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Abstract

Surface active agents (surfactants) reduce the surface tension of fluid inter-
faces and, via surface tension gradients, can lead to tangential forces resulting in
the Marangoni effect. Biological systems take advantage of their impact on fluids
with interfaces, but surfactants are also important for industrial applications such
as processes of emulsification or mixing.

Surfactants can be soluble in at least one of the fluid phases and the ex-
change of surfactants between the bulk phases and the fluid interfaces is governed
by the process of adsorption and desorption. One can compute the interfacial sur-
factant density from the bulk surfactant density by assuming that the interface is
in equilibrium with the adjacent bulk phase and imposing a closure relation (known
as adsorption isotherm) between the two quantities. The assumption (known as
instantaneous adsorption) is valid when the process of adsorption to the interface
is fast compared to the kinetics in the bulk phases. However, it is not valid in the
context of ionic surfactant systems, or when the diffusion is not limited to a thin
layer.

In this thesis, we derive two types of mathematical models for two-phase
flow with a soluble surfactant that can account for both instantaneous and non-
instantaneous adsorption. The first type is a sharp interface model, in which the
interface is modelled by moving hypersurfaces. While the second type is a phase
field model, in which the interface is a region of small, nonzero thickness where there
is some microscopic mixing of the two fluids. Both types of models are shown to
satisfy energy inequalities which guarantee thermodynamical consistency.

Via a formal asymptotic analysis, we show the phase field models are related
to sharp interface models in the limit that the interfacial width tends to zero. Flexi-
bility with respect to the choice of bulk and surface free energies allows us to realise
various isotherms and relations of state between surface tension and surfactant. We
present some numerical simulations to support the asymptotic analysis and display
the effectiveness of the our approach.

As a first step towards an analysis of our models, we consider sharp interface
and phase field models for soluble surfactants in a static situation. The surfactant
equations become a linear elliptic coupled bulk-surface partial differential equation,
and our main result is the rigorous convergence of the weak solution of the phase
field models to the weak solution of the sharp interface models.

viii



Chapter 1

Introduction

1.1 Surfactants in emulsification

Emulsification is an important industrial process that involves mixing two or more
fluids that normally are unmixable. More precisely, in the process of emulsification,
it is desirable to have stable dispersions of one fluid in another (see Figure [1.1)).
Common examples of emulsions are milk, fire extinguishers and hand cream. The
mixture is thermodynamically unstable and will progressively revert back to their
unmixed states over time. Surface active agents (or surfactants) are often added to
increase the stability of the mixture and hence there is great interest, especially in
industrial applications, to understand the influence of surfactants on the dynamics

of multi-fluid systems.

fluid 1 stable emulsion unstable emulsion
o)
o o © 0 Qoo mo o ©
©.° o 0, P °®
o (@]
o o) o o
fluid 2 © o0 o

Figure 1.1: Two immiscible fluids that are not yet emulsified. If the surface tension
between the fluids are reduced, one might see that fluid 1 enters a dispersed phase
and is dispersed into fluid 2. The emulsion is termed stable if one fluid is fully
dispersed in the other. Otherwise, an unstable emulsion will progressively separate.
Surfactants are often used to reduce the surface tension between the fluids, and thus
stabilising the emulsions.

Surface tension forces play a significant role in emulsification. Interfacial



tension between the two fluids exist due to the immisicibility of the fluids and
emulsification takes place when the tension between the two fluids is low enough.
By adhering to the interfaces and creating a buffer zone, surfactants reduce the
surface tension of the interfaces, which permits stability of small droplets of one
fluid suspended in a bulk of the other fluid.

Moreover, the local differences in surface tension can cause surfactants to
diffuse along the interface, a phenomenon known as the Marangoni effect. This in
turn changes the shape of the interface and leads to more diffusion of the surfactants.
This complex coupling between surfactants and the fluids is at the heart of many
industrial processes involved in emulsification.

Surfactants can be broadly classified into soluble and insoluble surfactants.
While soluble surfactants can exist in the bulk fluid phases and on the interface,
surfactants that are insoluble will only exist within the interface, and so when intro-
duced to a multi-fluid system, they will migrate towards the interface by the process
of adsorption. Much previous work have been done to understand the process of
adsorption and to postulate a model for surfactant dynamics.

One of the simplest models for adsorption dynamics is the model of[Ward and
Tordai |1946]. Consider a semi-infinite region € := (0, 00) with interface I' = {0}.
Let the bulk surfactant concentration in €2 be given by ¢ and the interfacial surfac-
tant concentration be given by ¢'. We also define the sub-layer or the sub-surface to
be the bulk region immediately next to the interface. On the assumption that equi-
librium between the sub-layer and the interface is established instantaneously (this
is known as diffusion controlled adsorption or instantaneous adsorption [Diamant
and Andelman| 1996]), the model of Ward and Tordai [1946] reads as:

Joc 03¢
E:D@for.ﬁ>0;t>07
aCF oc
— =D—atx=0t>0
ot gr T

with initial and boundary conditions

lim c(x,t) = ¢, for t > 0, ¢(x,0) = ¢, ¢''(0) = 0.

T—00

In their work, Ward and Tordai derived an expression for ¢!

(1) = 2\/? (Cb\/{_ /Oﬁc(o,t—T)d\ﬁ> )



where ¢(0,t) is the concentration in the sub-layer. Since the sub-layer and the

interface are in equilibrium, we can impose a relation between ¢(0,t) and c' (t):

c(0,1) = g(c" (1)),

for some function g. This functional relation is often termed adsorption isotherm,
which relates the concentration in the sub-layer with the concentration on the in-

terface. More importantly, the Ward-Tordai equation becomes:

NG
SUREN (cbﬁ - [ ot T))dﬁ> ,

and a Newton method can be employed to solve for ¢! (¢) (see [Li et al., 2010]).

Several hypotheses have been proposed regarding the form for the adsorption
isotherm, leading to the development of forms for g. Table displays six of the
isotherms used in the literature, those of Henry, Langmuir, Volmer, van der Waals,
Freundlich, and Frumkin (see also |Eastoe and Dalton, 2000; Kralchevsky et al.,
1999, |2008]), along with the functional forms for the interfacial free energy density
v(c!), the bulk free energy density G(c) and the surface tension o(cl).

We remark that the central assumption to the Ward—Tordai equation is that
the sub-layer and the interface are in thermodynamical equilibrium at all times,
i.e. the process of adsorption is fast compared to the kinetics in the bulk regions.
This corresponds to the case of diffusion-limited adsorption studied in |Diamant and
Andelman| [1996]. However, instantaneous adsorption is not valid in the context of
ionic surfactant systems [Diamant and Andelman, 1996 or when the diffusion is not
limited to a thin layer [Coutelieris, 2002; Coutelieris et al. 2003, 2005]. In these
situations, we will not have a closure relation for ¢(0,¢) and c'(¢). Therefore, we
would like to develop models that are able to account for both instantaneous and

non-instantaneous adsorption.

1.2 Sharp interface models

Two-phase flow with surfactant is classically modelled with moving hypersurfaces
describing the interfaces separating the two fluids. The first contribution of this
thesis is the derivation of a general sharp interface model of soluble surfactants in
two-phase flow in an isothermal setting. This is done in Chapter 2l Our model is
able to cover both instantaneous and non-instantaneous adsorption and is general

enough to allow for a wide range of isotherm relations.



Let €2 denote an open bounded domain in R" containing two fluids of different
mass densities. We denote by QM (t), Q) (¢) the domains of the fluids which are

separated by an interface I'(¢). The sharp interface model is given as:

87 Pv) + V- (Fv @) =V (—pI + 2n<i>D(v)) L in QO (1),

arcl) = v . (MOVE, (D)), in QO (1),

[v]?=0, v-v=ur,onT

[pI — 20D D(v)?v = o(") kv + Vro (D), on T(t

At + Vv — Vp - (MpVry (D) = [IMOVG()]2v, on T
D=1 MOVG(D) - v = —(/(c") = G)(cD)), on T(¢

Here v denotes the fluid velocity, (%) is the constant mass density for fluid i, n® is
the viscosity of fluid i, D(v) = 3(Vv+ (Vw)1) is the rate of deformation tensor, p is
the pressure, I is the identity tensor, 0f (-) = 0¢(-)+v-V(-) is the material derivative,
¢ is the bulk density of surfactant in fluid i, Méi) is the mobility of surfactants in
fluid 1, Gi(c(i)) is the bulk free energy density associated to the bulk surfactant in
fluid . On the interface, [-]? denotes the jump of the quantity in brackets across I
from QM) to Q@) ur is the normal velocity, v is the unit normal on I' pointing into
Q@ ¢l is the interfacial surfactant density, o(cl) is the density dependent surface
tension, k is the mean curvature of I'; Vr is the surface gradient operator, V- is
the surface divergence, Mr is the mobility of the interfacial surfactants, y(c!) is
the free energy density associated to the interfacial surfactant, and o(? > 0 is a
kinetic factor that relates to the speed of adsorption. The above model satisfies the
second law of thermodynamics in an isothermal situation in the form of an energy
dissipation inequality.

Equations and are the classical incompressibility condition and
momentum equation, respectively. The mass balance equation for bulk surfactants
is given by . Equation states that the interface is transported with the
flow and that not only the normal components but also the tangential components
of the velocity field match up. The force balance on the interface relates the
jump in the stress tensor across the interface to the surface tension force and the
Marangoni force at the interface. The mass balance of the interfacial surfactants
is given by , and the closure condition tells us whether adsorption is
instantaneous (a(¥ = 0, an isotherm is obtained) or non-instantaneous (¥ > 0, the

mass flux into the interface is proportional to the difference in chemical potentials).



In this model, the surface tension o : Ry — Ry, Ry = [0,00), is a (usu-
ally decreasing) function of the surfactant density c¢''. The phenomenon known
as Marangoni effect, where tangential stress at the phase boundary leads to flows
along the interface, is incorporated into the model via the surface gradient of ¢ in
the momentum jump free boundary condition .

We remark that if the setting is non-isothermal, the Marangoni effect can be
caused by temperature gradients in the absence of surfactants. In this case, we will

have one temperature field 8), 4 = 1,2, for each of the phases and they satisfy

8,0 + v - VoD = kOAID in QO (1),
091 =0, [KVOIr =0, on (1),

where £(® is the thermal conductivity of fluid i. The surface tension o is now a
function (typically linear and decreasing) of the interface temperature 6, defined as
the average 6 = %(0(1) + 9(2))|p(t). The model of Rayleigh—-Marangoni—Bénard con-
vection in two-phase flow consists of the above equations involving the temperature
fields, (1.2.1), (1.2.2)), (1.2.4)), and (1.2.5) with o(6) instead of o(c).

The model studied in Bothe, Priiss, and Simonett| [2005]; Bothe and Priss
[2010] bears the most resemblance to the above model — , where the
setting of these papers is the diffusion-limited regime with a surfactant which is
soluble in one phase only and is replaced by the relation

V() =GCe) = " =g(c):=()" (), (1.2.8)

in which g plays the role of the equilibrium isotherm and G is the bulk free energy of
the phase in which the surfactant is soluble. Our approach is based on a free energy
formulation, originated from Diamant and Andelman| [1996]; Diamant et al.| [2001],
where we gain access to equilibrium isotherms by setting o = 0 and choosing
suitable functions for v and G;. Furthermore, for positive values of a(® we are able
to include the dynamics of non-equilibrium adsorption.

Regarding the analysis of the sharp interface models, we mention the short
time existence results for one-phase Navier—Stokes equation with a free surface
in Solonnikov| [1977, [1986]; Allain [1987]; Beale, [1980]; [Tani| [1996], and the long
time existence results in Beale| [1984]; [Tani and Tanaka [1995]. For the one-phase
Rayleigh—Marangoni—Bénard convection model, unique solvability for the stationary
case is shown in [Aberge and Dupaix| [1996], while, for the non-stationary problem,
local in time unique solvability in Sobolev spaces and in Holder spaces are shown in

Wagner| [1999] and Lagunova, [1993], respectively. For isothermal two-phase flows,



the most general existence result is the global in time existence of measure-valued
varifold solutions of [2007]. We also mention the results of Tanakal [1993]; |Gigal
land Takahasi [1994]; Nouri and Poupaud| [1995]; Denisoval [2000]; Priss and Simon-|
[2010]; Xu and Zhang| [2010]. For the two-phase Rayleigh-Marangoni-Bénard
convection model, local in time existence has been proved in .

To the author’s best knowledge, the only existence result regarding classical

models of soluble surfactants in two-phase flow is that of[Bothe, Priiss, and Simonett|
, where short time existence of classical solutions to a one-sided version of
(1.2.1) — (1.2.6)), (1.2.8)) for special configurations is shown. A subsequent analysis
of the stability of equilibria can be found in Bothe and Priss [2010].

1.3 Phase field models

The governing equations ((1.2.1)) — (1.2.7]) form a free boundary problem. The phase
boundary I'(¢) is unknown a priori and hence must be computed as part of the solu-

tion. Much work have been dedicated to explicitly tracking and capturing the inter-
face using various numerical methods. Popular methods include level set methods
[Xu et al., [2006; Gross and Reusken, 2011; Xu et al., 2014], front-tracking methods
[Muradoglu and Tryggvason, 2008} Lai et al. 2008; Khatri and Tornberg), 2011,
volume-of-fluid methods [James and Lowengrubj, [2004; Alke and Bothe, 2009; Re-|
nardy et al.2002] and arbitrary Lagrangian—Eulerian methods [Yon and Pozrikidis,
[1998; |[Yang and James, [2009; (Ganesan and Tobiska, [2009; Barrett et al., [2013].

Despite significant advances in the modelling and computation of two-phase

flows, the sharp interface description breaks down when topological changes of the
interface occur. Phenomena such as breakup of fluid droplets, reconnection of
fluid interfaces, pinching, coalescence, cusp formation, and tip-streaming driven by
Marangoni forces [Fernandez and Homsy), 2004} [Krechetnikov and Homsy}, 2004alb|

involve changes in the topology of the interface. At such an event, the fluid interface

cannot be represented by a hypersurface and so the sharp interface equations are no
longer valid. Numerically, complications also arise when the shape of the interface
becomes complicated or exhibits self-intersections.

Current numerical methods, such as front-tracking and front-capturing, will
have to use ad-hoc procedures to deal with these singular events during computation.
In a front-tracking method, the fluid interface is explicitly represented in the form of
Lagrangian markers and additional computational elements are introduced to keep
track of the interface. When a topological transition event approaches, a decision

has to be made whether to allow such a transition to occur and if so when and



how to perform an interfacial reconnection |Unverdi and Tryggvason, 1992|. On the
other hand, in a front-capturing method, the interface is embedded as a level set of
a function defined throughout the computational domain. This formulation allows
the numerical method to transition through a topological singularity without any
additional intervention, but re-initialisation of the level set might be necessary for
mass conservation or to maintain the signed distance property (see [Chang et al.,
1996; |Sussman et al., [1994]).

These difficulties have led to the development of diffuse interface (or phase
field) models to provide an alternative description of fluid/fluid interfaces. At the
core of these models, it is assumed that there is some microscale mixing of the
macroscopically immiscible fluids and the sharp interface is replaced by an interfacial
layer of finite width. Within this region the two fluids are mixed and the model has to
account for certain mixing energies. An order parameter is introduced to distinguish
between the fluids within the interfacial layer, where it takes distinct constant values
in each of the bulk regions and varies smoothly across the narrow interfacial layer
(see Figure . The original sharp interface can then be represented as the zero
level set of the order parameter, which draws on ideas of the front-capturing method,
thus allowing different level sets to exhibit different topologies. We mention the work
of Lowengrub et al.|[1999]; [Lowengrub and Truskinovsky| [1998] on the investigation
of phase field models near topological transitions in the context of two-phase flows.

We remark that, in contrast to the front-capturing method where the inter-
face is represented as a level set of an artificial function, the order parameter in the
phase field model can have physical meaning. For example, one can choose the order
parameter to be the difference in volume fraction, the difference in mass concentra-
tion or the density difference (see |Abels et al., |2011} |Lowengrub and Truskinovsky,
1998)).

1.3.1 Choice of potentials

At the centre of the phase field models lies the Ginzburg—Landau energy density:

€ 1
Ea1(e: V) =5 [Vel* + - W(p), (1.3.1)

where ¢ is the order parameter, € is a measure of interfacial thickness and W (yp)
is a potential with equal minima at ¢ = 41 and symmetric about ¢ = 0. In most
applications, W is chosen to be a potential of double-well or double-obstacle type
[Blowey and Elliott} (1991, [1993|. For example, one can choose W () = (1 — ¢?)?



Figure 1.2: The order parameter ¢ contains information about the location of the
phases. If QM) is the region where ¢ = —1 and Q) is the region where ¢ =
+1, then in the sharp interface model, ¢ jumps across the interface. The phase
field methodology replaces the original hypersurface I' with an interfacial layer of
thickness € and allows ¢ to transition smoothly from one phase to the other.

for a potential of double-well type or

1 9 0, if |o| <1,
W(p) = 5(1 — )+ -1 (p), T-ia(p) =

o0, else,

for a potential of double-obstacle type (see Figure . The potential term W ()
prefers the order parameter ¢ in its minima at +1 and the gradient term ]Vg0|2

penalises large jumps in gradient. This leads to the development of bulk regions
where ¢ is close to +1 which are separated by a narrow interfacial layer.
11— T
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Figure 1.3: The double well and double obstacle potentials. Notice that the double
obstacle potential penalises heavily if ¢ ¢ [—1,1].

Often, a double-well potential is used for the derivation of phase field models

due to its smoothness properties. However, an inherent disadvantage of the double-



well potential is that the order parameter ¢ may not strictly lie in the interval [—1, 1].
For order parameters that have physical meaning, such as the difference in volume
fraction between two fluids, the physical interpretation of ¢ < —1 or ¢ > 1 is unclear.
On the other hand, the penalty term I[_l,l](go) of the double-obstacle potential
confines ¢ to lie in the interval [—1, 1], and so there is no ambiguity in identifying
¢ with a physical parameter. A drawback of using a double-obstacle potential
is that the resulting model equations are replaced by variational inequalities, and
subsequent analysis of the models are more complicated than those with a double-
well potential. We refer to |Chen and Elliott| [1994] for a discussion involving the

two choice of potentials.

1.3.2 Phase field models for two-phase flow

The review |Anderson et al. [1998] provides an overview on diffuse interface methods
in the context of fluid flows. In |Gurtin, Polignone, and Vinals| [1996]; [Hohenberg
and Halperin [1977] it was already proposed to combine a Cahn-Hilliard equation for
distinguishing the two phases with a Navier-Stokes system. An additional term was
included in the momentum equation to model the surface contributions to forces.
In the case of different densities, Lowengrub and Truskinovsky| [1998] derived quasi-
incompressible models, where the fluid velocity is not divergence free. On the other
hand, Ding, Spelt, and Shu| [2007] has derived a diffuse interface model for two-phase
flow with different densities and with solenoidal fluid velocities. But it is not known
whether this model is thermodynamically consistent. Most recently, a phase field
model for non-matched densities and divergence-free velocity that satisfies local and
global energy inequalities has been derived by |Abels, Garcke, and Grun, [2011].

For matched densities, we mention the work of |Abels| [2009b]; Boyer| [1999);
Liu and Shen [2003] on the existence of weak solutions to the phase field model for
two-phase flow. For general densities, the existence of weak solutions to the model
of Abels, Garcke, and Grun|[2011] are shown in|Abels, Depner, and Garcke| [2013alb]
using a time discretisation and in [Grin} 2013 using a full discretisation. Existence
of weak solutions to variants of the model of Lowengrub and Truskinovsky [1998]
are shown in |Abels| [2009a, [2012]. We remark that for a different phase field model
for fluids with non-matched densities, Boyer| [2001] proved local existence of strong
solutions and global existence of weak solutions if the densities of the fluids are

sufficiently close.



1.3.3 Phase field models for surfactants in two-phase flow

Generalising the model of |Abels, Garcke, and Grun| [2011], the second contribution
of this thesis is the derivation of three diffuse interface models for soluble surfactants
in two-phase flow. This is done in Chapter For the case of non-instantaneous
adsorption (a(? > 0), we will derive the following model (denoted Model A):

V-v=0, (1.3.2)

Ou(pv) +V - (o @ v) = V- (=pI +20(9)D(v) + v @ LP=m(p)Va)  (1.3.3)

+ V- (0(M) (0, Vo) T — WeVp & V),

e =V-(m(e)Vp), (1.3.4)
p=—-V-Wea(c)Vy) + %U(CF)W/(QD) (1.3.5)
+ .Zu §(9)(Gi(cD) = Gi(e)el),
05 (&)™) = V - (M (cD)&i(0) VG (D)) (1.3.6)
+ =506, Vo) () = Gile)), =12,
35 (5(p, Vo)) = V- (Mr(c")o (0, Vo) VA () (1.3.7)
~ 86, 99) 3 () = Gilel).

i=1,2

Here ¢ is a length scale associated with the interfacial width, ¢ is the order parameter
that distinguishes the two bulk phases. In fact ¢ takes values close to 1 in the two
phases and rapidly changes from —1 to 1 in an interfacial layer. The functions &;(¢)
and 0(p, V) act as regularisations to the Dirac measures of Q@ and T, respectively,
while W is a constant related to d(¢, V). Equations (1.3.2]) and (1.3.3) are the
incompressibility condition and the phase field momentum equations, respectively.
Equation together with governs how the order parameter evolves
and equations and are the bulk and interfacial surfactant equations,

respectively.

We derive two additional models for instantaneous adsorption (a? = 0):

Model B models the case where there is instantaneous adsorption in 22 and non-

instantaneous adsorption in Q). Tt consists of (1.3.2) — (1.3.5) and replaces the
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bulk and interface surfactant equations (|1.3.6) - with

0 (€1e) = V- (O ()& VG () + ﬁé(@'z(c@) G, (138)

0f (2 +69(c)) = V- (MP& + Mr(g(c!?)))sV Gy () (1.3.9)
1

a(1)5(G/< ( )) - Gll(c(l)))7

where g(c(Q)) is the adsorption relation as in (1.2.8)).
The case where there is instantaneous adsorption in both bulk phases is

covered by Model C, which consists of (1.3.2) — (1.3.5)) and

a7 (£1¢V(q) + &26P(q) + 8¢ (q) — S V- (Mi(cD(9))&Vg) (1.3.10)

1=1,2

— V- (Mp(c"(q))6Vq) = 0.

Here, ¢ denotes a chemical potential where, as will be discussed in Chapter [3| we
can express the surfactant densities as functions of q.

The Model A is related to the approach in |Teigen et al.| [2009]. We modify
the approach of [Teigen et al. [2009] in such a way that an energy inequality is valid
and such that we recover the isotherm relations for adsorption phenomena in the
limit of instantaneous adsorption. We deepen the asymptotic analysis in that it
works with the original equation for the surface quantity and does not require the
assumption of extending the surface quantity continuously in the normal direction.

We remark that Model B is more intuitive at considering instantaneous ad-
sorption, since the relation can be seen directly in surfactant equations. As
we can express ¢l as a function of ¢(?), we add the equations for ¢(® and g(c®) to
obtain . If we also consider instantaneous adsorption in QU), then this would

lead to the relation
G (W) = Gh(P) = ~/(D). (1.3.11)

We may choose to express ¢! and ¢' as functions of ¢(? and upon adding 1)
and ([1.3.9) with (1.3.11) in mind, we arrive at a single equation similar to ((1.3.10)).

However, since ¢(?) is not determined everywhere in Q (due to the presence of &),
Model C is developed based on expressing the surfactant densities in terms of a
common chemical potential ¢ which is defined everywhere in € (see Section for

more details).

11



1.3.4 Phase field models with two order parameters

Phase field models of surfactant adsorption that utilise the free energy approach
of Diamant and Andelman [1996]; Diamant, Ariel, and Andelman| [2001] can be
traced back to the models of Theissen and Gompper| [1999]; Teramoto and Yonezawa,
[2001]; [van der Sman and van der Graaf [2006]. In contrast with Models A, B and
C presented above, these phase field models employ two order parameters, ¥ and
®, which describe the difference in the local densities of the fluids and the local
concentration of surfactants, respectively. An energy functional F(¥,®, VU, V) of
Ginzburg-Landau type is then prescribed and the order parameters satisfy evolution

equations of Cahn—Hilliard type with respect to the energy functional F":

OV = MyApy, P = MsApug,

where pyg = g—g and pe = % are the first variations of F' with respect to ¥ and
®, respectively and My, Mg > 0 represent the (constant) mobilities of ¥ and &,
respectively.

Hydrodynamics can be introduced to the model by coupling the Cahn—
Hilliard type equations for ¥ and ® with the Navier—Stokes equations, leading to the
model of van der Sman and van der Graaf [2006] (see also Appendix A of [Engbolm

et al.l 2013]):

V-v=0,
p(Ow + (v V)v) = =Vp+ V- (2nD(v)) — ®Vue — ¥V py,
OV +v-VU =V (MygVuy),
b +v VO =V (MoVpa).

The form of pug and pg will depend on the form of F(¥, V¥, &, V®). For a detailed
numerical comparison of phase field models of this type, we refer the reader to |Li
and Kim)| 2012].

We observe that parameters such as the surface tension o and the kinetic
factor measuring local thermodynamic equilibrium a® do not appear explicitly in
the twin order parameter type phase field models. In the derivation of the model
equations, a desirable adsorption isotherm is first selected and the energy functional
F(¥,®, V¥, V) is then constructed. The governing equations for ® and ¥ are then
derived and the surface tension will be given as a specific function of the surfactant
concentration based on the chosen adsorption isotherm. We note that the chemical

potential ug for the surfactants is a function of the phase order parameter ¥, and
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so one can identify the chemical potential for the surfactants in the two bulk phases
and on the interface. Local thermodynamic equilibrium is achieved by equating the
chemical potentials e (¥ = +1) = ue(¥ = —1) = pe(¥ = 0) and rearranging gives
the adsorption isotherm (see [Liu and Zhang|, 2010]).

Among the aforementioned models with hydrodynamics, the model of[van der
Sman and van der Graaf| [2006] can only achieve the Langmuir isotherm, while the
model of Liu and Zhang| [2010] can achieve both the Langmuir and the Frumkin
isotherms. With regards to this, we remark that our phase field models are more flex-
ible that these twin order parameters type phase field models at recovering isotherms
in thermodynamic equilibrium, since our surfactant equations do not have to be re-

derived in order to facilitate changing isotherm relations.

1.4 Sharp interface limits of the phase field models

In the phase field models, the width of the interfacial layer is characterised by the
length scale over which the order parameter varies from its values at the bulk regions.
A natural question is whether the phase field model can be related to the sharp
interface model in the asymptotic limit in which this width is small compared to the
length scales associated to the bulk regions. If so, one can also view the phase field
methodology purely as a tool for approximating the sharp interface equations. If
the objective is to ensure that, in the limit of vanishing interfacial thickness, certain
sharp interface models are recovered then there is a lot of freedom in constructing
phase field models to meet one’s needs (see e.g. |Li et al., 2009)).

The results on the asymptotic limits of phase field models are broadly divided
into two categories. One is based on formally matched asymptotic calculations, while

the other consists of mathematically rigorous convergence results.

1.4.1 Formal asymptotics analysis

The procedure of formal asymptotic analysis is based on the assumption that there
exist a family of solutions, sufficiently smooth and indexed by e, to the diffuse
interface models. For small €, we assume that the domain € can at each time ¢t
be divided into two open subdomains Q¥ (t;¢), separated by an interface I'(t;e).
Furthermore, we assume that the solutions have asymptotic expansions in € in the
bulk regions (away from I'(t;¢)) and another expansion in the interfacial regions
(close to I'(t;¢)). We denote the former as the outer expansions and the latter as
the inner expansions. The idea is to analyse these expansions where they should

match up in a suitable transition region. This method is formal in the sense that
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it is not analysed further and it is not known whether the asymptotic expansions
really exist and converge. Details of the method can be found in Caginalp| [1989];
Fife and Penrose [1995]; |Garcke and Stinner| [2006]; Abels, Garcke, and Griin| [2011]
for the phase field models with the smooth double-well potential and in |[Blowey and
Elliott| [1993]; (Cahn, Elliott, and Novick-Cohen| [1996]; Bhate, Bower, and Kumar
[2002] for phase field models with the double-obstacle potential.

The third contribution of this thesis is a formal asymptotic analysis of Models
A, B and C with both the double-well and double-obstacle potentials. In Chapter [4]
we highlight the differences in the analysis and show that Model A converges formally
to the sharp interface model - , while Models B and C converge formally
to the case of one-sided and two-sided instantaneous adsorption, respectively. For
Model A, by choosing a'?) to scale with e, we formally recover the sharp interface
model with two-sided instantaneous adsorption. The analysis of this case is slightly
non standard and the details are presented in Section

We remark that it is unknown if the twin order parameter type phase field
models such as the model of [van der Sman and van der Graaf [2006] can be related

to any sharp interface model in the limit of vanishing interfacial thickness.

1.4.2 Rigorous convergence results

The techniques for showing rigorous convergence of phase field models are divided
into two main categories. The first method is to rigorously justify the formal asymp-
totic analysis, while the second is to show that weak solutions to the phase field

models converge weakly to generalised solutions to the sharp interface equations.

Rigorous asymptotic analysis

The method of rigorous asymptotic analysis is based on constructing an approxi-
mating solution that almost satisfy the phase field equations (i.e. with an additional
error term) and converges strongly to classical solutions to the sharp interface equa-
tions. This implies that classical solutions to the sharp interface model are required
to apply this technique.

The construction of the approximating solution is derived from matching
asymptotic expansions. Similar to the formal asymptotic analysis discussed above,
an outer and an inner expansion in e are used. By collecting terms of the same
order of £, we obtain systems of partial differential equations from the outer and
inner expansions at each order of €. To obtain solvability of the system, appropriate

boundary conditions are prescribed by the matching conditions (in the sense that
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there exists a region where both expansions are valid and hence should match up).
This allows us to construct an expansion of arbitrary order in € and it can be shown
that this expansion satisfy the phase field equations with an additional “error” term.

Via some spectral estimates from (Chen| [1994], one can show that, as the
order of the expansion increases, the error term can be made arbitrary small and
hence the constructed expansion is arbitrary close to the solution to the phase field
equations. Moreover, the leading order term in the expansion is constructed from
the classical solution to the sharp interface equations. Hence, as ¢ — 0, the solutions
to the phase field equations converge strongly to the classical solution to the sharp
interface equations.

We remark that this method has been successfully applied to the Allen—Cahn
equation [De Mottoni and Schatzman, [1995], the Cahn—Hilliard equation [Alikakos
et al| 1994; |Carlen et all 2005], and for a general phase field model [Caginalp and
Chenl, 1998|.

