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Moduli of continuity of local times of random walks on
graphs in terms of the resistance metric

D. A. Croydon

ABSTRACT

In this article, universal concentration estimates are established for the local times of random
walks on weighted graphs in terms of the resistance metric. As a particular application of these,
a modulus of continuity for local times is provided in the case when the graphs in question
satisfy a certain volume growth condition with respect to the resistance metric. Moreover, it is
explained how these results can be applied to self-similar fractals, for which they are shown to
be useful for deriving scaling limits for local times and asymptotic bounds for the cover time
distribution.

1. Introduction

Over the last couple of decades, extensive efforts have been devoted to studying the behaviour
of random walks on general graphs, work that has yielded, for instance, estimates for the
corresponding heat kernel and mixing times in terms of quantities such as volume growth and
electrical resistance, which do not depend on precise structural information (see, for example,
[7, 9, 31, 36]). Furthermore, for a wide range of families of fractal and random graphs,
scaling limits have been established for the laws of the random walks upon them [10, 12—
15, 29, 30|, as well as corresponding asymptotic results for heat kernels and mixing times
[16, 17]. More delicate properties of random walks on graphs, particularly the cover time, are
also becoming better understood. Indeed, recent years have seen the order of growth of the
cover time computed for various families of graphs [1, 8], and a strong connection has been
made between the cover time and the maximum of the Gaussian free field for any graph [20].
Moreover, in some special cases where there is concentration of the cover time about its mean,
extremely precise distributional convergence results are known, notably for the two-dimensional
discrete torus [18, 19]. Partly motivated by providing techniques for studying the cover time in
settings where there is not concentration of the cover time, as is the case for many self-similar
fractals, in this article we study the continuity properties of local times on graphs. Since the
first time that local times of a simple random walk on a graph are non-zero everywhere gives
the cover time, we believe that our results will provide another tool for studying the latter;
this is a point upon which we will expand later in the article.

In order to present our main results, let us start by introducing the framework in which
we are working. In particular, let G = (V(G), E(G)) be a finite connected graph, where V(G)
denotes the vertex set and E(G) the edge set of G. To avoid trivialities, we always assume
that G has at least two vertices. Let u& : V(G)? — R, be a weight function that is symmetric,
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that is, ufy = ﬂfx, and satisfies ,ufy > 0 if and only if {z,y} € E(G). The associated discrete-
time simple random walk is then the Markov chain ((X&)>0, PS¢,z € V(G)) with transition
probabilities (Pg(,¥))s,yev(e) defined by

1y
pe
where pu& := Zer(G) ufy. We note that the invariant probability measure of this process is a
multiple of the measure version of u obtained by setting u®({z}) := u& for x € V(G). The

process X has corresponding local times (LY ())zev ()50, given by L (z) =0 and, for
t>1,

Pg(z,y) ==

t—1
LE@)i= g Y Lixomay.
L
It is providing a modulus of continuity of these random functions in the spatial variable x that
is the focus of this article.

It is widely known that there are close connections between the study of random walks on
graphs and electrical networks. Our work will contribute to this area by providing estimates
for the fluctuations in the local times of a random walk in terms of the so-called resistance
metric, which we now introduce. More specifically, the process X¢ has an associated Dirichlet
form given by

1
Ea(f.9) =5 Y. (f@) )@ —gw)ug,,
z,yeV(G):
{z,y}€E(G)
for f,g: V(G) — R, which can in turn be used to define the resistance operator through the
variational formula

Ra(A,B)™ :i=imf{&(f. f): [:V(G) —R, fla=0, fls =1}

for A, B disjoint subsets of V(G); the latter is so-called because it describes the effective
resistance between A and B in the graph when it is viewed as an electrical network with
conductances along edges given by the weight function u“. We then define the resistance
metric on the vertices of G by setting Rg(z,y) := Rg({z},{y}) if z #y, and Rg(z,z) := 0.
We note that the resistance metric is indeed a metric (see [3, Proposition 4.25]).

In studying cover times of random walks on graphs, continuity properties of local times
in terms of the resistance metric have previously been considered. Indeed, applying the key
identity
R 0
Py RG($> y)

where 7, = inf{t > 0: X =y} is the first hitting time of y, and 7,7 =inf{t > 1: XF =z}
the first return time to z (see [33, Proposition 9.5], for instance), the following Gaussian
concentration result was established as [26, Lemma 5.2]: if 7,,(0) = 0 and, for ¢ > 1, 7,(i) is
defined to be the time of the ith subsequent visit to x by X (so that 7, can be considered to
be the inverse local time at x), then

PS(TZJ<T3¢+):

PE(LY oy (@) = LE (5 (y) = N) < e~ W /MR @)

for all >0, A >0 and z,y € V(G) (cf. [20, Lemma 1.12]). Our concentration estimates
(Theorem 1.1) are of a similar form, with an important distinction being that we are interested
in estimating the fluctuations of the local time at deterministic times, rather than at the random
inverse local time. In the first estimate, we sacrifice Gaussian tails to establish a bound that
holds uniformly over time intervals, this is the discrete-time analogue of [11, (V.3.28)]. In the
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second, Gaussian tails are obtained at the cost of truncating the local times (cf. [2, Lemma
2.8]). For the statement of these bounds, as two important measures of the scale of G, we define
m(@) == pC(V(G), ()= max Relx.y).
z,yeV(G)
to be its total mass with respect to the measure 4, and its diameter in the resistance metric,
respectively. Note that the product m(G)r(G) gives the maximal commute time of the random
walk, for example, [33, Proposition 10.6], and so gives a natural time-scaling. We also introduce
the rescaled resistance metric Rg(z,y) := 7(G) "' Rg(x,y), and define the notation z Ay :=
min{z, y}.

THEOREM 1.1. (a) For each T > 0, there exist constants ¢; and ¢ not depending on G
such that

PG G -1 LG _LG > A R , < —ca
P (ogtg%mc)“ VLG (@) - LEW) > M/ Re(ey) ) <ere

for every X\ > 0. (NB. The constants can be chosen such that only ¢; depends on T'.)
(b) For any G, it holds that

10 (55) -1 (587 7)o

max Pf max
z,y,2€V(Q) t20

for every A > 0 and L > 1.

To provide a modulus of continuity for the local times, the goal is to bring the maximum over
the arguments of the local times inside the estimates of the previous result. In the continuous
setting, this has been achieved by applying a general estimate on the fluctuations of a function
on Euclidean space known in the literature as Garsia’s lemma (after [22, Lemma 1], cf. [23,
Lemma 1.1]). Indeed, this approach was first used in [24, Theorem 2] to deduce the continuity
of local times of Markov processes on the real line. (A similar argument was applied to the
local times of the Brownian motion on the Sierpiiiski gasket in [10, Theorem 1.11].) Moreover,
the argument was subsequently strengthened for Lévy processes in [2] (see also the estimates
for the Sierpiriski carpet that appear as [6, Theorem 8.2]). The aim here is to adapt the same
approach to the discrete setting, and so for this we derive below a version of Garsia’s lemma
for graphs (see Proposition 3.1). To obtain a modulus of continuity estimate from this, the one
restriction we need is some uniform control on the volume growth of the graphs in question.
To state the condition we need, we define

Ba(z,r) :=={y € V(G) : Rg(z,y) <r}
to be the open ball in the resistance metric, and set ro(G) = Mily yeV(Q):zty Re(z,y).
DEFINITION 1.2. A collection of finite connected weighted graphs (G;);cr is said to satisfy

uniform volume growth with volume doubling ( UVD) if there exist constants ¢, ¢a, cs € (0, 00)
such that

cro(r) < p (Bg, (z,7))
for every x € G;, r € [ro(G;),7(G;)], ¢ € I, and moreover,
m(G;) < cv(r(Gy))

for every i € I, where v : R; — R, is non-decreasing function with v(2r) < czv(r) for every
re R+.
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REMARK 1.3. The above condition is weaker than is sometimes called uniform volume
growth with volume doubling, since we do not require the upper volume bound to hold for
balls smaller than the full space.

