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Summary

In the first part of the work, we consider the problem of giving upper
bounds for |z(T') — 2(T)], the error between the final states of a nominal
finite dimensional system £ = Az + Bu, z(0) = z,, and of the system
disturbed by multiple structured perturbations of the form

,
z(t) = Az(t) + Y DiFi(Crz(t),t) + Bu(t) z(0) ==z,
k=1
which accounts for the uncertainties on the entries of the matrix A.
In approaching the problem we introduce a framework which involves
some weight-functions and provides a scaling technique that allows for
enlarging the class of perturbations and for getting lower bounds for
the error.
In the second part, we contribute towards the problem of robustness
of stability of £ = Az. To account for the uncertainties we consider
linear but time-varying structured perturbations yielding the disturbed
system ,
t=Az+ BD(t)Cz z(0)=1z, (%)
We determine the real time-varying stability radius
rrt = {||D||L~ ; the equilibrium of () is not asymptotically stable}

for the linear oscillator by means of a special algorithm. Also we study
its asymptotic behaviour for small dampings by using an averaging
method. Finally we study n-dimensional systems under periodic per-
turbations and give a result which generalises the characterisation of
destabilising perturbation from time-invariant to that of time-varying
periodic perturbations.
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INTRODUCTION

There are several situations in which a mathematical model may arise.
Some of these situations are essentially mathematical in their nature
and lead to theoretical objects in a somewhat abstract and precise way.
Others, however, may lead to a model that contains uncertain param-
eters. This is the case in many applications in control engineering and
other areas where usually the uncertainty is a result of some approx-
imation or simplification undertaken on originally more sophisticated
models of real phenomena. In this way, order reduction, linearisation
around equilibria of nonlinear system, finite dimensional approximation
of infinite dimensional problems, and many other practical situations
will produce mathematical models bearing some kind of uncertainty on
the knowledge of most of their parameters. Ultimately, a model is a
representation of the real world and as such it is necessarily an ideali-
sation of the real dynamics. The essence of the robustness approach is
to interpret the real system (reality) as a perturbation of the ideal one.
Thus, the question of robustness of a model plays a fundamental role
on the problem of designing a controller for a plant. ?

The focus of this dissertation is rather on the robustness issues of
conditioning of controllability and stability radii for finite dimensional
deterministic systems. The mathematical model, referred to as the

'Here, the term robustness is used in the sense that “a controller is said to be
robust if it works well for a large class of perturbed systems.” (Hinrichsen-Pritchard

[12])
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nominal system, will be the abstract differential equations
t=Az+ Bu z(0)==z, : (0.1)

for the controllability problem (B is a given real n X m matrix, u the
input function and z, € R" the initial condition) and

t=Az z(0)==z, (0.2)

for the stability study.

The work on conditioning of controllability provides a new ap-
proach, inaugurated in Pijnacker-Pritchard-Townley[19], to the prob-
lem of designing controllers with a desired performance in face of un-
certainties. Contributions to the more theoretical issue of continuous
metrics (as opposed to discrete metrics of the type yes/no) and the dis-
tance between “controllable” and “uncontrollable” appeared as early
as 1986 (v. Eising [20] and [21]), but in this dissertation the problem is
posed somewhat in a more practical fashion as that of giving estimates
for the error between the final states of a nominal system and a system
that accounts for its uncertainties.

Concerning the problem of robustness of stability, Doyle-Stein[25]
emphasised the importance of explicit uncertainty models such as multi-
plicative and additive and towards the beginning of the 1980’s there was
a renewed interest in frequency domain to address the problem of feed-
back design to provide perfomance in the face of uncertainties (Doyle-
Stein[25], Postelthwaite-Edmunds-McFarlaine[26], Cruz-Freudenberg-
Looze[27], for instance). However, most of these results do not exploit
information about the structure of a perturbation. Doyle[24] introduced
the p-analysis for systems with structured uncertanties, a general ap-
proach to norm-bounded perturbation problems with arbitrary struc-
ture, which was based on an extension of singular values techniques.
This method has motivated a series of works on robustness where the
use of structural information is essential. Most of those works cen-
tered on single-input, single-output (scalar) systems and, although the
study of multivariable control systems has begun by the same time
(v. Safonov(22] and the special issue {23]), one can argue that with
state-space methods there is less need for explicitating a distinction
between scalar and multivariable systems. In Hinrichsen-Pritchard|8]
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and [9], state-space technique were brought into the issue of robustness
of stability by means of the concept of real and complex stability radii
which asserts the problem as that of finding a minimum norm desta- -
bilising structured perturbation belonging to certain classes. Following
the lines of Hinrichen and Pritchard, the present work attempts to give
some contributions towards a characterisation of real stability radius
for a class of linear but time-variyng structured perturbations.

The dissertation is organised as follows. Chapter 1 establishes an
estimate for the error between the final states of the nominal system
and of the system disturbed by multi-structured perturbations of the
form .

z(t) = Az(t) + >_ D;Fi(Ciz(t),t) + Bu (0.3)
=1
which accounts for the uncertainties on the entries of the matrix A. The
perturbations F; : R? x [0,T] — RY% are assumed to be Lipschitz
maps.

Some weight functions are introduced in the problem, requiring
a special topological framework and some weighted operators to be
brought in. The result is translated into an inequality of the form

1= |[Lall
where the operators M,,C, and L, are properly introduced in terms
of the weight @ = (&,-+-,a,). It should be noted that the novelty
of introducing the weights allows for a subsequent improvement on the
estimates and on the class of perturbation.

The evaluation of the norms ||M,|| and ||C,z|| does not present
much conceptual difficulty, but with respect to ||L,|| the situation is dif-
ferent. Chapter 2 provides a characterisation of the norm of the opera-
tor L, by means of introducing a linear quadratic optimal control prob-
lem. The characterisaton is then obtained in terms of a parametrised
differential Riccati equation and, equivalently, via a Hamiltonian ap-
proach. The question of computational algorithms for evaluating and
minimising ||L,]|| is also assessed. In chapter 3 we consider the problem
of minimising ||{C,z|| with respect to the input u. For this it is used the
technique from Functional Analysis of reducing a constrained problem
into an unconstrained one by means of Lagrange multipliers.

|ICaz|
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The second part of the work concerns the problem of robustness of
stability. Chapter 4 introduces what will be the focus of the following
chapters, namely the concept of stability radii. In chapter 5 we use a
result from the theory of dynamical systems and implement an algo-
rithm culminating in the exact evaluation of rg, for the damped linear
oscillator. The time-varying real stability radius rg, is defined as the
infimum of all ||D||r~ such that the equilibrium of £ = Az + BD(t)Czx
is not asymptotically stable. This result is complemented in chapter
6 with an asymptotic study of rg; for small dampings by means of a
slight modification of the classical averaging method.

An outcome of the study of the oscillator is that rg, can be made
strictly less than the time-invariant real stability radius and at the
boundary between the regions of stability and instability we can have
the combination of a periodic perturbation yielding a periodic solution
of the system. Inspired by this result, in chapter 7 we address the
case of periodic perturbations to culminate in a generalisation of the
time-invariant characterisation of destabiling perturbations to the case
of periodic ones.

Finally, chapter 8 constitutes a conclusion to the work and presents
some comments as well as some directions for further research.

In any academic relationship there is always an interplay of power,
scopes and interests, even if tacit or unnoticed. My supervisor’s inter-
est has basically been on scientific results while mine have sometimes
pointed to recognising the cognitive process underlying a research activ-
ity. I would gratefully concede that the nature and scope of the present
work is a result of the supervisor’s sound guidance. And the circum-
stances plus the turbulence of collateral thoughts, feelings and failures
have been so mine! This comment brings about two crucial aspects of a
thesis which are usually overlooked by the academic community: that
it is ultimately a text, and that it is written by a student (a learner).

It is commonly mentioned that usually you do not finish a work
such as a music record or an academic thesis. You abandon it when
it is assumed that it has reached a fair status. Basically, you want
to evolve to other (or further) enquiries or rather you are led to its
completion due to unbearable pressures to finish it off. However, it is
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at the end of such work that we feel that it would have been then the
right moment to start it on. But how many times do we need until we
learn to recognise when the time is next to us? Anyway, at this point
there is often an awareness of what was going on while it happened and
a willingness to carry out some new enterprise that is to some extent
the continuation of what was done, even if in a totally different scope
and form.

There is a huge distance between the idealisation of a work and its
accomplishment. Since my time as an undergraduate student I have felt
something very frustrating whenever we undertake some task. Before
starting it off we urge ourselves with enthusiasm like that of a child.
We make plans and conceive projects which would virtually lead to the
creation of a masterpiece, so daring and ambitious and complete are
they. But indeed, things start running differently. Some excuses arise
to put the work off which hasten it towards the deadline. Unexpected
elements in the contents which our naiveté or lack of knowledge did
not consider at the beginning. A friend who calls for our attention in a
crucial moment (or it is us who call for the friend). Someone who falls
ill, the little niece who arrives for silly conversations. The gas which
starts leaking. The money which we run out of and the debts which
increase.

Then we do what is possible, hurry what we can, alter the project,
catch up with time, put off sleeping!... Then, the work is finished at
last. It turns out to be exactly of our size, smaller than the idealisation
and with the taste of time. If it was not for this rivalry between the
mind and the arms, the mind and the heart, and the heart and the
ghosts, life would be less painful. But I think I know the end of the
story: the heart wins over only to give in afterwards. However, when the
work is called finished, our heart is uplifted by the feeling of “mission
accomplished”. We smile to ourselves and make the vow that next time
everything will be different and hopefully better.



IMAGING SERVICES NORTH

Boston Spa, Wetherby
West Yorkshire, LS23 7BQ

www.bl.uk

- PAGE MISSING IN
ORIGINAL



Chapter 1

CONDITIONING OF
CONTROLLABILITY

This chapter deals with the problem of giving upper bounds for |z(T) — z(T)|,
the error between the final state of a nominal finite dimensional system
& = Az + Bu and that of the one disturbed by multiple structured pertur-
bations of the form

(1) = Az(t) + Er:D,-F_,'(Cjz(t),t) + Bu(t)

i=1

for the same initial condition.

The novelty here is twofold: we consider multiple structured perturba-
tions and the class of perturbations is envisaged by means of some artefact
which allows for a tightening of the bounds.!

1.1 Introduction

We shall consider a linear multivariable control system with m inputs
described in state space form by the following set of first order linear
ordinary differential equations

i(t) = As(t) + Bu(t)  t€[0,T] (1.1)

1A slightly different version of this chapter appeared in Botelho-Pritchard(34].

15



16 CHAPTER 1. CONDITIONING OF CONTROLLABILITY

where T' > 0 and the matrices A € R**" and B € R**™ (with m and
n being positive integers) are given so that the system (1.1), denoted
(A, B) for short, is controllable. '

For a given initial state z(0) = z, € R" and any time t € [0, T}, the
coordinates of z(t) are :

t
z(t) = ez, + / eA(=%) Bu(s)ds

After it was shown that the traditional discrete methods providing
yes- no answers for testing the controllability of a system might lead to
wrong conclusion, some efforts have been made in order to overcome
this drawback by considering the distance between a system and the
set of uncontrollable systems (Eising [20],[21]). However, this approach
is more of theoretical importance than of practical relevance since in
general the purpose of a nominal model is to enable one to design some
suitable control to implement on the real system. Thus, once a control
is designed in order to steer a system from a given initial state to a
desired final state, a number of circumstances like considering simplified
models to represent plants with complicated dynamic behaviour, or the
lack of precise knowledge of the values of the parameters involved, in
short the presence of uncertainties on the system, will imply that it
may not result in the desired performance. So it is useful to have an
estimate of the error between the final states of the nominal and the
perturbed system which accounts for the uncertainties. We can apply
the same method introduced in Pijnacker-Pritchard-Townley[19] and
consider time-invariant perturbations yielding a perturbed system of

the form .
z=Az+ DACz + Bu

Then we can show that

Y |IM]|

Ly, <1 = |z(T) — 2(T)| L ————
1Ll 2(T) — (1) < 72

ICx]|

where 7, = ||A|| and

My = [T eAT-9)Dy(s)ds
Lv (t) = [iCeAlt=*)Dy(s)ds

This interesting result nonetheless presents some shortcomings, namely
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1. We have single structured perturbations. So it does not account
for disturbances on all entries of A.

2. The class of perturbation is restricted to the time-invariant ones
only.

3. There is no flexibility allowed on the sufficient condition. There-
fore, the result is inconclusive if vy, > ||L||~?.

We shall present here a generalisation of this theory by considering
multiple-structured, possibly nonlinear, time-varying perturbations. Hence
we avoid the first two shortcomings above. To cope with the third, we
bring about a novelty in the method of approaching the proof by in-
troducing weight-functions a = (ay,. .. ,o,). Thus we shall prove the
following conditioning of controllability:

70HM0”
Lall7e < 1= 2(T) = Z(T)| £ ————||Caz
T i 1=l

where 7, is a constant and M,, L,, C, are now maps which depend on
the weight-functions.

This result allows the designer some flexibility to seek convenient
a; to reduce the value of ||L,||. The significance of this is that one can
find & such that ||Ls||7, < 1 even when ||L||y, > 1 or, more generally,
||La|l7, > 1 for other choices of a. Furthermore, we can improve the
estimate (i.e., tighten the upper bound) by first minimising ||L.|| with
respect to a and then, for the optimal &, to minimise ||Czz|| with
respect to the input u.

In order to account for the uncertainties of the system, assume per-
turbed systems of the form

£(t) = Axz(t) + f(x(t),t) + Bu(t) (1.2)

where f : R" x [0,T] — R" is given by multiple nonlinear mappings
given by

f(e(0),) = - DeF(Cia(), ) (1.9
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where each D; € R"*% and C; € RP*"*, with p;,q; € N, are given
matrices.

Each perturbation F; : R” x [0,T] — R% is assumed to be Lips-
chitz in the sense that there exists a positive number ~; such that, for
all z,y € R,

IR(SC,t) - Fi(y,t)qu‘ < ’)’,‘ll‘ - y|RP‘

and we shall denote

Yo = IAX % (1.4)

In particular, note that F; constant and F(z,t) = z are classic
examples of this class of perturbations.

Also we shall illustrate this scaling technique by considering an ex-
ample for which we can determine analytically the error |z(T") — z(T)|
as a function of the magnitute of the perturbation:

Example 1.1.1 (Linear undamped oscillator) As the nominal sys-
tem, consider the case of small oscillations of a frictionless pendulum
near its equilibrium position. Assume that we have zero initial condi-
tions and the system is subjected to a constant unitary force during the
time interval [0, 7]:

Ft)+et)=1 te (o]
#(0) = (0) = 0

whose matriz representation is £ = Az + Bu with u(t) =1,

o[ 44] o]

On the other hand, suppose we have uncertainty in the nominal
values for the “spring constant” and “damping factor” so that the per-
turbed system is taken to be of the form

N

—
[ 8

g
1l

Az(t) + (fj Dkékaz(t)) + Bu(t) (1.5)

k=1
0

N
—

(=)
~—

i
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with 8,6, being two real numbers and

0
e[}

Ci=[1 0 Ci=[0 1]

The solution of the nominal system is

1 —cost
sin t

z(t) = [

o[}

Concerning the perturbed system, note that it reduces to

so that

B(t) — 820(8) + (1 — b1)p(t) = 1
¢(0) = p(0) =0

whose solution will depend on the nature of the roots

SoEr

of the characteristic equation. Since we expect the perturbations to
be “small” and hence 62 < 4(1 — §;), the oscillatory solutions of the
perturbed system are given by

o(t) | — e®* sin wt

where a = (8,/2) and w = /(1 = §;) — a2,

2(t) = [ ¢(t) ] _ [ (a® + w?)"*(e*(a sinwt — w cos wt) + 1)
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1.2 The scaling technique

Let E : [0,7] — R™ denote the difference £ = z — z, where « is the
solution of the nominal system and z the solution of the perturbed sys-
tem with z(0) = 2(0) = z,, for any given z, € R*. By differentiating,
we have the initial value problem

B() = AE()+3 DiF(Ciz(0)0) (1.6
E(0) = 0 -

Consider the integral form of (1.6), namely

E(t)=2(t) —z(t) = /Ot eAlt=2) (z:: DJ-FJ-(Cjz(s),.s)) ds (1.7)

In order to study the problem within a concise formulation, it is
convenient to set up a tidy framework to work within.

Let
'U,'(.) = C;Z(.)
yi(-) = Ciz(.)

From equation (1.7), we have

i=

vi(t) = yi(t) + C; /ot et ( Dij(vj(S),S)) ds  (1.8)

forte[0,T)and : =1,2,...,r.
At this point we artificially introduce some weight functions.

Consider ay,...,a, any real valued positive continuous functions

defined on the closed interval [0, T)

Thus, equation (1.8) can be rewriten as follows:

ai(thui(t) = ai(t)yi(t) + (1.9)
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1

+a;(t C/ A(t"’)z

a](s

Dja;(s)F; (ma,(s)%( ), )ds

21

Once the input u is fixed (u(.) € L™, say), each a;(.)y:(.) is also fixed
in L%[0,T; R?‘]. Thus, our first concern is to guarantee the existence of

z € L?[0,T; R"] so that
Vo = (a1v1,a202,...,0,0,;) = (1 C12,02C52, ..., a,C,2)

satisfies the above system of equations.
For any given r-tuples

a=(ay,...,a,) a;€C[0,T;a,b
= (plv"'spf) € Nr
qg=1(q1,---,9-) EN"

we construct the following linear spaces structures:

1. Let R? = RP* x ... x RPr,

aQ

For convenience, we will write eithera=| : |ora = (a,...

aT
for an element a € R”.

On RP”, we shall take the usual inner product

. r
< (ﬂla"'v#r)y(yla“'aur) >Rr= Z < Hiy Vi > Rpi
=1

2. Let L?? denote the following product of Hilbert spaces
L** = L?0,T;R™] x --- x L?[0,T; R"]

with the inner product

< (gla T ’gr)a (hla T »hr) > L= Z < 9 h; >L2m
i=1

a,)
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L*™ is a short notation for L?[0,T; R},
We have that L?P is a Hilbert space with

r
Ngllizs = D llg:llZzm
=1

3. We define R? and L?9 similarly.

Also, for consistency of notation we put, say,

L =L"0,T;R*] forseéNandl<r<oo

Now, we move on to introduce some operators.

Let F, : R? x [0,T] — R be given by

en(t)Fy (a(t) ™ pa, t)
Fa(”st) =
o (1) Fy (e () tr, t)

for all 4 = (u1,...,4,) € RP, and define the operator F, on L*" by
putting

(Fag) (t) = Fa(g(t),t) Vg = (gl’ e ,gr) € L2,p

The Lipschitz assumption on F; is translated into a nice property
for F,:

Proposition 1.2.1

~

F, is a map from L*? into L?9 satisfying the Lipschitz condition

1Fag = Fohllzaa < %llg = bl Vg,h € LP”
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Given any g = (91,..-,9-) and h = (hy,...,h,) in L*? we have

Sier Jo loa()Fi (ai(t) 71 gi(1), 1) — ail®)Fy (ou(t) M hi(2), 1)) dt <
= Tioy Jo i) 1Fi (i)™ gi(t),t) — Fi (u(t) " ha(t), 8) [ dt

< T2 fo lgi(t) — hai(t)[2dt

from which the result follows.

a

By introducing a few more definitions, the system of equations gen-

erated by (1.9) can be written in a concise form as

t -~
va(t) = ¥alt) + Ca(t)/0 e Dy (5)(Fava)(s)ds (1.10)
where
a(t)vi(t) a(t)y(t)
va(t) = ya(t) =
ar(t)vr(1) o (t)y: ()
For each t, we define
Ca(t):R" — R? and D,(t): R — R™
by setting
a(t)Chz
Ca(t)x = Vz € R"
o, (t)Crz
and for all 4 € RY,
M1 r
Da(t)u = [ea(®)7'Dr -+ ar(®7'D] | i | = Y () Dig
ﬂr =1

It is easy to check that the adjoint operators

Co(t)":RP — R™ and D,(t)":R* — R?
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are given respectively by
Ca(t) v =" ai(t)Cv;
=1

a,(t)"'Dig
Da(t)‘ g= :
o (t)71D; g
Also,
Do(t)Da(t)" g = ) ai(t)"2D;D}g
i=1 .

Calt)” Calt) z = Y a(£)C:Cix

=1
Motivated by equation (1.10) we can define the operator L, from
L?7 into L*” by setting, for all w in L?9,

t
- A(t-s
Low(t) = Ca(t)/o e*(=2) D, (s)w(s)ds (1.11)
or, equivalently,
alLual"l M 4 3 Ll,-a,._l wy
Low =
Cl'v'L'rlal_l e C"rL-rrCVr—:l Wy
so that ,
(Law); = 3 () Lijo;() " w; (1.12)
: 1=1
with

t
Lyu(t) = Ci [[XIDu(s)ds vu e 17

Note that each component (L,w); is the classic input-output opera-
tor, which is a bounded linear mapping from L?? into L2%, Therefore
L, is a bounded linear operator from L@ into L*?. This follows fyons
Young’s theorem and the fact that g € LZ[OaT;Rn] when w € L4
where |

r

9(t)=Eg;lijwj(t) € R" (1.13)

J=1-7
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We take Lol
IILa|l = sup ILavllzzr
w0 |[v]lLze
Note that when a;(t) = ... = a,(t) = p, for some positive constant

i, we have that ||L,|| is invariant with respect to p.
Also, since each L;; is compact, this implies that L, is also compact.
The proposition below provides the expression for L.

