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Abstract

We investigate the existence of phase transitions for a class of continuum multi-type
particle systems. The interactions act on hyperedges between the particles, allowing
us to define a class of models with geometry-dependent interactions. We establish
the existence of stationary Gibbsian point processes for this class of models. A
phase transition is defined with respect to the existence of multiple Gibbs measures,
and we establish the existence of phase transitions in our models by proving that
multiple Gibbs measures exist.

Our approach involves introducing a random-cluster representation for contin-
uum particle systems with geometry-dependent interactions. We then argue that
percolation in the random-cluster model corresponds to the existence of a phase tran-
sition. The originality in this research is defining a random-cluster representation
for continuum models with hyperedge interactions, and applying this representation
in order to show the existence of a phase transition.

We mainly focus on models where the interaction is defined in terms of the
Delaunay hypergraph. We find that phase transitions exist for a class of models

where the interaction between particles is via Delaunay edges or Delaunay triangles.



1 Introduction

Equilibrium statistical mechanics aims to describe the behaviour of thermodynamic
systems in equilibrium. The approach is to analyse the macroscopic properties of
systems, based on the microscopic interactions between individual elements. The
interaction between these elements determines how the system behaves on a larger
scale. The main aim of the present study is to investigate models that describe
continuum systems where particles interact with one another geometrically.

The present study focuses on systems modelled by a continuum point process,
a type of random process for which a given realisation consists of a set of points in
d-dimensional continuous space, for d > 2. Specifically, since we are dealing with
marked particle systems, we analyse marked point processes. This means that each
member of the point distribution is assigned a random mark (or type) from a finite
mark space, which gives the random process two levels of randomness: the positions
and marks of the particles. The marks and positions are not independent. We
investigate particle systems where the position and mark of any given particle can
depend on the positions and marks of other particles in the system.

A phase transition occurs in a thermodynamic system when the system trans-
forms from one equilibrium state to another. For example, consider the magneti-
sation of a ferromagnetic material, such as cobalt or iron. The Ising model can be
used to describe this material as follows. A square lattice of fixed sites corresponds
to the positions of the atoms of the material. We can then assign these sites marks,
—1 or +1, corresponding to the magnetic moments. The particle interaction is de-
fined such that particles have a higher probability of having a neighbour with the
same mark. This results in configurations where there is a tendency for adjacent
particles to align their marks in parallel. If the temperature of the system is below a
certain critical value, the interaction is strong enough to result in the domination of
one mark over the lattice. This corresponds to magnetisation, a phenomenon which
occurs spontaneously as the temperature crosses the critical threshold. This is a
rather simple example, where particles are located at the fixed sites of a lattice and
only interact in pairs. The aim of the present study is to investigate phase tran-
sitional behaviour of continuum models where marked particles interact with one
another via the geometry of the configuration. This is a key feature of the results,
the particles are not restricted to interacting in pairs or on a lattice. We consider
Potts models, an extension of the Ising model, allowing particles to be assigned any
mark from a finite mark space. In particular, we analyse Potts models where the

interaction between particles occurs on the Delaunay triangulation, which is one



way to describe nearest-neighbour interactions in continuum models. We refer to
such models as Delaunay Potts models. We find that phase transitions exist in a
class of Delaunay Potts models.

There are different ways to mathematically define a phase transition. For ex-
ample, one can analyse the singularity of the thermodynamic functions. These
functions are determined by a finite number of thermodynamic parameters, which
parametrise the equilibrium states of the system. When a ferromagnetic system
undergoes a phase transition, the net magnetisation jumps between zero and some
non-zero value. The net magnetisation is a thermodynamic function determined by
parameters, such as the temperature. However, in the present study, we investigate
phase transitions from a probabilistic point of view, analysing point processes and
Gibbs measures. A Gibbs measure is a distribution of a countably infinite family
of random variables which admit some prescribed conditional probabilities. For a
given interaction model, we define a phase transition as the existence of multiple
Gibbs measures in the model. Taking this approach gives us two main aims. The
first is to investigate the existence of Gibbs measures for our class of models, i.e.
for a given type interaction model, does at least one Gibbs measure exist? The
second aim is to then determine, given the existence of at least one Gibbs measure
for the model, do multiple Gibbs measures exist? These two questions are the key
to achieving our results.

Percolation theory is useful for the investigation of phase transitional behaviour
in type interaction models. For example, in the Ising model, one may compare a
percolating network of particles with matching microscopic states to the system
being in a macroscopic state of magnetisation. The random-cluster model is our
tool for applying percolation theory to the analysis of multiple Gibbs measures.
It is via the random-cluster model that the characterisation of phases is described
in percolation terms. A novel feature of the present study is the definition of a
multi-body continuum random-cluster model that can be used to analyse continuum
models with geometry-dependent interaction.

One reason that continuum models are useful is that natural patterns and
structures tend to have a level of randomness and are usually not perfect lattices.
For example, take a triangular lattice that could be used to model the surface of a
crystal. In reality, a perfect lattice is not observed. In fact it is more accurate to
model the surface by allowing the vertices of the lattice to take small perturbations in
space, which gives a slightly more random graph. In order to define such a model, we
must allow particle positions to be distributed in the continuum. Using a geometry-

dependent interaction, we can then assign some geometry to the configuration.



We are modelling infinite systems of marked particles in the continuum, inter-
acting with one another geometrically. It is natural to ask why model an infinite
system when all systems found in nature are finite? Infinite systems actually work
as ideal approximations to very large finite systems. By taking the infinite limit of a
finite region (with a fixed boundary layer) one can model a very large finite system.
We also find that in finite systems there are certain mathematical phenomena that
are not present in very large finite systems in nature. Therefore we use infinite sys-
tems, or more accurately, we take the infinite limit of a finite system with boundary
conditions. This limit is known as the thermodynamic limit, which we will later
discuss in detail.

The way in which systems interact is described through a key object known
as the Hamiltonian. The interaction then determines the relative energies between
different configurations. Crucially, microscopic changes in the system will alter the
energy of the system. In the present study, we provide formulation of the Hamilto-
nian energy when the particles are marked and interact geometrically, as opposed
to in pairs. Expressing the Hamiltonian in such a way enables us to investigate the
existence (and non-uniqueness) of Gibbs measures.

Section 2 contains the introduction and necessary preliminaries regarding the
definition of Gibbsian point processes for systems with geometry-dependent inter-
actions. We first present some notation, originally introduced by Dereudre et. al.
[DDG11], regarding unmarked particle systems. We give the reader an idea of the
class of models for which Gibbs measures have been shown to exist for such models.
We then extend the notation to describe marked particle systems and conclude the
section with our first main result. This states under what conditions Gibbs measures
exist for marked continuum models with geometry-dependent interactions. This is
a prerequisite for the analysis of multiple Gibbs measures. In Section 3, we define
a phase transition for this class of models and introduce the multi-body continuum
random-cluster model. This is our main tool for showing the existence of phase
transitions. We define the models and present the main phase transition results
in Section 4. These results are for the existence of Gibbs measures and the non-
uniqueness of the Gibbs measure (i.e. evidence of a phase transition) for a class of
type interaction models with geometry-dependent interactions. Detailed proofs are
provided for the main theorems in Section 5. In Section 6, we pick one of the models
from Section 4 and use numerical analysis to provide some simulations of a particle
configuration generated according to the model. By varying the parameters of the
model, we support our main theorem showing that a phase transition occurs. We

summarise our main results and conclusions in Section 7.



2 Gibbsian Point Processes

In this section, we define Gibbsian point processes for continuum systems where
particles interact geometrically. We first introduce the unmarked case using the
notation of Dereudre et. al. [DDG11]. This is done in Section 2.1. In Section 2.2,
we discuss the class of models for which the existence of Gibbsian point processes
has been previously established. Then, in Section 2.3, we adapt the notation for
unmarked systems to the marked case, this is an extension of Dereudre et. al.
[DDG11]. We conclude by stating the first main result: the existence of marked

Gibbsian point processes with geometry-dependent interactions.

2.1 Preliminaries

Our object of study is physical systems consisting of many individual particles with
prescribed positions in space. Let R := R%, let Bg be the Borel o-field on R, and
let Leb( - ) be the Lebesgue measure on (R, Br). For a bounded region A € Bg, we
write |A| for Leb(A). We let w denote a configuration of particles in R?, and

Q = {wcR?: wis locally finite},
Qf = {weN: wis finite}.

For w € 2, denote the counting variable Ny (w) := #(wNA). The set  is equipped
with the o-field F generated by the counting variables N, for all bounded A € Bp.
We write wy :=wNA and Qp = {w € Q: w C A} with F the associated o-field.
For configurations w € Q, ¢ € Qx, we denote (wpe := (Uwpe € Q. Let © = () ,cpa
be the shift group, where 9, : Q — Q is the translation by the vector —z € R?. For
any x € R%, the mapping ¥, is measurable, as shown by Matthes et. al. [MKMT78].

In the present study, we analyse configurations of particles that are distributed
in the continuum, with the position of each particle dependent on its local geometry.
In order to describe such systems mathematically, the geometry of a configuration
is characterised by a hypergraph structure. This formulation was introduced by
Dereudre et. al. [DDG11]. For a configuration w € 2, a measurable subset £ C
Q¢ x Qis a hypergraph structure if n C w for any (n,w) € €. If (n,w) € £, we say
that 7 is a hyperedge of w, and we write n € £(w). The interaction between particles
in a configuration w € ) can be expressed in terms of their geometry because we
can define a suitable hypergraph structure £ such that the hyperedges n € £(w)
interact with the rest of the configuration w. This is done by defining an interaction

potential, a measurable function ¢ : £ - RU {oo}.



The majority of our models, for which we investigate the existence of phase
transitions, are defined in terms of the Delaunay hypergraph structure. We focus
on the planar case, i.e. d = 2. For convenience, we write || := #(n), where n € Qy.
Let OA be the boundary of any bounded region A C R2. For |n| = 2,3, let B(n) be
an open ball, such that the members of 7 lie on the boundary 0B(n). For |n| = 3,
the ball B(n) is uniquely determined by 7.

Definition 2.1. Let w € Q. For k = 2,3, the Delaunay hypergraph structure Pk
is the set of all pairs (n,w) with |n| = k and n C w, for which there exists an open
ball B(n) with 0B(n) Nw = n that contains no particles of w.

Interactions via the edges of the Delaunay graph is one way of defining nearest-
neighbour interactions in the continuum. Analysis of interactions on Delaunay hy-
pergraphs is also useful because the Delaunay triangulation is the geometric dual of
the Voronoi tessellation. For a particle configuration w € 2, the Voronoi cell of a

point x € w is the set

V(z):={y e R%: d(z,y) = inf d(z,y)},
' Ew
where d(x,y) is the Euclidean metric. The Voronoi tessellation, of a distribution of
points w € €2, is the set of Voronoi cells V(w) = {V(x) : € w}. This tessellation
divides the continuum into regions so that if y € V(x), then z is the closest point
of w to y. For two vertices x,y € w, the Voronoi cells V(x), V (y) share a face if and
only if {z,y} € £P?(w).

Since we shall mainly be dealing with Delaunay hyperedges, and these consist
of either two or three points, we shall use the notation 1 € £P2(w) for a pair in the
Delaunay hypergraph and 7 € £P3(w) for a triangle in the Delaunay hypergraph.
For a particle configuration w € ), defined in terms of a Delaunay hypergraph
structure, if 7 C w and |7| = 3, let B(7) be the open ball that circumscribes the
triangle with vertices 7. Let §(7) be the diameter of B(7). Similarly, if n € £P2(w),
let B(n) be an open ball with the 2 points of 7 lying on the boundary.

A hyperedge potential ¥ : 5 x Q@ — RU {oo} is called shift-invariant if

(921, Vpw) € € and Y(Vyn, Vpw) = (0, w)
for all 2 € R? and (n,w) € Q; x Q such that (n,w) € &.

We can sum the interaction potential over the entire configuration,

H'(w) = Y v(nw), (2.1)

ne€(w)
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to obtain the Hamiltonian energy. Note that in the above sum, it possible for 9 to
take values in R U {oo}. For a system described by £ and v, (2.1) is known as the
formal Hamiltonian because the sum is infinite. To make sense of this formal sum, it
is necessary to define a Hamiltonian energy for a configuration within a finite region,
with prescribed boundary condition outside of this region. Before introducing this

Hamiltonian, we provide some further definitions. For some bounded A C R2, let

Er(w) :={n € Ew) : Y(n,Cwae) # Y(n,w) for some ¢ € Qp}. (2.2)

This set of hyperedges £x(w) represents all hyperedges n € £(w) such that (n,w)
may have different values if any member of wy is changed. If a hyperedge n € £(w)
is not in €a (w) then ¥ (n, w) will be the same, no matter how much the configuration

within A is altered. Specifically, for { € Q,

En(Cwpe) = {n € E(Cwae) : (0, Cwae) # (0, kwae) for some Kk € Qp}. (2.3)

The set of hyperedges given by (2.2) is useful for analysing particle configurations
where the configuration is random within some bounded region and fixed outside this
region. Consider a configuration (wpe € €2, where ( € Q) and w € ). For a given
hyperedge n € Ex(Cwae), the interaction potential (1, (wae) may have different
values if any member of ¢ changes, whereas a given hyperedge n € £(Cwae)\Ex(Cwae)
will always return the same value for ¢ (7, (wae), despite variation of . Therefore we
use the set £4 (Cwac) to analyse random configurations Cwpe € Q with fixed boundary
conditions outside A. The Hamiltonian in A with configurational boundary condition

w is given by the formula

HY (=Y (nCwr) for¢ey, (2.4)

n€EA(Cwac)

provided the sum is well-defined.

It is through these definitions of a hypergraph structure, hyperedge interaction
potential and Hamiltonian that we are able to move away from pure particle inter-
action to systems depending on the geometry of particle configurations. One may
describe a particle interaction system using a pairwise interaction potential that acts
between nearest-neighbours of some graph, usually a function of the distance. By
introducing the hypergraph structure, we are able to analyse a much more sophisti-
cated class of models. Next, we explain how the Hamiltonian (2.4) is used in order

to distribute particles within A according to i and £.



In order to distribute particles in the continuum, we require a reference mea-
sure. This is some underlying probability measure to describe a particle distribution.
For a model described by ¥ and &, we define a probability measure in terms of the
Hamiltonian (2.4), with respect to some reference measure. The underlying distri-
bution of the particles comes from the reference measure, and there is additional
interaction between the particles due to . If we set ¢ = 0, the particle distribution
will be identical to the distribution using the reference measure alone.

It is common to use the Poisson point process as the reference measure for
a particle interaction system. A stationary Poisson point process, with intensity

z > 0, is characterised by two fundamental properties:

(i) For any bounded A € Bgr, Ny is a Poisson distribution random variable with

mean z|A|.

(ii) For any k =1,2,..., let A1,..., Ay € Br be disjoint. Then Ny,,..., Ny, are

independent random variables.

This is a standard definition, for example see Stoyan et. al. [SKM95], and is a unique
description of a Poisson point process. We denote by II? a Poisson point process on
Q with intensity z > 0. This is a common choice of reference measure because it
is a completely random measure; (i7) is the property of complete randomness. We
choose II* as our reference measure on (2, and II{ := II* o p]rx1 as our reference
measure on {25, where pr, : w — w N A is the projection onto A.

Consider the partition function associated to the Hamiltonian (2.4),
¥
Z3 = / e MO IR (d).
) QA

Let 9~ be the negative part of 1. An unmarked configuration w € 2 is called
admissible for a bounded region A C R? and an activity z > 0 if

HY ()= > ¢ (n¢wa) <oo for I5-almost all ¢ € Qy,
ne€EA (Cwae)

and 0 < Z3 , < oo. We write Qi\’z for the set of all these w. For w € Qi\’z, we can
define the Gibbs distribution for (£,, z) in a bounded region A C R? with boundary

condition w by

1
Z§

/ Ir(Cwae) e MR 113 (d¢), (25)
Qa

where F' € F is arbitrary, and I is the standard indicator function.



For a hypergraph structure £, a potential ¢/, and an activity z > 0, a probability
measure P on (2, F) is called a Gibbs measure for £, ¢, and z if P(Qi\z) =1 and

/Q fdp = /Q L[ fGune) e TR0 115 (d0) Pldw), (2.6)

z
i\’z ZA,w Qa

for every bounded region A C R? and every measurable f : Q — [0,00). The
equations (2.6) are known as the Dobrushin-Lanford-Ruelle (DLR) equations. They
are an extension of the work by Dobrushin [Dob68] and Lanford and Ruelle [LR69].
These equations express that Gf\yw(F ) is a version of the conditional probability

P(F|Fac)(w). For a probability measure P on €2, we define

i(P) :=|A]7! / N dP
Q

as the intensity of P. We write Hg for the set of all ©-invariant probability measures
P on § with finite intensity i(P), and ¥%g (¢, z) for the set of all Gibbs measures for
¥ and z that belong to Pg. We investigate the case of multiple solutions to (2.6)
in Section 3.

One can see from the definition of the Hamiltonian (2.4) that, given a bounded
region A € Bgr and a boundary condition w € ), configurations ¢ € 25 that return
a high value of HKW (¢) are less probable under the Gibbs distribution. If a given
hyperedge n € £(w) returns a high value of the potential ¢ (n,w), then a hyperedge
of this form is rare throughout a configuration (wpe distributed according to the
Gibbs distribution.

We will later include a parameter 8 > 0, factored with the Hamiltonian. So
HK’W(C ) is replaced with ,BHKM(C) in the above definitions. This parameter g is
known as the inverse temperature, and is a very common feature of models in
statistical mechanics. It has the feature of controlling the strength of the interac-
tion. High values of 8 correspond to low temperatures and configurations with high
Hamiltonian energies (which are improbable under the Gibbs distribution) become
even more improbable, as the system’s favouritism towards low-energy configura-
tions becomes even stronger. Likewise, a low value of 8 means that the interaction
potential does not affect the system so much and high-energy configurations become
more probable than when 8 is high. We now discuss some examples of models for

which Gibbs measures have been shown to exist.



2.2 Some models

We now present a concise review of Gibbs models with geometry-dependent interac-
tion for which results have been achieved. Recall that Gibbs measures are solutions
to the Dobrushin-Lanford-Ruelle equations (2.6). Ruelle [Rue70] shows that if ¢
is a pair interaction, where any particle can interact with any other particle, and
1) satisfies the the assumptions of superstability and lower regularity, then Gibbs
measures exist. The assumptions of superstability and lower regularity are rather
technical, and so we suppress the definitions in this section as we aim to provide the
reader with a concise summary of the results, without the technicalities. However,
it is worth noting that the assumptions of superstability and lower regularity mean
that particles are generally repelled from one another for close distances and the
interaction between the particles is weak over long distances.

Preston [Pre76] derives an existence theorem for models with interactions satis-
fying the assumptions of superstability and lower regularity. Bertin et. al. [BBD99a,
BBDY99b| adapt the work of Preston to form simpler sufficient conditions under which
Preston’s existence theorem is satisfied and provide a class of models which satisfy
these conditions, therefore proving the existence of Gibbs measures. These models
are all for nearest-neighbour interactions, as opposed to being restricted to pair in-
teractions. For d = 2, Bertin et. al. [BBD99a] show that Gibbs measures exist for
a nearest-neighbour model with a bounded interaction potential that is a function
of the distance between a particle and its nearest neighbour of the configuration.

Dereudre et. al. [DDG11] show the existence of Gibbs measures for a slightly
more advanced version, the k-nearest neighbour model. For £k > 1 and d > 2,
the hyperedges are singletons that interact with the k-nearest neighbours of the
configuration. The interaction potential is a forced-clustering mechanism, such that
it must be bounded if the k-nearest neighbours are within some finite range § > 0
of the hyperedge, but otherwise the potential is infinity. Gibbs measures are shown
to exist for such a model. Multi-body interaction models such as the finite-range
k-body potential have also been investigated by Kutoviy and Rebenko [KR04], who
prove existence of at least one Gibbs state, and Belitsky and Pechersky [BP02], who
show multiple Gibbs measures exist given a stabilising assumption on the interaction.

An interesting problem is to find out if there is a percolating path in the k-
nearest-neighbour graph, as this helps determine whether or not a phase transition
exists. For the case without forced-clustering, Haggstrom and Meester [HM96] show
that there is no percolation for d = 1, but for any d > 2, there is a critical value
k. = ke¢(d) such that if k& > k. then there is percolation. This helps determine

whether multiple Gibbs measures exist for the model, we discuss this in Section 3.



Another class of models investigated by Meester and Roy [HM96] is the class
of hard sphere Boolean models. A hard sphere Boolean model is a stationary (and
ergodic) probability measure on the space of configurations of balls, where the balls
are centred at Poisson points and the balls do not overlap. Consider the following
model. Let points be distributed according to a Poisson point process. To each point,
assign a ball of radius zero. Then let the radii of the balls grow linearly, with the
same speed, such that each ball continues to grow until it touches another ball (i.e.
the boundary of the ball touches the boundary of another ball). We then consider
any two points to be connected if their respective balls have touching boundaries.
Meester and Roy find that there is no percolation for this model. We exploit this
result in Theorem 4.2. Now consider a sphere model where, given a Poisson point
distribution, each point is the centre of a ball radius R > 0. Points with overlapping
balls are said to be connected. The interaction potential is a function of (i) the
total volume of the balls in the maximal component, and (i) the total length of
the maximal component. Bertin et. al. [BBD99a] show that, if this potential is
bounded, Gibbs measures exist for this model.

A major focus of the present study is models with an interaction potential
dependent on the structure of the Delaunay graph. Bertin et al. [BBD99a] investi-
gate the case for an underlying hypergraph £P3, where the interaction potential is
a bounded function of the triangle hyperedges, 1(d(7)), and only acts on triangles
where the smallest angle is sufficiently large. They derive a similar result for the set
of Delaunay pairs £P2. These results show that Gibbs measures exist in Delaunay
models, and are a positive step to showing that multiple Gibbs measures exist.

Another existence theorem for Delaunay interactions is presented by Dereudre
and Georgii [DG09], who examine a planar point process with point interaction
depending upon a bounded triangle potential. Again, if the triangle potential is
bounded, then Gibbs measures exist. Besides this, there are some interesting re-
marks in [DG09]. We will later investigate type-dependent models, and Dereudre
and Georgii remark that their results for a bounded triangle potential can also be
applied directly to the case for marked particles, which we discuss in Section 2.3.

The class of models so far is for bounded interaction potentials. Dereudre et.
al. [DDG11] improve upon the result of [DG09] by taking a triangle potential that
is not bounded, but polynomially increasing. For 7 € £P3(w), and some constants
ko, k1 > 0, and o > 0, Dereudre et. al. show that if the interaction potential
is polynomially increasing, ¥ (7,w) < ko + k10(7)%, then Gibbs measures exist for
sufficiently large z. They find a similar result for pairwise Delaunay potentials. They

also show that Gibbs measures exist when the interaction potential is a Delaunay
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triangle potential and depends on the smallest and largest angles of a triangle.
This is a model that controls the shapes of the Delaunay triangles. We will later
investigate such models.

Other unbounded interaction potentials include long-edge exclusion models.
Dereudre et. al. [DDG11] show that such Gibbs measures do exist when the inter-
action potential is on Delaunay edges and is infinity if the edges are too large. This
defines a model where the configuration will form a Delaunay hypergraph where all
edges are sufficiently short. Such models are also discussed by Dereudre [Der08],
who shows the existence of Gibbs measures for double hard-core interaction models.
A geometric hard-core condition is introduced preventing Delaunay cells from being
too small or too large. This builds upon previous results, such as those in [BBD99a/,
defining the energy from the local intrinsic geometry of the tessellation.

Dereudre and Lavancier [DL11] use the existence results from [Der08] and
[BBD99a] to provide examples of Delaunay hard-core models for which Gibbs mea-
sures exist. They consider Delaunay triangle interaction potentials. Examples of
such potentials include small-angle exclusion and large-cell exclusion. They also
provide examples for Voronoi cell interactions, where the potential is dependent on
the geometry of the cell. Interaction potentials defined in terms of the Voronoi tes-
sellation are a useful way to describe a system according to its geometry. Bertin
et. al. [BBD99a] show that Gibbs measures exist when the interaction potential is
a bounded funtion of the area surrounding the nucleus of a Voronoi cell. Dereudre
et. al. [DDG11] improve upon this result. They show that Gibbs measures exist if
the interaction potential is a function of single Voronoi cells. The potential may be
bounded, polynomially increasing or exclude cells with too many edges. This last
condition is similar to the short-angle exclusion interaction. They show that it is
also possible to define a bounded interaction in terms of neighbouring Voronoi cells,
and Gibbs measures exist.

We now extend our current description of Gibbsian point processes to the mark
space, and following this, we state what restrictions are required on the interaction
in order for Gibbs measures to exist. We use the assumptions presented by Dereudre
et. al. [DDGI11], adapted for marked systems.
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2.3 Type interactions

In this section, we extend our class of geometry-dependent Gibbs measures to the
case where each particle can be assigned a mark. It is an extension of the notation
presented by Dereudre et. al. [DDG11], with an adaptation for marked particle
systems using counting measures. This description of marked particle systems is
standard; for example, see Georgii and Zessin [GZ93].

Let S be the mark space for the configuration. Note that for the models pre-
sented in Section 4, for which we have phase transition results, we have S finite.
However, our notation and definitions are perfectly valid for a general mark space
S. Let Bg be the Borel o-field associated to S. The space S is also equipped with a
finite a priori measure p on S with u(S) > 0. In our results, we require u to be the
uniform distribution. Note that other distributions are possible. The phase space
for a particle is X := R? x S, equipped with the Borel o-field By := Br ® Bs.

We now extend the theory of Section 2.1 to let w represent a configuration of
marked particles. For the remainder of this study, w denotes a marked configuration.
A configuration of marked particles in R is described by a pair ({w, (u‘;)xegw), where
€, C R? is the set of occupied positions, and u¥ € S is the mark of the particle at

position x € £,. We can describe such a configuration by the counting measure

W= Z 5(m,u‘;)7

xGEW

on (X,Bx). Note that there is a one-to-one correspondence between the marked
particle configuration (fw, (u‘;)wegw), and the counting measure w. Therefore we can
write w for any marked configuration in R¢ x S. The marked configuration space is

the set Q of all simple counting measures on (X, Bx),

Q:={w c R? x S : w countable, having a locally

finite projection onto R%}.