Our next main result is that, under UVD, Rg, (z,4)Y/?(1 + In Rg, (z,y)~")'/? provides, with
uniformly high probability, a modulus of continuity for the rescaled local times r(Gi)’lLtG" (z)
in the spatial variable (uniformly over the appropriate time interval). Observe that the
particular form of v that appears in the UVD property does not affect the modulus of continuity.

THEOREM 1.4. If (G;):er is a collection of graphs that satisfies UVD, then, for each T > 0,

N—1 LG»L _ LGZ
lim sup max PZGi r(Gi) Ly (2) ¢ ()l

max max >\| =0.
A—o0 ey 2€V(Gy) z,y€V (Gi) 0<t<Tm(Gi)r(Gy) \/RG(I y)(1 +lnRGv(x y)~1)

Whilst we do not pursue it here, we expect that the above bound on the modulus of continuity
for rescaled local times is sharp up to constants. In the one-dimensional case, where X is
simple random walk on the interval {0,1,...,4}, in particular, it should be possible to check
this, either directly or by a coupling of the rescaled random walks with reflected Brownian
motion on the interval, using a Ray—Knight-type description of the relevant local times and
an appeal to Levy’s modulus of continuity theorem for Brownian motion (or the discrete
adaptation thereof).

The remainder of the article is organized as follows. In Section 2, we establish the
concentration estimates of Theorem 1.1. Our discrete version of Garsia’s lemma is established in
Section 3, and applied under the assumption of UVD in Section 4, thereby proving Theorem 1.4.
Subsequently, in Section 5, we present a number of examples, including self-similar fractal
graphs, to which these results apply. Moreover, in Section 6, an adaptation of the results to a
class of infinite graphs is derived. Finally, in Section 7, we consider some of the consequences
of our equicontinuity results. In particular, we show that if we have a sequence of graphs such
that the associated random walks admit a diffusion scaling limit that has jointly continuous
local times, and a suitable local time equicontinuity result holds, then it is further possible to
obtain convergence of rescaled local times. We also discuss an application to the study of cover
times of random walks on graphs.

2. Local time concentration estimates

The aim of this section is to prove Theorem 1.1. We begin with a lemma that provides an
estimates for the distributional tail of the return time. We note that similar estimates to this
and the next result have appeared elsewhere in the literature, for example, [28, Section 3], but
we include their proofs for completeness.

LEMMA 2.1. There exist universal constants ci,co such that
pgr(GPE(r = Am(G)r(Q)) < cre”?

for every A > 4.

Proof. By applying the Markov property at times 2[m(G)r(G)],4[m(G)r(G)],..., we
deduce that PS(r} > Mm(G)r(G)) is bounded above by

k—1
PE( > 2Mm(@)r(G)]) | _max PS> 2fmlGrEN)
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where k := | Am(G)r(G)/2[m(G)r(G)]] = [ /4] = 1 (note that m(G)r(G) > 1). Since

EG,T — e EyGngRG(%Z/)m(G) (2)

for all z,y € V(G) (see, for example, [33, Lemma 10.5 and Proposition 10.6]), we obtain that

Gt S Am(G)r m(G) r@m@ 1 (1\F
P 2 dm(@r(@) < gty o)) <2rm<a>r<cﬂ> S W@ (2) ’

and the result follows. ]

The above lemma readily yields the following corollary.

COROLLARY 2.2. There exists a universal constant ¢ such that

Eg(e—ef;r) < e—(9m(G)/Hf)-i-c’azm(G)zT'(G)/Hf

for every 6 > 0.

Proof. Since 1 —x < e * <1 —x+22/2 for x > 0, we have that
_ort 02 _9EC (++ 2 G((r+)2
ES(e™") < 1-6EJ(r)) + SEI (1)) <e 0BT (1)+(0%/2)BS ((1)*) 3)

From (2), we know that EG () = m(G)/uS. For the second moment, we apply this and
Lemma 2.1 to deduce

) <2) kP(rF >k
k=0

A4m(G)r(G) 9%, o
<2 EC(rF L e—c2k/m(G)r (@)
,; R ) k_4m%;<c>+l ¢
8m(G)?r(Q) 2¢; e—c2/m(@)r(G)

s Mg * M?T(G)(l — 6—02/m(G)T(G))2

em(G)?r(G
< EP(E)

For the final inequality, we again use that m(G)r(G) > 1. Inserting this estimate into (3), we
obtain the desired result. O

Proof of Theorem 1.1 (a). To begin with, suppose that the random walk starts from
z = x, where « # y. As in Section 1, let 7,(0) = 0 and, for ¢ > 1, 7,(¢) be the time of the ith
subsequent visit to 2 by X©. Since local times are monotonic in the time variable we have for
t € (7(i), 7 (i + 1)] that |LF () — Lf(y) < |LE (2) = LE () (y)] + [LF (z) — LY (z+1( )|- For ¢
in this range, we also have that LY (z) = LY i) (@)- Moreover LT (1) (@) = LTT( H(@) = 1/uS.
Thus

1
1
L8 (@) = LS ()] < Y1 gy (@) = LS (i) (v )|+LT
=0 z
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Consequently, for A > 0 and L > 0,

Pf( ma L8a) - f<y>|>A\/r<G>RG<x,y>>

0<t<Tm(G)r(G

<SPS (ug LTm(G)r(G)( x) > L+1)+PS(1/uS 2 M\/r(G)Ra(z,y)/2)
1+ po ( max |LC () — L9 1 ()] > A r(G)RG<x,y>/4)

1<i<L+1
=T +T>+1T5,

where we note that the condition ,qugm(G)T(G)(x) > L+1 is equivalent to 7,(L+1) <
Tm(G)T(G). We will bound each of the above three terms separately. To this end, we first
note that u&\/r(G)Rg(x,y) > 1, and so Ty is equal to 0 whenever A > 2.

We next consider 77. Using the fact that under P$ the variables (7, (i + 1) — TT( ))i>o form

an independent sequence, each distributed as 7,7, one can deduce that, for 6 >

T =PS(r.(L +1) < Tm(G)r(G))

L
=P <Z (Tz@' +1) = 7,(i) - ”jféf )> < Tm(G)r(G) — WW)

- x Hz
=0
6—9((L+1)m(G)/Mf—Tm(G)T(G))EgC;(e—a(Ti—m(G)/uf))L+1.
By Corollary 2.2, it therefore holds that

Ty < e=0IADMC) /1S ~Tm(G)r(G))+e(L+1)0*m(G)*r(G) /1S

and optimizing over 6 yields, for L + 1 > TuSr(G),

Ty < e=hE (A /uf =Tr(G)? /2e(L4+1)1(G).

