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Summary

This work provides the topological background and a preliminary study for the analogue
of the 2-variable Jones polynomial as an invariant of oriented links in arbitrary 3-
manifolds via normalized traces of appropriate algebras, and it is organized as follows:

Chapter 1: Motivated by the study of the Jones polynomial, we produce and present
a new algorithm for turning oriented link diagrams in S® into braids. Using this
algorithm we then provide a new, short proof of Markov’s theorem and its relative
version.

Chapter 2: The objective of the first part of Chapter 2 is to state and prove an
analogue of Markov's theorem for oriented links in arbitrary 3-manifolds. We do this
by modifying first our algorithm, so as to produce an analogue of Alexander’s theorem
for oriented links in arbitrary 3-manifolds. In the second part we show that the study
of links (up to isotopy) in a 3-manifold can be restricted to the study of cosets of the
braid groups By m , which are subgroups of the usual braid groups Byim .

Chapter 3: In this chapter we try to use the above topological set-up in a procedure
analogous to the way V.F.R. Jones derived his famous link invariant. The analogy
amounts to the following: We observe that B,; - the braid group related to the
solid torus and to the lens spaces L(p,1) - is the Artin group of the Coxeter group
of By-type. This implies the existence of an epimorphism of CB,; onto the Hecke
algebra of B,-type. Then we give an analogue of Ocneanu’s trace function for the
above algebras. This trace, after being properly normalized, yields a HOMFLY-PT-
type isotopy invariant for oriented links inside a solid torus. Finally, by forcing a strong
condition, we normalize this trace, so as to obtain a link invariant in S! x §? .



Chapter O

Introduction

0.1 On chapter 1

An (oriented) knot is an embedding of the (oriented) circle S into the 3-sphere
S3 , and an (oriented) link of n components is an embedding of n (oriented) copies
of S' into S®. We study knots and links by studying their (regular) projections on
a plane, which we call diagrams .

We say that two knots (or links) are isotopic if we can continuously deform one into
the other without causing self-crossings in the 3-space. Given any two links, the main
information we want to know is whether they are isotopic or not; so, we would like
to translate ‘isotopy’ in terms of diagrams . Reidemeister in [51] and Alexander
and Briggs in [3] proved that two knots (or links) are isotopic if and only if any two
diagrams of theirs are related through a finite sequence of planar moves (see Theorem 3
in 1.2) .

Knots and links make a subject for study on their own, known as ‘knot theory’ . On
the other hand they are closely related to 3-manifold theory, as every 3-manifold can
be obtained by doing surgery along a framed link in S° .

Another geometrical object of similar nature is a braid ([26], (4], [7]) . A braid
on n strings is most commonly described as an object in D? x[0,1] consisting of n
strings starting from n specified points inside the top disc D? x {1} and ending at n
specified points inside the bottom disc D? x {0}, the strings in the middle braiding
arbitrarily, but without being allowed to form local maxima or minima. A picture of a
braid is given below:
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If we imagine joining the corresponding top and bottom end-points of the braid strings,
the result would be an oriented link diagram. Then a question arises naturally: Can
we obtain all oriented links (up to isotopy) by closing braids ? Alexander showed in
[1] that links and braids are interrelated, as there exists an algorithm for turning any
oriented link diagram into a braid with isotopic closure; and this answers affirmatively
the above question’.

The biggest - still practically unsolved - problem in knot theory is to classify knots

and links up to isotopy?. For this, it seems reasonable to try to work with braids, since
braids are very structured objects. Even more so, as the set of braids on n strings
can be given naturally a group structure. The second question that comes now is: how
can we leave aside knots and work with braids instead ? Markov in [48] answered
successfully this question by announcing that there is a 1-1 correspondence between
isotopy classes of links and equivalence classes of braids (seen either as geometric objects
or as elements of the braid groups), the equivalence being given by two algebraically
formulated moves between braids (see Theorem 2 in 1.1) .
As Markov did not give a completely satisfactory proof, Joan Birman in [7] gave a
complete proof of Markov’s theorem. According to J. Birman, after Markov, there was
another brief announcement of an improved version of Markov’s theorem by Weinberg
in 1939 (see [62]) .

Picture:

Apart from being appealling on their own, the two theorems received attention
anew when V.F.R. Jones announced a new polynomial link invariant via the study of
braids (see [28], [29]) .

The study of the Jones polynomial was also our motivation for studying knots and
braids; also for finding a new algorithm for ‘opening’ oriented link diagrams into
braids (so as to answer a question posed by my colleague Meinolf Geck). Then, using
this algorithm, we give another proof of Markov’s theorem (following C.P. Rourke’s
suggestion). The above are presented in Chapter 1.

The idea of our braiding process: Start with an oriented link diagram and mark
with points the local maxima and minima. This set of points separates naturally the
diagram into horizontal or downward arcs on one hand, and into ‘opposite’ arcs (i.e.
arcs that go upwards) on the other hand. We want to eliminate the opposite arcs, as
they go the ‘wrong’ way for a braid. We eliminate an opposite arc by cutting it at

1H. Brunn ([9]) in 1897 proved that any knot has a projection with a single multiple point; from
which follows immediately that we can braid any link diagram.

2As M.B. Thistlethwaite mentions in [57): ‘Astonishingly, there is a uniform method of classifying
knots, and also knot groups, arising from the Haken theory of irreducible, sufficiently large manifolds
[20], and a certain missing step supplied by Hermion [21)’
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some point and by pulling and stretching its two ends both over or under the rest of
the original diagram, according to whether the opposite arc lies over or under other

arcs of the diagram.
lglcturc: & 1

1 23

The proof of Markov’s theorem follows then easily, since our algorithm has the advan-
tage that one can keep track of each step on the plane.

A consequence of our proof of Markov’s theorem is Corollary 4 in 1.4.2 (relative version
of Markov’s theorem) that says the following:

‘If two isotopic links which are turned into braids contain the same braided part, then
the two resulting braids differ by conjugation and Markov moves that do not affect the
already braided part.’

0.2 On the Jones polynomial

A link invariant is a labelling for links, so that isotopic links will be assigned the same
label. Note that it may happen, that two non-isotopic links will have the same label.
Classical invariants are for example: the fundamental group of the complementary
space of a link, the Alexander polynomial etc.

V.F.R. Jones in [28] and [29], used Markov’s theorem so as to work with braids in order
to find a new link invariant. He applied an inductive process, where we give a label to
the identity braid and we find the label of a given braid by splitting it repeatedly into
braids with simpler structure. This indicates that we need to define addition between
any two braids, and not only multiplication (which is the braid group operation). A
way to do this, is by taking the braid group algebra over the complex numbers , CB, .

A simple fact about braids is that if we take a braid on n strings and ignore the
crossings (positive or negative), the only remaining information is the permutation of
the end-points. So to each braid in the (infinite) group B, we assign an element of the
(finite) symmetric group S, . In fact S, is a quotient of B, and therefore the algebra
CS, is a quotient of CB, . Furthermore, there exist some algebras called Hecke
algebras of A,-type , H,(g) , which are isomorphic to the algebras CS, . V. Jones
used the above natural epimorphism to send braids to elements of H,(q) for all n
(see [30]). Then, using a linear trace (Ocneanu’s trace) that sends {2, H,(q) to C,
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he assigned to every braid a complex (Laurent) polynomial®. In order to obtain then
a link invariant, he had to normalize this trace properly (using Markov’s theorem), so
that braids with isotopic closures will be given the same polynomial-label (see 3.1 for
more details).

0.3 On chapter 2

As mentioned in the beginning, all the above take place in S® . The rest of this work
is an attempt to extend the above theorems and ideas to links in arbitrary closed,
connected, orientable (c.c.0.) 3-manifolds, and it should be seen as the set-up of a
machinery for defining the analogue of Jones polynomial in other 3-manifolds following
V. Jones’s ideas.

What makes the difference with what is said before, is that now we have to take into
account the nature of the manifold. Our viewpoint is the following: we represent a
c.c.o. 3-manifold M by a fixed projection of a surgery link in S3 | which, in fact and
without loss of generality, is the closure B of a pure braid B (as follows from [41]) .
So we study M and links in it by translating our questions into equivalent ones in $3,

Therefore, any link L in M can be 1epre<ented by a mixed link LUB in g3

consisting of a link in S? together with the fixed surgery part , B. A link dlagram
is a projection LUB of LUB on the plane of B.

0

mw

W.ﬂ"’

Example:

Next, we want to see how isotopy between links in M is reflected in S* : The
surgery description of M gives rise to an additional move (between mixed links in
53) , which we call band move . More precisely, a band move tells what we see in S°
when a part of a link (a band) approaches very closely a surgery component. Then,
the Reidemeister’s theorem (see 2.2.4), is modified as follows:

3V. Jones used initially quotients of the Hecke algebras — namely von Neumann algebras called
‘type I factors’ - to derive the original 1-variable Jones polynomial (see [29]); with the use of Hecke
algebras he re-constructed the HOMFLY-PT polynomial, which is the 2-variable generalization of the
Jones polynomial, constructed independently by five groups of mathematicians (see [40], [16], [50]).
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‘Two links in M are isotopic if and only if any two corresponding mized link diagrams
in S® differ by planar isotopy and a finite sequence of the augmented Reidemeister
moves (where the surgery link participates too) and the two band moves (that derive
from the different orientations of the band).’

We define a mixed braid in S® to be a braid in S together with a fized
surgery braid B . Then, by modifying slightly our braiding process (mentioned above),
we prove that any oriented link in M can be represented by a mixed braid in S3
(analogue of Alexander’s theorem).

This proves additionally that M can be represented by the surgery braid B (instead
of B) , since throughout the process B remains unaltered.

The last thing for the topological set-up, is an analogue of Markov’s theorem .(This
problem was suggested by Colin Rourke, and the main idea for the formulation as well
as a part of its proof are due to him): After modifying properly a type of band moves,
so as to turn them into moves between braids, we state such a theorem (Theorem 5 in
2.4) and we prove it using the relative version of Markov’s theorem and the analogue
of Alexander’s theorem. Theorem 5 says:

‘Two links in M are isotopic if and only if any two mized braids obtained by two
corresponding mized link diagrams in S° are equivalent under conjugation, the Markov
moves and the braid band moves.’

As a special case of Theorem 5 we obtain the analogue of Markov’s theorem for oriented
links inside a solid torus (Theorem 6 in 2.4.2).

Next, we want to investigate the existence of algebraic structures in the sets of
mixed braids, in order to formulate the analogue of Markov’s theorem algebraically
(i.e. looking at mixed braids as algebraic rather than geometrical objects). Indeed,
in section 2.5 we prove that for every 3-manifold the study of mixed braids up to
isotopy, can be restricted to the study of some specific mixed braids that form either
groups, the groups B,,, (which are subgroups of the usual braid groups B,im) ,
or cosets of the above groups in B, ;m , depending on the nature of the manifold.
Finally, we conclude Chapter 2 by giving algebraic formulations of the analogue of
Markov’s theorem for the solid torus as well as for some lens spaces (the ones that can
be described by one surgery string), after having found an appropriate presentation for
the corresponding braid groups B, .

0.4 On chapter 3

So far we have developed a topological theory in analogy to the existing one for the
S3-case.
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As we mentioned in 0.2 , the Hecke algebra of A, -type is related to the ‘usual’ braid
group B, . In [30], V. Jones asked whether other Hecke algebras, related to general
Artin groups, can be used in the same manner as the ones of A,-type. Here, we make
some progress in this direction using the Hecke algebras of B,-type corresponding to
the Artin group B, , as follows:

We compare the presentation for B,; , given in section 2.6 , with the standard pre-
sentation of the Coxeter group of B,-type , W, , and we observe that there is a natural
epimorphism of B,; onto W, . This implies immediately the existense of an epi-
morphism of CB,; onto H,(q,Q) , the Hecke algebra of B,-type . The above now
suggest that we look for a trace function from |2, H.(¢,Q) to C analogous to
Ocneanu’s trace, so as to attach to each braid in B,; a complex polynomial. Indeed,
in section 3.3 we give such a trace function theorem, which is joint work with Meinolf
Geck. After normalizing this trace properly (using our analogue of Markov’s theorem),
we obtain a HOMFLY-PT-type isotopy invariant for oriented links inside a solid torus
(section 3.4.1) , which we compare (in section 3.4.2) with J. Hoste’s and M. Kidwell’s
dichromatic link invariant as presented in [22].

0.5 A concluding note

The natural thing to do next, is to try to normalize the H, (g, @)-trace properly, so
as to obtain a link invariant in the lens spaces that can be described by one surgery
string, i.e. the spaces L(p,1) . The major obstacle that appears here, is that the band
move and the Markov move are not algebraically compatible in the sense that: each
one has to occupy one side of the braid in order to obtain a simple algebraic expression
of Markov’s theorem, so the braid strings may increase from both sides. This leads to
forcing ¢ = 1 and thus to finding a weak invariant for links in L(0,1) , instead of the
analogue of the HOMFLY-PT polynomial that we were hoping for.

However, if we omit one of the quadratic relations of the Hecke algebra of B,-type,
then the above trace is not unique, and the space of all traces is the dual space to the
third skein module of the solid torus (see [22], [59]; see also [23] for a survey of skein
modules). So, by considering this more general family of traces, we hope to overcome
the problem described above.

This idea is strongly supported — although from a different viewpoint — by the recent
works of J. Hoste and J. Przytycki, who defined the analogue of the Kauffman bracket
version of the Jones polynomial (see [31]) for lens spaces using skein module theory,
and this analogue consists of attaching more than one polynomial-labels to an oriented
link in the manifold (see [23], [24], [25]) . It also seems related to the recent works
of W.B.R. Lickorish (see [42]), where he gives a purely combinatorial way for viewing
Witten’s invariants (see [63]).



Chapter 1

Alexander’s and Markov’s
theorems

1.1 Introduction

In this chapter we shall describe a straightforward algorithm for turning any oriented
link diagram into a braid (diagram), and thus give a new proof of Alexander’s theorem.
Then, using our algorithm, we shall give a short new proof of Markov’s theorem.

Alexander’s and Markov’s theorems date back to 1923 (see [1]) and 1935 (see [48])
respectively. In 1974 J.S. Birman gave the first complete published proof of Markov’s
theorem (see [7]) . The two theorems received attention again, after V.F.R. Jones (in
[30]) used the braid groups in constructing his polynomial link invariant. Other proofs
of Alexander’s theorem have been given by H.R. Morton ([49], 1986), by S. Yamada
([64), 1987), by P. Vogel ([60], 1990) and by P. Traczyk ([58], 1992)! . Other proofs
of Markov’s theorem have been given by Bennequin ([6], 1983), by H.R. Morton ([49],
1986) and by P. Traczyk ([58], 1992) .

Theorem 1 (Alexander 1923) Any oriented link is isotopic to the closure of some
braid (not unique).

Theorem 2 (Markov, Weinberg) Two oriented link diagrams are isotopic if and
only if any two corresponding braids are related by a finite sequence of the following
moves:

(i) Conjugation: If a, € B, then a~ f7'af.
(ii) Markov move: If o € B, then a~ ao}' € B,y and a ~ ao;! € Buya,

where B, is the braid group on n strings.

In the proofs given in [64], [60] and [58], the number of strings in the resulting braid equals the
number of Seifert circles of the original link diagram.