Also, define Qy := {w € Q: wis finite}. Let wp = (& N A, (uY)zeenn), and let
QA be the set of all such configurations of marked particles located in A and F, the
associated o-field. We let Ky and K denote the sets of all finite and locally finite
sets of R%:

K = {¢cR?: ¢islocally finite},
Ky = {£€K: is finite}.
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For each B € Bx, the counting variable N(B) : w — w(B) on § describes the
number of particles such that the pair (position, mark) belongs to B. The space
2 is equipped with the o-field F := o(N(B) : B € Bx). For A € Bg, we write
Np = N(A x S) for the number of particles located in A. Define

NIl =Nj(h):w— h(u) w(dz, du),
AxS
for any measurable function h : S — [0,00) and bounded A € R?. Tt is obvious
that if we let h = 1 then N? = Nj. Let P be a probability measure on (Q, F). If
fQ N /}\ldP is finite for any bounded A C R?, then we define the h-intensity of P as

i"(P) :=|A|! / NI dP.
Q

For h =1,
i(P) := \A‘l/ NpdP
Q

is the intensity of P.
Let £ € A and & C A€ be sets of occupied places in R?. For configurations
(5, (Ua:)xeg) and (E’,(ux)xeg), denoted by ¢ € Qp and w € Qpc respectively, we

denote the combined configuration (£ U &', (uy)zecuer) as

( +w:= Z 5(z,u1)

refug’

The one-to-one correspondence between a counting measure and the marked con-
figuration means that we can also express the marked configuration (5 , (Uz)a;eg) U
(5’ , (Ux)xeg/) as ( Uw € Q. For notational convenience, we will sometimes write
Cw € .

For a marked configuration, a measurable subset £ C {1y x ) is a hypergraph
structure if n C w for any (n,w) € £. As in Section 2.1, if (n,w) € &, we say n
is a hyperedge of w and write n € £(w). We can express a hyperedge n € £(w) as
n = (&, (ud)zee,), where & C R is finite. Note that &, C &, and ui = uZ for
all z € §,. For geometry-dependent type interaction systems, we will define two
kinds of interaction potential. There is the background interaction, as in Section 2,
that acts on hyperedges but does not take into account the marks of the particles.
There is also a type interaction that acts on hyperedges but also depends on the
marks assigned to the particles. Sometimes we require the background interaction to

act on a different hypergraph structure to the type interaction, and for this reason
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we denote the background hypergraph structure as £F and the type hypergraph

structure as 7. The formal Hamiltonian for marked particle systems reads as

Hw) == > dhw+ Y, énw), (2.7)

ne€B(w) ne€T (w)

where ¢ : €8 — RU{oc} and ¢ : ET — RU{oo} are measurable functions, known as
the background interaction and type interaction, respectively. We must emphasise
that the background interaction ¢ does not depend on the marks, and ¥ (n,w) can
always be expressed in terms of &, and &,. Note that we can express (2.7) in the
form
Hw)= > g(nw),
ne€(w)

for some function g : € — RU{oo}, where £(w) := EB(w)UET (w). In many cases the
background interaction and type interaction act on the same hypergraph structure,
ie. &8 = €T In this context, E8 = T = £ and g(n,w) = Y(n,w) + d(n,w).

Note how (2.7) compares to the Hamiltonian (2.1) defined for unmarked config-
urations. We have simply added an extra term in order to allow interaction on the
marks. We can express (2.7) as HY (w)+H®(w), where H? is the background Hamil-
tonian and H? is the type Hamiltonian. The Hamiltonian in A with configurational

boundary condition w reads as

Hyw(Q) = > omCuae)+ > ¢, Cwae)
ne€L (Cwae) neEL (Cwae)
= Hy,(C)+HY (), (2.8)

for ( € Q, and

Sf(w) = {ne SB(w) 2 h(n, Cwpe) # Y(n,w) for some ¢ € Qp},
EX(w) = {ne&T(w):d(n Cwae) # d(n,w) for some ¢ € Qu}.

We can now define marked Gibbsian point processes with geometry-dependent
interactions. Let II** be the Poisson point random field on X with intensity measure
zLeb(-) ® p. For A € Bg, let IIYH :=TI*# o pr/_\1 be the projection onto (Qa, Fa).
For our main results in Section 4, we only require the simplest case and assume that
the measure p is the uniform distribution on S, and S is finite. However, note that
our definitions hold for II*¥, where the mark intensity v is some measure different
to the uniform distribution p. Later in this section, we discuss examples of models

for different forms of © and S.
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From now on, we include the inverse temperature 5 > 0, factored with the
Hamiltonian in our definition of a Gibbs measure. This controls the strength of the
interaction, and is a critical parameter for the existence of phase transitions, as we

shall see later. Consider the partition function associated to the Hamiltonian (2.8),
7 = 73 () = /Q ¢ BHACO TEEH (d¢), (2.9)
A

A marked configuration w € § is called admissible for a bounded region A C R?

and an activity z > 0 if

Hy Q)= > ¢ (mlwa)+ >, ¢ (n¢wa) <oo

ne€P (Cwae) neET (Cwpc)

for IT{"-almost all { € Qy, and 0 < Zy}, < co. We write Q2 for the set of all these
w.

For w € Q*A’Z, we can define the marked Gibbs distribution, for EB, ET, ¥, ¢
and z, in a bounded region A C R? with boundary condition w by

1 _
GRAF) = e [ Lr(Gone) e Pl M1 ), (2.10)
Aw Y QA
where F € F is arbitrary. For hypergraph structures £2, €7, interaction potentials
¥, ¢, and an activity z > 0, a probability measure P on (2, F) is called a marked

Gibbs measure for EB, ET 1, ¢, and z if ]P’(Qi\z) =1 and

/ fdP = / Lﬁ f(Cwae) e PHAO TTH (d¢) P(dw), (2.11)
Q b= 23y, Jau
for every bounded region A C R? and every measurable f :  — [0, 00).

As in Section 2.1, let © = (¥3),cgre be the shift group, where ¥, : Q@ — Q
is the translation by the vector —z € R?. The translations ¥, act only on the
positions of the particles and leave their marks untouched. We write &g for the set
of all ©-invariant probability measures P on (£, F) with finite intensity i(P), and
Yo (1, ¢, z) for the set of all Gibbs measures for ¥, ¢ and z that belong to Pg.

We now consider some further definitions, regarding a hypergraph structure &£
and the associated interaction potential g : &€ — R U {oo}, that are required for the
existence theorem. The definition of shift-invariance remains the same for marked

systems because the translation vector leaves the marks untouched.
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A hyperedge potential g : 2y x  — R U {oo} is called shift-invariant if

(Igm, Vpw) € € and g(Iyn, Vw) = g(n, w)
for all z € R? and (n,w) € Q; x Q such that (n,w) € &.

A hyperedge potential g : Q¢ x Q@ — RU {oo} satisfies the finite horizon property if
for each (7,w) € 2y x Q such that (n,w) € &, there exists some bounded A C R?
such that

(n,w) € € and ¢g(n,®) = g(n,w) when @ =w on A x S. (2.12)

For a bounded region A C R% and a marked configuration w € Q, we now
introduce the set OA(w) C R?, called the w-boundary of A. We assume that OA(w)
is some bounded region on the boundary of A, dependent on the configuration w.
Specifically, we assume dA(w) = A"\ A, where A" is the closed r-neighbourhood of
A and r = r(A,w) is chosen to be as small as possible. The w-boundary is a region
surrounding A such that, for any n € £z (w), the configuration outside A U 9A(w)
does not affect the interaction potential g(n,w). For some bounded region A C R,
a marked configuration denoted by w € € is said to confine the range of g from A if
there exists a bounded set dA(w) C R? such that g(n, Cac) = g(n, Cwae) whenever
O =won dA(w) xS, ¢ € Qp and 1 € Ep(Cwae). In this case we write w € QA Note
that Q) € F. For the elements of w within dA(w) x S, we use the abbreviation
Orw =w N (OA(w) x 5).

Let M € R%? be an invertible d x d matrix and consider for each k € Z% the
cell

Clk):=={MzeR: 2 — ke [-1, 1)}

These cells together constitute a periodic partition of R? into parallelotopes. Let
C := C(0). Let I be a measurable subset of Q¢ \ {0} and define

I:= {w e ﬂMk(wC(k)) el forall k € Zd}.

This is the set of all marked configurations whose restriction to an arbitrary cell
C(k), when shifted back to C(0), belong to I'. Each w € I denotes a pseudo-periodic
marked configuration.

We now discuss different forms for the mark space S and the associated mark
measure p. If the state space has cardinality 1, i.e. S = {s} for some s € R, then the
phase space R% x S can be identified with R¢, and we are describing models of the
form of Section 2.1, where particles have no mark. For a Poisson random field II#*

on RY x S| the intensity measure is z Leb( - ) ® 1, so the the total mass (S) of y is an
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intensity parameter. Therefore the choice of u for S = {s} only affects the density
of the particles in R?. For the case of S finite and p a uniform distribution, we have
a model where particles are distributed in space and then randomly (uniformly)
chosen a mark from the set S. If S = {1,...,q} for some g > 2, then the Poisson
random field II** is the reference measure for continuum g-type Potts models, for
example [GH96, BBD04]. Models of this type are a major focus of the present study,
and this form of S and p is our choice for the mark space and reference measure.
It is possible to take S to be an infinite uncountable set, for example S = R.
Such a set creates a rather complex model, even if the positions of the particles
are fixed, for example set &, = Z%. This set-up assigns each site of Z? a value
from S = R, creating a random interface. The mark measure p on S can be
interpreted as a random field of heights, see Dembo and Funaki [DF05] for further
details. Another example of an uncountable and infinite mark space is S = R%. This
could correspond to a model where particles are distributed in space and assigned
velocities. The measure p can then be defined as some appropriate distribution
on particle velocities. For example, Maxwell famously describes the velocities of
particles in a gas by a normal distribution. We can apply this to our mark space

S = R% by defining
Jul?

u(du) = (27:)(1,/2 exp{ _ 2} du.

A model with this form of S and p describes an ideal gas, and is an example of
how we can take S to be infinite and uncountable. However, we shall focus on the
more simple case of S = {1,...,q} for our models in Section 4. An interesting topic
of study is type interaction models where the mark measure p also depends on the
positions of the particles. However, models of this type are complex and in order
to study the phase transitional behaviour of our models, we shall focus on the case
where the mark reference measure p is a uniform distribution on S = {1,...,¢}.
Before ending our introduction to type interaction systems, we provide the
reader with some further details regarding the Ising and Potts model and their
extension to the continuum. We do so because these models are fundamental to the
multi-body continuum versions that we will focus on later. For this reason, we now
give a brief description of these models using the notation of this section. The Ising
model was introduced by Lenz [Len20], and later analysed by Ising [Isi25]. This
model is defined on the integer lattice Z?, so the set of particle positions w is not a
random set in RY, but the fixed sites of Z?. The marked configuration w € Q can
be expressed as (Z%, (u;)yez4), where the state space S = {—1,1}. The interaction

is between neighbouring sites of Z¢, and we let = {z,y} denote a pair z,y € Z¢
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that share an edge. We define £(Z%) as the set of all edges n C Z%. The formal

Hamiltonian (2.7) is expressed as

Hw) = Z — Uz Uy.

{z,y}e&(Z%)

This describes the (ferromagnetic) Ising model, where the interaction penalises con-
figurations with many neighbours that have opposite types. The strength of the
interaction is controlled by the inverse temperature 5. Potts [Pot52] introduced an
extension to the Ising model, he presented a generalisation where each particle on
the lattice could be assigned g > 2 different marks. In this case, the state space is
S ={1,...,q}, and the formal Hamiltonian is defined

Hw)y= > 1-2{u, = uy}.

{z.y}e€(2?)

The inverse temperature S > 0 is also included in this model, which controls the
strength of the interaction.

We now discuss extensions of the Ising/Potts model to the continuum, which
is the main focus of the present study. The following model, introduced by Widom
and Rowlinson [WR70], can be thought of as an extension of the Ising model to the
continuum. There are two types of particle, distributed in R¢ for d > 2, there is no
interaction between particles of the same type, and a hard-core repulsion between
particles of opposite types. We can write S = {1,2} and the formal Hamiltonian,

for a configuration w C R? x S, is

Hw)= > oo —y)Huy #uy}, (2.13)
{z,y}Cw
where
) oo it <o,
olr) = { 0 otherwise, (2.14)

for some parameter ry > 0. Alternatively, there is the soft-core version, where

é(r) = { A <o, (2.15)

0 otherwise,

for some parameter A > 0. Note how the Widom-Rowlinson model compares to
the ferromagnetic Ising model: there are two types of particle and the interaction
potential assigns a high penalty for two particles that are close together and of

opposite type.
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Georgii and Haggstrom [GH96| generalise this idea further and introduce con-
tinuum Potts models. These are models for marked particles distributed in R? for
d > 2, where the mark space is S = {1,...,q}. The configuration is described by a

formal Hamiltonian

Hw)= Y dllz—yD+ Y oz —yDHu # uy}, (2.16)

{x7y}cw {ﬂc,y}Cw

with a number of assumptions on the interaction potentials ¢,¢ : R — R U {oo}
which are much less restrictive than the functions (2.14) and (2.15) used by Widom
and Rowlinson. A major focus of the present study is extend this work of Georgii
and Haggstrom to the case of geometric interaction, i.e. replacing the pairwise

interaction potentials with hyperedge potentials.

2.4 Existence of Gibbsian point processes

Recall that we can rewrite the formal Hamiltonian (2.7) as

Hw)= > g(nw),

ne€(w)

for some function g : £ — R U {oo}, where £(w) := £B(w) U T (w). For a given
hypergraph structure £, interaction potential g and activity z > 0, we consider
three conditions based on the analogous conditions, introduced by Dereudre et al.
[DDG11], for unmarked systems. Our main theorem states that if these three con-
ditions are satisfied for (£, g, z), then Gibbs measures exist. Note that (£,g¢,z2) is
equivalent to (8,74, ¢, 2).

The first condition states that hyperedges with a large finite horizon, defined
by (2.12), require the existence of a large ball containing only a few points of the

configuration w.

(R) The range condition. There exist constants g, ng € N and dr < oo such that
for all (n,w) € &, one can find a horizon A satisfying the following. For every
x,y € A, there exist [ open balls By,...,B; (with [ <[g) such that

(i) the set U'_, B; is connected and contains x and y, and

(@) for each i, either diamB; < dr or Np,(w) < ng.

The next condition is essentially equivalent to the classical concept of stability in
statistical mechanics (we discuss this in Remark 2.1). For a finite marked configura-
tion ¢ = (&, (ug)zegc) € Qy, we write |(| = |§¢] := #(&¢) for the number of particles
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in ¢. Similarly for a configuration w € 2, we write |wa| := #(&, N A), for bounded
A € Bg and wy :=wN (A x S).

(S) Stability. The hyperedge potential g is called stable if there exists a constant
¢s > 0 such that
HA,w(C) > _CS|< U aAW|

for all { € Qp, w € Qf}r and bounded A € Bp.

(U) Upper Regularity. M and T can be chosen so that the following holds.

niform confinement: T C or all bounde € Bg, an
Ul) Unif fi I' c QA for all bounded A € B d

rp = sup supr(A,w) < oo.

ACR? wel
(U2) Uniform summability:
+
cff i= sup w < 00,

wel neE(w):&,NCHD [nl

where én ={keZ:&nC(k) # 0} and g* is the positive part of g.
(U3) Strong non-rigidity: ez|C|Hg“ (F) > ePer | where cr is defined as cff with
g in place of gT.

We now state our existence theorem. This is the same theorem as the main re-
sult of Dereudre et. al. [DDG11], with the slight adaptation to allow the description

of marked particle systems. The proof is provided in Section 5.1.

Theorem 2.1. For every hypergraph structure £, hyperedge potential g, and activity
z, satisfying (R), (S) and (U), there exists at least one Gibbs measure P € 9g(g, z).

We will see (Remark 2.5) that for Delaunay hypergraphs, it is useful to define
I' = T4, where
T :={Ce€Qc: & = {x} for some z € A},

for some set A € Bg such that A C C. The assumption (U) is then called (U4).
We write cr as ¢4 when T’ = T4,
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This simplifies the assumptions of (U) because we can replace (U2) and (U3) with

(U24)
+
Gi=sp Y W@o,
welA ) cewyanc£s

(U34) z|A| > ePea,
This gives the following corollary to Theorem 2.1:

Corollary 2.2. For every hypergraph structure &£, hyperedge potential g, and ac-
tivity z, satisfying (R), (S) and (U?), there exists at least one Gibbs measure
P e9(g,z).

Remark 2.1. Stability. Consider the following locally complete hypergraph structure
of finite range,
EC .= {(n,w): n Cw, diam(n) <r, w € Q},

for r > 0. For a model with an interaction potential g : £ — R{occo} such that
g(n,w) is only dependent on the first entry, it is useful to write g(n,w) = ¢g(n) and
define the energy of a finite configuration ¢ € Q2 as

H = > g (2.17)

neECT(¢)

The classical concept of stability in statistical mechanics (for example, see Ruelle
[Rue69]) alleges that
H(C) = —csl¢],  VCEQy. (2.18)

Comparing (2.17) to our definition (2.4) of a Hamiltonian with configurational
boundary condition, one can see that assumption (S) is equivalent to the classi-
cal case of stability (2.18).

Remark 2.2. Bounded horizons. For a hyperedge n € £(w), we can analyse g(n,w)
by looking at the configuration wa, where A is some bounded neighbourhood of &,
i.e. A is the horizon of 1. In general, we can take A to be some closed ball with
radius 7, that contains all points of n, where r,, is chosen as small as possible.

Suppose an interaction potential g and its associated hypergraph structure £ satisfy:

(1) supyes 9({(0,u)}, {(0,u)}) < oo, and

(#) (&,g) has bounded horizons, i.e. Iry <oo: ry, <ry V(nw) €.
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The second property (i) means that for any hyperedge n € £(w), the points of &,
fit in a ball radius r4, hence (R) is satisfied with dp = 2r,. We now show how (1)
and (i) relate to assumption (U%). Let M = aly, where a > r, and lg is the d x d
identity matrix. Let A = B(0,b) be a centred ball of radius b < (a/2) — 4. From
(#), we have know that any hyperedge is contained within a ball diameter 2r,. So
we can choose 7(A,w) < 2r, for any w € T4 and bounded A C R?. Therefore (U14)
is satisfied with rr = 2r4. Since there is one particle in each ball A and the distance
between each ball is at least 27y, property (ii) tells us that each n € £(w) must be a
single marked particle {(z,u%)} and hence g(n,w) = g({(z,u%)},{(z,u¥)}). Since

we assume g to be shift invariant, assumption (U24) is satisfied with

¢ = swg™ ({(0.0) {(0.)}) < o

To satisfy (U34), we require

2mh? > exp {5 Sugg({((), u) }, {(0, u)})}
ue

Since we can choose a and b arbitrarily large, (U3A) holds for any z > 0. Therefore,

if we can show that a geometry-dependent type interaction model satisfies (i) and

(ii), then (R) and (U%) are satisfied automatically.

Remark 2.3. Scale-invariance. In the present study, we focus on scale-invariant

potentials, which means that

(rn,rw) € € and g(rn,rw) = g(n,w), V(n,w) €&, r>0,

where rw = (&, (U}*)zere, ), 16w == {re : x € &} and vy = u¥ for any z € &,.

Consider a model that describes the distribution of a marked particle configuration
w € . Assume the distribution of rw € € can be described by a model with
interaction potential g and intensity z. Scale invariance means that if we have the
existence of a Gibbs measure for g and z, then existence is implied for a Gibbs
measure for g and r~?z. Therefore for scale-invariant potentials, it is sufficient to

show existence of Gibbs measures for large z.

Remark 2.4. Finite horizons for Delaunay models. Our main results are for inter-
action potentials acting on the Delaunay hypergraphs, £°2 and £P3. For the case
that g(n,w) = g(n), the range condition (R) is satisfied as each hyperedge n has
the finite horizon B(n). We now provide justification that this horizon is finite. For

a positional configuration ¢ € K, distributed according to a Poisson point process,
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every Voronoi cell V' € V(£) is bounded. For a detailed proof of this, the reader
may refer to Mgller [Mgl94]. Since the Delaunay triangulation is the dual graph
of the Voronoi tessellation, if every Voronoi cell V' € V(&) is bounded, then every
Delaunay edge n € £P?(w) and triangle 7 € £P3(w) must also be bounded. This

means the horizons B(n) and B(7) are finite.

Remark 2.5. Upper regularity for Delaunay models. For our Delaunay Potts mod-
els in Section 4, we show the existence of Gibbs measures via Corollary 2.2 and
choose M and IT" as follows. Let M be such that |M;| = a > 0 for ¢ = 1,2 and
<(M;,M;) = /3 for i # j, and let T =T := {¢ € Q¢ : ¢ = {x} for some z € A}
where A = B(0,b) and b < (v/3/6)a. This ensures that the neighbourhood of
a particle at position x € &, in a configuration w € I' contains 6 points. This
is due to the fact that particles are attached to their nearest neighbours in the
Delaunay graph. For example, a point z € £, NC((0,0)) has neighbours in all 4 ad-
jacent boxes C'((0,1)),C((1,0)),C((0,-1)),C((—1,0)), and 2 of the 4 corner boxes,
C((-1,1)),C((1,—-1)). Due to the fact that <(M;, M;) = 7/3 and b < (v/3/6)a, the
points inside C((1,1)) and C((—1,—1)) cannot be attached to x. To see this, note
that the shortest possible distance between = and a point of C'((1,1)) is larger than
the farthest possible distance between a point of C'((1,0)) and a point of C((0,1)).
Therefore, if the points are joined by Delaunay edges, there will be an edge from
a point of C((1,0)) to a point of C((0,1)) and an edge between x and a point of
C((1,1)) is not possible. Similarly for the edge between C'((—1,0)) and C((0,—1))
eliminating the possibility of an edge between x and C((—1,—1)).
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3 Phase transitions

In this section, we discuss phase transitions in terms of marked Gibbsian point
processes. In Section 3.1, we give a mathematical definition for a phase transition
and explain our approach for determining the existence of a phase transition for
our class of models. Then, in Section 3.2, we provide details of this approach and
introduce the random-cluster model. We state the conditions that our class of
models must satisfy in order to apply the random-cluster model and compare this

model to the original random-cluster model.

3.1 Multiple Gibbs measures

As we discussed in the introduction, there are different ways to approach the analysis
of phase transitions. One approach is to analyse the partition function (2.9); for
example, see Lee and Yang [LY52]. However, this approach does not concern us.
We determine the existence of a phase transition for a given model by finding if
there are multiple solutions to the Dobrushin-Lanford-Ruelle equations (2.11). This
definition is widely used; for example, see Georgii [GeoS88].

A phase transition is the transition of a system from one state to another. One
can see how this is related to the existence of multiple Gibbs measures by considering
percolation theory. In a Delaunay Potts model, if there is positive probability of
percolation of particles with matching types (under the Gibbs measure), then there
exist ¢ distinct states for the system. There is an equilibrium state for each mark that
can dominate. This therefore means that there exist ¢ distinct Gibbs measures and
hence the existence of a phase transition. If there is zero probability of percolation,
then no mark dominates the system and the system is described by one Gibbs
measure, the unique solution to (2.11). Realisations of a type interaction model will
have different properties depending on whether or not a phase transition exists. The
reader should note that there are further potential phase transitions than dominance
of one type. It is possible to analyse, for example, liquid-gas phase transitions; see
Lebowitz et. al. [LMP99]. In this case, the equilibrium states are states where the
particle system either behaves as a liquid or a gas. However, in the present study
we are dealing with marked particle systems and focus on phase transition due to
the dominance of one type.

Different choices of boundary conditions in the limiting Gibbs distribution can
affect the uniqueness of the limiting distribution, dependent on the parameters of
the model. To compare this to percolation, if the boundary contains many type

1 particles, and the interaction potential strongly penalises neighbours sharing the
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same type, then neighbours near the boundary are more likely to be of type 1, and
this neighbourhood dependence may be carried throughout the whole system so
that we see large clusters of the same type. If the interaction is strong enough then
there will be a cluster reaching to the boundary, and over the thermodynamic limit,
we will see an infinite cluster. If there is a phase transition, then we tend to see
the domination of one type, with clusterings of other types appearing throughout
the configuration. A realisation of the particle distribution looks like a “sea” of
the dominating type with “islands” of the other types appearing sporadically. How
much one type appears to dominate depends upon how strong the interaction is, and
how close the parameters are to their critical values. If there is no phase transition
present, realisations of the model show all types to be equally distributed throughout
the system, with no single type dominating. We shall discuss further details of the
relationship between percolation and multiple Gibbs measures by introducing the
random-cluster model in Section 3.2.

To define a Gibbs measure, we investigate the Gibbs distribution in a bounded
region A C R? over the thermodynamic limit A + R% A Gibbs measure can be
defined as any accumulation point of a sequence of Gibbs distributions. If this se-
quence converges to a unique limit, then this limit is the unique solution to the DLR
equations (2.11). If there is more than one accumulation point, then the solution is
not unique. This means that multiple Gibbs measures exist and therefore we have
the existence of a phase transition. Our strategy is to construct different sequences,
differing in boundary condition, and to show that their limits (accumulation points)
are different. In Section 4, we provide the reader with some examples of models for
which we have applied this method to obtain results. In Section 5, we provide the
mathematical details.

For our class of models, we must first investigate the existence of Gibbs mea-
sures. Once this has been established, we can then determine under what conditions
the Gibbs measure is non-unique. Our approach requires the random-cluster model,
which we will discuss in Section 3.2. Defining the random-cluster model enables us
to determine whether or not several solutions exist to (2.11), for given 5, €T, 1,
¢, q and z.

It is via the random-cluster model that the characterisation of phases is de-
scribed in percolation terms. In Section 3.2 we adapt the original random-cluster
model (used for lattice systems of interacting pairs) to analyse geometry-dependent
continuum models. For a given model, we compare the probability of percolation
of matching spins to the probability of percolation in the associated random-cluster

model. The originality in the present study is that percolation is defined in terms
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of hyperedges in the continuum, rather than edges on a lattice. This enables us
to obtain phase transition results for a class of continuum models with geometry-
dependent interactions.

