([L)1A[£] [T]e3RQ) =+du=]
(--Cf1<fiT-A=L) 303
fp=cdural
}

(--T!0=<T!T-A=T) 103

! [z+3uToqumn] X 32073
:due3 3073
frr ut

6 obey

2°jo0ou

Ze:0v:60 L661 2} Bny




tozTs{a/[2]13=[2]3
{(o+u-L} [2+w-T]2bewrL+{X)3=[X]3
(++0!821s{d>0!(Q=0) 103
0=[1]13
}
{++X!W>3!0=1) X03

tz/9z1sld=u
1z /K=
fu’w’s’x Ut

}
(L’1)a9p30D
o
'
‘ez1s(d/{2]13=[213
¢ [o+w-[] [I+u-T)abewil+(2]13=(2]3
(++x:0zTs(d>2!0=1) 303
‘0=[213
}
(++2!W>2!p=D) I0%

tg/eztsid=u
{Z/R=w
fu‘w’'o’x Jut

}
(£/T) TIOHI®D

¢

fanar=[L] (T]1der

(0I8Z=>YTA+TTA 3% OA3Z=>YTH+TITH) 3T

}
(pToysaIy3I=<zs) 3T
! (ZA+ZH) SqR3I=TS
}
((0>MEATEA) || (0>UEHATEH)) 3T

! () TI9QIBAILD

£ () 3900320
{(L'T)a8A39D

¢ () TISQTIOHIBD

‘() 3900390

£(C'1) T20HISD

}
(++Lw-y3apTa sea>Liu=() 103
(++T/w-3ybTaY SeI>T W=T)I03

f{)yooxdnd

!Z /=W

2°jool 2€:0%:60 L661 2L Ony




f(p’'INQ’TF)PEIT = Iu
}
(++T !8=>T !1=T) 03
/s I9pRaY STTJ Ia3Sex wory siajdweswd a26LWT SNOTIRA JUTWIHIBP 4/

‘{0’®1T3d1)Uedo = 13
/x @113 ®bewr ay3 uado ,/

! [g2IS4ngl3nq Ieyd paubrsum

!5, IEYD

fwa Y Y ‘L ‘T ‘au ‘yabuet ‘T3 3uT
}

(x231 '®113dI)96euTpEaI

‘9TTIAT~ IOYD

{19371 33Ut

/% sxxxxvrvsssssssssrssvsassasssnsssvvassss 3/

{

{(pr3)esorog

{{goT3ex’ ,U\U\JZ y$=dlV¥. 'PT3)3Faurady
f(o13ex’ ,3\JZ p$=uDd. 'PTF)JIutrady
{(9TTIRIV ' .3\S%. 'PTF)Iurady
!(.e.'art3e3ep)uadoi=pr3

T{aU\==yyx i YSTUTL sas--.)F3uTad
f(au\.)F3uTad

f(zoTIex’ U\JE£ ' ¥IV.)3I3urad
f{oT3ex’. . u\J£'y :¥Dd.)F3utrad

f{.u\.) 33uTad

{(d3u’ ,u\pg :SATITSO4d BsTed.)Furxd
f(duu’,u\pg ‘RIIXT TRIINSN.)Furad
(wau’ ,u\pg :BUTSSTW onIL.)3F3utad
{{eju’ ,u\py ‘Ijewrxoxddy sniy.)3zjurad
f{dau’ ,u\pg :IATITSOd anIL.)3aurxd

f{.u\.)Futad

! (aybrey sex’ ,u\pg = ybIey sex,)3zjurad
f{yaptaTsex’ ,u\pg = YIPTM sex,)jjurad

{{STTIWAY’ ,u\Sg : dey abp3 Teniov.)Iaurad
{(9TTIWII ‘. u\Sy : dey sb6pT T[RopI.)3Fjurad

f{auy «)F3urad
{{.u\0T3eY 3IVBIIXO0D-ISTEd BY3] I03J UOTILWIAOIUT BYL.) Fjurzd
! {.ARBTO. ) WIISAS

