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Abstract. We study curves of fixed points for certain diffeomorphisms of R3 that are
induced by automorphisms of a trace algebra. We classify these curves. There is a function
E which is invariant under all such trace maps and the level surfaces E; : E = t are
invariant; a point of E; will be said to have level . The surface E; is significant. Then
most fixed points on E are actually on a curve y of fixed points interior to £1. We describe
the possibilities for the other end of y on Ej.

0. Introduction

An element A € PSL(2, Z) with |trace(A)| > 2 determines a hyperbolic automorphism,
A say, of the 2-torus T2, which is structurally stable and has infinitely many periodic
points; see §§1.8 and 2.6 of [KH]. Identifying a point (81, 6)T € T? with (—6;, —6,)T
gives a surface T2/~ homeomorphic to the 2-sphere and A induces a pseudo-Anosov
diffeomorphism of this surface [FLP, CB]. This diffeomorphism is not structurally stable,
and its stable and unstable foliations are not orientable. Note that (in contrast to the usual
situation where the pseudo-Anosov map of a smooth surface is not differentiable at the
singularities) this pseudo-Anosov map is a diffeomorphism but of a surface that is not
differentiable at the singularities.

The Fricke character [FK, Go, RB1]

E(x,y,2) :=x>+y2 + 72 — 2xyz .1

determines level surfaces in R3 that are all smooth except for the special case of E~!(1),
which meets the cube [—1,1]® in a ‘curvilinear tetrahedron’ that can be given the
structure of T2/~. The braid group B3 acts on R? by diffeomorphisms called trace
maps that preserve E. This action factors through PSL(2,7Z), and the restriction to
E~'(1) n[—1,1]® = T2/~ is given by the pseudo-Anosov diffeomorphisms described
above.
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Such trace maps have been studied at higher levels £ _l(t), t > 1, in [C, R], where
horseshoes appear in a way reminiscent of a ‘double DA’ bifurcation [W, PM p. 165,
Ro p. 335]. We shall study them at the lower levels E_l(t) NnJ[-—1, 1]3, 0 <1< 1;
each such surface is diffeomorphic to a sphere and they each enclose the origin, £71(0).
By the implicit function theorem each hyperbolic fixed point of such a pseudo-Anosov
diffeomorphism of our tetrahedron (except the singular points, which we call vertices)
lies on a smooth curve of fixed points that descends to lower levels and may become
elliptic. The diffeomorphisms of these level sets preserve a measure equivalent to the
area. Thus we have a concrete situation in which to study bifurcations of area-preserving
diffeomorphisms. (In contrast to the usual situation of a smooth family of diffeomorphisms
of a single surface, this is a case of restricting a diffeomorphism to a smooth family of
surfaces.)

Does such a curve of fixed points continue to the origin or come up again to the
tetrahedron and, if so, where does it return to E ’1(1)? This is the question we study
for a family of such maps (whose dynamics exhibit a certain symmetry) given by

( ! " 2) € PSL(2,7), neven.
—-n 1—n

We shall identify these curves, which might be thought of as forming a supporting
framework for the tetrahedron. That framework is present for each hyperbolic element
of PSL(2, Z) but it is only at the level of the tetrahedron that the curves for different maps
come together (at points with rational torus coordinates). While those fixed points have
coordinates involving cos(2mk/n), the expressions for the curves will involve Chebyshev
polynomials.

1. Prerequisites and statement of results
Let F> = (x1, x2) be a free group of rank two and let 0; € Aut(F2),i = 1, 2, be defined
(as an action on the left) by

o1(x1) = x1x2, 01(x2) = x2,

—1
02(x1) = x1, 02(x2) = x; x2.

One can show that o1, oo satisfy the braid relation 010201 = 020102. We thus have a
representation of the braid group B3, which can be presented as Bz = (01, 02 | 010201 =
or0102) (see [Bi]). In fact, this representation factors through PSL(2, Z) = B3 /{(o1 02)3).
However we prefer to think of the representation as a representation of B3 since there
is a generalization of the above action to an action of the n-strand braid group B,
(see [Hu2]).

Note [MKS, Theorem 3.9] that any element of Aut(F?) fixes the conjugacy class of the
commutator xjxx; lx{ I

Now suppose that the x; are represented by elements of SL(2, C) (a result of Epstein [E]
tells us that, generically, any two such matrices generate a free group of rank two). Let

t; = trace(xy), t = trace(xp), t12 = trace(x1x3).
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Letx = 11/2, y = /2, z = t12/2. Recall the standard trace identities for such 2 x 2
matrices:

trace(Ail) = trace(A), trace(l;) =2, trace(AB) = trace(A)trace(B) — trace(ABil).

Using these we obtain the following induced action of o1, o» on Z[x, y, z] (Which we also
write as an action on the left): for example, since o1(x1) = x1x2 we have o1(¢1) = 12 and
s0 01(x) = z. We similarly see that

oi(x) =2z, o1(y)=y, 01(z) = 2yz — x;

o2(x) =x, 02(y) =2xy—z, 02(2) = . (1.1)

Now because this action is obtained using the action on traces one should expect that this
only guarantees an action of B3 if we consider the action on the frace ring [Ma], this being
the quotient of Q[x, y, z] by all generic trace relations. In terms of the generators x, y, z
this is the quotient of Q[x, y, z] by the ideal generated by the element E — 1, the element
E — 1 being the trace of the Aut(F,)-invariant (up to conjugacy) element x;x2x, lxz_ L
However this turns out to be unnecessary as the action of o1, oo on Q[x, y, z] is actually a
representation of B3 in Aut(Q[x, y, z]). This result is related to the fact that for any n > 1
the braid group B, (see [Bi]) acts on a polynomial algebra with kernel the centre of By,
(see [Ma, Hul, Hu2, LPW]).

In general any automorphism or homomorphism ¢ : F» — F, will give rise to
a homomorphism of the trace ring and so determine a map R? — R3. Such maps
are called trace maps and have been studied by various authors [ABG, BGJ, BR, Ig,
LW, R, RB1, RB2, P, PWW, WW]. For example in [RB1] the Fibonacci trace map,
(x,y,2) = (v, z,2yz — x), is studied. Information is given about curves of fixed points
and period doubling.

The action (1.1) of B3 on the polynomial ring Q[x, y, z] gives rise to an action of B3
on R3 if we think of x, v, z as being the usual coordinate functions for R3. We will write
this action of « € B3 on (a, b, o)t e R3 on the right: (a, b, ¢)Ta; this action is also the
corresponding action by Nielsen transformations [MKS, p. 130], where one uses the same
conventions of left and right actions.

One checks that the action of Bj fixes the function £ = E(x, y, z) of (0.1) and so each
level set

E;={(a,b )T €eR? | E(a,b,c)=1)

is invariant under the action. The level set E; is distinguished and has been drawn by
various authors [Go, RB1]. There are four points

v={11D"1-1,0 1,1, -DT, a,-1,-»)T)

in £y which are the only singular points of E1. In fact, they are the only singular points
of any E;, t > 0. Further, the six line segments joining these points are contained in E
and there is a unique component of E1 \ V whose closure is compact. In fact, this closure
is a topological 2-sphere that separates R> into two components, the closure of one of
these components is a 3-ball 7 that we call a ‘curvilinear tetrahedron’. One can check that
T c [—1, 1] and that 7 N d[—1, 1]? is the above-mentioned set of six line segments.
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The aim of this paper is to study the fixed points of the diffeomorphisms
oy =00y RS R, n>2.

We are especially interested in those fixed points which lie on 7. For n even these fixed
points include the points V. If we ignore the points of V for the moment, then, as pointed
outin [RB1, p. 839], a consequence of the implicit function theorem is that the fixed points
of a; on 37 will belong to smooth curves of fixed points. Part of what we do is to describe
all of the fixed points on 37 \ V'; we then describe the curves of fixed points which contain
them and indicate which pairs of fixed points on 37 \ V are joined by such smooth curves
of fixed points. We say that such a pair of fixed points is o, -dual.

Let T?> = R?/Z? denote the 2-torus. If M is a matrix, then M T will denote its transpose.
Define the map

:T? - 37, (01,627 > (cos(2701), cos(26s), cos(2 (01 + 62))T.

Note that IT(61, 0:)T = T1(— (61, 62)T). The map [T is a branched double cover, branched
over the four points V' = {(0, 0)T, (0, 1/2)T, (1/2,0)T, (1/2,1/2)T} c T2

The action of B3 on 37 actually comes from an action of B3 on T2, the action being
determined by the homomorphism

1 1 1 0
®: B3 — SL(12,7), o]|—><0 1), 02+—><_1 1).

For

o € B3, 0=<Q]> € T?
)

the maps IT, ® are related as follows (see Lemma 2.9):
(Mo)a = TT(P(x)()). (1.2)

The condition n > 2 guarantees that ® («;,) is a hyperbolic map of the torus.

The fixed points of & on 87"\ V are of two types. First note that if T1(8) € 37\ V C R3
is fixed by «, then by (1.2) we must have ®(«x)(0) = £6. A fixed point I1(0) is called
a-preserving, or just preserving if « is understood, if we have @ («)(0) = 6; otherwise it
is called reversing.

The fixed points on 37 and the fixed curves that contain them will be put in four
families:

(F1) straight line curves;
(F2) curves in the planes x = %y;
(F3) curves not meeting the planes x = +y.

For convenience we define a type (F4) curve, which will be a curve not of type (F2) but
which bifurcates at points on the planes x = y. We will initially show (in fact it should
already be clear) that any fixed point on 97 \ V belongs to a curve of fixed points of the
types (F1), (F2), (F3), or (F4); however we will also show that there are no curves of fixed
points of type (F4).