13
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1.2 Topological definitions et cetera

Throughout this chapter we shall work in the piecewise-linear (pl.) category (see [54]) ,
but occasionally we shall draw smooth diagrams, for convenience.

We take D? x [0,1] standardly embedded in S®, and we specify m points inside
D? x {1} and n points inside D? x {0} . (We consider D? to be (0,1) x (0,1).)

Definition 1 An (m,n)-tangle is an embedding of a disjoint, finite union of circles
and intervals in D? x [0,1] such that the circles lie inside D? x (0,1) , the end-points
of the intervals are the specified m and n points in the top and bottom disc, and
such that the intersection of the intervals with D? x {1} and D? x {0} is precisely
the m and n specified points.

Definition 2 A projection p of a tangle on (0,1) x {0} x [0, 1] is called regular
(or tangle diagram) , if:

(i) end-points are projected to different points,

(i1) there are only finitely many multiple points P;, : =1,...,n , and all multiple
points are double points , that is , p~!(P;) contains two points,

(##1) no vertex of the tangle is mapped onto a double point (compare with [10], p. 8) .

Le., a tangle diagram avoids critical situations as depicted below:

/S % VN

An example of a tangle diagram is the following:

—m strings

R
D
(m.n) - tangle /\\ Z

~INY.

Definition 3 A link is a (0,0)-tangle ; i.e. an embedding in S of finitely
many disjoint circles, called components of the link. A knot is a link with only one
component.

n strings



1.2. Topological definitions et cetera 15

Definition 4 Two links are ambient isotopic if there is a homotopy h; from S
to itself that carries one onto the other, such that h, = identity and each h; is a
homeomorphism (see [53]).

The following theorem shows how to translate ambient isotopy of pl. links into equiv-
alence of pl. diagrams (see [51], [52] and [10] for detailed expositions).

Theorem 3 (Reidemeister) Two pl. link diagrams represent ambient isotopic pl.
links in  S® if and only if they differ by small planar shifts and a finite sequence
of the following ‘Reidemeister’ moves (together with all other moves that derive from
rotations and reflections of these):

A0) Addition or deletion of a vertex.

e
A=A
A

All) N
> <>
d
Alll) \ / /
,\\ <> \
/ N
Notes

o By ‘small planar shifts’ we mean ‘small triangle moves that do not interfere with
any other part of the diagram’.
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o The last five Reidemeister moves may be seen as special cases of triangle moves.

e The small planar shifts together with the moves A1l and A2 are what Reidemeister
calls in [52], page 7, ‘deformations of the projection-curve, which do not change the
"Schema” of the projection’. Alternatively, these moves generate deformations of the
diagram, which do not create any singularities according to Definition 2.

e There is also a tangle version of Reidemeister’s theorem.

Remark 1 We can orient a tangle by choosing an orientation for every embedded
interval and every circle. Then the above theorem also holds for oriented links (where
in the Reidemeister moves we consider all possible choices of orientation).

Definition 5 A braid on n strings is a special case of a (n,n)-tangle , such that
if we take the height function of the embedding, it does not have any local maxima
or minima or horizontal arcs. le. a braid inherits a natural direction (from top to
bottom).

A braid on n strings permutes its end-points and so it can be associated naturally
with an element of the symmetric group S, . Braids that correspond to the identity
element of S, are called pure braids .

Definition 6 We say that a regular projection of a braid is in general position , if
no two crossings are on the same horizontal level, and we shall also call ‘braid’ such

a braid diagram.

If we slice up in general position (i.e. without cutting through crossings) a braid, it
may be seen as a word on the following generators o; and o;7! for i=1,...,n—1.

DARG

Ambient isotopy classes of braids are in 1-1 correspondence with equivalence classes
of braid diagrams, where the equivalence is generated by planar isotopy preserving the
braid structure and finite sequences of the following moves ( in terms of the generators):

1) oo ' =0;7'o;=1, for i=1,...,n-1
2) oi0; = 0;0; , for |Z—]|> 1
3) 0i0i410i = 041004y , for i=1,...,n -2

Notice that moves 1) and 3) are special cases of the Reidemeister moves (AIl) and
(AIII) (with all arcs oriented downwards), whilst move 2) corresponds to change of
relative heights of crossings.
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The set of all equivalence classes of braid diagrams on n strings, up to braid planar
isotopy, forms a group, the braid group B, , with a presentation:

B, = (01,...,0n-1 | 0i0; = 0jo; for |t —j|> 1, 0,0,410; = 0,110i0i11)
(For a detailed account on braids see [5], [7]) .

The operation in the group is concatenation (we place one braid on top of the other),
and the identity element is:
1 2 n

The set of pure braids on n strings also forms a group P, the pure braid group.
P, is a normal subgroup of B, and can also be given a finite group presentation.
(A detailed algebraic description of P, is given in 2.6.1).

Note Equivalently we could define B, (P,) as the fundamental group of the config-
uration space of n unordered (ordered) points inside D? .

Definition 7 Closure B of a braid B (seen as a braid diagram) is the connecting
of its corresponding top and bottom end-points, such that the resulting oriented link

diagram is like the following (up to planar isotopy):

I
2

where we consider that the braid is contained in a ‘box’.
Throughout this chapter we shall use the operation illustrated above for closing a braid.

Note The closure of a pure braid on n strings gives an oriented link diagram of
precisely n components.

It follows from the above that, if we take the closure of two braids that correspond
to the same element of B, , then the two link diagrams are isotopic. On the other
hand, if we turn two equivalent (under the Reidemeister moves) oriented link diagrams
into braids using some algorithm (recall Alexander’s theorem), we do not necessarily
end up with braid words that correspond to the same element of some braid group.
Actually, nothing even guarantees that we obtain braids with the same number of
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strings. However, Markov’s theorem (recall Theorem 2 in 1.1) says that we can define
an equivalence relation on {J;2, B, so that equivalent braids correspond to (isotopy)
equivalent link diagrams. J;%, B, is the direct limit, when the embedding of B, into
B, 41 is given by the following picture:

Picture:
1 n 1 n n+l
1 .. |

1.3 The braiding process (Alexander’s theorem)

1.3.1 The idea of the algorithm

Take an oriented link diagram without horizontal arcs. Then this diagram consists of a
finite set of arcs that go downwards and a finite set of arcs that go upwards (which we
call opposite arcs) , the two sets being separated by a finite number of local maxima
and minima.

In order to obtain a braid from that diagram we want

1) to keep the arcs that go downwards

2) to eliminate the opposite arcs (because they go the ‘wrong’ way for a braid) and
instead to produce braid strings, so that in the end we are left with a braid.

If we run along an opposite arc we are likely to meet a succession of overcrossings and
undercrossings. We subdivide (marking with points) every opposite arc into smaller -
if necessary - pieces, each containing crossings of only one type; i.e. we may have:

or "free opposite arcs”

We call the final pieces little } ’s (little opposite arcs). We label every little } with
an ‘o’ or a ‘u’ as follows: If it is the over/under arc of a crossing (or some crossings)
we label it with an ‘o’/u’. If it is a free little} (and therefore it contains no

oy ?

crossings), then we have a free choice whether to label it ‘0’ or ‘u’.

We eliminate an opposite arc by eliminating its little » ’s one by one as follows:
Fix one little ¥ and cut it at some point. If the little } is the overstring/understring
of a crossing (or some crossings) we pull its two ends over/under the diagram and
then we stretch them one upwards and the other downwards, but both over/under
the rest of the original diagram (see picture below).
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the rest
/ of the
diagram

— (7

In this way we turned the little } into two pieces of corresponding braid strings (ending
at the end-points of the little } ) , and the original diagram into a (1,1)-tangle. If
we do the same for all little } ’s we end up with a braid with as many strings as the
number of the little ¥ ’s.

Note From now onwards — unless otherwise stated — circles like the ones depicted
above, will always stand for ‘the rest of the diagram’ , which we shall also call
‘plegma’ . Also, the region inside the circle shall be called ‘the magnified region’ .

1.3.2 The braiding process

In order to make the above rigorous we need to look at two cases with special difficulty.

Case 1: If we cut the little ¥ ’s at any arbitrary point, we are in danger to run into
situations such as the one illustrated and described below.

Yy

51 Vs

In the situation illustrated above u; and u, are two under little } ’s , and suppose
that — by the algorithm — u,; gets eliminated first. The lower piece of the new pair
of downward strings — sy say — produced by the elimination of wu; , goes under u,
and it becomes an obstacle for the elimination of u, . This happens because s; is a
‘new’ string (not a part of the original diagram), resulting in part of u, becoming an
overcrossing. But we do not want to mark further with points the original diagram.
We can avoid the problem encountered here by cutting all little } ’s at their upmost
point.
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Case 2: The difficulty illustrated and described below does not depend on the cut-

points:
‘
s,+ +s=

In this situation u; and wuy; are as before, and the elimination of wu; is obstructed
by wug . In practice we can swap the numbers of u; and wu;:

‘
Sz+ +sl
In order to get over this problem theoretically, though, we need to impose a condition
for the little } ’s , namely condition (*) below.

A

Picture:

For this we want first to introduce the notion of the smoothening triangle of a little » .

Definition 8 The smoothening triangle of a little } is a special case of the triangle
needed to perform a triangle move, described as the region spanned by a right-angled
triangle with hypotenuse the little ¥ , and the right angle lying below the little } . If
the little } is vertical, then the smoothening triangle degenerates into the arc itself.
We say that a smoothening triangle is of type over or under according to the label
of the arc it is associated with.

So the elimination of a little » is modified as follows:
We slide the little  through its smoothening triangle, as depicted below, and then we

replace the vertical part by two corresponding vertical strings, both with label same
as the label of the little » .
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@-0-O

Condition (*): Non-adjacent smoothening triangles are only allowed to meet if they
are of opposite type.

Picture:

07 but not 0

Lemma 1 There ezists a set of subdividing points on the opposite arcs, including
vertices, satisfying condition (*) (for appropriate choices of wunder/over for free

little } ’s).

Proof Let d = minimum distance between any two crossings. Let 0 < r < d/2
be a number such that any circle of radius r centred at a crossing point does not
intersect with any other arc of the diagram. Let s be the minimum distance between
any two points in the diagram further than r away from any crossing point. Now
let € =3imin{s,r} and D be a subdivision of the diagram such that the length of
every little } is less than €. Then condition (*) is satisfied, provided we make the
right choices (over/under) for smoothening triangles of free little » ’s near crossings
(see picture above). 0

In the picture below we show how to cope theoretically with the difficulty described
in case 2 above, by applying condition (*) :
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One could easily check that if we eliminated the three little  ’s in a different order
(but with the same labelling), we would still obtain the same braiding.

Remark 2 If we add more points to a subdividing set satisfying condition (*) , then
there exists at least one labelling for the new set of arcs obtained, so that condition
(*) is still satisfied. To see that, take for example the labelling that derives naturally,
where: when we subdivide further a little } , the new little } ’s keep the same labelling
as the subdivided one.

Remark 3 The idea of imposing condition (*) was suggested by C.P. Rourke, and it
is of major importance, because it implies that the eliminating moves do not interfere
with each other, so we can do all of them simultaneously . Therefore, it does not
matter which way we number the little » ’s.

Now we can proceed with a rigorous exposition of our braiding process.

1.3.3 An algorithm for turning oriented links into braids

Definition 9 We say that a link diagram with subdividing points and smoothening
triangles is in general position , with respect to the height function, if the following
conditions hold:

1) there are no horizontal arcs,

2) no two subdividing points are on the same horizontal level,
3) there are no vertical arcs,

4) no two subdividing points are on the same vertical level,

5) any two non-adjacent smoothening triangles satisfy condition (*) , and if they
intersect, this should be along a common interior (and not a single point).

From now on we shall call ‘general diagram’ a diagram in general position.
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Note To achieve the first four conditions we only make small deformations, but to
achieve condition 5) we may need to add more subdividing points.

Let L be an oriented link and Z~ a diagram of L , that does not contain any
horizontal or vertical arcs. We turn L into a braid as follows:

Step 1: We choose a set of subdividing points on L (including the vertices of the di-
agram) satisfying conditions 2) and 4) of Definition 9, such that each little } contains
crossings of only one type and such that, if the little } ’s are labelled appropriately,
condition 5) is also satisfied. We label the little } ’s so that condition 5) is satis-
fied. Note that we might have to make an arbitrary choice for the labels of some free
little » ’s. Now L is in general position (as defined above).

For each little } , we draw the vertical line that passes through its upmost point, so
that it passes under or over the plegma, according to the label of the little » . Then
we ‘name’ (i.e. we give numbers to) the little } ’s according to the position of their
corresponding vertical lines.

Step 2 : Start with the first arc (with number 1) and slide it through its smoothening
triangle (recall pictures above). Then replace the vertical part by two corresponding
strings that follow the vertical line of the little » . The result is a (1,1)-tangle.

Repeat Step 2 for the 2nd,3rd,...,nth arc, so as to obtain a braid on n strings.

Step 3 : Isotope slightly, so that the final braid does not contain any horizontal arcs
or any crossings on the same horizontal level.

We take now the closure of the obtained braid; each pair of corresponding strings
ending at the end-points of a little » , together with their closing arc, form a stretched
version of the little } (i.e. they are isotopic to the little » ). Thus the closure of our
braid is isotopic to the oriented link we started from.

The above algorithm gives our new proof of Alexander’s theorem. 0

1.3.4 Comments

o Condition (*) might imply a number of unnecessary subdivisions (and this would
become really large if we applied the proof of Lemma 1).

¢ In the (theoretical) algorithm we imposed condition (*) as it avoids the difficulty of
describing algorithmically how to deal with a congestion of overlapping smoothening
triangles (and also to aid in the proof of Markov’s theorem that follows). In practice
we do not need to impose condition (*) as long as we layer and number overlapping
smoothening triangles carefully.

e Even when applying it practically, our algorithm cannot guarantee a minimal number
of strings in the final braid. Although, it is conceptually very simple and it is planar,
so one can keep track of it, and can easily read the braid word in the end.
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An example of braiding a link diagram:

1 23 4

NS —

-1 -l -1 3 NS RS |
6, 6, 6, 0, G, 0,0, 0, o,

Aside We could also apply the braiding process above to ‘braid’ a general tangle
diagram. The result would be a generalized notion of a braid.

1.4 Proof of Markov’s theorem

Before starting to prove the theorem, we make the following remarks:

Remark 4 Throughout this section we will be assuming that all diagrams are general
diagrams, unless otherwise stated. Therefore, we may assume that we have done the
braiding for all little } ’s except for the ones that we are interested in every time, and
these will be lying in the magnified region that we have mentioned earlier. We shall
place the magnified region inside a rectangle representing the braid. Moreover (from
Remark 3) we will omit the numbers of the little } ’s , and we shall only keep the labels
‘u’ and ‘o’.

Remark 5 Let B0,%*!' be a braid in B,,; with a Markov move performed. Using
conjugation we may place 0,%' (i.e. the last crossing) at any other position in the
braid word and we shall call this move ‘general Markov move’ .

Picture:
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Definition 10 We say that two braids are M-equivalent if they differ by braid planar
isotopy, braid relations and a finite sequence of general Markov moves and conjugation.

1.4.1 Proof using our algorithm

Two braids that differ by a finite sequence of conjugations and Markov moves obviously
have isotopic closures:

If we close a braid with a Markov

move performed, the Markov move With closure b'I can slide around,
corresponds to a twist of some com- come below b and cancel with it.
ponent of the resulting link diagram.