For our class of models in Section 4, we show that the Gibbs distribution has an
accumulation point, which in turn is a Gibbs measure for the model. We show that
this limit (i.e. accumulation point) exists, and is therefore a Gibbs measure. We do
so via Theorem 2.1. This theorem states that Gibbs measures exist, but makes no
comment on the uniqueness of the limit. To prove there are multiple Gibbs measures
for a model, we show the existence of percolation in the associated random-cluster
model, which we will prove in Section 3.2 implies the existence of multiple Gibbs
measures. To summarise, percolation in the random-cluster model implies that the
Gibbs measure found in Theorem 2.1 is non-unique.

Ruelle [Rue7l] was the first to show the existence of a phase transition in
a classical continuum system with finite range interaction potential. He did so
for the hard-core Widom-Rowlinson model, described by (2.13) with interaction
(2.14). Lebowitz and Lieb [LL72] extend the work of Ruelle to show that the soft-
core interaction (2.15) is still strong enough to maintain a phase transition in the
Widom-Rowlinson model. Georgii and Haggstrom [GH96] prove the existence of
phase transitions for multi-type continuum Potts models in R¢ with finite range
repulsion between pairs of particles with different types. The Hamiltonian for their
model is given by (2.16). We extend their result to the case of hyperedge interactions

and we also consider the case of infinite-range interactions.

3.2 The random-cluster representation

In this section, we define a random-cluster model to describe continuum Potts mod-
els with geometry-dependent interactions. This model is an adaptation of the orig-
inal random-cluster model, introduced by Fortuin and Kasteleyn [FK72] for the
lattice case with pairwise interactions. We discuss how our random-cluster model
compares to other random-cluster models at the end of this section. The original-
ity of our random-cluster model is that it describes multi-body interactions in the
continuum. Our definition of the random-cluster model is for general hypergraphs
with d > 2, but in Section 5, we apply it specifically to Delaunay hypergraphs with
d=2.

We aim to formulate a random-cluster model for continuum systems of marked
particles that interact via hyperedges. Let d > 2 and consider a marked configura-
tion w € Q in R% Recall that T is the hypergraph structure upon which the type

interaction potential ¢ is defined. For any n € £7(w), particles in 1 interact with w
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according to position and mark. The basic idea of the random-cluster representa-
tion is to assign random states (open or closed) to hyperedges of £7(w). We thus

introduce the sets

Hga := {&CR?:¢is finite}, (3.1)
Hpan = {f S HRd 1 £ C A}, (3.2)

for any A € Bg. The set Hpa is the set of all possible hyperedges in the space RY.
The set Ha is the set of all possible hyperedges in R? that are contained within A.
Each hyperedge 1 € £7(w) can then be assigned a state open or closed. Note that
this is a state assigned to each hyperedge for percolation terms and is unrelated to
the topological definitions of open and closed. Let the set H represent the positions
of the open hyperedges. The hyperedge n € € is open if and only if the (unmarked)
hyperedge &, € Ky is open, i.e. §, € H.

We define the random-cluster model for background and type interactions which
only depend on the first entry, so that ¥ (n,w) = 1(n,n), and similarly for ¢. There-
fore we suppress the dependence on the second entry and write v (n,w) and ¢(n,w)
as ¥(n) and ¢(n), respectively. The background interaction acts on all hyperedges
of £B (w), regardless of marks. The type interaction depends on the marks, and we

assume that it acts on the marks in such a way that

o(n) = ¢o(&)(1—1{Fi € S: ul =i,V € &)}), (3.3)

for some ¢g : Ky — R U {oo}. For our random-cluster model, we require the
following definitions. These are adaptations of the definitions provided by Georgii
and Haggstrom [GH96], extended to consider hyperedge interactions (as opposed to

pair interactions).

e Distribution of particle positions. For boundary condition &, € K, we dis-
tribute the positions of the configuration ¢ = (&, (ug)xegg) according to the
following distribution on Ky:

. 1
PA,w (dgC) = ZX

(-8 > )RS, (3.4)

ne&R (Cwae)

where

Zio= [ ew(=p 3 vm)mg)

ne€P ({wae)

is a normalisation constant.
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e Type-picking mechanism. For fixed sets of positions &, € K and § € Ky, we
denote by A¢y,. the distribution of

({z € &cupe & ta = S} 1<s<q, (3.5)

where {t, : x € &} are independent and uniformly distributed on the ¢ spins,
and t, = 1 for any = € §,,.. Fixing the spin configuration outside A is known
as the wired boundary condition. The boundary condition affects the way we
count clusters in A. In the wired case, we fix all particles as type 1 outside
the boundary. So if there is a cluster of type 1 particles within A, then if this
cluster touches the boundary it is an infinite cluster. With boundary condition

&w, we can form the configuration

CWAC = (€C£w1w7 {tz MRS fC&wAc})a

using the particle positional distribution P/iw and type-picking mechanism

Acwpe -

e Hyperedge-drawing mechanism. For a given configuration Cwpe € €, let ¢y, .
denote the distribution of the random hyperedge configuration {&, : n €
ET(Cwae), 7y = 1}, where (Yn)neeT (cwpe) are independent {0, 1}-valued ran-

dom variables with
Prob(n is open) = Prob(y, = 1) = pa(n),

where

_ ) 1—exp(—=B0(&)) if & € Hpa\ Hae,
pa(n) = { ) e ¢ Hy. (3.6)

Let 4% be the set of all hyperedge configurations,
A :={H C Hpa : H is locally finite},

which comes equipped with the o-field generated by the counting variables H —
#(H N G) with bounded measurable G C Hya. For boundary condition &, € I, the
probability measure P{ , on 2 x J is defined by

z 1 z
PR (e, dH) = —— PR 1 (d60) Acupe (d) igue (H), (3.7)
Aw
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where W’ := (Uwpe € Q,

Ziwi= | PR Mane (@) [ iy ()
Q, H

is a normalisation constant. Note that ¢ € Qp is the projection of w’ € Q onto

A. One can see that, given a set of occupied positions §, € K, the measure P} ,

sets up a marked configuration of particles w’ = (wae and a configuration of open

hyperedges H via the following steps:

1. Given the boundary condition &, the distribution Pf , distributes particle
positions of ¢ in A. This forms &.

2. Given &, the type-picking mechanism A, . assigns marks to each particle in

the configuration {¢&,,. = &¢w,.- This forms (wpe.

3. Given (wae, the hyperedge-drawing mechanism . assigns types to the
hyperedges of £ (Cwae).

We now discuss the measurability of A¢,,. and piey,, .. It is clear that A¢,,,. depends
measurably on £¢&.,., therefore the mapping £¢€u,. —+ A¢w,. is a probability kernel
from K to Q. Consider the Laplace transform L, . of p¢,,.. For any measurable

function f : Hpa — [0,00),

LoD = [ exn{ = 30 16 picone ()

EneH

= H (pa(n) e 7D + 1 — py(m))
n€ET (Cwpc)

= eXp{_ Z f~(‘£77)}7

n€ET (Cwac)

where

F(&) = —log {e™E) £ T{g, N A # 0} e~ (1 — = /EN)],

Since f is measurable, the mapping Eewpe — L¢w,e 1s measurable, and hence the
mapping ¢y, e — Hewye 18 @ probability kernel from K to 7.
Consider the event X C Q x 57, defined

X = {(w,H) €O x A Z (1-I{3ieS: ul =i,V € &}) :O}. (3.8)
Enel

This is the event that the marks of the particles are the same on each connected

component of the graph (&, H). Equivalently, X can be described as the event that
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for any hyperedge n € £7(w), if the points of 7 are not of the same type, then 7

cannot be open. Define the random-cluster representation measure, on 0 X ¢, as
P:=P;,( - |X). (3.9)

Let pr be the projection from € x .7 onto 2 and sp the projection from Q x 7
onto Kx 7. For each (w, H) € Qx ., let K (,, H) denote the number of connected

components in the graph (&, H). If there exists a sequence x1,&y,,, 22,5, -, %n
of distinct x1, ..., 2, € &, and distinct &,,,...,&,,_, € H such that {z;, zi;1} C &,
forallt=1,...,n— 1, then we say z1,...,z, are members of the same connected

component. So K (&, H) is the number of components of the hypergraph (&, H),
where H is the set of hyperedges (with no reference to the particle marks) that are
open. Let K (&,, H) be the number of connected components completely contained
within A. Given ¢, ,. € K, if the set of hyperedges H is distributed according
)
that are completely contained within A plus the infinite cluster outside A. We will
sometimes write K(&cw,., H) as K(Cwae, H), but note that this function has no

dependence on the marks of the particles. We discuss the measurability of K (-, -)

to pewye, then K(&qy,., H) is the number of connected components of (&¢,,

AC) 'AC?

in Proposition 3.3.
For a bounded region A € Br and boundary condition &, € K, define the

multi-body continuum random-cluster distribution Cy? on Ky x 2 by

z 1 WAC z
R dH) = g g PG g, (dH), (3.10)
Aw

where Pi/ Tis defined by (3.4) with activity z/q, and

Zit = [ PR [ () gD
Qa H

is a normalisation constant. The following propositions state that

(i) if we disregard the hyperedges of the random-cluster representation, then we
obtain a Gibbs distribution of the form (2.10) for the geometry-dependent

continuum Potts model, and

(ii) if we disregard the particle types of the random-cluster representation measure,

then we obtain the multi-body continuum random-cluster distribution (3.10).
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Proposition 3.1. Popr—! = G}" .

Proof. Let X, C J be the w-section of X C Q x 77, i.e. the event that for given
w € €, any hyperedge of £7(w) must be closed if the spins of the particles within
the hyperedge do not match.

fone (Xewne) = IT  a=pam))

ne€T (Cwpe)
$ieS: ug=1i,Vreg,

= wp{— > %@m} (3.11)

ﬂiES:UZZi,V:L‘E&]

= exp{ - sz(g)}. (3.12)

Note that [II3(d&:)A¢w,e is the same as the measure IIY" on Q, where p is a
uniform distribution on S = {1,...,q}. This is because both are distributing the
positions in A according to a Poisson point process with activity z, and then assign-
ing marks according to the a uniform distribution on S = {1,...,q}. Therefore, for

any bounded measurable function f on 2,

1
foprdIP’:z/ foprdPy
/flejf PA,w(X) X A

1 ~ / !
T 7L /;< P (d&¢) /Q Acune (A6) (& ) pigusye (X)

1
23wk WPRu(X)

y /Q T (dC) f(Cwne) exp { — HY ,(C) — HY ()}

XI[{wAc = (&MC,{U;’AC x € fw,\c}> uA =1,V e fw,\c}

—o / faGE",
Q b
where ¢; = 1 since both P and G are probability measures. Note that the Gibbs

distribution G* is that described by (2.10), with boundary condition w consisting

of the points of £, as positions and all marks of wpe set as type 1. O
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Proposition 3.2. Posp™! = Cy4.

Proof. For (&,,H) € K x A, let
X(éwa) = {w €0 (w,H) S X}, (313)

where X C Q x J is defined by (3.8). Therefore

qKA(C-wAC7H)
Awpe (X(CwAc,H)) = W (3.14)
For any measurable function f on Kp x 52,
| respar . PE, (dg)
(e) Sp - —_
Qx# Z; i (X) Jie, e

x /f ticwpe (AH) f(§¢, H) Acwne (X(eey,, 1)

Zi/q
_ w z/q Ka(Cwpe,H)
- e P E) [ pane (AH) S, H) g"
ZA7UJZA7W]PA7W(X) /ICA A, ( C) > Cwa ( ) (C )
(3.15)
= 02/ f(&, H) CYE,(dg¢, dH). (3.16)
QAXK%ﬂ

Using definition (3.4), one can see that P§ , is absolutely continuous relative
to Pi{g with Radon-Nikodym density proportional to ¢#&M%)  This gives line
(3.15). Recall that Ka(Cwpe, H) is the total number of clusters, i.e. connected
components of (§¢,.,H), that are contained within A. K(Cwae, H) is the total
number of clusters within A plus the infinite cluster outside A. Line (3.16) comes
from the definition of C'{¢, and the fact that K (Cwae, H) — Ka(Cwae, H) is constant,
equal to 0 or 1. To see this, note that there is just one infinite cluster outside
A. If this outer cluster is attached to a cluster inside A, then the total number of
clusters is equal to the number of clusters within A, i.e. K(Cwpe, H) = Kp(Cwpe, H).
If the outer cluster is separate to the clusters within A, then the total number
of clusters consists of the clusters inside A plus the single outside cluster, hence
K (Cwpe, H) = K (Cwae, H) + 1. Since both P and C{{, are probability measures,

we have cg = 1. O
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For any boxes A, A C R?, configuration w € Q, H € 5, and s € S, let

NA(fw) = erfwmA}‘y
NA,s(fw) = frxeéunNA:u =s},
Naoae(§w, H) = |{x € & NA : z belongs to a component

connected to A® in (&, H)}|.

For convenience, we often write Na(&,) = Na(w), and similarly for N and
NA(—)AC-

Proposition 3.3. For any Borel measurable A C A C R%, the functions Nacae
and K(-, ) on K x A are measurable.

Proof. Let B be the set of all (x,y,&¢w,.,H) € R? x R? x IC x 4 which are such
that if z,y € &ew,e, © # y, then x is connected to y in the graph (¢, H). We can
write B = Up>1 B, where

By = {(2,y,&cwpe- H) : T,y € Euper {2y} C &, for some &, € H}

and, for k > 1,

Bjy1 = {(%%f@mcaH) : Z (H{(x7z7§CWAC7H) € Bl}

Zeg(wl\c

XI{(2, Y, Ecne, H) € Bk}) > o}.

Since the functions (z,&cw,.) = H{z € &uye}s (@, y, H) = I{{z,y} C & € H}
and Eewye — ZzEE@AC f(z,&w,.) are measurable (for measurable f), it follows by
induction that Bj is measurable for any k > 1. Therefore B is measurable. Let
f(x,&cwpe, H) = 1 when Zyeﬁw,\c H{(z,y,&wpe, H) € B} >0 and f(x,§uye, H) =0

otherwise.

NA(—)AC(ggwAcaH) = Z f(ﬂf,gchc,H),
z€€NA

therefore Nacac is measurable on I x 7.
For any [ > 1, we have K(Cwpe, H) > [ if and only if

Z H s # aj  { (@i, 25, Ecwye . H) € B} > 0.

L1y € Cwy ¢ 1<

The above expression depends measurably on (¢, H). Therefore K (-, -) is mea-
surable. ]
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Proposition 3.4 relates the Gibbs measure for the model, given a boundary

condition, to the connectivity probabilities of the random-cluster distribution.

Proposition 3.4. For any measurable A C A,

/(qNAJ — NA) dGi’f:} = (q — 1)/ NA(_)AC dC/Z\’,Z;
Q ICA XA

Proof. Define f on 2 as f = qNa,1 — Na and apply Proposition 3.1:
dGyh, = PR (X))~ dP;
0 f Aw A,w( ) « f ©pr Aw

1 /
= 52 mr (v Pzw(dg / ﬂwC(dH / ch(dw,fwl.
ZA,w]P)A,w(X) KA A, C) » Cwa ) X Cwa ) ( )
1 /
= 2 o v Pzwdi/udeH
ZA,wPA,w(X) Ka A, ( C) - CA( )

<X [ ) (i =1y 1),
we NA Y X6, 1)

— .
= 72 pr (v Pzw df / Héwae dH
Z% PR (X)) Uiy Rldie) e (dH)
XY N Xem) (@ — DIz A in (&, H)}
z€{NA
(3.17)
1

~ 7z pr (X)) P§ . (d wre (AH) A e (X ~ 1N .

Zi P (X) /,c Au(dEc) /jfﬂC e (AH)Acwpe (X(e,, ) (@ = DN

= / (¢ = 1)Nacae dCRY. (3.18)
ICA XA

Line (3.17) holds because if x is connected to A€ in (&, H) = (§¢w,c, H ), then
/ )\QJJAC (dw/) (q]l{ugA = 1} — 1) = (q — 1))‘CWAC (X(ﬁw/,H))
Xe 1)

because all particles in the same cluster have the same type, and particles in A€ are

of type 1. If z is not connected to A¢ then
Xe 1)

because the type of x is independent of X (¢,,,H) under A¢,,. and so the probability
of x taking any given type from S is 1/¢. Line (3.18) follows as in the proof of
Proposition 3.2, see (3.16). O
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If we can show that there exists some « > 0 such that
/ Nasac dCYL > a, (3.19)
Kax# ’

then Proposition 3.4 implies that

/Q(q Naji — Na) def,’i; > (qg—1)a. (3.20)

This means that
/Q (aNas — Na)dG5" ) > (g~ 1), (3.21)
for k =1,...,q, where w®) = ¢U wl(\kc) is a configuration with tempered boundary

condition that fixes all particles outside of A to be type k.
Once the existence of Gibbs measures for the model with such a boundary
condition has been established, the existence of multiple Gibbs measures follows by

the classical argument. There is a unique Gibbs measure if and only if

/Q ANa G ) = /Q NadG3P ) Vk=1,....q. (3.22)

Therefore (3.21) means there are at least ¢ distinct measures with distinct density of
marks. For a model given by interaction potentials ¢ and ¢, there will be a range for
the modelling parameters such that (3.19) holds. Whenever (3.19) holds for specific
parameters, the existence of multiple Gibbs measures for these parameters is given
by Proposition 3.4.

When analysing configurations with boundary conditions, we fix conditions
outside some bounded box and analyse the finite configuration within the box. We
can then divide this box into three layers. The purpose of this is to partition the
continuum in order to make comparisons to a lattice case, and also condition on the
configuration within certain regions. We will see more details on this later. The
first layer is the macro-box, A C R%. This is the bounded region of R¢, within
which we analyse a random configuration. Outside A, we assume some prescribed
configuration (the boundary condition). This macro-box A is divided into a partition
A = U Ay, where the range of k and [ depends on the number of boxes that make
up the partition of A. The boxes Aj; are meso-boxes of the configuration, and form
a partition of micro-boxes.

Meso-boxes are introduced in order to divide the macro-box and compare it to
a finite region of a lattice, each meso-box representing a site of the lattice. Each

meso-box is then divided into a partition of micro-boxes so that we can analyse the
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configuration within a meso-box. By analysing the probability that each micro-box
contains at least one particle, we can find the probability that the respective meso-
box has a sufficiently consistent density of particles. The size of the micro-boxes
depends upon the specific details of the model under investigation. For the models
of Section 4, the meso-boxes comprise either 9 or 81 micro-boxes. The size of the
meso-boxes also depends upon the details of the model under investigation, but they
must be sufficiently large such that each micro-box may contain at least one particle.

The aim is to compare continuum site percolation to site percolation on a
lattice. This is done by discretisation of the continuous space, we compare each
meso-box to a site of the lattice. We show that if the configuration within each
meso-box satisfies some percolation property, then there is a connected path of
matching typed particles from one meso-box to another. One can think of a meso-
box exhibiting the percolation property being analogous to a site of the lattice being
open.

In order to show (3.19) holds, we shall introduce a measure 5}2\1 which is
stochastically smaller than C'X’Z) and, conditional on the particle configuration, has
hyperedges drawn independently of one another. We then establish percolation for
the new measure. However, the definition of QZ\Z) depends on the specific details of
the model under investigation. In Section 5, we discuss different examples. If the
probability, under éf\’fu, of the percolation event occurring for a given meso-box is
greater than the critical probability of site percolation on the lattice, then there is a
positive probability, under éf\’fu, of there being a path of connected meso-boxes to
the boundary of the macro-box A. Since 67\2; is stochastically smaller than C’fi’i,
we can show there is a positive probability of percolation via hyperedges for the
random-cluster distribution.

To obtain this percolation property required of each meso-box, we define micro-
boxes AZ-l such that each Ay ; is divided into a partition Ay ; = Ui’jA%. The range
for ¢ and j depend on how many micro-boxes make up the partition of A ;. This
choice will depend on the details of the model under investigation. We denote
a general macro, meso and micro-box as A, A and V, respectively. Note that
V C A C A C R% In Section 5, we apply the multi-body continuum random-cluster
distribution to some specific models in order to show that a phase transition exists

in these models.

Remark 3.1. Other random-cluster models. Our multi-body continuum random-
cluster model compares directly to the original random-cluster model, introduced by
Fortuin and Kasteleyn [FK72]. Their model, also known as the Fortuin-Kasteleyn

model, is used for analysing Ising and Potts models on a lattice. The Fortuin-
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Kasteleyn model can be used to analyse the phase transitional behaviour of the
Potts model on a lattice with a pairwise interaction between particles. Grimmett
[Grim94] extends the work of Fortuin and Kasteleyn to a random-cluster model with
many-body interactions on a lattice. This form of random cluster model is used to
analyse lattice Potts models with hyperedge interactions. A continuum random-
cluster model was introduced by Georgii and Haggstrom [GH96]. They extend the
Fortuin-Kasteleyn model to the continuum, in order to show the existence of a
phase transition in a continuum Potts model with pairwise interaction. Our multi-
body continuum random-cluster model is designed for the analysis of continuum
Potts models with many-body interactions. We see some applications in the next

sections.

Remark 3.2. The analysis of the Widom-Rowlinson model by stochastic geometric
methods. We have previously discussed the hard-core Widom-Rowlinson model. Re-
call that it is a two type interaction continuum model where there is no interaction
between particles of the same type and hard-core exclusion between particles of dif-
ferent type. Ruelle [Rue71] showed that there is a phase transition for this model.
There is another equivalent formulation for the Widom-Rowlinson model where
particles have only one type (by integrating out the coordinates of one type, the ef-
fective diameter of the remaining particle positions is doubled). Chayes, Chayes and
Kotecky [CCK95] study the Widom-Rowlinson model and introduce a new geomet-
ric representation for the model in order to prove the existence of a phase transition
via a percolation based proof. The new representation for the model is equivalent
to the random-cluster representation for the Potts model. We can compare the
representation by Chayes et. al. to the random-cluster model. In [CCK95], perco-
lation configurations of spherical particles are generated, the size of the spheres to
be radius rg > 0, where rg is the hard-core exclusion parameter for opposite-type
particles. Groups of particles with overlapping spheres are classified as being in the
same cluster. This compares directly to the distribution of particle positions in our
random-cluster model. Each particle is then coloured either type 1 or 2, conditioning
on the event that particles within the same cluster must be of the same type. This
is analogous to our method. All permissible configurations, according to the steps
taken by Chayes et. al., have weights which depend exponentially on the number
of clusters within them. This compares directly with the factor of ¢®€-H) in our

random-cluster measure.
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4 Results

We now apply the theory of the previous sections in order to prove the existence
and non-uniqueness of Gibbs measures for a class of Delaunay Potts models with
geometry-dependent interactions. From now on, we assume d = 2 and our focus is
on interaction potentials acting on a planar Delaunay hypergraph.

We split our results into three sections. First, we analyse type interaction
models where both the background and type interaction act over a finite range. We
look at an extension of the nearest-neighbour continuum Potts model introduced by
Bertin at. al. [BBD04]. We keep the hard-core pairwise background assumption but
now allow the type interaction to act on triangles of the Delaunay triangulation, as
opposed to the edges. There is a penalty for Delaunay triangles that do not consist
of particles with the same type. This is the first case of proving a phase transition in
a type interaction continuum model where marked particles act in groups of three,
as opposed to pairs. Our other example of a finite-range model is for an interaction
potential acting on the lily-pond graph, formed by dynamically constructing a set
of touching balls in space. We prove that the set of Gibbs measures is non-empty
and that the Gibbs measure is unique.

The next section focuses on a class of models where the background interac-
tion is strictly positive for all long-range interactions. The benefit of this is that
particles distributed according to such a model will have positional configurations
with a geometrical structure. The particle positions bear less resemblance to a
Poisson point distribution. This is a major advantage since natural continuum sys-
tems often have some sort of geometrical structure, rather than being distributed
according to a pure Poisson point process. There are two key models we analyse for
such geometry-dependence in the background interaction. These models are similar
to those introduced by Dereudre et. al., see Example 2.4 of [DG09]. We look at
strict repulsion between particles over long range, with no interaction between par-
ticles over medium range (i.e. zero contribution from the interaction potential), and
hard-core repulsion between particles over short range. Configurations distributed
according to this kind of model have a more even density of particles, since large
hyperedges are penalised. We also discuss a geometry-dependent model that favours
equilateral Delaunay triangles. In the third section of our results, we remove the
finite-range assumption on the type interaction and investigate how this affects the
existence of a phase transition.

Recall that in order to define the random-cluster representation for a type

interaction model, it is required that the background and type interactions can be
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expressed as ¥(n,w) = ¥o(&,) and
p(nw) = ¢o(&)(1—I{FieS: ul =i,V €&,}),

respectively. We shall be using this notation for the remainder of the study. Let

Do = é(1 _pite(z2)), (4.1)

site

site(72) is the critical probability for Bernoulli site percolation on the integer

where p
lattice. This constant plays an important role in the results below. Note that for
n € EP2(w), 7 € EP3(w), we use the notation &, = {z,, vy}, & = {2, Yr, 2+ }. Also,
for any L > 0, let [L] be the largest integer not greater than L. For models with a

pairwise hard-core assumption, define Jj, as

L2
Jp = {2] +1, (4.2)

where rg > 0 is the hard-core distance parameter. This is the maximum number
of particles that can fit in an L x L box, given that the hard-core assumption is
satisfied.

4.1 Finite-range interactions

We are interested in a model where all particles are required to have at least some
distance ro > 0. Marked particles interact in triads, through the hyperedges of the

Delaunay hypergraph. The formal Hamiltonian (2.7) is expressed as follows:

Hw) = > dhw+ Y, ¢(rw) (4.3)
)

neEP2 (w) T€EP3 (w

where

Y(n,w) = Yollzy —ynl), (4.4)
p(r,w) = ¢o(6(1) (1-I{FieS: ul =i,V €&} (4.5)
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and

o ifr<mr
Yo(r) = (4.6)

0  otherwise,

1 ifd<2r
Po(d) = (4.7)

0 otherwise,

for some r1,79 > 0 such that ro < r1/y/m. Theorem 4.1 below is our main result for
the model described by the Hamiltonian (4.3).