Proposition 1.2.2 The adjoint L%, : L*» — L9 is given by

Liy(s) = Das)” [ " A =00 (1) y ()t (1.14)

Proof: For any w € L?9 and y € L??,

<Y Low >po=37_, <yi,(Law); >p2
=Tiafo < i1, ei(t)C: fg e2t=g(s)ds >gei dt

so that

< Yir (Law)i Spem=J§ f§ < eA "904(t)Cryi(t), g(s) >rr dsdt
= J§ ST < A0 (1)Cryi(t), 9(s) > dtds
=, Jo < a;(s)71D; [T eA =) (t)Cryi(t)dt, wy(s) >ge ds
=< Dy(s)* JT eA (=) (8)Cy;(t)dt, w(s) > e

Therefore, we have

< Yy, Lo,w >L2.p= Z:-'___] < y,-,(Law),- >L2,p,~
=< Da(s)" [} e*" =) (T7_, 0i(t)Ciyi(t)) dt, w(s) >re
=< Dq(s)" [T e =C (1) y(2), w(s) >re

In virtue of (1.14), we have
T
LiLew (s) = Dls) [ A e0,(1)Colt) ( / ‘ eA("’)Da(s)w(s)ds) dt
s [4]

We can write equation 1.10 in a more convenient way as

Ver =ya+La(F~'ava) (1.15)
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and this establishes the above equation as an equivalent representation
for our previous system 1.6:

B() = AB()+ Y D;F(Ciz(t), ) (1.16)

E(0) = 0

Finally, from what has been constructed, we have the following ex-
pression for E(T):

E(T) = / T AT=-9D) (s)F,(va(s), 5)ds

0

and we introduce the operator M, : L*»9 — R" by
T
Mow = / A=) D, (s)w(s)ds (1.17)
)

One easily have that M : R® — L2 is given by

cu ()7 DieA"T-Yg
(Mzg)(t) = s
o (t)7 Dyer g

for each g € R™.
Such M, is a bounded linear operator. In fact, for every w in L29,

(fOT IeA(T—S)Da(s)w(s)IRn ds)2

eI ([T |55, aj()™ Djs(s) , s)”

AT (7, 1D, 1. (max, ag(s)™) . ST fuws(s)lds)”
2T (max; ||D;]|) . (max{max, a;(s)™*}) rT2.||w]|12.¢

|Maw|%n

IANIA A IA

where we have used the inequalities:

2

2

( i=1 aj) < 1165
<

(fi’ |f (t)lolt)2 (b—a) ( I f(t)|2di)
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both being consequences of the Cauchy-Schwartz inequality in different
measure spaces.
Hence, we take

M, —s
IMall = sup =

Remark 1.2.1: Eventually, an alternative way of establishing the
framework for the theory in dealing with the weight-functions a is to
develop the analysis using weighted spaces L2 . Since the o; are taken
to be continuous on the compact interval [0, T] the L? and L2, norms
are equivalent because

(s, ) sl < iz o) < a0 Il

telo tefo,T]

However, incorporating the weights on the operators seems to be
more prevalent when the matter in question is to apply some scaling
technique to tighten the upper bounds.

1.3 Upper bound for the error

From what we have seen, the existence of solution E(t) for the prob-
lem 1.6 is equivalent to the existence of some v, such that

Vo = Yo + La(ﬁ'ava) (1.18)
where y, is fixed in L??, and the final state F(T) is given by
E(T) = M,(Fava) (1.19)

We shall make use of the classical contraction mapping argument
in order to estimate the error |E(T)| = |2(T) — z(T')|. The following
theorem is the main result of the chapter. -

Theorem 1.3.1 (Conditioning of controllability)
Suppose

o]
[ Zall
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Then, we have

Yol Ma||

TelTell yallpzs 1.20
1 — 70“La” “ ”L P ( )

|2(T) = 2(T)|r~ <
where y, = (C1z,...,0,Crz) € L*? is fized for each fired input u in
L*[0, T;R™].

Proof: For y, fixed, define the operator H, from L?? into itself by
putting X
Hy(w) = yo + Lo(Fow)  VYw € L?F

We have, for every g,h € L??,

”Ha(g) - Ha(h)”L2.p ”La(ﬁ‘ag - Fall)”L?.P
|Lall|Fag — Fubllz2

[Lallvellg — Allz2»

Since ||L4||v, < 1, it follows that H, is a strict contraction.

Therefore, from the Contraction Mapping Theorem, it follows that
there exists a unique @ = (y,...,w,) € L*? such that H,(w) = w.

Define v € L®? by putting v;(t) = e;(t)~ wi(t).

Then, vy = ya + La(ﬁ'ava) and

<
<

"va”L"” < ”ya”L”’ + ”La” . ”Fava”L’"’
< |Wallzze + 11Lall %o llvallL2»

and, since ||Lq||7, < 1, we have (1 — || La{|vo)||vallL2» < ||¥allz22- So,

1
VallL2 S 7 1 HYallL2
” 0“ P 1— “La”‘)'o” 0” P

On the other hand, by equation 1.19 we can write

|E(T)IR" < “Malho”va”um

and the result follows. 0

Remark 1.3.1: This theorem generalises the cases of single struc-
tured perturbations and of time-invariant perturbations. In particular,
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for the case of single time-invariant perturbations, the conditioning re-

sult becomes:
e IMU o
1 - 70”LH
with 5, being the operator norm of the perturbation. We shall refer

to the above upper bound as conditioning number for this perturbation
configuration. Accordingly, for our configuration we define

|2(T) — z(T)| <

Yo |[Ma]|
fa(ve) = ——75|Caz|| (1.21)
1- 70”La“
and shall refer to it as the weighted conditioning number. A welcome as-
pect of theorem 1.3.1 is the presence of the functions a = (e, ..., a;)

which allows for an improvement both on the condition v,||L.|| < 1,
which may eventually be achieved even when ~,||L|| > 1, and on the
weighted conditioning number by conveniently choosing «. This flexi-
bility enables at least in principle the following optimisation strategy:
first pick the optimal & which renders ||Ls|| minimal; then, for this
choice of & find the optimal input such that ||Csz|| is also minimal.

Remark 1.3.2: Concerning the evaluation of the norms involved,

(i) for ||C.z|| we easily have
2_v [T 2
ICazl? = 3 [ low(t)Cuz(t) Pat
k=170
(ii) for ||M,]|, first note that
1

MM Ty
* “_/o Za'(s)z

=1 "t

AT-0D.D: A T-0gs  (122)

Thus, M,M; is a linear transformation from R" into itself and
as such can be identified with a n x n real matrix. So the deter-
mination of ||M,|| can be reduced to the problem of evaluating
the operator norm of a matrix;

(iii) for ||L4||, the situation is more complicated and we address this
problem in next chapter.
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Chapter 2

CHARACTERISATION OF
|1 Lall

We provide a characterisation of the norm of the operator L, by introducing
a linear quadratic optimal control problem. The characterisaton is obtained
in terms of a parametrised differential Riccati equation. The new frame-
work derived from the multi-structured character of the perturbation and
the presence of the weight-functions adds some new complications to the
algebraic developments of the proof. Also it is shown the equivalence of
this characterisation and another one in terms of Hamiltonian systems. The
study is completed by assessing the question of a computational algorithm
for evaluating ||L,||- Finally we illustrate the result on the conditioning of
controllability problems to the example of the undamped linear oscillator.

2.1 Introduction

To motivate the method pursued here, consider the system

#(t) = Az(t)+ Da(t)o(t) z(0)=0 (2.1)
y(t) = Ca(t)z(t)

where o = (a1,...,0,) , A, C, and D, are the ones defined in the
conditioning study.

31



32 CHAPTER 2. CHARACTERISATION OF |[|L.l|

For any given v € L?9, the output y is given in L?? by

¥(t) = Calt) [ 449D, (s)o(s)ds

so that
y = Lyv
lyllizr < ||Lall-llv]iz2a

This enables us to write ||L4||~% = sup A where

A={p>0; |vler — plyllize 20, Yo € L2}
where y(t) = Co(t)z(t) and z is the solution of the system 2.1.
Note that y also depends on the input v since the state of the system
is a function of the input. So we can introduce the following optimiza-

tion problem on L?7, which is a Linear Quadratic Optimal Control
Problem and we shall refer to it as (OP):

Minimise (properly or not) the cost functional given by

Jp(v) = ]Iv”iz,q - P”y”izm (2-2)

subject to the constraint:

z(t) = Az(t)+ D.(t)v(t) z(0)=¢ te€]0,T] (2.3)
y(t) = Calt)z(})

We should mention that a more clarifying notation for the cost
should read J,(v; ¢, [0,T)), since the initial state and the time interval
also determine the value of the cost functional.

The analysis of this problem follows the technique presented by
Dietmar Salamon in his course Control Theory given at the University
of Warwick in 1987.

We will provide a twofold characterisation of || L, || because it brings
about the resolution of a matrix Riccati equation which can be con-
nected with Hamiltonian systems.
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2.2 Solution of the optimal control prob-
lem

Let us introduce the operator F, : R® — L?? by putting Vi € R"

(Farp)(t) = Ca(t)etp (2.4)
Thus the output of (2.3 ) is
y=Fap+ Lyv (2.5)

and, along the system ( 2.3 ), the functional J, can be expressed as

J,(v) = <v,u>p20—p<Foo+ Lv,Fopp+ Lov >p20
= < v, >0 —p{< Fop, Fop >p2p +
+2 < Fotp, Lav >120 + < Lov, Lov >p25}

Therefore, by solving J,’,(v) = (0 we obtain the necessary condition
for the optimal input:

<

= pL3y (2.6)
= Fap+ Lot (2.7)

w2

The question now is to know if I — pL? L, is invertible and positive
definite, where I represents the identity map on L%%.In other words,
to know if equations 2.6 and 2.7 have a unique solution. The next
proposition shows that the answer is affirmative, provided that p is
restricted.

Proposition 2.2.1 Suppose p < ||L.||™. Then (OP) admits a unique
solution.

Proof: Given any v € L??,
I = pLyLaYolles > lollies — plILE Lavllzze 2 (1 = pllLalPlollzzs

where (1 — p||L4||?) > 0 does not depend on v. This shows that
I —pL} L, admits continuous inverse.
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Also, we have that I — pL} L, is positive definite, since
< (I = pLiLo)v,v >1292> (1= pl|LallP)lol[Z25

D

Once we have established the existence and uniqueness of solution
for the optimization problem, we might wish to obtain it explicitly. To
do this, first notice that the optimal input is given by

5(s) = p(L39)(s) = =Di(s) [ e*e=2pCy (1)t

Now, denote

w(s) = [ A0 (1)t (2.8)

In particular, note that w is absolutely continuous and therefore is in
L~

Thus, we have that equations 2.6 and 2.7 are equivalent to the
following coupling, which we shall refer to as (CS):

1) = As(t)+Da(tpo(t)  «(0) =¢
y(t) = Cult)a(t)

B(l) = —A'w(t)+pCalt)y(t)  w(T)=0

v(t) = —Dy(t)*w(t)

and we can establish the existence and uniqueness of solution for our
optimisation problem:

Theorem 2.2.2 Suppose p < ||L,||"2. Then, there exists a unique
optimal control © € L*9 for the problem (OP):

Minimise J,(v; ¢, [0,T)) = |[v]|Z20 — ollyl|720
Subject to

z(t) = Az(t)+ D,(t)v(t) z(0) = p € R®
y(t) = Ca(t)z(t)
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Moreover, ¥ is continuous and given by the feedback law
o(t) = =D, ()*P()z(t) Vte[0,T) (2.9) -
where each n X n mairiz P(t) is self-adjoint and defined by

< ¢, P(t)p >rn=inf J,(vi,[0,T]) (2.10)

In particular, P(T) = 0.

Proof: For the optimal cost we have (we will leave out the tildes for
simplicity of notation):

J(v) = <v,u>-—p<y,y>
= <v,v>—p<Fopo+ Lov,y>
= <v,v—pLly> —p < Fop,y>

So,
Jo(v) = —p < Fop,y >p2p (2.11)

since v — pL%y = 0. On the other hand,

< Fo@ Y >p2p = fOT < Cu(t)eto,y(t) >pe dt
= <@, JT eAC,(t) y(t)dt > po

which gives
T -
Fa'y = / AT O (1) y(t)dt
0
Using equations 2.8 and 2.11, we can write
Jo(v) =< 9, —pFa"y >=< p,w(0) >

for the optimal cost. At this point, we can introduce the operator P(0)
from R" into itself (which we shall identify with its matrix) by defining

P(0)p =w(0) VeoeR" (2.12)
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To write P(0) explicitly in terms of the others operators involved, we
recall that equations 2.6 and 2.7 combined yield F,o = (I — pL,L%)y.
So, provided p < ||L4||~? we have "

P(0)y w(0) = —pF,y
—pFo (I = pLa L) Y Fopp
So, P(0) = —pF,"(I — pL, L)' F,, which is clearly a bounded

linear operator on R™. Moreover, it is self- adjoint. Indeed, for any

h,g € L*?, put H= (I — pLoL%) 'h and G = (I — pLaL%)"'g. Then,

< h,(I—pL,L;) g > <(I—pLaL2)H,G >
<HG>-p<HL,L,G>
< H,(I-pL,L%)G >
<(I—-pLyL%) th,g >

To procede to the definition of P(t), for ¢ # 0, first note that
v(0) = Da(0)"w(0) = —D,(0)" P(0)z(0)

Now, take 0 < { < T arbitrary and consider the problem:

Minimize  J,(v; 2(€),[¢,T]) = [[v]|72.0 ~ pllyllZ2
Subject to

z=Az+ D,v on [£,T]

It follows from the uniqueness of the solution of (OP) that v =
—D,w restricted to [£,T] is optimal for the problem above. Also, we
have that the optimal cost is

Jo(v;2(€), [, T]) =< 2(£),w(§) >=<z({), P(E)=(§) > (2.13)
where P(£) is defined by:

T
P =w(e) == [ M0, (tyydt Vo B (214)
with w being the solution of
= Az + Dyv z(l) =¢
= Cozx
= —Aw+pCy  w(T)=0

= —Dw

c g 8
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on [¢,T). Finally, since £ is arbitrary on the open interval (0,T), we
have defined a family of self-adjoint bounded operators {P(t)}:e[o,1)
with

w(t) = P(t)z(t) Vtel0,T)

2.3 Riccati equation

As an important consequence of the last theorem, we can obtain a
characterisation of ||L,|| in terms of a parametrised differential Riccati
equation on [0, T], which we shall refer to as (DRE).

Corollary 2.3.1

Q) If
A

then there ezists a family { P(t) }ieo,1 of self-adjoint bounded lin-
ear operators (a posteriori, matrices) such that P(.) € C*[0,T; R™*"]
and P(t) is the unique solution of the following (DRE):

P(t) + A P(t) + P(t)A = pCal(t)"Ca(t) = P(t)Da(t)Da(t)" P(t) = 0
P(T)=0

(ii) Conversely, if P(.) € C[0,T; R"*"] is such that P(t) is a self-
adjoint solution of (DRE) on [0,T), then

p<

|| Lalf®

Proof of (i) For p < ||L4||~2, we define P(.) as before by putting,
for any fixed ¢ € R™ and € € [0, T},

P(&)yp = w(¢)
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where
z(t) = Az(t) — Da(t)Da(t) w(t) z(§) =
w(t) = —A"w(t) + pCa(t)"Ca(t)z(t) w(T)=
or, equivalently,

w(e) = = [ X 0pC (1) Calt)a(t)

(Cf. equation 2.14 ).

Moreover, z given by z(t) is continuous on [, T}, so that w is differ-

entiable on ¢, V¢ € [0, T]. From this it follows that P’( ) € C'[0,T; R**")
and .

P(£)z(¢) + P(£)2(€) = w(¢)

P(§)z(§) + P(§){Az(£) — Da(£)Da(€)"P(£)x(£)} =

. = —AP()z(£) + pCa(£)"Ca(§)=(€)
{P(§) + A"P(£) + P(£)A — pCa(£)"Ca(§)—
—P(§)Da(§)Da(€)"P(£)} ¢ =0
Since (,o' is arbitr'ary, (DRE) follows. Also, P(T) =w(T) =0

The uniqueness is a consequence of the theory of ordinary differen-
tial equations with initial (and, by a change of variables, final) condi-
tions.

0
Proof of (ii) Equation 2.14 gives the optimal cost

<@ P(0)p >pm=inf Jy(v;e0,T])

Ve € R"
In particular, the case ¢ = 0 yields
0 =inf,J,(v;0,[0,T]) < J,(v;0,[0,T]) Vove L*
Thus, along

&t =Az+ D,v z(0)=
y=C,z
it follows that

0 < |Jvllize — pllLav]l72s
(HLavHL?m) .
[lv]]L2.0

1
p
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for every v # 0.
Hence, since ||La|| = sup,o %j—%—’i , the proof is complete. o
Remark 2.3.1: ||L,|| is obtained iteratively by searching for the

smallest value of p > 0 which breaks down the regularity of the solution
of the Riccati equation (more precisely, its boundedness). Of course,
one can argue that when it comes to the computations, to detect this
breaking down of boundedness brings in itself some pratical and logical
difficulties. The approach via Hamiltonian systems, which we consider
now, turns out to be more accessible for the numerical computations.

2.4 Hamiltonian systems

Another way to consider the coupling system (CS) is to rewrite it as

[$I=lpca(t¢ca(t) - (—tA‘ H l

This is brought up because a connection between Hamiltonian sys-
tems and matrix Riccati equations can be established and this is stated
in the proposition below. When it comes to computations, the approach
via Hamiltonian systems may turn out easier to tackle.

Recall that a linear Hamiltonian system is one that may be writ-
ten as V(t) = JH(t)V(t) where H(t) is a symmetric matrix which is
continuous on an interval and

0, -1, 1 X
Ee] vl
I, is the identity matrix of order n and O,, is the n x n-matrix with

zeroes as entries.

Consider the matrix equation (HS):

] = Lo TR k]
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with final time conditions
XT){_| I
W(T) | | O,

where each X (t) and W(t) are n x n real matrices.

Theorem 2.4.1 (i) If P(.) € C'[0,T; R"*"] is such that P(t) is the
unique self-adjoint solution of the Riccati equation (DRE), then

X@t) = o@7T)
W(t) = P(t)o(t,T)

is the unique solution of the Hamiltonian system (HS).

Here, ®(.,.) is the evolution operator generated by
A— Da(.)Da(.)"P(.)

I)/I(/((tt)) ] is the C'-solution of (HS) and X(t) is

invertible on [0,T), then
P(t) = W) X(t)™
is the self-adjoint C"-solution of (DRE).

(ii)) Conversely, zf[

Proof of (i) Consider (HS) in the form

X(t) = AX(t) — Do(t)D, ()" W(t) X(T)=1
W(t) = —A"W() + pCa(t)Ca(t)X(t)  W(T) =0

If we write X(t) = (A — Dqa(t)Dq(t)"P(£))X (t), it follows that
|4 = Da(t)Da(t)"P(t)| < Al + | Da(e)II- I P()]]

So, since both D,(.) and P(.) are continuous on the compact [0, 7] and
therefore bounded, it follows that

A = Do(t)Da(t)"P(t)
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generates the evolution operator ®(t, s) satisfying

o(t,T) = (A— Da(t)Da(t)"P(t))®(t,T) (2.15)

®(T,T) = I (2.16)

We claim that X (t) = ®(¢,T) and W(t) = P(t)®(¢, T) solve the sys-
tem (HS).
Indeed,

X(t) = &(t,T)=(A- Da(®)Da(t) PW)X()  (217)

W(t) = P)®(t,T)+ P()d(t,T) (2.18)

Substituting the expressions for P(t) from (DRE) and (¢, T) from (2.15)
into equation 2.18, we can see that (HS) is satisfied. The final condi-
tions are easily seen to be verified as well. o

Proof of (ii) Define
P(t) = W) X"(2)

Then we have that P(T) = W(T) = 0 and P(.) € C'[0,T; R"*"]
whenever X and W are continuously differentiable. Therefore,

P@)X(t) + P(t)X(t) = W(t)

and, again, substituting the expressions for X (t) and W (¢) from (HS)
in the above equation, we have:

{P(t) + A*P(t) + P(t)A — pC,(t)*Ca(t)—
—P(t)Da(t)Da(t)"P(t)} X(t) =0

Since X (t) is invertible, it follows that P(t) satisfies (DRE). To
prove that W(t)* X (¢)™! = (X(¢)!)" W(¢) (i.e., P(t) is self-adjoint),
first note that this is equivalent to

X(@t)W(it)=WwW(@)X(t)
Thus, consider h given by
h(t) = X(@)yW(@)-W(@{)yX(t) Vielo,T]
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By differentiating, we have
h(t) = (X (&P W(t) + XA W(@) — (WX () + W) X (1))

Now, inserting the expressions for X (t) and W(t) from (HS) and
manipulating the simplifications, we get h(t) = 0. So, since A(T) = 0,
it follows that k(t) =0, Vt € [0, T}. O

Corollary 2.4.2 (i) If p < ||La||72, then there exzist X(t) and W(t)
which solves (HS) uniquely, with each X(t) invertible.

(ii) If X(t) and W(t) are the unique solution of (HS), with X(t) in-
vertible, then p < ||L,||~2.

Proof: Immediate. 0

2.5 Numerical evaluation of ||L,||

Corollary 2.4.2 indicates that if, for each fixed o, we solve (HS) back-
wards in time from the final condition X(T) = I, W(T) = 0, starting
with small values of p > 0 to obtain detX(t) # 0, Vt € [0,T}, and keep
on increasing p, the value of ||L,||~2 will be equal to the first p for
which the solution of (HS) is such that detX (f) = 0, for some € [0, T).
Hence the computation of ||L,|| can be done by scanning the values of
det X (t) along the interval [0, T), for each p, until we find the first value
of p which gives detX(t) # 0 for some t¢.