We now turn to T3, and for the moment we assume that p, “Ra(x,y) > 1. Observe that the
term in question can be written as

fa=P 1<f?<az<+l§;( w)| = WA RG]
=

where 7; := Li(i) (y) — LTGI(Z. () for i > 1. Now, (1;)i>1 is an independent and identically
distributed sequence, and it is a simple application of the Markov property to obtain from (1)
that if N; := ugm, then

PS(N; =k) = ! (1 — ! )k 1 ! (4)
e uG Re(z,y) 1§ Ra(x,y) 1§ Re(x,y)’

for k > 1. Moreover, it is elementary to check from (4) that ES (n;) = (u&)~!. This means that
(M;)i>0, where My = 0 and, for i > 1,

is a martingale, and further, for 6 € (0, ,uG ln(l - 1/u Ra(x,y))), we have that (e?IMil),5,
is a sub-martingale. (The condition 6 < uy In(1 — 1/M5Rg(1' y)) ensures integrability.)
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Therefore, applying Doob’s sub-martingale inequality, we deduce that

ngpf( max | M;| = A\/r( Rny/Q)

0<i<L+1

< Pf max /1Ml > e r(G)Ra(z,y)/2
0<i<L+1

< Eg(e0\ML+1\) e—0/r(@)Ra(z.y)/2
< (ES(eQML+1) +E§(e—9ML+1))e—9A r(G)Rg(z,y)/2
= (Eg(e—O(m—l/uS))L-&-l +E§(69(n¢—1//tf)>L+1)e—9>\ 7(G)Ra(z.y)/2

A routine computation using (4) gives that ES (e?(i—1/ “f)) is equal to
—0/u (1 - 1 ) . I/ 1y =1/uS)
G e .
pERa(@,y) ) pGRa(w,y)?uG (1 — "7 (1 = 1/u§ Ra(,y)))
By considering the Taylor expansion of this expression, we deduce that

EG (e/M=1/1)) < 1+ 02ES (; — 1/uC)?) < & B (i=1/u)?)

uniformly over 6 < ¢; min{u$, 1S, R (z,y) '} = c1Ra(x,y) ", where ¢; € (0, 1) is some small
universal constant. (Note that Rg(z,y) ™! < 7/45 In(1 — 1//L§Rg($, y)), and so the integrabil-
ity condition for the martingale is also satisfied if 6 € (0,c; Rg(x,y)™!].) Again appealing to
(4), it is possible to compute that

2(1 - 1/uCRe(z,y))Ra(x,y) 1 1
B (i = 1/1)?) = - Zm B TGRS T (i
< Helny)
S Tug v

So we obtain
Ty < 220 LAV RG (@) /uf —00/r(@)Ra(x)/2

Again optimizing over 6, we find

Ty < 26 M5 Azr(G)/lﬁ(LJrl)

at least assuming that uG\\/(r(G)Rg(z,y))/8(L + 1)

In summary, we have so far shown that if Rg(x y) > 1, A > 2 and it also holds that

L+12>Tugr(G) and u§A\/(r(G)Ra(z,y))/8(L + 1) < c1, then
Ly LE(y)| = MW7 (G)Re(z,y)
(0<t<7111;1n(G)T(G) ‘ ( ) t (y)| T(G)RG(xa y))

< e HS (LD UG =Tr(G)?/2e(LADIF(C) | 9o=nEA1(G)/16(L+1),

PG

x

Setting L + 1 := ¢; 'AuSr(G), so that

uSA\\/1(G)Rg(z,y) 01 Rc(m Z/

(L+1

we obtain that the relevant probability is bounded above by cze™%* for A > max{2,Tc;},
where only ¢y depends on T'. This bound is readily extended to hold for all A > 0 by adjusting
the constants as necessary, which establishes the desired estimate in this case.

When “Rg(z,y) = 1, essentially the same argument applies. The main difference is that,
because in thls case the vertex y is connected to x by a single edge of resistance Rg(z,y) =
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1/,u5, the distribution of N; is given by

1
Mg Rg((E, y)
In particular, the bound for T} does not change, T3 is still equal to 0 for A > 2, and a similar
martingale argument can be used to estimate 7T5. We omit the details.

Clearly, one could also reverse the role of x and y in the above argument, so that we start
the process X from y instead. Hence, in the case that we start from an arbitrary vertex z,
by applying the strong Markov property at the first time we hit the set {z,y} (noting that the
local times of both x and y are zero up until this time), one can also deduce a similar result.
This concludes the proof. ]

PE(N;=0)=1— =1-PS(N; =1).

Proof of Theorem 1.1(b). 'We note that the proof of this part of the theorem is an adaptation
of the proof of [2, Lemma 2.8]. We will use the same notation as in the proof of Theorem 1.1(a),
though to account for arbitrary starting points will redefine 7,.(0) to be the first hitting time of
x. (For i > 1, 7,.(i) will continue to denote the time of the ith subsequent visit to by X¢.) In
particular, for z,y, z and x # y, by applying the strong Markov property at 7,(0), this allows
us to deduce that, for L > 0,

PS‘( max (L?(@—L?(y»>A¢T<G>Rc<x,y>)

0<t <o (L+1)

< PG G\ 7G >
<P (ogtgfmh (#) ~ LE (1)) > A r<G>RG<x,y>)

o i+1 o y
—p¢ (| (St - 280 0) 2 A Ra )

=PpP¢ (10 + max M; >\ T(G)Rc(x,y)> ;

X
pG o 1<i<LHl

where (M;);>0 is the martingale defined at (5). For L > 0 and any 6 > 0, we have that

8

Pf < max M; > )\> < Ef(eeML“) e A
1<i<L+1

_ EzG(e—G(m—l/uf))LH e

(0% /2)ES () (L+1) ,—6A

N

o°Ra (@) (L+1)/ng —0X
)

N

where we have applied Doob’s sub-martingale inequality, e™* <1 — 2 + 22 for z >0, and
the second moment estimate of (6), similarly to the proof of Theorem 1.1(a). We note that,
because we are only seeking a one-sided bound, integrability is not an issue here, and hence no
restrictions on 6 > 0 are required. Optimizing over 6§ > 0 yields

PC ([ max M, > )| < e Nre/2Ra(@y)(L+1)
T \1<i<L+1 )

from which conclude that
L4 LC(z) — LE(y)) = \W/r(G)Ra(z,y) | < e X ner(@)/8(L+1) .
: <0<t<rrrl?(XL+1)( ¢ (@) ¢ W) r(G)Re (v, y) e (7)

whenever \ > 2.
Next, define the event

= s (o (587) 10 (54) 0/
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On this event, for some t > 0 we have that
Lf (x) L (y) ;
LA —LA[—= > M/ Ral(z,y),
(11 (5) -0 (57 ) = et
and so, assuming A > 0 and & # y, it must also hold that r(G)~'L{(y) < L. In particular, this

implies
L (@) e L{(y)
LA(r(G)>>>\ RG(x’y)+r(G)'

Setting s = t A 7, (| LuSr(G)]), we thus deduce that

Lg(x) _ Lf(x) A L{(y) [ L (y)

Again applying the strong Markov property at 7,,(0), we have therefore shown that

P& (A L)) < P¢ LG (x) - LE > .
2 (A(z,y,A, L)) z (ngmﬁlgfgr((;m( ¢ () =Ly (y) = A T(G)Rc(x,y)>

Recalling the bound at (7), this implies
P(A(z,y, M\, L)) < e~ N HET(G)/BLLUTT(G)] o= A?/8L

for every A > 2 and L > 1. The result follows. ]

3. A discrete version of Garsia’s lemma

For our discrete version of Garsia’s lemma, we continue to work in a general framework. In this
section, though, we do not need to restrict our attention to the resistance metric, and instead
consider an arbitrary metric dg on V(G). We write do(G) := min, yev(q):z2y da(v,y) for the
shortest distance between two distinct points,

d(G) := d, 8
(G)  max alz,y) (8)

for the diameter of V(G), and
Ba(z,r) :==A{y : da(z,y) <r} (9)

for the open balls with respect to this metric. To state our main result, we further suppose:
v: Ry — Ry is a non-decreasing function; p: Ry — Ry is a non-decreasing function with
p(0) =0 and ¢ : R — R, is symmetric, convex and satisfies 1(0) = 1 and lim,_, 9(x) = co.

