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Abstract

In the emerging field of tropical geometry, algebraic varieties are replaced by
polyhedral objects called tropical varieties. The algebraic and tropical variety share
many invariants, but due to its polyhedral structure the tropical variety is often
easier to work with. In this thesis, we look at two problems related to constructing
tropical varieties.

In the first, we extend the theory of Grobner bases to the case where we
are looking over a field with a valuation. The motivation is that we can use these
Grobner bases in order to compute tropical varieties over fields with valuations. We
discuss some complexity and implementation issues and present a family of ideals
whose Grobner basis with respect to the p-adic valuation is small, but all of whose
standard Grobner bases are large.

In the second, we investigate finding tropical curves over fields with the
trivial valuation from their two-dimensional coordinate projections. A tropical curve
has the support of a one-dimensional fan, and we use its coordinate projections to
reconstruct the rays of this fan. We discuss some implementation issues and we see
examples of tropical curves which can be computed using our projection techniques

which cannot be computed with existing techniques.
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Chapter 1

Introduction

In the emerging field of tropical geometry, we replace a subvariety X of the n-
dimensional algebraic torus with a polyhedral object trop(X) called a tropical vari-
ety. A fundamental question is to determine the structure of this polyhedral object.
This is because the algebraic variety X and tropical variety trop(X) share many of
the same invariants, such as their degree and dimension. This means that under-
standing trop(X) would help us to understand X. Due to its polyhedral nature, the
tropical variety is often easier to understand as combinatorics can be used to study
its polyhedral structure. In this thesis we will investigate two different constructions
of tropical varieties. The first, which we will see in Chapter [3] uses the theory of
Grobner bases, and the second, which we will see in Chapter 4, uses coordinate
projections.

Let K be an algebraically closed field equipped with a valuation, which is a
function K* — R where K* denotes the non-zero elements of K. The Fundamental
Theorem of Tropical Geometry (Theorem will give us a way of constructing
tropical varieties over a field with a valuation using a variant of Groébner theory
that takes the valuation of coefficients into account. Currently, computational work
is focused on the case of K = Q with the trivial valuation (which is the valuation
for which all non-zero elements have valuation zero) as this can be analysed using
standard Groébner techniques where the valuations of the coefficients do not play a
role.

Buchberger| [1965] introduced an algorithm which could compute these stan-
dard Grobner bases. In Chapter |3 joint work with my supervisor Diane Macla-
gan [Chan and Maclagan) 2013], we will extend this Grébner theory to our situation
where we take the valuations of coefficients into account.

In Section [3.6] we introduce GroebnerValuations, which is a computer pack-



age to compute Grobner bases over Q with the p-adic valuation. As is common for
standard Grobner bases over @, the coefficients can grow very large. However, we
show (Proposition that valuations of coefficients occurring in a Grobner basis
over a field with a valuation can be bounded in terms of the valuations and ab-
solute values of the coefficients of the original generators. This motivates working
over Z/p™Z for some suitably large m € N. We see this, and other implementation
issues in Section [3.4]

We end this part by seeing a family of examples of ideals whose Groébner
basis with respect to the 2-adic valuation has size two but any of whose standard
Grobner bases with respect to any standard term ordering has size at least linear
in the degree. This gives a usefulness to this work outside of tropical geometry as
it provides an example where an ideal has a small p-adic Grobner basis but all of
whose standard Grobner bases are large.

In the second part of this document, we concentrate on constructing tropical
varieties over a field with the trivial valuation. The current methods to construct
these tropical varieties comes from the work of [Bogart, Jensen, Speyer, Sturmfels,
and Thomas [2007]. A key step in their algorithms is the construction of a tropical
curve. Thus in Chapter [4] we concentrate on tropical curves as any improvement
in the tropical curve algorithm would provide improvement to the tropical variety
algorithm. Further, we see in Section[f.3]an example of a tropical curve which cannot
be computed efficiently using the existing methods, but which can be computed using
the methods described in Chapter [4

Let C be a one-dimensional subvariety of the n-dimensional algebraic torus
(K*)". Then the Structure Theorem of Tropical Varieties (Theorem will
tell us that the tropical curve trop(C) has the support of a one-dimensional fan
in R™. We look to use a set of projections to find trop(C'). We will do this by
recovering the points that are in the pre-image of all of the projections in this set.
This will be a superset of the rays of trop(C'). In Section we will see that [Bieri
and Groves [1984] and [Hept and Theobald| [2009] show that we can always choose
these projections sufficiently generically so that in this way, we will recover only the
rays of trop(C'). However, it is often difficult to determine whether projections are
sufficiently generic. Additionally, generic projections can be difficult to compute as,
for example, the degrees of generators can grow very large.

The key idea is that we will restrict our attention to coordinate projections.
In general, these are not generic enough to recover only the rays of the tropical
curve, but they are usually easier to compute. In Section 4.2] we provide algorithms

to reconstruct tropical curves from a set of coordinate projections in two main steps.



The first is recovering a set of rays which are in the pre-image of all the coordinate
projections in our set. This is a superset of the rays in trop(C), and in general
will contain extra rays not in trop(C') as our coordinate projections will not be
sufficiently generic. So, the second step will be to determine which of the rays in
this superset are rays of trop(C).

In Section we introduce TropicalCurves which is a computer package
to compute tropical curves from its coordinate projections using these algorithms.
We also discuss various implementation issues.

This document is structured as follows. It is comprised of three chapters:

e Chapter [2| introduces the basics of tropical geometry. The Fundamental
Theorem [2.1.5| gives three equivalent formulations of tropical varieties and the
Structure Theorem [2.2.5| asserts that it has the support of a rational poly-
hedral complex. We then look at the existing methods of [Bogart, Jensen,
Speyer, Sturmfels, and Thomas| [2007] to compute tropical varieties. We out-
line the work of Bieri and Groves [1984] and Hept and Theobald [2009] on
tropical varieties from regular projections and the tropical elimination theory
of [Sturmfels and Tevelev| [2008]. We end by looking at how to compute the

degree of a tropical curve from tropical intersection theory.

e Chapter [3|studies Grobner bases over fields with valuations. We see how the
algorithms from standard Groébner theory need to be altered when considering
valuations of coefficients. We discuss complexity and implementation issues
and end with an example of a Grobner basis over Q whose p-adic Grobner
basis has size two, but any of whose standard Grobner bases have size at least

linear in the degree.

e Chapter [4|looks at tropical curves over fields with the trivial valuation. The
fan structure of a tropical curve is reconstructed from its two-dimensional
coordinate projections. We see some implementation issues, and an example
of a tropical curve which cannot be computed using existing techniques, but

which can be computed using these coordinate projection methods.



Chapter 2

An Introduction to Tropical

Geometry

Tropical geometry can be thought of as a piecewise linear approximation to algebraic
geometry where an algebraic variety is replaced by a rational polyhedral complex
called a tropical variety. The adjective tropical was given to this area of research by
a group of French mathematicians including Jean-Eric Pin, Dominique Perrin and
Christian Choffrut to honour their Brazilian friend and colleague Imre Simon| [1988]
who pioneered the use of the tropical semi-ring. This semi-ring, also known as the
min-plus semi-ring, originally had important applications to Optimisation Theory
and Theoretical Computer Science [Perrin, [1990].

In this chapter, we set out the Tropical Geometry background which we
need. Full details can be found in the draft book “Introduction to Tropical Ge-
ometry” [Maclagan and Sturmfels, [2013]. We begin by defining the tropicalisation
trop(X) of an algebraic variety X in terms of the intersection of tropical hypersur-
faces. The Fundamental Theorem [2.1.5]gives us two different, but equivalent, formu-
lations of trop(X) and the Structure Theorem tells us that it has the support
of a weighted balanced rational polyhedral complex. We then discuss the methods
of Bogart, Jensen, Speyer, Sturmfels, and Thomas| [2007] to compute trop(X) and
see that the construction of a tropical curve is a key step in their algorithms. We
end with some technical material which we will need, including an outline of some
tropical elimination theory, and the tropical intersection theory used to find the

degree of a tropical curve combinatorially.



2.1 Tropical Varieties and the Fundamental Theorem

The tropical semi-ring is (R U {oo},®,®) where tropical multiplication ® is the
usual addition and tropical addition @ is the usual minimum. These operations
satisfy the familiar axioms of arithmetic; for example they are both commutative
and the distributive, 0 is the identity element for tropical multiplication and oo is
the identity element for tropical addition. In fact all of the ring axioms are satisfied
except for the existence of an additive inverse as there is no well defined tropical
subtraction. Thus (R U {o0}, ®, ®) has the structure of a semi-ring.

Let x1,...,x, be variables which represent elements in the tropical semi-
ring (R U {o0},®,®). A tropical monomial is any product of the variables. By
evaluating these tropical monomials with classical arithmetic, the tropical monomial
xi' ... z8 for some a; € N can be thought of as representing the ordinary linear
form ¥ ;a;x;. As a shorthand, we let 2% := z{*...2%" for a = (ai,...,a,) € N".
A tropical polynomial is simply a finite linear combination of tropical monomials:
f@r,. . 2n) = @_,a®xl ... zin. This represents a piecewise linear function
R™ — R.

Let K be an algebraically closed field and by K* denote the non-zero elements
of K. A real valuation on K is a function val: K* — R such that the following

axioms are satisfied:
1. val(ab) = val(a) + val(b);
2. val(a + b) > min{val(a), val(b)} for all a,b € K*.

The image of the valuation map, denoted I', is called the value group. After scaling
if necessary, we can assume that I" contains 1. We assume that there always exists a
group homomorphism ¢: I' - K* with val(¢(w)) = w which is denoted by ¢(w) =
t“. This always exists if K is algebraically closed [see, for example, |Maclagan and
Sturmfels|, 2013, Lemma 2.1.15]. The valuation ring of K is

R ={a € K :val(a) > 0},

which consists of all elements of K which have non-negative valuation. It is a local

ring with unique maximal ideal
m = {a € K : val(a) > 0}.

The quotient ring k = R/m is called the residue field of K. For a € R we denote by

@ the image of a in the residue field k.



Example 2.1.1. Let K = Q be the field of rational numbers and fix a prime p € Z.
Any rational number n € Q can be written in the form n = p™7 for some m € N
and a,b € Z such that p does not divide a or b. Then the p-adic valuation is the map
val,: Q* — Z where val,(n) = m. The valuation ring is {a € Q : val,(a) > 0} = Z,)
which has unique maximal ideal {a € Q : val,(a) > 0} = (p) and residue field Z/pZ.
The image of val, is I' = Z and we can take ¢ to be ¢(w) = p*. O

Example 2.1.2. An important example of a field with a valuation is the field of
Puiseuz series over C denoted by C{{t}}. An element of C{{t}} is of the form
c(t) = e1t™ 4 cot® + c3t™ + ... where ¢; € C* and a1 < ag < az < ... are rational
numbers bounded below by a; and with a common denominator. We can write
C{t}} = U, >, C(t'/™)), the union of Laurent series in the formal variable ¢'/". The
field of Puiseax series over C is algebraically closed [see, for example, Markwig, 2010,
Theorem 6]. We define a valuation val: C{{t}} — R which sends a Puiseux series
to its lowest exponent of ¢. That is, val(c(t)) = a1. The valuation ring consists of
power series with rational exponents with common denominator, and the maximal
ideal consists of those Puiseux power series whose constant term is zero. The residue
field is C and the image of val is I' = Q. We can take ¢ to be ¢(w) = t™.

In the Puiseux series definition, the field C can be replaced by any field K
and K{{t}}, the field of Puiseux series over K, can be defined in an analogous way.
Similarly to over C, the field of Puiseux series over K is algebraically closed if K is
an algebraically closed field of characteristic zero [see, for example, Maclagan and
Sturmfels, 2013, Theorem 2.1.5]. In fact, in this case, the field of Puiseux series
K{{t}} is the algebraic closure of the field of Laurent series K ((¢)) [Ribenboim,|1999,
7.1.A(B), p.186]. o

Example 2.1.3. Let K be an algebraically closed field. Then the trivial valuation is
the valuation val such that val(a) = 0 for all a # 0. These are important to consider
as many objects we will consider, for example Grobner bases and the Grébner com-
plex, originate from the case where we do not consider the valuations of coefficients.
Unfortunately, several of the theorems and results in tropical geometry require that
the valuation be non-trivial. If K is a field of characteristic zero then we can con-
sider the field K as a subfield of the field of the Puiseux series field K{{t}}. The
trivial valuation on K can be thought of as the restriction of the valuation on the
field of Puiseux series over K from Example to K, noting that for the Puiseux
series valuation, we have that val(a) = 0 for all a € K C K{{t}}. If K has positive
characteristic, then as K{{t}} may not be algebraically closed we need to consider
the generalised power series ring K ((I')), where I' is the image of the valuation map

val, for val the usual valuation on the Puiseux series. The generalised power series



ring K ((I')) consists of elements of the form }_ . a4t? where ay € K and the set of
supports {g : g # 0} is a well-ordered set. Then |Poonen| [1993, Corollary 5] showed
that K{{t}} is isomorphic to a subfield of the field of generalised power series K ((T"))
which is algebraically closed [Poonen, 1993, Corollary 4]. We can then think of K

with the trivial valuation as the restriction of the valuation on K((I')) to K. <&

Let P™ be the n-dimensional projective space over K. Let T™ be the n-
dimensional algebraic torus over K. The homogeneous coordinate ring of P” is

the polynomial ring K|z, z1,...,2,] and the coordinate ring of 7™ is the Laurent
+

polynomial ring K[z, ...,z}].

Remark 2.1.4. In tropical geometry we are interested in varieties X which are
contained in the algebraic torus T". By the inclusion i: T™ — P" we can think of
X as a projective variety in the following way. The map 7 is given by the projective
closure in P" of the map = > [1 : z]. Algebraically, if X C 7™ is given by an ideal
IcC K[l’itl, ..., oY, then first set J = INK[z1,...,2,]. The homogenisation of .J is
the Zariski closure of ¢(X) in P" [Maclagan and Sturmfels, 2013, Proposition 2.2.6].
In this way, we can think of a variety of the algebraic torus T given by an ideal in
Klzf,...,zk] as a variety of P" given by a homogeneous ideal in K|[xg, 1, . . . ,n).

Conversely, if X is a subvariety of P", then we will consider X° = X NT" as
this is then a subvariety of T™. <&

Let f = Yyezncya® be a Laurent polynomial in K[zi!, ..., 2. We define
the map trop, which takes a polynomial to its tropicalisation, by sending coefficients
to their valuations, the usual addition + to tropical addition @& and the usual mul-
tiplication x to tropical multiplication ®. If f = ¥, cpnc,z® is a usual polynomial
then its tropicalisation is trop(f) = min{val(c,) + X" ju;z;}.

The tropical hypersurface trop(V(f)) defined by the polynomial f is the set
of points of R™ where the minimum in trop(f) is achieved at least twice. The tropical
pre-variety of a finite set { f1,..., fs} is the intersection of the tropical hypersurfaces
trop(V (1)), - .., trop(V(fs)). Let I be an ideal in K[z1,..., 2] and X = V(I).

Then the tropical variety of X is

trop(X) = (") trop(V(f)).

fel

A finite set {fi1,..., fs} C I is called a tropical basis for I if its tropical pre-variety
equals the tropical variety trop(X). That is:

trop(X) = ﬂ trop(V'(f3))-
i=1

7



We shall see in the Fundamental Theorem [2.1.5 another more algebraic for-
mulation of the tropical variety. For this, we shall need the theory of initial ideals.

Fix a weight vector w € I'™ and set W := trop(f)(w) = min{val(c,) + w.u :
cu # 0}. The initial form of f with respect to w is defined as

ng(f) = 3, et vedat,
weZ™:val(cy)+w.u=Ww
which is a polynomial in the Laurent polynomial ring k[z?, ..., 2] over the residue

field. When considering initial terms with respect to a monomial term ordering <
(see |Cox, Little, and O’Sheal [2007, Section 2.2] for more information on monomial
term orderings) in<([) is always a monomial term. However, this is not always the
case for our initial terms as we are considering initial ideals with respect to a weight
vector. For example, consider x4+ 3y + 12z € Q[z, y, z] where Q is equipped with the
2-adic valuation. Then the initial form with respect to the weight vector (1,1,1) is
ing (T + 3y +122) =2 + 9.

The initial ideal of I with respect to w is the ideal generated by the initial

forms of all polynomials in I:

ing (1) = (ing(f) : f€I).

The initial ideal is an ideal in k[z1?, ..., z!].

Theorem 2.1.5 (The Fundamental Theorem of Tropical Algebraic Geometry). Let
K be an algebraically closed field with non-trivial valuation val. Let I be an ideal
in K[zt . .. at and X = V(I) its variety in the algebraic torus T™. Then the

following three subsets of R™ coincide.
1. The tropical variety trop(X) = (¢, trop(V (f)):
2. The closure of {w € T'™ :in,(I) # (1)} in R™;
3. The closure of {(val(u1),...,val(uy)) : (u1,...,up) € X} in R,

The Fundamental Theorem gives us three equivalent formulations of tropical
varieties. The first in terms of the intersection of tropical hypersurfaces which we
have already seen, the second in terms of initial ideals, and the third as the image of
the valuation map. This third formulation allows us to think of the tropical variety
as being a shadow of its algebraic counterpart. The second formulation in terms
of initial ideals gives an algebraic way to check if points are in a tropical variety.

This is because initial ideals over the polynomial ring can be finitely computed using



Grobner bases as we shall see in Chapter 8] By Remark [2.1.4] we can think of a
variety of the algebraic torus T" given by an ideal in K [a:ic, . ,wﬁ] as a variety
X C P" with defining homogeneous ideal I C K|[zg,z1,...,2,]|. In this situation,
fix a weight vector w € I'™*!. Then {g1,...,gs} is called a Grébner basis for I with
respect to w if the initial ideal in,, () is generated by {in,(g1),...,in,(gs)}. In this
case, the second set of the Fundamental Theorem becomes the closure in R™+!
of the set

{w eI :in,(I) does not contain a monomial}.

We omit the proof of the Fundamental Theorem (details can be found
in [Maclagan and Sturmfels, 2013, Theorem 3.2.5]) and instead we provide an ex-

ample.

Example 2.1.6. Consider K = C with the trivial valuation and consider the variety
X =V(z+y+1) C K[z*!, y*!]. Theorem requires our valuation to be non-
trivial; recall from Example 2.1.3] that we can consider C as a subfield of the field
of Puiseux series C{{t}}. We construct trop(X) in the three ways as described in
Theorem [2.1.5| and demonstrate that they are all equal.

Firstly, the definition of trop(X) = trop(V(z + y + 1)) is the set of all
w = (wi,wz) € R? such that the minimum in trop(z + y + 1)(w) is achieved at
least twice. By definition, trop(z + y + 1)(w) = min{wy, w2,0}. This minimum is

achieved twice at
1. wg and 0 when w = («,0) for all a > 0;
2. w; and 0 when w = (0, @) for all a > 0;
3. wy and we when w = (—a, —a) for all a > 0.

This minimum is achieved three times when w = (0,0). Thus the tropical variety
trop(X) equals the three half lines spanned by positive multiples of (1,0), (0, 1),
(—1,—1) and the origin as shown in Figure

Secondly, trop(X) is seen as the closure in R? of the set of all w € I'? such
that in,, (I) # (1). As I is generated by a single polynomial x + y + 1, this is the
same as finding all w € I'? such that in,(x 4+ y + 1) is not a monomial. The initial

form in,(z +y + 1) is not a monomial at
1. w= (a,0) for all @ > 0 where in,(x+y+1)=y+1;
2. w=(0,c) for all @ > 0 where in,(z+y+1) =+ 1;

3. w=(—a,—a) for all @ > 0 where in,,(z+y+1)=x+y;



\

Figure 2.1: A tropical line in the plane

4. w=(0,0) where in,(z+y+1)=x+y+ 1.

Again, we see that trop(X) is as in Figure

Finally, consider trop(X) as the closure of the image of the algebraic va-
riety under the valuation map. The variety is V(z +y + 1) = {(a,—1 —a) :
a € C{{t}},a # 0,1} and so consider (val(a),val(—1 — a)). If val(a) > 0 then
as val(a + b) = min{val(a), val(b)} if val(a) # val(b) we have that val(—1 —a) =
min{val(—1),val(—a)} = min{0, val(a)} = 0. Then (val(a), val(—1—a)) = (val(a), 0).
If val(a) < O then by similar arguments, we have that (val(a),val(—1 — a)) =
(val(a),val(a)). If val(a) = 0 and @ = b — 1 for some b with positive valuation,
then (val(a),val(—1 —a)) = (0, val(b)); otherwise, (val(a),val(—1 —a)) = (0,0).

Again, we conclude that trop(X) is as in Figure &

2.2 Polyhedra and the Structure Theorem

We shall see that tropical varieties have a polyhedral structure for which we shall
need some background in polyhedral geometry. For full details, see for exam-
ple Ziegler| [1995, Chapter 1].

A polyhedron P in R™ is the intersection of finitely many closed half spaces.
That is, for some A € Mat(m x n,R) and z € R™, it can be presented in the form

P=P(Az):={zeR": Az < z} (2.1)

where by Az < z we mean that if ai,...a,, are the rows of A and z = (z1,...,2m),
then we have inequalities a; - < z; for all 1 <7 < m.

A bounded polyhedron in R™ is called a polytope. That is, it can be described
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as the bounded intersection of finitely many closed half-spaces. We call a polytope
given with this description an H-polytope as it is given by an intersection of half-
spaces. Equivalently [Ziegler, 1995, Theorem 1.1], a polytope can be described as
the convex hull of a finite set of points. That is, if V' = {v1,...,vx} is a finite set in

R” then P can be presented in the form

k
P =conv(V) := {)\11)1 + o R AUt X >0, Z)‘i = 1} )
i=1
We call a polytope given with this description a V-polytope as it is given by its set
of vertices.
Using Fourier-Motzkin Elimination |Ziegler, |1995, Theorem 1.4] we can turn
a V-polytope into an H-polytope and vice versa. We shall use this in Section [2.3.1
when we are computing tropical hypersurfaces. We shall also need the lattice length
of an edge of a polygon, which is defined to be the number of interior lattice points
plus one.
Let P be a polyhedron in R™. The face of P minimising some w € R" is the
set:
face,(P) ={y € P:w-y <w-x for all z € P}.

For some subgroup I' C R™, P is called I'-rational if A € Mat,,»,(Q) and z € T
in . For the case where Q C I', this is equivalent to P having rational facet
normals and vertices in I'™. The affine span, aff(P), of a polyhedron P is the affine
subspace u + span{v — u : v € P}, for some u € P, the dimension of which is
the dimension of P. The zero-dimensional faces are called vertices and the one-
dimensional faces are called edges. Faces which are not contained in any larger
proper face are called facets. The relative interior of P is its interior in its affine
span. The lineality space of P is the largest affine subspace contained in P. That
is, if V' is a subspace of R™ for which x +v € P for all z € P and v € V, then it is
the lineality space of P.

A polyhedral complex ¥ is a collection of polyhedra for which if the inter-
section of any two polyhedra is non-empty, then it is a common face of each. It
is called I'-rational if every polyhedron in this collection is itself I'-rational. The
lineality space of a polyhedral complex is the intersection of the lineality spaces of
all the polyhedra in the complex. The support |X| of ¥ is the set of all points which

are contained in some polyhedron in X:

|X| ={x € R" : 2 € P for some P € X}.
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A polyhedral complex ¥ is pure of dimension d if every polyhedron in ¥ which is
maximal with respect to inclusion has dimension d. If ¥ is pure of dimension d,
then we say it is connected through codimension one if for every two d-dimensional

polyhedra P and @ in X, there is a chain
P=PFP,P,....PL=Q

for which P; and P;4; intersect in a unique codimension-one polyhedron for every
0<i<s—1.

Proposition 2.2.1. Let X be an irreducible d-dimensional subvariety of T™. Then
the tropical variety trop(X) is the support of a pure d-dimensional T'-rational poly-

hedral complex which is connected through codimension one.

Let X be an irreducible d-dimensional subvariety of P" given by an ideal
I C Klxg,1,...,7,]. Let X = X NT™ with tropicalisation trop(X?), which is
the support the I'-rational polyhedral complex ¥ in R™. The support || of this
polyhedral complex is determined by the defining ideal I and so is a fixed invariant
of the ideal, but the polyhedral complex structure applied to it may vary. For
example, trivially, one face can be subdivided into two, but there are also non-
trivial examples [see, for example, Maclagan and Sturmfels, 2013, Example 3.2.9].
We thus fix a polyhedral complex structure on |¥|. For example, it could inherit a
polyhedral complex structure from the Grébner complex (1), which we now define.

For a homogeneous ideal I C K|[xg,z1,...,%,], the Grébner complex (1)
of I is the polyhedral complex in R"*! whose (n + 1)-dimensional open cells are
in bijection with the distinct initial ideals of I. Given w € I'"*!, the Grébner cell
Cy(I) is the closure in R" ! of

{w € T s ing (I) = ing, (1)}

This is a I'-rational polyhedron [Maclagan and Sturmfels, 2013, Proposition 2.5.2]
whose lineality space contains (1,...,1) as the ideal I is homogeneous. Thus after
we quotient out by this lineality space, it is a polyhedron in R**!/R(1,...,1). An
ideal has only finitely many different initial ideals [Maclagan and Sturmfels| 2013
Lemma 2.5.4], and so has only finitely many different Grobner cells. The Grébner
complez (1) is the finite collection of Grébner cells Cy, (1) for all w € T, Tt is a
I'-rational polyhedral complex in R**!/R(1,...,1) [Maclagan and Sturmfels, 2013,
Theorem 2.5.3] where every Grébner cell is a face of some n-dimensional Grébner

cell. In the case where we are considering the trivial valuation, the Grobner complex
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is the Grobner fan of I. Grobner fans were introduced much earlier than Grobner
complexes by [Mora and Robbiano| [1988], and are consequently a much more well-
studied object. The Grobner complex is thus a generalisation of the Grobner fan to
the case where we are looking at fields with valuations.

By the Fundamental Theorem m it follows that trop(X) consists of the
Grobner cells C,(I) for which in,(I) does not contain a monomial. This endows
trop(X) with the structure of a polyhedral complex. This also gives a naive al-
gorithm for computing the tropical variety. We could first compute the Grobner
complex, and then trop(X) is the subcomplex consisting of those cells C,(I) for
which in, (/) does not contain a monomial. However, this turns out to be an in-
efficient method, as we explain in the following example [Bogart, Jensen, Speyer,
Sturmfels, and Thomas, 2007, Example 6.1].

Example 2.2.2. Consider the homogeneous ideal I = <x§’—2x4x53§6 +x3x§+azi:p7—
r3T527, mm% — xixg — X3T5%6 + xgx% + X3T4T7 — T2X5T7, .’E3$§ — X3X4%6 — T2T5T6 +
ToT4T7, T3T5 — 2T3T4T6 + TATT, T3T4T5 — ToxE — TIT6 + ToT3T7, TIX5 — ToT4TH —
ToT3Tg + x%:w, :vi — mx% — .’L'%.TG — XoT4Tg + 2x2T327, xgzvi — 2x9x425 + x%m, w§x4 -
ToT2 — oT3T5 + :1:%566,3:% — 2wox374 + 2375) C Cl21,...,77). Then V(I) defines
a curve times a three-dimensional torus, and so the tropicalisation trop(V(I)) is
a four-dimensional fan with a three-dimensional lineality space. Thus after quo-
tienting out by the lineality space it defines a tropical curve. We compute, using
gfan |Jensen|, that trop(V (1)) has five rays spanned by (0,5, —4, —13, —22, 74, —40),
(0,4,1,—-2,—5,-8,10), (0,—5,11,-8,8,—11,5), (0,—5,—17,76,—41,—53,40) and
(0,—10,—13,—16, 86, —22, —25) with three dimensional lineality space spanned by
(-1,0,0,0,0,0,0), (0,—1,0,1,2,3,4) and (0,0, —1,—-2,—3,—4, —5). However, X(I)
is full dimensional and so has many more cones than trop(V(7)). In fact, ¥(I) has
7167 rays whereas trop(V (J)) has only five. &

Having fixed a polyhedral complex structure on trop(X), we now explain
how to define multiplicities on the d-dimensional polyhedra of . To do this, we
first need the definition of the multiplicity of a minimal associated prime of an ideal
(see |Eisenbud, 1995, Chapter 3] for full details).