Energy methods and weak convergence

One may also take advantage of the natural a priori estimates (or energy estimates)
that some of the phase field models possess. These estimates provide uniform bounds
on certain quantities and allow us to deduce compactness results. For instance, one

observes that the Allen—Cahn equation

1 .
e0ipac = eApac — ng(goAc), in Q, Vyac - vy =0, on 09,

and the Cahn—Hilliard equation

1 .
56254PCH = A,u, n= —EA(pCH + EW/((’DCH)’ mn Q,

Vocn -voa = Vi - voq =0, on 99,

possess the following natural a priori estimate:

/QSGL(SOACaVS@AC)(t)+/Ot/Q€|at<PAC|2 Z/ﬂgGL(SDAc,V@AC)(O),
/QgGL(SOCHaVSDCH)(t)"i'/O /Q|V:U|2:/QEGL(SDCH7VSDC’H)(O)'

By prescribing appropriate initial data, so that the right hand side of the
a priori estimates are bounded uniformly in e, one can appeal to standard weak

compactness results to deduce that the solutions to the phase field model converge
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weakly in appropriate function spaces. The weak limit is then shown to be the
weak /generalised solution of the sharp interface model.

In the radial symmetric case, rigorous convergence based on energy methods
have been shown in Stoth [1996] for the Cahn-Hilliard equation and in |Bronsard
and Kohn [1991] for the Allen-Cahn equation. In Blowey and Elliott| [1994], weak
solutions to a phase field model with a double—obstacle potential are shown to
converge to the weak solution to the classical Stefan problem.

In general, weak solutions to classical free boundary problems may develop
singularities in finite time and it becomes unclear how to define classical solutions
to the sharp interface problems. Brakke [1978] made a first attempt to define gener-
alised solutions to motion by mean curvature, where the existence of a weak solution
to the mean curvature flow is shown in the class of codimension-one varifolds. Subse-
quently, using energy bounds and techniques from geometric measure theory, [lma-
nen [1993] showed that the weak solutions to the Allen-Cahn equation converges to
mean curvature flow in the sense of Brakke| [1978]. This technique has been success-
fully applied to the Cahn—Hilliard equation and its variants in (Chen| [1996]; Roger
and Tonegawa [2008]; Garcke and Kwak! [2006], and to a general phase field model
in [Soner| [1995]. For two-phase flow, the convergence of weak solutions of the Abels,
Garcke, and Grun| [2011] model to varifold solutions of a Navier—Stokes/Mullin—
Sekerka system has been shown in |Abels and Lengeler| [2013].

The energy method has also been applied in the setting of numerical approx-
imation of phase field models. In a series of papers |Feng and Probl, |2003, 2004,
2005], Feng and Prohl have proposed various finite element approximations to phase
field models that utilise spectral estimates of the Allen—Cahn and Cahn—Hilliard op-
erators derived in (Chen| [1994] to establish useful a priori bounds that grow only in
low polynomial order of e~!, under reasonable constraints on the underlying finite
element mesh. They show that the fully discrete solutions converge to the solutions
of the phase field models as the spatial and temporal mesh sizes tend to zero and, as
a non-trivial byproduct, the fully discrete solution converges to classical solutions
of the sharp interface models as € converges to zero.

We remark that the fully discrete finite element approximations of the Navier—
Stokes—Allen—Cahn model and the Navier—Stokes—Cahn—Hilliard model have been
analysed in [Feng, He, and Liul [2007] and |[Feng [2006], respectively. Existence of
weak solutions to both models are shown via convergence of numerical solutions
satisfying a discrete energy law. Furthermore, the numerical solutions can be shown
to converge to regular solutions to the sharp interface problem, provided they exist.

As a first step to the rigorous convergence analysis of Models A, B and C,
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the fourth contribution of this thesis is the analysis and convergence of a diffuse
interface approximation to an elliptic coupled bulk-surface PDE system with the
energy method. We will show, in Chapter [5 that the weak solutions (uf,v®) to

—V - (L APVEE) + EaPuf = €. fF + 6. K (v° —uf), in Q,

(1.4.1)
—V - (6.BEV®) + 6.6F0° = 6.8g" — 6. K (v° —uF), in Q.

converge to the weak solution (u,v) to

—V - (AVu) + au = f, in QW)
—Vr - (BVrv) +bv 4+ AVu-v = g, on I = 900, (1.4.2)
AVu-v=K(v—u),onT.

as € — 0, where Q) is a domain contained in Q such that TNoQ = 0, AZ, o, fE,
BE, bF gF are extensions of A, a, f, B, b, g to ©, and & and 6. are similar to the

corresponding functions in Models A, B and C.

Sub- and super-solutions

For completeness, we mention the method of sub- and super-solutions, which will not
be used in this thesis. For phase field models consisting of second order differential
equations, the comparison principle provides another technique to show rigorous
convergence to solutions of the sharp interface equations. The idea is to construct
sub- and super-solutions to the phase field model using the classical solutions of the
sharp interface equations. The comparison principle implies that the solution to
the phase field model is bounded above and below by the super- and sub-solution,
respectively, provided their initial conditions are related in a similar way. One can
show that the Hausdorff distance between the zero-level set of the order parameter
and the sharp interface hypersurface scales with e.

This method has been applied predominantly to the Allen—Cahn equation
and its variants, we refer to Evans et al.|[1992]; |Alfaro et al. [2008]; |(Chen| [1992alb];
Alfaro et al.| [2010] for the Allen-Cahn equation with the double-well potential and
Elliott and Schatzle [1997]; |Chen and Elliott| [1994]; Nochetto, Paolini, and Verdi
[1993]; Nochetto and Verdi [1995] for the double-obstacle potential.

It is not known if this method is applicable to fourth order phase field models
such as the Cahn—Hilliard equation and its variants as no comparison principle exists

for fourth order problems.
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1.5 Outline

The structure of this thesis is as follows:

In Chapter [2| we will derive the sharp interface model — from
basic conservation laws. We show that the sharp interface model satisfies a local
energy inequality and present the functional forms for v and G that lead to six of
the popular adsorption isotherms when a(¥ = 0, namely those of Henry, Langmuir,
Volmer, van der Waals, Frumkin, and Freundlich. We will outline several specific
models that can be derived from the sharp interface model and present the non-
dimensional equations.

In Chapter [3] we present the derivation of three phase field models based on
the Lagrange multiplier method presented in [Abels, Garcke, and Grunl [2011] and
show all of them satisfy a local dissipation inequality. We will also outline several
specific models that can be derived from the phase field models and present the
non-dimensional equations.

In Chapter 4| we show, via formally matched asymptotics, that we recover
— from Model A and from Models B and C in the limit € — 0.
In addition, Model A can be shown to converge to the sharp interface problem with
instantaneous adsorption when the kinetic term is chosen appropriately. We then
present 1D and 2D numerical simulations to support the asymptotic analysis.

In Chapter |5[ we analyse the convergence of to as a first step to
rigorously justify the sharp interface limit of our diffuse interface models. Equation
(1.4.1) is also known as the diffuse domain approximation of (see [Li et al.
[2009]; Teigen et al.|[2009} |2011]), and its derivation is similar to how we derive
the phase field surfactant equations in Section The well-posedness for
is shown using weighted Sobolev spaces, and under appropriate assumptions on &,
and 6., we prove that the solution to converges to the solution to ((1.4.2))
as € tends to zero. Our analysis also covers a general second order elliptic PDE
with Dirichlet, Neumann or Robin boundary condition. We then present 1D and
2D numerical simulations to support the analysis.

In Appendix [A] we will outline several facts regarding transport identities
that will be useful in the derivation of the sharp interface model in Chapter [2| In
Appendix B} we will use a result of |Alt| [2009] to derive the surfactant equations for
the phase field models in Chapter 3] In Appendix [C] we will list several important

functional analytical results for the analysis in Chapter
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Chapter 2

Sharp Interface Models

We consider a domain € R?, d = 1,2, 3, containing two immiscible, incompressible
Newtonian fluids with possibly different constant mass densities (9, i = 1,2. The
domain occupied by the fluid with density p(® is labelled as Q) c R x R%, where
we set QO (t) := {z € Q;(t,z) € QW}. The two domains are separated by an
interface T' which is a hypersurface in R x R? such that T'(t) N 9Q = ), where
() :={z € Q;(t,z) € I'}. A surfactant is present which alters the surface tension
by adsorbing to the fluid interface and, provided it is soluble in the corresponding
fluid, it is subject to diffusion in the phases Q). We denote the fluid velocity field
by v, the pressure by p, the bulk surfactant densities by ¢® i = 1,2, the interface
surfactant density by ¢!, and the corresponding bulk and interfacial free energy

densities are denoted by Gi(c(i)),i = 1,2, and v(c"), respectively.

2.1 Balance equations

Let V(t) be an arbitrary material test volume in Q with external unit normal v,
of V() N Q. If V(¢) NI'(¢) is non-empty then we denote its external unit co-normal
by p and write Véi)t for the external unit normal of V (t) N Q@ (t), i = 1,2.

We make the following assumptions:

S1 The system is closed and is isothermal. There is no mass flux across the

external boundary 92 and no external bodily forces acting on the system.

S2 The fluids do not undergo phase transitions and satisfy the no-slip condition
at the phase boundary I'(¢).

S3 The fluid interface I'(t) does not intersect with the external boundary.
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S4 In the fluid regions away from the interface, surfactants will be subjected to

transport mechanisms consisting of only diffusion and convection.

S5 Close to the interface, surfactants will be subjected to adsorption mechanisms,

as well as diffusion and convection.
S6 The mass of the surfactants relative to the mass of the fluid is negligible.

S7 The free energy densities G;,y are strictly convex, and the surface tension o,

defined as the Legendre transform of ~, is positive.

Let us briefly remark on the above assumptions. Assumptions S1, S2, S4 and S5
give us a reasonable starting point to begin modelling the dynamics of surfactants
in fluid flow. In particular, one can relax Assumption S1 by allowing for external
bodily forces or external fluid /surfactant mass fluxes, which would modify the sharp
interface model by additional forcing terms or boundary conditions. In assuming
S3, we neglect the effects of moving contact lines on the external boundary for
simplicity. Assumption S6 is a physical assumption and Assumption S7 is a technical
assumption, but also driven by physical reasoning. In particular, the surface tension
is always positive, as zero surface tension between two phases would be an unrealistic
situation.

By Assumption S1 and the Reynolds transport theorem (Theorem , the

balance of fluid mass inside the phases requires

d , o
g & 0 _/ 0D + 9V v,
dt Jy (tynao V(e

where 07 denotes the material derivative (see Appendix [A]for a precise definition).
Since 5\ is constant, the arbitrariness of V(¢) leads to the pointwise conservation

law
V-v=0. (2.1.1)

By Assumption S6, the surfactants have a negligible effect on the momentum of the
fluids, and so the conservation of linear and angular momentum becomes
d ; NG
= 7 = / TV,
dt Jynaw AV (1))

where TW, ¢ = 1,2, is the symmetric stress tensor. Application of Theorem |A.1

and the divergence theorem, together with the arbitrariness of the test volume V'(¢)
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lead to the pointwise conservation law:
8 (pWv) + V- (pWv @ wv) =8 (pVv) =V . T, (2.1.2)

These equations hold in QM () U Q) (¢).

As the fluids do not undergo phase transitions, consequently there are no
convective fluxes across the interface. Hence, the normal components of the fluid
velocities are continuous across the interface I'(t) and match up with the normal ve-
locity of interface (i.e., the interface is advected with the flow). Thus, by Assumption

S2, we obtain

Here [-]? denotes the jump of the quantity in brackets across I' from QD to 0@,
v is the unit outward normal of I'(t) pointing into Q3 (), and ur is the normal
velocity of the interface.

By Assumption S4, mass balance for bulk surfactants in a material test

volume V' (t) away from the interface I'(¢) yields

4 RO /
dt Jy@na® BV (HNQ®)

Jc(l) *Vegt,

where J” is the bulk molecular flux. By Theorem and using that V- v = 0,

this leads to the pointwise law
o) +v.JW =0, i=12 (2.1.3)

In light of Assumption S5, we postulate the balance of total surfactant mass

in a test volume V (¢) intersecting I'(¢) to be

2 oo™ o
— c\ + c 2.1.4
dt Z.:Zm V()NQ) (£) V(H)NT() (2.1.4)

= Z / _Jc(l) s Vegt +/ —Jr- M,
OV (HNOD (VT (?) V(BT (1)

i=1,2

where Jr is the interfacial molecular flux, tangential to I'. Using Theorem
the surface transport theorem (Theorem [A.6) and the surface divergence theorem
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(Theorem |A.8|) we obtain

1 DY BRCEE B
- c’ + c
dt Z V()N (1) V(O)NI()

i=1,2

—Z/ )+/ (0" + 'V - v)
V(#)NQ® (t) V(t)NT(t)
for the left hand side and

/ J(E’L) 'Ve:ct_/ JF’#’
1.2 AV (£)NQ® (4))\I'(t) oV ()NT'(t))

/ ci) v, - / ([T + Vi - JIr)
1.2 AV (1)NQ) (¢ V()NC(t)

for the right hand side. Hence, using (2.1.3)) and the mass balance (2.1.4) yield the

following pointwise law for the interfacial surfactant:

=

=

O{CF + CFVF U= —VF . JF — [Jc(l)]%lj, (2.1.5)

(72

where [J:"]3v is the mass flux for the transfer of surfactant to the interface from
the adjacent sub-layers. When the mass flux is zero and the interfacial molecular
flux is modelled by Fick’s law, Jr = —D,Vrc', we obtain the classical mass bal-
ance equation for interfacial surfactants derived in |Scriven| [1960]; Aris| [1962]; |Stone
[1990]; Wong et al.| [1996].

2.2 Energy inequality

We postulate a total energy of the form

Sor = = Gi(c® ), 92.2.1
o Z/ ||+()]+/m)v() (2.2.1)

1=1,2

By Assumption S7, the Legendre transform of the surface energy density v is well

defined, and the density dependent surface tension o(c") is defined as

o(ch) == y(ch) — /(D). (2.2.2)

Let V (t) be an arbitrary material test volume. Then, by Theorem and Theorem

[A.6]
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2
d > / 2 |2 (i) / g
— E=lv|” + Gi(c')) + v(e
dt ( V($)NQW (£) (% ol () V()ND(t) )

—Z/ v - 8w + Gi(c (Z))(‘?;c(i)> + / (v (")opet +~(c")Vr - v).
V()N (t)

V(t)NI'(t)

Using (2.1.2), (2.1.3)), (2.1.5), (2.2.2)), and the following identity for a vector field v

and a second order tensor T (with T denoting the transpose of T'):

(V-T) - v=V- (T v) - Vu: T,

we obtain

s —Z e (7 (@00 =GN 0) 0 904 w610
t)rm@(t
+/ A (Y=Y - Jp = [TD20) 4+ (N Vr - v.
V(#$)NT'(¢)

Application of the divergence theorem then leads to

551 —Z/

+ Z/ ((T(i))LU - G;(C(i)>Jc(i)) *Vext

AV (£)NQ@ ())\T'(t)

TO: Vo + VG, (D) - g +/ — () Jr -
t)ﬂQ(')(t OV ()NT(t))

F [ (@) e = GID) v (T e - G I (-v)
V(®)NC(t)
+ / Jr - Vey' () +A( IV v — TP v) + (V- 0.
V(®)NC(t)
Decomposing the velocity field v on I'(¢) into its normal and tangential components,
U = Urv + Ur,
then gives

/ (V- (urv +vy) = / o(c")(Vrur - v +urVr - v +Vr - v;)

V(H)NI(t) ~ -

:/ —o(c")kur — Vro(c) - v +/ oM, - p,
OB, a(V ()T (¢))
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where kK = —Vr - v is the mean curvature and we have used integration by parts
(Theorem|A.7)) to obtain the last equality (we have also implicitly used Vro(c") v =
0 to obtain Vra(cl) - v, = Vro(cl) - v). Altogether we have

d . o
—&s1 _Z/ ((T(Z))LU - G;<C(Z)>Jc(l)) *Vext
dt = Jov mna® )N\

+ (/)T -+ o(yor - )
AV ()NI(t))

>

— Jvmnao @

[ () = NI v ()~ Gyl IR )
V(H)N()

(~10: T+ V) - 30 + / Jr - V()
V($)NI(t)

—|—/ (T(l)u v —TYv . v—o(kv-v—Vro(ch) - v) .
V(£)NT(t)

Hence, if we choose

JO . vEi (D) <o, in QO (1), i=1,2,

TV : Vo >0, in QI(t), i=1,2,
Jr - Vry/(ch) <o, on I'(¢),
(I - ) (' (") = Gy(e)) <0, on I'(t),
(—I& - v)(y (") = Gy(?)) <0, on I'(2),
(=[TPv — (kv — Vio(ch)) - v <0, on I'(t),

then we obtain the following energy inequality:

2
d . o
SEs1 = Z / , ((T(Z))J—U - G;(C(Z))Jc(l)) "Vert
dt = \Javmnod mnre)
+ (") - o+ o(Pyor - 1)
OV (#)NT(t))

where the right hand side represents the working on the arbitrary material test
volume V(¢) and the inequality indicates that the dissipation is non-negative, thus
guaranteeing thermodynamic consistency (see [Fried and Gurtin, |1993}; Gurtin et al.,
1996]).
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2.3 General models

We make the following constitutive assumptions:

I = MO (TG,

Jr = —Mr(c")Vry'(ch),
DO, ) (1T = —(y(eF) — Y)), (2.3.1)
T = —pI + 20D D(w),

—[T)2v = o(c")kv + Vro(ch),

where Mc(i)(c(i)) >0, Mp(c') > 0, and o (', c®) > 0.

The formulation presented in utilises a free energy approach, first
applied to the kinetics of surfactant adsorption in Diamant and Andelman| [1996];
Diamant, Ariel, and Andelman| [2001], to model instantaneous adsorption kinetics.
At adsorption/desorption equilibrium, the chemical potentials 7/(c!) and G’(c) must
be equal |[Zhdanovl 2001; Liu and Zhang, 2010; van der Sman and van der Graaf,
2006] and thus this approach allows us to cover the adsorption isotherms often used
in the literature by selecting suitable functional forms for 4 and G. Hence, o) > 0
can be seen as a kinetic factor which relates the speed of adsorption to the inter-
face or desorption from the interface to the deviation from local thermodynamical
equilibrium. Let us summarise the governing equations of the general model for

two-phase flow with soluble surfactant: For i = 1,2,

V.v=0,inQ0(), (23.2)

8 (pWv) + V- (pI 277 )D(v) + v @v) =0, in QO(t), (2.3.3)

o) — v (MOVG, (D) =0, in QD (1), (2.3.4)

[v]? =0, v-v=ur,onI(t), (2.3.5)

pliv — 2 D(v)]iv = o(c")kv + Vro(ch), on T'(1), (2.3.6)

ot + Vv =Vp - (MpVrY (D) + [MOVGE ()2, on D(t), (2.3.7)
(1) MOVG (D) - v = —(y(c") = Gi(")), on T(2). (2.3.8)
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2.4 Specific models

2.4.1 Fick’s law for fluxes

By appropriate choice of the mobilities we obtain Fick’s law for the surfactant both

in the bulk and on the surface. If we set

N . 1 1
@Oy = p ___— N D
MC (C ) DC G;/(C(Z)) ) MF(C ) DF ’Y”(CF) )

for constant Fickian diffusivities Dgi), Dr > 0. Then

JO = _pOve  Jp = —Drvrd.

C c

2.4.2 Instantaneous adsorption and local equilibrium

We may assume that the process of adsorption of surfactant at the interface is instan-
taneous, i.e. fast compared to the timescale of convective and diffusive transport.
This local equilibrium corresponds to the case that the bulk chemical potential G’(c)
and the interface chemical potential 7/(c!) are equal, i.e. we set a = 0 in (2.3.1)
(we here only consider one of the bulk phases adjacent to the interface and, for sim-
plicity, drop the upper index (i)). We obtain the following relation (also see [Bothe
and Priiss, 2010; [Bothe et al., |2005]):

V() =GCe) = " =g(c):=() G (), (2.4.1)

where g : Ry — R, is strictly increasing. This function g plays the role of various
adsorption isotherms which state the equilibrium relations between the two densities.

Table displays the functional forms for v and G in order to obtain the
adsorption isotherms of Henry, Langmuir, Volmer, van der Waals, Freundlich, and
Frumkin (also see Table 7.2, pg. 201 of |[Kralchevsky et al. 2008]). The free ener-
gies are (variants of) ideal solutions. Here, c}, is the maximum surfactant density
on the interface, K a constant relating the surface density to the bulk density in
equilibrium, oy denotes the surface tension of a clean interface, B essentially is the
sensitivity of the surface tension to surfactant, A in the Frumkin isotherm and the
van der Waals isotherm is known as the surface interaction parameter while, in the
Freundlich isotherm, A, measures the adsorbent capacity and N is the intensity of

adsorption.
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Isotherm Henry Langmuir
. r T
Relation Ke= CCE Ke= cgfj
y(c") — g Bcl'(log % -1) B (cF log cg{{cF + ¢k, log(1 — %))
G(c) Be(log(Ke) — 1) Be(log(Kce) — 1)
o —0g —Bc" Bcg/[ log (1 — %)
Isotherm Volmer van der Waals
X r r r r r
Relation | Kc = cIFMC—cF exp (cfwc—cf) Ke= c]{:i—cf exp (cIFMC—cF — A]; )
I T A I\2
(") — g Bcllog CIFVIC—CF Bcl log C]F;j — %
G(c) Belog(Kc) Be(log(Kce) — 1)
I .r A T\2 r.r
g — 0o —BCCRIC,ACIF (62 ) - C%{i]gr
Isotherm Freundlich Frumkin
N
. 1 r r Acl
Relation Ke= 4 (%) Kc= Cl;\/[cj exp <—%>
r r I— A2
() — oo NBc'(log C‘i —1) B (cr log CJFMC—CF + ¢ log c]\iJFMc ) — Al)
G(c) Be(log(ANKe) — 1) Be(log(Kce) — 1)
o — 0y —~NBc" %F)Q + Bc& log (1 — %)

Table 2.1: Possible functional forms for v and G to obtain the most frequently used
adsorption isotherms and equations of state.

2.4.3 Insoluble surfactants

Neglecting ([2.3.4), (2.3.8]), and the jump term in (2.3.7)) gives a two-phase flow model

with insoluble surfactant.

This coincides with the model of insoluble surfactants

studied in |James and Lowengrub [2004]; |[Elliott et al.|[2011]; Xu et al. [2006]; Lai

et al. [2008]; Khatri and Tornberg| [2011].

2.4.4 Reformulation of the surfactant equations

The strong form of the surfactant equations (2.3.4)), (2.3.7), (2.3.8) can be reformu-

lated into an equivalent distributional form using a result from Alt [2009]. Let

Xo) and or denote the distributions given by the Dirac measures on QO and T

27




respectively; see Appendix [B] for a precise definition. We now define

= L(’Y’(CF) — Gy, g = L(7’(CF) — GH(c?)).
Oé(l) a(2)

In Appendix [B] we show that

A (xaw M) + V- (xow Mo — xqu MIYVE, (W) = drii,
A (Xa@ ) + V- (xgo Vv — xqo M VG, (c?)) = drjo,
9, (0rc") + V- (dpctv — MrérVy/ (V) = —or(j1 + j2),

interpreted in their distributional formulations are equivalent to

AV +V - (WMo — MIVE, (V) =0, in QW
MOVG (V). v =34, onT,

9,c? + V- (Pv — MAVG, () =0, in QP
~MPVGL () v =jy, onT,

and ([2.3.7)) respectively.

2.5 Non-dimensional evolution equations

(2.4.2)
(2.4.3)
(2.4.4)

To derive equations in a dimensionless form we pick a length scale L, a time scale

T (or, equivalently, a scale for the velocity V' = L/T), a scale ¥ for the surface

tension, and let CT' = L2, C = L3 denote scales for the surfactant densities in the

interface and in the bulk, respectively.

The Reynolds number, as the ratio of advective to viscous forces, is defined

as Re := (pPL?)/(nPT). The capillary number, as the ratio of viscous to surface
tension forces, is defined as Ca = ()LL) /(TY). Scaling the pressure by T2 /(p(? L?)

we arrive at the following dimensionless fluid equations:

V. - v, =0, in QO(¢),

+

2 .
B, (pv.) + V. (p*I - R D) + 7. @ v*) =0, in QO(p),

[v.]2 =0, wv,-v=ur,,onl(t),

12 o] v = — L (orw 4 Vroon), on IO
oI — —/— R = — (04K 0y), on ,
P Re 1 ReCa T
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Mr . = MpXTL?,

()

where vy, G; « denote the dimensionless free energies and M., Mt . denote the

dimensionless mobilities. The dimensionless surfactant equations are given by
o) —v,. (Mc(fzv*c;;*(ci”)> — 0, in QO(¢),
Of.ch + iV, v, — Vp, - (Mr,*vrﬂi(cl,:)) = [MC(QV*G;*(cgz))]jv, on I'(t),
o () MEV.GHA) v = ~(U) = GLi(e)) on T(0),
where o) = a0 /(T'SL*) is the dimensionless kinetic factor. If we consider the

mobilities in Section then we have the relation

1 e 11
T Pecigr (&) T Per (el

Mt

)

where Pe.; = L?/ (TDéi)), as the ratio of advection to diffusion of bulk surfactants,
is the bulk Peclet number and Per = L?/(T Dr) is the corresponding interface Peclet

number. The dimensionless surfactant equations with Fickian diffusion read as

o) —v,. < v*cﬁf)> =0, in QO (1),

Peqi

1 1 SE
8;*01,: +clvr, v, — Vp, - (Vp*c}:) = [P 'V*cf)} v, on I'(t),
T €ci 1

oGy = () = Gl (), on T,
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Chapter 3

Phase Field Models

3.1 Model for two-phase fluid flow

In this chapter we will derive a phase field model for two-phase flow with surfactant
generalizing the work by |Abels, Garcke, and Griin| [2011] on phase field modelling
of two-phase flow.

For a test volume V C (2, let p denote the total mass density of the mixture
in V and, for ¢ = 1,2, denote by ﬁ(i),n(i),Vi the constant bulk density, constant
viscosity and the volume occupied by fluid 7 in V, respectively. Let u; = V;/V
denote the volume fraction occupied by fluid ¢ in V' and the local densities of fluid
1 in V is then given by uiﬁ(i).

Mirroring the assumptions in Chapter [2| we make the following assumptions

for the phase field setup:

P1 The system is closed and is isothermal. There is no mass flux across the

external boundary 92 and no external bodily forces acting on the system.
P2 There is no excess volume due to mixing.

P3 The inertia and kinetic energy due to the motion of the constituent fluids

relative to the gross motion of the mixture fluid is negligible.

P4 The mass flux in the bulk regions consists only of advection, and we allow
mass diffusion into the other fluid in the interfacial region. The sum of these

two contributions gives the total mass flux of the constituent fluid.
P5 The mass of the surfactants relative to the mass of the fluid is negligible.

P6 The free energy densities G;,7 of ¢, ¢! are strictly convex, and the surface

tension o, defined as the Legendre transform of ~, is positive.
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P7 There exists a dissipation inequality for the total energy density e with energy
flux J, such that for all test volume V(¢) with external normal v.,; that is

transported with the flow,

d
- €+/ Je Vegy < 0.
dt Jy oV (t)

By Assumption P2, we have
up +ug = 1. (3.1.1)

Then the total density p can be expressed as a function of the difference in vol-
ume fraction ¢ = wg — uy, which is a natural choice for the order parameter that

distinguishes the two fluids,

0 +y) pVA=p) pP=p 5+

p=p(p) = 5 5 5 Y 5

Similarly, we define

(3.1.3)

to be the interpolation between two bulk viscosities n(!) and n(®.

Let v denote the fluid velocity, which we will specify later and let J;,i= 1,2,
denote the total mass flux of fluid ¢. Then, by Assumption P4, the mass flux in the
bulk regions for fluid 7 is given by p()u;v. We introduce the diffusive flux J;, i = 1,2,
for diffusion into the other fluid in the interfacial region. Then the mass flux in the

interfacial region is given by 5()J;, so that
Ji =9 (uiv + T5). (3.1.4)
For ¢ = 1,2, conservation of mass of fluid ¢ then yields the following local law
A, (pMu;) + V - <ﬁ(i)uiv) + V- (ﬁ(i)ji) =0, (3.1.5)

which upon cancelling the constant 5() gives

oyu; + V- (ulv)—i—VJZ =0. (316)
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Subtracting leads to the equation for the order parameter ¢:
oo+ V- (pv)+ V- (Jo—J1) =0, (3.1.7)
while adding for ¢ = 1,2 and using , we have
Vov=-V-(J1+J2). (3.1.8)
Furthermore, using the relation p = u; ") + usp(?, we obtain from (3.1.5))
op+V-(pv)+ V- (VT +5PTy) =0. (3.1.9)

We define the individual velocity field for fluid ¢ by v; = J;/(p®u;) and

choose v to be the volume averaged velocity of the mixture:

v V1 + UV —jl —i——jQ
= U1V T UV = — 5y
p(l) p(2)

Then using we obtain from the definition of wv;,
UV = U;V + ji,
and upon summing for ¢ = 1,2 and using we obtain
uvy +ugvy = v+ J1 +Jo = 0=J; + Jo, (3.1.10)

i.e., we obtain conservation of volume due to interfacial diffusion. Furthermore, by

(3-1.8),
V-v =0, (3.1.11)

and we obtain the incompressibility condition with respect to the volume averaged
velocity.

We remark that this differs from the approach in Antanovskii [1995]; Lowen-
grub and Truskinovsky| [1998|, where a mass-averaged velocity v, given by pv =
ﬁ(l)ulvl + ﬁ@)uzvg = jl + jg is chosen. By , this implies that

po = (pWuy + 5P u2)® + pW T + 53 T2 = po + 5T + 52 T

Hence, the choice of a mass-averaged velocity leads to pVJ; + 52Ty = 0, i.e. the
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sum of the mass diffusive flow is zero, and consequently,
Op+V - (pp) ==V -EWT +p2T,) = 0.

So, the classical equation for p is recovered, but by (3.1.8)),

ﬁ(Q)

V-@——V~(J1+J2)—(p(1)—

1)V T
The mass averaged velocity v can be non divergence-free if there is diffusion in the
interfacial regions. We refer to Ding, Spelt, and Shu/[2007] for a discussion involving
the two choices of velocity.

As in |Abels, Garcke, and Grun|[2011]; |Gurtin, Polignone, and Vinals| [1996],
Assumption P3 allows us to consider the mixture as a single fluid with the volume
averaged velocity v. By Assumption P5, conservation of linear momentum with

respect to the velocity field v reads
O(pv) + V- (pv®@v) = (07 p)v+ p(Ofv) =V - T, (3.1.12)

where T is a tensor yet to be specified.

From (3.1.10]), we set

J, = Jo—J1 =2Jy, J:= ﬁ(2)j2 + ﬁ(l)jl = (ﬁ@) — ﬁ(l))JQ.