PROPOSITION 3.1. Suppose that the measure u® satisfies

,min pS (Ba(z,r)) = v(r) (10)

for every r = [do(G),d(G)]. Given a function f : V(G) — R, define
SUTSED S CETION W

(By convention, we set (f(z) — f(y))/p(da(z,y)) =0 when x = y.) It is then the case that

[logy(da(z,y)/do(G))|+1
(@) — f(y)] <2 ) pldo(G)2+ ) (WFGSQ))

i=1

for every x,y € V(G), where v~ (z) := inf{y > 0: ¢(y) > x}.

(11)
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Proof. Fix xg,y0 € V(G), xo # yo. For i =0,1,2,..., define A; to be a set of the form
Ba(z;,do(G)2%) that contains xq. Similarly, define B; to be a set of the form B,(y;, do(G)2°)
that contains yo. Note that Ay = {xg} and By = {yo}. Moreover, we can choose the sets so
that A,, = B, where n := min{i : do(G)2° > da(z0,y0)} = |logy(dg(w0,y0)/do(G))] + 1.

For a set A C V(G), if we define fa := (1/u%(A)) Y, c4 f(@)p& to be the mean of f on the
set A, then, by applying the convexity of ¥, we deduce that, fori =1,...,n,

et <o X (i)

2 e
< ZZ( i) 4

F(f)
T u(do(G)21)

In particular, this implies
— @)2it1 _
|fA fAl 1| ( ( ) )’(/} (U(do(G)Qll)z

Since fa, = f(z0), summing over i gives

I'(f)

(do(G)2" 1) — ).

Ja. Zp @207 (i)

Repeating the argument for yg yields the desired result. ]

REMARK 3.2. An elementary argument gives that the sum at (11) can be bounded above

by the integral
2da(z,y) )4 r
do (@) s v(s/2)

By extending the lower limit of integration to 0, one obtains an upper bound that does not
depend on dy(G).

4. Local time continuity under UVD

In this section, we prove Theorem 1.4. We start by combining Theorem 1.1(a) with the discrete
version of Garsia’s lemma derived in the previous section to establish a slightly weaker result.
Although this has a worse power of the log term in the modulus of continuity than we will
eventually obtain, it will allow us to uniformly control the maximum value of local time over
the relevant time scales, as we do in the subsequent lemma.

LEMMA 4.1. If (G;)ier is a collection of graphs that satisfies UVD, then, for each T > 0,

N—1 LGi _ LGi
lim sup max PZ max max = r(Gi) | L (@) _t W)l >)M] =0.
A—o0 je 2€V(Gi) 2,y€V(Gi) 0ISTm(G)r(G:) Re, (2, y)/*(1 +In R, (z,y) )

Proof. Set dg, := Rea,, va, () := v(r(G;)z) (where v is the function that appears in the
definition of the UVD property), pg, (z) := /= and g, (x) := el*| for some ¢ which will later
taken to be small. By the lower bound of UVD, we know that (10) holds for each ¢ with this
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choice of dg; and vg,. We therefore obtain from Proposition 3.1 (and Remark 3.2) that

- ) < 2 o, (ML)
r(Gi) 7Ly () — Ly (y)|<c 0 g1/2 Iny v(r(Gy)s/2)? o

for every z,y € V(G;), i€ 1,t > 0.
Assume now that T'(r(G;)"'LE) < Am(G;)? for some A > 1. From the UVD property, we
deduce

D(r(G:) 7 'LE) < am(Gy)? < A2o(r(Gy))? < Ac2chs21082 34 (1(Gy)s/2)?,

where ¢3 is the constant such that v(2r) < csv(r). Hence, setting A = A1/21082 ¢s

) _ 2I~%Gi(m,y) 1 c ;\
r(G) ML (@) = L (y) < ca L Y2 Iny (Z) ds

for every z,y € V(G;), i € I. This implies
r(Gi) LY (2) = L ()] < c6\/ Ra, (2, y) (n(esA) + In R, (w,9) ™)
< er(1+ )/ Ra, (2,9)(1 +In Re, (z,y) ")
for every z,y € V(G;), i € I.

It follows from the conclusion of the previous paragraph that

G; -1 LGi — LGi
sup max PG max max _ r( )1 |2 ¢ (2) il (y)l_l A\
icl 2€V(G;) z,y€V(G;) 0Kt<Tm(G)r(Gy) RG’,i(l’,y) / (1+1HRGi (m,y) )

WV

<sup max PY ( max L(r(G;) 'LE) > )\’m(Gi)Q) ,
iel 2€V(Gi) 0<t<Tm(Gi)r(Gi)

where )\ is defined by A = ¢7(1+1In)\'). Hence, to complete the proof, it will be enough to
show that

. . 72EG«; T ) 71LGi ] 12
312?26115%1_@(@) S L S (r(Gi)""Ly") ) < o0 (12)

Now, by definition, we have that the left-hand side is bounded above by

cmax (G ) (G YL (@) — LG
sup  max ES exp 0<t<TmM(G4)r(Gy) (Gi) 7Ly () e ()l

iel ,y€V(G;) RG.(x y)

Consequently, assuming that ¢ is chosen to be suitably small, the bound at (12) can be deduced
by applying Theorem 1.1(a). (I
LEMMA 4.2. If (G;)ier Is a collection of graphs that satisfies UVD, then, for each T > 0,

. G; N1 G; _
)\h—{{olo Silelg)zé?/%éi)]?z (zer?/%éi)r(GZ) LTm(Gi)T(Gi)(x) > )\> -0

Proof. First note that, for A > 1, PZ(r(G) ' LY, o). (x) > A) is bounded above by
PS¢ (. (|M\Sr(G)]) < Tm(G)r(G)). Recalling the bound for T; that appeared in the proof
of Theorem 1.1(a), it follows that

PG (1(Go) ™ L (o) (@) > A) < e DT rGOIHE =Tr(GO) 2el i ir (G (G,

and the upper bound here converges to 0 as A\ — oo, uniformly in x € V(G;), i € I. The
result follows by applying this convergence and Lemma 4.1, together with the observation



68 D. A. CROYDON

that PS (max,ev(ay) r(Gi)’lL%n(Gi)T(Gi)(x) > ) is bounded above by
G; —-17G;
P; (T(Gi) LTm(G,;)r(Gi)(Z) P >‘/2)
+ P (m,ylél‘glz(Gi)T(Gl) Lo @) = L) )] 2 /\/2> :
|

LEMMA 4.3. If (G;)ser Is a collection of graphs that satisfies UVD, then, for each L > 0,

LA LE @/[r(G) = LALEWIGE | )

)\lim sup max P¢ max - max = =
e ier 2EV(E) yeVIGy 120 VRe.(x.9)A +In R, (2.4))

Proof. Since the proof of this is essentially the same as that of Lemma 4.1 with the local
times being replaced by the truncated local times, we omit the details. We merely note that
to obtain the square root of the log term of the modulus of continuity, we take ¥, (z) :=
e and estimate the expectation of max;>o D(L A (LS /7(G;))) using the Gaussian bound of
Theorem 1.1(b). O

Proof of Theorem 1.4. Clearly, the probability we are trying to bound is no greater than

|L A (LE (2)/r(Gi) = LA (LE* (y) [r(Ga))] >\

P¢i max  max
xr ) t/ > R -
A T

Gi N—17G;
e (wer?%i)r(c}’) Lim@yr(cn (@) >L).