An ideal Q of K [:clﬂ, ..., is called primary if fg € Q implies that either
f e Qorg™e Q for some integer m > 0. We can write our ideal I as the intersection
of primary ideals I = ();_; Q; where each Q; is a primary ideal whose radical is the
prime ideal P;. If the P; are all unique and no @); is redundant in this expression
then it is called a primary decomposition of I. Such an expression is not unique,

but it turns out that the collection of primes {P;} is independent of the choice of
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primary decomposition |[Eisenbud, (1995, Proposition 3.13(a)]. These P; are called
the minimal associated primes of 1. The multiplicity of a minimal prime P; of I is
defined to be the length of (K[z}?,...,5]/Qi)p, as an K[z7", ...,z -module:

mult(P;, I) = length((K [z, ..., 21)/Q;)p.).

The multiplicity of a minimal associated prime of I is used to define the multiplicity
of a d-dimensional polyhedron o of the d-dimensional polyhedral complex ¥ =
trop(V'(I)). Fix some w in the relative interior of o and define the multiplicity of o
to be
mult(o) = Z mult (P, in,(1)).
P a minimal associated prime of iy ()

Consider any other w’ in the relative interior of o. We have in,/(I) = in,(I) as
they are both contained in the same Grobner cone of I. Thus this definition of
multiplicity is independent of the choice of w in the relative interior of o.

We now explain how this multiplicity can be effectively computed (see [Macla-
gan and Sturmfels, 2013 Lemma 3.4.6] for full details and a proof). For this

we need a multiplicative change of coordinates. This is given by an automor-

phism ¢: (K *)” (K*)". Tt has an induced map on rings ¢*: K[zi,..., zF] —
Kz, ... ] given by ¢*(x;) = x% for some a; € Z". As ¢ is an automor-
phism, ¢* is an isomorphism. Let A be the matrix whose columns are ai, ..., ay.

Notice that as ¢ is an isomorphism, A is invertible and also that A € GL(n,Z).
We apply a multiplicative change of coordinates so that the polyhedron ¢ in ¥ has
affine span span(ej,...,eq). Let w be a relative interior point of o, k[zgi1, ..., 2]
the polynomial ring in variables x4y1,...,2z, over the residue field k and J =
in,(I) Nk[zgs1,...,zn]. Then V(J) is a finite set of points, the number of which

when counted with multiplicity is the multiplicity of o:
mult(o) = dimg(k[zg41, ..., z0]/J).

By assigning multiplicities to all maximal dimensional polyhedra in this way, we can
endow 3 with the structure of a weighted polyhedral complex where the d-dimensional

polyhedron o in ¥ has weight given by mult(o).

Example 2.2.3. Consider the ideal I = (1+2?+2%y+2y?+y?) C C[z*!, y*!] where
C has the trivial valuation. Then trop(V(I)) has five rays generated by up = (1,0),
ug = (0,1), ug = (=1,0), ug = (0,—1) and us = (—1,—1). We determine the
multiplicities. For the ray generated by w, the initial ideal is in,, (I) = (y*> + 1) =
(y+1i)N(y—1), and so the ray has multiplicity two. For the ray generated by us, the
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initial ideal is iny, (I) = (2% + 1) = (x +i) N {(z — i), and so the ray has multiplicity
two. For the ray generated by ug, the initial ideal is in,, (1) = (2? + 2%y) = (1 +y),
and so the ray has multiplicity one. For the ray generated by w4, the initial ideal
is iny, (I) = (vy? +y?) = (r + 1), and so the ray has multiplicity one. For the ray
generated by us, the initial ideal is in,, (I) = (z%y + ry?) = (z + y), and so the ray
has multiplicity one. This is shown in Figure where all rays have multiplicity

one except those indicated with a 2. <&

Yy
Figure 2.2: A weighted fan in R?

We define what it means for a weighted polyhedral complex to be balanced

by first considering the case of a one-dimensional fan. Let ¥ be a one-dimensional

weighted I'-rational polyhedral fan in R™. Denote by u; € Z™ the first lattice point
of the i-th ray of ¥ and suppose it has multiplicity m;. The one-dimensional fan ¥

Z m;u; = 0.
%

Example 2.2.4. Returning to Example the fan for trop(V (1)) is balanced as

2@”(g)ﬂ.(—;)H.(_@l)H.(j):(g). o

Let ¥ be a weighted I'-rational polyhedral complex in R”. To see that X is

is said to be balanced if

balanced we reduce to the case of a one-dimensional fan. Let P € ¥ be a polyhedron,
then the star of P, stary(P) is a fan in R™ with cones indexed by those @ € ¥ which
have P as a face. Fix w € P, then the cone of stary(P) indexed by face @ is

{veR":Je >0 with w+eveQ}+aff(P) —w
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which is independent of the choice of w. For example, the star of the ray generated
by (1,0) in the tropical curve of Example is the horizontal axis, and the star
of the origin is the whole fan of Figure If ¥ is a pure weighted d-dimensional,
I-rational polyhedral complex with P a (d — 1)-dimensional polyhedron in 3, then

we say that X is balanced at P if the one dimensional fan

stars (P)/{aff(P) — w}wep

is balanced after inheriting the weights from . The complex ¥ is said to be balanced
if it is balanced at all (d — 1)-dimensional polyhedra in .
The Structure Theorem of Tropical Varieties [see Maclagan and Sturmfels,

2013, Theorem 3.3.5] asserts that tropical varieties have this additional structure.

Theorem 2.2.5. (Structure Theorem for Tropical Varieties) Let X be an irreducible
d dimensional subvariety of the torus T™. Then trop(X) is the support of a balanced
weighted I'-rational polyhedral complex pure of dimension d. If K has characteristic

zero then this complex is connected through codimension one.

2.3 Computing Tropical Varieties

A natural question to ask is how can trop(X) be efficiently computed. Recall that
the Fundamental Theorem [2.1.5| says that for X C T" with defining ideal I C
Kz, ... 2], the tropical variety trop(X) is the closure in R™ of the set {w €
I'™ :in,(I) # (1)}. In Chapter |3| we explain how over a field with a valuation we
can compute a Grobner basis which can be used to compute in, (/). We examine
existing methods to compute tropical varieties over fields with the trivial valuation.
This allows us to use the standard theory of Grobner bases where we do not take
the valuations into account. We shall see firstly that tropical hypersurfaces, which
are defined by a single polynomial f can be constructed from the Newton polygon
Newt(f). We then shall see how tropical curves can be constructed before seeing
how an arbitrary dimensional tropical variety can be constructed using the methods

of Bogart, Jensen, Speyer, Sturmfels, and Thomas| [2007].

2.3.1 Tropicalising Hypersurfaces in P?

In this section, we consider tropicalising hypersurfaces which are also curves; that
is, hypersurfaces in P? defined by a single homogeneous equation in K[zg,x1, z2].
We concentrate on the case of tropicalising hyperplanes in P? as we shall explic-

itly require these algorithms for our constructions in Chapter In that chapter,
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we will be looking at a different methods of computing tropical curves from pro-
jections to coordinate planes. The work of this section will allow us to compute
the tropicalisations of the coordinate projection of these tropical curves as they are
tropical hypersurfaces. Similar methods can be used to construct tropical hypersur-
faces in P™. In particular, the tropical hypersurface trop(V (f)) for some polynomial
f € K[xg,x1,...,2,] can be constructed from its Newton polygon Newt(f).

As the defining equation f € K|[zg,z1,x2] is homogeneous the tropical va-
riety has (1,1,1) in its lineality space so we consider the tropical variety after first
quotienting out by (1,1,1). This corresponds to first dehomogenising the defining
equation which we can then consider as a polynomial f in K [:Ulﬂ, mQﬂ] We discuss
how to construct tropical hypersurfaces in R? defined by a single polynomial f from
its Newton polygon and how this can be computed using Fourier-Motzkin elimina-
tion. We shall also see how the multiplicities can be recovered from the lengths of
corresponding edges of the Newton polygon.

We start with some polyhedral geometry. Let P be a convex polygon in R?,
F a face of P and set Np(P) := {w € R? : w-y < w-xforallz € P,y € F}.
That is, Nz(P) is the collection of all w € R? for which face,(P) C F. Consider
w = (0,0). As (0,0) -y < (0,0) -z for all z,y € P it follows that for all faces I of
P we have that (0,0) € Np(P). Suppose that w,w’ € Np(P) then w-y < w-x and
w -y <w'-zforallze Pandy e F and so (aw + fw’) -y < (aw + fw’) - x for all
a, 8 > 0 from which it follows that aw + pw’ € Np(P). We conclude that Np(P)
is a polyhedral cone in R? and is called the normal cone of P at F.

The normal fan of P is the set of all normal cones at all faces of P:
N(P) :={Np(P) : F is a face of P}.

By Ny(P) we denote the subfan of A(P) containing only the cones of N(P) which

are not maximal dimensional.

Lemma 2.3.1. Suppose E and F are faces of a convex polygon P with E G F, then
NE(P) 2 Nr(P).

Proof. Let w € Np(P). Then for all x € P and y € F we have that w -y < w - x.
As this holds for all y € F' it must hold for all y € E C F and so w € Ng(P).

Now suppose that Ng(P) = Ng(P) and let w € Ng(P). Then by definition
face,(P) O E and so for all x € E and y € P it follows that w -z < w-y. But
w € Ng(P) so w € Np(P) and in particular w- 2’ <w -y for all 2’ € F and y € P
meaning that 2’ € face,(P) for all 2/ € F and so F C E. By assumption £ C F
and so £ = F contradicting the assumption that FE ; F. O
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Let P C R? be a two-dimensional polytope. If F' is a face of P then by, for
example |Cox, Little, and Schenck, [2011} Proposition 2.3.8(a)], we have that

dim(F) + dim(Np(P)) = 2.

Combining this with Lemma [2.3.1] we see that there is a bijective dimension-
reversing inclusion between the faces of the convex polygon P and the cones in
its normal fan N (P).

Returning to constructing the fan which is the support of a tropical curve in
P2, let C be a curve defined by polynomial f = 3" ¢,z% in K[:clil, J:Qﬂ] The Newton
polygon of f is defined as the convex hull of the exponents of x which have non-zero
coefficients:

Newt(f) := conv{u : ¢, # 0}.

We can recover the fan that is the support of trop(C) from the Newton polygon of

f as the following result explains.

Lemma 2.3.2. Let f € K[a;lﬂ,xéd} be a polynomial and let 3 be the polyhedral
complex which consists of the non-maximal cones of the Newton polygon of f. Then

the tropicalisation of V(f) is the support of the complex ¥.. That is,

trop(V (f)) = No(Newt(f)).

Further, the multiplicity of the ray of trop(X) which is normal to the edge E of
Newt(f) is the lattice length of E.

Proof. Let P = Newt(f). If f is a monomial, then P is a single point. Setting
P = {z}, then for all w € R? we have that w -z < w - x and it follows that
Np(P) = R? is the only cone, and so Ny(P) = (). Clearly trop(V(f)) is empty as
in, (f) is always a monomial, and so the two sets coincide as required.

Now suppose that f is not a monomial. Let u,...,us be the exponents of
the monomials in f which have non-zero coefficients. Now, w € trop(V (f)) means
that in,(f) is not a monomial and so the minimum in min;{w - u;} is achieved
at least twice, which after relabelling, we assume occurs for ¢ = 1,...,r for some
r<s Sow-u = -=w-u < w-u; for all 1 < ¢ < s which implies that
w - (X oqui) < w - (325 Buy) for all ar,...,ap, Bi,..., 85 € Rxg such that
di—iai = land 377, B; = 1. Notice that >7i_; ayu; € conv{ug,...,u,;} and
> i=1 Bjuj € conv{uy,...,us} = P and so by definition, we have that w € Np(P)
for F' = conv{uy,...,u,}. If F is one-dimensional, then by the dimension reversing

correspondence between faces of P and cones of N (P), it follows that Np(P) is
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also one-dimensional and so as N(P) is two-dimensional we have that w € Ny(P)
as required. If F' is two-dimensional, then Np(P) is zero-dimensional, and so again
w € Np(P) as required.

For the reverse inclusion, notice that w € Np(P) means that w € Np(P)
for some face F' such that Np(P) is zero-dimensional or one-dimensional. If Np(P)
is one-dimensional this corresponds to F' also being one-dimensional and so after
relabelling if required, we can write F' = conv{uj, us}. By the definition of Np(P)
it follows that w-u; < w-ug and w - u; > w - ug and so it must follow that we have
equality. Further we have that w-uy,w-us < w-wu; for all 1 < ¢ < s by the definition
of Np(P). Thus w-u; = w-ug < w-wu; for all 1 <i < s and so w € trop(V(f)). If
Ng(P) is zero-dimensional, it must be the origin and so F' is the whole of P. Again
we must have that w-u; = w-uj for all 1 <14, < s and so w € trop(V(f)).

Let p € trop(V(f)) be a one-dimensional cone in the tropical variety which
by the first part of this Lemma, p is a one dimensional cone of the normal fan to
Newt(f). By the dimension reversing inclusion of the normal, p corresponds to an
edge F of Newt(f). By a monomial change of coordinates, we can transform Newt( f)
such that FE lies horizontally. As we are working in the Laurent polynomial ring, we
can translate the Newton polygon as we wish as this corresponds to multiplication
by monomials. We move Newt(f) so that the transformed Newton polygon Newt(f”)
lies in the upper half plane and the chosen transformed edge E’ has vertices (0,0)
and (k,0) for some k > 0. This means that Ng(Newt(f’)) extends in the direction
(0,1).

Let p/ = (0,1). Then as Newt(f’) lies in the upper half plane, f’ has only
non-negative powers of xo. Further, all terms in f/ which involve x; only have non-
negative powers of z1 due to the position of Newt(f’). Thus iny (f’) is a polynomial
in z1 only. Let iny (f') = Zf:o c;zt where co, ¢ # 0. Recall that p' has multiplicity
corresponding to the number of points in V(iny (V(f’))). As K is algebraically
closed and f’ is of degree k with no monomial factors, it has k roots in K and so the
ray p' has multiplicity k. Also, E’ has k — 1 interior lattice points. By the definition
of multiplicity of p, we see that it equals the multiplicity of p’ of our tropical curve
under the coordinate change.

We claim that the original edge E in Newt(f) and the modified edge E’ of the
translated Newton polygon Newt(f’) both have the same number of interior lattice
points. Let ¢: (K*)2 — (K*)? be the monomial change of coordinates with induced
map on rings ¢*: K[zi! 25 — K[z, 25!] given by matrix A € GL(2,Z). As A
has all integer entries, lattice points in E are sent to lattice points in E’. Then as

A € GL(2,Z) it has a inverse in GL(2,Z) and so by analogous arguments, all lattice
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points in E’ are sent to lattice points in E. Thus they must have the same number

of lattice points as A is an isomorphism. O

Using Fourier-Motzkin Elimination, we can turn the Newton polytope from
a V-polytope conv{u : ¢, # 0} to an H-polytope {z € R? : Az < z} for some
A € Mat(m x 2,Z) and z € R™. We claim that if a1, ..., a,, are the rows of A, then
the one-dimensional cones of the normal fan to Newt(f) are generated by aq, .. ., an,.
This allows us to easily compute the one-dimensional skeleton of the normal fan to
Newt(f), which is the tropical variety trop(V (f)). To see this, we firstly show that
a; is contained in some normal cone of P at some face F. Faces of P are given by
Fj={rx e P:a;j -x=z}forall<j<m. Weshow that a; is contained in
N, (P) by showing that face,, (P) = F;:

faceq,(P)={y€P:a;,-y<a;-x Vre P}
={yeP:a;-y=2 VreP}
— F,.

The second equality follows as a; -y is a constant for all y € face,, (P) as a;-y < a;-y/’
for all y,y’ € face,, (P). So a;-y' < a;-y and then a; -y = a; -y’ =: z;. Now we show
that if a; is in the normal fan of P then a; - ¢ < z; is a defining inequality for P as
an H-polytope. Let y € F; then a; - y = z;, but we know that face,,(P) = F; so for
all z € P we have that a; -z < a; -y = 2.

We summarise the results of this section in the following algorithm. It com-
putes the tropicalisation of a hypersurface in P? from the Newton polygon of its
defining equation, with the multiplicities of the edges being the lattice length of the

corresponding edge.

Algorithm 2.3.3. Input: Polynomial f € Klzg,z1,x2].
Output: A one-dimensional balanced weighted fan which is the support of

trop(V'(f)).

1. Write f in the form -, _

=(uo,u1,u2)EN3 Cu
{(u1,u2) : ¢y # 0,u = (ug,u1,u2) in the expression f = Y -ys cuz"} in N2.

Let P = conv(V) be the V-polytope defined by V.

x¥. Define a finite set of points V =

2. Define Q = {(z,t) eR>*™ 2=Vt t>0and (1,...,1)-t=1}.

3. Use Fourier-Motzkin elimination to project away the t variables and write P
as H-polytope P = {r € R? : Az < 2} for some A € Mat(m x 2,7Z) and
z € R™.
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4. Let m be the lattice lengths of the edges of P.

5. Let X be the one-dimensional fan which has rays spanned by the rows of A.

Output X, m.

2.3.2 Tropical Curves

In this section, we focus on how to compute tropical curves. Let X be an irreducible
one-dimensional variety in P™ with defining ideal I and tropicalisation trop(X). Re-
call that {g1,...,gs} is a tropical basis for I if its tropical pre-variety equals trop(X).
So if we can construct a tropical basis then we would be able to construct the tropical
variety trop(X) as the intersection of those finitely many tropical hypersurfaces.

Let B = {f1,..., fr} be a generating set for I and construct the tropical
pre-variety for B. This is the finite intersection of tropical hypersurfaces each of
which is a polyhedral fan by the Structure Theorem [2.2.5] Thus the intersection
Nfep trop(V(f)) is also a polyhedral fan ¥, which may not be pure dimensional.

Consider a cone o in ¥ whose dimension is greater than one. Then as trop(X)
is a tropical curve, by the Structure Theorem [2.2.5] it is a polyhedral complex of
dimension one and so the whole of ¢ cannot be in trop(X). As trop(X) is one-
dimensional and the cone is two-dimensional, we can find a generic relative interior
point w € ¢ such that in, (/) contains a monomial z*. Let G be a reduced Grébner
basis for I with respect to w and let r be the normal form on division of z* with
respect to G. By properties of Grobner bases [see, for example, Cox, Little, and
O’Shea, 2007, Section 2.6, Proposition 1(ii)] this means that there is some f € I
such that z" = f — r with the property that z* = in,(f). Additionally, as r is
obtained on division by G, it depends only on the reduced Grébner basis G and not
on the choice of Cy,(I). This means that for f = "+, if we choose any w’ € C, (1),
then as in,, (1) = iny, (1), G is a Grobner basis for I with respect to w’ and we would
have that in,,(f) = z%. So f is a witness for Cy,(I) not being in the tropical variety.
We add f to B and this excludes the Grébner cone Cy,(I) from being in the tropical
variety.

Now, suppose that ¢ is zero or one-dimensional, and let w € ¢ be a relative
interior point. If in, (/) contains a monomial, then o does not live in the tropical
variety and so we need to add a polynomial which excludes this cone. Proceed as
above to find a witness to add to B. Suppose now that in, (/) does not contain a
monomial. Then as ¢ is one-dimensional, any other relative interior point of o is of
the form w’ = aw for some o > 0. Thus in,, (/) = in, (/) and we would have that
w' € trop(X). Thus o € trop(X).

21



As I has only finitely many initial ideals and as at each step we exclude at
least one, we only need to add a finite number of polynomials in order to recover
trop(X) in this way, and so we are left with a tropical basis for I and a way to find
the tropical variety trop(X).

We then repeat this process on the enlarged set B until all the cones are
certified to be in the tropical variety. Thus we have a tropical basis and can compute

the tropical curve by the intersection trop(X) = [ ;eg trop(V (f)).

2.3.3 Computing Other Tropical Varieties

In this section, we consider how to construct the tropicalisation trop(X) for an irre-
ducible d-dimensional variety X C P" contained in the torus T" and with defining
ideal I. We use that trop(X) is connected through codimension one to pass from one
maximal dimensional cone to another through a common facet. This is known as a
Grobner walk and is demonstrated for the case of tropical surfaces in Figure[2.3] We
start at the red shaded face in the first diagram, then walk to the connecting edge
coloured red in the second diagram. We then walk to the connecting red shaded
face in the final diagram. This walk is performed by computing some tropical curve
which has a ray for each neighbouring maximal dimensional cone. Continuing over
all facets of all maximal dimensional cones, we recover the entire tropical variety.

In this subsection, we outline how this works.

Figure 2.3: Walking around a tropical surface

Suppose that we have a maximal dimensional cone of the tropical variety
trop(X). This corresponds to finding a Grobner basis of I with respect to w such
that in, (/) does not contain a monomial for which the Grobner cone Cy (1) is d-
dimensional. Let F' be a facet of C,(I) and u a relative interior point of F'. Consider
the initial ideal in, (7). As w is a relative interior point of F, in, (/) is homogeneous
with respect to the span of F.. Thus as F'is (d —1)-dimensional, in, (/) has a (d—1)-
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dimensional lineality space. So V(in,(I)) = C x T9"! and after we quotient out
by the lineality space, the tropicalisation is a curve trop(C). By Section we
can compute the tropicalisation trop(C') which is a one-dimensional polyhedral fan,
and so is a collection of rays and the origin. This is shown for the case of a tropical
surface in Figure [2.4l The maximal two-dimensional cone that we are looking at is
shaded red, and the point u in green. Then the tropical curve trop(V (in,(7))), after
we quotient out by the torus, is drawn in blue. Observe that this tropical curve has

a ray pointing in the direction of each neighbouring two-dimensional cone.

Figure 2.4: A tropical curve with a ray pointing in the drection of each two-
dimensional cone of the tropical surface

By Kalkbrener and Sturmfels [1995, Theorem 2|, for I a prime ideal, the
initial complex associated to the initial ideal in,(I) is strongly connected. Then
by Kalkbrener and Sturmfels| [1995, proof of Theorem 1], V(in,(I)) is also con-
nected. Thus in Chapter [4 where we are looking at computing tropical curves from

coordinate projections, we will assume that the input curve is connected.

Let v be a primitive ray generator of trop(V (in,())). This means that v €
trop(V (iny(I))) and so by definition in,(in,(I)) does not contain a monomial. For
sufficiently small € > 0, there exists w’ = u+ev such that in, (in,(I)) = iny4ep (1) =
in,/ (I) [Maclagan and Sturmfels, 2013, Lemma 2.4.5]. Then w’ is a point in the
interior of a neighbouring cone to F'. Repeating for all rays of trop(V (in,(I))) we

obtain the neighbouring cones of the facet F' and then repeating for all the facets of
Cy(I) we obtain a collection of cones which are adjacent to the selected cone Cy, ().
We repeat this procedure for all of the new cones that we have found. For

each of them, we find the facets, then a relative interior point u for the facet then
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compute the tropical curve trop(V (in,([))), each ray of which corresponds to a
neighbouring cone.

By continuing this process until we add no new cones, we have then recovered
the tropical variety.

It remains to show that we can find some maximal dimensional cone of the
tropical variety as a starting point for this procedure. One possibility is to compute
the entire Grébner fan. However, this is not very efficient as the Grébner fan may be
much larger than the tropical variety, as shown in Example Instead, currently
probabilistic heuristics are used to find a starting cone |[Bogart, Jensen, Speyer,
Sturmfels, and Thomas|, 2007, Algorithm 4.12].

2.4 Elimination Theory of Tropical Varieties

In Chapter [4] we will use Elimination Theory and Tropical Elimination Theory in
our reconstruction of tropical curves from coordinate projections. We use Elimina-
tion Theory [see, for example, Cox, Little, and O’Shea, 2007, Chapter 3, Section 1]
to find equations of the projection of a curve to coordinate planes. Then, by Trop-
ical Elimination Theory [Sturmfels and Tevelev, 2008], the tropicalisation of this
projection is the projection of the tropicalisation of the original curve. We outline
these results here.

Let I be an ideal in K|z1,...,xy,]). Then the I-th elimination ideal of I is an
ideal in K[z;41,...,zy,] which is defined by

Il:IﬂK[:clH,...,xn].

The following Elimination Theorem [see, for example, |Cox, Little, and O’Shea, 2007,
Chapter 3, Theorem 2] tells us that a basis for this elimination ideal can be obtained

from a Grobner basis for I with respect to the lexicographic term order.

Theorem 2.4.1. Let I be an ideal in K[z1,...,x,] where G is a Grébner basis for
I with respect to the lexicographic ordering with x1 > xo > -+ > x,. Then for all
1<i<n, G =GNK[xi41,...,2s] is a Grobner basis for the l-th elimination ideal
I,.

The Elimination Theorem [2.4.1] tells us that from the Grobner basis with
respect to the lexicographic term order, we can recover the [-th elimination ideal
for all 1 < I < n. For our purposes, we shall only require a single elimination
ideal and so it does not make sense to compute a Grobner basis with respect to the

lexicographic term order. This is especially true as the lexicographic term order can
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lead to some very large Grobner bases [see Bayer and Mumford} 1993, pp.11-12].
Instead we use an elimination term order where any monomial involving one of
the 1,...,x; is greater than any of the monomials in K[z;11,...,2,] and if G is a
Grobner basis with respect to this term ordering, then G; = GN K [x41,...,%y,] is &
Grobner basis for the [-th elimination ideal I;.

In Tropical Elimination Theory [Sturmfels and Tevelev, 2008|, varieties are
replaced by their tropicalisations. Let X C T™ and Y C T" be a subvarieties of the
same dimension. Denote by NN,, the dual lattice to the lattice of characters of P"
and similarly for V,,. Let trop(X) C R™ and trop(Y) C R™ be the tropicalisations
of X and Y respectively.

Suppose that f: X — Y is a dominant map which is generically finite
of degree § and « is the homomorphism of tori specified by the Z-linear map
A: (Ny)g = (Nm)g- |Sturmfels and Tevelev| [2008, Theorem 1.1] tell us that the

following diagram commutes

X IoP, trop(X)

b L

y =P, trop(Y)

and so A(trop(X)) = trop(Y). If o is a maximal dimensional cone of trop(Y’) then
its multiplicity is given by

1 .
Mo = = Z m~index(vy, o) (2.2)
~vyetrop(X): A(y)20o

where index(7, o) denotes the index of the sublattice of Ny, generated by A(yNN,,)
inside of the sublattice generated by o N Ny,.

Example 2.4.2. Let I = (zy + 10y? — 23yz — 4y + 642z — 48, y? — dyz + 422 + 2y —
32,23y + 4wz — 52yz — 18y + 1712 — 128) C C[z™!, y*!, 2] be a one-dimensional
ideal which defines a subvariety X of (C*)3. Let C be equipped with the trivial
valuation. Let f be the projection map onto the first two coordinates. This map
has degree one, and so § = 1. We verify the results of Sturmfels and Tevelev| [2008]
here showing that projection and tropicalisation commute.

First we tropicalise then take the projection. Using the methods of Sec-
tion We see that trop(X) is a one-dimensional fan in R? with five rays generated
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p1=(1,0,0)
p2=(0,1,0)
p3 = (2,0,1)
pe=(-1,-1,-1)
ps = (—1,1,1)
with multiplicities m,, = 1, m,, = 1, m,; = 1, m,, = 2 and m,; = 1. Then

projecting onto the first two coordinates, we have four rays
o1 =(1,0),00 =(0,1),03 = (—1,—-1),04 = (—1,1).

We use to find their multiplicities. To find m,, we see that both p; and p3
project to o1. We need to now compute the lattice indices. For p1, index(oy, p1) is
the index of the sublattice of Z? generated by f((1,0,0)) = (1,0) inside the sublattice
generated by (1,0). This has index one. For ps, index(oq,p3) is the index of the
sublattice of Z? generated by f((2,0,1)) = (2,0) inside the sublattice generated by
(1,0). This has index two. So then

1
[1-141-2]=3.

Mo, =

— |

We similarly compute the other multiplicities using (2.2)) as follows:

1

Moy =~ [1-1] =1
1
1

Moy = 7 [2:1] =2
1

mg, =1 [L1]=1.