We can improve our insight into this algorithm that allows for the
numerical evaluation of the norm of the input-output operator by try-
ing to get a better understanding of it as a function of the time interval.
For simplicity of reasoning, let us focus only on the case of single per-
turbation.

Consider the map f : [0,T] — [0,00) defined by f(§) = ||Lell,
where, for each { € [0,T}, L¢ is the bounded linear operator from
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L%[¢,T; R?] into L%[¢, T; RY) given by
Lew (1) = [ K(t = shu(s)d
w = — S)wis)as
¢ 13

where K (t—s) = CeAlt=*) D. It is our purpose to study some properties
of f so that we could be able to derive an algorithm for the evaluation
of ||L]| = f(0) by means of iterations on the parameter p in either the
Riccati equation or Hamiltonian characterisation of [|IL]} (cf. corollary
2.3.1 and theorem 2.4.1). Concerning such an algorithm, it is desirable
that it could be useful for implementations on computers.

It is immediate from the definition that each L, is bounded and the
function f is non-increasing, i.e., ||L¢, || < ||Lg || for 0 < & <€ < T

In Hinrichsen-lilchmann-Pritchard [18] it was shown, for the case
L¢ from L%[¢, 00; R?] into L2[¢, 0o; RY] defined similarly, that ||L¢]| is
constant, for all £ € [0,00] . The next proposition shows that the
situation is different in our case.

Proposition 2.5.1
There ezists a sequence (Ty) on [0,T) converging to T such that

kll»r?o ”LTk” =0

Proof:

For each k € N, let L

T, = 5
F= it
Take w € L2[0,T;RP?]. In particular, w € L2[T},T;RP] and we
have:

Mmool = 11 K(t - syu(s)dslFde < AT~ T [ (o)l

where v = (||C||.||D[|Mc,)>.
Therefore, for each k € N,

0 < |lLg |l < AT - T)



44 CHAPTER 2. CHARACTERISATION OF ||L.||

and the result follows.

Note that, as a straightforward consequence of Lebesgue’s theo-
rem of dominated convergence, we have that f;; l|w(s)||*ds — 0 as
Tk — T.

Also, proposition 2.5.1 and the fact that f is non-increasing yield
that there exists § > 0 such that f(£) < f(0), V€ € (6,T) .

So, the set P defined by

P={6€(0,T]; |ILell < |ILIl , V€ € (6, T)}

is bounded and non-empty. so, let us denote { = inf P.
It can be shown that f(¢) = f(0) by using continuity arguments.
This yields that the bounded set

H={ne[0,T]; |ILel| = |ILI| V¢ € [0, p)}

is non-empty and we have the following result:

Proposition 2.5.2

(i) { = inf P = maxH
(ii) Suppose p € H and ||L,w|| = ||L,||.||@]| for some ® € L*[u, T;R™].
Then, w defined by

w___{ 0 on [0,p)
w on |[pT)

is such that ||Lw|| = ||L,||-||®]||z2(0,1;rm}-

Proof of (i) Denote supH = p,.
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If { < u,, then either u, € P, which contradicts the fact that
t € H, or there exists fi € (y,,T) such that ||L;|| = ||L||. But the non-
increasing character of f implies that ||L¢|| = ||L]||, V¢ € [0, &). Hence, -
i > po, and i € H, which is a contradiction.

If { > p,, take m such that g, < m < {. Then, m > p, implies that

3w € (wo,m]  such that |[|Lg,|| <[|L]] (2.19)
and m < f implies that
36,, € (m,f] such that ||L¢|| = ||L|| V& € [0,6n]
Therefore ¢, € [0,6,) C [0,T], which gives ||L¢, || = ||L|]. This

contradicts 2.19
Finally, since supH =t and ¢t € H, the result follows. O

Proof of (ii)

2 . 2
ILwlP = J§ |5 K(t—s)w(s)ds| dt = [T||[: K(t - s)i(s)ds| dt =
= ”Lu’:“’”2 = ”Lunz-“ﬁ’”L’[u.T;R"']

O

It is important to note that if £ = 0 then f is strictly decreasing.
Indeed, if ) )
t=0 and |[L¢|| =I|LIl, V€ € [0,¢]

for some £ in (0, T), then there would exist a § > 0 such that
LIl < IILI, V€ € (8,T)

with 0 < § < £ +0 < T. This means that £ € (§,T]. Therefore,
l|L¢l| < |IL[, which is a contradiction.

2.6 Example of application of the theory

Now we address example 1.1.1 in order to study the bounds for the error
between the nominal and the perturbed systems. For this example we
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can obtain analytically the exact value of E(n) = |z(#x) — z(w)|. The
first interesting aspect of this double structured perturbatlon is that,
for the same value of

Yo = max{|51|, |52|}

we have different values of E(7) corresponding to different combina-
tions of perturbations 6, (uncertainty on the spring factor) and é, (un-
certainty on the damping constant) that produce the same v,. The
table below shows this feature of the response of the system, which we
were able to notice ad hoc.

6.1 62 Yo E ( T )

0.1 10.07]0.1} 0.33
0.08| 0.1 101} 0.34
-0.1 {0.05|0.1 | 0.18
00 |{-0.1[0.1]0.15
0.1 [ 00 ]0.1 [ 0.22

Figure 2.1: Some magnitudes of perturbations yielding the same v, =
0.1

We shall concentrate on small perturbations, say, |6;] < 0.1, for
which v, = 0.1.
Define

2., = {(6,62) € [-0.1,0.1]) x [-0.1,0.1] ; max 16:] = 70}

and let {2, be a subset of (), with a finite number of elements. Then
we denote

E, (7)) = max{E(x) ; (,6) € U }

and, for the weighted conditioning numbers,

'YonMa”

K. =
1 — || Lal|

[|Cazl|122
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With this notation, we have that E, (7) = Eg¢1(7) = 0.34 for the
set of values of perturbations of figure 2.6.
In order to compare the upper bounds K, with this exact error -

E, (7) we set
Ko

E‘Yo

We proceed to the relevant computations for the example.

To =

Applying the algorithm for determining ||L,|| we have, considering
the Hamiltonian approach and after the change of variables t = 7 — 7,
the following initial value problem

X(r) —AX(1)+ Ly ei(r = 7)2DiD;W(r) X (0) =1L
W(r) = pTi,oi(r—7)CIC:X(7)+ AW(r) W(0)=0,

This yields the system of equations

X1 =—-Xn Xn(0)=1
X1z = —Xo2 X12(0)=0
Xn =+Xn +( 24 B)Wa Xu(0) =0
Xoz = +X124+ (B7% 4 573)Way X22(0) =1

Wi = ~Wa - pBiXu Wn(0)=0
Wig = —Was — pfiXaz Wh2(0) =0
Wa = +Wn — pf3Xn Wa(0) =0
Wiy = +Whp — pB3 X2 Wia(0) =0

where Bi(7) = ai(m — 7).

Proceding in an analogous manner, similar sets of differential equa-
tions can be obtained considering the Riccati equation approach:

P1=—2p,— pB} — (BT + B7)p3 m(0)=0
p2=—p3+p — (B2 + B7¥)paps  p2(0) =0
Ps=2p,—pB3 — (B> +B3°)  ps(0)=0

Using Runge-Kutta method, we can integrate either system to ob-
tain ||Lq||- Obviously, for finite time problems the integration of the
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Hamiltonian equation is the natural alternative, since it is logically
sound to detect the vanishing of the determinant of a matrix as opposed
to the blowing up of some matrix entry. For infinite time problems the
right-hand side of the Riccati equation vanishes as ¢ tends to infinity
and the differential equation reduces to an algebraic one.

Figure 2.2 shows the behaviour of detX (t) as p varies for the case
ay(t) = 140.3t and a(t) = 1.5—0.1¢. Note that, as you increase p from
values near zero, p; = 0.115 is the first one that renders detX(t) = 0
for some ¢. Hence ||La|| = (p2)~"/% = 2.95 for this choice of weight a.
A remarkable aspect of all these computations is that always the first
time that detX(t) vanishes is at zero. So the experimentation gives

t = 0 in our theoretical considerations.
1

o8

0.6

0.4r

0.2

0

-0.2r-
04 H i i H
0 0.5 25 3 35

" s1-1403 a2m-21 S+-0.11
Figure 2.2: The graph detX(t) x t for successive values of p: p; = 0.10,
p2 = 0.115, p3 = 0.15, pg = 0.20.

Case 1: Constant weights o;(t) = a and a,(t) = ¢

For the determination of ||C,z|| we have
Cuzl|? = /O (ea(t)*za(t)? + aa(t)*za(t)?) dt

where z = (z,,z,) € L?(0,7; R?] the solution of the nominal system.
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Thus,

L T 1/2
||Cazl|l = (a2/0 (1 — cos t)?dt + CZA sin? tdt)

uaﬂu=J@w+mng (2.20)

With respect to the evaluation of ||M,||, we have

and so

muM;=/

( 1 + 1 ) eA(‘rr—s)D:l D;CA'(r-s)ds
0 (s3]

(1) enft)?

We can easily check from

_ | 1=cost | _ f* 4p-9| 0
:c(t)—[ sint ]—/oe 1 ds

and eA(tts) = eAteAs (hat

At cost sint ]
et = .
—sint cost
Thus,
M. M* = o h(s)sin?sds — fo h(s)sinscossds
T a — 5 h(s) sin scos sds JJ h(s) cos? sds
where . 1
h(s) = .
(s) NOTROE (2.21)
So,

wa= () [ 5]

For this particular case of constant weights, the evaluation of ||M, M}||
can be made rather easily by noticing that

IMall? = < Mag,Mog >=<g,M. Mg >
(&+3%) 50l
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Then

1 IN7
el = (G + 3) 5

It is worthwhile to note that for the even more particular case when
the constant weights are the same, a;(t) = a,(t) = u, then

IMel|.||Cazl| = 7v2

independently of the value of p. Since ||L.|| = 2.42 also is invariant
with g in this case, the conditioning number can be promptly evaluated:
Yo 0.1
K, = ||M || ICaz||. /————— = =0.
1= (M-I Cozll T— ol 2X o1 xzaz = 08
Also,
K, 0.58
= = =1.72
™= Fox(r)  0.34

Figure 2.3 summarises the outcome for some choices of constant
weights a. '

a(t) | ea(?) ||Cazl] 1Ml ILol] | ()

p § VT lu uV2rn 242 | 1.72

a ¢ \/(3a2 + ) /2 \/(a‘2 +c %) /2

1.0 | 0.5 2.26 2.80 3.45 | 2.80
0.5 1.0 1.66 . 2.80 2.67 | 1.86
05 | 20 2.73 2.58 4.59 | 3.84

Figure 2.3: Case of constant weights. 4, = 0.1 and E,(7) = 0.34

Case 2: Time-varying weights.
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Since we do not have an algorithm for the minimisation of ||L.]||,
we shall consider weights given by

a(t) = a+bt
Qs = c+dt

where a,c # 0 and b > —an~!, d > —crr~! to avoid singularities. Then,

by scanning over the values of admissible a, b, c and d, we can search for

a convenient pair of weight-functions that improves our estimate either

by allowing a larger class of perturbations — if ||L,|| is smaller than

the one for time-invariant weights — or by tightening up the bounds.
We have

Cazl? = / "(a + bt)*(1 — cos t)2dt + / "(c + dt)?sin? tdt
0 0

For the evaluation of ||M,|| we can use a computer program?! to get
the norm via

|| M |2

||H|| = maxg=1 |[Hg|
max{vX; A € o(H*H)}

where H = M, M.

Naturally, the norm ||L,]| is obtained by means of the algorithm
from chapter 2. Figure 2.4 illustrates the results obtained for some
choices of a. Note that it was possible to get lower values for ||L,l|
than any of the ones obtained in the case of constant weights.

1We have used the Mathematica software on a PC.
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a(t) | et) | lCazll | IMall | [[Lall | {a)
1 | 1+05t | 3.14 | 2.41 | 3.00 | 3.18
1 |1.8-0.5t| 254 | 4.58 | 219 | 4.38
1.8-0.5t [1.8-0.5¢ | 1.92 | 7.18 | 1.45 | 4.75
140.3t | 1.5-0.1t | 4.12 | 1.42 | 2.95 | 2.44

Figure 2.4: Case of weights depending on t.




Chapter 3

ON THE OPTIMISATION
OF THE CONDITIONING
NUMBER

We present a remark on the nature and status of the problem of finding
the optimal o which gives the minimal ||L,||. Namely, we characterise it
as a convex non-differentiable minimisation problem in infinite dimensional
spaces for which no algorithm is ava.ilabk: so far. Also, we give a complete
functional analytic abstract approach to the problem of minimising ||Caz]||
with respect to the input.

3.1 Introduction

We recall that with respect to the nominal system £ = Az + Bu for
which the account for the uncertainties on its structure led to the study
of perturbed systems of the form

i(t) = Az(t) + 3" DiFi(Ciz(t), 1) + Bu(t)

=1
with Lipschitz perturbations, the error in the final state after a time T
— and starting at a given initial state £, — was estimated as follows

76/ Mo | Caslzn (3.1)

2(T) = z(T)|rn < 20
[2T) = 2(Dlwe < 370

53

£
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whenever

Lallye <1 (3.2)

The artificial introduction of the weight « allows one to seek for a
convenient a that guarantees the sufficient condition (3.2) to be satis-
fied. So, even when ||L|| > ., inequation (3.2) can still be satisfied
for a convenient choice of a and this in principle enlarges the class
(“magnitude”) of perturbations that can be considered. Moreover, one
can move a step further and try to find o which gives smaller values of
||L«|| and, for this choice of the weight-function, to get a control that
gives the minimal ||C,||.

3.2 Remark on the minimisation of ||L,||

Wee have already seen that merely evaluating ||L.|| was on itself a
problem far from being trivial (Cf. chapter 2). So, not surprisingly, the
question of providing an algorithm for minimising ||L,|| with respect
to a turns out a very difficult and as yet unsolved one.

We shall prove here that, after a change of variables given by (1) =
e¥®), the mapping ¢ +— ||L%L,]|| is convex. However, no result on its
smoothness is available and, more than this, we are somewhat inclined
to expect that this mapping is non-differentiable at the point where it
achieves its minimum.! Therefore, what we have at hand here is an
extremely nontrivial non-differentiable convex minimisation problem.
Although in the literature one can find simple algorithms for minimiz-
ing a convex optimization problem in finite-dimensional spaces, finding
general results is a more delicate task. There is a proof of convergence
of the subgradient method for constrained convex problems in Hilbert
spaces (cf. comments in Shor [18]) but as yet no algorithm is avail-
able for finding subdifferential in the context of more general infinite
dimensional spaces for non-differentiable functionals.

Thus, at the present stage of the research we have to content our-
selves with searching for a satisfactorily small value of ||L,|| by trying
different choices of a. This was the procedure privileged in last chap-

1Because, according to Pritchard’s informal comments, this is not so for constant
single weights.
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ter’s treatment of example 1.1.1, where the choice for a’s of the form
of straight lines was assumed — as opposed to argued — as providing
a reasonably wide range of possibilities.

Now, in order to prove the convexity of the mapping ¢ — ||L}, L, ||,
we first recall the following facts which establish the context for a non-
differentiable convex minimisation problem.

If X is a real Banach space and f : X — R is a convex mapping,
then

f(@=mnfle) if 0€df(&)

Moreover, every local minimum is also a global one.
If Q is a convex subset of X and f: 0 — R convex, then

e a" € X~ such that f(a) > f(&) + a*(a— &), Yo € Q, is called a
subgradient of f at a.

¢ 3f(a) = {a" € X*; a" is a subgradient of f at & } is called the
subdifferential of f at a.

The monotone multivalued map 3f : @ — 2X" is called the subdiffer-
ential of f.

Since the dual of X = C[0,T);a, b] is the space X* = NBV[0,T;a, b]
of the functions of bounded variations, it is not a straightforward task
to find out the & for which 0 € 8f(&) is verified.

On the other hand, since Q, = L%L, is a compact self-adjoint
operator in L£(L*7), it has some useful properties:

(1) < Qaw,w >p2.0> 0, Vw € L9,

(ii) [1Qall = sup{l < Qow,w > | such that [|w]|zze =1}
(iii) ||Qall = max{X; X is an eigenvalue of Q,}

Based on a short proof for the convexity of the largest singular
value of a matrix given in Sezginer-Overton [15] we show the convexity
of the function that associates the largest eigenvalue of L, L, to each
¢ defined by the change of variables ¢ = (iy,...¢,) given by

a;(t) = %) (3.3)
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Proposition 3.2.1

Let Q be a convex subset of C[0,T;a,b] x ... x C[0,T;a,b].
Then, the mapping ¢ € Q — ||Q,]|| is conver.

Proof:

Let S = {w € L*9; ||w||p2e = 1}.
We remind that

1Ql = sup [|Quwllzz0 = max{vX; A € 0(Q,)}

and

”va”i?-v = E I} (wa).' ”i&m
=1
Consider f(¢) = ||@,|| - We remind that f is convex on  if

hf(e)+ (1 =R)f(¥) 2 f(hp+ (1 —R)Y) Vo, €2 0<h <]
and one can show that if f continuous is such that

)+ 31021 (EF2) wepen

then f is convex on .
For any ¢, 9 € 1 the triangle inequality yields

1
S1(0) + 378) = 51Qll + 311Qull 2 310 + Qull

Denote T' = (¢ + 1)/2. We wish to prove that

1
21Qu +Qull 2 llgr
For each ¢ € Q, consider the operator E(yp) : L?9 — L?9 where

(E(e)y); (1) = e#Wyy(2)
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For simplicity of notation we shall write

(559

B (_'/’_‘*‘i) = B

2
Thus
qu = E-IQFE
Qy = EQrE™!

Indeed, for w € L?9

(B-1QrEw), = 272 (QrEw),

=e "7 L, e Qie T (Bw);
- i L s Y Yime
=€ 3 e 2 i1 Q,-J-e TeT 7w
2;:1 e’ tJe—‘prj
= (Qow);

By the Cauchy-Schwartz inequality we can write

1Qs + Qull = IE'QrE+ EQrE~||
> |<u, (ET'QrE+ EQrE~")v > 24|

for all u,v € S, |[u]| = |]v]| = 1.
So, in particular, choose

v Eu,
| Eu,||L2.0

Ev,
V= —
| Evo||z20

where v, is an eigenvector corresponding to the largest eigenvalue of

QrQr, that is,
Qr-Qrv, = ||Qr!?v,

and
U, = Qrvo
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Then, denoting a = ||Eu,||12.« and b = ||Ev,||L2.¢,

1Qy + Qull = (ab)™'|< Euo, ET'QrE?v, >120 +.

+ < Euo,EQrE"lE'vo >L2.q|
(ab)! |< u,, QrE%v, > + < Eu,, EQrv, >|
(ab)~! |< Qpu,, E?v, > + < Eu,, Eu, >|
)< Q1 Qrv,, E?v, > +a?|
(ab)_l |< vo’Eqvo > ”QI"P + a2|
(ab)™! (8%]|Qr|I* + a?)

so that 5
100 + Qull = ZliQrll +

Therefore, writing v = ||@Qr}|(b/a) , we have

Qe +Qull 2 el (v + 1) 2 el

since ] i
-(u+-)21 Vo >0
2 v

From what has been proved, and taking f to be given by

fle) = 1@l

we have that if
0 € 3f(p,) for some ¢, € C{0,T;a,b] x...x C[0,T;a,b]
then

Leol* = 11Qq. Il = min{||Qyll ; ¢ € C[0,T;a,8] x ... x C[0, T a,b]}

3.3 The minimisation of ||C,z||

Consider the problem of determining the optimal input 4 that renders
||Caz|| minimal so that the upper bound for the error is tightened.
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We will consider the following functional as the one to be minimised:

1 (T
ve(z,u) = 5/(; {E < a;(t)C;z(t),a;(t)C;x(t) >rei +

=1

+€? < u(t), u(t) >pn} dt

The introduction of the parameter € > 0 is to avoid complications
from the fact that the extremum problem may have no relevant solu-
tions otherwise. For instance, by plugging this regularity factor in, one
can yield convexity of the cost functional.

The problem is formulated under the constraints

t=Az+Bu =z(0)==z, and =z(T)=z7

which can be integrated to give

(t)— 2. [ *(Az(t) + Bu(t)) dt = 0
z(T)-—zr =0

with the additional condition that the system (A, B) is controllable.
Thus, we are left with a classical problem of minima under equality
constraints where the objective functional and the map defining the
constraint are differentiable. The ordinary way to attack this kind of
problem is to reduce it to an unconstrained one via Lagrange multipliers
method. The precise formulation of the method is summarised in the
following result from the literature:

Theorem 3.3.1 (Theorem 26.1 in Deimling [1] )
Suppose Z,Y are real Banach spaces, and that

w:By(2)CSZ— R and F:B,(:)—Y

are continuously (Fréchet-)differentiable.
Also, assume that Fz, = 0 and that the range R(F'(Z)) is closed.

If
@(2) =min{p(2): 2 € B,(¢) and Fz =0}
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then there exist A € R and y* € Y™, not all zero, such that
Ao'(2) + (F'(2))"y" =0
Moreover, if F'(z) is onto, then A # 0.

