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Summary

The thesis consists of a study of problems in ergodic theory relating to one-dimensional
dynamical systems, Markov chains and generalizations of Markov chains. It is divided
into chapters, three of which have appeared in the literature as papers. Chapter 1 looks
at continuous families of circle maps and investigates conditions under which there is a
weak*-continuous family of invariant measures. Sufficient conditions are exhibited and the
necessity of these conditions is investigated. Chapter 2 is about expanding maps of the
interval and the circle, and their relation with g-measures and generalized baker’s trans-
formations. The g-measures are generalizations of Markov chains to stochastic processes
with infinite memory and generalized baker’s transformations are geometric realizations of
these. The chapter is based around the question of whether there exist expanding maps
preserving Lebesgue measure, for which Lebesgue measure is not ergodic. Results are
known if the map is sufficiently differentiable (for example C'*%), but the C?! case is still
unclear. The chapter contains some partial solutions to this question. Chapter 3 is about
representation of Markov chains on compact manifolds by measured collections of smooth
maps. Given a measured collection of maps, a Markov chain is induced in a natural fashion.
This chapter is about reversing this process. Chapter 4 describes a specialization of the
setting of Chapter 3 to Markov chains on tori. In this case, it is possible to demand more
of the maps of the representation than smoothness. In particular, they can be chosen to be
local diffeomorphisms. The chapter also addresses the question of whether in general the
maps can be taken to be diffeomorphisms and gives a counterexample showing that there
exist Markov chains on tori which do not admit a representation by diffeomorphisms.



Some Problems in Ergodic Theory

Anthony Quas

This dissertation concerns itself with problems of ergodic theory, the branch of dy-
namical systems theory which deals with problems of long-term averages of values of a
measurement taken at discrete intervals of time. In general, the formulation is that T is
a map from some measure space X to itself and f is an L! function X — R. The main

objects of study in ergodic theory are the averages
anlfl(e) = 15 piia)
" T i=a

Ergodic theory gives conditions for these to converge pointwise almost everywhere with
respect to an appropriate measure (or in L') to a function f. These measures are in fact
the invariant measures, which are central in the study of ergodic theory. Further conditions
can be given to ensure that the limit function f is constant almost everywhere with respect
to the invariant measure for any L! function f. This turns out to be extremely important.

Chapter 1 of this dissertation considers the case where there is a continuously pa-
rameterized family of circle maps (that is orientation-preser\{ing homeomorphisms of the
circle). Each circle map is known to have at least one invariant measure. In this chapter,
I consider whether the invariant measures for the family of circle maps may be chosen to
vary continuously with respect to the parameter. In general, I show that subject to certain
conditions, this may be arranged by careful choice of the invariant measure. In an experi-
mental sifuation, the invariant measure is determined by the initial conditions. Typically,
without special initial conditions, one would not expect to see continuous variations of the

long-term averages as the parameter is varied continuously. The results of this chapter
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thus show that while typically long-term averages change discontinuously with respect to
small changes in the parameter, they may in special circumstances vary continuously.

Chapter 2 deals with the relationships between the concepts of expanding maps, g-
measures and generalized baker’s transformations. The starting point is the question of
uniqueness of absolutely continuous invariant measures for C! expanding maps of the
interval and the circle. This leads naturally into an investigation of g-measures, which
may be considered as a generalization of Markov chains to processes which depend on the
entire past, not just the last outcome. These are known to have a geometric realization
as generalized Baker’s transformations. This realization is studied in Chapter 2 and made
more explicit. Finally, I present some examples of possible constructions of C! maps which
might have more than one absolutely continuous invariant measure. If correct, these would
provide a solution to a question of Keane ([Keal).

Chapter 3 looks at Markov chains on compact manifolds. Conditions are found for
Markov chains under which there exists a family of smooth maps from the manifold to
itself and a probability measure on them such that applying the maps at random according
to the probabilities specified by the measure reproduces the Markov chain. This is called
a representation of a Markow; chain. A representation of a Markov chain allows it to be
viewed as a Random Dynamical System (RDS), as described in [Ki] and [AC].

Chapter 4 is a specialization of Chapter 3 to the case where the manifold is a torus.
In this case, it is shown that a smooth Markov chain admits a representation by local
diffeomorphisms. It is then natural to ask whether such a Markov chain in fact admits a

represenfation by diffeomorphisms. It is shown that in general this is not the case.



Chapter 1. Invariant Measures
for Families of Circle Maps

1. Introduction

This chapter considers the invariant measures of a continuous family of circle maps.
There is some evidence (see below) that a continuous family of circle maps should have
a continuous family of invariant measures. In fact, this does not always turn out to be
the case, but in this chapter, we give conditions for the conclusion to hold and show the
necessity of some of these. The results of this chapter have appeared in the literature as
[Q2].

Let m denote the projection R — S! given by z — exp(2miz). We will denote in
the usual way intervals on the circle (for example, the interval [a,b] is the closed interval
starting at a and going anticlockwise round to b). By a circle map, we will always mean
an orientation-preserving homeomorphism T' : S! — S!. For a detailed introduction to
the theory of circle maps, the f;eader is referred to [CFS], §3-3. ’The main results, however,
are summarized below for convenience. The dynamical behaviour of circle maps is very
well understood, and may be principally characterized by the rotation number of the map.
This is a measure of the ‘average rotation’ that the map imparts to a point. To define
the rotation number of a circle map T : S! — S, we first need its lift F : R — R. The
lift of a continuous map ¢ of the circle (not necessarily a circle map) is a continuous map
® : R — R defined by the equation 10 ® = ¢o7|:. This is uniquely defined up to an additive
integer constant. The degree of the map ¢ is given by ®(z + 1) — &(z). This is always an
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integer and is independent of the point z € R and the lift chosen. In the case of a circle

map, the degree is always 1. The rotation number of the circle map T is then given by

p(T) = lim E—n(—@—_—f,

n—oo n

where F is a lift of T'. This limit exists for all z, and is independent of z. The convergence
of the limit is uniform in z and the rotation number is unique for a map T up to an additive
integer constant (depending on the particular lift chosen to represent T'). The notion of a
circle map with rational rotation number is therefore well-defined, since this property does
not depend on the lift chosen. It can be shown that a circle map has rational rotation
number with denominator g say (with the fraction expressed in its lowest terms), if and
only if it has periodic points of period ¢. Further, if this is the case, then each point of the
circle converges monotonically to a periodic point under iteration of the map. From these
facts, it follows that a circle map with irrational rotation number has no periodic orbits.
Here, the dynamics are also well-understood: each point has the same w-limit point set
and this is eithe;' a Cantor set, or the whole circle. In the former case, the map is semi-
conjugate to a rotation through 27 times the rotation number, and in the latter case, the
map is conjugate to a rotation through 27 times the rotation number.

It may be shown by elementary means that the map takiné a circle map to its rotation
number is continuous with respect to the C%-topology on the space of circle maps; see for
example [CFS], §3.3, theorem 2.

Supposé now that F is a lift of a circle map T'. Write R(z) = F(z) —z and r : S! —
R; y — R(r~!(y)). This is well-defined since R is periodic, and is the amount of rotation

which the point y undergoes when it is acted upon by T. Now, we have

n-1

= (T (=) = = (F"(2) ~ 2).

1=0



From this it follows that 1 E:l____ol r(T*(y)) converges uniformly to p(T') as n — co. But, for
any invariant measure v for T, [r(y) dv(y) = [ 1 Z;:ol r(T*(y)) dv(y), so taking limits,
we get

/ () di(y) = p(T).

This shows that the rotation number of a circle map is numerically equal to the amount
of rotation at each point integrated with respect to an invariant measure for the circle
map. As T changes continuously, r(y) and p(T) both change continuously. This suggests
the invariant measures also depend continuously on the circle map in some sense. The
appropriate sense of continuity turns out to be weak*-continuity, and this chapter contains
an investigation of the weak*-continuity of the invariant measures of circle maps.

In the statement of the theorems, we will need some definitions. We say that a family
(Ta)aeys of circle maps, with J a compact subinterval of R is a continuous family of circle
maps if the map T : J x ST — S1; (o, &) — Ta(€) is continuous.

Given a circle map T with rotation number p/q, let S be the lift of T7 fixing the
Preimages of the periodic points. Define u(z) = S(z)—=z. Note that u satisfies the equation
u(z) = u(z + 1), since the degree of 77 is 1. The function v : S? — R; & — u(x~1(£))
is then well-defined. Note that the zeros of v are precisely the ;)eriodic points of the map
T. Then given a periodic point £, there may be a neighbourhood of ¢ on which v takes
the value 0 dnly at ¢ itself. If such a neighbourhood exists, we say the periodic point is of
definite type, vand conversely, if no such neighbourhood exists, we say the periodic point is
of indefinite type. If the periodic point is of definite type, it follows that there is an open
interval I; clockwise from £ with ¢ as an endpoint on which the sign of v is constant, and

a similar interval I; anticlockwise from ¢ (See Figure 1-1).
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Figure 1-1 Possible arrangement of intervals about a periodic point.

We say that ¢ is of type ++, +—, —+ or —— according to the sign of v on these
two intervals. A hyperbolic periodic point is one of type +— or —+ (these are stable and
unstable respectivgly). The types ++ and —— of periodic point are non-hyperbolic and
have stability on one side only. We call a map with non-hyperbolic periodic points (or
sometimes its parameter value) critical. Note that if a point on a periodic orbit is of a
particular type, then all the other points on the orbit are of that type (this follows since
the maps are orientation-preserving homeomorphisms), so that it makes sense to say that
a periodic orbit is of a specific type, or in particular hyperbolic or non-hyperbolic (see

Figure 1.2).
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Figure 1-2 Lift of an iterate of a circle map showing the types of periodic points.

An invariant Borel probability measure (or briefly tnvariant measure) for a circle map
T is a probability measure u on the Borel g-algebra  satisfying u(T7!(B)) = u(B) for
any Borel set B. A circle map T is uniquely ergodic if it has exactly one invariant measure.
There is a well-known theorem of ergodic theory (see [Wa3], theorem 6-18) saying that if
T is a circle map with irrational rotation number, then T is uniquely ergodic. A map with
rational rotation number is uniquely ergodic if and only if it has a unique periodic orbit

(see Lemma 2).

We are now ready to state the theorem:

Theorem 1. . Suppose that (Ta)acy is a continuous family of circle maps such that
(i) for each non-trivial interval K on which the rotation number has a constant value,
there a1:e at most finitely many values of a in K for which T, is critical, and
(i) for each o € J such that T, has rational rotation number, T, has a finite number
of periodic orbits. If there is more than one such orbit, then at least one of them is
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hyperbolic.
Then there is a weak*-continuously varying family of probability measures j1, such that

Lo 1s an invariant measure for T,.

Part of Theorem 1 was previously known to Herman. In particular, Herman showed
that the map taking a circle map with irrational rotation number to its unique invariant
probability measure is weak*-continuous on the sets F,, the collection of circle maps with
rotation number equal to p (irrational). He in fact shows (see [He], proposition X-6-1), that
the (semi-)conjugacy h conjugating a circle map f € F, to the rotation by 27p depends
continuously on f. Since the invariant measure is given by p(4) = A(h(A)), this implies
that the map taking f to its invariant measure p is weak*-continuous when restricted to

F,. This result can easily be recovered from the proof here.

2. Two examples showing necessity of some conditions for Theorem 1

Before embarking on a proof of Theorem 1, we first present two examples to show that
some restrictions are necessary for the conclusions of the theorem to hold. In particular,
we exhibit families which do not satisfy condition (i) for which the conclusion fails. It
seems likely that condition (i) is unnecessary for the conclusion of the theorem to hold,

although any significant relaxation of this condition will necessarily make the construction

of the invariant measures much harder than the one given in this proof.
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Figure 1-3 A family for which the conclusion of the theorem fails.

The first example for which the conclusion fails is illustrated graphically in Figure 1-3.
The process which takes place is that a pair of fixed points vanish simultaneously with the
birth of another pair of fixed points. The limits from the two sides in the parameter space
of the invariant measures are concentrated on the dying pair (respectively new pair) for
parameter values lower than (respectively greater than) the critical value (see Lemma 2).

The example shows that even in the one-dimensional case, there exist examples for
which the unrestricted version of this theorem fails. The reliance of this proof on properties
of circle maps suggests that this would fail more spectacularly in higher dimensions.

This example works by having a parameter value such that the probability measures
for parameters on the left converge to a limit and similarly with parameters on the right,
but that the t(rvo limits fail to agree. It is then natural to ask if this is the only way that
the theorem could go wrong. In particular, if a parameter value is on the boundary of an
interval on which the rotation number is rational, then this construction cannot be used.
The question is vthen Whethe;‘ the condition (ii) needs to apply at the boundary of regions

of constant rotation number.



The next example, which is more complicated, shows that the conclusion of the the-
orem need not hold even if condition (ii) fails only on the boundary of an interval in the
parameter space on which the rotation number is constant. To write down the example,
we regard the circle as the interval [0,1) mod 1. The maps which we consider are then of
the form T'(z) = z + v(z) mod 1. The form of the functions v which we are considering is

shown in Figure 1-4.

N\

6("‘3 72( o)

P 3
0 o 2 &

Figure 1-4 ‘Speed Function’ for the counterexample.

The function v depends on the parameters € and 5. It is clear that if € and 7 are
allowed to vary continuously with respect to a parameter « say, then the family of circle
maps given by Ty(z) = z + v4(z) mod 1 is in fact a continuous family of circle maps. The

family v, is given explicitly by the expression

v (z)={6(a)+4(%—6(a))lm_%l T'E[O,%]
o n(a) +4(3 —n(a))lz - 3| =z€(i,1]

We then consider a family with the prope4rties that e(a) — 0 and n(a) — 0 as
@ — o, and investigate the limit of the invariant measures of the maps T,, as @ — o and
in particular, show that the limit exists if and only if log ¢/logn has a well-defined limit

10



as o — oy. In this case, the limit is a measure pu concentrated at the points i and % with

log (@) log n(a)
wlzh) = a—-»ao log ¢(a) + log n(a)’ wish) = oz—-»ao log €(a) + log n(e) (1)

It is clear that there exist examples of continuous functions e(a) and n(a) with the
properties that ¢(a) — 0 and 7(a) — 0 as a — ag, ¢(a) > 0 and n(a) > 0 for all a <
such that the limit of log ¢/ log n fails to exist as a — ay.

It is a well-known fact of ergodic theory that each circle map T, has some invariant
measure, 1, say (see [Wa3], corollary 6-9-1). To evaluate the limiting measure u described
above, we take a small set containing 3,58y A=[1-6,146) and a similar one containing
%, say B = [3 — 6,3 1 6), and estimate po(A) and pq(B) for @ — ag. To do this, we note
that if it takes between n and n + 1 steps ‘for a point to go all the way around the circle’
(that is if 0 < T,"+'(0) < Ta(0) and this is the first such n), and if it takes between m
and m + 1 steps for a point to go through A (that is, if Ta"’“(% — ) > ; + 6 and this is
the smallest such m), then

n-—1

ﬂa(A)=/ XA Ao —/ ZXAOT dta,

where x4 is the characteristic function of the set A. This follows by invariance of the

measure. But for each point, we have

nl
1

< ZXAOTl(m)<

It follows that I,uc,(A) — 2| < 1 There is of course a similar result for u,(B). If we then
show that the amount of steps in each cycle speI{t outside sets 4 and B is bounded above
by some constant, then it is clear that we can evaluate the limit of puo(4) as @ — «,
by estimating the values of m and n, since these tend to infinity as @ — «g. The only
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calculation which we need to perform is to solve a simple recurrence relation to estimate
the time spent in certain sets of a very simple form. Suppose then we are considering
a set C of the form [0,a) and the ‘speed’ function is given by v(z) = ¢ — (¢ — b)z/a
where ¢ — b < a, and we have T'(z) = z + v(z); then the recurrence relation is z,4, =
c+(1—(c—1b)/a)z,. Let p =1—(c —b)/a. Then we are solving z,41 = ¢ + pz,. The
solutions are z,, = ¢/(1 — p) + Ap™. By substituting the initial conditions, we see that
in fact z, = ¢(1 — p")/(1 — p). The number of steps thus spent in the set C is thus the

rounded-up value of
log(1 — (1~ p)a/c)/logp = (logb/c)/log p.

We can now apply this to the collection of circle maps described above. In what follows,
we will require ¢ and 7 to be bounded above by %. The first thing we show is that the
amount of steps per cycle spent outside the sets A and B is bounded above by a constant
as € and 7 tend to zero. To show this, we note the symmetry of the situation: the number
of steps taken to get from 0 to 1 — & is the same as the number of steps to get from
i+6to . This number is give;l by the round up of log(8 - v(} — 5))/log(% + 4€). This
is bounded above by log(46)/log(2), so we see that the number of steps spent outside
4 and B is bounded above by 4log(46)/log(2). The number of steps in A is given by
—2loge/ log(-% + 4¢) plus a term which is bounded, and similarly the number of steps in
B is given by —2logn/log(3 + 4n) plus a bounded term. Set m(e) = —2log ¢/log(3 + 4¢)
and p(n) = —~2logn/log(1 + 4n). Then given a constant & > 0, there exists a 7 such that
i €1 < 7, we get [ua(d) —m(e)/(m(e) +p(n))| < & and |ua(B) — p(n)/(m(€) + p(m)| < .
By elementary analysis, we see that the assertion of equation (1) is now proved, and thus

the example is complete.
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3. Proof of Theorem 1

A useful lemma is the following:

Lemma 2. The invariant Borel probability measures for a circle map T with rational

rotation number p/q are precisely those measures which can be expressed in the form

W) = < S u(T )

=0

where v is a probability measure concentrated on the fixed points of TY.