Theorem 4.1 (Finite-range triangle interaction). For

ar?
81q 3
po(V2m — 2)27%’

5> 1og{1+(QQ T }
1—(1—po)rez

+1

z

there exist at least q distinct Gibbs measures for the model given by the Hamiltonian

Remark 4.1. We can compare the model of Theorem 4.1 to the nearest-neighbour
continuum Potts (NNCP) model introduced by Bertin et al. [BBD04]. The one
crucial difference between the NNCP model of [BBD04] and the above Delauany
Potts model is the type interaction. In the NNCP model, there is repulsion between
any opposite-type pairs that share a sufficiently short edge in the Delauany trian-
gulation. In our model, there is repulsion between triads of particles that form the
vertices of a triangle, of sufficiently small diameter, in the Delaunay triangulation.
The background interaction is the same in both models. So our Delaunay Potts
model can be thought of as an extension of the NNCP model, from interacting pairs
to interacting triads. Our bounds for z and  are very similar to those found by
Bertin et. al. [BBD04]. The fact that Bertin investigates a model for interacting
pairs means that ¢2 is replaced with ¢ in the bound for 8 in Theorem 4.1. This is
because our proof in Section 5.2 requires defining a measure that is stochastically
dominated by the random-cluster distribution, and this is either defined in terms of

q or ¢® for edges or triangle-hyperedges, respectively.

Remark 4.2. The k-nearest-neighbour model. Haggstrom and Meester [HM96] dis-
cuss percolation for nearest-neighbour and hard-sphere models. For d > 1, the

k-nearest-neighbour graph is defined such that for an unmarked particle configura-
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tion &, € K, distributed according to a Poisson point process with activity z > 0,
each particle at some position x € &, is connected to its k nearest neighbours by
some undirected edge. Haggstrom and Meester show that for d > 2, there exists
some k = k(d) € [2,00) such that there is some infinite cluster in the model. Using
this result, one can use a similar argument to the proof of Theorem 4.1 in Section
5.2 to show that there exists a phase transition for a model with hard-core back-
ground interaction between all pairs and a finite-range, bounded type interaction

acting between pairs on the k-nearest-neighbour graph.

We now consider a hard-sphere model known as the lily-pond model. The
original version was introduced by Héggstrom and Meester [HM96] for unmarked
particles. We now provide the details for a variation of their model suited for marked
particle systems. Let d = 2. The lily-pond hypergraph structure E}Ifax is defined as

follows. For a marked particle configuration w € €,

Erm (@) = {n Cw: |n| =2, BEY (2q,0) N BT (yy,w) # 0.
For all z € &,, the closed balls BLZ (z,w) are defined as follows. Consider balls of
radius zero around every x € &, and let the radii grow linearly in time until they
either hit another ball or reach radius ryax > 0, at which point they stop growing.
Soif n € XY (w), then x, and y, have touching balls.

Marked particles interact with other marked particles that are part of the same
gLP

Tmax

edge n € (w). Giving the balls a maximum radius ryax prevents marked parti-
cles from interacting with one another when there is a huge distance between them.
This ensures finite range of the interaction. This condition also allows assump-
tion (U1) to hold as we shall see later. This model is a g-typed particle system in
R? with soft-core exclusion between particles of different colour and hard-core pair

interaction between all particles. The formal Hamiltonian is given by

Hwy= >  dmw+ > oénw), (4.8)

neELP  (w) neELP  (w)

Tmax Tmax

where ¥ (n,w) is the pairwise hard-core interaction defined by (4.4), and

p(n,w) = Holzy) # olyy)}- (4.9)
The following theorem states that a phase transition does not occur for this model.

Theorem 4.2 (Lily-pond model). For the lily-pond model given by the Hamiltonian

in (4.8), there exists exactly one Gibbs measure for every z,3 > 0.
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4.2 Infinite-range of the background interaction

Consider an extension of Theorem 4.1. The type interaction remains the same, and
we keep the hard-core assumption on the background interaction. The difference
is an additional background interaction, acting on Delaunay triangles, that favours
configurations with equilateral triangles. A higher penalty is paid to configura-
tions with many flat triangles. This adds a geometric dependence to the previously

pairwise background interaction. The formal Hamiltonian energy is given by

Hw) = > dhw+ > (61w + dulnw)), (4.10)

neEP2 (w) T€EP3 (W)

where 1) and ¢ are the interaction potentials defined by (4.4) and (4.5), respectively.
Let

Yui(T,w) = — (4.11)
where A(7) is defined as the area of the interior of the triangle with vertices &;.
Once again, the distance parameters in ¢ and ¢ satisfy rog < ri;/y/m. Note that
for any triangle 7, the background interaction 1y is negative and minimised for

equilateral triangles:

A(T) - _ 3v3

0> 52 = 16

(4.12)
for any triangle 7. The following is our main result for such a model.

Theorem 4.3 (Equilateral Delaunay triangle interaction). If

g > log{1 i3 € 75))@ },

then there exist at least q distinct Gibbs measures for the model given by the Hamil-
tonian in (4.10).
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We now consider a Delaunay Potts model where the background interaction is
between pairs, and attains only finite values for large distances. We keep the hard-
core assumption on the background interaction, and we also keep the finite-range

assumption on the type interaction. The formal Hamiltonian is given by

Hw) = > dhw+ >  ¢rw), (4.13)

neEP2 (w) T€EP3 (w)

where ¢ is defined by (4.5), and
P(nw) = Pillzy —yyl), (4.14)
where

oo if r < rg,
Yi(r) == 0 ifrg <r <Ry, (4.15)
K ifr > Ry,

for some K, 1o, Rg > 0. We assume the parameters r1, rp and Ry satisfy:

(14—1/1—1-8;}()7“0 < Ry < (V197) 7, (4.16)

and Ry < v/2r;. Note that this also means 8 and K must satisfy

/ T
1 1+ —— < V19m.
+ +86K< s

The following is our phase transition result for this model.

Theorem 4.4 (Infinite-range pairwise background interaction). Let p; € (1 —po, 1)
be given. Then for

Z 9
(p1 +po — 1)(Ro — 2r0)?

5 - log{mq ~ (=) }
1 —(1—po)Te0

there exists a Ko = Ko(B,q,70,71,p1) > 0, such that for K > Ky and the given
values of z and B, there exist at least q distinct Gibbs measures for the model given
by the Hamiltonian in (4.13).
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Remark 4.3. We assume K > 0. However, note that K = 0 implies 1)1 = ¢, and we
have the previous model described by the Hamiltonian in (4.3). We assume K > 0,
because if K = 0 then the method we use to prove Theorem 4.4 is no longer valid.
This is due to the fact that we require the probability that two particles are farther
than Ry to be sufficiently small.

Remark 4.4. If we were to allow Ry to be larger than (v/197)rg, then this would
increase the phase transition bound for 3. The choice of factoring /7rg with /19
ensures Jg, < 20. This choice of v/19 is arbitrary and is chosen so that we can take
Ry sufficiently large in our model. If we choose, for example, Ry < (v/27)ro, then

JRr, < 2 and this improves the bounds on z and 5 but means Ry is very close to 2ry.

We now consider the case where the interaction is solely between pairs sharing

an edge in the Delaunay graph. The formal Hamiltonian is expressed as follows:

Hw) = Y (vmw) +o(mw), (4.17)

ne&P2(w)

where 1 is defined by (4.14), and

p(n,w) = o1lwy — ynl) Hud # uj}, (4.18)
where
1 ifr <ry,
p1(r) = (4.19)
0 ifr>rq,

for some r; > 0. We assume the parameters satisfy (4.16) and 2Ry < v/2r1. Note
that Ry is included in this model in the definition of v, which is given by (4.14).

For this model we have the following result.

Theorem 4.5 (Infinite-range background interaction with pairwise type interac-
tion). Let p; € (1 —po,1) be given. Then for
T2
I+
p1q°
(p1 +po — 1)(Ro — 2r9)?’

5 > log{lJr(q—l)(l—po)léO}’

1—(1-po)ms

1
6IGOBK

there exists a Ko = Ko(B,q,70,71,p1) > 0, such that for K > Ky and the given
values of z and B, there exist at least q distinct Gibbs measures for the model given

by the Hamiltonian in (4.17).
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Consider the following Hamiltonian energy, with a hard-core background in-
teraction between pairs and an infinite-range background interaction on Delaunay

triangles,

Hw) = Y vmw)+ Y (dwlnw) +ere), (420

neEP2 (w) TEED3 (w)

where 1) and ¢ are defined by (4.4) and (4.5), respectively. Let

wtri(7-7w) = ¢2(6(7))1 (421)
where
w2(5) :: 0 if 6 < Dy, (422)
K if6> Dy,

for some Dy > 0. We assume the parameters satisfy:

(1 + 1+ 8§K>m < Dy < V197 10, (4.23)
and Dy < v/2r;. Assumption (4.23) is assumption (4.16), replacing Ry with Dj.

The following is our main result for this model.

Theorem 4.6 (Infinite-range triangle background interaction). Let p; € (1 —pp, 1)
be given. Then for

47‘%
=2 +
p1q'°

(p1+po — 1)(Do — 2r0)?’
5 - bg{1+«f—1x1—pwéo}

1—(1-po)ms

1
o1608K

there exists a Ko = Ko(B,q,70,71,01) > 0, such that for K > Ky and the given
values of z and B, there exist at least q distinct Gibbs measures for the model given
by the Hamiltonian in (4.20).
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4.3 Infinite-range of the type interaction

We now consider an extension of the models from the previous section. We keep
the hard-core and infinite-range assumptions on the background interaction, but we
now remove the finite-range assumption on the type interaction. Such a model is

characterised by the following Hamiltonian energy:
Hw) = > dmw)+ Y ¢rnw), (4.24)
neEP2 (w) T€EP3 (W)

where 1 is defined by (4.14), and
d(ryw) == 1-I{FieS:u =i,Vrel} (4.25)

Again, we assume the parameters satisfy (4.16).

Theorem 4.7 (Infinite-range type interaction). Let p1 € (1 —pg, 1) be given. Then
for

161 ,1608K
p1q6660,8

(p1 +po — 1)(Ro — 2r9)?’

g > log{lJr(q2 — 1)(1_11?0)ﬁ }7
1 —(1—pg)is0

z

there exists a Ko = Ko(B,q,70,71,p1) > 0, such that for K > Ky and the given
values of z and (3, there exist at least q distinct Gibbs measures for the model given
by the Hamiltonian in (4.24).

Remark 4.5. For all our main results, the bounds for z and g are extremely high. We
emphasise that these bounds are not critical thresholds. Our results state whether
or not a phase transition occurs in each model, the bounds provided are to give the
reader an idea of how the parameters may affect the model. For example, if the
bound for z is increasing in ¢, this would suggest that allowing the particles to be
assigned a wider selection of marks implies the particle density must be higher to
maintain a phase transition (keeping other parameters the same). We will discuss

this in more detail in the conclusion, Section 7.
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5 Proofs of the theorems

We now present proofs of Theorems 2.1 and 4.1 - 4.7. Section 5.1 is the proof of
our existence theorem, and Sections 5.2 - 5.8 prove our phase transition results.
Sometimes the similarity of the models means the phase transition proofs follow

very similar arguments, in which case we emphasise the key differences.

5.1 Existence of marked Gibbs measures (Theorem 2.1)

Please note that the following proof is a very slight adaptation to that provided
by Dereudre et. al. [DDG11] for unmarked Gibbsian point processes. In order to
prove our main phase transition results, we require an extension of their result to
the marked case. We explain in detail the steps taken by Dereudre et. al. and
discuss how their proof can be extended to the marked case. We are particularly
interested in the simplest case of a finite mark space S and uniform distribution
w. This is because the models of Section 4 are defined with respect to some mark
space {1,...,q}, for ¢ > 2, and the reference measure II** is suitable when p is the
uniform distribution. However, we will discuss the effects of a different mark space
S and a more biased distribution.

As we briefly discussed in Section 3, we determine the existence of Gibbs mea-
sures by finding the accumulation point of a sequence of Gibbs distributions. We
first define a Gibbs distribution in a finite box and make this shift-invariant by spa-
tial averaging. We show that the sequence of spatially averaged Gibbs distributions
has an accumulation point in a suitable topology. By analysing the specific entropy
of the Gibbs distribution, relative to the Poisson point process, we are able to show
that the sequence of Gibbs distributions admits a subsequence that converges to
some measure in the required topology. Finally, we show that by conditioning on
this limiting measure, and applying the finite range condition (R), we have the
desired Gibbs measure.

An essential component to many of our proofs is the Gibbs consistency relation.
We now prove this for the family of finite-volume Gibbs distributions (G}',)aesg,

with boundary condition w € Q87
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Lemma 5.1. Let A and A be bounded subsets of R? such that A C A and let
w e QN Then

G (%) =1 and /Q FdGRL = /Q ( /Q f dGY5) G, (d%)

for all measurable functions f : Q — [0,00).

Proof. Let A, A be fixed and let w € ) denote a fixed configuration. Consider any
two configurations, ¢ € 2y and s € Qa. By definition,

En(Chnewne) = {ne€&(Craewae) : g(n, ('kacwae) # g(n, Chacwac)
for some ¢’ € Qp},
En(Cracwae) = {n € E(Crncwac) : g(n, K'wae) # g(n, (racwac)

for some ' € Qa}.

So Er(Cracwae) C E(Crpaewae) is the set of hyperedges that affect the interaction
potential g when a mark or position of ¢ is changed, and Ea (Ckpcwae) C E(ChpcwAe)
is the set of hyperedges that affect the interaction potential ¢ when a mark or

position of ¢ or ke is changed. This means that Ep((kacwae) C Ea(ChacwAe),

hence
Hpw(Chae) == > g Cracwae)
NEEA(ChpacwAac)
= Z 9(n, Ckacwae) + Z 9(n, CRAcwAe),
nEEA(Cracwac) nE€EA(Cracwac)\En((racwac)

(5.1)

where the first term in the above sum is Hp xu,. (). Since Ep((racwac) is the set
of hyperedges that affect g(n, (kacwac) when ¢ € Q, is changed, the set

EA(Crpewnce) \ Ep(Crpcwae) (5.2)

only contains hyperedges that do not affect g(n, (kpcwac) when ( is changed. There-
fore the second term in the sum (5.1) is some term in R U {oo}, independent of (.

Therefore

Hy ,(Crpe) < o0 = Hy one (€) < 00,

HA,M(gFLAc) < 0 = HA,muAc(C) < 0.
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Note that for all {,{’ € Qp, k € Qa and w € Q,

SA(C/HAchc) \EA(CIIiAchc) = SA(CHAchc) \EA(CHACWAC),

which holds because (5.2) is independent of ¢, as explained above. So we have

g(n, 'kaewae) = g(n, Craewae),  Vn € Ea(Crrewae) \ Ea((racwac).

Therefore

HA,UJ(CK;AC) + HA,muAc (CI)
= Z 9(n, Ckacwace) + Z g(n, {'kpacwace)
UGSA(CH,ACUJAC) negA(C,HACUJAC)

= > g(n, Cracwae)

nEEA(Cracwac)\EA((racwac)

+ Y glracwas)+ Y g(n,CRacwac)

NEEA(CrAcwAE) NEEA(¢'kacwac)

= > 9(n, {'kpcwac)

NEEA(C kacwace)\Ea({'Rpacwac)

+ > gCraewac)+ D> g(n,(Eacwar)

NEEN(Cracwac) NEEA (¢ Kacwac)
= Z g(n, C//‘GACWAC) + Z g(n, CRpcwAe)
NEEA (¢ KacwAac) NEEA(Chpcwac)
- HA,W(CIK‘AE) + HA,HLUAC (C)a (53)

for all ¢,¢’ € Q. This means that for fixed configurations K € QA and w € Q,
if we pick two different configurations ¢,(’ € Q4, then the Hamiltonian energy of
the configuration (ke in A (boundary condition w) plus the Hamiltonian energy of
the configuration ¢’ in A C A (boundary condition kwyc) is the same if we instead
consider the energy of ('kpc in A plus the energy of ¢ in A. By multiplying both
sides of (5.3) by f, then taking the exponential and integrating over ¢/, we have

NI Z3 () = e Prrasel®) [ CRITIGC), (5.4)

A,IiwAc QA
Note that Gzlfw is defined for H&w < oo and Hp < 0o, and
{Hp,, <00, Haw < oo} C{H) .. <00, Hp jwpe < 00}, (5.5)

for any k € Qa. Using the above, we can show that for a fixed boundary condition
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w € Q, the set of configurations k € Qa such that Z[Z;’;wm = 0, under G}" , is a

zero set. To see this, observe that

2, Z5 1 —
GA,w(ZA,HwAc - O)
Qp
QA\A QA QA
« e BHAwW(C kAe) It dHZ‘L\LA (5.7)
o, (5.8)

where pra\s : w — wa\a Is the projection from €2 to 2\ 5. Line (5.6) comes directly
from (5.5), and (5.7) comes from the definition of the Gibbs distribution G} . The
final step (5.8) is trivial: the equation in line (5.7) is zero if the indicator is not

satisfied, and if it is satisfied then the integral over Q4 in (5.7) is zero. We also have

Rl 2N ope = 00) =0 (5.9)
because
/ / e PHau(Crae TIR (a¢) AT = 23, < oc.
Qa\a /O
Using (5.8), (5.9) and (5.4), we obtain the desired result. O

We can now proceed with the proof of Theorem 2.1. Assume that (R), (S) and
(U) are satisfied. Choose M and I' as in (U). For n > 1, let

A= | Cw).

ke{—n,...,n}e

Let @ € I denote a fixed pseudo-periodic marked configuration with

sup Ner) < 00
kezd

By (Ul) we can find a number m > 1 such that 9A,, C A4y, for all n > 1. Let
¢ € Qyp, be such that (wye € I'. Recall that 517 is defined in assumption (U).
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We can write, for L, = {-n,...,n}¢,

Haoo(O) = > glnCaag)

NEEA, (Cag)

-y ¥ 9(n, Cong)
k€Ln4m ne€a,, (CQA%); |€77’
£ndk

_ Z Z g(m, C@A%)

Kelnnceny Qane): ol
€ndk

9(77, C(DA% )
+ D > T
k€Lntm\Ln n€EA,, (C@ag): K
£,k

< er|Ln| + er |Lngm \ Ln] (5.10)

< oo,

so w is admissible for A,, and z.
Define the Gibbs distribution

— M -1
Gn =Gy, o 0PIy,

in A,, with boundary condition @ and activity z, projected onto A,. Let P, be the
probability measure on (2, F) relative to which the configurations in the disjoint
blocks A, + (2n 4+ 1)MEk, k € Z% are independent with distribution G,. This
independence is ensured by the periodisation of the boundary condition @ and
Onk(wegry) €T, for any k € Z%. Define

. 1
P, = / P, o9, dx. (5.11)
|An| An

The measure P, is a simple spatial averaging of the measure P,. We consider the
case where p is uniform on .S; but for other distributions, the measure P, isa spatial
averaging with no ergodic averaging for the mark space. This, combined with the
periodisation of the configuration, means P, is shift-invariant with finite intensity.

The intensity
L 1
(B =13 |/NAn dG,,
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is finite because
1
/NAn dGn = ZZ“LL /NAneﬁHA@(O Hf\’:(dé)
A

< eﬁcs#(aAnw)/NAneﬁcsNAn de\’:<oo’ (5.12)

by (S). From (5.12), we have P, € Pe.

A measurable function f : @ — R is called local if f(w) = f(wa, ) for some
n > 1. We say that f is tame if |f(w)| < alNyp, + b for some n > 1 and suitable
constants a,b > 0. Let £ denote the linear space of all tame local functions. The
topology of local convergence, or 7., on Pg is defined as the smallest topology for
which the mappings P — [ fdP, for f € L, are continuous.

The relative entropy of two measures ()1, Q2 on the same measurable space is
defined
[fInfdQs if Q1 << Qo with density f,

00 otherwise.

I(Q1|Q2) ==

For any stationary point random field P € Pg, let Py, := Poprxi be the projection
of P onto Qy, . For a Poisson point random field II*#* on X = R? x S with intensity
measure z Leb(-) ® pu,

: fln fdII" if Py, << II3" with density f,
(py, ) o= T An

%) otherwise,

is the relative entropy of Py, with respect to Hf\s . Note that we are dealing with
a special case of the relative entropy where the mark intensity p is a uniform dis-
tribution. If we instead consider the relative entropy of P,, with respect to Hf\’:,

where v is some finite measure (on S) different from p, then we find that
I(PyTGY) = T(Po, TR + [ 1), (5.13)

In general, the relative entropy with respect to Hf\: is maximised when p is a uniform

distribution. The specific entropy is defined

1
[#4(P) == lim ——I(Py, [II}").

n—oo |An’
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Proposition 5.2. For all c1,co > 0 and z > 0, the set
{P € Pg : I""(P) — c1i(P) < 2}

1s relatively sequentially compact in 7.

Proof. The proof is a detailed explanation of the analogous lemma proven by Georgii
[Geo94] (see Lemma 3.4), with some additional comments provided. This is not
original work, but it is useful for the reader to understand these details in context
of our existence result, Theorem 2.1.

The set {I**(P) — c1i(P) < ca} is closed because i(P) is continuous and I*#
is lower semicontinuous. Georgii and Zessin [GZ93| (see Proposition 2.6) prove that
the level sets {I*#* < ¢} are compact and sequentially compact in 7, and that I* is
lower semicontinuous relative to 7,.. I** has compact level sets, and so the same is

true for 1P%# where

1
IPPR(P) = lim ——1I (P, [TI>") (5.14)

n—oo ‘An|

for p > 0, and the mark distribution u is independent of the particle positions. If

we were to take a more biased distribution v, then due to (5.13), we have
IP=Y(P) = IP5H(P) 4+ I(plv). (5.15)

This gives the reader an idea of the role of the mark distribution. The more biased
the mark distribution becomes, the less it resembles a uniform distribution, which
increases the second term in the above sum. Considering a uniform distribution u,

we have
IPH(P) = [**(P) —i(P)Inp+p — 1. (5.16)

Choosing ¢; = In p,
IPHP)<ecp+p—1 = TI*"(P)—i(P)e < e,

and so {I**(P) — c1i(P) < co} is contained in the compact set {I*"* < co + p —
1}. O

Proposition 5.3. In the limit n — oo we have

PM(B,) — Besi(Py) < |O7 (5 or — lnHé“(F)> +o(1).
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Proof. Due to the definition of B, we have

I*H(P,) = I(Gp[II").

A

Also,

1 i r i
I(GaTI") = /Q e BHAp,a(C) IH{ZZ’” e BHAn,w(C)}dHi:
An

An,@ An,@

1 _ .
= / Zor ¢ 'BHA"’“’(C)<—5HA”,@(C) nZ3" s )HA’M(dC)
O

nw

= 8| Haw(Q)dGy, —InZP" .. (5.17)
QA ’

We now estimate the terms on the right hand side of (5.17). From (S) and (Ul),

we have

Hy, »(¢)dG, > —cs Ny, dGp — cs# (9}, @) > —oo0, (5.18)
Qa, Qa,,

where 8};7@ =@ N ((AF\ Ap) x S). For ¢ € Q, recall that || := |¢|. Note that
|0} @| = o(JAy|). It remains to find an estimate for the second term, namely the
partition function. Fix any n > 1 and let ¢ € {2j, be such that (W € I'. Using
(5.10), we have

Hp, (C) < cr |Ly| 4 o(|Anl). (5.19)
Therefore

ZAﬁw > /HF(CQA%)e_ﬁH’\”’”(OHf\’:(do
> e_BCF|Ln|_0(|An‘)Hgﬂ(F)|Ln|‘

Combining with (5.17) and (5.18), one can see that

I*MP,) = ’A /HAW T, ’an Zh

ln< —Ber #Ln—o(|An \)HZM( )#Ln)

= I*"(P,) — Begi(P,) < !An\

- & |(6cF#L + (| An]) — #Ln In IIgH(I))
= [C]7H(Ber — InIIZH () + o(1),

as required. O
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Propositions 5.2 and 5.3 imply that the sequence (]5”) admits a subsequence
that converges to some P € Pg in 1. Due to the continuity of the intensity ¢ and

lower semicontinuity of I**, Proposition 5.3 implies

I*M(P) - Besi(P) < |C)7! (BCF — lnHé:“(F))
< |C|7Y(Ber — In{ePer==I91Y) (5.20)

= Z,

where (5.20) comes from assumption (U3). The following proposition completes the

proof of Theorem 2.1.

Proposition 5.4. Let S be a finite set and let p be a uniform distribution. The
conditional probability P := 15( . ‘{@}C) € Pg is a Gibbs measure for £, g, z and q.

Proof. P € Pg and P({0}°) < 1, so P is well-defined and in Pg. We now show
that P is a Gibbs measure.

Let 6_ and §4 be the diameters of the largest open ball in C' and the smallest
closed ball containing C, respectively. Recall that dr,ng,lr are constants intro-
duced in (R). Fix some bounded region A C RY. Let ny, > 1 be the smallest
number with A C A,, and ny > 0r/60;. Fix an integer m > 6lrdy/0_ and for
n > 1, divide Ay, 4 (on41)m =: A, into (2m +1)? translates A¥ := A, + (2n+ 1)Mk of
Ay, where k € Ly,. Let

A, — . ;
ax" = {Ce Q304 O;érilé%m Npk > ng}, Vn>ny, (5.21)
an = U oy (5.22)
n>na
A p A
QNP = ) Q4" Vp =y (5.23)
n=na

We claim that the proof of Proposition 5.4 is complete if we can show that

/Q AP = /Q T (5.24)

for f:Q — [0,1] a local function, i.e. f(w)= f(wN (A, x S)) for some n > 1, and

p > np so large that f is F Ap—measurable, and

fa(w) == fdG3r,. (5.25)
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To see this, note that

1-P@OY) = P @) (5.26)
n>np
- P(N {CeQi i min Ny <np})  (5.27)
n>np m
< inf > P(Nyx < ng)
NS ke Lo
= (#Lm —1) inf P(Ny, <np)
n>na
— 0 as n — oo. (5.28)

We have (5.26) and (5.27) by definitions (5.22) and (5.21), respectively. For any
translation invariant point process P, we know that P(Nga € (0,00)) = 0, where
Npa = #(w x 5). For example, see Proposition 6.1.3 of [MKMT78]. Therefore
P(Nga € (0,00)) = 0, because P is translation invariant. This gives (5.28), because

P(Np, <ngr) — P(Npa <ngr)=P({0})=0 asn— oo. (5.29)

We have the above limit because A,, T R? as n — oo.
Now let p — oo and set f = 1. One can see that P(QA N oM7) = P(OA), and
P(Q%) =1 by (5.28). For arbitrary f,

P= o Gf\’; P(dw). (5.30)
Since A is chosen arbitrarily, (5.30) means that P is a Gibbs measure. So if we
can show that (5.24) holds then we have (5.30) and the proof of Proposition 5.4 is
complete.
We now proceed with the proof of (5.24). Let f and p > np be fixed. Let n be
large enough such that f\p C A,,. Define

~ 1

1
Gni=——— [ G _ov;lde= GYHt_ o _d, 5.31
Al Jag e Al Jag Cometes o0
where
A :={zeR: A, +xCA,} (5.32)
Lemma 5.7 of [GZ93] tells us that
lim (/ fdPn—/fdGn) —0 (5.33)
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for all f € £. Therefore P is an accumulation point of the sequence (Gp). Let

z €A, s0A, C A, —z. Since
AA<
ch P e ‘FAP\A - ]:(An—x)\Av (5.34)

we can apply Lemma 5.1 to find

251 _ 2, 2,
/Q TG, = /Q I /Q PG G o). (539

cr

Averaging the left hand side over z,

1 —
TA | B _
|ATL| /o /Qé\rvﬁp f dGAn—x,ﬂzw dxr = /QAySp f dGn’
by definition (5.31). Similarly for the right hand side of (5.35),
1 —
- d £ 2,1 (d)dr = p )
‘An| /% /Qé\r’spnﬂl*\’z ( Qp / GAM) GAn_x’ﬁIW( W) ! /Qé\r’éprmi\,z fadGy,

using the definition (5.25) of fj. Therefore

/Q oo fdG = /Q e S0 4G (5.36)

for all f € L, the linear space of local tame functions. We know that Qf}r’ép e F A \A?
so the integrand on the left is measurable with respect to F A\A and belongs to L.