To prove the converse we have to show that:

Given any two ambient isotopic links L, L, , any two corresponding general diagrams
L, and L, yield M-equivalent braids. More precisely:

1) the static aspect: The braid we obtain from a ‘potential’ general diagram (i.e. a
diagram satisfying 1), 2), 3) and 4) of Definition 9 ) does not depend - up to
M-equivalence - on the subdivision and the labelling we choose to make, in order
to also satisfy rule 5) of Definition 9 .

2) the moving aspect: An isotopy carrying L; onto EQ may pass through certain
critical stages; our task is to show that the corresponding braids before and after
each of these stages are M-equivalent. Most of the critical stages are listed in
Reidemeister’s theorem; but there are some extra ones that derive from rules 1),
2), 3) and 4) of the definition of a general diagram. We list all of them later on
in the proof.

Note that proof of 1) together with the proof of critical stages that derive from the
first four rules of Definition 9 , will show independency on any possible choices we make
in order to bring a diagram to general position.

The proof relies entirely on Remark 3 about independency of the braiding moves, and
on the following two lemmas:

Lemma 2 If we add on a litile } |, o , an extra subdividing point P and label the two
new little } 's, oy and ay , the same as a , the corresponding braids are M-equivalent.
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Proof For definiteness we assume that « is labelled with an ‘o’ . We complete the
braiding of the original diagram by eliminating a (see picture below). Then, on the
new horizontal piece of string, we take an arbitrarily small neighbourhood N’ around
P’ | the projection of P (see picture below). By general position N’ slopes slightly
downwards.

Next, using the braid relations, we pull N’ (horizontally) over and outside the right
hand side of the braid. Then we perform a negative general Markov move and, using
conjugation and the braid relations, we pull the new strings over the braid, back to
the original position of P’ (as illustrated in the pictures below).

Finally, sliding an appropriate piece of string through the smoothening triangle (braid
planar isotopy), we obtain the braid that would result from the original diagram with
the subdividing point P included (see picture below).

Picture:
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Lemma 3 When we meet a free little } , which we have the choice of labelling ‘u’ or
‘o’ , the resulting braid does not depend — up to M-equivalence — on this choice.

Proof First, we shall assume for simplicity that the smoothening triangle of our arc
does not lie over or under any other arcs of the original diagram. Also, we assume for
definiteness that the little } is originally labelled ‘o’ . We complete the braiding by
eliminating it. Then, on the new horizontal piece of string, we take an arbitrarily small
neighbourhood N’ , which is a projection of a neighbourhood N arbitrarily close to
the upmost point of the little } (as illustrated below).
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Next, using the braid relations, we pull N’ (horizontally) under and outside the
right-hand side of the braid. Then we perform a general positive Markov move and,
using conjugation and the braid relations, we pull the new strings under the braid,
back to the original horizontal position of P’ (see pictures below).

Picture:
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The fact that the original little } is free and small enough, implies that only vertical
strings can pass over or under its smoothening triangle. Therefore —as N is arbitrarily
small — there is no arc crossing AB so as to force it be an under arc. Then - by braid
planar isotopy — we shift A slightly higher (see picture below), and applying the
braid relations and conjugation on the pair of ‘over’ strings, we come to the situation
where we can perform a negative general Markov move. We perform the move and
pull the new arc over the braid, back to the original place.

The final braid - up to a small braid planar isotopy — can be seen as the braid that we
would have obtained from the original diagram, with the free little } labelled with ‘v’
instead of ‘o’ .
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Notice that, if the original little » were an ‘u’ , we would do pulling over and a
negative general Markov move and so on.

To complete the proof of the lemma, we assume that the smoothening triangle of our
little » lies over or under other arcs of the original diagram. In this case we subdivide
it (using Lemma 2) into arcs small enough to ensure that all the smoothening triangles
are clear; we give all new arcs the labelling of the original one. Then we change the
labelling of each little } using the above, and (using Lemma 2 again) we eliminate all
the new subdividing points. O

Corollary 1 Ifwe have a chain of overlapping smoothening triangles of free little » s ,
so that we have a free choice of labelling for the whole chain, then, by Lemmas 2 and
3, this choice does not affect — up to M-equivalence — the final braid.

Proof (by following the diagrams)
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Corollary 2 If, by adding a subdividing point on a little} , we have a choice for
relabelling the resulting new little } ’s so that condition (*) is still satisfied then, by
Lemmas 2 and 3, the resulting braids are M-equivalent.

Corollary 3 Given any two subdivisions , Sy and S, , of a diagram , which will satisfy
condition (*) with appropriate labellings, the resulting braids are M-equivalent.

Proof This can be seen easily considering the subdivision S;{JS2 and applying the
lemmas above.

Corollary 3 proves 1) , i.e. independence of subdivision and labelling for ‘potential’
general diagrams.

For the proof of 2) we have to check M-equivalence of braids when L; and I,
differ by Reidemeister moves or by general position moves. Below, we list and analyse
separately each of the two sets of moves. Without loss of generality all basic moves
shall be placed in a magnified region isolated from the rest of the diagram.

Reidemeister moves:

(@1 ii)
(b) 1) ii)
ARSI AT
(di) ii)
S B
(©) 1) ii)
A ~
> > =

A .4

Remark 6 While applying the algorithm the downward arcs stay unmoved and there-
fore we do not need to check the following move, which is a consequence of the group
structure of B, .
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(c) iii)
N

> <> (o;0i1=1)
)3

‘Triple point move’

(e)i)\ ) ii)\
K= KA
P

Note As in Remark 6, we do not need to check the following move, which is a
consequence of the braid relations.

(e)v)

N
\

N >
Other instances of the above moves are obtained from the ones listed by symmetries
and rotations.

iii)

(9 Gi+1% = Gi+1Gi Cj+1)

We shall only show as typical cases (a)i), (a)ii) , (d)i), (¢)i), (b)ii)) and (e)iii) .

All the others follow using very similar arguments.

(a)i) Let P’ be the horizontal projection of P on the original arc (as illustrated
below). Without loss of generality we may assume that all little » ’s involved in the
move, are of the same type. It is clear from the pictures below that the braid we
obtain after the move, is the same - up to a small braid planar isotopy — as the one
that we would obtain from the original diagram after adding P’ and keeping the same
labelling. Then the proof follows by Lemma 2.
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Picture:

(a)ii) Before the move is performed, we fix points P and P’ on the downward arcs,
sothat P liesona higher level than P’ (see picture below). We complete the braiding
process by eliminating the new little } , and we use the two pieces of new strings —
but starting from P and ending at P’ - in order to perform a negative general
Markov move (exactly as in the second series of pictures in the proof of Lemma 3).
The resulting braid is clearly the same as the one obtained from the original diagram.

Picture:
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Y

(d)i) We illustrate below that the braid obtained after the performance of the move
is equivalent to the one obtained before the move — up to a small braid planar isotopy,
braid relations, conjugation and a general negative Markov move:
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(c)i) We complete the braiding of the left-hand side of the move, and we notice that,
using braid planar isotopy, braid relations and conjugation, we can perform a general
negative Markov move (see pictures below). After performing the move and using braid
relations, we obtain the braid that we would obtain from the right-hand side of (c)i)
with label ‘u’ for the little } : (compare with the pictures for the proof of (d)i) !)

]
uvy
!
:
UZ\ u
> <> <> >
2] S|
Y

(b)ii) (by following the pictures below)
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Finally, we prove all triple point moves using the following trick (proof of (e)iii)
below), which allows us to change locally the orientation of one string; and we do this
using the braid relations, and by applying the moves that we have already checked.

Y-
“’/></{/ o5 /\//\ //\

General position moves (that derive from 1), 2), 3), 4) and 5) of Definition 9):

From 1) An edge of L; passes through the horizontal position. So, it either was
a little » and it now becomes a downward arc, or it was a downward arc and it now
becomes an opposite arc.

From Remark 3, the first possibility is clearly a move (a)ii) . In the second case we
may assume that the new opposite arc needs to be subdivided in, at most, two little
} ’s, say ‘o’ and ‘u’ ; then we break the move into a sequence of (a)ii) moves by
choosing points P and P’ with P lying higher than P’:

u
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(i) k\%\\ ke
el

From 3) 1If an arc goes through the vertical position, it may change the label of some
free little )} in the diagram, or cause the need to further subdivide a little ) :

Picture:
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Then the two diagrams differ by a possible sequence of Reidemeister moves together
with further subdividing.

If, in addition, the arc that goes through the vertical position happens to be a lit-
tle » , then it may also cause violation of condition (*). We overcome the problem by
introducing extra subdividing points:

V-V - P -7

From 2) All cases of horizontal alignment of subdividing points follow easily from the
nature of our braiding process and they reflect small planar shifts in the braid. To see
this, we illustrate below the ‘worst case scenario’, where both points are lower points

of little » ’s:

- B Bis

Notice that, a special case of horizontal alignment of two points, is the change of
relative heights of two maxima or minima.

[ =1
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From 4) The only case that might have some effect on the resulting braid, is when
the upmost point of a little } moves through the vertical level of the upmost point of
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another little } . For this, we examine different possibilities:

If the upmost point that moves through vertical alignment is a local maximum, we
deal with it using moves (a)i) , (a)ii) and small planar shifts. The equivalence of the
braids is shown in the pictures below: (We only prove one case of orientation, as the
other is shown similarly.)

a) ii horiz! a)i
<>

|
|
: align*
|
|

where the vertical lines indicate the alignement

Below, we illustrate the case where the upmost point that moves through vertical
alignment (point P here) is not a local maximum:

For definiteness we label the two little » ’s ‘0’ and ‘u’ and - after enough subdivisions,
if necessary — we may assume that RS can be enclosed in a magnified region isolated
from the rest of the diagram. We introduce on PS a new subdividing point P’ that
is on the other side of the vertical line to P but close enough to P , so that PP’ is
a free little » . We label PP’ with an ‘o’ and then we delete P .

Picture:
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In all instances, if the triangles are of opposite type, then all cases boil down to hori-
zontal or vertical alignment cases, possibly with Reidemeister moves involved (in the
last four of them, where the touching is more ‘essential’). If the triangles are of the
same type, then: in the first five cases we simply subdivide further, and refer to cases
of alignment; in the last four cases, we introduce an extra subdividing point, so as to
create a free little } , to which we attach the opposite label; then we refer to the cases
where we have triangles of opposite type.

Example:

1.4.2 Completion of the proof of Markov’s theorem

Let B be the set of braids and L the set of oriented link diagrams. Any closing
operation for braids defines a map from B to L, and we shall call ‘K’ the map
defined by the closure we use here (as mentioned after Definition 7). We shall also call
‘Y’ the map from L to B, that we obtain using our algorithm.

Up to now we have seen that, if we start with two equivalent braids and apply K ,
we obtain isotopic link diagrams; and conversely: if we start with two isotopic link
diagrams and apply ¥ , we obtain equivalent braids. To complete the proof, it remains
to show invariance under the closure we use for braids and under the algorithm we
use for turning link diagrams into braids. Invariance under closure is easy to see, since,
if we start with a braid B and apply to it two different closing operations, the results
will be isotopic by Definition 7. To see that all algorithms are equivalent, it is enough
to see that any algorithm A is equivalent to ¥ .

Indeed: Let B;,B; be two braids that we obtain from an oriented link diagram L
after applying ¥ and A respectively. Then B, = K(B;) is isotopic to L and
therefore (from our proof) X(B;) is equivalent to B; . But 2(1’3\2) = B, asit
follows from our choice of closure and the nature of our algorithm, and so the proof of
Markov’s theorem is completed. 0

Since the downward arcs of the original diagram remain unaltered during the braid-
ing process, and since they do not participate in the proof of Markov’s theorem, we
have the following:

Corollary 4 (Relative version of Markov’s theorem:) Two braids that contain a
pointwise fired subbraid have isotopic closures that keep the subbraid fized if and only
if the two braids are equivalent under conjugation and Markov moves that do not affect
the fized part and braid moves that keep the subbraid fized, whenever involved.



Chapter 2

Generalized Markov’s theorem and
braid groups in 3-manifolds

2.1 Introduction

The main results in this chapter are the statement and proof of a geometric ana-
logue of Markov’s theorem for oriented links in arbitrary closed, connected, orientable
3-manifolds, on one hand, and the existence of braid group structures or coset struc-
tures in such 3-manifolds, on the other hand. Before stating the analogue of Markov’s
theorem, we develop the necessary theory:

(i) by specifying (in 2.2.2, 2.2.3) the context in which we study links and link isotopy
in a 3-manifold M (recall 0.3),

(ii) by formulating an analogue of Reidemeister’s theorem for links in M (in 2.2.4),

(iii) by defining what a braid in M is (in 2.3.1), and

(iv) by constructing and proving an analogue of Alexander’s theorem for links in M ,
such that the surgery closed braid that represents M in S remains fixed
throughout the braiding process (Theorem 4 in 2.3.2) .

The analogue of Alexander’s theorem implies that M may be represented by a fired
(pure) braid in S° | so we may proceed with the extension of Markov’s theorem to
3-manifolds (Theorem 5, section 2.4). As a corollary of Theorem 5 for M = L(p,1)
(a lens space that can be described by one surgery string with framing p), we obtain
an analogue of Markov’s theorem for isotopic links inside a solid torus (Theorem 6 in
2.4.2).

Next, having as aim the algebraic formulation of Theorem 5, we look for braid group
structures in M . Indeed, in section 2.5 we show that:

If M = L(p,1) or asolid torus, then the set of all braids on n strings related to M
forms a group, the group B,; < B,,; . If M is a connected sum of m lens spaces
of type L(p,1) , then the set of all braids on n strings related to M also forms a
group, which we denote as B, < By, . Finally, if M is neither of the above, then

the set of all braids on n strings related to M forms a coset of Bnm in Baym »
which we denote as C, .

37
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In section 2.5 we also show that these algebraic structures are consistent with link
isotopy, in the sense that the analogue of Markov’s theorem for isotopic links in M
can be formulated using only the braid groups B,,, or the cosets C,, .

Then, in section 2.6 we find a presentation for the group B, , and this will reveal a
very interesting relation of B,; with the Hecke algebra of B,-type, as we shall see in
the next chapter. Finally, using this presentation, we find a second one, which allows
us to express algebraically Theorem 5 for the spaces L(p,1) (section 2.7).

2.2 Background section

By ‘3-manifold’ we will always mean ‘closed (i.e. compact without boundary),
connected, orientable 3-manifold’ , which we abbreviate to ‘c.c.o.” . 3-manifolds are
strongly related to knots and links via a technique called surgery. Indeed — as W.B.R.
Lickorish in [41] and A.D. Wallace in [61] showed — every 3-manifold can be obtained
from S® by doing surgery along a framed link in S® .

To explain the above further, we will need to say first a few things about solid tori and
framed links.

2.2.1 On framed links

Definition 11 A solid torus , V, is a space homeomorphic to S! x D? .| le.
V = h(S* x D?) for some homeomorphism h . The curve h(S! x {0}) is called the
core of V.

A meridian of V is a non-contractible, simple, closed curve on dV that bounds a
disc. A longitude of V is a simple closed curve on gV that intersects transversally
some meridian of V' in a single point. In other words a longitude runs in parallel (i.e.
it cobounds an annulus) with the core of V .