Now, suppose we project and then tropicalise the result. By Elimination
Theory, we find that the projection is generated by polynomial z2y — 12zy? + 9y> +
155xy 4 32y% — 1922+ 20y — 16. Using Algorithm we see that the tropicalisation

has rays o1, 02, 03, 04 with multiplicities my,, Mgy, Mgy, Mo, as required. &

2.5 Tropical Varieties by Regular Projections

Let X be an irreducible d-dimensional subvariety of 7™ with defining ideal I. In
proving that the tropical variety trop(X) has the structure of a polyhedral com-

26



plex, |Bieri and Groves| [1984] showed that a tropical variety can be obtained by con-
sidering the intersection of the pre-images of sufficiently general projections. Hept
and Theobald| [2009] then showed that you can always find these projections such
that the tropical variety is then given by an intersection of tropical hypersurfaces.
In this section, we outline this material as it forms the background to Chapter
where we reconstruct a tropical curve from its coordinate projections.

Let X be a subvariety of 7™ with tropicalisation trop(X). Then trop(X) is
the support of a polyhedral complex ¥ in R”. A projection m: R” — Rt is called
geometrically reqular with respect to 3 |[Hept and Theobald} 2009, Definition 3.6]
if:

1. if o is a k-dimensional face of ¥ then dim(w (o)) = k;
2. if 7(0) C w(7) for some 0,7 € ¥ then o C 7.

That is, if it respects dimensions and inclusion of faces. [Bieri and Groves| [1984,
Section 4.2] also considered these geometrically regular projections but they simply
called them regular projections. However Hept and Theobald [2009] gave them
the name geometrically regular to avoid confusion with another class of regular
projections which they also defined, algebraically regular projection. Thus we shall
stick to the name geometrically regular of Hept and Theobald| [2009].

For 7: R® — R¥*! a rational projection, 7~ 17 trop(V(I)) is a tropical vari-
ety. If 7 is additionally geometrically regular, then dim(trop(V(I))) = d and then
7~ lmtrop(X) is a tropical hypersurface. Thus it is defined by a single equation. We
can find this equation by first applying a coordinate change so that 7 is a coordinate
projection and finding this equation by the Elimination Theory of Section [2.4]

In proving that the tropical variety trop(X) has the structure of a polyhedral
complex, [Bieri and Groves [1984} Proof of Theorem 4.4] also showed that there exists
n —d 4 1 geometrically regular projections m, . .., Th_q: R” — R in some dense

open set in the space of all projections such that

n—d

trop(X) = ﬂ 7 i (trop(X)).
1=0

From above, for all 0 < i < n — d we have that 7, 'm;(trop(X)) = trop(V(g;))
for some ¢g; € I. Thus we can write trop(X) as the finite intersection of tropical

hypersurfaces. This means that we can find gg, g1, ..., 9n_q € I such that
n—d
trop(X) = () trop(V(9:))-
=0
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We will use these projection ideas in order to find new ways to construct tropical

curves in Chapter [l where we will restrict ourselves to coordinate projections.

2.6 The Degree of Tropical Curves

Let C be a curve in 7" with tropicalisation trop(C'). We shall see in (2.3) how the
degree of a tropical curve can be defined. The following theorem asserts that both

C and trop(C) have the same degree.

Theorem 2.6.1. [Maclagan and Sturmfels, |2015] Let C' be a curve in T™. Then
deg(C) = deg(trop(C)).

In Chapter [4] we shall use the fact that we know the degree of the algebraic
curve C' as then by Theorem we know the degree of the tropical curve trop(C).
We outline the combinatorial calculation of the degree of a tropical curve here. It
requires some tropical intersection theory. Let »; and Y2 be two weighted balanced
I'-rational polyhedral fans in R™ which are the support of two tropical varieties.
Suppose that 3; is one-dimensional and Y3 is (n — 1)-dimensional. We define the

following intersection product [Katz, [2012]:

Y- dg = g Ho109Mo1 Moy [Ul N 02]7
(0’1,0'2)€El><22

where m,, is the multiplicity of o in ¥4, m,, is the multiplicity of o2 in ¥5 and

[Z" : Z{o1, 09)] if o1 N (o9 + u) # 0
MHoyoe = .
0 otherwise,

for some generic u € Z" such that o1 N (02 + ) is a finite set of points. We define

the degree of this intersection:

deg(3; - 39) = Z Loy oMoy My -
(01,02)€X1 X2

If ¥9(u) represents the fan Yo translated by u, then we can think of 3 - X9
as being the set of intersection points of ¥; and Yo (u). As u is chosen to be generic,
it follows that this intersection is a finite number of points each point being the
intersection of a cone o1 € ¥ and o2 +u € Xo(u) with multiplicity piy,0,. That the
degree does not depend on the choice of generic u follows from [Allermann and Rau
[2010, Lemma 9.14].
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Example 2.6.2. Let ¥; and X5 be two one-dimensional fans in R?. Suppose that 3
has rays generated by p; = (1,0), p2 = (0, —1) and p3 = (—2,1) with multiplicities
2, 1 and 1 respectively, and that ¥y has rays generated by o1 = (1,0), o2 = (0,1)
and o3 = (—1, —1) all with multiplicities one. let u = (—1, —1) then the intersection

3139 as shown in Figureand consists of the points (—1, 1) being the intersection

\

\J

Figure 2.5: The intersection of ¥1 and X9 of Example

of p3 with o9 and the point (0, —1) that is the intersection of pa with 1. Then

-2 1
det

0 1

0 -1
det

1 0

and so deg(X; - ¥2) = 2+ 1 = 3. Notice that if we had chosen another generic u,

Hpsog = [Z2 : Z<(_2> 1)a (03 1)>] =

2;

Hp2o1 = [Z2 L Z{(0,-1), (170)>] = L

?

say u = (1,0), then we would obtain the same final answer deg(¥; - ¥2) = 3. &

We now explain how to use this tropical intersection theory to find the degree
of a tropical curve combinatorially. Let eq,...,e, be the standard basis vectors of
Z" and eg = —e; — - -+ — ey, Let trop(C') be a tropical curve which is the support of
a one-dimensional weighted balanced fan ¥ in R™. If p is the first lattice point on a

ray of X then we can decompose it into a sum of egy, e, ..., e, as

n
p= E a;e;
i=0

for some a; € N. We say a decomposition is minimal if there does not exist another

decomposition with smaller a;. This occurs if and only if at least one a; equals zero.
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Such a minimal decomposition is unique. The support of p is supp(p) = {e; : a; #
0 in its minimal decomposition}.

Let L be the weighted balanced fan which is the tropicalisation of a hyper-
surface defined by a linear polynomial of full support. That is L is the (n — 1)-
dimensional fan consisting of all cones generated by all (n — 1)-element subsets of
{eo, €1, ..., ey} which all occur with multiplicity one. Following Allermann and Rau
[2010], we define the degree of trop(C') as follows

deg(trop(C)) = deg(X - L). (2.3)

Example 2.6.3. Consider the ideal I = (zy? + y? + 1) C K[z*! y*!] and let
C =V(I). Then by Sectionwe see that trop(C') is the fan X of Examplem
and see that deg(trop(C)) = 3 as we would expect as the generating polynomial of
the hypersurface has degree 3. <&

Fix some j € {0,1...,n}. In the definition of tropical intersection, we trans-
late one of the tropical varieties by a generic u € Z™. Choose u to be generic and
such that ¥ and L(u) intersect only in rays p of ¥ for which e; € supp(p) and cones
o of L for which e; is not a generator. We do this by choosing u to be ce; + ¢ which
means that we are moving L in the e; direction. The intersection condition for each
ray of X gives us a closed set of points of u which are not suitable. As ¥ has only
finitely may rays, again we have a closed set of unsuitable choices for u. The set of
generic u is open and Zariski dense in Z" [Fulton and Sturmfels, 1997], and so we
can always find a suitably generic u. With this choice of u, the ray p of ¥ intersects
L(u) in the cone o where o is generated by A ={e; : 0 <i<n, 1i# j k} for some
0 < k < n where supp(p) € AU {e;}.

This intersection contributes p,,m, to the degree equation as m, = 1 for all
cones of L. The factor u,, is the lattice index [Z" : Z(p, o)] which can be seen as
the absolute value of the determinant of the n X n matrix M whose rows are given
by p and the e; for which e¢; € A. If the minimal decomposition of p is Y "', ae;
then as supp(p) € AU{e;} we can perform row operations on M which do not affect
its determinant to make the row p become aje;. This matrix then has determinant
equal to £a; and so does M.

It then follows that if > has rays p1, ..., ps where p; has minimal decompo-

n
pi = § aije;,
=0

sition
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forl1<i<sthenforall0<j<n
deg(trop(C)) = Y _ mia;;. (2.4)
=1

This gives a combinatorial way to compute the degree of a tropical curve without

having to find a generic .

Example 2.6.4. Returning to Example we find the degree of trop(C') using
this combinatorial rule. We first find minimal decompositions for the rays of trop(C').
Let e; = (1,0), ez = (0,1) be the standard basis vectors of Z? and ey = —e1 — 3 =

(=1,—1). Then the minimal decompositions are:

pP1 = (1,0) = €1,
p2 = (0,—1) = eg + e1;
p3 = (—=2,1) = 2ey + 3eq,
where p; has multiplicity two and p2 and p3 both have multiplicity one. Then the
description above tells us that the degree of trop(C) is the total number of rays in
the direction eg, e1, es counted with multiplicity. Counting in the direction ey we

get
deg(trop(C)) =2-0+1-14+1-2=3.

Notice that counting in the directions e; or e would give us the same answers

deg(trop(C)) =2-1+1-14+1-0=3
deg(trop(C)) =2-0+1-04+1-3=3. <&

31



Chapter 3

Grobner Bases Over Fields with

Valuations

3.1 Introduction

Let X be a subvariety of P*~! and let X° = X N7T™. Then by the Fundamental
Theorem we see that the tropical variety trop(X?°) is the closure in R™ of those
w € I for which the initial ideal in,(I) # (1). We can use the theory of Grébner
bases in order to compute these initial ideals, and so construct the tropical variety.

We saw in the Section that most prior computational work in tropical
geometry has concerned ideals with coefficients in QQ with the trivial valuation as this
can be treated using standard Grobner techniques. In this case (without valuations),
an algorithm for computing Grobner bases was developed by Bruno |Buchberger
[1965] in his PhD thesis. For more general valued fields, such as K = Q with the
p-adic valuation val,, the standard Grobner algorithms need to be modified. This is
explained in Section[3.2] The main issue is that the standard normal form algorithm
need not terminate. The solution is to replace it by a modification of Mora’s tangent
cone algorithm.

Unlike the standard basis case, we get a strong normal form; see Remark[3.2.7]
In Sections [3.3] and we discuss complexity and implementation issues. Degree
bounds are as for usual Grébner bases (Theorem [3.3.1). While the valuations of
coefficients in a reduced Grobner basis cannot be bounded by the valuations of the
original generators (Example , for the case K = Q with the p-adic valuation,
we can bound the valuations of coefficients in a reduced Grobner basis using the val-
uations and absolute values of coefficients of the generators; see Proposition [3.3.4

A theoretical consequence of these results is that the tropical variety of an
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ideal only depends on the field defined by the coefficients of the generators; see Corol-
lary We expect these algorithms to also have applications outside tropical
geometry. In particular, they can lead to smaller Grébner bases. In Section |3.5| we
give a family of ideals in Q[x1, 2, z3] for which the size of the p-adic Grébner basis
is constant but the smallest size of a traditional Grébner basis grows unboundedly.

The algorithms described in this Chapter have been implemented in the
computational algebraic geometry software Macaulay2 |Grayson and Stillman| in
the package GroebnerValuations [Chan, [2013a].

The material in this Chapter is joint work with my supervisor Diane Macla-
gan |Chan and Maclagan, [2013].

3.2 Grobner Theory

Let S be the polynomial ring K|x1,...,z,], and fix a weight vector w € I'". Note
that in this Chapter, our homogeneous polynomial ring S is in the n variables
Tr1,...,Ty, instead for the n + 1 variables xg,x1,...,x, of Chapter 2| for ease of
notation. Recall that for homogeneous ideal I C S, a finite set G = {g1,...,9,} C S
is called a Grébner basis for I with respect to w if iny,(I) = (iny(g1), ..., iny(g.)).
We require the ideal to be homogeneous for it to exhibit the expected properties of
Grobner bases; see Remark

In the standard case where we are not considering the valuations, or where
we have the trivial valuation, |[Buchberger| [1965] introduced an algorithm to compute
Grobner bases. Let B be a generating set for the ideal I. Then for all g,¢g' € B,
the S-polynomial S(g, ¢’) is the sum of g and ¢’ which cancels their leading terms.
Buchberger showed that B is a Grobner basis for [ if and only if all S-polynomials
have zero remainder on division by B. We can then compute a Grébner basis by
adding the non-zero remainders of S-polynomials back to B until all S-polynomials

have zero remainder. We shall see Buchberger’s Algorithm in Algorithm [3.2.9

Lemma 3.2.1. Let I be an ideal in S with < an arbitrary term order and w € T'™.
If G ={g1,...,9+} is a generating set for I such that {iny,(g): g € G} is a Grobner

basis for in, (I) with respect to <, then it is a Grébner basis for I with respect to w.

Proof. As {in,(g) : g € G} is a Grobner basis for in,(I) with respect to <, in
particular it is a generating set. Thus (in,(g): g € G) = in,(I), which by definition
tells us that G is a Grobner basis for I with respect to w. OJ

This result tells us that if we can compute a basis G for an ideal I such that

{in<(iny(g)) : g € G} generates in<(in,, (1)) then it is automatically a Grobner basis
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for I with respect to w.

3.2.1 The Modified Normal Form Algorithm

A Grobner basis for an ideal I over a field with a valuation can be computed by a
modification of the standard Buchberger algorithm as we explain in Section [3.2.2
The main difference is in the normal form algorithm which computes the remainder
of a polynomial on division by a set of other polynomials. The difficulty is that
a nalve implementation of the normal form algorithm need not terminate, as the

following example shows.

Example 3.2.2. Let K = Q with the 2-adic valuation. Consider the standard
normal form algorithm, where the term to be cancelled at each stage is taken to
be the term whose coefficient has the lowest valuation. Using this to compute the
remainder of x € Q[z,v, 2] on division by {z — 2y,y — 22,z — 2z}, we reduce = by
x — 2y to get 2y. This is then reduced by y — 2z to get 4z, which in turn is reduced
by z — 2x to get 8x. This reduction continues indefinitely. <&

This problem also arises in the theory of standard bases [see Cox, Little,
and O’Sheal 2005, Section 4.3]. The solution in that setting, Mora’s tangent cone
algorithm, is to allow division by previous partial quotients. Termination is assured
by a descending nonnegative integer invariant called the écart which measures the
difference in degrees between two possible initial terms of a polynomial. A difficulty
in generalizing this function to Grobner bases with valuations is that this difference
must take the valuations of the coefficients into account, so would naturally lie in
the not-necessarily-well-ordered group I'. Even for the valuation val, on Q, where
I' = Z, the standard écart function does not work directly.

The following algorithm modifies Mora’s algorithm to take into account the
valuations of the coefficients. It uses a function E(f,g), which takes two homoge-
neous polynomials and returns a nonnegative integer. In Lemma we give one
option for this function which ensures termination. We present the algorithm with
the function E unspecified as more efficient functions F may exist.

As in all normal form algorithms this is a generalisation of long division,
which works by cancelling the “leading term” of the polynomial f. An added com-
plication is that we do not assume that the weight vector w is generic, so the leading
term in,, (f) is not necessarily a monomial. For this reason we also fix an arbitrary
monomial term order < (in the sense of usual Grobner theory) to determine which
term of in,, (f) to cancel. If w is sufficiently generic with respect to the input poly-

nomials < will play no role. For f € K|x1,...,zy], in4(in,(f)) = az" denotes the
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leading term, including the coefficient. We denote by lm(f) the monomial z* oc-
curring in in (in,(f)) and by lc(f) the coefficient of 2* in f. Note that lc(f) € K,
not k, and that lc(f) and Im(f) depend on both w and <.

We also use the following partial order on polynomials, which plays the role

of comparing initial monomials in usual Grobner bases.

Definition 3.2.3. Fix homogeneous polynomials f,g € K|z1,...,z,], w € I'™, and
a term order <. Write Im(f) = 2%, Im(g) = 2, lc(f) = a, and lc(g) = b. Then
f<gifval(a) +w-u < val(b) +w-v or val(a) + w-u = val(b) + w - v and z* > x".
In addition f < 0 for all nonzero f.

For example, if Q has the 2-adic valuation, w = (1,2) and < is the lexico-
graphic term order with ¥y > s, then 22 < 22 < 27 < 223. Note that if f > h and
g > h then f+g>h.

Algorithm 3.2.4. Input: Homogeneous polynomials {g1,...,¢9s}, f in S =

Klzy,...,z,], a weight vector w € I'", and a term order <.
Output: Homogeneous polynomials ki, ..., hs,r € S satisfying
S
=Y higi+r,
i=1

where h;g; > f for 1 <i < s, and r > f. Write r = ) b,z" with b, € K. Then in
addition b, # 0 implies 2" is not divisible by any lm(g;).

We call r a remainder, or normal form, of dividing f by {g1,...,9s}-
1. Initialise: Set T' = {g1,...,9s},hi0 = -+ = hso = 0,90 = f,70 = 0. Set
j=0.

2. Loop: While g; # 0 do:

(a) Move to remainder: If there is no g € T" with Im(g) dividing lm(q;),
then set rj11 = rj+lc(g;) Im(g;), gj+1 = gj—lc(gj) Im(g;), and hij1 = hyj
for all 4. Set T'=T U {g;}.
(b) Divide: Otherwise:
i. Choose g € T such that lm(g) divides Im(q;) with E(g;, g) minimal
among all such choices.
ii. If E(qj,9) > 0 thenset T =T U {q;}.
iii. Since Im(g) divides Im(g;) there is a monomial z* with Im(z"g) =
Im(g;). Set ¢, =lc(g;)/lc(x¥g) € K. Let p = qj — cya¥g.
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3.

iv. If g = g; for some 1 <1 < s, then set g1 = p, hjjy1 = hyj + co?,
hijs1 = hij for i # 1, and rjq = r;.

v. If ¢ was added to T at some previous iteration of the algorithm,
S0 g = ¢n, for some m < j, then set ¢j41 = 1/(1 — ¢y)p, hijy1 =
1/(1 — ¢y)(hij — cohim), and rj41 = 1/(1 — ¢,)(1j — ¢y for all 4.

(@) d=j+1

Output: Output h; = h;j for 1 <i < s, and r = r;.

Example 3.2.5. Let f = 22+ 9%+ 22 € Q[z,y, 2] where Q has the 2-adic valuation,
and let g1 = y + 162z. Fix w = (3,2,1), and let < be the lexicographic order with

x <y < z. For clarity we underline the term of a polynomial f containing lm(f).

We do not specify the function E(f,g), assuming that it is always positive. Then

the algorithm proceeds as follows.

1.

2.

T ={y+16z}, hip=0, o =a* +y* + 2%, r0 =0, j = 0.

T:{g+16z,x2+y2+§2}, hi1 =0, Q1::E2+g2, T1=Z2,j:1.

3. T={y+16z,2° +y* + 2%, 2% + y*}, hia =y, @@ = 2? — 16yz, rp = 22, j = 2.

4. T = {y+16z, 22 +y*+ 2%, 2®+y?, 22— 16yz}, hig = y, g3 = —16yz, r3 = 2?42,
j=3.

5. T = {y+16z, 22 +y*+22, 2% +y?, 22— 16yz, —16y2}, hia = y—162, g1 = 25622,
rg=a’+ 22, j =4.

6. T={y+ 162, 2% 4+ y? + 22, 22 —i—gQ,gQ — 16yz, —16yz,25622}. In this case we
divide by g = 22 + y? + 22 = qq, 50 ¢, = 256. Thus hy5 = —1/255(y — 162),
g5 = 1/255(25622 + 256y?), r5 = —1/255(x? + 22), and j = 5.

7. T = {y + 162,22 + y* + 22,27 + y2, 2% — 16yz, —16yz, —1622,256/25522 +
255/256y°}. Then g = x24+42 = q1, 50 ¢, = 256/255. Thus hyg = 255(1/255(y—
162)) = y—162, gs = 0, 76 = —255(—1/255(x?+22) —256/25522) = 22 +25722,
and j = 6.

8. Output h; =y — 162 and r = x2 + 25722,

Note that 2% + y? + 22 = (y — 162)(y + 162) + 2% + 25722 and no term of
2?2 + 25722 is divisible by Im(y + 162) = y. O

Proof of correctness. We show correctness assuming termination.

We show that the following properties hold at each stage of the algorithm:
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L f=qj+ 3072 hijgi + 15

2. hijgi > f;

3.1 > f;

4. No term of r; is divisible by any lm(g;);
5.q; > f;

6. If gj+1 # 0 then gj41 > g;.

These properties all hold at the initialization step by construction. We now show
they continue to hold after each of the three types of iteration step. We also
show that in step of the algorithm we have 1 — ¢, # 0. In all cases, write
le(g;) Im(gj) = c;x®. There are three possibilities for the division step, which we
consider separately.

Case 1: Mowve to remainder. Suppose there is no g € T with Im(g) dividing
Im(g;). Then the only values that change are ¢; and r;, but we have ¢; +r; =
¢j+1+7j4+1 by construction, so the equality |1| holds. Condition [2/holds at stage j+ 1
since it held at stage j. Since properties [3] and [5| hold for j, property [3| holds for
j + 1. The term that is added to rj;1 is not divisible by any lm(g;), so property
still holds. The term cj412%+! is a nonleading term of ¢;, so property |§| follows,
which also implies property

Case 2: Divide, with ¢ = g,,. Suppose the chosen g with Im(g) dividing
Im(q;) is gm for some 1 < m < s. Since ¢j+hmjgm = ¢j+1+hm;j+19m by construction,
the equality (1| holds in this case as well. Since hpjgm > f, and ¢; > f, we have
hmj+19m > f. As the remainder term does not change, properties [3and [ still hold.
Since g1 = q; —cy,x gy, we cancel the leading term of g;, so all terms of g;11 are the
sum of a nonleading term of ¢; and a term of c¢,z"q; that is larger than c;x%. This
implies that ¢; < ¢j+1 (property @, which implies property [5| for 7 + 1 as above.

Case 3: Divide, with g = q.,,. Finally, we consider the case that the chosen
g with Im(g) dividing 1Im(g;) is g, for some m < j. Since all ¢; are homogeneous
of the same degree, ¥ = 1 in this setting and ¢, = ¢;j/¢p,. Since property |§| holds
for all smaller values, we have val(c;) + w - a;; > val(cp,) + w - oy, Thus 2% = 2%
implies val(c,) > 0, so 1 — ¢, # 0.

Now f = ¢m + D.i_q him@i + Tm, S0 gj+1 = 1/(1 — ¢v)(¢j — cvgm), which
equals 1/(1 = c,)((f = X5y hisgi = 13) = co(f = 351 hamgi — ). Thus f = g1+
>oio1 /(1 =ev)(hij — cohim)gi +1/(1 = o) (rj — corm) = @1+ D51 hij+19i +7j41.
This is equality [}
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Since val(1—¢,) = 0, we have val(1/(1—c¢,)) = 0. Note the following property
of the order < of Definition if py > po and ¢ € K satisfies val(c) > 0 then
cp1 > pa. Then properties [2] and 3| for 5 + 1 follow from the analogous properties
for j and m. No term in either r; or ry, is divisible by any lm(g;), so the same is
true for ;1. Finally p > ¢; by construction, so ¢j+1 = 1/(1 — ¢,)p > ¢; as above,
so properties [5] and [6] also hold. O

Lemma 3.2.6. For homogeneous polynomials f,g € S with f = > cya™ and g =
> byxt, set E(f,q) := [{u : by # 0,¢c, = 0}]. Algorithm terminates for this

choice of function E.

Proof. There are only a finite number of possible supports supp(q;) = {u : ¢, # 0} of
the polynomials ¢; = ) ¢,2", as they all have the same degree. Thus after some step
J no new support will occur, so there will be g, € T with supp(¢,,) € supp(g;), and
so E(qj,qm) = 0. Since we remove the leading term of ¢; at the jth step, either by
moving it to the remainder, or by cancelling it, when supp(g.,) C supp(g;) we have
supp(g;j+1) < supp(g;). Since the size of the support cannot decrease indefinitely,

the algorithm must terminate. O

Remark 3.2.7. Note that Algorithm gives a strong normal form (no term of
the remainder is divisible by any of the monomials {lm(g;) : 1 < < s}), as opposed
to the weak normal form that occurs in the standard basis case. See |Greuel and

Pfister| [2008|, Section 1.6] for details of normal forms in the standard basis case. <

Remark 3.2.8. Algorithm [3.2.4] also holds, with the same proof in the follow-
ing modified setting. Let K = Q with the p-adic valuation. The valuation val,

restricts to a function, which we also denote by val,, from Z/p™Z to the semi-

group {0,1,...,m — 1} U oo, where oo acts as an absorbing element. Note that
valp(ab) = val,(a) + val,(b) and val,(a+b) > min(val,(a), val,(b)) for a,b € Z/p™Z.
We can then define the partial order < on polynomials in Z/p™Z[x1, ..., zy] in the

same way as in Definition Also note that in step of the algorithm, since
1 — ¢, has valuation zero (as shown in the proof), it is not divisible by p, so is a unit
in Z/p™Z. This means that the algorithm and its proof go through in this setting.
This variant is used in Section [3.4.2] &

3.2.2 Buchberger’s Algorithm

As in standard Groébner theory, we can use the normal form algorithm to com-

pute a Grobner basis using Buchberger’s algorithm. Let f, g be two polynomials in
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Klzy,...,z,]. We define the S-polynomial of f and g to be

lem(lm(f),lm(g))
Im(f)

lem(lm(f),lm(g))
Im(g)

Algorithm 3.2.9. Input: A list {f1,..., fi} of homogeneous polynomials in S, a

S(f,g) = le(g) f—=le(f) g.

weight-vector w € I'", and a term order <.
Output: Alist {g1,...,gs} of homogeneous polynomials in S such that {in(in,(g;)) :
1 < < s} generates in<(iny, (1)) for I = (f1,..., fi).

1. Set G ={f1,..., fi}- Set P={(9,¢") : 9,9 € G}.
2. While P # ()

(a) Pick any (g,¢") € P. Set P =P\ {(g9,9')}-

(b) Let r be the normal form on dividing S(g,¢’) by G. If r # 0 then set
G=GU{r},and P=PU{(r,g): g € G}.

3. Return G.

The proof of the finiteness and correctness of this algorithm is almost the
same as the proof for standard Grébner bases [see, for example, |Cox, Little, and
O’Shea, [2007, Chapter 2]. We will prove it by using a generalisation of the normal
form.

Let f € S be a homogeneous polynomial and G = {gi,...,9s} be a finite

subset of S. We say that f has a standard representation with respect to G if it can

S
=Y aig
=1

such that f < a;g; for all i where a; # 0.

be written in the form

Remark 3.2.10. Note that if f has zero normal form with respect to G then f also
has a standard representation with respect to G. This follows from Algorithm
However in general, the converse may be false. This is because Algorithm [3.2.4]
depends on the ordering of the polynomials in G. For example, let f = xy? — x2°
and G = {g1 = 2y + 22,92 = 3?> — 22} and w = (1,10,100). Then Algorithm
tells us that

f=y-91+0 g+ (—z —y)2

and so f has normal form —x — y with respect to G, which in particular is non-zero.
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However, notice that we can write f as
f=0-g1+z- g2

which is a standard representation for f with respect to G. &

The following Proposition allows us to prove the correctness and finiteness
of Buchberger’s Algorithm. We do not prove this Proposition here, as it will be a
Corollary of Proposition in Section

Proposition 3.2.11. Let G = {g1,...,9s} be a subset of S. If every S-polynomial
S(9i,g;) of elements of G has a standard representation with respect to G then
{inx(iny(g:)) : 1 <@ < s} generates in<(iny, (1)) for I = {(g1,...,9gs)-

In standard Grobner theory where we are not considering valuations, this
proposition is known as Buchberger’s Theorem and was proved in his thesis [Buch-
berger, 1965]. It allows us to easily check if a generating set is a Grébner basis
by seeing if all S-polynomials have a standard representation. Note that by Re-
mark it is sufficient to show that all S-polynomials have zero normal form as
this implies that they have a standard representation. With Proposition we
can now prove the correctness and finiteness of Algorithm

Proof of Algorithm[3.2.9. We first show finiteness. At each pass through the main
while loop, we denote by G’ the updated G. That is, G’ = G U {r}, the union of G
with some possibly non-zero remainder r of an S-polynomial of G. Since G C G’ we
have that (in<(in,(g)) : g € G) C (in<(iny,(¢')) : ¢’ € ') and in particular if G # G’
then the inclusion is strict. Thus the (in<(in,(g)) : g € G) form an ascending chain
of ideals which must stabilise as K[z1,...,x,] is Noetherian. So after finitely many
steps we must have (in.(in,(¢’)) : ¢ € ¢') = (in4(iny(g9)) : g € G) and so G’ = G
and the algorithm terminates.