Now, we explore this theory in the context of our control problem.
Consider the spaces

C[0,T;R"] x L=[0, T; R™|
C[0,T;R"] x R™

Z

Y
and the problem:
Minimise ( on Z)

1 (T
we(2) = 5/0 {; ai(t)? < CrCiz(t),z(t) >pn +€% < a(t), u(t) >Rm} dt

subject to

(F2)(t) = (m(t) 2 [ ‘(Az(s) + Bu(s))ds , z(T) — xT) = (0,0)

where z,,z7 € R" are given.
One can easily check that, for every z = (z,u) € Z,

o'(3)z = /OT {i:a,-(t)? < CICiE(t), 2(t) >rn +€? < (t), u(t) >Rm}dt
and
(F(@)2)(t) = (2(t) = [ (Az(s) + Bu(s))ds, 2(T))

Since the system (A, B) is controllable, we have that the range of
F'(2) is the whole space Y and so it is closed.

Proposition 3.3.2

A necessary condition for (z,u) € Z = C[O T;R"]x L*[0,T;R™] to be
optimal for our minimization problem is that there ezist A € R, c € R™
and an absolutely continuous w,, not all zero, such that

Wo(t) = Aw,(t) + (XTI, @i(t)?CrCiz(t))  wo(T) = —c
z(t) = Az(t)+ Bu(t) z(T) = z7
Au(t) = e 2B w,(t) z(0) =z,



3.3. THE MINIMISATION OF ||C.X|| 61

Proof: For convenience, in the environment of the proof we will use
the notation z = (Z, &) for the optimal element. Thus, by theorem 3.3.1,
we have that there exist A € R and y* € Y™, not all zero, such that

Mpe(2)z + ((F'(2))"y")z =0 (3.4)

for all z = (z,u) € Z.

Since Y* = NBV|[0,T;R"] x R", we can write y* = (g, c), for some
normalized vector function of bounded variation ¢ = (¢;, 92,...,9x) and
some vector ¢ in R™. Also, Vz = (z,u),

(F'(#)y)z = <(g,0),F(3)z>
= <g,z(.) = [((Az + Bu)ds > + < ¢,z(T) >
= J7 [2(t) - J§(Az + Bu)ds] dg(t)+ < ¢,z(T) >rn

where the Riemann-Stieltjes integral of the last equality follows from
Riezs Representation Theorem for the dual space of C[0, T; R"].
So, equation 3.4 becomes

T r
A /0 [< ()2 CICiE (1), 2(8) Sre +€2 < (), u(t) >pm | dt +
=1

t
0

+ /OT [z(t) - [ (4a(s) + Bu(s))ds] dg(®)+ < ¢,2(T) >pn= 0

which is valid for every z = (z,u) € Z. We can obtain representations
for g and @ by considering the cases u = 0 and z = 0, respectively.
Indeed, for u = 0 we have

T T
/0 y()dg(t) = —A /0 <a(t),z(t) > di— < ¢,z(T) >  (3.5)

where
y(t) = z(t) - /o Az(s)ds (3.6)

and, for simplicity, we are denoting

alt) = _:zla«t)zcsc.e(t) (3.7)
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Now, for every y € C[0,T;R"], we know that equation 3.6 has a
unique solution z = Hy, where H is given by

t
Hy (1) = y(t)+ [ e*t=y(s)ds
)
Hence, equation 3.5 becomes

Iy y(t)dg(t) =

= -\ [T < a(t),(Hy)(t) >re dt— < ¢,2(T) >pn=

=~ J§ <Aa(t),y(t) > dt — f§ Aa(t), [y e*~")y(s)ds > dt—
— < 6y(T)> - [T < c,eT9y(s) > ds =

= — JT < at),y(t) > dt - [T [T < da(s),eACy(t) > dsdt—
- <ey(T)> - f§ <c,erTy(s) > ds =

= [T < y(t), = Xa(t) = A [T eA"C-1g(s)ds + eA" Tt > dt—
-< y(T)s c>

Thus

I y(t)dg(t) = —fo <y(t)ra(t) +
+ ATe~4' [)‘ ST eA'sa(s)ds + eA'Tc] >dt— < y(T),c>

Let us introduce

wo(t) = —A /tT eA"l) (Zr: a.-(s)z(),-'C’;aE(s)) — AT (3.8)

=1

Such w, is absolutely continuous and satisfies:

w,(t) = —A w,(t) + Aa(t)

So, we are left with the following representation for dg(t):

T T
[ w(dg(t) = - [ <y, 50(t) > dt= < y(T)e>re (39)

and

wo(T) = —¢ (3.10)
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On the other hand, for z = 0 we obtain:

IT < Ae?a(t), u(t) >pm dt =
= I3 | fs Bu(s)ds] dg(t)
= — [y < Jo Bu(s)ds,w,(t) >grn dt—
-—f(;r < Bu(s),c >gn ds
= JT < Bu(s), [f10,(t)dt >pn ds—
— JT < Bu(s),c >gn ds

Therefore,

/0 < u(t), Ae?i(t) > dt = /OT < u(t), B (w,(t) — w,(T)) — B¢ > dt

so that
Ae?i(t) — B*w,(t) + B (w,(T) +¢) =0

from which the result follows. 0

Since the controllability of the system (A, B) is an inherent assump-
tion for the whole study we are taking up, the possibility of having
A = 0, which would render the last proposition inconclusive, is denied
because (A, B) controllable is obviously equivalent to R(F'(z)) = Y.
This implies that A # 0. We remark, in passing, that although we only
need for our purposes that the controllability of (A, B) is a sufficient

condition for A # 0, it can be shown that the condition is also necessary
(V. Deimling [1]).

We summarise the optimisation result as follows:

Theorem 3.3.3

If (z,u) € C[0,T;R"] x L*[0,T;R™] is optimal for the minimization
problem, then there exist p € R™ and a absolutely continuous function
w, not all zero, such that we have the coupling (CS1):

w(t) = —A"w(l) + Tio, a(t)’CiCiz(t) w(T)=p

z(t) Az(t) + Bu(t) z(0) =z, z(T) = zr
u(t) = e 2B w(t)
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Proof: Take w = (1/A)w, and p = —(1/))c. O

The system (CS1) can be transformed into an initial value problem
by means of the change of variables:

w(r)=w(T -71)
z(r)=z(T —-7)

resulting

3]+ [ =7 2

with

[:((f?)) =[§T] and  z(T) =z,

Example 1.1.1 revisited: In the case of our example of the fric-
tionless pendulum, the system becomes:

Wy = —w, — Bz, w,(0) = py (3.11)
Wy = wy — frz; w2(0) = p2 (3.12)
==z 7(0)=2zm1 z:(7) =201 (3.13)

Ty =T, + £ 2w, z2(0) = 275 zo(7) = 2,2 (3.14)

for Bi(7) = a;(T — 7).

The optimal control is given by

u(r) = 61—2102(7') (3.15)

From (3.14) and (3.13) we get
u(t) = —(z1 + 1) (3.16)

so that all we need to do to get the minimising input is to find (7).
By differentiating (3.14) twice we have

Wy = —2(z\™ + #) (3.17)
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On the other hand, equations (3.11) through (3.14) yield

152 = w — (2325.2-‘82 - ﬂ%iz) .
= —€X(i1 + z1) — Bizy + 282 + B3

which comparing with (3.17) gives the following fourth-order boundary
value problem:

v 1 o 1 oo 1
935 )+ 2+ Z_;ﬂg)-"?l + 22{ﬁ2ﬂ211 +(1 - 6—2-,312):51 =0 (3.18)

z1(0) =2 (7)) =0
£,(0) = —2,(0) =0 zy(m) = —22(7) =0

with u = —(&; + z,).

Note that for 8;(7)B2(7) = 1, which is the optimal weight that gives
the minimal ||L,|| in the case of constant weights, the problem to be
solved reduces to

M+ 2+ :—2)51 +(1- :—2)“’1 =0 (3.19)
z1(0) =2 z4(x) =0
$,(0) =0 & (r)=0

u = —{& + 7))

For £ > 1, the characteristic roots of the above equation are all
complex numbers and equation (3.19) can be solved analytically to
yield a solution in terms of sines and cosines.

Figure 3.1 shows the values of ¢,(z,u) for € between 1 and 2. Note
that for € = 1.1 we have a minimum. Figure 3.2 shows the graphs of
the optimal control u against £ and the phase diagram z, x ; for this
optimal value of ¢.

Remark 3.2.1: The classical state-space approach to our optimi-
sation problem is to formulate the optimum control problem of seeking
a linear input

u(t) = —B"P(t)z(t)
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subject to the dynamics £ = Az + Bu. The optimal gain matrix P is
supposed to minimise the performance criterium

) :
J(w) =< 2(0), P(©0)2(0) > +¢* [ llu(t)|dt
The closed-loop dynamic behaviour is the one given by
z=(A—- BB*P)z

that is,
, |
z(t) = eMtz(0) + /0 ®(t,s)Bu(s)ds with |z(T) —z7| < k

where ®(t,s) is the transition matrix of the closed-loop system.
The optimal gain P is then given by P = B*M, where M is the
solution of the Riccati equation:

M(t)+ M)A+ A"M(t) - M(t)BB*M(t) = 0
M(T) = 0

The reason for privileging a more abstract functional analytic ap-
proach is that one idea of further research is to readdress all the topics
in this work with an abstract formulation. This could provide an insight
to these robustness problems which could facilitate some generalisation
to infinite dimensional systems. In particular, it seems that one way to
approach the problem of finding algorithms for nondifferentiable convex
functional in infinite dimensional spaces is by means of approximating
schemes and A-proper mappings techniques, which are again nontrivial
abstract formulations.
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Figure 3.1: Graph of the minimal costs ¢.(z,u) plotted for different
values of the regularity factor ¢
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Figure 3.2: Optimal input u(t) and the phase diagram for the corre-
sponding optimal state z; X z,



Chapter 4

INTRODUCTION TO THE
PART ON STABILITY

We focus on the robustness of stability for linear autonomous systems by
considering a class of minimum norm destabilisation problems. The present
chapter is an introductory one, where we set up the backgrounds and the
context for what is to be the concern of chapters 4 through 6. Nothing here
is original work, except the treatment of the well-posedness of the perturbed
system, which was adapted from the one in Hinrichsen-Pritchard [13].

4.1 Preliminaries
Consider the nominal system:
= Az A€eRM™ (4.1)

where it is assumed that 6(A) C C~. This means (in other words,
it is equivalent to the fact) that, for any norm ||.|]| in R", there exist
constants M, > 0 such that

lleftz,|] € Me™#z,| (4.2)
for allt > 0,2y € R™. So, the equilibrium point z = 0 is asymptotically

(more precisely, exponentially) stable and we shall say, for short, that
the system is stable.

69
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We recall from the theory of ordinary differential equations the def-
initions:

The equilibrium point z = 0 of 2 = f(z) — for some vector field
f with f(0) = 0, possibly after a suitable change of variables — is
(Lyapunov) stable if Ve > 0, 3 6 > 0 depending only on ¢ and not on
t, such that for every z,, |z,| < §, the solution of z = f(z) with initial
condition z(0) = z, can be extended onto the whole half-line ¢t > 0 and
satisfies |z(t)] < e, Vt > 0.

The equilibrium point z = 0 is said to be asymptotically stable if
it is (Lyapunov) stable and z(t) — 0 as ¢t — oo, for every solution z(t)
with initial condition z(0) lying in a sufficiently small neighbourhood
of the origin.

To account for the uncertainties on the nominal system we shall con-
sider time-varying perturbations of the class given by disturbed systems
of the form:

t = Az + BD(Cx) (4.3)

with the matrices B € R**™ and C € RP*" giving the structure of the
perturbation.

D : L*(0,00; R?) — L?(0,00); R™) is given by
Dy(t) = D(t)y(t) Vi 0
for some D € L*®(0,00; R™*?) N L'(0, co; R™*?). Notice that this im-
plies D € LP,Vp > 1.
Clearly, such D is a bounded linear operator with
IDIl = || D=
(cf. Royden(3]).

Sometimes it is convenient to represent the system (4.3) as the fol-
lowing formal® output feedback configuration:

& = Az+ Bu (4.4)
= Cz
= Dy

1Formal in the sense that the matrices B and C only account for the structure

of the perturbations and do not bear any correspondence with the concepts of

controllability and observability of the system. For the present study we do not
need any assumptions on controllability of (A, B) at all.
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Obviously , a better representation of the structure of the perturba-
tion that accounts for the uncertainties in the original open-loop model
would be covered by multiple pairs (B, Cy) yielding systems of the -
form

i =Az+ 3 BD(Ciz)
k

but it seems premature to pursue this level of complexity as yet.

In Hinrichsen-Pritchard[8] and [9] it was introduced a state space
approach to the problem of measuring the robustness of stability. Es-
sentially the problem was formalised as a minimum norm destabilising
perturbation one. This means that we look for parameters ry p with
the property that

Dl < rkp = (4.3)is asymptotically stable
and such that
ri.p =inf{||D||; D isin P and (4.3) is not asymptotically stable}

The symbol P is used to indicate some particular class of perturba-
tion (not necessarily the one we are considering in this work). Ong"the
other hand, K stands for the scalar field, which is allowed to be either
R or C. This flexibility for K might seem somewhat unfounded, since
we are dealing with matrix A with real entries, but the reasons for this
allowance will become clear in the sequel.

Clearly, in order to be consistent one should expect only real per-
turbations to be considered. After all, the matrix A is real and so
should the perturbations be, since our account for uncertainties should
match our perceptions derived from concrete applications. Also, from
the definition it follows immediately that

0<rcy<rrp

which means that r¢, is a more conservative bound of stability. Ac-
tually, in some cases, it is arbitrarily conservative in the sense that for
some special choices of A, B,C and the class of perturbations, the quo-
tient rg,/rc, can become unbounded (cf. Hinrichsen-Pritchard [12}).

However, the problem is that, contrary to its real counterpart, rc p
presents some robust features in the sense that they are invariant with
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respect to different classes of perturbations which are relevant in the
applications. So, in the case of doubt about the class of perturbation
to be considered, the choice for complex stability radii seems more
reasonable. Furthermore, it should be noted that for some classes of
perturbations we can have r¢ p = rg p (cf. Hinrichsen-Pritchard [13]) .

In Hinrichsen-Pritchard[8] the notion of stability radii was intro-
duced for the class of unstructured time-invariant perturbations, i.e.,
for systems of the form 2

t=(A+A)r A e K" " constant matrix

by essentially measuring the distance of A from the set of unstable
matrices. The next step undertaken in Hinrichsen-Pritchard [9] was to
consider structured constant perturbations:

i=(A+BAC)z

with B € K*™*™ |, C € KP** | A € K™*?, and to introduce the
stability radii

rk = inf{||A|| ; (A + BAC)N iR # 0}
It is assumed that
rk =00 if o(A+BAC)NiR=0 V¥ &

Since the set of unstable matrices (more properly not asymptotically
stable) is closed and its boundary consists of matrices with at least one
eigenvalue on the imaginary axis, it follows that for any stable matrix
A (that is, such that 6(A) C C~), whenever the set

{A; o(A+ BAC)NiR # 0}
is non-empty there exists a matrix A, € K™*? such that
o(A+ BA,CYNiR £

and
[1Aql] = inf{ ||A]|; o(A + BAC) NiR # 0}

?Note that B = I, and C = I, in this case.
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so that the infimum is attained.
The stability radii r¢ (for the case K = C) and rg (for K = R) are
in general different and have been characterised: ‘

1 1
C = . =
maxyer |[Gw)l|  |IL]

rr = [max{||Gr(w)||; we€ R and Gi(w)=0})]"' ifm=p=1

max,eg dist(Gr(iw), Gi(tw)R)

_ . Gr(iw) —vGi(iw) |,|”
= [o e Gy || e

If G = 0, the stability radii are said to be co by definition.

Here, G(s) = GRr(s) + iGi(s) = C(sI — A)"'B € CP*™ is the
transfer function for the system (4.4) and L represents its input-output
operator given by

r

Lu(t) = /ot Ce?'=*) Bu(s)ds

All the norms in question are the operator norms.
We recall that the real and imaginary parts of the transfer matrix
G(s) for s = a + iw is given by

Grla+iw) = C(w*l+ (al — A)?)Yal — A)B
GHa+iw) = —wC(w?l+ (ol - A)*)'B

The global maximisation of ||G(iw)|| may eventually present com-
putational difficulties for some systems . As a way around this problem,
one can count on alternative characterisation involving the notions of
Hamiltonian matrix and algebraic Riccati equation.

First , for a cost function of the form

Tozav) = [ (R@I? - Sl
to be minimised subject to

z(t)= Az(t)+ Bv(t) t>0 =z(0)==z,
y(t) = Caz(t)
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we have that J,(0,v) > 0, for all v € L%(0, 00; C?), if and only if p < r¢.
So, the Riccati equation associated with the above minimisation
problem is ’

AP+ PA— pzc*C — PBB*P =0 (ARE,)
and we have

Theorem 4.1.1

Let H,, denote the real vector subspace of R**™ consisting of all Her-
mitian n X n matrices and H} the conver cone of positive semidefinite
matrices in H,.

Suppose 0c(A) CC~ and p >0 .

Then, the complex stability radius rc has the following properties:

(i) It is the largest value of p for which (ARE,) has a solution in H}.

(i1) If p < rc then there always ezist solutions of (ARE,) in H} and
if p < rc and P(p) is the smallest such solution, then P(.) is an
increasing, analytic function on (0,r¢) and it is stabilising in the
sense that (A + BB*P(p)) C C".

(ili) If p = r¢ and P(r¢) is the smallest solution in H}, then there
ezxists (w,z) € R x C™ such that

(A4 BB*P(r¢))z = iwz
Moreover,
A = B*P(r¢)z(Cz)*
° |Cz/?

is @ minimum norm destabilising perturbation.

We have also a characterisation of destabilising time-invariant per-
turbations

Proposition 4.1.2 A € K™*? is destabilising
iff
there ezist w € R and a nonzero y € C? such that

G(iw)Ay =y (4.5)
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Agreeably, r¢ can be an acceptable lower estimate for rg, although
there are cases where this estimate is too conservative. One remark
concerning pros and cons of these two stability radii is that ro de- -
pends continuously on (A, B, C) whereas in certain cases rg may be an
over-optimistic indicator of robustness since it may jump under slight
changes in the structure.

Finally, Hinrichsen-Pritchard [13] investigated the robustness of sta-
bility of linear finite-dimensional systems under complex or real pertur-
bations by considering perturbed systems

£(t) = Az(t) + BE(Cz)(t)
with the operator £ being one of the following types®:

1. £(y) (t) = N(y(t)) where N : K? — K™ is differentiable at 0,
is locally Lipschitz and of finite gain, and N(0) = 0.

2. E(y) (t) = D(t)y(t) where D(.) € L>(R*; Kr*™).

3. €(y) (t) = N(y(t),t) where N(.,.) : K x Rt — K™ is locally
Lipschitz in the first variable, and continuous and of finite gain
uniformly in the second variable. Also, N(0,t) =0forallt € R*.

4. £: L*(R*;KP) — L*(R*;K™) is causal, weakly Lipschitz con-
tinuous and of finite gain. £(0) = 0.

For each of the above classes of perturbation it was defined the real
and complex stability radii of the system as the norm of the “small-
est” destabilising perturbation. Interestingly, if complex perturbations
are considered, the four corresponding complex stability radii coincide,
whereas for real perturbations they depend on the specific class.

Our aim in this part of the work on robustness of stability is to
give some contributions to the study of the real stability radius for the
class of linear but time-varying perturbations given by item 2 above,
namely, £y (t) = Dy (y) = D(t)y(t). We define and denote this real
stability radius as

rry = inf{||D||g~ ; D € L* and (4.3) is not asymptotically stable}

3In each case, K is taken to be either R or C.
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To illustrate and apply our study on robustness of stability we shall
always be addressing the following

Example 4.1.8 (The damped linear oscillator) Consider the equa-
tion of small oscillations of a pendulum with friction

e+2p+ep=0

which can be put in the form

Tz = Az
with
SENH
op)) ‘,O
0 1
A=

For this system we have that

a(A)={A€C; )\=—§i\/£2—1}

so that if the coefficient of friction is positive then o(A) C C~ and the
lower equilibrium position of the pendulum (z; = z, = 0) is a stable
focus. (As £ — 0, the focus becomes a center).

The explicit formula for the solution is

©(t) = refcos(wt — ) = aettcoswt + Bellsinwt
w=+1-¢§

where the coefficients r and 6 (or a and ) can be determined from the
initial conditions.

For small ¢ we have w =~ 1 — 5,; Thus, the friction increases the
period only very slightly.

If the coefficient of friction is large (€ > 1), the pendulum does not
execute damped oscillations but rather goes directly into its equilibrium
position.
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Now, we assume a perturbation of the restoring force:
G(t) +262(t) + (1 +d(2))e(t) = 0 (4.6) .
or equivalently
z(t) = Az(t) + Bd(t)Cz(t)
with
B=[O] and C=[1 0
The transfer function for this system is

1

e — -1 —
G(s)=C(sI - A)'B= T
so that

_ 1 —w? ; 26w
T 0 - w4+ 42w? (1 — wh)? + 48%u?

G(iw) = Gr(iw) +iG;(iw)

Simple calculations give the stability radii ¢ and rg. Thus,

{25\/_71—5 if0<¢< V2
e =

1 f2<E<1
The frequency w, which yield |G(iw,)| = max,epr |G(iw)| are

w, = /1 — 22 for0<£<>§

w, =0 for%§$£<l

On the other hand, since rg = |G(iw.)|™?, for w. € R such that G;(1w.) =
0, we have that rg = 1.

We wish to compare rp, with this value of the real stability radius
for time-invariant perturbations with those concerning time-varying
ones.

We close this introduction with a proof of the existence and unique-
ness of (global) solution for the perturbed system (4.3).
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Figure 4.1: rg and r¢ as functions of the parameter §.