Then, from (3.1.7)), (3.1.9), (3.1.11), and (3.1.12), the prototype diffuse interface

model for incompressible two-phase flow with different densities is

V-v=0, (3.1.13)
O(pv) +V - (pvv)=V-T, (3.1.14)
Op+V - (pv)=-V-J,, (3.1.15)
Op+ V- (pv)=-V-J, (3.1.16)
where J, is a flux related to the mass flux J by
(P — Mg, = 27. (3.1.17)

Our goal is now to extend this model to the case where surfactants are
present, distinguishing the cases of instantaneous and non-instantaneous adsorption.

We proceed as in the sharp interface setting by postulating appropriate mass balance
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equation(s) for the surfactant and deriving models from constitutive assumptions

such that thermodynamic consistency is guaranteed.

3.2 Non-instantaneous adsorption (Model A)

3.2.1 Mass balance equations

We will use the distributional forms for the bulk and interfacial surfactant equations
in the sharp interface model to derive the phase field surfactant equations. Since
the sharp interface is replaced by an interfacial layer, we consider regularisations
of xqe) and or that appear in (2.4.2)), (2.4.3)), (2.4.4). In the context of phase field
models, many regularisations of dp are available from the literature [Teigen et al.,
2011; Elliott et al., 2011; Ratz and Voigt, |2006; Lee and Junseok, [2012], but it will
turn out that the Ginzburg—Landau free energy density

€ 1vol4 L
5 Vel + - Wiy)
is a suitable regularisation for a multiple of dr. We define
€ 1
3o, V) =W (5196 + () ) (3:2.)

where W is a calibration constant that depends on the choice of the potential W,
chosen such that d(¢, Vi) regularises dr (see |Modica and Mortola, 1977]). In
particular, for the two choices of W discussed in Section we set

o 2v2
/ 2W (tanh(=:))dz = \Sf’ for double-well potential,

1 _ V2
= _ (3.2.2)
/ 2W (sin(z))dz = 5 for double-obstacle potential.

For the regularisation of x2), we consider £3(¢) to be a non-negative cut-off func-
tion such that & (1) = 1, &(—1) = 0, and & varies smoothly across |p| < 1. For

example, in the subsequent numerical experiments we used

1, if p>1,
1
@) =50+ o SI1+le(-¢Y), if el <1,
0, if p < —1.

Similarly, & (@) = 1 — &2(¢) will be the regularisation of xqa).
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Our ansatz for the case of non-instantaneous adsorption of the surfactant to
the interface is motivated by the distributional formulation in — and
the diffuse domain approach [Li et all |2009; Ratz and Voigt, 2006]. We replace the
distributions dr and xq) with the regularisations 6(p, V) and &;(¢) and obtain

K@) + V- (Ei(9)c0) + V- (&) ) = 80, Vi, i=12, (323)
A(0(p, Vo)) + V- (8, Vo)) + V - ((, Vip) It ) = =00, Vip) (s + o),
(3.2.4)

()

where J:” is the bulk surfactant flux, Jp is the interfacial surfactant flux and j;,
i = 1,2, denote the mass exchange between the bulk and the interfacial regions.

In the above prototype model we allow the situation where there are sur-
factants present either in both bulk phases or in just one bulk phase. We denote
the former as the two-sided model and the latter as the one-sided model. In the
one-sided model, we set ¢!) = 0, &(p) = 0, j1 = 0, Je1 = 0 and we drop the
subscripts so that equations , are written as

A(&(p)e) + V- (E(p)ev) + V- (E(p)de) = d(p, V),
O (5(% Vs@)cr) + V- (0(p, V)t v) + V- (5(90, VSD)JF> = —0(p, V).

Observe that, for a test volume V'(t) with external normal v that is trans-
ported with the flow, by (3.2.3)), (3.2.4]), Theorem and the divergence theorem,

we have
i=1 2/ gl /V(t 5CF) - /av &IV + &IP +5Jr) v

which is analogous to (2.1.4).

3.2.2 Energy inequality

As in the sharp interface setting and in analogy to (2.2.1]) the total energy in a test

volume V' is the sum of the kinetic and free energy:

/Ve(v,so,vso,c(“,cr) /P||+5(<p,Vgo + 3 Glp)Gile?).  (3.2.5)

i=1,2

Since (¢, V) approximates dp we can consider (¢, V)y(c') as an approximation

of the surface free energy density. By Assumption P7 and Theorem[A.]] the following
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dissipation law holds pointwise in V:
—D :=0ie+ V- (ve) +V-J. <0, (3.2.6)

where J, is an energy flux that we will determine later.
Using (3.1.13), (3.1.14), (3.1.16)), and the identities

Ve (wev)v= (Vo) o+ (o),
V-(ved)]-v=(Vv-J) v+ |v}?V-J
V- (Ttv)=(V-T)-v+T: Vo,

o (225) + V- (2550) =~ T+ p(0w) v+ oV - (o)
= PG T [0(p0) + V- (v @) v — [+ Vo] [v]
= LY T (VD) v (V- T)e]
:-@V-jﬂv-T)-vﬂvwv@?)]-v—[(TVv)]-v

We use the identities

OV =Vorp— (W)Lw, o (ab) = adfb + boLa,

0; (3(, Vep)r(c)) = 07 (0)y(c") +'(cN)IF (c")d
= 9P (O)7(ch) +7'(c")Ip (5e") — ()" 07 (3),
0} (&) Gi(cW)) = o7 (éic(’))Gé(C(’)H@' (&)(Gi(e?) = DGi(M))

to obtain after some lengthy calculations that

-D=V- (Je—7$+TLv+('v®j)'v)

+V- ( DYJr — Z sz’ ) + W&?JV@@{Q@)
1=1,2
+ V- (a3 €G- G = T - a0 V) + Lo ()

+0Jp - VA () + &N - VG (W) + &P - VG (c?)
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—5j1(7/(") = G1 (M) = 8ja(7/ (") = Go(e?))

#9( 3 ERGE) = G T - VoV + oW (i)

Vo (o 2 E@NGH) ~ D)D) V- Weo Vo) + oW () )T

i=1,2
+ Vu: ((50 +&(G1 (W) — G (eM)eM) + &5(Ga(c?) — G/Q(C@))C@))) I
—Vv: (TH+v®J +WeoVp V).
In the case where the surfactant is present in only one of the bulk phases, a similar

calculation shows that we obtain the above form for —D without any terms involving

the subscript 1.

3.2.3 Constitutive assumptions

We choose J. so that the divergence term in the calculation of —D cancels. For

convenience, we set

p==V-(Wea(c")Vy) + ga(CF)W'(W) + D E@)(Gi(e?) = Gi(e)e?)

i=1,2
(3.2.7)
and make the following constitutive assumptions:
Jr = —Mp(c")Vy/ (D), (3.2.8)
JOD = — MO (DNYvE (D), (3.2.9)
. 1 i
J, = —m(p)Vp, (3.2.11)

for some non-negative function m(yp). Moreover, motivated by the calculation of

—D, we choose the tensor T to be

T= (054 Y &(GH(e) - GU)e?) — pp) I

i=1,2

—v®@dJ —WeoVe @ Vo + 2n(p)D(v) — pl,
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where p denotes the unknown pressure, 7(p) > 0 denotes the viscosity defined in

(3.1.3). From (3.1.17) the volume diffuse flux J is given by

— 5(2) _p(l)

J=- m(p)Vp.

Since the interface thickness will be of order ¢, it turns out that the term
V- (0(d(p, V) I — WeVp @ Vi)
scales with e =2, while the term
V- (@G = G ) )T + 6(Ga(el®)) = Go(e®)e®)T — op)

scales with 7!, the same order as the pressure p. Hence we absorb the latter term

as part of the pressure and reuse the variable p as the rescaled pressure, leading to
T = o(c)(6(p, Vo) I = WeVp @ Vo) — pI + 2n(p)D(v) —v @ J.  (3.2.12)

We remark that the term V - (66(¢, V)I) in the momentum equation is required
to recover the surface gradient of the surface tension in the asymptotic analysis. It
is present also in other diffuse interface models with Marangoni effects [Sun et al.,
2009; Kim, |2005; [Liu et al., 2005].

With the above assumptions we obtain the energy inequality

D =~ () [Vul — 3 MOE)6(0)[TGHD)| ~ 20(6) ID@)P

i=1,2
=Y e
1204(1

)

() = G = Mot V) [V () <0

and from (3.1.13), (3.1.14), (3.1.15), (3.2.3), and (3.2.4) with (3.2.7), (3.2.8), (3.2.9),
(3.2.10), (3.2.11)), and (3.2.12)), the diffuse interface model (denoted Model A) for

the case of non-instantaneous adsorption reads

V-v=0, (3.2.13)
Ou(pv) +V - (v @ v) = V- (=pI +29(p)D(v) + v ® L2 m(p) Vi) (3.2.14)
V- (a(c)(8(p, Vo) I — WeVp @ V),
(m(e)Vu), (3.2.15)

j= —V - (Wea()Ve) + ga(CF)W’(go) (3.2.16)

ofp=V-
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+ D E@)GiI) = Gie)e?),

&
O (E:()e?) = V- (MO (D)6 (9) VG () (3:2.17)
+ =506, V) () = Gile)), =12,
02 (3(p, Vip)eh) = V- (Mr(e)d(e, Vo) V(")) (3.2.18)
oo va 3 () — Ge),

3.3 Instantaneous adsorption, one-sided (Model B)

To model one-sided instantaneous adsorption, we assume that the bulk surfactant
in Q@ and the interface surfactant are in local thermodynamical equilibrium and

we impose the constraint

A" = Gh () (3.3.1)

in order to replace c!.

For this purpose, since /' is strictly monotone (recall that ~ is strictly convex

by Assumption P6) we may set

" = () Gh(cP))) =t g(c?).

We then consider one surfactant mass balance equation which we obtain by adding

(B23) for i = 2 and F2.9);

0} (&1(p)e)) + V- (&1(0) D) = 6(¢, Vi),

3 (&2(0) e + 8(, V) g (D)) + V - (£2(0) TP + 8(p, Vo) Ir) = —b(, Vo)1,
(3.3.2)

in place of (3.2.3)) and (3.2.4).
The energy density of the system is given by

e(v, 0, Vi, ) = %p v+ 8(, Vo) (g(c?)) + £1(0)G1(c)) + &2() Ga(c?),

and we set

p=-V-(Weo(g)Ve) + ga(g)W’(w) + ) E(@)(Gi(?) = Gi(D) D),

i=1,2
(3.3.3)
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where

a(9) = 1(9(¢®)) =7 (9(c?))g(®)) = 2(g(c®)) = Go(cP)g(c?).
Then, a similar computation as in the previous model yields

DP=V. (Je—jﬁ—i-TLv—i-(v@j)v%-J@u)

+V. ( (g ))Jr — Z &G/ QR Weo (g )Vgoc(?t'@)
1=1,2
+8Jp -V (g(d®) + Y &I VG + Ty - Vie— 551 (7 (g(¢?)) = G (M)
i=1,2

+Vo: (30(g) + €1(Gr(e) = G ()eM) + E(Ga(e?) = Gy(e®)e®) ) T
—Vv: (T+v®J+Weo(9)Vp @ Vo + oul).

We choose J, so that the divergence term in the calculation of —D cancels, T as in

with o(g), J, as in , and J as in . Furthermore, we choose

Jr = =M (g(c®)) V7 (9(c®) = Mot )96y (e?), (3:3.4)
i = 5 (0 (9e®)) = G (eV) = 5 (Ghe®) — G (). (35)

Then we obtain the energy inequality

D =~ 29(g) D)~ m(g) (Va3 MO(D)ei(e) [VEie)|
1=1,2
2 1 2
- 8(p, V) Mr(g(c®)) |V Ga(ce®)| - 6<so,w>\Gg<c<2>>—ea<c<”>\ <.

a®

From (B.1.13), (3.1.14), (3.1.15), and (3.3.2) with (3.2.9), (3.2.11), (3.2.12), (3.3.3),
(3.3.4), and (3.3.5)), the diffuse interface model for case where we have one-sided in-
stantaneous adsorption and one-sided non-instantaneous adsorption (denoted Model
B) is

V-v=0, (3.3.6)
Au(pv) +V - (pv @ v) = V- (—pI +25()D(v) + v & L2528 () V)

+ V- (0(9)(6I = WeVp ® Vo)), (3.3.7)
e =V-(m(e)Vp), (3.3.8)
b=V - Weo(g)Ve) + 2 olg) ' (), (3.3.9)
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+ Y E(@)(GilcD) = Gi(cD) W) (3.3.10)

i=1,2
05 (&) = v - (M (D)6 VG () (3.3.11)

+ (G (e®) — G (),
08 (£26®) +6g(c?)) = V - (MP) ()6 Gy () (3.3.12)

1

—y0(Gh(e®) = G ().

+ V- (Mr(g(c!))sVG(?))) —

3.4 Instantaneous adsorption, two-sided (Model C)

We now derive a model for instantaneous adsorption that is two-sided. Since we as-
sume local thermodynamical equilibrium, the chemical potentials G4 (c()), G4 (c?)
and v/ (cF ) are equal on the interface. We therefore introduce a chemical potential,
denoted by ¢, and consider this as an unknown field rather than the densities of
the surfactants. By Assumption P6, the chemical potentials G, and +' are strictly

monotone and we obtain a one-to-one correspondence between the ¢ and ¢, i.e.,

V= (@), P =), =0,

We then also may write the surface tension as a function of g,

Summing (3.2.3)) for i« = 1,2 and (3.2.4) we obtain the equation for surfactants as

follows:

(Z& q) + (¢, V) (g ) (Z& +5¢,V90)J)
1=1,2 i=1,2

(3.4.1)
The energy density of the system is given by

e(p, Ve, v,q) p\v\ + 3 G(@)Gi(c(q) + (¢, Ve)r(c (),

i=1,2

and similar computations as in the previous models yield

D=V (- T+ (v @ T)w — 6gJr — £10JD — 62002 + Web(q) V)
+V- (TLv—s—J@u) +J, V4 0Jr - Vg + & () IV - Vg + &(p) TP - Vg
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—Vou: (T+v®7+W56( )V@@Vgp)
+ Vi I = 05(a) = Y €)(Gi(e(a)) — acV (@) )

=1,2

where

p= > )G (q)) — g (q)) = V- (Wed(q) V) + gﬁ(Q)W’(@' (3.4.2)

i=1,2

Choosing J. so that the divergence term in the calculation of —D cancels, T'

as in (3.2.12) with &(q), J, as in (3.2.11)), and setting
IO = MO (D (q))Vq,  JIr = —Mr(c'(q))Va, (3.4.3)
leads to the following energy inequality:

—D = ~2(¢) [D()[* = m(p) |Vl

= (32 MO @) + Mr( (@)6(, Vo)) [Vl < 0.
i=1,2

From (B.1.13), (3.1.14), (3.1.15), and (B.4.1) with @.2.11), B.2.12), B-4.2), and
(3.4.3), the diffuse interface model for this case of instantaneous adsorption based

on the chemical potential as a field (denoted Model C) is

Vov=0, (3.4.4)
O (pv) + V- (pv @ v +pI — 2n(p)D(v)) =V - ('v ® Lgﬁmm(w)W) (3.4.5)
1V - (5(g) (0T - WeVp @ Vi),
e =V-(m(p)V ) (3.4.6)
pt V- (Wedla) Vi) = 2 o(a) W Z EEEE) ), (347)
05 (€1¢M(q) + &P (q) + o™ ( Z v- (@)&Ve)  (3.4.8)
Py

+ V- (MF(CF(Q))(SVQ).
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3.5 Specific models

3.5.1 Insoluble surfactants

Similar as in Section [2.4.3] we can consider a phase field model for insoluble sur-
factants. The resulting model is a system for the unknowns v, p, ¢, u, ¢! and is

obtained by omitting (3.2.17)) and dropping the last term in (3.2.16]) and in (3.2.18)).
Formally, we set & = 0 and ﬁ =0in (I3.2.13[) — (|3.2.18[).

3.5.2 Mobility for the phase field equation

We will choose the functional form of the mobility to be

m(p) =mi(l1— %)y, (3.5.1)

where m; > 0 is a constant and (-)4 denotes the positive part of the quantity in the
brackets. This degenerate mobility switches off diffusion in the bulk phases away
from the interfacial layer. In this case, the phase field equations (3.2.15)), (3.2.16)

lead to a pure advection of the interface. We remark that the choice m(yp) = emy

also leads to a pure advection of the interface, while a constant mobility m(p) = my
leads to interface conditions similar to the ones in the Mullins—Sekerka model; see
Abels, Garcke, and Griin| [2011] for more details.

3.5.3 Diffusivities
If we set

. L1 1
() — pi__1 M D
ML = DY ey Mr(e") = Dr s

(%)

for constants D¢’ and Dr, then we derive Fick’s law for the surfactant
JO = —piveD  Jp = —Dpvel.

3.5.4 Partial linearisation

Depending on the isotherm and the constitutive assumptions on the fluxes it may
be possible to rewrite so that it is better amenable to numerical simulations.
For instance, the Henry isotherm implies that W, @ and & are multiples of each
other (see Table , say ¢ = ¢, ' = B¢, 4 = 1,2, for some field ¢ defined

on the whole domain Q. If we further assume Fick’s law for the fluxes as above in
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Section with constants D?) and Dr, then we can express |D as a linear

equation in c:
o1 ((BWer + 8%+ 876) ¢) = V- (D& + D& + Dro) Ve).

3.5.5 Obstacle potential

If W is chosen to be a potential of double-obstacle type, i.e., W(p) = F(p) +
Iy 1)(¢) with F'(£1) = 0, then equation (3.2.16)) is formulated as the following
variational inequality: For all ¢ € K := {n € HY(Q) : |n| < 1},

| v =)+ Weae >w-<vw—w>+¥a<CF>F’<w>ww>
/Z@ = Gy (W ) 2 (3.5.2)

i=1,2

3.5.6 Reformulation of the momentum equation

A short computation shows that

uNVeo =V - (o (5(% Vs@)I —WeVep @ Vo)) — (¢, Ve)Va
+ > &lp) — G(cD) V.

i=1,2

Hence the momentum equation (3.2.14)) can be reformulated as

Ou(pv) + V- (pv @) = V- (= pI +20() D(v) +v & E252m(¢) V)

+puVe +6(p, Vo)Va — > () (Gi(c") = Gi(c!D) D) Vep,

i=1,2

3.5.7 Non-dimensional evolution equations
We consider the following dimensionless variables:

B € _ m()XT _pL
(S*—L(S, 6*—5, m*—T, ,U/*—E

with the characteristic length L, the scale 3 for the surface tension and a charac-

teristic time 7. In addition, we scale the bulk densities by L? and the interfacial

density by L?. The dimensionless density and viscosity are

pe = p/p?) = ULA, + U2, Ny = n/n? = Uiy + uz
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where A\, = W /532, Ay = 7™M /n?) are the density and viscosity ratios. Set Re =
BFAL2)/(Tn?), Ca = (P L)/(TX) to be the Reynolds and capillary numbers

respectively. Then the dimensionless fluid equations are
Vi v.=0, (3.5.3)
21, 1—-X,
Re 2
o (02(8.T = We Vo @ Vi), (3.5.4)

* RoCa ¥

where p, = (pT?)/(L?*p?) is the rescaled pressure. The reformulated momentum

equation from Section has the dimensionless form

1
('U*) + U ®

at*(p*v*)+v*(p*v*®v*)zv* <_p* ]_:;7;
" ﬁ( Nt 5*V*‘7*) (3.5.5)
ReCa( Z E(e)(Gie(c) = G () i“)v*w*).

The dimensionless phase field equations are

O = Ve (ma(9)Vapia), (3.5.6)
po = =V - WerouVip) + mf* )+ Y @) (Grilc) = G,
1=1,2
(3.5.7)

The dimensionless surfactant equations for Model A are

. i i i 1 i
o1 (6el”) = Vo (MEeV.GL(AN)) = =000 — G, (358)

«
1 i
01 (6:¢5) = V- (Mrud V. (eh) ) = o SO = GLiel™)). (3.5.9)

For Model B, the dimensionless surfactant equations read

o (61l") = V- (MU v.G1L(AD)) = i,
o, (520* + 5*9*) -V (MC(Z* £V G2 *(C>(k )) + M0,V GQ *(CSF ))> = —J1,
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with j1,. = 764 ( ’27*(09)) - i’*(c£1))). For Model C, it reads as

o

o (61 () + &2 (gu) + 0.cE (g2))
— V- (M(S,l*)&v*q* + Mc(,z*)§2v*Q* + MF,*é*V*Q*) =0. (3510)

If we consider the mobilities in Section the dimensionless surfactant equations
for Model A are

0 (6cl”) = V- (o= 6Vud”) = 8.0 (eh) — CLa(el”)), (3:5.11)
Cyl Ot*
. 1 1 i
ar (8,c8) =V, - (PT:F(S*V*CE) =03 U =G (35.12)
i=1,2 O

For Model B, the dimensionless surfactant equations with Fickian diffusion read

1
Pec71

at.* (§2C>(|<2) + 5*9*) — Vi (

o (6d") = Vo (56 Vo) = i (3.5.13)

1
Pec,2

2)

|
&V, 4 P—eré*v*cﬁf)) = —ji..  (3.5.14)
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Chapter 4

Sharp interface asymptotics

4.1 Formal asymptotic analysis

In this section we identify the sharp interface limit of the diffuse interface models
introduced in the previous section by the method of matching formal asymptotic
expansions. We will apply this method to Model A, where we distinguish two
different scalings of a®), namely O(1) and O(e). We briefly outline the procedure
for Models B and C. We remark that in the subsequent asymptotic analysis, some
orders of the expansions will yield the trivial statement 0 = 0. If so, we will neglect

these and look at the next order of the expansions.

4.1.1 Outer expansions, equations, and solutions

We assume there exist the following asymptotic expansions in € for u. = u(t, x;¢) €

{ve, Pe, Pe, pe, cgi), cL'} in the bulk regions away from the interface:

us(t, ) = u(t, z;€) = uo(t, ) + eui(t, ) + O(e?). (4.1.1)
Substituting these expansions into Model A and (3.2.16) to order —1 gives
0= Wa(cg)W' (o).

As o(-) > 0, we obtain the identity W’(¢p) = 0. But the only stable solutions to
this equation are the minima of W(-), hence g = +1. We denote Q) and QM) to
be the sets where ¢p = 1 and @y = —1 respectively. Immediately, from (3.2.1]), we
see that

6(()007 VSOO) - 07
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so that fully degenerates in both domains Q2 and QW) whence cg re-
mains undetermined in the bulk. Similarly, pg is undetermined in the bulk due
to m(yp) = 0 (recall ) Moreover, the fluxes 6Jr = —Mr(c")dV4/(c') and
J, = —m(p)V vanish in both domains

The zeroth order expansions of the fluid equations yield

V- Vo = 0,
A (pMvg) + V- (pW vy ® vg — 20 D(wg) + poI) = 0.

The bulk surfactant equation gives, to the zeroth order,
Au(&ilpo)el)) +vo - V(&leo)ey)) = V - (€lpo) Milef ) VGi(ey) = 0, i =12
By the definition of &;(¢), we have
G(-1)=1, &H#1)=0, &(-1)=0, &(+1) =1, (4.1.2)
and so, we obtain

(Mi(c§)VE, () = 0, in @O,

(9,5661) + v - Vcél) c
(Ma(cg”)VGh(cl?)) = 0, in Q)

L v
8,5062) + v - Vc((f) - V-
Moreover, we note that §1Jc(l) = —§1Mc(l)VG/1(c(1)) vanishes in Q@ while §2J£2) =
—ngc(z)VG’Q(c@)) vanishes in Q).

For the double-obstacle potential, equation (3.2.16) is replaced by (3.5.2))
which, to order —1, is the variational inequality

—/QU(CE)SOO(% — o) >0, Vi€ K.

Since o > 0, this implies that ¢ must take the values +1 and we can define sets
0@ QM as in the case with the double-well potential.

4.1.2 Inner expansions and matching conditions

Let us assume that the zero level sets of ¢, converge to some hypersurface I' moving
with a normal velocity denoted by ur as ¢ — 0. Close to I', we denote by d(t,x)
the signed distance function of a point € Q to I with the convention d(t,x) > 0 if
z € Q?(t), and set z(t, x) = d(t,x)/e. We write each field u(t, ) close to I' in new

coordinates U (t, s, z), where s are tangential spatial coordinates on I". The upshot
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is
1 (o]
oru = —gupazU +0;U + ho.t.,

1
Vaeu = gazUl/ + VrU + h.o.t.,

where v = Vgd is the unit normal pointing into Q) 92(-) = 8;(-) 4+ urv - V(-
is the normal time derivative, Vr is the spatial surface gradient on I', and h.o.t.
denotes higher order terms (see the appendix of Abels, Garcke, and Griun| [2011] for
a proof).

We assume that the inner expansions of unknown fields u € {ve, pe, e, e, cg)
take the form

u(t,x;e) = Ul(t, s, z;e) = Up(t, s, 2) + eUi(t, s, 2) + O(?)

with inner variables U € {V, P,®, M,C®,C"}. The assumption that the zero level

sets of . converge to I' implies that ® satisfies
Dy (t,s,0) = 0.

Regarding the double-obstacle potential, we further assume that ® is monotone
increasing with z and the interfacial layer has finite thickness of 2/, where the value
of [ will come out of the asymptotic analysis (see Blowey and Elliott| [1993]). For

the double-well potential we take | = co. Furthermore, we assume that
O(t,s,l;e) =1, P(t,s,—l;¢) = —1. (4.1.3)

In order to match the inner expansions valid in the interfacial layers to outer ex-
pansions we employ the following matching conditions |Garcke and Stinner} 2006):
As z — =+,

4.1.7

2

Uo(t, s, z) ~ u%(t, x), (4.1.4)
0, Uy(t,s,z) ~ 0, (4.1.5)
0.Ui(t, s, z) (4.1.6)

(t,s,2) (4.1.7)

~ Vui(t,z) v,
+
1

Vuy (t,z) v+ (v V)(v- V)ud(t, z))z,

where ug" denotes the limit limg\ o uo(z 4 0v) at a point x € T.

Note that there are no bulk fields if u = c¢' or v = p. But we have matching
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conditions for the fluxes of these quantities, namely
d0Jr =+ 0and J, — 0 as z — *l. (4.1.8)

Similarly, there are no bulk fields for ¢(Y) in Q3 and ¢ in Q). So we assume that

the fluxes satisfy the matching conditions

§1JC(1) —0as z — +I, §2JC(2) —0asz— —L. (4.1.9)

4.1.3 Asymptotics for Model A

We begin by stating a few expansions of the most complicated terms for later use.

These can be obtained by some short calculations. First,
1 1
eV-(o(H Vo @ Vi) = 8—282(0(CF)(8Z<I))2V) + gaz(o(cf)azq>vpcl>)
1
+ EVF (o()(0.2) v @v) + Vi - (0()0.2(v @ Vrd + Vird @ v)) + ho.t.,

where Vr- of a 2-tensor is the surface divergence applied to each row. Then, setting
E(A) = 3(A+ AL) for a tensor A one can show that

V- (1) D(v)) = 0:(n(R)E@.V @ v))
+ éaz(n(cp)e(vpmu) + %vp - ((®)E@B-V ®v)) + h.o.t..
Next, observe that

1 1
(o, V) =W (25 |8Z<I>]2 + EW((I)) + % |V1~<I>|2 + h.o.t.> ,
and so the fluxes 6Jr, J,, and fiJc(i) expanded in the new coordinates read as

31 = -Wte(C") (5 1008 + W(®) ) ( 50.6/(Cw + 1 ()
— WMp(CYY |[Vr®[?0.(+'(CT))v + hot.,
J, = —m(®) <i82MV + VpM) + h.o.t.,

&I = —MP(CV)& (@) (iaz(Gé(C(i)))v + Vr(GQ(C(i)))> + ho.t.
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Inner equations and solutions to leading order

The order —3 terms in give
WO, (Mr(Cy)(5 10:ol* + W (%0))02+'(Cf ) = 0.
Integrating from —[ to z and using yields
Mrp(CF)(510:D0]* + W (20))9.~(C) = 0.
We conclude that
9.7 (CY) = 0 whenever |®q| < 1.
Since 7" > 0, we obtain that
9.CY = 0 whenever |®q| < 1,

which means that C} is constant across the interfacial layer. Since the surface

tension is given by o(C}) = v(C§) — CY+/(C}), we also obtain
9.0(CY) = 0 whenever |®q| < 1.
To order —1 in we have
Wao(C)(—..P0 + W'(D)) = 0.
We can choose ®¢ such that it is independent of s and ¢ and solves
—0,. P9 + W'(®g) = 0, (4.1.10)

with ®(0) = 0 and (%) = £1. With the double-well potential W () = $(1—¢?)?

we have the unique solution
®o(z) = tanh(z/v/2),
while for the double-obstacle potential, a unique solution to

—azzq)g — q)g = 0, ‘(I)o‘ S 1, (I)o(t,S,O) =0
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is

+1, if 2> 7,
Po(2) = ¢sin(z), if 2] < 3,

-1, if 2 < -3,
so that [ = 7, and from (4.1.3) we deduce that
®y(t,5,+3) = 0. (4.1.11)

Multiplying (4.1.10) by 9, Py, integrating from —I to z and applying matching (4.1.4))
and (4.1.5) to ®¢ yield the equipartition of energy

1
5 18,0 (2)]* = W (Dg(2)). (4.1.12)
The order —1 term in the mass balance (3.2.13)) gives
(0, Vo) v =0,(Vp-v)=0. (4.1.13)

Integrating from —I to | and matching (4.1.4) applied to Vy imply that V - v is

constant in z and

i.e., the normal velocity is continuous across the interface.
Equation (3.2.17)) gives to order —2

0:(Mi(Cy)i(@0) G (C)0.C5) = 0.
In the two-sided model, for i = 2 we integrate from —I to z and use (4.1.9)) to obtain
Ma(C)2(®0(2)) G5 (C5)0:C57 = 0

as £2(—1) = 0. Since G4 > 0 we have that 8ZC(§2) = 0. Similarly, for C(()l) where we
integrate from z to +I and use (4.1.9)) to obtain

My (C)e1 (@0 (2) G (CS)a.C8 =0

as £1(+1) = 0. Thus 830[()1) = 0 follows from the same argument. In the case of the

one-sided model, we argue as above to obtain 9,Cy = 0.
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Using , equation gives to order —2
0=0.(my(1 — ®) 0. Mp).
Integrating from —[ to z and using gives
0 =my(1 — ®3(2)) 0. M.

For |®g| < 1 we have 9,My = 0, hence the term V - (v ® wm(w)v,u) plays
no part in the order —2 expansion of the momentum equation (3.2.14f). To leading

order the momentum equation gives
0 =20.(n(9g)0. Vo). (4.1.15)

With the usual trick of integrating with respect to z from —[ to a limit denoted by
z again and applying (4.1.5) to Vi we obtain that n(®y)0,Vy = 0. Since n > 0 we
conclude that 9,V = 0 so that, using (4.1.4]), the tangential velocity is continuous

across the interface:
[UQ]% = 0.

