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ABSTRACT 

This thesis is a study of the restrictions which are 

imposed on the structure of a finite group by some 

conditions on its lattice of subgroups. The conditions 

considered fall into two categories: either (1) the demand 

is made that c.ertain of the subgroups of the group should 

have complements, or (2) it is specified that all subgroups 

should have supplements of a particular kind. 

There are three chapters. Chapter 1 develops some 

techniques and results about complements and pronormality 

which are used later, mainly in Chapter 2. A problem from 

category (1) above is the subject of Chapter 2, which is an 

investigation of finite groups with the property that all 

the pro normal subgroups have complements. Necessary and 

sufficient conditions are given for a soluble group of 

derived length at most 3 to have that property. Chapter 3 

is concerned with category (2); the basic theme is that of 

a finite group G in which each subgroup H has a supple

ment S such that H n S belongs to some prescribed 

class X. 
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CHAPTER 1 

1.1 Introduction 

In (Hl) and (HZ), Hall showed that a necessary and 

sufficient condition for a finite group to be soluble is 

that every Sylow subgroup of the group should have a 

complement. Much of the subsequent development in the 

theory of finite soluble groups stems from this and related 

results in (Hl) and (H2). and from the ideas in (H3) and 

(H4) which consequently arise. 

A different emphasis can be put on the theorem quoted 

above,. by expressing it as follows: the class of finite groups 

in which every Sylow subz.rouR has" a complement coincides 

with the class of finite soluble groups. This leads 

naturally to an interest in classes of groups in which 

certain kinds,of subgroups have complements; such questions 

may loosely be described as "complementation problems". The 

most obvious complementation problem to consider is that of 

groups in which all subgroups have complements; this class 

was studied" by Hall in (H5), and was shown to have a 

simple structure: it coincides with the class of super

soluble groups in which all the Sylow subgroups are 

elementary abelian. 

The idea of examining complementation problems has 

been taken up by many authors, although nothing rivalling 
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the importance of Hallls original result on soluble groups 

has emerged.' Many papers on such topics. in both finite and 

infinite groups, have appeared in Russian journals, and 

perhaps the most deserving of mentio~ is the work of 

Cernikov (Cl) and Cernikova (C2). in which the results of 

(H5) are extended to infinite groups. Further reference to 

Russian papers in this area can be found in (S3)t which is 

itself on groups in which all'the non-normal subgroups 

have complements. A more recent contribution is (Zl), on 

groups in which all the non-cyclic subgroups have comple

ments. 

A natural complementation problem to .consider is that 

of groups in which all the normal subgroups have comple

ments. Such groups have been examined in (C3), (C4) and 

(Dl); they are mentioned further in 1.4, and appear 

frequently in the investigations of Chapter 2. 

In the present work, attention is confined entirely 

to finite groups, and there are two main themes, neither 

of which is considered in the papers mentioned above. 

Chapter 2 is an investigation of a complementation problem, 

namely the question of finite groups with the property that 

all the pro normal subgroups have complements. Necessary and 

sufficient conditions are obtained for a soluble group of 

derived length at most 3 to have this property. The second 

theme (the ,subject of Chapter 3) is an attempt to find some 

interesting problems similar to the question of groups in 



which all the subgroups have complements. The idea which 

is most extensively explored is that of finite groups in 

which every subgroup has an J(-intersection supplement, 

where 3e is some prescribed class of groups. (An 3(

intersection supplement to a subgroup H of a group G 

3 

is a supplement S such that H f'\ S belongs to ,)C ). It 

is shown that, if every subgroup of a finite group G has 

a cyc:lic intersection supplement, then G.· is soluble and 

has rank at most 2. Also, if G is a finite soluble group 

in which every subgroup has an abelian. intersection supple

ment, then. G has derived length at most 4. If TI is a set 

of prime numbers, then the study of finite groups in which 

all the subgroups have~-intersection supplements (i.e. the 

intersection is a ~-group) leads to a complementation 

prob·lem, namely the question of finite groups in which all 

the n-subgroups have complements. It is shown that a finite 

~-soluble group G has all its ~-subgroups complemented if 

and only ifJ for each prime number p in the set~, 

G is p-supersoluble and has elementary abelian Sylow p

subgroups. 

The subject matter of Chapter 1 lies in well-explored 

territorYt so all the results have probably been noted 

before, possibly in a different guise: most are well known~ 

or are simple deductions from~el~ known the·orems. ~'he 

results of Chapters 2 and 3 are, to the best of my know

ledge, original, except where an explicit reference is 

given. 
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1.2 Notation, assumed results 

The notation used is fairly standard in contemporary 

group theory, and corresponds to that given in 1.1 of (G2), 

so it will not be necessary to give an exhaustive list. 

Some further notations,. which do not appear in (G2), but 

which are used here, are listed below: 

H ~G H is a subgroup of G; 

H <G :. H is a proper subgroup of G ; 

h -1 g h g h (where g and h are elements of some 

group G). 

The language of classes and closure operations, first 

introduced by P.Hall (H6, p.533) is used throughout, since 

it provides a convenient and economical way of expressing 

many results. The usual conventions are adopted that, if 

)( is a class of groups then X contains all groups of 

order 1, and if G E. )( then X contains all groups 

isomorphic to G. If)( and 11 are classe.s of groups 

then X'Y is the class defined by: G e. xy if and only 

if G has a normal subgroup N such that N E)( and 

GIN E. Y . The only closure operations which are used are 

S, Sn' Q, RO' DO' E and Eci' the definitions of which are 

now given: 

G E s3( ~ G is isomorphic to a subgroup of an ~-group; 
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G is isomorphic to a subnormal subgroup 

of an . X-group; 

G is isomorphic. to a quotient gl'oup of 

an. X-group; 

G E ROX ~ G has normal subgroups NI , ,Nr (where 

r is finite) such that NI n f\ Nr = I 

and G/Ni E .X ( i = l, ••• ,r,); 

If A and Bare closure operations, then {A,B}3t 

is the smallest class containing 3( which is both A-closed 

and B-closed .. Often {A,B} will coincide with one of the 

naturally-d~fined products AB, BA; e.g. {Q,Ro1 = QRO ' 

{S,DO} = SDO ' ts,Q} = QS • 

If C· is a unary closure operation, i.e .. if 

eX = G,¥~C(G.) for every class of groups 'X. , then there 

is a unique largest C-closed class contained in 3( . This 

class is denoted by )tC, is given by 

y:; = {G : C(G) (; .::£} , 



6 

and is called the C-interior of Jt. The only closure 

operation for which this concept is used here is. S. 

Two important classes of groups are at- and 'fc: at 
denotes the class of finite abelian groups, and rt the 

c:lass of finite nilpotent groups. Thus EOLis the class 

of finite soluble groups. If n is a positive integer, 

then ~n denotes the class of finite soluble groups of 

derived length at most n. 

Whenever the word "group" appears,it can be taken to 

mean "finite group". Many basic results of finite group 

theory (e.,g. the contents of the first three chapters of 

~(G2) ) may be used without explicit reference. The phrase 

"elementary abelian group" will refer t.o an abelian group, 

the Sylow subgroups of which are of prime exponent: it will 

not be restricted to apply only to groups of prime-power 

order. 

Most of the arguments are concerned with finite soluble 

groups. The 'fact that a p-chief factor of a finite soluble 

group G can be regarded as an irreducible Z [G] -module' 
p 

,permits the introduction of representation theory techniques; 

one result which is particularly valuable in this context 

is Clifford's Theorem (H8,y,17.3) which gives detailed 

information about the restriction of an irreducible 

representation to a normal subgroup. An important special 

case in which these techniques are useful is that of a 
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soluble group G with a unique minimal normal subgroup V 

. which has a complement in G • Such a group G is called 

a primitive soluble group (because, if H is a maximal 

subgroup of G which complements V in G, then the 

permutation representation of G on the cosets of H is 

a faithful representation of G as a primitive permutation 

group). The significant propertie.s of primitive soluble 

groups are given in (H8, II, 3.2 and 3.3). 

The following standard notation is used in construct

ing particular examples of groups: 

en the cyclic group of order n ., 

S the 
n 

symmetric group of degree n 

An the alternating group of degree n 

'-GL(n"F) th.e general linear group of degree n over F 

SL(n~F) the special linear group of degree n over F • 

statements of standard definitions and results are 

sprinkled throughout the text, on the principle that it is 

better to give these when they are needed rather than list 

them all in one long and tedious introductory section. 



8 

1.3 Complements 

Definitions Let H be a subgroup of a group G. A 

supplement to H in G is a subgroup K of G such that 

HK = G • A complement to H in G is a subgroup K of G 

such that HK = G and H()K=l . 

Clearly, a c'omplement in G to a subgroup H of G 

is a set of coset representatives of H in G which 

happens to form a group. As only finite groups are under 

consideration, either of the following alternative criteria 

can be used to show that K is a complement to H in G: 

(a) HI( = G: and lHIIKI = tGI. ; 

(b) H n K = 1 and IHllKl = IGI 

1.3.1 If 

a" b £ G , 

K is a complement to H in G, then for any 

Ka is a complement to Hb in G 

A similar statement holds with "supplement" substituted 

everywhere for lIcomplement". 1.3.1, which is well-known and 

easily proved, shows that, in a sense, it would be more 

natural to consider complementary conjugacy classes of sub

groups, rather than subgroups which co~plement each other. 

One of the most useful tools for dealing with questions 

involving complem.ents or supplements is the so-called 

"Dedekind modular lawll for subgroups, which can be stated 



as follows: 

If H, K and L are subgr·oups of a group G and 

K <H ,then H n KL = K(H n L) • 
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(It is not necessary to assume that KL or K(H(\L) is a 

subgroup, although this is almost always the case when the 

result is applied): This Dedekind law will be used 

frequently in the sequel, probably without further explicit 

reference. ,It .makes its first appearance in the proofs of 

some of the following results. 

1.3.2 Let G be a group and let H be a subgroup of G 

which has a complement C in G . 

(a) If 

in K. 

then C (\ K is a complement to H 

(b) If N is a normal subgroup of G and N~ H , then 

CNIN is a complement to H/Nin GIN 

Proof (a) 

and 

H (C () K) = HC f'\ K = G f'\ K = K, 

H (\ (Cf"IK) = (Hf'lC) f'\ K = 1 • 

(b) H(CN) = (HC)N = G , 

and H r't CN = (H {\C)N = N • 

1.3.3 (a) If 

a normal subgroup 

H 

N 

is a subgroup of G. 

of G such that, 

and there exists 

Hli!N has a 

complement in GIN and H" N has a complement in G, 

then H has a complement in G. 

(b) Suppose G = KN t where N is normal in G, K~ G , 
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and K ~ N = 1 , and let H be a subgroup of G. If C
l 

is a complement to HN ~ K in K, C2 is a complement to 

H ~ N in N , and Cl and C2 permute (i.e. C
1

C
2 

is a 

group), then C1C2 is a complement to H in G. 

(c) Suppose 
r 

i = l, .•. ,n-l ,GiGi_l ..• Gl is normal in G and 

Gi +l (\ Gi Gi _l ••• Gl = 1 .. Let H bea subgroup of G. If 

Cl is a complement to H.D. Gl in Gl and for each i ~l, 

Ci +l is a complement to H GiGf_l ••. Gl A Gi +l in Gi +l 
p~V'V\O\.v..tE.S w'"t\-

and Ci +l A R:9PlIlaligSolS Ci Ci _l ·· .Cl ' then CnCn_l ... Cl is 

a complemsnt to' H in G. 

Proof (a) Let KIN b.e a complement to HN/N in GIN 

By 1.3.2(a), H ~ N has a complement, C say, in K. 

Then 

HC = Ii (H " N ) C = HK ;=- G , 

and H" C = H f'\ HN " K ("\ C = H n N (\ C =- 1 • 

Therefore C is a complement to H in G. 

(b) H C1C2 = H(Hf"\N)C2Cl = HNCl = HN(HN(\K)Cl = HNK = G • 

Also H ~ C1C2 = H ~ HN AC1C2 

=- H (\ (HN {\Cl )C2 (as C2'~ N ~ HN ) 

= H (\ (HN"KAC1 )C2 = H ~ C2 = 1 • 

(c) It is enough to prove by induction on i that for 

each i, CiCi_l ••• Cl is a complement to H nGiGi_lo .• Gl 

in GiGi_l .•• Gl • This is certainly true when i = 1 . 

Suppose it is true for a particular i ; then an application 



and C.C.· 1 .•• Cl in place of G 
~ ~-

K , N J H ,Cl and C2 respectively, shows immediately 

that it is also true for i+l. Hence the result holds. 

11 

In some ways, complements are not "well-behaved", as 

is illustrated by the following examples; this· often 

hampers the investigation of complementation problems. 

1.3.4 Example Let 

(a) The complements of a given subgroup of G are not 

necessarily all isomorphic: 

Let H = « 123 ) , (12» , V =- « 12)( 34) J (13)( 24» , 

K = ~1234~ ; then V and K are both complements to H 

in G J but are not isomorphic. 

(b) If a subgroup H of G has a complement in G, and 

K ~ G , then it is not necessarily true that H ~K has a 

complement in K: 

Let H =- «1234}) ,. K = A4 ; then «123), (12~ is a 

complement to H in G , but H f"\ K (= «13)(24~) is a 

proper, non-trivial subgroup of the minimal normal subgroup 

of K J and therefore cannot have a complement in K .. 

(c) A supplement to a complemented subgroup of G need 

not contain a complement: 

Let - H = «1234~ , K = A4 as in (b); then H is a supple

m~ent to K in G., and K has a complement in G. If H 

contained a complement to K in G, then that complement 

would be of order 2 ; but «13)(24» is the only subgroup 
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of H of order 2, and (13)(24) E K • 

1.3.5 Example If H has a complement in a group G and 

N is normal in G, it does not necessarily follow that 

HN/N has a complement in GIN. (Cf. 1.3.2(b) ): 

Let Vi = <vi,wi> 'a:' C2 )( C2 (i = 1,2), and let G 

be the split extension of Vl x V2 by <:> ~ C3 , where 

v x x 
(i = 1,2) . = w. , wi = viwi i . 1. 

Thus (x)V. :;; A4 
, 1. 

(i = 1,2). Let . H = (Vl' W2) , then 

<r·' __ !1~2'.\h w2) is a complement to H in G, but 

HV21 V2 (= <v~V21 V2 ) has no complement in G/V2 (~A4) , 

because it is a proper non-trivial subgroup of the unique 

minimal normal subgroup of G/V2 • 

1.3.6 Example A subgroup H of G such that H ~ K ~ G , 

which has a complement in G, can have a complement in K 

'which does not extend to a complement in G : 

Let G = (a, b) 'x. (c) , where 

~ 2 b-1 
~ = b= 1 and a = a and 

(a,b) ~ S3 ' with 

(c) :: C3 . Let H = 

K = <a,c) , C = <ac) • Then H has a complement in G 

and C is a complement to H in K ,but C is not 

contained in any complement to H in G, because no 

2-e1ement of G normalizes C. 

(a) 

(This example is used in (D2) for a different ,purpose, 

namely to show that a normal subgroup H of a group G 

which has a unique conjugacy class of complements in G 

can have more than one conjugacy class of complements in a 

(normal) subgroup K of G which contains H). 
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1.4 Groups with complemented normal subgroups 

Definitions Let ElK be a normal factor of a group G 

(i. e. E and K are normal subgroups of G and K ~ E). 

(1) ElK is a complemented factor of G if H/K has a 
-' 

complement in G/K . 
(2) H/K is a Frattini factor of G if H/K ~~(G/K) 

(3) A subgroup L of G is said to cover H/K if 

(Lf"IH)K = H , L is said to avoid H/K if (LnH)K = K .' 

(4) A subgroup L of G is said to have the cover-

avoidance Eropert~ if, for each chief factor H/K of G , 
L either covers H/K or avoids H/K • 

1.4.1 Theorem Suppose G has a chief series 

1 = GO < Gl < .... < Gn = G , 

and H( G covers or avoids each of the chief factors in 

this series. If the factors covered by H are all comple. 

mented, then H has a complement in G • 

Proof: By induction on n • If n = 1 • then H = 1 or 

H = G , so 'H has a complement in G. Suppose that the 

result holds for groups with fewer than n chief factors· 

in a chief series, and let G = G/Gl • The "bar convention" 

will ,be used, i.e. the image of a subgroup K of Gunder 

t.he,natural epimorphismG ~G will be denoted by. K • 

Then is a chief series of 
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G and H covers or avoids each facto~ in this series. 

FOr i ~ 2 ,H covers Gil Gi _1- if and only if H covers 

Gil Gi _l ~ and Gil Gi _l is a complemented chief factor 

of G if and only if G.I G. 1 
J. J.-

is a complemented chief 

factor of G. Hence by the induction hypothesis, H has 

a complement in G, i'. e. HGII Gl has a complement in 

G/GI • 

Now consider H n Gl if H n Gl = 1 then. H (\ Gl 

certainly has a complement in G; if H AGI > 1 then, 

by hypothesis, H must cover GIlland so H" Gl = Gl • 

The hypotheses then imply that Gl has a complement in G. 

Thus, in every case, H n Gl has a complement in G. 

Therefore" by 1.3.3(a), Hhas a complement in G. 

Notation Let ~n denote the class of finite groups in 

which every normal subgroup has a complement. 

u::1 is Q-closed. 
C,9n 

Proof Let G E.g and let N be a normal subgroup of n_ 

G- • Let H/N be a normal subgroup of GIN then H is 

normal J.·n G and so H has a complement in G. Then by , 
1.3.2(b), H/N has a complement in GIN. Therefore 

GIN e ~n • 
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1.4.3 Theorem 

(1) G E~n ; 

The following are equivalent: 

(2) all the chief factors of G are complemented; 
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(3) G has a chief series in which all the chief factors 

are complemented; 

(4) every subgroup of G which has the cover-avoidance 
" 

property has a complement in. G • 

Proof (1) ='>. (2) : immediate from 1.4.2. 

(2) ~ (3) trivial. 

(3) ~ (4) follows at once from 1.4.1. 

(4) =9 (1) normal subgroups have the cover-avoidance 

pr~rty, so this is obvious. 

In~a soluble group, every chief factor is either a 

Frattini factor or 'is complemented, hence: 

1.4.4 Corollary If G is solub.le then G e gn if and 

only if G has no Frattini chief factors in a given chief 

series. 

Since the praefrattini subgroups of a soluble group 

cover Frattini chief factors and avoid complemented ones, 

1.4.4 is equivalent to Theorem 6.6 in (Gl), in which 

Gas'chiitz observes that a soluble group has trivial prae-

frattini subgroups if and only if every normal subgroup 

has a complement. 
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Notation Let ~ denote the class of groups in which 

every subgroup has a complement. 

The following corollary to 1.4.4 is used in 3.1 : 

1.4.5 G € ~ if and only if G is supersoluble and G€ 

Proof Suppose Ge ~ . then obviously G € ~n Also it , . 
is shown in (H5) that ~-groups are supersoluble. 

Now suppose G is a supersoluble group which belongs 

to ~n' and proceed by induction on IG'. Let N be a 

minimal normal subgroup of G; then GIN e. ~n by 1.4.2, 

and GIN is supersoluble, so by induction, GIN € ~ • 

Thus, given any subgroup H of G, HN/N has a complement 

in. GIN • Since G is supersoluble, Hf-' N is either 1 

or N ,)and so, because G € ~n ' H "N has a complement 

in G • Therefore, by 1.3.3(a), H has a complement in G. 

Hence G E ~ • 

For the sake of the investigations in Chapter 2, it 

is useful to explore further the closure properties of ~n. 

1.4.6 ~n is RO-closed. 

Proof Suppose G is a group which has normal subgroups 

Nl and N2 such, that Nl n N2 = 1 and both G/NI and 

GIN 2 belong to ~ • To show that n ~n is RO-closed, it 

will be enough to show that G E ~ • n 

Let H be a normal subgroup of G; then HNII Nl is 

normal in G/N~, so HNII Nl has a complement in GINI 

~. n 
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Also (H(\Nl )N2 is normal in G, so (HI"\Nl )N2 I N2 has 

a. complement in G/N2 • Since '(HnNl ) () N2 = 1 , it 

follows by 1.3.3(a) that H ~Nl has a complement in G . 

Another application of 1.3.3(a) then shows that H has a 

complement in G. Therefore G E ~ • 
n Q.e.d. 

In (Dl), it is shown that, if a group G has the 

minimum condition on subgroups and all its characteristic 

subgroups have complements, then all its normal subgroups 

hav.e complements (of course, the first condition always 

holds for finite~groups). It is easily deduced from this 

that ~ . 
n 

is Sn-closed. A short alternative proof that 

~n " Ell is S -closed (which is all that is needed for the n 

purposes of the present work) is now given. 

A soluble normal subgroup of a ~ -group is itself n 

in ~ • In particular, n ~n ~ ECl is Sn-closed. 