Proof. Certainly any Borel probability measure of the form described is invariant for the
circle map in question. Conversely, in the preliminary discussion, it was noted that each
point of the circle converges monotonically under iteration of the map to a periodic orbit.
From this, it follows that the only non-wandering points of the map are the periodic points.
There is then a standard theorem telling us the non-wandering set has full measure (that
is measure 1) with respect to any invariant Borel probability measure (see [Wa3], theorem

6-15). The remainder of the proof follows easily from the invariance of the measure.

Lemma3. Suppose that (Ta)ags is a continuous family of circle maps such that T, hasa
hyperbolic periodic orbit of period q through a point £ € S'. Then for each neighbourhood
M of ¢, there exists a neighbourhood N of g such that if 8 € N, then Ty has a periodic

point of period q in M.

Proof, Sup;pose that we are given a neighbourﬂhood M of £&. Then there must exist a
closed subinterval I of M with ¢ € Int(I) with the property that Too'(I) C Int(I) or
To,*(Int(I)) > (I) according. to whether ¢ is stable or unstable. But then for any T' which
is sufficiently close to T«,, the appropriate containment property persists (79(I) C Int(I)

13



or T9(Int(I)) D I respectively). But then it follows by Brouwer’s fixed point theorem that

T has a periodic point of period ¢ in Int(I).

Lemma 4. Suppose X is a compact metric space and Ty : X — X is a continuous map
which is uniquely ergodic, with unique invariant measure vy, say. Then for any weak®-
neighbourhood N of vy, there is a neighbourhood U of Ty such that for T € U and v any

invariant measure for T', we have v € N.

Proof. By reducing N if necessary, we may first of all assume that NV is a basic neighbour-
hood of vy (thatis N = {pu: | [ fi du — [ fi dwo| < €, ¢ =1,...,n} for a finite sequence
(fi)1<i<n of continuous functions and (¢;)1<i<n a finite sequence of positive bounds). We
may further assume that n = 1 as for larger n, we may simply take the intersections of the
resulting neighbourhoods U obtained from the proof below. We will therefore assume for
this proof that the neighbourhood N is given by N = {u: [ f du — [ f dvg| < €}. Now
assume for a contradiction that for any neighbourhood U of Ty, there is a map T' € U
and an invariant measure v for T such that | [ f dv — [ f dvg| > €. It follows that there

exists a sequence of maps (7}, )neN converging uniformly to Ty, having invariant measures

Vfdvn—/fdw

Since X is a compact metric space, the space of Borel probability measures on X is weak*-

(Un)nEN such that

> € Vn. (2)

compact, hence weak*-sequentially compact. The sequence of measures (v, ) therefore has
a convergent subsequence, (v,,;) converging to u, say. Since v,, is invariant for T}, we

have for any continuous g, that

| /go Ty, dvn, = /g dvy,, Vi (3)

14



NOW since T},, converges to Ty uniformly, it follows that goT),; converges to goTp uniformly,
and hence, taking limits of (3) as i — oo, we see that [ goTy du = [ g du for any continuous
function g. It follows that g is an invariant measure for Tp, yet taking the same limit in
(2), we see that p # vg. This contradicts our assumption that Ty was uniquely ergodic,

and hence proves the Lemma. [J
We now proceed to the proof of Theorem 1.

Proof of Theorem 1.

Set C = Cl{a € J : p(Ta) ¢ Q}. We will show that for those values of a in C, the
map T, is uniquely ergodic. If p(Ty) & Q, then this is a standard ergodic theorem as noted
earlier. If T,, has a hyperbolic periodic point, of period ¢ say, then by Lemma 3, there is
a neighbourhood of parameter values about «a, such that for maps with parameters in the
neighbourhood, there is a periodic point, and hence the rotation number is rational on a
whole neighbourhood of parameter values about «. In particular, a ¢ C. It follows that
if o € C and p(T,) € Q then T, _.has no hyperbolic periodic points. We therefore see that
T must have periodic points, and these must all be non-hyperbplic. By hypothesis (ii) of
the theorem, we have that T, has a unique periodic orbit. It now follows from Lemma 2,
that there is a unique invariant probability measure.

We proceed by defining po for @ € J\C. First, note that since C is a closed set, we
have that J \C is an open subset of J and hence consists of a countable disjoint union of
Open subint;—:rva,ls of J, say Jy,J2,.... Now fix such an interval J;. Unless J; is one of
the end intervals, J; is open in R, so we write J; = (o, ;). In this case, Ta, and T}, are
uniquely ergodic, so the invariant measures are determined at the endpoints of the interval.
If J; is one of the end intervals, then we typically have that it is closed at one end or the

15



other. Now set K; = Cl(J;) = [ai,[:i]. The idea behind the construction is as follows.
Plotting the periodic points of T, against a for a € K; gives a graph similar to Figure 1.5.
The invariant measure, being concentrated on the periodic points, must be chosen to be a
superposition of ‘6-measures’, moving along the periodic point curves. Since these curves
can terminate, it may be necessary to transfer to a new periodic curve. This must also
be done continuously, so in the construction, one curve is being phased in, while another

curve is being phased out.

e

Parameter

Figure 1-5 Typical diagram of periodic points agaigxst parameter.

We construct an open cover for K;. Suppose the rotation number of the maps with
Parameters in K; is p/q. This may be assumed by the continuity of p. Then let S, be a lift
of T, ? fixing the preimages (under =) of the periodic points, and set uq(z) = Sa(z) — .
Clearly the maps (@,z) — S,(z) and (@,z) — uq(z) are continuous on K; x R. Given
@ € K;, we seek a connected open neighbourhood N, containing «, and a continuous map
$a : CI(N,) — R taking each parameter value to a fixed point of S for that parameter
value (that is Sﬁ(¢a(ﬂ)) = ¢a(B))-

16



If the periodic points of T, are all non-hyperbolic, choose ¢ to be any periodic point
of T,. Note that in this case, there is exactly one periodic orbit, so £ is clearly bounded
away from any other periodic points. If T, has a hyperbolic periodic orbit, choose { to be
a hyperbolic periodic point. In either case, there is a neighbourhood of { in which there
are no other periodic points of T,. Let z be a preimage (under 7) of {. There is then
a neighbourhood of z which contains no fixed points of S,. Choose 7 small such that
[t — 7,2 + 7] is in this neighbourhood. Then set € = min(jua(z + 7)|, [ua(z — 7)|). By
continuity of u, there exists a 6; > 0 such that |3 — a| < 6; implies that ug #0at z — 7
and z + 7. By hypothesis (i) of the theorem, we also have that there are finitely many
values of B in (& — 81, @ + &§;) with T critical, so it follows that there is a § > 0 such that
0 < |8~ ] < 6§ implies that ug # 0 at £ — 7 and = + 7, and that T has no non-hyperbolic
periodic orbits (note that there may be a non-hyperbolic orbit at a itself, but if so, it must
lie outside [z — 7,z + 7] or T, must have no hyperbolic periodic orbits).

We then define N, = {8 : |a — 8| < §} N K; and define ¢, on this reduced interval by

the equation

$a(B) =sup{y € [z — 7,2 + 7] 1 ug(y) = E>}-

We claim that ¢, is continuous. If ¢, is not continuous, there exists a sequence (8;)ien
of points in N, tending to some 8 € N, such that ¢,(8;) fails to converge to ¢.(8). By
Passing to a subsequence, we may assume that the ¢,(f;) converge to some other limit. If
#«(B) is smaller than this, then we get a contra@iction by noting that ug(lim ¢4(8:i)) =0,
so that ¢,(8) was in fact not the supremum of those fixed points in the range of interest.
Conversely if an(,B ) > lim ¢>;,(,B,-), we must have 8 # a as T, has only a single periodic point
n [z —7,24 7). But then Ts cannot be critical, so w(@q(F)) must be a hyperbolic periodic
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point. The orbit at 7($a(8)) therefore persists for parameter values near 8, which is a
contradiction by construction of ¢,. This shows that ¢, is continuous, so for each a € K;,
there exists a neighbourhood N, of « in K;, and a continuous function ¢, defined on N,,
such that for all § € Ng, ¢4(B) is a fixed point of Sg. By reducing the neighbourhood N,
if necessary, we may assume the additional properties that ¢, is continuous on the closure
of N, and that the only neighbourhoods containing ¢; and §; are No, and Ng,. We have
then found an open cover of K;, and so may apply compactness of K; to pick a finite
subcover. We may assume that this subcover is minimal by inclusion (that is there is no
smaller subcover, each of whose sets is a member of our chosen subcover). We label the sets
in the open cover in the order of the left-most point from left to right as Ny, N,..., Ni,
and write N; = (a;,b;) for 1 < j < k; Ny = [a1,b1); Ny = (ak,bx], where we have taken

br = B; and q, =Ja,~. Let ¢; be the ¢-function associated to the interval N;. We then have
a1 <ay <by<az<by<ay<...<ap <bp_1 <bg

by the minimality of the cover. To see this, note that clearly the sequence of a; is increasing
by construction. The sequence of b; must also be increasing, since otherwise one of the
intervals would be completely contained in another. We need that N jUN; 42 2 Njyq giving

the condition that b; < a;,, and the condition aj4; < b; arises from the requirement that

the collection be a cover.
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Figure 1-6 Possible arrangement of chosen periodic points.

In Figure 1-6, an example of such a configuration is shown. We are then in a position

to construct the invariant measures for the T, with o € K;. Define

b — a—a; .
Ve = e On(ei (o) T hmas (g i @ € (2541, b))
bn(4141(a)) if a € [bj,aj42],

where §; is the Dirac §-measure with unit mass concentrated at { and where we take

@r+1 = by and by = a;. Given a continuous function f € C(S’l);

/ f dve = { it f(m($5(e)) + £5t f(n(¢j41(@))) i @ € [aj41,5)]
| f(m(i+1(a))) if o € [bj,aj42).

Continuity is clear everywhere except at the a; and b;, and this can be checked by comparing
the expressions and using the fact that the ¢-functions were chosen to be continuous on the
closures of the subintervals. We can then see that the family (v4)aek; is a continuous family

of probability measures, and vg is concentrated on the periodic points of 7. Forming

142 :
Ho = “ZVa oT,™"
9 1=0
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gives a continuous family of invariant measures on K; by Lemma 2. Notice that by the
construction, since we forced N1 = Ny, and Ny = Ny,, the limit of the measures as they
approach the end-points is just the required measure, in the (usual) case where this is
uniquely ergodic.

Repeating this process inductively, we will be able to define a family of invariant Borel
probability measures, one measure for each parameter in the set J\C, and so since we have
already shown the uniqueness of the probability measures for maps with parameters lying
in C, we have defined the whole family of invariant measures. The family thus constructed
has already been shown to be continuous on all intervals contained in J\C, and therefore,
since J\C is an open set, it follows that the map M : o+ pq is continuous for @ € J\C.
It remains to show continuity at points of C, but this is a straightforward application of

Lemma 4, so we are done. O
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Chapter 2. Expanding Maps,
g-Measures and Generalized
Baker’s Transformations

1. Introduction

In this chapter, we discuss the relationship between expanding maps, g-measures and
generalized baker’s transformations.

Throughout this chapter, we take a definition of expanding maps which is slightly
different from th? traditional one, as we include also the possibility that the map is not
differentiable. I will denote the unit interval. For a subinterval J of I, |J] will denote the
length of the interval J.

Note that in what follows, we will often refer to maps which are piecewise monotone
and continuous or piecewise mt;nnotone and C*. These mean jchat the map is piecewise
strictly monotonic and on each of those pieces the map is continuous or C* respectively.
In the latter case, the map is assumed to have a C* extension to the closure of any interval

of monotonicity.

Definition 1. Let T : I — I be piecewise monotone and continuous. T is ezpanding if
there exists a constant C > 1 such that whenever J is a subinterval of I, for which the

restriction of T to J is a homeomorphism, we have |T(J)| > C|J|.

Definition 2. An expanding map T will be called Markov if it has the additional
Properties:
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(i) There is a finite partition of I into subintervals I = Iy U ... U I,_; such that the
restriction of T' to each of these subintervals is a homeomorphism.

(ii) CI(T(Int I;)) is a non-empty union of some of the CI(I;).

Note that in this situation, we can define an associated Markov matriz A by setting
A;; =1if Cl(T(Int I,')) D I; and 0 otherwise. This matrix is said to be mizing if the
entries of A" are all strictly positive for some n > 0.

Note also that this is also at variance with the definition of the Markov property given
in [Ma], where additional continuity/differentiability properties are required of T'.

There is another situation, in which we frequently find ourselves, so this will be given

its own definition.

Definition 3. .A map T from the interval to itself will be called a full map if it is expand-
ing, has a finite partition of I into subintervals I = Iy U...U I, such that the restriction
of T to the interior of each subinterval is an orientation-preserving homeomorphism onto
(0,1). T will be called a C* full map if it has a C* extension to each of the intervals Cl(I;).

The degree of the map is I, the number of branches.

The reason for this nomenclature is that the symbolic dynamics associated with T
take place on the full I-shift (see below).

Let T be an expanding map of the interval. An absolutely continuous invariant mea-
sure (or ACIM) for T is a Borel probability measure which is absolutely continuous with
respect to Lebesgue measure and is invariant under T'.

Many authors have studied the existence and the number of such measures for expand-
ing maps T of the interval. Krzyzewski and Szlenk showed that for C? expanding maps of
compact manifolds (that is C2 maps whose Jacobian is everywhere bounded below by some
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C > 1), there is a unique ACIM (see [KS] and [Kr1]). This applies to those maps of the
interval which are obtained from C? expanding endomorphisms of the circle. Lasota and
Yorke showed in [LaY] that any piecewise C 2 expanding map of I has an ACIM. Kowalski
([Ko]) improved this by showing that the same conclusion holds if the map is piecewise
C1*! (that is the map has Lipschitz derivative). Mafié’s book ([Ma]) gives a refined proof
showing that this remains true if the map is piecewise C!**, Wong ([Wo]) found that the
conclusion holds when the assumption is altered to assuming that the map is piecewise C'
with the reciprocal of the derivative, 1/7”, of bounded variation.

Krzyzewski ([Kr2]) managed to show that the same conclusions do not in general hold
for C! maps by showing that for any manifold M, there exist C' expanding maps of M
which do not have any ACIM. His proof however was not constructive, so there was still
some interest in constructing an explicit example of such a C! map in (for example) the
simple case of the circle. This was done by Gora and Schmitt (see [GS]).

Various authors then turned their attentions to the number of ergodic ACIMs in the
piecewise C? case (where ACIMS are known to exist). Papers on this include [LiY], [BS]
and [BB|. These in particular imply that if T is a C? full map, then there is a unique

- ACIM for the map T'. Such an ACIM would therefore necessarily be ergodic.

A natural question which remains is the following:
Question 1. Does there exists a C! full map with more than 1 ACIM?

This question has been recently answered-for C° maps and even for Lipschitz maps
in the affirmative: There exist relatively simple examples of Lipschitz full maps which
Preserve Lebesgue measure, but for which Lebesgue measure is not ergodic. This was
first answered by Bose in ‘[Bosl] using generalized baker’s transformations. I have since
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found a simpler, but less geometric proof of this result using g-measures, which is pre-

sented below. This chapter contains a demonstration of the relationship between the two
approaches, and in general exhibits the connection between expanding maps, generalized
baker’s transformations and g-measures.

The general question which remains then is to see what constraints are imposed on
a system by assuming that it is a C! full map of I, preseving Lebesgue measure. In
particular, is such a system automatically ergodic? The results described below stem from

an attempt, as yet unsuccessful, to answer Question 1.

We now summarize the theory of g-measures. Let A be a mixing Markov [ x | matrix
as described above. We will assume the indices of 4 run from 0 to [ — 1. Then ¥4 is the

space of sequences defined by
- Sa={ze{0,1,...,1-1}"" : 4,,,.,, =1, Vi>0}.

This space is endowed with the induced topology on £, of the product topology on

{0,1,...,1-1 z* by giving it the metric
giving

_Jo if z =y;
d(z,y) = {2_” if z; =yi fori=0,1,...,n — 1, but z,, # y,.