Inner equations and solutions to first order

Equation of the mass balance yields to zeroth order

o.Vi-v+Vr- -V, =0, (4.1.16)
while equation gives to order —1

(—ur + Vo - )0, @0 = 9, (m1 (1 — ®3)+0, M),
where we used that 0,My = 0. Integrating from —[ to +{ and using yields
2(ur — v - v) = [mi(1 — )19, M| T = 0,
and we obtain
ur = v - V. (4.1.17)

Using equipartition of energy (4.1.12]), BzCéi) =0, and ur = vg -V, we obtain
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from (3.2.17) at order —1

270/ (CF) ~ GUCE)W (B0) = 0. (Mi(C{)6:(20)0: (GO, (11.18)

In the two-sided model, for ¢ = 2, integrating (4.1.18]) from —[ to 4! and using
(19 and (B:22) leads to

2W +1
0 = [Ma(C6)(@0)GE(CN0:C 1M + 5 | ((C) = GA(CE )W (Ro)dz

1
= ME(GVEHE) v + 5 () = Gale”))

Proceeding similarly for ¢ = 1, we recover the free boundary conditions
2 2 1 2
~MP(D)VECY (i) v = I v = (3 (eh) ~ Gh(ei”),

1
MO VG (e) v = =T v = (7 () = Gl

(4.1.19)

The argument for the one-sided model is similar to the above case with ¢ = 2.
Using 9,C} = 0, ur = vo-v, and the equipartition of energy, after integrating

from —[ to z and using , equation gives to order —2
2WMp(CYYW (®4(2))y" (CF)D.CL = 0.
Since 7" > 0 we have that
9.C] = 0 whenever |®q| < 1.
Equation for the chemical potential gives to zeroth order

My = Wao (CE)(=0..D1 + W (D9)®1) + W' (CH)CT (=0..P + W' (D))
=0

—WVr - (0(C)v)0, P + Z €(®0)(Gi(C) — Ghesheldy.
i=1,2

To obtain a solution ®;, a solvability condition has to hold. Multiplying the above
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by 0,9g and integrating from —I to +[ gives

+1 +1 . . .
Mod.Bods — / S (@) (G(C)) — GUC)CP)D.Dodz
!

= -l =12

+1
= W/ U(C(l;)(—azzq)lazq)o + W”((I)O)<1>18Z<I>0) — VF . (O’(Cg)l/)(az@o)2dz
-1

Integrating by parts, using azcéi) = 0,0.C} = 0, equipartition of energy (4.1.12),
and matching lead to

200 — Y [(Gi(CS)) — GO (@) + Vi - (0 (b))

i=1,2

-1 N~

!
=W </+ a(CF) (85:®0 — W (®0)) 0,®1dz — [0(C}) (0, D0, D1 — W’@O)@l)ﬁ;) _
=0

We use the fact that W/ (41) = 0 for the double-well potential and (4.1.5) to cancel

the jump term. Furthermore

Vr - (o(ch)v) = o(ch)Vr - v + Vra(ey) - v = —ro(ch),

=0

and so we deduce that the solvability condition is
2110 = o(ch)r + [Gilel)) — Gi(el) ) 1 (4.1.20)

For the double-obstacle potential, the equation for ®; is expressed as a variational

inequality: For all ¥ € I,

W( - U(O(l;)(azz(l)l + @) - J/(C(l;)cf(azzq)o + @) — 0. Vr - (U(Og)’/)a o — (I)O)

> (Mo— Y €(@0)(Gi(CF) = GUCCE), v — o)

i=1,2

Whenever |®g| < 1, testing with g = &y + o, with either a non-positive or a

non-negative zﬁg, we obtain the equality

— My — Wo (C{)(0..®1 + ®1) — Wo' (CE)CF(9.. D0 + @)
~ W8, 00Vt - (a(Chw) + Y €(@0)(Go(C) — Gici ey = o.

i=1,2
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Multiplying by 0,®g and integrating from —I to +[ gives after matching

210 — o(ch)r — Y [€i(e0) (Gilel)) — Gile)eg

i=1,2

+1
= W/ —0(C) (0., D1 + ®1)0.Podz
-1

+1
= W (CD)(0:00. B, + Bo®1)] " + Wo(CE) / 0. 31 (9. + Bg)d-.
1

The last integral term is zero due to (4.1.10]), and using (4.1.5)) for &g and (4.1.11))

for ®; at z = 4 the jump term is also zero. This leads to the same solvability

condition as in (4.1.20)).

Using 9, My = 0, ur = vg - v, Vr®y = 0 and equipartition of energy, the
momentum equation (3.2.14)) gives to order —1

0. Pyv — 20.(n(®0)E (0. Vi @ v)v + 1(®0)E(VrVo)v)

— 0.(Vo 0 2252 (@) 0. Myv) = W 0.0/ (Vr - (0(CDT) — Vi - (0(CHw ©v)),

where we used that Vj is constant in z. Matching (4.1.6|) requires that lim,_,1;0,V; =

V'vgtu and hence
0, Vi®@v +VrVy — Vg for z — +L.
Furthermore, a short calculation shows that
Vr - (6(CHI) = Vr - (0(CY)v @ v) = Vo (Ch) + ko (CH)v.
So upon integrating from —I to 4/, matching, and using we obtain

[po)3v — 2[n" D(vo) 3w = Ko (ch)v + Vro(ch). (4.1.21)
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Inner equations and solutions to second order

Using ur = vg - v, 826’5 = 8zC'f = 0, and equipartition of energy (4.1.12)), equation
(13.2.18]) gives to order —1

W(7 (2CEW (@0)) + Vi - Vi (265 W (®0)) + (Vi - 2)0. (205 W (@0)) )
= W (2Mp(Cy )W (20)7"(C5)d-C5 ) + WVt - (2Mr(Co )W (20)Vry'(Cp))
—2W () Y 205 (/(Ch) - GiCS).
i=1,2

Integrating from —[ to +I and using (3.2.2)), we obtain

+1
(agcg Fop - vpcg) YW [ (Vi )0, (2W (@0)C)dz
-1

= W[QMP(COF )W(‘PO)V"(COF )0.CY )+ Vi - (M (C)Virv (C)))
G/(C( )))

Oé i)
1=1,2

By (4.1.8), the jump term on the right hand side is zero. By (4.1.16)) we have that
+l
| eva.eckw@):
—1
+1
= [2(Vi - v)CE W (®g)] T —/ 20, (V1 - v)W(®0)C} dz
-1

+I
=0+ cg/ (Vr - V)2W (®)dz = WLel Vi - vy,
—1

and by (4.1.19)

— Gy = [T

1=1,2

Using 07(-) = 97(-) + v - Vr(:), we finally obtain the desired surface surfactant

equation
drch + chVr -vg — Vi - (Mr(ch) Ve (ch)) = [T )av. (4.1.22)

Hence, from Model A we recover the equations of the sharp interface model for

non-instantaneous adsorption.
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4.1.4 Alternative asymptotic limit for Model A

Let us now assume that
0l — e

Then we obtain instantaneous adsorption (2.4.1)) instead of (2.3.8]) in the limit ¢ — 0,

which will be demonstrated in what follows.

Inner equations and solutions to leading and first order

We recover [vg - v]3 = 0 and obtain 9.V; - v + Vi - Vg = 0 from equation
to order —1 and to zeroth order respectively. From equation we obtain
0,Mp = 0 and ur = vg - v to order —2 and to order —1 respectively. To order —2
equation gives [vg]? = 0.

To order —3, the interfacial surfactant equation gives 826'(1; = 0.

This leads to the profile for ®¢ and equipartition of energy (4.1.12f) from (3.2.16]).
Furthermore, we obtain the solvability condition (4.1.20) from (3.2.16]) at zeroth

order and the jump in the stress tensor (4.1.21)) from (3.2.14) at order —1.
To order —2 we obtain from (3.2.17)) and (3.2.18))

— 0. (M (C§7)E(®0)0:G4(CY)) = 2WW (@0) (3 ’(Cg)—G;.(cgi))), (4.1.23)

8. (Mp(C5YW (90)0.(v"(C)CT)) Z W (Do) (v (CH) = GH(CS)).  (4.1.24)

Now, multiplying (4.1.23) by G/(C\"), i = 1,2, and (4.1.24) by 2W+/(Ch) and

subtracting gives

= 3 0 (MOa(®00.GUCI) GUCS) + 2w () 3 () - G|

i=1,2 i=1,2

— 0 (Mp2WW (20)9.(v"(Cf)C1))~'(Cf) = 0.

Integrating from —I to +I, integrating by parts, and using 820(1; = 0 yields

ONE 1T S ONE
«7)\+2m%«@ov«%>—em%>]w

0= MD¢g;(d)
=1 2/

— [Mr2WW (@0)7"(C)0.CT Z MO¢(90)0.G4CGHCIN .

The first jump term vanishes by 1) and when applying lb to C'(()i) then the
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second jump term is also zero, by (4.1.9)). Hence we have

Z/ Mg (D)

1=1,2

N o (@) | (T — G dz = 0
e[+ (®0) [7'(Cp) — Gi(Cy”)| dz = 0.

As all the terms are non-negative, this implies that
0,C" =0 and +(Ch) = G(C).

Inner equations and solutions to second order

Adding the surfactant equations (3.2.17) and (3.2.18)), the order —1 terms yield
DWW (80) (8°CH + Vi - Vi Ch) + Vi - b0, (2WW (80)CB)
=0, (MFQWW((I)()) ”(Cg)@ Cg + MFW(a <I>08 oy + W/((I)o)@ﬁ’}//(cg)az(jf)

+ VF (MFQWW(Q)())VF’}/ CO Z 8 51 cI)O G//(Cél))820£l))
i=1,2

Integrating from —I to +/ and matching |l applied to 8zC’{i) or the matching
condition (4.1.9)) leads to (4.1.22) again. Hence, from Model A with the scaling
a® = ¢, we recover the equations of the sharp interface model with two-sided

instantaneous adsorption.

4.1.5 Asymptotic analysis for Model B

Due to the equilibrium condition (3.3.1)), we believe it is more appropriate to consider
the flux in (3.3.12)) as one term, rather than the sum of two separate fluxes. Hence,
we express the surfactant equations in Model B as
35 (€1(p)eM) = v - (M (V) (9) VG (V) (4.1.25)
1
= —y0(p, Vo) (Ga(c?) = G (),
35 (&2(0)c® + 50, Vip)g(cP)) + V - T* (4.1.26)

1
= ——50(, Vo) (Gy(c?) — G (M),
o)

where

J* = — (MC(Z)(C(Q))fg(QO) + Mr(g(c®)d(gp, V@)) VG ().
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Following |Cahn, Elliott, and Novick-Cohen| [1996], we assume that J* has the follow-

ing outer and inner expansions based on the outer and inner expansions of (¢, Vi):

— bulk — bulk bulk
Jr =2y e b gyt

- int |, _— int int
Jr=e 2T et Iyt
where, for example,

TP — WML (g(e$) DWW (00) + Mr(g(c2)W (00)ip1) VG ()
— WM (g(c )W (00) V(G (c5) ) — MO (e§)ea(00) VG (),
T — WM (g(C)) (4 18.®0 [ + W (90))0.GH(CP ).

TPk — o Pk o g (g(e$) W (00) VG (),

The matching conditions for J* are as follows (see Garcke and Stinner| [2006]): As

z — =+l
Jiént (t7 S, Z) ~ 0, azJi’;nt(ta S, Z) ~ 0, (4.1.27)
TNt s, 2) ~ (JPUE( x) v, 9.TRM (s, 2) ~ 0, (4.1.28)
Ty (s, 2) ~ (JPPTOE(E =) + VT E(L ) v, (4.1.29)

Outer equations and solutions

From equation (3.3.9) we obtain to order —1
— (2) 1
0=Wa(g(cg ")) W (o),

from which we obtain ¢y = 1, and regions Q) Q2 defined as in the previous

analysis. We also recover the usual fluid equation, incompressibility condition to

zeroth order from (3.3.7) and (3.3.6]).
From equation (4.1.26f), to order —1, we have

TP — M (g ()W (00) VG () = 0. (4.1.30)
To zeroth order we recover the bulk surfactant equation for ¢(?) from (14.1.26)):
0 (&a(po)el’) = V - (MP&s(100) VG (ef)) = 0,

where &(pp) = 0 in QM) and &(¢g) = 1 in Q). Similarly, we recover the bulk
surfactant equation for ¢() from the zeroth order of (4.1.25).
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Inner equations and solutions to leading and first order

We recover [vg - v]T = 0 and obtain ,V; - v + Vi - Vi = 0 from equation |D
to order —1 and to zeroth order respectively. From equation (3.3.8) we obtain

0,Mp = 0 and ur = vg - v to order —2 and to order —1 respectively. To order —2

equation 1) gives [vo]T = 0.
To order —3, we have from (4.1.26))

8, T v =0, where J*)" = ~WMr (3 |8,®0|* + W(%))@G’Q(q()?))y,

This implies that Ji’;nt -v is constant in z. Furthermore, for any 7 such that 7-v = 0,
we have Jf’;nt -7 = 0. Hence Jf’;nt = 0 by and this implies 820(()2) =0
whenever |®g| < 1.

Equation gives to order —1

0 = —0.(Wo(g(C§”))0.80) + Walg(CSP))W! (D).

Since BZC(SQ) = 0, we obtain 0 = —9,,P¢ + W'(®Pg) again, which gives the profile for
®y and the equipartition of energy (4.1.12). Hence, we obtain the same solvability
condition for ®; from equation (3.3.9):

210 = o(g(ci”))r + [Gilel)) = Giel))e T}
As previously, equation then gives to order —1
[poltv — 2l D(wo)iv = ralg(cy” ) + Vrolg(c;”).
Meanwhile, equation (4.1.25]) gives to order —2
0.(MO(C{)&1(0)0.GY (CT)) = 0,
and so 820(()1) = 0. To order —1, we obtain

2
——FWW(@0)(GH(C) — GL ) = 0. D (e (@0)a. (G )C)).
Integrating from —[ to +I, using matching (4.1.6) and the property that & (+1) =
0,&1(—1) =1 lead to

1

“(Gh(e”) — Gi(e)). (1.1.31)

MO (vay ()

61



To order —2, equation gives
8. v =0, (T v) =0,
where, thanks to azCO(Q) =0,
T = = Mr(g(Cg)2WW (20) (VeGh () + 0:(G5(CE) O w).
This implies that
0 (Mr(g(CS)2WW (20)0-(GE(CS) ) =o.

Integrating from —! to z and using (4.1.8) yields

GZCF) = 0 whenever |®g| < 1.

Inner equations and solutions to second order

To order —1, equation (4.1.26)) gives

VW (D) (929(CD) + Vo - Vrg(CR)) + Vi - w0, QWW (@0)g(C))

in in 1
=~V T - 0T v - VW (20)(GH(CEY) - GG ),

where, using the already obtained results, J'% = —Mp(g(céz)))QWW(@O)VFG’Q(C(S2)).
Proceeding as above, the left hand side yields

(2)

329 + g(c)Vr - wo.

For the right hand side, the integration from —I to +I gives

+l
in in +l 1
v () A @) - Gl

where

l
~Vp - ( / : Jﬂt) = V- (Mp(g(c) VrGh(es?)),
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and ([1.1.29), (#.1.30) and ([@.1.31) give

+ 1

m +l ]' u
= I w|h (G — G = — I v| -

L @
= (MOVGY() = MOIVG () v = [T

—5(Ga(e?) = Gi(e))

So, we obtain the surface surfactant equation
9 9(c6”)) + 9(eh”)Vr - w0 = Vr - (MeVrGy(e?)) + [Tl

Hence, from Model B, we recover the equations of the sharp interface model with

one-sided instantaneous adsorption and one-sided non-instantaneous adsorption.

4.1.6 Asymptotic analysis for Model C

The asymptotic analysis for Model C is similar to that for Model B, and so we will
only sketch the analysis for Model C.

We express as
35 (&1(2)c M (q) + &) (q) + (¢, Vi)' (q) + V- T =0, (4.1.32)

where

J = —(MOéi(p) + MP & (9) + Mrd(p, V) Va.

Based on the outer and inner expansions of d(¢, Vy), we assume that J has the

following outer and inner expansions:

J=e gy ety g4
J=e 2T 4 e T+ I+

where, for example,

Jhulk — o, Pk — WMR(ch)W (¢0) Vo,
J[l))ulk — _W(M]__‘(C (qo))W/(SOO)gpl 4 Mf( F( ))‘h)vqo

— WMr(c" (g0))W (20)Var — Y M (% (q0))&(00) Vao,
1=1,2
T = WM (C)(3 10.@0” + W (20))3.Qov,

and the matching conditions for J are the same as for J* in Section 4.1.5
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Outer equations and solutions

From equation (3.4.7)) we obtain to order —1
0 = Wa(q0)W'(¢0),

from which we obtain ¢y = +1, and regions Q). Q) defined as in the previous
analysis. We also recover the usual fluid equation, incompressibility condition to
zeroth order.

With respect to the surfactant, to order —1 we have
JPUK — _ MWW (90) Vo = 0. (4.1.33)
To zeroth order we recover the bulk surfactant equations from (|4.1.32)):

35 (&1(20)c™M (qo0) + &2(00)c® (q0)) — V - (M€ (00) Vo + MP&(0) Vao) = 0,

where we use & (¢g) = £1(1) = 0 in Q) and &(po) = &(—1) = 0 in QD).

Inner equations and solutions to leading and first order

We recover [vg - v]T = 0 and obtain 0,V; - v + Vr - V = 0 from equation (3.4.4)
to orders —1 and to zeroth order respectively. From equation (3.4.6) we obtain
0, My = 0 and ur = vy - v to order —2 and to order —1 respectively. To order —2

equation (3.4.5) gives [vo] T = 0.
To order —3, we have from (4.1.32))

8™ v = —9,(WMr (2 |0.90> + W(20))0.Qo) = 0,

The same analysis for Model B then implies that J'% = 0 and 9.Qo = 0 whenever
|Po| < 1.

To order —1, equation gives the same profile for @y and the equiparti-
tion of energy . Furthermore, to zeroth order, we obtain the same solvability

condition for ®q:
2110 = & (a0} + [Gi(c™ (q0)) — qoc™ (o)1
To order —1, equation (3.3.7) gives

[poltv — 2[n" D(vo)Jiv = k6 (qo)v + Vré(qo).
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As 0,Q¢ = 0, to order —2, we have from (4.1.32))
0:J2 v = =0.(Mr(c" (Q0))2WW (20)9:Q1) = 0.
Upon integrating from —I to z and using (4.1.8) yields

0,Q1 = 0 whenever |®g| < 1.

Inner equations and solutions to second order

To order —1, equation (4.1.32) gives

DWW (90) (95 (Qo) + Vo - Ve (Qo)) + Vi - 10, (2WW (@0)c" (Qo))
= Vr . (MF(CF(Q()))QWW((I)())VFQ[)) - azJ(i)nt V.

Proceeding as above, the left hand side yields

97 (" (q0)) + ¢ (40) Vr - vo.

For the right hand side, the integration from —I to 4+ and (4.1.29)), (4.1.33)) give

‘ + -
—J .y —j = — Jgulk . V’ = —( — Mc(z)qu + Mc(l)ng) ‘v = [JC(BBV

Hence we obtain

(" (q0)) + (o) Vi - vo = Vi - (MrVrgo) + [J]sw,

and conclude that, from Model C, we recover the equations of the sharp interface

model with two-sided instantaneous adsorption.

4.2 Numerical experiments

In this section we report on numerical experiments that serve to support the above

asymptotic analysis and illustrate that the proposed phase field models are able

to describe phenomena that can be observed in physical experiments. Since the

phase field approach to two-phase flow has been intensively studied already and

the extension consists of accounting for the surfactant dynamics, the numerical

experiments are designed to focus on the latter one.

65



4.2.1 Surfactant adsorption dynamics in 1D

We first carefully investigate the adsorption of surfactants to interfaces in a one-
dimensional setting where we exclude the effects of fluid transport (v = 0) and
focus on the dynamics between bulk and interfacial surfactants. We assume that
the surfactant is insoluble in Q) and the sharp interface model is a variant of the
Ward—Tordai problem defined on a bounded domain. For the phase field models we
assume that ¢ is given, and so the dimensionless surfactant equations and
of Model A simplify down to (dropping the index % and the index 2 for the
bulk phase)

5 €(9)0.0) = 20(0,0:0) (V) - 6'(0),

5, 0up)uc”) = — 0, Do) (7 (1) — G'(0).

Or(&(p)e) — 0 (

1
O (5(907 az@)cr) — Oy (Piep

For Model B we have one equation from (3.5.14]) instead,

1

1
pe EP)c + 5 0(p, Dp)dc) = 0.

A (E(p)c+ 6(p, 0up)g(c)) — ar( Per

and for Model C, we replace ¢, g(c), d.c by c(q), ' (¢), 0.q in the above equation.
We remark that the equations for Model C in this setting is structurally
similar to the equation of Model B. Hence in the subsequent one-dimensional exper-
iments we will only compare Models A and B, while Model C will be the subject of
investigation in the two-dimensional experiments due to its two-sided nature.

To support the asymptotic analysis we test
e the e-convergence of the profile of ¢(z,1);
e the e-convergence of the profile of c''(0,t);
e the e-convergence of |7/(c") — G'(c)| at & =0, = 1.

The third test only applies to Model A when « is scaled with ¢, as the Dirichlet-type
condition 7/(c!") = G/(c) for instantaneous adsorption is enforced in the limit € — 0.

To measure the e-convergence of the profiles, we look at the difference |cpp — cgj|

and ‘CEF — cgl , Where CIE,F(x,t) and cpp(x,t) are the interfacial and bulk densi-
ties of the phase field models respectively, while ck;(t) and csr(z,t) denote the
interfacial and bulk densities of the sharp interface model respectively. We will be

comparing {(4.2.1)), (4.2.2) } with Model A (a > 0) and {(4.2.1)), (4.2.3)} with Model

A (o =€) and Model B. The numerical methods described in this section have been
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implemented using the software MATLAB, Version 7.11.0 (R2010b), [MATLAB,
2010].

Sharp interface model

Set 2 =[0,1] and T" as the origin, the dimensionless sharp interface model is

1

Oyc = —0ype, in (0,1],
Pec (4.2.1)
Al = Pecﬁzc, at x =0,
together with
o _ AN / _
Ozc=—((c")—G'(¢), at x =0, (4.2.2)
Pe,
for non-instantaneous adsorption or
c'(t) = g(t) = ()1 (G'(e))), at z =0, (4.2.3)

clx=1,t)=1, clz,t=0=1, L@t=0)=d.

This is a version of the Ward—Tordai problem on a bounded interval. We solve the
problem via a finite-difference scheme: Let 0 = 1 < -+ < zxy = 1 be a uniform
discretisation of 2 with mesh size h = 1/N. Let At = 1/Ny for integer Ny € N be
a time step and define t,, = nAt for n =0,..., Ny. Let § = At/(Pe.h?) and denote

c"(z) = c(x,ty). Then given " = (c¢"(x1),...,c¢"(xN-1),c"(zn)), the solution
at time t,, we solved for "1 = (¢"*l(zy), ..., " Hwn_1),c" " (zN)), which for
(EZT), @2} satisfies
1420 —20 ... ... 0 & (z1) + 2h0D"

-0 1+20 -6 ... 0 c"(x2)

. . . . . cn+1 .

0 . —0 1+20 -0 c"(zN—1)

0 .. .. 0 1 1
where

P
D= /() = @ (M),

67



and then we set

It = By op (Y (1) — ¢ (21)).

For {(4.2.1), (4.2.3)}, we have to solve

6h —6h 0 ... ... 0 g(c"(x1)) g(c"(z1))
-0 1420 —0 0 . 0 0 ™ (x2)

. 0 —0 1+20 —0 0 c"(xN-1)
0 .. e e 0 1 0 1

Phase field model

We use the one-sided version for each of the above phase field models. We choose the
potential W to be of double-obstacle type and hence W = % (see (3.2.2)). This has
the advantage that the phase field variable ¢ lies strictly in the interval [—1,1] and
interfacial layer has constant width equal to emr. The asymptotic analysis suggests

that to leading order

1, ifx>ef,
o(x) = sin(%), if |z <e7,
-1, if v < —€7,

and thanks to equipartition of energy d(¢p, ) simplifies to

1 ‘cos(g)‘2 if |z| <e%
(p.0ap) =4 =1 -
0, if |z| > eF.

We choose £(¢) to be
) = 3 (14 9@ o))

For the discretisation we employ linear finite elements. Let At = Nif for
integer Ny € N be a time step and define ¢,, = nAt for n = 0,...,Ny. Let T, be
a uniform subdivision of the interval [—1, 1] consisting of subintervals with size h.
Let N be the number of vertices with coordinates denoted by {x1,--- ,zx}. Let N
be the set of vertex indices and for an index i € N let w; denote the neighbouring

vertices connected to vertex i (i.e. w; = {w;—1,z;+1}). Furthermore, based on the
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functional form of § and &, we define

X, = {i € N : there exists j € w; such that {(x;) > 0}, (4.2.4)
Dy, = {i € N : there exists j € w; such that d(z;) > 0}. (4.2.5)

In the implementation, we define y* to be the vertices such that y* —h < el <yt
and y~ < —e§ <y~ + h. Then, for any i € NV, we set

17 if T > ?J+7
@(z;) = 4 sin (%) , ify™ <z <y,

-1, if o, <y~

Consequently, Dy, consists of all the vertices that lie between y~ and y*, while X},

consists of all vertices that lie in between y~ and 1. Let
Sh = {v, € C°([-1,1]): v, € PY([zi, zipa]),i=1,...,N — 1} (4.2.6)

be the discrete finite-element space. For n € C%([—1,1]) we define the interpolation
operator 11" : C%([-1,1]) — S” to be

N

" (n) == n(a:)xi, (4.2.7)

i=1

where x;(z) denote the standard basis function such that x; € C°([—1,1]) and
X; is a linear polynomial on each interval [z;, ;1] satisfying x;(z;) = d;; for all
i, = 1,...,N. Using the method of |[Elliott et al.|[2011], we can find the finite-
element function 01,:’”+1(3:) = ¢l (7,tp+1) € S such that cg’nﬂ(xj) =0if j ¢ Dy
and satisfies

1 ! L
S (st ) i sl / Lo Tntly o
A (/_1 (e, x;5) (6ey, " x5) | + | Per (0)0zcy, ™ 02X

1
= [ TS G @), Vi€ D

The method for cZ'H(a:) = cp(w,thy1) € S is analogous, whereby CZH(a:j) =0 if
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j ¢ X and satisfies
1 bt h P, +1
A ([ et - e ) + [ oo o

1
- / (0 6(7'(5™) — GU(e))xy), Vi € X
-1

For Model B, we seek ¢} € §" such that ¢} (z;) = 0if j ¢ &), UD), and satisfies

1 1
Ait < /_ T ((&cp™ + dg(et)xg) — / " ((gch + 5g(c;;))xj)>

1 -1

1 )
+/1 Hh (Pi + Pep) ag;CZ+18ij = O, VJ S Xh UDh

Numerics for Model A

We choose @ = 1, Per = 0.01 and Pe. = 10. The other parameters of the model
are ci; = 1, ¢(z,0) = 1, ¢F(2,0) = 0.05, B =1, K = 1. The mesh size h is taken
from {0.08,0.04,0.02,0.01,0.005} and the corresponding value of ¢ is chosen from
{0.4,0.2,0.1,0.05,0.025}. To ensure that the numerical scheme is stable, for each
test we choose a time step At < h2.

In the case of fixed & > 0 we refer to Table for the e-convergence in
the difference in ¢!'(0,1) and ¢(0,1) between the phase field model and the sharp
interface model and Figure for the e-convergence of the profiles.

h € ’CEF(Oﬂl) _Cgl(l)’ |CPF(071) _CSI(O7 1)‘
0.08 0.4 0.0974417 0.0732749
0.04 0.2 0.0419969 0.0265120
0.02 0.1 0.0163026 0.0076752
0.01 0.05 0.0058420 0.0015298
0.005 | 0.025 0.0022358 0.0002207

h e |]epr(0,1) — ()] | lepr(0,1) — esr(0,1)]
0.08 0.4 0.0596860 0.0963854
0.04 0.2 0.0265857 0.0364079
0.02 0.1 0.0102234 0.0115916
0.01 0.05 0.0035830 0.0030918
0.005 | 0.025 0.0013697 0.0009629

Table 4.1: Convergence table for Model A, non-instantaneous adsorption (o = 1),
Henry isotherm (top) and Langmuir isotherm (bottom).

We also considered the scaling o = ¢ and from Figure[4.2] and Tables[4.2] and

4.3| we observed the e-convergence in the difference in ¢''(0,1) and ¢(0,1) between
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Figure 4.1: Model A e-convergence for (a) the profile of ¢!'(z = 0,t) and (b) the
profile of ¢(z,t = 1) with the Henry isotherm, (c) the profile of c!'(z = 0,¢) and (d)
the profile of ¢(z,t = 1) with the Langmuir isotherm. The parameter « is chosen to

be 1.
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Figure 4.2: Model A, e-convergence for (a) the profile of c!'(z = 0,¢) and (b) the
profile of ¢(z,t = 1) with the Henry isotherm, (c) the profile of c!'(z = 0,¢) and (d)
the profile of ¢(z,t = 1) with the Langmuir isotherm. The parameter « is chosen to
be €.
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the phase field model and the sharp interface model. Furthermore, we note that the

maximum and mean difference of |7/(c'’) — G/(c)| in the interfacial layer decreases

linearly as € — 0.

h e | ]epr(0,1) — ()] | lepr(0,1) — esr(0,1)]
0.08 0.4 0.1191555 0.1175129
0.04 0.2 0.0685148 0.0682569
0.02 0.1 0.0383807 0.0384228
0.01 | 0.05 0.0209969 0.0210621
0.005 | 0.025 0.0114668 0.0115106

h 5 max |y — G| ave |y — G|
0.08 0.4 0.5882511 0.1085532
0.04 0.2 0.3540145 0.0572062
0.02 0.1 0.2061245 0.0316161
0.01 | 0.05 0.1128733 0.0168467
0.005 | 0.025 0.0594562 0.0087458

Table 4.2: Convergence table for Model A, instantaneous adsorption (o = ¢), Henry

isotherm.

h e [ [bp(0,1) —ck;(D] | [epr(0,1) — csr(0,1)]
0.08 0.4 0.0687143 0.1452171
0.04 0.2 0.0420765 0.0840548
0.02 0.1 0.0249919 0.0506682
0.01 | 0.05 0.0146093 0.0292756
0.005 | 0.025 0.0087232 0.0173523

h 5 max |y — G’ ave |y — G|
0.08 0.4 0.4014189 0.0759004
0.04 0.2 0.2347884 0.0389953
0.02 0.1 0.1326851 0.0210856
0.01 | 0.05 0.0711437 0.0110897
0.005 | 0.025 0.0370265 0.0057192

Table 4.3: Convergence table for Model A, instantaneous adsorption (« = ¢), Lang-
muir isotherm.