As D. Rolfsen mentions in [53]: ‘Meridian’ is an intrinsic part of V , whereas
‘longitude’ involves a choice. Indeed, any two meridians of V' are equivalent by an
ambient isotopy of V . Any two longitudes of V are equivalent by a homeomorphism
of V' ; however, there are infinitely many ambient isotopy classes of longitudes. (One
can see this by thinking of the number of times a longitude twists around the core.)

Definition 12 A framed link in S$® is a disjoint collection of n smoothly
embedded copies of S! x D? via homeomorphisms fy,...,fn .

We usualy consider framed links up to ambient isotopy.

In order to picture a framed link in S® it is enough to draw the images ¢,...,c¢q
(via f; ) of the core of S' x D? | together with the images l;,...,0, (via f; ) of
S!' x 1. For every i, I; will be called the specified longitude of ¢; . Equivalently,
it is enough to draw cy,...,c, and associate with each an integer, its framing . For
a framed link with no component knotted, framing k; for ¢, means the algebraic
number of times [; twists around ¢; as we follow the orientation of ¢; .
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2.2.2 About Surgery
Let W = D* be the 4-ball and D? x D*(= D*) be a 2-handle. Notice that

dD*xD*)=S"'xD* |J D*x &!

Six st

i.e. A(D? x D?) is the union of two solid tori over a common boundary S!' x §! .
We attach to W n disjoint copies Hi,...,H, of D? x D* (i.e n 2-handles) via
homeomorphisms

hi:S'xD* —0W=8 i=1,...,n
and such that
H,nW = 6H,ﬂ8W = h,'(S1 X Dz)
The boundary of h;(H;) is

h(S'x D?) |J (D* x SY)

hi'slxsl

i.e. the union of two solid tori over their common boundary that is a torus. After
the attachment we obtain a new 4-manifold W’ with boundary M = W’ | a new
compact, connected, orientable 3-manifold such that

M=8[\h(s'xD) U (D*xs)]"

""lsl xS =
The above mean that M can be obtained from S by excavating n homeomorphic
open images of disjoint solid tori and by gluing back over the common boundaries
another n solid tori with the factors reversed. So, the specified longitude ; =
hi(S! x 1) of the ith original torus, after the attachment is seen as a meridian and

bounds a discin M .

Note An orientation for W’ and M = W' is determined by extending over W’
a fixed orientation on D* .

Example in S? (rather than $°%)
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In the picture above, we attach to S? = 9(D?) a 1-handle D' x D? (a solid cylinder)
via the identity map id : S° x D? — §% . Notice that S° x S! = 9(S° x D?) =
a(D x SY) .

After the attachment we obtain a new c.c.o. 2-manifold 7', which is actually a torus:

=457\ 8% D3| | DInES!

idlsoxsl

Notice also that, if a wanderer (e.g. a piece of string) tries to pass through one of the
attaching discs, it will end up strolling on the surface of the attached cylinder:

——> —>»‘

Back to the 3-dimensional case, we can equivalently express the above by saying
that M is obtained from S® by doing surgery! along the cores of the removed
solid tori . All these cores form a framed (oriented) link in $® (which we call the
surgery link) , the framing of the ith component being determined by h; . So
we can write M = y(S* L), and, as mentioned previously, we can do that for any
c.c.o. 3-manifold. Moreover, we may always assume that all the components of the
surgery link L are unknotted and, even more, that L is isotopic to the closure of
a pure braid as it follows from W.B.R. Lickorish’s proof in [41]. (Another proof has
been given by C.P. Rourke and is presented in [38])%. Throughout the rest of this work
we shall only consider framed links with no component knotted, and 3-manifolds with
integral surgery description.

Now, if an (oriented) piece of string (i.e. a band) approaches a meridian of an
attached torus after the surgery, it should be able (by isotopy in M ) to slide through
the disc that the meridian bounds; but this meridian — up to ambient isotopy — was
the specified longitude of the excavated solid torus. So, what we see in S* in terms
of the surgery link, is that the band follows the specified longitude of that particular
surgery component.

ISurgery may appear in experimental mathematics too; as a characteristic example, we refer to
(18], where N. Samardzija and L. Greller show an ‘explosive route to chaos through a fractal torus in
a generalized Lotka-Volterra model’,

?This observation has also been proved by R. Skora in [55), as mentioned in [44].
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Pictures 3 and 4: (with framing -1)

or

according to whether the orientation of the band agrees or not with the orientation of
the surgery component (and implicitely of its specified longitude).

The above are examples of ‘spatial band moves’ .

R. Kirby in [35] describes two operations on framed links and proves that two 3-
manifolds are homeomorphic if and only if they can be obtained by surgery along links
in S that differ by a finite sequence of these operations (Kirby moves) 3. The above
mean that for a given M we have a choice for representing M in S3 by a surgery
link. To avoid this ambiguity we fix an oriented surgery link , L , and to avoid further
ambiguities we fix a projection oty

Conclusion Now we may say that we can represent M uniquely in S® by L and
write M = x(S3,L) . This allows us to work in S® rather than in M in order to
study M and links in it.

2.2.3 Linksin M : the band moves

Let M = ,\’(Ss,z) and let L} be an oriented link in M . Then Lj may be
represented in  S° by a ‘mixed’ link L;JL . So we can study links in M by
studying their corresponding ‘mixed’ links in S3 .

3A more combinatorial exposition of Kirby’s calculus of links is presented by R. Fenn and C.P.
Rourke in [15].
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Example of a ‘mixed’ link: (where k,k; € Z are framing numbers)

)f\>

eL,

Definition 13 A link diagram of a mixed link LU L is a regular projection of
L, UL on the plane where L lies.

Definition 14 A spatial band move between two oriented mixed links LUL
and L2UL~ in 5% ,is amove in S® that reflects ambient isotopy of Lj , Lj in
M = x(S3,L) . The performance of a spatial band move from L;U L to Lz U L can
be described in two steps:

Step 1: A band b — which can be seen as the oriented boundary of a ribbon - starts
from a component ¢ of L; . This means that one of the small edges of b is glued
to a part of ¢ so that the orientation of the band agrees with the orientation of c .
The other small edge of b, which we shall call ‘little band’ (in ambiguity with the
notion of a band), approaches a surgery component of L in an arbitrary way (see
picture below). So, if LY is the result of the attachment of b to L, the ‘mixed’
links LyUL and L”UL are isotopic in S® .

Step 2: The ‘little band’ is replaced by a string running in parallel with the specified
longitude of the surgery component in such a way that the orientation of the string
agrees with the orientation of b. The resulting link is L, L :
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The second step of a spatial band move takes place in a tubular neighbourhood of the
component of the surgery link that contains no other part of the mixed link.

Remarks on the band moves

e The spatial band move described above is precisely the band connected sum (over
the band b ) of a component ¢ € L; and the specified longitude of the surgery
component.

o Let L}, L, beambient isotopic links in M = x(S3, L) , with L,UL , L,UL
two corresponding mixed links; assume that, when the isotopy is reflected in S° , no
band move is involved. Then the mixed links L; UL and Lz L are ambient isotopic
in S® , under isotopy keeping L fixed, and we will be saying that L} differs from
L b;/ ‘usual’ isotopy in M or that LyJL differs from L,UL by ‘usual’ isotopy
RS

e Since the first step of a spatial band move only involves usual isotopy, from now on
whenever we say ‘band move’ we will always be referring to the realization of the
second step of a spatial band move.

e We may omit the word ‘spatial’ as the band move takes place very close to the
surgery component and so, the way it looks around the surgery component does not
depend on the direction of the projection.
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e As pictures 3 and 4 above indicate, there are two types o« , B of band moves
depending on whether, in Step 2, the orientation of the string replacing the little band
agrees (type «) or disagrees (type () with the orientation of the surgery component.
The two band moves are related in the following sense:

+2
type a usual
e isotopy

ey éﬂ o)
O =)

Aside If LILJZ represents a link L} in M , we call LY its corresponding link
in S3 (with L removed). Obviously, if Lj is isotopic to Lj in M , it does not
necessarily imply that LY is isotopic to Lj in S®, and conversely. But if L} is
isotopic to L} by usual isotopy in M , then L{ is also isotopic to Lj in S°.

Conclusion Two (oriented) links Ly , Ly in_ M = x(83,L) are ambient isotopic
if and only if the mizved links Ly\JL and L;JL in S* differ by ambient isotopy in
S% and a finite sequence of band moves.

2.2.4 Modified Reidemeister’s theorem
Let L}, L, be ambient isotopic links in M = X(S3,z) and L, WL 505 any

diagrams of two corresponding mixed links in 53 . In order to modify Reidemeister’s
theorem for L;JL and L,JUL we only need to consider the following additional
critical cases:

(i) when arcs of the surgery link participate in the Reidemeister moves (intersection
on the plane, but not in the 3-space)

(ii) when a piece of L; or L, intersects an arc of L (intersection in the 3-space).

From (i) we derive the following additional moves (where the surgery strings are
pointwise fixed):
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with all possible orientations.

with all possible orientations.

We shall call the above moves together with the Reidemeister moves for the non-surgery
components ‘augmented Reidemeister moves’ .

Case (ii) amounts to the band moves and they depend on the framing of the com-
ponent of L to which the arc belongs. By transversality, the singularities illustrated
below can appear only finitely many times:

k

p — @) —

0 - o) -

Conclusion Two links Ly , Ly in_ M are ambient isotopic if and only if any
two diagrams of the mized links L, UL and LgUL differ by planar shifts (with T
pointwise fized) and a finite sequence of the augmented Reidemeister moves together
with the band moves.

Aside We can also make a tangle version of the generalized Reidemeister’s theorem.

Note In [56], P.A. Sundheim has proved an analogue of Reidemeister’s theorem for
3-manifolds, where he uses the fact that ‘any c.c.o. 3-manifold contains a link whose
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complement fibers over S with the fiber being an orientable surface’; so, he uses this
surface for projecting links in the 3-manifold.

2.3 Alexander’s theorem for links in M

2.3.1 On braids in M

Let M = x(53,f/) . In the previous section we reduced the study of links in M to
the study of their corresponding mixed links in S® , which had L underlying. Here,
likewise, in order to establish the notion of a braid in M and - mainly - to formulate
the analogue of Markov’s theorem, we need to show first that M can be represented
in S® by a fized surgery braid, and then that braids in M correspond to specific
braids in S2, which have the surgery braid as a common pattern. As a first step, we
notice that without loss of generality (w.l.o.g.) L can be seen as the closure of a pure
braid B , so we may write B instead. As mentioned in the completion of the proof
of Markov’s theorem (1.4.2), if we apply our braiding process to B , the result will be
the braid B itself.

Let now L be any oriented link in M and Ll U B bea projection of the mixed
link L,UB in S®, such that it has the direction of B as a (0,0)-tangle. If we
apply our braiding process to L,UB, B is very likely to end up with an increased
number of strings, as there might be parts of I interfering with the closing side of
B : therefore B does not necessarily remain fixed throughout the braiding process.
We show below that after modifying our algorithm, we can braid I: U B so that, if
after closure we remove the strings of the link, we are still left with B ; which implies
immediately that, for all purposes , M can be represented in S° by the conjugacy
class of the braid B , rather than by B (as long as B holds the surgery information).

Definition 15 In the above context , B shall be called ‘the surgery braid’ and
the braid B;|UB obtained by 1UB shall be called ‘mixed braid’ , an example
of which is illustrated below: (where kq,...,ky € Z are framing numbexs)

Picture:
| k! k: k4

\/
28

The braid B; shall be called ‘permutation braid’ .

It follows from the above that, if B is a braid on m strings and B, a braid on n
strings, then the mixed braid ByJB is a specific element of the braid B

n+m
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The braid relations among mixed braids in B, 4, shall be called ‘augmented braid
relations’ ; these consist of the usual braid relations for the strings of the permutation
braid, the augmented Reidemeister moves with all arrows pointing downwards, and
the braid moves concerning the change of relative heights of two mixed crossings.

2.3.2 Modified braiding process for mixed links

For the rest of this chapter we shall be working in the smooth category and we shall
be making the closure of a braid as illustrated below:

Picture:

Theorem 4 Any oriented link L] in M = x(53,1§) can be represented in S® by
some mized braid B,JB (not uniquely), the closure of which is isotopic to a mizred
link diagram LyUB (i.e. B remains unchanged).

Proof Let L;UB be a projection of the mixed link L, UB in S3. If there is no
part of L interfering with the closing side of B, we only apply Steps 2, 4 and 6
below. Otherwise, we turn L, UE into a braid as follows:

Step 1 We draw the vertical line [ that passes through all local maxima and minima
of the surgery (braided) link B (see picture below). W.l.o.g. [ is a line, and by
general position it does not pass through any crossings of L, .

Picture: |

Step 2 We apply our algorithﬂl to the part of the mixed link that lies to the left of
|, considering the points of L, that intersect [ as end-points. This will leave B
unaltered (since all strings of B go already downwards). Then we close this braided
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part of E~by applying closure on its left-hand side, and we enclose the ‘closure’
strings of L; in a tube 7} (see picture below).

Step 3 Now we apply our algorithm on the right-hand side of [ considering the
orientation to be reversed. This will leave the ‘closure’ strings of B unchanged. Then
we also close this braided part of L; by applying closure on its right-hand side, and
we enclose the new ‘closure’ strings of L; in a tube T, (see picture below).

Picture: —%\'\ /(/‘A :

Picture:
T} {r

b S

Step 4 By rotating around the back of the diagram, we bring 7; to the very right of
the diagram and then T, to the very left of the diagram, so that the resulting diagram
goes around a central point P on [.

Picture: P e e
/’*"7”“‘ AL \
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Step 5 If we are left with local mazima/minima in the lower/upper part of the
diagram, these will have to be lying on [, as it follows from the braiding process (see
picture above). To complete the modified algorithm we eliminate these as follows:

We number with integers the mazima/minima according to their position with respect
to P (which we label with 0), and we isolate them in neighbourhoods that contain
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no other parts of the diagram. Then we stretch the arcs one by one in order (starting
from the ones with least absolute value) over/under the rest of the diagram and
above/below P , so that the mazima/minima lie on ! in inverse order of closeness

to P .
Picture:

Step 6 We open the braided diagram by cutting through a half-line starting from
P, which leaves the ‘box’ in which B lies untouched. Finally we isotopein D?*x [ . O

Consequence Since the original surgery braid is still the same, we conclude that
w.l.o.g. a mixed link interferes only with the front part of B . Therefore, for studying
mixed braids , M may be represented in S* by the fized surgery braid B .

2.4 Extension of Markov’s theorem to 3-manifolds

The usual Markov’s theorem can be expressed either geometrically (using the geomet-
ric definition of a braid), or algebraically (using the fact that the set of all braids on
n strings forms a group). In the case of mixed braids related to arbitrary 3-manifolds,
where group structures have not been established yet, we start by extending Markov’s
theorem geometrically, (after making the following observations).

In 2.3 we showed that every oriented mixed link related to M can be turned into
a mixed braid with the surgery braid B € B,, underlying; but for equivalence of
mixed braids that reflects isotopy of mixed links, we have to allow for a mixed braid
to contain a conjugate of B in B, underlying. So, whenever we have to compare
two mixed braids related to M | w.l.o.g. we shall be comparing the braids B, UB
and B;UB', where B’ € B,, is a conjugate of B .