- We then consider the map o : £ 4 — T4 defined by o(z), = z,41. The map ¢ is commonly
known as the shift map. The topological space (X, d), together with the map o acting on it
is known as :«:z, mizing subshift of finite type. We will often work with the special case where
4 is the I x | matrix consisting entirely of 1s. In this case, & 4 is the space of all sequences
of symbols of {0,1,...,! — 1}, and is denoted now by Z;. .This space (together with the
map o) is known as the ﬁtll shift on I symbols. Most of this chapter will concentrate on

this restricted situation. We will be looking at those Borel probability measures which
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are invariant under the action of the shift map. These measures are called shift-invariant.
Suppose now that ¥ 4 is a mixing subshift of finite type. Let @ = (ag,a1,...,a5-1) be a

finite (possibly empty) word satisfying Aq; q4;,, = 1 for each ¢, let z € ¥4 and suppose

i1
A.._ 2, = 1, then denote by az, the sequence in ¥4 given by concatenating a onto the

front of z:

(az); = {ai if 7 < s

Ti_y if12>s.

If z € T4, then we define [z]" to be the nth cylinder about z: [z]* = {y : d(z,y) <
27"}, If f € C(Z4), the nth variation of f is given by var,(f) = max{|f(z) — f(v)| :
T,y € Y4, d(;v,y) < 27"}, The function f is Lipschitz if there exists a C > 0 such that
var,(f) < C-27" for all n. It is Holder if there exists a C > 0 and a § < 1 such that
var,(f) < C - B".

We are now in a position to start defining g-measures.

Let g : ¥4 — [0,1] be a Borel-measurable function such that 3° ., -1(,)9(y) = 1 for
all z € 4. Write G or G(Z4) for the set of all such functions. The subclass of those g
which are bounded below by a positive number will be denoted by Gt. We will usually
restrict attention to the subclass of those ¢ € G which are continuous and strictly bounded
~away from 0. We will write G° for this class of functions. Given g € G°, define the
Ruelle- Perron- Frobenius operator Ly:C(Z4) - C(X4) as follows:

Lf(z)= Y af).
y€o~1(z)

This is a positive operator and it satisfies ;Zgl =1 for 'all g € G°. Since L, is a linear
map defined on the Banach space of continuous functions on X4, it has a dual map Ly
which maps the space of finite signed measures on &4 into itself. The defining relation for
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L7 is then [Lof du= [Ff dLju. The above facts noted about £, imply that L7 maps
the probability measures on X 4 into themselves.
A g-measure for g € G° is simply a probability measure v such that Liv=v.

The following Lemma records some elementary properties of g-measures.

Lemma 1. The following properties of g-measures hold.
(i) For each g € G°, there is at least one g-measure;

(ii) Any g-measure is shift-invariant;

(ii) Any g-measure is fully supported on T 4;

(iv) A g-measure may be characterized by the property
P

lim —M)——— = g(z); (1)

n=oo u([o(z)]" 1)

(v) For any given g € G°, the g-measures form a non-empty convex set. The extreme
points of this set are ergodic.

(Vi) All g-measures are non-atomic.

Proof. To show (i) holds, let 4 be any probability measure on £ 4. Form the averages

n—1

1 .
(n) _ *
p = E—O L',g’,u,.

~ Then since X4 is compact, there is a weak*-convergent subsequence of u(®, say u(™)
converging 1‘;40 some measure v. Then for any continuous function f, we have | [ f du(™ ) -
[f dC;p("")l < 2||f||/n. Taking limits, it follows that [ f dv = [ f dLyv. The measure v
Is therefore a g-measure, completing the proof of (i).

Now note that £,(f o o) = f for any continuous f. Using this, and supposing that v

1s a g-measure, we have

/f.oa'duz/foa-dL;V=/£g(foa) du;/fdy
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for any continuous function f. It follows that v is shift-invariant, showing (ii).

We prove (iii) by contradiction. Suppose v is a g-measure which is not fully supported.
Then there must be an open subset U of 4 such that v(U) = 0. We may therefore assume
that U is a basic set: an n-cylinder for some n > 0. So now write U = [z]". Write xu
for the characteristic function of U. We are assuming that A is a mixing Markov matrix,
so let k be chosen such that A* has strictly positive entries. Then pick z € ¥ 4. We have
Ak

z

> 0. It follows that there exists a sequence yo,...,yx—1 such that Ay, ,.., =1 for

n,To

each ¢, 4,

zmyo = 1 and Ay, | ; =1. In particular, the concatenation zyz is a member of

Y 4. Now, we have

Loty y(z) = > xu(w)g(u)g(o(w)). .. g(e™*(u))

w€o=(n+k+1)(z)
> xu(w)g(w)g(o(w))... g(c" ¥ (w)) where w = zyz
= g(w)g(o(w))... g(a"+*(w)).

But now, since g is strictly bounded away from 0, this is strictly positive. Since this is
true for all z, we now have that [ LI**+!yy dv > 0, but this implies [ xv dv > 0, which
is the desired contradiction.

To prove (iv), let p be any probability measure. Now extend the definition of g by
saying that g : ¥; — [0,1], where g(z) =0if z € X;\ £ 4. Similarly, we may regard p as a

measure on ¥; by the natural inclusion. We now have

Cyu([iz]*) = / X[ije (X[z)» 0 @) dLyp

_ /‘:(X[m(X[zl" °0)) du =/

(=]

_g(iy) du(y).

In particular, if p is a g-measure, then the desired conclusion holds using the continuity of
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g. Notice that this implies the important equation
dl;pu(iz) = g(iz)du(z). (2)

Conversely, suppose (1) holds. Then write u;(A) for the quantity u(iA). Then p;
is a measure. The equation (1) implies that du;/du(z) = g(iz), or du(iz) = g(iz)du(z).
Comparing with (2), we see that y has the same derivative as £;u. This implies that
L3p = p, and part (iv) is proved.

In showing that (v) holds, note that it is clear that the set of g-measures is a non-
empty (by (i)) convex set since the operator L] is affine. Suppose now that y is an extreme
point of this set of g-measures, and suppose for a contradiction that u is not ergodic. Then
there exists a set B such that u(B) € (0,1) and such that B = ¢~ (B). Now form a new

measure v in the usual way by defining v(4) = u(4A N B)/u(B). Now we have

u= (- uE) (52450 sy,

so that if we can prove that v is still a g-measure, then we are done. To show this, let f

be a continuous function and note that

Lo(fxB)=z) = D ) f(y)xs)-

y€o~1(z)

Note that if y € ¢~!(z), then xp(y) = 1 if and only if xz(z) = 1 for y-almost all z. It

follows that £,(fx5)(z) = L, f(z)xB(z) for u-almost all z. We now get

/fdl:*u_/[, fdv= /(£ f) (B)
e s3i) - [y [

28



It follows that v is a g-measure, so by the earlier comments, we have achieved the desired

contradiction, proving (v).

Now, suppose z is a non-periodic point of £ 4. Then it is easy to check that =™ (z)N
o™ "(z) = 0 for each m > n > 0: Suppose not. Assume that y € ¢7™(z) N o™ "(z).
Then o™(y) € {z} N {e™ "(z)}, which establishes a contradiction. Using this, we see
that any atoms of an invariant probability measure must be concentrated on its periodic
points, for otherwise, if z is a non-periodic atom, then the sets =" (z) have equal positive
measure and are disjoint, which contradicts the finiteness of the measure. Now suppose
v is a g-measure and that z is an atom of v. Then z must be periodic since g-measures
are shift-invariant. Next, let n be such that A™ has strictly positive entries where A is
the associated Markov matrix. Then there are at least ! elements of ¢~ ™(z). Only one of
these can be petriodic (namely the one which has the n terms which are added on copied
from z itself). Let y be one of the non-periodic preimages of z. From (1), we can see that
v({y}) = 9(y)g(c(y)) ... g(c™ (y))v({z}). Hence v(y) > 0, which is a contradiction by

the argument above, thus proving (vi).

This completes the proof of the Lemma. [J

Note that as yet, we have only defined g-measures for g € G°. However, we use (1) to
define g-measures for general g € G. Since (vi) only relies upon (1) and the fact that g is

Positive, it follows that the conclusion of (vi) holds for g € G7.

We will now describe a more probabilistic interpretation of g-measures. We consider
sequences (X,)nez of random variables taking values in the set {0,...,1 — 1}, often re-

garding their values as outcomes of a sequence of experiments, one performed at each

integer time. Strictly, one should consider the X, as maps from some probability space 1

29



to {0,...,l — 1}, and write X,(w) for X,, but as we will be using the same probability
space throughout, we often prefer to simply write X,,. We will look at the evolution of the
random variables by specifying the probabilities of the various outcomes of the ‘present’ ex-
periment (that is X) conditional on the ‘past’ (that is (X, )n<0). The simplest non-trivial
examples of this are given by Markov chains, where the probabilities of the outcomes of
the present experiment are completely determined by outcome of the previous one (that is
P(X, =1%Xn-1 =71, Xu—-2 = J2, ...) is independent of j3, j3, .... One can similarly con-
sider the so-called ‘finite range’ processes or k-step Markov chains, where the probabilities
are determined by the outcomes of the previous k experiments.

We will look at a generalization of these to ‘infinite range’ processes. Let (X, )nez
be a sequence of random variables taking values in {0,...,I — 1}. Suppose the sequence

satisfies

P(Xn =iXn-1 = a1, Xyop =ay, ...) =g(i,a1,0a2,...), (3)

where g € G%(Z;). If we now fix an n, then we get a natural map p, : @ — I, given by
Pu(w); = Xp—i(w). If we have a probability distribution on the subsequence (X )m<n,
| then this pushes forward (under p,) to a probability measure u on &;. If the evolution
at the n + 1st stage is governed by g, as in (3), then the induced probability distribution
on (X,;)m<n+1 pushes forward under p,4; to L3u. This follows by (2), which just says
that the probability of adding an 7 on the front of the sequence z is given by g(iz). It
then follows that the stationary distributions for the random variables correspond exactly
to g-measures: If P is a stationafy probability distribution on 2, satisfying (3), then by
stationarity, ﬁre have pn(P), the push-forward of the distribution on those symbols before
the nth is independgnt of n. Call this measure v, say. It follows that Liv=v,sovisa
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g-measure. Clearly this also works in reverse.

The first use of g-measures was in the 1930s to describe the so-called Learning Models,
where people were interested in finding a mathematical description of the processes of
learning. These were studied by Doeblin and Fortet in [DF], where they were called chains
with complete connections. Karlin (see [Kar]) also looked at these and claimed he had a
proof that for each g € G°, there is a unique g-measure. This proof was however incorrect,
and this statement is now known to be false. Keane ([Kea]) invented the name ‘g-measures’
and showed that for a large class of g, there exists a unique g-measure, and this measure
has strong ergodic properties with respect to the shift transformation. In fact, in [Kea],
he works on the circle, using instead of the map o, the map T': z + 2z (mod 1). The
results may be readily translated to the situation which we are discussing. In this context,
Keane’s results state that if g is Lipschitz then there exists a unique g-measure, which
is strong-mixing. Keane asked whether there exists a unique g-measure for each g € G°,
which is very closely related toAthe question left open by Karlin’s wrong proof. Walters (see
[Wal]) then showed that there is a unique g-measure when g has summable variation (that
is 3>  var,(g) < oo). This holds in particular, when g is Holder continuous. Palmer,
Parry, and Walters took up the question of uniqueness of g-measures in [PPW], but their
attempt yielded only some preliminary results. More recently, Berbee ([Be]) considered
the question, providing weaker conditions than those of Walters, under which there exists
a unique ‘g-measure. It may be noted that the development of results for g-measures is
similar to the development of results for expan(iing maps. 'i‘he reasons for this are discussed

In the next section.

Hulse ([Hu]) applied some ideas of statistical mechanics to find a new class of g
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which have unique g-measures. This paper was interesting as the result followed from
general statistical mechanical restrictions on g, rather than strong continuity conditions.
In particular, Hulse introduced the definition of attractive g-functions. He worked mainly

on X, and introduced a partial order < on it:
¢ 2yif z; <y, Vi>0.

A g-function is then attractive if g(1lz) > g(ly) whenever z > y. This says (in the
probabilistic interpretation) that the more 1s that one has in the past, the more likely
one is to get a 1 at the present. One important consequence of this shown in [Hu] is
that the sequence £}"6; is weak*-convergent to a g-measure, where §; is the probability
measure concentrated on the point of ¥; whose terms are all equal to <. Normally, to get
a g-measure, one is compelled to take subsequences of Césaro averages as in Lemma 1,
but then one typically has very bad control of the reulting measure. In [Kal], Kalikow
introduced the concept of bounded uniform martingales (which he gave the unfortunate
acronym b.u.m.), which is etiuivalent to the concept of g-measures. Finally, in [BK],
Bramson and Kalikow used this and attractive g-measures :co provide an example of a
9 € G° for which there is more than one g-measure. This finally solved the main problem,
which had ‘been a major conjecture for a considerable time. It does not however solve the
problem of Keane in its original form, as there is in general a difficulty in lifting functions
from X, to the circle, so the example of Bramson and Kalikow may not be lifted into the
context of Keane‘.

The third concept, which we shall require in this chapter is that of generalized baker’s
transformations, as introduced by Bose (see [Bos1]). For the purposes of describing this, we
will consider generalized baker’s transformations with two s]iceé, although it is possible to
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look at generalized baker’s transformations with more slices. Let f; and f; be measurable
functions on [0,1] such that fy + f; = 1 almost everywhere and f; > C almost everywhere,

with respect to Lebesgue measure A for =0 and 1. Then define

$i(z) = / " h(t)dt

$1(z) = $5(1) + /0 " ().

These maps are homeomorphisms of the interval onto their images, and the union of their
images is the whole interval. There is therefore a 2-branched expanding Lebesgue measure-
Preserving map ¢, of which ¢ and ¢, are the two inverse branches. Then the generalized

baker’s transformation is defined as follows:

z.y) = (¢(2), fo(8(2))y) if z <,
Tlen) = { (8(z),1 = (fi(d(z))1 —v))) ifz>c,

where ¢ = ¢3(1). We will refer to this also as the generalized baker’s transformation based
on @, as the map ¢ is easily seen to determine the whole transformation, by noting that
¢'(z) = 1/f!(#(z)) almost everywhere, where 7 is 0 if z < c and 1 if z > c. Note that if we
consider the projection p sending points of S onto their first coordinate then poTy = T op,
so the pair (T, A X A) may be factored through this projection. The result of this is just
the pair (¢,)). We call ¢ the vertical projection of Ty.

This situation is illustrated in Figures 2-1 and 2-2 below:
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Figure 2.1 Possible graph of ¢.

Sa)

Figure 2-:2 Fundamental partition of S under TY.

The transformation operates as follows. The square is divided into two rectangles:
Ry = {(z,y) : = < ¢} and R; = {(z,y) : © > c}. The rectangle Ry is then stretched
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(non-uniformly) horizontally to have width 1, with  moving to ¢(z). There is a corre-
sponding vertical contraction so that areas are preserved. The image of Ry is then called
P,. Meanwhile, R; is flipped vertically and then stretched (also with  moving to ¢(z))
in such a way as to fill the remainder of the square lying over the image of Ry. The image
of R is P;.

In [Bosl], Bose shows how to find generalized baker’s transformations which are mea-
surably isomorphic to stationary stochastic processes. Recently, Rahe (see [Ral]) has re-
lated generalized baker’s transformations and the work of Kalikow to represent generalized
baker’s transformations as uniform martingales. [Bos2] uses generalized baker’s transfor-
mations to construct examples of C° expanding, Lebesgue measure-preserving maps of [

with varying degrees of ergodic properties.

2. Connections between g-Measures, Expanding Maps and Generalized Baker’s

Transformations

In this section, we show how the concepts of expanding maps, g-measures and
generalized baker’s transformations are related. First, we show how to use Walters’ result

[Wal] to give a quick proof of a simple, but archetypal result for expanding maps. This is

somewhat similar to the rather more general proof given in [Wa2).

Proposition 2. SupposeT : I — I is a Markov expanding map which is piecewise C11¢,
(that is the derivative is piecewise Holder continuous with exponent a). Suppose further

that T has a mixing associated Markov matrix A. Then T preserves a unique ACIM.

Proof. Let the constant in the definition of expanding maps be C, where C > 1. We use
standard symbolic dynamics arguments to get a topological semi-conjugacy 7 from (Z 4, o)
to (I,T) such that T"(n(z)) € I,, for each n > 0. This semi-conjugacy is one-to-one off
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a countable set, which is, of course, of Lebesgue measure 0. Lebesgue measure A therefore
pulls back under 7 to give a measure p defined on X 4. The triples (T,1,) and (0,2 4,p)
are therefore measure-theoretically isomorphic, although u is not a shift-invariant measure.
We then define g(z) to be 1/T"(n(z)), taking the appropriate one-sided derivatives at the
endpoints of the intervals I; (that is if z is the left hand endpoint of I;, then T"(z) is taken
to be the right derivative of T at z).

Now take any function f on I. Then we have by the change of variables formula,

/f(mdm—Z/f(:cdm_Z Z /u{,((i;l(y

i {7:Ag
_ f(T’l(y))
“Z/,{Z (T ()]

_ / Z f (T_l(y))
e, I W)
where T is the restriction of T' to I;. This says (under the isomorphism) that

[etdu=[rau (4

for any continuous function f on ¥ 4.