Also, Q&SP N QM € Fi where F7 | denotes the completion of Fj ;. Thus

p\A’ Ap\A
the integrand on the right is measurable with respect to .7-"}; \A” Therefore if n forms
P
a subsequence for which G,, tends to P in 7., then taking n over this limit, (5.36)
gives (5.24). O
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5.2 Finite-range triangle interaction (Theorem 4.1)

In this section, we prove our first phase transition result, Theorem 4.1. The structure
of the proof is as follows. First, we prove that Gibbs measures exist for our model,
see Proposition 5.5, by applying Corollary 2.2. Recall that in Section 3.2, we explain
that if (3.19) is satisfied for an appropriate partition of a box A, then multiple Gibbs
measures exist. Therefore we prove Theorem 4.1 by utilising the random-cluster
representation of Section 3.2 to show that (3.19) holds. This is given by Proposition
5.6 below. Theorem 4.1 follows directly from Proposition 5.6, we precisely explain

how at the end of this subsection.

Proposition 5.5. For any z,5 > 0, there exists at least one Gibbs measure for the

Delaunay Potts model given by the Hamiltonian in (4.3).

Proof. We apply Corollary 2.2 and Remark 2.5. The range condition (R) is satisfied
because each edge 7 € £P2(w) and hyperedge 7 € £P3(w) have the finite horizons
B(n) and B(1), respectively. The stability condition (S) clearly holds as 1 and ¢ are
both non-negative. Finally, we show that the alternative upper regularity condition
(U4) holds. Let M be such that M| = [My| = a > 0 and <(My, Mg) = 7/3, and
let A= B(0,v/3a/6), where a is specified later. Recall that a ball of radius v/3a/6
is chosen as this means that any point z in a configuration w € I'4 has 6 neighbours
in the Delaunay graph. Uniform confinement (U14) is satisfied with TAw = 2r1.
We also find that (U24) is satisfied with ¢j = 1. To satisfy assumption (U3%), we
require zma?/12 > ef. Therefore (U4) is satisfied for any z,3 > 0 if we choose
a > (1267 /(zm))'/2. O

We are applying the multi-body continuum random-cluster representation to
Delaunay triangle hyperedge interactions. Our hypergraph structure here is given by
Delaunay tessellations. We also use the notation T for a set of hyperedge triangles
of unmarked particles, as opposed to H. Definitions (3.1) and (3.2) are replaced
with

Trz = {£ CR?:¢is aset of 3 distinct points}, (5.37)
Thn = {f € TR2 : f - A}, (5.38)

for any measurable A C R?. We also define
T :={T C Tgz : T is locally finite}
as the set of all possible hyperedge configurations. Let A € Bgr be a bounded set in
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R? with specific partition of meso-boxes

A= U AVRR

kel
lels

where I,I C Z? are appropriate index sets. Each meso-box is divided into a

8

partition of micro-boxes, Ay ; = Uz,j:OAk,N where

Ay o= [9Lk + Li, 9Lk + L(i + 1)] x [9LL + Lj, 9Ll + L(j + 1)],

for some L > 0 satisfying
2rog < L < V2mry. (5.39)

For brevity, we will often refer to a 9L x 9L meso-box as A and a L x L micro-box as
V. We require L > 2rg so that [V ©rg| > 0 in Lemma 5.10, below. The assumption
L < (v2m)rg is needed so that Jg, = 2, see (5.87).

Proposition 5.6. There exists o > 0 such that

/ dCU? Nacae >«
KAxT ’

for any A = Ay, C A, and for all
w?
81lq I
z >
po(\/ 2 — 2)27’8

+1

and

5> 1Og{lJr(q2 — V(1 —po) 12 }
1= (1 —po)ie2

The remainder of this section is dedicated to proving Proposition 5.6, which
implies our phase transition result, Theorem 4.1. The proof of Proposition 5.6 is
long and technical, so before embarking upon the proof, we begin by providing an
outline of the structure.

First, we introduce some notation and definitions that are required for the proof.
When proving the existence of a phase transition via random-cluster representation,
it is standard procedure to rewrite the random-cluster distribution C’f\’fd so that it is

a factor of two measures. We define a measure My ,, for the distribution of particle
(@)

QwAc
particle positions. We then introduce a new measure fi¢,,. for assigning hyperedges

positions and a measure p for the distribution of the hyperedges, given the
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to a given particle configuration, and we prove that this is stochastically dominated
by ué‘gm. We define a new measure éii for distributing positions and marks. Under
C’f\’z}, the particle positions are distributed in the same way as the random-cluster
distribution (i.e. according to M}y ). The particle mark distribution is defined in
such a way that percolation under C~’ZZ\ZJ implies that Proposition 5.6 is satisfied.
This comes from the stochastic domination of “é&c by ficw e

We show that percolation occurs under CY? via the following four steps; (i)-
(iv), below. The measure M} ,, distributes particle positions in A given the positions
of the configuration w. We define My (. ¢ by conditioning on & inside A\ A, where
& € Ka. We define My ,.a ¢ as the conditional distribution of the particle positions

in a box A C A, given the positional configuration {; relative to My .

(i) Gibbs consistency relation. For A € Bg, the family (M oA ¢c)Aaca satisfies the
Gibbs consistency relation, see Lemma 5.8. This property is implied by the
additivity of the Hamiltonian energy and is required in order to analyse the

partition of A under My (A ¢.

(#) Density quotient estimate. We denote by hyp ., the Radon-Nikodym density of
My, with respect to Pi/ g . The density quotient is the ratio between hy
for a given configuration and hp,, for the same configuration with a particle
removed. We derive a deterministic lower bound (uniformly) for the density

quotient for all A € Bg, see Lemma 5.9.

(#ii) Ensuring micro-bozes are not empty. The positivity of the density quotient
allows us to find a lower bound on the probability under My ..v ¢ that a

micro-box V = Af]l contains at least one particle, see Lemma 5.10.

(iv) Percolation. The Gibbs consistency relation means we can use Lemma 5.10 to
deduce that the probability under My ,,.a ¢ that every micro-box of A contains
at least one point is bounded. If this probability is strictly positive, then we
argue that the probability of percolation under éj‘i is positive, see Lemma
5.11.

The above method, of introducing a new measure and showing percolation via steps
(7)-(4v), is based on the techniques of Georgii and Haggstrom [GH96] and Bertin et.
al. [BBDO04]. Georgii and Héggstrom divide A into meso-boxes and do not further
divide into micro-boxes, as for their pair interaction model it suffices to prove that
each meso-box contains a sufficiently high number of particles. Further partitioning
into micro-boxes, in the style of Bertin et. al., ensures that there are sufficiently

many Delaunay hyperedges contained within any given meso-box. In our proofs, we
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apply the steps above for models where particles interact within hyperedges and over
an infinite range, properties not possible in [GH96] and [BBD04]. We now provide
the required preliminaries and prove Proposition 5.6 via the method discussed above.

Let w € Q and ¢ € Q) be configurations of particles such that (wpc € Q*A’Z and
let T € 7 be a subset of {& : 7 € EP3(Cwae)}. Recall that &, € K and & € Ky
are the positional configurations of w and (, respectively. The definition of the
hyperedge-drawing mechanism implies that the event {A « A} is also the event
that there exists a particle position of {¢ N A connected to infinity in the random

graph (§¢w,.,T). One can rewrite the random-cluster distribution (3.10) as follows:

CRI(déc, dT) = My o(dé)ph) (dT), (5.40)
where o
g™\t ey (dT
He, (dT) = Gune (4T) (5.41)

7 Huone (dT7) g (Cone T
and My, is defined on Ky as the distribution of particle positions given by the
marginal distribution C79 (-, 7).

For boundary condition &, € K, define hy, on Kp by

Pal€) = e | picone (dT) K (Gr=T), (5.42)
VA Nw T

This is the Radon-Nikodym density of Mj ,, with respect to PA/ ¢ For a bounded set

V C A, consider the conditional distribution M} ,.v ¢ of the positional configuration

in V given the positional configuration §¢_.&u,. in VC relative to My .,. The measure

My ;v ¢ distributes particle positions inside the micro-box V, given the positions

of some configuration (yewpe outside V. Let &, € K and & € K be fixed boundary
conditions. Let {¢ € Kp and & :=§- NV € Ky. Then

M ¢ dén MAw(d§<’|€C’ =& onA\V)

/y Herone (dT) g€n ) PE1(de e = € on A\ V)

ZX’,Z Z}
1
Zz,q / /’LRCvchc (dT) qK(IigvchC,T) Pé/,gw/\c (dfn), (543)
\Y% CUJAC “
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where Z)\  is a normalisation constant,
9

z/q
52,4 - ZHZV(WAC
V’CUJAC o 77,4 / Z/q,
ZA,wZA,wZA,w

and

Zy = exp{ - > Y(n, K VCWAC)}

NEEN (K(vewpe)\Ev (klyewnpe)

is independent of k, by the same argument that follows (5.1). To see this, observe
that

Pi{g(dfgﬂfg/ = fc on A \ V)

1 g / o
= il O/ deo |ég = € on A\ V)
Aw
Z —HY K) 12
= Zzque HV,CMAC( )Hv/q(dfn)
Aw
Zu

_ / /
N Zz/q Zévgw/\c Pé,gw,\c (dén)

Aw

The positions of the configuration (wpc are the boundary condition, since the po-

sitions of ¢ € Q are distributed according to My ,, and we are now looking at a
random configuration of particle positions within V C A, given the positions of (.

Let ficw,. denote the distribution of the random hyperedge configuration {&; :

T € EP3(Cwpe), 4y = 1} € 7, where (97 ) reeps(

random variables with

) are independent {0, 1}-valued

Cwpe

Prob(, = 1) = p -’
T r = = =
A R LRV

(5.44)

when §(7) < 2r1, and Prob(7,; = 1) = 0 otherwise. We prove the stochastic domi-
nation of ugi)Ac over [i¢,,. in Lemma 5.7, below.

For a boundary condition , € K and given the positions {; € Kj of a config-
uration (, let S‘Cw e distribute the marks of (wae € Q as follows. The type-picking
mechanism S\CWAC assigns each z € {¢&,,. the type tz, where {fw T x € fgﬁwAc} are

independent Bernoulli distributed:

i 5 ifs=1,
Prob(t, = s) = (5.45)
1—p ifs=#1.
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For a boundary condition &, € K, fixing the positions of w € Q, define 6’i'£} on Q
by
C9(dw') == M o (dE) Agupe (du'), (5.46)

,w

where w' := Cwpe € Q.
For a hypergraph structure £ and finite marked configuration w € €1y, let
IE(w)| == [{& : 7 € E(w)}| be the number of hyperedges in £(w). For a marked

hyperedge 7, recall that |7| := |¢;| = 3 is the number of particles in 7.

Lemma 5.7. For all g > 2, ( € Qp and w € ), we have ,uEfL)AB = fewpe -

Proof. Let w € Q and ¢ € Qy, where A is a bounded region of R?. For brevity in

the calculations below, we write &£ := S/]? 3((wae), where
8/]\33(CwAc) = {1 € EP3(Cwpe) 1 g(T, Cwae) # g(T, kwae) for some K € Qy}.

We wish to refer to the finite configuration of particles that make up the hyperedges
of £. We call this configuration ¢’ € Q. Any hyperedge n € & satisfies n C ('.
Define the configuration ¢’ C Cwpe as

¢ = {(z,uy) € Cwpe : VT € 5D3((w/\c), if & > x then 7 € £}.

The reason for defining this finite configuration is so that we can refer to the set of
hyperedges £ and the configuration of particles ¢’ that make up these hyperedges.
Therefore we can discuss the finite hypergraph (¢’,£). We cannot describe this
hypergraph with ¢, because ( is the configuration inside A, and some hyperedges of
& comprise particles that lie outside A. So ¢ is completely contained within A and ¢’
consists of the configuration ¢ plus some extra particles just outside the boundary
of A.

The hypergraph (¢’, £) is finite because |¢'| and || are finite. |€] = [£)%(Cwae)|
is finite because Efz(g“w/\c) consists only of hyperedges that intersect A, of which
there are a finite number (because A is bounded and we assume hard-core repulsion).
Let each hyperedge 7 € £ be open or closed; i.e. each hyperedge is assigned state
1 or 0. We denote by I' = {0, 1}‘g the set of hyperedge configurations, and for each
v €T and 7 € £, we have v(1) € {0,1}. For p € [0,1], ¢ > 2, define the probability
measure [, 4 € A1 (),

1 —~(T
tip,q(Y) = qu(v) HPW(T)(l —p)l i ),
P TEE
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where Z, ; is a normalisation constant,

Zyy =Y { 70 [ - p)l—wf)}’

vyel TEE

and k(7) is the number of connected components in the hypergraph (¢, {7 € & :
v(r) = 1}). The probability measure p,, independently assigns each hyperedge
state 1 with probability p and 0 with probability 1 — p. We claim that

b1 D2
2 Z 2
(1 —p1) = g3(1 —po)

@ =9 21, = lprgr Z Epo.ge- (5.47)

Let 7,7 € I'. We say that a function f : I' = R is increasing on ' if f(v) < f(v/)
whenever v and ' are such that (1) < +/(7) for all 7 € £. We now prove (5.47).
Let f:I' — R be increasing. Then

1 . e
() = 5 2 F(apy (1 = py) R (548
P2,92 ~er
o 1 1 — P2 €] qo k(~) P2 2 ree(7)
- () S ) ()
(1;1101)2?65 (1 py)Srest=rm) pEoree v(r)qu}
(5.49)
_ 1 <1 - p2)|5|
Zpygz N1 =1
% 37 F(1)g(y)(1 — py)Zres (1) p2ree 77 k)
vyel
_ Zpiai (1= 2\l
= Z22(7=0) malfo), (5.50)

where

o(7) = (@)k(v) H <p72ﬂ>7(7')’

q1 e 1—p2 p1

which can be rewritten as

@2\ M+ e 1 (pe/{dy —pz)})“ﬂ
= () = (m/{q'f‘l(l—pl)} -
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We have (5.48) and (5.50) by the definition of p, 4, and (5.49) uses the fact that

E] =) "v(r) + D (1 —4(r)).

TeE TEE

Setting f = 1, we obtain

Z 1-— P2 €]
N=1= P1,91 ( ) q).
Fips,g2 (1) Zpoas \1 — 1 tip g1 (9)

Substituting this into (5.50), we find

tpi,g (f9)
tipaas (f) = Prrnt9) (5.52)
i Hp1,q1 (9)
Observe that Y .o v(7) and k(y) + > ce(|7| = 1)7(7) are increasing functions of
~. The former is obvious. To see the latter, define the configurations v” and ~,, for
7,7 €€,

,YT(T/) — ’7(7—/) if 57" 7& 57'3 (553)

1 if fT’ = 577

77(7_/) — W(T ) lf 67" 7& 5‘1‘3 (554)
0 if fT’ = §T~

Let k,(v) be the number of connected components in the hypergraph (¢',{7 €
€ : y(r) = 1}) that contain vertices belonging to the hyperedge 7. Consider the
hypergraph when the hyperedge 7 closed. The number of clusters removed from the

configuration v when 7 is opened is given by the expression

k(’)/'r) - k(’YT) = kT(fY’T‘) -1 (555)

No more than |7| = 3 open clusters can be attached to 7 (one cluster for each
vertex). Therefore

k(vr) =k(y") = kr () =1 < 7| =1 =2 (5.56)

So for any 7 € &, changing (1) from 0 to 1 will remove no more than 2 clusters.
From this we can see that k(y) + > _c¢(|7| — 1)y(7) is increasing.

Assume that the conditions of (5.47) hold. Then, using the expression (5.51)
and the fact that that > . v(7) and k() + >, ce(|7| — 1)y(7) are increasing, we
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can see that ¢ is decreasing. For ¢; > 1, f increasing and g decreasing, we have

v (F9) < tpy a0 (F) Ep.ga (9)- (5.57)

Using (5.52), we have pip, ¢, (f) > tpy.q.(f) and the result (5.47) follows.
Under ué(ZJ)AC, all hyperedges outside A are open. So any cluster attached to
the boundary of A is an infinite cluster. Therefore we can apply (5.47), taking

p1 =pa(T), g1 = q, p2 = p and g2 = 1. We have ¢ > 1 and

pa(T) P
¢*(1 — pa(7)) = 1—p

(5.58)

for all 7 € EP3(Cwac). The inequality (5.58) holds because ¢o(8) > u for all § < 2r;.
Therefore, using (5.47) and (5.58), we have M(Q) > ficupe- O

CwAc

Lemma 5.8. For all bounded regions V, A, A € Br such that V.C A C A, any local
and measurable function f on KA, and any w € Q, ( € Qp such that (wpe € Qf}’z,

/ F(€a€rge ) MA w0V weae (Aa) Mpwinc(dss) = | F(Ex) MAwac(dx).-

Ka JKv Ka

Proof. Let V, A, A be bounded regions of R? satisfying V C A C A. Let w € Q,
¢ € Qp be such that (wpe € Qi\z For brevity in the calculations below, we write
€:=¢&. € Ka and € := & € Qu as the positions of configurations k € Qa and
k € Qy. Note that since the background interaction 1 (n,w) only depends on &,
we can write HKW(C) as H}f’w(fc). Using the definition (5.43) for the distribution of

particle positions, the measure My A ¢ can be expressed as follows:

1
MAJMA»C (dé) = szq / Pk pcwape (dT) qK(HCAchC,T) PZ{gwAC (df)
A,CwAc 7
1 v
= eXp{ = BHG ¢y cione (69)

A,COJAC

_ﬁ (HK,CUJAC (5) - Hg,nCAchc (§V)> }M/(i,w;A,C(dé-)’

(5.59)
where Mgw;A,C is defined on Ka,
1 KCACWAC z
M ) = g — [ g (D) KD ). (5.60)
A,CUJAC
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If f is some local and measurable function on KA, then

Mpwinc(f) = ; FE)MA w:n ¢ (dE)

=/ [/ FENY M wn ¢ (A€ |EGe =€vc)] My wia ¢ (d€)
Ka Ka

1
- /’CA [/}CA f(&’)ZZT exp{ _BH$7K/<ACUJAC(§,V)

A7<(JJAC

(M o (€)= HE s (66)) |

XMXM;A,C(dg/’g/VC = fVC)] MA,w;A,C(dg)

A~ 1 .
— /’CA [ e f(ffvc)ZzT exp{ - BH@%A%C €)

A,CLUA(;

~B(HE e (€69¢) = HE 00 () }

X M/(\],w;V,HCAc (dé)] MA,UJEA:C(dé.)‘
(5.61)

Note that

~

HY (o (E6ve) = HE o, (E)
"

= Z ollzy — yyl) — Z Yollzy — ynl)

776522 (’%HVCCACWAC) 776852 (:‘%HvCCAchc)

depends only on the configuration outside V. Similarly, since we can write

Zli = [ ew(=8 X olles =) M%)

A,CUJAC
D
neEA? (KCacwnc)

- /IC P ( —BHG e scine )

~B(HE oy (E6v0) = HE 00 (©) ) T ()

and

V,HCACL{)AC

731 = //c exp ( — BHE i souone (f)) T (dé),
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from (5.61), we have

Mpwac(f) = /

i exp{ = BH . O

z/q
V,I{CACUJAC

X MR,W;V,I{CAC (dé)] MA7W§A7<(d€)

[ f(E€ve)
Kv

- / F(E€we) M owmae (d€) M o nc (dE).
Ka /Ky

and the proof is complete. ]

Lemma 5.9. For any A € Bg, let w € Q, ( € Qp and z € A\ & be such that
Cwpe € Q27 and Cwpe U ({z}, {uz}) € QN for any uy € S. Then there exists some

a1 > 0 such that
hA,w(é.C U {1‘}) >
hA,w (5{) o

Proof. For a hypergraph structure £, we will use the notation & (w U {x}) =& (w U
({z}, {us})), for any u, € S. Define

T, . = EP3(Cwae) NEP3 (Cwae U {}),
T = EP3(Cwne U{a})\ EP*(Cupe),

= €D (Cwae) \ P (Cwae U {z}),

z,{wpc

and ui’ffwa M;Cw e and M;CWAC as the hyperedge-drawing mechanisms on Tj?‘&/\c,
T; Cue and T tine respectively.

The hyperedge-drawing mechanism p,,. distributes hyperedges based on the
positions of the particles (wpe. Therefore, given an additional particle position
r € R?\ §cwpes We can define a hyperedge drawing mechanism based on the posi-
tional configuration §:&,,. U {z}. We write this hyperedge-drawing mechanism as
HewpeUfa}- We also write K(§céu,e U{r},T) as K(Cwae U{z},T). Observe that

/7 'quAcU{z}(dT) qK(CWAcU{m},T)

K (CwpcU{z}, T1UT?)
_ ext K(Cwpce,T1) + q
= /y Mz Cwpe (dTl) q /y My cope (de) qK(CwAC o

(5.62)
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This is because the definition (3.6) of the hyperedge-drawing probability py means
that the hyperedge distribution on 7% is independent of the distribution on

z,{wpc
ext
T ;‘ cwpe- Lo see this, consider hyperedge configurations Yext € {O,I}TZ*CWAC and

+
7+ € {0, 1}T“E’<‘*’Ac forwe Q, (€ Oy and z € A\ &. Let Ecxy and E be the events
that vext and v4+ occur, respectively. Let v = Yoxt U V-

ety (Bt NEY) = [T mm [T (1-pa(m)
TeEP3 (CwpcU{z}): TeEP3 (CwpcU{z}):
v(r)=1 v(T)=0

_ H (1 _ e*¢>0(€r)) H e~ P0(&r)

TeTet  uTH reTet Tt

z,(wpc z,(wAc: a;,(ijc z,(wAc:
v(r)=1 7(7)=0
TNAAD TNAAD
_ H (1 _ e—¢>0(€f)) H e~ P0(ér)
TET,‘?’? : TGT?XCt :
z,(wac z,(wpc
Yext (T)=1 Yext (T)=0
TNAAD TNAAD
« JI (-e®@) [[ e
TETJrC : T€T+< :
z,wpc z,{wpc
Y+ (T)=1 Y+(1)=0

Mg},{gw/\c (Eext) N;Cw/\c (E4).

Note that there are hyperedge triangles of T:ffztw/\c that share edges with the triangles
of T;f Coper SO r,,.NT, ; cwne 7 0. Each triangle of T, that shares an edge with
a triangle of Tg Cwne will share exactly one edge. Although these triangles share an
edge, this does not affect the dependence on the states (0 or 1) of the triangles. If
the two vertices of the common edge have different colour, then it does not matter
what colour the third vertex of the neighbour triangle has. If the colours are equal,
then pp only depends on the third vertex.

By a similar argument to (5.62), we also have

[ peanetamy g
g
K(Cwpe, T UT?)
Xt K(C C7T) - —q
/yﬂfc,mc(qu e /y%,mc(dT?) K (063)
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Due to the definition of hy ,, and the expressions (5.62) and (5.63),

th,w (5{ U {l‘}) fy :u(wAcU{.t}(dT) qK(CwACU{x}7T)

X K c,T + K(CwpcU{a},T1UTy)
- f7 M;,EUJAC (dTl) q (CUJA 1) fq ’LLI,CWAC (dTQ) 4 qK<CWAcyT1)

K(Cwpe,T1UTy)

fﬂ F‘;Tgw/\c (dTI) qK(CwAC7T1) f7 'u;:,g‘w,\c (de) . g (Cwpe Ty)

Recall that, due to the boundary condition, K (Cwpe,T) — Kp(Cwpe, T') is con-
stant, either 0 or 1. Therefore K (Cwae,T') is finite. Because ¢o(d) = 0 for 6 > 2r;

and 1o(r) = oo for r < 1y, we have

Ar?
K(Cwpe, T1) — K(Cwpe U{z}, TIUTy) < W; (5.64)
0
4rr?
= K(CuaU{zh, TIUT) - K(Coae, Th) > ——5 (5.65)
0

This is because the left hand side of (5.64) must be no greater than the maximum
number of clusters that can be removed by adding a particle at position x into the
configuration (wpe. The maximum number is (4772)/(7r3). This is because for the
addition of one particle to remove as many clusters as possible, this particle must
form a cluster which joins as many other particles from the initial configuration
Cwae as possible.

Under the hyperedge-drawing mechanism, a particle at position & cannot form
an open hyperedge with particles further than 2r;. Due to the hard-core condition,
there must be a ball of radius ry around each particle of the configuration, within
which are no other particles of the configuration. Therefore the maximum number

of particles, that x may form a new hyperedge with, is (477?)/(77r3).
Also,

K((wAc,Tl UTQ) —K((wAc,Tl) <0. (566)
Therefore ,
haw(§U{e}) _ -5

——=> 22 >q "0 =:aq > 0. 5.67

hA,w(é.C) ! ( )

O
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For any bounded Borel set V and real r» > 0, let
Vor:= ﬂ {x+y, eV}
yeB(0,r)
denote the r-minus sampling of V.