In fact it will follow from what we do that any fixed point for ¢, is on one of the curves
of the types (F1), (F2) or (F3).
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We now say a little about each of the cases (F1)—(F4), leaving most of the details and
proofs to later sections.

(F1) The straight line cases. For NeN let Ky CSL(2,7Z) denote the
congruence N subgroup of SL(2,Z), namely the kernel of the homomorphism
SL(2,7Z) — SL(2,7Z/NZ). Note that ®(a,) = P(0y'0;) € K. For k,m € Z and any
B € Bz such that ®(B) € K,, it follows that any I1(k/n, m/n) is a preserving fixed point
of B. In particular, this is the case for «,.

We will show later that for most integer values of k, m, n the vertical line

p(z) = (cos(2mk/n), cos(2rm/n), z)T c R

is a line of fixed points for o, which contains IT(k/n, m/n)T and is not tangential to
97T at TI(k/n,m/n)T. Thus this line meets 37 at another point, which happens to be
[(k/n, —m/n)T. Thus I1(k/n, m/n)T and TI(k/n, —m/n)T are a,-dual.

LetX,Y, Z C R3 denote the x-axis, the y-axis and the z-axis. Now it is easily checked
that any point p € X U Y U Z is fixed by each 0’1»4, i = 1,2. Thus if n is a multiple of
4, then each of X, Y, Z is a line of fixed points for «, which intersects 37 in «j,-dual
points {(1,0,0)T, (=1,0,0)T}, {(0, 1,0)T, (0, =1, 0)T}, {(0,0, DT, (0,0, —1)T} c R3.
This concludes our discussion of the straight line cases.

(F2) The x = %y cases. We now consider the fixed points p = (a, b, ¢)T € 97 where
a = £b. The two cases are similar and so we only describe the a = b case. First note that
some of the straight line curves of type (F1) are in these planes. The intersection of 7" and
the plane x = y is a topological disc 7, in the x = y plane bounded by the line z = 1 and
the parabola z = 2x2 — 1. In this case we show that any such fixed point (if it is not on a
vertical line of fixed points as in case (F1)) is on a curve with equation

Y () = (0, X, x(1 4 Up—2(x))/ Un—1 ()7, (1.3)

where Uy, (x) is the nth Chebyshev polynomial.

We draw these curves as they lie in 7, (bounded by z = 1 and z = 2x2 — 1) in Figure 1
for the case n = 20 with x horizontal and z vertical; we have shown the components of the
curve y4(x) in solid and we have also indicated some solid and dashed vertical lines.
The solid vertical lines are at x-values that are poles of the function (1 +
U,—2(x))/Uy—1(x). The dashed vertical lines are lines of fixed points for apg. We have
also drawn the parabola z = x2 which indicates the points on the (dashed) vertical lines of
fixed points which are where the function E is minimized (see Lemma 2.8(i)).

(F3) and (F4) remaining cases. We will show that all curves of fixed points which
are not completely contained in the planes x = =y are determined by a single
polynomial K, (x, y). Further any such curve can only intersect the planes x = =%y at
fixed points of type (F1) or type (F2) and these are bifurcation points. We define a type (F3)
curve to be such a curve that does not intersect the planes x = £y at all. Type (F4) curves
are those that do intersect the x = £y planes (at a bifurcation point). As indicated above
we will actually show that type (F4) curves do not exist (by showing that K, (x, x) # 0 for
x e [-1,1].
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FIGURE 1. The curves of fixed points of type (F1) and (F2) in the slice x = y.

In §2, we will define and examine the (F1) curves of fixed points. We find there that the
Chebyshev polynomials U, (x) are needed for this investigation and we also give various
properties of the U,. We also prove (1.2) in §1. In §3, we define and study the fixed
curves of type (F2) and show how the situation in the x = y plane is similar to that in the
x = —y plane. In §4, we find the polynomial K, (x, y) and list some of its properties. We
give a general explanation of «,-duality. We also determine the preserving and reversing
fixed points and show that there are no curves of fixed points of type (F4). In §5, we
consider the more general case where o = of 025 ,r,s € N. In §6, we describe the «,-dual
pairs of fixed points.

2. The straight line curves: the (F1) case

We first give a relatively simple form for the action of «,. This will involve Chebyshev
polynomials. Define the Chebyshev polynomials U, (x) (see [Ri]) by

U-1(x) =0, Uox)=1, Ui(x)=2x, U(x)=2xUy—1(x) = Up—2(x). (2.1)
We have the following properties of U, (x) (see [Ri]):

T 3 km __sin((n + 1)
Up(x) =2 g(x cosn+1>, Un(cos(8)) = —n (2.2)
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LEMMA 2.1. Ifn € Z, then

x 0 1
of=10 1 o] [|y],
b4 -1 0 2y Z
X 10 0\ /x
y aé‘: 0 2x -1 y
z 0 1 0 z

Denote the above two 3 x 3 matrices by M1 = M1(y) and My = M>(x). Then we have
—Uk-2(y) 0 Ur-1(y)

Mk = 0 1 0 :
—Uk-1(y) 0 Ur(y)
1 0 0

M5=(0 U(x) —Uioi(v)
0 Uk-1(x) —Ur-2(x)

Proof. The first statement follows from the action of ¢;, i = 1,2, given in (1.1) and the
second follows by induction on k > 1 using the recursion for U, givenin (2.1). O

COROLLARY 2.2. Foralln € Nand (x,y,z)" € R? we have

x —xUn—2(y) + z2Un-1(y)
y\lon = Un(x®)y = Up1 () [=xUpn—1(y) + 2U,(M]
< Un—l(X*)y - Un—Z(X*)[_XUn—l(y) + zU,(y)]

Here x* = —xUp—2(y) + zUp—1(y).
In particular, if (x, y,z)T € R3 is a fixed point of a, and U,_1(y) # 0, then we must
have
z2=x(1 4+ Up—2(3))/ Un—1(y).
Proof. To prove the first statement we put k = n in Lemma 2.1 and then multiply the
matrices M5 (x* )M} (y)(x, y, 2T
The last statement follows from the first by solving —xU,,—>(y)+zU,—1(y) = x forz. O

We now consider the straight line cases. Let I,, represent the n x n identity matrix.

LEMMA 2.3. Letn, j,k €N, j, k% 0mod n/2, anda = cos(2rwj/n).

(i)  We have M{(a) = M} (a) = Is.

(ii) Ifae(o],0y)andv = (cos(2mj/n), cosQmwk/n), 2)T, then (v)a = v. In particular,
we have (v)a, = v and the vertical line y (z) = (cos(2wj/n), cos2rnk/n), DTisa
curve of fixed points of ay,.

(ili) If j = 0mod n/2 or k = 0 mod n/2, then (cos(2mj/n), cos(2wk/n), z)T is not a
curve of fixed points of ay,.

Proof. From Lemma 2.1 we have

—Up—2(@) 0 Uu—1(a)
M? (a) = 0 1 0 ,
—Up-1(a@) O Un(a)
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and using (2.2) we have (since j # 0 mod n/2 implies that sin(2j/n) # 0)
U,(cosQmj/n)) = sin((n 4+ 1)2mj/n)/sinxj/n) =1,

Un—1(cos(2mj/n)) = sin(n2xj/n)/sin(2wj/n) = 0, 2.3)
Uy—>(cos2rj/n)) = sin((n — 1)2xj/n)/sin(2rj/n) = —1,

which gives M{' (a) = I3. The proof that M} (a) = I3 is similar.

Now from Lemma 2.1 and the above, we have val” = M{’ (cosrk/n))v = Bv =v
and vo) = M} (cos(2mj/n))v = v. It follows that
va, = (voy)oy = voy = v.

This does (i) and (ii).
For (iii) we first do the case k = n/2. Here we have v = (cos(27j/n), —1,z)T and
from Corollary 2.2 we see that the first coordinate of v, is

—cosRrj/n)Up—2(—1)+ U,—1(—1)z = —(n — 1) cos(2mj/n) — nz # cos(2mj/n).

Here we have used the fact that for all ¥>1 we have U, (—1) = (—1)" (r+1), which is easily
proved by induction (see also Proposition 2.6(v)). If k = 0, then v = (cos(27j/n), 1,z)T
and we similarly see that the first coordinate of v, is nz — (n — 1)cos2mj/n) #
cos(2mj/n). The cases where j = 0, n/2 mod n are similar. O

LEMMA 2.4. Any B € B3 which is in the normal closure of the subgroup (014 , af ) (which
has finite index in B3) fixes the axes X, Y, Z pointwise.
In particular, if n € N is a multiple of 4, then o, fixes these axes pointwise.

Proof. The fact that this normal closure has finite index is a consequence of applying the
Reidemeister—Schreier algorithm [BC].

Since o1 and o, are conjugate in B3 it will suffice to show that the action of 014 fixes
each pointof X, Y, Z. If (a,0,0)T € X C R3, then

(@.0,0)701 = (0.0, —a)"o7 = (—a.0,0)'0} = (0.0,a)"01 = (a.0,0)",

as required; this does the x-axis case and the rest are similar. The first result follows and
the second is a direct consequence since a, = o' 0;'. a

This concludes our discussion of the straight line curves of fixed points for «,.
The similarity between what happens on 7 and 7_, where 7_ is the intersection of 7°
and the plane x = —y, is indicated in the following result.

PROPOSITION 2.5.
(i)  The involutive automorphism

55@[)6’)”2]—)@[)5’}”1]’ X =X, Y=Yy, 2> —Z,

centralizes any a € (o1, 022), that is S = Sa. In particular, if n is even, then S
centralizes «,,.
(i)  The involutive automorphism

R:Qlx,y,z21 = Qlx,y,2l, x+—=y, y—=x, 22,

conjugates o3 to 01_1. The map R reverse centralizes oy, so that o, R = Ra,; I
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Proof. (i) We have

018(x,y,2) =01(—x,y,—2) = (—z,y, —(2yz — x)),
So1(x,y,2) =85, y,2yz —x) = (—z,y, —2yz + x),

showing that S centralizes o1. The calculation showing that S centralizes 022 is similar.