Next,.we check that g is Holder continuous. If d(z,y) < 27", then m(z) and n(y)
lie in the same n-cylinder. But the n-cylinders are mapped homeomorphically by T™ into
I. In particular, since T' expands distances by at least C, we have that the length of the
n-cylinder is bounded above by C~". This means that |r(z)—n(y)| < C~". It follows that
|9(¢B) ~g(y)] £ K -(C~")™ where K and o are the Holder constant and exponent. This
is however of the form kB" for some B < 1, so we see g is Holder continuous. Note that
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in general g € G so that the dual of £,, although well-defined does not map probability
measures to probability measures. The remainder of the proof will follow from the Ruelle-
Perron-Frobenius operator theorem (see [PP]). This says that there is a § cohomologous
to g (that is g(z) = rg(z)h(z)/h o o(z) for a constant x > 0 and a continuous function

h > 0), and an equilibrium measure v such that:
(i) L£31 =1,

(i) L3 f converges uniformly to [ f dv and

(iii) v is ergodic and shift-invariant.

By a straightforward calculation, we see that h- L5f = kLy(h- f). Taking f =1 and
integrating with respect to u, using (4), we see that x = 1. It follows that h-L} f = L7(h-f).
Integrating with respect to u and taking the limit as n — oco gives [ f dv = [ f-h dp. In
particular, v is absolutely continuous with respect to . By the isomorphism =, v lifts to
an ACIM for T. Since the lifted measure remains ergodic, it follows that v is unique as

claimed. This completes the proof of the proposition. O

’

This illustrates how problems about expanding maps give rise to problems in g-

measures. The following Lemma provides a connection in the other direction.

Lemma 3. Given a g-measurev on ,, with g € G, there exists a continuous surjection

71 8y — S and a degree 2 full Lipschitz map T : S — S? such that
(i ) T preserves Lebesgue measure A\ and

(i) (T,)) is measure-theoretically isomorphic under = to (o,v). Suppose further that
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g € G° and that g satisfies

z~y=g(z)=g(y), where
z=1y
z = a0111...,y = al000... for some finite (possibly empty) word a,
z~yif { £=al000...,y=a0l1l... for some finite (possibly empty) word a,
z = 00000...,y =11111... or
z =11111...,y = 00000...
()

Then the map T has the additional property that it is C.

We will find it convenient to write GS°™P for the set of those g € G° satisfying (5). We

call these g compatible.

Proof. Define a total order on j, the lexicographic ordering:
z < y & dn > 0 such that z¢g = yo,...,2n-1 = Yn—-1 and z,, < yn.

Now, set [z,y] = {z : = < z < y} and define the open intervals analagously. We will at
this point record for later use the following equation, which follows from (1). Suppose z

and y lie in ¥, and have the same first term. Suppose also z < y. Then we have

v(z,y] = /( R COLIC! (6)

We will regard the circle as the quotient of the interval [0,1] by the relation 0=1. Write
o for the sequence in I, whose terms are all 0. Now define 7 : £, — S? by n(z) = v|o, z]
(mod 1), Using elementary properties of g-measures (that they are non-atomic and of full
support), we have that n(z) = n(y) & z ~ y:

To check that = is surjective, note that 7 is continuous (since » has no atoms), so that
7(Z;) is compact and hence closed. The set m(Z;) also contains the set 7({a000... : a
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is a finite sequence}), which is dense in S!, so 7 is surjective. We also want to check
that the metric topology on S! coincides with the quotient topology it inherits from the
projection 7 : X — S!. We have already noted that 7 is continuous with respect to the
metric topology on S'. This implies that the open sets in the metric topology are open in
the quotient topology. We have to check the converse. Suppose A is open in the quotient
topology on S?!, that is 77'(A) is open in ¥;. This implies that 7~ 1(A4) is a union of
cylinders in £;. Pick ¢ € A. Then n~!({) consists of a ~-equivalence class. If this class
has only one member, then since 77 1(A) consists of cylinders, it must contain a cylinder
which contains 771({). It is easy to see that { must be contained in the interior of the
image under 7 of this cylinder, hence ¢ € Int(4). If the class has two members, then each
member must be contained in a cylinder. These cylinders will project to a left- and a
right-neighbourhood of ¢, which implies, again that ¢ € Int(A4). It follows that A is open
in the metric topology, which shows that the two topologies coincide.

We can use this information to construct the map 7. Note that if z ~ y then o(z) ~
o(y), so mo o(z) = m o o(y). -Using the universal property of quotients, this implies that
there is a continuous map T : S' — S§! such that Ton = 7o 0. Now, 7 is a measure-
theoretic isomorphism between the pairs (o,v) and (T, 7*v), where 7*v(4) = v(n~1(4)).
Note that 7~1(¢) consists of at most two points. Write p (¢) for max(7~(¢)) and p_(¢)

for min(7~1(¢)). Now, we have

7 u([0,¢)) = v(771[0,¢]) = v([o, p+({)])
= m(p+(¢)) = ¢ = M[0,¢))-
It follows that 7*v = )\; so we have shown that 7 is a measure-theoretic isomorphism

between (o,v) and (T, A). It remains to show that T is an expanding map. Note though
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that ¢ € G1. This implies that g > C for some constant C > 0. Since g(0z) + g(1z) =1,
this implies that C < g <1 — C. Now pick = and y in the same 0O-cylinder of £,. By (6),
we see that v(z,y] < (1 — C)v((o(),o(y)]), so v((o(z),o(y)]) = (1 — C)"'v(z,y]. Now
given two points ¢ and £ in the same branch of T (thinking of T' as a map of I), with
¢ > ¢, we can take z and y to be lifts of these points. Since v(z,y] = A(n(z), 7(y)], the
above equation then implies that |T'(¢) — T(¢)] > (1 — C)7t|¢ —£|. It follows that the map
T is expanding. Note we also have that |T(¢) — T(¢)| < C7Y|¢ — €|, so T is Lipschitz.

If g € G°°™P, then we may once again appeal to (6), to get

ot — g L) = T(n(2)
T'(n(e)) = lim — s,

Since T o = 7 o 7, this is equal to

i, *e®) —7(o(=))
y—z  w(y)—=w(z)

If we now assume y > z and that z and y lie in the same O-cylinder, then the quotient
is just v(o(z),o(y)]/v(z,y]. By (6), this converges to 1/g(z) as y — = because of the
continuity of g. The same analysis can be performed in the case that y < z. It is not
hard to see that this implies 7'(m(z)) = 1/g(z). Note that the requirement (5) on g is
needed to ensure that the left and right derivatives coincide at those points { of the form
m(a0111...) = 7(a1000...).

We have that 1/g is continuous on ¥, and it collapses equivalence classes, so we can
write (1/g) = h o w for some continuous function h : S — (1,00). The above shows that
T'(¢) = h(¢), which implies that T is C! as claimed. This completes the proof of the

Lemma. O

Note that the requirement that g € G is stronger than we need. Most of the proof
will still work if we have that the integral of g over any cylinder is positive. The only thing
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which fails is that the map T will not in general be Lipschitz. Also the 2-shift used in the
argument could be replaced by an I-shift for any I. We will need these facts in the next
section.

The two proofs above show how we can translate between problems of expanding maps
and g-measures. The general situation is that for expanding maps, one has a complicated
map, but a straightforward measure (that is Lebesgue measure or some other measure
absolutely continuous with respect to Lebesgue measure), while for g-measures, one has a
straightforward map (the shift map), but a complicated measure.

This Lemma also gives a possible approach to Question 1. The approach would then
be to construct a g satisfying (5), which has a non-ergodic g-measure, v. The Lemma
would then provide a C! expanding map T preserving Lebesgue measure which would
have the property that A is not ergodic for T by the isomorphism described in the Lemma.

We conclude this section by exhibiting the relationship between generalized baker’s

transformations and g-measures.

Lemma 4. Suppose T is a generalized baker’s transformation based on the expanding
map ¢. Then there is a continuous surjection w : Xy — [ ar;d a shift-invariant measure v
such that
(i) The pair (o,v) is measure-theoretically isomorphic to (¢, ), the vertical projection of
(T, X x A).

(i) v is-a g-measure where g(z) = 1/¢'(w(z)). This g is defined almost everywhere with

respect to v and we have g € G7.

Proof. We define 7 as in Proposition 2. The map ¢ is required to preserve Lebesgue
Measure (as described in the section defining generalized baker’s transformations).  is
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a bijection on a set of full Lebesgue measure. It follows that 7 is a measure-theoretic
isomorphism between (#, ) and (o,v) for some shift-invariant measure v. Following the
proof of Proposition 2, we see that v is a g-measure, where g(z) = 1/¢'(7(z)). We know
that ¢ is a Lipschitz map, so it follows that its derivative is defined on a set of Lebesgue
measure 1. This definition therefore makes sense. By the conditions placed on ¢, we see

that g can be taken to be a member of G*, by possibly redefining on a set of measure 0.

O

Note that we can be still more specific. If the first term of z is 0, then ¢'(w(z)) =
1/ fo(z) almost everywhere (with respect to v) and if the first term of z is 1, then ¢'(7(z)) =
1/f1(z) almost everywhere. This implies that g(0z) = fo(n(0z)) and g(1z) = fi(w(1z)).
This means that the system (¢, A) is isomorphic to (o, v) where ¢ is the vertical projection
ofa generalizeci baker’s transformation T, g is just given by compositions of the f-functions

with a semi-conjugacy and v is a g-measure.

3. Construction of Examples of Expanding Maps

In this section, we use the results of the previous section to produce examples
of expanding maps which preserve Lebesgue measure. We also prove some basic results
about the non-existence of certain types of example. This section is in fact primarily
motivated by finding an answer to Question 1. Throughout, we will be interested in full
maps of the interval, which preserve Lebesgue measure. One well-known construction of
inva,riant‘ sets is that of ‘Cookie Cutters’. 'I:hese are degree 3 full maps of the interval,
and one considers the Cantor set S of points whose forward orbit never enters the middle
SUbinterval.‘ This set sa.tisﬁes T(S) C S so if the map preserves Lebesgue measure and
the set S has posi'give Lebesgue measure, then it follows that Lebesgue measure is not
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ergodic. Bowen gives a similar construction in [Bow]. We now give a construction of such

a Lebesgue measure-preserving Cookie Cutter with a positive measure Cantor set.
Consider the space Y3. Let p; be the Bernoulli measure on ¥3 with probability
vector (3,3,3) and p, be the Bernoulli measure with probability vector (3,0,1). Let

v= %(yl + u2). Let B be the subset of £3 whose elements have no terms equal to 1. Then

v(B) = 1 since p1(B) = 0 and pz(B) = 1. We now define g by

2
0 if ze€& B and:i=1.

1 ifz¢B,
g(iz) = { 1 if ¢ € B and ¢=0 or 2,
Then g € G and v is a g-measure. Note that g € G, but as indicated in the note following
the proof of Lemma 3, we still get a Lebesgue measure-preserving degree 3 full map T
of the interva} such that (T, X) is measure-theoretically isomorphic to (o,v), because the
v-measure of any cylinder is positive. This map has the property that the set of those
points which never enter the middle interval has Lebesgue measure % The graph of this

map is shown in Figure 2-3. The map however is certainly not C! or even Lipschitz since

g is not continuous. This is so for a good reason.
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Figure 2-3 Graph of T'.

Lemma 5. SupposeT is a Lipschitz full map of the interval, preserving Lebesgue measure
A. Suppose further that C is a closed set such that T(C) C C. Then either C = I or

A(C) =o.

Proof. Note that full maps of the interval may also be considered as expanding maps of
the circle. This implies that, if J is any open interval, then T™(J) = I for some n > 0.
Now suppose that C is a closed set, such that C # I and T(C) C C. Let U be any open
interval in I'\ C. There is then an n > 0 such that T*(U) D C.

Let A =UNT~"(C). It follows that T"(A4) = C. We have however that T is Lipschitz
so there exists a constant K such that T'(z) < K, for almost all z € I (with respect to
A). It follows that )\(T(A)) < KA(A). In particular, A(C) < K™\(A). Note however that
Points of A are non-recurrent: Any point of A will never return to A after any time beyond
n. It follows by the Poincaré recurrence theorem that the measure of A is 0 with respect
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to any invariant measure, so we have A(4) = 0 and hence A(C) = 0 as claimed. [

This proof in fact shows something stronger. Namely, if A is an invariant set of a
Lipschitz map T preserving Lebesgue measure and if A(4) > 0, then A is dense in I. We
have already noted that if an invariant set contains an interval then it is all of I, so we
have that if a Lipschitz map preserving A is non-ergodic, then it has an invariant set of
measure different from 0 and 1. Such a set would have to contain no intervals and would
also have to be dense in I by the above.

In fact, we can use the same idea as the previous example to construct a Lipschitz map.
For this example, work on X,. Let p; be the Bernoulli measure with weight vector (1, 7)
and let yy be any other Bernoulli measure. Suppose the weight vector is (e, 1 — @). Then
set v = 1 (u1 + p2). Set B={z € Ty :lim, oo 1/n Stz =1/2}. Then ui(B) =1 and

p2(B) = 0 by the ergodic theorem (or the Strong Law of Large Numbers). Define g by

% ifze B
g(iz) = « ifi=0andz ¢ B
l—-a fi=landz¢gB

Then g € G* and v is a non-ergodic g-measure (since o(B) C B and v(B) = 3). It follows,
by Lemma 3, that there is a Lipschitz map T preserving Lebesgue measure, for which
Lebesgue measure is non-ergodic. This answers Question 1 in the affirmative in the class
of Lipschitz maps. This example has already been pointed out by Bose in [Bosl], although

his proof relied on constructing a generalized baker’s transformation.
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4. Some Possible Approaches to Question 1

In the remainder of this chapter, I discuss two possible ways of attacking Question 1.
The first is to construct C! maps with unbounded distortion. The idea behind this is that
many of the proofs of uniqueness of ACIM rely on a property known as bounded distortion
(see [Ma]). An example of a C! map preserving Lebesgue measure with unbounded dis-
tortion is therefore a possible candidate for a C! map with two ACIMs. This construction
is based on the paper [GS]. The second approach, which seems more hopeful is to modify
the proof of [BK] to make the g which is constructed satisfy (5). The proofs required to
make this method work are likely to be even more difficult than the already technically
advanced methods used in [BK].

Suppose T is a map of the interval. T is said to have bounded distortion if there exists
a constant C > 0 such that when K; and K, are subintervals of an interval K, for which

the restriction of T™ to K is a homeomorphism then

[T™(K1)| /1K
<C.
IT™(K2)|/ |Ka|

1/C <

It is shown in [Ma] that if T is piecewise C'*, then T has bounded distortion, so it
is of interest to find an example of a piecewise C! map which has unbounded distortion.
Of course, it will follow that the derivative of such a map will not be Hélder continuous.
We will construct a degree 3 full map of the interval with this property. Write Ty, T}
and T; for the three branches of the map. These are defined on the intervals Iy = [0, 7],
Iy = [},2] and I = [2,1). For each non-empty string s of Os and 2s, define J, to be an
the interval of length 3~(*lsD where |s| denotes the length of the string s. Specifically,
Js is the subinterval of .[0,1] which consists of those numbers where the first |s| digits of
their ternary expansions are given by s and whose (|s| + 1)st digits are 1s. These intervals
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are arranged as in Figure 2.4.

I 1 1 [ 1 M 1 1

Joo b oz I bo H S

Figure 2.4 Configuration of J intervals.

Let J denote I; (that is the J interval indexed by the empty string). Then define
a map 7 acting on finite strings by truncation on the left: 7(apa;...a,) = (a1...an).
Then define a map T on the intervals J, as follows: For each non-empty string s, T is a
diffeomorphism of J, onto J,(,). The restriction of T to those J;, for s starting with a

0 ‘bulge upwards’, while the restrictions to J, for s starting with a 2 ‘bulge downwards’.

This is illustrated in Figure 2-5.

Figure 2.5 Construction of the.map T.

Write T for the restriction of T to J,. We will require the T to have derivative equal
to 3 at the endpoints. The derivative must also be bounded above %, in order that T can
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preserve Lebesgue measure. In order that T be differentiable, we will require that there
exists a sequence a, tending to 0 such that if |s| = n then 3 — a, < Ti(z) < 3+ a, for
all z € J,. If one writes down the left-hand branches (that is the T, for s starting with
a 0), then the right-hand branches will be determined by the requirement that the map

preserves Lebesgue measure. In order to have unbounded distortion, we will need to have

T an = o0,

We now construct the map 7. Since the union of the intervals J, is dense in I, it
is clearly sufficient to specify the map on those intervals. Next note that if we define
Ty : ¢ — 3z (mod 1), then To maps J, homeomorphically onto J.(,. To prove that
T is differentiable, we will show that T is the limit in the C! topology of a sequence of
differentiable maps T},. To get T}, from T},_; we modify the map T, —; on the intervals J,
for which |s| = n. As described above, we will require the restrictions T to these intervals
to have derivative 3 at their endpoints, and to have derivative bounded throughout the
interval between 3 — a,, and 3 + a,, for some positive sequence a,, decreasing to 0. This will
imply that the uniform distance between T}, and T, is bounded above by 3-(m+l)gq . for
m > n. The uniform distance between their derivatives is bounded above by a,,. It follows
that the sequence is Cauchy in the C! topology and hence converges to a differentiable

map T as required.