For correctness, we first show that at every step of the algorithm G C 1.
Initially this is true as G is a generating set for I so G C I. As the normal form
of an S-polynomial is also in I it follows that for the updated G, G C I holds.
Secondly, we show that at every step of the algorithm the S-polynomial S(g;,g;)
has a standard representation for all g;,g; € G with (g;, g;) ¢ P. This means that
we are checking that all S-polynomials S(g;,g;) which have been encountered at
some previous stage of the algorithm have a standard representation. As S(g;, g;)
was encountered at some previous stage of the algorithm, it either has zero normal
form and so by Remark it has a standard representation, or it has a non-
zero normal form which is added to G. So for G = {g1,...,9s}, S(9i,9;) has a
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representation » > ; hig; + r where S(gi,g;) < hig; and S(g;,9;) < r as it is a
normal form. This is a standard representation with respect to G U {r}.

On termination, P = () and so S(g;, gj) has a standard representation for all
gi,9; € G. Thus by Proposition if G ={g1,...,9s} then {ins(in,(g;)) : 1 <
i < s} generates in (in,(1)). O

After applying Algorithm we have found a set {g1,...,9s} C I such
that {in<(in,(g;)) : 1 < i < s} generates in(iny (7)). This means that {in,(g;) :
1 < < s} is a standard Grobner basis for in,, (1) with respect to <, so in particular
this set generates in,, (). By Lemma [3.2.1 we thus conclude that the set {g1, ..., gs}
is a Grobner basis for I with respect to w. This proof also holds in the variation
discussed in Remark

Note that Algorithm [3.2.9]is potentially rather complex. The normal form r
of every S-polynomial that is added to the set G enlarges the set of S-polynomials
to consider by S(r,g) for all g € G. We discuss issues of complexity in Section
and discuss in Section [3:4] how the growth of S-polynomials can be managed by
eliminating unnecessary pairs with no further computation.

This Grobner theory shares many of the properties of standard Grobner

bases:

1. The Grobner basis {g1,...,9s} generates I. The proof here is the standard
one: if f € I then the normal form r of f with respect to {gi,...,gs} lies in
I, but in4(iny,(r)) & in<(in, (7)) unless r = 0.

2. For any homogeneous ideal I, w € I'", and monomial term order < there is
a unique reduced Grobner basis. This is a Grobner basis {gi,...,gs} with
the property that the in.(in,(g;)) minimally generate in.(in,(I)), and no
monomial in g; except Im(g;) is divisible by any Im(g;). This follows, as in
the standard case, from the existence of a strong normal form. Specifically, if
in<(ing (7)) = (%, ..., 2%), then let r; be the remainder on dividing z% by

any Grobner basis for I with respect to w and <. Set g; = % — r;.

3. The Hilbert function of the two ideals I and in, (/) (which live in different
polynomial rings) agree. While this follows, as in the standard case, from
the existence of a strong normal form, there are other proofs; see, for exam-
ple, [Speyer, 2005, Chapter 2] or [Maclagan and Sturmfels, 2013, Corollary
2.4.7].

Remark 3.2.12. We remark that the assumption that the ideal I, and the Grobner

basis {g1,...,9s}, are homogeneous is necessary for many of these properties of
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Grobner bases. For example, a finite set {g1, ..., gs} C I with the property in,, (1) =

(ing(g1), - - -, iny(gs)) need not generate I if it is not homogeneous. A simple example
is given by I = () C Q[z] with the 2-adic valuation: for w = 0 the set {g; = x+222}
satisfies in,(I) = (z) = (iny(g1)), but (x) # (z + 22?). &

This algorithmic approach to these initial ideals also has the following con-

sequence for tropical geometry.

Corollary 3.2.13. Let K be a field with a valuation val for which there is a homo-
morphism ¢ : I' — K* with val(¢(w)) = w, and for which I is a dense subgroup of
R. Let L be an extension field of K with a valuation that restricts to val on K. Let
Y C(K*)", and let Y, =Y Xgpec(k) Spec(L). Then trop(Y') = trop(Y7).

Proof. Let I ¢ K[zE!,... 2] be the ideal of Y C (K*)". Then the ideal of Y, is

’rn

given by I, = IL[:L‘lﬂ, ..., Y. Let J be the homogenisation of INK[x1,...,,] in
K[xg,x1,...,2,] and Jg, the homogenisation of Ir,NL[x1,...,zy,] in L{zg, 1, ..., zy].
This intersection can be calculated by a (standard) Grobner computation, so the
ideals J and Jz, have the same generators: J; = JL[z1,...,x,]. The definition of
the initial ideal of an ideal taking the valuation of the coefficients into account ex-
tends naturally to the Laurent polynomial ring. By the Fundamental Theorem [2.1.5
w € I' lies in trop(Y') if and only if in,,(I) # (1), and thus if and only if in,,(J) does
not contain a monomial. Since J and J;, have the same generators, Algorithm [3.2.9
implies that regarding the elements of a Grobner basis for J with respect to w as liv-
ing in L[z1,...,z,] gives a Grébner basis for Jy, with respect to w. The residue field
L of L is an extension field of k, so this means that in,, (Jr) = in,(J)L[z1,. .., 2]
An ideal contains a monomial if and only if the saturation by the product of all the
variables is the unit ideal. Since this can be decided by a (standard) Grébner basis
computation, this means that in,(Jz) contains a monomial if and only if in,(J)

does. Since I' is dense in R, this implies that trop(Y') = trop(Y7). O

3.3 Complexity

Given a bound on the degrees of generators for I, it is useful to have a bound on the
degrees of elements in a reduced Grobner basis. The degree bounds in this context
are the same as for usual Grobner bases [Moller and Mora, |1984; [Dubé, 1990], as
we show below. We also give a bound on the valuations of coefficients occurring in
a reduced Groébner basis when working over Q with the p-adic valuation. For the

degree bounds we use the formulation of |[Dubé [1990].
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Theorem 3.3.1. Let I = (fy,..., fi) C K[z1,...,z,] be a homogeneous ideal, with
deg(fi) <d for 1 <i<I. Fixw € I'"™. Then there is a Gréobner basis {g1,...,9s}
for I with respect to w with deg(g;) < 2(d?/2 + d)Q"_Q,

Proof. In|Dubé [1990] it is shown that if deg(f;) < d for 1 <4 <1, and {g},..., 95}
is a standard homogeneous Grobner basis with respect to some term order <, then
the degree of each g/ is bounded by 2(d?/2 +d)

more: if M is any monomial ideal whose Hilbert function agrees with that of I, then

2" The proof given actually shows

M is generated in degrees at most 2(d?/2 + d)2n_2. Denote by Sk the polynomial
ring K[x1,...,2,] and by Sk the polynomial ring k[z1,...,z,]. By Maclagan and
Sturmfels [2013, Corollary 2.4.7] we have dimy (Sk/in,(I))s = dimg (S /I)s for all
degrees 6. Since the initial ideal in,([) is again a homogeneous ideal, all of its

monomial initial ideals have the same Hilbert function, so we have
dimk(S]k/ in< (lnw(I)))g = d1mk(5’k/ inw(I))5 = dlmK(SK/I)5

Let M be the monomial ideal in Sk with the same generators as in(in, (1)) C Sk.
As the Hilbert function of a monomial ideal does not depend on the coefficient field,
M has the same Hilbert function as I, so by |[Dubé [1990] M is generated in degrees at
most 2(d2/2 +d)¥"*. Choose homogeneous polynomials {g1,...,gs} C I such that
{inx(iny(g1)), .. .,in<(iny(gs))} is a minimal generating set for in<(in,(7)). Then
ing (1) = (ing(g1), .. .,iny(gs)) so {g1,...,9s} is a Grobner basis for I with respect
to w. Since we have deg(in(iny(g;))) < 2(d2/2 4+ d)*"~* by above, we deduce that
{g1,...,9s} is a Grobner basis for I with respect to w with deg(g;) < 2(d2/2+d)?" "
for 1 <14 < s as required. OJ

Remark 3.3.2. For w € I', let J,, = in,([), and let J;, be standard initial ideal of
I with respect to the weight vector w. For £ > 0, and generic w, we have Jy,, = J' ;;
the minus sign is because the initial ideal taking the valuation into account uses min
instead of max. This means that any usual initial ideal, and thus any usual Grébner
basis, occurs in this setting, so any improvement to Theorem would also have
to improve the bounds of Méller and Moral [1984] and [Dubé| [1990]. &

Since the valuations of coefficients also play an important role in computing
these Grobner bases, it is also useful to bound the valuations that may occur. This

is not possible in full generality, as the following example shows.

Example 3.3.3. Let K = Q(¢) with the valuation of a rational function given
by taking the lowest exponent occurring in a Taylor series for the function. Fix

an integer a > 0 and weight vector w = (1, a,2a). Let I be the ideal in K|z, y, z]
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generated by the two polynomials f = x4z and g = 22+ (1+t*)xz+2y. We compute
a Grobner basis by looking at the S-polynomial S(f,g) = af — g = —xy — t*zz.
Computing the remainder on division by {f, g} we obtain yz+t%2? which is a nonzero
polynomial with initial term yz. It is added to the Grobner basis at this stage by
Buchberger’s Algorithm (Algorithm . Notice that we started with polynomials
where the valuations of all the coefficients were zero and we have an element of
the reduced Grobner basis which has a coefficient with valuation a showing that
unbounded valuations may potentially occur when computing Grébner bases. The
field K = Q(t) is only chosen for concreteness; such an example exists for any

nontrivially-valued field. <&

When K = Q with the p-adic valuation the valuation of coefficients that can
occur in a reduced Grobner basis can be bounded in terms of the absolute values of
the original coefficients.

Let I = (fi,..., f1) be a homogeneous ideal in Q[x1, ..., z,] with deg(f;) < o
for 1 <14 <. Fix val to be the p-adic valuation on Q. Write f; = )" ¢, ;2" where
we assume (by clearing denominators or dividing by a common factor) that ¢, ; € Z

and that for each ¢ we have min,, val(c, ;) = 0.

Proposition 3.3.4. Let I = (f1,..., fi;) be a homogeneous ideal in Q[x1,...,xy]
with assumptions as above. Let C' = maxy,;|cyi|. Fix w € I'™. Then there is a

Grébner basis {g1,...,gs} for I with respect to w with g; =, by ;a" with

val(by,;) < A/2log,(C*A),

where A = dimg(Ip) for D = 2(6%/2 + 52,

Proof. As the Hilbert functions of I and in,(I) agree [Maclagan and Sturmfels,
2013, Corollary 2.4.7] we have that dimg Iy = dimg/,z(in,(1)g) for all d. Fix a
term order < on Z/pZ[z1,...,z,|. Let H(d) = dimg(Iq).

For d < D, form an H(d) x ("+j_1) matrix Ay with columns indexed by the
monomials of degree d ordered so that those in in(iny(I))4 come first. The rows
of Ay correspond to a Q-basis for I;; we may take these to be monomial multiples
of the generators f;, so all entries of A4 have absolute value at most C.

Let the submatrix of Ay indexed by the first H(d) columns be denoted by
My. Note that My has full rank; if not since Az has rank H(d), there would be a
vector in the row-space of Ay with its first H(d) entries zero, and thus there would
be a non-zero polynomial f in I; for which in(in,(f)) does not lie in in<(in, (7)),

which is a contradiction.
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Set By = M, 1 4,4. Note that the first H (d) columns of B, are an identity
matrix, so the minor det((By)s) of By indexed by the set J := ({1,...,H(d)} U
{iH\{i} equals (—1)H(d)_i(Bd)ij. Since (Bg)s = Md_l(Ad)J,

val,((Bq)ij) = valy(det((Bg)y))
val, (det(M; ' (Ag).))
= —val,(det(My)) + val,(det((A4))).

Hadamard’s inequality (see for example |Garling} 2007, Corollary 14.2.1]) states that

if M is an N x N matrix with the absolute value of the entries bounded by C, then

|det(M)] < CNNN/2, Thus |det((Aq) ;)| < CHDH(d)H(D/2, Since det(Aq)y is an

integer, val,(det((Aq).s) < log,(det((Aq).s)). By construction all entries of My have
>

nonnegative valuation, so val,(det(My)) > 0. Thus

valy((Ba)ij)) < log, (C"WH(@)"V/?) = H(d)/210g, (C*H(d)).

By Theorem there is a Grobner basis {g1, ..., gs} for I with respect to
w with deg(g;) < D, which can be chosen so {in,(g1),...,in,(gs)} is a Grébner
basis for in,, (1) with respect to <. By construction of the matrix By if g; has degree
d then the coeflicients of g; form a row of the matrix B;. Thus the valuation of the
coefficients of g; is bounded as above. Since H(d) is an increasing function of d, the
bound is largest when d = D, so H(d) = A, from which we see that the valuations
of any of the coefficients of any g; is bounded by A/2 logp(C’QA) as required. O

3.4 Implementation Issues

Whilst we have proved that Algorithm terminates correctly in finite time,
we have said nothing about its efficiency. Adding polynomials to G during the
algorithm increases the complexity as we then have many more S-polynomials to
consider before termination. Also the order in which the S-polynomials are selected
can affect whether it can be reduced to zero by G and hence whether its normal form
is added to G or not. Such a selection strategy can drastically alter the complexity of
the algorithm and even for standard Grobner bases without valuations, no optimal
strategy is known. However, Buchberger| [1979] provided criteria in the standard
case for when it is known that we do not need to consider certain S-polynomials in
Buchberger’s Algorithm [3.2.9] as they will a priori have a standard representation.
We investigate these for our Grobner bases.

Another issue that is common for Grobner algorithms with coefficients in
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Q is coefficient blow-up. However, we show that for the case K = Q with the p-
adic valuation, we can perform computations over the finite field Z/p™Z for some
suitably large m € N and then lift the results to Q. This helps avoid unboundedly
large coefficients occurring.

The two main ways which we will look at to improve the efficiency of the
Algorithm [3.2.9| are:

1. Using criteria to decide a priori that we do not need to consider certain S-

polynomials;

2. When K = Q with the p-adic valuation, we work over Z/p™Z for some suitably
large m € N.

3.4.1 Choice of S-Polynomials - Buchberger’s Criteria

For standard Groébner bases, |[Buchberger| [1979] introduced criteria for when it is
known a priori that we do not need to consider certain S-polynomials in Algo-
rithm 3.2.91 We see that these criteria hold true for our Grébner bases over fields
with valuations.

Suppose we are at some intermediate stage of Buchberger’s Algorithm whereby
we have a set P of critical pairs still to consider and we are about to compute the

S-polynomial of the pair (f;, fj). Then

B1 holds if lem(Im(f;), Im(f;)) = Im(f;) Im(f;);

B2 holds if there exists some k # i, j such that the pairs (f;, fx) and (fj, fx) are
not in P and Im(fx) divides lem(Im(f;), Im(f;)).

For standard Grébner bases, [Buchberger| [1979] showed that if either of these
conditions hold then we know a priori that the S-polynomial has a standard repre-
sentation. The proof in the standard case can be found for example in [Cox, Little,
and O’Shea) [2007, Section 2.9]: the proof for B1 is Proposition 4, and the proof for
B2 is Proposition 10. The criterion B1 is known as Buchberger’s first criterion and
B2 is known as Buchberger’s second criterion. Before proving that these hold for

Grébner bases over fields with valuations, we provide an example of its usefulness.

Example 3.4.1. Let K = Q with the 2-adic valuation and let S be the polyno-
mial ring Q[x1,...,x9]. Let I be the ideal generated by polynomials {—3zix4 +
6$3:IZ4 + 31’1:65 + 92%2335 + 2%3:175 — 231’2:66 — 2:1:3%6, xr1xrs8 + 7332.738 — 4$3£C8 — 61’1:69 —

3x0x9, 48 + 3x508 — 3Trgxrs — 24519 — 3X6T9, —X2x4 — 4x374 + XoT5 + dx375 +
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23x0x6+ 22316, —13x107 — 4307+ TToxs + 281308 — 65T 129 — 32029 — 321329, T4X7 +
27rsx7 — 9xgrs + Sxax9 + 1351509 — 92619, —4T005 — 162325 + 3T106 + ToTg —
2x3xg, 131907 — 8x3T7 + X084+ 4328 + D92019 — 64329, 8517 + TgT7 — 3TEX8 +
40x529 + drexg, drorsrs + 16230518 + 20000628 — 10230608 — 24002509 — 9630519 —
3xoxexg — 12w3w629}. This is the general fibre of a Mustafin variety in the sense
of |Cartwright, Habich, Sturmfels, and Werner| [2011]. Its special fibre is the initial
ideal with respect to w = (1,...,1).

At some intermediate step of Buchberger’s Algorithm we compute the
normal form of the S-polynomial 6x3z4zgr7+3x1r50627+2401 42527 +920205T627+
203T5X6T7 — 23$2x%1‘7 — ngajgm — 9x124628 + 12021204529 + 152142679 Of the
polynomials —3x1x4 4+ 61324 + 3x175 + 922975 + 20375 — 23T216 — 22326 and xgxy +
8rsx7 — 3rgxs + 401519 + dxrgT9. Notice that the condition Bl holds, so we know a
priori that this S-polynomial will have a standard representation, however when we
try to compute the normal form, after a few divisions we obtain a leading coefficient
of 1.02624 - - - x 1037746 and after a few more divisions we have exceeded the memory
capabilities of the computer.

By implementing Buchberger’s Criterion, the algorithm no longer considers
this critical pair and we compute the Grébner basis to be {3z1x4 — 6x314 — 32125 —
92x9x5 — 22315+ 23x906+ 22306, T1T8+ Txoxgs —4r308 — 61129 —3X2T9, T4x8+3T5L8—
3xrgrg—24x509—3x6L9, Toxa+4x304—x0x5—4T305— 231006 — 22326, 13T 107+42307—
Troxg —28x3xg+ 652119+ 3x209+ 322329, Tax7+27TT507 — 92628+ DT 429+ 13525209 —
9xexg, —4xoxs — 16375 + 3T126 + ToX6 — 22376, 13T007 — 8317 + Toxs + 4378 +
59xox9 — 64x329, 8507 — 3xgxs + 4025209 + DTeT9 + Tex7, —dXx2T508 — 16230508 —

201’2556-738 + 10x3x6x8 + 24332]:5.%9 + 3x2x6m9 + 96x3x51‘9 + 12x3x6x9}. &

The following Proposition is the criterion B1, Buchberger’s first criterion for

Grobner bases over fields with valuations.

Proposition 3.4.2. Suppose that f and g are distinct polynomials in S such that
lem(Im(f),lm(g)) = Ilm(f)lm(g). Then S(f,g) has a standard representation with

respect to {f, g}.

Proof. We can write f = Zle a;x% and g = 25':1 bjx¥i for a;,b; € K and u;,v; €
N". We assume that a;2" < a;p12"+! and bjz% < bjqx®+! foralll <7 < k—1and
1 < j <1—1 and that the u; are distinct, and the v; also distinct. Then Im(f) = 2™
and lm(g) = z"*. By hypothesis, lem(lm(f),lm(g)) = Im(f)lm(g) = x“12"1, so we
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can write the S-polynomial S(f,g) as

k l
S(f,g) = bz f — ajz"tg = bya™ Z a;x" — ajx™ Z bjx"i. (3.1)
i=2 =2

We first claim that these two sums have no terms in common. For a contradic-
tion, suppose that for some 2 < ¢ < k and 2 < j < [ we have that z"tx% =
z%1z% . Then both " and z'!' divide z%'z% = z"'z% and so it follows that
lem(Im(z"1), lm(2*)) = 2™z divides z"'z"%. This means that z*' divides z".
As f is homogeneous, %! and x% have the same degree and so x%* = x%. This
contradicts the assumption that the u; are distinct.

By the ordering on the a;z" and b;z", the smallest term of S(f, g) is either
aobr1z™22%1 or arbozr®x¥2. We assume that a1box¥lx¥? is the smaller and so is the
lead term of S(f,g). Notice that we can write bjz"* = g — Zé’:z bjx% and ayz"t =
f— Z?:z a;z%. Then

S(f,9) =biz"* f —a1xyg

l k
=lg—D b | f- (f—zaix“i>g
=2 i=2

=2

l k
gf = | D _bja"i | f— fg+ (Z aﬂf“) g
j=2

l k
=— Z bjx" f + Z a;x"g. (3.2)
j=2 i=2

We claim that is a standard representation of S(f, g) with respect to { f, g}. For
this, we need to show that S(f, g) < bja® f forall2 < j < landthat S(f,g) < a;x%g
for all 2 < ¢ < k. By the ordering of the bjz% the smallest term of b;z% f for
all 2 < j < [is ajbox™ %2, As the sums in have no terms in common, it
follows that z¥2z%t and z%“2x%! are distinct and so do not cancel. As ajbyz“tz¥2 <
bjx%g for 2 < j < I and ajbpx™ x"? < qx™ f for 2 < i < K, it follows that
S(f,g) =— (22:2 bjx’“J') f+ (25:2 aix“i) g is a standard representation of S(f, g)
with respect to {f, g}. O

In order to prove criterion B2, we need to introduce the notion of a T-
representation. Let f € S be a homogeneous polynomial and let G = {g1,...,9s}
be a finite subset of S. Fix some T € S. We say that f has a T-representation with
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respect to G if it can be written in the form

S
=Y ag
i=1

such that T < a;g; for all i where a; # 0. A T-representation is a measure of how
far the representation is from being a standard representation. Due to the definition
of the order < of Definition we may take T to be a monomial term should we
require. Notice that if f has an f-representation, or an lc(f)lm(f)-representation,

then it has a standard representation.

Proposition 3.4.3. Let G = {g1,...,gs} be a finite set such that there exist distinct
elements g1, g2, f € G where

1. Im(f) divides lem(Im(g1),1m(g2));

2. For some Ty € S such that Ty > lc(g1) le(f) lem(lm(g1),1m(f)), S(g1, f) has a

Ti-representation with respect to G;

3. For some Ty € S such that Ty > lc(g2) le(f) lem(lm(g2),1m(f)), S(ge, f) has a

Ty-representation with respect to G.

Then for some T € S such that T > lc(g1)lc(g2) lem(lm(g1),1m(g2)), S(g1,92) has

a T-representation with respect to G.

Proof. As K is a field, we can assume for simplicity that le(f) = lc(g1) = le(g2) = 1.
By assumption, for some 77 > lem(Im(g1),1lm(f)), S(g1, f) has a T}-representation:

S(g1, f) = Z hi1gi
i=1

with respect to G where T7 < h;19; for all 1 < ¢ < s. Similarly, for some Ty >
lem(Im(g2),1m(f)), S(g2, f) has a Th-representation:

S(g2, ) = th?gi
i=1
with respect to G where Th < h;sg; for all 1 <i < s.
By assumption we have that Im( f) divides lem(lm(g;),1m(g2)). By the defini-

tion of lem, both Im(g;) and lm(g2) also divide lem(Im(g;),lm(gz)). It follows that
lem(lm(g1),Im(f)) and lem(Im(g2),lm(f)) both divide lem(lm(g;),lm(g2)). This
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means that we can find monomials s1, so € S such that

s1lem(lm(g1), Im(f)) = lem(Im(g1), Im(g2));
sz lem(lm(g2), Im(f)) = lem(Im(g1), Im(g2)),

and so we also can find monomials u1, us,v1,v2 € S such that

lem(lm(gy),1Im(f)) = uy lm(g1) = v1 Im(f);
lem(Im(g2),Im(f)) = uzIm(gz) = vz Im(f).

Then

515091, f) — 525(g2, ) =s1(u1g1 — 1 f) + sa(vaf — u292)
=S51U191 — S2U2G2

:S(.gla 92)

where the second equality holds as sjv; = savy. Then we can write S(g1,¢92) as
S S
S(g1,92) = 51 Z hi1gi + s2 Z hi2gi (3.3)
i=1 i=1
which we claim is a T-representation for S(gi, g2) for some 7' > lem(lm(g;), Im(g2)).

By the choice of the representation for S(gi, f) we have

sthirgi > s1Th > s1lem(Im(gy), lm(f)) = lem(Im(g1), lm(g2))

for all 1 < i <'s where h;j # 0 and by the choice of the representation for S(g1, f)

we have

sohiogi > s9T > solem(Im(ge), lm(f)) = lem(Im(g1),lm(g2))

Thus choosing T' to be the minimum over all s1h;1g; for 1 < i < s where h;; # 0
and all soh;og; for 1 < i < s where hjy # 0, we see that (3.3]) is a T-representation
for S(g1,g2) for some T' > lem(lm(gy), Im(g2)). O

In order to prove that we can use Buchberger’s Criteria B1 and B2 in algo-
rithms to compute Grobner bases over a field with valuations, we need to show that
if for all g;,9; € G, the S-polynomials S(g;, gj) have a T-representation for some
T > Ic(gi)lc(gj) lem(Im(g;),Im(g;)) then G is a Grébner basis for 1. To show this,
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we require the following preparatory lemma.

Lemma 3.4.4. Fiz vy,...,vy € K" and wy,...,wnm € R. For A € K™, write
$(A) = min(val(\;) + w;). Then for fized v € span(vi,...,vn) there is a choice of

A € K™ with Y \jv; = v that mazimizes s(\) among all such choices.

Proof. We first show that for any A with > A\;jv; = v there is a X with >~ Nv; = v,
{vi : Al # 0} linearly independent, and s(\') > s(\). Indeed, if {v; : A; # 0} is
linearly dependent, then there is ¢ # 0 with > ¢;v; = 0 and ¢; # 0 only when \; # 0.
After relabelling and rescaling we may assume that val(c;) +w; = min(val(¢;) + w;),

and ¢; = A\1. Let M’ = X\ — ¢. Then for every i

val(X\)) + w; = val(\; — ¢;) + w;

)
> min(val(\;), val(c;)) + w;
) + wi, val(c;) + wy)
)

A
= min(val(\;
Ai) + wi, val(A1) + wy)

+
> min(val(\;) +

so s(X) > s(A). Since {i : A, # 0} C {i : A\; # 0}, after iterating a finite number
of times {v; : A\, # 0} is linearly independent. The lemma then follows from the
observation that if {v; : \; # 0} is linearly independent, then the \; are determined,

so the maximum s()\) is achieved at one of these finitely many choices. O

Proposition 3.4.5. Let G = {g1,...,9s} be a subset of S. If every S-polynomial
S(gi,95) of elements of G has a T-representation with respect to G for some T >
le(gi) lc(g;) lem(Im(g;), lm(g;)) then {in(in,(g:)) : 1 <4 < s} generates in<(iny, (1))
for I={g1,...,9s)-

Proof. Let f € I be a non-zero polynomial for which in(in,(f)) ¢ (in<(iny(g;)) :
1 <i<s). We aim for a contradiction. As f € I, we can write f = ;| hjg; for
some homogeneous polynomials h; € S. Write lm(h;g;) = z*. We may assume that
min(val(le(hig;)) + w - u;) is maximal over all choices of description f =37, h;g;.
That a maximum exists follows from Lemma applied to the vector space Sqeg( ),
with the v; all polynomials of the form z“g; where 2" is a monomial of degree
deg(f) — deg(g;), and w; = w - u’ for lm(z"g;) = z*

After renumbering if necessary, we may assume that min(val(le(h;g;)) + w -
u;) = val(le(hjgj)) + w - u; for 1 < j < d, and that in addition "' = 2" for
1 <i < d < d with 2“1 the largest % among those i < d. We may further

assume that d’ is as small as possible among descriptions achieving the maximum.
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Since in<(iny (higi)) = in<(iny(hq)) in< (inw (9i)) € (in<(inw(g1)), - - -, in<(inw(gs))),
2% % Im(f). This means that lm(z higi;) # lm(f), so Val(Zflzl le(higi)) >
min(val(le(hig;))), and so in particular d’ > 2. By hypothesis the S-polynomial
S(g1, g2) has a T-representation for some T' > lc(g1) le(g2) lem(Im(g1),1lm(g2)) and so
we can write S(g1,g2) = ;1 higi where hlg; > T > lc(g1) le(g2) lem(Im(g1 ), Im(g2)).
Then

f= Z higi
i1

= g — lc(h1g1)z™
_Z:hzgz le(g1) le(g2) lem(lm(gq ), Im(g2)) ( (91,92) Zhlgz>

=1
B _ le(hagr)z™ le(higy)z™ ,
- (’“ le(g1)Im(g1)  le(g1)le(ge) lem(im(g1), Im(g2)) ’“) 9
_ le(higr)az™ le(higr)a™ /
* < > ie(ge) Im(g) T 1c(gn) 1e(gn) 1cm<1m<gl>,1m<ga>>h2> 92

le(higr)a™ AN
+Z (h * c(g1) le(ge) lem(Im(g1), 1m(92))hi> 9
= Z higi,
=1

where h; is defined to be the polynomial multiplying g¢; in the previous line. By
construction hy > hy and h; > h; for all i > 2. Write 2% for 1m(l~zlgl) Thus
we have a new expression for f with either min(val(le(hig;)) + w - @;) larger or
this minimum the same and d’ smaller, which contradicts our assumptions on the
respective maximality and minimality of these quantities. We thus conclude that f

does not exist and so in<(ing, (7)) = (in<(ing(g1)), - . -, in<(iny(gs))) as required. [

Recall that the key result in order to prove Algorithm [3.2.9] was Proposi-
tion which said that for G = {g1,...,¢s}, if all the S-polynomials S(g;, g;)
have a standard representation with respect to G, then {in<(in,(g;)) : 1 < i < s}
generates in(in,(I)) for I = (g1,...,9s). We can now prove this result as it is a

corollary of the previous proposition.