Recall now, that neither of the two types of band moves can appear as a move
between braids; so, in order to state our generalized version of Markov’s theorem ,
we modify the band move of type a appropriately by twisting the little band before
performing the move (of type B now). As we can see in the picture below, after the
performance of the move, we remain in the braid category, and we shall call this move
‘braid band move’ .
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Picture:
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where we draw only what lies within a magnified region, and the middle stage is only
indicative.

A braid band move can be positive or negative , depending on the type of crossing
we choose for performing it.

The following theorem is joint work with C.P. Rourke. The author’s contribution is
mainly work on the right formulation of the statement, and the proofs of (i) , (ii)
and 2.4.1 .

Theorem 5 (geometric version) Let M = x(S% B) be a 3-manifold with B a
surgery pure braid on m strings, let L, , Ly be two oriented links in M and BB,
B,UB' be mized braids in S® corresponding to Ly , Ly , with B' a conjugate of
B . Then L, is isotopicto Ly in M if and only if By B is equivalent to B,|J B’
in S, under equivalence generated by the augmented braid relations together with the
following three moves:

(1) Conjugation in By, , where n is the number of strings of the permutation

braid.

(2) Generalized Markov moves for the non-surgery strings (as illustrated below):

k, ke k, K k, k,,
PLd oo | Pl e 11 Pl e H1

— X «— X
ME= 10 (=200 [T 111

(3) Braid band moves (as described above).

Proof Using 2.2.4 we translate the question of ambient isotopy between L, L, in
M into (ambient) isotopy moves between any two corresponding mixed link diagrams
LiUB, L;UB in S*. Then, the direction of the proof from braids to projections of
links by closure is easy to see, as braids that differ by moves (1), (2) and (3) have
isotopic closures. The converse amounts to proving that:
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(i) The braid we obtain from a mixed link after applying the modified braiding algo-
rithm, does not depend - up to the above equivalence — on any choice made during the
process.

(ii) If the diagrams LiUBand L, B are isotopicin $%, then B,B and B, B’
are equivalent under the augmented braid relations and the moves (1) and (2) .

(iii) If LiUB and L,UB differ by a band move, then B,UB and B,UB’ are
equivalent under the augmented braid relations and the moves (1), (2) and (3) .

Indeed:

(i) The above algorithm (Theorem 4) is another braiding process in S® ; and since
Markov’s theorem holds independently of the algorithm we are using (recall 1.4.2) | we
do not have to examine the possible choices made during the braiding process, as — in
addition — they do not affect the position of the surgery braid (recall Corollary 4 |
relative version of Markov’s theorem). Such choices additional to the ones listed in the
proof of Markov’s theorem are involved in:

o The size of the isolated neighbourhoods of maxima/minima chosen in Step 5, as well
as the new positions that we place the maxima/minima.

o The line that we choose to cut the braid open (which follows immediately by conju-
gation).

(ii) Next, let Z; UE’ and Z;UB be two mixed link diagrams that differ by small
planar shifts and the augmented Reidemeister moves. If these moves take place in
either side of the line [, then, from the relative version of Markov’s theorem, any
two corresponding mixed braids differ by moves (1) , (2) and the augmented braid
relations.

The only case that remains to be examined is when a piece of (non-surgery) string
crosses the line [; w.l.o.g. the little arc is a free arc, so we can label it ‘u’. As shown
in the pictures below, the final braid differs from the braid we would have obtained if
the little arc had not crossed [, essentially by two Markov moves:

-
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Notice that, if the little arc that moves across [ intersects the central point P | then
— by the algorithm — we would need to stretch both ends, and the proof would be

same as above.

Picture:
) : % X
\}W = B — \.t e Ye
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Also that, if we had a maximum or a minimum moving across [ , the proof would be
same as above.

As a simple consequence of the above, we do not need to include in the statement of the
theorem the braid band moves (positive and negative) where the little band approaches
a surgery string from the right , since this is a result of usual isotopy and a move (3).

Neither do we need to include both positive and negative band moves:
i}
%,

#

k
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(iii) Finally, suppose that the mixed link diagrams LiUB and L,UB differ by a
band move. In L; UB the little band would be like:

or 1

R

depending on the orientation.

If the little band is an opposite arc, w.l.o.g. we may assume that it satisfies condi-
tion (*) . The algorithm we use ensures that we may assume that L, UB and L,UB
are braided everywhere except for the little band in L, UB (if it is an opposite arc)
and its replacement after the performance of the band move. This happens because
the band move takes place arbitrarily close to the surgery string; so we can produce
such a zone locally in the braid (and consequently a band move cannot create problems
with condition (*) ):

Picture:

Moreover, the new string from the band move (as far as other crossings are concerned)
behaves in the same way as the surgery string itself. So, whenever we meet other
opposite arcs, we label them in the same way that we would do if the new string were
missing.
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So the different cases of applying a band move to Z; Ul§ amount to the following

(with proofs):
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Proof We start with the left part of move (b) and we twist the little band (usual
isotopy) using a negative crossing . Then we perform a move (3) and we end up

with the right part of move (b) :
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Proof We start with the right part of move (c). In the front of the otherwise braided

link we do a twist of the new string using a negative
Then, we consider the little twisted arc as a little band and we perform another band

crossing (see pictures below).
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move of type (3) around the same surgery string. This second band move takes place
closer to the surgery string than the first one. Now, the shaded region in the picture
below is formed by two similar sets of opposite twists of the same string around the
surgery string. So it bounds a disc (together with the little band that is missing), the
circumference of which is not linked with the surgery string; but this is isotopic in
53 to the left part of move (c). l.e. move (c) is a finite sequence of moves of type

(1), (2) and (3).

Pictures:

usual /(\3)/
isotopy
usual
isotopy

Note In the pictures above we have included another string of the mixed braid that
links with the surgery string. We can see that this does not affect the proof.

2.4.1 Completion of the proof of the theorem

Let M = x(S% B) with B a pure braid on m strings , let MB be the set of mixed
braids related to M and ML be the set of oriented mixed link diagrams in S® .
Any closing operation for mixed braids defines a map from MB to ML , and we
shall call ‘C’ the map defined by the closure we use here. We can also obtain a map

from ML to MB using (Steps 2, 4 and 6 of) the braiding process given in 2.3.2,
and we shall call this map ‘S’ .

We have seen up to now that, if we start with two equivalent mixed braids and apply
C , we obtain isotopic mixed link diagrams; and conversely: if we start with two isotopic
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link diagrams and apply S , we obtain equivalent mixed braids. As in 1.4.2, in order
to complete the proof we have to show invariance under the closure we use for mixed
braids and under the algorithm we use for turning mixed link diagrams into mixed
braids. Invariance under closure is obvious. To see that all algorithms are equivalent,
it is enough to show that any algorithm A satisfying Theorem 4 is equivalent to S .

Indeed: Let B,UB_, B,UB be two mixed braids that we obtain from an _oriented
mixed link dlagram LUB after applying S and A respectively. Then BQUB =
C(B:UB) is 1sotop1c to LUB and therefore S(Bg UB) is equivalent to B, UB.

But 8(32UB) is a mixed braid B3 B , say, that differs from B;UB only by
conjugation (as it follows from Step 6). So By B is equivalent to B;|J B , and the
proof of the theorem is now completed . O

Notes

e The proof holds even if the surgery braid is not a pure braid. In this case move
(3) is modified so that the replacement of the little band links only with one of the
strings of the same surgery component and runs in parallel to all remaining strings of
the surgery component.

Picture:

e The reason we had to allow conjugation that may ‘cut through’ the surgery braid,
comes from the usual isotopy of mixed links and the usual Markov’s theorem; (recall
that, from the modified algorithm the surgery braid is always the same).

Remark 7 In the statement of Theorem 5 we could have used the moves (2") and
(3") depicted below, instead of the moves (2) and (3) :

(2") % ke k, ke k, Ken
l_-ee {14 e 11

a

il AR

~
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(3") ky km ky km
A L it S A L BEERL L)
>
] m NES
i fL{,i:'

These are special cases of the moves (2) and (3) that take place at the bottom of the
braid, and we shall use them later on for algebraic purposes.

2.4.2 Some further comments

e Suppose the surgery link consists of only one unknot. If we ignore the surgery
description, then the surgery component may be seen as a solid torus , V' say. Also,
a mixed link/braid may be seen as a representative in S® of a link/braid inside the
complementary solid torus , S \ V . Then, the analogue of Reidemeister’s theorem
as well as Theorem 4 can be modified properly; and therefore, if we omit move (3)
in Theorem 5 , we obtain the following version of Markov’s theorem for isotopic links
inside a solid torus, (which we can equivalently obtain immediately from Corollary 5
for the fixed subbraid being the identity I;):

Theorem 6 (geometric version) Let M = S3 '\ I be a solid torus with 1 also a
solid torus; let Ly , Ly be two oriented links in M and ByUI , BoUI be mized
braids in S® corresponding to L, , Ly . Then L, is isotopic to Ly in M if and
only if ByUI is equivalent to B,UI in S® , under equivalence generated by the
augmented braid relations together with the moves (1) and (2) of Theorem 5 .

Note that we have adopted a fixed orientation for the ‘solid torus’ component I, the
complement of which is the space we consider here.

e As cited in [44] , an analogue of Alexander’s as well as of Markov’s theorem for
links in arbitrary c.c.o. 3-manifolds has been proved by R. Skora in [55] , where he
uses the fact that every 3-manifold contains a fibred link. In the same paper, using
R. Skora’s results, X-S. Lin found a simple version of Markov’s theorem for links in
L(p,1) , which is essentially the same as our result for links in these spaces.

e As cited in [37] , K.H. Ko and L. Smolinsky proved in [36] a version of Markov’s
theorem for framed links equivalent under the Kirby moves. In this theorem they use
a braid move to recover the handle sliding, which looks very similar to our braid band
moves; only, they attach framing numbers to every string of one component.
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2.5 Group structures of mixed braids

In this section we look for algebraic structures in the set of mixed braids related to a
specific 3-manifold (recall 2.1). Having established this, we show that Theorem 5 holds
even if we restrict ourselves to the braid groups B,,. or the cosets C,,, , as this is
the first step towards an algebraic expression of the analogue of Markov’s theorem.

2.5.1 The group B,;

We focus our attention to M = L(p,1) ; then a braid in M is seen as a mixed
braid with the surgery string fixed at some place by the permutation of the braid.
Similarly, if M is an (unknotted) solid torus (recall Theorem 6 above), a braid in M
is represented in S® by a mixed braid with the complementary ‘solid torus string’
fixed at some place in the braid.

We call B,; the set of all mixed braids on n non-surgery strings, which fix the
surgery string at the (n+42 —1)th place ; then B,; clearly forms a group (a subgroup
of Bn41 ) and its elements can be regarded as the elements of Bny; , the permutation
of which fix the (n+2 —1)th string. In this notation, the set of all mixed braids related
to M is the disjoint union U2, U B, -

We claim that, in order to study isotopy of links in M | it suffices to restrict the set
of mixed braids to the union %, By, , the braid groups that fix the last string. To
see this, we first add a further step to the modified algorithm of the previous section.

Namely:

Step 7 Let a € B,41 be the mixed braid we obtain after applying the first six steps.
If the surgery string lies at the ith place, conjugate a to o,...0;a0;7'...0,7! in

Bp41 - Then straighten the surgery string using the augmented braid relations:

Picture: i i } | %
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Now we may say that all braids in M can be represented by braids with the surgery
string fired at the last place by the braid permutation .

We also want to show that a restricted version of Theorem 5 holds for M , where the
set of mixed braids is U2, By, . Indeed:

Theorem 7 Let M = I'J(P’l) = xX(S8%1), Ly, L, be two oriented links in M
and ByUI , B2UI be mized braids in 3L, By corresponding to L, , Ly (after
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Step 7). Then L, isisotopicto Ly in M if and only if B,UI is equivalent to
B,UI in U2, B, , under equivalence generated by the augmented braid relations
and the following three moves:

(I') Conjugation in By,

(2 ) Markov moves in Une; Bn1 of type (2') for the non-surgery strings, as depicted
in Remark 7 above

(3) Braid band move of type (3'), as depicted in Remark 7 above,

where we omit move (§) if M is a solid torus.

Proof It is enough to show that, if the braids By’UJ and B,’UI that are obtained
from L, and L; after Step 6 differ by moves (1), (2) and (3) (of Theorem 5),
then the braids B;UJI and B;UI (obtained after Step 7) differ by moves (1'), (2)
and (3).

We shall first check conjugation: Let o' = By'UI differ from B,’UI by move (1),
ie. BUI=pBca/B! forsome B € Bnt1, where o € Byyy has the surgery string
fixed at the ith place. Let 7 = o,...0;; then, after Step 7, o' becomes a = ra'r~!.

Case (i): If conjugation by B leaves the surgery string at the ith place, then, after
Step 7, Ba’B~! becomes

BBt = rArlrd e Y = (rBr Ya(rBr7Y)
which is conjugate to « in B,; since 787! € B, .

Case (ii): If § moves the surgery string from the ith to the jth place. In this case
it is enough to assume that B = 0,*' or o;;*' . If B = 0g;-;™' the proof follows
immediately from the way Step 7 is performed, since

BBt =0i1 Moy
and after Step 7 this maps to
On.. . Oima(0icy doi )i e, = et = 0
The case where (3 = o; follows similarly. If 8= 0,_; then
Ba'B! =010y,
and after Step 7 this maps to
1 -2_ -1

2 -1, 1 - _
Op...00;\'T TQT "TO “0; " ...0, l=(1'0,-__121"'1)a(‘ra,-_lz'r"l)_l,

which is conjugate to a in By, , since the pure braid ro;_,27-! ¢ B, . The case
where 8 = 0;"! follows similarly.
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Let now o = By’UI differ from o’ = B’ UI by a move (2), which we may
assume — using conjugation — that occurs at the bottom of the left-hand side of the
braid. In the pictures below we illustrate that after Step 7, a and o' differ by a
Markov move in B, ; . (For convenience we draw only the first stage of Step 7) :

1Ry 1 i+1 n+l ! i+l | ; I‘,—E—J
{ oo l eee { e l e E oo oo ! | oo e E

i .o l "o E i ees “ee \ ver ver § ee §
a’ a,’ Q, o
Finally, let o' = B,UI differ from «,' = B,’UI by a band move (3) . In

the following pictures we illustrate that o, differs from « by a band move (3')
conjugation and braid relations in B, :

1 i n-l 1 i+1 n
i ) l voe § g T §I utg oo ; uoE
8 s mn B,l 1
rh ey
. . br. rel®
} vee Ion g i X1 ﬂoo- E i vee E vee g
a’ o’ o
i e ; i § § LER] i
i) conj? ARLH (3') o’
‘.‘W‘:b‘" __ﬁ _)
n“”#. z‘I‘ in Bn,l il
EE B —
il
which is the result of applying Step 7 and conjugation in B, 10 o', O

2.5.2 The groups B,

Let M = x(S3,B) be a 3-manifold represented in S3 by B, a surgery pure braid
on m strings. Then — as already mentioned - a braid in M is represented in S* by
a mixed braid, which is a specific element of the (usual) braid group B,4m , for some
n . The above also apply if M is the complement of B in $3.

Claim For M as above, our braiding process (proof of Theorem 4) can be properly
modified so that the m surgery strings will occupy the last m places of any mized
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braid related to M , and if we remove the strings of the permutation braid we shall be
left with the surgery braid B .

Proof: By applying Step 7 m times, starting every time from the string closer to
the right-hand side of the braid.