Proof Let G.€ ~ ,and let H be a soluble normal sub
n 

group of G. Let N be a minimal normal subgroup of G 

contained in H. Using induction on \G\. it can be assumed 

that H/N € ~ • Thus for each normal subgroup K of H, - n 

KN/N has a-complement in H/N. Consider K n N: N is 

elementary abelian, so K nN is an abelian normal sub-

group of R. Hence, by III, 4.4 of (H8)J K f\ N will 

'have a complement in H provided Kn N ~~(H) = 1 • But 

~(H) ~~(G) t by (H8, III, 3.3(b) ), and ~(G) = 1 , 

because G € ~ thus Kn N does have a complement in H. 



18 

Therefore~ by 1.3.3(a), K has a complement in H . Hence 

H € ~n Q.e.d. 

With the help of the following result, which is an 

immediate consequence of an important theorem of Gaschiitz 

on complements of abelian normal subgroups~ a description 

of the S-interior 6f ~n is obtained in 1.4.9. 

1.4.8 Let p be a prime number and suppose that the 

~roup G. has elementary abelian Sylow p-subgroups. Then 

every normal p-sub~oup of G has a complement in G. 

Proof Let N 1>,e a normal p-subgroup of G, and let Gp 

be a Sylow p-subgroup of G. Gp is elementary abelian, 

so N is abelian and has a co~plement in G . further, p , 

(IN\,IG:Gpl) ,= 1. Therefore, by (H8, I, 17.4),. N has a 

complement in G • 

1.4.9 Theorem The following conditions are equivalent: 

(1) G €(/JS • 
@n ' 

(2) the Sylow subgroups of G are all elementary abelian; 

(3) every subgroup of G has trivial Frattini subgroup. 

Proof That (1) implies (2) is clear, for if 

p is a prime number and Gp is a Sylow p-sUbgroup of G- , 

'. ~n ~(Gp) and hence Gp is elementary then Gp € , so = 1 

abelian. 

(2) =9 (3) Let :e denote the class of groups with 

elementary abelian Sylow subgroups. ~ is clearly S-closed, 
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so it will be enough to show that a group in .~ must have 

trivial Frattini subgroup. Let G € 1:, , and for a contra-

diction suppose that ~(G) > 1 • Let N be a minimal 

normal subgroup of G such ~hat N ~ ~(G) • ~G) is 

nilpotent, so N is a p-group for some prime number p 

but then, by 1.4.8, N has a complement in G , which 

contradicts N ~ ~(G) • 

(3) ~ (1): Suppose that 0) holds, and let H be 

a subgroup of G. Let N be a normal subgroup of H 

and let S be a minimal supplement to N in H It is 

well known that in this situation, N n S ~ ~(S) (other-

wise, if M is a maximal subgroup of S such that 

N ns (M then M is a supplement to N in H, contra-

dieting the choice of 
.J 

so N ~ S = 1 and S 

Therefore G E ~ S .. 
n 

S ). But by hypothesis, ~S) = 1 , 

is a complement to N in H 

Q.e.d. 

1.4.10 gives an elementary proof, which does not rely 

. on GaschUtz's sophisticated theorem, of the implication 

(2) ~ (1) in 1.4.9, in the case of a soluble group. 

1.4.10 ~ l"'I E(l c,;. tt S, where :t is the class 0 f groups 

with elementary abelian Sylow subgroups. 

Proof Let G € ~ " Ea.. Since J!, ~ Ell is S-closed, it 

will be enough to show G e ~ . Let N be a minimal '. n 

normal subgroup of G , and let p be the prime of which 

IN' is a power. 



GIN € fn Eat, so, using induction qn IG\ , it can 

be. assumed that GIN E ~n • Hence, by 1.4.3, it will be 

enough to show that N has a complement in G. If 
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N = CG(N) , then G is primitive soluble, and so N has 

a complement in G. Thus it can be assumed that N < CG(N). 

Let 

let 

M/N 

q 

If 

group of 

Thus 

be a chief factor of G , with 
\~ 

be the prime number of which I MIN I is a power. 

q F P it follows that, if Mq is a Sylow q-sub

M ,then M = MqN , Mq n N = 1 and, [Mq' NJ = 1. 

is characteristic in M and therefore normal in 
J 

G • By induction, G/M € ~ , so (since . q ~ GIN e ~ also) 

G € RO'&n = ~ • 
If q = P , then M is a p-group and so (by hypothesis) 

is elementary abelian; thus M can be regarded as a 
.; 

Zp[G/CG(M~ -module. CG(M) contains the Sylow p-subgroups 

of G , so G/CG(M) is a pI-group; hence, using Maschke's 

Theorem, M = N XL,. where L is normal in G • By 

induction, GIL E ~n ' so, as before, G E RO~n = ~ . 
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1.5 Pronormal subgroups 

Well-known results about pronormal subgroups, which 

are used in. the study (in Chapter 2) of groups in which all 

the pronormal subgroups have complements, are collected 

together in this section. 

Definitions "A subgroup L of a group G is said to be 

Eronormal in G if for every g E G J L and Lg are 

conjugate in their join (L,L
g

) . L is said to be abnormal 

in G if g E (L,L
g

) for all g EG . 

Perhaps the most obvious examples of pronormal sub-

grou~p of a group G are the Sylow subgroups of G , and 

also, if G is soluble, the· Hall subgroups of G Normal 

subgroups of G are clearly pronormal, and any maximal 

subgroup obvious.ly must be either normal or abnormal in G, 

and hence is pronormal in G . 

Let H 'G . Then H is abnormal in G if and 

only if H is both pronormal and self-normalizing in G • 

Proof Suppose H is abnormal in G j then H is cert-"> 

ainly pronormal in G • Suppose g E NG(H) j then 

(H;Hg) = H , so g e H • Hence NG(H) = H • 

Now suppose H is both pronormal and self-normalizing 

in G .• Let g be any element of G • Then there is an 
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element x of (H,H
g

) such that HX = Hg , and pence 

-1 
gx € NG(H) = H . Therefore g € Hx ~ (H,Hg) . Thus H is 

abnormal in G. 

Several basic properties of pronormal subgroups are 
in 

given!(Rl): those which will be needed in Chapter 2 are 

recorded below, in 1.5.2 - 1.5.5 • 

1.5.2 (Rl, 1.3) If N is a normal subgroup of G and 

N ~ L ~G , then L is pronormal in G if and only if 

LIN is pronormal in GIN 

1.5.3 (Rl, 1.4) If L is pronormal in G and N is 

!lormal in G , then LN is pronormal in G and 

NG(LN) = NG(L)N . 
1.~.4 (Rl, 1.5) If H (G , then H is both pronormal 

-' 

and subnormal in G if and only if H is normal in G . 
1. 5 • 5 ( Rl, 1. 6 ) If ~ is pronormal in G then NG(L) 

is abnormal in G • 

1.5.6 Suppose G = HN , where N is normal in G and 

H ~ N = 1 . If L is a pronormal subgroup of G then 

LN ~ H is pronormal in H • 

Proof LN is pronormal in G by 1.5.3, so, by replacing 

L by LN, it can be assumed that L ~N . Let h € H . 

Then 

(L,Lh) =.~L"H)~ •.. (L0 H)hN) = -(L,nH, (LnR)h) N ••• (1) 

As L is pronormal in G, there exists x E (L,Lh) such 
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h x h that L = L • By (1), there exists y £ (L n H, (L" H) ) 

such that x E y~ ~ yL • Thus LX = LY , and so 

(LnH)y = L!" H = LXf'llI = Lh(\ H = (Lf'lH)h . 

, ,There fore L" H is pronormal in H. 

A fundamental fact about system normalizers (which are 

defined in (H4) ) is used in a later proof (2.6.16), and is 

recorded here for convenience. 

1.5.7 Every abnormal subgroup of a soluble group G 

contains a system normalizer of G. 

Proof The system normalizers of G are the minimal sub-

abnormal subgroups of G (HB, VI, 11.21). 

~ rich source of pronormal subgroups of soluble groups 

arises from the theory of "formations", a brief summary of 

the elements of which is now given. A lucid exposition of 

the basic theory can be found in (HB, VI, Section 7). 

A formation is a QRO-closed class of groups; a 

saturated formation is a {Q,Ro,~1-closed class of groups. 

A formation fUnction f is a function which assigns to 

each prime number p either a formation f(p) or the 

empty set ¢ . Given a formation function f , a saturated 

formation ,~ can be defined by specifying that G belongs 

to ' d- if and only if, for each prime number p and each p-

chief factor H/K of G, G / CG(H/K) E f(p) • 

(If f(p) = ¢ this is interpreted to mean that p does 
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not divide IG1). ~ .. is said to be locally defined by f. 

A result of fundamental importance is that every saturated 

formation of soluble groups has a local definition (HB, VI, 

If ~ is a formation and G is a. group, then the 

~-residual of G .• denoted by G~, is the intersection of 

all the normal subgroups N of G such that GIN E ~. 

An C-projector of' G is a subgroup F of G such that 

F E a and, whenever F ~ H ~ G , then ~= H . The 

important property of d-projectors is that, if j- is a . 

saturated formation then every sq~uble group has a unique 

conjug'acy class of ;g.-projectors • In the case of the 

saturated formation 'It, the at-projectors of a soluble 

group G cOincide with the riilpotent self-normalizing sub-

group,s of G discovered by R. W.Carter (and consequently 

known as "Carter subgroups"). 

The promised rich source of pronormal subgroups can 

now be revealed: 

_ 1.5.B Let a be a saturated formation, and N a soluble 

normal subgroup of a group G. Then the ~-proj~ctors of 

N are pronormal in G. 

Proof Let F be an ~projector of N, and let g E. G· • 

It is easily checked that ~ is an ~-projector of N , 

and hence that F and ~ are both q-projectors of 

(F, E,g) • Thus F and ~ are conjugate in (F, Fg
) • 



1.5.9 If G is a soluble group and ~ is a saturated 

formation containing m., then the ~-projectors of G 

are abnormal in G • 
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Proof Let F be an 6-projector of G. By 1.5.8, F is 

pronormal 'in G, so by 1.5.1, it will be enough to show 

that F is self-normalizing in G. Let H = NG(F) , 

suppose H> F and let K be a maximal normal subgroup 

of H containing F. Then H/K is of prime order, and so 

H/K € 1tc;; ~ . But then, by definition of an ~-projector,. 

FK = H , a contradiction. Therefore F = NG(F). 

In determining whether a given subgroup of a group is 

pro normal , the following criterion (1.5.10) is often help

ful; 1. 5 .11 t which is deduced from it t. is put to use in 

2.6 and 2.7 • 

1.5.10 (Gaschutz (?) ) Let H be a subgroup of G and 

suppose N is normal in G. Then H is pronormal in G 

if and only if 

(1) HN is-pronormal in G; 

(2) H is pronormal in NG(HN) •. 

Proof That H being pronormal implies (1) and (2) is 

obvious. Conversely, suppose that (1) and (2) hold, and 

let g E G • Let J = (H,Hg) ; then by (1), there exists 

x e <HN, (HN)g) = IN such that (HN)g = (HN)x . Writing 

x = ny with n EN, Y E J ,then (HN)g = (HN)y , and so 
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gy e NG(HN) . Thus, by (2), there exists ZE (H,Hgy )~J 
-1 

such that Hgy = HZ ; ~hen zy'E J and Hg = HZY • 

Therefore H is pronormal in G. 

1.5.11 Let G = HV , where V is normal in G 

and H n V = 1 • Let L be a pronormal subgroup of H, 

and suppose that W ~ V is such that 

(1) V and NH(L) both normalize VI , and 

(2) [V ,L] ~ W • 

rfhen LW is pronormal in G . 
Proof (i) LV is pro normal in G 

To prove this, suppose g e G then K = vh for some 

v E V ,and h e H , so (LV)g = (LV)h As L is pronormal 

in. H J there exists x € <L~Lh> ~ (LV, (LV)h) such that 

Lh x and hence (LV)h = (LV)x = L , 
(ii) LW is pronormal in 'NaibYl . 

In fact LW is normal in NG(LV) ;_ for, let g E NG(LV) • 

Then g = hv , with h E H , V E V , from which it follows 

that h e NH(LV f'\ H) = NH(L) • Thus 

(LW)g = LhvJ1v 

= (by (1) ) 

= LW (by (2) ) 

Applying 1.5.10, (i) and (ii) imply that LW is pro-

normal in G .. 
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Let L be a pronormal subgroup of G and let N 

be an abelian normal subgroup of G. Then NG(LN) norm

aliz.es L n N • 

Proof Let g 6 NG(LN) = NG(L)N (~sing 1.5.3); then 

g = xn with x E NG(L) and n eN, and therefore 

(LO N)g = Lxn('\ N = Lnn N 

(as N is abelian) . 
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CHAPTER 2 

2.1 Metabelian groups with complemented pronormal subgroups 

Let ~p denote the class of finite groups in which 

every pronormal subgroup has a complement. Some important 
", 

observations about ~p can be made immediately: 

2.1 .1 ~p c; gn " Eel. 

Proof The Sylow subgroups of a group G are all pro- . 

normal; but if the Sylow subgroups of G all have comple-

menta ia G , then G is soluble. Hence £? -groups are 
p 

soluble. Also the normal subgroups of a group are all pro-

normal, so t?p~ ~n. 

2.1.2 ~ is Q-closed • 

Proof Let G € ri and let 
p. . 

N be a normal subgroup of 

G • If H/N is a pronormal subgroup of GIN, then by 

1.5.2, H is pronormal in G , so H has a complement in 

G and hence, by 1.3 .2(b), HIN has a complement in GIN • 

Therefore GIN E cg • 
p 

Unlike ~ 0 is neither Sn-closed nor RO-closed 
[,n ' C!>p 

(;in. fact ~ is not even DO-closed); this is shown in 

Examples 2.7.5 and 2.7.6 • The remainder of 2.1 is devoted 

to showing that when attention is confined to metabelian 

groups, ~p coincides with ~ • n 



2.1.3 ~ n ~2 is 3-closed. G7n 'I U\, 
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Proof Suppose that the result is false, and let G be a 

group of minimal order such that, G E ~ n(}f and G 
n 

possesses a subgroup H not in ~n • Then H is not con-

tained in any proper normal subgroup of G , bepause 

~" Eo.. is 3n-closed (1 .. 4.7). Since HG' is normal in G, 
it follows that HG' = G • Now G is metabelian, so G' 

is abelian; hence H" G' is normal in both Hand G' 

and ther·efore in G. 

If H("\G' =1 then 

H ~ H/(H nG') ~ HG'/G' = GIG' E Q~ = ~ , 
i.e. H E ~ , a contradiction. Hence H n G' > 1 and n 

there fore Ii" G·' c.ontains a minimal n.ormal subgroup, N say, 

of Go. Now any normal subgroup of H contained in HAG' 

is norm'al in G (because HG' = G and G I e (1); consequ-

ent1y, N is also a minimal normal subgroup of H. 

IG/N\ < \G\ , so, because of the way in which G was 

chosen" H/N E ~n·. But N has a complement in G., because 

G E ~ ,so N has a complement in H (by 1.3.2(a». 

Therefore, by 1.4.3, H E t?n ' a contradiction. Therefore a 

group such as G. cannot exist, and thus· the theorem is 

proved. 

2.·1.3 and 1.4.9 together yield the following immediate 

corollary: 

, 
y<~;:: 
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2.1·4 Corollary (Cf. (C3), Theorem 5.4) 

~n ,,01.2 = ~ f\ 0,2' 

where X is the class Of groups in which all the Sylow 

subgroup.s are e.lementary abelian. 

2.1.·5 Suppose L is pronormal in G, and L ~N , 
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where N is a metabelian normal subgroup of G • Let M 

be a normal subgroup of G contained in N such that both 

M and N/M are abelian. Then LM and L f\ M are both 

normal in G. 

Proof LI1/M ~ NIM ,and NIM is an abelian normal sub-

group of G/M, so LM/M is subnormal in G/M. But LM/M 

. is pronormal in GIM, by 1.5.3 and 1.5.2, so by 1.5.4, 

L¥VM is normal in G/M thus LM is normal in G. 

By 1.5.12, NG(LM) normalizes L n M ; hence L AM 

is normal in G e. 

2.1.6 Theorem If G e ~ , then every pronormal subgroup n 

r of G which is containeeJ/: metabelian normal subgroup of 

G has a complement in G. 

Proof Let· L be a pronormal subgroup of G, where 

G E ~ , and suppose L ~ N , where N is a metabelian 

normal subgroup of G let M = N' • Then by 2.1.5, LAM 

and LM are both normal in G. Since G and GIM both 

belong to . ~ , it follows that LM/M has a complement in 

G/M and L ~ M has a complement in G. Therefore, by 

1.3.3(a), L has a complement in G • 



Together, 2.1.4 and 2.1.6 yield the following char

acterisation of metabelian ~p-groups: 

2.1.7 Corollary ~p n OL2 = ~n" (12 = !f,,, CJ't , 
i. e. , if G is metabelian then G E ~ if and only if 

the Sylow subgroups of G are elementary abelian. 

31 
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2.2 ~urther properties of groups in ~nn GL2 • 

ing 

Several lemmas, which will be used later in investigat

~ n en? , are collec ted together here. The main p 

lemmas, 2.2.4 and 2.2.-5, are rather "technical", and the 

reader might prefer to omit this section, returning to it 

only when it becom~s necessary. 

2.2.1 Let H € ~n 1"1 Of ,let F = F(H) , and let Fo ~ F 

be a normal subgroup of .l1. Then for any subgroup S of H, 

(a) (F 0' SJ and CF (S) are· both normal subgroups of 
0 

, (b) Fo = ~ ~, SJ x CF ($) . 
0 

(Hence [Fo' S, SJ = [Fo' sJ· and 1!o'S] (S) = 1 ). 

Proof Let B be a complement to F in H, and let 

R = SF ~ B • Then, as F is abelian, 
o 

~ 0' sJ = [! 0' s~ = I! 0' SF" BJ = (F 0' Bol 
Suppose now that ao € CF (S) , and let b e Bo • 

o 
~hen b = sa for some s e S , a € F , and so 

[c>,aJ = [sa,acJ = ~,ao1 a [a,aJ = 1 

Therefore 

Conversely, suppose ao e CF (Bo) , and let s e S • 
o 

Then and 

a E F • Hence 

Therefore 

H; 
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Thus [Fo' S] = [FO' Bo] and CF (S) = CF (Bo) so 
0 0 

it can be assumed that S = B 
0 

(a) Given any h E H , h = ba for some b, E B and 

a e F , and so 

[FO' BJh = ~o b, BobJa 

= [Fo' BoJ
a 

( Bo is normal in B as B is abelian) 

= {!o"'Bo] (as F is abelian) . 

Hence l!o' Ba] is normal in H • 

Let and let b e B ; then for any bo € Bo ' 

(as B is abelian) 

= 1. 
b Hence ao E CF (Bo) • Therefore B ~ormalizes 

o 
CF (Bo) , 

o 
and so (since F is abelian) CF (Bo) 

o 
is normal in H. 

(b) Let Ho = BoFo . Then Ho e ~ A Ot2 
, because 

~n. ,,0(,2. is S-closed (by 2.1.3), so in particular, ~(Ho) = 1. 

Now Fo ~ F(Ho ) and [Fo' BcJ is normal in Ho ' so there 

is a normal subgroup N of Ho 

Then [N ,Bo] ~ N" [F 0 ,Bo] = 1 , so 

other hand, 

N ~ CF (Bo) • On the 
o 

[FO,BoJ n CF (Bo) ~ Ho t" Z(Ho ) ~ ~(Ho) = 1, 
o 

sO N = CF (Bo) 
o 
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2.2.2 Let G be a group and N a normal subgroup of G, 

and suppose B is a complement 'to N -in G If 'liT ./ N 
... • 110 ~ 

is normal ifr G and Bo <; B is normal in B then B N 
o 0 

is normal in G if and only if [N,BoJ ~ No . 
Proof If BoNo is normal in G then 

[N,BoJ ~ N "BoNo = No 

Now suppose [N "Bo] ~ No , and let g E G • Then 

g = bn for some b E B , n e N , and so 

2.2.3 Suppose that F(G) is abelian, and N is an 

abelian normal subgroup of G. If N has a complement B 

in G and CB(N) = 1 , then N = F(G) . 

Proof B n F(G) centralizes N so B A F(G) = 1. 

2 .. 2.4 Let H e ~ ,,(12 ,let A = HI and Z = zen) .. 

Suppose that S > 1 is a subgroup of H such that 

S " AZ = 1 , and let Zo be a subgroup of Z. Let 

(thus Ao '> 1 ), and let Ho = SA x Z o 0 

If N is a normal subgroup of Ho ' but N contains no 

non-trivial'normal subgroup of H contained in A, then 

(a) 

(b) 

N ~ F(H ) = A x Zo ; , 0 0 

F(Ho/ N) = F(Ro) / N • 

Proof (a) H t = fA ,sJ = A o \:0 0 
and CA (S) = ~. 

o 



Then [A,SoJ" [A,S] = AO ~ CA(SO). 