Thus S centralizes any element of H = (o7, 022), and if n is even, then «r;; € H.
For (ii) we have

RoyRo1(x,y,z) = RooR(z,y,2yz — x) = Roa(z,x,2x7 — y)
= R(y,x,2xy — 2xy —2)) = (x, ¥, 2),

as required. It follows that

RoloJR =0;"0;" = (o). =

Throughout this paper we will have need of the following properties of Chebyshev
polynomials. For all n > 0 and a € R we will let U, (a) denote

d
EUn (X)) x=a-

PROPOSITION 2.6. Form € N we have the following:
@) Un(=x) = (=D"Up(x);

() Un()=m+1;

(iii) Uﬁm (0) =0,

@iv) Uﬁm+1(0) =(—D"2(m+ 1);

W) Un(=1)=(=D"(m+1);

~vi) U2 | —UpUpo=1;

(Vi) Uy (x)* = 2x U1 ) U (%) + Up—1 (x)* = 1;
(Viii) Uz (x) = Up (X)* = Up—1 (x)*;

(%) Usn—1(x) = 2UnUp—1 = 22U} _;
(x) forallevenn > 1we have ged(1 4+ Up—2(x), Up—1(x)) = Uyja—1(x);
xi) U, (1) =2(").

Proof. (i)—(v) These follow easily from the definitions, sometimes by induction.

(vi) This follows from the fact that det M| = 1 and so det M{" =U?  —UpUpo=1

m—1
(see the representations of My and M{" in Lemma 2.1).

(vii) This follows from (vi) after substituting 2x U, —1 (x) = U, (x) + U, —2(x) into (vi).
(viii) and (ix) The proof of these is by simultaneous induction, the initial cases being
easy to check. If (viii) and (ix) are true, then (using (2.1)) we have

Uom+1 = 2xUsn — Uzin—1
=2x(U2 = U2_ ) = QUnUp—1 —2xU%_))
=2xU2 = 2UUp—y
= 2xU2 — 2Up(2xUp — Upt1)
= 2Up41Un — 2xUy,
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as required for (ix). Also,

Usgns1y) = 2xUi1 — Uy
= 2xQUpt1Un — 2xU2) — U2 + U2 _,
= 2xQUp+1Upm — 2xU2) — U2 + 2xUp — Ups1)?
=U2,, — U}
This does (viii) and (ix).

(x) For this we first note that every root of Uy/2—1(x) is a root of U,_1(x) (see (ix)
above). Next, any root of Uy /2_1 has the form cos(2k/(n/2)) and so by (2.2) we get

Un—s(cos(2rrk/(n/2))) = sin((n — )27k /(n/2))/sinQ@rk/(n/2)) = —1,

which shows that cos(2k/(n/2)) is aroot of 1+ U,_>(x). The fact that these are the only
values of x = cos(2wk/n) (the roots of U,,—1 (x)) that give 1 + U,_>(x) = 0 gives the rest
of (x).

(xi) This is proved by induction on m > 1 using the recursion (2.1). O

We will need to define the T-type Chebyshev polynomials:
In=1 Ti(x)=x, Ty(x)=2xT—1(x) = Th-2(x).
LEMMA 2.7. Forn > 0 we have
Up= Y 2kUp.
k=0, k=n(2)

Proof. First assume that n = 2k is even. Then from [Ri, p. 7, equation (1.23)] we have
T, (x) = nUy—1 (x) and from [Ri, p. 8, Exercise 1.2.13] we have Uy = 1 + 2T + 274 +
2T6 + - - - + 2T so that

Us, =2(Ty + T+ T{ + -+ + Ty,) = 2QQU) +4Uz + 6Us + - - - + 2kUn—1),

as required for the n even case. The n = 2k + 1 case is similar, only one uses [Ri, p. 9,
Exercise 1.2.15]: Upg+1 =2(T1 + T3 + T5 + - - - + Tog+1).- O

Fora € B3, p € R3, we let Jp(a) denote the Jacobian of « at p.

LEMMA 2.8.

(i)  For x € R the minimum value of E along the curve p(z) = (x,x,z)" is attained

where 7 = x2.

(i) Forx,y € R the minimum value of E along the curve p(z) = (x, y, z)' is attained
where 7 = xy.

Proof. Clearly (i) follows from (ii). For (ii) we differentiate E (x, y, z) with respect to z,
which gives 2z — 2xy and the result follows. a

We next justify the formula (1.2).
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LEMMA 2.9. Forall @ € B3 there is a matrix ®(«a) € SL(2, Z) such that
01 . 01
(n(()))=n(e (1))
(1) = (é i) . B = (_i ?) .
91 _ 91
(m (@) Jor = (200 ()

1 n
+1

Proof. For a = o ,crzil this is a calculation. For example consider o7: if (x, y, z)T =
I1(6, 92)T, so that x = cos(276) etc., then we let

eZniel 0 eZJTiez 0
mp = 0 e—2mith ) my = 0 e—2mith |

x =trace(my)/2, y =trace(my)/2, z = trace(mmy)/2.

In particular

For o, B € B3 we have

Lastly, we have

so that

Now (x, y, z)Tcn =(z,y,2yz — x)T. But if we let

;o B eZJTi(01+92) 0 ;L B eznigz 0
my =mjmy = 0 e—2mi(0+0y) | M =M2 =1 27t |0

L P27 (01420)) 0
mz = 0 o—2mi(O14+262) | °

then we have
trace(m})/2 =z, trace(m))/2 =y, trace(my)/2 = 2yz—x,

showing that the effect of o1 on (61, 62)" is that of the matrix (} 1). The proof for o7 is
similar.

The result for general o follows by induction on the length of « as a word in these
generators.

Let «, B € Bj; then from the above we have

(7(3))er = (move () )p = (oo (),

as required.
Lastly
1 0\/1 n 1 n
(o) = D(0]'07) = ®(07)@(0]) = (—n 1) <0 1) B <—n - n2> ’
as required. a
We next indicate how fixed points p of o, on 37 \ V give rise to a curve of fixed points
containing p. We use this result throughout this paper.
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LEMMA 2.10. [Ro p. 160, PM p. 55] Let B € Bz where ®(B) is hyperbolic. If
p € dT \ 'V C E| is a fixed point for B, then there is a C*® curve y : (—1, 1) — R3 such

that:
(i)  y (@) is fixed by B for every t € (—1, 1);
i v =p;

(iii) thereis ¢ > 0 such that for allt € (—¢, &) we have y(t) € E144.

After having for the most part ignored the points in V we now describe what happens
near those points.

LEMMA 2.11. Let n be even and put p = (1, 1, ). Then the points of V are fixed by the
normal closure of (012, 022). We have

1—-n nn—-1) n 1 0 0
Jp(o]) = 0 1 0 . Jpo)=|nn+1) n+1 —n
—-n nn+1) n+1 nn—1) n 1—n

We also have trace(Jp(ay)) = 3 + 112(112 —4) and Jp(ay) has (1,1,2 — )T as an
eigenvector with eigenvalue 1.

Further, the points (1,1, 1)T and (-1, —1, 1)T are on a part of the curve y;(x) =
(x,x, x(1 4+ Uy—2(x))/Up—1 )T of fixed points which does not intersect the interior of
the disc T;.

The behaviour at the other points q € V is similar, in particular we have
trace(Jy (o)) = 3 +n?(n® — 4).

Proof. 1t is easy to check that qak2 =g fork =1,2and g € V. Since n is even the point
p is fixed by o' and by o'. From Lemma 2.1 we obtain

x,y,0"0f = (=xUn2(") + 2Un-1(»), ¥, =xUn-1() + 2Un (),
so that using Proposition 2.6 we have

) —er/Hz + ZU;HI U,—1
Jy(o]) = 0 1 0
—Up-1  —xU,_ +zU, U,
+1
1—n —2(';) + 2(n3 ) n
= 0 1 0o 1.
+1 +2
—n o =2("5) +2("3) n+d
which one can check is what we want. The calculation of J,(03) is similar.
Now since o' and o3 both fix p we have

Jp(an) = Jp(Uzrl)Jp(U]rl)
1—n nin—1) n
=| n—nd+n? l4+n—2n%2—nd+n* nn?—1)
3n2—nd—2n  n* =33 4+n +2n 14+n2(n—2)

The trace is now easily calculated, as is the fact that (1, 1,2 — n)T is an eigenvector for
eigenvalue 1.
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Lastly, when x = 1 we see from Proposition 2.6 that
x(1+Up2(x)/Un1(x) = (A + (= 1))/n =1,

which shows that (1, 1, 1)T is on the curve (x, x, x(1 + U,—2(x))/Un—1(x))T. To see that
this curve does not intersect the interior of 7. near (1, 1, 1)T we just note that the tangent
vector at (1, 1, 1)T to such a curve is the above-mentioned eigenvector (1, 1,2 — n)T and
in the plane x = y this has negative slope, since n > 2. Thus it does not enter 7} near
(1,1, )T See Figure 1.

The proof for (—1, —1, 1)T is similar. O

Now I1(61, 62)T = (x, x, )T if and only if 6] = +6,.
LEMMA 2.12. The oy -fixed points
(i /n, j/n)T = (cos2mi/n), cos(2mj/n), cosRa(i + j)/n)",
(i /n, —j/n)" = (cos(2mi/n), cos(—2mj/n), cosu (i — j)/n))7,

on 37T, are either equal or are joined by a vertical line of fixed points in the interior of T
and are oy, -dual points.