Lemma 5.10. For all cells V = Azl CA, letwe Q and ¢ € Qp be configurations
such that (wpe € Q*AZ and k € Qy be such that kK(yecwpe € Q*V’Z. We have

bo
Mpwwo(€x = 1) > 1 =7

for all
8lq

2> .
poal(L — 27"0)2

Proof. We write ¢ := &, € Ky. Since HY(w) does not depend on the marks, we

sometimes emphasise this and write HY(&,). We have

_g¥ .
Myowclel =1 Jieo hgune ()¢ TP eon O 1{Je] = 13117 (de)
MA,w;V,C(E‘ = 0) fle hV,CwAc (5)@_H$7C“’AC Q) H{‘ﬂ _ 0} sz/q(df)

P
e V9% [ By cupe ({az})e ocone D gy
0 cuye (0) [ T{IE] = 0} TI 7 (d€)
)
e—=IVI/a, fV W Coone ({x})e_Hv,chc ({=}) da
q hV,CUJAC (@)@—Z\VV(I

= z/v exp ( ~Hy g, ({x})> hZVCLZ:A({(g)}) da.

(5.68)

The second line comes from the definition of a Poisson point process 115 on Ky with

activity z > 0,

oo Zn
f dlT; — o2 / fHzx1,...,zn})dey ... dxy,
[ ram =SS )
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for any bounded measurable function f on K. From Lemma 5.9 we have

Mp v c(l§l=1) 2/ Y
= > - alexp<—H .z )dx
Mrowcl=0) ~ alo v e ()
z
> Zon [ e (- HE, (o)) do
q Very ’
> 12|V S ol (5.69)
q
q
= My . =0 < — 5.70
A,W,V,C(|€’ ) = ozlz\V S 7’0| ( )
q
— My . >1) > 1—-— 5.71
Po
> 1—=. 5.72
<1 (5.72)
The final inequality holds for all
8lq
2> .
poozl(L — 27“0)2
Since L € (2rg, V271 rg), we have |V & rg| = (L — 2r9)% > 0. O

Lemma 5.11. For any A = Ay C A, there exists ag > 0 such that

CYLH{A — A°}) > 0o,

for all
47‘2
—+1
8lq "0
z > )
po(V2m — 2)%rg
and

1—(1-po)m

Proof. Let V = AZ"I for some i, j € {0,...,8}. By Lemma 5.10, if z > 81/(poan (L —
2r9)?) then

ﬁzlog{”(qz—l)(l—po)léz}

Vwe (e,  Myuvc(él=0) < 7812, (5.73)

where k € Qy. For a meso-box A, and micro-box V C A, let Ay € Ky be the

empty configuration on V, and define

Aav = {fG/CA: |fﬂV|:0}€KA.
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For convenience, we now write £ = £, € Ka and é = ¢, € Ky for configurations
Kk € Qpa, & € Qy. From (5.73), we have

/ / [{€ve € AATIMA w0 mene (€)M woon ¢ (dE)
Ka JKv

_ / / {éeve € Ay N KA Y My o wene (€)M i ¢ (d€)
Ka /Ky

Po
< = .74
S 351 (5.74)

for all 2 > 81/(poa1(L — 279)?). From Lemma 5.8, we have

/’; ]I{f € AA7V}MA,UJ;A,C(d€)

=/ / [{E€ve € ANV IMA w9 wene (€)M won ¢ (dE).
Ka JKy
(5.75)

Combining (5.74) and (5.75), we have

Vwe (e,  Miwac(énv]=0) <2

o, (5.76)

where © € Qa. Note that in (5.73) and (5.76), My ..v,¢ is defined on Ky and
MA,UHAaC on KA. For e ICAM,

A= ) (Enay>1),
i§=0,...8

we have

Mpwac(Ar) = 1= > Mawac(§n A7 =0)

1,j=0,...,8
Do
> 1-81-=—2=1-
81 bo
> pite(z?).

For the proof of Proposition 5.6 (and hence Theorem 4.1), this stage of the proof is

the main instance where we use comparison with percolation. Let

Bk,l = {HCAquwAc (V&g € AkJ, Vx e fmug = 1}7
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)

where w € 2, ( € Qp and K € Q4p, ;. Recall the definition (5.44) of p = p(5)

e €(0,1), Vg=28>0
T+ (@ -Ded 0 TI=S
~ 2
. f 1+p(q~ 1)
1-p
1+p(g® -1
= B = log{—kp(q~ )}
1—-p
Therefore,
1
1+ (¢ —1)(1 —po)5r
5 - 1og{ +la* = D= ) }
1—(1—po)sc
1
<~ p > (1-po)dc, (5.77)

where Jr,, see (4.2), is the maximum number of particles that can fit in a L x L box
under the hard-core assumption on the background interaction. For w € €, { € Qu
and k € Qa, we write w” := k(acwpe € Q. We have

CZZ,ZvCWAC (BkJ) = MA,W;Ak,z,C(dEH)

’CAk,l

[ Rugag e () HiGag e € Bua)

e, My iy 0 (d6e) PTG € Apy} (5.78)
> (1 —po)p™e (5.79)
> (1-pp)? (5.80)
> 1—2p

> phite(z2), (5.81)

We have (5.78) using the definition of S\Cw re» See (5.45). We have (5.79) because for
an admissible configuration, Jy, is the maximum number of points permissible in a
L x L micro-box A%, and there are 81 micro-boxes in a meso-box Ay ;. Inequality
(5.80) comes from the inequality (5.77). Line (5.81) is due to the definition (4.1) of
po and the fact that pfite(Z2) € (0,1).

For Bernoulli site percolation on an infinite locally finite graph, G = (V, E),

there exists a critical value p. € [0, 1] such that, for any = € V,

Py(x <> 00) > 0 <= p > pe, (5.82)
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see [Grim99], [GHM99]. If we compare the meso-boxes Ay to the sites of Z?, and
the probability 62’,2,1,@,\0 (Bk,) to the probability of a site of Z? being open (for
Bernoulli site percolation), then we can use (5.82) to deduce that there exists a
path of boxes A; ; such that B; ; occurs, from any A,; C A to A°.

Assume that Aj; and Aji1; occur simultaneously. The central band of A ;U

Ajy1, is defined

4

4
CBgikt1,0 = ( U Aijzﬂ’ll) U ( U A;ﬁu)'

=0 =0

We keep in all the squares Ay ; and Ay, the particles
H= {(w,ug) cwn ((Ak,l UAgy1,) X S) 0 & NCBL. g1, #0, V7 3 (x,u;’)}

Let
EQ3(w) == {T € EP3(w) : TN CBy. 11,1 # 0} (5.83)

The hyperedges of the restriction of the hypergraph (w, 3 (w)) to (H, SCD]?,) (w)) all
have diameter less than /2L < 2r; because the little squares A%, Azil,l’ 1,] =
0,...,8 contain at least one point and the circles circumscribed by the Delaunay
triangles are empty. We will see later in (5.87) that it is necessary for L < (v/27)ro,
therefore to ensure L < v/2r1, we assume ry < r1/\/T.

The Delaunay triangles of (H, Eg]% (w)) are all connected and completely cover
the set CBy.py1,1, i.e. they form a connected covering of CBj.p41,;. Since any
micro-box of CBy. 41,7 has at least four other micro-boxes between itself and the
boundary of Ay ;U Ay, we know that any hyperedge connected to SCDE(W) must
be contained within Ay; U Agi1,. This means every triangle of (H, Eg%(w)), and
its neighbouring triangles, are contained within Ay ;UAy ;. Therefore we are able
to connect any point of &, N Ai’j to any point of &, N Ai’fL
(w, EP3(w)) inside ApiUAgi1.

Line (5.81) tells us that the probability, under CN’IZX’Z), of a meso-box Ay, ; contain-

; in the hypergraph

ing all type 1 points with at least one point in each micro-box A%, 1,7 =0,...,8,1s
greater than the critical probability for site percolation on Z2. We can compare each
meso-box to a site of Z2. When two neighbouring boxes, A and Agyq g, satisfy
By, and Bjq, then the central micro-boxes of Ay; and A4, can be connected
within Ay ; and Ag11;. This compares to site percolation on 7?: two neighbouring
sites being open allows them to be connected. If the probability of a site being open

site
c

is greater than pS*(Z?) then there is a positive probability of percolation.
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Thus, using (5.81), there exists some ay > 0 such that

CYL(A  A}) > ay, (5.84)
for all
47‘% 1
81q¥+
1
1+ (¢ = 1)(1 —po)¥z
B> logd LH@ = DA =p)T | (5.86)
L= (1—p) T
Note that
L2
L e (2rg,V2rrg) = Jp:= |:7T7'2] +1=2, (5.87)
0

which gives the required bound for 5. Since the right hand side of (5.85) is decreasing
in L, we take L as large as possible in the interval (2rg,v/2mrg). This gives the

required bound for z, and the proof is complete. ]

We now provide the final step that shows how the previous lemmas complete
the proof of Proposition 5.6, and hence Theorem 4.1. For A € A C R?, let

D-
Dapn = {w:A (w,:(f'_d(;u)) A°, and all vertices of the component
have the same type}.
/ CIZX:Z;<d§§7 dT) NAHAC(CWA% T)
ICA><§

= | Mpw(dE) /7 uéﬁfm (dT)Naesne(Cwae, T)

Ka
> MA,w(dﬁc)/ ficwpe (AT)Naoae(Cwae, T)

K 7

~ (C"JAch)

Z MA’w(dfc)/ Hewpe (dT) H{A <—— AC}

Ka 7
> [ My / Awone (') 1{e' € Das}

Ka Q

(5.89)

= CYL({A © A%) > as. (5.89)

The first inequality above is due to Lemma 5.7. As site percolation implies bond
percolation (see Section 1.6 of [Grim99]), we have (5.88). Lemma 5.11 obviously
gives (5.89), and the proof of Proposition 5.6 is complete.
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5.3 Lily-pond model (Theorem 4.2)

We now prove Theorem 4.2. There is no phase transition and the proof is brief. We
first use Corollary 2.2 to show that at least one Gibbs measure exists. We then apply
a percolation result of Haggstrom and Meester [HM96] to determine the uniqueness
of the Gibbs measure.

For given (n,w) € XY | the closed ball with centre |z, + y,|/2 and radius
3|xy — yp|/2 can serve as a horizon of (n,w). This ensures that if the particles
of w are altered outside of the horizon then the potentials 1, ¢ are not affected
(more specifically it ensures that 7 exists, so there is definitely an edge between z,
and y,). Using this horizon assumption, (R) is obviously saitisfied. Assumption
(S) also clearly holds with c¢s = 0. Concerning (U4), let M = al and T' = T'4
with A = B(0,b) where b < ppa for some sufficiently small constant py > 0. The
neighbourhood of a point « in w € T' contains a minimal number of points. Then
(U14) holds with rp = 2rmax and (U24) holds with ¢} = 2. (U3%) holds when
z|A| > €8 which implies z > €27 /(mp3a?). So for any z > 0, (U#) will hold as long
as we choose M and I'* such that a > (625/(7r,0[2)z))1/2. So we can apply Corollary
2.2 to show that there exists at least one Gibbs measure for z, 3 > 0.

Theorem 5.2 of [HM96] tells us that the unmarked dynamic lily-pond model
does not percolate. If there is no percolation in the unmarked case it is clearly
impossible for the model to percolate in the marked case. Hence multiple Gibbs

measures do not exist no matter how strong the interaction is due to g > 0.

5.4 Equilateral Delaunay triangle interaction (Theorem 4.3)

We proceed with the proof of Theorem 4.3 via the same argument as for Theorem
4.1. The set-up and notation remain the same, with the observation that the new
definition (4.10) of H(w) replaces (4.3). This accordingly alters the Hamiltonian
with configurational boundary condition, and so the proof of Theorem 4.3 follows
that for Theorem 4.1 with

> dmw),

NEEN? (Cwae)

now replaced with

Z @ZJ(U»W) + Z wtri(Taw)'

D D
UGSAQ(COJAC) T€€A3(CUJAC)

The proof of Theorem 4.3 is complete if we can prove Propositions 5.12 and 5.13.
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Proposition 5.12. There exists at least one Gibbs measure for the Delaunay Potts

model given by the Hamiltonian in (4.10), for any z, 3 > 0.

Proof. We apply Corollary 2.2 and Remark 2.5, exactly as in Proposition 5.5. The
only difference is that we now have with c¢g = 3v/3 /16. ]

Proposition 5.13. There exists o > 0 such that

/ dCy L NasAe > a,
]CA X7

for any A = Ay, C A, and all

and

The proof of Proposition 5.13 follows the exact same argument as that for

Proposition 5.6. We have stochastic domination, “é(i;),\c > ficw e, because the type

(9)
CUJAC
dent on the background interaction. The Gibbs consistency relation is satisfied for

interaction has not changed and the definitions of pu and fi¢,,. are not depen-
(Mpw:ac)aca for any A € Br. The new background Hamiltonian does not vi-
olate the additivity property of the Hamiltonian between two regions, see (5.61).
Therefore the new Hamiltonian does not affect the proof of the Gibbs consistency
relation.

We also have the required density quotient bound, Lemma 5.14 below. The
only difference between the proof of Theorem 4.3 and the proof of Theorem 4.1 is
Lemma 5.15, obtaining the lower bound for the probability under My ,.a ¢ that a
micro-box is non-empty. Although the lower bound is the same, we require slightly
more justification due to the fact that the background Hamiltonian can now be
negative, which means the exponent of the negative Hamiltonian can be greater

than 1. We can then complete our percolation argument exactly as in Section 5.2.

Lemma 5.14. For any A € B, let w € Q, ¢ € Qp and x € A\ & be such that
Cwpe € M and Cwpe U ({2}, {us}) € QN for any ug € S. Then there exists some

a1 > 0 such that
haw(éU{z})

haw(€)  —OF
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The proof of Lemma 5.14 is exactly the same as the proof of the analogous
Lemma 5.9. Since the background interaction still contains the hard-core assump-
tion, and the type interaction is still of finite-range, we again find a; := q_‘“"%/ T,
The only difference is the addition of the geometry-dependence, and this does not
affect the proof.

Lemma 5.15. For all cells V = AZ’JZ CA, letweQ and ( € Qp be configurations
such that (wpc € Q*Az and k € Qy be such that k(yewpe € Q*V’Z. We have

bo
Mpwv (€l 21) > 1 =0

for all
8lq e%
p()Ozl(L — 27"0)2 ’
Proof. For a marked configuration x € {2y, we denote the positional configuration
as £ = & € Ky. Recall that since HY(w) does not depend on the marks, we

sometimes write H¥ ().

_ Hl/) 5
My v c(l€] = 1) Jieo 19 e () 0o 1 je) = 1} Y% ()
Mawwc(lel =0) e © 1] = 0) T )

f/Cv hV,CwAc (6)6

_BHY -
eV [0 by oy ({zh)e o s D gy

¢ Iy cune (0) o, (€] = 0} I (de)

v

(5.90)

_ P .
e~V [ by e ({2 })e o core 1D gg

v
qe S hy gy (D)e1/a

_ P8BS _3HY v gone ({23)
- qe /vexp( BHV,CwAc({:E})> hV,Q,JAC(Q) dl’,

(5.91)

where, for w € Q,( € Qvy,

Hng(C) = Z Yri(n, w) + Z Pl = ynl),

7—6853 (vac) 1’]6552 (Cch)

= HYW(C) + HE(C),

and
HE O = Y bz — )

776532 (Cwye)
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We now provide justification for the inequality (5.90). In Lemma 5.10, we exploited
the positivity of the background Hamiltonian at this stage. However, now we use
the fact that

HYE,, (0) > (5.92)

We now prove (5.92). We have

, A(r
HL0 = - X 55

D
TESV3 (Cvchc)

_33\/3
=

The set EVD3(Cvchc) consists of all hyperedge triangles of £P3((gewac) that can be
affected by the configuration within V. When the number of triangles in this set is

maximised, EVD3(Cvchc) consists of both

(i) the triangles which cross the empty region V, i.e. triangles with edges touching

V, but no points inside V; and
(i) the triangles that share an edge with the triangles described by (7).

We now justify that the set of triangles described by (i) is finite. A triangle could
either cut one corner of V or one whole side of V. It is clear that for the maxi-
mum number of triangles intersecting the empty region V, each of the four corners
are cut by a triangle. The Delaunay triangulation is defined such that any circle
circumscribing a Delaunay triangle must be empty. Since V is empty, there can
be no more than 6 triangles (additional to the 4 corner triangles) intersecting V
and sharing vertices with the corner triangles. These 6 triangles, plus the 4 corner
triangles, form a connected covering of V. So the set of triangles described by (i)
is no greater than 10.

Therefore, there are a further 12 triangles of (ii), 2 for each of the 4 corner
triangles (each of which has two edges not intersecting V), and 4 more for the other
4 triangles in (i) that each have one edge not intersecting V. This means that
EQ? (Cvewne)| < 10+ 12 = 22, and

A(T) 3v3 333
> <2 = (5.93)

TEE?S (Cvchc)

which gives (5.92).
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From (4.12), we have

HE gope (o) < HYE, (2])
= oo -0, ()} > ew{ s, ()}

Therefore
MAw'VC(|§’ = 1) z 33\// e
WiV, > - OzleXp< ﬂH (= >dl’
M wiwc(1€] = 0) g Vewpe {7})
> 2oy [ e (- pag, (o) de
q V@T‘O A

s
> ozliefggfi 3]V@T@|,
q

and we complete the proof as in Lemma 5.10 to find

Mpwwc(lél>1) > 1- 31’

for all

33V3

8lge &
a1po(L — 2rg)?’

as required.

(5.94)

(5.95)

O]

The next result follows from Lemmas 5.14 and 5.15 via precisely the same

argument as in the proof of Lemma 5.11. This completes the proof of Theorem 4.3.

Lemma 5.16. For any A = Ay C A, there exists ag > 0 such that

CYO({A «— AY) > ag,

for all
33v3 ﬁ—&-l
8le™s ¢ "8
po(v —2)%r
and
1 2_1)(1 -
5o o { LH @ =D =)
1— (1 — po) 162
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5.5 Infinite-range pairwise background interaction (Theorem 4.4)

We now consider type interaction models where the background interaction between
all particles is of infinite range. This creates more balanced geometry of the particle
positions, but the proof for phase transition is slightly more complicated. This is
due to the fact that to analyse a configuration in any bounded region of space, we
must consider the configuration in the boundary. If the particles only interact over
a finite range, then there is only a certain range past the boundary that must be
considered. For the infinite-range case we must apply a new technique.

The idea is to compute the lower bound of the conditional probability under
M ;v ¢ that a micro-box V is non-empty, given that the positions of (wae satisfy
certain criteria within a finite range of the boundary V. We provide an estimate
on the overall weight these criteria have, see Lemma 5.19, and then apply the Gibbs
consistency relation in order to achieve our percolation result as in Section 5.2. We
therefore start by proving that there is at least one Gibbs measure, and then prove
the existence of multiple Gibbs measures via the random-cluster representation and

Proposition 5.18.

Proposition 5.17. There exists at least one Gibbs measure for the Delaunay Potts

model given by the Hamiltonian in (4.13), for every z,3 > 0.

Proof. Once again, we apply Corollary 2.2 and Remark 2.5, as in Proposition 5.5.
The only difference this time is that cj =K+ 1. O

Define the square cell
A(i) := [-3L/2,3L/2)* +3Li, i€ Z? (5.96)

for some L > 0 such that
Ro < L <V2ry. (5.97)

It is possible to choose such an L due to assumption (4.16). This also ensures
L > 2rqy. Note that A(:)NA(k) = () fori, k € Z2,i # k. Let I C Z? be an appropriate
index set and let I be finite. Let A € Br with specific partition A = U;c;A(7). Let
each A(7) be divided into 9 boxes,

Vi(j) == [-L/2,L/2)* +3Li + Lj, iel, je{-1,0,1}% (5.98)

Note that V;(j) N V;(k) =0 for j,k € {-1,0,1}%, j #k and i € I.
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Proposition 5.18. If for a given p; € (1 —po,1), and for

2
1
p1q©

(p1 +po — 1)(Ro — 2r9)?’

B > log{lJr(q2 — 1)(1_]1)0)@ },
1= (1 —po)m0

o 1608K

there exists a Ko = Ko(B,q,70,71,p1) > 0 such that for K > Ky, there exists a > 0
such that

/ 4O Naore > a,

/CAX,7 ’

for any A = A(i) C A.

Proof. Proposition 5.18 follows from Lemmas 5.19 - 5.22 below. O

For any admissible configuration w € © and some box A = A(i) C A, define
Enw CKa,

Enwi={& € Ka: Gua € Q876N Vi()| > 0, ¥j € {~1,0,1}2\ {(0,0)}}.

Lemma 5.19. For any A C A, let w € Q and { € Qp be configurations such
that Cwpe € Qi\’z and k € QA be such that kK(acwpae € Q*A’Z. There exists some
p1 € (1 —po,1) and Ko = Ko(B,q,r0,71,p1) > 0 such that for any K > Ky,

MA,w;A,C(EA,CwAc ) > P1-

Proof. For a configuration x € Qa, let £ := &, € KA. Since H%vw(C) depends only
on &, we emphasise this dependence by writing HKW(Q).

MA,M;A,C(EA,COJAC) = 1 - MAzwaAzg(EcA7CWAC)

1
ZA7<0JAC T ]CA
% qK(H,CAcUJAC,T) e_BHXVCWAC (€ ]1{5 c ECA,Q,,;AC}
e K z/q
>1- Zz,q Hrlacwne (dT) HA (dé')
A,CWAC y K:A
e D e € 1, ) (5.9
A4
>1—e PEqgms (5.100)
Lo
>1—ePEgmi . (5.101)
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S0 Mp w:nc(EA ¢uwye) > p1 holds for all

1 . mgl +1
K> Blog{ T } =: Ko(B,4,70,71,P1)-
Note that (5.99) holds because if £ € ER ¢wyes then there is at least one micro-box
V C A that contains no particles. Therefore there is at least one edge of length
greater or equal to L, hence greater than Ry. Therefore, due to the long-range

repulsion in the background interaction,

HK,CWAC (SC) > K’
which gives (5.99). For £ =&, € EX Cope?

A
K(K,CACWAC,T) S % + 17
where K(-, ) is the function determining the number of connected components.

This gives (5.100). We have (5.101) because |A| = 9L? < 1872, due to (5.97). O

Lemma 5.20. For any A € Bg, let w € Q, ( € Qp and x € A\ & be such that
Cwpe € Q27 and Cwpe U ({x}, {ug}) € QN for any uy € S. Then there exists some
a1 > 0 such that
hA,w(fC U {1‘}) >
haw(&)
Proof. As in the proof of Lemma 5.9, we still have ¢(d) = 0 for 6 > 2r; and
Yo(r) = oo for r < rg. The fact that ¢(r) = K for r > Ry does not matter as we
are considering the number of clusters drawn by the hyperedge distribution, which
is independent of the background interaction. We rely on the hard-core condition
to ensure there is a maximum number of particles within a bounded region, but
the finite range assumption on the type interaction means we need not consider the
infinite range assumption of the background. Therefore, we again find
4rr?
> —_
K(Cwpe, Ty UTy) — K(Cwpe, Th) < 0,

K(Cwpe U{x}, Th UTy) — K(Cwpe, Th)

and

haw(€ Uz} . -4
e Z U > 0 =1aq >0, 5.102
hA,w(éC) ! ( )

as required. O
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For a meso-box A = A(i), comprising 9 micro-boxes V;(5), j € {—1,0,1}2,
we denote V as the central micro-box V;(0,0). Note how the following lemma
compares with the analogous Lemma 5.10 in Section 5.2. We now condition on the

configuration outside the micro-box.

Lemma 5.21. For all cells V = V;(0,0) C A(i) C A, let w € Q and ¢ € Qy be
configurations such that Cwpe € Q2 and k € Qa be such that kCacwpe € Q57 and
&k € Eacwye CKA. Let p1 € (1 —po, 1) be given. If

p1q "o
(p1+po — 1)(L — 2rg)?’

eS,BJLK

then

0 1 —po
MA,w;@,HCAcqﬂ > 1) > " s

where é = &r € Ky is the set of positions of some configuration i € Q¢ such that

~ V,z
RigeCacwpe € (b

Proof.

My %7 meac (€1 = 1)

MA,w;ﬁ,nCAcqg‘ = 0)
~BHY ©

Jice 16 nepeunne (E)e " Vrcacene U I{|E] = 1} T (de)

[ <é>e*5H3r~<mc O 141 = 0y 11 ag)
ez fohg e (e s g
g O i HIE = 0} TI(d)

Az o he epvy. ((2)e . é“%cw({x}) dx

q h@,gw,\c (@)6*2‘@|/f1

- 2 /% eXp ( /8 g HCACWAC ({$})) v KCAEWAC(

V IQCA(‘UJAP

> 2 [avew(— 98, () do

z
> gal A exp( B gKCMwM({x}» dx
oro
> ¢t 2|V & rol exp{—8BJLK}, (5.103)

{z})
()dx
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where Jp, is the maximum number of points that can fit in an L x L box. (5.103)
holds because if x € V& ro and & € FA ¢u,., then the distance between x and any

points of K¢ (acwe is greater than rg, and x has at most 8.J1, neighbours, hence

P — _
A ipeine ) = > )
(y,uy)Ergelacwpe:
{(@us),(y,uy) EEQ? (wus) UrgeCacwic)

< 8JLK7

for any u, € S. Using (5.103),

88JL K
o~ e
< q

M, < =0 < —- 5.104
A,UJ,V,KCAC(|£| ) 041Z|V @TO| ( )
X g eSBILK
- M, < >1) > —-_— 5.105
A,UJ,V,RCAC (‘§| ) Oélz‘v @ 7'()‘ ( )
1—
S (5.106)
P
which holds if p; > 1 — pg and
el 1=
12|V © ro| pr
which is given if
. p1g ek
a1(p1 +po — 1)(L — 2r9)%
Note that since L > 2rg, we have |V & ro| = (L — 2rg)? > 0. O]

Lemma 5.22. Let p; € (1 — po, 1) be given. Then for

47‘%
= +
P10

(p1 +po — 1)(Ro — 2r0)?’