But by 2.2.l(b), [A, so] () C A(So') = l, so [A, SO] = 1 

i.e. So ~ CH(A) = AZ • Therefore So' S A AZ = 1 , so 

CS(AoZo) = 1 t and hence, by 2.2.3, AoZo = F(Ho) . 
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Sinc'e N is normal in Ho ' [!lo' NJ ~ N • But [Ao,N] 

is normal in H, by 2.2.l(a), and by hypothesis, N con

tains no non-trivial normal subgroups of H which are 

contained in A. Therefore rA N] 1 d l: 0' = ,an so 

(b) Let Ao = Ml x ...• x Mt ' where the Mi are mini

m.a~ normal subgroups of H. By hypothesis, N" Mi < Mi ' 

so for each i there is a minimal normal subgroup Ni of 

Ho such that 

Ni (Mi and Ni r\ N = 1 

Therefore Ho has a factor group Ho/ No such that N ~No 

and , o.sS'u~i""i. w·~1;1....0\A..~ ~0'iS of ~e","e-.,o.O.A.~ ~ ~&,.. \.-\o-i<s,OIMov?'WSlN\. c.\a.ss 
of ~roWfs \J\I\.\.tJ\) ... )~t} ~s ~C:X-\.'1QWL ~'rt.S~~n.\L.~*"t\1\l """J N,f- ) 

AoZol No ~ Nl )( •.• )( N • .,.... . 
- 0 . 

Now for a fixed i in {l, .• ,t} ,let Mi be a 

Pi -group, let )1 = H/CH(Mi ) , and consider Mi as an irr

educible Z [H]-module. Since HI = A ~CH(Mi) , H is 
Pi . 

abelian and hence, as a Z [s]-mOdule (using the-1 l bar con-
Pi -

vention"), Mi is homogeneous (i.e the irreducible Zp.[s]
l. 

submodules of Mi are all isomorphic). 

Therefore CS(Ni ) = CS(Mi )', and so 



t 
= = () CS(M. ) 

i=l 1. 

= = 1 

Applying 2 •. 2.3 to Hoi No ' it follows that 

= 

2.2.5 

Aozol No ' and therefore, as N ~No 

F(Ho/N) = AoZol N = F(Ho)1 N • 

let A = HI and Z = Z(H) as 
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in 2.2.4, and let B be a complement to F(H) = A X Z in 

H ; thus H = BA x Z • Let Bo be a subgroup of Band 

let C be a complement to Bo in H. Then: 

(a) [A, CrtBZ] ~ C'. 

(~) If Z E Z then there exists c E C and b e Bo such 

that Ibl divides Izi and c = bz • It then follows 

that (c) = (bzl> X <z2) ,where (z) = (zl»C (z2) and 

( I b 1 , I z21) = 1 , (J b I , I zll ) = I zll . 

Proof (a) Take any a E A and any c e C n BZ • Since 

H = BoC , there exist bo € Bo and Co E C such that 

-1 . Then a = bo Co 

[co' c] = [boa, c] = Lbo' cJa[a, c] 

= [a, c] (c E BZ. so [bo ' c] = 1) 

Hence [a, cJ = [co' 
I c) E C , and therefore 

[A, C ()BZ ] ~ C' • 

(b) Let z E Z • Then 

Co E C ; i.e. Co = boz .'Let n denote the set of prime 

divisors of Izi • and write b - b b ,where .b_ is a 
0-7\],\' .. 
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n-element and bn , is a ~'-element. Then 

(boZ) = (bn,bltZ) = (b7t.') x (b-nZ) • 

Let m = Ib"lt' \ then (boZ}m = b1'\m~m_, i.e. com = brrmZm 

Now (m, \z\) = 1 , so there is an integer n such that 

mn = 1 (mod Izl) . Thus 

comn = tn-mnz 

Therefore, taking 'C = co
mn and b = bn

mn , the result is 

established. 



38 

2.3 The invariant dpi!l 

Throughout 2.3, let A denote an abelian group and 

let F = GF(pf) , where p is a prime number and f is a 

natural number. 

Definition The number dF(A) is defined by: 

The nature of the invariant dF(A) can be elucidated 

'by making use of the fundamental result (H8, II, 3.10) that 

if A has a faithful irreducible representation over F 

then A is cyclic, and the degree of the representation is 

determined as the smallest natural number n such that 

pfn :: 1 (mod IAI) • 
(The essence of this theorem is that the only kind of 

situation in which an abelian group can have a faithful 

irreducible representation over GF(pf) is one in which a 

subgroup of the multiplicative group of GF(pfn) acts (by 

multiplication) on the additive group of GF(pfn) , the 

latter being regarded as a vector space over GF(pf) ). 

Suppose ql,q2' ••• ,qs are all the prime divisors 

of '\Ap .\ (where Ap. 

is the exponent of 

each i E {I, ... , s} 

number such that 

Then 

e. 
is the p-complement of A), and qi~ 

Aq (the Sylow q.-subgroup of A), for 
i ~ 

Let d 

fd - 1 P = 

be the smallest natural 
el e2 e

s (mod ql q2 .. ···qs ) 



Proof A has a cyclic factor group of order 

and hence has an irreducible representation over F of 

degree d (corresponding to a faithful irreducible re-

presentation of the factor group). Hence 

Let V be an irreducible F [AJ -module, and let 

C = CA(V) • Then V is a faithful irreducible F[AlC]

module, so Alc is cyclic and dimFV is the smallest 

natural number n such that fn - 1 p = (mod lAic I) .. 
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But lAic I mu~t be a"divisor of 

a c.yclic p '-group), so pfd_ 

-el e2 . es 
ql q2 ···qs (as Alc is 

1 (mod IA/cl) • Therefore 

n I d • Hence 

Corollary The F-dimension of any irreducible F[A]-

module is a divisor of dF(A) • 

and let E = GF(pfd) • Then E is 

a splitting field for A • 

Proof Let V be an irreducible E [AJ -module, and let 

dimEV = n .. Let C = C A (V) . Then fdn E 1 (mod lAIC I> P " 
and this congruence holds (given f and d) for no natural 

number smaller than n. But 2.3.1 shows that 

for any cyclic factor group AlAo 

of A • Hence n = 1 , i.e. the E-dimension of any irreduc-

ible E[A)-module is 1. Q •. e.d .. 

Here and later lcm(m,n) denotes the lowest common 

multiple of m and n. 
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2.3.3 (a) If Ao ~ A then dF( Ao) I dF(A) • 

(b) If Al ,A2 are subgroups of A and A = AIA2 ' then 

dF(A) = lcm(dF(A1 ),dF(A2 » • 

Hence, if dF(A2 ) = 1 then dF(A) ~ dF(A1 ) ... 

Proof (a) This is immediate from 2.3.1 : let d = dF(A) 

and d , 0 = dF(Ao ) • Then 

such that pfd :i: 1 

d is the smallest natural number 
e l e 

(mod ql .·.qss) (with notation as 

in 2.3.1), and' do is the smallest natural number such that 

f 
where i is the exponent qi 

of the Sylow qi-subgroup of Ao • Since fi ~ ei for each 

fd fl fs 
i' , it follows that p:: 1 (mod ql ••• q) and , s 

hence do I d • 

d' = lcm(dl ,d2 ) By (a), both and divide d , 

d' I d .. so 

Now for each i E {l, ••• ,s} , either 
fd

l 
e, 

. ~ 

p = 1 (mod qi ) 

'fd' >e
i orp 2::, 1 (mod,'qi) as e

i 
= max {eil , ei2} , where 

eij qi denotes the exponent of the Sylow qi-subgroup of 

Therefore for each i, and thus 

e e 
pfd l ~ 1 (mod qll ••• qsS) , which implies that 

Therefore d = d' • 
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2.'.4 Theorem Let 

normal subgroup of G 

G be a group, let N be an abelian 

and let . F = GF(pf) • If V is a 

faithful irreducible F[G]-module, then the dimension of 

the irreducible F[N}-submodules of V is precisely dF(N). 

Proof Let W be an irreducible F[N]-submodule of V, 

and let C = CN(W) . Then by Clifford's Theorem, 

V = L Wg , 
geG 

and for each g E G • Thus CN(V) = r\ Cg • 
geG 

Since V is faithful, it follows that C contains no non-

trivial normal subgroup of G. 

dimFW is determined as the smallest natural number 

d such that pfd = 1 (mod IN/cl) , so , by 2.3.1, 

to establish the result it will be enough to show that 
el es = ql .... q ,where ql' ••• ,qs are the distinct 

prime 
cliffe.ye.-t "ftTJ""'- \>, e

i numbers,,{dividing 1 N I, and qi is the exponent of the 

Sylow qi-subgroup of N. 

Let Ni denote the Sylow qi-subgroup of N and let 

(q j) 
~(Ni) = {x i : x E Ni } • 

Then for each j = l, ••• ,ei-l, ~(Ni) is a character

istic subgroup of N1." , and therefore a normal subgroup of 
e ... = 1 

G • In particular, it follows 

I'V\,~e..

or' Oe" -1 (Ni ) (C .J.~ first 
1. 

~~ 
is of exponent qi ;.l.certainly 

that ei ther ~ lt
i 
-I (*1. ) 

case can @nly u'iial ~f , 
, so there is an 

1 

element x of Ni of order qi such that x ~ C ; thus 

(x) n C = 1. In the second case, there is an element x 
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and <x) n c = 1. Thus in both cases, N/C has an element 
e

i of order qi The result now follows. 
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2.4 Metabelian groups with faithful irreducible 

representations. 

The results obtained in this section are needed in 2.6 

to construct some useful pronormal subgroups of the group 

considered there. Two more theorems from (n8), namely 

y, ~.:3.? and y, 13.3., are used in the proofs. 

Throughout 2.4, H denotes a metabelian group~ N is 

a normal subgroup of H such that both N and H/N are 

abelian, F = GF(pf), and V is a faithful irreducible 

F[H)-module. 

2.4.1 Suppose F is a splitting field for N. Then: 

(a) the homogeneous components of V
N 

all have stab

ilizer CH(N) ; 

(b) if N = CH(N) then dimFV = IH:NI • 

Proof (a) Let be the decomposition 

of V
N 

into homogeneous components, and let S be the 

stabilizer of VI • Then N ~ S , and hence S is normal 

in n (as H/N is abelian). Since the stabilizers of 

V2 " •• ,Vt are all conjugates of S J it follows that all 

the homogeneous components have stabilizer S 

(i = l, ••• ,t) • Since F is a 

splitting field for N, and N is abelian, N acts on 

each Vi as a group of scalar matrices, so 

NCil Ci ~ Z(S/Ci ) for each i 

i.e. [N,S] , Ci • But V is a faithful F(H]-module, 
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so C1 " C2 n ... n Ct =-. 1 , and therefore [N, S] = 1 

i.e. S, CH(N) • Since it is always true that S ~ CH(N) , 

it follows that S = CH(N) • 

(b) If N = CH(N) . then by (a) and Clifford's 'l'heorem, 

each Vi is an irreducible F[N]-module, and therefore Vi 

has dimension 1 (since N is abelian and F is a split

ting field for N). Hence dimFV = \H:S\dimFv
l 

= IH:N\ .. 

2.4 .• 2 Suppose that' F is a splitting field for N , 

N - 0HCN) ., and N has a complement B in H. Let No ~ N 

be a :n().rm~l subgroup of H and let Bo ~ B • Then the 

dim.ension of an irreducible F[BoNJ -submodule U of V 

is at least I Bo:CB (No) I ; if 
o 

then 

dimF U = IBol • 

Proof Let Vi be an irreducible F[ No] -subm:odule of V. 

Then 

b 6 B , ••••••• .- (* ) 

The implication from right to left is obvious. For the 

converse, suppose that b e B , and that there is an F[N
0
1-

isozllOrphism + : W ~ Wb • F is a splitting field for N 

and therefore for No so W is one-dimensional . let , . 
W = (w> , and let ~ E F be such that w~ = ~(Wb) . 
Then for any no e No , 



+ is an F[No]-isomorphism 

(wf)no =, (wno)~ 

(~(wb) )no = ~«wno)b) 
~(Wbno) = ~(wnob) 

-1-1 
bnob no E CN (W) . 

o 

Therefore [b,NoJ" CN (W) • Since [b,NoJ is a normal 
o 

subgroup of H, it follows, ,by Clifford's Theorem, that 

~ CN (V) • But 
o 

1 , Le. 

v is a faithful module, so 
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Now consider U, an irreducible F[BoNJ -submodule 

of V, and let W be an irreducible F[No]-submOdule of 

U ~ Let r = (Bo:CB (No)\ , and let {1,b2 , ••• ,br } be a 
, 0 

set of coset representatives of CB (No) in Bo • Then 
o 

by (*), W~ Wb2 , •.• , Wbr are pairwise inequivalent 

irreducible F[No]-submodules of U, so 

U ~ W $ Wb2 $ ••• $ Wb.r . 

dimF U ~ r '= (Bo:CB (No) I . 
o 

H.e.nce 

If CB (No) = 1 , then Bo = {1,b2 , ••• ,br } , so 
o 

W $ Wb2 $ ••• ~ Wbr is an F[ BoNo] -submodule of 

therefore must be the whole of U. Hence dimF U 
!, 

U and 

2.4.3 If _N= CH-(N} then '. ~i~ V is divisible by 

lcm( !H:N' , dF(N) ) . 
Proof It . follows from ,2.3.4 that the dimension of the 

irreducible F[N]-submodules of V is dF(N) , so 



dF(N) I dimF V • It remains to show that IH:NI divides 

dimF V • 
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Let d = dF(N) and let E = GF(pfd) ; then E is a 

Galois extension of F and also a splitting field for N 

(by 2.3 •. 2). Let * * V = E ®f V ; then by (HB, Y, 13.3), V 

decomposes into a direct sum of irreducible ilalgebraically 

E[H]-modules, * * . *: * conjugate" V·' V2 ' ••• I , V say. Each Vi l' n 
E[H]-module, * is also a faithful since Y is faithful, so 

by 2.4.l(b) , 
*:. 

'H:N I dimE Vi = . Therefore dimE V * is 

divisible by IH:N\ , and so, since * dimE V = dimF Y , the 

proof is complete. 

Suppose that N = CH(N) and N has a complement 

B in H • Then: 

(a) Cy(B) '> 0 and [V,BJ<V 

(b) if No~ N is normal in H and Bo = CB(No ) , then 

V has an F[BoNoJ -submodule W of codimension dF(No ) , 
such that Bo ~entralizes V/W. 

Proof (a) As in the proof of 2.4.3~ let 

fd E = GF(p )., and consider • Then, as before, 

* * * * V = VI ED ••• e Vn , where each Vi is a faithful irreduc-

ible E[H]-mo.dule; *', consider VI. The situation is as in 

2.L~.2 (with E , 
411: 

VI , N , B playing the roles of F , Y , 

No , Bo respectively), and since CB(N) = 1 , it can be 

seen that, as in the last part of the proof of 2.4. 2 , if 



W~' is an irreducible E[N]-submodule of * V and 1 
* Wlbr are { * * B = 1,b2 , ••• ,br} , then Wl , Wl b2 , ••• , 

inequivalent E[N]-modules and 

* * * * Vl = Wl $ W1b2 $ ••• $ Wlbr 
* It now follows that if wl E Wl , 0 , then 

wl ~. Wl b2 + ••• + wlbr # 0 , and so CV*(B) > 0 . 
1 
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pairwise 

Also W* ={i:.. ~i(wlbi) ~i E E, 'f:. ~ = o} is a proper 
~=l ~=l 

E[B)-submodule of B centralizes 

Therefore CV*(B)> 0 and [v*, BJ < v*, 

* Let G be the Galois group of E over F; then V 

is a G-module, with the action described in (H8, y, 13.2) • 
• io 

and [v*,. BJ straightforward calculations show that CV*(B) 

* are G-submodules of V therefore, by (H8, y, 13.2), 

there are F[B]-submodules Ul and U2 of V such that 

CV*(B) = E iF Ul , [v*, B] = E ~ U2 Now 

u e U1 ~ l®u € CV*(B) 

~ Vb E B, 1 ® ub = l$u 

~ Vb E. B, ub =u 

** u e. Cv(B) • 

Therefore CV(B) = Ul > 0 • 

Also, given v E V and bE-H, 1 e (v, b] e [y*, B], 

and therefore [v, bJ e U2 . Hence IY,B ] ~ U2 < V • 

fdo 
(b) Let do = dF(No ) , Eo = GF(p ), and 

V*, = Eo 3 F V • In (a) it was shown that [V,B] ~V hence 



[v*, B1 < v* 

centralizes 

and therefore 

, and therefore 

Bo [v*, Bo] 

[V*, Bo] <V· • Because 

is an Eo[N~-submodule of 
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Eo is a splitting field for No (by 2.3.2), so V is a 

direct sum of one-dimensional Eo[No]-submodules. In 

particular, V has an Eo[No}-submodule Vlo of 

codimension 1 W = 0 
W~/[V*', Bol , say. Since Bo acts 

V * EO [BoNo] -submodule trivially on , Wo is in fact an of 

• V of codimension 1 , such that Bo acts trivially on 

*., , * 
V /Wo • 

Let Go be the Galois group of Eo· over F, and, 

• with the action of Go on V as described in (H8, y, 
13.2), let 

*. 
of V , so 

* • V /W • Also 

... 
W = (\ W~g. [v*, Bo] is a Go-submodule 

geGo 
*. W ~ [V·", Bo] , and hence Bo centralizes 

• W is both an E (B N ]-submodule, and a 
000 

G -submodule, of V* , and therefore (by H8, y, 13.2)., V 
o r 

has an F[BoN
0
1 -submodule W such that 

Now Go has order do' so 
* *,. 

cOdimE W ~ IGo\codimE Wo = do· 
o 0 

Hence' cOd~mF W 'do .On.the other hand, W isa.proper 

F[No]-submodule of V, so codimF W "9 dF(No) = do • 

Therefore codimF W = do • 

, 

Since w* ~ [v*, Bo] , and W* = Eo ®.r W , it follows, 

as in the proof of (a), that W ~ [V,BoJ ' and therefore 

Bo centralizes V/W. 



2.5 A representation theorem 

As a last preliminary to the study of ~ n~ , 
p 
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ahother result from representation ~heory is developed. The 

result (2.,.2) is based on a theorem in (HB), from the 

statement and proof of which the following information is 

collected: 

2.5.1 (HB, II, 3.11) Let G be a group, let f F = GF(p ), 

and suppose that V is a faithful F[G]-module. Let N 

be an abelian normal subgroup of G, and suppose that, as 

an F[N]-module, V is homogeneous. Let k be the dimension 

of the irreducible F[N]-submodules of V. Then N is 

cyclic, say N = (x) , and k is determined as the small-

est natural number such that pfk = 1 (mod INI) • 

(Thus k = dF(N) ). 

* Let V be the direct sum of dimF V / k copies of 

E = GF(pfk) • Then there is a monomorphism xi ~~i of N 

into the multiplicative group of E such that F[~) = E , 

cS: V~V *. 
and a linear isomorphism of F-spaces such that 

6 vcS~ for all v e V (vx) = 
* A semi-linear action of G on V (regarded as an 

E-space) is defined by v&g = (vg)& • The subgroup of 

G of elements whose action is linear is precisely CG(N) 

* Thus if N ~ Z(G) ,. the action of G on V is 

* linear, and V becomes a faithful E[ G] -module. 
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Let G , N , F , E , V * and V be as in 2.5.1, 

and suppose that N ~ Z(G) . Further, suppose that N has 

a complement K in G (thus G = K x N ) . Let Ko be a 

subgroup of K , let W be an F-subspace of V , and let 

* WO W = . Then: 

(a) W is an F(KoN]-submodule of V if and only if 

*. W is an E[KO]-submodule of * V 

(b) if W is an F[KoN]-submodule of V then 

* CK' (W) = CK (W ) • 
o 0 

( (a) shows that there is a one-one correspondence between 

the F[KoN]-submodules of V and the E(Ko]-submodules of 

* V ,in which irreduCible submodules correspond to irred-

ucible submodules). 

Proof (a) Suppose that W is an F~oNJ-submodule of V. 