Proof. By Lemma 2.3 (x, y,2)Ta, = (x,y,2)T if x = cos(2mi/n), y = cos(£27j/n).
With these values of x, y the values z4+ = cos(2w (i + j)/n) are the two solutions (for z)
of the equation x? + y? + z2 — 2xyz = 1 and so we get the two indicated points on the
boundary of 7. The result follows. a

3. The x = Ly curves of fixed points: the (F2) case
In this section we first show that the curve y4(x) (see (1.3)) is a curve of fixed points
for ;. We will need the following fact about Chebyshev polynomials.

LEMMA 3.1. Forall n > 2 we have
U —2xUpUn—t + Up_| = 1.
Proof. This is by induction on n > 2 where we check the first case and then note that,
using the recurrence (2.1), we get
U? —2xU,Uy—y + U2,

= 2xUp-1 = Up-2)* = 2x2xUp—1 = Up-2)Un—1 + U,

=U? | = 2xUpUpa + U? , =1,
as required. O

LEMMA 3.2.
(i) Foralln > 1 we have

(x, %, X(1 4 Up—2(x))/ Un—1 ) Yol = (x, x, 2% — x(1 4 Up—2(x))/ Up—1 (x)T.
Further, we also have

(x, %, 267 = x(1 + Up—a(0))/ Up—1 ) Tl = (x, x, x(1 4 Up—2(x))/ Un—1 (X)) T
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Forall n € N the curve yy(x) = (x,x,x(1 + Uy—2(x))/Un_1(x)T is fixed by
a, =00y,

(i) Foralln € 2N the curve y_(x) = (—x,x, —x(1 + Up—2(x))/ Upn—1 ()T is fixed
by ay,.

Proof. (i) The last statement follows from the first two, which we now prove. By

Lemma 2.1 we have

X
X of
X(I 4+ Up—2(x))/Up—1(x)
—Up—2(x) 0 Uy—1(x) x
= 0 1 0 X

—Up1(x) 0 Uyx) x(1+Up—2(x))/Up—1(x)

—xUn—2(x) +x(1 + Up-2(x))
x
—xUp-1(x) + xUp (x)(1 + Up—2(x))/ Un—1(x)

Substituting for Uy, (x) using (2.1) this latter vector is

X
X
2x2 + [—xU? | (x) + 2x2Up—1 () Up—2(x) — xUp—2 — xU?_,1/Up—1(x)

For the first part of Lemma 3.2(i) it thus suffices to show that
—xUp_; (%) + 2x%Up 1 (1) Un—2(x) = xUp—2 — xU;_y = —x(1 + Up2(x)),
and after simplification this reduces to showing that
L= Up_(¥) = 2xUp—1 (1) Un—2(x) + Uy, (x),

which itself follows from Lemma 3.1.

This proves the first result in Lemma 3.2(i) and the second is similar. The last statement
of (i) follows directly.

(ii) The proof here is similar to that of (i). Let H,(x) = x(1 + Up—2(x))/Uy—1(x).
We first show that (—x, x, —Hn(x))Tcri1 = (=x,x,—2x% — H,(x))T and then that
(—x,x, =2x% + H,(x))To} = (—x,x, —H,(x))". This gives (ii). O

By Proposition 2.5 we see that if (a,a,c)T € 7, is a fixed point of «,, then
(—a,a,—c)T € 7T_ is a fixed point of «;, and vice versa. This is why we need only
consider 7. In Lemma 3.6 we will show that the above result determines all fixed points
in T+.

LEMMA 3.3. The action of B3 = (o1, 02) on R? is volume preserving.

Proof. Let @ € B3 and suppose that o has length n as a word in olil, 0’2:H. We prove

Lemma 3.3 by showing that det J, (o) = 1. We do this by induction on n > 0, the cases
n = 0, 1 being easy to check using Lemma 2.1 and the general result following from the
chain rule. a
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We now investigate the roots and poles of the function (1 + U,—2(x))/U,—1(x).
Define the polynomials
Y,(x) =xU, —Uy,—1 — x.

LEMMA 3.4. Let n be even. Then the polynomial Yy, has degree n + 1. The roots of Y, (x)
are

wk
cos(—), k=0,2,4,...,n;
n

wk
cos( > k=2,4,6,...,n.
n—+2

Proof. Since U, (x) has degree n the first statement follows. We thus need to show that the
numbers in the above list are roots of ¥;,(x), since they are all distinct and there are n + 1
of them.

First note that from Proposition 2.6 we have U,,(1) = m + 1 and so when k = 0 we
have cos(wk/n) = 1and ¥,,(1) = U,(1) —Up—1(1) =1 =n+1—n—1 = 0 as required.
Thus we may assume that £ > 0.

Similarly when ¥ = n we have x = cos(wn/n) = —1 and we again see using
Proposition 2.6 that Y,,(—1) = 0. Thus we assume that k # n. This then means that
sin(k/n) # 0, which we use in what follows.

From (2.2) we see that x = cos®6 is a root of ¥, if and only if

sin[(n + 1)6] — cosf — sin(n6)

Y, = 0
n(x) = cos sin 6 sin 6

is equal to 0. Now for k even, x = cosf and 8 = wk/n we see that

Y, (x) = cos(nk/n)% — cos(rk/n) — %
_ sin(wk/n) _ _
= Cos(nk/n)isin(nk/n) cos(wk/n) — 0

=0.
For the second case with k even, 8 = wk/(n + 2) and x = cos 6 we have

sin[(n + )wk/(n + 2)] sin[nwk/(n + 2)]
0 —cos — ————=

Y, (x) = cos

sin 0 sin 0
sin[—mk/(n + 2)] sin[—27k/(n 4 2)]
= 0 - —cosf — -
sin 0 sin 0

sin 0 sin (—20)
= —cosf—— —cos — ——— =0.

i sin 6

This proves Lemma 3.4. o

We are now interested in finding those points of the tetrahedron 37 that are also on the
curve y4(x) which is fixed by a, = o'0y. This will identify the a,,-dual pairs of points
on 87 for y(x).
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PROPOSITION 3.5. Let n be even. Then the function E(y+(x)) — 1 is equal to
Yo ()Y 2(x)/ UL,
The rational function Y, (x)Y,—2(x)/ Ur%fl has roots

wk
cos——, k=0,2,4,...,n+2;
n—+2

wk
cos x k=0,2,4,...,n—2.

Except for =1 all of these roots have multiplicity one.

It has poles of multiplicity two at cos(wk/n) fork =1,3,5,...,n — 1.

Let n = 2m where m is even. Then the following gives the ordered list of roots and
poles (for any such fraction r /s the corresponding root or pole is cos(mwr/s)):
n—1 n n—4 n—-3 n—-2 n-—6

> > > > >

n n+2 n-2 n n+2 n-—-2
m+5 m+6 m+2 m+3 m+4 m m+1 m+2
- n ~ n+2

1>

> > > > >
n n—+2 n—2 n n—+2 n—2
m m—1 m-—2 m-=2 6 5 4 4
> > > > > > > 25 <
n+2 n n—2 n—+2 n+2 n n—2 n+2
3 2 2 1
> — > > —>0. 3.1

>
n n—2 n+4+2 n
For 0 < k < m — 4 even, the points y+(x),x = cos[z(n —k)/(n+2)],

cos[r(n —k —4)/(n — 2)] are o, -dual points.
For?2 <k <m — 2 even, the points y+(x), x = cos[wk/(n —2)], cos[zk/(n + 2)] are

ap-dual points.
Lastly, the points y1(x),x = cos[wtm/(n + 2)], cos[z(m + 2)/(n + 2)] are oy,-dual

points.
Proof. The expression E(y4+(x)) — 1 is equal to
P+ x4+ 221+ Un2)® /Uy = 26 (1 4+ Up2)/Up1 — 1
= QUL +x* (1 +2Us 2+ Up_y) =25 (1 + Up—)Un1 = Up_ )/ U,
= —(2x%Up—1 —xUp—2 — x — Up—1)@Up—2 + x — Up—1)/U}_,

= —(Up —x — Up—)) &Up—2 + x — 2xUn—2 + Up—3)/ Up_,
_ ()CUn —x = Un_l)(xUn_z — X — Un—3)/Ur%—l
= Y, (x)Ypa(x)/ U2,

Now from Lemma 3.4 we see that Y,, has roots

k
cosn—, k=0,2,4,...,n; cos——, k=2,4,...,n,
n n—+

while Y,,_» has roots

k
cos =X k=024, .. .n—2 cos’X, k=24 . .n—2
n n
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From (2.2) we see that U 3_1 has roots
cos—, k=1,2,....,.n—1,
n

each with multiplicity two. The roots common to Y,Y,_» and U 3_1 are thus
cos(wk/n), k = 2,4, ..., n — 2, each with multiplicity two. This part of the lemma now
follows upon cancelling these roots.

The given ordering of the fractions is now easily checked.

Consider the first case: 0 < k < m — 4 even. From Lemma 2.8 we know that the
vertical line in 73 with x = cos((n — k — 2)7/n) bifurcates with y at a single point. The
vertical lines with x = cos((n — k — 1)z /n), x = cos((n — k — 3)7r/n) are poles for the
function y. From the above ordering there is a single point of 37 between these two
poles and so they must be on the same component of the intersection of y; with 7. (Itis
useful to refer to Figure 1.)

The case 2 < k < m — 2 even is similar.