2 s
5 - log{mq ~ (=) }
1= (1 —po)Ts0

1
o 1608K

there exists a Ko = Ko(B,q,70,71,p1) > 0, such that for K > Ky and the given

values of z and (B, there exists ag > 0 such that
CYL({A «— AY) > as,

for any A = A(i) C A.
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Proof. Let V = V;(0,0) for any i € I. Fix p; € (1 — po,1). By Lemma 5.21, if

4r% +1

prgTo
(p1+po — 1)(L — 2r¢)?’

SBILK

then for all admissible configurations w € €1, ( € ), kK € Qa such that & € Ea ¢u)e,

we have
1 —po

My o e (61> 1) > o (5.107)

where é = &k € (lg is the positional configuration of the marked configuration
k€ Qg. Let

Ap={€€eka: [ENVi(j)] > 1,V € {~1,0,1}*}.
The aim is to find a lower bound for My :.a ¢(Aa). Let
Ag ={{ ey [€| =1}

So we have the set Axn C Ka of (positional) configurations in A such that every
micro-box of A contains at least one particle; the set Ea ¢n,. C Ka of configura-
tions in A that are admissible with the boundary (wae, and contain at least one
particle in each micro-box apart from the central micro-box @; the set Ay C Ky of
configurations in the central micro-box of A that are non-empty. If a configuration

K € Qa is admissible with some boundary condition (wpe € €2, then:
€ € Eagune, &sNV € Ag = &, € An. (5.108)
Let £ =&, €Kaand E=¢; € K¢. From (5.107) and Lemma 5.19, we have
/,c ) / {é€ge € ANYMy i eno (AE) M i ¢ (d€)

/IC / H{ffvc € A N Ea CWAC} Aw;V,5Cac d&)MA,w;A,C(dg)

1
> ( plpo) "1
=1-—po, (5.109)
47‘% 1
gt eSPILK
forall z > 5 and K > K.

(p1 +po — 1)(L — 27)
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We can apply Lemma 5.8 to see that

/}C ]I{f S AA}MA,w;A,C(dé-)

B / / H{ééﬁc < AA}MA,W;@,KCAC (dg)MA,w,A,g(dé.)
Ka /K¢

(5.110)
Combining (5.109) and (5.110), we therefore have the desired lower bound:
Mpwac(Aa) > 1 —po. (5.111)
Let A; := Ap(;) and
B ={r € Qpp): & € Aj and Vo € &, uy = 1},
As in Lemma 5.11, we have
g > 1og{le ¢ - )d _60)9% }
1—(1—po)®
— § > (1-po)¥E. (5.112)

We have established that we require L > Ry so that Lemma 5.19 holds, and L > 2r¢
so that |V & rg| > 0. We now explain why we require the assumption that L < v/2r
in (5.97). If 2L < v/2ry then §(7) < 2r; for any hyperedge 7 € £P3(Cwpe) for a
configuration with at least one point in each micro-box. This relies on the property
that the circle circumscribing any Delaunay triangle contains no other points of the
configuration in its interior. Therefore the probability of the hyperedge 7 being open
under the hyperedge drawing mechanism fi¢y,. is p # 0. Let w” := w(a@)ewne € Q.
We have

CZ’(qi),CwAc (BZ) = MA,w;A(i),( (dé-'{) xSCA(i)C"‘)AC (dw,/) H{H' e Bl}
ICA(Z) Q

M ngiy.c(dés) pIo1I{E € Aj}

Kag)
> (1—po)p™r
> (1—po)°
> 1—2pg
> piite(Z2). (5.113)
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If B; and Bj occur for two neighbouring boxes A(i) and A(j), then we are able
to connect any point of V;(0,0) to any point of V;(0,0) via hyperedges that are
completely contained within A(i) U A(j). We can compare each box A(7) to the
site i € I C Z? (recall I is the index set defined to partition A into meso-boxes).
From (5.113), we know that the probability of each box A(7) satisfying B; is greater
than the critical probability for site percolation in Z2. Therefore, we have a positive

probability for a path of neighbouring boxes A(7) satisfying B;, hence
CRLHA = A} > as, (5.114)

for some ag > 0 and any A = A(7). This holds for p; € (1 — pg, 1) and any

Z b
(p1+po — 1)(L — 2r)?

PN 1Og{1+<q2 —1)(1 - po) ™z }

1
1—(1—=pg)%t

K > K,

where Ky = Ko(8,q,7r0,71,p1) > 0 is established in Lemma 5.19.
To minimise the above bound on 3, we pick L so that J;, is minimised. Recall
that L € (Ry,+/2r1). Since we assume Ry < (v/197)rg, we have

R2
JilL=ry = [777«02] +1 < 20. (5.115)
0

T
T+ 4/ 1+ =
R0>< + +8BK>T0,

the bound for z is minimised when L is minimised in (Ro,v/2r1). This gives the
desired bounds. O

Because

Now we complete the proof of Proposition 5.18 by the same argument as at the
end of Section 5.2, with the observation that

~ wpe, T
Mo (dgo) / Figpe (AT)T{A 225D pcy
Ka T

> MA,w(d‘EC)/ S\C"JAC (dw’) H{C U wpe € DA,A},
ICa Q

as site percolation implies tile percolation (for example, see [Grim94]).
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5.6 Infinite-range background interaction with pairwise type inter-
action (Theorem 4.5)

This model is a version of the model discussed in Section 5.5, but purely for edge
interactions. The proof for Theorem 4.5 therefore follows the exact same structure
as that for Theorem 4.4, with some minor alterations, which we will now discuss.

Let A = U;erA(i) where, A(7) is defined by (5.96) and let V;(j) be defined by
(5.98) where

2
Ry<L< {7’1. (5.116)

We use the notation E for a set of edges, replacing the general hyperedge set H in
Section 3.2. Definitions (3.1) and (3.2) are replaced with

Fre = {6 CR%:¢is aset of 2 distinct points}, (5.117)
Exn = {£€Ep2: £ C A}, (5.118)

for any measurable A C R?. We also define

& :={FE C Ep2 : FE is locally finite}.

So the definitions of My o,, M ..v ¢ and ué‘a\c are as before, replacing T and .7 with

FE and &, respectively. A crucial difference between this proof and that presented
in Section 5.5 is the definition of fi¢,,,.. We now let fis,. denote the distribution of
the random edge configuration {n € EP?((wac) : 4, = 1} € &, where () neeP2 (cwpe)

are independent {0, 1}-valued random variables with

1—e B
Prob(f, = 1) = j: ‘

= T =7 (5.119)

when |z, — y,| < 71, and Prob(¥, = 1) = 0 otherwise. Note how this compares to
the definition (5.44). The reason for this slight adaptation is so that uéfgm = fitwpes
which we prove in Lemma 5.25, below. This new definition of p also applies to the
definition (5.45) of 5\<w rc- We now prove Theorem 4.5 by proving Propositions 5.23

and 5.24.

Proposition 5.23. There exists at least one Gibbs measure for the Delaunay Potts

model given by the Hamiltonian in (4.17), for every z,3 > 0.

Proof. The proof follows precisely the same argument as the proof for Proposition
5.17. O
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Proposition 5.24. If for a given p; € (1 —po,1), and for

1
7‘2
plq 0

(p1+po — 1)(Ro — 2r0)?’
PN 1Og{1+<q—1><1—po>éo}

1—(1-po)ms

1
o 1608K

there exists a Ko = Ko(B,q,70,71,p1) > 0 such that for K > Ky, there exists a > 0
such that

/ 4O Naore > a,

/CAX,7 ’

for any A = A(i) C A.

Proof. Proposition 5.24 follows from Lemmas 5.25 - 5.29. O

Lemma 5.25. For all ¢ > 2, ( € Qp and w € QQ, we have ung)Ac = flcwpe -

Proof. The proof of Lemma 5.25 follows exactly the same argument as the analo-
gous Lemma 5.7 of Section 5.2. We now mention how the slight adaptation to the
definition of p affects the proof. The definition of £ now becomes & := 5/]\)2 (Cwape),
since we are dealing with Delaunay edges 7, rather than triangles 7. Claim (5.47)

is replaced with

b1 > D2
(1 —p1) = @1 —p2)

Q=g q 21, = lprgr 7 Ppages (5.120)
which follows by the same argument, noting that [£,| = 2. We can then apply
(5.120), taking p1 = pa(7), 1 = ¢, p2 = p and g2 = 1. We have ¢ > 1 and

pa(n) o P

q(1—pa(n) ~ 1-p’ (5.121)

for all n € EP2(Cwpe). Using (5.120) and (5.121), we have p'? = fic,,,. . O

Cwpe

We now prove that there is a positive probability of the event Ea ¢,,,. occurring

under MA,U-’;A,C'

Lemma 5.26. For any A C A, let w € Q and ( € Qp be configurations such
that Cwpe € Qﬁ}’z and k € Qa be such that K(acwpae € Q*A’Z. There exists some
p1 € (1 —po, 1) and Koy = Ko(B,q,r0,71,p1) > 0 such that for any K > Ky,

MA,w;A,C(EA,CwAc ) > P1-
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Proof. Crucially, the background interaction is still a function on the edges of the
Delaunay triangulation, so the proof of this theorem is the same as that for Lemma
5.19. The type interaction now acts on edges, but this does not affect the proof. By

the same method as in Lemma 5.19,

1
Mpwinc(Eacone) = 1= 253 / fr¢acwe (AE) / 11y (de)
ZA,CUJAC 7 ICA
_gH?
x gf(FCacwrc.B) ¢ PHA cupe ®) {€ € EX cupet
> P1,
18r%
7+1
1 q4‘rr'rO
forall K > —log =: Ko(B,4q,70,71,P1)-
B 1-p

O

Lemma 5.27. For any A € B, let w € Q, ¢ € Qp and x € A\ & be such that
Cwpe € QN and (wpe U ({z},{us}) € QN for any uy € S. Then there exists some

a1 > 0 such that
haw(e U{z})
e 0 |
hA,w (gC)

Proof. The proof of Lemma 5.20 follows the same structure as the analogous lemmas
e

. Cwe and EP? in place

of previous sections. Note that we write E:ixgtwAc’Eichcv

of T;X&JAC , T; cone® Lo cupe and ED3 | respectively.
The definition of the edge-drawing probability pp means that the edge distri-
bution on nggw is independent of the distribution on E;C .- Unlike the case for
;GWAC
hyperedges, we now have E;"thAc N E;FCWAC = (). Together with the fact that py (1)
is independent of pa(12) for any edges 11,72 € EP2(Cwpe), we have

’LLCWACU{I} (Aext N A+) = :ug},(éw/\c (AeXt) /’L;Cw/\c (A+>7

ext +
where Aext and Ay are events on {0, 1}E”C’<“’Ac and {0, 1}E“’C“’AC, respectively. We
find

haw(cU{r}) _ [ Bewpeufa) (AE) gK (ConeU{z}.E)
ha w(f() fbp Méwpe (dE) gK(Cuae.B)
K(CwpcU{z},E{UEg)

t K c,E +
fg M?;X@AC (dE1)q (Geone. ) fg’ Hg cone (dEg) 4 7K CwpcB1)
qK(Cwpc,B1UB?)

Je pgE o (AE) gK(Cwae.B) [ Hy cope (AE2) PRy
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Again, K(Cwae, F) is finite because the boundary condition implies K (Cwpe, F) —
KA (Cwpe, F) is constant. Because ¢g(r) = 0 for r > r1 and ¢y(r) = oo for r < ry,

we have
mr?
K(Cw/\c U {CC}, Ey U E2) - K(CwAca El) > _m,
0
K(Cw/\c, Ei U EQ) — K(Cw/\c, El) < 0.
Therefore ,
haw(eU{z}) _ -7
——————2=q " =1a1 >0, 5.122
hA,w(gC) ! ( )
as required. O

Lemma 5.28. For all cells V = V;(0,0) € A(i) C A, let w € Q and ¢ € Qp be
configurations such that (wpe € Qi\’z and k € QA be such that kK(acwpe € Q2 and
&k € Eacwye CKA. Let p1 € (1 —po, 1) be given. If

2

241
P1q"0

(p1+po — 1)(L — 2r¢)?’

oSBILK

then

: 1 —po
MA»W§@7'€CAC(|£| > 1) > m )

where f = &r € Ky is the set of positions of some configuration i € Q¢ such that

-~ V,z
RiigeCacwpe € (7.

The proof of Lemma 5.28 follows exactly the same structure as that for Lemma
5.21. This works because the proof of Lemma 5.21 does not feature the type inter-
action or (hyper)edge-drawing mechanism.

Note that the Gibbs consistency relation, Lemma 5.8, is satisfied for the model

described by Theorem 4.5. The proof is the same as we have

1 KCACWAC z
M winc(de) = =og— / icacune (dT) g FCaorsTI PR ().
A,CwAc

The fact that we are integrating over E instead of T' does not affect the additivity

of the Hamiltonian energy, and therefore does not affect the proof.
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Lemma 5.29. Let p; € (1 — po, 1) be given. Then for

1
7‘2
plq 0

(p1+po — 1)(Ro — 2r0)?’
PN 1Og{1+<q—1><1—po>éo}

1—(1-po)ms

1
o 1608K

there exists a Ko = Ko(B,q,70,71,p1) > 0, such that for K > Ky and the given

values of z and 3, there exists as > 0 such that
CYL{A +— A}) > as,

for any A = A(i) C A.

Proof. By the same argument as in the start of the proof for Lemma 5.22, we can

apply Lemmas 5.26 and 5.28 to deduce the following. If

P1q"o
(p1+po — 1)(L — 2r)%’

5 - 10g{1+<q—1><1—pg>%}7
1—(1—pp)oz

oSBK L

z

then there exists a Ko = Ko(8,q,r0,71,p1) > 0, such that for K > K,

Ma w:a ¢ (Aa) > 1 — po. (5.123)
And once again, we have
CRly cone (Bi) > p2(Z7), (5.124)

for

5 s log{lJr(q—l)(l—po)g}L}

= 1
1— (1—po)z
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Therefore
CRL{A «— A) > as, (5.125)

for some ag > 0 and any A = A(7). This holds for p; € (1 — pg, 1) and any

7‘2

%

p1gqo

(p1 +po — 1)(L — 2rg)?’

5 > log{lJr(q—l)(l—plo)‘”L},
1 — (1 —=po)®e

1
oK

z

K > K,

where Ky = Ko(5,q,70,71,p1) > 0 is established in Lemma 5.26. By the same

argument as in the proof Lemma 5.22, we find the desired bounds for z and 5. [

Similarly to previous cases, we have
/ CY9(déc,dE) Nagae(Cwae, B) > CY9({A « A%}) > as,
]CAXé"
which completes the proof of Proposition 5.24.

5.7 Infinite-range triangle background interaction (Theorem 4.6)

The proof of Theorem 4.6 follows the same structure and arguments as Sections
5.5 and 5.6. We still keep the pairwise hard-core assumption on the background
interaction, but now there is also a background interaction on the Delaunay triangles.

Again, the proof is complete if we can prove Propositions 5.30 and 5.31, below.

Proposition 5.30. There exists at least one Gibbs measure for the Delaunay Potts

model given by the Hamiltonian in (4.20), for every z,3 > 0.

Proof. This proof follows the same argument as our other infinite-range background
models. O

Let A = U;erA(i) where, A(7) is defined by (5.96) and let V;(j) be defined by
(5.98) where, this time,
Do < L < V2. (5.126)
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Proposition 5.31. If for a given p; € (1 —po,1), and for

2
!
p1q'°

(p1 +po — 1)(Dg — 2r)?’

B > log{lJr(q2 — 1)(1_]1)0)@ },
1= (1 —po)m0

o1608K

there exists a Ko = Ko(B,q,70,71,p1) > 0 such that for K > Ky, there exists a > 0
such that

/ 4O Naore > a,

/CAX,7 ’

for any A = A(i) C A.

Proof. Proposition 5.31 follows from Lemmas 5.32 - 5.35 below. O

Lemma 5.32. For any A C A, let w € Q and { € Qp be configurations such
that Cwne € Q% and k € Qa be such that kCacwae € Q7. There exists some
p1 € (1 —po,1) and Ko = Ko(B,q,r0,71,p1) > 0 such that for any K > Ky,

Mp A (B cwpe) > D1

Proof. The background Hamiltonian in A with boundary condition w is given by

HY (O= > wollzg—wh+ D (1)),

NEEN? (Cwae) TEEN3 (Cwae)

where 1y and 19 are given by (4.6) and (4.22), respectively. For a configuration
K € Qa, let £ := &, € KA and recall that since H}fw(C) depends only on &, we can
write H}fw(fg). As in Lemma 5.18,

Mpwinc(Bagwye) = 1— =5 / frgpcwne (AT) / 1y (de)
ZN T Ka
_ P
x gfeaceneT) = MMacone O e € pg )

> 1 — ~/ MRCACWAC (dT) / HZA/q(df)
T Ka

« qK(nCAchc,T) H{§ e ECA,CwAc}a

since L > Dy implies HK cwone(§) > K for £ € EY ., .. The rest of the argument
hold precisely as in the proof of Lemma 5.19. 0
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Lemma 5.33. For any A € B, let w € Q, ¢ € Qp and x € A\ & be such that
Cwpe € O and Cwpe U ({z},{us}) € QN for any ug € S. Then there exists some

a1 > 0 such that
haw(§c U{x})
hA,w (fC) N

Proof. The hard-core assumption on the background interaction and finite-range

aq.

type interaction mean that the proof is exactly the same as that for Lemma 5.20,
with

4r

o

] = (q

T

on)

O]

Lemma 5.34. For all cells V = V;(0,0) € A(i) C A, let w € Q and ¢ € Qp be
configurations such that Cwae € QN and r € Qa be such that Kacwpe € Q27 and
&k € Eacwye CKA. Let p1 € (1 —po, 1) be given. If

4r%

T2

p1gq o
(p1+po — 1)(L — 2r¢)?’

1 ossILK

then

: 1 —po
MA,UJ,%,KCAC(|£| Z 1) > T?

where f = &r € Ky is the set of positions of some configuration i € Q¢ such that
fikig.Cacwpe € QY7

Proof. By the usual argument of applying the density quotient bound, Lemma 5.33,
we find

M R é = 1
T EOI Zq_l/ arep (= BHE ., () do
MA,w;§,n§Ac(|§’ = O) v ,§Cacwpc

IfrevVe ro and § := & € EA ¢u,., then the distance between z and any particles

of ;@-@Cg Acwae is greater than rg, and x has at most 8Jr, neighbours, hence

S dolle—yl) = 0,

(yyuy)EH@cCAchc:
{(@u2),(ysuy) FEE Q2 (wus) UrgeCacwie)

Z P2(8(n))

D
776'8@2 ((z,ue )UN@CCAC"-’AC ):
57193’3

A\
(00]
<
=
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and so

¥
H@,ncAcw,\c({w}) < R8JLK.
This gives
My o (€= 1) A
AwiV.ECac | A‘ > alq_lz\v O rolexp{—88J. K},
and the result follows as in Lemma 5.21. O

Note that the Gibbs consistency relation, Lemma 5.8, still holds. The proof

follows the same argument, with the observation that

HY o (E6ve) = HE o (©)
= > Yollzy — ynl) — > bo(lzy — )

7]6522 (’%HVCCACWAC) 7’]6552 (’%HVCCACUJAC)
Y () - ST ba(6n)
7—6523 (’%HVCCACWAC) 7'6553 (l%lichAchc)

depends only on the configuration outside V.
Combining Lemmas 5.34 and 5.8, we can use the same arguments as the pre-
vious sections to obtain Lemma 5.35. This completes the proof of Proposition 5.31

and hence Theorem 4.6.

Lemma 5.35. Let p; € (1 — po, 1) be given. Then for

ar2
a+
p1q°

(p1+po — 1)(Do — 2r0)?’
PN log{mq? - 1><1—po>1éo}

1
o1608K
z

1~ (1 - po)T

there exists a Ko = Ko(B,q,70,71,p1) > 0, such that for K > Ky and the given

values of z and 3, there exists as > 0 such that
CYL({A «— AY) > as,

for any A = A(i) C A.
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5.8 Infinite-range type interaction (Theorem 4.7)

In order to prove Theorem 4.7, we implement the usual percolation argument. This
requires Proposition 5.37 and proof that at least one Gibbs measure exists, see
Proposition 5.36. We are dealing with a type interaction acting on £P3, and so the
preliminaries and definition of the random-cluster model are very similar to those
in Section 5.5. The only difference is the definition of fi¢,,,.. We now have

1—e?

PI'Ob(’S/T = 1) = ]5 = I (q2 — 1)6—6’ (5127)

for any 7 € EP3(Cwae).

Proposition 5.36. There exists at least one Gibbs measure for the Delaunay Potts
model described by the Hamiltonian in (4.24), for every z,3 > 0.

Proof. We can again apply Corollary 2.2 and Remark 2.5. The Delaunay hypergraph
structure means we have finite horizons, as in the previous sections. The type
interaction is infinite-range, but it is still bounded, so we still have cj =K +1 and
the result holds. O

Proposition 5.37. If for a given p1 € (1 —po,1), and for

161 ;160K
p1q6€60ﬁ

(p1 +po — 1)(Ro — 2r0)?’

2 o
5 - log{mq ~ (=) }
1= (1 —po)Ts0

z

there exists a Ko = Ko(8,q,70,71,p1) > 0 such that for K > Ky, there exists a > 0
such that

/ O3 Naire >

ICA><§ ’

for any A = A(i) C A.

Proof. Proposition 5.37 follows from Lemmas 5.38, 5.39 and 5.40 below. 0

The type interaction is no longer finite-range, so we cannot use the same argu-

ment for the density quotient estimate. Instead, we condition on the event Ea .
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Lemma 5.38. For all cells V. = V;(0,0) C A(i) C A, let w € Q and ¢ € Qy be
configurations such that Cwae € Q*A’Z and Kk € Qa be such that K(acwpe € Q*A’Z and
& € Eacwpe C KA. Let x € V such that KgeCacwae U ({z}, {us}) € QY- for any
u, € S. There exists a; > 0 such that

> aq.

V JkCAcwpC ({ })
(0)

V HCACUJAC

Proof. Similarly to the previous density quotient estimate lemmas, we have

/:? lu’H@cCAchcU{x} (dT) qK(HﬁcCAchcu{xLT)
¥ K(kgelacwpe,Th
- /7 'UJ; ’gchAchc (dT1)q (kgelacwae,Th)

n qK(K@CQAchCU{I},TluTQ)
X /? ’uI,Kﬁchchc <dT2)

qK(Fv@c Cacwae,Th)

and
/ Mg eCacwpe (dT) qK(H@CCACwAch)
T v
- /y 'u;X;VL CAcwpc (dTl) qK(H@CCAchchl)
_ qK(”@CCACUJAC,TlLJTQ)
8 /7 M%H@CCACWAC (dT2) qK(:‘i@ccAchc ,Tl)
Therefore,

qK(HﬁcCACWACU{CC},T)

VK/CACWAC ({ }) _ fﬂ MH@C(ACWACU{I}(dT)
( ) fy ’u"@@cCAchc (dT) qK(K’@CCACWAC,T)

- (/:? MzX;VCCACUJAc (dTl) qK(K'ﬁcCACwAC’Tl)

V HCACUJAC

K (kg eCacweU{) TiUTy) )

+ q
X /7 lu’xdi@cCAchc (dTZ) K(K@CCAchc7T1)

q

’ ( /7 MZX’EVCCAWAL (dTr) g (rgelacwre,Th)

_ qK(“@cCAchc,TluTg) -1
X /,7 Nx,n@cCAchc (de) qK(”@CCACWAC:Tl)
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We have arrived at the same problem of finding a lower bound and an upper bound

for
K(H@CCAchc, Tl) — K(K@CCAchc U {x}, Thu Tz)

and
K(K@CCACWAC U {J}},Tl @] TQ) — K(H@CCACWAC,Tl),

respectively. As before, we know that K (k{acwae,T') is finite. Since we still have

the hard-core assumption and &, € Ea ¢w,es
K(K@ccACWAC, Tl) — K(”@cCACWAC U {:E}, U Tg) > —8Jr,. (5.128)

The inequality (5.128) holds because if there is just one particle at position z in
the central box V, and the positions &k inside A satisfy Ea ¢o,., then each of the
8 surrounding boxes of V must contain at least one particle and no more than Jy,

particles. Since

K(’{ﬁCCAchC @] {:E},Tl U Tg) — K(K@CCACWAC,Tl)

is no greater than the maximum number of clusters that can be removed by adding
a particle at position x € V into the configuration KgreCACWAS, left hand side of
(5.128) is minimised when & is such that each of the micro-boxes surrounding V

contain Jy, particles. This gives

VNCAchc (E )}) q_8JL — g > 0. (5129)

V I{CACLUAC

O]

Lemma 5.39. For all cells V. = V;(0,0) C A(i) C A, let w € Q and ¢ € Qy be
configurations such that Cwae € Q*A’Z and Kk € QA be such that kK(acwpe € Q*A’Z and
&k € Eacwpe CKA. Let p1 € (1 —po, 1) be given. If

o q8JL+le8BJLK

(p1+po — 1)(L — 2r9)?’

then

2 1 —po
MA,W,%,HCAC(|£| Z 1) > ?
b1
where é = &r € Ky is the set of positions of some configuration i € Q¢ such that
RkgeCacwpe € QY.
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Proof. The proof holds exactly as in Lemma 5.21, with the observation that

Zalv

V Jklacwpce ({ })
)

V HCACLUAC
when the positions of k € Qa satisfy §x € EA ¢uye- O

Lemma 5.40. Let p; € (1 — po, 1) be given. Then for

161 ,1608K
p1 q101e1608

(p1 + po — 1)(Ro — 279)?’

B > log{lJr(q2 — 1)(1_]1)0)@ },
1= (1 —po)Ts0

z

there exists a Ko = Ko(B,q,70,71,p1) > 0, such that for K > Ky and the given

values of z and 3, there exists as > 0 such that
CYL({A «— AY) > ag,

for any A = A(i) C A.