* * and w~ ~ w* , because W is an F-subspace of ·V 

* * v ·e Vi ~ ===> 

~ 

* v = 
* v = 
* * v € W 

for some w E W 

for s.ome w E: W 

* * Therefore, as E = F[~] ,W is an E-subspace of V 

Also, 

* W is an E[Ko1-submodule of * V 

Conversely, suppose that W* is an E[Ko]-submodule 

* of V then 

Also, if' w E W 

w is clearly an F[Ko]-submodule of V. 

then (wx~ = w6~ € w~ = W*, and there-

fore wx ~ W . Hence W is an F[KoNJ-module. 
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(b)· ko E CK (W) ~ wk = w for all w e W 
0 

0 
(wk )& =- wcS 

~ for all wE W 
0 

~ wbk = wd 
0 

for all w e. w 

~ 
cS ko E CK (W ) • 

0 
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2. 6 It1 f\ rc:tI
3 

Primitive soluble groups in ~ vv 
~--~~~~~~~~~~~~-~~~ p ----

The ultimate aim of this section is to give necessary 

and sufficient conditions for a primitive soluble group of 

derived length 3 to lie in ~ ; this aim is achieved in 
p , 

Theorem 2.6.19 • 

Throughout 2.6, G denotes a primitive soluble group 

of derived length 3 ; V is the unique minimal normal sub-

group of G, and p is the prime number of which the 

order of V is a power. H is a complement to V in G 

thus H E ot , and V can be regarded as a faithful 

irreducible Zp[H]-module. The invariant (where 

X is an abelian group) introduced in 2.3 will be referred 

to frequently, and will always be abbreviated to d(X). 

2.6.1 G €~n if and only if H e gn . 
Proof This is an immediate consequence of Theorem 1. 4.3 . 

'+ 
h b 2 1 .. G e fL) if and only if H has element-T us, y .. , .... , ~n 

ary abelian Sylow subgroups. It will be assumed from now on 

that H E ~~ • Let A = H' , Z = Z(H) , and let B be a 

complement to AZ ('= F(H» in H . Thus 

H = BA)( Z • 

2 •. 6.2 (a) A, Z , an'd B' are all elementary abelian; Z Ls c:.'jd~c.. 

(b) CA(B) = 1 and CB(A) = 1 

(c) If Bo ~ B then NH(Bo ) = B CA(Bo)Z • 

(d) AZ is a p'_group. 



Proof (a),(b) and (c) follow from the fact that 

2 
H E &n" (l and the definitions of A, Z and B • 

(d) V is a faithful irreducible Zp[H)-module, so 

0p(H) = 1 , and therefore AZ (a direct product of 

minimal normal subgroups of H) must be a pI_group. 

2.6.3 If N is a non-trivial normal subgroup of H 

then CV(N) = 1 • 
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Proof It follows immediately from Clifford's Theorem that 

if N centralizes some non-trivial element of Y then N 

must centralize the whole of Y; this cannot happen, 

because V is faithful. 

Consider the action of Z on V: since CH(Z) = H 

it follows from Clifford's Theorem that Vz is homogen

eous; thus the situation is precisely that discussed in 2.5, 

with H, Z , Zp in place of G, N , F respectively. 

Hence, by 2.5.1 ,writing F= GF( pd(Z) ) ,to V there 

corresponds a faithful irreducible F[H]-module V* of 

F-dimension ° dim
Z 

V / d(Z) • By 2.5.2(a) (with BA in 
° p 

place of K), Y* is in fact an irreducible F[BA]-module, 

* and there is a bijection W~W between the Z -subp 
* 

spaces of V and the F-subspaces of V such that, for 

any Ko <: BA , if W is ~ Zp[Koz]-submodule of V of 

Zp-dimension then 
0* 

is an F[Ko]-SUbmodule of V* n , W 
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of F-dimension n / d(Z) . Also, W is irreducible if and 

o:Qly if 

2.6 .. 4 

* W ~s irreducible, and 

dimz V is divisible by 
p 

where F = GF( pd(Z) ) • 

* = CK (W ) 
o 

Proof 2r4.3 can be applied to the metabelian group H 

and faithful irreducible F[H]-module * V ,with AZ play-

ing the part of the self-centralizing normal subgroup N 

* of H: this showa that dim
F 

V is divisible by 

lcm( IH:AZl, dF~A~) ? . Now dF(Z) = 

dF(AZ) = dF(A) ; also IH:AZ! = IBI 

is divisible by lcm( IBI, dF(A) ) 

- dimZ V / d(Z) ~ 
p 

as 

1 , so by 2.3.3(b), 

• Therefore 

The result now follows, 

2.6~5 V has a Z [BZ]-submodule W of codimension d(Z) p 

such that B centralizes V/W. 

Proof This i,s a straightforward application of 2.4.4(b), 

with AZ, Z and Zp for N, No and F respectively. 

2.6.6 For'any Bo < B , Bo is pronormal in H. 

ProoL By 1.5 .. 8 , it will be enough to show that Bo is' 

a Carter subgroup of Bo[A,BoJ ' since the latter subgroup 

is normal in H, by 2.2.1(a) and 2.2.2 • WriteAo = [A,Bo]; 

then by 2.2.1(b), CA (Bo) = 1 , so Bo is self-normalizing 
o 

in BoAo • Since Bo is abelian, it follows that Bo is a 

Carter subgroup of BoAo • 
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2.6.7 Let W be the Zp[BZ)-submodule of V described 

in 2.6.5 and suppose that Bo ~ B is such that 

Proof Bo is pronormal in H, by 2.6.6 , and 

2.6.8 Suppose Bo ~ B , W < V is normalized by Bo ' 

and S is a supplement to B W in G. Then o S('\V,>l. 

Proof The result holds for S if and only if it holds 

for some conjugate of S; this justifies the following 

manoeuvres. 

The p-complement, HP say, of H is a p-:-:complemen.t· of 

G , so it can be arranged, by replacing S by a conjugate 

if necessary, that HP contains a p-complement, sP say, 

of S. Let Sp be a Sylow p-subgroup of S, and let Bp 

be the Sylow p-subgroup of B . Since AZ is a pI_group, 

every Sylow p-subgroup of G has the form B h V 
p for some 

h € H ; hence, by replacing S by Sh , it can be arranged 

that Sp ~ BpV • (Note that the new chOice of s retains' 

the property that sP ~HP ). 

Let x be an element of 

must exist, because otherwise 

could not be a suppleme~t to 

S '\ B : such an element p p 

S = S sP ~ H ,whence S p 

BW in G. Then x = vb for 



some v ~ V and b E Bp , with v ~ 1 . Thus 
-1 

b = v x e SV • Now SV is a supplement to B o (and 

therefore to B) in G ,so svn H is a supplement to 

B in H. Hence if a is an arbitrary element of A 
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there exist, bl e B and Xl e SV A H such that a = blx
l 

Consequently 

[a,n] = [blxl' bJ = [bl , b]Xl[Xl' bJ = [xl' bJ £ SV • 

Therefore [A, bJ ~ SV, ('\ A 
= SPS V f"l HP (\ A 

P 

= SP(SpV f'\ HP) " A 

= sP () A 

~S 

If b = 1 then 1 ~ x = v e s" V ; thus it can be 

assumed that b # 1 • Then [A,b] is a non-trivial normal 

subgroup of H , so Cv( [A, b] ) = 1 Hence there exists 

a l E [A,b] such that [al , v] ~ 1 • But 

[a1 , Vb] = [al , bJ Cal ' v]b , and both Cal' vb] and 

[al , b] belong to S ; there fore [al , v]b is a non-

trivial element of SAV. I.e. SAV>l. Q. e .d. 

It is now possible to give a necessary condition for G 

to lie in ~p • 
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2.6.9 Theorem If G € ~p then d(A) I d(Z) • 

Proof Suppose G E ~p , and consider the pronormal sub-

group BW of G, where W is the Zp[BZ]-submodule of 

V , of co dimension d(Z) , described in 2.6.5 • It is first 

shown that: 

BW has a complement C in G such that C n H 

complements B in Hand C n V complements W in V • 

.••••.....•.•.•. (1) 

If C is a complement to BW in G t then 

lei = 
IGI 

IBWI = IHllvl 
tB11 W\ 

Since AZ is a pI_group, it follows that a p-complement 

of C has order IAZl . The p-complement of H is a. 

p-complement of G, so it can be arranged, by replacing 

C by a conjugate if necessary, that H contains a 

p-complement , CPsay, of C • Then by order considerations, 

cP is a complement to B in H 

Let 

hO e B • Hence 

;0 
.. " .•..•. ~ .•••. • (2) 

for some p Co E.C , 

Zo 
(o·nv) = 

c b 
(C nv) 0 0 = 

b 
(CAY) 0 ~ (Cf'lV)W 

(the final inclusion holds because B centralizes V/W). 

Therefore (CA V)W is a Zp[z]-submodUle of V; but 

C nv > 1 , by 2.6.8, and codim W = d(Z) , so it follows 

that (CAV)W = V • Therefore 

C n V is a complement to W in V .......•.•• . (3) 

Hence, by (2) and (3), the complement C is of the form 

specified in (1). 
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The next objective is to show that 

. • ...................... (4) 

Again let Z = (zo>; by Z.Z.5(b), there exist - Co E eP, 

bo E B such that Ibol divides \zol, Co = bozo' and 

<Co> = <bo~l) X (Zz) , where <zo> = '(zl> X (Zz) and 

<tbol,lzzl> = 1 , nbol, 'Zl\) = 'zll • Then both of boz1 

and Zz lie in e~; also Ibo \ = \bozll = lZl\. 

Suppose Z ~ eP ; then bo F 1. Let 

Hl = <boZ~>[A , hOZlJ X (Z2> 

Hl ~ cP . Let 

and let N~ = 
V1 be an irreducible Zp[HJ.l-submodule of V , 

eH (Vl ) It is easily checked that Hl is a 
1 

,) 

normal subgroup of H, from which it follows, by an argu-

ment like that at- the beginning of the proof of 2.3.4 , 

. that Nl contains no non-trivial normal subgroups of H. 

Thus the situation is precisely like that in 2.2.4, with 

~oz0' <zi), ~~, Nl .. i,ll:. plac~ _Of. ~, Zo_"Ho ' N respect

ively. Hence 

and 

Nl 'F(Rl ) = [A, boZl ] X ~z> ' 

F(Hl/Nl ) = F(Hl )/ Nl • 

Let Hl = Hl/Nl ; then Vl is a faithful irreducible 

Zp[Hl]-module, and the split extension 

soluble group in ~ (\ or . Therefore, 
n 

is divisible by 

H1Vl is a primitive 

by 2.6.4' , dimZ Vl 
p 

where the "bar convention" (alluded to already in the proofs 

of 1.4.1 and 2.Z.4) is used, Al = [A, boZJ, and 



F = GF( pd(~» ) • As Nl ~F(Hl) and IZII = \bol 

it is clear that Nl ~ <?OZI> = ·1 , and hence that 
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Jboz1 1 = \boz11 = lz~' . Also Nl A (z2) is normal in H, 

so Nl (\ (z2) = 1, hence I z2' ::. I z2' ' and therefore 

d(<Z;» = d«Z2» . Hence the remark about dimZ VI yields 
p 

the information that 

, Zl\ d( (z2» \ dimzp VI • 

It is clear that d«z1» ~ lz~ - 1 ( lZl\ and pare 

c01?~ime, so the· congruence pk E 1 (mod I Zl') holds when 

k = ~(lzll) ,where ~ is Euler's function; but ~(lzl') 

divides (\Zll - 1) ), and thus 

dimZ VI ~ \Zl\d«z2» 
p . 

> d( <z~) d«z2» 

"> d«zo» 

= d(Z) • 

(by 2.3.3(b) ) 

Hence the dimension of the irreducible Zp[H11-submod

ules of V exceeds d(Z) • Since HI ~ cP , it follows 

that the dimension of any non-trivial Zp[CP]-submodule of 

V exceeds d(Z) ; but this gives a contradiction, because 

(3) im,plies that c (\ V has Z -dimension d(Z) . Therefore .p 

Z ~ cP , i.e. (4) is established. 

The last major step is to prove that 

A < cP ••••••••••••••••••• (5) 

Suppose A ~CP then there exists a minimal normal 
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subgroup N of H, contained in A, such that N ~ cP 

Suppose n e N'CP , then there .exist bl 6 B , c € cP 
1 

such that -1 and b l I- 1 n = bl c~ , In fact 

[n, bl ] = 1 ••••••••••••••••• (6) 

To prove this, suppose for a contradiction that [n,b
l
] I- 1 • 

Let. (b*) = c(b~(n) ; then (since B is elementary abel-

ian) there is an element 
I 

b I- 1 

and <tV = < * I b ) X (b > .. Now (b) 

N , for, given x l- I in (b') , 

* I in B such that b l = b b 

acts fixed-point-free on 

x acts non-trivially on 

N so . CN(X) < N ; but CN(X) is normal in H by 2.2.1(a)~ 

therefore CN(X) = 1 • Hence, by (HB, y, 8.5), (b ')N is 

a Frobenius group, with Frobenius kernel N . It follows, 
I I 

because b n f N ,that b n belongs to a conjugate in! 

of <bl) • One consequence of this is that Iblnl 

divides I b I I . Now </b*\ ,Ibll) ::; 1 , since (~) = (b*)X(b
l
), 

and so (\b*l, Iblnl) = 1 also. Therefore 

< (b In) I b *1 > = 

I 
But b n 

(b'n)lb*1 , hence (bin) = «bln)\b*l) ~ cP 

belongs to a conjugate in (b ')N of (b,> < B 
I 

for any h 6 H • This implies b n = 1 , 
I 

hence b = 1 and n = 1 , a contradiction. Thus (6) 

holds. 

Suppose that q is the prime of which INI-is a power. 

Then nq = 1 , so b q 
1 = blqnq = (bln)q = cl

q E cP It 

follows that bl and cl both have order q • 
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It is now possible to show that 

................... ('l) 

Let M be a minimal normal subgroup of H contained in 

[A, ell ; then, M = [M, c11 X CM(Cl.) = [M, cll 

Let m EM; then for some 

By the usual commutator manipulations, 

[C z ' clJ = [bzm, bln] = [bZ ' bln]m[m, blnJ 

= [bZ ' nJrn ~2 ' blJnm [m , c11 ' 
Le. fcz , cl ] = [bZ ' n][m, cll • Hence 

But M is a ql_group, because otherwise the q-element cl 
would centralize some non-trivial element of· M , so it 

follows that M = [M, clJ ~ cP • It is irnmediat~ from this 

that (7) holds, as [A, cl ] is a direct product of minimal 

normal subgroups of H. 

Let = 

HZ is easily seen to be normal in H, and HZ~ cP by 

(4) and (7).· An argument similar to that applied to Hl 

earlier is now employed. Let Vz be an irreducible Zp[HZ)

submodule of V, and let NZ = CH (VZ). Then, as in the 
Z 

previous argument, NZ contains no non-trivial normal sub-

groups of H, and so NZ ~ F(HZ) = [At cl ] X Z, and 

F(HZ!NZ) = [A, cJz ! NZ • Now Z.6.4 , applied to the 



dimZ V2 is divisible by d(Z) lcm(\c l \,d
F

(A
2

) ) , where 
p 

the bar convention is used, A . [A 'J d 2 = , c l ' an 

F = GF( pd(Z) ) • AE in the case of Hl ' it is easily 
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shown that d(Z) = d(Z) and lcll = Icll = q. Therefore 

dimZ V2 ~ d(Z)lc l \ > d(Z) , 
p 

i. e. 'the dimension of the irreducible Zp[Hz]-submodules 

exceeds d(Z) ; but H2 ~ cP and C A V has Z -p 

dim~nsion d(Z) • Thus the assumption that A ~Cp has at 

last given rise to a contradiction, and consequently (5) is 

establishcid. 

Hence, by (4) and (5), AZ (Cp , and so cnv is a 

Zp[Az]-submodule of V, from which it follows that 

d(AZ) = d(Z) • Therefore d(A) 1 d(Z.) , and the theorem is 

proved. 

Theorem 2.6.9 gives a condition on the Fitting subgroup 

of R which must necessarily hold if G 6 ~p • The next 

important result (2.6.13) is another necessary condition 

that G E ~ , involving the action of the complement B 

of F(R) on F(H) • The condition is that the action of 

B on F(R) should be absolutely faithful in the sense 

de fined in (R2), i. e. that for every subgroup Bl 0 f B 

= 
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F(R) 

It is clear that B acts absolutely faithfully on 
0. lose \.u. ~~J 'j 

(= A x Z) if and only if . B actsAfaithfully on A. 

2.6.10 Suppose 

B , and let B = o 

deAl I d(Z) , let Bl be a subgroup of 

CB(CA(Bl ». Then V has a proper 

Zp[B eA(Bl } zJ -submodule U of codimension at most 

IB:Bo\d(Z) such that Bo centralizes v/u. 

Proof By 2.4.4(b), with AZ, CA(Bl)Z, Zp in place of 

N, No' F respectively, V has a Zp[BoC A (Bl )z]-submodule 

W, of codimension ~(CA(Bl)Z) , such that Bo centralizes 

V/W • Since deAl I d(Z) , codim W = d(Z) • 

Let B2 be a complement to Bo in B, and let 

U = n W
b 

• Then U is a Zp[B C A (Bl ) z]-sUbmodule of V, 
beB2 

and 

and 

codim U ~ IB21 codim W = IB:Bo I d(Z) 

[V , Bo] is a B-submodule of· V J so 

Hence U has all the desired properties. 

• Also [V, BJ ~W, 

[v , Bo] ~ U • 

2.6.11 Suppose deAl ( d(Z) , let Bl be a subgroup of 

B , and let· U be as in 2.6.10 • Then B1U is pronormal 

in G 

Proof Bl is pronormal in H by 2.6.6 Iv, B1J ~ U ,. 

and NH(Bl ) (= B CA(Bl ) Z) normalizes U, so the 

result is immediate from 1~5.l1 • 
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2.6.12 (a) If d(A) , d(Z) then dimz V = lB\d(Z) • 

d(A) \ d(Z) , 

p 
(b) Suppose let Ao" A be a normal sub-

group of H , and let Bo ~ B • If Vo is an irreducible 

dimz: Vo ~ \Bo:CB(A )\ d(Z) .. 
p 0 0 

If CB(Ao) = 1 then dim V 
o Zp 0 

= \Bo\d(Z). 

Proof. (a) Consider the faithful irreducible F[BAZ]-modu1e 

v* ,where F = GF( pd~Z) ) , introduced in the remarks 

preceding 2.6.4 • Since d(A) I d(Z) , F is a splitting 

field for 

in place of 

Therefore 

AZ , and therefore, by 2.4.1(b), with * AZ , V 

N , V respectively, 

= d(Z). dimF V * 

dimF V * = I H : Ai I = \ B \ • 

= \B\d(Z). 

(b) Consider V 

* * By 2.4.2 , with V, AZ, Ao ' Vo in 

* 

corresponding to Vo . 

place of V, N, No' U respectively, dimF v: ~ \Bo:CB(Ao)\' 
o 

* lBol CB(A ) = 1 and dimF Vo = if . The desired results 
o 0 

* now follow f rom the fact that dimZ Vo = d(Z).di~ Vo . 
P 

2.6.13 Theorem If G E t:;'p then B acts absolutely 

faithfully on A • 

Proof Let G E ~ , and let Bl. be a subgroup of B • To 

prove the theorem, it must be shown that 

Ca(CA (B1» = B1 • 
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L,~t, .. Bo = CB(CA(B1 » • By 2.6.9 , d(A) I d(Z) , so 

2.6.10 ,2.6.11 and 2.6 .. 12 can be applied. In particular, 

G has a pronormal ,subgroup BIU, where U is the 

Zp[B CA(Bl ) z]-submodule of V described in 2.6.10 , such 

that d( Z) ~ codill.. U ~ IB:Bo\ d(Z) . Let C be a com.ple-

ment to BIU in. G • Then by 2.6.8 " 

C." V > 1 •••••••••••••••.••••• (1) 

cv n H is a supplement in H to ~; also cv n B1 has 

a complement in H (e'very subgroup of B has a complement 

in H), and therefore has a complement, Cl say, in CV n H. 

It then follows that: 

C1 is a complement to Bl in H, and Cl 
normalizes CA V ••••••••••••••••••••••••••••••••• (2) 

An argument similar to one in the proof of 2.6.9 is 

now employed to show that 

Z~Cl ••••••••••••••.••••• (3) 

Assume Z ~Cl ' and let Z = (Zo> • By 2.2.5(b), with 

BI ., Cl in place of Bo' C". respectively, there exist 

c1 E C1 ' bl € Bl such that I bll divides I Zo I and 

cl = blzo ' . and consequently, if 

<lbll ~ Iz2 \) = 1 l <\bll \z l l) = \Zl\ , then 

< cl ) = <blZ~ x (Z2) • 

with 

Let B2 = Cl " B (hence B = Bl )( B2 ); then B2(bl Zl> 

is a group, and by 2.2.5(a) , [A, B2(bl Zl)] ~ Cl • It 

follows, defining 

= 
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that 

HI ~ C1 . ~ ....•............• (4) 

It is clear also that HI is a normal subgroup of H. 