Proof of Proposition[3.2.11. By assumption, each S-polynomial S(g;, g;) has a stan-
dard representation with respect to G. As S(g;, gj) > lc(g;) le(gy) lem(Im(g;), Im(g;)),
if we set T' = S(gs, g;) then this standard representation is a T—representation for

some T' > lc(g;) le(g;) lem(lm(g;),1m(g;)). By Proposition [3.4.5, {in<(in,(g:)) : 1 <
i < s} generates in<(iny (1)) for I = (g1,...,9s), and the result follows. O
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We now incorporate Buchberger’s first criterion B1 of Proposition [3.4.2 and
Buchberger’s second criterion B2 of Proposition into Algorithm (3.2.9

Algorithm 3.4.6. Input: A list {f1,..., fi} of homogeneous polynomials in S, a
weight-vector w € I'", and a term order <.

Output: A list {gi,...,9s} of homogeneous polynomials in S such that the set
{in4(iny(g:)) : 1 < i < s} generates in.(in, (1)) for I = (f1,..., fi).

1. Set G ={f1,..., fi}- Set P={(9,4¢') : 9,9 € G}.

2. While P # 0:

(a) Pick (g,9') € P. Set P =P\ {(9,9")}

(b) Iflem(Im(g),lm(g")) # Im(g) lm(g’) and CriterionB2(g, ¢’, P) is false then
let » be the normal form on dividing S(g,¢’) by G. If » # 0 then set
Gg=GU{r},and P=PU{(r,g): g € G}.

3. Return G.

where CriterionB2(g, ¢’, P) is Buchberger’s second criterion of Proposition and
so it is true if there exists p # f;, f; in G such that Im(p) divides lem(Im(f;),1lm(f;))
and where pairs (f;,p), (fj,p) are not in P.

Proof. The termination of Algorithm follows from the termination of Algo-
rithm as if Algorithm [3.:4.6 had an infinite loop, then so would Algorithm [3.2.9]

For correctness, note that as in Algorithm [3.2.9, at every step of the al-
gorithm G C I. By Proposition to show that the output G = {g1,...,9s}
has the property that {in.(in,(g;)) : 1 < ¢ < s} generates in<(in,(I)) we need
to verify that every S-polynomial S(g;,g;) has a T-representation for some T' >
le(gi)le(g;) lem(Im(g;),1lm(g;)). We check that at every step of the algorithm, the
S-polynomial S(g;, g;) for gi,g; € G, (9i,9;) ¢ P has a T-representation for some
T > le(gi) le(g;) lem(Im(g; ), Im(g;)).

By Remark if S(gi, g;) has zero normal form with respect to G, then it
has a standard representation with respect to G. Further, as S(g;, g;) has a standard
representation and S(g;,g;) > lc(g;)le(g;) lem(Im(g;),Im(g;)), then this standard
representation is a T-representation for some 7' > lc(g;)lc(g;) lem(Im(g;), Im(gy)).
Thus, if S(gi,g;) has a zero normal form, then it has a suitable T-representation.
Similarly, if S(g;,g;) has a non-zero normal form with respect to G then it can be
written as » ;_; hig; +r which as in the proof of Algorithm we saw was a stan-

dard representation with respect to GU {r} and so is a suitable T-representation. If
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lem(Im(g;),1lm(g;)) = lm(g;) Im(g;), then by Proposition S(9i,9;) has a stan-
dard representation with respect to {g;, g;} and so it has a suitable T-representation.

We can then deduce that (g;, g;) satisfies Buchberger’s second criterion B2
and so S(g;, g;) was tested out in step 2(b) of the Algorithm [3.4.6] This means that
there exists p # gi,g; in G such that Im(p) divides lem(Im(g;),1m(g;)) and where
pairs (f;, p) and (f;, p) are not in P at that step of the algorithm. Thus, for some 7 €
S such that 77 > lc(g1)le(f) lem(Im(g1),Im(f)), S(g1, f) has a Tj-representation
with respect to G, and for some 75 € S such that Tb > lc(g2) le(f) lem(lm(g2), Im(f)),
S(g2, f) has a Th-representation with respect to G. Then, by Proposition
there is a T' € S such that T > lc(g1) le(go) lem(lm(g ), 1m(g2)) and S(g1, g2) has a
T-representation with respect to G.

At termination, P = ) and so every S-polynomial S(g;, g;) has a suitable T-
representation, and so by Proposition we have that {in<(in,(g;)) : 1 <1i < s}

generates in(in,(I)) as required. O

3.4.2 Working over Z/p™Z

While it is sometimes unavoidable to get large coefficients when computing a Grobner
basis over Q, these coefficients do not always have large p-adic valuation. This mo-
tivates working in Z/p™Z via the method suggested in Remark

This requires the following subroutine, which details how to compute a

Grobner basis for I given generators for in (in,(1)).

Algorithm 3.4.7. Input: Homogeneous generators {fi,..., f;} for an ideal I C
Q[z1,...,zn]. A weight vector w € Z" and a term order <. Generators Z =
{1, ... z%} for ing(ing(1)).

Output: A reduced Grobner basis for I with respect to w and <.
1. G =10.

2. For each degree d of a monomial z% € 7 do:

(a) Let h = dimg I4. Form the h x (”+§_1) matrix A; whose rows are the
coefficients of a Q-basis for I;. The columns of A, are indexed by the
monomials of degree d, and we assume that the monomials in in (in,(1))q
come first in the ordering. The rows can be taken to be monomial mul-
tiples of the f;.

(b) Let By be the result of multiplying A; by the inverse of the first h x h
submatrix of Ayz. This submatrix is invertible by the argument of the
proof of Proposition
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(c¢) For each z% € T of degree d, let g; be the polynomial corresponding to
the row of By that contains a 1 in the column corresponding to z%. Add
g; to g.

3. Output G.

Proof of correctness of algorithm[3.4.7 The chosen polynomials have the property
that no monomial other than x* lies in in4(in, (7)), so in<(iny(g;)) = z%. Thus
the initial ideal in (in,, (1)) equals (in<(iny(g1)),- - ., in<(in,(gr))), so the output is

a reduced Grobner basis as required. O

We incorporate this into the following algorithm, which computes a Grobner

basis modulo p™ for large m.

Algorithm 3.4.8. Input: A list {f1,..., fi} of homogeneous polynomials in
Q[x1,...,xy], a prime p, a weight-vector w € I'", and a term order <.

Output: A Grébner basis for (fi,..., fi).

1. Let I = (f1,...,f1). Let f* = fi(p“'z1,...,p""xy,) for 1 < i < [. Clear
denominators in the f/, and saturate the resulting ideal in Z[xy,...,z,] by
(p). Let I, be the image of this ideal in Z/p"Z[z1, . .., xy).

2. Compute in(ing(I,)) using Algorithm

3. Lift the resulting initial ideal to a Grobner basis for I using Algorithm

Note that the fact Algorithm does compute in(in, (1)) follows from
Remark [3.2.8] The following lemma shows that for m sufficiently large this initial
ideal equals in(in, (1)), so Algorithm will terminate with the correct answer.

Lemma 3.4.9. For m > 0 Algorithm[3.4.8 terminates with the correct answer.

Proof. We first show that for m > 0 we have in.(ing(/y)) = in<(in,(7)). Note
that if f = 3 c,a% with ¢, € Z with val(c,) < m, then the image f of f in
Z)p" L w1, . . ., xn) satisfies ing (ing(f)) = ing(ing(f)). Let I, = (f*) € Qlz1, ..., %),
s0 iny,(I) = ing(ly). By Proposition there is a bound in terms of the ab-
solute value of the coefficients of the generators of I on the maximum valuation

that occurs in a reduced Grobner basis. For m larger than this bound we have

in-< (inw(I)) - in-<(in0(Iw))‘
For the reverse inclusion, fix z* € in.(ing(I,)). Choose f € I, with
in(ing(f)) = z*. By the definition of I, there is g € I, with f = §. By con-

struction ing(g) = ing(f), so % = in<(ing(g)) € in<(ing(ly)) = in<(in(1)).
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In the first step of the algorithm, note that generators of the ideal obtained
by clearing denominators and saturating by (p) generate I, N Zyy)[x1, ..., 2n]. Since
the image of an ideal J C Z[zy,...,x,] in Z/p™[x1,...,x,] equals the ideal ob-
tained by first taking the image of J in Zy,[r1,...,2,] and then taking the im-
age in Z/p™Z[x1,...,x,] (using that Z,/(p™) = Z/p™Z), I, is the image of
Iy N Zlx1,...,x,] in Z/p™Z[x1,. .., 2,]. The second step computes in(ing(I,))
by Remark The equality in (ing(I,)) = inx(in,()) then guarantees that we

have the correct input for Algorithm so the algorithm terminates correctly. [

The bound on m to guarantee that we are in the situation given in Proposi-
tion [3:3:4] may be ridiculously large, and not tight. If instead one uses an ad hoc
choice for m, step [3| of Algorithm will fail if the bound chosen was too low. We
can thus iterate, repeating the computation with a larger value of m. This is often

the best choice in practice.

3.5 Cardinality

In this section we give an example which shows that a p-adic Grobner basis may be
significantly smaller than any standard Grobner basis. This gives another motivation
to study such Groébner bases.

Recall that a monomial ideal M is strongly stable, or Borel fixed, if for all
2" € M with u; > 0 and 7 < j we have z;/x;z* € M. Our construction requires a
special case of the following elementary lemma.

d;+n—1

Lemma 3.5.1. Fix degreesdy,...,d;, and letP = H§:1 P( d; )1 be the parameter
space for sequences of homogeneous polynomials f1,. .., f; C K[x1,...,xy,] of degrees
di,...,d;, where K has characteristic zero. Then there is a Zariski-open set U C P
for which if p € U then the ideal I = (f1,...,fi) generated by the polynomials
corresponding to p has the property that in<(I) is strongly stable for all term orders

<. There are points in U with any prescribed valuations.

Proof. Fix a term order <. Note that G = PGL(n, K) acts on P by change of coor-
dinates on each factor. There is a nonempty open set V' C G x P for which in(gT)
is constant for all (g,p) € V. Denote this initial ideal by M~. The existence of this
open set V' follows from the theory of comprehensive Grébner bases [Weispfenning;,
2006]. For a fixed p € P, there is an open set V' C G for which the initial ideal
in,(gI) equals the generic initial ideal gin_ (I), which is strongly stable [see Eisen-
bud, 1995, Theorem 15.23]. By considering any p € P for which there is some g € G
with (g,p) € V, we see that the initial ideal M~ is strongly stable.
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Since V is open in G x P, the set Ux = {p € P: (id,p) € V'} is open in P, and
ins(I) = M for all p € U. The group G acts on G x P by h-(g,p) = (gh™!, hp).
Note that the set V' C G x P is invariant under this action. This means that the set
U~ is nonempty, as given any (g,p) € V, we also have (id, g~ !p) € V. If ML = M_,
for two different term orders <, <’, then we can take Ux = UL/, as the two term
orders agree on the initial terms of a reduced Grobner basis of any I = I(p) with
p € Us. The first part of the lemma then follows from the observation that the
Hilbert functions of all initial ideals M. agree and there are only a finite number of
strongly stable ideals with a given Hilbert function, so there are only a finite number
of open sets U to intersect to obtain an open set U C P with in(I) strongly stable
for any p € U and any term order <.

Sia ()=

Since U C Pis open, so is its intersection with an affine chart A==\ 4
This contains the complement of a hypersurface V(f) where f € K[x1,...,xn] for
N = Zizl (d”'d’z_l) — [. We now show by induction on N that the valuations of

a point outside V(f) can be prescribed. When N = 1, V(f) is a finite set, so the
base case follows from the fact that there are infinitely many elements of K with
a given valuation. Now assume that the claim is true for smaller N, and write
f = gz"+ lower order terms, where g € K[xg,...,zn]. Then by induction there
is ' = (x2,...,zy) with g(2’) # 0 and with val(z’) prescribed. By the base case
there is x7 with prescribed valuation for which the univariate polynomial f(xz1,z’)

is nonzero. Then (z1,2") € U is the desired point. O

The other ingredient needed for the construction is the notion of a Stanley
decomposition for a monomial ideal M C Klzi,...,zy,]. For 0 C {1,...,n} and a
monomial z* we denote by (z“, o) the set of monomials {z"*V :v; =0 fori € o}. A
Stanley decomposition for M is a union {(z%, ;) : 1 < ¢ < s} such that every mono-
mial in M lies in a unique set (2", 0;). The key fact about Stanley decompositions
is that the Hilbert function dimg I; of I is the sum »_7 , (t_|u|”+‘a"'|_1).

O'i‘—l
Theorem 3.5.2. Fiz an even integer d = 2e. Let I = (f,g9) C Q[x1,x2,x3] be
two generic polynomials of degree d where every coefficient of f except ¢ and every
coefficient of g except x5x5 has positive 2-adic valuation, and the remaining two
coefficients have valuation zero. Then ing(I) = (24, z5x5) with the 2-adic valuation,

but any standard initial ideal in<(I) has at least 1/2(d + 3) generators.

Proof. Note first that the existence of f, g satisfying these conditions follows from
Lemma from which it also follows that every standard initial ideal in-(I) is
Borel-fixed. That {f, g} is a 2-adic Grébner basis for I with respect to w = 0 follows

from Buchberger’s criterion B1.
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Fix a term order <, and let in (I) = (z",...,z%). Write {1,2,3} =
{i1,42,i3} so that x;, = m;, = wz,. For u € N3 denote by m(u) the index
m(u) = max(j : u;; # 0) € {1,2,3}. Then since in.(I) is Borel-fixed, the de-

composition {(z%, {iy(u,),---,i3}) : 1 < 7 < s} is a Stanley decomposition for
in (7). This means that dimg(in<(I);) = >0, (t_|q“g|j;?(_f;(“i)). Without loss of

generality we may assume that z%' = :1:?1, and m(u;) > 2 for ¢ > 2. Since [ is
generated in degree d, |u;| > d for all 7. Since the Hilbert function of I and any
initial ideal (standard or 2-adic) agree, the fact that the 2-adic initial ideal of I is

(24, 25x§) implies that dimg(I;) = 2(t_‘é+2) for d <t < 2d. Thus for d <t < 2d we

have
t—d+2 \(t— Jug| + 3 — m(uy)
2 —
(72) -2 (T
t—d+2 t—d+1
< -1
(757 reon(T0T)
SO
1/2t—d+2)(t—d+1) < (s—1)(t—d+1).
Then setting t = 2d — 1 we see that s > 1/2(d + 3), as required. O

3.6 A Macaulay2 package to Compute Grobner bases

over fields with valuations

Consider K = Q with the p-adic valuation for some prime p. The algorithms in
this Chapter are implemented in the package GroebnerValuations |[Chan, 2013a]
for the computational algebraic geometry system Macaulay?2 [Grayson and Stillman)]
to compute these Grobner bases with coefficients in the rational numbers with the
p-adic valuation. The package GroebnerValuations has been submitted to “The
Journal of Software for Algebra and Geometry”. GroebnerValuations allows com-

putation of:
1. the Grobner basis of an ideal with groebnerVal,
2. the initial ideal of an ideal with leadForm;

3. the normal form of a polynomial with respect to a set of polynomials with

normalForm.
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It was in using this package that we encountered problems with the blow-up of
coefficients that we needed to utilise the improvements and alterations discussed in

the Section 3.4l
We demonstrate usage in by first installing the package then specifying the
polynomial ring Q[z1, x2, x3, 4] and a polynomial f = 2z + x9 + 8zg — 2x4:

il : installPackage "GroebnerValuations"

i2 : R = QQ[x_1..x_4];
i3 : f = 2*%xx_1+x_2+8%x_3-2*%x_4
03 =2x +x + 8x - 2x
1 2 3 4
o3 : R

Considering the 2-adic valuation, we compute the initial form of f with
respsect to the weight vectors (1,1,1,1) and (1,3,7,1):

i4 : leadForm(f,{1,1,1,1})

o4 = x

o4 : —-[x,x,x, x]

i5 : leadForm(f,{1,3,7,1})
o5 =x +x
1 4
ZZ
o5 : ——-[x, x,x, x]
2 1 2 3 4

So with respect to the 2-adic valuation, in 1 1,1)(f) = 22 and in¢ 37,1)(f) =
71 + z4. Consider the ideal I = (223 + 3x179 + 242374, 823 + Tow374 + 187324) in
S and compute the initial ideal with respect to 2-adic valuation for weight vector
(1,1,1,1) and with respect to the 3-adic valuation for weight vector (1,11, 3,19):

i6 : I=ideal (2%x_1"2+3*x_1*x_2+424%x_3*x_4,8%x_1"3+x_2%x_3*x_4+18*x_3"2%x_4)
2 3 2

06 = ideal (2x + 3x x + 24x x , 8x +xxx + 18x x )
1 12 34 1 234 34

06 : Ideal of R

i7 : leadForm(I,{1,1,1,1})

99



o7

| x_1x_2 x_2x_3x_4 x_1"2x_3x_4+x_1x_3"2x_4 |

77 1 ZZ 3
o7 : Matrix (-—-[x , x , x , x]) <—— (—-[x,x,x,x1)
2 1 2 3 4 2 1 2 3 4

i8 : leadForm(I,{1,11,3,19},Prime=>3)
08 | x_1°2 x_1x_3x_4 x_1x_2"2x_3 x_1x_2"4 x_3"4x_4"2 |
ZZ 1 ZZ 5
o8 : Matrix (—-[x , x , x , x]) <— (—-[x,x,x,x1)
3 1 2 3 4 3 1 2 3 4

We have computed that ing 1 11)(I) = (w179, Tow3Ty, T3T374) With respect
to the 2-adic valuation and in; 13 319)(/) = (x3, 217374, 1123, 2322) With respect to
the 3-adic valuation. We now compute the Grobner basis with respect to the 2-adic
valuation and the 3-adic valuations for weight vector (1,1,1,1):

i9 : groebnerVal(I,{1,1,1,1})
09 = | 2/3x_1"2+x_1x_2+8x_3x_4 8x_1"3+x_2x_3x_4+18x_3"2x_4
-12x_174+4x_1"2x_3x_4-27x_1x_3"2x_4+12x_3"2x_4"2 |
1 3
09 : Matrix R <--- R

i10 : groebnerVal(I,{1,1,1,1},Prime=>3)
010 = | x_1"2+3/2x_1x_2+12x_3x_4
18/145x_1x_2"2-96/145x_1x_3x_4+x_2x_3x_4+18/145x_3"2x_4 |
1 2
010 : Matrix R <--- R

We see that {2/322 + x129 + 87374, 873 + wo7374 + 18:6%304, —120f +2?w3my —
27x 7324 + 122323} is a Grobner basis for I with respect to the 2-adic valuation
and {z? + 3/2z129 + 127374, 18/1457123 — 96/14571 2374 + T27374 + 18/14533%934}
is a Grobner basis for I with respect to the 3-adic valuation. Finally we compute
the normal form of 3 + 23 + 23 + x3 with respect to polynomials {x1 + 1224, 22 —
8x1,x3 — 12821} and weight vector (1,3,2,1):

i11 @ g = x_173+x_2"3+x_3"3+x_4"3;
i12 : normalForm(g,{x_1+12*x_4,x_2-8*x_1,x_3-128*x_1},{1,3,2,1})

2 2 2 2
012 = (1, {x +8x + 128x - 12x x - 768x x - 196608x x + 302063760x ,
1 2 3 14 2 4 34 4

2 2 2 2 3
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x - 96x x + 9216x , x - 1536x x + 2359296x }, -3624765119x )
2 2 4 4 3 3 4 4 4

012 : Sequence

We see that o + 23 + 23 + 23 = (2% + 823 + 12823 — 122124 — 7687224 —
196608x324 + 302063760x7) (21 + 1224) + (23 — 96z924 + 921623) (22 — 821) + (23 —
15362374 + 235929627) (23 — 12871) — 36247651193,

Recall that the two main ways to improve the speed and efficiency of the

algorithms are
1. Using criteria to decide a priori that certain S-polynomials reduce to zero;

2. By working over Z/p™Z for some suitably large m € N.

These two improvements are implemented in the package, with the second as an
option. We demonstrate how this works by computing the special fibre of a Mustafin
variety [Cartwright, Habich, Sturmfels, and Werner} [2011} Definition 1.1] in the case
where p = 2. The following code computes the Mustafin variety as in Example 2.2
of |Cartwright, Habich, Sturmfels, and Werner| [2011]. In our example we replace the
matrices g1, g2, g2 from Example 2.2 with the matrices A, B, C below.

i13 : R = QQ[x_1..x_9];

i14 : y1 = matrix{{x_1},{x_2},{x_3}};

i16 : y2 = matrix{{x_4},{x_5},{x_6}};

i16 : y3 = matrix{{x_7},{x_8},{x_9}};

i17 : A = matrix{{1,8,16},{2,1,32},{4,1,4}};
i18 : B = matrix{{19,3,7},{5,8,1},{2,64,3}};
i19 : C = matrix{{1,12,8},{11,1,6},{1,9,5}};
i20 : Al = flatten entries(Axyl);

i21 : B1 = flatten entries(B*y2);

i22 : Cl1 = flatten entries(Cxy3);
i23 : M = matrix{A1,B1,C1};
i24 : J = minors(2,M);

The special fibre of the Mustafin variety is the initial ideal with respect to
the weight vector (1,...,1). When computing this example, the coefficients grow
very large and we are unable to complete the computation using the memory space
of the computer and so we need to work over Z/p"Z:

i25 : leadForm(J,{1,1,1,1,1,1,1,1,1},ModPn=>true)

025 = | x_4x_8+x_5x_9 x_1x_T7+x_2x_T+x_1x_8 x_bx_T7T+x_bx_8+x_6x_8+x_bx_9

x_2x_b+x_1x_6+x_2x_6 |
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In Theorem we saw a family of ideals which have small 2-adic Grobner
basis but where all other standard Grobner bases are large and grow linearly with
the degrees of the generators. Consider the case of degree 30 polynomials. We
start by finding two random polynomials f and g which satisfy the hypotheses and
forming the ideal (f, g):

i23 : S = ZZ[x_1,x_2,x_3];
i24 : T1 = S/((x_1)"30);

i25 : use S;

i26 : T2 = 8/((x_2)"15%(x_3)"15);

i27 : use S;

i28 : f = x_1"30+2%x(1lift (random(30,T1),S));

i29 : g = x_2715%x_3715+2*(1lift (random(30,T2),S));
i30 : U = QQ(monoid S);

i31 : h = map(U,8);

031 : RingMap U <--- 8
i32 : K = h ideal(f,g);
032 : Ideal of U

We now compute the in(; ;,1)((f,g)) with respect to the 2-adic valuation to
show that it has only 2 elements, and as a demonstration show that the Grobner
basis with respect to the graded reverse lexicographic ordering has 61 elements.

i33 : leadForm(X,{1,1,1})

033 = | x_1730 x_2"15x_3715 |
ZZ 1 ZZ 2
033 : Matrix (--[x , x , x 1) <— (—-[x,x,x1)
2 1 2 3 2 1 2 3
i34 : #(flatten entries gens gb K)
034 = 61
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Chapter 4

Tropical Curves from

Coordinate Projections

4.1 Introduction

Let K be an algebraically closed field equipped with the trivial valuation. Denote
by P" the n-dimensional projective space over the field K with n-dimensional al-
gebraic torus 7" and S = K|z, z1,...,2,| the homogeneous coordinate ring of
P". Let X be an irreducible m-dimensional subvariety of T™ with defining ideal
I C Klzfl,.. . 2. As we saw in Chapter [2] the tropicalisation of X is defined to
be trop(X) = (¢, trop(V(f)) and by the Structure Theorem it has the sup-
port of a balanced weighted rational m-dimensional polyhedral complex 3 that is
connected through codimension one. A fundamental question in tropical geometry
is how to find this polyhedral complex X.

In Section we saw that a first answer was given by Bogart, Jensen,
Speyer, Sturmfels, and Thomas| [2007] in the paper “Computing Tropical Vari-
eties”. They provided algorithms to compute tropical varieties which have been
implemented in the computer software package gfan |[Jensen|. These algorithms use
the fact that trop(X) is connected through codimension one. The idea is to ‘walk’
from one maximal dimensional cone to another by passing through a facet. We find
these neighbouring maximal dimensional cones by computing a tropical curve which
has a ray passing in the direction of each neighbouring maximal dimensional cone.
If w is a generic relative interior point of a facet of some maximal dimensional cone
then, we saw in Section that V(in,(I)) = C x (K*)4™I=1! for some curve C.
As the initial complex associated to the initial ideal is connected [Kalkbrener and
Sturmfels|, 1995, Theorem 2], this tells us that C' is connected. The tropicalisation
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trop(C') defines a tropical curve which has a ray pointing in the direction of each
neighbouring maximal dimensional cone. So the construction of tropical curves is
a key step of these algorithms to construct tropical varieties. Any improvements in
the algorithm for computing a tropical curve would result in improvements to the
algorithms for constructing arbitrary dimensional tropical varieties. In particular,
this is a bottleneck in the algorithms and we present examples in Section of a

curve for which we cannot compute its tropicalisation using gfan.

Let C C T™ be a curve with defining ideal I C K[zT!,... 2. We saw in
Section that Bieri and Groves| [1984] showed that there is a dense open set in
the set of all projections such that for n of these projections 7q,...,7,: R* — R?
we have that .

trop(C) = m 7, L7 (trop(C)). (4.1)
i=1

In fact, 7~ '7(trop(C)) is a tropical hypersurface and we can compute the equation
for this hypersurface by changing coordinates so that the projection is a coordi-
nate projection before using elimination theory, as described in Section to find
an equation for the projection. Combining these two results, we see that we can
find suitably generic geometrically regular projections, such that holds and
7 i (trop(C)) = trop(V (g;)) for some g; € I. Thus {g1,...,gn} is a tropical basis
for I and we find trop(C') by intersecting all of the tropical hypersurfaces trop(V (g;))
as we saw in Section We demonstrate how we can recover the support of a

one-dimensional tropical variety from suitably generic projections with an example.

Example 4.1.1. Let I = (zz + 4yz — 2> + 3zw — 12yw + 5zw, 2y — 4y* + yz +
rw + 2yw — zw, 22 — 16y? + 8yz — 22 + ldzw — 8yw + 22w) be a homogeneous ideal
in Clz,y, z,w|] where C is equipped with the trivial valuation. Then I defines a
curve in P3. Let C = V(I)NT". Then trop(C) is a one-dimensional tropical curve
in R*/R(1,1,1,1). We consider the tropicalisations as fans living in R3 after we
quotient out by the lineality space (1,1,1,1) so that the w coordinate is zero. We
see that trop(C') has four rays spanned by

(1,1,1),(1,—1,—1), (1,1, —1), (=1, —1,1).

In Figure we see trop(C') as the rays passing through alternate vertices of a cube
in R? with vertices at (1,41, £1).