4.2 Well-posedness of the perturbed sys-
tem

The question on the existence of solution for the system can be in-
terpreted as a problem of existence of fixed point for linear bounded
operators in Hilbert spaces. Indeed, note that for every initial condition
z(0) = z, € R", the formal solution of (4.3) is

2(t) = Mao + [ ‘AT B(Dy)(r)dr V>0 (4.7)

where y = Cz. Thus, we can consider the functional equation
y=Fz,+ LDy (4.8)
by introducing the operator F : R* — L?(R*;KP?) and the input-
output operator L : L*(R*; K™) — L%(R*; KP), defined respectively

by

Fz,(t) = Ce''z, (4.9)
Lu(t) = /otCeA“")Bu(r)dT (4.10)
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The hypothesis on the stability of the matrix A yields that both F
and L are bounded linear operators.

Now, if for each initial condition =, € R" arbitrarily fixed, we define -
the operator H,, from L?(R*;KP) into itself by

Mao(y) = Fzo + LDy (4.11)

the question of global solutions of equations becomes equivalent to a
problem of existence and uniqueness of fixed points for H,,.

Proposition 4.2.1

Suppose ||D ||< [|L[|~*.

Then given any initial condition x, € R", the operator H,  above
has a unique fized point y € L*(R*;K?). This means that there exists
a unique z(.) € L}(R*;KP?) such that

z(t) = Az(t) + BD(Cz)(t) Vt>0
z(0) =1z,

Moreover, the equilibrium of £ = Az + BD(Cxz) is asymptotically
stable.

Proof:
The operator H,, is easily seen to be a contraction if ||D|| < ||L||~*. So,
the contraction mapping theorem gives the existence and uniqueness of
a fixed point y for H,,. This L*-function y obviously vanishes at infinity.
To prove the asymptotic stability we write, given any ¢, > 0 ,

} 4
z(t) = eAlt=t)z 4 [ AN B(Dy)(r)dr Vi,

to

where z € R™ is the solution of y(¢,) = C=.
We have from (4.2),

lett=tde]| < Memsl=t)|z] vt >4,
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So, for t > t,,
e < MeH el + MUBILIDIL [ llelu(r)ldr
We have, from Schwarz inequality, that:

'[tto e—#(t-f)ly(T)ldT (".‘to e-zy(t_,)dr)lh (f:to |y(r)|2d'r)l/2

1/2
(2#)—1/2 (1 _ 6-2#(t_t°)2ru‘) ”y”Lz(to't;h'p)
2e) 2 lyll2 (e
(26)? Y122 (t0,00)

INIAIA A

and we can write
|z(t)] < Me %)z + M.|IDH|.(26) 2 llyllL2(to00ik)

But ||y||z2(to,00;67) — 0 as t, — o0, which means that for any
given € > 0 there corresponds a > 0 such that

3
N ™

to>a = ||yl|L2(tom) <

M.|DiI

Now, for this t, sufficiently large, take

t>t,+ -l-log (2Mlz|)
P €

Then,
Me~Ht=to) €
e |2] < 5

so that |z(t)| < ¢ for all £ > {. o

The proposition above establishes that ||L]|~! is a bound for the
stability of the perturbed system in the sense that it gives the radius of

a circle such that the system is asymptotically stable for perturbations
whose “magnitude” is within it.



Chapter 5

EXACT
DETERMINATION OF rp,

We use a result from the theory of dynamical systems as a tool for deriving
an algorithm yielding the exact evaluation of the time-varying real stability
radius rgr, for the second-order linear oscillator parametrised by the damp-
ing factor. The interesting outcome is that rr; can be a less conservative
measure of the robustness of stability than rg as long as one consider linear
oscillations with sufficiently small damping factor. This result originally ap-
peared in Hinrichsen-Pritchard[13], where only perturbations on the spring
constant were assumed. Here we consider perturbations on both the damp-
ing and the spring factors and conclude that in this case rg; is invariant
with respect to the structure of perturbation.

5.1 Preliminaries

In Hinrichsen-Pritchard[13] one can find a characterisation, due to H.
Gonzales, of asymptotically stability of the equilibrium of 2-dimensional
time-varying system of the form:

z(t) = M(t)z(t) (5.1)
with M(t) = [m;;(t)}, or in the extended notation,

M(t) = [ my(t) my(t) ]

ma(t) ma(t)

81
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and each m;;(.) : [0,00) — R, #,j = 1,2, is measurable (or piecewise
constant) and satisfies

m; <m(t)<my t>0 (5.2)
where mJ; < m} are given real numbers.

To state the theorem, first we need to go through some definitions

and notations.
For each k =1,2,...,16, denote by

=[5 %]
1’21- V2

the 2 x 2 real matrix such that the (z,7)—th entry vg-c) is either m;
or me Note that this really comes up to 16 distinct variations at the
most.

Denote by V the set of all these matrices V(*), Also, we are taking
trX and detX to mean the trace and the determinant of a given matrix
X, respectively.

We shall consider the following optimal control problem, which we

shall refer to as (AP):

Find the optimal T > 0, N(.) and §(T) so that §(T) is the maxzi-
mal element of the set of all y(T) such that y(.) is the solution of the
following boundary value problem:

§(t) — trN(2) y(t) + detN(t) y(¢) = 0
y(0) = -

y(T) =0

yt)#0 for0<t<T

where N(.): [0,T] — V is piecewise constant. (Thus, the aspect of the

maps N(.) is that the interval [0,T) is partitioned into r sub-intervals
so that, for allt in each sub-interval, N(t) = V¥ for some V¥ € V.

Finally, let us consider the two following conditions:
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G1l: maxy, (k) ¢ vtrV(") <0 and minv(k) c vdetV(") >0

G2 : at least one of the following conditions is satisfied:
G2.1 : Either

trvN? —4detV®) >0  forall VH eV (5.3)

G2.2 : or §(T) < 1, where §(T") is the solution of (AP).

Then, the theorem that gives the characterisation of asymptotical
stability can be stated as follows.

Theorem 5.1.1 (Gonzales’s theorem, v. Hinrichsen-Pritchard[13])

Consider the system 5.1 as described above and the optimal control
problem (AP).

The equilibrium of (5.1) is asymptotically stable iff (G1) and (G2)

are satisfied.

The problem (AP) admits an optimal triple (§(.), N(.), T that can
be constructed by means of an algorithm, which we present here:

Step 1: Let V(%) be the determinantwise maximal element of v,
in the sense that

detV*) = max{detV™® ; V¥ ¢ y}

and let t; > 0 denote the first time at which one of the lines

Ly = {(y,2) e R?; z=v{%)y}
L, = {(y,z) eR?; z = vy}
Ly = {(y,2) € R?; y =0}
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is hit by the orbit (y;(t),9:1(t)), t > 0, given by the solution of the initial
value problem:
§1(t) — trV kel g () + detVikoly, (1) =0 t>0
1(0) = -1
Figure 5.1 illustrates such situation when v§'§°) <0< vg’?).

z

Y

/
\,'b/
/
/
K
\ Y
//.

/
Figure 5.1: The switching lines for the optimal trajectory.

At this point we have the optimal N(.) and §(.) on the interval [0, ]

More specifically, let us denote by #,;(t) the entries of the optimal N(.).
Then,

ag(t) = vl Wtelot)
§(t) u(t)  Vtel(0,t)

Now, we move on towards their construction for ¢t > ;.

Step 2: If (y1(t1),%1(¢1)Ly, that is, L, is the first line to be hit by
the orbit, we switch fi55(t) according to the following rule:

if lim,_,,- fi25(t) = m3, then set lim,_ 4 fiza(t) = map;

if lim,_,- figa(t) = m3, then set lim,_ o4 fiza(t) = mb,.

The other entries of N(t) remain unchanged for ¢ — ¢} (that is, in
a right-neighbourhood of t,).
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If (y1(¢1),91(t1) € L2, we change 71,(2) in an analogous way:
if lim,_,— f11(t) = my; then set lim, 4 A (t) = miy;

if lim,_ - fin(t) = my; then set lim,_ i+ #11(t) = my.

The other entries remain the same.

If (y1(t1), 11(t1)) € L3, we change both 7i15(t) and 75 (t) in the same
way, sticking to the other entries.

Step 3: Consider the matrix N(t]), where we are denoting

lim fl,J(t) = fl,_,(til-)
t—tf

and let ¢, > 0 denote the first time at which one of the lines L,, L,
or L3 is hit by the orbit (y2(t),92(%)), t > 0, of the new initial value
problem:

§a(t) — trN (t)ia(t) + detN (8 )ya(t) =0 t>0
¥2(0) = y1(t1)
¥2(0) = 41 (1)

Step 4: Set

)= N@tf) Ve [tith +ta]

N(t
t) = yg(t) Vt € [tl,t] + tz]

9(

Step 5: Again, the same rules for changing N(t) are applied re-
sulting a new matrix

N(t) = N((ty + t;)%) , for t € [t1 + ta, 11 + t2 + 3]

with ¢; being determined by means of the same rules.
The process is continued until the line y = 0 is reached for the first
time, say t,. This time gives the optimal T =1, + 1, +... +t, and the
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functions §(.) and N(.) constructed by means of the algorithm yield
the maximal triple ) )
(N(.),9(.),T)

In the case of the linear oscillator, and more generally, 2-dimensional
systems, we can use this characterisation to determine rg, exactly. This
is done in the modes of Hinrichsen-Pritchard [13], where the method is
founded on a result by H. Gonzales. We shall provide the method here,
but this time assuming perturbations on both the “spring constant”
and the “damping factor”.

5.2 Time-varying real stability radius rg;
for the linear oscillator

Consider the following perturbation of the linear oscillator introduced
in example (4.1.3):

e+ (26 +4q(t)e+ (1 +p(t)p=0 (5.4)

where 0 < £ <1 is a given parameter.
We assume that, given a,3 > 0,

p(.) : [0,00) = [~a, ]
and
q(-) : [0, 00) = [-5, 8]
are two Lyoc functions defined a.e.
In particular, this means that p(.),¢(.) € L*°(0,00). Also, we re-
mind that functions which are measurable and essentially bounded be-

long to LLOC-
The phase-space representation of (5.4) is

z = Az + Bu
y=Cz
u(t) = d(t)y(t)

a=[5 5] m=[8] =[5 9]

where
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d(t) =[-p(t)  —q(t)]

The case studied in Hinrichsen-Pritchard [13], namely, d(t) = p(t)
and C = [1 0}, can be reproduced from our treatment by taking 8
to be zero and performing the obvious changes in the structure of the
perturbation.

We shall apply Gonzales’s theorem to our perturbed oscillator (5.4),
in which case the corresponding matrix M(t) is given by

0 1
—-1-p(t) —2¢-q()
so that
m;; < myi(t) < mf t>0
with
mp;; =mf; =0
mp =mf; =1
my =-1 -« mih=-14+a
mp=-2—-F mpHh=-2+p

We have the set V = {V(*) = [v,(Jk)] with k = 1,2, 3,4} where

and we have the following table:

VO | rv® | getv® | (trv®) - gdetvi®

VIOT 26 -8 1+a [(26+8)7—4(1+a)
VA 26 4+8| 1+a | (26 -8)?-4(1+4+0)
VO | 2681 1-a | (26+8)*—4(1-a)
V@ | 2648 1-a |(26-8)%-4(1-q)
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The way we shall use the theorem is by seeking the first destabilising
perturbation. More precisely, we shall start off from a situation of
asymptotic stability and seek d(t) with minimum norm- ||d(.)||L~ =
Sup,>o v/ P(t)? + q(t)? which renders the system not asymptotic stable.

Hence, rr(€) = ||d(.)]lL= for this minimum norm destabilising d(.).
For V() € V we have

max trV®) = trV@® = 4rV@W = 26 4 <0 iff A< 2%
min detV(®) = detV® =detV@ =1-a>0 if ac<l

It is natural to start from hypothesis that guarantee (G1) and ex-
pect the destabilisation to come from the study of (G2), for otherwise
||d(.)]| = 1 = rr. Therefore, we shall assume

0<a<l (5.5)
0<8<2

We have

lemma 5.2.1 Under our assumptions, condition (G2.1) is not satis-

fied.
Proof: Just note that
2% —
sup (L—ﬂ) =(L1<1l+a
0<B<2¢ 2

and (G2.1) fails for V{2, !

This lemma means that the destabilising process will be carried out
through following the steps of the algorithm for the optimal problem
(AP).

Step 1: We have that

=] 0 !
‘/ll"‘[vu] —l—a _zg_ﬂ
is maximal in the sense that

detV; = max detV¥) =1+ a
vk ey
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The three switching lines are

L, = {(y»z); Z=O}
{(y,2); 2= (=26 - By}
{(y,2); y=10}

However, the lines L; and L, can be neglected, since the starting
point (—1,0) already belongs to y = 0 and, with respect to the line L,,
there is no change to be carried on once it is hit because m; = mf,.
So, the only switching line that is relevant is y = 0.

Exploring the algorithm further, we need to determine ¢,, the first
time at which the line y = 0 is hit by the solution y;(.) of

h
W
i

N+ 2+B8)n+(1+a)y =0 (5.7)
yl(o) = -1
n(0)=0

Its characteristic equation is
My +8r+(14a)=0 (5.8)

whose solutions are

A:—(%ﬂ)i\l(g;é)z—(l+a) (5.9)

In order to study these roots of the characteristic equation, we ought
to analyse three cases. For convenience of notation, let us put

o= 218
2

and

Cile) = {(t,s)e 0,1) x[0,2) 5 1+1< (2‘2“)2}

2
Cy(6) = {(t,s)e[o,l)x[0,2f); 1-t< (%ﬁ) <l+t}
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C3(§) = {(t,s)e[o,l)x[o,2§) 5 (2‘52+s> <1—t}

An initial study of C; and C; allows us to show that rp,({) = 1 for
€ > V2/2. First, (@, B) € C, gives the following lemma

lemma 5.2.2 £ >vV2 = rpf) =1

Proof: The characteristic equation 5.8 has two distinct real roots
in this case, so that the solution of the initial value problem 5.7 is

() = —e™ (cosh (dt) + %sinh (dt)) (5.10)

d = \/a? — (1 + a), which gives that the system goes directly to its
equilibrium position without executing any oscillation.

The asymptotic stability can only be broken by putting either o = 1
or 3 = 2¢. Therefore, the destabilising d(.) with minimum norm will

give ||d()lr~ = V12 + 02, 0

Figure 5.2 shows the phase-diagram for (o, 8) € C(€).

04 ¥ M A N i M L] s Ll H 1

ydot

-1.0 038 06 0.4 02 00

Figure 5.2: Trajectory for « = 0.20, 8 = 1.0 and £ = 0.80
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On the other hand, suppose (a,3) € C2(§). We have that (5.7)
yields a characteristic equation with two complex roots. Denoting

b=+/(1+a) - a?

which is also positive, the roots are —a+1b. Using the initial conditions,
we obtain the solution of (5.7) :

ni(t) = - (cos bt + %sin bt) (5.11)
1
y(t) = e (%) sin bt (5.12)
Since t, is the first time at which 3(¢,) = 0, we have that
t = Lorctan (=2
1 = arctan | —~
is such that
L<t1<-7£ cos bt; = — - sin bt; = b

2b b
Now we set, for all t € [0,1,],

Vi+a 14+«

§(t) = p(t) = —e* (cos bt + %sin bt)

which yields
a2 + b2

yi1(t) = e™2b ( 7 ) sinbt; = V1 + a et

Within the same approach we can obtain :
b
1) = —e~% | — a g, =
n(th) = —e ( =13 F_1+a) 0

Therefore, at this time ¢, the solution y;(t) hits the line y = 0 and
we are supposed to change 7;5(t) and 7i5(t). The new initial value
problem after switching at time t,, namely

G2+ (26 +8)p2+(1-a)y, =0 (5.13)
yg(O) =0
¥2(0) = (1)
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has the solution
va(t) = pu (M = &) (5.14)

where Ay = —a+ (/a? — (1 —a) and A\; = —a — /a? — (1 — «) are the
two real roots of the characteristic equation associated to 5.13 and we

are denoting
_ V1t a e
oM
The time t, for which y,(¢;) = 0 is uniquely determined by

A1

= ea-hilt (5.15)
X

(Note that A;/A; > 0, since 0 < a < 1, which can be shown by a
contradiction argument).

Also,
yz(tz) =pu AL——/\] etz = Y 1+a e—a(titt2)
A2 V-«
So we have

Proposition 5.2.3 rg,(£) =1 for £ > V/2/2.

" Proof: The system is asymptotic stable whenever y;(t;) < 1, that
Vi+a

a+ \/a2 -(1-0a)

So, if V2 a > e~ with {; determined by

is,

eMtregmh <]

cosv2—a2{1=—%and%5 2—-a?t; <

N

we have

1t+a Mtz « 22 1700 <]
a+\/a2—(l—a) 2a




5.2. LINEAR OSCILLATOR 93

Hence, for £ > 1/+/2 we have that £ + 8/2 > 1/v/2 and
VZa>1> e

so that the asymptotic stability is guaranteed. Therefore, the minimum
norm destabilising perturbation gives ||d(.})|| = v12 + 02.
This together with lemma 5.2.2 complete the proof. ]

To study the asymptotic stability for ¢ < v/2/2, we need to analyse
the cases Cy(¢) and C5(€). With respect to the first one, the solution
of the initial value problem after switching at time ¢, was determined
above. For the case (o, 3) € C3(£), we have a? < 1+« so that equation
(5.8) has two complex roots, giving the same y,(2) and ¢; as before. The
initial value problem obtained after the switching time is the following:

ﬁz(t)+(25+ﬂ)!)2(t)+(1—0)y2(((t); = g t € [0,t,)
Y2 =
$200) =wn(t) = e*/I+e

t2 to be determined in the sequel.
Its solution is given by

V1 .
ya(t) = VI ettt gip ot
c
where ¢ = /(1 — a) — a2
Hence, t;, the time at which the solution hits y = 0, is uniquely
determined by

T

1 c
0<it; < — t;=—arctan (—) coscly = ‘
2c c a

JRE

and the value of y,(t,) is

1t e-alti+t2)

yalte) = \[7——

In order to evaluate rp () for each positive ¢ < /2/2 fixed , we
proceed as follows: First, we choose a pair of values for a and 3 and
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check if (a,B) € Ci(€) with k = 2,3. If the answer is negative, we
pick another pair of values. If positive, we input their values in the
corresponding computer program that returns the phase-diagram with
the switching curves and check whether the trajectory hits the axis
y = 0at (1,0). If so, the choice (e, 3) gives a destabilising perturbation
(in the boundary between stability and instability). If it hits the axis to
the left of (1,0), we have a perturbation giving asymptotically stability.
If it hits to the right, the system is unstable. Figure 5.3 shows three
choices of (a, §) representing each of the possibilities.

1.2
1.0
o8 L.
06 .
o -
02
0,0 [

0.2

42 40 08 08 04 H2 00 02 04 08 08 1.0 12 1.4

Figure 5.3: Phase-diagrams corresponding to three choices of (a,f3)
when £ = 0.20. (a) a = 0.80, 8 = 0.20; (b) a = 0.80, 8 = 0.16; (c)
a=0.80, 8 =0.05

For each value of ¢ this procedure is repeated so that we obtain a
curve giving all the values of the critical (&, 8) for which the trajectory
of the switching systems hits the axis y = 0 at (1,0). The value of rg,(£)

will be equal to miny/&? + 2. Figure 54 gives this curve (the boundary
between stability and instability) for the case £ = 0.20. Note that the
minimum norm destabilising d(.) happens to be the one corresponding
to & = 0.60 and § = 0, giving ||d(.)|| = V0.602 + 02 = 0.60. Hence,
the minimum norm destabilising perturbation is the one obtained for
B = 0. It turned out that this behaviour was characteristic for all £ <
v2/2. So, the structured of perturbation favoured in our study (with
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disturbances both on the damping and on the spring constant) resulted
in the same rg, obtained in Hinrichsen-Pritchard[13] for perturbations

only on the spring constant.

035 T3 T

030t
o[
ol
05|

0,05 -

0,00 e d I P SR
0,0 0.1 02 03

Figure 5.4: Instability region for a damping factor £ = 0.20. (5) repre-
sents the stability region whilst (U) represents the instability region.

Figure 5.2 shows the graphics of r¢, rp; and rg = 1 against £,
obtained by performing Gonzales’s algorithm and studying, for different
values of o and f3, the points at which the asymptotic stability was
broken by having y,({;) = 1.

Obviously, the asymptotic analysis for rg,; is made when ,B 0 and
hence is the same as the one that appears in [13], yielding rg(¢) ~ 7¢
near { = 0. Next chapter will provide in detail an asymptotical analysis
by an averaging method.

An important additional conclusion is that for the minimum desta-
bilising d(.) the solution of the oscillator is periodic. Its closed orbit is
obtained by mirroring the critical phase-diagram (that is, the one that
hits (1,0)) of figure 5.2 over the horizontal axis.
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Figure 5.5:

Stability radii as functions of the damping parameter £.



Chapter 6
ASYMPTOTIC ANALYSIS

We show that, for the 2-dimensional linear oscillator with small damping,
there exists a periodic perturbation on the spring factor with L°-norm
strictly less than rgr. Moreover, the corresponding asymptotic behaviour
of the solution turns out to be also periodic.

The relevant point here is that we provide an alternative perturbation
method which is conceptually simpler than the one in the previous chapter
and can eventually be generalised to systems of any order n.

6.1 Introduction

The motivation for the method we provide here is the observation that,
for linear systems subject to periodic perturbations, the boundary be-
tween regions of stability and instability will present periodic solutions.
To make this statement more precise, we borrow from Verhulst[2] a
summary of the Flocquet theory.