Let VI be an irreducible Zp(Rl)-submodule of V, and 

Nl = C~Vl) .•. Then 2.2.4 can be applied, as in the let 

proof of 2.6.9 , to show that 

Nl ~ F(Hl ) = [A, B2 (blZ;>] x <Z2) 

and F(H1/NI ) = F(Hl)!Nl • 

Let 'HI = HI/Nl j then 2.6.4 , applied to the primitive 

.'. ~ ... , 3 
solubl e ! .g~',,;O{; -gr.oup HI V 1 (split ext ension) shows that 

d«Z2» lem( I B2 (bl zl) , t dF(Al ) ) 

where F = GF( pd«Z2» ) , Al = 

divides dimZ VI ' 
P 

[A , B2<~1 z~J, and the bar 

convention is used. The same kind of argument as in the 

corresponding part of the proof of 2.6.9 now shows that 

= IB2 1, z l ld«Z2» 

'> ,B2 \d(Z) • 

Since C f'\ V is a Zp[c1]-module (by (2», and therefore a 

Zp[Hl]-moduie (by (4», and C (\ V is non-trivial (by (1», 

this shows that dimZ (CoV) > lB2 \d(Z) • But 
p 

lB2 \ .= \CI (\ B\ = \B:Bl \ and 

dim
Z 

(C{\V) ( codim U ~ \B:Bold(Z) ~ lB;Blld(Z) 
. p 

This gives a contradiction; hence (3) holds. 

••••• (5) 
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CB( [A, B2]) = 1, 
2 

the Zp-dimension of any irreduci-ble Zp[H2]-submodule of V 

is IB21d(Z) , Le. -IB:Bll d(Z) • Now by 2.2.5(a), 

[A, B2] ~ Cl ' and hence, using (3) as well, H2 ~ C
l 

. 

Therefore C A V is a (non-trivial) Zp[H2]-submodule of 

V , and so 

dimZ· (cnv) ':> lB:Bl\d(Z) •••••••••••• (6) 
p 

(5) and (6) together imply that \B:Bl ,- = IB:Bol , and thus 

(since Bl ~ Bo) the desired result, i.e. that Bl = Bo ' 

follows. 

Although it is not necessarY1~~roving the theorem, 

it is useful for future purposes to notice that the above 

argument implies that C n V is a complement to U in V 

and hence that Cl (C n V) is a complement to Bl U in V. 

Thus from the proof of 2.6.13 can be extrac_ted the follow-

ing result: 

2.6.14 If- G e ~p , Bl and U are as in the proof 

of 2.6.13 , and C is a complement to BIU in G such 
.' . 

that C = (CnH)(Cf'V) , then Z ~ C n H • 
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2.6.9 and 2.6.13 give necessary conditions for G to 

lie in ~p; the remainder of 2.6- is devoted to showing that 

these conditions together are sufficient for G to be a 

.. ~p-group. 

2.6.15 Suppose d(A) I d(Z) and B acts absolutely 

faithfully on A. Let Bl be a subgroup of B and let 

B2 be a complement to Bl in B; thus B = Bl x B2 • 

Then any irreducible Zp[B2Az]-submodule of V is also 

irreducible as a Zp[B2CA(Bl~z]-moduie. 

Proof Let Vl be an irreducible Zp[B2Az]-submodule of 

V • Then by 2.6.l2(b), 

dimZ Vl = IB2 \d(Z) 
p 

By hypothesis, CB(CA(Bl » = Bl ' so 

• ••••••••••••••. (1) 

CB~CA(Hl.» = B2 ('\ CB(CA(Bl » = B2 "Bl = 1 • Thus by 

2~6.l2(b) again, if V2 is an irreducible Zp[B2CA(Bl )Z]

submodule of V, then 

dimZ V2 
P 

= • ••••••••••••••• (2) 

The result now follows from (1) and (2). 

The wording of the next lemma is dictated by the needs 

of Section 2.7 . The notation F2 (G) denotes the second 

term in the upper Fitting series of G · i.e. F2 (G) is , 

given by: F2 (G) / F(G) = F( G/F(G) ) . 
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2.6.16 Suppose that whenever .B is decomposed as 

B.= Bl )( B2 ' each irreducible Zp[B2Az]-submodule of V 

is an irreducible Zp[B2CA(B1 )z]-module. Let F = F
2

(G) = 
AZV • If L is a pronormal subgroup of G, W ~ V is 

normalized by NG(LV) ,and c/F is a complement to LF/F 

in G/F, then W has a complement in V which is normal-

ized: by C • 

Proo£ LV A H. is a pronormal subgroup of H, by 1.5.~6, 

So NH(LVf'\H) is abnormal in H, by 1.5.5 . Therefore, 

by 1.5.7 ,NH(LVf\H) contains a system normalizer of H. 
2 . 

Now H err , so by (HB, VI, 12.4) , the system normalizers 
I 

of H coincide with the Carter subgroups of H and hence 

NH(LV n H) contains a Carter subgroup of H. But BZ is 

clearly a Carter subgroup of H, so for 

some h e H • It is easily seen that the result holds for 

L provided it holds for some conjugate of L thus it is 
-1 

legitimate to replace L by Lh and hence arrange that 

NH(LVn H) ~ BZ • 

Let Bl = LF n B , B2 = C n B ; thus B = Bl x B2 • 

LV n H ~ LF.('\ H = BIAZ ,so CA(Bl ) ~ CH(LVf\H) , and 

therefore NH(LVr- H) ). B C A (Bl ) Z • Hence the hypothesis. 

that W is normalized by NG(LV) implies that: 

W is a Zp[B CA(Bl ) Z]-submodule of V ••••.••• (1) 

B
2

AZ is a normal subgroup of H, so, writing V 

additively and using Clifford's Theorem, there is a 
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decomposition 

v = Vl $ ••• $ V (for some r ~ 1) 
rOe.c.. .. l'1, i.~ c...". b4to..SSlk.lMea ~ W< V . \-\ev.u-

into irreduCible Zp[B2AzJ-modules.~the indexing of of V 

the Vi can be chosen so that, for some s ~ 1 , 

W n (Vl ~ •.• e Vs ) = 0 , but 

W " (Vl $ ..• ~ V (f) V. ) "> 0 s ~ 

Let U = Vl e ... $Vs ; then 

U is a Zp[B2AZ]-~odule 

for any i>s •••• (2) 

•.•••••••••••••.•••••• (3) 

If U $ W < V , then without loss of generality it can be 

assumed that Vs+l ~ U e W • By (1) and (3), U $ W is a 

Zp[B2CA(Bl )z]-module, and, by the main hypothesis, Vs+l is 

an irreducible Zp[B2CA(Bl )z]-module; therefore 

(u ED W) " V s+l = 0 , and so w 0 (U e Vs +l ) = 0 • But this 

contradicts (2) • Hence U ~ W = V • U is a Zp[B2AZ]-SUb

module of V, and hence U is normalized by B2AZV, i.e. 

by C ; this completes the proof. 

2.6.17 Corollary If for every decomposition of B as 

B = Bl x B2 ., each irreducible Zp[B2Az]-submodule of V 

is an irreducible Zp[B2CA(Bl )zQ-module, then G € ~ • 

Proof Let L be a pronormal subgroup Of G ,let C/F 

be a complement to LF/F in G/F, and let B2 = C n B . 

By 1.5.12, L A V is normalized by NG(LV) , so by 2.6.16, 

L n V has a complement, U say, in V which is normalized 
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by B2AZ (4 c) 

LVA H is pro normal in H ·by 1.5.6 , and ~ Eat 
so it follows from 2.1.5 that LV n AZ is normal in H. 

Consequently there is a normal subgroup N of H such 

that AZ = (LVnAZ) x N Also B2 is a complement 

to LVAZ ~ B (= LF n B) in B, and therefore, by 1.3.3(b) 

B2N is a complement to LV n H i~ H • Hence, again by 

1.3.3(b), B2NU is a complement to L in G. Therefore 

G E ~p 

2.6.18 Theorem The following are equivalent: 

(1) G e rep ; 
(2) d(A) I d(Z) and B acts absolutely faithfully on A 

(3) whenever B is expressed as B = Bl X B2 teach 

irreducib.le Zp[B2Az]-submodule of V is irreducible as 

a Zp[B2CA(Bl )z]-module. 

Proof (1) =9 (2) 

(2) .. =9 (3) 

(3 ) ::::::> ( 1 ) 

Theorems 2.6.9 and 2.6.13; 

2.6.15; 

Corollary 2.6.17 • 

To sum up the main investigation of this section, a 

"self-contained" version of 2.6.18 is given in 2.6.19 . 
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2.6.19 Theorem Let G be a primitive soluble group of 

derived length at most 3, ).et V be the unique minimal 

normal subgroup of. G , where V is a p-group, say, and 

let H be a complement to V in G .' Then G € ~ if 

and only if the following three conditions hold: 

(a) Hhas elementary abelian Sylow subgroups; 

(b) dZ(F(H» = dZ(Z(H» ; 
p . p 

(c) if B is a complement to F(R) ia H then B acts 

absolutely faithfully on F(H) • 

The last result of 2.6 shows that the condition, in 

2.6.18, that B should act absolutely faithfully on A, 

can be expressed in different ways. 

2.6.20 Let B be an elementary abelian group which acts 
f, )I. ec:A - .pOi V\ t. - f\'"e.e. 

~fait~fQlly on a group A (i.e. CA(B) = 1); then the 

following are equivalent: 

(1) B acts absolutely faithfully on A ; 

(2) the mapping X~ CA(X) , from the set of subgroups 

of B into'the set of subgroups of A , is injective; 

(3) CA(Bo) > 1 for every maximal subgroup Bo of B • 

Proof (1) ~ (2) : See (R2, 1.1). This is true even when 

B is a non-abelian group. 

(1) => (3) •. If for some maximal subgroup Bo of B, 

CA(Bo ) = 1 ,then CB(CA(Bo » = B > Bo • 
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(3) ~ (2) Suppose (2) does not hold. Then B has sub-

groups Bl and. B2 ' with Bl~· B2 ' such that 

CA(Bl ) = CA(B2 ) Hence 

CA(Bl B2 ) = CA(Bl ) n CA(B2 ) = CA(Bl ), 

so B2 can be replaced by Bl B2 , and thus it can be 

assumed that Bl < B2 • Since B is elementary abelian, 

B has a subgroup 'B3 such that B = B2 X B3 • Hence 

1 = C A (B)" = C A (B2El B3 ) 

= CA(B2 ) " CA(Bl B3 ) 

= CA(Bl ) " CA(Bl B3 ) 

= C A (Bl B3 ) • 

Thus if Bo is a maximal subgroup of B containing Bl B3 , 

then CA(Bo) = 1, and so (3) does not hold. 
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2.7 Groups in cr' with complemented pronormal subgroups 

In this section necessary and sufficient conditions 

are found for a soluble group of derived length at most 3 

to belong to ~p. 

Let G e or . If G is to lie in ~p , then clearly 

the following two conditions must be met: 

(a) ~(G) = I 
(b) the primitive soluble quotient groups of Gall 

belong.to ~p. 

If (a) and (b) hold then G € ~n (because, a soluble group 

with trivial Frattini subgroup is in the residual closure 

of its set of primitive soluble quotient groups, ~ ~ ~ , 
p n 

and ~niS Ro -closed). 

It will be assumed ,throughout 2.7 that (a) and (b) 

hold, and hence that G € ~n~ or . It follows that there 

are minimal normal subgroups VI' V2 , ••• , Vt of G, for 

some t.~ I , such that 

F( G) = VI )( V 2 x ••• X V t . 

Let H be a complement to F(G) in G 

i E {l, ••• ,t} let 

and for each 

where the "hat" has the usual meaning, i. e. that Vi is to 

be omitted from the product. Then Ni is a normal subgroup 

of G and 
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group with unique minimal normal subgroup V.N IN and 
l. ii' 

HN~/N~ is a complement to V.N./N. in GIN .• .... ... ~ ~ ~ ~ 

For eachi E {l, •.• ,t} , define the su~group F(i)(G) 

of G by 

= 

Let a € {l, .... , t} , let N be a normal subgroup 

of G contained in Nl " .• 0 f) Ns ' and let a = GIN 0 

Then, using the bar convention, for each i E {l, •.• ,s) 

(a) Ca(Vi ) = CG(Vi ) = ViNi 

(b) F(i)(a) '= F(i)(G) . 

(c) If N = N 1 f\ ••• (\ N s ' then 

F(l)(G) n .. o n F(s)(G) = F
2

«i) 

(where F
2

(G) is the second term of the upper Fitting 

series of G , i.e. F
2

(G) I F(G). = F( G/F(G» ). 

Proof (a) g E Ca(Vi ) ~ 

~ 

~ 

(b) Abbreviate to 

[Vi' gJ ~ N 

[V i ' gJ , Vi () N i = 1 

g e CG(Vi ) . 

Fi 0 In a ~ -gro~p, there 
n 

are no Frattini factors, so the Fitting subgroup is deter

mined as the unique abelian self-centralizing normal sub

group. Now Fi/Ca(Vi ) .(= Fi/CG(Vi ) ) is abelian, from 



the definition of Fi , so to establish (b) it will be 

enough to show that ~/CU(~) is 'self-centralizing in 

"G/cG(v;.) : 

g e CU( Fi/CU(Vi ) ) 

~ [Fi , gJ ~ Cu(v;.) = CG(Vi ) 

<==9 [Fi' gJ ~ CG(Vi)Ni = CG(Vi ) 

¢:9 g e CG( Fi/CG(Vi ) ) 

# g e Fi • 
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(c) Now suppose N = Nl n ... f'I Ns • Then Vl'~' .•• ,Vs 

are minimal normal subgroups of G and Vs+l = ••• ~.~ = I , 
so 'F{Gj = V 1 •.. V s ~ l!'(U) • Also 

s s 
F(U) ~ '" C-G(V.) = n CG' (V.) = 

. 1 ~ . 1 ~ 
~= ~= 

s n N.V. 
. 1 ~ ~ 
~= 

. . (by (aJ) 

. ,s 

= rtNi
v

i 
~:=l 

(as Ni ~ N for each i € {l, .•• ,s}> 

s. s s 
.n Ni Vi 
~=l 

Now, = n CH(Vi )F( G) = 
i=l 

«(\ CH(Vi ) ) F(G) , NF(G) 
~=l 

so FeU) ~ NF(G) = F(G) • 

Hence F(G) = Vl ••• .vs = F'("G) • 

Let F be th~, subgroup of G containing N such that 

It is clear that 'FIN. ~ F2 (G/N.) 
,~ ~ 

for each 

i - 1 s; e -F./ -F for each i = 1, ••• , s • - , ••• , , _.. ~.i 

Thus F ~ F 1 1\ • .• " l!'s • 



Conversely, 

g e Fl (') ••• (') Fs 

g € CU( Fi/CU(Vi ) ) 

[ F i ' g J ~ Cu (V i) 

(i = l, ... ,s) 

(i = l, .•. ,s) 

[ J 
s s 

F, g ~.fl [Fi ' g] ~ (, C-G(v,") = 
1=1 1=1 1 

Therefore 

2.7.2 Theorem If G € ~p then 

(\F(i)(G)\ \F(j)(G)\) = IFCi)(G) {'\ F(j)(G)1 

for all i, j € {l, ••• , t} • 
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Proof Suppose G is a counterexample, i.e., G e ~p but 

the condition on the FCi)CG) does not hold. Then without 

loss of generality it can be assumed that 

c1F(l)(G)I, IF(2)(G)!) > IF(1 )cG) (\FC2 )CG)\ 

Consider G. = G/Nl f'\ N2 • G € 'it\, = ~ j also 

N 1 " N 2 ~ F (1) C G) f'. F ( 2 ) C G) , so 

.... (1) 

.... (2) 

= for i = 1 , 2 , so 

(2) shows that G is also a counterexample to the theorem. 

Hence, replacing G by G, it can be assumed that t = 2 , 
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so that G has just two minimal normal subgroups, V 

1 and 

V 2 (note that Vl and V 2 can,not be G-isomorphic, because 

otherwise CG(Vl ).= CG(V2 ) = ~'(G), and hence 

F(l)(G) = F(2)(G) =F2 (G) , which contradicts (1». 

Fro~ now on write for 

= F(G) , and let 

Recall that H is a complement to V in G ; let B be 

a complement to FA H (= F(H» in H • Thus, as 
2 

HE~n(\Ot: , B is elementary abelian; also B is a comp-

lement to F in G. Further 

F in Fi (i = 1,2), and thus 

F. "B is a complement to 
1. 

(lFl"Bl, \F2 "B\) = (IFl:FL !F2 :F\) 

= (1E'11 \ F 2 1 ) 
\Fl f'I F 21 ' IF 1 () F 21 

> 1 (by (1». 

Let q be a prime number which divides both \FlnB\ and 

1 F 2 ("\ B I ' and for each i let bi be an element of order 

q in F i "B • Let b = bl b2 

Since B is elementary abelian, a complement Bl to 

Fl "B in B, such that (b) ~ Bl ' can be constructed. 

Now let G = G/Nl 'C.where, Nl is the normal subgroup of 

defined in the remarks preceding 2.7.1). 'l'hen G e Q~ = ~ 
3 p p 

and G is a primitive soluble group in 0( , with unique 

G 

minimal normal subgroup VI . <b) is a subgroup of a comp-

lement Bi to F(R) in H, so, applying 2.6.10 to G 



(with (b) playing the role of liB " 1 
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in that result), 

there is a subgroup Ul of G,. with Nl < Ul <VIN
l

, such 

that Ul is normalized by Nii«b» ,VllUi" is centralized 

by<b> , and (since CB(CF(ii) «b») = <b) by 2.6.19), 
1 ' 

the codimension of Ul in VI is \Bl:(b>ldZ (Z(H» , 
PI 

where PI is the prime number of which lVll is a power. 

Let WI = Ul.~ VI ; then 1 < W~.< VI ' WI is normalized 

by NH«b» , and <b) centralizes VI/WI . To establish 

the last assertion, note that, since <b) centralizes 

Vl~ ,- [VI' bJ ~ UI (\ VI = WI • 

The same argument applied to G/N2 demonstrates the 

existence of a subgroup W2 of V2 such that 1 < W2 < V2 ' 

NH«b» normalizes W2 , and <b) centralizes V2/W2 • 

Hence NH«b» normalizes WI W2 and <b> centralizes 

V/W1 W2 • Also (b> is pronormal in H, as <b> is a 

Carter subgroup of the normal subgroup <bl ~(H) , bJ of H 

(cf. 2.6.6). Hence by 1.5.11 , (b>WI W2 is pronormal in G 

Now G e ~p , and hence there exists a complement, C 

say, to (b) WI W2 in G • CV is then a supplement to (b) 

in G , and'therefore (as b is of prime order q) either 

CV = G or IG : cvt = q If CV = G then C (\ V is a 

normal subgroup of G, and so C n V is one of 1, VI' 

V 2 ,V (recall that 

. " . ""'.: ,-:-. 

V ..J V ). hence C n V = 1 , because 1 F 2 ' 
G 

any other possibility would contradict c " WI W2 = 1'. Then 

C is a complement to V in G, and therefore 
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I c I = IGtI!vl. But 

Ici = IGI/I(b)W1 W2 ( = \ G Vq' wl' 1 w2l ; therefore 

Ivl = ql Wl llW2 l ' ap.d hence q = IVl/wlt \V2/ W2 1 , which 

is impossible, as q is a prime number and lVi/wi I > 1 for 

each i. Hence CV F. G , and so IG: CV I = q , whence CV 

is a complement to (b) in G; thus CV n H is a comple

ment to (b) in H. Also 

\cn vi ; Icilvi 
Icyl = q IW~?\W2' 'vl~ = 1 V : Wl W2 1 ' so C{\V 

is a complement to Wl 'W2 in V • It follows that 

( CV (\ H)( c (\ V) is a complement to (b)Wl W2 in G , and 

hence, replacing C by (CV "H)(C nv) , it can be assumed 

that: 

<b)W1W2 has a complement C in G such that 

C = (Cf'lH)(Cf'\V) ••••••••••••••• ~ •• -••• (3) 

It is useful to show further that 

C 1\ V = (C(\Vl )(Cf\V2 ) , and as a first step it is 

necessary to show 

•••••••••••••••••••• (4) 

Suppose that (4) does not hold. Then, since CH(Vl ) is 

normal in H, it follows that 

(II, CR(Vl )] ~ HI ('I CH(Vl ) = 1 , 

and therefore CH(Vl ) ~ Z(H) • Let ii = H/CH(Vl ) • Then 

Ii e Z(ii) ~ [H, h ] ~ CH(V l) (\ H' = 1 

4=> h Eo Z(H) , 

so z(ii) = Z\HJ . 
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Therefore F(H) = H' x Z(H) = H' x Z(H) = F(H) 

But F( H/CH(Vl ) ) = Fl {\ H I Cir(Vl ) , so it can be deduced 

that Fl = F ~F2 _.This contradicts (1). Therefore (4) 

holds. 