Hence the result is an easy consequence of Lemmas 4.2 and 4.3. ]

5. Examples

In this section, we present some examples of collections of graphs for which UVD can be
checked, and therefore to which Theorem 1.4 applies. Although in these examples we restrict
our attention to collections of unweighted graphs (that is, those for which ,ufy =1, for all
{z.y} € E(QG)), we note that the assumption UVD is stable under perturbations that keep the
weights uniformly bounded. In particular, the discussion would equally apply if we supposed
ufy € [e1,¢2] for all {z.y} € E(G) (uniformly over the graphs in the collection), where 0 <
c1 < cg < 00. We further note that for the majority of the graphs described explicitly in our
examples, we have that for some oo > 1, 8 > 2,

Mg(Bd(l’,T>) xTaa RG(.’L’,y) xCZCJ(LI’.JZIJ)KB_Q7 (13)
for x,y € V(G), r € [ro(G),r(G)] (again, uniformly over the collection), where d¢ is the usual
shortest path graph distance, By(z,r) is the corresponding ball (defined as at (9)), and =<
means ‘bounded above and below by constant multiples of’. As a result, the conclusion of
Theorem 1.4 can be written as

A(GN—B=) | [Gi() — [Ci
lim sup max Pfi max max (Gi) L () £l >\ =0

A—oo iel 2€V(Gi) 2YEV(G:) 0SISTA(G)P \/Jai (z,y)~2(1 + Indg, (z,y)~ 1)

- (14)
for each T' > 0, where dg, (x,y) := dg,(z,y)/d(G;) is the graph distance rescaled by the graph
diameter (as defined at (8)). Note that § gives the relevant time-scaling exponent (cf. the
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Fi1cURrEe 1. The Vicsek set graphs Go, G1, G2.

heat kernel estimates for infinite graphs of [7]). We describe the extension of this local time
continuity result to the infinite graph setting in the next section.

5.1. One-dimensional graphs

Consider (G;)ier to be a collection of unweighted graphs for which there exists a finite
constant ¢ such that m(G;) < er(G;) for all ¢ € I. Since the shortest path graph distance dg,
satisfies dg, > Rg,, we immediately deduce that pu%i(Bg,(x,r)) > r for r € [ro(G;),7(G)],
which confirms UVD holds in this case with v(r) = r. In particular, this class of examples
covers collections of essentially one-dimensional graphs. For example, it includes the case when
G, is the graph with vertices {0,...,i} connected by nearest neighbour edges, i € N. (This
latter example satisfies (13) uniformly over (G;);eny with a =1, 8 = 2.)

5.2. Trees

Suppose that (G;)iecr is a collection of graph trees. Since in this case dg, = Rg,, it follows
that we can replace the resistance metric by the shortest path metric in the UVD condition
to be checked, and in the conclusion. In particular, if we have a family of trees with uniform
polynomial volume growth of exponent a with respect to the graph distance (so that the
left-hand estimate of (13) holds uniformly over (G;);cr), then UVD holds and Theorem 1.4
applies. (NB. In this case, the right-hand estimate of (13) immediately holds with § = a + 1.)
For instance, if we take the GG; to be the ith level graph tree approximation of the Vicsek
set, the first three such graphs are shown in Figure 1, then it is easy to check that we have
the requisite polynomial volume growth with exponent o = In5/1n 3, and so we conclude (14)
holds with this a, 8 = a+ 1 and d(G;) = 2 x 3°.

5.3. Nested fractal graphs

The nested fractals were originally introduced in [34], and are a class of self-similar fractals
that are finitely ramified, embedded into Euclidean space and admit a high degree of symmetry.
The volume and resistance growth of such fractals and associated graphs are well-understood,
and so fit naturally into the framework of the present article. Although the discussion of this
section would readily extend to any nested fractal, for simplicity of presentation we restrict
ourselves to the graphs associated with the Sierpinski gasket in two dimensions.

Let Vp := {21, 72,23} C R? consist of the vertices of an equilateral triangle of side length 1.
Write ¢;(z) := | + x;]/2. Then there exists a unique compact set such F' that F' = Ule Y (F);
this is the Sierpinski gasket. We define the associated Sierpinski gasket graphs (G;)i>o by
setting V(G;) :=V;, where V; := Ule ¥i(Vi—1) for i > 1 (note that Vy was already defined)
and defining E(G;) to be the collection of pairs of elements of V; at a Euclidean distance 27
apart. (The first three graphs in this sequence are shown in Figure 2.) For such graphs, it is easy
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FIGURE 2. The Sierpinski gasket graphs Go, G1, Ga.

to check that balls in the shortest path graph distance dg, satisfy c;r?f < u: (Big, (w,1)) <
cards for every z € V(G;), r € [1,d(G;)], i >0, where dy :=1n3/In2. Moreover, for the
resistance metric Rp on the limiting fractal, it is known that cs|z — y|? =% < Rp(z,y) <
calz —y|* =945 for all x,y € F, where d,, =In5/In2 (see [37, (1.6.10)], for example). From
the standard construction of Rp in terms of resistances on approximating subsets, it is
possible to deduce that Rg, (7,y) = (5/3)'Rr(x,y) for all x,y € V(G;), i = 0. It is also straight-
forward to verify cs52¢|z —y| < dg,(z,y) < c62¢|z —y| for all z,y € V(G;), i > 0. Hence it
follows that
crdg, (.’E, y)dw_df < Rg, ((E,y) < esdg, (.’E, y)dw_df

forall z,y € V(G;), i > 0. (For nested fractals in general, a discussion of the connection between
the various distances can be found in [21, Remark 3.7].) Putting these estimates together, we
deduce UVD holds for this example, and an application of Theorem 1.4 yields the following.

We note that a similar modulus of continuity for the local times of the limiting diffusion was
established in [10, Theorem 1.11, see also the remark following its proof].

THEOREM 5.1. If(G;);>¢ Is the sequence of Sierpiniski gasket graphs, then, for each T > 0,

. A 3/5)| Ly’ (x) — Ly (y))
1 PY: ( ¢ ¢ >\ =0.
Peaeiets v P (;,Jélé‘f(ci) 0t o — PO TME (1 + In e — g )12

5.4. Sierpinski carpet graphs

There are various definitions of generalized Sierpinski carpets and associated graphs to which
the following argument could be applied. Again, though, to avoid unnecessary complication,
we take one representative example. Let {z1,...,23} C R? be the corners and edge-midpoints
of the unit square L(), 1]2. Write ;(x) := |x + x;|/3. Then there exists a unique compact set
such F that F' = J,_, ¥;(F); this is the Sierpiniski carpet. We define the associated Sierpinski
carpets graphs (G;);>o by first setting V(G;) := V;, where V} is the set consisting of the centres
of the squares (1;([0,1]%))3_,, and V; := U?:I ¥;(Vi—1) for i > 1. Moreover, we define E(G;)
to be the collection of pairs of elements of V; at a Euclidean distance 3~ (*+1) apart. (The first
three graphs in this sequence are shown in Figure 3.) Let us also define an infinite version of
the graphical Sierpinski carpet G by setting V(G) := ;2 3" "'V, and defining E(G) to be the
collection of pairs of elements of V(@) a unit distance apart.