Numerics for Model B

For Model B, since we have instantaneous adsorption, we can infer the difference of
lepr(0,1) = ¢s1(0,1)] from |cpp(0,1) — g, (1)] via the adsorption isotherms. Hence
Table displays only the difference |c};(0,1) — c;(1)| for the Henry and Lang-
muir isotherms, in which we observe e-convergence along with Figure The
model parameters are chosen to be the same as in Model A. From Tables and
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Figure 4.3: Model B e-convergence for (a) the profile of g(z = 0,¢) and (b) the
profile of ¢(x,t = 1) with the Henry isotherm, (c) the profile of g(z = 0,¢) and (d)
the profile of ¢(x,t = 1) with the Langmuir isotherm.

the differences in Model B are smaller than those of Model A. So it appears that
Model B performs better than Model A for the Henry isotherm (this may be due
to the fact that the Henry isotherm transforms Model B into a linear equation, as
demonstrated in Section . In contrast, from Tables and the differences
in Model B are larger than those of Model A for all but the final iteration. But we
have observed that the rate at which the error decreases is faster for Model B than
for Model A in the Langmuir isotherm.

We leave a detailed comparison between Model A and Model B for instan-
taneous adsorption for future investigations, but we remark that for more complex
isotherms, Model B will require a higher amount of computational effort relative
to Model A due to the Newton iteration at each step. Since Model A with scaling

a ~ ¢ works remarkably well, we recommend Model B only if one can afford the
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higher computation cost.

h € Henry Langmuir
0.08 0.4 | 0.0938706 | 0.0895642
0.04 0.2 | 0.0616441 | 0.0593439
0.02 0.1 | 0.0336103 | 0.0330060
0.01 | 0.05 | 0.0172770 | 0.0168309
0.005 | 0.025 | 0.0083055 | 0.0076996

Table 4.4: Convergence table for Model B. Only the difference }011; #(0,1) —ck 1(1)}
is displayed.

4.2.2 2D Simulations

In this section we present some results of numerical simulations in two spatial di-
mensions in order to qualitatively illustrate the effectivity of our approach. In a first
setting we expose a droplet of a fluid suspended in another fluid to a shear flow.
Under moderate shear rates the droplet’s shape attains a steady state. This shape
changes in the presence of the surfactant. Of particular interest to us is the depen-
dence of the shape on the isotherm. In a second setting we start with a droplet at
rest (in particular, in equilibrium with respect to the surfactant). Then we supply
surfactant on one of the sides of the simulation box and investigate how far the
droplet is sucked towards this side due to the Marangoni effect. As we are mainly
interested in the effect of the surfactant on a qualitative basis we make convenient
assumptions with respect to the two-phase flow, namely, that the fluids have the
same mass densities and viscosities and that a Dirichlet boundary condition holds
for the velocity. Also, the surfactant related parameters and data do not correspond
to any specific species or systems.

Both dynamic adsorption (Model A) and instantaneous adsorption (Model
C) have been considered. In both cases, the Navier-Stokes-Cahn-Hilliard system was
solved following the lines of [Kay, Styles, and Welford [2008] but we employed the
double-obstacle potential for W (¢). The saddle point problem arising from
and has been solved with a preconditioned GMRES |[Silvester et al., |2001].
For the phase field equation together with in form of a variational
inequality we have employed a Gauss-Seidel type iteration as described in [Barrett,
Nurnberg, and Styles [2004].

For Model A, we always considered Fickian diffusion by setting MC(Q(C*) =
1/(G"(ex)Pec;) and My .(ck) = 1/(v7(cl)Per;). We also replaced 6.(¢p, Vi) by
2WW () /ey in the surfactant equation which effects the validity of the energy
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inequality but doesn’t change the result of the asymptotic analysis. The reason is
that the method developed in |Elliott et al| [2011] can directly be applied. We
leave a careful study of the impact of the gradient term for future investigations. In
analogy to Elliott et al.|[2011] a method for the degenerate bulk surfactant equations
has been developed. The methods have been implemented using the software
ALBERTA, Version 2.0.1, [Schmidt and Siebert|, 2005].

In the surfactant equation for Model C we assumed constant mo-
bilities, MC(Q(c*(q*)) = 1/Pe.; and Mr.(ck(q.)) = 1/Per, and we also replaced
3x (¢, Vi) by 2WW (p)/e, for not having to deal with V,¢ in the diffusion term.
Whenever no closed formula for CE, cg}), or 0562) as a function of ¢, was available
we employed a Newton method. In the same way we also dealt with the nonlinear
system of equations emerging from the finite element discretisation of the surfactant
equation.

With regards to parameters and functions appearing in non-dimensional
equations of the phase field models we have in both settings: W = %, Ap = 1,
Ap=1,Ca=0.1,

1, if 1 <,
Gilp) = (p+1), if —1<p<l,
0, if p < -1,

and &2(p) =1 — &1 () where we set & (@) = 0 if || > 1.

Droplet in shear flow

On the domain Q = [—5,5]x[—2,2] C R? the velocity was initialised with v(z1, z2,0) =
0. On the upper and lower boundary {zs = 2} and {x2 = —2} we then increased
the velocity linearly in time to v(x1,22,t) = (22/2,0), t > 0.1. On the two sides
{z1 = =5} and {1 = 5} we imposed the condition v(z1,x2,t) = 0. The phase field
was initialised with ¢(z,0) = ¥ ((||z||2 — 1)/¢), where

+1,  ifz>3,
¥(z) = ¢sin(z), if |z| <3, (4.2.8)
-1, if 2 < -3,

which yields a circular diffuse interface of radius one and centre m = (0,0). Fur-
thermore, we set Re = 0.1 and m.(¢) = 3(1 — ¢?);.
We investigated Model A with Per = 2.5, Pe.; = 2.5, and 045}) =1fori=1,2

for the following isotherms (assuming the same free energies in the two bulk phases,
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Figure 4.4: Droplet in shear flow: Zero level sets of ¢ for several isotherms, ¢ =
0.0565685425 ~ 0.08/+/2, t = 10. The right graph displays a zoom into the square
indicated on the left graph.
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Figure 4.6: Droplet in shear flow: Surface tension o.(cl) at the tips of the droplet

(left) and difference of surface and bulk chemical potentials 7/ (cL) — G;(cig)) (right)
plotted over the angle formed by the line from the centre to a boundary point and
the x-axis for several values of o, € = 0.0565685425 = 0.08/\/§, t = 10.

thus dropping the index):
e Langmuir (B =0.2, g =1, K = 10);
e Frumkin (B=0.2,00 =1, K =10, A =0.4);
e Freundlich (B=0.2,090=1, K =10, N = 1.5, A. = 1.0).

The initial bulk surfactant density was D =c? =1 /(10e) ~ 0.03679, and the
interfacial surfactant density cL was the equilibrium value (thus, depending on the
isotherm).

At time ¢t = 10 the droplets seemed to have attained stationary shapes. These
are displayed in Figure for several isotherms. For our parameters we found
that the Langmuir isotherm leads to the least deformed shape while the shape for
the Freundlich isotherm is most deformed when comparing with the initial circular
shape. A common measure for the deformation is the Taylor deformation parameter
Drqy = (L—B)/(L+B) where L and B are the maximum and the minimum distance

to the centre, respectively. We obtained the following values:

isotherm | Langmuir | Frumkin | Freundlich

Dy 0.143298 | 0.148370 | 0.160821

In Figure we display the surface surfactant density and the surface tension along
the interface between the two fluids which qualitatively reveal the usual distribution,

for instance, compare with |Lai, Tseng, and Huang [2008].
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We also investigated a change in the adsorption parameter an’ (both always

equal for the two phases, whence we drop the upper index). The impact on the
shape is small in comparison with the isotherm. For the Langmuir isotherm, we

obtained the deformation parameters:

adsorption parameter | a, = 2.0 | a, = 1.0 | o, = 0.5
Dy 0.143395 | 0.143298 | 0.143241

In Figure [4.6] the difference of the chemical potentials at the interface is displayed,
revealing the expected convergence to zero when the adsorption parameter o, de-

creases.

Marangoni effect

1))

J 1))

Figure 4.7: Marangoni effect on a surfactant laden droplet due to the provision of
surfactant at the boundary. Computed fields 2W (p)ck (¢.) (left) and {1(<p)c£1)(q*)
(right) are plotted over the domain 2 = [—3, 3] x [—2,2] (z-axis from left to right,
y-axis from front to rear, z-axis or height indicates the value of the field) at times
t =0,10,40,100 (top down) for a simulation performed with the Frumkin isotherm
data (see Section and ¢ = 0.12. The data range is between 0.0 (blue) and
about 0.585 (red).
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We now consider the domain Q = [—3, 3] x[—2, 2]. Both velocity and pressure
are initialised with 0, and this is also the Dirichlet boundary condition for the
velocity. For the phase field we set ¢(x,0) = ¥((||x —m|j2 — 1)/e), with 1 given as
in and m = (0.5,0), which corresponds to a circular diffuse interface of radius
one around m. The Reynolds number is Re = 10 and we chose m.(¢) = (1 — ¢?) .

Simulations were performed with Model C where we set Pe.; = Per = 10.0,
i = 1,2 and used the following free energies (again, the free energies in the two bulk

phases are assumed to be the same so that the index is dropped):
e Langmuir (B =1, 09 =2, K = 2.5);
e Frumkin (B=1,00=2, K =2.5, A=0.4);
e Freundlich (B=1,00=2, K =1, N =1.5, A. =0.6).

The field ¢, was initialised such that cgﬁl)(q*) = cg)(q*) = 0.1. During the time
interval [0,0.1] we linearly increased ¢. on the boundary {z; = —3} such that, at
t=0.1, cil)(q*) =0.5.

As a consequence, the droplet moved in —x direction towards the source of
the surfactant as exemplary illustrated in Figure for the Frumkin isotherm data.
Initially at rest, the supply of surfactant on the boundary leads to a surfactant
gradient at the interface of the droplet. Since o, is decreasing in cL the related
Marangoni force Vro,(cl) points into the opposite direction and, thus, leads to a
drift towards the source of the surfactant. In the long term, the system reaches
a steady state again with spatially homogeneous distributions of the surfactant
in both phases and on the interface, which is fairly achieved at time ¢t = 100.0.
For our choice of parameters the Freundlich isotherm lead to the most significant
displacement d , along the x; axis while the Langmuir isotherm lead to the least

significant displacement:

Langmuir | Frumkin | Freundlich
dy, | -1.055512 | -1.087783 | -1.114869
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Chapter 5

Diffuse interface approximations

for linear elliptic PDEs

5.1 Introduction

The diffuse domain approach is a method originating from the phase field method-
ology which approximates partial differential equations posed on domains with ar-
bitrary geometries. Similar to the fictitious domain method, the diffuse domain
method embeds the original domain Q) with the complicated geometries into a
larger domain §2 with a simpler geometry. Drawing on aspects of the phase field
methodology, the diffuse domain method replaces the boundary T’ of Q) with an
interfacial layer of thickness 0 < ¢ < 1, denoted by I'.. The original PDEs posed
on QM) will have to be extended to  and any surface quantities or boundary terms
on I' have to be extended to fields defined on I'c. The resulting PDE system, which
we denote as the diffuse domain approximation, is defined on 2 and will have the
same order as the original system defined in Q) but with additional lower order
terms that approximate the original boundary conditions on I'.

In this chapter, we study the model coupled bulk-surface system:

—V - (AVu) + au = f, in QW)
(CSI) —Vr-(BVrv)+bv+ AVu-v = Bg, on T,
AVu-v =K(v—"(u)), onT.

Here, v : WH1(Q) — LY(T) is the Boundary-Trace mapping (Theorem7 K, B>
0 are non-negative constants and A = (a;j)1<i j<n, B = (bij)i<i j<n for functions
aij: QW = Rand b : T — R,
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We embed Q) UT into a larger domain Q. The location of the original
boundary I' is encoded in an order parameter ¢ as its zero-level set. A typical

choice for ¢ is based on the signed distance function, d : 2 — R, of I" defined as

—dist(x,I"), forx € oW,
d(z) =<0, for z € T, (5.1.1)
dist(z,T), for z € 0\ QO),

where

dist(z,I") = inf {/0 17/ (s)|| ds : v € C*([0,1],Q),7(0) = z,7(1) € I‘} .

Let xn) and or formally denote the distributions given by the Dirac measures of
QW and T, respectively. By Theorem an equivalent distributional form for
(CSI) is

-V (XQ(I)AVU) + Xqau = XQ(l)f + (5FK(U — ’yo(u)),
-V ((5FBV’U) + drbv = érBg — (5FK(’U — ’)/o(u)).

The diffuse domain approximation of (CSI) is derived by approximating x ) and or
with more regular functions & (¢), d:(¢), indexed by ¢, the width of the interfacial

layer T'.. In other words, a diffuse domain approximation of (CSI) is

—V - (EAPVUE) + EcaPuf = & fF + 0. K (v° —uf), in Q,

(CDD)
—V - (0.BPVv®) 4 6.bF0° = 6.8¢F — 6. K (v° — ), in Q,

where terms with superscript £ denote extensions to the larger domain 2. Formally,
&(p) = xqu,0(p) — Or pointwise as ¢ — 0, and so in the limit of vanishing
interfacial thickness, we recover the distributional form for (CSI).

The phase field methodology provides us with two candidates for ¢(z). The
first is based on the smooth double-well potential ¥ pw (¢) = 1(1 — ¢?)? and leads

to

pow(a) = tann ()
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The other is based on the double-obstacle potential

1 , 0, ifpel-1,1],
Ypo(p) = 5(1 — )+ (), I—1a(p) =

400, otherwise,

and leads to

+1, if d(z) > 7,
¢po(z) =  sin(d(z)/e), if |d(z)| <eZ,
—1, if d(z) < —€X.

We remark that wpw or ¢po is the leading order approximation for the order
parameter ¢ in general phase field models, as seen in Chapter [l In our setting,
the location of the boundary I' is known and hence we can use @pw or ¢po as the
order parameter. A common regularisation of xa) based on the smooth double-well
potential used in |Li et al.| [2009]; Teigen et al.| [2009, 2011] is

¢W(x) = %(1 — ppw (7)) = % <1 — tanh (f;?)) _

While an alternative based on the double-obstacle potential is

62 (2) = 51— ppo(a).

There are many regularisations of dp available from the literature [Teigen et al.
[2011]; [Elliott et al. [2011]; Ratz and Voigt| [2006]; [Lee and Junseok| [2012]. We
will use the Ginzburg-Landau energy density d(p, V) as defined in (3.2.1)) as our
regularisation for dp. From the above discussions regarding the double-well and the
double-obstacle potentials, and also from Chapter [4 we have two candidates for the

regularisation to ér:

2

*_seeh (d(x)/(V3=)), () = - cos(d(w) M inea i<

2\@5

The convergence analysis of the diffuse domain approach (with the smooth

60 (z) =

€

double-well potential), in the limit ¢ — 0, has only been done in the context of
recovering the original equations via formally matched asymptotics (see Li et al.
[2009]; Teigen et al.|[2009, 2011]). A first analytical treatment of convergence in
one dimension and on a half-plane in two dimension can be found in |[Franz et al.

[2012], where the error between the solution to a second order system and the diffuse
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domain approximation in the L> norm is of order O(e'7#), where p > 0 is arbitrary
small.

In Elliott and Stinner| [2009], a diffuse domain type approximation for an
advection-diffusion equation posed on evolving surfaces is considered. Motivated by
modelling and numerical simulations, the diffuse domain approximation utilises a
double-obstacle type regularisation. Note that the regularisations from the double-
obstacle potential are degenerate in certain parts of the larger domain  (in par-
ticular they are zero outside I'.). Consequently the corresponding diffuse domain
approximation becomes a degenerate equation and weighted Sobolev spaces are em-
ployed. The chief results in |Elliott and Stinner| [2009] are the well-posedness of the
diffuse domain approximation and weak convergence to the solution of the original
system.

In this chapter, we extend the analysis of |[Franz et al. [2012] to cover the reg-
ularisations that originate from double-obstacle potential and any dimension n > 1.
For (CSI) we show strong convergence for the bulk quantity, and norm convergence
for the surface quantity. The techniques for analysing the surface quantities are
motivated from the analysis of |[Elliott and Stinner| [2009], but the advantage of our

method is that we do not need to parameterise the hypersurface.

5.2 General assumptions and main results

5.2.1 Assumptions

Assumption 5.1 (Assumptions on domain). We assume that QW s an open
bounded domain in R™ with compact C° boundary I' and outward unit normal v.

Let Q be an open bounded domain in R™ with Lipschitz boundary 02 such that

QM) C Q and T NOQY = (. Furthermore we assume that for any finite open covering
{Wiﬂf}fil, W; CR™ of T there exists a corresponding local reqular parameterisation
a;: S; c R1 — W, NT.

Assumption 5.2 (Assumptions for (CSI)). We assume that for 1 <i,j <mn,
aijya € L2QW),  fe LXQW), by,be L®(T), ge LX),
and there exist positive constants 0y, 01, 05,03 such that

(A@)C) -G >0 1G17, B®E) -G >01161*, alz) >0, bp)>0>K,

forallz e QW pel, G eR” and ¢ € T,I' C R™.

84



We observe that setting A =0,a =0, f =0, K =0, 5 =1 in (CSI) leads

to an elliptic equation on I', which we denote as (SSI):
(SSI) —Vr-(BVrv)+bv=g, onTl.

Meanwhile, setting B = 0, b(x) = 8 and formally sending K to oo in (CSI) leads to
the Robin boundary condition (RSI):

—V - (AVu) + au = f, in Q,

(RSI)
AVu - v+ fy(u) = Bg, on I

Formally sending K — oo, setting v = ¢ and neglecting the second equation in
(CSI) gives the Dirichlet boundary condition (DSI):

(DSI) -V - (AVu) + au = f, in Q,

Yo(u) =g, on T,

while the Neumann boundary condition (NSI) can be obtained by setting B = 0,
b =0, =1 and neglecting the last boundary condition in (CSI):

-V - (AVu) +au = f, in Q,

(NSI)
AVu-v=g,onT.

In order to cover these derived elliptic problems in our analysis, we make the

following specific assumptions:

Assumption 5.3 (Specific assumptions). In addition to Assumptions and
we assume that if g # 0, then

o for (DSI), g € H2(T);

e for (NSI), g € H%(F), and for 1 < i,j < n, there exist two constants m, M
such that 0 < m < M and

a;j € M), m< ‘Zaij(az)yj(m)’ < M a.e. onT.
j=1

Moreover, for (RSI), (DSI) and (NSI), we only require Q1) to be an open bounded
domain with C? boundary T.

We remark that under Assumption we can transform (DSI) and (NSI)
into their homogeneous counterparts: If g € H %(F), then by Theorem there
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exists § € HY(QW) such that v(§) = g, and (DSI) is equivalent to the following
homogeneous problem (DSIH):

(DSIH) ~V - (AVw) + aw = f + V- (AV§) — ag, in QW
Yo(w) =0, onT.

If w is a weak solution of (DSIH) then u := w + § is a weak solution of (DSI).

Similarly, if g € H 2 (T") and A satisfy the assumptions of Theorem then
there exists § € H%(Q(W) such that AV§ - v = g. Thus, (NSI) is equivalent to the
following homogeneous problem (NSIH):

—V - (AVw) + aw = f + V - (AV§) — ag, in QW)

(NSIH)
AVw-v=0,on T,

where u := w + § is a weak solution to (NSI).

We remark that the assumption g € H 3 (T") is required for the well-posedness
of (DSI), while the convergence analysis of the diffuse domain approximation for
(NSI) requires Assumption (see the discussion in Section [5.4.3)). Moreover, the
C3 boundary assumption is needed for the approximation of surface gradients (see
Lemma , while a C? boundary is the minimum requirement for the technical
results in Sections and to apply.

Similarly, by Theorem [B.1] the corresponding diffuse domain approximations
for (SSI), (RSI) and (NSIH) are

(SDD) — V - (BE6.Vu®) + 6.%uf = 6.¢%, in Q,
(RDD) — V- (AP Vuf) + &caPuf + Bo.u® = & fF + Bo.g”, in Q,
(NDDH) — V- (A& Vuf) + aPéw = & fP + 6V - (AFVGP) —aPeg”, in Q,

We remark that the Dirichlet boundary condition is not covered in Theorem
One way to achieve this is to see the Dirichlet condition as a limiting condition
from the homogeneous Robin condition when 5 — +oo (see [Marusi¢-Palokal [1999)
or Lemma [5.10] below). Hence, a diffuse domain approximation to (DSIH) is

(DDDH) — V - (A, Vu) + a6.uf + é(kwa = &P+ V- (AP VGE) — aBE.

We impose the zero Neumann boundary condition for our diffuse domain approxi-
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mations:
APV - vgq = BEVYE - 1o = 0 on 9Q.

5.2.2 Extensions of the data

Since there is no unique extension operator for L? functions, we make the following

assumption:

Assumption 5.4 (Assumptions on bulk extended data). Let 1 < i,j < n. We
assume that (AF);j,a® € L®(Q) and fF € L*(Q) are extensions of (A)ij,a €

L*(QW) and f € L*(QW), respectively, such that AP is uniformly elliptic with
constant 0y and a”(x) > 0 for a.e. x € Q.

If f e Whr(QW) for some I > 1, then one can use an order [ — 1 reflection
about the boundary T to extend f into the exterior of Q). For the case [ = 1, this
is outlined in the Extension theorem (Theorem . For higher order reflections,
we refer to Theorem 5.19, pg. 148 of /Adams and Fournier| [2003] or pg. 43-44 of
Maz’ja and Poborchi| [1997].

For the Dirichlet problem with any g € H 2 (T"), we use Theoremto deduce
the existence of § € H*(QW) such that v9(§) = g. We then extend § € H*(QM) to
a function g¥ € H'(Q) by Theorem |C.2

For the Neumann problem, by Theorem we can find § € H2(QW) such
that AV§-v = g. By the reflection method, we can extend § to a function §¥ €
H?(9Q).

5.2.3 Constant extension in the normal direction

We define the tubular neighbourhood Tub”(T") of I" with width r > 0 as
Tub"(I') :={z € Q: |d(x)| < r}.

Then, by Lemma 14.16 of |Gilbarg and Trudinger| [1983], there exists n > 0 such that
the signed distance function d to I is of class C3(Tub”(T')) and is globally Lipschitz
with constant 1 (see Section 14.6 of Gilbarg and Trudinger| [1983]).

For each y € I', denote its tangent space by T,I" and its outward pointing
unit normal by v(y). A standard result in differential geometry shows that for n
sufficiently small, there is a diffeomorphism between Tub”(T") and I" x (—n,7n). For

any « € Tub”(T"), we define the closest point operator (see Merriman and Ruuth
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[2007] or Lemma 2.8 of Dziuk and Elliott| [2013]) p : Tub”(I') — I' by
x =p(x) +d(z)v(p(z)). (5.2.1)
Moreover, the signed distance function d satisfies
Vd(z) = v(p(x)) for z € Tub™(T). (5.2.2)

For any g € LP(T"), 1 < p < oo, we define its constant extension ¢g¢ off T' in

the normal direction as
g9°(x) = g(p(z)) for all x € Tub™(T"). (5.2.3)

Then, g¢ € LP(Tub”(I")) and we let g© € LP(2) be an extension of ¢¢ from Tub”(I")

to €. Analogous to the extensions of bulk data, we make the following assumption:

Assumption 5.5 (Assumptions on surface extended data). Let 1 < i,j <mn. We
assume that (BE);j,bF € L>®(Q) and g € L*(Q) are extensions of (B);j, b € L>=(T)
and g € L*(T') constantly in the normal direction, such that BY is uniformly elliptic
with constant 01 and b¥(x) > 03 for a.e. x € Q.

In the subsequent sections, we associate g € L?(2) in (CDD), (SDD) and
(RDD) with the constant extension of ¢ € L) in the normal direction, while
g% € HY(Q) and §¥ € H?(Q) in (DDDH) and (NDDH) are associated with the
extensions of § € H'(QW) and g € H*(QW), respectively.

5.2.4 Assumptions on regularisations of indicator functions

We first introduce the functions & and ¢, from which the regularisations & and 9.

are constructed by a rescaling.

Assumption 5.6. We assume that £ : R — [0,1] is a O, nonnegative, monotone

function such that,

1, ifx <O,
X
Jim. (g) =140, ifz>0, (5.2.4)
3 ifz=0,

and

£ € Ljg({z e R:€(x) > 0}).
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Assumption 5.7. We assume that 6 : R — [0, 1] is a C*, nonnegative even function
such that

/R(S(s) ds =1, 0(s1) > 6(s2) if |s1] < |so|, 6 'eLi.({zcR:d(x)>0}),

(s 2 %)
/R’(Sé((s))| d5+/R\/@ds+/0 d(s)s ds =: Csint < 00, (5.2.5)

and for any q1 > g2 > 0,

1 0, if € #£ 0,
lim —§ <i> - fo# (5.2.6)
e-0 e \e® +o00, ifx=0.
Moreover, we assume there exists a constant C¢ > 0 such that
Ced(t) < E(t) forallt € R, (5.2.7)

Definition 5.8. Let d(z) denote the signed distance function to I'. For each ¢ €
(0,1], we define & and 6. as

E-(x) == g(d—x)), 5e(w) == 15(—) for z € Q, (5.2.8)

€
with
Qe ={reQ:&(x) >0}, T'o={recQ:di(zr)>0}.

By (5.2.7), (5.2.4), and (5.2.6), we observe that

OWuUrcQ., Icr.cQ. forale>0.
One can check that our candidate regularisation originating from the double-well
potential:

D7) = % (1 _ tanh (C\lgg)) W () = ;’\ﬁgsech‘* (‘fgﬁ) (529

and regularisation originating from the double-obstacle potential:

1 . d(x
£0(z) = laco d@<—31 + 5 <1 — sin <(€)>> Lizeo: |d(z)|<eT )
, & (5.2.10)
X
03 (z) = 7?50082 () lizeq:|d()|<ex}s



satisfy Assumptions [5.6] and [5.7]

5.2.5 Main results
For convenience, let us define:
anlo )= [ AV Vi tapudn, lnew)i= [ pvdn,
Q) Q)
as(o0) = [ BYrp- Vrv kb di, Is(e,0)i= [ pv dn
r r

where dH denotes the n — 1 dimensional Hausdorfl measure.

Theorem 5.9 (Well-posedness for the original problems). Suppose the data satisfy
Assumptions [5.1], and[5.3. Then there exist unique weak solutions

(u,v) € HY(QWY) x HYT) for (CSI),
vg € HY(T') for (S8I), up € HY(QW) for (RSI),
wp € HY(QW) for (DSIH), wy € HY(QW) for (NSIH),

such that for all p € H'(QW), oo € HY(QW), v € HY(T),

ap(u, ) +as(v,¥) + Klg(v —v0(u), ¥ —0(p)) = 8(f,¢) + Bls(g,¥),
as(vs,¥) = ls(g,¥),
ap(ur, @) + Bls(yo(ur), v0(@)) = ls(f, ) + Bls(g,70(#)),
ap(wp, o) = lB(f, ¥o ) —ap(g, ¥o),
ap(wn,¢) =1p(f =V - (AVg) —ag, ¢).

We remark that one can consider (DSIH) as the limiting problem 8 — 400

of the homogeneous Robin boundary condition:

V- (AVw) + aw = f — V- (AV§) — aj in QD

(RSIH)
AVw -v+ Bw=0onT.

In fact, we have

Lemma 5.10. Let QU be an open bounded domain with C* boundary T'. Let the
data satisfy Assumption and suppose § € H'(QW). For each B > 0, let w® €
HY(QW) denote the unique weak solution to (RSIH). Then, as  — oo, w® converges
weakly to the unique weak solution to (DSIH) in H'(QW).
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Proof. The weak formulation of (RSIH) is: Find w € H*(Q(M) such that for all
p e H'(QW),

AVw - Vo + awyp dr + / Byo(w)vo(p) dH = fo—AVG-Vp —agp dz.
r

Q) Q)

(5.2.11)

By the Lax—Milgram theorem, for each § > 0, there exists a unique weak solution
w? € H'(QW) to (RSIH). Moreover, w” satisfies the following estimate:

2 Hf||L2 (1) +CAa”gHH1 Q)
L2(1") - mm(@o,eg)

min(6p, 02) HwﬁH

B
oy 28 [0@?)
From this, we observe that w? is bounded in H'(Q()) uniformly in 3. Hence there

exists a subsequence (;)jeny — 0o and a function w® € H'(QM) such that
wh = w e L2(OW), vu’ = vu' e L2(QW) as 8 — 0.

Compactness of the Boundary-Trace map (Theorem |C.5) implies that ~o(w?) con-
verges strongly (and hence weakly) to vo(w®). By the lower semicontinuity of the
norm with respect to the weak topology (Theorem ,

< 0(907 91» f7 Av a, g)
£(r) ~ VBi

Hence vo(w") = 0 almost everywhere on I'. Since I is C*, by the characterisation of
zero trace Sobolev functions (Theorem |C.4), we have w® € H(QW). Testing with
pE H&(Q(l)) in ((5.2.11)) and passing to the limit as 8 — oo, we see that w satisfies

— 0 as fB; — oo.

o)l ey < timint [ro(00%)

AV’ - Vo + aw’p dx = fo—AVG-Vo —agy dz,
Q) QM
for all ¢ € H&(Q(l)). Hence w® converges (along a subsequence) to the solution
of (DSIH) weakly in H'(Q) as 8 — oco. Since (DSIH) is well-posed by the Lax-
Milgram theorem, the aforementioned convergence applies to the whole sequence

{wﬁ}g, i.e., w? — wp almost everywhere in Q) as § — oo. O

Due to the presence of & and . in the diffuse domain approximations, the
natural function spaces to look for well-posedness are Sobolev spaces weighted by
& and 6.
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Definition 5.11. For fixed £ > 0, we define

L*(Q., &) = {f : Q. — R measurable s.t./ & \f|2 dr < oo},
Qe

L*(T.,6.) == {f : ' — R measurable S.t./ o |fI? da < oo}.
Ie

By Theorem 1.5 of Kufner and Opic| [1984], since &1 € L], (€2.), we have the
continuous embedding L?(€).,£.) C L}OC(QE) by Holder’s inequality. Consequently,
we can define derivatives for f € L?(,&.) in a distributional sense. ILe., for any
multiindex «, we call a function g the o!” distributional derivative of f, and write

g = Df, if for every ¢ € C°(,),

fD% dx = (—1)“'/ g¢ dz.
Qe

Qe

We define
Wh(Q., &) = {f € L*(Qe,&) : D*f € L*(, &) for |a| =1}.