As already mentioned, as far as isotopy of mixed links is concerned, a mixed braid may
have a conjugate of B underlying. So, in the set of mixed braids described in the
claim above, we shall also include the ones such that: if we remove the strings of the
permutation braid we shall be left with a conjugate of B , and we shall call all such
mixed braids ‘special’ mixed braids.

Then, it is easy to see — arguing by induction — that a similar version of Theorem 7
holds for M , namely:

Theorem 8 Let M = x(S% B), Ly, Ly be oriented links in M and BB,
ByUB' be two special mized braids corresponding to Ly , L, . Then L, is isotopic to
L, in M ifand onlyif BiUB is equivalent to B UB' in S® , under equivalence
generated by the augmented braid relations and the following three moves:

1) Conjugation inside the set of special mized braids
P

(2) Markov moves for the non-surgery strings, that take place at the bottom of the

left-hand side of the braid

(3) Braid band move as depicted below, with all possible choices of crossings:

R B L1t

<>
NN
CUH R
B A
At il E

( (A
where we omit move (3) if M =S\ B .

We wish next to look for braid group structures inside the set of special mixed braids
related to M . So, we first need to check whether the addition of two special mixed

braids is a topologically closed operation, and this leads naturally to distinguishing
between the following two cases:

Casehl BARSIE 3-fnanifold with (surgery) description given by I, , the identity
braid on m strings. In other words , M is tb\e connected sum of m lens spaces
of type L(p,1), or alternatively M = S® \ T,, .
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Case 2: M is a 3-manifold with (surgery) description given by a non-identity pure
braid , or alternatively M = S*\ B .

Consider first Case I, and let B,,, be the set of all special mixed braids with
permutation braid on n strings . B, is clearly a group (a subgroup of B, ) and
its elements can be regarded as the elements of By4,, , which fix the last m strings.
From this observation and the theorem above follows that in this case our study of
isotopic links in M wvia braids, can be restricted to the study of the braid groups B,
for all n,and the moves (1'), (2') and (3') of Theorem 8 can be written equivalently
as:

(') Conjugation in By, for every n .

(2) Markov moves in \U;L, By m for the non-surgery strings, that take place at the
bottom of the left-hand side of the braid.

(2) Braid band move as in Theorem & .

Note that for an algebraic expression of the moves (2') and (3') we need first a group
presentation for B, , and we give one in the next section.

We consider now Case 2: Let |U%,Cnm be the set of all special mixed braids
related to M . C,,. is a subset of B,,,, ,and an element of C,, has the surgery
braid B, or a conjugate of B , underlying. So, if we add any two elements of Cp, ,
both having B say underlying, we see that the surgery braid B changes to B?. So
Cnm is not closed under addition and therefore it cannot form a group.

Conclusion Up to now we may say that the study of isotopic links in M can be
restricted to the study of the sets C,,, forall n .

But we would like to go further than that by showing the folllowing:

Proposition 1 For B a pure braid , Cp» is a disjoint union of cosets of B,,, in

Brim -

Proof Let A € C,, . We shall show that A can be written as a product a-B’,
where a € B,m and B’ a proper embedding of a conjugate of B in Bnim
(as illustrated below). Indeed, a way to see this, is by using Artin’s canonical form
(presented in 2.6.1) as follows:

The last m strings of A are purely braided and so is the ‘mixed’ braiding among the
first n (thin) and the last m (thick) strings. The first n strings of A , though, do
not necessarily braid purely. So, we add on top of A a standard braid s such that
sA is a pure braid, and on top of s we add s™!'. Then we apply Artin’s canonical
form for the pure braid sA . This results what we wanted:
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Picture: (with crossings omitted)
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It remains to show that conjugation, the Markov moves and the braid band moves
respect the coset structures of UL, Crnm , the set of all special mixed braids related

to M .
Indeed:

Conjugation: Let a-B ~ faBf~' in C,, . From Theorem 8 , it suffices to assume
that, B8 is o*! for t=1,...,n—1 or B=0,3 (the square of a mixed crossing);
otherwise the last m strings would not remain fixed. Now , #~! commutes with B
and so BaBp~! = paf~'-B € B, ,, - B . For the case where 8 = 0,2 , we refer to
the last part of the proof of the band moves.

Markov moves: Let a-B ~ aBoy*!' in C,,. , where & is same as a but with
all indices shifted by +1 . Then o;*' commutes with B and we have &Bo,¥! =

a0t - B € Bujim - B .

Band moves: (By following the pictures below)

[ Lk L~

o

(l'\-m}":"\f"

| 4

- —]- — b~ -

i

3 {.,
i PiEa sy
+ <

@ 150 A1

First, by conjugation in C, ,, we take the banding to the top. The problem to be
solved is how to separate the new string in the surgery part from the surgery braid:
For this we conjugate locally (using braid relations), so as to create at the right bottom
corner a pure braid P on (1+m) strings (see picture below).

f— - -

v/
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If we apply now to P Artin’s canonical form (see 2.6.1), the braiding of the new string
with the surgery strings will be separated from the surgery braid, leaving the surgery
braid at the bottom-right part of the mixed braid.
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2.6 A presentation for B,

2.6.1 Pure braid groups

In the introduction of Chapter 1 we defined the pure braid group on n strings P, ,
as a normal subgroup of B, . P, can be given a presentation with generators A,, =
0’,.—10,-.“—1 Liele 0‘,_2—10’,_1203_2 e Op410p = 05-105-2 ... 0',-+10’r20',-+1_1 elele 0",_2_10'.,_1_1 5
1 <r<s<n (pictured geometrically below) and relations:

A FE<AS I INOr L I 8 <)

-1 b 4 i

=y A,;AijArj 2 r<s=i<j
8 ijArs (ArjAsj)Aij(ArjAsj) r=1<s<)

(ArjA,jArj-lA,j_l)A,‘j(ArjA,]'Arj_lA,J‘_l)_1 Py <
(For a proof see [5], [7] or [19])

Geometric pictures of A

The following theorem shall be used very often (see [5], [7]):
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Theorem 9 (Artin) FEvery element, A, of P, can be written uniquely in the form:
A=U,U,... .U,

where each U; is a uniquely determined product of powers of the A;; using only those
with 1<J .

I.e. the pure braid relations allow us to write any pure braid word canonically, in the
sense that we can have the pure braiding of the first string with the rest, then keep the
first string fixed and uncrossed and have the pure braiding of the second string and so
on. We call this Artin’s canonical form . The geometric meaning of this canonical
form is illustrated in the example below (with crossings omitted):

Picture:

2.6.2 A presentation for B,; using the T!'s

We shall next show how to find a presentation for B,; using braid as well as pure
braid generators.

Recall that Bnm is the subgroup of B.,n that fixes the last m strings (i.e. if
we remove the first n strings we are left with the identity braid on m strings). We
write P,. for the subgroup of the pure braid group of B,,, generated by A;,4;
for i=1,...,n and j=1,...,m. Notice that P,, does not contain pure braiding
among the first n strings.

Lemma 4 P, <4 B,

Proof B, is clearly generated by A;..; where i=1,...,n, j=1,...,m and
by o1,...,0s-1 . Hence, to prove the lemma, it is enough to show ,tha,t if \;ve cénjugate
any Arnts € Pam by any o' € B,,, for i = 1,...,n —1 then the result is an
element of Pnm -

Indeed:
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Ui—lAr,n+sUi = Ar,n+s € Pn.m and O'{A,-',H,,O’,'_l = Ar,n+a € Pn,m if r>i4lor r< i
0, Aings0i = Ai,n+aAi+1,n+aAi.n+s—1 € Pom and 0;A; 01,0 = Aif1nts € Pum
0V Ait1nts0i = Aipgs € Pom and 0:Ai410+40i7 = Aiprns AinteAisings €

§ Ao 0

Proposition 2 B, = P, x B,.

Proof From previous lemma P, < B, . Moreover , P, ;N B, =1 . Also, every
element in B, can be written as a product a-f , where a € P,y and B € B, .
This follows from Artin’s canonical form for P, 4, , applied starting from the (n+1)st
string rather than the first (see picture below for n =3):

Picture: (also with crossings omitted)
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where p € P, , s a standard permutation braid and B8 =ps . O

Remark 8 With very similar arguments we can prove in general that
Bn.m = IpmXA Bn

The only extra thing we need, is a presentation for P,; : The generators of P,
are Ajnt1y--+sAnngr - Le. an element of P, is a pure braid on n + 1 strings
such that the last string is doing pure braiding with the others, but all the rest remain
fixed. Hence, as it follows immediately from the uniqueness of Artin’s canonical form ,
P,, is a free group.

We can now apply a result from the theory of group presentations (see [27], p.140),
that gives a presentation for a group, which can be written as the semidirect product
of two subgroups with known presentations.

Setting T' = T := Ain4r, T{ = Azpyr,..., Ty i= Apnyr (pictured below for
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convenience), we obtain the following presentation* for B, :

0i0i410; = 0i410i0;4 for all 7 braid
OlynievyOn1 U‘f{ =’ 9595 for’ |2 _]l >1 _ } relations
< o el e (1) o.'_ T\ _,o0i=T5_, if /\_>z+1 or A\ <1 -
(2) o~ \T!_,0i =T, T!T._, TRl IO I mizeq
(3) o' Tlo; =T/, for i=1,...,n—1 relations

The last set of the ‘mixed’ relations imply that we do not need all T} ’s for a presen-
tation of B,;. We only need T",0y,...,0,_1 as aset of generators. We use relations
(3) to obtain the following relations defined by:

/ - —
T =0;...0¢T0;" ..o, O

Picture: 1 ii+l n n+l 1 n n+l

Then we substitute the above expressions for 77 in the first two sets of the ‘mixed’
relations.

Note In some proofs below, as well as in Chapter 3, we underline the generators that
participate in each step of the proof.

From set (1) of the ‘mixed’ relations we only keep the relations:
gimdio =T S>I10 ()

and we shall show that the remaining relations of set (1) follow from (I), ¢ and
the braid relations (b.r.). :
Indeed:

If \>i+1wehave 0;7'T}_,0i = 0; Yooy ..o T'0y 7). oy_1 7 Vo (br)
-1 ! - - —
O\—1-++0i420; 0’,'+10','...0'1T0'1 1...0’; lai+1 10"-0-‘.+2—1.“0,\_1_1 (b.r.)
O)\—1 - .0',’+20','+10','0','+1— ¥ .G’IT'O’I_I Oi410;i Oit1” ' Oiyg 1 0.\_1-—1 (b=")
-1 ()

-1 -1
Orel-+- 01041 1 0i41017 ...06 17" =

4This .presentation appears also in [19], App. 1; it is proved by L. Gaede, to aid in finding a
presentation for the pure braid group. Also, as J. Birman mentions in [7], page 22, W.L. Chow in [11]
found and used the above presentation for the same purpose. PR
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/. ~1 -1 9_ !
0')‘_]...0'1T0'1 ce e TN _T/\-l .

1

If A <iwehave o;7'T{_joi=0;"tor"y...o0 70y .. .oay

1

_ - -1 (D,%
Oroy...000, Yooy .. Y2 T, .

oA 2
From set (2) we only keep the relation:

o1 oy =T'TT™! < 0,7 T0y =T\ T'o, ' T =
T'o\T'0y = oyT'oy T (1)

We shall next show that the remaining relations of set (2) follow from (II), ¢ and
the braid relations.

Note Using the braid relations repeatedly we have:

o -1 -1 — -1
()or17t...0ic1710i0iC1 .. .01 = 0. 0200077 ..

. 0’,'_1 'l'
(i1)o %(02°0,%) . . . (0:°0i1°) = (02°01%) .. . (0°0i-1%)0® e =41, 6=+41 ¢
First notice that relations (2) can be rewritten as follows:

T/ 0T}, = o T\ 1] <= T;_,0.T_, = o:T{_,0.T{_ 10" <=

/ ! / y
T 0T _joi=0T_10T;,_, i=1,...,n~-1

Now,
_ [P | . .=1 - -
T 0T 0, =0;y...o1T'0y " ... 0017 0i0i1...0T'0y" Loy o A
-1 -1, =1 - (b.r)
Oic1.-.1T'o; .. 090107 ..o T'oy™ Lo 7oy =

(0’,‘_10',') cee (0’10'2)Tl0'1T,(02—10'1_1) cen (0‘,'-10,'_1—1)0',' =

le

(0-10%) .. . (0102) 'y T’ (037 o 7). .. (007 oi1 " V)0

(6i-10%) ... (102) ' T'oy (027017 ) L (07 0iy 1)

(0’,'_10'.') cen (010'2)01T,0'1T'(0'2—lal‘1) e (ai-lai-l—l) é

0:(0i210i) ... (10) T’ T' (0 oy ™) .. (07 oy 7Y) T

4 -1 - -
a,-ai_l...alTa;...agalag e Oy lT'al 1...0,'_1 1z

oiT_,0:T;_, g
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So, after Tietze transformations®, we obtain the following presentation for B, ; :

0i0i410; = 0i410i0;41 for all ¢
oi0; = 0jo; for|i —j|>1
B,i=( T,01,00,...,0,_ ) d I .
n,l < 1y 91,92, yYn-1 T'O’,‘ -~ O,‘TI fori>1 “
T'O’lTldl = 0'1T'0'1T'

Note Using Lemma 4, Proposition 2 and similar but more sophisticated arguments,
Alastair Leeves found a presentation for B, ,, , which we give below:

0i0i410; = Oi410,0;41 for all ¢
oio;j =050, fori—j|>1

o o On1 ' AnjOn_1An = AniOn 17V Anjon_y
< A),--" n—lA forn<1<]<n+m+1 >
nntlyc-ydnntm Anjg"- = UiAnj fOl’ 0<t <n-1

Un—lAnjan—lAnj = Anjan—lAnja'n—l
forn<ji<n+m+1

where A;; as given in 2.6.1 .

Remark 9 Having the above presentation for B,,, , we can express the Markov
moves of the generalized Markov’s theorem as follows:

an~an*, a€Bym

where & is same as o but with all indices shifted by +1 .

Although, the band move cannot be expressed algebraically in an easy way using the
T! ’s as pure braid generators, even for the simpler case of B, ; related to L(p,1),
as we demonstrate below:

If T' € B,-1y and o1, a; € Ba_y,; are both words in the o;’s, then

a;T{az(€ Bp-11) ~ A CTCRLTIY NPl SRLE P 0i41) Tjag (Thy )Pony® € By,

and

(T g ~ ar,(T,-’)"(a,-...l'l e Opg Y1 200 g ... Oit1) Qg (T,i_l)”a,,_l:tl € B,
Using the above and Theorem 7, we have the following;

Corollary 5 (algebraic version of Theorem 6) Let M = $3 \ I be a solid torus

with I also a solid torus; let L, , L, be two oriented links in M and B,UI ,

B, I be mized braids in UL, Bny corresponding to Ly , Ly . Then L, is isotopic

to Ly in M ifand only if BiUI is equivalent to B,\UI in U, B, , under

equivalence generated by the augmented braid relations together with the following two
moves:

(1) Conjugation in By,

(2) a~ ao1*! , where a € B,y and & is same word as o but with all indices
shifted by +1 .