The centre of the above order list (3.1) is (m+2)/(n+2) > m/(n+2) which corresponds
to the component of y4 (x) which has both of its end points near z = —1; see Figure 1. O

The above result indicates the places where the curve v, (x) meets 7, and also indicates
the poles of x(1 4+ U,—2(x))/ U, —1(x), which occur at x = cos(wk/n) where k is odd (in
Figure 1 these were indicated by a solid vertical line). But there are also such lines of fixed
points vertical at x = cos(wk/n) with k even (in Figure 1 these were indicated by a dashed
vertical line). The fractions k/n with k even fit in the (left side of the) ordered list (3.1) as

follows:
n—2k n—-2k—-2 n-—-2k—4
> .

n+2 ~ n n—2
All of this can be seen in Figure 1.
We have indicated the existence of various curves of fixed points of ¢, that lie in 7.
They either have
(i) x=cosmk/n),k=1,...,n/2 -1,
or satisfy
(i) z=x(1+4+Un—2(x))/Up-1(x).
LEMMA 3.6. Letn € 4N.
(@)  Any fixed point of oy, in T;. \ V is of the form (i) or (ii) above.
(b)  The reversing fixed points for o, on 37T are of the form
0 ((—2i —nj)/(4 - n2>>
(ni+2j)/(4—=n )’

forintegers i, j. The reversing points form a lattice with generators

_(1/(n+2) _(2/(4—n?
"S\yaw+) T \lwa—ny)-

(¢)  The preserving fixed points on 97 are of the form

I1 <l,/n) , forintegersi, j.
j/n
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Proof. Suppose that (x,x,z) € 37 \ V is a fixed point for «,. If x # cos(2wk/n) for
some k € {1, ...,n/2— 1}, then we have a fixed point of type (i). If not, then U, _; (x) # 0
and we see that z = (1 + U,—2(x))/ U, —1(x) from Corollary 2.2. This does (a).

For (b), we note that from Lemma 2.9 we have

1
wor-(1, ")

Thus we need to solve

which is

2 n i 2
= 7.
(G 22)o= ()

Thus any reversing fixed point v has the form

=) 0= D0

_(@=nDi/G=n®)+ (=m)/A=n*)\ _ (i+ (=2 —nj)/(4 —n?)
- < ni/(4 —n?) +2j/(4—n?) > - ( (ni+2j)/(4 —n? ) ’
and any point of this form is a reversing fixed point.
The reversing points clearly form a lattice, which we denote by £_. To see that vy, v2
are a basis for £_ we first note that they are both in £_: for v; puti =1, j = 1 — n; for
vy puti = 1, j = —n. Now to see that these generate £_ we need only note that

2
det (1/(n +2) 2/(n“—4)

1/(n+2) —n/(n®>—4)
which is the determinant of X
2 n -
—n 2—n? ’

(c) We have already seen in Lemma 2.3 that any point of the form IT(i /n, j/n) is a
preserving fixed point. An argument similar to (b) above shows the converse. a

) =1/(4—n?),

PROPOSITION 3.7. Let n be even, let k be even and let x = cos(km/n). Then (x, x, )T
is a curve of fixed points for a,. The point (x, x, x*)T is also on the curve of fixed points

(6, 2, X (1 + Up—2(x))/ Un—1 ).

Proof. We have noted above that (x, x, 2)T is a curve of fixed points for «,. To show
that (x, x, x2)T is on the curve of fixed points (x, x, x(1 4+ Up_2(x))/Un_1(x))T we need
to show that x(1 4+ U,_2(x))/Un—1(x) = x2. Since k is even we have 1 + U,_»(x) =
Un—1(x) = 0 and so by L’H6pital’s rule we need to show that U/ _,(x)/U,_,(x) = x or,
equivalently, that U} _,(x) —xU,_,(x) = 0.

But differentiating Un—1(x)? = 2xUp—2(x)Up—1 (x) + Up—a(x)? = 1 from Proposition
2.6(vii) gives —2xU, 2 (x)U, _, (x) +2Up—2(x)U, _,(x) = 0, on putting U, _1(x) = 0, as
required. a

Question. Can a symbolic dynamical system be developed for «,|07 using o, (71) that
sheds light on the dynamics of «,|7 at different levels? Compare Figure 3 in §6.
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4. The type (F3) and type (F4) cases
We now determine the polynomial K, (x, y) which defines the curves of fixed points of
types (F3) and (F4).

From Corollary 2.2 we see that if (x, y, 2T is a fixed point for «,, where U,_1(y) # 0,
then z = x(1 4+ U,—2(y))/ Un—1(y). Further, using the terminology of that result, we have
x* = x and

Un(x™)y — Up—1 X)) [=xUp—1(y) + 2Un (1] = y,
Un—l(X*)y - Un—Z(X*)[_XUn—l(y) +zUn ()] =1z.
Substituting for z and clearing the denominators of these equations gives two polynomials
q2(x,y) = q2,n(x, y) and g3(x, y) = q3,n(x, y):
@2(x, ¥) = Up—1 () Un—1 ()% + U ()yU,,_1 (¥) = Up—1(x)Up (3)x
= Un—1(0)Un(0)xUp—2(y) —yU,_1 (),
336, ¥) = Up—2() Un1 (0% + Up—1 YU, _1 (¥) = Un—2() Un(y)x
= Up2(x)Un(y)xUn—2(y) —x — Up—2(y)x.

Thus in looking for fixed points for o, we are looking for simultaneous solution of
¢q2(x, y) and g3(x, y). Thus finding gcd(gq2, ¢3) seems necessary.

PROPOSITION 4.1. Let n = 2m > 2. Then the greatest common divisor of q2(x, y) and

q3(x, y) is g = gn(x, y) where

g = —X2Un-10)Un—2(3)* = Y Un—2(»)*xUn—2(x) + x> Up—1(x)yUn—1 (") Um—2(»)
+ Un—1 ()Y Un—2(»)* = Un-1(x)y* + 29 Upn—1 () Um—2(3)x Up—2(x)
— 2Un—1(0)Y Un-1(0)Un=2(3) = 2xyUn—1 () Un—2(») Um—2(x) + y*x Up—2(x)
+ X2 U1 (%) + xUn—2(3)*Un—2(x) + YUn—1 () Up—1 () Un—2(¥) = xUn—2(x).

Further, we have g3 (x,y) = —4U,,—2(x)g and g2(x,y) = 4Up—1(x)g.
Lastly, g(x,y) is divisible by x* — y* and by Up_1(¥): gn(x,y) = Un_1(y)
Ju(x,y) where

T (2, Y) = Un1 ) Un—2(x) (3 = Dx + U1 () Up—1 (x) (6% — ?)
+ Upn—1 () U2 (0) (1 — x?)y. (4.1)

Proof. First consider the polynomial g3(x,y) which involves U,_»>(x) and U,_2(y).
Substitute U,—2(x) = 2xU,—1(x) — Un(x) and U,—2(y) = 2yU,,_;(y) — Un(y) so that
now g3(x, y) only involves U, (x), U,(y), Uy—1(x) and U,—_1(y) (as well as x, y). Now
use Proposition 2.6(viii) and (ix):

Up=Um=Us —Up_. Upi=Upm =2UnUn1 —2U,_,

to reduce g3(x,y) to a polynomial in Uy (x), Uy—1(x), Un(y), Un—1(y) and x,y.
Now substitute Uy, (x) = 2xUp—1(x) — Up—2(x) and Uy, (y) = 2yU,,,_1(y) — Un—2(y)
and use the relation

Un—1(0)* =1 4+ 2xUp—1 (X)Upy—2(x) — Up—2(x)?
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from Proposition 2.6 to get rid of powers of U,,—1(x) of exponent greater than one.
Lastly, use

Un-10)* = 14 29U, (0Un-2(3) = Un—2()?
to get rid of powers of U,,—1(y) of exponent greater than one. What one now has is
4Up—2(x)g. This does g3(x, y).

For g2(x, y): Substitute U,—2(x) = 2xUp—1(x) — Up(x) and Up,—2(y) = 2yU,_{(y) —
U, (y) so that now ga(x, y) only involves U, (x), U,(y), Uy—1(x), Uy—1(y) and x, y.
Again use Proposition 2.6(viii) and (ix) to reduce g2 (x, y) to a polynomial in Uy,, Uy,—1
and x, y. Now use

Un-1(0)> = 142U 1 () Upn—-2(x) = Un—2(x)*
(and the corresponding y equation) and we obtain ¢2(x, y) = —2U;,—1(x)g«. One now
shows that g, = —2g by substituting
Un(x) =2xUp—1(x) = Un—2(x), Un(y) =2yU,_1(y) = Un-2(y)
and
Un—2() = 142U 1 ()Un-2() = Un—2()?

in g, + 2g to get 0. This does g2(x, y).

Now if y = x, then Lemma 3.2 shows that (x, x, x(1 + Up,—2(x))/ U,—1(x))T is a curve
of fixed points. It follows that g>(x, x) = g3(x, x) = 0. Since Uy,_2(x) and U,,—1(x) do
not share a root (see (2.2)) it follows that g(x, x) = 0 and so x — y is a factor of g, (x, y).
Similarly, since n is even, we see that x + y is a factor of g, (x, y). Thus (x — y)(x + )
divides g, (x, y).

By collecting all terms of g, that contain U,,,_1(y) we can write

gn(x,y) = Un—1(y)Hn(x, y)

+ (1 = Un2(D) 25U —2(x) + X U1 (X) = Y Up—1 () = xUp—2(x))
for some polynomial H,(x, y). By adding a suitable multiple of U,,—1(y) we can change
H, (x, y) to a polynomial J,(x, y) so that

gn(x,y) = Un—1(3)Ju(x, y)
+ (1= Un2(0)? = Un-10)? + 2yUp - (D Un—2(3)
X (YxUnm—2(%) 4+ ¥ Up—1(¥) = y2Up—1(x) = xUp—2(x))
= Un-1(y)Jn(x,y),

the last equality coming from Proposition 2.6(vii). Thus U,,_1(y) divides g2, (x, y).
Carrying out the calculation indicated in this last part of the proof of Proposition 4.1
gives the expression (4.1) for the polynomial J, (x, y). a

Proposition 4.1 shows that x> — y? divides J,(x,y) and one easily checks that
Jo(y,x) = —Ju(x,y). Since Up(0) = O for k odd it easily follows (in the case where
m is even) from (4.1) that xy is also a factor of J,(x, y). We thus define the polynomial
Ky (x,y) by

Ku(x, y) = Ju(x, )/ (xy(x* = y7)).
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Example 4.2. Forn = 8, 12 we have

g8 = 16y2x(2y* — D(x — y)(x + »)(8y*x* — 6x% +5 — 6y?),
Ks(x,y) = 8yzx2 —6x2 45— 6y2

and

g2 =4y’x(2y — D2y + D(@y* = 3)(x + y)(x — y)
x (256x*y* — 320x%y? + 80x* 4 416y%x? — 112x% — 320y*x?
+ 80y* + 35 — 112y?),
Ki2(x) = 256x*y* — 320x*y? + 80x* + 416y%x? — 112x% — 320y*x?
+ 80y* +35 — 112y°.