Write o, for the affine orientation-preserving map sending [0,1] onto J, and write S,
for the composition a:(ls) oTs0a, The map"S s is a rescaled copy of T,. We can therefore
specify T, by describing S;. The requirements we have placed on T are equivalent to the
requirements that S, has derivative equal to 1 at its endpoints and that its derivative is
bounded between 1 — 42 and 1+ %. Now fix a sequence a,: le;c a, =1/n. Now for |s| =n
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and s starting with a 0, define S; by
Sy(z) =z + (—1—73:132(1 —z)2.
72
In particular, S,(z) > z. We have for such an s, that 3 — % < T, <34 2. For s starting
with a 0, T, therefore satisfies the conditions bounding the derivative. Also, we see that
the derivative of S, is 1 at the endpoints as required. We then define T} for those s starting
with a 2 by the requirement that the map as a whole must preserve Lebesgue measure. By
the change of variables formula, this can be seen to be equivalent to the requirement that
> T =
ye€T-1(z) T'(y) ’

for all z. Applying this to a point z of J,, we get the requirement that

1 1
+ =1, 7
Tés(yo) ( )

-t
3

where yo and y, are the prejmages of z in Jo, and Jy, respectively. Since we know that
T;, is bounded within a, /4 of 3, one can check that if we impose condition (7), in order
that T preserves Lebesgue measure, then T,, is bounded within a, of 3. Note that this
relies on the fact that a, < 1. It also follows from (7) that the derivative of Ty, is 3 at the
endpoints as requi’red. This completes the definition of T'.
Note that the derivative of T is not of bounded variation. The variation is given by
Z 2(max(T}) — min(T})).
s

L.2n~1q, since the derivative of T}, is 3 at the endpoints and

This is at least as bigas ) 73

is at least as large as 3 + Tha,, at some point of the interval J, providing that s starts
with a 0. In particular, this sum is divergent.
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We now show that T' has unbounded distortion as claimed. We will take for the
interval K, an interval of the form Jygo..0, set K, = K and take K; to be an initial
segment of K. In particular, write J(™) for the interval J, where s is the string consisting
of m 0s. Write a("™ for the corresponding affine map and T(™ and SU™ for the T and §
maps corresponding to J{™). Distortions are unaffected by composing T™ before or after
with affine maps. To consider the distortion, it is therefore sufficient to work with the
maps S("™), which are clearly also much more convenient. Now fix € > 0. In this picture,

take J = [0,1], K, = J and K; = [0,¢]. We are then interested in

15(1)0...05(11)(K1)| | K |
IS(I)o...oS(”)(K2)| IK2|

Since Sy(K) = K for all s, this is equal to §Mo--.0S(™(e)/e. Let ¢, = SMo---05M(e).
The claim is that ¢,, —» 1 as n — co.

Certainly, ¢, is increasing, since $"™(z) > z forall z € (0,1) and S{™ is an increasing
function, so we must have that c,, increases to some € (¢,1]. Suppose that  # 1. Write
f(z) = £2%(1 — z)2. Then‘f(n) > 0. By continuity of f, there exists a k > 0 such that
f > kon[e,n). Now S(™(z) = z+ay, f(z). It follows that SMo-..0SM(e) > e+k 1 a;.
However‘this tends to infinity as n — oo, thus furnishing us with a contradiction. This
Proves that ¢, — 1 as n — co. In particular, the distortion is at least as big as 1/¢ for all
€, so is infinite.

The second approach consists of modifying the g-function constructed in [BK] so that
it satisfies (5). To describe the proof in [BK], we will need to introduce some further
concepts. Bramson and Kalikow deal exclusively with the space ¥,, and construct a g-
function there. If ¢ € 5,, write # for the sequence obtained by reversing each term of
z (that is z; = 1 - z;, for all 7). Say g is symmetric if g(:i:) = g(z) for all z. This says
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that the whole system is symmetric under the involution =z — Z. In particular, given a
g-measure, there is a conjugate g-measure: ji(A) = p(A4), where A = {z : z € A}. In [BK],
Bramson and Kalikow introduce a ¢ € G° which has the property that there is a g-measure
v for which »([1]) > , where [1] is the cylinder set of those sequences in I, which start
with a 1. The conjugate g-measure 7 then has 7([1]) < 1, which implies that there is more
than one g-measure. There is therefore a non-ergodic g-measure. The situation of having
more than one g-measure is known in statistical mechanics as phase transition, and the
existence of non-symmetric solutions to symmetric equations (that is the non-symmetric v
being the solution to the symmetric equation Lyp = p) is known as spontaneous symmetry
breaking. If one could find a non-ergodic g-measure with g € G°™P, then by Lemma 3,
one would have an answer to Question 1.

As already mentioned, the proof in [BK] relies heavily on the fact that the g which
they construct is attractive. To mimic that proof, one would like to find a g which is
continuous, compatible, attractive and symmetric. Unfortunately, we can show that such

3

a g has a unique g-measure.

Lemma 6. Suppose g is attractive, continuous and compatible. Then there is a unique

g-measure.

Proof. To show this, we will show that g is increasing with respect to the lexicographic
Orderiné (<) on ;. Suppose that z and y are in ¥, and satisfy z < y. Then let n be
such that z; = y;, for all ¢+ < n, but z, = 0 and y, = 1. Write a for the finite word
TT1Z3...2,—1. Then we have z < a0111... and a1000... <y, so g(z) < g(ablll...) =
9(a1000...) < g(y). Now suppose v is a g-measure. By Lemma 3, there exists a C' full

map T which preserves Lebesgue measure such that the pairs (T, A) and (o, v) are measure-
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theoretically isomorphic. Further, we have that 1/T"(z) = g(n(z)), from which it follows
that 1/T" is monotonically increasing and hence of bounded variation. It follows by the
result of Wong ([Wo]) that such maps preserve exactly one ACIM, so Lebesgue measure is

ergodic for T' and hence v is ergodic, proving that v is the unique g-measure. [J

One attempt to get around this introduces a different notion of compatibility. We

define a second equivalence relation =~ on X,.

T =Y,
zxyif { z = a01000... and y = a11000... where a is a finite word, or
z = all000... and z = a01000... where a is a finite word.

Note that by finite words, we are allowing the possibility that they are empty.

Lemma 7. Suppose h € G° has the property that there is a non-ergodic h-measure and
e~y = h(z) = h(y) (8)
Then there is a g € G°°™P, such that there is a non-ergodic g-measure.

Proof. Define the 2-1 map P : £, — £, by P(z), = zn + Zny1  (mod 2). This map is
certainly continuous. It has two inverse branches 7y and 7| given by 10(2)n = To + 21 +
+-.4+2p—1mod2 and y(z), =1+2z9 + 2 +...+ z,-; mod 2. Note that (7',-(1:))0 = 1.
Let M denote the probability measures on £, and define the map 7* : M — M by
T u(A) = su(ro" A)+ Ju(r1 7' A). This is equal to 1u(P(AN[0])) + 2p(P(AN[1])). We
will use (1) to show that if u is an h-measure, then 7*y is an h o P-measure. We have for

n>1

3

mulel®) s(P([z]" n[0]) + zu(P(l=]" N [1])
ru(lo(@)*=1)  Ju(P(lo(=)]*"1 n0) + su(P(lo(=)]"~* N [1])

__ #(2(=M)
p(P([o(z)"1))
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Since P and o commute and P([z]*) = [P(z)]*~!, this is equal to wu([P(z)]*7!)/
u([a(Pm)]"“Z). Since p is an h-measure, we see that

o ™ u([z]")
n—oco 7*p([o(z)|" 1)

= h o P(z).

It follows that 7*u is a g-measure, where g = ho P as claimed. However, we see that z ~ y
implies that P(z) =~ P(y), so by the conditions on h, we have g(z) = g(y). This means
that g satisfies (5). It remains to check that if 4 is non-ergodic, then 7*u is non-ergodic.
Suppose then that u is non-ergodic. There exists a Borel set B such that 07! B = B, with

1(B) different from 0 and 1. Since P and o commute, it follows that c~!(P~'B) = P! B.

Now, we have

7*w(P™'B) = 3u(P(BoN P™'B)) + ju(P(B, N P~'B))

=

31#(B) + 31(B) = u(B),

so 7*u has a shift-invariant set of measure distinct from 0 and 1. It follows that 7*u is

also non-ergodic as required. [J

This proof works by finding a recoding of ¥; to a (hopefully) more useful form. At
first sight, the equivalence relation (8) seems as if it might be more easy to satisfy, whilst
maintaining attractiveness, than (5). This implies that to answer Question 1, it would be
sufficient to exhibit an h € G satisfying (8) such that there is a non-ergodic h-measure.
Unfortunately this equivalence relation is even worse than (5) in its interaction with the

property of attractiveness.
Lemma 8. Suppose h € G° is attractive and satisfies (8). Then h = 3.

Proof. Suppose h is as in the statement of the Lemma. Then we will show that if a is
any finite word (possibly empty), then h(a1000...) = h(a0000...).
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We have for any finite word a that a10000... < ¢11000... =~ a01000.... Repeating
this, we have a10000... < a01000... < a00100... etc. Since h is attractive, we have
h(210000...) < h(a01000...) < h(a00100...).... But since h is continuous, if we write
2(") for the word consisting of n Os, it follows that h(az(™1000...) — h(a0000...) as
n — oo. It follows that h(al000...) < h(a0000...). But we also have a0000... <
al000... so h(a0000...) < h(al000...). Taking these together, we see that h(a0000...) =

h(a1000...), as we wanted.

Now define a function C on the finite words by C(a) = h(a0000...). Define a map ¢
on the finite words which truncates them on the right, so for example ¢(101000) = 10100.
If a endsin a 0, then C(a) = C(¢(a)). But if a endsin a 1 then by the previous argument
C(a) = C(¢(a)0) (that is we can replace the last 1 by a 0), but C(¢(a)0) = C(¢(a)) so
for all a, we have C(a) = C(é(a)). It now follows that C is independent of a. We have
however that the elements a000... are dense in X3, so using continuity, we see that h is

constant, and therefore equal to % everywhere. []

This approach is based on an attempt to find a shift-commuting recoding of ¥ to
one where it is easy to copy the argument of [BK]. I conjecture that whatever recoding
one uses, one will always find problems of incompatibility with attractiveness. As a result
of this, one is led to attempt to find a proof which does not rely upon the property of

attractiveness.

In order to do this, it is important to be clear about the réle played by attractiveness
in [BK]. As described above, attractiveness allows one to get hold of g-measures as weak*-
limits of E;"&i where §; is the measure concentrated on the point of I, all of whose

terms are is. A second aspect of this property is used in ‘coupling’ arguments. Given two
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measures g and po on Lo, a coupling is a measure u on the product X X X2 which projects
under the coordinate projections to u; and p, respectively (that is p(A x Zz) = ui(4)
and p(X2 x A) = p2(A)). Note that the product of the measures pu; and p, is always a
coupling, but we are in general interested in more complicated couplings.

The following Lemma is implicitly used at several important points in the proof of

[BK].

Lemma 9. Suppose g € G° is attractive, h € G° and h(1z) > g(1z) forallz € T5. Let w
be a point of £5. Then we consider random variables (X, )necz and (Y3,)necz taking values
in {0,1}, which have X,, =Y, = w_(n41) for n < —1. Suppose the evolution of (X,) is
governed by g for n > 0 as in (3), while that of (Y,) is governed by h for n > 0. Then

there is a coupling of X,, and Y,, such that Y,, > X, with probability 1.

Proof. We have 22 x 22 ~ 47 by the shift-commuting homeomorphism @ : 2Z x 2Z —
4%, (z,y) — z, where z; = 2y; + z;. Write m; and m, for the two coordinate projections
42 - 22 and p; and p, for‘.their truncations 427 — 227, Consider the function f defined
on {0,2,3}Z+ by

f(32) = g(p1(2))

f(22) = h(p2(2)) — 9(p1(2))

F(02) = 1 = h(p2(2))-

Note that on {0,2,3}Z+, p2(2) = p1(z), so h(p2(z)) > g(p2(2)) > g(p1(z)) so the above

function f is non-negative, and lives in G. Now consider random variables given by

7 = 0 if Wo(n+1) = 0
=8 fw_(neny =1,

forn < —1and evolving under f for n > 0. Then certainly 72(Z) > w1 (Z) with probability
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1. It remains to show that the random variables m;(Z) and m,(Z) are evolving under g
and A respectively.

The probability that m1(Z),, is 1 given the values of (71(Z)m)m<n is the same as the
probability that Z,, is 3 given the values of (71(Z)m )m<n, but this is just g((m1(2)m )m<n)
as required. A similar argument works for m2(Z) proving the Lemma. [J

The importance of this Lemma is that it gives a way of relating g- and h-measures for
attractive g-functions.

In the remainder of this chapter, we present a class of examples of g-functions, based
on those in [BK], which are in G°, are symmetric and have some compatibility properties.
To describe these, we will need a third equivalence relation, which is essentially the same as
(8), but which contains the symmetry and requires that the finite words a be non-empty.
=Y
al11000..., y = a01000... f{for some finite non-empty word a,
a01000..., y = a11000... for some finite non-empty word a, (9)

al0111..., y = a00111... for some finite non-empty word a, or
a00111..., y = al0111... for some finite non-empty word a.

i

z xyif

8 8 8 8 8
l

i

Note that if we find a g satisfying z < y — g(z) = g(y) and use Lemmas 7 and 3 to get
a map T preserving Lebesgue measure, then the derivative of T' will have discontinuities
at 7r(001‘111 ...) and m(101111...), where 7 is the semi-conjugacy described in Lemma 3.
(These_ are the cases we miss out by assuming a is non-empty). If we consider 72, though,
these points will be endpoints of intervals, so T will })e a degree 4 C! full map. If X is
not ergodic for T', then ) is not ergodic for T2.

The construction.is in several steps. First, we show that ¥,/ < is metrizable and
that the metric k can be chosen in such a way that the map (z,y) — x(z,y) is Holder
continuous. Note that a metric on Y2/ < is the same as a pseudometric d on 3, such that
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d(z,y) = 0 & z <X y. Such a metric can be constructed by defining ¢(z,y) = " where the

nth is the first place where z and y differ, for # < 1 sufficiently large, and letting

J(:B,y) = inf 6(50,131) + C(ilamZ) R o c("in-—l)wn)-

r=%0,21XZ,22XZ%2,...,Zn-1XTn-1,Tn=Y

This d can then be checked by a lengthy calculation to be a pseudometric with the required
properties. Note that we may easily assume that d is symmetric (that is d(z,7) = J(m,y))

Next, let C®") = {z € 2, : z,,23,...,22, have more than n z¢s} and define

ed(iz, CC™) + (1 — €)d(iz,C™)
d(iz,C™) + d(iz, C(2n))

W (ig) =

This function W) is symmetric (that is W™ (z) = W(*)(z)) because C?" = cGn),
It satisfies W™ (0z) + W("(1z) = 1. The functions W™ are also Holder continuous.
The desired function g is then constructed by taking a very rapidly increasing sequence
n;, taking p; = $(2)! for i > 1 so that 3, p; = 1 and letting g = S piW (), This g
is symmetric, continuous a;ld of a similar construction to that in [BK]. It also satisfies
z <Xy = g(z) = g(y). In particular, if it is truncated by replacing all the W functions
after thg kth by %, then it becomes Hélder. I conjecture that for a careful choice of n;, the
above example has a non-ergodic g-measure, and hence, as described above gives rise to a

full map preserving Lebesgue measure, but for which Lebesgue measure is non-ergodic.
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Chapter 3. Representation of
Markov Chains on Manifolds

1. Introduction

In this chapter, we consider the problem of representation of Markov chains. By a
Markov chain, one usually means a process described by a sequence of random variables
(Xn)neN, where each random variable takes values in some finite or countable set S and

the sequence satisfies the Markov property:
P(Xn =38 l Xk = Spn—ky... y Xn—1 = Sn—l) = P(Xn =S | Xp—1 = sn—l)

where k € N, s € Sand s,,; € Sfor1 <:<k.

Here, we will take a generalized definition. A Markov chain will be a random process
described by a sequence of random variables (X, )nen, each taking values in a measure
space M with o-algebra B. This time, the above statemrent of the Markov property is
insufficient as we will be considering spaces M which are not countable. We will require

instead -
P(Xn €A I Xn—-k € An—k,- .. ,Xn-—l € An—-l) = P(Xn €A | Xn—l € An—l)

Where}c €EN,A€B, A,_; € Bfor 1 <i<kand P(C|D) is the probability of C given D.

Such a process may be described by a"map P M. X B — [0,1] such that for fixed =z,
the map P, A P(':c,A) is a probability measure on (M, B), and for fixed A € B, the
map z +— P(z, A) is measurable. This latter condition is required for the above statement
of the Markov pfoperty to make sense. The map P is called the transition map of the
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Markov chain M. The quantity P(z, A) is to be thought of as the probability of moving
from the point z into the set A.