5See [47], Chapter I part 1.5 or [46], Proposition 2.1 .
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2.7 Another presentation for B,

To derive a simple algebraic expression for the band move in the generalized Markov’s
theorem for M = L(p,1) , we would like to find a presentation for B,; using the
pure braid generators

T;=o0;...00T0y...0; and T as pictured below:

1 ii+l n n+l 1 n n+l

el N

T :

000 an e *
s I L] s

Note that TporTH'=T1;-

Remark 10 We did not consider using T;’s to find a presentation for B, at the
beginning, because in this case we do not have a normal, free subgroup of B,; to
work with.

The T;’s are related to the 7Y ’s in the following way:

-1 -1 -1 _
71' =0i41 +++0n-1 Tn—lan-l e O =
-1 -1 -1 : =1 -1 -2 - A
U,+1 ...an_l Tn—l Un_l...o".}_l(a'l_*,l "'Un—2 o‘n_l Gn—2 1 .“a."+1 1) <=’_\’

-1 -1 -1 -2 -1 -
T,-=T,-' (Ui+1 cesO0p_2 Opn_1 Op_2 e O 1)

We now substitute

-1 -1 -2 -1 -1\ -
(Oig1™ o On—2” Op1” "Onoz” ...00p D! for T!

in each of the ‘mixed’ relations of the first presentation for B, ; to obtain the following
for t=1,...,n—1:

1. T o ="oi g S A A<y
2. T;aT; = TiTia
3. T; = 0:T;10i

Proof of 3. o, 'Tlo; =T]_, <

1

e -2 v Iy =1 et -1 = = S Tat i =
ai (Ut+l e Op-1 " ...0i41 )Ta 0’,—(0’,' Oi4+1 l...O’n..l 2...0’,‘+1 IG,' lT,’-] ])<=‘—‘>

T o = ai7' i~ <= Ty = 0Ty 0; 0
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Proof of 1. First we need the following

Note Using the braid relations repeatedly we have:

(0. On-10020n1...05)0i = 0i(0} ... 0n_10,20p_q...0;) for 1 <j<i or j>i+l 1}
[ for example if j =1 and i =23 we have: (010303%0201)03 = 0102030302030, =
0102030203020 = 0103020303020 = 03(01020320‘201)- ]

Now: o, 'Th_0i=T5_; A>i4+lorl<i <

-1

o oot D Tl = (a7 o T T

A>i+l, A<i <

(a,\'l ces 0,,_1_2 e a’,\-l)U;—lT,\_l_la,' = (0’,\"1 . .0',._1-2 ves U,\_I)T,\_l_1
A>i+1, A<t &

o-‘--lT/\_l—la,- =T A>i+l,A<i & Th0;=0T-y A>i+]l, A<i O
Proof of 2. o;,7'T_,0: = LTTL, T &=
Ui_l(ai—l v Un_1-2 . 0','_1)7:'_1-10’.' = (a'i_l e U'n--I_2 e ¢7'|'_1)T:'—1—1

- - - _ - —11-1
(a,~+1‘1...an_1'2--.0i+1 1)Ti 1[(0.' 1. op72 .0y I)Ti-l 1] =

- - - -npo =1 (=1 -2 -1, - -1 _
o; l(0’,' 1---0'11—1 2...0’,‘ )T_':_l. ﬁ(g’_,_ BN £ TS U 39} 10.', 1) ) =

- - - - - - 1.
(a,-"...a,,-l'z.--oi DT Yo .. ony oo LT &

-2

- - -1 -1 -2 - -1_ - -1
o; 1(0,‘ l...O',,_l R+ )(0','..,1 e Opn1 e O I)T"-_, o; IT;_l =

(0‘,'_1 cee Un_1-2 . 0,'_‘)(0','4.1—1 . .Un_1-2 een 0’,’+1~1)T;'__1_]T,-_1 é}

- - -2 -1 -1 -2 -1 _ . -1_ - -1
o; I(O'H_] 1...(7,,_1 e Ti )(0',' e Opn o Oig1 O l) i-1 O IT“-_I —

- -2 “1\(g. .~1 -2 -1 -1 -

(0i7). . .opa”" .. 0 Woir1™' .ona o T TITTY =
_ -1 -1 -1 -1 -1 3.

0, o lei Tiam =Tia™ T, =

gi ‘fi-1 9%

TiaaT: = TTia g
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So, after Tietze transformations, we obtain the following presentation for B, :

0i0;410; = 01410{041 for all ¢
” - o,0; = ojo; for |i —j| > 1
< TI’I', ? "}1, 1. heyo;=0T21 A>i+1, A< > &b
»ilyee e il 2. ’1",-_1T.~=T,~T,-_1forz'=1,...,n—1
3. 1 =0;T;—1o;fore=1,...,n -1

If we eliminate Tj,...,T,_; as before using Tietze transformations, we derive the
same presentation (#&#) for B,; namely:

0i0i410i = 0i{410{0;4] for all ¢

o,0; = ojo; for i —j| > 1

To; = o;T for1 > 1 LD
ToToy = oyToT

Bn,l = < T,01,0'2,. «yOng

We can now write the algebraic expression of the generalized Markov’s theorem for any

M= L(p1):

Theorem 10 Let M = L(p,1) = x(S%,I), Ly, L; be oriented links in M and
BiUI , B;UI be mized braids in U7, Bny corresponding to Ly, L, . Then L,
is isotopic to Ly in M if and only if ByUI is equivalent to B,UI in UZ, By,
, under equivalence generated by the braid group relations, together with the following
three moves:

(1') Conjugation in By,

(2) o~ 0,¥'a , where a € B, and & is same word as « but with all indices
shifted by +1 .

(%) a ~ aT,Po,* , where a € B, is a word in the generators T,oy,...,04_; ,
and p € Z the framing number of I .

Note The above theorem appears also in [44] (recall the relevant comment in 2.4.2.).
The only essential difference is that X-S. Lin places the surgery string at the beginning
of the mixed braid; therefore, the band moves take place at the left-hand side of the
braid, whilst the Markov moves take place at the right-hand side of the mixed braid.



Chapter 3

On trace invariants

3.1 Introduction

The first written announcement of the Jones polynomial was made in May 1984 in [28),
whilst the first published announcement appeared in 1985 in [29]. This was immediately
generalized from different viewpoints by several authors independently, and it is now
known as the 2-variable Jones or the FLYPMOTH or the HOMFLY-PT polynomial
(name derived from the initials of the authors; for details see [16], [50], [40]). In (30]
V. Jones reconstructs the HOMFLY-PT polynomial after Ocneanu as follows:

He maps the infinite dimensional braid group algebra over C, CB, , onto H,(q), the
Hecke algebra of Ap-type, via the natural epimorphism : o; s g; , where ¢;,...,gn;
are the generators of H,(q) . Then he uses Ocneanu’s trace function theorem ([16]),
which guarantees the existence and uniqueness of a linear function

tr: |J Halg) —C
n=1

such that

1) tr(ab) =tr(ba) for a,b € Ha(q)
2) tr(l) =1 for every Hn(q)
3) tr(agn) = ztr(a) for a € Hn(q) y gn € Hn+1(q) and 2z € C.

(The existence of the trace function relies upon the fact that there exists a canonical
basis for Hn4+1(g) , such that the higher index generator g, appears at most once in

any word in Hn41(q) -)

V. Jones noticed that rules 1) and 3) resemble Markov’s theorem for isotopy equivalence
of braids in S ; so, by normalizing the trace properly (so that the braids « , ac, and
ao,”! would be assigned the same Laurent polynomial), he obtained the 2-variable
(with variables ¢ and z) polynomial link invariant. In the same paper it is mentioned
that there should be analogues of Ocneanu’s trace for Hecke algebras other than those

of type A, .

73
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In this chapter, we observe first that B, ; — the braid group related to the spaces
L(p,1) (and to the unknotted solid torus) - is, in fact, the Artin group of W, , the
Coxeter group of B,-type. This readily implies that the natural epimorphism of B, ,
onto W, extends to an epimorphism of CB,,; onto CW, , which is isomorphic to
H.(q, Q) , the Hecke algebra of B,-type . The above now suggest that, if we follow
the same approach as in [30], we might be able to find isotopy invariants of links in a
solid torus or in the lens spaces of type L(p,1) .

X-S. Lin made the same observation in [44], following a different approach. In the same
paper he also asks whether we can obtain link invariants in L(p,1) using this fact and
some Ocneanu-type trace. Here we attempt to partially answer this question. As a
first step, we state and prove the existence and uniqueness of a linear trace, analogous
to Ocneanu’s trace, from |2, H.(¢,Q) to C, such that

1) tr(ab) =tr(ba) for a,b € H,(q,Q)

2) tr(1) =1 for every Hn(q,Q)

3) tr(agn) = ztr(a) fOl‘ ae€ Hn(q’ Q) s Gn € Hn-vH(Qa Q) and zeC
4) tr(at;) = str(a) fora € Hn(qv Q) ’ t; € Hn+l(q’ Q) and s € C.

In section 3.4 we use this trace to construct an analogue of the HOMFLY-PT polyno-
mial for isotopic oriented links inside a solid torus, and we compare with [22] .

Finally in section 3.5 we construct a weak analogue (a homology invariant) of the 2-
variable Jones polynomial for braids in the lens space L(0,1) , using the above trace
function and our generalized Markov’s theorem, as a very first attempt to define the
generalized Jones polynomial in arbitrary 3-manifolds via the process described above.

3.2 The groups B,; and W,

3.2.1 Algebraic definitions et cetera
Definition 16 A group G with a presentation

(Wi, ooy wn | (wiw;)™ =1, wherem; =1, i=1,...,n)
is called a Coxeter group.

Definition 17 If G is a Coxeter group with a presentation as above, then the corre-
sponding Artin group B is given by

B=< Tiye-+sTn

TiTiTi oo = T;TiT5 ..
where the number of factors in either side is m;;

So, for example, the br?,id group on n strings , By, , is the Artin group of the Coxeter
group of A,-type (which is actually the symmetric group S, ), since B, and S,
have the following presentations:

Bn = (0’1,..-,0’11—1 I o.'crj = O‘J‘O',', fOl‘ IZ —]' > 1, aiai+lai = ai+lai0'i+l>
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and
Su = (81,.8nc1 |82 =1, (si8;)? =1, for i = j| > 1, (8i8i41)° = 1)

where s; corresponds to the transposition (¢,#+41).

Definition 18 Let F beafieldand ¢; € F, i =1,...,n. Let G be afinite Coxeter
group with set of standard generators S = {wy,...,w,} . The Hecke algebra of
G , H = H(G,q;) with parameters g¢; , is a vector space over F with basis
{T, :w € G} and an associative multiplication defined on 7 as follows:

T if I(wiw) = H(w) + 1

’U)EG,U)‘GS Tw."Tw:= s
{ QiTw.'w + (QI - l)Tw if l(w;w) = l('(l)) -1

where | : G — N is the length function on G such that: if w = w,...w; €
C(;’ ,) where w;, € S and j =1,...,k, then I(w) is the smallest such k. We de‘fine
(1)=0.

For the dimension, existence and basic properties of arbitrary Hecke algebras corre-
sponding to finite Coxeter groups see [13).

Notes

o If we G ,w; €85 then fww)=lw)+1.If w;€S,then w;? =1, hence
l(w?) =0< l(w;) =1 and therefore , Twl!=Ty Tu =g - To2+ (g — 1) -7,’,‘,‘ or
equivalently Tol=¢ -Th+(q—1) Ty ,or T, =¢-1 +'(q.- -1)- Ty, , v:/};ere
T, =1 is the identity element of the multiplication on H . Le. T,*# Tw.z..

e Associativity and the note above imply that we could have defined the product on
H equivalently as follows (see [13] for a detailed exposition):
f w=w,.. w isa reduced expression for w , then

Ty=Tuy Tuy---Tuy » wi, €5, j=1,...,1
If w; is a basic involution then
T’=¢ 1+ (g—1) T,
For example the Hecke algebra of A,-type , Hn(g) has a presentation:
(Grr-orGnt | 9i05 = 9;9i for li =] > 1, gigir10i = gir18igir, 6° = (¢ — 1)gi + q)
where g¢; correspondsto T,, and ¢ =¢q for i=1,...,n—1.

e An important fact about Hecke algebras is that: if ¢ =1 or not a root of unity
and we choose as field C, then the Hecke algebra is semisimple and isomorphic to

the group algebra CG , where G is any Coxeter group. The isomorphism d
by Tits in [8], Ex. 27, p. 56 , as cited in [45]. P was prove



3.2. Thegroups B,1 and W, 76

3.2.2 Coxeter groups and Hecke algebras of B,-type

We shall start by giving an intuitive ‘pairs of shoes’-description of W, , the Coxeter
group of B,-type , given in a talk by Professor G.D. James. For a picture we can
think of n numbered shelves and n numbered and ordered pairs of shoes; put one
pair on each shelf, not necessarily in the right order pairwise, and not necessarily on
the right shelves. (Note that, the description can be made rigorous if we consider an
ordered n-tuple of ordered pairs of objects.)

We want to place the pairs of shoes correctly, but we are only allowed to swap over
the shoes of the pair that is placed on the first shelf, and also to swap pairs that lie on

2 2

4
consecutive shelves. If for example we want to arrange the word 3 | where we
1

—l o W

use the notation iz for the pair of shoes with number i, and 7 is the left shoe, then
one possible procedure is the following:

— B
[ A e RIS )
—

_— —
DD = ] QO N W
—

7 =~

O N~ o N W
O —

o =l D

ol = 0 il

[ RIS RN
W B

W B b =

—

e o B M B o B

ol x| B = = O B}

Ol B W] =] = Gl B
-

N—
P
F=N
N—

\ 3

We can see that we have been making use of the symmetric group S, to swap
pairs on consecutive shelves, and of the group C; (a cyclic group with two elements)
for swapping shoes on the first shelf. Every arrangement is a word of the group C,
‘wreath product’ Sn , C2 15 , where I’ means: we take 2" = (3 x ... x C;y ( n
copies) and we make a group using the elements of 2" and S, .

-
—

As a set, it is the cartesian product W, =2" x S, . Therefore , |W,| =2".n!.

As a group W, is isomorphic to 2" acted upon by S, ; i.e. it is the semi-direct
product 2" % S, .

The way S, acts on 2" implies that the following is a presentation for W, :

8% =1, 8;8418; = 8,;18;8;4, for all i

8i{3; = §;8; for IZ —_]I >1

81,.+.490-1 8 € Sn v.-2 =1, Vv; = V;v; for all z,j

< Uiy Un U; €27 8;T s = 8,08 = v;% = v, ;) > 4
where s;(i) is the image of ¢ under

the transposition s; = (5,5 + 1)

W, =

Aside In terms of the pairs of shoes, v; means ‘swap the shoes of the ith pair’ .
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If we call now v, =t , then the last relations of the above become:
v = t

Ve = 31t81

V3 = 8281t31$2 = S9U382

Vp = Sp_1.--81881...8,1

and this means that for a presentation of W, we only need t,s;,8;,...,8,_; as
generators and — after having done Tietze transformations - relations given by the
following Dynkin diagram:

t S Se Sn-1

where the single bonds of strength mean relations of degree 3 and the double bond a
relation of degree 4 . Also, if two generators are not connected by a bond, the relation
between them is of degree 2 ,1i.e. they commute.