By the discussion above, we can find three geometrically regular projections
which recover the tropical curve. We consider projections onto the planes defined
by y =0, x =0 and x + 2z = 0 as shown in Figure 4.2
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Figure 4.1: A tropical curve as the alternate vertices of a cube

A%

<

Figure 4.2: A tropical curve in R? with three generic projections

We recover the rays of trop(C) from these three projections starting with
the projection to y = 0. This has image spanned by positive multiples of four rays
generated by (1,1), (1,—1), (=1,1) and (=1, —1) in the zz-plane. Thus we see that
the points in R? that project to this projection can have any y-coordinate with the x
and z coordinates positive multiples of the rays of the projected curve. That is, the
points of R? which project to the y = 0 projection are of the form (a, b,a), (a,b, —a),
(—a,b,a) and (—a, b, —a) for a > 0 and any b € R. This is shown in Figure

Then we look to see which of those points project to the x = 0 projection.
We now recover eight rays which can be seen as those passing through all vertices
of the cube. This is shown in Figure

Finally, we see that of these eight rays, only four project on our third projec-
tion and we have recovered the tropical curve trop(C). This is shown in Figure

&
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Figure 4.3: The points in R3 which project to the y = 0 projection

Figure 4.4: The points in R? which project to the y = 0 and = = 0 projection

In order to use these techniques to computationally find trop(C'), we need
to be able to find suitably generic projections. However, it is difficult to check if a
set of projections is generic or not. Additionally, projections other than coordinate
projections are often difficult to compute and the degree of polynomials involved may
grow extremely large. Thus the key idea in this Chapter is that we shall restrict

our attention to coordinate projections. These are usually easier to compute, but

in general they will not be generic enough for the results of Bieri and Groves| [1984]

and Hept and Theobald| [2009]. So even if we consider all coordinate projections,

we may not have a tropical basis with which we can recover trop(C). We see one
such example in Example
In this Chapter, we explain methods to be able to reconstruct trop(C') from

its coordinate projections. The reconstruction has three main steps:
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%

Figure 4.5: A tropical curve in R? recovered from three generic projections

1. Find the image of the tropical curve under two-dimensional coordinate pro-
jections. In general these coordinate projections may not be geometrically

regular but are easier to compute by elimination theory. This is discussed in

Section 211

2. Find the set of rays which project to the projected tropical curves found in
Step 1. In general, this will form a finite superset of the rays in the tropical

curve trop(C'). We provide algorithms to determine this superset of rays in

Section 4221

3. Determine which of the rays from the superset found in Step 2 are rays of the
tropical curve trop(C') and find their multiplicities in trop(C'). The algorithms
we provide for this in Section use the multiplicity equation from
Tropical Elimination Theory, equations from the degree of the curve C' which
we saw in Section[2.6] and equations which come from the balancing condition.

This limits the number of additional initial ideals that we need to compute.

In Section we examine an example of a tropical curve which cannot be
computed using gfan but which can be computed using these coordinate projection
techniques. In Section [£.4] we see some implementation issues and ways in which
our algorithms can be optimised. Finally, we introduce the Macaulay?2 |Grayson and
Stillman| package TropicalCurves [Chanl 2013b| in Section which implements

these algorithms to compute tropical curves from coordinate projections.
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4.2 Reconstructing Tropical Curves from Coordinate

Projections

Let I C S be a homogeneous prime ideal defining an irreducible curve in P". Let
C =V(I)NT" Recall from Section that a key step in the construction of a
tropical variety is to construct the tropicalisation of a connected curve. Thus, we
will assume here that C' is connected. In this section, we explain how to reconstruct
the tropicalisation of C' from its projections to coordinate planes. This procedure
has three main steps. In the first we find equations for the projections and then
tropicalise them. In the second we find a superset of the rays in trop(C), and in the
third we determine which rays in the superset are rays of the tropical curve.

By the Structure Theorem trop(C') has the support of a weighted
balanced T'-rational one-dimensional fan in R™*!/R(1,...,1). This can be thought
of as a fan in R™ after we identify R"*1/R(1,...,1) with R”. Algebraically, this
corresponds to looking at a coordinate slice of the fan. We look at the slice of the
fan where xg = 0 which corresponds to dehomogenising with respect to xg. If p is a
ray of trop(C), then the first lattice point of p is called the primitive generator of
p. By abuse of notation, we shall let p denote a ray of trop(C') as well its primitive

generator.

4.2.1 Finding the Projections

Let mj;: P —-» P? be the projection map to coordinates xo, T, 5. As C C P is
one-dimensional, its image Cj; := m;;(C) C P? is then either one-dimensional or
zero-dimensional. Suppose that the image is zero-dimensional. This means that
C;j is a finite set of points. As we are assuming that C' is connected, the image
under projection is also connected and so is a single point. Thus C' is contained in a
hyperplane. When this happens, the defining ideal I of C' will contain a linear form
in xg,x;,rj. We require that C' and its image C;; under the projection m;; to have
the same dimension, so we will thus assume that I does not contain such a linear
form and that Cj; is then one-dimensional so that it is a curve in P2. It is then
given by a single homogeneous polynomial in K|xg, x;, x;].

Fix a monomial ordering >~ where xj, > o, x;,z; for all k #¢,5, 1 <k <n,
and let G be a Grobner basis for I with respect to »=. Then, in Section we saw
that by Elimination Theory, G N K[z, x;, ;] is a Grobner basis for I N Kxg, z;, z;].
Geometrically I N K[z, z;, z;] is the ideal defining the Zariski closure of the image
Cij; in P2.

As the curve C' is connected, irreducible and is not contained in any linear
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hyperplane of the form axg + bx; + cx;, each fibre of the projection map cannot be
a component of the curve. Thus fibres cannot be one-dimensional and so must be
a finite set of zero-dimensional points. Thus the projection map m;;: C — Cj; is a
surjective map generically finite of some degree 6. We denote the tropicalisations
of C' and Cj; by trop(C) and trop(Cj;) respectively. We choose identifications of
R™ = R"1/R(1,...,1) and R? = R3/R(1,1,1) which send the first coordinates to
zero. Then abusing notation, we let x1,...,z, be the coordinates of R" and z;, z;
the coordinates of R%. Thus, trop(C) is a one-dimensional fan in R™ and trop(C;;)
is a one-dimensional fan in R%2. We also denote by mijr R — R? the projection
map onto the coordinates x;,x; induced from 7;;: C' = Cj; and so sends trop(C)
to trop(Cj;). By Tropical Elimination Theory [Sturmfels and Tevelev, 2008|, which

we saw in Section the following diagram commutes:

[oJERLLEN trop(C)

erij J/ﬂ'ij

Cij _trop trop(Cj;).
Additionally, if o is a ray of trop(Cj;) then its multiplicity is given by

1
Mg = 5 Z m,, - index(p, o)
petrop(C):0Crmsj(p)

where this sum is over all rays p € trop(C) which project to o. Here index(p, o)
denotes the index of the lattice generated by m;;(p) inside the lattice generated by
o. The index of a sublattice L' in L is given by the determinant of the matrix
which sends the generators of the sublattice L’ to the generators of the lattice L.
The image of p is m;;(p) = (pi, pj) where p; is the z; coordinate of p, and p; is
the x; coordinate of p. As the image of p under m;; is 0 = (0, 0;) we must have
that (ps, pj) = a - (04,05), where ged(o;,05) = 1 as it is a primitive ray generator,
and so it follows that a = ged(p;, pj). Thus where we are considering coordinate

projections, we can write the multiplicity formula as:

1
Mo = 5 Z my - ged(pi, pj)- (4.2)
petrop(C):oCrmi;(p)

Remark 4.2.1. It follows from (4.2)) that for any p € trop(C) such that o C 7;;(p)
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the multiplicity m, can be bounded above by

0 Mgy

~ ged(ps, py) (4.3)

mp
which means that the maximum possible multiplicity of p in trop(C) such that it

as it must be a positive integer. &

still projects to o is

Let 7: P® --» P2 be a coordinate projection. If C is a curve in P* and L a
hyperplane in P™ such that C' is not contained in L then C N L is zero-dimensional.
We denote by m the number of points, counted with multiplicity, in C' N L that do
not map to 7(C).

Lemma 4.2.2. Let C C P" be an irreducible connected curve of degree dy and let
7: C CP" —» m(C) C P? be a coordinate projection to xq, x1, x2 which is generically
finite of degree §. Suppose that C is not contained in any hyperplane of xg,x1, X2
and that w(C) is a curve in P?. Let L be a generic hyperplane in P" defined by a
polynomial | = axg + bxy + cxo which projects to a line w(L) in P2. Suppose that
m(C' N L) has degree da and let m be defined as above. Then di = 0 - da + m.

Proof. We first note that as C'is not contained in any hyperplane, it is not contained

in L. Thus C' N L is zero-dimensional and so is a finite set of points. We can also

choose L generically so that it does not intersect 7(C)\7(C'). This is because there
are only finitely many points in 7(C)\7(C).

We count the points in C'N L in two different ways. Firstly the degree of C
can be defined as the number of points in C' N C’ for a complementary dimensional
subspace C’. As C' is a curve, this means considering a hyperplane so we can take
C’' = L as C is not contained in L. Thus the number of points in C'N L counted
with multiplicity is dy, the degree of C.

Secondly, these points are either points which do not map to points in P?
under the projection 7, or they are points in the pre-image of w. By the hypothesis,
there are m points, counted with multiplicity, in C'N L that do not map to m(C'). For
the points in the pre-image of 7, we count the points in 7(C' N L). Then as 7 is of
degree 4, this will correspond to ¢ times this number of points. As 7(CNL) is a zero-
dimensional ideal, the number of points counted with multiplicity will generically
equal the degree do. Thus there are § - dy points which map to w(C), and this point
count gives d - do + m points in C'N L.
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Combining these two ways of counting the points of C'N L we have
di=0-dy+m

as required. O

Remark 4.2.3. In Lemma [4.2.2], it is possible to choose the line | = axg + bx1 +
cxry generically so that 7(C' N L) = «(C) N 7w(L). In fact, the inclusion 7 (C) N
w(L) O n(C' N L) always holds. Let I be the defining ideal of C' and J = (I) the
defining ideal of L. Then the condition 7(C' N L) = 7(C) N mw(L) is equivalent to
showing that (I + J) N K[zg, z;, z;] = (I N Kz, z;, x;]) + (J N K[zo, i, x;]). Let
{f1,..., fs} be an elimination Grobner basis for I with respect to a monomial term
order where g, z;, x > x; for all 1 <1 < n where [ # i, j, and let f; be the defining
equation for I N K[zg,x;, x;]. The ideal J N Kz, z;,x;] is defined by [ so that
(INK[zg, zi, z;])+(JNK[zo, i, x5]) = (fs, 1) C (f1,..., fs, 1) T ([+JT)NK[xo, x;, xj].
Thus 7(C)Nw(L) D 7(C N L) always holds.

For the reverse inclusion, we need the linear polynomial [ to be chosen such
that (I + J) N Klzo, zi, ;] € (I N K|z, x4, z5]) + (J N K[zg, i, x;]). Suppose that
I is generated in degree d, then we need to show that (I + J)q N Kz, zs,2;] C
(IaN K(xo, x4, z4]) + (JaN K[xo, 24, z;]). That is, we cannot have any polynomials in
(I + J)aN K[xg, xi, ;] which are not contained in (fs,[). This is an open condition
on the coeflicients of [.

In the case where 7(C' N L) = n(C) Nx(L), it follows that deg(m(C N L)) =
deg(m(C)) which is the degree of the polynomial defining the hypersurface 7(C'). In
practice, it appears that finding such a generic line is computationally time consum-

ing and that it is in fact easier to simply compute the degree of 7(C' N L). &

Algorithm 4.2.4. Input: An ideal I C S defining a connected irreducible curve
C in P" and a projection map 7: C' --» 7(C) to P2,
Output: The degree ¢ of the projection map .

1. Let di = deg(C) .

2. For J = {axo + bxy + cxe) C S defining a hyperplane L = V(J) C P", set
dy = deg(m(CNL)).

3. Let P = (xo,x1,22) then define My = (I +J): P> and My = (I + J) : M{°.
4. Let m = deg M>.

Output § = (dy — m)/ds.
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Proof of Algorithm. The ideal Ms is the saturation of I+ J with respect to the ideal
M, and so My defines the variety of points in V' (I +.J) which are not in V/(M;). The
ideal M is the saturation of I + J with respect to P thus M; defines the variety of
points in V(I + J) which are not in P. Then, the ideal My is the ideal of points in
V(I + J) which are also in V' (P), and thus corresponds to the points in C'N L which
do not map to P2. As M, is a zero-dimensional ideal, its degree counts these points
with multiplicity. By Lemma di = dds + m and so the result follows. O

For a given homogeneous ideal I in S, the following algorithm computes the
tropical curves which are the projections of trop(V'(I)) to two dimensional coordi-
nate hyperplanes. It first finds equations for the projection of I to those coordinates,
then constructs the tropical curve from the normal fan of its Newton polygon. We
equip each projected tropical curve with a positive integer which is the degree of
the algebraic projection map as this will be required to determine multiplicities

using (4.2)) in future steps of the reconstruction process.

Algorithm 4.2.5. Input: A homogeneous ideal I C S defining an irreducible
connected curve C' C P,

Output: A set P = {C;;} of tropical curves where C;; C R? is the projection
of trop(C') € R™ to the coordinate plane with coordinates x;, z;, and a set D = {0;;}
where 6;; is the degree of the projection map m;;: C' C P" --» P2.

Initialisation: P =0,D=0,T = {(z;,z;) : 1 <i<j<n}
For all (z;,z;) in T do:

1. Compute the elimination ideal I;; which eliminates variables x;, for all k #
0,7,7.
2. Compute the degree d;; of the projection map m: P — P? by Algorithm

3. If I does not contain a linear form in xg, z;, z; then m;;(C) is one-dimensional.
Let I;; = (fi;) be the defining ideal of m;;(C') and compute C;; = trop(V(fi;))
by Algorithm

4. P=PU {Cz'j}, D=DuU {5U}

Output P, D.

4.2.2 Reconstructing the pre-image rays

Consider the tropical curve trop(C) in R" ™! /R(1,...,1) 2 R™ and let m;;: trop(C) C
R"™ — R? be the coordinate projection to the coordinates z;, xj. The image of the

tropical curve trop(C) under this projection is denoted by C;; := m;;(trop(C)).
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In this section, we explain how to find the points in R™ which under co-
ordinate projections project to our collection of tropical plane curves {Cij}(z‘,j)e P
where the set P indexes our projections. A primitive vector p € R"™ with associ-
ated multiplicity bound m, is called an (i, j)-candidate for trop(C) if either m;;(p)
spans a ray o € C;; with multiplicity m, where by Remark we require that
my - ged(ps, pj) < 0ij - Mo, or mi5(p) = (0,0). It is called a candidate for trop(C) if it
is an (4, j)-candidate for all (7, j) € P. That is p is an (¢, j)-candidate for trop(C) if
it projects to C;; and is a candidate for trop(C) if it projects to C;; for all (7, j) € P.
In this language, the aim of this section is to find a set of all candidates for trop(C).

We partially reconstruct candidates for trop(C') by building up rays con-
sidering one new projection at a time. Suppose we have partially reconstructed a
candidate p and we are considering a projected curve C;;. Then we are looking to
find the points which agree with p on the coordinates already reconstructed and

which are additionally (7, j)-candidates for trop(C).

Example 4.2.6. Suppose that we have partially reconstructed a candidate p =
(1,0,3,%,%,%) € RS which has been reconstructed to coordinates x1,z2, 3 where
the *s in position x4, zs5, r¢ indicate that these coordinates have yet to be recon-
structed. Suppose that we are considering the projection my5 to coordinates x4, x5
with C45 having rays (1,0),(0,1), (—1,—1). Then (1,0,3,1,0,x%), (1,0,3,0,1,*) and
(1,0,3,—1,—1,%) all agree with p on coordinates x1,x2,x3 and are additionally

(4,5)-candidates for the tropical curve. &

The multiplicity bound (4.3]) also gives a bound on the different rays which we
can reconstruct. However, as we see in the following example, where the projection
map has large degree, or the ray in the projected tropical curve has large multiplicity,

we can combine these rays multiple times.

Example 4.2.7. As in Example suppose that we have a partially recon-
structed a candidate p = (1,0,3,%,%,%) € RS which has been reconstructed to
coordinates x1, x2, 3 and that we are considering the projection 745 to coordinates
x4, 5. Suppose that ray o = (—1,—1) is in C45 which we are attempting to combine
with p. If ¢ has a high multiplicity, then we can combine it with p in multiple ways.
For example, suppose that m, = 5, then we can combine p with ¢ to form the
partially reconstructed candidate (1,0,3,—1, —1,x*), p with 20 to form the partially
reconstructed candidate (1,0,3,—2,—2,%), p with 30 to form the partially recon-
structed candidate (1,0, 3, —3, —3, %), p with 40 to form the partially reconstructed
candidate (1,0,3, —4, —4,*) and p with 50 to form the partially reconstructed can-
didate (1,0,3,—5,—5,%). These are all valid (4, 5)-candidates which extend p on
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the coordinates already reconstructed. <&

For a fixed partially reconstructed candidate p, consider the projected trop-
ical curve C;; so that we are looking for those rays which agree with p on the
coordinates already reconstructed and which are additionally (7, j)-candidates for
trop(C). How we extend p with the rays of C;; depends on i and j, and on whether
p has been partially reconstructed to x; or x; or both or neither. There are three
cases that we need to consider.

Projections of Type 0. In this case, x; and x; have already been reconstructed
in the partially reconstructed candidate p. We then have to check to see if p is
an (7, j)-candidate for trop(C'). If not, then it is discarded as it not possible to
extend to a candidate for trop(C') whilst also agreeing on the coordinates already
reconstructed.

Projections of Type 1. In this case, only one of the x; and x; have been recon-
structed in the partially reconstructed candidate p. After relabelling coordinates
if necessary, we can assume that the x;-coordinate has been reconstructed in the
partially reconstructed candidate p and that the xj-coordinate has not. Let p; be
the x;-coordinate of p. This case splits into two subcases.

Projections of Type 1(a). In this subcase, p; is non-zero. Here, we extend p by
combining with the rays of C;; whose x;-coordinate has the same sign as p;. For
example, consider again the partially reconstructed candidate p = (1,0, 3, , x, *)
from Example which has been partially reconstructed to coordinates x1, x2, T3
and suppose that this time we are considering the projected tropical curve Ci4 to
coordinates x1, x4 which has rays (1,0), (0,1),(—1,—1). Then we can only combine
p with the ray (1,0) to form (1,0, 3,0, *,*) which is also a (1, 4)-candidate which
extends p.

Projections of Type 1(b). In this subcase, p; is zero. Here, we extend p by com-
bining with the rays of C;; whose x;-coordinate is also zero. For example, consider
again the partially reconstructed candidate p = (1,0, 3, %, %, %) from Example
which has been partially reconstructed to coordinates x1, x2,x3 and suppose that
this time we are considering the projected tropical curve Coq to coordinates xa, x4
which has rays (1,0), (0,1), (=1, —1) this time all with multiplicity two. Then we
can combine p only with the ray (0,1). Notice that the ray (0,1) has multiplicity
two which means that we can think of it as the ray (0,1) with multiplicity two or
as the ray (0,2) with multiplicity one. In this way p can be combined with (0,1) to
form two new partially reconstructed candidates (1,0,3,1,%,%) and (1,0,3,2, %, %)
which are both (2, 4)-candidates which extend p.

Projections of Type 2. In this case, both z; and x; have not been reconstructed
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in the partially reconstructed candidate p. Thus we can extend p with each ray of
Cij. We saw this case in Example

The numbering of these projections refers to the number of new coordinates
that they would add to the partially reconstructed candidate. That is, a projection
of Type 0 would not add any new coordinates, a projection of Type 1 would add
one new coordinate and a projection of Type 2 would add two new coordinates.

We now explain the algorithm which allows the reconstruction of all candi-
dates given a set of two-dimensional coordinate projections. We first set up some
notation.

Consider a partially reconstructed candidate p which has been partially re-
constructed to coordinates x1, ..., x, where we have considered projections indexed
by a set P. To each such p we associate a multiplicity bound m,,. This encodes the
greatest multiplicity with which the partially reconstructed candidate p can occur in
order to still be an (4, j)-candidate for all (i, 7) € P. So if the partially reconstructed
candidate p = (1,0, 3, *, *, %) from Example occurred with multiplicity bound
m, = 2 then 2p = (2,0, 6, %, *,*) is an equally valid partially reconstructed candi-
date that we need to consider. Suppose as in Example that we are combining
p with the ray (1,0) with multiplicity 1 of the projected tropical curve C45. Then
p can be extended to form (1,0,3,1,0,*) and (2,0,3,1,0,*) both with multiplicity
bound 1 which both agree with p on the coordinates already reconstructed and are
additionally (4,5)-candidates for trop(C).

We also encode each partially reconstructed candidate p with an index set
@, which indexes the projections that are still remaining to consider in the recon-
struction of the partially reconstructed candidate, and index set Y, which indexes
the coordinate variables which have already been reconstructed in p.

The following algorithm reconstructs all candidates for trop(C) from a set
of projected tropical curves indexed by elements of the set P. The ‘if’ loop takes
a partially reconstructed candidate and extends it by combining it with the rays
of a projected tropical curve which we have not yet considered. How the partially
reconstructed candidate is extended depends on the type of the projection we are
adding. After considering all projected tropical curves in P, we have then recovered

a candidate for trop(C'). As another piece of notation, we let * + a = a for all a.

Algorithm 4.2.8. Input: An index set P which indexes the projected tropical
curves {C;; : (i,j) € P} where each C;; comes with a positive integer d;;.

Output: The set T' of all candidates for trop(C).

Initialisation: T =0, S = {p = (*,...,%)} where m, = co, Q, = P and
Y, = 0.
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While S # ) do:

I. Choose any p € S. Set S =8 — {p}

I fQ,=0and p# (0,...,0) then T =T U{p}. f Q, =0 and p = (0,...,0)
then T'=T. Otherwise do:

(a) Choose any (%,7) € Q.
(b) Updating S. This depends on {i,j} NY,.

1. Case 0: If |{i,j} NY,| =2 then 7;; is a projection of Type 0.

(i)

(if)

If (pi/ ged(ps, pj), pi/ ged(pi, pj)) is equal to a ray o of C;; where
in addition ged(p;, pj) < 6;jmy, then we define 6 = p. Set my =
min(my, |§ijme/ ged(pi, pj)]), Qo = Qp — {(i,)} and Yp = Y.
Let S =S uU{0}

If (pi,pj) = (0,0) then set S = S U {p} where m, = m,, Q, =
Qo —{(i,j)} and Y, =Y.

2. Case 1(a): If |{i,j} NY,| =1 and p; # 0, where after relabelling

if necessary, we assume that {i,j} NY, = {i}, then 7;; is a pro-

jection of Type 1(a).

This splits into two subcases depending on the sign of p;.

(i)

If p; > 0 then set U = {0 : o is aray of C;; and 0; > 0}. For
all o € U with multiplicity m, define a := lem(p;,0;)/p; and
b := lem(p;,04)/05. Then when a < m, and b < §;;m,, define
6 = (01,...,60,) where 0 = ap; for | # j and ; = boj. Set
mg = |min(m,/a,d;;ms/b)], Qo = Q,—{(i,j)} and Yy = Y,U{j}.
Let S =S uU{0}

If p; < 0 then set U = {0 : o is aray of C;; and 0; < 0}. For
all 0 € U with multiplicity m, define a := lem(p;,0;)/|pi| and
b := lem(p;i, 04)/|oi|. Then when a < m, and b < §;;m,, let
6 = (61,...,6,) where 6, = ap; for [ # j and 6; = bo;. Set
g = [min(mp/a, &3m0 /b)], Qo = Qp—{(i, 1)} and ¥y = Y,U{j}.
Let S = SuU{6}.

3. Case 1(b): If |{i,j} NY,| =1 and p; = 0, where after relabelling

if necessary, we assume that {i,j} NY, = {i}, then 7;; is a pro-

jection of Type 1(b).

(i)

Set U = {0 : 0 aray of C;; and o; = 0}. For all o € U with multi-
plicity mq let J = {(u,v) : 1 <u <m,, 1 <v < djmg, ged(u, v) =
1}. Then for all (u,v) € J let § = (64,...,60,) where 6; = up; for
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I # j and 0; = voj. Set my = |min(m,/u,djms/v)], Qs =
Qp,—A{(i,7)} and Y, =Y, U{j}. Let S =S U{0}.

(ii) Let § = (01,...,0,) where 6, = p; for | # j and 6; = 0. Set

my =myp, Qo = Q,—{(i,7)} and Yy =Y, U{j}. Let S =S U{0}.
4. Case 2: If |{i,j} NY,| =0 then 7;; is a projection of Type 2.

(i) Let U be the set of rays of C;;. For all 0 € U with correspond-
ing multiplicity my, let J = {(u,v) : 1 < u < mp,1 < v <
dijme, ged(u,v) = 1}. Then for all (u,v) € J let § = (61,...,6,)
where ¢; = up; for [ # i,7 and 0; = vo; and 0; = vo;. Set mg =
[min(mp /u, Gma /)], Qo = Qp — 1(i,)} and Yo = ¥, U {i, .
Let S=SuU{6}

(i) Let 6 = (01, ...,6,) where 6, = p; for [ #i,j and 0; = 6; = 0. Set
me =my, Qo = Q,—{(i,j)} and Yy = Y,U{i, j}. Let S = SU{0}.

Return 7.
The steps 1(ii), 3(ii) and 4(ii) of Algorithm are the situations where the

partially reconstructed candidate p does not project to a one-dimensional ray of C;;,
but it projects to the origin. For example, consider the partially reconstructed can-
didate p = (1,0, 3, *, *, ) from Examplewhich has been partially reconstructed
to coordinates x1, x2, x3 and suppose that we are considering the projected tropical
curve Cy5 to coordinates x4, 5. Then Step 4(i) deals with combining p with the rays
of C45. However, we need to deal with the case where p projects to the point (0,0)
in C45. Thus, we form the partially reconstructed candidate (1,0, 3,0,0, %) which is
a (4,5)-candidate (as it projects to the point (0,0) € C45) which extends p.

Before proving that this algorithm does give the desired result, we first con-
sider an example of constructing a one-dimensional fan in R? from coordinate pro-

jections.

Example 4.2.9. Suppose that we have a projected tropical curve to coordinates
x1, 2 with rays {(1,0),(0,1),(1,2),(—2,—-3)} all with multiplicity 1, to coordi-
nates z1, x3 with rays {(1, 3), (1, —1), (0, —1), (=1, 0) } with multiplicities 1,1, 2,2 re-
spectively, and to coordinates xg, z3 with rays {(0,1),(—1,0), (2,—1), (1, —2)} with
multiplicities 3,3,1,1 respectively. In all cases, the degree of the projection map
is 1. In the language of Algorithm we have P = {(1,2),(1,3),(2,3)} and
d12 = d13 = d23 = 1. Initialising, we have T' = 0, S = {p} where p = (x,*,x%),

m, = oo and Q, = P.

1. Choose p = (,*,%) and set S =S — {p}. As Q, = P, we choose (1,2) € Q,

where 712 is a projection of Type 2 for p so we are in Case 2. We can combine
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p with every ray of C12 and so S = SU{(1,0, %), (0,1,%),(1,2,%),(—2,—3,%)}
with multiplicity bound 1 = |min(co,1-1/1)| and @ = {(1,3),(2,3)} for
each of these new partially reconstructed candidates added to S. Adding
the rays which extend p and project to the point (0,0) in Ci2, we set S =
S U{(0,0,*)} with multiplicity bound oo and @ = {(1,3),(2,3)} for the new
partially reconstructed candidate added to S

. Choose p = (1,0,%) and set S =S — {p}. As Q, = {(1,3),(2,3)}, we choose
(1,3) € Q, where m3 is a projection of Type 1(a) for p so we are in Case
1(a). We can combine p with the rays (1,3) and (1,—1) of C13 and so § =
SuU{(1,0,3),(1,0,—1)} with multiplicity bound 1 = |min(1/1,1-1/1)| and
Q = {(2,3)} for each of these new partially reconstructed candidates added
to S.

. Choose p = (1,0,3) and set S = S — {p}. As Q, = {(2,3)}, we choose
(2,3) € Q, where ma3 is a projection of Type 0 for p so we are in Case 0. Then
as ma3(p) € Cog and Q, =0, we set T =T U {(1,0,3)}.