The idea behind representation of Markov chains was first introduced in [Kak]. There,
he considers a sequence of independent identically distributed random variables (Y}, )neN
(with the distribution being given by a probability measure m) taking values in a collection

F of maps from a space M to itself. He shows how a Markov chain M is induced by defining
P(z,A) =m({f: f(z) € A}), Vz € M, A€ B. (1)

A measured collection of maps from M to itself is a collection F of maps from M to
itself and a probability measure m on a compatible o-algebra on F, where a o-algebra is
compatible if {f : f(z) € A} is a measurable subset of F for any measurable subset A
of M and any point z in M. We ask for conditions on a Markov chain that it can be
induced by a measured collection of maps as in (1). Given a Markov chain M on M, we
will say a collection F of maps from M to itself and a probability measure m on F is a
representation of M if the gransition map of the Markov ch'ain is induced by the collection
F and the probability measure m as in (1). The rest of this chapter asks under what
conditio-ns on a Markov chain M may we find a representation of M for which the F
lies in a specific collection of maps. In this case, we will say that M may be represented
by maps of this type. This allows us to consider Markov chains as examples of Random
Dynamical Systems (RDS), (see [Ki] and [AC]).

We consider Markov chains for which the space M is a smooth manifold and B is the
o-algebra of Borel sets. In §3-§6, we find conditions under which M may be represented
by smooth maps. This answers a question in [Ki] and has appeared in the literature ([Q1]).

In §7, we present an aside showing that all the Markov. chains in question appearing
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in §3-§6 have a unique invariant probability distribution, and all other probability distri-
butions converge to this one exponentially fast. This material turns out to be well-known,
but I did it independently, and even my proofs are very similar to those which appear in
the literature (see for example [LM]).

The material contained in this chapter is all original except §2, §3 and those parts of

§5 which are explicitly credited to other authors.

2. Previously Known Results

By way of an introduction, we first consider the case of finite state Markov chains. In
this case, some of the questions take on particlarly simple forms relating to the properties
of matrices. An n-state Markov chain may be described by an n X n matrix A, where
A;; is the probability of going from state ¢ to state j. In the more general transition map
notation, this would have been written P(i,{j}) = A;;. Clearly, we require that for each
1 Z};l A;j =1, and A;; > 0. In this case, we call the matrix A stochastic. In this set-up,
the version of the question ;bout representation, with whic'h this chapter concerns itself is:
Does there exist a collection C of maps from S = {1,2,...,n} to itself and a probability
measure m on them such that A4;; is equal to m{¢ € C : ¢(i) = j}7?

Note that in this case, there are finitely many maps from S to itself. Each map may be
described by a matrix of 0s and 1s such that each row contains exactly one 1. Such matrices
will be called basic. Such a matrix B corresponds to a map ¢ by B;; = 1 = ¢(z) = j. Since
there are finitely many possible maps, a p;'obability measure on them is just a collection
of weights, one for each possible map, which add up to 1. Suppose the maps are denoted
by (¢(k))15ng and correspond to matrices (B(k))l <k<N. These could then have weights
w*) . The condition for the collection of weights and maps‘to be a representation of the

60



Markov chain described by the matrix A4;; is that

N

A = Z w*) = Z w®) = Zw(k)Bgf).

{k:¢(k) (i)=5} {k:B{P=1} k=1

This is the same as 4 = 5 w(*) B®) and so to show any finite state Markov chain has a
representation by maps, it is simply necessary to show that any stochastic matrix 4 is a
convex linear combination of basic matrices. This fact admits a simple proof by induction
on the number of zeros in the matrix. Before we start on the proof, define a matrix 4 to
be 3-stochastic if A;; > 0 and }:j A;; = for all 1.

The inductive step is then as follows: Suppose A is §-stochastic and has r zero entries.
Then if § = 0, we are done. Otherwise, each row contains some non-zero entry. Define ¢ to
be a map taking a row to the number of a column with a non-zero entry in that row (that
is A; 4(iy > 0 for all 7). Then let o« = min; A4; 4(;) and B be the basic matrix corresponding
to ¢. Then A — aB is § — a-stochastic and has more than r zero entries.

Since the matrices are finite, this procedure will terminate (in less than n? steps), at
which the remainder will become 0. Since the matrices subtracted are basic, it follows that
the original matrix A4 was a convex linear combination of basic matrices as required.

Since one is interested in finding ‘good’ representations of Markov chains, it is natural
to ask whether it is possible to find a representation by permutations. These maps corre-
spond to permutation matrices (that is there is exactly one 1 in each row and each column
and all other entries are 0), all of which are bistochastic (the columns and rows all sum to
1). Any convex linearA combination of such matrices will clearly also be bistochastic, so a
necessary condition for a finite state Markov chain to have a representation by permuta-

tions is that its transition matrix is bistochastic. In fact, this turns out to be sufficient.
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This result is originally due to Birkhoff ([Bi]), and was later reproved by Hammersley and
Mauldon ([HM]). The proof I include here is based on a sketch of Birkhoff’s proof which

was included in the book of Bollobas, [Bol].

The proof relies on the Hall ‘Marriage Theorem’ (see [Bol]) which may be stated
as follows. Let S and T be two finite sets of equal cardinality and suppose there is a
relation R C S x T between members of S and T. If M is a subset of S, write [M] for
{t € T : (m,t) € R for some m € M}, and write n(M) for the cardinality of [M], [[M]|.
If we have for each subset M of S, that n(M) > |M|, then there is a pairing of S and T
(i.e. a bijection S — T such that (s,¢(s)) € R for all s). (Note that in the traditional
statement of this result, S and T are sets of men and women, and R is the relation of
being acquainted with, then the conclusion of the theorem says that if for each set of k
men, they collectively know at least k¥ women, then there is an arrangement by which they

can all get married to someone they previously knew).

The proof that all bistochastic matrices are convex linear combinations of permuta-
tion matrices is similar in style to the proof that stochastic matrices are convex linear

combinations of basic matrices, the difference lying in the inductive step.

As before, we say a matrix A is 8-bistochastic if Ai]: > 0 and all rows and columns sum
to 8. In the inductive step, it is necessary only to show that if A is B-bistochastic, then
there exists a permutation matrix B and an « such that 4 — aB is (8 — a)-bistochastic
and has more zeré entries than A. To show this,let § =T = {1,2,...,n} and R = {(z,5) :
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A;; > 0}. Then let M be a non-empty subset of S. In this case, we have

pan=Y Tasz T 45

JE[{M] =1 JE[M])ieM
=) > A=) ) Ay=p-M
i€M je[M] i€M j=1

We see that the condition for the Hall Marriage Theorem is satisfied unless f = 0, in which
case we are already done, so we get a pairing ¢ between the rows and the columns of the
matrix in such a way that A4; 4;) > 0. Let o be the minimum of these entries and B be
the permutation matrix corresponding to ¢. Then A — aB is (§ — a)-bistochastic. This
completes the inductive step of the proof.

These results have been extended by Kendall [Ken] and from our point of view more
usefully by Révész [Re], where it is shown that every Markov chain with countably infinitely
many states and a bistochastic transition matrix may be represented by a measured col-
lection of permutations.

Some further known results about representation of Markov chains are to be found in

the book [Ki], where he shows the following.

Theorem 1. If M is a Borel subset of a complete metric space, then any Markov chain

on M- can be represented by a collection of measurable maps.

With the notation that P,(4) = P(z, A4), [Ki) then reproduces the following result of

[BC).

Theorem 2. Let M be a connected and locally connected.compact metric space. Let M
be a Markov chain on M with transition map P such that P, depends weak*-continuously

63



on x (that is continuously with respect to the weak*-topology on the set of measures on
M) and such that P, has full support for each x € M. Then M may be represented by a

collection of continuous maps on M.

Sudakov [S] has a result which extends Theorem 1 by finding conditions under which a

Markov chain may be represented by maps preserving an invariant measure of the Markov

chain (see §7).

3. Background for Smooth Representation

The next sections consider the problem of representation of Markov chains on
manifolds by maps in the smooth category, where by smooth, we will always mean C°.
All manifolds which we consider will be assumed to be connected. The motivation for
looking at the problem comes from results like Theorems 1 and 2 about representation of
Markov chains on measure spaces and metric spaces. These are described in detail in the
book [Ki|, and several questions are raised, including the one which is answered below by
Theorem 3.

We consider the case where M is a smooth manifold, and M a Markov chain on
M. Under certain further conditions, M may be represented by a measured collection
of smooth maps on M. Specifically, we take M to be a smooth, compact, orientable
Riemannian manifold, with metric g say. This induces a natural volume element w, with
associated Riemannian volume measure V, say. Let B be the o—algebra of Borel sets on M
and let P be the transition map of the Markov chain as described above. We will consider
the collection of tranéition maps P satisfying the following properties:
(i) P, is absolu_tely continuous with respect to V for all z € M,
(ii) h(z,y) = dP.(y)/dV(y) is smooth in = and y, for all z,y € M.
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(i) h(z,y) >0, for all z,y € M.

Such a map is called a smooth transition map with density h and a Markov chain with
a smooth transition map is called a smooth Markov chain. Note that it is a crucial part of
the definition that the density A is strictly positive. We can now state the main theorem

of §3-§6.

Theorem 3. Suppose M is a smooth, compact, orientable Riemannian manifold. If M
is a smooth Markov chain on M, then M may be represented by a collection of smooth

maps on M.

4. Physical Motivation for Theorem 3

We first present an outline of the proof of Theorem 3, showing the fluid dynamical
motivation. This is not essential for what follows.

The Markov chain is to be represented by a collection of smooth maps. We regard the
function h(z,y) as giving the density of maps taking z into a neighbourhood of y (that
is the measure of the maps taking z into a neighbourhogd U of small diameter about y
is approximately h(z,y)V(U)). The problem is then to find a collection of maps, and a
measure on them such that the density of the images of z under the maps is h(z,y). We
are thus seeing the images of z for the varying maps as part of a continuum, and we are
seeing how the points of the continuum move as we vary z along smooth paths. Since
h(:c,y) > 0 for all z,y € M, we expect to find at least one map taking any given z € M to
any given y € M. Further, when z movesd along any smooth curve (to z' say), we expect
the images of the maps to move along curves of the flow, so that if two maps agree at z,
then they should agree at z', and hence everywhere. With this in mind, we impose that
there should be .exactly one map taking each ¢ € M to each y € M. Fixing z¢ € M,
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each map on the manifold may thus be labelled by the image of £y under that map. The
maps are then smooth maps f, with the property that f,(zo) = y. We then define the
map o, : Yy — fy(z). By the fluid analogy again, we expect the map a, to be a smooth
diffeomorphism, since a,(y) is the point to which y = «a, (y) flows as £ moves along a

path from zo to z. (See Figure 3-1.)

Figure 3-1 Possible paths in the domain and image.

Take P to be the space of smooth positive density distributions on the manifold (that
is smooth functions with [ f(z)dV(z) = 1;f > 0), then the diffeomorphisms o on the

manifold act naturally on P as
o* : P — P;(a*(p))(a(z)) = p(z)/Expansion Coefficient

where the expansion coeflicient is the limiting ratio of the volume of the image of a neigh-
bourhood (of small diameter) of = to the volume of the neighbourhood (that is the Jacobian
of th;e map o with respect to a set of “locally orthonormal” coordinates). This is just an
expression of conservation of mass. For ea;h z,y € M,‘write pz(y) = h(z,y). Then p, € P.
Further,v let po be the distinguished density p,,.

We then define the corresponding measures p, by p.(A) = P(z, A). Specifically, the
correspondence.is dpz/dV = p,. Set u(A) = P(zg,A). We are then forced to define
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m({fy : y € A}) = u(A) by considering equation (1) in the case that z = z¢. Further, by

considering equation (1), we see

P(z,A) = m({fy : fy(z) € A}) = “({y : fy(z) € A})

= p({y : az(y) € 4}) = p(a;'(4)).

Since a, is a homeomorphism, however, we get P(z,a;(A)) = u(A). That is

/ p2(v)dV (y) = / po(¥)dV ()
az(A) A

This is equivalent to saying that a¥(po) = pr. The problem is then reduced to finding a
smoothly parameterized collection of diffeomorphisms a, such that al(po) = ps.

It is clearly sufficient to find a collection of diffeomorphisms a, such that a}(p0) = p
with enough smoothness that a,_ is smoothly parameterized by z. Given a p € P, define
a path in P by p(t) = po + tn where 1 is given by p — pg. We then seek a collection
a,(1) of diffeomorphisms associated to densities p(¢) (that is such that o}, (po) = p(1)).
Moving along this path, there is a constant rate of change of density at each point on the
manifold, such as could arise from a constant flux (by comparison with the fluid dynamics
equation V- ® + p = 0, where & = pv is the flux). We therefore seek a flux vector
field whose divergence is —7, and which depends with sufficient smoothness on 5. This
gives an expression for the velocity of each point in the continuum which gives rise to the
required flux (at a specific time, the velocity is given by ®/p(t)). We then let a,(z) be
the position of the point = after unit time flow along the parameterized velocity field. We
will then find that a;;(po) = p, as required, and it will remain to check that we have the
required smooth.ness.‘ This is shown by the theory of elliptic partial differential equations
completihg the proof.
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5. Differential Equations Background for Theorem 3

For the proof of Theorem 3, we need to use a lemma, which relies on the following
theorems from the theory of Green functions for the Laplacian on compact manifolds.
The Laplacian is defined by Af = V,;V'f in local coordinates, where V is the covariant

derivative operator on M (with the Riemannian connection).

Theorem 4. Let M be a smooth, compact, orientable Riemannian manifold. Then if f
is a smooth function on M, with [ f(z)dV(z) = 0, then there exists a smooth function u

with Au = f. Further, v is unique up to an additive constant.
Proof. See [A], §4.1.2

Theorem 5. Let M be a smooth, compact Riemannian manifold. There exists a function

G : M x M — R such that if ¢ is a smooth function on M, we get

#(z) = V(M) /M B(y)dV (y) + /M Gz, ¥)Ad(y)dV (v)
G(z,y) 20, Vz,ye M : (2)

/ G(z,y)dV(y) = C, where C is a finite constant.
M

Proof. See [A], §4.2.3

Define
P = {f: M  (0,00) smooth with / f(z)dv (=) =1}
zZ = {f M — R smootil with /f(':c)dV(:c) = 0}
V = {Smooth vector fields on M}.
Lemma 6. Given é smooth, compact, orientable Riemannian manifold M, and a collec-

tion {ng}pem of smoothly parameterized functions in Z (that is the map (8,z) — ns(z)
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is a smooth map M X M — M), then there is a map ® : Z — V satisfying

(i) div(®(np)) = —ns,

(ii) the map (B,z) — ®(ng)(z) is smooth.

Proof. Suppose U is an open set in R* and {6, }4cv is a smoothly parameterized collection
of functions in Z, then let H,(z) be the solution of the equation AH, = 6, such that
[ H, dV = 0. This exists by Theorem 4, is unique, and is smooth in z. Then by Theorem

5, we see

Ho(z) = /M G(2,9)0a(y)dV (y).

We now have to show that the function H(a,z) = Hy(z) is smooth. The ith parametric

partial derivative of H is given by

s s) = m | 36(e,9) (fosie ) = 6a()) V(1)
=tim | 6(e0)(gaz0e0) + €6 ) V)

where e; is the ¢th coordinate vector field in U and {(Z,z), the remainder term is smooth
in z and {(t,z) —» 0 as ¢t — 0 for all z € M. It follows that {(¢,z) — O uniformly on M

(by compactness) as t — 0, and hence by (2), it follows that

F) 0
wH(a,m) = /;w G(w,y)ﬁea(y)dv(y)'

But the t¢th partial derivative of 8, remains a smoothly parameterized collection of
functions, and the ith partial derivative of H is clearly continuously dependent on «, and
is a smooth fun_ction‘of z by the argument above, so replacing 8, by its partial derivative
in the above procedure shows inductively that H(a,z) depends smoothly on o and z.
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Finally, take a chart (U,%) of M and use the above, with 8, = —7y-1(4), to get a
smooth function H(e,z) such that AH,(z) = —ny-1(,). Then set Fg(z) = Hyp)(z) (This
is chart-independent by the uniqueness mentioned above.) Patch these together using the
independence to get a smooth function F' : M x M — R such that AFs(z) = —ng(z) and

take (in local coordinates)

B(np)'(z) = V' Fp(z).

This gives the map ®, as required. [J

6. Proof of Theorem 3

Proof of Theorem 3. First note that P is a convex set, and that there is a canonical
map from M to P given by x — p, where p, is defined by the equation p.(y) = h(z,y).

Let @ be as defined in Lemma 6 and then define v,(y,t) by

7z(ya0) =Y, Vm,y eEM

d’)’x(y,t) — ( Q(pz —Po) )(”}’x(yat))'

dt (1 —t)po +tps

Write v, +(y) = v:(¥,t), and using the lemma, we see the vector field above depends
smoothly on the parameters z and ¢, so that we can use the parameterized flow theorem
(see [AMR], §21.4) to show that the v;, form a smoothly parameterized collection of
diffeomorphisms. In particular, define smoothly parameterized diffeomorphisms 6,(y) =

Yz,1(y). We will then show that

| o) = [ mu)aviy) ©
6z (A) A
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for Borel sets A and p € P. Assuming this for now, we complete the claim by setting

fy(z) = 0:(y)
fz{fy:yEM}

m{fy:y € A} = P(z0,A) for A € B.