A similar definition W12(T,é.) for Sobolev spaces weighted by . can be made
since 671 € L}, (T2).

We remark that for any ¢ > 0, {él) and (5§1) derived from the double-well
potential are non-degenerate in 2, i.e. Q. = T'. = Q for all € > 0. However, §§2)

and (5§2) that originate from the double-obstacle potential are degenerate in 2. In

particular, for (5.2.10]),

Q. = QW U Tub®z (), T, = Tub®2(T),

Qa1 C 982, 1_‘51 C F82 if e1 < &9.

However, the framework of weighted Sobolev spaces is flexible enough to allow us to
deduce well-posedness of the diffuse domain approximations with both the double-
well and double-obstacle regularisations. For the convergence analysis in €, we
will present the proofs with the double-well regularisation in mind, and detail the
necessary modifications for the double-obstacle regularisation afterwards.

To streamline the presentation, it is more convenient to have a fixed do-
main when working with weighted Sobolev spaces, hence we introduce the following

notation:
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Definition 5.12. For fixed £ > 0, we define

L*(Q,¢.) == {f : Q — R measurable s.t. f|g. € L*(Qs,&.)},
HY(Q,&) :={f : Q — R measurable s.t. f|o. € W'(Q., &)},

with inner products and induced norms:

02 = /ﬂ € fg dr = /ﬂ Efgdn, |f12e = (F Pizae,
(fr9 (e = /Qée(ngr Vi-Vg) dr, |fI3e = (f e
A similar notation is used for L?(€2,6.) and H'(€,6.). Furthermore, we define

V. := {f : Q — R measurable s.t. flo. € Wh?(Q., &)} with

(9. = /Q £(fg+ V1 -Vg)+0.fg dx,
and
W. == {f : Q@ = R measurable s.t. f|o. € W'?(Q, &)} with

(fraw. == /Q§s(fg+Vf -Vg) + édgfg dx.

We observe that H'(€,&.), V., and W, are the same vector space but with
different inner products and induced norms. It will turn out that the well-posedness
to (RDD), (DDDH) and (NDDH) depends critically on the choice of the inner prod-
uct.

Similar to the above, we introduce

a5 (i0,1) = /Q APV b+ e da, (0, 0) = /Q Eepts da,

a5, ) = /Q 5.5V Vi + 66500 dr,  15(0,00) = /Q 50t da.

Theorem 5.13 (Well-posedness for the diffuse domain approximations). Suppose

Assumptions[5.1], and[5.7 are satisfied. Then, for each e > 0,
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there exist unique weak solutions

(u,v%) € V. x H(Q,6.) for (CDD),
vg € HY(Q,0.) for (SDD), u5 € V- for (RDD),
w$, € W. for (DDDH) , wS € H(Q,&) for (NDDH) ,

such that for all ¢ € H*(Q, &), v € HY(Q,6:), p € V., ® € W,

a0, 6) + a5 ) + KI5(0° — 0~ 6) = 157, 6) + Bl5 (" ),
(05 ¥) = 156" )

(i 8) + B (e, ) = 157, 6) + BIE (6" 6),
iy + 57, ) + E(wh, @) = (77, ®),
iy, ) ~ 5V - (APV9") — 9" ) = (7", ).

Moreover, the weak solutions satisfy

2 IS g, + 1071 5, < CUE N ey + 197 22

Ts. < CHQEH;(

[u®

v o
luzl? e, + luzllys. < C(HfEH;(Q) + HQEH;(Q))’
lwblite, +wbly 1, < CUF ay + 187 i)

loivl2e. < O o + 155 )

where the constants C' are independent of €.

We note that, it is due to the fact that g” is a constant extension of g in the
normal direction that the estimates in (5.2.17)), (5.2.18]) and (5.2.19)) are independent

of e.

We next state the convergence result:

Theorem 5.14 (Convergence of diffuse domain approximations). Suppose Assump-

tions and[5.7 are satisfied. Then, as e — 0,

Il = ullgagaan = 0 |1, = Iollisry| = 0,
10515 = Nosllzrry| = 0 lluk = wrll oy = 0,

[wiy = wnllgrwy = 0, [[wh —wpllg1ga)y — 0.
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5.3 Technical results

5.3.1 Change of variables in the tubular neighbourhood

Fix n > 0 so that there is a diffeomorphism between Tub”(I") and I" x (—n,7n). For
€ (=n,n), let Ty denote the level set {x € Q : d(xz) = t}. Then, by the co-area
formula (Theorem |C.9)), (5.2.2) and the fact that |v| = 1, we can write

n

/ f(z) |Vd(z)| doz = / f(x) dx = / f dHdt. (5.3.1)
Tub™(T") Tub™(T") —n JT

We define the map p; : I' = I'; by

pi(p) =p+tv(p) for peT. (5.3.2)

This map is well-defined and is injective due to the diffeomorphism between Tub”(T")
and I' x (—n,n). Then, by a change of variables, we obtain

/ fdan = / F(p + to(p)) |det (Vo) (T p0))|? dH,
It I

where Vp; is the Jacobian matrix of p;. To identify det((Vp;)TVp;) as a function
of t we use local coordinates.

Since I' is a compact hypersurface, we can always find a finite open cover of
I" consisting of open sets W; C R", 1 < ¢ < N such that I' C Ufil W;. For each
1 <i < N, let o;(s) denote a regular parameterisation of W; N T with parameter

domain S; C R* ! ie., o : S; — W; NT is a local parameterisation of I'. Let
Jio(s) == (0s,0i(s), ..., O, ,i(s), v(ai(s)) € R™™,

Since «; is a regular parameterisation, the tangent vectors {85j a}i<j<n—1 are linearly
independent and hence det J; o # 0. Then for any f € L} (T),

loc

/ fdH —/ f(ai(s)) |det J; o ds. (5.3.3)
Wil Si

By the injectivity of p;, I'y is also a compact hypersurface with a finite open cover

{pe(W; NT) f\il. In addition, p; o «; is a local parameterisation of I';. Let

Jim(s,t) == (05, 04(s) + t0s,v(0i(5)), ..., Os,_ ai(s) +t0s,_v(ai(s)), v(ai(s))) € R™*"
= JL()(S) + t(@slu(ai(s)), ey Osnflu(ai(s)), 0) = JL()(S) + tBi(S).
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A short calculation shows that
det J;, = det(Jio + tB;) = (det Jio)(det(T + t.J 1 By)) = (det J;0)¢" det (flf + JifolBi>
11
= (det Ji o(s))t" (tn — gt (—JijolBi(s)) b (=) det(—J;OlBi(s))>

= (det Ji o(s)) (1 Ftr (tJijolBi(s)) b (—1) det(tjijolBi(s))) :

where we have used the properties tr (cA) = ctr (A) and det(cA) = ¢"det(A) for
constant ¢ and matrix A, and the well-known fact that the coefficients of the monic

characteristic polynomial
det(zI — A) = pa(x) = 2" + ap_12" ' + ... a1z + ao,
are given by

anok= (-1 D AN.N, k=101, ao=(-1)"det(A),
[{isdorr =k

where {\;}7_; are the eigenvalues of A (see Brooks| [2006]). We define
Cip(s) == tr (Jijol Bi(s)) C Conls,t) =" 1 (1/8) = 1= tCyn(9),
so that
det J; (s, t) = (det J;0(s))(1 + tCsu(s) + Cir(s, t)).
For n = 2, if « is a global arclength parameterisation of I', then N =1 and
|det Jo(s)| =1, |det Jy(s,t)] = |1 — k(s)t],

where k is the curvature of I'. This agrees with the calculation in Appendix B of

Garcke and Stinner| [2006]. Consequently, we have

/ fan = / Fleu(s) + tw(ai(s)) [det Ji (s, )] ds (5.3.4)
pt (W;NT) Si

= /S f(Oél(S) -+ tl/(ai(s)) \det Ji70(8)| ‘1 —+ tCin(S) + Ci7R(S,t)| ds.

By Assumption I is a C? hypersurface and so the eigenvalues of J;(s) and
JifolBi(s) are bounded uniformly in s € S;. Hence, for each 1 < ¢ < N, there exists
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a constant C; such that
]det Ji,n(s, t) — det Ji70(8)| < Cjt.

Let {u;}Y, be a partition of unity subordinate to the covering {W; N T}, of T.
Consequently, by the diffeomorphism between Tub”(I") and I x (—n,n), we observe
that {u;}1¥, is also a partition of unity subordinate to the covering {p,(W; NT)}¥,
of T'y for t € (—n,n). Moreover, by the compactness of I', there are only a finite
number of C; and so we can deduce that there exists a constant ¢ (that can be
chosen independent of 7) such that, for all t € (—n,n),s € S;,1 <i < N,

1121;2}](\7 |det J; ,(s,t) — det J;o(s)| < ét.

We define
N
= i(i()Cim(s), Cr(pt Zm ai(s))Ci,n(s,t).
=1

From the above discussion, we observe that Cx(p) and Cr(p,t) are bounded uni-

formly in p € T’ and
[tCx(p) + Cr(p,t)| < ¢|t| for all |t| < n. (5.3.5)

Then, from (5.3.3), for any f € L(T),

N N
[ an - > /er f 1 =3 /S (af) () et Jos)] ds.

and similarly from (5.3.4)), for any f € LY(Tub™(T")),

/ ) dx = / / FdHdt = / / i f dHdt
Tub” Iy pt WmF)
/77 =1

/ / f(p+tv(p)) [1+tCu(p) + Cr(p,t)| dHdt
n 5= JWinr

/ wif)(ai(s) +tr(ai(s))) [det Jio(s)| |1 + tCim(s) + Cir(s, t)| dsdt

:/ /Ff(p+tu(p))\1+tcH(p)+CR(p,t)\ dHdt. (5.3.6)
-n
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1
Hence, we can identify |det((Vp)'(Vp))|? (p,t) = 11+ tCu(p) + Cr(p, t)|. Fur-

thermore, for n sufficiently small so that ¢n < 1, we have the following bounds:

1 n 1
T+an /Tub’?(r) f(z) de < /n/rf(p—i- tv(p)) dHdt < T /Tub"(r) f(z) dz.
(5.3.7)

5.3.2 Coordinates in a scaled tubular neighbourhood

In the subsequent convergence analysis, we will use a tubular neighbourhood X¢
whose width scales with ¥ for some 0 < k < 1, ie., X = Tubsk"(F). For this
section, we take X¢ = Tub®"(I") to derive some technical results.

We introduce the rescaled distance variable

Let p(x) denote the closest point operator of z as defined in (5.2.1)). Then, for any

x € X°, we have
x = p(z) +ezv(p(x)), (5.3.8)

for some z € (—n,n). With a regular local parameterisation of I', a : S ¢ R*~! —
W NI, W C R” open set, we can define

G:(s,2) = a(s) + ezv(a(s)). (5.3.9)

For any scalar function f(x), we define its representation F¢(s,z) in the (s, z) coor-

dinate system by
F.(s,2) := f(a(s) +ezv(a(s))) for some s € S,z € (—n,n).
For z € (—n,n), we define a parallel hypersurface at distance ez away from I' as
I**:={p+ezv(p) :peT}.
Then by the injectivity of the closest point operator, we have

v(y) = v(p(y)) for y € T2, (5.3.10)

Moreover, we have the following:
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Lemma 5.15. Let f : X° — R be a C' function with representation F. in the (s, 2)

coordinate system. Then
1
Vf(x) = Vre=F.(s,z) + gv(a(s))ﬁng(s, z), (5.3.11)

where Vre:(-) denotes the surface gradient on I'°*. In addition, for x = a(s) +
ezv(a(s)) € X¢,

VrezF.(s,z) = VrF.(s,z) + O(ez) as € — 0. (5.3.12)

Proof. We follow the proof given in the appendix of |Abels et al.|[2011]. The equiva-
lent result in two dimensions can be found in [Elliott and Stinner| [2009] and Appendix
B of |(Garcke and Stinner| [2006]. Let (s1,...,s,-1) € S, S, := 2, then by (5.3.9),

05,Ge = 0,0 +€205,v for 1 <i<n—1, 0,,G: =ev,

and {0s,Ge}" is a basis of R™ locally around I'. For 1 <4,j < n— 1, we define the

metric tensor in the new coordinates as

g'LJ = (85ia + Ezasiy) : (8Sja + 52’85j V)u

Gin = gni = (05,0 +€205,v) -ev =0, gpp =cv-cv = 2,

where we have used that O, - v = 30, [v|> = 0. Setting
Gez = (9ij)1<ij<ns  Gez = (Gij)1<ij<n—1,
with corresponding inverses

G- = (9" )1<ijen, G = (9" )1<ij<n—1.

Then
0 0
- : ~—1
gez _ g&z . , ga_zl — gaz
0 0
0...0 &2 0...0 &2
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For any scalar function f(z) = F.(s(x), z(z)), we have

Vf(ﬂi‘) = i (i gijﬁsiFs> 8SjG€

j=1 \i=1

n—1 /n—1
.. 1 1
- Z (Z gZJaSz‘FZ:‘) aSjGE + gazFeast = VFEZFE + gaZFEV'
1

j=1 \i=1

This shows the first assertion.
Let A, B and C' denote the matrices with the following entries: For 1 <1, j <

n—1,
Ajj = 05, - 85].04, B;j == 0sv - (95].0[ + 0s,x - 85].V, Cij == Os,v - 85].1/.
Then, a calculation involving the ansatz,
Gl=(A+e2B+e%20) ' =41+ D,
will yield that
D= —(I+AYezB +£%22C)) (A (ezB + 222C)A™Y),
if G.., A and I + A~ (2B + £222C) are invertible. Hence

Gl =A""—(I4+ A YezB +£%220)) Y (A (e2B + 222C)A™Y).

Since T is a C® hypersurface, all entries in the matrices A, B, and C are bounded.
For a matrix H and ¢ sufficiently small so that the absolute value of the eigenvalues

of eH are less than 1, we have,
(I+eH) ' =T—cH+H? —....
Hence, we can express

ngl = A — 247" BAT 4+ O(e?) as e — 0.
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In particular,

n—1
Vre=Fo(s, z) Z g”(")lea G
i,j=1
n—1 n—1
= Y AY0,F.0a+ez Y (AY0,,Fd5v(a) — (A" BA™Y);0,,Fe0s,0) + ho.t.
i,j=1 i,j=1
= VrF.(s,z) + O(ez) as € — 0.

O]

We remark that in two-dimensions, for an arclength parameterisation « :
S CR =T of T', we have that A =1, O;v = —kOsa, B = —2ezk and VpF(s,z) =
0sF¢(s,2)0sa(s). Hence, we obtain from (5.3.11)) and (5.3.12]),

Vf= %@Fgu + 0 Fedsa + £260,Fe0sa + O(2),

which is consistent with Appendix B of |Garcke and Stinner [2006].
Locally, we define VL, F. to be

r
vsz

F.(s,z):= Vrpe=F.(s,2) — VrF.(s, z), (5.3.13)

and we note that by definition, VL, F.(s,2) -v(a(s)) =0forall s € S;, 1 <i < N.
Using (5 we can define the representation of a function f(z) in the global
(p, z) coordinate system, F¢(p, z), by

F.(p,z) :== f(p+ezv(p)), (5.3.14)

for p € T such that © = p + ezv(p), z € (—n,n). Then the conclusions of Lemma
can be translated to: For any f € C'(X¢) and its representation F(p, z) in the

(p, z) coordinate system,

1
Vf(z) = gl/(p)azFe(n 2) + VrFe(p,z) + VL Fe(p, 2), (5.3.15)
where

VL F.(p,2) ~ O(ez) as € — 0.
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Moreover, by the co-area formula, ((5.3.6)), (5.3.15)), and that Vrez F. -v = 0, we have
en
[ @ Vi@ de= [ [ v ana
Tub®"(T") —en JTy
n
= [ [ 41910+ o) 1+ e2Ca o) + Calp. 2] a(p)dz (5:316)
-7
n 1
= / / . 8. F.|* (p,2) |1 + e2Cr (p) + Cr(p,e2)| dH(p)d=

n
+/ /5<\F5]2+\VFF€+VEZFE\2> (p.2) [1+ 2Crr(p) + Cr(p,€2)| dH(p)dz.
—nJT

We remark that for any intermediate scaling, Tub'fk"(F) for 0 < k < 1, the above

calculation gives

/  @P V@R d
Tubs" (1)

S|

‘ / S10.Ff? (p,2) [1+ €2Cir(p) + Crlp, £2)] dH(p)d= (5.3.17)
I

k

n

el
el—

[0 [e(IRP 4+ [Vek 4 VEES) (2) 1L+ 23Cu(p) + Calp.22)] di(p)dz.
= r
-k

5.3.3 On functions extended constantly along the normal direction

Let f € HY(T') and f¢ denote its constant extension off I', as defined in ([5.2.3). We
can relate V€ and Vrf by the following lemma:

Lemma 5.16. Let H denote the Hessian of the signed distance function d, then
Vii(z) = (I - d(z)H(2))Vrf(p(z)), (5.3.18)
where I is the identity tensor. Consequently,
Vfé(z) =Vrf(z) forzeT. (5.3.19)

Proof. Let P := I —v®v denote the projection operator to the tangent space. Then

a direct calculation shows that

PH=HP=H.
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Define f€ as in (5.2.3)) and using the Chain rule we obtain
Vfi(z) = Vp)Vf(p(x)) = (I = Vdev —dH)(x)V f(p(z)).

Since d is the signed distance function, we have Vd(z) = v(p(x)) for = € Tub™(T).
Hence, for x € Tub”(I"), we have

Vi(z) = (P —d(z)H(2))Vf(p())
= (I = d(z)H(2)) PV f(p(z)) = (I — d(z)H (2))Vr f(p(z)).

Corollary 5.17. Let f € H'(I'). Then there exists f¥ € H(Q) such that

w(f¥)=f onT,

and there exists a constant C' > 0, independent of f, such that

HfEHLz(Q) < C ||f||L2(I‘) ) HVfEHLZ(Q) < C HVFfHL?(F) :

Proof. Fix n so that there is a diffeomorphism between Tub”(T') and I x (—n, 7).
By Assumption I is a C3 hypersurface and so

[H || coerapnryy < ldllc2mupnry) < o0 (5.3.20)

Let f € HY(T') and define f¢ as the extension of f as in (5.2.3) to Tub”(I'). Then
by (5.3.5)), and (5.3.6)),

/ @) de = / Fp@) de
Tub™(I') Tub”(I")

_ /" 2 ; 2
- / /F )21+ 1Crr(p) + Crlp,t)] dHat < C(En) || 2aqr
-n
and

/ V(@) de = / VS — (@) H () Ve f(p(a)? de
Tub”(I")

Tub”(T")

< 1+ ldleograney 1 lomany) | o VRS ) e

< (1 + ldll e apn(ry) C @) Ve £y
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Hence,
/ @) + V(@) dz < CEn, ldll ez ranry) 11 »
Tub™(I")

and so f¢ € H'(Tub™”(T")). We now use the Extension theorem (Theorem [C.2) to
extend f¢ to a function f¥ € H'(Q) such that

HfEHHl(Q) < C N arerann ey < C 1 Ly -
O

The next lemma allows us to test with extensions of H'(I') functions in the

weak formulations of the diffuse domain approximations.

Lemma 5.18. Let f € H (') and let f¥ denote its extension to Q constructed in
the proof of Corollary[5.17 Then for all € > 0,

e HY(Q,5.),
and there exists a constant C' > 0, independent of f and e, such that
HfEHO,ag <C HfHLQ(F) ’ vaEHo,és <C HVFfHLQ(F) ’
and
/Qag 127 de — /F If1? dH, /955 IV de — /F Vrfl? dH,  (5.3.21)

as € — 0.

Proof. Fixn > 0 so that there is a diffeomorphism between Tub”(I") and I' x (—n, n).
As a consequence of ((5.2.6)), we have for ¢ = ¢2 = 1,

H55($)HLOO(Q\Tubn(F)) —0ase— O7 (5322)
and so, for € € (0, 1],
[10e (@)l Loo @\ Tubn (1)) < SE)PH 162 ()| oo (@\ w7 (1)) =+ Csup- (5.3.23)
ee(0,

By (5.3.5), (5.3.6), (5.2.3), (5.2.5), a change of variable ¢ := e, and Corollary
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(.17, we see that
E|? e E
/955\,}” | de/Tubn(F)5a’f| d + 1|6¢ | poo (b)) || HLQ(Q\Tub”(F))
n
: N N - - - 2
< / SO -+ b)) |1+ <ECrn(p) + D] dHAT + oo |7

(+cn)HfHL2r)+CsuprEHLz < Clf Iy

and so, f¥ € L%(Q,6.). Furthermore,

/Tubn o1 do = [ 1F d%‘

= / /5 ) 11> (p) |1 + etCr (p) + Cr(p, £t)] deE—/R/F(S({)W dHdt

< /R X (22,2 (D5(D) df\ 112200 + €2Csm 12y = 0 as € = 0,

€

and so by (5.3.22)),

‘/@UEF dw—/!f!2 dH‘ <
Q T

2

5. £ dx—/ I d%‘
() r

The assertion regarding the gradients follows via a similar argument with ([5.3.20)

and hence we omit the details. O

For the double-obstacle regularisation, we use the tubular neighbourhood
Tub®2 (T") and use the fact that 6. = 0 on Q\ Tub®2 (I') to deduce the same results.

5.3.4 On the regularised indicator functions

As a consequence of ([5.2.4)) and Lebesgue dominated convergence theorem (Theorem

(C.1), we have

Lemma 5.19. Assume that & satisfies Assumption then for any g € LP(Q),
1<p<oo,

& |glP dm—>/ lglqw|P dz, / &gl dr— 0 ase — 0.
Q) Q) QQm
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Lemma 5.20. Assume that & satisfies Assumption for e € (0,1]. Let u® €
HY(Q, &) and suppose there exists a constant C, independent of e, such that

||U6||1,§5 <C.
Then there exists @ € H'(QW) such that
ulga)y = @ in H' QW) as e — 0,

along a subsequence.

Proof. By Assumption §e > % for x € Q1) and so,

sl 11 oy < 2 /Q el do <2 /Q & [ de < 2C for all £ € (0, 1],

The assertion follows from reflexive weak compactness theorem (Theorem|C.11). [

Lemma 5.21. Assume that 6. satisfies Assumption [5.7 for € € (0,1]. Then, for
any f € HY(Q), there exists a constant C' > 0, independent of f and e, such that

[ fllos. < ClUfll ey -

Proof. Fix n > 0 so that there is a diffeomorphism between Tub”(I") and I' x (—n, n).

Then, by (5.3.23)),

/5a|f]2 dx:/ o |f? dx—i—/ 6. |f? dx
Q Tub”(T") Q\Tub™(T")

< / 5. 117 da + Cuup | £ 12200zt 0y
Tub”(T")

< / 5 |f1? d + Coup 1 /121y -
Tub”(T")

By the diffeomorphism between Tub”(I') and I" x (—n,n), we have f2]Tubn(p) €
WHL(( x (=n,n)). By absolute continuity on lines for W! functions (Theorem
C.10)) there exists a version of f? (denoted again by the same symbol) such that for
a.e. p € I, it is absolutely continuous as a function of ¢t € (—n,n). With absolute
continuity with respect to ¢, we have

t

)+ () = (1) (:1) = (f) (. 0) + /0 jC(fQ)(p, ¢) d( for t € (—n,m).
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Then, by (5.2.5), (5.3.5), (5.3.6)), (5.3.7) and a change of variables t = &t,

/Tubn(p)5 I dw‘/ / ( >!f\ (p+tv(p)) 1+ tCr(p) + Cr(p,t)| dHdt
:/ /ps ( ) ['f’ (p) + / I* (p. )dC] |1+ tCpy (p) + Cr(p, t)| dHdt
<H”° 71 // dCd’H>/ (1) (1 +ec|t]) di

< +6505,int)< H70(|f| )‘ +C(en) HV ‘

IN

LY(T) L' (Tub™(I")) )

< 1+ Csm) (|12, ., + €@ 1 Wi ey )-

LY(I)

Then, by the Boundary-Trace theorem, we obtain
/Q . f2 da < (14 ECam)(C2 + C(en)) + Coup) |11

where Cy; is the constant from the Boundary-Trace theorem. O

For the double-obstacle regularisation, we can neglect the contribution from
the integral over Q\ Tub®2 (T') and directly obtain

5. = [, g VT e < (1 o (CE o+ Cen) T

Lemma 5.22. Suppose that Assumptz'ons and are satisfied. For f € WH1(Q),

we have

/ Ocf dx — / Y (f) dH as e — 0. (5.3.24)
Q T

Moreover, for n > 0 sufficiently small, if f € WH(Q), 1 < g < 00 or f € CHQ)
and q = oo, then there exists a constant C > 0, independent of f and €, such that

e 8 = [ o)

Furthermore, for any f € W14(Q), 2 < ¢ < co with vo(f) = 0, we have

< C" 1 || fllyray - (5.3.25)

/ 512 dr < O || £ 3naqey - (5.3.26)
Tub™(I")

where C' is independent of f and €.
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Proof. We note that the integrals are well-defined by the Boundary-Trace theorem
and Lemma Let f € CY(Q), then yo(f) = flr. Fix n > 0 so that there is a
diffeomorphism between Tub”(I") and I' x (—n, ) and én < 1, where ¢ is the constant

in . By m, we see that,

/ 5. |f| da
O\ Tub” (T")

By (5.2.6) with g1 = 2, g2 = 1, we have that,

Let Coup,y = SUp,¢(o,1] 0= (1) < 0o. Then,

and so, we have by (/5.2.5)),

/:oa(s) ds < @(/:O\/@ds) < /CoupnCis.imte < Ce,

for some constant C' > 0. By (5.3.6) and a change of variable t = ¢t,

‘ /W 6.1 d — / 2o(f) dH

//5 ‘X( =,y (t)f(p + etv(p) ‘1+5tCH( )+CRp,€t|—

< 16ell oo (o mubn 0y 1 f I 1) — 0 as e = 0.

(5.3.27)

(5.3.28)

(5.3.29)

( dH di.

By the fundamental theorem of calculus and Hélder’s inequality, for ¢ < oo, we have

=&

‘f(p-l—stl/ ‘—‘/ —fp+5§u p)) d¢

i ( /O VF(p +Crp)e d<>

=
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(5.3.30)



Then, from (5.3.29), we have by Holder’s inequality and (5.3.5)),

/ gy Bl [ d%|

: /R /F 1= Xz, @) [1+ £ICh (p) + Crlp,=D)| | 6(0) 1 0)| M. dE

>

1
q

- . ! i )
—I-E/R/FX(En,g)(t)‘1—1—61501{(17)+CR(p,€t)‘5(t)‘t‘ a (/0 IV f(p+ eCv(p))|? dC) AHdF

< oD llaeey [ 50) (e 290 + <2 ])

=

q

+e(Un) ' [ 600+ [i) ( [ dgd%) di

By the change of variable ¢ = ¢ and (5.3.7]), we observe that,

( / / IV + o)) d<d%> < C@n)et ( / i d:v) ,
rJo Tub”(I")

and so by (b.3.28]), and (5.2.5)), we have

| /W(F) 5.1 d — /F "0(f) dH

g—1
<eCl( e +e ¢ CUVEl Laerunmy)

a-1
<Ce« HfHWLq(Q) .

Similarly, if ¢ = oo, we have

F(p+ elv(p) — )] = /0 VI (p+ eCu(p)) - v(p) dC

<elf ax IV f(p+eCu@)] < e [t V£l corranry)

and hence,

‘ /W(F) 5. d /F "o(f) dH

< H’YO(f)HLl(F)/R(S(f) (XR\(%",%)@*“EEHD dt

o1+ ) T 19 Fllgogna /R 5(7) |1] di

< Ce|lfllergy -
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Together with (5.3.27), (5.3.24) holds true for all C(Q) functions. Let ¢ > 0 be
arbitrary, then for any f € WhH1(Q), there exists g € C*(€2) such that

15 = ol <€ | [ S0 o= [t am| <.

Then, by Lemma [5.21

/ch dr — /F%(f) d%’

/Qésu—g) dw—/r'yo(f—g) d%’+‘/ﬂasg dfﬂ—/F%@) d%’
<CIf = glyrag + € < (€ +1)C.

<

Since ( is arbitrary, we see that ((5.3.24)) holds for any f € WH1(Q).
We now suppose that f € C*(Q) and f|r = 0. Then, a similar calculation to

(5.3.30) yields that

Fo+eivp)’ < & /O Y+ eCo@)? de

2

_q—2 t q
<& (/0 IVf(p+eCv(p)| dC) :

Hence, by Holder’s inequality and a change of variables t = £(,

‘/ 5 |f1? da
Tub”(T)
2

. . . z )
SgQ/R/FX(_n’g)(t) |1+ etCr(p) + Cr(p,et)| 6(0) |t| « </0 IV £(p + eCu(p))]? dC) dHdE

€

2

< 2(1+ ) |0 ( [ [ 956+ o dccm) ( / 6<f><1+|ﬂ>df)
< O T || f1Pragey -

By the density of C*(Q) in W14(2), we see that ([5.3.26]) holds for any f € W14(€2)
with "y()(f) =0. ]
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For the double-obstacle regularisation, we note that, by definition

®5(0) di = 1,

_T
2

and so, by (5.3.30)) and (5.3.5)), we observe that

‘ /m%m ouf do = [ o) at

< /2/5(7?)|f(p+€£u(p))|1+8£CH(p)—|—CR(p75£)’_f(p)’ IHdE
-z Jr

</

§/2 /Fé(f)(l—i—ség)s\ﬂqql (/0 IV f(p+eCv(p))| d() +e¢Zo(t) | f(p)| dHdt

s
2

IERCTE

/F SO (o + tv(p) — £)] + | £(p + et (p)| |FCH (0) + Crlp.<d)|) dHdE

INE]
Q=

: S(E)(1+ |¢]) at

_1
< Ce (Nl ey + C + 5e)e' ™5 [V F o

(ME]

1-1

1
< Ce || fllyra)

for ¢ < co. Via a similar argument, we also have

/  Sfde- / o) dH
Tub®2 (T r

The analogous assertions for the double-obstacle regularisation follow along the same

< Ce |l fllerny -

lines as in the proof of Lemma [5.25

Using (5.2.7)), we have

b.(x) = 26 (d(”“")) < ic{gé (M) - iéﬁ&(w) (5.3.31)

9 & 9

This implies the following:
Corollary 5.23. Suppose that & and 6. satisfy Assumptions[5.6 and[5.7. Then for

all € € (0,1] and any f € L*(Q,&.), we have

11
[l de <o [ e an
Q ele Ja

We introduce the following weighted Sobolev space:
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Definition 5.24.