Now, for the infinite graphical Sierpiniski carpet, it is a consequence of results in [5, 7] that

ada(z,y)™ ™% < Rg(z,y) < codg(z,y) ™Y (15)

for every z,y € V(G), where Rg and dg are the resistance and shortest path metric,
respectively, dy :=In8/In3 and d,, :=In(8p)/In3 for some p > 1. Hence, if we consider G;
with ‘wired” boundary conditions, by which we mean we identify all the vertices on the
outer edge of the graph to obtain a new graph G}’, then a straightforward application of
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FIGURE 3. The Sierpiniski carpet graphs Go, G1, Ga.

FIGURE 4. The left-hand figure shows A (black) and B (dark grey). The right-hand figure shows
A’ and B'.

Rayleigh’s monotonicity law (see, for example, [33, Theorem 9.12]) allows us to deduce that
R (x,y) < czdge (z,y)* % for all z,y € V(GY), i >0. It is also an elementary exercise
to check that u% (By_, (z,7)) > qu‘(Bde (z,7)) = car?s for every x € V(GY), r € [1,d(G¥)],
12 0. (If = is the boufldary vertex in Gf’, then we can take any z on the boundary in the
middle expression above.) This confirms that the first part of the UVD condition holds with
’U(’I") = frdf/(df_d'w).

For the second part of the UVD condition, let us start by defining A to be the union of two
rectangles of height 1/9 and width 1, one at the top and one at the bottom of the unit square
[0, 1]2. Moreover, define B to be the square of side 1/9 located on the middle of the right-hand
side of [0,1]2. (See left-hand side of Figure 4.) From [35, Theorem 6.1], it follows that there
exists a constant cs such that

Re,(ANV;, BOV;) = csp’ (16)

for every i > 1. (The graphs considered in [35] have larger vertex sets than ours, but it is
easy to see that the resistance in the two settings is comparable.) Next, let A’ and B’ be the
image of A and B under the map that takes the unit square [0,1]% to [2/9,1/3] x [4/9,5/9)
(see the right-hand side of Figure 4). By again applying Rayleigh’s monotonicity law, it
follows from (16) that if z € B'NV(GY) and y € V(GY¥)\[2/9,1/3] x [4/9,5/9] (where i > 3),
then Rgw(z,y) > Rgw(A',B') > cep’. In particular, this implies that 7(GY) > c7p’, and we
conclude that m(GY) < 78" < cgr(G)4/(di=dw) " as desired. Thus, since the graph distance
dg, is comparable to the wired Euclidean distance |- —-|, (that is, the quotient of the
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usual Euclidean distance on [0,1]? under the identification of the boundary) multiplied
by 3%, we obtain the following. We expect that by developing further the techniques of
[35] (see also [5]), it should be possible to verify the corresponding result for the unwired
graphs (Gz)120

THEOREM 5.2. If (G¥);>¢ is the sequence of wired Sierpiniski carpet graphs, then, for each
T >0,

_i1+ GY¥ G
w (2 L 7 _ L 1
lim sup max pPY max max 1[:1( )|/2t1n3($) £ W)l - >\ =o.
A—00 >0 2€V(Giv) z,y€V(G;v) 0<t<(8p) T ‘I _ y‘w P (1 +In |QZ _ y|;} )1/2

6. Infinite graphs

In this section, we consider the application of the techniques developed in this article to a
class of infinite graphs. In particular, we suppose that G = (V(G), E(G)) is an infinite, locally
finite, connected graph, with weights 1“ and distinguished vertex 0 € V(G). We assume that
this satisfies (13) for some a < 8 (where @ > 1, § > 2). We note that, as is discussed following
[7, Definition 1.2] (see also [7, Proposition 3.5]), these conditions imply that the random walk
X ¢ is recurrent. As a consequence, the identity at (1) still holds in this setting (see [4, Lemma
2.48], for example). This will be useful in proving the following adaptation of Theorem 1.4 to
the present setting, which is the main result of this section. Since the proof is in many aspects
similar to that of Theorem 1.4, we will be brief with the details. At the end of the section, we
describe a particular application to the infinite graphical Sierpiriski carpet.

THEOREM 6.1. If G is an infinite graph satisfying (13) for some a > 1, 3 > 2 such that
a < (3, then, for each T > 0,

—(B—a) LG _ LG’
lim sup POG max max ’ L (=) c W >\ =0,

Azt D\ eV @0 TR0 (4 ) (14 Iy (R (2,9) )

where R(C?(a:,y) =i~ B~ Rg(z,y).

To prove the above result, we start with a lemma that controls the rate of growth of the
local times at a given vertex. Throughout this section, we suppose d¢g is the usual shortest
path metric on G, and denote balls with respect to this metric by Bg(z, ).

LEMMA 6.2. If G is an infinite graph satisfying the conditions of Theorem 6.1, then, for
each T > 0, there exist constants ¢y and co such that

sup sup PG(imPmILE (2) > \) <cpem?
i21 zeV(Q)

for every A > 0.

Proof. We will first show the existence of constants €1, > 0 such that

. €2
PG(T;_ > 6126) 2 W
x

x

(17)
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forall zx € V(G), i > 1. Given x € V(G), let y € V(G) be such that dg(x,y) = i. We then have
that

Pf(T;r > sli’@) > Pf(Ty < T;F)P?S;(TBd(w)c > sliﬁ)
1 —(1/(B—1))
> —————(1—ce % )
- MgRG($7 y)
cs
? g

where 7p,(y,i)c is the exit time of the ball By(y,i). Note that we have applied (1) and [7,
Proposition 3.4 and Lemma 3.7] to deduce the second inequality, and (13) to obtain the third.
This confirms the desired bound.

Now, define (7;(7))i>0 as in the proof of Theorem 1.1(a). It is then the case that

PY (i~ PLE s (x) > N) < PS(r([AudiP~*]) < TiP)
AnE =1
<P¢ > LnGa—mzairy < T/e
=0
= P(Bin([M\uli? ], PS (] > e1i”)) < T/e1)
< PBin([Aufi" ], ea/puSiP~) < T/ey),

where we denote by Bin(n,p) a binomial random variable with parameters n and p, built on a
probability space with probability measure P. Note that the final inequality is a consequence
of (17). Hence,

Pg (i*(ﬁ*a)L?iB (z) > N) oT/e Ef(e*Bin([A#Si57“J,ez/ufiﬁf"))

<
< el/ea e~ (Ime g™ Jea /ug i

Next, note that if y € V(G) is such that dg(x,y) =1, then, by applying (1) and (13), we
have that 1 < P,(r, < 7.0) 7! = uSRe(x,y) < caplda(z,y)?~* = cqul. In conjunction with

the above inequality, it follows that, for A > 2¢y, Pf(i_(ﬁ_o‘)L%B () > \) < cse~ %, and the
result follows. |

The following result is a version of Theorem 1.1 for infinite graphs. Since on replacing r(G)
by i#~%, and m(G) by i%, the proof of the result is almost identical to that of Theorem 1.1,
we omit it. (The one other change that is required is the use of Lemma 6.2 to bound the term
corresponding to T3 in the proof of part (a).)