. Choose p = (1,0,—1) and set S = S — {p}. As Q, = {(2,3)}, we choose
(2,3) € Q, where 73 is a projection of Type 0 for p so we are in Case 0. But

as ma3(p) ¢ Ca3 we are done.

. Choose p = (0,1,%) and set S =S — {p}. As Q, = {(1,3),(2,3)}, we decide
to choose (2,3) € @, where 723 is a projection of Type 1(a) for p so we are
in Case 1(a). We explain why it is a sensible choice to choose (2,3) instead
of (1,3), as we did in previous steps, in Section We can combine p with
the ray (1,—2) of Ca3 and so S = S U {(0,1,—-2)} with multiplicity bound
1 = |min(1/1,1-1/1)] and @ = {(2,3)} for the new partially reconstructed
candidates added to S.

. Choose p = (0,1,—2) and set S = S — {p}. As Q, = {(1,3)}, we choose
(1,3) € Q, where 73 is a projection of Type 0 for p so we are in Case 0. Then
as mi3(p) € Ciz3 and Q, =0, we set T =T U {(0,1,—2)}.

. Choose p = (1,2,%) and set S =S — {p}. As Q, = {(1,3),(2,3)}, we choose
(2,3) € Q, where ma3 is a projection of Type 1(a) for p so we are in Case
1(a). We can combine p with the ray (2, —1) of Ca3 and so S = SU{(1,2,—1)}
with multiplicity bound 1 = [min(1/1,1-1/1)| and @ = {(1, 3)} for the new
partially reconstructed candidates added to S. Note that we cannot combine

p with the ray (1, —2) of the projected tropical curve Ca4 as b =lcm(1,2)/1 =
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10.

11.

12.

13.

14.

2 <1 =m(,_2. We would be able to perform such a combination if (1, —2)

has multiplicity greater than one.

. Choose p = (1,2,—1) and set S = S — {p}. As Q, = {(1,3)}, we choose

(1,3) € Q, where 73 is a projection of Type 0 for p so we are in Case 0. Then
as mi3(p) € Ciz and Q, =0, we set T =T U {(1,2,—1)}.

. Choose p = (=2, —-3,%) andset S = S—{p}. AsQ, = {(1,3),(2,3)}, we choose

(1,3) € Q, where 713 is a projection of Type 1(a) for p so we are in Case 1(a).
We can combine p with the ray (—1,0) of C13 as it occurs with multiplicity 2,
and so S = SU {(—2,—3,0)} with multiplicity bound 1 = |min(1/1,1-2/2)]
and @ = {(2,3)} for the new partially reconstructed candidates added to S.

Choose p = (—2,-3,0) and set S = S — {p}. As Q, = {(2,3)}, we choose
(2,3) € Q, where 73 is a projection of Type 0 for p so we are in Case 0. Then
as ma3(p) € Cog and Q, =0, weset T =T U {(—-2,-3,0)}.

Choose p = (0,0,*) and set S =S — {p}. As Q, = {(1,3),(2,3)}, we choose
(1,3) € Q, where 713 is a projection of Type 1(b) for p so we are in Case 1(b).
We can combine p with the ray (0, —1) of C13 and so S = SU{(0,0,—1)} with
multiplicity bound 2 = [min(co,2-1/1)| and @ = {(2,3)} for the new partially
reconstructed candidate added to §. We also have to add the rays which
extend p and project to the point (0,0) in C13. We set S = SU{(0,0,0)} with
multiplicity bound oo and @ = {(2,3)} for the new partially reconstructed
candidate added to S.

Choose p = (0,0,—1) and set S = S — {p}. As Q, = {(2,3)}, we choose
(2,3) € Q, where a3 is a projection of Type 0 for p so we are in Case 0. But

as ma3(p) ¢ Ca3 we are done.

Choose p = (0,0,0) and set S = S — {p}. As Q, = {(2,3)}, we choose
(2,3) € Q, where a3 is a projection of Type 0 for p so we are in Case 0. But
as ma3(p) = (0,0) so we set S = SU{(0,0,0)} with multiplicity bound co and
Q@ = 0 for the new partially reconstructed candidate added to S.

Choose p = (0,0,0) and set S =S — {p}. As @, = we are done.

Now as § = ), we output T'= {(1,0,3),(0,1,-2),(1,2,-1),(—-2,-3,0)}. <&

Proof of Algorithm[{.2.8 At each pass through the algorithm, we replace a partially

reconstructed candidate p with a finite collection of partially reconstructed candi-

dates 61,...,0s. Thus, at each stage the set S is finite. As there are only finitely

79



many projections in P, we only have finitely many projections of Type 0. If we
consider a projection of Type 0, then |Yp,| = |Y,| and the set of projections of Type
0 cannot increase. Thus at some point we will have to add a projection of Type 1(a),
1(b) or 2. If we consider a projection of Type 1(a), 1(b) or 2, then |Yy,| > |Y,|. As
|Y,| cannot increase indefinitely (it is bounded above by the number of variables n),
at some point of the algorithm we will only have projections of Type 0 left to add.
For each remaining candidate p € S, it now remains to check those finite number
of projections in (7,7) € @, to see if p is an (4, j)-candidate for trop(C). We have
a finite number of projections to check for a finite number of rays and termination
follows.

For correctness, we need to show that each ray in T is indeed a candidate
for trop(C'). To do this, we show that after considering projected tropical curve C;;
the newly added rays are (i, j)-candidates for trop(C') as well as still being (k,1)-
candidates for all the tropical curves Cy; already considered. We consider each case
separately, corresponding to the different types of projections that we are adding.
In each case, we need to check that the rays added to S are (i, j)-candidates for
trop(C') and that they remain (k, l)-candidates for trop(C) for all projected tropical
curves Cg; which we have already considered at some previous stage.

In Case 0, we are considering projections of Type 0 where both z; and z;
are already reconstructed in the partially reconstructed candidate p. When p is
not deleted from S, we verify first that p is an (4,j)-candidate for trop(C). As
(pi/ ged(pi, pi)s pi/ ged(pi, pj)) is equal to a ray o of C;; it follows that m;;(p) gen-
erates a ray of C;;. From Remark it follows that the multiplicity bound has

dij Mo
ged(pi,p;)
to remain a (k,l)-candidate for all previously considered (k,l) € P, we require the

maximal possible value L J in order to still be an (4, j)-candidate. In order
multiplicity bound also to be smaller than m,,.

In Case 1(a), we are considering projections of Type 1(a) where only one of
z; and x; are reconstructed in the partially reconstructed candidate p. We assume
that after relabelling if necessary that x; has been reconstructed and that x; has
not been reconstructed. In Case 1(a), we additionally have that p; is non-zero. We
consider only the case where p; > 0 as the other case is analogous. In order to
be able to extend p using o, we require that their x; coordinates are equal. For
a = lem(p;, 0;)/pi and b = lem(p;, 0;)/0o; we have that (ap); = (bo); and so we can
combine p and o to get new ray 6 = (01, ...,0,) where §; = ap, for | # j and 0; = bo;.

The factors of a and b serve to increase the corresponding lattice indices, and so

0ij Mg

from Remark 4.2.1| the multiplicity bound has maximal possible value L J in

order to still be an (i, j)-candidate. In order to remain a (k,[)-candidate for all
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previously considered (k,l) € P, again from Remark the multiplicity bound
has maximum possible value L%J .

In Case 1(b), we are considering projections of Type 1(b) where only one of
x; and x; are reconstructed in the partially reconstructed candidate p. We assume
that after relabelling if necessary that xz; has been reconstructed and that z; has
not been reconstructed. In Case 1(b), we additionally have that p; is equal to zero.
In order to be able to extend p using o, we require that o; is also zero. In such a
case, for all 1 < u < m, and 1 < v < 6;;m, we can form 6 = (6,...,6,) where
0 = up; for I # j and 6; = vo;. The factors of v and v serve to increase the
corresponding lattice indices, and so from Remark the multiplicity bound has

o

maximal possible value V”ij in order to still be an (i,j)-candidate. In order

to remain a (k,[)-candidate for all previously considered (k,l) € P, again from
Remark the multiplicity bound has maximum possible value L%J

In Case 2, we are considering projections of Type 2 where both of z; and
x; have not been reconstructed in the partially reconstructed candidate p. For any
ogecCyforalll <u<m,and 1 < v < §yms we can form 6 = (01,...,6,) where
0 = up; for I # i,j and 0; = vo; and 0; = vo;. The factors of v and v serve to
increase the corresponding lattice indices, and so from Remark [£.2.1] the multiplicity

o

bound has maximal possible value V”TmJ in order to still be an (4, j)-candidate.
In order to remain a (k,[)-candidate for all previously considered (k,l) € P, again
from Remark the multiplicity bound has maximum possible value L%J

It remains to show that the algorithm recovers a superset of the rays of
trop(C). That is, all the rays of trop(C) are also candidates for trop(C) and so will
be recovered by the algorithm. Suppose not, and let o be a non-zero ray of trop(C)
which is not a candidate for trop(C) and so is not reconstructed by the algorithm.
This means that there is some (7, j) € P such that m;;(c) is not in the tropical curve
Cij. However, this contradicts that C;; is the image of trop(C') under the projection

map 7;; and so no such ray o can exist. O

Lemma 4.2.10. Let P be a set indexing coordinate projections mij: Ry, . = —
Rzi@j whose image is the tropical curve C;; and P’ = {i : 3j such that (i,j) €
P or (j,i) € P}. Then the set of points in the pre-image of these projections forms

a one-dimensional fan in R™ if and only if P ={1,...,n}.

Proof. Suppose that P’ = {1,...,n}. Thus for each coordinate z; for 1 < i < n
we can find a projection in P projecting to z;. Using the set P and the associated
projected tropical curves as input to Algorithm [£.2.8] we output a set of candidates
which all project to the C;; for all (i,5) € P. Thus they are all contained in the
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pre-images of all these projections. Further, as we have projections in P which
projects to each coordinate x1,...,x,, each candidate has been reconstructed in
all coordinates and so spans a one-dimensional ray in R™. Thus they form a one-
dimensional fan in R™.

Now suppose that P indexes projections where P’ # {1,...,n}. After rela-
belling the variables if necessary, we can assume that we do not have any projections
to x,. Using the set P and the associated projected tropical curves as input to Al-
gorithm we output a set S of candidates which project to C;; for all (7, ) € P.
By the first part of the lemma, this is a one-dimensional fan in the coordinates in P’.
However, as there is no projection in P to x,, this coordinate is not reconstructed
and so we can set the x,-coordinate to be any value in R and the ray would still
project to all projected tropical curves indexed by P. In particular, this ray is not

one-dimensional. O

4.2.3 Finding the tropical curve

In the previous section we saw how given a set of coordinate projections of a tropical
curve trop(C') onto all variables x1,...,z,, we can find a set T' containing all one-
dimensional candidates for trop(C). In this section we determine how to find which
of these candidates are actual rays of trop(C). Recall from the Fundamental Theo-
rem that w € R™ is in the tropical curve trop(C) if and only if in, () # (1).
A naive algorithm would be to compute in, (/) for all p € T" and note that p is in
trop(C) if and only if in,(I) # (1). However, even though this gives us a solution
to the problem of finding the rays of trop(C'), in practice we may have to compute
many Grobner bases. This turns out not to be ideal as many of these Grébner bases
can be difficult to compute. Instead, we try to determine the rays of trop(C) from
this list of candidates by computing as few Grobner bases as possible.

A natural question to ask is: If we use all the coordinate projections, are all
the candidates we have recovered actually rays in the tropical curve trop(C')? This
would mean that in this case, this step of the reconstruction procedure would be
trivial. It turns out that this is unfortunately not true. The following example gives
two different tropical curves both of which have the same coordinate projections
to two-dimensional planes. This example demonstrates how coordinate projections
are in general not generic enough to apply the results of |Bieri and Groves| [1984]
and Hept and Theobald| [2009].

Example 4.2.11. Recall from Example that the tropicalisation of the curve
defined by I = (zz + 4yz — 2% + 32w — 12yw + Szw, vy — 4y* + yz + 2w + 2yw —
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2w, 2 — 16y? + 8yz — 2% + ldzw — 8yw + 2zw) C Clz, vy, 2, w] is a one-dimensional

fan in R? with four rays spanned by
(17 17 1)7 (17 _17 _1)7 (_L L _1)a (_L _17 1)

Consider now the curve defined by J = (xy — 322 + 3yz — w?, 3w2% — 12y2% + 22w +
dyzw + 52w? —w?, 4y 2 — Iy 22 + 2yzw — yw? 4+ dzw?, 222 — 36y2°2 + 1lazw + 12y2w —
rw? + 162w? — 3w?) C Clx,y, z,w]. This defines a tropical curve trop(V(J)) with

four rays spanned by
(1,1,-1),(1,-1,1),(-1,1,1),(-1,-1,-1).

Then as shown in Figure trop(V (1)) and trop(V(J)) have the same coordinate
projections to all three planes given by {z = 0}, {y = 0} and {z = 0}. We see
that the rays of trop(V (1)) and trop(V(J)) correspond to rays passing through the
alternate vertices of the cube with vertices at {(£1, £1,£1)}. The fan for trop(V (1))
is given by the red rays and the fan for trop(V(J)) given by the blue rays. This
means that given these projections as input into Algorithm we would recover
both the rays for trop(V(I)) and trop(V(J)) as candidates. &

Figure 4.6: Two tropical curves in R with the same coordinate projections

Suppose that after passing through Algorithm we have a set T =
{p1,...,ps} of candidates for trop(C). We want to find non-negative integers
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mq,...,ms such that p; appears in trop(C) with multiplicity m; and if p; does
not appear in trop(C) then m; equals zero. The idea is to use conditions coming
from the projection multiplicity equation (4.2]) and balancing. We illustrate this by

continuing Example

Example 4.2.12. Continuing Example suppose that we are attempting to
reconstruct trop(V (1)) and so after passing through Algorithm [4.2.8we have a set of
candidates T' = {p1 = (1,1,1),p2 = (—=1,1,1),p3 = (1,-1,1),p4 = (1,1,-1), p5 =
(-1,-1,1),p6 = (-1,1,-1),p7 = (1,—1,-1),ps = (—1,-1,—-1)}, We are trying
to find the non-negative multiplicities m; with which they occur in trop(V (1)). We
show that we can find these multiplicities by computing only one additional Grébner
basis. We compute a Grobner basis for p3 = (1,—1,1) and see that in,,(I) contains
a monomial and so p3 cannot be in our tropical curve. Consider the projection
to {x = 0} and we see that now the only ray projecting onto (—1,1) is ps =
(=1,—1,1) so this must be a ray of the tropical variety with multiplicity 1, equal
to the multiplicity of the projected ray as the projection map here has degree 1.
Using similar arguments on the projections to {y = 0} and {z = 0} we see that
p1 = (1,1,1) and py = (1,—1,—1) must both live in the tropical curve. Looking
again at the projection to {x = 0} we see that rays p; = (1,1,1) and ps = (—1,1,1)
both project to the ray (1,1). The multiplicity equationtells us that m14+me = 1.
But as we already know that m; = 1, we deduce that my = 0. We can similarly

exclude the rays ps and ps. &

The idea in general is to find and solve a system of equations in the unknowns
m;, from the projection multiplicity equation , the balancing condition, and
from the degree of the tropical curve. We see the equations we get in general by
first considering the balancing condition. If p; is a candidate for trop(C'), then let
pi; denote the x;-coordinate of p;. Then, the balancing condition says that for all

1 < j <n we have

S
> mipr; =0 (4.4)
k=1
which gives n equations in the variables my, ..., ms. In the case of Example [£.2.17]

this gives us three equations one for each coordinate of R3:

mi1 — mao +ms + mg — ms —mg +my —mg = 0;
m1 + mo — msg + mg — ms + mg — my —mg = 0; (4.5)

m1 + mo +msg — myg +ms — mg — my —mg =0,

for which there are clearly still infinitely many solutions.
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So we secondly consider the equations from the projection multiplicity equa-
tion Consider the projection ;; to coordinates x;, x; where C;; is the projected
tropical curve in these coordinates and let ¢ be a primitive ray generator of a ray

of C;j. Then its multiplicity is given by

1
me = 5 > mk-ged(prs pry)- (4.6)
prES:0Cmi; (pr)

This gives one equation in terms of the variables mq,..., ms for each ray of each
projected tropical curve. Note however that these equations will in general not be

linearly independent. Returning again to Example we recover equations

mi+me=1ms+ms=1,mg+mg=1,my+mg=1;
mi+mz=1mo+ms=1,mg+ms=1mg+mg=1; (47)

my+mg=1,mo+mg=1,m3+my;=1,m5+mg=1,

from the projection to {z = 0}, {y = 0} and {z = 0} respectively.

Finally, we consider equations from the degree of the tropical curve. We
saw in Theorem that the algebraic curve and its tropicalisation have the same
degree. Thus, as we know the degree of the algebraic curve, for example from its
Hilbert polynomial, we also know the degree of the tropical curve. Further, we saw

in Section [2.6] how we can compute the degree of the tropical curve combinatorially

from tropical intersection theory. Let eq,...,e, be the standard basis vectors of
7" and eg = —e; — -+ —en. If p1,..., py are the rays of trop(C') with multiplicity
mi,...,m, and for all 1 < i < r we have minimal decomposition

n
pPi = E Qij€j,
j=0

then for all 0 < j < n, if trop(C) is of degree D, by (2.4)) we have that

T
E aijmi =D.
=1

So if p1, ..., ps is our collection of candidates and we have minimal decompositions

pi = Z?:o a;jej, then we have n 4 1 equations for the degree

> aijm; =D (4.8)
=1
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one equations for each 0 < j < n, in the variables my,...,ms. In the case of

Example 4.2.11} for eg = (—1,—1,—1), e = (1,0,0), e = (0,1,0) and e3 = (0,0, 1)
we have minimal decompositions:

p1 = €1+ e + e3;
p2 = eg + 2e; + 2es;
p3 = eg + 2e; + 2es;
p4 = eg + 2e1 + 2eg;

ps = eo + 2es;

P6 = €g + 2ea;

pr = eg + 2ey;
P8 = €.

As V(1) has degree 3 in P?, we get the following 4 equations from computing the

degree:

ma + m3 + my + ms + mg+my = 3;
m1 + 2mg + 2my + 2my = 3;
m1 + 2msa + 2my + 2mg = 3;
m1 + 2mse + 2ms + 2ms = 3.

Thus we have three linear systems of equations , and coming
from the balancing condition, multiplicity equations and degree calculations respec-
tively. Combining these sets of equations we then have a system of linear equations
in the m; to solve which can be written in matrix form Am = b for some matrix A

where we are solving for the unknowns m = (mi,...,ms). Returning again to Ex-

ample [4.2.11} we combine the three linear system of equations (4.5)), (4.7)) and (4.9))
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and written in matrix form becomes

1 -1 1 1 -1 -1 1 -1 0

1 1 -1 1 -1 1 -1 -1 0

1 1 1 -1 1 -1 -1 -1 0

11 0 0 0 0 0 O 1

0 O 1 0 1 0 0 0 1

o 0 o 1 o0 1 o0 O 1
my

0 O 0 0 0 0 1 1 1
ma

10 1 0 0 0 0 O 1
ms

0 1 0 0 1 0 0 0 1
my

0 O 0 1 0 0 1 0 =11
ms

0 O 0 0 0 1 0 1 1
me

1 0 0 1 0 0 0 0 1
my

0 1 0 0 0 1 0 0 1
msg

0 O 1 0 0 0 1 0 1

0 O 0 0 1 0 0 1 1

0 1 1 1 1 1 1 1 3

1 0 2 2 0 0 2 0 3

1 2 0 2 0 2 0 0 3

1 2 2 0 2 0 0 0 3

Reducing this by row operations, we get the equivalent system

1000000 0\ [m 1
0100000 0]][me 0
0010000 0]][ms 0
0001000O0f]|mf [0
0000T100O0[]|m]| |1
00000710 0f][mg 1
000000O0T1O0]][mm 1
00000O0GO0O0 1/ \msg 0

And so using the multiplicity equation, balancing condition and equations from the

degree of the curve, we have found a unique solution
m = (1,0,0,0,1,1,1,0),

which was obtained without having to compute any further initial ideals. We thus
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conclude that the tropical curve consists of one-dimensional rays p; = (1,1,1),
ps = (—1,—-1,1), ps = (—1,1,—1) and p; = (1,—1,—1) each of which appears with

multiplicity one.

Remark 4.2.13. We saw in Example that the balancing and multiplicity
conditions alone do not distinguish these two fans which have the same projections
to two-dimensional coordinate planes. However, they can be distinguished by con-
sidering degrees. This is because V(I) has degree 3 but V(.J) has degree 4. In the
first case, we add equations to our matrix system and in the second case we

add the equations:

meo + ms + myg + mys + mg+my = 4;
mq + 2ms + 2my + 2my = 4;
my + 2ma + 2my + 2me = 4;
my + 2ma + 2mg3 + 2ms = 4,

to our matrix system. In each case, these extra equations differentiate the two
tropical curves.

However, there are further examples where the cube configuration is not
centred on the origin for which both tropical curves have the same projections
to two-dimensional coordinate planes and both curves have the same degree. For

example, consider the two fans 1, ¥y in R? where ¥; has rays generated by rays
(1,1,1),(1,0,0),(0,1,0),(0,0,1),(—1,—-1,-1)
with multiplicities 2, 2, 2, 2 and 4 respectively and Y9 has rays generated by
(1,1,0),(1,0,1),(0,1,1),(—-1,-1,-1)

with multiplicities 2, 2, 2 and 4 respectively. Then ¥; and Yo have the same
projection to two-dimensional coordinate planes and they are both the support
of tropical curves of degree four. Thus they cannot be differentiated using the
equations from the degree and so we would need to compute some initial ide-
als in order to differentiate between the two possible tropical curves. The rays
(1,1,1),(1,0,0), (0,1,0), (0,0, 1) and (1,1,0), (1,0,1), (0,1, 1) are the vertices of the
cube from Example translated by (1,1,1) so that the cube is not longer cen-
tred on the origin. We then need to include the ray (—1,—1, —1) in order to ensure
that the fans are balanced. <&
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The following algorithm outlines how to compute the rays of trop(C) given

a set of candidates. It uses equations (4.4]), (4.6) and (4.8]) to limit the number of

further initial ideal computations that we need to perform.

Algorithm 4.2.14. Input: A set T = {p1,...,ps} of candidates for trop(C)
containing trop(C') where C' = V(I), and an index set P which indexes the projected

tropical curves {C;; : (i,j) € P} where each C;; come with a positive integer d;;.

Output: A set R of rays trop(C) where each ray p € R comes with a

positive integer my,.

1.

To each py in T we associate variable my. Let py; denote the i-th coordinate

of pg.

. To each (i,7) € P and for each ray o in C;; with multiplicity m, we have the

multiplicity equation 6;;ms = Zk:ﬂij(pkpg my, gcd(pr,i, pr,j) in the unknowns

M.

. For all 1 < j < n we have an equation from balancing > ;_; mypi ;.

(a) Leteq,...,e, be the standard basis vectors for R” and eg = —e1—- - -—ey,.

(b) For all 1 < k <'s, write p = > ;" awe; where ag; > 0 for all0 <1 < n

and where at least one ay; is zero.

(c) Add n+ 1 equations of the form > ;_; aymy = D for all 0 < < n.

. Write the equations in row reduced matrix form Am = b by performing integer

Gaussian elimination.

. While A has fewer than s non-zero rows, do:

(a) Choose 1 < a < |rows(A)| such that row a of A has more than one
non-zero entry. Suppose that the [-th entry of the row « is non-zero.

(b) Let J =in,,(1). If (J: (x1...2,)*) = (1) then add equation m; = 0 to
the system of equations, otherwise, add the equation m; = dim(S/in,, (I)).

(c) Let Am = b be this new system of equations after reducing to row reduced

form.

7. Return R = {pg : by # 0} where the ray p; has multiplicity b;.

Proof. We first show termination by showing that in the ‘while’ loop, at worst, we

have to add s equations to the matrix system Am = b. If a row of A has more

than one non-zero entry, then as the matrix system is in row reduced form, the
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multiplicities of the rays corresponding to the non-zero entries have not yet been
determined. Thus, we add an equation m; = b; which determines one of them. Then
after reducing the new system to row reduced form, the only equation involving my

is the one we have added. So A is of the form

and in particular, the only row whose [-th entry is non-zero is the one we have just
added. Then at future steps, we will never add any new equations involving m;. As
we start with s candidates for trop(C') and at each step we either exclude one from
being in trop(C') or determine its multiplicity, then as we are always analysing new
candidates, after at most s steps, the first s rows of A is the s x s identity matrix,
and and in particular A has exactly s non-zero rows.

To show correctness we show that all equations we add to the system are
satisfied. Firstly, the balancing and multiplicity equations hold from the balancing
condition of the Structure Theorem and the multiplicity equation [4.2] of [Sturm-
fels and Tevelev [2008]. The equations from the degree of the curve hold from the
discussion in Section Consider the equations we add in Step [6] of the algorithm.
If (J:(x1...25)%) = (1) then the initial ideal J contains a monomial and so pq is
not contained in the tropical curve. We set m, = 0. If not, then we set m, to be

the multiplicity of p, in trop(C). O

4.3 Application and Examples

The key application of computing tropical curves by coordinate projections is as a
potential replacement for the subroutine in gfan |[Jensen| which computes tropical
curves. This is because, as we saw in Section the construction of tropical
curves plays a key role in their algorithms and is often a bottleneck in computations.
This means that any improvements in the tropical curves algorithm would result in
potential improvements in the algorithms used in gfan. In this section, we look at
an example which cannot be computed using gfan but which can be computed using

the coordinate projection reconstruction methods as described in this chapter.

Example 4.3.1. Let R = Clzg,x1,...,211] be the polynomial ring in 12 variables

where C is equipped with the trivial valuation. Let I = <x‘11 — :L‘%xn + 2:16%:613011 —

90



xom%xll,a}% — x%xn + Qx%xzscll — x0x§x11,$§ — x%xu + Qx%azgxll — xgxga:ll,:cﬁ —
3785611 + 2163964%11 - 960%2;9611,961 — T2 + T5,T1 — T3 + Te, X1 — T4 + XT7,T2 — T3 +
xg, Ty — T4 + Tg,x3 — T4 + x10) be a homogeneous ideal defined by 10 equations.
Then I defines a curve in P! whose tropicalisation is trop(V (I)). As trop(V (1)) is
a tropical curve in R = R2/R(1,..., 1), by the Structure Theorem it has the
support of a weighted balanced one-dimensional fan in R''. Thus it can be given
as a finite collection of weighted rays in R''. Computations were carried out on a
MacBook Air with an Intel i5 processor and 8Gb of RAM. When input into gfan
to try and compute these rays, the computations do not complete despite being
left to run overnight. When using the algorithms from Section which computes
trop(V (1)) from its coordinate projections, the computations terminate after one
minute. We see that trop(V(I)) has the support of a one-dimensional fan in R*!

with ray generators the columns of the matrix

-4 2 2 2 2 2 2000000
-3 111222000000
-3 221121000000
-3 122112000000
-3 212211000000
M=|-3 111131001000
-3 111113100000
-3 1 1131100001090
-3 1311110000071
-3 311111000100
-3 113111010000

with multiplicities given by m = (6,2,2,2,2,2,2,2,2,2,2,2,2) where the ray gener-
ated by the ¢th column of M has multiplicity m;. O

4.4 Implementation Issues

The reconstruction discussed in the previous section has three main steps for re-
constructing the tropical curve trop(C). In the first, we recover the projections of
trop(C) to two-dimensional coordinate planes by finding an equation for the pro-
jected algebraic curve by elimination theory. The tropical curve is then the tropical
hypersurface defined by that equation. This is Algorithm The second step
is to find a set of candidate rays for trop(C') which project to the projections de-
termined in the first step. We do this by building up coordinates to the partially
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reconstructed candidate one by one. This is in Algorithm [.2.8] The final step is
to determine which of the candidate rays from the previous step are rays of the
tropical curve. In Algorithm [4.2.14] we use the multiplicity equation of [Sturmfels
and Tevelev| [2008], the balancing condition and equations from the degree of the
curve to minimise the number of initial ideals we need to compute.

In this section, we look at ways in which we can implement these algorithms
for computational efficiency. We start by determining that we need not have all
projections to two-dimensional coordinate planes as input to Algorithm in
order to have a finite collection of one-dimensional candidates as output. This
allows a more efficient use of Algorithm as we know that we do not need all of
these projections and so we can abort those which are computationally expensive.