L*(T xR, 6) := {f :I' x R — R measurable s.t / /5(2') |f(p,2)]* dHdz < oo} .
RJT

Lemma 5.25. Suppose Assumptions cmd are satisfied. Let ¢ € H ()
and u® € V.. Suppose there exists a constant C', independent of €, such that, for all

e € (0,1],
2 2
[ulli e, + [lullg 5. < C

Then there exists & € H'(QW)) such that u®|ga) converges weakly to @ in H'(QW)
along a subsequence, and for ¢ € H(S2),

/ deutp dr — / Yo(@)yo(p) dH as e — 0. (5.3.32)
Q r

Proof. The weak convergence of u®|qm) to @ € H 1MW) is proved in Lemma
Fix n > 0 so that there is a diffecomorphism between Tub”(I') and I'" x (—n,7),
and ¢n < 1, where ¢ is the constant in . We consider the scaled tubular
neighbourhood X¢ = Tubakn(I‘)7 0 < k < 1, and then by with g1 = 1,q2 =
1 — k, we see that

||5sHLoo(Q\Xs) —0ase—0, (5.3.33)

and thus, by Cauchy—Schwarz inequality,

1
/Q\XE deutp dz| < HU€HL2(Q\XE,55) ||5€H[2,00(Q\X€) ||<P”L2(Q\Xa)

1

<C |]5g||zw(Q\X5) ol 2y — 0 ase — 0. (5.3.34)
Hence, it suffices to look at the integral over X¢. Let U¢(p, z), ®-(p, z) denote the
representations of ¢ (x) and ¢(z) in the (p, z) coordinate system, respectively. Then

deutp dx = /
Xe .

n
1—
7

‘ /F S() (U (p, =) |1 + e2Ci(p) + Crlp, )| dHdz.

€
—n
1

k

(5.3.35)
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By (5.3.31), (5.3.17) and (5.3.5)), u® € H'(£,£.) implies that

C > HUEH%@E > /X §6|Vu812 dx > /X acgégyvuep dx

n
Tk 1

> [ [ cCeb(e) 5 0.0 1+ £xCu(p) + Calp,e2)] iz
2 Jr

> Ce(1 — &) /R /F X )(z)é(z)élazUEF(p,z) dHdz.  (5.3.36)

S o ey 3

From this, we deduce that

X( )(z)azUE(p, z) = 0in L*(I' x R,§) as € — 0. (5.3.37)

—n_ _n
I ey s ey

Similarly, since ¢ € H*(Q), by (5.3.17),

1
el > [ Vel de> — [ 5. |Ve|* do
e 5(0) Jx-

1-— 57] 1 2
> —n n - z*e I Y
Z 50) /R/lﬂx(w,w)(z)é(z)s |0:@|” (p, 2) dHdz

and so

X(zn 2 )(z)azq)s(p, z) = 0in L*(I' x R,§) as € — 0. (5.3.38)

S S ey

Since u® € L?(1,4.), we have
€2 s, = [ ol da
XE

> (1 - én) /R /F Xty ) (DU (9, 2) A (5.3.39)

Ik

Hence, by reflexive weak compactness theorem, there exists u € L?(I" x R, §) such
that

X(_=n_ _n )(z)Ua(p, z) = a(p, z) in LQ(F xR,0) ase =0

S o ey

along a subsequence. By (5.3.37)) we can deduce that 0,u = 0 on J := {z € R :
d(z) > 0} and hence w = u(p) in J. Indeed, for any ¥ = W(p, ) that is smooth and

compactly supported in J, we have

_n
/E1 ' /5(2)(02U€\Il)(p, z) dHdz — 0 as € — 0,
= T
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and

n n

= . /
o /5(2)(02U5\I')(p, DdHdz=— [ /6(;(U€\If)+5(az\1/iU€) dHdz
e Jr e Jr

n n

€

- — / / SV + 0ud, ¥ dHdz = / / 3(2)(0,u¥)(p, z) dHdz as € — 0.
RJT RJT

€

Hence, for arbitrary ¥ that is smooth and compactly supported in J, we have

/ / 0(2)(0.uV¥)(p, z) dHdz = 0, (5.3.40)
RJT

which implies that 0,7 =0 in J.
We will show that

/ o-ufp dx — /u’yo(ap) dH as e — 0, (5.3.41)
e r
and then show the identification

u = (a) a.e. on I (5.3.42)

By (5.3.5)) and the definition of ®., for almost every (p,z) € I' x R, as ¢ — 0,

X(zn_ _n )(z)<I>€(p, 2) |14+ e2Cu(p) + Cr(p, az)]% — Y0()(p)- (5.3.43)

P ey

While, by Lemma [5.21

n

N / 5(2) | @ |1 + e2Cr (p) + Cr(p,ez)| dHdz
r
k

n
T—

el

£

_ /X 5. 1¢l? da < Cllel2 gy - (5.3.44)

Moreover, by ([5.3.33]), we observe that the conclusion of Lemma still holds if
we use X° instead of Tub”(I'). So, as ¢ — 0,

_n_
/ o / 5(2) .17 (p, 2) [1 + £2Cur (p) + Cra(p, £2)| dHd=
e Je

= [ ool dos [ o @ = [ [ 5 oo () drdz. (5:3.45)

Almost everywhere convergence ([5.3.43) and uniform boundedness of the norm
(5.3.44) imply weak convergence in L?(I" x R, §) (see Theorem |C.12)). Together with
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the norm convergence ((5.3.45)), this then yields the strong convergence in L?(I'xR, )
(see Theorem |C.13): As e — 0,

2 ) (2)@c(p, 2) [1+2Ch () + Cr(p,22)|> = 20(9)(p) in LA(T x R, ).

X2 ox
(5.3.46)
y (0-3.5),
sup le2Cr (p) + Cr(p,ez)| < &k, (5.3.47)
per:'ze(ﬁvﬁ)
and hence, as € — 0,
esssup ||1 +e2Cx(p) + Cr(p EZ)|% 1‘ < esssup ———— et
H R\P» -
(p,2) (pz) V/1+éekn+1

< Cefnp— 0. (5.3.48)

By the product of weak-strong convergence, we see that

deutp dr = //5(2))(( 1 ) (2) (U @) (p, 2) |1 4 2CH(p) + Cr(p,€2)| dHdz
Xe RJT el=k’¢

1-k

5 /R 5(2) /F T(p)0(0)(p) dMdz = /F o(e) dH as & — 0. (5.3.49)

It remains to identify @ with 4o(%). We remark that for ¢ < 1, 7Lz > 7 and so the
weak convergence of U¢ to % also holds in L?(T" x (—n,n), ), which is equivalent to
restricting to Tub®"(I"). Indeed, for any ® € L?(I" x R, §), we have

'/ /6 U —u)® dHdz| =

Let C,, := f K ) dz and a similar argument as using (]5 3. 43[) (]5.3.44[) and

as above shows that, as e — 0,

—0ase—0.

( 7]777) (Z)(I) deZ

X(cnan) (). 2) |1+ €2C(p) + Cr(p,€2)[2 = 70() (P)X(—g (2) in LA(T x R, ).
(5.3.50)
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By the Cauchy—Schwarz inequality and Lemma [5.21]

/_ ! / 5(2) o) (9) @ (p. )| |1 + £2Cir(p) + Car(p,2)| dMd=

</ [ 86 hota ><1+ce\z|)d%dz>é||so|ro,5g

< (1+ €eCam)? [0(@)]l 21y . < Clhvo(@ 2wy el o

So, we can compute

/ [ 0,2~ (@), 1+ 23Cu () + Canlp2)|
-n

n
< / / 5(2) (U7 (p,0) — 70(@)(0))P=(p, 0)) |1 + £2Cir (p) + Cr(p.e2)| dHd=
I

an : /F 5(2)( /Ozac(m@s(p,c» 4C) 1+ £2Cir (p) + Cr(p,=2)| dHdz
< (1+2Csan) [ 160u°) —20(@)| ali)|

+ (14 én) /n 5(2)/F/n 10:(U=®.)(p, ¢)| d¢ dHdz. (5.3.51)
-n -n

The first term on the right hand side converges to zero by the strong convergence of
Y0(uf) to yo(@) in L3(T') (see Theorem |C.5)). For the second term, we observe that

[ s [ ] 56 ecw w0 i < 2 [ [ 6(0) o0 v, dcat
Cy

W(”a .U® HL2 I'x(—n,n),9) HQ) HLQ(FX( n,m),0) + HU HL2 (T'x(=n,mn), Ha ® HL2 I'x( r],n),é))'

By Lemma o € L*(Q,6:) and so by (5.3.39), both IO 20 x (=)0 2nd
[9°| L2 (0 x (—,),6) @€ bounded. Hence, by (5.3.37) and (5.3.38), we have

||6 U6||L2(F><( n,m),0) ”(I) ”LQ(FX( -n,m), + ||U€HL2 (T'x(=n,n),0) ||a P ||L2 I'x(—n,m), 5) 0

as € — 0. As a consequence, from ([5.3.51f), we have

/17 /F(S(z)(UE(p, z) —yo0(a)(p))Pe(p, 2) |1 + €2Cp(p) + Cr(p,e2)| dHdz — 0 as € — 0.
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But, by (5.3.48)) and (5.3.50),
n
/ / 5(2)70(@)(p)®e(p, 2) [1 + £2Cp (p) + Cr(p, e2)| dHdz

-~ /_T; /1" 5(Z)70(ﬂ)(p)%(30)(p) dHdz = Cn/FVO(ﬂ)(p)VO(SD)(P) dH as € — 0.

Together with the weak convergence of U® to @ in L?*(I' x R, J), we see that

/ ! /F 5() (U (. 2) — 10(8)(P)®<(p, 2) |1 + £2Cir (p) + Crlp, e2)| dHd
-n

= [ [ 5)000) = 2oE00te)0) iz = €y [ 5 50(@)(e)

as € — 0. Hence, we have

0=, [ (@ n(@)ale) k. (5.3.52)

Since ¢ € H*(Q) is arbitrary, we deduce that & = vo(@) almost everywhere on T'.  [J

For the double-obstacle regularisation, we choose X¢ = Tub®2 (') and we
will have U® converging weakly to 7 = %(p) in L?(T' x (—%,%),5). The estimate

22
(5.3.47) becomes

. T
sup lezCrr(p) + Cr(p,e2)| < ée—.
Per,ze(-3,%) 2

A similar argument with the above elements will show (5.3.41)). Furthermore, we
restrict to Tub®7 (') to show the identification (5.3.42).

Lemma 5.26. Assume that 6. satisfies Assumption . For each ¢ € (0,1], let
ve € HY(Q,6.). Suppose there exists a constant C, independent of €, such that

10513 5. < C for all € € (0,1].

Then there exists © € H'(T') such that, for any v € HY(T') with extension ¥ €
HY(Q) as constructed in the proof of C’orollary

/ s.0°F dr — /uw dH, / 6.V - VyF do — / Vo - Ve dH as e — 0.
Q r Q T

Proof. Let 7 > 0 be chosen so that ¢n < 1 and there is a diffeomorphism between
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Tub™(I") and I" x (—n,n). Then, invoking the (p, z) coordinate system, we see that
€2 s, = [ 8+ Vo) da
e XE

>(1-é TF s ((vep + L jovep ve+ vyl dHd
> (1-¢én) ) (2) [ |[V®] +€2| LVEPE + | VeVE+ VLVE] ) (p, 2) dHdz.
11—k

Hence, there exists a function € L*(I" x R, ) and a vector-valued function Q €
(L*(T" x R, 6))"™ such that

X(—=n_ _n )(z)ang(p,z) —0in L*(I' xR, 6) as € — 0,

Ik 1-F

X(=n ﬁ)(z)Vs(p, z) = T(p,2) in L*(I' xR, ) as e — 0,
X 0 (2)(VeVE+ VLV (p,2) = Q(p,2) in (LA(T x R, §))" as € — 0.

-k 1—F

Moreover, we can deduce, via a similar argument to the derivation of , that
0,0 =0 and 7 = 7(p) in the set J.

We claim that Q = Vru(p). Let {W; N I‘}Z 1, Wi C R™, denote a finite open
cover of I' with regular parameterisations «; : S; — W; NT. Let {/j’i}ij\il denote
a partition of unity subordinate to {W;}¥,. Take ¥ € C>°(T' x R), then for any
1<r<n,

/ / 5(2)(Q %) (p, 2 dez_Z / / pi(i(5))0(2)(Qr ) (s, ) |det J; (s)| dsdz.

In the (s, z) coordinate system, by definition (see ([5.3.13))), we have that
VrVe(s,z) + VL VE(s, 2) = Vpe=VE(s, 2).

Moreover, since I' is C3, the normal v belongs to the class C2. This in turn implies
that the components of the metric tensor g¥/ are C' functions. So, for any 1 < r < n,

we have, as ¢ — 0,

/ wi(s)6(2)((Vre=Ve),¥)(s, 2) |det J; o(s)| ds

= /3 Z (s, 2)04 VE(8,2)05,.Ge(s,2)V¥(s, 2) [det J; o(s)| ds
k j=
n—1
/ §(z Zasj I (s, 2)pi(s)W(s, z) [det J; ()| Os, (o + e2v(0y))) VE(s, 2) ds.
j=1
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Integrating with respect to z, summing from ¢ = 1 to N and passing to the limit as

€ — 0, we obtain

Z/ T n(9)8(2) (T V)W) (5, 2) det Jig(s)| dsd

] )
=17 1% /Si

N n—1

— ;/R/Sl 5(2);83j (AJT(s)m(s)\If(s,z) |det J; o(s )|8sral) o(s) dsdz

N
B Z/R/s pals ]ZlAJT 5)0s,0(5)0s,i(s)V(s, z) |det Jio(s)| dsdz

/ / 3(2)(Vro), (p)¥(p, 2) dHdz.

—n 17lk)(Z)(VFszVE)T(S,Z) to Q. (s, 2),
we have
Z/n / 1i(8)0(2)((Vre=V=), W) (s, 2) |det Jio(s)| dsdz
- Z// pi(s » W) (s, 2) |det J;o(s)| dsdz as € — 0.

Equating the limits leads to

/R/F(F(Z)(QT‘I’)(}), z) deZZ/R/Fé(Z)(VFU)r(p)‘I’(p, 2) dHdz,

and thus @, = (Vr7),.

Given ¢ € HY(T') and its extension ¢* € H'(Q), we observe that the cor-
responding statements to ([5.3.43), (5.3.44), and with ¢ replaced by ¥
are valid. So, also applies when we replace ufp by v®1)¥. Together with

(5.3.34)), we have

/ o0 dz — /m,/J dH, ase — 0.
Q r

As 9 is constructed by extending v constantly in the normal direction, we

see that by ,
1 1
0= Vo (a) - v(p() = 50.Vc(p,2) + (VeWe + VEL)(p. 2) -v(p) = 50-Ve(p,2),

ie., 0,9, =0.
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By (5.3.12)) we have the almost everywhere convergence: As ¢ — 0,

X J(2)(VrWe + VE W) (p, 2) |1+ e2Cr(p) + Cr(p. e2)|F — Vi (p).

—n_ _1n
P ey Ry ¢

By Corollary we have uniform boundedness of the norm:

/ /5 ) [Vr¥. + VL 0. | 11 +¢e2Cu(p) + Cr(p,e2)| dHdz

= /X Oe ‘V¢E‘ de < C |WF1/’”%2(1“)7

and by (5.3.21)), we have the convergence of the norm: As € — 0,

/ /5 V[ Vee + VO | (p,2) 1+ e2Cr (p) + Cr(p, e2)| dHdz

:/ 5. || dx%/\va\ dH = // ) V|2 (p) dHdz.

Hence, we have the following strong convergence:

X(zn _n(2)(Vr¥e + VL U)(p,2) |1 +2Cu(p) + Cr(p, Ez)|% — Vr(p) in L*(T x R, 9).

S ey R ey

Then, by the product of weak-strong convergence, we see that

_n
/51 ' / §(2)(VrVeE + VL VE) - (VpW. 4+ VL W) |1 + e2Ch(p) + Cr(p,ez)| dHdz
)k

= 0:Vu© - V°© dox — / Vo - Vry dH as € — 0.
Xe r

We define

Hpo(Q) = {f € H'(Q) : flr = 0},
This is a closed subspace of H'(€) under ||-|| () and hence is a Hilbert space itself.

Lemma 5.27. Suppose 0. satisfies Assumption . Then any for f € H%?O(Q),
there exists a constant C' > 0, independent of f and €, such that

1fllo,25. < CUf Nz - (5.3.53)

120



Moreover,
1 2
E(Sg |f|* de — 0 ase — 0. (5.3.54)
Q

Proof. Let n > 0 so that én < 1 and there is a diffeomorphism between Tub”(I")
and I x (—n,n). By (5.2.6) with ¢; = 2,¢2 = 1, we see that

1
HEéEHLOO(Q\Tub"(F)) —0ase—0.
Hence, there exists C' > 0, independent of € € (0, 1], such that

(Ea <C
=%l poo (\Tub7 (1)) = &

By ([5.3.26)) with ¢ = 2, we have that

1 2 1 2 1 2
/9856 |fI7 dz < /’I‘ub"(l‘) 0 |fI7 dz + HE(SEHLOO(Q\Tub"(F)) 17120\ Tun (y)
< Cllf I3 + C I 32 < ClIF @) »

where C' is independent of f and .
For g € C1(Q) with g|r = 0, we have from (5.3.26) with ¢ = oo,

1
/Qe(sa |g|2 dr < Ce ||g||%1(9) + H%éEHLOO(Q\FI“an(F)) HQH%P(Q) —0ase—0.

Let ¢ > 0 be arbitrary. Then, for any f € H%’O(Q), there exists g € C*(Q) with
g|lr = 0 such that

1
| f _9||12L11(Q) <, /9558 |g|2 dx < (.

Then, by (5.3.53),

1 1 1
/(ssm2 dméféalf—gV dx+/ L 1g? da
0E€ Q€ Q€
<CIf =gl +¢ < (C+1)¢

As ( is arbitrary, we see that ([5.3.54]) holds for any f € HﬁO(Q). O
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5.4 Proof of the main results

5.4.1 Well-posedness of (CSI)

We consider the product Hilbert space and associated inner product
X = HY QW) x 7HY(T),

((u1,01), (u2, v2)) x ;:/

uiug + Vug - Vug dr + / v1v2 + Vrog - Vevg dH.
Q) r

The weak formulation for (CSI) is: Find (u,v) € X such that for all (¢,9) € X,

aCSI((“? U)? (907 1/])) = aB(uv 90) + aS(va 1/]) + KZS(U - ’Yo(’u,), 1/] - '70(@0))
= lB(f? 90) + /BZS(Q7 w) = lCSI((f7 g)7 (@7 1/}))7

where ap(-, ), as(-,-), Ig(+,-) and lg(+,-) are as defined in Section
By the root mean square inequality, i.e.,

a+b<vV2vVa?+12,

one can show that

llesr((p,¥))] < ||f”L2(Q<1)) HSDHLZ’(Q(I)) + H9HL2(F) W’HL?(F)
< (If 2y + gl 2y Ul g ey + 1901 22(r))
< V(I 2wy + gz Il oy + 1412y
= V2(Ifll 22y + gl 2 1, ¥) L

/F [ = 20(w)(® = 30(2))| dH < [[o = 10() 2y 1 — 2002 2

< (vl 2y + Cor llull g1 @) (1l 2y + Cor 9]l 1 @y)
<201+ ) 1w, ) (e, ) e

and so
lacsi((u,v), (0, %) < (CaBap + 2K (1+ CL)) [|(u, )|l 10, %) || -

Moreover,

acsi((,v), (u,0)) > min(Bo, 62) [|ullZ gy + min(6r, 85) [1o] 2y + K o — 0 ()22

> (min6) | (u,0) 3
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By Lax—Milgram theorem, there exists a unique weak solution (u,v) € X to (CSI)
such that

1(w, )| < CON I fll L2 @y + Ngllz2(ry)-

We remark that the well-posedness of (SSI), (RSI), (DSIH), and (NSIH) are shown

similarly via the Lax—Milgram theorem, and hence the details are omitted.

5.4.2 Well-posedness of (CDD)

We consider the product Hilbert space and associated inner product

X :=V. x H'(Q,0.),

((u1,v1), (uz,v2)) x. = /9(55 + 0 Juruz + & Vur - Vug + dcv1v2 + 6:Vur - Vg dz.
The weak formulation for (CDD) is: Find (u®, v®) € X. such that for all (p, ) € A%,
acpp((u,v%), (@, 1)) == /Q&AEVU6 Vo + EaPuf o+ 6.BEVYE - Vi + 665 0% da
+ [ 0K =)0 - ) da = [ €fBor 5897 = tepol(e. )
A similar calculation involving the root mean square inequality will show that

llepp((p, )| < HfEHo,g8 HSO||1,5E + HQEHO,(;E ||1/1||1,5E
<VR( 1 e, + 19505, )y IelZe, + 1112 5
< V2 e, + 119705 ) 12l

and

lacpp((u,v), (¢, v))]
< Cye e o pe ||(u0) |4 10, ) x, + K ([0 lg 5. + llu®
< (Cae e g8 pe + K) [[(u®,09)] 4 [[(0,9) || o, -

0,0.) ULl s, + llellos.)

By Young’s inequality with constant p € (1,2), we have

/55\1;5 _ P dp > / 5. (]2 = 2 o] |uf] + [ufP?) da
Q Q

2 — 2
> (1= ) [v%llgs, + (1 =171 ullos, -
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Then, by Assumption [5.2] we have 3 > K, and so

acpp((u®,v%), (u®,v%))
> C(00,02) [lu®|1} ¢, + 01 V0715 6. + O3 [[0° 15,5, + K [|0° — 55,
> Clluf)|F e, + 01 [IVOS[5 5. + K (2= ) 0715 5. + K (1= g7 [[uf]I3 5.
> C(0:, K, ) || (", 0%) 3, -

Hence, by the Lax—Milgram theorem, for every € > 0 there exists a pair of

functions (u®,v®) € X, that is a weak solution to (CDD) and satisfies

0s.):

By & <1 and Lemma there exists a constant C, independent of ¢, such that

||(U8708)HX5 < C( HfEHO,gs + HQE

2 2 2 2
175166+ l9% 005 < C(1F7 a0y + 97 17200y )-
Hence,

2
[y, + lluf

|(2),56 + HUEH?,(sS < C( HfEHiQ(Q) + HQEH;(Q) >7

which is ([5.2.17]).

By a similar argument involving the Lax—Milgram theorem, one can show the
well-posedness of (SDD) in H'(£2,.), (RDD) in V., (DDDH) in W. and (NDDH) in
H(Q,£.). The uniform boundedness in € of the estimates (5.2.18)), (5.2.19)), (5.2.20)
and follow from Lemma and the property that £ < 1.

5.4.3 Issue of uniform estimates for (NDD)

We define
aNDD(u, (f)) = / ngEvu . V(b -+ faaEud) d:c,
Q

INpD(®) :—/Slfngqﬁ—i-éegE(ﬁ dz.

Suppose we seek weak solutions in the space H'(Q,&.), then anpp(-,-) is bounded
and coercive. But, by Corollary the boundedness of [y pp over H'(Q, &) scales
with é Thus, we cannot obtain a uniform estimate similar to (5.2.21). If we seek
weak solutions in the space V., then Iypp is bounded uniformly in €. But axpp

is not coercive. Hence, to obtain uniform estimates in ¢, we have to remove the

124



term involving 6. and this amounts to transforming (NSI) into its homogeneous
version (NSIH) through Theorem [C.7] This then motivates Assumption [5.3|and the
corresponding diffuse domain approximation (NDDH) now has a weak solution in

H(Q, &) with uniform estimates in e.

5.4.4 Convergence of (CDD) to (CSI)

Let ¢ € H'(QW) and ¢ € HY(I') be arbitrary. Then by the Extension theorem we
can extend ¢ to a function ¢ € H'(Q). Similarly, we denote by ¥ € H' () the
extension of ¥ to () constructed as in the proof of Corollary

By & < 1, Lemma and Lemma we see that o € V. and ¥ €
HY(Q,4.) for all € € (0,1]. Moreover,

“|

€%l < Clielm@my, 19515 < Clollam

where the constant C' is independent of . Thus, we may test with ¢ and ¢¥ in
the weak formulation for (CDD).
For e € (0,1], let (u®,v%) € A denote the unique weak solution to (CDD),

which satisfies
/ EAEVWE VP + caPufof + 6.BEVYE - VF + 6.0F vy da
Q
+ / K6.(v° —u®)(WF — F) da — / & PO + Bo.gPyF dz = 0.
Q Q

We analyse the bulk quantity and the surface quantity separately. From (5.2.17]),

we have that

1 g, + 03, < " 0) 1, < C (1P oy + 97 2oy )-

Hence, by Lemmal[5.25] Lemma[5.20, and Rellich-Kondrachov compactness theorem
(Theorem [C.8)), there exists a function % € H'(Q2()) such that, along a subsequence,

uf|gw — @ in HH(QW) as e — 0,

uf|gay — @ in L2H(QW) as e — 0,

/ 5. (F — oF) dr - / 70(@) (% — 70()) dH as & — 0.
Q I
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By Lemma [5.19 we see that

/ﬁstSDEdﬂﬂ:/ §sf90dx+/ &ng0de—>/ fodr ase— 0.
Q Q) o\ Q)
(5.4.1)

Furthermore, by Cauchy—Schwarz inequality, Lemma (5.2.17)), the strong con-
vergence of u®|oa) to @ in L2(QM)) and the fact that & < 1in Q,

/ aluf ol dx —/ atp dx / aPeuf ol dr
Q Q) o\

€ ~ € E
< Ca (/Q(l) ‘géu - U‘ ‘90’ dr + HU HLQ(Q\QU)’&) ‘30 HLQ(Q\Q<1),§5))

€ ~ ~ E
<cu( [ =l art [ 0- )1l o+ CrlP man e ) O

< +

/ a(Eu® — i)p dz
Q)

as ¢ = 0. Thus,

/QfaaEusgoE dr — /Q(l) atp dr as € — 0. (5.4.2)

We note that, by the Cauchy—Schwarz inequality, (5.2.17), Lemma and the fact
that & > 3 in QW,

1 1
1 2 2
| a=e) vl 9] d < ( [ 3wl daz) ( | a-e)vef d:s)
Q) Q) 2 Q)
1
2 2
< IVelngy ([ (- &) 196 ds)
1
<Cpy4 (/ (1—¢&) Vel dx)2—>0ass—>0.
O1)

Together with the weak convergence of Vu®|qu) to Vi in QM we obtain

/ EAEVWE VP dr — / AV -V dx
Q [91¢3)

IN

V(uf — ) ATV da
Q)

+ / EVuE - (ABYIV P da
o0

Al [ (1= 61Vl [V9] da

—0ase—0, (5.4.3)

where AT denotes the transpose of A.
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Hence, as ¢ — 0,
/g;é-EAEvus . VQOE +€ECLEU€SDE _ é-stQOE _ K(SEUE(wE _ gOE) dr

— AV -V +atp — fo de — / Ko(a) (v —v0(p)) dH. (5.4.4)
Q) r

For the surface quantity, we choose the scaled tubular neighbourhood X¢ :=
Tubskn(lﬂ)7 0 < k < 1, where n > 0 is a constant such that ¢n < 1 and there is a
diffeomorphism between Tub”(I") and T x (—n,7). Since g € L*(T), v € H(T') and
g? € L2(Q), vF € HY(Q), by Lemmawe have,

/ 6.g"yF dx — /gw dH as e — 0. (5.4.5)
Q r

By , we have
1135, < 1, 01 < CUFE oy + 197 720

and so by the proof of Lemma there exists a function o € H'(T') such that, as
e — 0,

X(— (2)V¥(p,2z) = 0(p) in L*(I' x R, 4),

el M
S S ey

n () (VeVE+ VL Vo) (p,2) = Vri(p) in (L*(T x R,6))".

—n
(=% ox

We see that, by the definition of b¥, (5.2.17), and Lemma (with ¥ replaced
by bF¢P),

/ 6bF v F dx — / binh dH as e — 0. (5.4.6)
Q r

Similarly, by the definition of B, (5.2.17), and Lemma (with V¥ replaced by
(BE)T'VyF,

/ 6.BEVvE -Vt do — / BVt - Vry dH as € — 0. (5.4.7)
Q r
Hence, as € — 0,
/ BES5. Ve - VF + bEs 0t F — Bo.gP P + K605 (WF — oF) da
Q

— /FBVrﬁ -V + b0 — B + Ko(y — vo(p)) dH.
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Together with (5.4.4)), we see that (@, 0) satisfies the weak formulation of (CSI) with
arbitrary ¢ € HY(QW) and ¢ € H'(I'). Hence, (@,7) is a weak solution to (CSI)
and by the well-posedness of (CSI) we have & = u and ¢ = v.

Next, we can choose ¢ = v € HY(QW) and v = v € HYI'). Then the

E

extensions u” (via the Extension theorem) and v (as in the proof of Corollary

5.17)) are admissible test functions in ([5.2.12)). Furthermore, by the coercivity of the
bilinear form acpp(-,-) and that £ > % in QW) we obtain

C(0;, K) < lu® — UHJQLF(Q(U) +|v* - ”EHias )
< 00 K) ([l =l ¢+ 1w =I5+ o7 =27
< acpp((uf —u? v° — o), (u® —uf v — b))

=lepp((u® — uE,vs — UE)) — aCDD((uE,vE), (u® — uE,v6 — UE))

We observe that by (5.4.1) with ¢ replaced by u®, (5.4.2)) with a®® replaced by
fE , 1) with wE replaced by vF , and 1’ with bEv,bE replaced by gE ,

lepp((uf —u®, 0% —v¥)) = / Ef P (uF —uP) + Boeg® (v¥ —vF) de = 0 as e — 0.
Q
Meanwhile, we have that

acpp((u”,v"), (u° —uP v* —v"))

= /.fe(.AEVuE-V(u‘E—u ) + afuf (v — uP)) da
Q

+ /55(BEV’L}E'V(’UEUE>+bEUE(U€UE)) dx
Q

+ / Kb (vF —uP) (v — uf —oP +uP) da.
Q

Using 1) with fPF replaced by af |uE|2 and APVuF . VuP, 1' with o

replaced by v, and (5.4.2)) with ¢¥ replaced by u”, the first term on the right hand
side converges to zero as € — 0.

Similarly, by with ‘ fE‘Q replaced by b¥ }’UE‘Z and ‘V fE‘Q replaced
by BEVVE - VP, with ¥ replaced by v¥, and (5.4.7) with ¥ replaced by
v¥, the second term on the right hand side converges to zero as ¢ — 0.