LEMMA 6.3. Suppose that G is an infinite graph satisfying the conditions of Theorem 6.1.

(a) For each r,T > 0, there exist constants ¢; and co such that

P¢ =) L9 (z) — LY (y)] = A/ RY

sup _max .. P (0 Joax 0 |y (z) — Ly’ (y)| = ¢ (@y)
dg(z,y)<Ki

g Cl e*CzA

for every A > 0.
(b) It holds that

sup max PY (max
i>1 %,y,2€V(G)

2
< 2e1/2-2*/8L

for every A\ >0 and L > 1.
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We are now in a position to prove the main result of the section.

Proof of Theorem 6.1. Given k > 6, let G; be the graph with vertex set V(G;) := Bq(0, xi)
and edge set E(G;) :={z,y € E(G) : =,y € By4(0,ki)}. From (13), it is possible to check that
there exists a constant ¢; such that

(Bd(x r) N By(0, ki) = e1r® (18)

for every © € V(G;), r € [1,2ki], i > 1. Indeed, for balls such that Bg(z,r) C Bg(0, ki) (which
includes the case r = 1) this is obv10us. Otherwise, x € B4(0, (ki — 1)+ ). If we further suppose
2 < r < 2ki/3, then 1 < |r/2| < ki — r, and it is possible to select y € V(G;) to be a point on
a shortest path from 0 to x such that dg(z,y) = [r/2]. For this y, we have u G(By(x,r) N
B4(0, k1)) = u®(Baly, [7/2])) = car®. On the other hand, assume 2ri/3 <r < 2ki. Let y €
V(G;) to be a point on a shortest path from 0 to z such that dg(z,y) = |de(0,2)/2].
Then p%(Bg(z,7) N Bg(0, k1)) = u®(By(y, ki/6)) > c3(ki)® = cyr®. This confirms (18), and
thus we deduce that the measures u%i := u%(- N By(0, ki)) satisfy (10) uniformly in i > 1 for
v(r) = erre.

Next, from Lemma 6.3(a), we deduce that, for each x,T > 0, there exists a constant c5 such
that

supi 2*ES [ max Z o051 PN | Le(@)~Le(w)l/ | RE (= 288 | < oo,

1 0<t<TiP
izl U z,y€B4(0,k1)

Hence, setting dg, = Rg), vg, (2) := i% B~ pa (x) == /z and Yg, (x) := ! for suitably
small ¢, and applying the volume bound of the previous paragraph, one can proceed as in the
proof of Lemma 4.1 to show that, for any x,7T > 0,

j—(B—a LG LG
lim sup POG max max ‘ () - W)l >A\] =
A—o00 i>1 z,y€Bq(0,k1) 0KtLT P R(Z) (SC y)1/2(1 + 1n+ R ( )71)

Together with the conclusion of Lemma 6.2, this implies that, for each «, T > 0,

lim sup P§ ( max i~ LE (2) > )\> =0 (19)

A—00 j>1 x€B4(0,K1)

(cf. the proof of Lemma 4.2). Moreover, Lemma 6.3(b) implies that for each x > 0, L > 1, there
exists a constant cg such that

supi 2*ES [ max Z €6l LA(LY (2) /i~ *) = LA(LE (y) /7)) /Rm(z,y)ugug < 0.

: t=0
1 7" 2y€Ba(0,ki)

Thus, as in Lemma 4.3, taking ¢¢, (z) := ¢ in a similar application of Garsia’s lemma yields

G B—a\ G B—a
lim sup P§ max max LA @)/i777) = LA LY )/ >A| =0 (20)

At T\ B0 SR @)1+ Iy RE () )

Putting (19) and (20) together, we can emulate the proof of Theorem 1.4 to obtain

—a)| TG _7G
lim sup P§ max max IE¢ (@) = L7 ()] =AM =0 (21)

A—00 i1 z,y€Bq(0,k1) 0Kt TP \/R x y)(]. + 1n+ R(é) ($, y)fl)

Finally, we know from [7, Proposition 3.4 and Lemma 3.7] that if 75,0 xi)- is the exit time of
X from By(0,x4), then lim,_, o SUpP;>1 Pg(TBd(O,,m‘)c < Ti”) = 0. The result readily follows
by applying this together with (21). |
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A simple application of Theorem 6.1 yields the following corollary for the infinite graphical
Sierpinski carpet introduced in Subsection 5.4. The key estimate verifying (13) is stated at
(15). (The relevant volume bound is easy to check.) In stating the result, we write the infinite
carpet Foo, := ;o 3'F, where F is the Sierpiniski carpet defined in Subsection 5.4. We extend
the definition of discrete local times to this set in such a way that for each = € F,, LY (z) is
bounded below (above) by the minimum (maximum) of L& over the graph vertices contained
in the same and adjacent unit squares, and also (LY ()),er, is continuous. We then extend
to all times by linear interpolation. As is explained in the next section, were it known that the
random walks converged under rescaling to a diffusion with jointly continuous local times, then
this result would be enough to confirm that the local times of the random walk also converged
under suitable rescaling.

COROLLARY 6.4. For the infinite graphical Sierpinski carpet, for each t > 0, the laws of
(ii(dw7df)Liniwt(ix))fI)EFoc7

i=1,2,..., form a tight sequence of probability measures on C(F,,R), where dy :=In8/In3
and d,, :=1n(8p)/In3.

7. Local time and cover time-scaling

In this section, we consider the implications of local time equicontinuity for sequences of graphs
for which the associated random walks admit a scaling limit. As in Subsection 5.3, for brevity
we restrict ourselves to the unweighted Sierpinski gasket graphs. It should be noted, however,
that the arguments below are relatively generic, and should be transferable to many other
models once the relevant inputs are established. Indeed, this is the reason why, despite it being
possible to prove a stronger result for cover times than the one we derive below using a simple
time-change argument in the particular case of nested fractal graphs, we believe the techniques
developed here are still of interest (see Remarks 7.2 and 7.4 for further discussion on this
point).

Let (Gi)i>0 be the sequence of Sierpiriski gasket graphs of Subsection 5.3, and F' be the
limiting Sierpiriski gasket into which these are embedded. By [10, 25, 32], we know that if the
associated random walks X @ are started from z; € V(G;), where z; — x € F, then

(X$)iz0 — (X )es0 (22)

in distribution in C(Ry, F'), where X! is Brownian motion on the Sierpifiski gasket started
from x. (We suppose that discrete-time processes are extended to elements of C(Ry, F) by
linear interpolation.)

In [10], it was shown that the Brownian motion X ¥ admits local times (L' (z))zer >0 that,
almost-surely, are jointly continuous in (x,t) and satisfy the occupation density formula:

¢

| st @nr s = | sxas

F 0
for any continuous function f: F — R and t > 0, where u is the (In3/In2)-dimensional
Hausdorff measure on F, normalized to be a probability measure. For ¢t € N, we similarly
have
t—1
| L8 @ an) = 3 rx0).