Proof. The result follows by the exact same argument as the analogous Lemma 5.22
in Section 5.5. We apply Lemmas 5.38 and 5.39, as well as the Gibbs consistency
relation. We optimise the bounds over L to find the required bounds. O

We complete the proof of Proposition 5.37 via the usual argument to find
/ 5 Cii(dgc, dT) NAAe (CwAc, T) > ai’z)({A — AC}) > o,
Kax9

(9)

which holds since we have stochastic domination of Piiope OVET flgu e
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6 Numerical Analysis

We now present some simulations of the Delaunay Potts model, with infinite-range
background interaction and pairwise type interaction, of Section 4.2. The aim of this
section is to accompany the result in Theorem 4.5. It is important to stress that the
simulations do not provide any definitive proof of a phase transition, this was done
in Section 5.6. By varying the values of the parameters z and 3, we observe what
effects these parameters have on the model. In particular, we see that the values
of these parameters are critical in determining whether or not a phase transition
exists. This section provides the reader with some visualisations to give an idea of
how the model behaves, but it only serves as an accompaniment to the main result.
So instead of analysing simulations of every model of Section 4, we just provide one
example; the focus of this entire section is the model described by the Hamiltonian
in (4.17). For simplicity, we analyse this model for ¢ = 2.

The approach we adopt is that presented by Geyer and Mgller [GM94], also
utilised by Bertin et. al [BBDO04] for their finite-range continuum Potts model.
Simulations are obtained by defining an appropriate Metropolis-Hastings algorithm.
We do not go into details regarding the origin of the algorithm introduced by Geyer
and Mpgller, we just state the algorithm defined in terms of our Delaunay Potts
model. The simulations we obtain are not samples of the equilibrated dynamics for
the model but visualisations of the dynamical evolution, which gives an indication
of the phase transitional behaviour.

The following algorithm describes a Markov chain that converges to the desired
particle distribution as the number of iterations IN > 1 increases. It is defined
for some bounded region A € Br and external boundary region A” € Bg, where
A" := (A@®r)\ A for some r > 0. The algorithm is given by steps 1 and 2, below.
Before presenting the algorithm, we provide the reader with a brief description of
how the algorithm generates the particle configuration, see (a)-(e).

The algorithm generates a marked configuration ¢) in the box A, given some
boundary condition wy, and initial (empty) configuration ¢(?) inside A. Step 1 of
the algorithm fixes the boundary condition wy» and initial configuration ¢(?). Step
2 is iterated N times and produces the configuration ¢(V). After the nth iteration, a
configuration ¢(™ inside A is produced. This configuration is based on the boundary
condition wpr and the configuration in A at the (n — 1)-th step, ¢~V If ¢(»—1

contains no particles, then ( (n) either
(a) remains an empty particle configuration, or

(b) becomes a single uniformly distributed particle inside A.
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If ¢(=1) contains at least one particle, then ¢(™ is formed by either

leaving ¢~ unchanged, or
deleting a randomly chosen particle of ((*~1 or

creating a new uniformly distributed particle at position x € A\ §<(n_1), and
adding this particle to the configuration. Recall that {:»-1) is the point cloud

of the marked configuration ¢(™~1).

For configurations w € €, ¢ € Q4 and a marked particle (x,u;) € (A\ &) x S, let

V(z,Cwae) = H(Cwre U ({a},{us})) — H(Cwae)
= Y (v +omw)

+
neEm,chc

- Y (s +emw)

neE; Cwpe

be the energy required to insert the marked particle marked (x,u,) into the config-

uration (wpe. In the above expression, recall that E;CWAC and E;CWAc are defined

in Section 5.6:

B, = EP2(Cwae U({z} {ua}) \ EP2(Cune),
B = EP2(Cwne) \ EP2(Cwne U ({a}, {ua})).

The algorithm is defined as follows:

1.

Fix some admissible configuration in the external boundary region, where all
particles are assigned type 1. This is the wired boundary condition. We denote

this boundary condition as war. The initial configuration ¢(?) inside A starts

off empty, §q0) = 0.

Construct the configuration ¢(N) by repeating steps 2.1 - 2.3, N times. For
n=1,...,N,

2.1. Randomly choose a number p € [0, 1] according to the uniform distribu-
tion U[0, 1].
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2.2. Particle deletion. If p < 1/2,
(i) choose z uniformly in Eetn1);

(ii) choose p ~ U0, 1], and if

‘Q(nfl) |

p < min {1, Y exp {V(%C(nl)wm \ ({z}, {Ux}))}}’

then let (™ := ¢("=V\ ({z}, {us}), otherwise () := (=1,
2.3. Particle insertion. If p > 1/2,
(i) choose z uniformly in A\ et
(ii) set u, = 1 with probability 1/2, otherwise set u, = 2;
(#i) choose p ~ U|[0,1], and if

. . z|A e
p < min {1, ‘gc(”_‘nﬂ“exp{ — V(x,g( me)}},

then ¢ := ¢~y ({z},{uz}), otherwise ¢ = ¢n=1),

The above algorithm is applied to produce the simulations shown in Figures
6.1 - 6.9. Three separate simulations are observed for different parameters, and the
time evolution of each system is illustrated. In each case we take r1 = 30, ro = 5,
Ry = 20, K = 0.25, and observe the affect from varying the activity z and inverse
temperature 3. We take A = [100,600]?> and r = 100. So the boundary is fixed in
[0,700]\ [100, 600]2. Type 1 particles are plotted as empty discs and type 2 particles
are solid discs. We take N = 50,000, the plots show the configurations ¢(V) inside
the box A and the state of the system ¢ at n = 15,000 and n = 30,000. It is
important to note that none of the figures are direct samples of the Gibbs measure.
As the number of iterations increases, the samples converge to a stationary sample
from the specified Gibbs measure for the given parameters. We show up to 50,000
iterations.

Figures 6.1 - 6.3 show the time evolution in the system for z = 0.04 and
B = 1. As the number of iterations increases, we see an illustration of the dynamical
evolution leading to phase separation, clusters of type 2 particles amongst a sea of
type 1 particles. Due to the wired boundary condition of type 1 particles, we see
that type 1 particles dominate and over time the type 2 clusters slowly shrink. This
is what we expect to see when a phase transition occurs, as discussed in Section 3.
However, these figures do not show a typical sample from this Gibbs measure. The

more iterations we take, the more the configuration will resemble a typical sample.
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One can see in Figures 6.4 - 6.6 that if we lower the inverse temperature [,
the model behaves differently; neither one of the particle types dominates and there
appears to be an even distribution of types 1 and 2 throughout A. Both types are
present and mixed at all observation times. This implies that there is only one
Gibbs measure for the system, and a phase transition does not occur when the
inverse temperature is lowered.

Now consider reducing the activity z, see Figures 6.7 - 6.9. The low density
of particles means there is no clear percolating path, and both particle types are
present and mixed for all observation times with neither type dominating. This

indicates that a phase transition is not present.
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Figure 6.1: z = 0.04, 8 = 1; 15,000 iterations.
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Figure 6.4: z = 0.04, 8 = 0.2; 15,000 iterations.
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Figure 6.5: z = 0.04, 8 = 0.2; 30,000 iterations.

108



Figure 6.6: z = 0.04, 8 = 0.2; 50,000 iterations.
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Figure 6.7: z = 0.007, 8 = 1; 15,000 iterations.
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Figure 6.8: z = 0.007, 8 = 1; 30,000 iterations.
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Remark 6.1. One may notice that the system appears to have a lower density of
particles for early observation times (i.e. lower number of iterations). This is due
to the insertion/deletion nature of the algorithm, and the fact that the initial con-
figuration ¢(©) inside A starts off empty, so it takes a lot of iterations to reach the

specified activity z.

Remark 6.2. Note that although we are demonstrating the existence of a phase
transition in our model, we are not doing so for z and 3 satisfying the bounds in
Theorem 4.5:

1
1+ (q— 1)(1 — py) ™

B > logdFla=bU=p)® |
1—(1—po)Tso

2t 608K
pigo e 33 280
~ 277e”

(p1+po—1)(Ro — 2r0)?

where ¢ = 2, r1 = 30, r9g = 5, Ry = 20 and K = 0.25. The constant pg is given
by (4.1) and we have p; € (1 — po,1). This bound for z is extremely high and
therefore graphical simulations are unfeasible using the above bounds. However,
running simulations for lower values of z and 8 can still be used to support our

main result, which is that a phase transition exists.

Remark 6.3. Recall the assumptions on the model parameters,

m \/5
1 1+ — 1 —
< + 4/ +8ﬁK)T0<R0<(\/ 97r)r0 and Ry < 5 r1,

see (4.16). Note that we choose r1 = 30, 7o = 5, Ry = 20, K = 0.25 and 8 > 0.2 for

the simulations, values which ensure these assumptions are satisfied.

Remark 6.4. Using numerical simulations it is possible to find an expected phase
diagram of the model. This could be done by running many separate simulations for
different values of z and 5. However, when z and [ are close to the critical values,
it can take millions of iterations before phase transitional behaviour is observable,
for example see [BBD04]. However, it is not feasible to run this many iterations to

find a phase diagram.
Remark 6.5. The simulations have been produced using MATLAB. In the pictures, it

looks like the particles sometimes overlap. Note that the program used to perform
the algorithm plots the particle positions as discs with a diameter larger than 5.
Therefore the slight overlapping of the discs does not correspond to violation of the

hard-core condition, the centres of each disc are at least 5 units apart.
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7 Conclusions

In conclusion, we have shown that phase transitions occur for a class of continuum
Potts models with geometry-dependent interactions. These are models where the
interaction between particles occurs via hyperedges of the Delaunay hypergraph.
Each particle can take a mark from a finite mark space. The choice of mark is
dependent on the geometry and marks of the neighbouring particles. The originality
in our work is showing that phase transitions exist for continuum systems of marked
particles where the particles interact geometrically, as opposed to in pairs. Our
tool for achieving this result is the adaptation of the random-cluster representation
for multi-body continuum interactions. Using this, we show that multiple Gibbs
measures exist for our models.

We find that for each model, a phase transition occurs for sufficiently large
activity and sufficiently small temperature. In each case, there must be a pairwise
hard-core interaction between any two particles sharing a Delaunay edge. The in-
teraction between marked particles can either be described by an interaction on the
Delaunay edges or an interaction on the Delaunay triangles. In the former case, in-
teraction occurs whenever the particles are of opposite type. For Delaunay triangle
interactions, there is type interaction whenever the three particles have not got the
same type. The former case has been investigated by Bertin et. al. [BBDO04], but
only for a finite-range background interaction.

We consider a pairwise background interaction between any particles sharing
a Delaunay edge or triangle. We show that a phase transition exists when there
is hard-core interaction between small edges; for larger edges or hyperedges, the
background may either remain zero (see Theorem 4.1) or take some finite value (see
Theorems 4.4 - 4.7). The latter case results in configurations with a more even
density of particles, since large edges are penalised. It also means that for a phase
transition to occur, the activity must be higher. The argument behind this is that a
more even density means more consistency in the size of the Delaunay triangles, and
therefore there are fewer small triangles with high repulsion between opposite types.
We also see that the strength and range of repulsion for large distances affects the
activity required for a phase transition, as can be seen from the presence of K and
Ry in the activity bounds in Theorems 4.4 - 4.7. We can see that if the repulsion
is high then a higher activity is required to maintain a phase transition, and if the
repulsion is only for very long edges, then a lower activity is required.

Our simulations help to demonstrate to the reader why a higher activity leads

to a phase transition. If there is a higher density of particles, then there is higher

112



chance of a percolating path. In the main results of Section 4, we find bounds on
the activity and inverse temperature that state how high these parameters need
to be in order for a phase transition to occur. These bounds are in terms of the
other parameters of the models, and give some indication of how the parameters of
the model affect the critical activity and critical temperature. Although the reader
should note that these bounds do not show the exact critical activity and critical
temperature, so the parameters may not actually affect the critical values directly
in the way that our bounds suggest. Our findings come from the different methods
used in Section 5 to produce the bounds. In every case, we see that allowing the
particles to take a wider selection of marks means that the activity must be higher
in order to maintain a phase transition. This can be seen through the presence of ¢
in the bounds on z in the main theorems.

We also discuss a geometry-dependent model that favours equilateral Delaunay
triangles. This contribution to the energy is negative, decreasing for triangles that
resemble an equilateral shape. In Theorem 4.3, we find that this negative interaction
means a higher activity is required to maintain a phase transition, compared to when
the negative interaction is not present. However, favouring equilateral triangles does
not necessarily increase the critical activity. The bounds we find for the activity are
not critical thresholds and appear due to the techniques and bounds within the
proof, so may not correspond to the true behaviour of the system.

Besides the Delaunay graph, we also consider pairwise interaction according
to the lily-pond model. In Theorem 4.2, we find that a phase transition does not
occur in this case. For every model, we see that lower temperatures lead to a phase
transition. This is a common feature of particle systems in statistical mechanics.
The reasoning behind this is that higher temperatures mean the interaction between
particles is weakened, so there is less bias towards matching type particles being
together. For lower temperatures, the corresponding Gibbs measure has an intensity
which is closer to the given intensity measure of the reference process, which is the
Poisson point process with uniform mark distribution.

In every model, the type interaction must be strictly positive for small triangles,
i.e. triangles circumscribed by a circle with sufficiently small diameter. For larger
triangles, the type interaction can disappear or remain positive. We find that if
there is a wider selection of marks for the particles to take, then the temperature
must be even lower in order to maintain a phase transition. This can be seen by
the presence of g in the bounds on § in the main results. We also find that the
relationship between the number of marks and the temperature required for a phase

transition is different depending on whether the marked particles interact in pairs or
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triangles. This can be seen, in the § bounds of the main results, from the presence
of ¢? for triangle type interactions (see Theorems 4.1, 4.3, 4.4, 4.6 and 4.7) and ¢ for
pairwise type interactions (Theorem 4.5). The differences in the bounds suggests
that if marked particles interact in triangles, then the number of marks affects the
temperature required for phase transition more drastically than if they act in pairs.

Note that an infinite-range background interaction with a hard-core repulsion
can be viewed as an approximation to a polynomial background interaction. The key
difference between the polynomial background interaction and our approximation
is that the polynomial interaction is unbounded for long edges. This means that
additional techniques are required to those used in Section 5. The polynomial back-
ground interaction is desirable for describing particle systems as it gives an accurate
representation of how particles behave in natural systems; for example, the famous
Lennard-Jones potential [Jon24] is used to describe the intermolecular forces within
a gas. Multi-type geometric interactions could be useful for modelling interacting
molecules, where the particles represent molecules that interact via the geometry of
their positions. Another possible application of modelling marked particle systems
with geometric interaction is non-linear voter-type models, see Liggett [Lig99]. We
can allow each particle to represent a voter, where the mark of the particle repre-
sents the voter’s stance (e.g. yes/no). Allowing particles to interact geometrically
means that opinions can be influenced within groups as opposed to pairs. This has
been investigated Castellano et. al. [CMP09], who analyse the case where particles
interact with random multiple neighbours, the phase transitional behaviour depends
on how many neighbours are involved in the interaction. Using the results of the
present study, we could analyse the phase transitional behaviour of multi-type voter
models where voters interact within triads.

Further research in this area could be to investigate the possibility of removing
the hard-core assumption from the background interaction. Our results suggest that
a lower hard-core distance means a higher activity would be required for a phase
transition to occur, this can be seen from the presence of r in the activity bounds. So
we would expect that removing the hard-core assumption entirely would also require
a higher activity. Further refinement of the mark space is also an interesting topic
for analysis. We are using a finite mark space, and the uniform distribution for the
mark intensity. We have been looking at the simple case where the reference measure
is a product with the mark space. It is possible to analyse a mark distribution that
depends on the positions. The existence result (Theorem 2.1) could be extended for
different mark spaces and underlying mark distributions. One could also analyse

the effects of these changes to the existence of multiple Gibbs measures.
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In the present study, we focus on continuum models with underlying interaction
acting on the Delaunay hypergraph in two dimensions. However, our multi-body
continuum random-cluster model is defined in terms of any general hypergraph
structure. Therefore it is possible to investigate the existence of phase transitions
for continuum type interaction models with interaction on hypergraphs other than
Delaunay and in higher dimensions. The techniques used in the proofs of the main
theorems are specific to planar Delaunay models, and rely on partitioning continuous
space in order to compare to percolation on the square lattice. For d > 2, one may
formulate a random-cluster model for any given d-dimensional hyperedge model
using the theory of Section 3.2. This requires the interaction potential to depend
only on the hyperedges and for the type interaction to only act on hyperedges where
the particle marks differ, see (3.3). After formulating the random-cluster model,
one could show that a phase transition exists by applying similar techniques to the
proofs in Section 5. However, since these proofs are for planar Delaunay models, new
techniques would be required for other hypergraph structures and higher dimensions.
For example, proof of a phase transition for models in higher dimensions would
require results involving higher dimension site percolation on a lattice. The critical
site percolation probability for the square lattice with d = 3 has been evaluated
numerically as pfi*¢(Z?) ~ 0.3116; for example, see Grassberger [Gra92].

To summarise, we have shown the existence of phase transitions for a class of
Delaunay Potts models where the interaction can act on edges or triangles. Allowing
the marked particles to interact within triangles is an important and original feature
when showing the existence of phase transitions for our class of models. A key feature
of the present study is permitting the background interaction to take negative values
and to have infinite-range. The latter condition is a step towards analysing the case

where particles interact according to a polynomial distribution.
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List of mathematical notation

Below is a comprehensive list of the mathematical symbols used. Each symbol is
accompanied by a brief explanation and the page number where the symbol is intro-
duced. Commonly used mathematical notation is not explained. The vast majority
of definitions below are for marked particles. Note that in Sections 2.1 and 2.2,
some definitions can also apply to unmarked particle configurations. Throughout
the thesis, most symbols and abbreviations are uniquely defined. However, some-
times symbols may have different meanings in different sections. In these cases, the
multiple definitions are listed in the table below. The choice of definition should be

obvious from the context within which it is used.

Symbol Explanation p-
A(T) area of the interior of triangle with vertices & 42
I3 inverse temperature 8
Br Borel o-field on the set R 4
Bg Borel o-field on the set S 12
Bx Br ® Bs 12
B(7) open ball with positions of 7 lying on boundary 5
B(x,r) open ball centred at z with radius r 22
B closed ball 22
Cs stability constant 20
cr, clf uniform summability constants 20
ca, cj uniform summability constants with T' = IT'4 20
C(k) cell at position k € Z? after applying M to form 16
periodic partition of R?

C C(0) 16
Cry, random-cluster distribution 30
CBiuk+1,  central band of Ag; U Aggqy 75
d dimension of space

d(z,y) Euclidean metric 5
Dg interaction potential parameter 45
Daa set of all configurations such that A <+ A° and 76

particles in the component are of the same type

OA boundary of bounded region A C R? 5
OA(w) w-boundary of A 16
OAw intersection of w with dA(w) x S 16
oy, @ intersection of w with (AJT \ A,,) x S 54
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Symbol Explanation pP-
o(7) diameter of B(7) 5
O(zue) Dirac measure 12
A region of R? 16
Api meso-box of A 35
AZ,]Z micro-box of A 36
A7) [-3L/2,3L/2)% + 3Li 82
Ea event that every micro-box (other than the centre) 83
of A contains at least one particle
& hypergraph structure 4
ED2 Delaunay hypergraph structure (pairs) 5
EDs Delaunay hypergraph structure (triangles) 5
EB background hypergraph structure 14
ET type hypergraph structure 14
ECr locally complete hypergraph structure of finite range 21
E,Ifax lily-pond hypergraph structure 41
E(w) set, of all hyperedges 4
EPB(w) set of all hyperedges such that wy affects ¥(n,w) 14
ET(w) set of all hyperedges such that wp affects ¢(n,w) 14
Eg]%(w) hyperedges of £P3(w) intersecting CBj g1, 75
& set of all Delaunay pair hyperedge configurations 90
F, Fa o-fields 4
g interaction potential 14
Giw unmarked Gibbs distribution 7
Gy, marked Gibbs distribution 15
G, projection of Gibbs distribution onto A, 51
Yo (¢, 2) set of unmarked Gibbs measures that belong to g 8
Yo(v, ¢, z) set of marked Gibbs measures that belong to Zg 15
Y state of 1 under p¢,,,. 28
Yo state of 7 under fi¢y,,. 62
r measurable subset of Q¢ \ {0} 16
r set of all marked configurations whose restriction to 16
an arbitrary cell C'(k) belong to I' when shifted
back to C'(0)
r4 set of configurations ¢ € Q¢ such that { = {x} for 20
some x € ACC
ha Radon-Nikodym derivative of My, w.r.t. Pz/ (3 61
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Symbol Explanation pP-
H - formal Hamiltonian 14
- positions of open hyperedges 27
HY formal background Hamiltonian
H}/\),w background Hamiltonian in A with configurational
boundary condition w
Hf’w type Hamiltonian in A with configurational 14
boundary condition w
Ha, HY , +HS, 14
Hpa set of all possible hyperedges in R? 27
Ha set of all possible hyperedges within A 27
T set, of all hyperedge configurations 28
i(P) intensity of P 8
i"(P) h-intensity of P 13
I indicator function 7
I(Q1]Q2)  relative entropy of Q1 with respect to Q2 52
I*#(P) specific entropy of P 52
Jr maximum number of particles that can fit in an 39
L x L box under hard-core condition
K interaction potential parameter 43
Ky function of 3, q, 70,71, P1 84
K(&,,H) number of connected components in the hypergraph 30
(0 H)
K(w,H)  same as K(&,, H) 30
Kp(w, H) number of connected components in the hypergraph 30
(&w, H) completely contained within A
Kp(w,H) same as Kp(&,, H) 30
K set of all locally finite sets of R¢ 12
Ky set of all finite sets of R? 12
K marked configuration in A 48
L size of micro-box 39
Ly, {—n,...,n}d 51
Leb(-) Lebesgue measure 4
Acwne type-picking mechanism 28
5\@, Ac alternative type-picking mechanism 62
A region of R? 4
A" closed r-neighbourhood of A 16
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Symbol Explanation pP-
A" Uker, C(k) 50
Adr UyeBomi® +y, v € A} 103
M invertible d X d matrix 16
My distribution of particle positions 61
My v ¢ conditional distribution of particle positions in 61
V given configuration in V¢ relative to M}y
7 mark distribution 12
Hape hyperedge-drawing mechanism 28
Flcaspe alternative hyperedge-drawing mechanism 62
ué‘i}m distribution of Delaunay triangle hyperedges 61
S re hyperedge-drawing mechanism on T, 68
,u; Cupe hyperedge-drawing mechanism on T ; Cuwne 68
Ho Cuone hyperedge-drawing mechanism on TQ; Cuwne 68
n hyperedge (often used to denote Delaunay pair) 4
Ny number of particles within a finite box A ¢ R? 4
Na(w) number of particles of w within A 33
Na s(w) number of type-s particles of w within A 33
Naoa(w, H) number of particles of w within A that belong 33
to a component connected to A° in (&, H)
\Y micro-box of A 36
\Y central micro-box in A 85
vVaer r-minus sampling of V 71
Vi(j) [—L/2,L/2)* +3Li+ Lj 82
w configuration of (marked) particles 4/12
WA (marked) configuration within A 4/12
W C Uwpe 28
Q (marked) configuration space 4/12
Qy finite (marked) configuration space 4/12
Qa (marked) configuration space for configurations  4/12
within A 4/12
i set of all admissible configurations for bounded 15
region A and activity z
QA set of configurations that confine the range of A 16
Po (1 —p*(2%)/3 39
D1 constant in interval (1 — pg, 1) 83
pA(N) probability that 7 is open 28
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Symbol Explanation p-
pSi*e(Z2)  critical probability for Bernoulli site percolation 39
on integer lattice
D parameter in definition of fic,. 62
P probability measure on (€2, F) 8
P, probability measure on (9, F) 51
P, spatial averaging of P, 51
Pg, distribution of particle positions 27
P - Gibbs measure on (2, F) 8
- random-cluster representation measure 30
Aw probability measure on 2 x 28
Yo set of all ©-invariant probability measures on 8
(Q, F) with finite intensity
117 Poisson point process with intensity z 7
A Poisson point process projected onto A 7
=+ Poisson point random field on X with intensity 14
measure z Leb(-) ® p
I IT*Hopr) * 14
10) type interaction potential 14
oo - part of ¢ that only depends on position 27
- finite range triangle type interaction 40
o1 finite range pairwise type interaction 44
Y background interaction potential
(o negative part of ¢ 7
Uy hard-core pairwise background interaction 40
(0 infinite range hard-core pairwise background 43
interaction
Yo infinite range hard-core triangle background 45
interaction
Wtri equilateral triangle background interaction 42
pr projection from Q x JZ to 30
Pra projection onto A 7
q number of marks 17
r(A,w)  smallest possible r such that we can assume 16
OA(w) = A"\ A
rr SUP A cRd SUPef (A, w) 20
ro, T1 interaction potential parameters 40
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Symbol Explanation pP-
Ry interaction potential parameter 43
R R d-dimensional Euclidean space 4
(R,Bgr) measurable space 4
S mark space 12
Sp projection from 2 x 5 to IC x 30
f,)?w,\c set of hyperedges in £P3(Cwpe) not affected by 68
insertion of particle at position x
; e set of hyperedges not in £P3((wx<) that are created 68
by insertion of particle at position x
e Cune set of hyperedges in £P3(Cwpc) that are removed by 68
insertion of particle at position x
T set of all Delaunay triangle hyperedge configurations 58
T Delaunay triangle hyperedge 5
0 translation by vector —2 € R? 4
) shift group (V) cpra 4
uy mark of particle at position x € &, 12
X - phase space for marked particles 12
- event that the marks of particles are the same on 29
each connected component
X w-section of X 31
X, m)  set of configurations such that (w, H) € X 32
Ew set of positions occupied by a marked configuration w 12
577 set of k € Z? such that &, intersects C(k) 20
z intensity of Poisson point process 7
ZR - partition function associated to H}f’w (Section 2) 7
- normalisation constant for P§  (Sections 3-5) 27
Z/Z\’f; partition function associated to Hjy g, 15
Z/Z\,w normalisation constant for P 29
Zii normalisation constant for C/Z\’i 30
Z@?CWAC normalisation constant for My ..v ¢ 62
¢ configuration within A 4
Cwpe CUwpe
|A| Lebesgue measure of a finite box A
| number of particles in the hyperedge 7 5
[L] largest integer not greater than L 39
>~ stochastic domination 63
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