Suppose that we have a function y = y(x) which satisfies K, (x, y(x)) = 0. Then we
certainly have g2 (x, y(x)) = ¢3(x, y(x)) = 0. Thus

y(x) = (x, y(x), x(I + Up—2(y(x)))/ Upn-1(y(x))) (4.2)

will give a curve of fixed points for «,. We will say that such a curve is of type (F3) in our
classification scheme if it does not meet the planes x = +y and will be of type (F4) if it
does.

Example 4.2 (continued). Forn = 8 we have Kg(x, y) = 8y%x2 — 6x2 +5 — 6y% and we
can solve this equation for y to obtain

6x2—5

YO =Sy

For n = 12 we get a degree four equation in y which we solve to give the following
four solutions:

i\/ (1634 — 20x2 + 5)(40x4 — 52x2 + 14 £ v/320x8 — 768x6 + 624x% — 196x2 + 21)
2(16x* —20x2 + 5) '

y(x) =

One can solve K, (x,y) = 0 for y and solve this using only radicals for n = 4,8,
12, 16,20 (when K,(x,y) is irreducible). Thus the Galois group of the polynomial
K, (x, y), when considered as an element of the polynomial ring Q(x)[y], is solvable for
n=4,8, 12, 16, 20. This is not the case for n = 24 however.

CONIJECTURES 4.3.
(i) Letn =4m. Then K, (x, y) is irreducible.
(i)  The genus of Kam(x, y) is 2m — 3)2.

Using Magma [BC] we have checked these conjectures for 4m < 40.

PROPOSITION 4.4. Let n = 2m and 6 = (61, 62)T be such that T1(0) = (x,y,z2)  isa
fixed point of oy Then Jy(x,y) = 0.
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Proof. The point I1(0) is either a preserving or a reversing fixed point and so 6 is given
by Lemma 3.6(b) and (c). Suppose first that 77 (0) is a preserving fixed point. Then by that
same result we may take & = (i/n, j/n) so that x = cos(2wi/n), y = cos(2mj/n). We
may clearly assume that 0 < i, j < n. From (2.2) we see that U,,—(cos(2rwk/n)) = 0
unless kK = 0 mod m. Now if {i, j} N {m,2m} = @, then by the above U, _1(x) =
Upn—1(y) = 0, which gives J,(x, y) = 04+ 0 + 0, as required.

So now assume that i € {m,2m}, j ¢ {m,2m}. Then x> = cos(2mwi/n)> = 1 and
Upn—1(y) = 0; it follows that J,,(x, y) = 0. The case i ¢ {m, 2m}, j € {m, 2m} is similar.
Ifi, j € {m,2m}, then x, y = %1, so that x> = y? = 1 and it follows that J, (x, y) = 0.
This concludes the preserving case.

So now assume that (x,y,z)T is a reversing fixed point. Here 6 is given by
Lemma 3.6(b):

_ (61 _ (@=nD)i/(4—n®) + (=nj)/(4 —n?)
6) ni/(4—n?) +2j/(4—n?) )

Now x = cos(2701), y = cos(2w6,) and using (2.2) we see that

sin(2 01 (m — 1)) _ sin(2r01m) cos(2m61) — cos(Qmw O m) sin(2m )
sin(276y) B sin(276y) ’

with a similar expression for U,,—»(y). Substituting these expressions into (4.1) we obtain
an expression whose numerator is

Un—2(x) =

Jn(x,y) = —sin(2wbrym) cos(2w 1) cos(2mOym) sin(2mw 1)
~+ sin(2w6rm) cos(2mH1) cos2(27192) cos(2mOm) sin(2w 1)
~+ sin(2wO1m) cos(2mH,) cos(RQmbym) sin(2w ;)
— sin(2wHy1m) cos(2m ;) 0052(27191) cos(2mbrm) sin(2mw ;).

Now using cos?(2m ) = 1 — sin*(276;), k = 1, 2, we substitute for cos?(26;) and find
that this expression factors:

sin(2 1) sin(2w6y) x (—sin(2wbrm) sin(2w ) cos(2w 1) cos(2mOym)
+ sin(2w6m) sin(2wH1) cos(2m0y) cos(2mOym)). 4.3)

We will show that the last factor of (4.3) is zero for integral i, j, m.
Now use the fact that

cosRm O (m + 1)) = cosRQmOxm) cos(2mOy) — sin(2mw Om) sin(2mw 6y)

to substitute for the sines in the last factor of the expression (4.3). There is cancelling and
we obtain

cos(2m01) cos(2mO1m) cos(RmOy(m + 1)) — cos(2m ) cos(2mOym) cos(2m Oy (m + 1)).

We now note that 2n0,m = wi — 2701, 2n0m = 2mi + j)w — 2w6;. Substituting,
and noting that we can ignore integral multiples of 277, we obtain

cos(2mby) cos(jmr — 2mH,) cos(2m By + wi — 2mwHy)
— cos(2m0;) cos(mwi — 2mwby) cos(Qm Oy + jm — 27w 67). “4.4)
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Now one checks that for integral 7, j this expression is always 0, there being four cases
depending on the parity of i, j. For example, if #, j are both even, then (4.4) is

cos(2m01) cos(2m ) cos(2m Oy — 2mwH1) — cos(2m ) cos(—2m01) cos(Rmwh; —2m6) = 0.
This concludes the proof. g
LEMMA 4.5. There are no points and curves of type (F4) if K, (x, x) has no real solutions.

Proof. If we have a curve of type (F4), then there is a point (xq, xo, 20)T € 7; which is a
limit point of fixed points (x;, y;, z)T,i € N, where x; # y; so that the points (x;, y,-)T are
solutions to the equation K, (x, y) = 0. We thus have K, (xo, xo) = O where xo ¢ R. O

We now give another expression for K, (x, y).

PROPOSITION 4.6.
(i) Forallm € N we have
Tama(x, ¥) = Jam(x, y) = 2(x% = ¥ Tam 1 (0) Tomr1 ().

(ii) Forallm e Nandx,y € R, we have

m
XK 4, (6, ¥) = 2) " Toi 1 () Tai 1 (). (4.5)
i=1
(iii) For all m € N the polynomial K4, (x, y) has degree 4m — 4. As a polynomial in x
(ory) Kam(x, y) has degree 2m — 2.
(iv) Forallm € N we have Kam(x,y) = Kam(y, x) = Kam(—x,y) = Kam(x, —Y).

Proof. (i) Jam(x,y) is given in (4.1), from which we also obtain an expression for

Jam+a(x, y):
Jam(x, ¥) = Uz 1(0)Uzm—2(x) (3% = Dx + Uz 1 () Uzim—1 () (x> = y?)
+ Uzt ) Uam—2 (0 (1 — x)y, (4.6)
Jama(x. ) = Uz 1 (D Uz () (3% = Dx + Uz 41 (0) Uz 41 () (6% = y?)
+ Uz 1 () Uz () (1 = x2)y. (4.7)

Now Uzu—2(x) and Uj,—2(y) occur in (4.6) and we substitute 2xUs,—1 (x) — Uy (x)
for Upyu—2(x) (and similarly for Us,—2(y)) to give an expression which we denote by
Jam (x, ¥). Similarly Uz, +1(x) and Usp41(y) occur in (4.7) and we substitute 2xUs,, (x) —
Uzpm—1(x) for these (and similarly for Up,,+1(y)) to give an expression jan+4(x, y). Thus
Jam+a(x,y) and jan (x, y) are both polynomials in x, y, Usp (x), U2y (¥), Uzjm—1(x) and
Uzpm—1(y). Examining ja;,+4(x, ¥) — jam(x, y) one sees that it factors as

2(x2 = y?) (U2 (X) = Uzin—1 () YUy ) = Uzin—1(3)) = 2(x% = 32) o1 (¥) o1 (),

as required. Here we have used the fact [Ri, p. 9] that for any n > 1 we have
Th(x) = Up(x) = xUp—1(x) = xUp—1(x) = Up—2(x).
(ii) Let x # £y. We note that (i) gives

Jam(x, ) =203 =31 Y Toic1 () Taim1 ().

i=1
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But we also have the definition Jy, = (x2 — yz)xyK4m (x, y); thus if x # +y, then (ii)
follows immediately since we can divide by x> — y2. But any point (x, x) or (x, —x) is
a limit point of the complement of the x = £y planes and so (4.5) is true for all x, y by
continuity.

(iii) It is easy to see that Ty (x) has degree k and that 75;,_1(x)/x and T5;_1(y)/y have
degree 2i — 2. Thus (iii) follows from (4.5).

@iv) It is clear from (4.5) that Kap(x,y) = Kam(y,x). Now Tpi_1(x)/x and
T»i_1(y)/y) are polynomials in x*> and y? respectively, and so Kan(—x,y) =
Kam(x,y) = Kam(x, —y) as required. O

PROPOSITION 4.7. Letn = 4m, m € N. Then there are no type (F4) curves of fixed points
inT for ay.