Jj=0
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Hence, by applying the random walk scaling limit of (22), it is possible to check that, for each
continuous f: FF— Rand t > 0,

5| @1 @ de) — | s @ ()

in distribution. (Note that, for this statement to make sense, we suppose that the definition of
the discrete local time processes it extended to all times by linear interpolation at each vertex.)
By [27, Theorem 16.16], this is enough to imply that, for each ¢ > 0,

571 L ()u” (da) — LT ()" (da) (23)

in distribution in the topology of weak convergence of Borel measures on F. (We view u% as
an atomic measure on F in the obvious way.)
Now, for each t, we extend (LtG (7))zev(a,) to a continuous function on F' by setting

3 — G
LGy Doy lo = ol MLE ()
t (l‘) - 3 -1
Dt [ — |

when « is contained in the ith level triangle with vertices z1, x2, x3. Given the equicontinuity
result of Theorem 5.1 and uniform boundedness of Lemma 4.2, we can apply the Arzela—Ascoli
theorem to deduce that the laws of ((3/ 5)”Lgt (2))zer form a tight sequence of probability
measures on C(F, R, ). In particular, the sequence ((3/ 5)1Lgt(m))Le r admits a distributionally

convergent subsequence. Suppose that we have such a subsequence ((3/5)% Lsi;jt ())zer, and
(0(x))zer is the distributional limit in C(F,R). Since u%/(6 x 3¢) — pf’, it is an easy appli-
cation of the continuous mapping theorem to deduce from this that 5% L5i;jt(:z:)ug"f (dz) —
6¢(x)pt (dr) in distribution in the topology of weak convergence of Borel measures on F. In
conjunction with (23) and the almost-sure continuity of (Lf (z)).er, it follows that (64(x)).cr
is equal to (LI (7))zer in distribution. Since this conclusion is independent of the particular
subsequence chosen, we obtain that, for each ¢ > 0,

(6 (2) Léi;(x))IEF o (L @))ecr

in distribution in C(F,R;). Given that the convergence of the rescaled X% to X holds
in the uniform topology over compact time intervals, this result is readily extended to hold
simultaneously over a finite collection of times 0 < ¢; < --- < t. Moreover, because local times
are increasing in ¢ and the limit is continuous in the temporal variable, an elementary argument
allows us to deduce the convergence is also uniform over time (cf. the proof of Dini’s theorem).
In particular, by following these steps, we obtain the following result.

THEOREM 7.1. Let (G;)i>0 be the sequence of Sierpiriski gasket graphs of Subsection 5.3.
If the associated random walks XCi are started from z; € V(G;), where x; — x, then

<6 (g)u)) e @)eer

TzE€F,t>0

in distribution in C(F x R4, R), where (L¥ (x))zcri>0 are the local times for the Brownian
motion X* on the Sierpitiski gasket F started from .

REMARK 7.2. We now discuss a simpler proof of the corresponding result for the
continuous-time version of the random walk, similar to the proof of [3, Theorem 7.22]. If
we define A} := [, L (z)u“ (dz)/m(G;) and 7;(t) :=inf{s : AL > ¢}, then (Xg(t))@l gives
the continuous time random walk on G; with exponential mean 5% holding times. Moreover,
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similarly to the argument of [13, Lemma 3.4], one can check that the local times of this process
with respect to u%/m(G;) are given by (Li(t)(ﬁc))er(Gi),@o- Now, since pu% /m(G;) — pf',
the continuity of the local times L imply that (7i(t))i>0 — (¢)¢>0 almost-surely. Thus a simple
reparametrization yields that if (L& (7))zev(a,),t>0 are the local times of the continuous-time
simple random walk on G; with exponential mean one holding times, with respect to the
measure %, then (6(3/5)"E5Gi;(:c))xep7t>o — (L (2))zeri=0 in distribution in C(F x Ry, R),
where the local times on the discrete spaces are suitably extended to take values in this space.
We note, however, that this result would not transfer to the discrete-time case without the
use of some form of equicontinuity property, such as the one we have proved in this article.
Moreover, the construction of the time-changed processes that the proof depends on is quite
specific to the particular situation, and would not readily transfer to other settings, such as
the Sierpinski carpet.

To conclude the article, we show that, as a consequence of this local time convergence, we
are able to deduce the asymptotic behaviour of the cover times of the Sierpinski gasket graphs
in the sequence. To this end, for a random walk X on a graph G, we define

&, =nf{t > 0 {X§, ... X7} =V(G)} (24)
to be the first time that X has hit every vertex of G. We note that if

78 =inf{t >0: LY (z) >0, Vz € V(Q)}, (25)
then 7¢ = 7& + 1; this equality will be crucial for our argument. We note that, as in the first

part of this section, the steps we follow are not specific to the Sierpinski gasket example, and
will apply to any sequence of graphs for which we have a scaling limit for the random walks
and local times. In order to state our main result, for a diffusion X¥ with state space F' and
corresponding local times (Lf'(2))zeri>0, we define 75 and 7L analogously to (24) and (25),
respectively.

COROLLARY 7.3. Let (G;)i>0 be the sequence of Sierpiiiski gasket graphs of Subsection
5.3. If z; € V(G;) satisty x; — x, then

lim sup Pfj (57175, <t) < PL(FE, <), (26)
liminf PSi (57758 <t) > PE(7E < 1), (27)

for every t > 0, where PL is the law of the Brownian motion X¥ on the Sierpitiski gasket F
started from x.

Proof. Suppose that ¢t < 7£ . Then there exists an x € F' such that z is not contained
in the set {XI : 0 < s <t}. By the continuity of X it follows that there exists an € > 0
such that Bg(x,e) N{XF: 0< s <t} =0, where Bg(z,¢) is the Euclidean ball of radius e
centred at x. Now, applying the Skorohod representation theorem, it is possible to assume
that we have a realization of the relevant processes such that the convergence at (22) occurs
almost-surely. Since we are assuming convergence in the uniform topology, it follows that,
for large i, Bg(z,e/2)N {ng :0<s<th=0, and so 5 < 7¢.. Thus we conclude that
liminf; o 577¢: > 7F | and the bound at (26) follows.

Suppose that t > 7L . As local times are increasing in t, it must be the case that
LE(z) > 0 for every x € F. Together with the continuity of the local times, this implies that
there exists an € > 0 such that L (z) > e for every x € F. Again applying the Skorohod
representation theorem, we may suppose that the conclusion of Theorem 7.1 holds almost-
surely. Since this statement is also in the uniform topology, it follows that 6(3/ 5)1Lg¥7t(x) >e/2
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for every x € V(G;) for large i. It thus holds that 5¢ > 7Ci for large i, which establishes

. . cov
limsup,_, . 5775 = limsup,_, . 57175 < 7E . This readily yields the statement at (27). [J

cov

REMARK 7.4. (a) One can check that 0 < 75 < 7E < 0o, almost-surely (cf. the proof of

cov
[10, Theorem 6.3]), and so the limiting expressions are non-trivial.

(b) It is an interesting open problem to determine for which limiting diffusions the identity
rk =7E  holds almost-surely, as it does for reflected Brownian motion on an interval, for
example. Indeed, if this were true for the Brownian motion on the Sierpinski gasket, then the

cov
above result would actually demonstrate that 57175 — 7£ in distribution.
F

(c) In fact, in the Sierpiriski gasket case, it is possible to check that 57i75: — 7L in
distribution using the time-change argument of Remark 7.2. Indeed, if

rEi=inf{t > 0: V(G;) C{XF:0<s<t}},

cov

then it is possible to check from the continuity of X that 7557 — 7F

4 ' Teoy ooy, almost-surely. Hence we
also have that 7;(7£¢) — 7E | almost-surely. Since 7;(7.L%) is the cover time of the continuous-

cov)

time random walk with exponential mean 5~% holding times, by a reparametrization and the
law of large numbers, it follows that the rescaled cover times of the discrete-time walks converge
in distribution. We reiterate, though, that we expect the argument of this article to be more
widely applicable than this.
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