By analysing simple examples, we can see that dynamical systems
represented by equations with periodic coefficients may have both peri-
odic and non-periodic, even unbounded, solutions. The essential issue
here is provided by the result that each fundamental matrix ®(t) of
equations of the form z = A(t)z with A(t) a continuous T-periodic
n X n matrix can be written as
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with P(t) a T-periodic n x n matrix and M a constant matrix of the
same order. Indeed, by using simple arguments one can show that the
fundamental matrices ®(t) and ®(t + T') are linearly dependent, which
implies that there exists a constant n x n matrix M such that

®(t+T) =-9(t)eMT

and from this one has that P(t) = ®(t)e M7 is T-periodic.
The eigenvalues A of eMT are called characteristic multipliers. Each
complex number o such that

A= T

is called a characteristic ezponent. One can choose the exponents a in a
way that they coincide with the eigenvalues of the matrix M. Both the
stability of the trivial solutions and the existence of periodic solutions
of £ = A(t)z are determined by the eigenvalues of the matrix M. We
summarise this comment as follows:

o If there exists a T-periodc solution, then one or more of the char-
acteristic exponents are purely imaginary (and the absolute value
of multiplier equals 1).

o The trivial solution is asymptotically stable if and only if all char-
acteristc exponents have negative real part (multipliers have ab-
solute values less than 1).

o The trivial solution is stable if and only if all characteristc expo-
nents have real part < 0 while all the exponents with real part
zero have multiplicity 1.

Concerning the problem of calculating the characteristc exponents
and multipliers, we have:

Theorem 6.1.1 (v. Verhulst, p. 82) Suppose \; anda;,i =1,2,...,n
are the chamcterisﬁc multipliers and ezponents, respectively, of z =

A(t)x Then
T
MAg = ezp([) trA(t)dt)
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hd 1 /T 271
Za;zT/o trA(t)dt  (mod=)

i=]

where trA(l) is the trace of the matriz A(t).

So, the existence of characteristic exponents a with real part zero
(for certain values of the parameter § > 0) can mean the transition case
between unstable and stable solutions. (It can be shown that) in such
a transition case the system has periodic solutions (of period either T
or 2T). Thus, by criteriously searching for periodic solutions we are
determining the boundaries of the stability domains and, as such, an
estimate for rpy.

6.2 Asymptotic analysis of the linear os-
cillator under periodic perturbations

In the present section we apply a perturbation method to the linear os-
cillator parametrised by the damping £ and show that, for small values
of &, rr¢ can be made strictly less than rg.

Thus, consider the perturbed linear oscillator given by:

i=(A+ Bd(t)C)z (6.1)
" A=[_01 _12€] B=[(l)] c=[1 0

Since we are interested in the behaviour for small values of the
parameter £, we assume:

The perturbation near £, = 0 is given by
d(t;€) = a(t) Y pet* (6.2)
k=1

where p; € R, not all zero, and a(.) is a continuous real T-periodic
function. Note that this power expansion start at k = 1, or equivalently,
we are taking p,. The reason for this will become clear in the sequel.
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The periodic solution near {, = 0 is of the form
z(t;€) = D zi(t)EF (6.3)
k=0

— with each zx(t) € R? periodic of the same period. We assume that the
power series are absolutely convergent.

Furthermore, note that A = A(¢) = A; + A€ with

0 1 0 0
A1=[_1 0] and A2=[0 _zl

Substituting (6.2) and (6.3) into (6.1),

(1) + Y 2 = Arzo() + 3 Aran(1)E* +
k=1

k=1

oo aid k
+ ) Aszea(B)EF + Y Ba(t) (E Piczk*i) ¢
k=1 k=1 Jj=0

so that

.‘l':o—Al.‘lfo(t)'l'Z (.’L‘k(t) - A].‘l:k(t) - Ag.’tk_l(t) - Ba(t) El’jyk—j) {k =0
k=1 j=0
where y; = Cz,.
Hence we have:
2,(t) — Ayz,(t) = 0 (6.4)
and, for k > 1,

k
zk(t) = Aiza(t) = Agzia(t) + 3 Ba(t)p;yi-; (6.5)

=1

In terms of the state coordinates of the oscillator, the above set of
equations give
Bolt) + olt) = 0 (6.6)
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and

k
Grl(t) + oi(t) = =201 (t) —a(t) Y_pjye-; k=1,2,--- (6.7

i=1

At this point the reason for assuming p, = 0 becomes clear: equation

(6.6) would be

@o(t) + (1 + poa(t))eo(t) = 0
otherwise. For a(t) = cost, the stability considerations lead to the
study of a Mathieu equation

@o(t) + (6 + epcos t)ip,(t) = 0

and to forced Mathieu equation for k > 1. This would add unnecessary
complications to the problem. Furthermore, the classical perturbation
analysis for this equation gives ¢ = 0 when § = 1 in the boundary
between stability and instability (see, for instance, [28]).

Going back to our procedure, the general solution of (6.6) is

?o(t) = cycost + csint (6.8)

which is bounded and, as such, stable.
Inserting (6.8) into @y + 1 = =2, — a(t)p1, yields

@1 + 1 = 2¢15int — 2c;cost — a(t)py(cycost + c,sint) (6.9)

We observe that a 27-periodic perturbation a(t) = d, cost + e; sint,
the outcome is that the only stable solution is the trivial one ¢ = 0,
which can be easily checked. Note that we can embed p, into the
notation of the coefficients of a(t).

For a w-periodic perturbation of the form

d, .
a(t) = 5 + da cos 2t + ez sin 2t
we have

@1 + @1 = Mycost + Nysint + Macos 3t + N3sin 3t (6.10)
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where
Mi=-1]2c +i°-c +ldc +lec
1= 2 5 &1 1 5820 T €20
d, 1 1
N1 =2Cl—562+§d262—'2-8261
1

M3 = —5 (d261 - 6262)

1
N3 = ~3 (dacz + e2c1)

Again, according to the theory of stability of forced oscillations we
have that the solution ¢, of (6.10) is stable when the coeflicients of
cost and sint all vanish so that forced terms with frequency equal to
the natural frequency of the system do not appear and resonance is
avoided. Thus,

C]dg + ey = -—docl - 4C2
cdy —cie; = dyey -4

This system of equations yields:

do (612 - 622) + 8C1C2
a?+¢?

dy = —

4 (612 — C22) - 2doC102

and we have the following expression for a(t):

d d,
a(t) = 5 +Vd + eg? cos(2t +6) = >+ Vd,* +16 cos(2t + )

€q =

with P
cosf = ——*——  and sinf = ——2
V dy® + €52 Vda? + €32
so that

tanf = —-e_2 = 4 (612 — ng) -2d,¢1¢;
dz d, (12 — %) + 8are,
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For ¢ > 0 sufficiently small such that
e(t;€) = po(t) + O(¢)

we have that

(L= = max x [€a(t)] = ¢ max 15

d  /
5 +vd,? + 16 cos(2t + 0)|

We can get the minimal estimate by taking d, = 0, which yields
ld( )iz = 4€  near £ =0

To obtain the asymptotic behaviour of the trajectory, we can use
an averaging method. For this, we shall be relying on the classical
Lagrange method summarised in the following lemma:

lemma 6.2.1 (v. theorem 11.1 in Verhulst [2])
Consider the initial values problems

z={f(t,z) z(0) = z,
and
Yo = ffo(ya) Yo = Zo

where z,y,,2, € D C R"*, t € [0,00) and f : [0.co) x D — R" is
T-periodic in t, with T a constant independent of §.

W= [ Sty

(y is kept constant in performing the integration).
Suppose also that

1. f and %z[ are defined, continuous and bounded by a constant M
(independent of £) in [0,00) x D.

2. y, ts contained in an internal subset of D.

Then, z(t) — ya(t) = O() on the time-scale 1/€, that is, there exist
constant K, and K, independent of £ such that
lz(t) — ya(t)lrm < K1§  for 0< 2t < K,

as§ — 0.
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Consider the perturbed oscillator
G(t) +26p(t) + (1 +€( % + dacos2t + ezsin2t ))p(t) = 0
¢(0) = c
©(0) =0
for small values of the parameter £ >_0.
We apply the transformation:

e(t) = w(t)cost + ya(t)sint (6.11)
@(t) = —y1(t)sint+ yycost (6.12)

Note that this implies that
yrcost+ yysint =0 (6.13)

By differentiating (6.12) with respect to ¢t and substituting ¢, ¢ and
¢ in the equation for the perturbed oscillator, we get

—y;sint + yacost =

d, : :
—€|2(~yisint + yy cost) + (_i- + dy cos 2t + e, sin 2t)(y; cost + ya sint)

Hence we can prove the following

Theorem 6.2.2
Consider the system:
P(t)+ 20+ (1+d(t)p()=0 t>0
p(0) =c
$(0)=0
Then, for sufficiently small values of ¢ > 0, there ezists a periodic
perturbation of the form d(t) = €a(t) for some continuous function a(.),
with a(t + T) = a(t), such that
Hd(llLw = 4§  near & =0
and the corresponding solution ¢(t) is periodic of the same period T
In particular, for the linear oscillator
3+ E4() + p(t) = 0

with uncertainty on the spring constant, the time-varying real stability
radius rg, is strictly less than rp tn some neighbourhood of £, = 0.
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Proof: We can think of this equation together with (6.13) as an
algebraic system for the unknowns y; and y,. Solving it and averaging
over [0, 7] yields

yla = [(62 - 4)y1a + (do - d2)y2a] yla(O) =cC

Y2 = Z [(do + dz)yla + (62 + 4)y2"] yza(o) =0

R

Solving this system of differential equations for d, = d; = 0 and
e2 = 4, we have that p,(t) = ¢ cost, so that

@(t) = ¢ cost + O(¢)
being the periodic solution for £ near zero and
d(t) = 4€sin 2t

Moreover, note that the solution is periodic. Hence d(t) is a desta-
bilizing perturbation and we have:

TRy < |ld( |l =4 <1 =rg

for £ sufficiently small. This completes the proof. ]

So we can conclude that the norm of the perturbation for small
§ turns out to be a reasonably tight upper bound for rg, since the
asymptotical study derived from Gonzales’s approach gave rg, =~ ¢
(cf. Hinrichsen-Pritchard [13]).

An advantage of the present result is the simplicity of its method
in comparison with the one undertaken in the previous chapter. Note
also that there is nothing special with the order of the system. This
method can be applied to parametrised systems of any order n as long
as the time-invariant matrix A(§) can be written as

A() = Ay + A
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0 17
w=] o]

for some positive definite matrix Q.

This results_also opens up the possibility of having a method for
obtaining rr, approximately by imposing periodic perturbation with a
periodic solution with the same period. In a way, the next chapter is
related with this approach.

where



Chapter 7

PERIODIC
PERTURBATIONS

This chapter explores the situation where one can have periodic solution
as a response to periodic perturbation. The main result is a characterisa-
tion of destabilising periodic perturbations which generalises the existing
time-invariant version. Another relevant point is that it broadens the field
of investigations on time-varying real stability radius: this resonance phe-
nomenum may eventually be explored to provide some algorithm to give
approximations for rg in the case of general n-dimensional systems.

7.1 Introduction

We consider the usual open-loop asymptotically stable system z = Az,

with (A) C C~, and the following feedback configuration to account
for its uncertainties:

z(t) = Az(t)+ Bu(t) (7.1)
y(t) Cz(t)
u(t) = D(t)y(?)

A€eR™™  g(A)CC-
B E Rnxm C E RpX'n

107
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We assume that D(t) is defined on [0,00) as a real m x p matrix
and of period T = 27 /w,, for some positive parameter w,, in the sense
that

D(t+kT)=D(t) k=0%1,%2,...
whenever D(t) is defined. Also, D(.) € L(0,T;R™*?), and so inte-

grable over every finite interval and hence its Fourier coefficients are
well defined.

Furthermore, we suppose that D(.) € L*(0,T;R™*?). Then the
extension of D(t) by periodicity to (—oo0,00) is in L?(R; R™*?) and
the Fourier series of D(.) converges to D(t) almost everywhere:

_1

D(t) = ;

D, + 2:(D,c coskw,t + Ejsinkw,t) a.e. (7.2)
1

where Dy, Ex € R™*? are the Fourier coefficients of D(t).

Given a initial condition z(0) = z, € R", we shall impose the
solution of (7.1) to be periodic of the same period T and also in
L*(—o00,00; R"). Thus, we can write

1 had
z(t) = 5% + kE (ax coskw,t + b sinkw,t) a.e. (7.3)
=1

where a;, b € R" are the Fourier coefficients of z(t).
In terms of the observation y = Cr, equation (7.3) gives

+ ) (ykcoskw,t + fisinkw,t) ae. (7.4)

Sometimes it is convenient to treat the problem by means of the
complex form of the Fourier series. Thus, we have the following equiv-
alent expressions for D(t) and y(t):

D(t)= Y Aje*™e ae. (7.5)
k=~
where 3-%  means the limit as N — oo of Z’_v N

00

y(t)= Y Yiet™'  ae. (7.6)

k=~00
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Recall that the coefficients in the trigonometric and complex form
of the Fourier series are related as follows:

D, = 2A,
D, = Acr+A_; fork=1,2,..
Ek = i(Ak—A_k) fork=1,2,...
or equivalently, for k > 1,
Ay = %( iEk)
A = 5(Dip+iEy)

Note that, for k # 1, A_x = A; whenever D(t) is a real perturba-
tion.
Analogous expressions are valid for the Fourier coefficients of y(t).

7.2 Periodic destabilisation

First we derive a necessary condition to be satisfied by the correspond-
ing Fourier coefficients.

lemma 7.2.1 (Compatibility equations) Consider the closed-loop
system (7.1) with the above periodicity assumptions on the perturbation
and the solution. Then

G(ikw,) 3. AYi ;=Y fork=0,21,42,... (7.7)
j==oco

where G(s) = C(s] — A)"'B € CP*™ is the transfer matriz of the

open-loop system.

Proof: The equation z(t) — Az(t) — BD(t)Cz(t) = 0 implies that
the Fourier coefficients satisfy

thw, Xy — AXi - B(D(.)C.’t)k =0

where (D(.)Cz) = T2 _ o A;CXk-j = X720 Dk-;C X is the Fourier
coefficient of the product D(t)Cz(t) Then.

(tkw,I, — A)X, — B Z A;jCXk-j=0

Jj==-o0
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Since o(A) C C~, we have that (ikw,]/ — A) is nonsingular and (7.7)
follows. 0

The next theorem is the main result of this chapter. Recall that
(Yi) in I? means that 332 _ |Yk|? < oo. Also, the hypotheses on
D(.) guarantee that it is in L? and hence the sequence of its Fourier
coefficients is in I2.

Theorem 7.2.2 Suppose D(.) € L=(0,T; K™**)N C(0,T; K™*?).
D(t) T-periodic ts destabilising

iff

there ezists a nonzero sequence (Yi)ie_., in I? such that the set of
equations (7.7) is satisfied, i.e.,

Glikw,) S AjYi-; =Y

y=—00
Proof:

For D(t) T-periodic and destabilising whose Fourier coefficients are
such that the perturbation is at the boundary between stability and
instability, the Flocquet's theory gives the existence of periodic solution
z(.) € L*(0,T;K") of period either T or 2T. We can assume the period
of the solution to be the same, for if Tp is the period of D and 2Tp
is the period of z, we can consider the Fourier expansion of D(t) as a
2Tp-periodic function. The necessity follows from lemma 7.2.1.

On the other hand, suppose (7.7) holds. Take z(t) such that

Xy = (tkw,I — A)—]B Z A;Y_;
Jj==-o0
Then the Fourier coefficient of Az(t) + BD(t)Cz(t) is
(Az(.)+ BD(.)Cz(.))k = AXy + B >_ A;Yi_;

J=-oc
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= AXy + (tkw,I — A)(¢kw,] — A)"'B DAY (W
= AXi+ (tkw,] — A) X}
= tkw, Xk

which is the Fourier coefficient of Z(t). o

Remark 7.2.1: This result generalises proposition 4.1.2 from the
context of time-invariant perturbations to periodic ones. Also, we can
regard it as providing a method for obtaining upper bounds for the
time-varying stability radii by considering the following problem:

Problem (*): Find Ay with T ||Ak||> < 0o and D(t) € K™*? of

minimum norm

ID( )l = sup ||D(t)]]
te(0,T)

such that there ezist Yy, not all zero and with ¥ |Yi|> < oo, so that
(7.7) is satisfied, i.e.,

Glikw,) Y AYio; =Y

j==o0

Thus, such D(t) is destabiling and hence rx; < ||D||p-

It is worthy to note at this point that the Fourier coefficients A;
of the perturbation, and consequently the norm ||D||L~, depend on
certain parameters. They are the frequency w, and the nature of the
unstable periodic solution imposed by equation (7.6), that is, the initial
conditions for the system. So we can say that the variables w, and
Y, = CXy, for k € Z are the entities to play with in order to search for
a relevantly small ||D]|p.

Obviously, to solve this infinite set of solutions is far from being
a simple task but the expectation that one can obtain upper bounds
which are less conservative than rg opens a new front of research that
can be pursued on. The natural aim, of course, is to culminate in a
complete methodology to approach the compatibility equations (7.7) in
its full generality (that is, infinite number of Fourier coefficients).
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Let us first establish that problem (*) has a solution and, more pre-
cisely, that theorem 7.2.2 reproduces the time-invariant complex sta-
bility radius:

Proposition 7.2.3 Suppose A, € C™*? is the minimum destabilising
_matriz that gives ||A,|| = ro.
Then, D(t) = A, is a solution for problem (x).

Proof: Suppose A; = 0 for all k£ # 0 (i.e., time-invariant perturba-
tion) and let k, and w, be such that ||G(ik,w,)|| = max,er ||G(iw)]]
(without loss of generality, we can assume k, > 0).

Then (7.7) becomes G(ikw,)AYr = Y; for all k.

Take Yi = 0 for all k # k,, with Y), # 0 such that

A,G(itk,w,)Uk, = Uy,

where Ui, = A,Y%,.

Then, the (destabilising) minimum norm solution of the above equa-
tion is
_ Uk [G(tkow,)Us )

G (ikowo ) Uk, ||

8,

where [G(ix,w,)Us,]* is a linear form in (C?)*, the dual space of C?,
whose existence is guaranteed by the Hahn-Banach theorem (v. Hinrichsen-
Pritchard[12]).

We have ||A,|| = re.

Also we have the following:

Proposition 7.2.4 The compatibility equation (7.7) provides an upper
bound for rg.

Proof:

Take Ay = 0 for k£ # 0 and, for a nonzero A, € R™*?, equation
(7.7) gives
G(0)AY, =Y,
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Hence )
IAol = — > TR

IGO)II —
for any real Y, # 0. 0

In the context of real perturbations (K = R) we have that A, £
R™*? and A_; = A, for j # 0. Similar relations are valid for Y; , the
Fourier coeflicients of y = Cz. Therefore, (7.7) can be written as

-1 [ <]
3 G(ikw,)A;Ye-; + [G(ikw,)A, — Vi + Y G(ikw,)A;Yio; = 0
j=-00 i=1

and we have the new expression for the compatibility equation in
the case of real perturbations:

(Gikwo)Ao — 1) Vi + Y Glikw,) (B;¥ke; + A;Yic;) = 0
J=1

Thus we have:

Theorem 7.2.5

Suppose A, € R™*? and Ay,D;... Ay, € C™*P are the minimum
norm solutions of

ko—k kotk
[G(ikwo)A, — I Yi + G(ikw,) Z DAYy + D DAY ;| =0 (7.8)
J=1 j=1
fork=0,1,...,k, — 1 and
2k,
[G(ik,w,)A, — 1VYy + G(ik,w,) Z AjY ;=0 (7.9)
J=1

for some vectors Y, € R? and Y},Y;,...,Y,, € CP.
Let Aj for j > 2k, + 1 be given by

k+ko—1 Y.
Ak+ko=(— > A,-Yk-,»)ly—k"i’—, k=k +1,k+2,... (7.10)

i1=k—ko
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where Y7, in the dual space (CP)" is aligned with Y_,, .
If Eﬁ?ko-{—l |AJ|2 < 00 then

is destabilising in the sense that the equilibrium of the closed-loop sys-
tem is not asymptotically stable.

Proof:

Take y(t) = Zf;_ko Yiekwet with Y_; =Y, for1 < j <k,

Then equation (7.7) reduces to (7.8) for 0 < k < k,.

For k > k, + 1, we have that Y, = 0 and equation (7.8) reduces to

k+ko-1
G(ikw,) (Ak+koy-k° + z Ak__,') =0 (7.11)

i=k—ko

which is verified “minimum-normwise” when A, is given by (7.10).
Therefore D(t) = ¥ _, Axe'* yields a periodic solution of £ =
Az + BD(t)Cz and the result follows. 0

Example 7.2.6 Suppose k, =1 in theorem 7.2.5.
Then (7.8) and (7.9) become

(G0)A, -N)Y, +G(0) (A +AY.,) = 0 (7.12)
(G(iw,)A, — )Yy + G(iw,) (AY, + AY.,) = 0 (7.13)

The task of solving the above equations for A,, A;, A, imply some
compromises. First, we should bear in mind that we are aiming for
solutions with minimum norm. Second, there are parameters that are
open to choice. They are the frequency of the periodic perturbation
(w,) and Y,, Y;, which ultimately have to do with the initial conditions
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to be applied on the closid-loop system. The parameters should be cho-
sen conveniently in a way that the A,’s to be determined subsequently
are such that 32 |Ax? < oc.