Let N be a non-trivial normal subgroup of H 
, 

contained in H f"\ CH(Vl ) j thus 

[Tl ' NJ = 1 for each subgroup Tl of Vl •••• - •• (5) 

Now V
2 is an irreducible Zp [HJ-module (where 

. 2 
is 

the prime number of which IV21 is a power), so Clifford's 

Theorem can be applied to V 21N ' to show that, if 

cvon > 1 
2 

N ~ CH(V2 ) 

Therefore 

then CV(N) = V2 i.e. N ~ CH(V2 ) • But 
2 

, for otherwise N' CH(Vl ) f"\ CH(V2 ) = CH(V) = 1 . 

[T2 , NJ >1 for each non-trivial subgroup T2 of V2 

•••.......•....• ( 6 ) 

Thus, by (5) and (6), a non-trivial subgroup of Vl , 
cannot be H -isomorphic to a subgroup of V2 ' and hence, 

, 
if T ~ V is normalized by H then T = (T(\Vl )(Tf\V2 ) 

.•..••......•..• ( 7 ) 

Suppose that M is a minimal normal subgroup of H 

such that M 4= C tl H . Then (CII H)H = H (as C n H has 

prime index q in H), so M is a q-group. Now 
2 

H € t5' f) DC , so by 2.1. 4 ,H has elementary abelian Sylow 
n 

q~subgroups; hence 

..•................•. ( 8 ) 



By 2.2.l(a), [M, C nB] is normal in H, so 

[M, C n B] = 1 or M ,. An argument'like the one used to 

establish 2.2.5(a) shows that [M, C "B] ~ C "H , and, 

since M ~C n H , it follows that 
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••.••••.••••••••••• (9 ) 

But B = <b) x (cnB) , so (8) ,and (9) imply that B is 

centralized by M. Therefore M' Z(H) • 

Hence all. the minimal normal subgroups of H which 
I 

are contained in R are also contained in C" R , and 

therefore 
I 

H ~ C " H .................. (10) 

From (7) and (10) it follows that 

C f'\ V = (C n VI )( C f'\ V 2) , and thus 

C =, (C t"IH)(C f\Vl)(C rw2 ) ..........• (11) 

Given i e {1,2} , suppose that Ni ~ CV ; then 

CVNi = G , and so C n Vi ' being normalized by C and 

centralized by V and Ni , must be a normal subgroup of 

G . Then CA Vi = 1 or Vi ' which gives a contradiction, 

because a particular consequence of (11) is that 

1 < c f't Vi < Vi for i = 1,2 Henc e 

(i = 1,2) ............... (12) 

In particular, 

(i = 1,2) ••••••• (13) 
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Let G = G/N1 • Then: 

C = (c () ii) (c "V) , and C is a complement to 

.................... (14) 

For, 

= (C f"\H)(C f"\V
1

)(C (W
2

) C
H

(V
1

) V
2 (by (11» 

= (C (\ H)(C 1"1 VI) V2 (using (13» 

and thus 

•••••.•.. (15) 

This proves C = (C" Ii) (c n v) . Also, 

CN1 (\ (b>W1N1 

= CN1 n CV {\ <b)VJI N1 

= CN1 f\ (CV (\ (b) )WI I·i1 

= CN 1 f"I \,/INI 

= CN1 n V
I

N
1 

() W1Nl 

_. (CnVl)Nl f\ WINI 

= (Cf\Vl (\ WINl)Nl 

= (C (\ (VI (\ Nl )W1 ) Nl 

= (C"Wl )N1 

= Nl 

Hence C('I (b) WI = I 

that C<t»Wl = G , so 

G , and therefore (14) 

( CN1 ~ CV , by (12» 

(using (12) again) 

(by (15» 

(as VII ~ Vl ) 

Further, as W2 ~ Nl , it is clear 

C is a complement to (b)\'/l in 

is established. 
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Now 2.6.14 can be applied to the primitive soluble 

g~oup G, with <b), Wl , C , H , V 1 in plac e 0 f B
l

, U , C , 

H, V respectively ·(recall that Wl corresponds to the 

subgroup U constructed in 2.6.10) : this shows that 

Z(H)~ C" H;. Therefore (invoking (10», 

F(H) = ;' X Z(iI) " C "R . 

Since Fl ", H. = F2 «D" iI = F(R) , it follows that 

F 1" H ~ CN 1 f"\ H 

~ CV (\ H (by (12» 

= CAH 

Similarly, by considering G/N2 , it can be shown 

that F2 " H ~ C ('\ H • Therefore 

b = b l b2 Eo (Fl " B)(F2 "B) ~ C • 

This' is a contradiction, as C is a complement to <t»Wl w2' 

in G. Therefore no such group as G can exist, and so 

the theorem is proved. 

2.7.3 Theorem If 

(IF(i)(G)I, IF(j)(G)I) 

for all i, j E {l, ••• , t1 ' 

= 
then G E ~ • 

Proof As before, F(i)(G) will be abbreviated to Fi • 

Suppose that the condition on the Fi holds, and let 

be an arbitrary pronormal subgroup of G; to prove the 

L 



theorem, it will be enough to produce a complement to L 

in G. 
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Let F = F 2 (G). ; then F = F 1" ••• " F t ' by 2.7.1 (c) , 

and G/F is elementary abelian. Let ql' ••• , qr be the 

distinct prime divisors of \G/FI • Then 

G/F = Sl/F)(. •• x. Sr/F , where S j/F 

subgroup of G/F (j = l, ••• ,r). Let 

is the Sylow q.
J 

Fij = F. n S. l.. J. (i = 1, ••• , t ; j = l, ••• ,r) 

thus Fij/F is the Sylow qj-subgroup of F1/F • For every 

j E {l, ••.• ,r} and all i, k E [l, ••• ,t} , either 

(for otherwise, 

ClFij/F\, \Fkj/F\> > I(Fijf'\ Fkj) IF \ , which leads to a 

contradiction of the hypothesis of the theorem). Therefore, 

for each j e {l, ••• ,r} there is an ordering 

F. . ~ F. . ~ •••. ~ Fi J. 
l.l,J l.2,J t' 

of F1j , •.• , F tj • This fact is now used to construct a 

sequence of subgroups of· Sj 

Let Cs.' 
" ,J 

be such that ~lj/F is a complement to 

" ( LF f\ F i J.) I F 
l' 

in F. . IF. Then, because SJ./F is 
l.l,J I .1 

in. F~Jj F to (L F" F,~,j), F 
elementary abelian, a complement 9&~Fj{can be constructed 

Lz. , 

such that C .. ./F n F. . / F 
L~J l.l' J 

process, subgroups C .. · ~ Ca· 
"I"')J t.~J 

constructed such that, for each 

= C~./F. Continuing this. 
~I J 

:( ••. ~G.J. of 
\~, 

kE{l, ••• ,t} 
Sj can be 

, Citj/F is 
'k, 

a complement to ( LF " F i j) / F 
k' 

in F. . / F , and 
l.k' J 

for each .e (; k • 
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The process can be carried one step farther, to produce a 

subgroup" Co of 
J 

So such that" CJo/F 
J is a complement to 

( LF () S j ) IF in SJ./F , and Co (\ Fo 0 

J ~t,J = 

Cj f\ FiJ = Cij for each i E {l, ••• ,t] . 
Having constructed C

j for each jEt.I, ••• ,r}, let 

C = CI C2 • •• Cr , so that C/F = CI/F x ••• X Cr/F • 

Since LF/F = LFf\Sl I F )( •.• )( LFASr IF, it follows 

that 

C/F is a complement to LF/F in G/F ••••••••• (1) 

Further, it will be shown that, for each i E {l, ••• ,t} , 

CFi/Fi is a complement to LFi/Fi in G/Fi •••• (2) 

Consider an arbitrary i E {l, ••• ,t} . For each 

j E {l, ••• ,r} , SjFi/Fi is the Sylow qj-subgroup of G/Fi 

(LF" So)F 0 I F 0 is the Sylow qJo-subgroup of LFJ.o IFJ.o , and . J. ~ J. 

CjFi/Fi is the Sylow qj-subgroup of CFi/Fi; hence , to 

prove (2), it is enough to show that: 

CjFi/Fi is a complement to (LFnSj)Fi/Fi in SjFi/Fi 

•.........•......... . (3) 

It is clear that the two subgroups supplement each other 

in SjFi/Fi" • Also, 

, 
C j F i () (LF n S j ) F i 

= ( C j t'\ (LF" S j ) F i ) Fi 

= (C 0 f\ S 0 f\ (LF f'\ S j ) F i) Fi J J 

= ( C j f\ (S j " F i)( LF f'\ S j » Fi 

= (C j (\ F ij (LFf'\ Sj» Fi 
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= is a ( C j " C i / LF () F i j )( LF n S j » F i 

complement to 

(as Cij/F 

(LF n F .. )/F 
~J in Fij/F) 

= 
= 

(C j (\ C i / LF (\ S j) F i 

« C . (\ LF (\ S . ) C. .) F; 
J J ~J .J.. 

(as C .. ~ C.) 
~J J 

= F C .. P. (as Cj/P is a complement to ~J ~ 

= 

(LFfl S. )/F in 
J 

Therefore (3) holds, and consequently (2) is proved. 

Continuing with an arbitrary i E tl, ... ,t} , let 

G = G/Ni . G is a primitive soluble quotient group of G 

so by one of the two overall assumptions of this section, 

G E&.. Now 2.6.16 is applied to G. 2.6.18 shows that p 

the first hypothesis of 2.6.16 is equivalent to the 

condition that the primitive soluble group which is the 

subject of the lemma is a gp-group , so it holds for G. 

P2 (G) = Pi ' L is pronormal in G (by 1.5.3 and 1.5.2), 

and CFi~ is a complement to in G/Fi (by (2) 

NG(LV) normalizes and the fact that N. ~ F.). By 1.5.12, 
~ ~ 

L n V ; therefore NG(LV) normalizes (Lf\V)Vl · •• Vi _l r'I Vi . 

By 1.5.3, 

normalizes 

= NG"(LV) = NG(LV) , so NG"(LVi ) 

(LIIV)Vl •.. V. 1 n V .• Therefore, by 2.6.16, 
~- ~ 

(L (\ V )Vl •.. V. 1 A V. 
~- ~ 

has a complement, W. say (where 
~ 

Therefore 

~ , such that 
~ 

normalizes 

w. 
~ 

is normalized by CPi • 

w. ~ V. , which is a complement 
~ ~ 
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Then, by 1.3.3(c), applied to V = VI V2 ••• Vt ' 

Ul ••• Ut is a complement to L () V l' n V and U U , l' "" t 

is normalized by C ••.•.• ,. •••••.••.••••. (4) 

Let B be a c6mplement to F n R (= F(R) ) in R 

then C = (C (\B)F = (C ~B) F(R) V , and 

C (\ B is a comp~ement to. LF f\B in B ••••••••• (5) 

LV f\ R is pronormal in H, by 1.5.6, and H is 

metabelian, so by 2.1.5, LV f\ F (H) is normal in H 

Therefore there is a normal subgroup, N say, of H such 

that 
F 

F(H) = (LV~) )( N ••••••.••..•••• (6) 

Now (LvnH) F(H) f\ B = LF ("\ B , so by (5) , (6) and 

1.3.3(b), 

(C ('. B)N is a complement to LV f'I H in H " ••••• (7) 

(C('\B)H ~C , so (CnB)N normalizes Ul " .. Ut therefore, 

by (4) , (7) and 1.3.3(b) again, (C f"\ B)NU1 ·"· Ut is a 

complement to L in G " Therefore Get?p' Q.e.d. 

The results ~f the section are summarised in 2.7.4 , 

which, together with 2.6.19 , yields a complete description 
3 

of ~ 1\ ()l; • 



2.7.4 Theorem Let G be a soluble group of derived 

length at most 3. Then G E ~ if and only if all the p 

following conditions are satisfied 

(a) <;P(G) = 1 ; 

(b) the primitive soluble quotient groups of Gall 

belong to ~ ; 
p 
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(c) if F(G) = VI x )I. Vt ' where the v. 
~ 

are minimal 

normal subgroups of G, and F
l

, F
2

, .•• , F
t 

'G are 

defined by 

F./CG(V. ) 
~ ~ = (i = l, ... ,t), 

then for each i, j E {I, .•. ,t}. 

The question of further investigation of ~p seems to 

be difficult : it appears to be reasonable to conjecture 
3 

that ~p ~ <X , in which case 2.7.4 would give a complete 

description of ~p . However it is apparent that an invest

igation of that conjecture, using techniques analogous to 

those developed in this chapter, would be a formidable task. 

Chapter 2 ends with two examples which substantiate 

the statement, made in section 2.1, that to is neither c,p 



2.7.5 Example Let w € GF(52 ) be such that w3 = 1 

and define 2 
H~GL(2,5 ) by 

H = < (0 1)', (0 -1), (w 0» 
,1 ° 1 -lOW 

Then H ~ S3 ~ C3 . Let 

dimension 2 , and let G 

v be a 2 
GF(5 )-space of 

be the semidirect product 

(with a natural action of H on V). Then G is a 

90 

, 

HV 

primitive soluble group, and 2.6.18 can be applied to show 

that G E ~p • 

Let «0 1), (0 -1» ~ S3 
, 1 ° 1-1 

then HIV 

is a normal subgroup of G, and it is easily seen that a 

primitive soluble quotient group of HIV violates condition 

(b) of 2.6.19 . Thus HIV 6 ~ , and hence ~p is not 

S -closed. 
n 

2.7.6 Example Define H ~GL(2,7) by 

let V be a GF(7)-space of dimension 2 , and let G be the 

'semidirect product HV (with a natural action) j then G is 

a primitive soluble group. It is easy to check that G 

satisfies the conditions of 2.6.19 ,so G € 

G ~ G violates condition (c) of 2.7.4 , so 

~ . However 
p 

GXGt~p. 

Henc e ~p is not D -closed. (The principle behind this 
o 

example can of course be applied to any group G of derived 

length 3 , to show that G x G ¢ ~ ). 
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CHAPTER 3' 

3.1 Groups with Frattini intersection supplements 

Recall that ~ denotes the class of groups in which 

every subgrou~ has a complement (studied in H5). Chapter 3 

is concerned with classes of groups of which ~ may be 

regarded as the archetype. The class considered in this 

sectic:m turns out to be no more than the "saturation" of 

~ , i.e. the smallest saturated formation containing g. 
For convenience, Hall's description of e will first be 

set down. Let ~ denote the class of groups of square-free 

order, i.e. G e ~ if and only if, for every prime number 

3.1~1 Theorem (H5) The following are equivalent: 

(1) G e ~; 

(2) G E SD 'R. . 
o ' 

(3) G is supersoluble and the Sylow subgroups of G are 

all elementary abelian. 

Definition A supplement S in a group G to a subgroup 

H of G is called a Frattini intersection supplement if 

H f\ S .( ~(G) • 
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Throughout 3.1, ~ will denote the class of groups in 

which every subgroup has a Frattini intersection supplement. 

2. 1 •2 :;. is Q-closed. 

Proof . Let G e ~ and let N be a normal subgroup of 

Let H/N be a subgroup of G/N • Then H has a Frattini 

intersection supplement S in G . SN/N is a supplement 

to H/N in G/N , and 

H/N " SN/N = (H ('\ S)N/N ~ ~(G )N/N ~ ~(G/N) 

There fore G/N E J . 

. 3.1.3 If G.6 d and ~(G) = 1 then G E cg • 
Proof This is immediate from the definition of ~. 

3.1.4 G E J if and only if G/~(G) e ~. 

Proof Let G e ~ . Then G/~(G) e. :r by 3.1.2 , and 

G/~(G) has trivial Frattini subgroup, so by 3.1.3 , 

G/~(G) e ~ .. 

Conversely, suppose G/~(G) E. ~ .• Let H ~ G ; then 

Hm(G)/~(G) has a complement, S/~(G) say, in G/§(G) . 
Thus HS = G and H n S ~ H~(G) " S = ~(G) • Therefore 

G E Q. 

G • 

Thus '!J = E~ re . The next theorem shows that ':1 is a 

saturated formation, and gives a local definition for ~. 
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Note that the fact that e is a formation does not 

immediately imply that E~ r? is .a formation : 3.1.6 

exhibits an example of a formation ~ such that E§3t is 

not Ho-closed. 

3.1.5 Theorem ~ is a saturated formation and is locally 

defined by the formation function f ,where for each prime 

number p, G E:. f(p) . if and only if G is an elementary 

abelian group of exponent dividing p - 1 • 

Proof Let ~ be the saturated formation locally defined 

by the formation function f. It is well known that the 

class of supersoluble groups (which will be denoted 

hereafter by ~) is a saturated formation, locally defined 

by the format~on function fo' where for each prime number 

p, G £ fo(p) if and only if G is abelian and has 

exponent dividing p - 1 • It is clear that 

f(p) = fo (p) f'\ ~ (for all p) ••••••••••• (1) , 

so in particular, ~* ~ ~ . Since e-groups are supersoluble, 

it is also ~rue that ~ = E4! ~ ~ ::r. 
(i) :7 C;; ~ let G €. ~., let p be. a prime number, 

and let ElK be a p-chief factor of G .• G E ':J , so 

G/CG(H/K) S fo(p)., F(G) is the intersection of the 

centralizers of the chief factors of G (RB, III, 4.3), so 



in particular, ~(G) ~ F(G) ~ CG(H/K) . Therefore (using 

(1» G/CG(H/K) e fo(P) n ~ = f(p) • Hence G e ~ . 

(ii) 7f s :J :. let G E :t" ; it will be enough to 

show G/m(G) e ~, so it is permissible to assume that 

~(G) = 1 , and show that G e g. G e ~ , so by 1.4.5 

it is enough to show G 6 ~n 
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F(G) = nCG(H/K) , the intersection being taken over 

all the chief .factors of G , and G/CG(H/K) e f(p) C;;;; ~ 

for each prime number p and each p-chief factor H/K 

of G. Therefore 

••••••••.••••••••••• (2) 

By assumption, ~(G) = 1 , so by (H8~ III, 4.4), 

every normal subgroup of G contained in F(G) has 

a complement in G •••••••••••••••••••• (3) 

Let H be a normal subgroup of G; then H F(G) I F(G) 

has a complement in G/~(G) , by (2), and H n F(G) has 

a complement in G, by (3). Therefore, by 1.3.3(a), H 

has a complement in G. Hence 

complete. 

G e fl. , and the proof is 
n 

A similar study can be made of groups in which each 

normal subgroup has a Frattini intersection supplement. 

The class of all such groups cOincides with E_~ , and is w,n 

a saturated formation (though not consisting of soluble 

groups). In fact it can easily be proved that: 
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It follows immediately that E~~n is a saturated formation, 

as it is well known'that, if ~ is a formation then ~ 

is a saturated formation. 

3.1.6 Example In (Sl), Schunck gives an example which 

shows that a "saturate~ homomorph" (or "Schunck class ll ) is 

not necessarily a formation. The example can also be used 

to show· that, if l is a formation, it does not necessarily 

follow that E~3e is a saturated formation. 

Let X be the class of groups defined by : G E 3e if 

and only if G is Z-perfect and has abelian Sylow Z-sub-

groups. (To say that a group is lin-perfect", for some set 

'It of prime numbers,means that it has no non-trivial 

~-quotient groups). It follows from (H9), Lemma 1.6, that 

X is a formation. A4 € X , and so SL(Z,3) E E'l~ (the 

Frattini quotient group of SL(Z,3) is isomorphic to A4). 

Let G = SL(Z,3»)( (1)), where <b) ~ Cz ' and 

. let (a) = ~(SL(Z,3» (-:; Cz ). Then Nl = (ab) and 

N2 = <b) are normal subgroups of G, Nl n NZ = 1 ~~d 

G/~i ~ SL(Z,3) for each i hence G e Ro(E23e) 

If G e E~~ then,since ~(G) = (a) ~ Cz ' and so 

G/~(G) - A4 x C2 ' it must follow that either G e 3e 
or A4 x Cz e ~ . But neither of these groups is Z-perfect, 

therefore G ~ Efi.'X' Hence Ro (E~3C) F E;t, and so E'l~ 

is not a formation. 
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3.2 Groups with I-intersection· supplements. 

In the last section an attempt was made to find a 

generalisation of the concept of a ~-group, but this did 

not lead very far from ~ • A more general approach is 

tried in this section, although the basic idea, of putting 

restrictions on the intersection of a subgroup and a 

supplement, is retained. 

Definition Let X be a class of groups. If S is a 

supplement in a group G. to a subgroup H of G , such 

that H f'\ S € 3€ ,then S is called an 3(-intersection 

supplement to H in G. 

Notation Let J(X) denote the class of groups in which 

every subgroup has an I-intersection supplement. I.e. 

G e J(l) if and only if for all H ~ G there exists 

S ~ G such that HS = G and H n S e .Je • 

As an example, let 3( be the class of groups of order 

1 ; then J(~ = f? . It is clear that, for any class J£ ,. 

~ c; J(£) , and in fact ~'fJ C;; ..g(~) • 

Definition A subgroup H of a group G is said to be 

unsupplemented in G if H has no proper supplement in 

G , i.e. the only subgroup of G which is a supplement to 

H is G itself. 