We use the following result.

LEMMA 4.8.
(i) Forallm € Nwe have x*Kap(x,x) =231 | T2 | (x).
(i) Forallm € N we have K4,,(0,0) =231, (2i — 1)

Proof. (i) This is immediate from (4.5).

For (ii) we note that T»;41(x) is divisible by x and by induction we see that the
coefficient of x in 7T»;41(x) is (2i + 1). Thus the coefficient of xZin T22i+1 (x)is 2i +1)2
and (ii) follows from (i). O

Proof of Proposition 4.7. By Lemma 4.5 it will suffice to show that K4, (x, x) # 0 for
all =1 < x < 1. But from Lemma 4.8(i) we see that, if K,(x,x) = 0 with x # 0,
then x has to be a root of each of T1(x)/x, T3(x)/x, ..., To;—1(x)/x. But each pair
Tok+1(x)/x, Tog—1(x)/x of polynomials is coprime (this follows from the fact [Ri, p. 1]
that 7,,(x) = cos(n arccos(x))) and so no such x # 0 is possible, leaving us to consider
the case x = 0.

Now Lemma 4.8(ii) clearly shows that K4,, (0, 0) 7 0 and so Proposition 4.7 follows. O

We now discuss the following consequences of (4.5) and the results of this section.

Now in [—1,1]® the sequence of polynomials K, (x,x) has the property that
Kyr(a,a) > Kus(a,a) if and only if r > s, and the graphs of K4, (x, x) and K4s(x, x)
only meet when r = s + 1, where they meet tangentially in the x = y plane since
Kasra(x,x) — Kas(x,x) = 2T25_1(x)2. We draw the slice through the x = y plane
of the set of graphs K4, (x, y) in Figure 2, where x € [0.5, 1].

5. Elements of the type o o5 and their associated polynomials
Here we show how some of the above techniques apply to slightly more general elements

of Bj3.
Fix r, s € N where |2 — rs| > 2, and consider @ ; = 0{ 05. Then using Lemma 2.1 we
see that
x —xUs—2(y) + zUs-1(y)
y]ars =| Ur(x®)y = Urm1 (X)) [=xUs-1(y) + 2Us(y)]
Z U1y = Ur 2 (M) [=xUs—1(y) + 2Us (»)]
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FIGURE 2. Graphs of some functions F; (x, x) for the study of curves of type (F4).

Here x* = —xU;_2(y) + zUs—1(y). As usual we are interested in the fixed points and
curves of fixed points of &, ¢ and so in particular we must have x* = x. We can solve
this for z: z = x(1 + Us_2(y))/Us—1(y). As in the discussion at the beginning of §4
we also obtain (from equating the y and z expressions) two polynomials g2 ,s(x, y) and
q3,r,s(x, y):

@25, y) = Usm 1 (DU (0)y + xUr -1 () U7, ()
—xUr—1(x)(1 + Us—2(y)Us(y) — yUs_; (),
@356, ¥) = YU, 1 () Us—1(y) + xU;_ () Uy —2(x)
—xUs(MUr2(x)(1 + Us—2(y)) — x(1 + Us—2(»)).

The polynomials g3 s and g3, s have degree at most 2s + r — 2 and they have the
property that if (a, b, c) is a fixed point of ¢, 5, then g3, s(a, b) = 0, g3,,.s(a, b) = 0. Let
&rs(x,y) = ged(ga,r,s(x, ¥), g3,5,5(x, ¥)).

Now note that the condition |2 — rs| > 2 guarantees that |trace(P (¢ 5))| > 2, so that
®(a, ) is a hyperbolic matrix. Thus if p = (a, b, c)T € 8T \ V is a fixed point, then
there is a curve of fixed points y (r) = (y1(1), y2(t), y3(t))T through p and we must have
grs(y1(2), y2(¢)) = 0. In particular we have g, ;(a, b) = 0.

Now note that the fixed points of ¢, s come in the reversing and preserving types, each
of which gives a lattice in the torus T2. Let

1 s
M = ®lrs) = <—r 1-— rs) ’
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Then the lattice £ of preserving fixed points for M is (M — I) ™' (Z?), while the lattice
L_ of reversing fixed points is (M + I) ™! (Z?). Here

(-1 =1r -1 _ (Q=r)/(4—rs) —s/(4—rs)
(M~ D) _<1/s 0) (M+1D) _< r/(4 —rs) 2/(4—rs))'

The fixed points on 37 for «; ¢ are thus TT(L+ U £_). We also have
|[Ly]=|det(M — )| =rs and |L_|=|det(M + L) =rs—4.
This discussion gives the following result.

THEOREM 5.1.

(i) Letr,s € N,|2 —rs| > 2. Then there is a polynomial g, s(x, y) of degree at most
2s +r — 2 such that for any p = (a, b, ¢)T € TI(L4 U L_) we have grs(a,b) =0.

@) If y@&) = @), @), 3)T is a curve of fixed points through p, then
8rs(y1(2), y2(1)) = 0.

6. Dual sets of points for oy,
We study the curves J, (x, y) = 0 introduced in §4, considered as a subset of the (x, y)-
plane R? x {0} c R3. These curves contain the projections to the (x, y)-plane of all curves
of fixed points of «,. Consider the intersection of the J,(x, y) = 0 curves with the lines
x = cos(2wi/n) or y = cos(2wj/n) in the (x, y)-plane. See Figure 3 where we have
drawn these curves for n = 20; the intersections of these horizontal and vertical lines
determine a vertical line in R containing the preserving fixed points as in Lemma 2.12.
The curves of J,,(x, y) = 0 include the four lines x =0, y =0, x = £y; see Figure 3
again. In Figure 3 we have also indicated as small circles the images of the points of £_.
Let 7, : R3 — R? x {0} c R3 be the projection onto the (x, y)-plane and let
I, = 7.1T: T? —» R? x {0} C R3.

PROPOSITION 6.1. Fixm,n € Nwithn = 2m and 4|n, and consider i, j € {0, ..., n}.

(1) Forie{l,...,n—1}even we have U,_1(cos(mwi/n)) = Uy —1(cos(wi/n)) = 0.
Fori e{l,...,n— 1} odd we have U,,_1(cos(wi/n)) = 0 % Uy —1(cos(mwi/n)).

) Ifi,j €{0,...,n} are both even, then J,(cos(rwi/n), cos(wj/n)) = 0.

3) Ifi,j €{0,...,n} are both odd, then J,(cos(wi/n), cos(mj/n)) = 0.

@) Ifi €{0,...,n}\ {m}is even and J,(cos(mwi/n),y) = 0, then y = cos(sj/n) for
someeven j € {0,...,n}. If j €{0,...,n}\{m}isevenand J,(x, cos(wj/n)) =0,
then x = cos(mwi/n) for some eveni € {0, ..., n}.

5) Ifi € {0,...,n}is odd and J,(cos(mwi/n),y) = 0, then y = 0 or cos(wj/n) for
someodd j € {0,...,n}. If j € {0,...,n}is odd and J,(x, cos(wj/n)) = 0, then
x = 0 orcos(mwi/n) for some oddi € {0, ..., n}

Proof. (1) These statements come from (2.2).

(2) Since U,;,—1(cos(ri/n)) = 0 or U,,,—1(cos(j/n)) = 0 occurs in each of the terms
of J,(cos(mwi/n), cos(rrj/n)) in (4.1), this follows from (1) unless {i, j} N {0, n} # @. If
i €{0,n) then 1 —x* = 0and J,(x, y) = Un—1())(y*> = D(Un-2(x)x = Un—1(x)) =0
for even j.
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4
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FIGURE 3. The projection to the (x, y) plane of curves of fixed points of type (F2) an (F3).

(3) Using U,_1(cos(wi/n)) = Up—_1(cos(wj/n)) = 0 we see that ga(cos(wi/n),
cos(mj/n)) = 0. Also

g3(cos(mi/n), cos(mj/n))
= —x(Up-2(cos(mwi/n))Uy(cos(mj/n)) + 1)(1 + Up—2(cos(rj/n))) =0,

since U,_1(cos(ri/n)) = 1 by Proposition 2.6(x) and U, (cos(rrj/n))=—1 by Proposition
2.6(vi). Thus g, (cos(mwi/n), cos(wrj/n)) = 0 and, since U,,—1(cos(wj/n)) # 0, we have
Ju(cos(mwi/n), cos(rj/n)) = 0. Since, from (4.1), J,(y,x) = —J,(x, ), the second
statement follows from the first; this is also true for the other parts of this proposition.

@) Fori e {1,...,n— 1}even, Uy,_1(cos(mwi/n)) = 0 and U,,,—>(cos(mwi/n)) # 0 so
Ju(cos(i/n), y) = 0 implies that U,,_1(y)(y?> — 1)x = 0 and then either x = 0 (which
isexcludedbyi #Zm)ory ==£lory =cos(mj/n) (0 < j <n, jeven).

(5) For i odd, x = cos(mwi/n) satisfies Upyy—1(x) = 0 # Uyu—1(x), so by
Proposition 2.6(ix) we have U, (x) = xU,,—1(x) and, from Proposition 2.6(vii) we have
Upn—1(x)?>—U,,(x)? = 1. Substituting this in Proposition 2.6(vi) gives U, _2(x) = Uy, (x).
Now substituting U, —2(x) = xU,,—1(x) in (4.1) gives

Jn(x2,Y) = Ut ) U1 IO = Dx? + (2 = 3]+ U1 ) Un—2 () (1 — x)y.

Now Um_l()c)(x2 — 1) # 0, s0 Jy(x,y) = 0and y # 0 hold exactly at the roots
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FIGURE 4. The lattice of reversing fixed points in T2,
of the polynomial yU,,_;(y) — Un—2(y) of degree m, and these are cos(wj/n) for odd
j €{0,...,n}by(3).