For k > 2 we take Y, = 0 and
Y:,

Ay = — (A + ALYS) 575 (7.14)
Y1
is a (minimum-norm) solution of
G(ikw,) (Ars1Yoy + A Y1+ AY,) =0 (7.15)

This difference equation can be solved once Y,,Y;,A,,A; and A,
are already given from ( ??) and ( 7.13).

We shall develop this reasoning in detail for the linear oscillator of
example 4.1.3. There we had a single-input/single-output system (i.e.,
m=p=1) so that the Fourier coefficients of D(t) and y(t) are scalars.
Also, at this point it is convenient to bring about also the trigonometric
representation of the Fourier coefficients since we are interested in real
perturbations.

Thus, let us write

A, = 1d,
Ak = %(dk - iek) k 2 1
Y, = lyc‘v

Y = {(y — i)

Recall that we have Y_, =Y, fork>1and Y., =Y,.

Furthermore, Y, = Y;.

Now we can reduce the two-steps difference equation (7.14) to a one-
step equation by introducing the trigonometric coefficients in (7.14) to
yield:

N i!?l)

di+1 — tek1 = —(y1 — 1) == (dk-1 — t€k-1) —
* * yi+ 32 )

y 1+t
“yI+ gt

(dx — tex)
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which, after carrying out the multiplications, give
1
yi + 9

dis1 — 1€y = [(‘(3/12 - y?) + 12y, 91 )dk-1 +

+ (2t + (¥ — §3))ex-1 — (Yot + 1o )di — (Yoin — iyoyl)ek—l]
Thus
dk+1 = adk_1 - bek_1 + Cdk - dek

ex+1 = bdr_y + aex_y + ddi + ce

where 2 R
_ W _ 2y
= Tl2 4 o2 b= - 2, 42
i+ 9 yvit+wn
c=— Yon d — yogl
yi + 4 yi + 4
Define, for k > 2,
di—
_ | €=
F,. = d
€k
Then we have the following one-step difference equation
Fopu=AF, k>2 (7.16)
where
0 01 O
0 0 0 1
A= a —-b ¢ —d
b a d ¢
whose solution is
Fipn = AR k> 1 (7.17)

The idea now is that if F, is taken to be a linear combination of
eigenvectors of A associated to an eigenvalue A with |A\| < 1, then we
have that "2 __ |Fx|? < oo and, consequently, that the Fourier series

~ of D(t) converges in LZ.
So the first point is to ensure that there is a convenient choice of

Yo.y1 and y; for which there exists an eigenvalue of A with absolute
value strictly less than 1:
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lemma 7.2.7 Suppose m=p=1.

Then, there are values of y,,y1,9% € R which yield that there exists
at least one eigenvalue A of the matriz A with |A\| < 1.

Proof:

First note that the entries vi of an eigenvector V in ker (A — AI)
are given by the system of equations:

/\vl = U3
/\vg = V4
(a4 (c=A)N)vy—(b+dA\)v, = 0
(b+dNvy+(a+(c=A)A)v, = 0
so that (vy,v2) # (0,0) if and only if
(@a+(c=A)A)*+(b+dr)}’ =0 (7.18)

If y = 0 then ¢ = d = 0 and any eigenvalue has absolute value
equal to 1. Indeed, equation (7.18) becomes:

(a= 22+ =0
so that A2 = a % b which gives
A]=Va2+ b =1

for any values of y; and y; not simultaneously equal to zero.

If j3 = 0 (with y; # 0), then the choice y./y1 = v + v~! for any
v € R with |v| > 1 gives one real eigenvalue A = v~! with absolute
value less than 1.

Indeed, (7.18) gives

a+¥yt1=0
Y1

which yvields A = +: when y, = 0. If y, # 0, it follows that any complex
root has absolute value equal to 1, since the product of the roots equal
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1 and the coefficients are real. However, if y,y;' > 2, which implies
that both the roots are real, choose

If y; = 0 (with §; # 0, then the choice y,/j; = v + v~! for any
v € R with |v| < 1 results in one purely imaginary eigenvalue A\ = vi
with absolute value less than 1.

In fact, now equation (7.18) is

y?
(1+X)?2 = =2)\?
n
This equation is satisfied if
Noifao1=0
n
Again, y, = 0 gives A = £1 but the choice

with —1 < v < 1 gives the result.

We observe that the case yoy191 # 0 is not as elegant to treat
analytically, but one can easily check computationally that there will
be choices of the numbers above giving complex nonreal eigenvalues
with moduli less than 1. Figure 7.2 lists some values of || obtained in
the case of the damped linear oscilllator.
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Proceeding with the algorithm, choose y,, y1, §1 so that A has eigen-
values with absolute values strictly less than 1 and let A be one such
eigenvalue.

The choice for
d;
— €1
F,= d
€2

is restricted by equations (7.12) and (7.13).

After substituting the complex Fourier coefficients by their trigono-
metric pairs and equating the real and imaginary parts respectively,
those equations result in the following system of compatibility equa-
tions which we shall refer to as (SCE):

3odo + 1dy + her = G(0) 'y,
GRr(¥odr + 11ds + 11dz + 1€1) + G1(thd, — th1d2 + yoe1 + y1€2) =2y
G1(yody + ¥1ds + y1d2 + he2) + Gr(thd, — thda + yoe1 + y1€2) = =21

We note that Gr and G are simplified notation for Ggr(iw,) and
- G(iw,), respectively.

Observe that (SCE) consists of three equations and five unknowns,
namely, d,,d;,d2,e; and e;. Reminding that the eigenvectors of A are
of the form
L}

U2
/\vl
)\vz

V=

we can avoid the drawback of having the number of equations less than
the number of unknowns by taking F, to be a certain linear combina-
tions of eigenvectors of A. Thus, we have to consider two cases.

We first consider the instance when the geometric multiplicity of the
eigenvalue A, which is never greater than its (algebraic) multiplicity,
equals 2.

Suppose dim ker(A — AJ) = 2, that is, there exist two linearly
independent eigenvectors V and U associated to A.
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In this case, set

d;

F = Z; =vV 4+ uU

— e,

Substituting these expressions for d;,d;,e;,e; in (SCE) results in a
consistent system of three equations and three unknowns: d,,»v and p.
We shall refer to this modified (SCE) as (modSCE).

It can easily be checked that (modSCE) has a unique solution.
Therefore, for v, u determined from (modSCE), we have

F3=AF; =vAV + pAU = A(vV + uU)
Fy = AFy = X(vV + uU)

and so on, to yield the solution
Fopr = A1V 4 uW)  k=1,2,... (7.19)

More precisely,

di v uy

€k _ yk-1 V2 k-1 Uz
d = A"y \ + A ]\

k+1 L5 uy
€k 41 Av, Auy

so that, for £ > 1,

: | . .
Ay = =(di — 1) = 5/\" Hvv + puy) = i(vvy + pus)) (7.20).

N | =

On the other hand, if dim ker(A — AI) = 1, take an eigenvector

%]
v
V= Aﬁ, € ker(A = \I)

sz
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and set

F=ovV 4,V

for v, u € R being the solution of (modSCE), the resulting consistent
system when F; is plugged in (SCE). '

Since AV = AV and A is a real matrix, we have that AV = AV,
ie., X also is an eigenvalue of A.

So it follows that

Fepr = A0V + ¥ 7
Then

di = X ou, + Xk—lpﬁl

- k-1 _
ex = A vu + X,

Therefore, for the case when the eigenspace of A has dimension 1,
we have for k > 1,

Ak = % [,\k'lu(vl - ivz) + Xk_lu(ﬁ - 2’v—2)] (7'21)

The following proposition summarises the algorithm for obtaining
the destabilising periodic perturbation D(t).

" Proposition 7.2.8 Let A = re® €0 (A) be such that |\| < 1 for some
Yoo ylsﬁl-

(1) Suppose dim ker(A — Al) > 2 and

V1 Uy

_ L] _ U2
v - Av, U - Aul
AUQ /\Uq

are two linearly independent eigenvectors of A associated to ).
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Let _
1 r Re (Pe'(‘”°’+9)) —r?Re P

2 1 — 2r cos(w,t + 6) + r2

(7.22)

where
P = A7 ((voy + puy) — i(vog + puy))
and d,,v,u are the solutions of (modSCE).

Then D(t) given by (7.22) is a (27 /w,)-periodic destabilising per-
turbation of £ = Az + BD(t)Cx=z.

(2) Alternatively, suppose dim ker(A — AI) =1 and

1
U2
/\v]
Avg

V=

is an eigenvector of A.
Let

r Re (P,ei“t+9) — r?Re(P,)
1 = 2rcos(w,t + 6) + r?

r Re (P,,e““’“'"’) —r2Re(P,)
1 - 2rcos(w,t — 8) + r?

D(t) = %d0+ + (1.23)

+

where d,, v, u are the solutions of (modSCE) and
P, = 2\"Ww(v, —iv,)

P =X p(% - iv3)
Then D(t) given by (7.23 is a 27 [w,-periodic destabilising pertur-
bation of £ = Az + BD(t)Cxz.

Proof:

In virtue of (7.20) we can write, for the case (1),

Ak = ér"e”‘oP k 2 1
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Therefore, we have that the perturbation D(t) which solves the
compatibility equation (7.7) is

y: g:, (remitosts)* 4 % P {; (restwst)*

1

D(t) = 5d, +

N =
~No|

The two geometric series above are convergent since r < 1. Also,

reii(on-O)

o0
Z rkedik(wot+0) _ .

Substituting and performing the straightforward calculations lead

to the result.
The proof for case (2) is analogous. o

Example 4.1.3 revisited: Concerning the example of the damped
linear oscillator, we illustrate here the theory for some specific choices
of the parameters which allow a flexibility for seeking upper bounds for

TRt
The choice
Yo = 2.5
n = 05
nh =0
gives
O 0 1 0
0 0 0 1
A=1_10 =5 o
0 -1 0 -5

The corresponding eigenvalues are
A1 = —0.2087  with algebraic multiplicity 2

Ay = —4.7913  with algebraic multiplicity 2

so that we choose A;, since || = 0.2087 < 1.
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Hence we have the eigenvectors

1 0
0 1
Vo= —0.2087 U= 0
0 —0.2087
Plugging F; = vV + pU into (modSCE) gives
d, = 2.1822
v = -04554
p = -—0.8348

Thus, fixing £ = 0.3, proposition 7.2.8 yields
||d()|lLe = max |d(t)| = 2.1847 for w, =1

11d(.)|lze = max |d(t)] = 1.0256  for w, = 0.1

Figure 7.2 shows the graphs of d(t) for two different values of w,.

Figure 7.2 illustrates the behaviour of |{d(.)|| with respect to w, and
y1 (for £0.3, yo = =5, y1 = 0 and y; = 1 in the first case and §{ = 0.3,
Yo = 6, w, = 1 and §; = 0 in the second case). Note that the value
of ||d(.)]| “jumps™ at w, = 0.7. This unexpected behaviour happens
again for other values of w, (near w, = 1.3, for instance) and whether
this is a consequence of some eventual mistake on the computation or

something intrinsic to the nature of the problem it is a question still to
be solved.

Remark 7.2.2: Suppose we consider a truncated expansion of the
perturbation in the form:

D(t) = =d, + d; cos w,t + e, sin w,t

N | -

or equivalently
D(t) = A_ye™™' + A, + Ae™!
Then the compatibility equation gives
G(tkwo) (A1 Yiq + AYe + A)Yi,) = Y, (7.24)
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Assuming A_; # 0, we can write the following homogeneous differ-
ence equation:

A, 1 1
Yipi= - A Y1 — AL (Ao - —G-(tk_wo)) Y, (7.25)

—

Again, we only need to consider this equation for £ > 1, since we
are dealing with real systems and therefore Y_; = Y,.

Define Yoy
o[
Then equation (7.25) can be expressed as
Ziyr = A(k)Z, k>1 (7.26)
with
A(k) = [ - ]

The transition matrix for this system is

O(k+1,0) = Ak-1)A(k-2)...A(l) k>I
d(k, k) I

and the solution of (7.26) is
Zy = ®(k)Z, k=1,2,...

One can check that ®(k,1) has terms of the form b,b,...d; in its
entries.

Since the transfer matrix G(ikwo) is “low pass” for most practical
systems, i.e., |G(ikw,)| — 0 as k — oo, it follows that b;by... b — 0o
as k — oo. Then, any sequence of solutions (Yx) will not be on 2
unless the coefficients of D(t) are chosen in a way that A(k,)Z;, =0
for some k,, so that one can have Z; = 0 for k > k,.

But



126 CHAPTER 7. PERIODIC PERTURBATIONS

[0 ][] = 3]

if and only if Ni,—; = 0 and a.Mj,_r= 0, which one can easily check
that is not achievable for real perturbations (i.e., a # 0).

We remark that if we allow for complex perturbations, one such
solution would be to choose w, such that ||G(iw,)|| = ||G||y.

Therefore A, = G(iw,)™! gives b = 0.

For A; = 0, we would have

A(I)le[g (11] [34]=[g]

for any initial condition of the form

o]

But then ||D(.)]| could be made arbitrarily close to r¢ by taking
A_, sufficiently small. This is no upper bound for rg,.

Finally, we observe that if we consider a perturbation with more
harmonics

P
D(t) = 3" Agettee!
-p

the nature of the problem with the transition matrix is still the same.
The difference is only that its order would be greater, but one still
would have to cope with the unboundedness of some of its entries.
Even the fact that then one would have more parameters (that is, more
coefficients A;) to fiddle about is hardly promising.
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Yo | N1 U1 A |’\|
0 1 0 +: 1
0 0 1 +1 1
0 1 1 | 70.707 £ 0.707:

251 1 0 -0.5 0.5
5 2 0 -0.5 0.5
5 0 2 +0.5: 0.5

+1 [ £1 | £1 0.5 4 0.5z 0.707
4 10503 0.097+0.144: |0.144
1 1 2 0.790 £ 0.272: | 0.836

Figure 7.1: Some examples illustrating different values of || for differ-
ent choices of initial condition for the oscillator.

065 g ——— T
060 }
055 |-
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045 |
040 |-

035 |-

22 23 24 25 26 27 28 29 30 R 3.2 33

Figure 7.2: Variation of |A| with respect to y, when y; = 1 and §, = 0.
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7 g, \
7 L/ \

(X

Figure 7.3: The graph to the left shows d(t) x t for w, = 0.5 while the
right one is for w, = 1. The other parameters are { = 0.3, y, = -5,
yi=0and y; =1
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Figure 7.4: Dependence of ||d(.)|| on w, and ;.



Chapter 8

CONCLUSION

This chapter presents a concluding remark on the whole set of the disserta-
tion and the research work herein developed. It adds to a number of such
remarks which have already appeared in each chapter when opportune. Also
some suggestions for further investigations are here outlined.

The first part of the work has to do fundamentally with a new ap-
proach to problems of designing controllers in the face of uncertainties.
This conditioning of controllability problem breaks out of the paradigm
of giving yes/no answers to the question of controllability to concern
with the more practical aim of giving a measure of the robustness of
the controllability.

A peculiarity of our approach is that it assumes multiple-structured
nonlinear perturbations. Thus, it accounts for a class of perturbations
which is very general both in the structural and substantial aspects
of the disturbances. In other words, it stretches the reach of concrete
systems, plants and situations for which the results can be employed
as useful tools for designing.

Another peculiarity is that it “1troduces a scaling technique which
allows one to consider perturbations with “magnitude” bigger than
those allowed when no scaling is considered. In this sense, it enlarges
the class of perturbations under consideration. On the other hand,
this scaling technique opens up the possibility of minimising the con-

129



130 CHAPTER 8. CONCLUSION

ditioning number. However, this optimisation perspective relies on the
availability of minimising algorithms for the norms of the operators in-
volved. With respect to ||C,z]| there is no setback because the problem
can be posed in the context of differentiable functionals and the La-
grange multipliers method can be used. But the minimisation of ||Lall
is not as gratifying since its dependence on the weight o is not dif-
ferentiable and an algorithm for non-differentiable infinite dimensional
minimisation problems is not available as yet.

Eventually, this can be an interesting area of investigation and to
this respect, it may turn out of some use the theory of approximation
schemes (approximation of infinite dimensional problems by a sequence
of finite dimensional ones, Galerkin methods, and the like) via A-proper
mappings, along the same lines as, say, Botelho [31].

Central to the part of the work concerned with robustness of stabil-
ity is the contribution towards an approximation of the values of rgy,
the real stability radius in the context of time-varying linear perturba-
tions. For second order systems, we presented an algorithm culminating
in the exact evaluation of rg; and an asymptotic analysis which can
be generalised for parametrised systems of arbitrary order. Both the
algorithm and the asymptotic study were applied to the damped linear
oscillator so that the results add to the analysis presented in Hinrichsen-
Pritchard [13] and re-approach early works on the stability boundaries
for the Mathieu equation (Narendra-Taylor (28] and Parks [29] among

“others).

In order to overcome the drawback that no characterisation of rg is
as yet available for systems of dimension greater than 2, what one can
have at the present stage of research is to count on bounds for it. After
proving that, for certain values of the damping, rr: can lie between
rc and rgr in the case of the linear oscillator, we introduced a new
approach to the problem by means of considering periodic perturbations
and the theory of Fourier series with the purpose to generate a method
that yields upper bounds for rg; in the general case of n-dimensional
systems.

One nice outcome of this approach is a characterisation of destabil-
ising periodic perturbations which generalises Hinrichsen-Pritchard’s
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characterisation for constant perturbations. As such, the new result
generalises or reproduces previous propositions in the theory of time-
invariant stability radii rc and rg. This fact has theoretical relevance
on itself. On what concerns computability and practical design of con-
crete systems, a very welcome result would be to show some instance
of the method leading to less conservative upper bounds to rg; than
the time-invariant real stability radius. Unfortunately, this remains an
open question still.

We have been able to prove unfounded the original expectation of
the supervisor that imposing on the system a periodic perturbation,
with infinitely many harmonics and yielding an elliptic orbit as a re-
sponse, would lead to the desired tighter upper bound. This task de-
manded a great deal of conceptual meanderings and difficult technical
manipulations until we were able to negate the conjecture. The rea-
son for this struggle was the intrinsic compromise between topological
and algebraic issues: the need to guarantee L2-convergence of Fourier
series together with compatibility algebraic constraints on the Fourier
coefficients. But some very promising insights have come out of this
strive which are directing some of my further research activities. They
concern some concepts on dynamical systems, control theory and the
nature of research activity. One of these directions is on improving the
method in order to tackle the problem of tightening the bounds for rg ,:
it seems crucial to drop the continuity on the resulting destabilising pe-
riodic perturbation. This is already being done in Botelho-Guimaraes
[33], where together with this point we focus on the question of how
bad or good (computationally) it is to replace nonlinear terms by linear
perturbations on the linearisation of the van der Pol’s equation.

We conclude this chapter with some remarks. The first three of them
(two other suggestions for further research and one result obtained by
means of frequency domain methods) are organised as three separate
sections whilst the remaining minor comments were concentrated in
one last section.
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8.1 The dual observability problem

A natural question which arises, once the problem of conditioning of
controllability is tackled, concerns the search for similar results for its
dual problem, the observability one. The idea is that, given a mathe-
matical model of the dynamics of a real process, the observation of the
state for the model may not lead to the actual initial condition of the
process. Again, this is due to a number of uncertainties on parame-
ters or concessions on behalf of some simplification assumed during the
modelling of the system.

An approach to be favoured here would be to consider both the
model] and a perturbation of it and then to deduce an estimate for the
error between the initial conditions coming out from each system (that
is, the nominal and the perturbed ones).

Thus, suppose that the system:

T = Az z(0) =z, = My
y:=FMy = Cz

is continuously initially observable on [0, T).
Here, we are taking A € R***, C € R?*" and F is a bounded linear
operator from R" into L?[0,T; RP] defined, for every ¢ € R", by

Fo (t) = Ce*'y

M is assumed to be a bounded linear operator from L?[0,T;R?]
into R™ such that the product (in the sense of composition) MF is
the identity map I,. Obviously, the natural candidate for M would be
M = (F*F)™1F.

The perturbed system is taken to be of the form:

z=Az+g(z) 2(0) =z,
y=Cz

To avoid unnecessary formal complications at this stage of the anal-
ysis, we will consider single nonlinear perturbations. So we assume g
to be given by

9(z) = EN(Gz)
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We are given the output y of the nonlinear system and we use the
observer to estimate the initial state z, = My so we can solve for z(.)
and Gz. Then the error is given by

¢e=Ae+ EN(Gz) €0)=e=2,—1z,
MCe=0 (i.e.,y—§ € ker M)

whose solution is

e =e*e, + LgN(G2) (8.1)

Hence, 0 = MCe = e, + MCLgN(Gz), from which it follows the
expression for the auxiliary initial state:

e, = —-MCLgN(Gz) (8.2)
So, we can write ( 8.1 ) more conveniently as
e= (I —e*MC)LEN(Gz)

or

u=G(I - eAMC)LgN(u)+ Gz foru=Gz

and we are faced again with the problem of ensuring the existence of a
unique fixed point for a map H(u) = G(I — eA*MC)LgN(u) + Gz on
some ball B,(0) C L?[o,T; R?), for a convenient value of a > 0.

Now, for a € S, it follows that

1 - ||GI — e**MC)LEg||k(a) > 0
Therefore, if u,v € B,(0) we have
1H (u) = H(v)|| < |IG(I — e* MC)Lg]| k(a) ||u - v]|
which gives that H is a strict contraction from B,(0) into itself, since
IH@)I| < IG(I — e*MC)L| k) |lull + [IGzl| < a

So, it follows that H(u) = u has a unique solution in B,(0) and
the estimate can be performed in the same way as in the proof for the
controllability case.
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From the result above, one could expect a good deal of similarities
to be shared with on the treatment of both the controllability problem
and its dual. However, the remaining task of characterising the norms
of some of the operators involved may turn out to be even more delicate
than that for the controllability problem.