‘PTIx FTIJ

}

()poxdgo

\ﬂ LR R R R R R R R R R R R S R R S R R Y «.\
/» SNOILYWMOANI INVIMOdWI HWOS AVI4SIQ ANV ITI4 ¥ Ol IOVWI IHL FAVS +/

[ R RN RN NN NN R RN IR RN KR EANN VRN N R R SRR RS RSB RN NN NN LSRR NN nbN ¥/

! (Z'9TTINIV) abewTpeas
{{T'9TTINII)abewtpeax

}
()ooxdar
\I LA E EE S SRR R LR R R R R TS C\

/» SINIWIAINOTM FHL TIV INANI «/

/v sxssmvwunsxsrsrxsssvvvnxns »/

{
¢ ()oo0xdgo

{()aogoTED

*()ooxddr
![glabae=aTT3elED
f[z)AbIe=3TTINAV
d{1)AbBxR=9TTINIT

{

. )320qQY
! ()yabesn
}

{(p =i obxe) 3T

/» mugﬁakﬂ JUIT puLLWOD aTpUuey 4/
!([p)abBxe ‘sweNGoxg) Adoaas

B

}

!{]abxe, xeys

!obxe 3Jut

(aBxe’'dbae)utew

\C A AR RS S R RS ISR RS R EE RS LSRR L XX S C\
/» NOILO3L3A 3ADAd J0 WYNOOUd NIVH »/

/% sesvsssxsvvyrvrrvrnansssvvrvan »/

! [ez1sbeur] [ozTSsbeus | zabewt ’ {8z15bewr ] [9z156eUT a6eWT ut

{{og]aureNDOIg IRYUD
‘aTTFeIeP, ‘STTINIV. 'STTIWAL, IRYD

fZ0T3RI ‘OT3RX 073

fdyu ‘suu ‘uu ‘eju ‘dau Jur

fyzbuetdewt sex ‘yidep~sex ‘YilbusT ser ‘YyIpIa sex Jut
fedAydew sex ‘a2dA37sex ’juybroy sex ‘oThew sex JuT

9ETZHIF T SLYURL SUTIADPH
9SETZYIV 0 STTURL SUTISDH
S§57 906pa UON JUTIop4#

0 o6pa aulISDH

41 3215409 SUTIADP#
216  eztsbewl SurISp#

<4 y3ew> SPNTOUTH

<Y-OTIpP3IS> IPNTOUTH
<Y qT1pP3Is> SpnrouTH

R T T T T I T T T T T T T T T PP PP PP Y

g obey

9'19} G2:0v:60 L661 21 Bny

/x PaI0ls 8a® S,¥IV PUR S,¥Dd POIRTNOTERD 3Y3 a1dYM 9113 8yl S[TJdeied »/
/* X030939p 26pe ue Aq peonpoxd dew ofpe IY3 JO SWRUSTYF OYI WH [eNIOV «/
/% dew sbfpe TespT 9yl JO SWRUSTTIJ 9YI NI [e9PI «/
/* 3I3YM 4/
/% %/
/% aT7TJde3ed WH TeN3oV WX Teepl 103 :aumreirboxd ayj unx ol ./
/* «/
/% wur- o°I0J I0F O- OO :9POD 82aAN0S STYI S1TdWOD OL »/
\* LR R R R R R R R L S S R R R S R A R R ] .l\
/x dew a6pe ue JO $,¥IV PUR S,¥Dd 9Y3 23eTnNOTR) :uUoTIdoUNd ./
/x s/
/» o+103 :eumrexboxd syl JO SureN 4/
\ﬁ 2 R S T EE R R R R R R R R R R R S R R R R R R R S R RS R R R RS R LR R R R R LR R L I\
| ebed 2°19) G2:0%:60 L661 21 Bny