We then check

P(a, 4) = / DAV = [ @) = Pl (4)

xr

P(zo,{y : 0:(y) € A}) = P(z0,{y: fy(z) € 4})
=m({fy: fy(z) € A})

In this, we used for the second equality, (3) and the fact that 6, is a homeomorphism.
This statement is then the required condition, completing the proof subject to the proof
of the claim (3) made abave.

To prove (3), note that it is sufficient to prove it for sets A which are open subsets of
M with piecewise smooth boundary. So fix U open in M with piecewise smooth boundary,

take ¢ € M and set p(t) = (1 —t)po + tp,. We then show the following equation holds.

a([ e0)wwve) -

Equation (3) then follows from this.

Now, set n = p; — po and X = ®(n). Using the Transport Theorem with mass density

(see [AR, §8.2.1]), the left hand side of the above is equal to

do(t '
/ al )w+‘3X/p(t)(P(t) )
yeu(U) dE
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where Ly is the Lie derivative in direction Y. The integrand is then equal to

nw + wLx/ 0 (p(1) + P(E)Lx/p(1) (@)

=nw + FO) (Xia%i (t)) + p(t)div (;%)w

w ; 0 . ; YRR
=t (x — p(t)) + (div(X))w + X p(twV; (p (t)) = 0.
This completes the proof. [J

7. Invariant Measures for Smooth Markov Chains

In this section, M will continue to be a smooth Markov chain on a compact Riemannian
manifold. We will assume that the volume measure V is normalized: V(M) =1.

Write P(M) for the collection of probability measures on M. Define Ps(M) = {p €
P(M) : du(z) = g(x)dV(z) for a smooth g}. These are the smooth measures. We then
define the transition operator P* : P(M) — P(M) by P*[u](4) = [ P(z, A)du(z). We say

a measure p is invariant if P*u = p.

Theorem 7. Let M be a smooth Markov chain. Then the following hold.
(i) M has a unique invariant probability measure v.
(ii) v is smooth and has everywhere positive density.
(iii) If p is any probability measure, then P*"u — v as n — oo in the strong topology.

(iv) v depends continuously on the transition density h.

In fact, in (iii), we have diam(P*"[P(M)]) — 0 as n — co. Before we prove the theorem,

it will be necessary to establish a preliminary lemma.

Lemma 8. Im P* C Ps(M).
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Proof.
Pru(4) = [ Plo, a)iu(o) = [ ([ hau)av(w) dua)

=/A(/ h(w,y)d#(w))dV(y)-

From this, we see that P*u is absolutely continuous with respect to V and dP*p(y)/dV (y)=

[ h(z,y)dp(z) which is smooth. O

Note that this means that any P*-invariant measure must be smooth. Using [Ki],
which asserts the existence of an invariant measure for such a system, we have therefore
guaranteed the existence of a smooth invariant measure, v say. We now turn to the question
of uniqueness.

Note that Ps(M) is in bijection with {g € C®°(M) : g(z) > 0, Vz € M,
[ g(z)dV(z) = 1}, so we may consider the restriction of P* to Ps(M) by looking at
the map L : C®(M) — C*°(M) given by the equation below, since if p is absolutely
continuous with respect to V with Radon-Nikodym derivative g, then P*u is absolutely

continuous with respect to V' with derivative L{g], where

Ligl(y) = / 9(2)h(z,9)dV (z).

We in fact consider L as a map C(M) — C(M) (noting however that by the lemma,
Im L C C*(M)). Equip C(M) with its usual norm ||g|| = sup, ¢y |9(z)| and set ||g||; =
[ 19(z)|dV (z). Note that ||g|l; < ||g||. The operator L is positive (i.e. f >0 = L[f] > 0)

and

[26@3v (@) = [( [ s@hia v @) ave)

| (4)
= [s@( [ Menivw)ave) = [ s@avis)

73



Define
S ={f € c(n): [ f@)iv(z) =0}
S1={f € C(M): £(2) 20, ¥o; [ (2)aV (@) =1}

By the above, L(Sp) C So and L(S;) C 5.

We now proceed to the proof of the Theorem 7.

Proof of Theorem 7.

Since we have shown any invariant measure is smooth, we are looking for fixed points
of L lying in S;. For (i) and (ii), we therefore need to show that there is exactly one
function go € S; such that L{go] = go. This function must also have go(z) > 0, Vz. Since
we are already guaranteed the existence of a smooth invariant measure v, we write go for
its derivative dv/dV. Then L[go] = go.

Suppose we have an independent function g; such that L[g;] = ¢g;. We may then
assume by scaling and adding that there is a function g € Sy — {0} with L[g] = g. Write
g+ = max(g,0), g— = miﬁ(g,O), Vi={zeM:g(z)> 0} and V_ = {z € M : g(z) <0}.
Then g = g4 + g- and Llg4] > Llg+ + 9-] = g+ +g-. But z € V4 = Llg4](z) 2
9+(z) + 9-(z) = g+(z) and = € V_ = L[g1)(z) > 0 = g4 (), so we see that Llg] > g.
By (4) then, we see that L[gy] = g4+. Now, pick y € V_. We have g4 (y) = L[g+](y) =
J 9+(2)h(z,y)dV (z) > 0 and this a contradiction. This proves part (i). This last argument
can be applied to g to prove part (ii) also.

We now move on to part (iii). Let u be a probability measure. By Lemma 8, P*y is a
smooth probability measure. Suppose its derivative with respect to V is g. Then g € S;.
It follows that go — g € So. We therefore have to show that L™[gy — g] converges uniformly
to 0. It is cleaﬂy sufficient to show that f € So = ||L™f|| —) 0.
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Define o = min, , h(z,y) and 7 = max, y h(z,y). Note that 0 < o <1 < 7. We have

IE(7)] = sup| [ he, )1 ()Y (@)] < sup [ Bz )if(E)]aV (2)
<l

Write f = f4 + f- as before. Note |[fslli = If=[ly and [I£lli = £+ + [ £ Then

Lif+)(y) = [ £4+(2)h(e,9)dV (2) > ol f4 . Similarly, L[f_)(y) < —ol|f-]l;. We then have

IZGA = IZ(+]+ LA
= | LU = ollfell + ZU-) + ol - |
<||Etfsd = alfel | + |[205-1+ olf- i |,
= I Eslll = oll il + I — ol -l
= el + 15l = o (Ul + 1F-11)
= (1= )l

From this, we see |IL*[f]]| < 7"/l < 7(1 - )" flls < 7(1 - o)" £l So
L™(f] converges uniformly to 0 as required. This completes the proof of part (iii).

We now prove part (iv). By the above, we see that “L”|5° ” <7(1-0)*"1. We can
therefore define ® : S — So by ® =1+ L+ L% +.... Then note that 1 + Lo ® = &.

Suppose g is the invariant member of S, for L. Then suppose 6L is a perturbation of
L Wi‘th 6L} < 1/]|®||. Form ¥ = ® 0 8L. Then L+ Lo ¥ = ¥.

Now ” |

(L+6L)[g+ ¥lg]+ ¥?[g].. ]

=g+ (Lo¥ +8L)g]+(Lo¥ +6L)¥[g]]...

=g+ ¥lg] + ¥3[g] + ...
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It follows that g+¥[g]+¥?[g] ... is the invariant member of S; for L+6L. Note the invariant
functions differ by norm at most ||g]|||®|||6Ll}/(1 —||®]||||6L]|), so that as ||§L|| — 0, ég — 0

also. (OJ
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Chapter 4. Representation
of Markov Chains on Tori

In this chapter, we continue the investigation started in Chapter 3 of representation of
Markov chains on manifolds. In particular, we look at the special case where the base
space of the Markov chain is a torus. This allows us to insist that the maps used in the
representation have special properties.

In §1, we consider the case where the base space M of the Markov chain is an n-torus
(T"). In this case any smooth Markov chain may be represented by homotopic N-to-1
local diffeomorphisms for some sufficiently large value of N. The material of this chapter
has appea‘red as [Q3].

It is natural to ask which values of N can occur in the results of §1. In §2, we give an
answer to this question in the case that the underlying manifold is the circle. In particular,
we exhibit a Markov chain which cannot be represented by degree 1 homeomorphisms.

This partly answers.. a second question in [Ki), w}}ere he asks: Can every smooth
Markov chain on a manifold be represented by diffeomorphisms? We give in §3 an example
of a Markov chain on S! which cannot be represented by diffeomorphisms (that is which
cannot be represented by a combination of degree 1 and degree —1 diffeomorphisms.)

The material contained in this chapter is all original except that I received some advice
on the proof of Theorem 1, where my original version was somewhat more complicated

than the current version.
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1. Representation of Markov Chains on Tori

In what follows, we will frequently refer to ‘regarding the torus T™ as [0,1)" mod 1’.
By this, we mean that we identify T" with R™/Z" and denote an equivalence class by its
unique representative in the set [0,1)". The additive structure of the torus is then referred
to as ‘addition mod 1’. This will be denoted in the normal way by + and it should be
clear from the context whether addition is taking place in R™ or T™.

We also frequently refer to the lift of a map of the torus. Supposethemap¢: T* — T
is continuous. Then a lift of ¢ is a continuous map ® : R® — R" suchthat ro® =¢onr
where 7 is the standard projection R™ — T™. Such a lift is unique up to an additive integer
vector constant. The map ® may then be uniquely decomposed into a linear part and a
periodic part as ®(z) = p(z) + Az where A is an integer matrix and p(z + m) = p(z) for
all m € Z". Note that two maps of T" are homotopic if and only if their lifts have equal
linear parts. In the case that the map is a map of the circle, the matrix of the linear part

is just a number and is known as the degree of a map.

Theorem 1. Let M be a Markov Chain on T™ with a smooth transition map. Then M

may be represented by a collection of homotopic N-to-1 surjections for some N.

Proof. By Theorem 3-3, there exists a smoothly parameterized collection {f,}yevn of
maps with the property that for each pair =,z € T", there is exactly one y such that
fy(:c) = z. In this case, write y = ¢(z,z). For fixed z, the map z — ¢(z,z) is a
diffeomorphism of T". We also have tha;t P(z,A) =. p{y : fy(z) € A} where there exists
an zg € T" such that for all B € B, u(B) = P(zg,B). As such, p is a smooth volume form
on T”, so by Moser’s Theorem ([Mo]), there exists a smooth diffeomorphism o : T* — T*
such that p(B)A = Ma™!B) for Borel sets B, where ) is Haar measure.
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Now define ey(z) = fq(y)(z). Then

P(z,4) = w{y : fy(z) € A} = Ma7'(v) : fy(=) € A}

=My : fa)(z) € A} = My : ey(z) € A}

Note also that eq-1(4(z,2))(2) = fo(z,2)(T) = 2, so the collection ey has exactly the proper-
ties of the collection f, except that the measure on the parameters is just Haar measure.
We may therefore assume without loss of generality that the original measure p was in

fact Haar measure.

Next, write ¢.(z) = ¢(z,z). Then ¢, has lift &, : R® — R™ say. As usual, we write
®.(z) = A.z+p.(z) where A; is an integer matrix and p, is periodic. Since the collection
¢ is smoothly parameterized, it follows that the linear part A, is continuously dependent
on z, so since A, is an integer matrix, A, must be constant, say 4, = A.

Now choose a norm || - || on R™. This induces an operator norm (which we will
also denote by || - ||) on M, (R), the n X n matrices over R satisfying || Az| < ||4||llz]]-
Consider T" as [0,1)" mod 1, pick M € N such that M > ||A|| + sup, ,ev» || Dzp:|| and
set 0(z,z) = ¢(z,2) + Mz. For fixed z, the map z — 6(z, z) remains a diffeomorphism of

T". Set gy(z) = 6,7 '(y). Clearly g () is continuously dependent on y for fixed z, and so

the maps g, are certainly homotopic. Note also that

P(z,A) = My : f,(x) € A} = M¢(z,2) : z € 4}

= Mb(2,2) 2 € A} = My : g,(z) € 4},

so the collection {gy}yeT~ represents M. It therefore remains to show that all the maps
gy are N-to-1 surjections for some uniform N.
To prove this, consider g, "'{z} = {z : 6,(z) = y}. Setting v,(z) = 0(z, z), we see
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gy, {2z} = 7.7y}, so it is sufficient to show that 7, is an N-to-1 surjection for the
some N which is independent of z. But v,(z) = ¢(z,z) + Mz, which has lift T'.(z) =
Az + Mz + p.(z). Write L for the matrix (4 + MI) where I is the identity matrix and

suppose £ # y. Then

IT:(z) = T:(y)|| = | M(z — y) + A(z — y) + p-(z) — p=(¥)|l

2 M|z —y|| - (4]l + sup 1Dzp: )|z - yll > 0.

z,x€

so I'; is injective.
We now show I'; is surjective. Since ||Al] < M, we see that the matrix L is invertible,

so given y € R", define the map
F:R" > R";z L7 (y - p.(z)).

The image of F' is a bounded subset of R™ and so is contained in some closed ball B(0, R).
Now consider F as a map from B(0, R) into itself. By the Brouwer fixed point theorem,
there exists a point zo € B(0, R) such that F(zo) = zg. Then zo = L™ (y — p.(z0)), so
we see that I';(z¢) = y. It follows then that I', is surjective. We then show that this
implies that v, is a |det L|-to-1 surjection. Note that Z™ is the disjoint union of cosets
LZ" 4 z;,1 < i < m where m = |det L| by standard theory of maps on tori. Denote by =
the ‘standard projection from R™ to T™ and pick ¢ € T™. Then 771({) = Z" + z for some

z € R". Let p; = m(T'.!(z + z;)). These are distinct, for if p; = p;, then
I. Yz +=2i)=T,""(z +z;) + m, where m € Z".

Applying T'., we get z; = z; + Lm which implies 7 = j. It therefore follows that the points
Ply-- -, Pm are distinct and v 1{¢} D {p1,...,pm}
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Conversely, suppose 7;(p) = ¢, then pick w € 7(p). So, n(['.(w)) = and I';(w) €

1" + z, so in particular I';(w) = Lm + z + z; for some m € Z" and some i. So
T.(w) =T.(m+ I (z +z;)).

From this, we deduce w = m +I';1(z + z;} and p = p;. Then v7'{¢} = {p1,...,pm} and

7v: is |det L|-to-1 as required. This number is clearly independent of z. [J

Further, we may characterize the homotopy class of the maps as follows. By standard
results on the theory of maps of the torus, the map 4 has a lift ® : R” xR" — R™. Thelift ©
may then, as usual, be split up into linear and periodic parts: O(z,z2) = Az+ Bz+C(z, z),
where A and B are integer matrices, and C is periodic in z and z. Note that |det B| =1
as the map z — 6(z,z) is a diffeomorphism for fixed z. We have, however, that g,(z) =
071 (y). Let Gy(z) be the lift of g,. By definition, we see 8(z, g,(z)) = y. Lifting this, we
get O(z,Gy(z)) = Y, where Y is a preimage of y under the natural projection. Substitution
gives Az + BGy(z) + d(m,Gy(z)) =Y. As z varies, the right hand side must remain a
preimage of y, so by continuity, we have that the right hand side is constant. As z moves
through an integer displacement m € Z", Az moves through Am and C(z, Gy(z)) remains
constant as C is periodic. It therefore follows that BGy(z + m) = BGy(z) — Am, so in
particular

Gy(z + m)= Gy(z) — B~'Am.

The linear part of G, therefore has matrix —B~'4, where A is the matrix of the
linear part of 6 for fixed z (considered as a map of z) and B is the corresponding matrix

for fixed z.
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2. Degree of a Markov Chain on the Circle

Definition. A smooth Markov chain M on a smooth Riemannian manifold M is said to
be nicely represented by a collection {fy}yem of maps and a volume form p on M if the

following properties hold:
(1) For all points z and z in M, there exists a unique y in M such that fy(z) = z. In this
case, write y = Y (z, z).
(ii) Y(z,z) as defined above is smooth in both variables and for fixed z, the map z
Y (z,z) is a diffeomorphism of M.

(iii) For each Borel set A and each point ¢ € M, P(z,A) = u{y : fy(z) € A}

By the proof of Theorem 3:3, every smooth Markov chain has a nice representation

by smooth maps. We now restrict ourselves to the case where M = S?.

Definition. The positive and negative degrees of M are given by

5y :/sup %P(m,[zo,z])d:c

z

.. 0
6_ = /11;.f BEP(m,[zo,z])d:c.
Note that these degrees are independent of the point z; as

%P(m,[zoaz]) = 'é':'ctp(z,[z(hzo]) + ézp(x,[zmz])'

Taking suprema over z, the first term of the right hand side is unaffected, and then in-
tegrating, this terrﬁ gives no contribution, so we see the degree 6 is independent of the
point zy. The same obviously holds for §_. We therefore fix a point z; € S? for the rest
of this section. Note that §_ < 0 < 64, as can be seen by taking z = 2.
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Theorem 2. Let N > 0. Suppose M is a smooth Markov chain on the circle. M may

be nicely represented by degree N local diffeomorphisms if and only if N > §,.