8.2 Impulsive perturbations
Consider again the oscillator

B(t) + 266 + (1 +d(t))p = 0 (83)
with the following solution and perturbation:

@(t) = a; cosw,t + by sin w,t = csin(w,t + ) (8.4)

d(t) = -1+ w2 +6(t) (8.5)

with 6(t) periodic of period T = 27 /w,.
Substituting (8.4) and (8.5) in (8.3) gives

§(t) = —2¢w,cotan(w,t + @) (8.6)

as the necessary condition for compatibility.

Such d(.) is not in L™, since |d(t)] = coast — £ = T,2T,.... Hence,
one can infer from this observation that one way to get an elliptic orbit
is to apply some periodically impulsive forcing on the system. This
suggests that an approach in the sense of distributions to the conver-
gence of the Fourier series can eventually be fruitful in some problems
of robustness of stability.

Thus, we can consider the disturbances on the nominal system to be
represented by periodic tempered distributions, that is, perturbations
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D(.) with Fourier coeflicients A satisfying

> 1+ Al <

k=—o00

Of course, this approach requires some theoretical issues (existence
of global solutions for the system and stability theory) to be considered
in this new context. We present here the main points of one such
stability theory.

Suppose f is a generalised function of some kind, say, a tempered
distribution, that is, f € S’, the space of bounded linear functionals on
the Schwarz space S’ of rapidly decreasing functions.

We say that N

f € Hz(0,00)

if for each p € N, f is identified with a sequence (F )rez of generalized
Fourier coefficients obtained via either one of these procedures:

(i) if f is regular (ie., f = f, an ordinary function),

1 pT .
=T Jo-nr 1)

(ii) otherwise, we make use of the following theory:

Theorem(Champeney [5]) ) )
If f, € S’ has period t, then the Fourier transform Fj, of f, (exists) and
can be written in the form:

Fwy= Y F,ké'(w - ;) in &
k=—00

where F,. € C, k € Z and 6 is the Dirac’s delta "function”.
Moreover, 3 A, > 0, M,, > 0 such that for each k

lekl < Ap|k|M’

When f is regular and periodic, the generalized Fourier coefficients
F,; are identical to the ordinary ones.
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‘Theorem(Champeney [5])
If f, € S’ has period T and has Fourier coefficients Fyi, then

)
fp(t)= Z Fpkexk(2x/T)t in §’

k=-o00

_ Basically, by taking these F, what we are doing is to identify
f with a Fourier series ¥ F,xe*(*/T) on each interval J, = ((p —
t, pT):

Of course, we need to make explicit sense to the convergence

f,(t) _ Z Fy ik(2n/T)t

k=-00

in the theorem above.

The characterisation can now be formalised by saying that
fens
iff

for each p € N, f is identified with a sequence (Fpk)kez of generalized
Fourier coefficients satisfying

”fp”H' = Z (1+k2) |For| < o0
k=-00
and i )
1f g (0,00) == sup|Ifpllae < o0
pEN

We can have the well-posedness of this perturbed system by first
establishing the boundedness of the operators D and L.
Assume the periodic perturbation D(.) is such that it has a Fourier
series
o0
D(t) ~ z Akeik(21r/T)t

k=-o0



138 CHAPTER 8. CONCLUSION

with
sup |Ar-j| =mx <0 Vk€eZ
j

Note that this is the case when, for instance, A, is constant and
therefore D(.) is a tempered distribution.
Then

~s/2 —s/2
(1+8) 7 Ak < (14 82) 77 [
so that T (1 + K?)~*/?|A,_;| converges uniformly with respect to j if

we assume that 3.(1 + k?)~*/2|m,| converges for some s > 0.
Now, concerning the operator D defined by

Dy (t) = D(t)y(?)

we have that, given y € H%(0,00), then for each p € N, Dy can be
identified with a sequence ((pk )k, that is

D(t)y(t) Z( e*Cm/Tit  on each J,

where

Cok = D Dujypk

j=—oo

Note that for each p and k, the Holder’s inequality yields
ok | < E_IAk—jl-Iypkl < mkz lypk| < 00
j i

Thus, we can write

2(1 + kz)-’nlekl < Zz(l + kz)-‘/'zlAk-Jl Iypkl = Cs. z |ypk|

k 3 j==—o0

where
o0

Cy = E (1 + kz)-’/zlAk_jl < 00

k=-=0c0
independently of j € Z, so that the order of “summation” can be
interchanged. So,

2 E (1 + k) *2|(ok| < ¢, sup Z |ypk] < 00

PGN k=-00 ENJ"'-OO
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which proves that D is a bounded linear operator from H%(0, 00) into
-s/2
H7'°(0,00) and

DIl Se= 30 (1+-)P|A | < o0

k=-00

independently of j € Z.

On the other hand, in order to have that the input-output operator
L is a bounded linear operator from ’H}’/ %0, o0) into H%(0, c0) we can
pursue the following reasoning:

Suppose u : [0,00) — C is an ordinary function. The hypothesis
that u € H%(0,00) implies that, for each p € N, we would take a
T-periodic function u, such that u, =u on J, = ((p — 1)T, pT).

So, Lu = Lu, on J, and we can say that (Lu), = Lu, is a T-periodic
function such that Lu = (Lu), on J, and the system

z(t) = Az(t) + Bu,(t) t20

y(t) = Cz(t)
z(0)=0
yields
§(s) =G(s)iy(s) and g= (Lup)’\(s)
Hence '

(Lup)*(s) = G(s)i(s)

so that the Fourier coefficients of (Lu,) are given by
k. [.k k
(Lup)k =G (z-f) ip (z-f) =G (zi,-) Upk

(Lu)p = (Luy) = G (%)

where up; are the Fourier coefficients of u, and

k k -
6() -c(ki-4) "5

Therefore,



140 CHAPTER 8. CONCLUSION

so that

sup Z |(Lu) pk|<7,sup z (14 k%) "/2|u k| < o0

peN k=-00 Pe k=—-00
k
z—
T
is assumed to be finite.

This gives that L is bounded and {|L]] < ~,.

It should be noted that the construction of the spaces H%, although
allowing a simple treatment in the proof of the boundedness of the oper-
ator D, resulted somewhat ackward when dealing with the boundedness
of the operator L. This feature is inverted if we change from a series
approach to a Fourier transform formulation of the problem. In fact,
consider the Sobolev space H®, s € R, defined as the completion of the
Schwartz space S of the smooth functions f with f(t) =0, Vt < 0 and
for which sup [t*f®) f(t)] < oo, for all @, B € {0,1,2,...}, with respect
to the norm

where

7, = sup(l + ¥*)** |G
keZ

W llme = 1]A* ]l
where )
(A F)Nw) = (1 + |w]?)*/? f(w)

(V. Folland[14], for instance.)
Suppose s > 0. Then we have

Proposition 8.2.1
Consider L : H° = L*(0,00; R™ — H*(0,00;RP), given by

Lu(t)= /: CeAl=7) Bu(r)dr

If
7% = sup(1 + [wG(w)* < o0
we

then L is bounded and ||L|| < 7s.
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Proof:
The result follows easily, since

ILullle = IA LG = [ (1 + Y IGGw) fi(w) Pdw

Proposition 8.2.2
Suppose D is the operator from H*(0,00; R?) into L?(0,00; R™) defined
by

Dy (t) = D(t)y(t)

where D(.) € H*(0,00;R?) is such that D € K—*, the space of all
locally integrable f with

[+ Py ifw)ldw < oo
Then, D is bounded and

IS [ (1 + o)/ D(w)ldw

Proof:
Consider the map y € H* — D_,y, where

D_,=A""D andy,=A%%

Note that
DeH?* «<— A*Del?
yeEH* << Ayel?

We have

(D_y.ys)Nw) = / " D_,(t)ys(t)e="tdt = D_, * §, (w)

-0
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since y,, D_, € L*. Hence,
(D-sys)w) = [ h(w—n).f(n)dn

where

h(w) = (14 |w|*)=*/*D(w)
fw) = (1 + |wf?)*"*j(w)

Now, using Holder’s inequality, we can write

(- @)l = [ hw = )2t = )*f (r)dn| <

< (7 thw=ntén) " ([ thw = nlsmPan)

because the translation invariance property of Lebesgue measure gives

/ (14 |w = n[*)~*/*||D(w — n)ldn =

oo
-00

= [T o+l ribede =
and also ’

since h, |f|?> € L.
So, by the Plancherel’s and Fubini-Tornelli’s theorems

“D-.y.”iz ffooo I(D_,y,)’\(w)lzdw

¢ 12, (122, Ih(w = n)L.1f (n)[2dn) dw
122, 1% h(w = m)|.|f(n)[*dwdn
cllyllz.

| Ihw =)l ()Pdn < oo

innIA il

The following result shows that this theory generalises the case of
constant perturbations.
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Proposition 8.2.3
IfD:L? — H™* s >0, is given by

Dy (t) = By(1)
for A € R™*? constant, then

DIl = l1Al]

Proof:
Consider y € L%(0, 00; R?). Then

IDyl1%-- (A= Ay)"1
= J2(1+ [w?)7*|Aj(w)?dw
= ||A]? f25 (1 + [w?)~*[§(w)?
< llAllHlylle

since (1 + [w|?)~* < 1.
This shows that ||D]| < ||A]- .
On the other hand, for any € > 0, take y. € L%(0, oo; R?) such that

Je(w) = Jef(ew) v

where f : R.— R* is an integrable function with [ f =1 and
v € R? is such that |v| = v'v = 1.
Then |§.(w)]* = ef(ew) and

o0
el = [~ =1

Also, lim,_oef(ew) = §(w) in &'.
Therefore,

IDyell—r = NAIR [ (1 + o) lge(w)Pdw
But

/_ °:°(1 + [w0?)™* §e(w)Pdw = /_ 2(1 + [wP) e few)dw — 1
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as € — 0. Since y. is in the boundary of the unit ball and tends to
some y, in S’ as £ — 00, it follows that ||y,|| =1 and

im [ Dye|la-+ = || Dyo||n-+

We have

lime—o [|1Dyell}y- = lime—oo [|AIIP [Z,(1 + [w[*) e f (ew)dw
Al f22(1 + [w]*)~*6(w)dw
= |lA|?

from which it follows that ||D]| > ||A]]- 0

The theory for evaluation of ||D||L~ can be constructed following
exactly the same steps developed in last chapter. Naturally, there still
remains a number of questions concerning the topology that has been
constructed. Some of interesting ones are:

1. Is H7(0, 00) a Banach space?

2. Is S dense in each H%(0, 00) with respect to the norm defined
above?

3. Denote P the space of functions from [0,00) into C that are T-
periodic and C*.

For ‘
feEP— fp — Z Fpkctk(%r/T)t
k

where the convergence is in the normal sense, define A,, on P
setting,

(Apedy = (14 #) Fu
We should have that A, ,f € P.

4. Do we have the crucial decaying property that f(t) — 0 ast — oo
for all f € H%(0,00)?

5. Can we have any result of the form || . ||x; < || . ||n5.?
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6. Can we have some kind of Sobolev lemma in this context?
7. What happens when f has period T?

8. Note that for s = 0, the characterisation gives

ST|Fl < oo and  sup Y |Fu| < o0
k Pk

Can we characterise H%(0,00) for s > 0 and s < 0?

8.3 Convolutive perturbations

The approach to robustness analysis favoured in the whole body of
the present dissertation is the state space one. Also relevant is the
H*>-approach to robustness of stability, which uses frequency domain
techniques and started to flourish at the beginning of the 80’s (see
Zames|[35] and Francis[36]). Regardless of any eventual reasoning ei-
ther to differentiate the scope of each approach or to point out their
merits and drawbacks, some class of perturbations can be more natu-
rally dealt with in one or the other approach preferentiably. In particu-
lar, if we consider convolutive perturbations, the natural technique for
studying the real stability radius turns out to be the frequency domain
one. In this remark we provide a proof, by means of a frequency do-
main method, that the real stability radius for the class of convolutive
perturbations is equal to the time-invariant complex stability radius.

Let K(.) € H® be given. We recall that

IIK ||z := ess sup |K (iw)]
weR

where K (iw) is the Fourier-Plancherel transform of K.
We consider a perturbation of the form

Ny (&)= (K +y)(0) = [ K(t—ny(r)dr

for every y(.) € L*(0, c0; RP).
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Clearly, we have that A’y € L*(0,00; R™) and
IVyllze < [1K]|aelyllL2
so that we can define the robustness measure for this case as being
rr. = inf{||K||g~ ; K(t) € R™? and

¢ = Az + B(K *Cz) is not asymptotically stable}
We have the following result:

Proposition 8.3.1
TRs =TC
Proof: Take A, € C™*? such that
|Aol| = re = inf{||A]| ; ¢(A + BAC) N:R # 0}

Clearly, rp. 2 rc.
We have that A, = A; + 14, for A;, A; € R™XP,

Also,
1 1

maxyer ||G(iw)]] ~ [|G]ln
where ||G||g» = maxyer ||G(iw)|| = ||G(iw,)]|| for some w, € R.

Since we are focussing on real perturbations, we can consider only
w > 0. So we introduce K € H* by putting K(0) = 0 and

18| = re =

A+ ig;Az

1+i(;,"f—%‘)q Yw>0

K(iw) =

for some ¢ > 0. )
Note that, since K(iw,) = A, is destabilizing, there exists a non-
zero y € CP such that

G(iwo)f{(iwo)y =y
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or, for the non-zero vector u = f((iwo)y,
(I = K (1w,)G(iw,))u = 0
From this we conclude that
det(] — K (iw,)G(iw,)) = 0
and consequently

pind | det(7 — K(s)G(s))|=0

This finally implies that K is destabilising.
On the other hand,

|A02|2 = < A]Z + iAgZ, A]Z + iAzZ >
= |Arz> 4+ |Azz]2 + 29m (< A2, Ap2 >)

Since |A,z|> = |A;12]? + |A,|? when z € R?, we have that

|A12]2 < |Ag2f? < rd|z]?
1822 < |Aozf? < rEef?

and
28m(< A1z, 892 >) < Bz — (|12 + |A22l?)  (8.7)
This enables us to write

2

! < QAjz+ iOAQZ, AQZ + talyz >

1+(a—§)qi

where a > 0 denotes the ratio a = w/w, .
Hence, by using (8.7), we have

& (iw)2]* =

vl
l-i-(a—i)zq2

Note that ||K (iw)|| — 0 as w — 0, that is, @ — 0.

K (iw)z]* <

(1= )&zl + (o — @) Agzf + ard|2’]
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Now, for 0 < a < 1 we have
1
2
1+ (a— l) g

[» 4

K (iw)2]* < rglaf? < rglaf?

and fora > 1,

2

a 21,12 44
relz|* £
1+(a——l—)2q2 4¢2 -1

a2

K (fw)z]* < rglel?

where
44* a?

4¢% - 1 =r£31xl+(a_1)2qz

(=]

Therefore,
re = ||K (iw,)]| < [|K|lne S 7o 0 <w < w,

and

4¢?
re S |IKllu= <\ 757

. 4¢2
L il

rrs < [|K||lHe = rc

re ifw>w,

Since

we have that

and we have the result. a

8.4 Other remarks

Remark 8.4.1: (Minimisation of ||L,|| revisited)

We have already commented on the problem of non-availability of
an algorithm for the minimisation of ||L,|| elsewhere on the disser-
tation. One of the major obstacles to this purpose is that presently
there is no result showing any smoothness property on the dependence
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of the norm on the weights a and, more than this, the differentiabil-
ity of ||L% L.|| seems unlikely. Although for the time being we are not
prepared to venture on computability issues to the respect of minimisa-
tion algorithms and we are not supposed to expect any differentiability
on the problem, we present here an optimality condition for the case
when the functional is differentiable at the point where the extremum
is achieved.

For simplicity, we shall assume r =1 (i.e., single structured pertur-
bations). Note that once more the condition is expressed in terms of a
Hamiltonian system.

Proposition 8.4.1

Suppose A = min, max{)\ € R; X is an eigenvalue of L}, L,}
Furthermore, suppose that

f(a) :=max{); X is an eigenvalue of L} L.}

is differentiable at &, where f(&) = min, f(a).
Then, A can be expressed by the following coupling

(t) = Az(t)+ (M3(1))'DDw(t)  z(0)=0
w(t) = —Aw(t) — B(t)C Cz(t) w(T) =0

with B(t) = a(t)?.
Moreover, suppose Z(t), W(t) € R™*" solve

zZ7 A )-'DD* Z(T) =1,
[W]_[—ﬂC‘C —A* ” W(T) =0,

Then, for any n € kerZ(0),

z(t) = Z(t)n
w(t) = W(t)n

solve the above coupling.
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Proof: -
Let u be an eigenvector of L} L, associated with A (which we shall
denote merely as A for simplicity). Then L:L,u = Au. Putting
ot) = —~u(t)
ot

we can write the expression that gives implicitly the functional A = ||L} L,||
to be minimised:

| D e-98(6)0C [ A9 Du(e)dpds = Bt
Here, ) and the eigenvector v depend on 8.
[ Drere=0cgs) { [ Cert-ADo(p)ap} ds = A8(1)u(e)
<o LI 5 = 2 B >

where L is the ordinary input-output operator which is obtained for
a=1.

Without loss of generality, assume that v is normalized. Then,
<wv,fv>=1 and

< dfv,v > +2 < fv,dv>=0

We have
L*(BLv) = ABv

so that
L*(dBLv) + L*(BLdv) = dA\Bv + A\Bdv

Take inner product on the right with v to yield
< Lv,dfLv >=dA+ A < v,dfv >
So the equations are

< Lv,dBLv> -\ <v,dfv> = dA (8.8)
<Bv,v> =1 (8.9)
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Thus, equation 8.8 above is

T
/ dB){|Lv(2)[2 = (b))} dt = dA (8.10)

Therefore, the optimal § will be the one that renders
ILo(?)]? = A|v(t)]?  a. e (8.11)

so that the right-hand side is zero.
On the other hand, denote

t
2(t) = / A9 Dy (s)ds
Then
:2=Az+Dv , 20)=0 and Cz=Lv
Also, Afv = L*(BLv) and Lv = Cz yield
T
AB(t)v(t) = /t D*e?"(-13(5)C*Cz(s)ds

Denote

w(t) = /tT e’ -08(s)C*C2(t)dt

For the second part of the proof, we have

2(t) = Z(tyn=[AZ(t) + (MB())"*DD"W(t)ly
= Az(t) + (M\8(t))"'DD*w(t)
w(t) = W(ty =[-A"W(t) - BE)C*CZ(t)n

—A*w(t) — B(t)C*Cz(t)

and
; 2(0)=Z(0)p =0 (since € kerZ(0))
w(T)y=W({T)=0=0

Particularly interesting is equation (8.11) to the extent that it may
suggest one direction for investigation on what concerns problems of
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stability. One can think of introducing the weight-functions and use
the scaling technique to get (de-)stabilisation.

Remark 8.4.2: (Formalisation at a higher degree of abstrac-
tion)

The whole body of the work done here can be put in a more ab-
stract functional analytic approach. We have already done this in the
section on the minimisation of ||C,z|| in chapter 3. The existence of
T-periodic solution for £ = Az + BD(t)Cz with T-periodic continuous
perturbation D(.) can be set as a problem of existence of solution for an
operator equation Pz = Qz, with P being a strictly-y-contraction and
@ completely continuous after a certain projection technique is applied.
This is being done in detail in Botelho-Gongalves [32]. The concept of
controllability may eventually be addressed under some approximation
scheme formalisation, via the theory of A-proper mappings and encom-
passing infinite dimensional systems as well. In the context of reflexive
Banach spaces, the exact controllability of a system £ = Az 4+ Bu with
L%inputs is equivalent to a map I3 being A-proper with respect to a
projection scheme 7. Here, B is defined by

Bu = /0 " S(T = 5)Bu(s)ds

where (S5(t))i>0 is a nonexpansive semigroup generated by A (which is
the case when A is strongly dissipative). Cf. Deimling (1].

Remark 8.4.3: (Cognitive processes and “discourse analy-
sis”)

A question about robustness is one about the nature of a model, and
the affinity of the notions of model and interpretation is self-evident.
As an exercise of thought, we could move from the notion of robust-
ness of dynamical systems to a broader one which could encompass
thought, consciousness and cognitive processes as its objects. Or else,
we could use the concept of dynamical systems to represent and study
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cognitive processes. In any case, for these representations the notion
of robustness gets some distinct meanings: whilst for the usual repre-
sentation of plants in engineering applications it is desirable that the -
system is robust, for cognitive processes the more robust the system
the less efficient it. After all, the role of life is to introduce as much
indetermination as possible on the natural tendency towards stability
and geometrisation. Thus, in some examples a measure of robustness
could be understood in the sense of establishing the degree of openness
(or maybe randomness) of the system in order to operate efficiently:
it needs to be opened to all kinds of disturbances that can eventually
redirect the fate of its performance and undermine its aims. In this
sense, robustness would have to do with the lack of comprehension of
the way language works (and the way it works out).

However, in order to engage in such line of questionings, some ba-
sic issues in an alien domain should be tackled preliminarily to ground
further discussions in the domain of science. And my point is that this
calls for a new linguistic approach to Mathematics and to the math-
ematical thought in the process of doing research. A more extensive
analysis of these claims are to be found in Botelho [30].
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Last words

— --- and at the end of the World, what s left for the
last man?

— The last word!
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