{PUTIISy IWRYD
(butais)ixoqy

{

! (ewreNBoxg ‘. U\BTTJeiIeq W [eNIOY Wi [eapl S§ :pueumno), ‘IIapis) jaurxdy

}
()abesn

A
!dauy/ (00 ° T« (dUUselU) ) =ZOTIEX
{(dausrequ) /(00 T« (dJu+wiu) ) =01302

o
o
o
°{
‘++d3u asTa
{+4+0uu
(26pd=={AK-[] [xx-1]abewt | | obpa==[A&A+[] [x¢+T]obewt)IT
}
(abpa==[{] [T]zabewt %% 36pa~uoN==[(](T]abeur) JIT
ER¢
fe4urju BSTB
!++@3U
(ebpa==[AA-[] [xx-T] zabeurt| | 96pa==[AX+[] [30¢+T] zobewT) 3T
}
(abpaTuoN==[[] [T]zabewt %% abpa==[[(]{1]abewr) 3T
‘f
o
LR
!1=KX osTa
{{1=AK ‘1=xx}
(GL9uURL=>e3aYl 33 GZZURI<RIaY3) 3IT
} @sI12
f1=xx (gzzuel=>e3ayl 3P GZZuels(I-)<e3layl) JIT
} °sT3
{!T=KX !T-=>x }
(Gzzuwels (1-)=>38Yy3 33 GL9URLs(T-)<e334l) 3T
10K /ox=e39Y3
} osT®
t1=KKk (0 == d0K) 3T
1 9=R&=xx
{r-ax3uen” A=0K
fax3uao” x-L=0x%
} est?®
f++dyu
(ebpa=={(] [T]zsbeur 33 abpa==({][T]abeur) JT
}
(++{ ‘yaptmsex > [ f0=[) zo03
}

{++T ‘3ybToy sex > T !0=T) X0OF

tz/3ybraysex = aijusd X
1Z/YIPTA Sel = 913U~ X
! p=dju=suu=wju=eju=diu

fe39y3 3eOT3
tRK ‘xx jur
!3I3UBD”A ‘9I3UIDTX JUT

2K ‘ox ‘(’'T 3ur
}

()xo3 oTED

X¢
t{13)9s0T>
/» @713 bWt 3SO0TD »/
(
{
{
L4+ T
‘(um}znq = [£] [T]zobewt
(++umu ‘++L ‘yptmTser > [ !g={) 103
}
(+43 1YY => ) !1=)) 303
0 = ww
}

(0 < ({zIS'3nq’'T3)peax = Iu)) BTTYM
‘yapwaTsex / zis = P

0=7T
}
(z == 2@3T) 3IT
E
{
{
Tee4T
ffwa]gng = (L] [1]o6euwt
(++umu ‘+4C !yiptm sex > [ !g=() 103
}
(#4323} => Y !1=Y) 103
{0 = umu
}

(0 < ((zTS'3nq’'TI)pedx = Iu)) BTTUYM
‘yIptmosex / zIs = MY
o =7

}

(T == 183T) 3T
/s Aexae g-z O3UT 9TT3I WOIZ eiep abewt peaxr ./
(1 'yarbuatden sex’13) I9ST

{0 < yabustdew"sex) 3IT
7+ dewxoroo dIXS «/

p ebed

219} S2:0¥'60 L661 ¢l Bny

{
{
!yeaxq
{qabua1 = yzbusrdew sex :g ased
Iyeaxq
‘y3bua| = odAzdew sex :; ased
yeaaq
!yjbuat = adA3~sex :9 ased
Iyeaxq
!q3buaT = yabuay~sex :g ased
)eaaq
{yabua7 = yadep sex :p ased
yesaq
fy3abusT = ybTeY sex :¢ ased
yeaaq
‘q3bual = YIPTM Sex :g ased
yesxq
!yjbus] = orbHew sex :1 ased
}
(T) Yo3TIMS
f[E13INA+9GZ. [2]13INq+96Z+952x [T]1INA+9GZ49S5T2 962+ {0]1INT = Y3IbuaT
¢ ebed 0719} G2:0¥:60 L661 21 Bny




! (Butays ‘ewreNHoad

{
f(g)3ITX®

©,uU\S§ :YO4¥d S%. ‘1I9p3s) Furady
(Buti3ss) 3T

}

G ebed

219}

S2:0v:60 L661 2L Bny




Appendix C

The codes of MRCBS, the
Haralick edge detector, Edge
Focusing and the Chen/Yang

edge detector.
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