We then look at ways in which Algorithm can be implemented more
efficiently. The main way in which we do this is in the choice of projection to
consider at each step of the algorithm. Choosing a different selection can lead to
many more partially reconstructed candidates at each step, although the final output
will always be the same. We discuss one strategy in Section and another less
efficient strategy in Section|4.4.3] Finally, in the work so far, we have only considered
projections to g, z;, x; for all 1 <1i < j < n as we are considering the tropical curve
after we we quotient by the lineality space so that zog = 0. In Section we
consider how we can adapt what we have done so that we use all projections to
xi, v, o forall 0 <i < j <k <n.

4.4.1 Number of Projections needed

In an ideal world, we would have all projections to coordinate planes as input to
Algorithm [£.2.8] However, the projections are constructed by computing elimination
Grobner bases which in practice may be time consuming [see Bayer and Mumford,
1993 pp.11-12]. However, it follows from Lemma that we only require a
minimum of [ ] projections, so that we have a projection to each z; forall 1 <i < n,
in order to recover finitely many one-dimensional candidates for trop(C'). Explicitly,

if n is even we can choose projections to
T1X2, L3L4y ..y Lpn—1Tn,
and if n is odd then we can choose projections to
T1X2y X3L4y oy Tp—2TLpn—1,Lp—1Tn.
On the other hand, considering extra projections, for example the projection
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to x1x3, would eliminate those candidates which are not in the pre-image of the
extra projections. Further, they provide additional multiplicity equations for use in
Algorithm which restricts the number of initial ideal computations required
in Step[6] Thus, we need a compromise between the number of projections we have
whilst weighing up the fact that we will not require all of them for our reconstruc-
tion techniques to work. After ensuring that we have sufficient projections for the
hypotheses of Lemma [4.2.10] we can time out any subsequent elimination Grobner
basis computations which take too long, say longer than one second. We will then
know that Algorithm will return a finite set of one-dimensional candidates
which can be checked with Algorithm to determine trop(C).

4.4.2 Choosing the Projection to Add

The choice of the projected tropical curve to add at each stage of the algorithm
makes a considerable difference to the complexity of the algorithm. We examine
this by considering how the type of projection that we are adding affects the set &
of partially reconstructed candidates. Suppose that we have some partially recon-
structed candidate p € S and we are combining this with the rays of some projected
tropical curve C;;.

If m;; is a projection of Type 0, then this corresponds to the case where
x; and x; have already been reconstructed in p. If m;;(p) spans a ray of C;;, or if
mij(p) = (0,0), then it is retained as it is an (i, j)-candidate for trop(C). If not,
then it is discarded. Thus in this case, we simply remove the rays from S which are
not (i, j)-candidates for trop(C') and so the size of S does not grow.

If ;5 is a projection of Type 1(a), then this corresponds to the case where
only one of x; and x; are reconstructed in the partially reconstructed candidate p.
We assume that after relabelling if necessary, that x; has been reconstructed and
that x; has not been reconstructed. In Case 1(a), we additionally have that p; is
non-zero. In order to combine p with a ray o of C;; we saw that we need to find
multiples of p and o such that their z; coordinates to agree. This happens when
they have the same sign and when lem(p;, 0;)/pi < m, and lem(p;, 03) /03 < 635me.
In this case, the rays p and ¢ can be combined uniquely. We thus only add one ray
to S for each compatible ray of C;;.

If ;5 is a projection of Type 1(b), then this corresponds to the case where
only one of x; and x; are reconstructed in the partially reconstructed candidate p.
We assume that after relabelling if necessary, that x; has been reconstructed and
that 2; has not been reconstructed. In Case 1(b), we additionally have that p;

equals zero. In order to combine p with a ray o of C;; we require that o; is also zero.
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Thus only rays (0,1) and (0, —1) can be combined with p, if they are also rays of C;;.
However, they can be both combined multiple times according to the multiplicity
bounds.

If 7;; is a projection of Type 2, then this corresponds to the case where both
of z; and x; have not been reconstructed in the partially reconstructed candidate
p. Here, we can combine p with every ray o of C;; multiple times according to
multiplicity bounds.

So in order to reduce the number of rays we need to consider, we should

consider projections in the following order:
1. Projections of Type 0;
2. Projections of Type 1(a);
3. Projections of Type 1(b);
4. Projections of Type 2.

This motivates the following variant of Algorithm where we always choose

projections in that ordering.

Algorithm 4.4.1. Input: An index set P which indexes the projected tropical
curves {C;; : (i,j) € P}.

Output: A set T of candidates for trop(C).

Initialisation: 7 = 0, X = {1,...,n}, S = {p = (x,...,x)} where
m, =00, Q,=Pand Y, = 0.
While S # ) do:

1. Choose any p € S. Let Z, =X —Y, and set S =S — {p}.
2. Choose any j € Z,. Set W = ().

(a) If there exists i € Y, such that (i,j) € P and p; # 0 then 7;; is a
projection of Type 1(a) and follow Case 1(a) of Algorithm Let U
denote the set of rays added to S and set W = {i}.

(b) If not, then if there exists ¢ € Y, such that (¢,j) € P and p; = 0 then m;;
is a projection of Type 1(a) and follow Case 1(b) of Algorithm
Let U denote the set of rays added to S and set W = {i}.

(c) If not then there are no i € Y, such that (i,j) € P and so choose any

J # 1 € Z, and then m;; is a projection of Type 2 and follow Case 2
of Algorithm Let U denote the set of rays added to & and set

W = {i,j}.
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3. For all 7 € U and all (w, k) € P such that w € W and k € Y, then m,y, is a
projection of Type 0 and follow Case 0 of Algorithm

Return 7.

Proof. Correctness and termination of this algorithm is the same as Algorithm [£.2.§]
as here we have simply changed the order with which we are looking at projections.
After adding coordinates to a partially reconstructed candidate in Step 3, we then

consider all Type 0 projections which involve those added coordinates. O

4.4.3 Alternative Solutions which were not Improvements

In our algorithms, we reconstruct all candidates for trop(C'). We do this by building
up the coordinates of a partially reconstructed candidate with compatible rays of a
projected tropical curve until all coordinates have been reconstructed. We select a
partially reconstructed candidate and then combine it with projected tropical curves
until it is fully reconstructed. An alternative would be to select a projected tropical
curve and reconstruct all partially reconstructed candidates in the set S with this
same projected tropical curve. One advantage of this strategy is that as we are
adding the same projection simultaneously to each of the partially reconstructed
candidates. Thus these computations can be done more efficiently as we are doing
them to all partially reconstructed candidates at once. However, we have seen
in Section that the choice of projection make a difference to the number of
partially reconstructed candidates in & which we have to consider. We wish to
consider projections in the order Type 0 then Type 1(a) then Type 1(b) then Type
2. However, when we are combining each partially reconstructed candidate in & with
the same projection, its type will depend on the individual partially reconstructed
candidate. So even it if is of Type 1(a) for one partially reconstructed candidate,
then it may be of Type 1(b) for another. Then we would add many more partially
reconstructed candidates to S than if we had chosen a different projection.

Another improvement is to use the polynomials encountered at all steps of
the algorithm in order to eliminate candidates which we know cannot be in the
tropical curve. For example when computing the elimination Grébner bases in
Algorithm to find the equation of the projected curve, we computed many
polynomials which live in our ideal. We can use them to check whether candidates
are rays of the tropical curve or not. That is, for candidate p, we can compute in,(f)
for all polynomials in I that we have encountered. If any in,(f) is a monomial then
in,(I) would contain a monomial and so p cannot be in the tropical variety by the
Fundamental Theorem 2.1.5
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For example, in Example [£.3.] we have 1196 different polynomials which are
in the ideal that we can use to successfully cut down the number of rays in the
superset from 177 to 18. In this case, we now have a unique solution to the equa-
tions determining the multiplicity meaning no further Grébner basis calculations
are necessary as we do not need to compute any initial ideals. However, in practice,
this is not an efficient solution as it is actually quicker to simply check if each of the

rays live in the tropical curve or not by the computation of initial ideals.

4.4.4 Other Two-Dimensional Coordinate Projections

In our algorithms, we recover the rays of the tropical curve together with their multi-
plicities. As C'is a curve in P", the tropical curve trop(C) lives in R" ™! /R(1,...,1).
We can consider its lift to R"*! where trop(C) is a two-dimensional fan with a
one-dimensional lineality space spanned by (1,...,1). We consider the projec-
tion ;¢ R™! — R3 to coordinates xo,xi,xj. The tropical curves trop(C) and
Cij = m;;(trop(C)) have one-dimensional lineality spaces spanned by (1,...,1) and
(1,1,1) respectively. After quotienting out by this lineality space, we think of them
as living in R® = R""1/R(1,...,1) and R? = R3/R(1,1,1) respectively. So far in
this Chapter, we have chosen identifications which send the zg-coordinate to zero,
and crucially this means that the map m;;: R" — R? is still a projection.

The key point that we need for the map m;;: R" — R? to still be a projection,
is that the identifications R” = R"*1/R(1,...,1) and R? = R3/R(1,1,1) are the
same. For the work thus far in this Chapter, this has always been the case as we have
chosen the identification which sends x( to zero. This allows us to easily combine
rays in Algorithm as we are looking at the same slice of the tropical curve.
However, this choice was arbitrary and we could have chosen identifications sending
any x; to zero instead. Algebraically, this would correspond to dehomogenising the
equations with respect to z;. We can now consider the projections to x;, z;, xj, for
0 <i< j < k<nand then choose an identification which sends x; to zero.

Let m;jx: trop(C) € R™™ — R? be a coordinate projection where R3 has
coordinates x;, z;, xy for some 0 <i < j < k < n. The image of trop(C) under the
projection map ;i is the tropical curve denoted by C;jp.

Recall that in Section we reconstructed tropical curves in three steps.
We explain the main changes to these steps in order to accommodate these extra

two-dimensional coordinate projections.

1. Algorithm found the projected tropical curves C;; which are the coor-
dinate projections of trop(C) to zg,z;,z; for 1 < i < j < n. The modified
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algorithm would now find the projected tropical curves C;j to w;, xj,zy for
0<i<j<k<n.

2. Algorithm recovered a superset of the rays in trop(C) by reconstructing
candidates. Now, in order to combine a partially reconstructed candidate p in
R™*! with a ray of the projected tropical curve ¢ in R?, we first need to choose
the same identification for R"® = R"*1/R(1,...,1) and R? = R3/R(1,1,1)
which sets the zg-coordinate to zero. (In Algorithm we always set the
xo-coordinate to zero as all of our projections project to xp.) This ensures
that the induced map R™ — R? is still a projection. We see these changes and
how they affect the results in Algorithm

3. Algorithm determined which of the candidates in the superset are rays
of the tropical curve. This used notions of multiplicity, balancing and degree
of the tropical curve. For this, we need all rays to have the same identification.
Thus at the end of the new Algorithm we choose the identification which
sends the xg-coordinate to zero for all candidates and Algorithm follows
through to find the rays of trop(C).

As we are now looking at projections to coordinates x;,x;,x) for all 0 <
1 < j < k <n we can use these extra projections to differentiate between the two
tropical curves in Example[4.2.11 However, there are new examples of two different

tropical curves which have the same projections to all x;, z;, zj.

Example 4.4.2. Consider the two-dimensional fans in R* which both have a one-

dimensional lineality space spanned by (1,1,1,1). They have rays spanned by

(1> 17 _17 _1)7 (17 _17 _17 1)7 (15 _17 17 _1)7
(_L _L 1a 1)7 (_17 17 _1? 1)7 (_1, 17 17 _1)7

and

(1,1,1,-1),(1,1,—1,1),(1,—1,1,1),(-1,1,1,1),
(-1,-1,-1,1),(=1,-1,1,-1),(=1,1,—1,-1), (1, =1, -1, —1),

respectively, each ray with multiplicity one. Let R* have coordinates xg, z1, z2, 23,
and consider the coordinate projection to x;, xj,x; for 0 <7 < j <k < 3. We then
see that both fans above have the same image under this coordinate projections

after we have quotiented out by the lineality space spanned by (1,1,1). Notice that
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as for Example [£.2.11] this corresponds to the alternative vertices of a hypercube in
R?* centred on the origin with vertices at (+1,+1,+1,+1).

This example can be generalised to R™ in the following way. Consider the
hypercube in R™ which is centred on the origin and has vertices at (£1,...,+1) and
let ¥ and ¥; be one-dimensional fans with rays passing through alternate vertices.
That is, Y consists of rays passing through vertices the product of whose entries
is equal to 1, and X1 consists of rays passing through vertices the product of whose
entries is equal to —1. Then ¥y and ¥; agree on coordinate projections. Notice
that the tropical curves which have support X9 and X respectively have different
degrees and so can be differentiated using the methods of Section However,
as in Remark there are also examples of tropical curves with the same degree
which have the same projections to coordinate planes, for example by translating
one of the cube configurations away from the origin. As an example, consider two

fans in R*, the first with rays generated by

(1,1,1,1),(1,1,0,0),(1,0,0,1), (1,0,1,0),
(0,0,1,1),(0,1,0,1),(0,1,1,0), (=1, -1, —1, 1),

where (—1,—1,—1,—1) has multiplicity eight and all other rays have multiplicity

two, and the second with rays generated by

(1,1,1,0),(1,1,0,1),(1,0,1,1),(0,1,1, 1),
(0,0,0,1),(0,0,1,0),(0,1,0,0),(1,0,0,0), (-1, -1, -1, 1)

where (—1,—1,—1,—1) has multiplicity eight and all other rays have multiplicity
two. Both of these tropical curves have degree eight and so cannot be differentiated
using the equations from the degree. This corresponds to translating the hypercube
with vertices (£1,+1,41,+1) from the beginning of this example by (1,1,1,1),

where we include the rays (—1,—1,—1, —1) for balancing. O

A further advantage of using these extra projections is that we have more
equations in the multiplicities of the candidates which helps limit the number of
initial ideal computations in Step [6] of Algorithm [4.2.14]

We first review some notation. Let p be a partially reconstructed candidate,
with associated multiplicity bound m,. Suppose that we are trying to reconstruct
p to variables xg,x1,...,%y,. In this setting the definition of a candidate naturally
extends. We call p an (i, j, k)-candidate for trop(C) if, after choosing identifications
for R» = R*"1/R(1,...,1) and R? = R3/R(1,1,1) which sets the xj-coordinate
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to zero, either m;;;(p) spans a ray o € C;; with multiplicity m, and m, < m,, or
mijk(p) = (0,0). It is called a candidate for trop(C') if it is an (i, j, k)-candidate for
all (¢,7,k).

Suppose that we are trying to extend p with the rays of the projected tropical
curve Ci;. Recall from Section that C;ji, can be of Type 0, Type 1(a) or 1(b),
or Type 2, which affects how it interacts with the partially reconstructed candidate
p. These follow through to similar cases as we explain below. Before we can combine
a partially reconstructed ray with the rays of a projected tropical curve, we need
to choose identifications for R"® = R /R(1,...,1) and R? = R3/R(1,1,1). Recall
that we need to choose the same identification for both. This equates to adding
multiples of the lineality space to rays so that some chosen x;-coordinate equals
zero. There is also now an additional type of projection which we shall encounter
which will be a projection of Type 3.
Projections of Type 0. In this case, z;,x; and z; have already been recon-
structed in the partially reconstructed candidate p. Choose identifications for R™ &
R /R(1,...,1) and R? = R3/R(1,1,1) which sets the xj-coordinate to zero. We
then have to check to see if p is an (3, j, k)-candidate for trop(C).
Projections of Type 1. In this case, two of the x;,z; and x; have been recon-
structed in the partially reconstructed candidate p. After relabelling coordinates if
necessary, we can assume that the x; and x; coordinates have been reconstructed in
the partially reconstructed candidate p and that x; has not. Choose identifications
for R® =2 R"*1/R(1,...,1) and R? = R3/R(1,1,1) which sets the z;-coordinate to
zero. Then analogously to the projection of Type 1 from Section this splits
into projections of Type 1(a) and 1(b) depending on the value of p;.
Projections of Type 2. In this case, only one of x;,z; and x; have been recon-
structed in the partially reconstructed candidate p. After relabelling coordinates if
necessary, we can assume that the xp-coordinate has been reconstructed in the par-
tially reconstructed candidate p. Choose identifications for R™ = R"*1/R(1,...,1)
and R? = R3/R(1, 1, 1) which sets the x;-coordinate to zero. We can then extend p
with each ray of C;;, analogously to projections of Type 2 from Section m
Projections of Type 3. In this case, none of z;, x; and x;, have been reconstructed
in the partially reconstructed candidate p and so theoretically we can combine p with
each ray of C;;, multiple times as for projections on Type 2. However, as both the
partially reconstructed candidate p and the rays of C;;, can have any multiple of
the lineality space added to them, there are infinitely many partially reconstructed
candidates which are (i, j, k)-candidates and which agree with p on coordinates

already reconstructed.
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The following algorithm reconstructs all candidates from a set {C;;i} of pro-
jected tropical curves. As when considering a projection of Type 3 there are infinitely
many suitable reconstructions, such projections are avoided. We give conditions in
Proposition for when we have enough projections so that we never have to
add projections of Type 3. To partially reconstructed candidate p we assign a set
Y, which indexes the variables already reconstructed in p. We then only extend
the partially reconstructed candidate p with a projected tropical curve C;j;, where

2,7, N , which ensures that C;;x 1S not a projection ot lype J.
i, j, k} MY, # 0, which that C;jx is not jection of Type 3

Algorithm 4.4.3. Input: An index set P which indexes the projected tropical
curves {Cyjp. : (4,,k) € P}. The set P satisfies the hypotheses of Proposition [4.4.4]
so that we do not have to consider Projections of Type 3.

Output: The set T' of all candidates for trop(C).

Initialisation: Set T'= () and S = (). Choose any (i,j,k) € P. Let U be
the set consisting of rays of C;;;, and p = (0, 0,0) where m, = co. For all 0 € U with
corresponding multiplicity m, let 8 = (0, 01,...,0,) where 6, = * for | # i,7j,k,
0; = 04, 0; = 0j and O, = op. Set my = mgy, Qo = P —{(i,4,k)} and Yy = {4, 5, k}.
Set S =S U{6}.

While S # ) do:

I. Choose any p € S. Set S =8 — {p}.

II. If Q, =0 and p # (0,...,0) then T'=T U {p}. Otherwise, while Q, # 0 do:

(a) Choose any (i, j, k) € @, such that {i,j,k} NY, # (. After relabelling if
necessary, we can assume that k € {7, 7,k} NY,. Choose identifications for
R" = R*"1/R(1,...,1) and R? = R3/R(1,1,1) so that p and the rays of
Cijr have xy-coordinate equal to zero. We do this by adding multiples of
the lineality space (1,...,1).

(b) Updating S. This depends on {7, j,k} NY,.
1. Case 0: If [{i,j,k} NY,| = 3 then ;) is a projection of Type 0.

Follow Case 0 of Algorithm

2. Case 1(a): If [{4,j,k}NY,| = 2 and p; # 0, where after relabelling

if necessary we assume that {i,j,k} NY, = {i,k}, then 7;;, is a
projection of Type 1(a).
Follow Case 1(a) of Algorithm

3. Case 1(b): If |{i,j,k}NY,| = 2 and p; = 0, where after relabelling

if necessary we assume that {i,j,k} NY, = {i,k}, then m;;;, is a
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projection of Type 1(b).
Follow Case 1(b) of Algorithm

4. Case 2: If |{i,j,k} NY,| =1 then 7;;, is a projection of Type 2.
Follow Case 2 of Algorithm

Scale all rays in T with (1,...,1) so that the xy-coordinate is zero.
Return T

Proof. The proof of correctness and termination follows directly from the corre-
sponding proof of Algorithm O

We define a hypergraph Gp associated to a set P which indexes the projec-
tions which we use as input to Algorithm We call this the graph of projections
for P. The set of vertices of Gp is {vg,v1,...,v,} where the vertex v; indexes the
xi-coordinate. We have an edge {v;, v;, v;} for every triple (i, 7, k) in P.

The idea of the algorithm from this graph point of view is that we start at
a vertex and walk to all other vertices by passing along edges. For example, we
could start at vy and use edge {vp,v1,v2} to walk to vertices vy, ve then by edge
{v1,v2,v3} walk to vertex vs, and so on. We use conditions on the hypergraph Gp
to give conditions on the set of projections P to ensure that we will have finitely

many one-dimensional candidates for trop(C').

Proposition 4.4.4. Let P be a set indexing coordinate projections m;jy, : Rgi}:hmwn —
3

T3, T, Tk
ity space spanned by (1,1,1). Let Gp be the graph of projections for P and T a set
of rays which are (i, 7, k)-candidates for trop(C) for all (i,j,k) € P. Then Gp is

connected if and only if T is a finite set of two-dimensional rays in R each with

whose image is the tropical curve Cij, which has a one-dimensional lineal-

a one-dimensional lineality space spanned by (1,...,1).

Proof. Suppose that Gp is connected. Consider reconstructing candidates by Al-
gorithm [£.:4.3] As Gp is connected, at every step we can choose a projection in
P such that P is not of Type 3 until we have recovered all vertices of Gp. By
the proof of Algorithm [£.2.8] it follows that we have recovered a finite collection of
two-dimensional candidates each with one-dimensional lineality space.

Conversely suppose that Gp is not connected. Using P as input to Algo-
rithm notice that when considering projections of Type 0, 1 or 2 we share at
least one coordinate with those already reconstructed. This means that the graph
Gp is connected. As Gp is not connected, at some point, we must have to consider a
projection of Type 3. From the discussion before Algorithm [4.4.3] we see that adding

a projection of Type 3 gives infinitely many partially reconstructed candidates. [J
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Remark 4.4.5. The implementation issues from previous subsections can also be
implemented in this reworking of the reconstruction algorithm. For example, when
we have a choice of projection to consider we do so in preference order: Type 0,
as they remove partially reconstructed candidates from S, then Type 1(a), as they
add a unique partially reconstructed candidate to S for each compatible ray of the
projected tropical curve, then Type 1(b), as we can only combine with the rays
(0,1) and (0,—1) if they occur in the projected tropical curve but multiple times
according to multiplicity bounds, then finally Type 2, as we add multiple partially

reconstructed candidates to S for each ray of the projected tropical curve. <&

Remark 4.4.6. When we have decided which is the optimal projection to add
as explained in Section we may have still have a choice of which of these
projections of a certain type to add. It appears heuristically that we should add
the projection which adds coordinate x; for which the corresponding vertex in the
graph of projection has the highest valency. This would mean that there is a greater
choice of projections to add at the next step and so a greater likelihood of finding

one of Type 0 then one of Type 1 and then one of Type 2. O

4.5 A Macaulay2 package to Compute Tropical Curves

from Coordinate Projections

Let K = Q with the trivial valuation. In this case, the algorithms in this Chap-
ter are implemented in the package TropicalCurves |Chan, 2013b| for the com-
puter algebraic geometry system Macaulay2 [Grayson and Stillman]. The package
TropicalCurves allows the computation of tropical curves from coordinate projec-
tions. The main function of this package is tropicalCurve which takes a homoge-
neous ideal I defining a curve in P” and outputs the rays and multiplicities of the
one-dimensional fan in R"® = R"*!/R(1,...,1) whose support is the tropical curve
trop(V (1)).

We demonstrate usage by first installing the package then specifying the
polynomial ring Q[z,y, 2] and ideal I = (z +y + 2)

il : installPackage "TropicalCurves";
i2 : QQ[x,y,z];
i3 : I = ideal(x+y+z);

Then using tropicalCurves we find the rays and multiplicities of trop(V (1))

i4 : tropicalCurve I
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od=(l10-11, {1, 1, 1B
| 01 -1 |

o4 : Sequence

The output comes in the form (A, m) for some matrix A with integer entries
and a list m with positive integer entries. The columns of A are minimal ray gen-
erators of trop(V (1)) and the ray spanned by the i-th column of A has multiplicity
the i-th entry in the list m. In this example, we see that trop(V(I)) consists of three
rays spanned by (1,0), (0,1) and (—1, —1) each with multiplicity one, which agrees
with the calculations in Example

We next compute Example which is the example where there are two
tropical curves with the same projections to coordinate planes. Here we have an
ideal I = (xz +4yz — 22 + 3zw — 12yw + 52w, vy — 4y + yz + 2w + 2yw — zw, 2% —
16y + 8yz — 2% + 14ww — 8yw + 2zw) in the ring Q[z,y, z, w] and we find the rays
of the tropical curve using tropicalCurve.

15 : f_1 = x¥z+4xy*xz-z" 2+3*xkw-12%yxw+b*z*yw;
i6 @ £_2 = xxy—4xy 2+y*xZ+xkWH2kyRw-zkW;
17 @ £_3 = x72-16%y " 2+8*y*z-z" 2+ 14xx*kw-8*xy*w+2*z*w;

i8 : I = ideal(f_1,f_2,f_3);
i9 : tropicalCurve I
09 =(l -1-11 1]
[ =11 -11 |
[ 1 -1-11|

09 : Sequence

3 {1’ 1, 1’ 1})

As expected, we see the tropical curve has four rays spanned by (-1, —1,1),
(-1,1,-1), (1,-1,—1) and (1,1,1) each with multiplicity one. This agree with
earlier calculations. Recall that the reconstruction step recovers eight rays spanned
and using the equations from the multiplicity condition, the balancing condition,

and the degree of the curve, we can recover the rays in the tropical curve.
Consider the ideal I = (a? + 2bc + ad + €%, ab + bc + cd + de, ac + bd + ce) in
Qla, b, c,d, e]. Then using tropicalCurve we compute the tropical curve trop(V(I)):

i10 : QQ[a,b,c,d,el;

i11 : I = ideal(a~2+2*xb*c+a*xd+e”2,a*b+b*c+cxd+d*e,a*c+bxd+cxe);
i12 : tropicalCurve I
ol2=(l 100 0-21 -11 01, {3,1,1, 2,1, 1, 3,1, 1}
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lo11 1-1-1-11 0]
loo0o-12-11 -10 0|
loo1 1-22 -1-11]

012 : Sequence

We end with the example in Section which was the example which
could not be computed using gfan. We have ideal I = <x‘11 — x%xll + ngxlxll —
Tox3r11, 75 — T3T11 + 20370711 — TOX3T11, ¥F — TFT11 + 27373711 — ToTIT11, TF —
311 + 22814711 — 203211, 11 — T2+ 5, 71 — T3+ X6, T1 — T4 + X7, T2 — T3+ Ty, Ty —

x4 + x9, T3 — x4 + T10) in Q[zo, ..., z11].

i13 : QQ[X_0..X_11];

i14 : g_1 = X_174-X_0"3*X_11+2*%X_07"2+«X_1*X_11-X_0*X_1"2xX_11;
i16 @ g 2 = X_274-X_0"3*X_11+2*%X_0"2*X_2*X_11-X_0*X_2"2*X_11;
i16 : g_3 = X_374-X_0"3*xX_11+2*%X_07"2*«X_3*X_11-X_0*X_3"2xX_11;
i17 @ g 4 = X_474-X_0"3*xX_11+2*%X_07"2*X_4*X_11-X_0*X_4"2xX_11;
i18 : g 5 = X_1-X_2+X_5;
i19 : g 6 = X_1-X_3+X_6;
i20 @ g_7 = X_1-X_4+X_7;
i21 : g_8 = X_2-X_3+X_8;
i22 : g 9 = X_2-X_4+X_9;

i23 : g_10 = X_3-X_4+X_10;
i24 : I = ideal(g_1,g 2,g.3,g.4,8.5,8.6,2.7,2.8,2_9,5_10);

and we compute the tropical curve with tropicalCurve.

i256 : C

tropicalCurve I;

i26 : A = C#1

026 =

w
WL, R, R, R, NN RN
= o=, W, R, R, NN RN
WL, P P P, P NN PR, PN
i i i R i i S B = o O I
[l ol - o R GV I i O I ST
F R R R, W, R, NP, NN
O O O O r O O O O O ©
, O O O O O O O © © ©
O O O O O r O O O O ©
O r O O O O O O © © o
O O O » O O O O O O o
O Ok O O O O O © O ©

N
N
N
-
w

026 : Matrix ZZ <-—-
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127 : m = C#2

027 = {6, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2}
027 : List

The output tells us that trop(V (I)) consists of 13 one-dimensional rays in R*!
spanned by the columns of the matrix A where the multiplicity of the ray spanned

by the ith column of A has multiplicity m;.
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