Theorem 3. Let N > 0. Suppose M is a smooth Markov chain on the circle which may

be represented by degree N local homeomorphisms. Then N > é4.

Corollary. Let N > 0. There exist smooth Markov chains on the circle which cannot be

represented by degree N local homeomorphismes.
Note these have corresponding versions with N < 0 involving the quantity é_.

Theorem 2°. Let N < 0. Suppose M is a smooth Markov chain on the circle. M may

be nicely represented by degree N local diffeomorphisms if and only if N < §._.

Theorem 3°. Let N < 0. Suppose M is a smooth Markov chain on the circle which

may be represented by degree N local homeomorphisms. Then N < é_.

Corollary’. Let N < 0. There exist smooth Markov chains on the circle which cannot

be represented by degree N local homeomorphisms.

Proof of Theorem 2. Suppose M is nicely represented by degree N local diffeomor-
phisms. We may then assume the measure on the parameter space to be Haar measure as
in §14. Write Y (z, z) for the parameter value of the unique map taking = into z and write

h(z, z) for the probability density of going from z to z. It then follows that
8 - .
aY(z,z) = h(z, z).

In what follows, we treat the circle as the interval {0,1) mod 1. We then see that Y (z,z) =

P(z,[z0,2]) — X(z) where X is some map S! — S!. For M to be represented by local

diffeomorphisms, by the implicit function theorem and the condition that the maps are
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locally orientation-preserving, we require

—ii—X(:c) > sup 83 P(z,[2,2]).

We therefore see that X has degree greater than 6;. But we have

=z :Y(z,2) =y} = {z : P(z,[20,2]) — X(z) =}

By the conditions placed on X, we have P(z,[2,2]) — X(z) is monotonic in z. The
cardinality is then the modulus of the degree of the expression as a function of z. This is
precisely the degree of X, so we see that N > 6.

Conversely, suppose N > 6. Set

o
a(z) = sup - P (2, [z0, 7).

Then we have [ a(z)dz = 6,4, so we can find an € > 0 and a smooth function §(z) such
that

(1) Bz) 2 a(z) + €
(u)/ﬂ(m)daz =N

Then set X(z) = f; B(z)dz (mod 1), and finally, let Y(z,2) = n(P(z,[2,2]) — X(z)),
where 7 is the standard projection of the real line onto the circle. For fixed z € S?, the map
z — Y(z,z2) is a diffeomorphism S’ — §'. Y is also smooth in z. Write Y.(z) = Y(z,z2)
and define f,(z) = Y, '(y). By the implicit function theorem, we see that D, f, 7 0 since

D.Y #0and D,Y # 0. The map f, is a smooth local diffeomorphism, and

fy_l{z} ={z: fy(z) =2} ={z:y =Y (2)}.
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From this, we see that f, is N-to-1 and so f, has degree N. Finally, we check that with
i taken to be Haar measure, this does indeed provide a nice representation of the Markov
chain M.

wly: fy(z) € A} = p{y : Y7 (y) € 4} = p{Ye(2) 1 2 € A}

= ,u,{P(m,[zo,z]) 1z € A} = P(z,A).

Note that the third equality uses the translation invariance of Haar measure. It follows

that M is nicely represented by degree N local diffeomorphisms. [J
Before embarking on the proof of Theorem 3, we need some lemmas and definitions.

Definition. A mapp:S! x B — [0,1] is an S-map if
(i) For each z € S', the map A — p(z, A) is a measure,
(i) p(z,S') is independent of z and

(iii) For fixed A € B, the map = — p(z, A) is measurable.

Note, an S-map is; just a constant multiple of a transition map. An S-map is said
to be smooth if it is a constant multiple of a smooth transition map. In particular, it is
required to have strictly positive transition densities or all densities identically zero.

‘Further, if p; and p; are S-maps, then we say p; is subordinate to p; if pi(z, 4) <
p2(z, A) for each z € S and A4 € B.

The weight of an S-map p is denoted by w(p) and is defined to be p(z, S!) (which is

independent of x).

Definition. Suppose the Markov chain M is represented by the collection of maps F
and a measure v on them. A subrepresentation of this is defined by a measurable subset

F' of F and the restriction of the measure v to a measure ' defined on the measurable
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subsets of F'.

Note that in this case the induced S-map (defined by p(z, A) = v'{f € F': f(z) € A})

is subordinate to P.

Let ¥ be the collection of all S-maps. Then define the maps

Vi:Z - RY po lim  sup Z[ (m(35): [20, ) = p(x(*5}), [20,11])]

m—00 5
Im o=

m

V_:X—>R7; p—~ lim 1nf E[ W(%),[zo,z,'])—p(w(i'r;—ll),[zo,zi])].

m—oo zy.

These quantities satisfy for all p € %, V_(p) <0 < Vi (p).

Lemma 4. Let p be a smooth S-map. Then we have

0
[ 50 gmp(, 20, ) o = Vi (o).
Clearly a similar relation will hold for V_.

Proof. Set A(z,z) = p(z,|[z0,2]). This is smooth in z and 7. Write A, for 2 A. Then

w{i/m)
p(r(52), e, ) = p(n(352), o, ) = | 0

5. 2(2, [20, 2]} de
(i—1/m) Oz

/w(z/m) 5 ( [ ])d
< sup — p(z, (20, 2] ) dz.
n(i—1/m) z O%

From this, we see

m

sup Z[ w(#),[zo,z,-]) (7r(‘m )s [zo,zi])] < /sgp %p(m,[zo,z])dm

This shows the right hand side is bounded above by the left hand side.
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Now we show they are equal. Pick ¢ > 0. By uniform continuity, there exists a
§ > 0 such that |21 — z2| < § = Vz, |4 (z1,2) — As(z2,2)] < e. Now pick m € N
such that m > 61, and choose ¢ with 1 < 7 < m. Then let y € S! be such that

A (=1,y) = sup, A.(=L,2). Then

m ?

z €[5 5) = Aa(z,y) 2 A(F5hy) - e

m’m

Also,

Ai(maz) -<- AI('Z.,;nl—az) + € S Ax(i_—_l')y) + € Vz.

m

It follows that A,(z,y) > sup, Az(z,2) — 2¢. Integrating between r(%l-) and 71'(%), we

get

Almy) — Ay 2 / 1

m

LS}
[suzp gp(a:, [20,2]) — 26] dz.

Finally, adding gives

m

1: [ZP(W(#)’[ZO,%]) —P(W(%),[zo,zi])} > (/ Sl:p —B%P(.’B,[Zo,z])dm) — %

m .

su
LS

This completes the proof of the lemma. [J

Lemma 5. Suppose p is an S-map arising from some measure v on some collection F
of degree N local homeomorphisms, with N > 0 (possibly with v(F) # 1), then V4 (p) <

Nw(p).

Again, there will be a similar version of this lemma which operates for N < 0 and
using. V_.
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Proof.

Vi(p) = Jim  sup > [p (o) 2o, 24) — (i), oy 24|

ed
m =1

= sup /Z X(z0,2] f( m ) X[Zo,~-](f( m ))]dlj(f)

m—»oo 21

< tim_ | > 63 e (F5) = Xt () | 9

where x 4 is the characteristic function of the set A. But we have

m

> 9p [Xte0 2 (FG)) = Xtz (1))

=1 -
:’{i:l Si<m, 20 < f(5) < f(%)}’-

where by inequalities on the circle, we mean that there is a continuous choice of argument
on a connected subset of the circle including the specified points on which the order of the
values of the argument is that specified. The cardinality above is however bounded above
by N as there can be at most one such ¢ between any adjacent pair of preimages of z,

under f. It therefore follows that Vi(p) < Nv(F) = Nw(p). O
Theorem 3 then follows as a straightforward application of these lemmas.

Proof of Theorem 3. Applying Lemmas 4 and 5 to the transition map P of the Markov

chain, we see 64 = Vi (P) < Nw(P). i3ut, we also have that w(P) = 1, so the theorem is
proved. (J

Proof of the Corollary. To prove the corollary, it is sufficient to construct a Markov
chain with 64 > N. As an example of such a Markov chain, consider the following:-

88



Considering the circle as the interval [0,1) mod 1, and given positive constants a and

B, such that « < 1 and 8 < %, pick a smooth function f such that

() f(=) >0, Ve € S'

ao/f@wm=1

1/2+8
12 z)dz =
@) [ fede =

(0) f(=) = ;g or 2 ¢ (5 = o} + ).

Next, set h(z,2) = f(z + rz), where r € N, and using this, define P to be the transition
map with probability density h: For a Borel set A and a point z € S!, P(z, A) is defined

to be [, h(z,z)dz. We then estimate the value of sup, 2 P(z, [z, 2]) as follows:

6 a z a z2+rzx
EPA(Q%[ZO,Z]) = 52 /zo h(z,y)dy = =— s f(y)dy
= r(f(z +rz) — f(zof-{— r:c))
Note that defining ((z) = 1 —rz, |20 — {(z)| > B = h(z,2z) = 11:2‘2 however, we

have sup, h(z,z) > 351 SO We have

5= ¢(@)] 2 8 = sup 3 P2, 20, 1) > (55 - 15,

We also have, however, that sup, 2 P(z, [z, z]) > 0. But |zo — ¢{(z)] > B on a set of

measure 1 — 203, so we deduce

(2,3 1— )(l_zﬂ)_r(_ﬁ_l)

Then taking « = 1, =% and r = N, we get 64 > N. This proves the corollary. O

oy >
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The positive and negative degree are very easy to calculate, but have the drawback that
they do not contain all the information which we might want. In particular, it is not clear
that if a Markov chain has positive and negative degrees greater than 1 in modulus, how
to see if it has a representation by a combination of degree 1 and —1 maps. The following

definition remedies this at the cost of extra complexity involved in the calculation.

Definition. Let §(p) = ; max(Vi(p),|V-(p)|). The degree of a Markov chain M on

w(p

the circle with transition probability P is then defined by

§= inf 8(p1),6
,, nf_ max(é(p1), 6(p2)),

where the infinum is taken over S-maps p; and p; of non-negative weight.
The smooth degree of a Markov chain M on the circle with transition probability P
is defined by

§s = inf § §
s p1i§2=Pmax( (p1),6(p2)),

where the infinum this time is taken over smooth S-maps p, and p; of non-negative weight.
Claim. We have in fact

6= inf )
P1+P24}?.+pn Plrgzagsz( (Pz )

Proof. Let p; and p; be any two S-maps with non-zero weights w; and w;. Then we have

m

‘ Vi(p1 +p2) = lim sup Z[(Pl + p2)(m( %), [20,2]) — (1 +P2)(7f(i,_71),[zo,zz'])]

OO 21z &
™ i=1

m—0o0 £

< fim sup Z[m(vr(m) 0, 24) = 21 ((352), o )

+ lim sup Z[m(w(m) (20, 2]) = p2 (r(52), 20, )

m—0o0
2] .
™ oi=1

= Vi(p1) + Vi(p2).
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From this, it follows that Vi (p1 + p2)/(w1 + w2) is bounded above by (Vi (p1) + Vi (p2))/
(w; + wg) which is a weighted average of Vi(p;)/w; and Vi(p2)/w,. In particular, we
have Vi (p1 +p2)/(w1 +w2) < max(Vi(p1)/wi, V4(p2)/w2). The corresponding result also
holds for V_: |V_(p1 + p2)|/(w1 + w2) < max(|V-(p1)|/w1, |V-(p2)|/w2). Let P, = {S—
maps p : §(p) = Vi (p)/w(p)} and P_ = {S-maps p : §(p) = [V_(s)|/w(p)}. Now suppose
p1 +p2+...+pn = P. Then we may assume p;, pa,...,pr are in P4 and pg41,...p, are

in P_. In thlS case, we have
5 + + ...+ 1) < max 5 i
6(?1 D2 pL) = 1<i<k(6(p ))1

and

6(pr41 4+ -+ +pn) < kf}g}gﬂ(ﬂpi)).

Thus, the claim is proved. [J

A similar statement holds for §s. We can then use the degree to determine whether

a given Markov chain may be represented by homeomorphisms by the following.

Theorem 6. Suppose a Markov chain M on the circle has §s < N. Then M may be

represented by a combination of degree N and degree —N local diffeomorphisms.

Theorem 7. Suppose a Markov chain M on the circle has § > N. Then M cannot be

represented by a combination of degree N and degree —N local homeomorphisms.

Proof of Theorem 6. Let M be asJ in the statement of the theorem. Suppose M has
transition map P. Then by the definition of §g, there exist smooth S-maps p; and p; such
that §(p;) < N and §(p2) < N. Now, applying Lemma 4, and Theorem 2, we get the
required resﬁlt. 0

91



Proof of Theorem 7. Suppose a Markov chain M has a representation by degree N
and degree —N local homeomorphisms. Let p; and p; be the S-maps associated to the
subrepresentations of degree N and degree —N maps. By Theorem 3, we see that 5(p1) <
N and 5(1)2) < N, and hence § < N. This is a proof of the theorem by contradiction. [J

I conjecture that in the case of smooth Markov chains, one has that § = és.

3. A Markov Chain which cannot be Represented by Homeomorphisms

The above gives a criterion for maps to be represented by diffeomorphisms. The degree
and smooth degree are however extremely unwieldy objects. In the following, we check one
of its most basic properties: that there exist Markov chains with §s > 1. By Theorem 6,
it is sufficient to show, as we do here by ad hoc means, that there is a Markov chain which
cannot be represented by a combination of orientation-preserving and orientation-reversing
homeomorphisms. In this section, we modify the example of the previous section to show
this.

The strategy will be to construct a Markov chain with transition map P and to show
that there can be no S-map induced by a collection of degree 1 homeomorphisms of weight
1 which is subordinate to P and the same thing for degree —1 homeomorphisms. This
will ‘then complete the proof of the theorem as, if the result did not hold, there would
be a representation of the Markov chain which would be composed of degree 1 and —1
ho‘meomorphisms. In particular, the measure of one of these subsets would have to be at
least %, and taking the S-map induced be a subrep£esentation of this would contradict the
above.

In the course of the proof, we will take A to be Haar measure on the circle. The

Markov chain which we will use is that which we constructed in the Corollary above. The
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parameters «, § and r are to be determined. Write P for the transition map of this Markov
chain. Let {(z) be given by 1 — rz.

Suppose then that F. is a collection of orientation-preserving homeomorphisms and
v4 is a measure on them such that v (F;) = 1 and such that the induced S-map is
subordinate to P. We perform two estimates: First, fix f € F4 and consider the set
{z : |f(z) — {(z)| < B}. The function f(z) — {(z) is monotonic of degree r + 1, so the
set above has r + 1 components. Take a lift G of the function f(z) — {(z) and suppose
G(y) = n — B where n € N. Then G(y + 2—?) > n + 3, so the measure of each component

of the set is less than Zré, so we get
2B
Mz If(2) - ¢()l > ) > 1= Lo 1)

By construction of P however, we have P(z, S\ [((z) — 8,{(z) + B]) = 1 — @, so in order

for the induced S-map to be subordinate to P, we must also have

vi({f € Fu: 1f(2) = ((2) > A)) S 1- @

Integrating these inequalities with respect to f and z respectively and applying Fubini’s

theorem, we see that for consistency, we are forced to have

1—a>%(1—2—rﬂ—(r+1)).

Suppose instead we have a collection F_ of orientation-reversing homeomorphisms
and that v_ is a measure on them such that v_(F_) = ; and such that the induced S-map

is subordinate to P. Then, as before, we have

v-({f € F_: |f(z) = ¢(2)| > B}) S 1~ @
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We will also require an estimate of the measure of the set {z : |f(z) — {(z)| > B} for fixed
f € F_. This time, f(z)—((z) has degree »r — 1, but we can no longer say that the function
is monotonic. We consider a lift G of the function f(z) — ((z). As we noted above, this

has degree r — 1. Then pick a point y such that G(y) = 1 + 8 and for 1 <4 <r —1 set

a; =sup{z € [y,y+1): G(z) = 3 + (s — 1) + 5}

b =inf{z € [a;,y +1) : G(z) = 3 +1— B}.

Note that G(y+1) = 1 +8+(r—1), so that each of the above exists. We have also however
that m(a;,b;) C {z: |f(z) — {(z)| > B}, but b; —a; > %ﬁ as G(a;) = 3 +B+(i—1) and

G(a; + 0) < G(a;) + ro. So since the sets m(a;,b;) are disjoint, we get

Mz : 1f(2) = ¢(2)] > 8} > (r — 1) 2=

T

Integrating and using Fubini’s theorem as before, we find that we require for consistenc
€ g g ) y

that

1-32
l1—a>1(r—1) ﬁ.
T

We may then choose a, 8 and r, so taking r = 2, f = i and a > %, we find that the above
inequalities are not satisfied, and so we have a Markov chain which cannot be represented

by homeomorphisms.
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