O

Recall that £_ C T? is the lattice of reversing points and that it is generated by the
vectors v, vy given in Lemma 3.6. With the convention that we are drawing T2 as a
square with sides identified we have drawn the points of £_ in Figure 4, for n = 16, where

these points are indicated by cross-hairs; we have also there indicated the preserving fixed
points as the intersections of the horizontal and vertical lines.

The following result indicates the o, -duality.

THEOREM 6.2. Let n be a multiple of 4, put

1 1 \T -2 n
V] = , , V=|——"
n+2 n+2

T
n?—4"n2— 4)

and consider the lattice of reversing points spanned by vy, vy as in Lemma 3.6.

(1

)

ForO <k <n/4d—2andj=1,...,n/4 — |k| — 1, the two reversing fixed points
[((n/4+ 1+ k)vy + (n/4 — k £ j)v) are ay-dual by a curve of fixed points that
meets the straight line of fixed points joining T1((1/4 + k/n, 1/2 + j/n)7).

ForO0 < —k<n/4—2andj=1,...,n/4 — |k| — 1, the two reversing fixed points
[((n/4+ 1+ kv + n/4 —k — 1=+ j)v) are ay-dual by a curve of fixed points
that meets the straight line of fixed points joining TI((1/4 + k/n, 1/2 + j/n)T).
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(3) Forj=1,...,n/4—1, the two reversing points T1((1/4,1/2)T £ (j — 1/2)v2) are
on-dual by a curve of fixed points that meets the straight line of fixed points joining
I1((1/4,1/2)") and TI((1/4, 0)T), which is the y-axis.

4) For0 < k < n/4 — 1, the reversing point TI((n/4 + 1 + k)vy + (n/4 — ko) is
oy -dual to the preserving fixed point TI((1/4+k/n, 1/2)T). For0 < —k < n/4—1,
the reversing point I1((n/4+1+k)vi + (n/4 —k —1)vy) is o, -dual to the preserving
fixed point TI((1/4 + k/n, 1/2)T).

(5) All fixed points of oy, in —1 < y < —|x| are ay-dual in pairs, as indicated above.
This region, which is TI,T1{(01,62) : 0 < 6, — 01 < 1/2 < 01 + 6> < 1}, is one of
the four components of TI,T1(d7 \ (71 U 7_)) and ay-duality is determined in the
otherthree |x| <y < 1,—1 <x < —|y| and |y| < x < 1 from these by symmetry.
Together with x = ty in §§2 and 3 this accounts for all the fixed points in 07 .

Proof. A curve of fixed points in 7 joining two «y-dual fixed points on 97 cannot,
by Proposition 6.1(5), cross x = cos(wi/n),i odd, except where y = 0 (nor y =
cos(mj/n), j odd, except where x = 0) because z = x(1 4+ U,—2(y))/U,—1(y) — Foo as
(x, ¥) approaches a point (cos(mri/n), cos(rrj/n)) with i, j both odd along J,(x, y) = 0;
see Proposition 2.6(x). Therefore, we study in T2 which pairs of reversing fixed points
in 37 are not separated by the planes x = cos(wi/n) or y = cos(rwj/n), i, j odd. The
preimages by IT of these planes are the lines 61 or 6, = (k+ %)/n, 0 < k < ninT?. (These
lines have not been drawn in Figure 4, and nor have their images by I, in Figure 3.)

The n? preserving fixed points (i /n, j/n)T, i,j€{0,...,n—1},by Lemma 3.6, are at
the centre of the squares into which these lines divide T2, one in each component. We
shall exhibit one reversing point in many of these squares. In fact, of the n?> — 4 =
|det (I + ®(wy,))| reversing points (as in Lemma 3.6), there is exactly one in each of the n?
squares with centre at a preserving point (i /n, j/n)T,0 < i, j < n, because the others are
accounted for as follows: (a) eight cases like (1/4, 1/2)T where there are none, (b) four
cases like (1/4, 1 /4)T where there are two, and (c) four cases like (1/2, 0)T where the
reversing and preserving points are coincident; cases (a) give the points of 37 on the x-
and y-axes (twice each), cases (b) give the points on the z-axis (see Figure 1) and cases
(c) give the vertices V of 7. Where two preserving points are connected by a vertical line
of fixed points (as in Lemma 2.12) the nearby reversing points are «,,-dual, as in (1) and (2),
or, in a different way, in (3). Otherwise the preserving point is ¢, -dual to a reversing point,
asin (4).

(1) In T? the reversing and preserving points

(/4 +1+kvi +0/d—k+ v and (1/4+k/n, 1/2+ j/n)T

differ by
(=2j +4k/n—1,n/2 =2k +4j/m)T.

n?—4

Intherangek =1,...,n/4—2and j = 1,...,n/4 —k — 1 the first coordinate is negative
and is at least

I
(2201/4=2) +4/n = D/* —4) = —— + 3 +2/m)/(n* = 4),
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so they are not separated by the line 6 = 1/4 + (k — %) /n. The second coordinate of
the difference is positive and is at most (n/2 —2 + 1 — 8/n)/(n* — 4), which is less than
1/(2n) so the points are not separated by 6, = 1/2 4+ (j + %)/n.

Similarly, the two points

(/44 1+kw +(n/d—k—jvs and (1/4+k/n,1/2— j/n)"
differ by

——(2j +4k/n—1,n/2 =2k —4j/m)"
nc —4
and so they are not separated by the line 6] = 1/4+(k+%)/n norby 6, = 1/2—(j—%)/n.
The preserving points (1/4 4+ k/n, 1/2 £ j/n) are brought together by I1, at

. 1/4+k/n\ _ (cosQm(k+n/4)/n)
“\12+j/mn) —cos(2mj/n)

while the two reversing points (n/4 + 1 + k)vy + (n/4 — k £+ j)vp have their image
in the same one of the components into which (x, y)-space is divided by the lines x =
cosm(k+n/4 £ %)/n) and y = —cos(2n(j £ %)/n). However, of the four components
into which this component is divided by the lines with x = cos(2z(k + n/4)/n) and
y = cos(2mj/n), they lie in opposite ones. The two preserving points are «,-dual along
the vertical line (cos(2w(k + n/4)/n), —cos(2wj/n), z) of fixed points, and so the two
reversing points are also «,-dual along the curve J, = 0, which, by Proposition 6.1(4),
must go through (cos(2rw(k + n/4)/n), —cos(2rj/n))T. Applying L’Hopital as in the
proof of Proposition 3.7 to y shows that this curve of fixed points meets that vertical line
on the surface z = xy. (By Lemma 2.8 this is the point on that straight line which is on the
lowest level for the function E; it is also a bifurcation point of the dynamics.)

(2) This corresponds to (1) under (61,62) — (1/2,1) — (61,62) and (x,y,z) +—
(=x,y, —2).

(3) This reversing point differs in T> from the nearest preserving point by

(Gg) 0= 1/2)”2> - (G@) * ((J(/)”)) =ty <4j}n__2£/2> '

For j € {1,...,n/4 — 1}, both coordinates are (in the + case) negative and greater than
—1/(2n) so the two points are not separated by any line 81, 6, = (k + %) /n. Now

1/4 . _(cos(m/2 F2m(2j — 1)/ (n* — 4))
Hzn((lﬂ) U= 1/2)”2) B < —cos(mn(2j — 1)/(n* — 4)) )

so these two points have the same y-coordinate and their x-coordinates are separated by
x = 0; the curve of fixed points joining them crosses x = 0 (along which J, = 0)
at (0, y,0) for some y, by Corollary 2.2, although, in contrast to cases (1) and (2),
Proposition 6.1(4) does not say that this curve meets the vertical line of fixed points
(0, —cos(2mj/n), z). Figure 3 shows that the curve does not meet that vertical line.

(4) This reversing and preserving point differ in T? by

1/4+k/n\ n—4k (—1/n
1/2 )_n2—4(1/2)'

n/44+ 14+ kv + (/4 —k)vy — <
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Fork =1,...,n/4 — 1 the scalar (n — 4k)/(n® — 4) is positive and less than 1/n so that
((n/441+kw + (n/4 —k)vy) and TI((1/4+k/n, 1/2)D)
are not separated by
x =cosQr(1/4+ (k+3)/n)) and y =cos(2m(1/2+ %/n)) = —cos(x/n),

so they are o,-dual. The second statement corresponds to the first under (01, 62) +—
(1/2,1) — (01,62) and (x, ¥, 2) — (—x,y, —2).

(5) In —1 < y < —|x| we have considered (n/4 — 1)n/2 reversing points on 97,
(n/4—1)(n/4—2)of themin (1), (n/4—1)(n/4—2)in (2),2(n/4—1)in (3)and 2(n/4—1)
in (4). The involutions S(x, y,z) = (—x, y, —z) and R(x, y, z) = (¥, x, z) that commute
with «, (see Proposition 2.5) have compositions R(x, y,z) = (v, x,z),RSR(x,y,z) =
(x,—y,—z) and SR(x,y,z) = (—y,x,—z) thattake -1 < y < —|x[to -1 < x <
—|yl, x| <y < land|y|] < x < 1, respectively, commuting with ¢, and so determine
a,-duality for (n/4 — 1)n/2 reversing points in each of these regions. Not counting the
vertices there are n — 2 reversing points in each of x = y and x = —y (see Figure 1)
giving a total of 2n(n/4 — 1) + 2n — 4) = (n* —8)/2 reversing fixed points in 97 \ V,
which are each double-covered by one of the n> — 4 — 4 reversing points of T? that do
not give vertices. Thus all the reversing points have been included in our description. This

concludes the proof of Theorem 6.2. O
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