3.2.1 Any subgroup H of a group G has a supplement 

S in G such that HAS is unsupplemented in G • 

. Proof Let S be a minimal supplement to H in G 

(i.e. no proper subgroup of S is a supplement to H 

in. G). Suppose H n S has a proper supplement, T say, 

in G. Then 

H(TAS) = H(HnS)(Tf\S) =- H«HAS)T AS) 

= H(GnS) = HS = G, 

so by choice of S, T ~ S = S i.e. S ~T • But then 

H " S ~ T , so T = (H f\ S)T = G , a contradiction. 

Therefore H n S is an unsupplemented subgroup of G. 

3.2.2 Theorem For any group G and any class 3e , 

G E J.cl) if and only if the unsupplemented subgroups 

of G are all I-groups. 

Proof (1) Let G e ~(l) and suppose that H is an 
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unsupplell'llented subgroup of G. Since G is the only 

supplement t.o H in G, it must follow that H = H tl G E JC. 
(2) Suppose that the unsppplemented subgroups of G. 

are all X:groups, and let H be any subgroup of G. By 

3.2.1 , H has a supplement S in G such that H oS is 

unsupplemented in G. Hence H (\ S 6 X , and therefore 

G E .~(I) • 
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Theorem 3.2.2 effectively reduces the study of J(I) 
to the question of which subgroups of a given group are 

unsupplemented. However this question is one to which a 

complete answer is difficult to find; the following series 

of results gives some partial information on the subject. 

One interesting consequence of 3.2.2 is that (taking 3e 
to be the class of groups of order 1), if every non-trivial 

subgroup of G has a proper supplement in G then G ~ ~ • 

3.2.3 (a) If H is unsupplemented in G then the same 

is true of any subgroup of H. 

(b) If H ~G and K is unsupplemented in H, then K 

is unsupplemented in G. 

(c) If H is unsupplemented in G and N is normal in 

G then HN/N is unsupplemented in GIN 

Proof (a) A supplement in G to a subgroup ofH is 

also a supplement in G to H. 

in G • Then (b) Suppose S is a supplement to K 

K(S f\H) = H·, so S (\ H = H and hence 

Therefore S = G 

K~H~S. 

(c) Suppose SiN is a supplement to 

HS = HNS = G , and so S = G • Thus 

in' GIN • 

HN/N 

HN/N 

in GIN • Then 

is unsupplemented 



From 3.2.3(a) it follows that, if all the unsupple

mented subgroups of G are X-groups, then they are in 

fact all XS -groups-. Hence: 

For any class of groups 3€, ~(X) = .,g(~S) . 
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3.2.5 (a) (H8, III, 3.2(b)) If N is normal in G then 

N is unsupplemented in G if and only if N ~ ~(G) . 

(b) If M is an abelian minimal normal subgroup of G 

then every proper subgroup of M is unsupplemented in G. 

Proof (a) If there exists a maximal subgroup H of G 

such that N -t R , then IDi = G , and so N has a proper 

supplement in G . 
(b) Suppose H < M • A supplement S to H in G 

is also a supplement to M in G Thus 1-1 f"\S is normal 

in G , so HAS= 1 or 1-1 • But H(\S>l , because HI'\S 

is a supplement to H in 1-1 and H<M therefore 

M ns = M • Thus H ~ S , and hence S = G • 

3.2.6 If H is unsupplemented in G then H :s::: G~ -...:: . 
Proof Let N = G'f!, , and let H~G . Then HN/N has a 

complement, CIN say, in GIN . If H~N then HN > N 

so C < G , and therefore II has a proper supplement 

(namely C) in G . 
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Let G be a group and let 1lS., ..• ,1\ be the 

distinct conjugacy classes of ma~imal subgroups of G. For 

each i, choose ~ e 11ti then every subgroup of G 

contained in Ml n ... ('\ Mr is unsupplemented in G. 

Proof Suppose 

supplement S 

H ~ Ml " .... " Mr ' and II has a proper 

in . G • Let M be a maximal subgroup of G 

which contains S; thus HM = G • Without loss of general

ity it can be assumed that M = Ml
g for some g e G ; but 

then HMl = G , a contradiction. Hence H is unsupplement

ed in~ G • 

In (Gl), Gaschutz defined the praefrattini subgroups 

of a soluble group, and. showed that a subgroup W of a 

soluble group G is a praefrattini subgroup of G if and 

only if, (1) W covers each Frattini chief factor of G 

and (2) W is contained in some conjugate in G of each 

maximal subgroup of G. From (2) it follows, by 3.2.7 , 

that the praefrattini subgroups of G are unsupplemented 

in G • 

Praefrattin1 subgroups, as well as covering Frattini· 

chief factors, avoid complemented chief factors. It is not 

true that every subgroup of a soluble group G which 

avoids all the complemented chief factors of G, is con

tained in a praefrattini subgroup of G , but it will be 

shown that any such subgroup is unsupplemented in G: 

this is the result of 3.2.9 • 
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3.2.8 (H7, Theorems 13, 14) If G is soluble and has a 

faithful irreducible representation of degree n over 

GF(p), then 

" 
" , 

(IGlp denotes the order of the Sylow p-subgroups of G). 

3.2.9 Theorem If G is soluble and H ~ G avoids all 

the complemented chief factors of G, then H is unsupp

lemented in G. 

Proof Suppose that the result is fals~~ and let G be'a 

minimal counterexample. Then G has a subgroup H which 

avoids all the complemented chief factors of G, and yet 

has a proper supplement in G. Let M be a maximal sub-

g,roup of G which supplements H, and suppose that M 

contains a minimal normal subgroup N of G. Then M/N 

is a proper supplement to HN/N in G/N, and HN/N 

avoids all the complemented chief factors of G/N; but 

this contradicts the choice Qf G . Therefore M has 

trivial core, and so G is a primitive soluble group. 

Let V' be the unique minimal normal subgroup of G, 

and suppose n =p , p being a prime number. The 

maximal subgroup M will be a complement to V in G, 

and hence IG : MI = Ivl = pn • Now HM = G , so 

1H: Hf'M, = IHMI/IM\ = IG: M\ = pn , and therefore 

IH' ' ~ pn • Since H avoids all the complemented chief 
p 

factors of G. H n V = 1 , and therefore 
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pn ~ I Hlp = I HV Iv I p ~ I G/~l p = 1M Ip , i. e. 

IMlp ~ pn ••••.••••••••••••••••.•• (1) 

But V can be regarded as a faithful irreducible Z [M)
P 

module, of dimension n, and hence, by 3.2.B , 

1M I ~ n-l 
p~p ••••••••••••••.•••••.• (2) 

Inequalities (1) and (2) are incompatible, so no such 

group as G can exist. 

3.2.10 If ~(G) = 1 then each normal subgroup of G 

contained in F(G) has a complement in G. If in addition 

G is supersoluble,' then every subgroup of F(G) has a 

complement in G. 

Proof The first result has been observed previously (in 

the proof of 3.1.5), and is a direct consequence of (HB, 

III, 4.4). Now suppose that G is supersoluble, and let 

H ~ F(G) • Let K be a complement to F(G) in G, and 

write F(G) = Vl X ••• X Vt ' where the Vi are minimal 

normal subgroups of G: each Vi is of prime order. It 

can be assumed that the indexing is chosen so that, for 

some s € {l, ... ,t}, H f't (V1 X ••. x Vs ) = 1 , but 

If fi (V X x V x V ) > 1 for any i > s • Write 1 ... s i 

V = V
1 

x ..• x Vs ' and suppose that HV < F(G) . Then 

Vi {. HV for some i €. t.l, .•. ,t} . Since Vi has prime 

order, it follows that v. n HV = 1 , and hence 
1 

H " (V )( V.) = 1 , a contradiction. Hence HV = F(G) , and 
1 
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therefore KV is a complement to H in G. 

The next theorem gives complete information about the 

unsupplemented subgroups of G when G is either a 

nilpotent or a supersoluble group. 

3.2.11 TheOrem (a)' If G is nilpotent then H is 

unsupplemented. in G if and only if H ~·~(G) • 

(b) If G is supersoluble then H is unsupplemented 

in G if and only if H ~ W for some praefrattini sub

group W of G. 

Proof (a) In a nilpotent group 

abelian, so G~ ~ ~(G) (in fact 

follows, by 3.2.6 • 

G, G/§(G) is elementary 

G~ = ~(G) ). The result 

(b) That subgroups of praefrattini subgroups are 

unsupplemented is immediate from 3.2.3(a) and the remarks 

following 3.2.7 . 

For the converse, suppose that H· is unsupplemented 

in G, and proceed by induction on IG\ If T = ~(G) > 1 

then by induction there is a praefrattini subgroup WIT 

of G/T such that HT/T ~ WiT (HT/T is unsupplemented· 

in G/T by 3.2.3(c) ); then W is a praefrattini sub-

group of G and H ~ W • Thus it can be assumed that 

~(G) = 1 ; hence, by 3.2.10, every subgroup of F(G) has 

a complement in G. Therefore H nF(G) = 1 , since 



otherwise a~comp1ement toH n F(G) in G would be a 

proper supplement to H in G ,'contradicting the 

hypothesis that H· is unsupp1emented in G. 
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Let p be the largest prime divisor of IG I • Since 

G is supersolub1e, G has a normal Sylow p-subgroup, 

which is consequently contained in F(G) . Thus 

p .t ,G/F(G)\ , and in particular, p k \H' 
Let V be a minimal normal subgroup of G, of 

order p . By induction, HV/V ~ VN/V for some praefrattini 

subgroup W of G , and hence H~WV. Every complement 

to V in G contains a p-complement of G , and hence 

contains a conjugate of H ; therefore H ~K for some 

complement K to V in G . K is a maximal subgroup of 

G ,so W, being a praefrattini subgroup of G is con-

tained in some conjugate of K Thus, since G = KV 

there exists an element x in V with wX~ K 

WV = wXV , and so 

H. ~ WV '" K = wXV '"' K = Wx(V" K) = W
X 

, 

'l'hen 

i.e. H is contained in WX , a praefrattini subgroup 

of G. Q.e.d. 

The result of 3.2.1l(b) is false for any soluble group 

G which is not supersoluble. For, if G is such a group, 

then by (H8, VI, 9.9) there is a non-cyclic chief factor of 

G between ~(G) and F(G) , and therefore, since 
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F(G)/~(G) can be expressed as a direct product of minimal 

normal subgroups of G/m(G), G' has a non-cyclic chief 

factor of the form . H/~(G) • Choosing U such that 

~(G) < U < H , it follows from 3.2.5(b) that U/~(G) is 

unsupplemented in G/~(G) , and hence (by 3.3.1(a) in the 

next section) U is unsupplemented in G. U does not 

avoid the complemented chief factor H/~(G) of G, so 

U cannot be contained in a praefrattini subgroup of G. 

The last of this series of results on unsupplemented 

subgroups is concerned with the unsupplemented subgroups 

of a direct product. 

3.2.12 Let Gl and G2 be groups. Then U is an 

unsupplemented subgroup of Gl x G2 if and only if there 

exist unsupplemented subgroups Ui of Gi (i = 1,2) such 

that U, Ul x U2 • 

Proof 

in G 

Let G = G
l 

X G2 • Suppose U is unsupplemented 

and.let ~ be the projection G ~Gi (i = 1,2). 

Then by 3.2.3(c), U~i is unsupplemented in Gi 

Also U ~ U'1. )( U~ . 
For the converse, by 3.2.3(a) it will be enough to 

prove that, if Ui is unsuppl~mented in Gi (i = 1,2) 

then Ul X U2 is unsupplemented in G • Let U = Ul 
)( U2 , 
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and suppose that 5 is a supplement to U in G • Let 

51 = 5 f\ Gl U2 • Then 51U2 is a group, and is thus a 

supplement to Ul 'in GI U2 • Therefore 51 U2 f\ Gl is a 

supplement to Ul in Gl ' and hence 51 U 2" Gl = Gl 
i.e. 51U2 ~ Gl • A fortiori, Gl ~ 5U2 • Therefore 

G = 5U = 5U2Ul ~5U2Gl = 5~2 
and so 5 is a supplement to U2 in G. But U

2 
is 

unsupplemented in G '. by 3.2.3(b); hence 5 = G • 

Therefore U is unsupplemented in G. Q.e.d. 

3.2.12 suggests the conjecture ~hat, if Nl and N2 

are normal subgroups of G , Nl " N2 = 1 , . and H~G is 

such that HNi/Ni 
is unsupplemented in G/Ni . (i = 1,2), 

then H is unsupplemented in G. However Example 1.3.5 

can be used to refute this conjecture: with the notation 

of that example J Vi is normal in G (i = 1,2), Vl n V2 = 1, 

and Inri/vi is unsupplemented in G/Vi (i = 1,2), but H 

has a complement in G . 

50me of the information which has been obtained about 

unsupplemented subgroups is now put to use in making 

further observations about J(~) . 
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3.2.13 For any class of groups X, .Jk3e) is S-closed. 

(Since it has already been seen that J(~ = J(XS ) , this 

result is not surpr~sing). 

Proof Let G E J(3() and let H ~ G • If U is an 

unsupplemented subgroup of H, then by 3.2.3(b), U is 

unsupplemented in G, and therefore, by 3.2.2, U EX. 

Hence, applying 3.2.2 again, it follows that H E J(X). 

3 .. 2.14 Theorem Let ~ be any class of groups.· 

(a) If G is nilpotent then G E J(X) if and only if 

g?( G) € 'YJ • 
(b) If G is supersoluble then G e J(3t) if and only 

if the praefrattini subgroups of G belong to 'j(.S • 

Proof (a) is immediate from 3.2.2 and 3.2.11(a); (b) is 

immediate from 3.2 .. 2 and 3.2.11(b). 

3.2.l3.shows that .,8(~) is always S-closed; in 3.2.15 

the closure properties of ~(X) are examined further. 

3.2.15 (a) If X is Q-closed then so is J(X). 

(b) If 3e is R -closed then so is J(X). o 

Proof Let X = Q3C, let G e J(3€) , and let N be a 

normal subgroup of G. Let H/N ~ GIN • Then H has a 
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supplement S in G such that H" S E 3e • It follows 

that SN/N is a supplement to H/N in G/N and 

H/N i"\ SN/N = (H (\ S IN/N E Q£ = 3e • 'rhere fore G/N e J(3e) • 

(b) Suppose 3e = Ro3€ , and suppose that G is a 

group with normal subgroups Nl and N2 such that 

Nl n N2 = 1 and G/Nl , G/N2 both belong to .,8(jt). Suppose 

that U is an unsupplemented subgroup of G; then by 

3.2.3(c), UNi/Ni is unsupplemented in 

Hence, by 3.2 .. 2, UN./N. E 3t . But then 
~ ~ 

GIN. for each 
~ 

U/(Uf\Nl ) and 

i . 

U/( U (\ N 2) both belong to Je , and therefore U E Rl- = 3€ . 

Therefore, by 3.2.2 again, G e ~(X), and so ~~) is 

R -closed. o 



109 

3.3 Nilpotent J abelian J and cyc·lic intersection supplements 

The properties of ~(~) are now considered for 

particular choices of 3e. In analogy with the archetype 

e = ~(1) , the kind of properties sought are, e.g., 

solubility, bounds on the derived length of soluble J(~)

groups, and bounds on the rank of chief factors. 

First consider ~(n), where n is the class of nil-

potent groups. The results of 3.2 show immediately that 

It seems very reasonable to conjecture~hat 

~(~-groups are necessarily soluble, although this question 

has not been settled.Only soluble groups in ~(1t) will be 

considered here, so for convenience the following notation 

is introduced: for any class of groups E ; let 

3.3.1 (a) Let N be a normal subgroup of a group G ahd 

let S .be a minimal supplement to N in G (hence N ~ S 

is unsupplemented in G). Suppose that U ~N and U/N is 

unsupplemented in G/N. Then U (\ S is an unsupplemented 

subgroup of G. 
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(b) Suppose that G has an abelian minimal normal sub

g,J;'oup V which has a unique con·jugacy class of complements 

in G Let H be ·a complement to V in G and suppose 

that U is an unsupplemented subgroup of H • If U norm-

alizes a proper subgroup W of V , then UW is unsupple-

mented in G . 

Proof (a) Suppose that T is a supplement to U n S ia 

G • Then T A S is a supplement to U ~ S in S, and so 

(T n S)N/N is a supplement to (U f\ S)N/N (= U/N) in 

G/N • Therefore (T ('\S)N = G , because U/N is unsuppl

mented in G/N. Hence 

(N n S) (T n S) = N(T (\ S) " S = S , 

so 

(N f\ S) T = (N n S)( T AS) T = ST ~ (U (\ S ) T = G. 

Thus T = G , because N n S . is unsupplemented in G. 

Therefore U (\ S is unsupplemented in G. 

(b) Suppose that S is a supplement to UW in G. 

Then SV/V is a supplement to UV/V in G/V. By 3.2.3(b), 

U is unsupplemented in G, so by 3.2.3(c)., Wi/V is unsupp

lemented in· G/V • Therefore SV = G • Hence, because V is 

abelian and normal in G, S ~ V is normal in G, and . 

so, since V is a minimal normal subgroup of G either 

(1) S (\ V = 1 or (2) S (\ V = V • 

If (1) holds then S is a complement to V in G 

so by hypothesis S = Hg for some g e G • Therefore, 
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since a conjugate of a supplement is itself a supplement, 

H is a supplement to UW in G. But this is impossible, 

because 

Therefore (2) holds, hence V ~ S , and therefore S = G • 

Thus UW is unsupplemented in G Q.e.d. 

If in 3.3.l(b) the condition that the complements of 

V are all conjugate is omitted, then the result fails. 

Example. 1.3.5 can be used to illustrate this: in the nota-

tion of that example, the minimal normal subgroup VI has 

a complement HI = <x)V2 ' and HI has an unsupplemented 

subgroup U = <w2> . (w2> normalizes the proper subgroup 

W = <VI> of VI ' but UW = (w2><vl'> is not an unsupple-

mented subgroup of G., because (x, vI v2 ' wI w2) is a 

complement to UW in G 

-; 

3.3.2 Let p be a prime number and n a positive 

integer. Let IT= n(p,n) be the set of prime numbers q 

such that q I (pn - 1) , but q t (pr - 1) for r < n • 

Then for all q e ~ , the Sylow q-subgroups of GL(n,p) are 

cyclic. 

Proof Let q e -rr and let qa be the order of the Sylow 

q-subgroups of GL(n,p) • It is well known that 
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'GL(n,p)1 = p-!n(n-l)(pn_l)(pn-l_l)".(P_l) 

and therefore qa I (pn - 1) (since q does not divide any 

other factor in the. above expression for I GL(n,p) I ). 
GL(n,p) has a cyclic subgroup of order (pn - 1), corresp

onding to the multiplicative group of GF(pn), and there

fore GL(n,p) has a cyclic subgroup of order qa 

3.3.3 Theorem Let G be a primitive soluble group in 

~(fO , with unique minimal normal subgroup V (of order 

pn say). Let H be a complement to V in G. Then H 

is supersoluble and metabelian, and thus G eo(. 

Proof Regard V as a faithful irreducible Zp(H)-module. 

Suppose that U is a non-trivial unsupplemented pI-subgroup 

of H. H E QJ(n) = J(If(.) , so U is nilpotent. Let x. be a non-

trivial element of U; x is a pI-element, so by Maschke's 

Theorem, 

V· = Vl $ •.. $ Vr ' 

where the Vi are irreducible Zp[(x)]-modules. x cannot 

act trivially on all the Vi' since V is a faithful 

(x)-module, so assume without loss of generality that x 

acts non-trivially on Vl • Then (x)Vl is a non-nilpotent 

subgroup of G • If V
l 
< V , then (x)Vl is unsupplemented 

in G, by 3.3.l(b); but G E J~) , so this cannot be so, 

and therefore V
l 

= V , i.e. (x) acts irreducibly on V • 
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Thus V is a faithful irreducible Zp[(x)]-module, of 

degree n, so, by (H8, II, 3.10.), x is a 1\-element, 

where ~ = ~(p,n) is as defined in 3.3.2 • Hence U is 

a nilpotentn-group, and is therefore cyclic, by 3.3.2 • 

Thus 

All the non-trivial unsupplemented pI-subgroups of H 

are cyclic ~-groups, and act irreducibly on V 

Let N be a minimal normal subgroup of H 

H has a faithful irreducible representation over 

•••••. (1) 

Because 

Z 
P 

Op(H) must be trivial (H8, ~, 5.17), and so N is a 

pI_group. Suppose that N is not cyclic, and choose U 

such that 1 < U < N • Then, by 3.2.5(b), U is unsupple-

mented in H, so, by (1), U acts irreducibly on V, and 

hence, a fortiori, N acts (faithfully and) irreducibly on 

V • But N is non-cyclic, so this contradicts (H8, II, 

3.10). Therefore 

The minimal normal subgroups of H are all cyclic 

••••••••••••••••••••• (2) 

Another consequence of the fact that o (H) = 1 is 
P 

that W(H) is a p'-group, and hence, by (1), 

meR) ~s a cyclic ~-group ..••••••.••••••.•••.• (3 ) 

To .show that H is supersoluble, it will be enough, 

by (H8, VI, 9.9), to show that the chief factors of H 

between m(H) and F(H) are cyclic. Since F(H)/w(H) is 

a direct product of minimal normal subgroups of H/~(H) , 

it will therefore be enough to show that the minimal normal 
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subgroups of H/~(H) are cyclic. Let l-ViJi(H) be a minimal 

normal subgroup of H/W(H) • If . H/~(H) is a 1\"'-group, 

then (because m(H) is a ~-group, by (3» M = ~(H) x N 

where N is a minimal normal subgroup of H . , N is 

cyclic, by (2), and so M/~(H) is cyclic. If, on the other 

hand, M/~(H) is a~-group, then M/~(H) is a q-group for 

some q E ~ ; the ~ylow q-subgroups of H are cyclic, by 

3.3.2 ,so H/~(H) is cyclic . Therefore H is supersol- -

uble. 