In addition, by with ¢ replaced by K(v® — u¥), (5.4.6) with bZ¢¥
replaced by K (vF —uF), and with f replaced by K !vE - uE|2, the third

term on the right hand side also converge to zero as ¢ — 0.
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Thus,
[Ju® — uH?ﬁ(Q(l)) + [l — “EHi,és + v~ UEH?,& —0ase—0,

and so u converges strongly to u in H'(Q(})). Meanwhile, by the triangle inequality
and (5.3.21)) with f¥ replaced by v¥,

+ |[lo

E
12l = oy < [eelus, = 1051y, g, — Mol

< Hva - vEHLéE + ‘H’UEHI,EE — ||vHH1(F)‘ —0ase—0.
Hence, we obtain the norm convergence

[0

15. = ||v|\H1(F) as e — 0.

We remark that the analogous convergence of (SDD) to (SSI) is covered by the
above analysis by setting A” = o = K = f¥ = 0 and 3 = 1, while the analogous
convergence of (NDDH) to (NSIH) is covered by setting BY = b¥ = K = g¥ =0
and replacing f¥ with f£+V-(A¥§")—a”§¥. The convergence of (RDD) to (RSI)
is covered by set BF =bF =0, v* =v¥ =0 and K = 8.

For the convergence of (DDDH) to (DSIH), we extend wp € H(QW) to
wk € H%,O(Q) by zero outside Q). Then, by Lemma wE € W is an admissible
test function in ([5.2.15)). Following a similar argument to the analysis of (CDD), we
have that

& 2
C (6o, 02) HwD - ngHl(Q(U)
< / E(FF — P55 (wh — wh) + EAEVGE -V (w — wh) du
Q

1
- [ &4PVup - V(wh — wh) + aufuh, — wh)) + Zowf(wh — wf) do.

By arguing similarly as in the convergence analysis of (CDD), all the terms on the
right hand side involving £ converge to zero as ¢ — 0. Furthermore, by (5.3.54)

and (5.2.20),

1
/Q géawg(wf) —wk) da

< Bl 15, (bl 1 + 0Bl 15 )

<C ng“o%ag (HfEHLQ(Q) + H§HH1(Q<1)) + ”wDHHl(Q(l))) —+0ase—0.
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Hence, we have

Hw% - ngiIl(Q(l)) — 0 as € — O

5.5 Numerical experiments

In this section, we report on numerical experiments that support the above analysis.

5.5.1 1D Numerics

We consider the domain Q) := (—2,2) and the following elliptic equation
—u"(z) + u(z) = f(z) for z € (-2,2) (5.5.1)
with one of the following boundary conditions
e (Neumann) u/(y) = 0 for y = +2;
e (Dirichlet) u(y) =0 for y = £2;

e (Robin) u/(y) + fuly) = Bg(y) for y = +2.

We choose f and g so that u(z) = sin(7x) is the solution for the Dirichlet problem,
while u(x) = cos(mx) is the solution to the Neumann and Robin problem (for g = 1).
We choose Q = (—5,5), and the corresponding diffuse domain approxima-
tions will be
(€ (uiy)) + Eusy = EfF for Neumann problem,
1
(& (u5)) + &us + J0cup = & f¥ for Dirichlet problem,

(€-(u%)") + Ecupy + Bo.us = E.fF + B.gF for Robin problem.
The signed distance function to I' = {—2, 2} is
d(x) = || =2,

so that d(x) < 0 for z € Q). For discretisation we employ linear finite elements
and the method of [Elliott et al| [2011], with a similar setup to Section [4.2.1]

Let 7T; denote a uniform subdivision of {2 consisting of subintervals with size
h. Let N be the number of vertices with coordinates denoted by {z1,...,zn}.

Let S" be the discrete finite-element space of piecewise linear elements defined as
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in , and T1" : C%([~1,1]) — S" denote the interpolation operator defined
as in , with {x; é\]:l denoting the set of standard basis function such that
x; € C°([—1,1]) and y; is a linear polynomial on each interval [z;, z;11] satisfying
Xj(zi) =05 foralli,j=1,...,N.

Let X}, and Dj, be defined as in and , respectively. Then, for
the Robin problem, we find the finite element function u§ € S" such that u5 (z;) = 0
if j ¢ X, U Dy, and satisfies

/Q () (u5)! () + I (Extx;) + I (B x)
= / Hh(fngxj) —l—ﬁﬂh(éEgEXj) forall j =1,...,N.
Q

We obtain the method for the Neumann problem by setting 8 = 0, while the method
for the Dirichlet problem is obtained by setting § = e~ ! and ¢ = 0. The above
numerical method has been implemented using the software MATLAB, Version 7.8.0
(R2012b) MATLAB; [2010] and we choose regularisations &, d. originating from the
double-well potential (see (5.2.9)).

For fixed h,e, we denote e(h,e) as the error under consideration and the

experimental order of convergence is defined as
e.o.c = log(e(mh, me)/e(h,e))/log(m),

where m is the rate as which we decrease the mesh size.

We choose € = 4h to allow for 4 elements in the interfacial region. The results
are displayed in Tables and for the Neumann, Robin and Dirichlet
problems, respectively. For both the Neumann and Robin problems, we observe
quadratic convergence for the L2-error and linear convergence for the gradient error,
while for the Dirichlet problem, we observe linear and sublinear convergence for
the L2-error and the gradient error, respectively. Although our analysis does not
indicate a rate of convergence based on €, we expected the order of convergence of
the L2?-error for the Dirichlet problem should be at least one order lower than that
of the Robin problem, as 3 is set to be 1 (see also with ¢ = 2). The order
of convergence in the gradient is not affected as § is not present in any higher order
terms.

We remark that in one dimension, by Theorem and the Sobolev embed-
ding theorem H' < L we have that

[[u = ull poo((2,2)) = 0 as € =0,
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for all three problems. Tables and|5.2suggest cubic convergence for [[u® — u|| oo ((_g.9y)
and quadratic convergence for [[V(u® — u)|| o ((_g,9)) for the Neumann and Robin
problems, while Tablesuggests quadratic and linear convergence for [[u® — u| foo (2,9
and ||V (u® — w)]| oo ((_2,2)), respectively.

However, since we do not have any theoretical results on the rate of conver-
gence in €, we cannot directly compare our results with the results of [Franz et al.
[2012]. Moreover, the setting of Franz et al.| [2012] considers diffuse domain approx-
imations that extends only one side of the boundary, for instance the point z = —2.

Thus, their setting is different from the setting we consider in this chapter.

h |lu —ufl| 2 E.O0.C lu — v ;oo E.O.C
0.1 0.180446887 - 0.02537938 -
0.05 0.063847740 1.49886 0.00682904 1.89390

0.025 0.014806448 2.10841 0.00114060 2.58189
0.0125 0.002902885 2.35067 | 1.590151 x10~* | 2.84255
0.00625 | 5.355734 x10~* | 2.43833 | 2.077546 x107° | 2.93621
0.003125 | 9.665788 x107° | 2.47012 | 2.647726 x1076 | 2.97205

I V-] | BEOC | [V(u—u)[~ | EO.C
0.1 1.07988807 - 0.18401017 -
0.05 0.58008470 | 0.89655 |  0.06305146 | 1.54518

0.025 0.25779875 1.17002 0.01744371 1.85382

0.0125 0.11176024 1.20584 0.00448237 1.96037
0.00625 0.05025375 1.15310 0.00112852 1.98983
0.003125 0.02353528 1.09441 0.00028263 1.99743

Table 5.1: h,e-convergence table for Neumann problem, € = 4h, Q := (-5, 5).

h |u — ufl| 2 E.0.C lu — uf| oo E.O0.C
0.1 0.28501476 - 0.02879628 -
0.05 0.11652669 1.29038 0.00589959 2.28719

0.025 0.03442458 1.75915 | 9.238317 x10~* | 2.67491
0.0125 0.00908349 1.92212 | 1.287579 x10~4 | 2.84297

0.00625 0.00231319 1.97336 | 1.703813 x10~° | 2.91782
0.003125 | 5.823455 x10~% | 1.98994 | 2.198770 x10~% | 2.95399

I IV -2 | B.OC | [V(u—uw)],~ | E.O.C
0.1 1.25494421 - 0.25173594 -
0.05 0.63908688 0.97353 0.08705289 1.53195

0.025 0.28284729 1.17599 0.02496885 1.80176

0.0125 0.12123098 1.22226 0.00660473 1.91856

0.00625 0.05330553 1.18540 0.00169205 1.96473
0.003125 0.02441650 1.12643 | 4.277776 x10~4 | 1.98384

Table 5.2: h,e-convergence table for Robin problem, € = 4h, Q := (=5, 5).
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h lu — v 2 E.O0.C lu — v oo E.O.C

0.1 0.43855097 - 0.05494411 -
0.05 0.36770267 0.25420 0.02128475 1.36814
0.025 0.22783636 0.69054 0.00632594 1.75047

0.0125 0.12364193 0.88183 0.00169331 1.90144
0.00625 0.06387014 0.95295 0.00043570 1.95842
0.003125 0.03238435 0.97984 0.00011035 1.98127

I V=)= | B.OC | [[V(u—uw)~ | E.O.C
0.1 1.01951657 - 0.10300934 -
0.05 0.64264593 0.66579 0.05009439 1.36814

0.025 0.37058587 0.79422 0.02207178 1.18245
0.0125 0.21022915 0.81784 0.00990959 1.15530
0.00625 0.12282882 0.77531 0.00463239 1.09707

0.003125 0.07538918 0.70422 0.00223138 1.05382

Table 5.3: h,e-convergence table for Dirichlet problem, e = 4h,  := (=5,5).

5.5.2 2D Numerics

In two dimensions, we consider the coupled bulk-surface system:

—Au+u=f,in B(0,1),
—Arv+v+Vu-v=g, on S

Vu-v=(v—u),on S
We choose

Y y
f(x’y):§7 g($,y):4y—2y3—2yg;2+§7

so that the exact solution is
u(z,y) = % in B(0,1), w(z,y) =y on S,
and
[Vl 220y = I Vroll 22y = -

We choose € to be the square (—2,2)? and let 7, denote a triangulation of
(2 consisting of simplices with maximal diameter h = max.c7;, diam(e). Let N be

the number of vertices with coordinates denoted by {x1,...,zx} and let S* denote
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the discrete finite element space:
S = {v, € C°(Q) : wp|e € Pl(e) for each e € Ty}
We seek finite element functions uj, v} € S" such that
[ )T - Vo T €eti) — 1605~ i) dr = [ (e )
GV T T ) + 16— i) do = [ 1600 e

for all ¢,¢ € S". Let {x1,...,xn} denote the standard basis functions of S" and
we define, for 1 <i,5 < N,

ME = [ W) 4= [ 1TV
Q Q

with M?

i Afj defined similarly. Then, our discrete scheme is equivalent to solving

AS+ MS+ M° —KM° v\ (F
—M? A° 200 v) \G)’

w=(u,...,un)?, (F)Z-:/Hh(fstXi) de,
Q

where

and v, G are defined similarly.

In the implementation, we used the double-obstacle versions for & and 9.
(see ) We choose € = 2h, which allows for 8 elements in the interfacial layer
(see Figure . We observe from Figure the finite element approximations of
the bulk and surface solutions at the finest level h = 0.05/+/2 and they are in good
agreement with the true solutions. In particular, the double-obstacle regularisation
generates an interfacial region around S' and the finite element function vy is zero
outside the interfacial region.

In Table we observe the strong convergence for the bulk quantity in
H 1(9(1)) and the norm convergence for the surface quantity, as indicated by The-
orem In particular, we see quadratic convergence for the bulk L?-error and
linear convergence for the bulk gradient error, which is expected from standard fi-
nite element theory. For the norm convergence of the surface quantity, we obtain
quadratic convergence for both the L?-norm and the gradient norm.

We also perform numerical experiments for a bulk elliptic equation with
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Finite element approximation for bulk field u(x,y) = y/2

Figure 5.1:

Double obstacle version of &

-0.5 0 0.5 1 15

-14 -1.3

Double obstacle version of &

BANNNNNNNNNNNN]

-12 -11 -1 -09 -0.8 -0.7

.6 -05

Finite element approximation for bulk field v(x,y) = y

(Top) Double-obstacle regularisation d..

e

(Bottom) Finite element ap-

proximations of the bulk and surface solution at h = 0.05/v/2 and ¢ = 2h

h lu = w2y | E.O.C IV (u = )] L2 oy E.0.C
0.2 0.085836794 - 0.196641003 -
0.2/\@ 0.037089715 2.42115 0.096933568 2.04099
0.1 0.018032476 2.08084 0.063101193 1.23866
0.1/\/§ 0.008635846 2.12438 0.037640663 1.49075
0.05 0.004276931 2.43833 0.028165375 0.83674
0.05/\@ 0.002163992 1.96576 0.019818221 1.01419
h [oll oy = 1v¥llgs. | E-O.C | IVrollpamy — IVe©llys, | E-O.C
0.2 0.322784855 - 0.266489117 -
0.2/\/§ 0.163953203 1.95458 0.135869920 1.94370
0.1 0.079966163 2.07165 0.065947462 2.08567
0.1/\/5 0.040530189 1.96079 0.033243411 1.97680
0.05 0.019590159 2.09774 0.015987812 2.11219
0.05/\/§ 0.009769039 2.00768 0.007933911 2.02174

Table 5.4: h,e-convergence table for coupled bulk-surface problem, ¢ = 2h, =
. We note that [|v°[|o 5. < [lvllp2

[_272]2
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Neumann, Robin and Dirichlet boundary conditions. We consider
—Au+u= fin B(0,1),
with
e (Neumann) Vu-v =0 on St
e (Robin) Vu-v+4u =g on S,
e (Dirichlet) u =0 on S*.
We choose f, g so that the true solutions are

u(x,y) = sin (g(m’2 + y2)> for Neumann and Robin,

u(z,y) = cos (g(a:Q + y2)) for Dirichlet.

The diffuse domain approximations are similar to those in Section [5.5.1] For the
implementation we use the double obstacle regularisation and solve for uy, ugr, up €
S such that

(A* + M%)uy = F,

(AS 4+ MS + M°)up = F,

(A5 + M+ IM%)up = F.
The results are shown in Table and we observe quadratic convergence for the
L?-error and linear convergence for gradient error for both the Neumann and Robin

problems. While for the Dirichlet problem, we observe linear convergence for both

the L?-error and the gradient error.
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h Hu—u‘]EVHLQ(Q(l)) E.O.C ||V(u—u§v)||L2(Q<1>) E.0.C
0.2 1.76872642 - 2.09553368 -
0.2/\/§ 0.86581225 2.06116 1.03796492 2.02712
0.1 0.43797992 1.96638 0.66840583 1.26992
0.1/y/2 0.21850510 2.00639 0.36880279 1.71575
0.05 0.05369359 2.10442 0.21998325 1.49091
0.05/+/2 0.05154458 2.06313 0.12543014 1.62102
h l|lu — u%HLQ(Q(l)) E.O.C | [|[V(u— U%)Hp(g(l)) E.O0.C
0.2 0.25862942 - 0.91343663 -
0.2/v/2 0.11614562 2.30990 0.49019011 1.79593
0.1 0.05676312 2.0658 0.32116654 1.22004
0.1/v2 0.02768839 2.07135 0.19895948 1.38169
0.05 0.01274990 2.2376 0.12989706 1.23021
0.05/v/2 0.00572483 2.31036 0.08572989 1.19899
h Hu—uEDHLQ(Q(U) E.O.C HV(u—u%)HLQ(QU)) E.O0.C
0.2 0.61076826 - 2.71992769 -
0.2/v2 0.36210464 1.50844 1.52685839 1.01691
0.1 0.26790779 0.86888 1.49745890 0.05609
0.1/y/2 0.17701347 1.19622 1.14506950 0.77416
0.05 0.12282312 1.05455 0.97949266 0.45066
0.05/v/2 0.08557115 1.04277 0.73744070 0.81902

Table 5.5: h,e-convergence table for 2D Neumann, Robin and Dirichlet problems,
e=h,Q:=(-2,2)%

137



Appendix A

Evolving surfaces and transport

identities

This chapter contains a list of important results regarding evolving surfaces and
transport identities. The main results in this chapter are taken from |Cermelli,
Fried, and Gurtin [2005] and Chapter 5 of Dziuk and Elliott| [2013]. Let 7" > 0 be
fixed.

Theorem A.1 (Reynold’s transport theorem). Let R(t) denote a time-dependent
region of R™ where the boundary OR(t) moves with velocity v. Let ®(x,t) denote a
bulk scalar field defined over R(t). Then

d 0P

O(x,t) = — + V- (Dv).

dt Jre R(t) Ot

Definition A.2 (Material derivative for bulk quantities). Given a scalar field ®(z,t)
defined in a time-dependent region R(t) moving with velocity field v. We define its

material derivative 97 ®(z,t) to be

® z,t) + VO(x,t) - v(x,t).

. )
O (e,t) = S (

Definition A.3 (Evolving hypersurface). We call I' C R"*! a C? compact evolving
hypersurface if, for each ¢t € [0,T], there exists a compact hypersurface I'(t) C R"
oriented by a normal vector field v(-,¢) and a diffeomorphism G(-,t) : T'(0) — T'(¢)
with G € C*([0,7T],C?(I'(0))) such that

= |J T@x{t

te[0,T]
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Figure A.1: The normal velocity, indicated in red, describes the evolution of the
surface, while the tangential velocity, indicated in blue, describes the evolution of
material points along the surface.

The evolution of I'(¢) is encoded by the velocity field v(-,t), which satisfies

e

U(G('vt)’ t) - E

('7t)7 G(,O) = Id. (AOl)

This velocity field can be decomposed into a normal component v, := (v - v)r and
a tangential component v,. The normal velocity v, is sufficient to describe the
geometric evolution of the hypersurface. A tangential velocity is needed when we
consider surface quantities transported by the evolution of the hypersurface.

From Figure we observe that a material point z € I'(¢) need not lie in
I'(t + 1). Hence, the conventional time and spatial derivative d;(-) and V(-) for a
surface scalar field ¢ may not be well-defined at an arbitrary point x. It is natural
to consider a time derivative that follows the evolution of I'(¢). The simplest such

time derivative makes use of (A.0.1) and may be defined as follows:

Definition A.4 (Material derivative for surface quantities). Given a scalar field ¢
defined on an evolving hypersurface I' with associated velocity field v. We define

its material derivative 0f ¢ by

. d
O pla.t) i= T ol(Glao,s),5)|

s=t

where zg is a point such that G(zg,t) = x.

For each t € [0,T], we denote by NV () C R™ an open neighbourhood of T'(¢)

and set

N=JN(@) x {t}.

(0,7]
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Suppose ¢ can be smoothly extended from I to a function ¢ defined on /. Then by
the chain rule, we obtain another definition of the material derivative for a surface

scalar field:

_ %

= @) Tz, t) - V(z, ).

oz, t) = %@(G(wo,s),s)

Definition A.5 (Normal time derivative for surface quantities). Given a scalar field
 defined on an evolving hypersurface I with associated velocity field v with normal

component v,,. We define its normal time derivative 0y ¢ by

o . 0 .
8t90-_a+vu VSO;

where ¢ is any smooth extension of ¢ to N.

Theorem A.6 (surface transport theorem - Theorem 5.1 of |[Dziuk and Elliott,
2013]). Let T' be an evolving hypersurface with velocity field v. For t € [0,T], let
M(t) be an arbitrary subset of I'(t). Assume that f is a function such that all the

following quantities exist. Then

d

— de:/ 6{f+fvp(t)~vd’H.
dt J pmq) M(1)

We state two useful results regarding integration over hypersurfaces. We
remark that dH in connection with an integral over I' denotes the n — 1 dimensional
Hausdorff measure and d in connection with an integral over 9I' denotes the n — 2

dimensional Hausdorfl measure.

Theorem A.7 (surface integration by parts - Theorem 2.10 of [Dziuk and Elliott,
2013]). Assume T is a hypersurface in R™ with smooth boundary OT'. Let v, pu and
K denote the unit normal, the external unit co-normal and the mean curvature of T,
respectively. Then, for f € C1(T),

/fod’}-l:/fnud’H—F Fu dH.
T T or

Theorem A.8 (surface divergence theorem - Theorem 2.14 of [Dziuk and Elliott],
2013]). Assume I is a hypersurface in R™ with smooth boundary OT'. Let v and p
denote the unit normal and the external unit co-normal of I', respectively. Then,
for f e CHT),g € C*(T),

/Vrf‘VrgdH:—/prgd’H-f-/ fVrg - p dH.
r r or
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Appendix B

Equivalent distributional forms

for the surfactant equations

We use the following result from Alt [2009] to reformulate the strong form of the

surfactant equations (2.3.4)), (2.3.7)), (2.3.8) into an equivalent distributional form.
Let D'(2) denote the space of distributions on €.

Theorem B.1 (c.f. [Alt, |2009] Section 2.7 & Theorem 2.8). Given an open set
D C RxR? consisting of two open sets Q) and Q2 separated by a smooth evolving
hypersurface I', in particular, ' C D has no boundary within D. For (t,z) € I" we let
vi(t,z) € (T,(T(t))* € R? be the external unit normal of QW (t). Then vi+vy = 0.
Denote by xq0), Xa@,0r the following distributions:

[t =[ [ e [gase= [ e mon

A single balance law is an equality of the form
OWE+V-Q=F inD (D) (B.0.2)
with distributions given by

E=Y exg0+eor, @=> qxq0 +q"6r, F =Y fPxq0 + flor,
i=1,2 i=1,2 1=1,2

where e q f( Q0 - R and €' -,fF : I' = R are smooth functions. Then
the distributional law (B.0.2)) is equwalent to the following:
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1. Fori=1,2 in Q@
e + v . g = f0.
2. For all (t,x) €T
(@' —e'ur)(t,2) € Tu(I(t)).

3. OnT

ater+up-VeF—eFmr-up+Vr (q —el ur) fr+z ) _ el ur) - v,

i=1,2
where ur is the unique velocity vector such that
T4y = span{(1,ur(t,z))} © ({0} x TT'(t)),
and Kr is the curvature vector defined by
Vr-n=—kr-n,

for spatial normal vector fields n(t,z) € (T,I'(t))*

For the reformulation, we assume as in Teigen et al.| [2009] that ¢! is extended

off T constant in the normal direction, hence Vrel = Vel'. Define

1 1
j1=— (Y (") = GieM), g2 =—5 (") — Gh(c?)),
Oé(l) Q(Q)

then by the definition of 9¢(-), the divergence-free property of v and that V~/(c') =
Y"(YVe =~"(") Vel = Viry/(cl), equation (2.3.7) can be written as

Ot 4+ Vr - (v — MpV~ (D)) = —(j1 + j2).

Choosing e = q]('i) = f0 =0fori =12 1<j<dand e = ¢ =
cfv — MrV+y/ (), fI' = —(j1 + j2). Theorem implies that the distributional

form

A (orct) + V - (bpctv — MpopVA/ () = —or(j1 + j2) (B.0.3)
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is equivalent to

Ot +ur -V —kp - up + V- (crv — MFVF"}/(CF) — cFuF) =—(j1+7j2) on I

We have Vr - (c'ur) = —c'kr - ur and ur = (v - v1)v; implies v = ur + v,.
Furthermore, Vr - (cfv) = Ve - v, + "'V -v. Hence equation is equivalent
to (2.3.7). For i = 1, choose e(?) = qj(-z) =f0 = @) = (' = qf =0for1<j<d
and e =@ T = 4, and ¢V = WMo — Mc(l)VG’l(c(l)). Then the distributional

form

0 (xom ™M) + V- (xam Mo = xqu MIIVG] (1)) = drjy (B.0.4)
is equivalent to

() + V- (Mo - MIVE, (V) =0, in QW)
MOVGE (YY) v; = ji, onT.

Similarly, choosing e(?) = q](.l) = fM = f@ = ¢ = qu =0forl1 <j <dand
e@ =c@ ' = jy and ¢ = P — MC(Q)VG’z(c@)), then the distributional form

615()(9(2)6(2)) + V- (XQ(Q) C(l)U — XQ(z)MC(Q)VGIQ(C(z))) = (5Fj2 (B.0.5)
is equivalent to

() + V- (Pv - MPVG,(?)) =0, in Q)
—MéQ)VGé(c(Q)) -V = jo, on I,

as v = —vq. Thus the bulk and interfacial surfactant equations can be reformulated
into the distributional forms (B.0.3]) — ((B.0.5]).
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Appendix C

Functional analytical results

This chapter contains a list of important functional analytical and measure theoret-
ical results used in Chapter

Theorem C.1 (General Lebesgue dominated convergence, c.f. [Alt, [1999], pg. 52,
Theorem. 1.21). Consider a set D C R? and p € [1,00). For k € N, let g — g in
LY(D;R) as k — oo and let fy, f : D — Y be measurable functions mapping into

some Banach space Y such that
(i) fr = [ almost everywhere as k — oo,

(i1) | fx|’ < g almost everywhere for all k.
Then fi, f € LP(D;Y) and
fx = [ in LP(D;Y) as k — .

Theorem C.2 (Extension theorem, c.f. [Evans, 1998|, pg. 254, Theorem 1). Let
1 <p<ooandlet D CR? be a bounded, open domain with C' boundary. Select a
bounded open set U such that D CC U. Then there exists a bounded linear operator

E: WY (D) —» WhP(RY)

such that for each u € WHP(D):
(i) Eu = u almost everywhere in D,
(i) Eu has support within U,

(iii) | Eully1pray < Ceat |ull oy, where the constant Cegy depends only on p, D
and U.
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Theorem C.3 (Boundary-Trace theorem, c.f. [Alt},[1999], pg. 249, Theorem A 6.6).
Let D C R? be a bounded, open domain with Lipschitz boundary and 1 < p < oo.

There exists a unique linear continuous map
Yo : WHP(D) — LP(OD)
such that

(i) v0(f) = flop for all f € WHP(D) N C%(D),

(i) 170Nl eop) < Cor [l fllwra(py, where the constant Cyy depends only on p and
D.

Theorem C.4 (Characterisation of Trace-zero functions, c.f. [Evans|[1998], pg. 259,
Theorem 2). Let D C R? be a bounded, open domain with C' boundary. Suppose
f € WLP(D). Then

fe Wol’p(D) if and only if vo(f) =0 on OD.

Theorem C.5 (Compactness of the Boundary-Trace map, c.f. [Alt, 1999], pg. 257,
Theorem A 6.13). Let D C R™ be a bounded, open domain with Lipschitz boundary.
Let 1 <p < oo and fi, f € WYP(D) for k € N. Then, as k — oo,

fr = f in WHP(D) = yo(fx) = 10(f) in LP(9D).

Theorem C.6 (Right inverse of the Boundary-Trace map, c.f. [Grisvard} [2011], pg.
37, Theorem. 1.5.1.2). Let k > 0 be an integer and let D C R? be a bounded, open
domain with C* boundary. Assume that s—% is not an integer, s < k+1, s—% > 0.

Then the Boundary-Trace mapping

f = 70(f)7

which is defined for f € C*Y(D), has a unique continuous extension as an operator

from
WSP(D) onto W* #”(D).

This operator has a right continuous inverse which does not depend on p.

Theorem C.7 (Right inverse of the conormal Boundary-Trace map, c.f. [Grisvard,
2011), pg. 63, Theorem. 1.6.1.3 ). Let k > 0 be an integer and let D C R? be
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a bounded, open domain with C*' boundary 0D and outward unit normal v. For
1 <i,j <d, let aj; € C°(D) and denote A = (a;;)1<ij<d. Suppose there exist two
constants m, M such that 0 < m < M and

d
m < Zaij (x)vj(x)| < M almost everywhere on OD.
j=1

Then for s — % non-integer, s — % > 1 and s < k+ 1, the mapping

ya s WEP(D) = W9 ?(9D)
f AVS v

has a right continuous inverse.

Theorem C.8 (Rellich-Kondrachov compactness, c.f. [Alt, 1999, pg. 244, The-
orem A 6.4). Let D C R? be a bounded, open domain with Lipschitz boundary,
1<p<ooandm>1. Fork €N, let f, f € WEP(D). Then, as k — oo,

fe = f in W™P(D) = fi, = f in W™ 1P(D).

Theorem C.9 (Co-area formula, c.f. [Evans and Gariepyl, |1992], pg. 117, Theorem
2). Let L, H" denote the k-dimensional Lebesgue and Hausdorff measure, respec-
tively. Let f : R™ — R™ withn >m, f = (f1,..., fm). Then for each L™-summable
function g : R" — R,

gly-1qyy 18 H"™™ summable for L™ almost every y,

and

[ s@isayde= [ [ o cm"—m] y

where J f(x) = |det V f| is the Jacobian matriz of f for L™ almost every x and
Ofi
856j

(Vf)ij = for1<i<m,1<j<n.

Theorem C.10 (Absolute continuity on lines for W1 functions, c.f. [Maz’ja, 1985,
pg. 8, Theorem 1). Let p > 1 and let D C R? be a bounded, open domain. Then
any function in WYP(D) (possibly modified on a set of measure zero) is absolutely

continuous on almost all straight lines which are parallel to the coordinate axes. The
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distributional gradient of a function in WYP(D) coincides with the usual gradient

almost everywhere.

Theorem C.11 (Reflexive weak compactness, c.f. [Evans, |1998|, pg. 639, Theorem
3). Let Y be a reflexive Banach space and suppose the sequence {fr}32, C Y s
bounded. Then there exists a subsequence {fy;}321 C {fi}32, and f € Y such that

Ji; = [ as j — oc.

Theorem C.12 (Almost everywhere and norm boundedness imply weak conver-
gence, c.f. [Bogachev] 2010], pg. 282, Proposition 4.7.12). Let 1 < p < oo and let
D C R? be a bounded, open domain. Suppose f,, € LP(D) converges almost every-
where (or in measure) to f € LP(D). Then, a necessary and sufficient condition for
fw = [ in LP(D) is the boundedness of || fil| Lo (py-

Theorem C.13 (Weak convergence and norm convergence imply strong conver-
gence, c.f. [Bogachevl 2010, pg. 285, Corollary 4.7.16). Let 1 < p < oo and let

D C R? be a bounded, open domain. Suppose fr € LP(D) converges weakly to
f e LP(D). Assume, in addition, that

Jim (1 fxll ooy = 1 1o (o) -

Then, limg_,o0 || fx — f”LP(D) =0.

Theorem C.14 (Weak lower semicontinuity of the L? norm, c.f. [Sauvigny} 2012],
pg. 172, Theorem 8). The LP-norm is lower semicontinuous with respect to weak

convergence: Let'Y be a Banach space and 1 < p < oo. Then
S f TR .
fo = fin LP(Y) = || fllpo(y) < Hminf || fill 2oy -

Theorem C.15 (Lax—Milgram theorem, c.f. [Evans, |1998], pg. 297, Theorem 1).
Let H be a Hilbert space with norm ||| and assume that B : Hx H — R is a bilinear

mapping, for which there exist constants o, B > 0 such that
[Blu, ol < o Jul o]l and 8 |ul]> < Blu,u] for all u,v ¢ H.

Finally, let f : H — R be a bounded linear functional on H with duality pairing

(-,-), then there exists a unique element uw € H such that

Blu,v] = (f,v) for allv € H.
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