Let Fn and F~, be the Hall ~-subgroup and Hall 

nt-subgroup respectively of F(H) ; thus F(H) = F~ x F~, • 

F~ has cyclic Sylow subgroups, and hence is itself cyclic; 

F~, has trivial Frattini subgroup, and is therefore abel

ian. Because H is supersoluble, H/F(H) is also abelian 

(by aB, VI, 9.l(b». Hence H is metabelian. 

3.3.4 Theorem Let G E .. ,t (ft) • Then G/F(G) is supersol-
3 

uble and metabelian. Hence G e EJ! . 

Proof Since F( G/~(G» = F(G) / meG) , (by HB, III, 

4.2(d», it will be enough to prove the result for G/~(G) 

and hence it can be assumed that ~(G) = 1 . Then F(G) 

can be decomposed, as F(G) = Vl x ••. x Vt say, into a 

direct product of minimal normal subgroups of G, and 

F(G) has a complement, H say, in G. Also 
t 

= (\ C
G 

(V.) • 
. 1 J. 
J.= 
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As in the preliminaries of Section 2.7, let 

= - (i = l, ... ,t). 
Then Ni is normal· in G, and G/Ni is a primitive 

soluble group, with unique minimal normal subgroup 

CG(Vi)/Ni • Also G/Ni E Q~(n) = J*(fL) , so, by 3.3.3, 

G/CG(Vi ) is supersoluble and metabelian. Since the class 

of supersoluble groups and the class 

are both Ro-closed, it follows that 

of metabelian groups 
t 

G/ ('\ CG(V.) , i.e. 
i=l J. 

G/F(G) , is supersoluble and metabelian. Q.e.d. 

A conjecture which might be considered as a possible 

converse to 3.3.4 is that all supersoluble metabelian groups 

belong to ~(~) • But this is not the case; e.g. let G be 

the split extension of (a) = C25 

action defined by aX = a7 • Then 

by (X> = C4 ' 
5 2 

U = <a ,x > 
with 

avoids 

the complemented chief factors of G, and so, by 3.2.9 , 

U is unsupplemented in G. But U is not nilpotent, so 

G i .J('fC,) • 
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Now consider J(Ot) , where Ot denotes the class of 

aQelian groups. From the results· of 3.2, 

The question of solubility of J(~)-groups remains open. 

Nevertheless, as in the case of J(~ , only soluble 

J(Ol)-groups will be investigated. The only results given 

here are immediate consequences of Theorem 3.3.4 • 

3.3.5 Theorem Let G, E J:,* (OL) • Then G/F( G) is metabel-
4 

ian and super soluble, and G ~ 0\, • 

Proof It follows at 9nce from 3.3.4 that G/F(G) is 

metabelian and supersoluble, and G~(G) Ear . Also, ~(G) 
unsupplemented in G, so ~(G) is abelian. Therefore 

4 
Ge()l; . 

3.3.6 Example The unsupplemented subgroups of GL(2,3) 

are all cyclic. Therefore GL(2,3) E J)(~ , and so the 

bound of 4 on the derived length of J*(Ob-groups cannot 

be improved~ 

Proof Let G = GL(2,3) 

a quaternion group, and 

and let N = F(G) • Thus N is 

G/N ~ S3 • Therefore G/N E ~ , 

and so, by 3.2.6 , all the unsupplemented subgroups of G 

are contained in N . N itself has a complement in G, so 



all the unsupplemented subgroups of G are proper sub

groups of N , and are therefore' cyclic. 

! ' 
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.J(fL) and Jk~) may be far removed from the archetype 

~ , because it may be that neither class consists solely 

o~ soluble groups. However, 3.3.7 gives a guarantee of 

the solubility of J<X)-groups, provided that a severe 

restriction is placed on the class X . The proof of 

3.3.7 requires the use of two well-known, but very deep, 

results, namely the theorem of Feit and Thompson, that a 

group of odd order is soluble, and the results of Brauer 

and Suzuki, which show that a group with a quaternion or 

generalized quaternion Sylow 2-subgroup cannot be simple. 

3.3.7 Theorem If 3C is a class of groups such that 

Proof It will be enough to prove that J( Ql) c;; EOL, and. 

hence it can be assumed that ~ is Q-closed. 

Suppose that the result is false, and let G be a 

minimal non-soluble group belonging to ~(OC) . By 3.2.13 , 

3.2.l5(a) , and the added hypothesis that X is Q-closed, 
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"'(X) is QS-closed, so G must be a simple group. 

Let G2 be a Sylow 2-subgroup of G , and suppose that 

G2 has a subgroup. H ~ C2
x C2 • Now G E ~(l), so H has 

a supplement S in G such that H n seX; since 

c2 )( C2 Ii 3e , it follows that HAS < H , and so \H AS\ is 

either 1 or 2 • Then 'G: S \ = \ H : H (\ S \ = 2 or 4 ; 

therefore, considering the permutation representation of 

G on the cosets of S, and recalling that G is simple, 

it follows that G i~ isomorphic to a subgroup of the 

soluble group S4. This is of course a contradiction, so 

G2 cannot contain a subgroup isomorphic to C2 x C2 • 

Therefore (since G2 > 1 , by the Feit-Thompson Theorem) 

G2 contains precisely one element of order 2 , so, by 

(S~, 9.7.3), G2 is either cyclic or quaternion or general~ 

ised quaternion. The work of Brauer and Suzuki precludes 

the last two possibilities. If the first arises, then, by 

the well-known "Burnside 'I'ransfer Theorem", G has a normal 

2-complement, so G is not simple, a contradiction. 

Therefore such a group as G cannot exist, and the theorem 

is proved. 

Perhaps the most natural class to choose which has the 

property 0 f X in 3.3.7 is the class 0 f cyclic groups, 

which will be denoted here by ~. The remainder of this 

section is devoted to deriving some information about ~(~). 
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Suppose Vl and V2 are abelian minimal normal 

subgroups of a group G, which are not G-isomorphic. If 

U1 < VI and U2 < V2 then Ul U2 is unsupplemented in G. 

Proof By 3.2.5(b), it can be assumed that both U
l 

and 

U2 are non-trivial. Suppose that S is a proper supplement 

to UI U2 in G. Then SVI V2 = G , and hence, since V
I

V
2 

is abelian, S n VI V2 is normal in G Thus, because 

then S = G). But then S n VI V2 is not a supplement to 

U
I

U
2 

in V
I

V
2

, a contradiction. Therefore UI U2 is 

unsupplemented in G. 

Two standard definitions are now needed: 

Definitions Let G be a soluble group and H/K a chief 

factor of G; suppose that H/K is a p-group and 

IH/Kt = pn • Then n is called the rank of the chief 

factor H/K. 

If N ~ M and Nand M are normal subgroups of G, 

then rG(H/N) denotes the maximum of the ranks of the 

chief factors of G between ~ and M. rG(G/l) is 

abbreviated to reG), and called the rank of G • 



3.3.9 Theorem Suppose G € J<J::) . Then 

(a) G is soluble; 

(b) G/F(G) is supersoluble and metabelian, 

r G( F(G)/~(G) ) ~ 2 , and ~(G) is cyclic; 

(c) the praefrattini subgroups of G are cyclic; 

(d) for any given prime number p, any two p-chief 

factors of G' of rank 2 are G-isomorphic. 

Proof (a) is immediate from 3.3.7 • 
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(b) The first statement of (b) follows from 3.3.4 , 

and the last is obvious (and follows from (c), in any case). 

For the remaining assertion, suppose H/K is a chief factor 

of G of rank at least 3, and let p be the prime number 

of which lH/K\ is a power. Then H/K has a proper subgroup 

U/K:: C xC. By 3.2.5(b), U/K is unsupplemented in G/K 
p P 

so G/K e J(L). This gives a contradiction, because ~(~) 

is Q-closed, by 3.2.15(a). 

(c) is immediate from 3.2.7 and the remarks which 

follow it. 

(d) From (b), chief factors of G of rank 2, if any 
be.. G- - i~01MO.-\>hi.(. Co fa.ct-o('5 

exist, must,(~' between ~(G) and F(G) • Let N = ~(G) 

and write F(G)/N = VI/N x ..• x Vt/N, where each Vi 

is a minimal normal subgroup of GIN. Suppose 

IVi/N I IV j/N I 2 for some prime number = = p 

i, j E {l, ..• ,t} and i I- j . Let Ui/N and 

subgroups of Vi/N and Vj/N respectively, 

p . Then, since U.U ./N is not cyclic, and 
1. J 

p , where 

Uj/N be 

each of order 
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G/N E Q.a8(.L.) = ~(.t) , Ui U j/N cannot be unsupplemented in 

GIN Therefore, by 3.3.8, V./N· ~ V'/N 
J. G J Q.e.d. 

GL(2,3) 6 J(~) , by 3.3.6, so, as in the case of 

~*(Cl)-group8, the bound of 4 on the derived length of 

-J(J::)-groups is "best-possible". 

Conditions (a)-(d) of 3.3.9 are not sufficient to 

ensure that G E J(t) .. For example, C
4 

x A4 satisfies all 

of these conditions, and it is easily shown, with the help 

of 3.2.12, that C4~ A4 has an unsupplemented subgroup 

isomorphic to C2 x C2 ' so that C
4

>( A4 t! J(t). 

Unlike .J('n) and J(Cl) , ~(ct) does not have the useful 

propert'y of being Ro -closed (the above example, CL~)(' A4 ' 

illustrates this), so there arises the problem of determining 

whether or not a given subdirect product of ~(~)-groups is 

itself an J(~)-group. In the last result of this section, 

an answer is given to the corresponding question in the 

easier case of a direct product of .J(~)-groups. 

3.3.10 Theorem Suppose Gl , G2 e ~r:) , and for each i. 

let CJ"i = {P: p is a prime divisor 0 f the order a f an 

unsupplemented subgroup of Gi}. 

Then Gl x G2 e u8cr,) . if and only if 0"1" 0"2 = ¢ • 
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Proof If P E Oi" Cf2 ' then for ~'ach i ,Gi contains an 

unsupplemented subgroup Ui of order p. Then U
1 

x U
2 

is not cyclic, and,. by 3.2.12, U1 ~ U2 is unsupplemented 

in G1 )( G2 • Thus G1 )( G2 ¢ .JeI:) . 

Now suppose al n Cf2 is empty, and let U be an 

unsupp1emented subgroup of Gl x G~ • By 3.2.12, there are 

unsupplemented subgroups Ul of 

that U ~ U
l 

X. U
2 

• G
i 

e Je;t), so 

Gl and U2 of G2 such 

Ui is cyclic (i = 1,2). 

Also, Ui 
is a 0::. -group 

l. 
(i = 1,2), SO 
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3.4 Groups with complemented 1r-subgroups. 

To obtain another example of a class of groups of the 

form ~(3e), let 3€ be the class of all '7r-groups for some 

fixed set n of prime numbers. An appropriate notation for 

~(3e) in this case is J(n). By 3.2.13 and 3.2.15, .J(T{) is 

{Q,S,Ro}-closed. 

Notation Let ~(n) denote the class of groups defined by: 

G e ~(~) if and only if every ~-subgroup of G has a 

complement in G • If n consists of a single prime number 

p , then- ~({p}) will be abbreviated to ~(p). 

(~(p) should not be confused with the class ~p _, 

investigated in Chapter 2). 

Proof A ~-intersection supplement to a ~'-subgroup 01 G 

is clearly -a complement to H in G . Therefore 

JJ(1t) ~ t?(n' ) . 
Suppose G E 1(?("It' ) ; then every non-trivial It'-subgroup 

of G has a complement in G , which is in particular a -

proper supplement in G. Hence the unsupplemented subgroups 

of G must all be n-groups, and therefore, by 3.2.2, 

G e J('7t'). 'l'herefore 
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In the light of 3.4.1, it is natural to consider ~(~) 

rather than ~(R) ; results about the one class lead to 

dual theorems about. the other. 

3.4.2 ~(1l") is {Q,S,Ro}-closed. 

Proof This is just 3.2.13 and 3.2.15 applied to the 

class ~(n')' 

3.4.3 Theorem For any group G, G E ~(~) if and only 

if the ~-subgroups of G of prime order have complements 

in G. 

Proof It is clear that the first condition implies the 

second. For the converse, suppose that the· second condition 

holds, i.e. 

Every ~-subgroup of G of prime order has a 

complement in G ••••••••••.•••••••••• ( 1) 

Proceed by induction on IGt • Let H be a ~-subgroup of 

G • If H = 1 then H certainly has a comple~ent in G, 

so it is safe to assume that H > 1 . Let P be a subgroup 

of H , of prime order. By hypothesis, P has a complement, 

K say, in G. Hypothesis (1) carries over to subgroups Of 

G , by 1.3.2(a), so by induction, K E ~(~). Thus the 

~-subgroup H n K of K has a complement, e say, in K. 

e is then a complement to H in G, because 

He = H(H n K)e = HK = G and H" e = H" K n e = 1 . 

Therefore G e (1(;) • 
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3.4.4 Corollary 'B(n) = (\ {q(p) 
PE"n' 

Proof This is immediate from 3.4.3 • 

Thus some knowledge of the class ~(n) , for an 

arbitrary set 1t" of prime numbers, can be gained from 
... _. III • '~, .... 

'",' -

information about ~(p)-groups, for an arbitrary prime 
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number p. It is obvi9US that (for p # 2) ~(p)-groups are 

not necessarily sol~ble, since every p'-group will belong 

to ~(p) • It would be reasonable to hope that CC(p)-groups 

should necessarily be p-soluble, but even this is not true 

in general, as is shown in 3.4.5 • Before that result, two 

standard definitions are recalled. 

Definitions Let -,r be a set of primes. 

(1) A group is ~-soluble if each of its chief factors is 

either an abelian n-group or a ~'-group. 

(2) A group is n-supersoluble if each of its chief factors 

is either a cyclic n-group or a ~'-group. 

3.4.:2 Theorem (a) If G € ~(2) then G is 2-so1uble 

(and therefore soluble, by the Feit-Thompson Theorem) . 

(b) If G E ~(3) then G is 3-soluble. 

(c) For p ~5 ~(p)-groups are not necessarily p-soluble. , 
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Proof Let p be any prime number, and suppose that G 

is a group of minimal order such· that, G E ~(p) and G is 

not p-soluble. Since ~(p) is QS-closed, it follows that 

G is simple. p II G I (otherwise G would certainly be 

p-soluble), so G contains a subgroup H of order p. 

A complement K to H in G has index p in G, and 

thus, considering the permutation representation of G on 

the co sets of K ,G is isomorphic to a subgroup of Sp 

(the symmetric group of degree p). If p' 3 then it 

follows that G is soluble and a fortiori p-soluble, a 

contradiction. For general p, the argument shows that if 

G is a simple group in t?(p), and p IIG\ , then p 

the largest prime divisor of IG\, and p2tlGI. For 

Ap has these properties, and indeed Ap E ~(p) . any . 
\ 

of length p in Ap is complemented in Ap by the 

stabilizer of any symbol. 

is 

p ~ 5, 

cycle 

The next resul.t should be compared with Theorem 3.1.1. 

3.4.6 Theorem Let p be a prime number and let G be a 

p-soluble group. Then G £ ~(p) if and only if G is 

p-supersoluble and has elementary abelian Sylow p-subgroups. 

Proof (1) Suppose that ·G e~(p), and let H/K be a 

th t H/K is not cyclic, p-chief factor of G • Suppose a 

and let L be such that K < L < H . Then by 3.2.5(b), 



L/K is unsupp1emented in G/K, which contradicts the 

fact that G/K e Q~(p) = ~(p) = J(p') . Hence G is 
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p-superso1ub1e. If. Gp is a Sylow p-subgroup of G, then 

Gp e S~(p) = ~(p) , so in particular ~(Gp) = 1 , and hence 

Gp is elementary abelian. 

(2) Suppose now that G is p-supersoluble and has 

elementary abelian Sylow ~-subgroups, and use induction on 

IGI • Let N be a minimal normal subgroup of G, and let 

P be a p-subgroup of G. The hypotheses on G are clearly 

inherited by quotients of G, so by induction, G/N € ~(p), 

and hence PN/N has a complement in G/N. Thus, if 

PAN = 1 then P has a complement in G, by 1.3.3(a)j so 

assume P n N > 1 Then,since G is p-supersoluble, it 

follows that P n N = Nand INI = p • But,by 1.4:8, all 

~he normal p-subgroups of G have complements in G; 

therefore PAN has a complement in . G , and hence, by 

1.3.3(a) again, P has a complement in G. Therefore 

G E ~(p) • Q.e.d. 

There is no corresponding "local" version of the other 

part of 3.1.1, i.e. it is not true that, if 

then G E ~(p) if and only if G E SDo~P) 

G i~ p-soluple 

( where 'R.( p) 

denotes the class of p-soluble groups whose order is not 

divisible by p2). To demonstrate this, it is useful to 

first make the following observation: 
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Lemma If l: = sl, G E SDO~ and G has a unique minimal 

normal subgroup, then G e ~ . 

Proof Suppose G ~ Gl x ••• )c G
n

, with G
i 

E X 
(1 = 1, ••. ,n), and use induction on n. If n = 1 then 

G e S£ = ~ • Suppose that n '> 1 • G 0 G
i 

is a normal sub

group of G for each i, so, because G has a unique 

minimal normal subgroup, G n G. = 1 for all but (at most) 
l. 

one i. Thus ,it can be assumed that G n G
n 

= 1 . Then 

G ~ GGn/Gn ,hence G is isomorphic to a subgroup of 

G1 X ••• x Gn _l ' and there fore, by induc tion, G e ~ • 

Suppose that Gl and G2 belong to 'R(p), and p 

divides both \Gl \ and \G2 \ • Then Glx, G2e'R(p), but 

G
1 

x G
2 

e ~(p) • Suppose that G is a group with a comple

mented unique minimal normal subgroup V, which is a 

pi_group, such that GIN ~ Gl x G2 • Then it is easily 

seen (using 3.4.6) that G E ~(p). But G ~ ~p) , so, by 

the lemma, G t SDo~(P)' Le. G ~ ~(p) "SDo'l«P) • 

An example of such a group G is easily constructed: 

GL(2,7) has subgroups 

and 

Thus 
V be 
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a GF(7)-space of dimension 2 ; then the split extension 

G = (Gl.XG2 )V (with a natural action of G
1

XG
2 

on V) 

is a group of the d.esired form, and so G 6 ~(3) " SD RJ) 
o 

In view of 3.4.4 , Theorem 3.4.6 has the following 

immediate corollary: 

3.4.7 Corollary If n is a set of prime numbers and G 

is a ~-soluble group, then G e~(~) if and only if G is 

~-supersolub1e and, for all p e~, G has elementary 

abelian Sylow p-subgroups. 

Notice that A5 e ~({2,3}t) , so that t?(1\:)-groups are 

not necessarily soluble even if 1~'1 = 2 • However, 3.4.8 

shows that, if \n'l = 1 then ~(~)-groups are soluble. 

3.4.8 Theorem For any prime number p, ~(pl )-groups 

are soluble. 

(Of course,.if p ~ 2 , the result follows from 3.4.5(a), 

but the proof given here does not appeal to the Feit-

Thompson Theorem). 

Proof Suppose that the result is false, and let· G be a 

minimal non-soluble ~(p')-group. Then, as in the proof of 
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3.4.5, G is simple. Let q be a prime divisor of lGI 
different from p: such a q exists, of course, for 

otherwise G would· be nilpotent. Then G e ~(q) , so the 

argument of the proof of 3.4.5 shows that G is isomorphic 

to a subgroup of Sq. Therefore q is the lar§est prime 

divisor of tG\ • This shows that G is a {p,q}-group, 

because q was chosen arbitrarily from amongst the prime 

divisors of IGI distinct from p. It now follois, by a 

well-known theorem of Burnside, that G is soluble. This 

is a contradiction, and so the result must be true. 
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