In other words:

(t81)4 =1 or t31t81 = 31t81t
(ts.-)2 =1 or ts; =s;t for 1> 1
W,,=<t,51,32,---,3n-—1 t2=s82=1 for t=1,...,n-1 > 'y
3
(3i3i+%) =1 or $;8i418; = 8;418;8;41 for all i
(sis;)°=1 or s;s; =8;8; for |i —j|>1

A presentation for the Hecke algebra of B,-type , Hn(q,Q) , which corresponds to
W, is given below:

tgitg = gitgat

tg; =git for 1 >1

2=(Q-1)t+Q

g2=(qg=1gi+q for i=1,....n-1 > 4
9igi+19i = 9i+19igi+1 for all ¢

9i9; = 9;9; for |t —j|>1

Hﬂ(q’Q) = < t’glw'-vgn—l

Note The Dynkin diagram above, indicates that there is a natural inclusion of W,
into W,y (by adding an extra node at the end), and this extends to a natural

inclusion of H,(g,Q) into Hay1(q,Q) .

Theorem 11 B, is the Artin group of W, .

Proof According to Definition 17, it follows immediately by comparing the first re-
duced presentation of Bn1 (given in 2.6) with the above presentation ( # ) of W, . O

Corollary 6 So we can find an epimorphism of B,; onto W, ; indeed, there is
an obvious one sending T' +— t, 0; — s; . This implies now that there is also an
epimorphism of CB., onto Ha(g, Q) ; indeed, we can send T’ ¢, 0; s g; .
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Moreover, if we compare the second reduced presentation of B, (given in 2.7) with
the presentation of Hn(g,Q) given above, we can see that there is another epimorphism
of CB,; onto M,(¢,Q) (sending T 1, oy g;).

As alr'ea_dy mentioned, X-S. Lin in [44] made the same observation (Theorem 12), after
simplifying R. Skora’s approach for Markov’s theorem in L(p,1) . ,

3.3 A trace function for H,(q,Q)

In this section we show the existence and uniqueness of a linear trace function from
U%., Ha(g,Q) to C which is the analogue of Ocneanu’s trace for the Hecke algebras
of A-type . This is joint work with Meinolf Geck.

If we consider the elements ¢! =g;... g1ty ...¢;”" , i=1,....n—1 and t=¢ in

H.(g,Q) , then the following basic relations hold in H,(¢,Q) :

Lemma 5
() gi=qgt+(g=-1)1 i=1...,n-1, t=Qt7 1 +(Q-1)-1

-1 _ 1- C_ - -
gi ‘_%g;+—qﬂ-1 t=1,...,n-1, t1=-5-t+-%q-1 for ¢,Q#0

P=Q1+(Q-Dt, E=QUT+(@-1)1, =312
. ! Q™ Q
forall :=1,...,n-1

(1) If k<7 then Givr - GkGker G =g g i e Ok
and its inverse: Git1- G0k i =g i gk
also it e g1 Gk G = gk g9 gk !
and its inverse: Gint™ T ke G =Gk Gigi gk

forall i=1,...,n -2

Notice that for k = ¢ the relations we obtain are:

9i ' gin1Gi = gir19igi+1”
g,-_lg;+l"g,- = 9i+1gi"gi+1-1
gigi19: " = git17 ' gigin

gigit1 g™ = gi+1 197 gin

all of which follow from the basic relation g;g;419; = gi+19i9i+1 - The only other
consequence of which is its inverse, i.e. ¢;7'g;4171¢;7! = gi117 Vg, gigy ! Y
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(112) tigimtigisr = gintiginati , i=1,...,n =2

9k = gut! ifk<ior k>i+1

forall :1=1,...,n-1
(i) t-t; =(gi-- g2 Mtgg g™, i=1,...n—1
=it +(1=q)tgi. . gogn™ ... g7+
(g g g7 - Ll
w tht+(1—q)t(n™"...¢:7gicr ... 1 )t+
9—;—‘ (17t gicr ™ gi ) — Qiqi’)j 12
Also, in a completely analogous way:

If k<i and 1=2,...,n—-1

Pott = (i Gktagkar k- g1tg1 T gk T G gka Y L

=t + (1 —q)th(gi..  greagirr ™" - g7 Dth+
L;'l' (G- - Grrrgiea ™t - g )t — L_l_—_;q)_z_ t2

@) 1 4+ (1= @) thlgesr ™ o g2 Gicn + o G )tot
(a7t i1l e Gep )t — ﬂ?ﬁtjf

Proof

79

gt

(i) follows immediately from the relations in the presentation of , (¢, Q) (referred to

by ‘a.r’ for the remainder of this proof) :
°9’=q 1+(g-1)g &
9i=q9 " +(g-1) 1=
g,-“:%g,-+-‘—;1-l for i=1,...,n—1
o2 =Q - 14(Q-1)t <

t=Qt'+(Q-1)'1 &
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-1 __ 1 1- .
t _Qt+—03 1

o« 82 = (gi... o1tgr”

(gi-- - oit?q1™

T -gt'_l)(gi“-gltgl_l .. -g.'_l) =

=Q-14+(Q-1)t) <=

E=QU +(Q-1)1=

(i) If k<i

=1
it T Q

;+‘—5‘2-1 fori=1,....,n—1

g g7 g T g gk =

gt Gim1 T i 0igie T Gio1 - Gk

giv19k - -

Jig1--- Or+29k Gre19kGk427 " - Gip l=

1

a

3

Gi-171gigi-1 . Grgipr T =

Ji41 .- -.(]k+1.()k!}k+1—1 .. -gi+1'1

The other relations follow similarly.

(1ii) o tigiriligis1 =

(g,' e -gltgl_ .o

gi---Gitgis1 ... 92192~

(9i9i+1) -

(9igi41) -+
(9igi+1) - -
(9igis1) - --

gi+1(9igis1) .- (919291927 - - . gipr TGy L gt AT

gi+19i - - 91lgis1-- - G2192”" . --yi+1_1tg1'1 coi i

1

(g2)tait(g2"'g 7). . (9i+1'19."1)y.'+1
A(9n192)t1ta1(92 7 1Y) . (gir Vgt

Anig2)ntat(ga'ar7Y). .. (gi417tg:™?

1 a.

v Gint g g i

a.

N’
f~1
lis

(9192)01t01927" - gipa TMHgy "1 g1 AT

Log™) =00 [Q@+(Q@-1)t]gy ... g7

Q(gi--- 9™ .gi™)+H(Q=1)(gi-..itgr™ ... g7)) =

)i (gi - aitg ™ g Y )gi D

3

h

80
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(iv) o

ginr(gi---aitgr™ g gina(gi . it . 97" =
gi1tigivrt]
gitl_y = 9i(gic1---qitgr ™t giny ) =

gigic1 gt .. gio (g i) = g

H k<

1

t:gk = (g.'. Lt -gi—])gk =

(gi - 9itgr™ oo Gkp1 ka2 9 gk =

2

1 1 -1 4.

N TR [T SR

gi---1itg1”

i Gk419k---Gitgr .

|
—

8

4

'gk-l_lgk+lgk—lgk+l-lgk+2_l e i

1 -1 a.r.

Gi -+ - Gk419kGk+19k-1 - - tG1T .. g7 =

3

Gi - Gk+29k9k+19kGk-1 - - it g7

1

gi(gi---qitg1™ ... gim") = git!

Finally if k>:1+1

a.r.

Vg e E

tgy = (gi-..1tgr ™" ..

1

gk(gi - otV g7 = gt

We only prove the relations for tt; as the rest can be proved analogously:

1

tt: = i(g, .. -gltgl— .o

g E

[~]
£

g gatgitgr ... g7

b

-1 G.

gi-.- G201 Mgitga ™t ... gi

(gi..-92 f‘tgl_gz" gt 9
N

(gi---92 [%gx + %Q]t[qgl-l + (¢ - 1)]92'1,..51."1)! =

(I‘;‘ (i - -.qltgl'-l .. -gi—l)t + 9;—19.- .. .gliqz"l v g+

ql;;ﬂ gi.- -gzt_‘h_l .. -gi-lt + .(.1:1)‘)11;1_19’. .o galga™t .. gl =

it + 2 (gi. . gan92 7. g7 )24
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2
(1-q)t(gi - 9201797 gt = Uil 2 0

The Trace Function

The proof of the following theorem rests squarely on the proof of Ocneanu’s trace
function as given in [30], pp. 343-344, whilst, its statement was thought of by the
‘pairs of shoes’-description of W, (recall section 3.2).

Theorem 12 Given z and s in C, there exists a unique linear function

o0

tr: H:= U H.(¢,Q) — C

n=1
such that the following hold:

1) tr(ad) = tr(ba) , a,be™

2) tr(1)=1 forall H\(q,Q)

3) tr(ag,) = ztr(a) , a € Ha(q,Q)

4) tr(at),) =str(a) , a € Ha(q,Q)
Proof

The proof of existence relies on inductive arguments using the following information
on the structure of H,(q,Q) as given in [14] :

The Coxeter group of B,-type , W, , is a subgroup of W, ; of index 2(n + 1). In
[14], Dipper and James show that a complete set of right coset representatives of W,
in W, is given by

Jag1:={1, 8p...8i | i = 1,...,n}U{sn...313031...s; | i =0,1,...,n for s = t}
Le. every element w € W, ,; can be written uniquely in the form
we€W, or w=u-z , where ue W, and = € Jy; .
We can rephrase this as follows:

Every element w € W, 4; has one of the following forms:

(a) weW,
(b)) w=us,v, uveW,

(c) w=us,...s1t8y...8,, ueW,
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We have also analogous statements in the Hecke algebra H,4+1(q,Q) of Wiy ; i.e.
we can say that every element in H,,1(q, Q) can be written as a linear combination
of elements w , each of precisely one of the following forms!:

(@) we Ha(q,Q)
() w=ugv, uve€Hu(q,Q)
(c) w=ut,, u€H¢,Q) tn=9n-.-G1to1...9n .

This canonical form is equivalent to the following;:

(a) w e Ha(q,Q)
(c) w=ut,, ueHag,Q), th=9n...01t17" ... 9n

-1

We note now that having proved the existence of the trace function, uniqueness will
follow immediately as, given w € H,(q,Q) , it is clear that the trace of w can be
computed (inductively) from the above using rules 1) , 2), 3), 4) and linearity.

Define
¢ Ha O H D 7"ln Moy H, — Hn+1

given by
(e ®bBc®d) =a+bt, +cgnd .

From the above the map ¢, is surjective. On the other hand H,(q,Q) is free of rank
2n as an Hn-1(gq, @)-module ; so we have:

Ho @y Ho = Hoo1®" @n,_, Hn = Ha™ (as vector spaces).

Le. Mn ®n,_, H, has dimension (2ndimH,). So

dim(Hn ® He ® Hn @Hpoy Ha) = (242n) -dimH, = 2(n+1)|Wa| = [Woy| = dimH,y,.

Hence ¢, must be injective, so it is an isomorphism of (Hy,, H,)-bimodules.

Next, we wish to define inductively a trace tr on H:=U,», Ha(q,Q) satisfying:

1) tr(ab) = tr(ba) , a,b€ Ha.(q,Q)
2) tr(l)=1 for all H,(q,Q)
3) tr(zg.)=z2tr(z) , z € Hulq,Q)

4) tr(yty) =str(y) , y € Halg,Q)

where z,s € C are fixed numbers.

1 An algorithm for writing an arbitrary element as a linear combination of elements in the canonical
basis is described in [17)].
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The induction step: Suppose tr is defined on H,(g,Q) ; then we define tr on
Hos1(q, Q) as follows: Let z € Hay1(q,Q) be arbitrary; then there exist a,b,¢,d €
H.(q,Q) such that z=c,(aPbPc®Rd).

Define tr(z) :=tr(a)+ str(b) + ztr(cd)

Then this trace satisfies (2) , (3) and (4) . Indeed, this trace also satisfies the
following stronger version of (3) :

(3") tr(cgad) = 2tr(cd) , c,d € Ha(q,Q)
The only remaining problem is to prove that property (1) is satisfied for all a,z € H :

Arguing inductively, we may assume that it holds for a,z € Ha(q,Q) . As V. Jones
mentions in (30], it is enough to show property (1) in the case where a € Hny,(q, Q)
and z is one of the generators of H,41(q,Q) . l.e. it is enough to show

tr(ag;) =tr(g:a) , a € Ho41(q,@), i =1,...n (%)
tr(at) =tr(ta) , a € Hos1(q,Q)

and — from the above — we only have to consider the cases in which

a € Ha(9,Q) , a=bguc (bc€ Hn(9,Q)), a=10bt, (b€ Ha(q,Q)).

o ac€H.q,Q):
then at and ta arein M,(q,Q),and tr(at) = tr(ta) holds by induction on n .

In the same way it holds that tr(ag;) = tr(g;a) for i <n.

If i=n, tr(ags) =1tr(gsa) by property (3') .

o a=bg,c (byc € H.(q,Q)): then tb and ct arein H,(¢,Q) and

(by inﬂtction)

tr(tbgsc) @, tr(tbc) ztr(bet) @ tr(bg,ct).

If i <n then g¢;b,cg; € H.(gq,Q) and similarly

bC) (by ingction)

tr(g:bgnc) @) ztr(g: ztr(beg;) @) tr(bgncg;).

If : =n we have to check that
tr(gnbgnc) = ir(bg,,cg,,) (**)

(proof to follow).
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o a=0bt), (b€ Hu(q,Q)): In this case we have to check the following:

tr(tbt!) = tr(bt,t)
tr(gibll) = tr(blLgs) L i<n  (ses)
tr(gnbty,) = tr(bt;.g.)

(proof also to follow).

We proceed with proving (**) : We may assume that each of the elements b and ¢
is of of one of the following forms:

(i) an element of H,_1(g,Q)
(ii) TGdn-1Y (xay € Hn-—l(%Q))

(iii) zt,_, (z € Haa(9,Q))

If ¢ are both of type (i) or (ii) then the proofs are exactly the same as in [30], but
for completeness we shall include them here. For the remainder of this proof we shall
use the abbreviation ‘a.r’ to denote the use of the relations in the presentation of
H.(q,Q) as well as the consequences of these relations listed in Lemma 5 (i)-(iii) .

e The case where b and c¢ are elements of H,_;(¢q,Q) is trivial since g, commutes

with Hn—l(q’ Q) .

o If b isof type (i) and ¢ of type (ii) ;
ie. be Hu.-1(q,Q) and c is of the form zg,~1y, T,y € Ha-1(q,Q) , then :
tr(gabgnzgn-1y) ¥ tr(bgn’zgn_1y) = tr(b[q + (¢ — 1) gu] 2gn-1y) =

31
qtr(bzgn_1y) + (¢ — 1) tr(bgngn-_1y) &)

gz tr(bzy) + (¢ — 1)z tr(bzg,-1y) @)
gztr(bry) + (¢ — 1)2¥ tr(bzy) =
[gz + (¢ — 1)2*] tr(bzy).

On the other hand we have:

a.r (3")

tr(bgnTgn-19gn) ¥ tr(begngn-19ny) ¥ tr(brgn-1gngn-1y) =
ztr(bagn-1’y) = ztr(bz g+ (¢ — 1)ga]y) =

zqtr(bzy) + z(q — 1) tr(bzg,_1y) @)
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zqtr(bzy) + 2%(q — 1) tr(bey) = [2q + 2*(q — 1)) tr(bay).

ILe tr(gnbgnc) = tr(gnbgncyn)'

e If now c is of type (i) ,i.e. ¢ € Hn-1(q,Q) and b is of type (ii),
ie. b=1xgn1y, ,¥ € Hn-l(q’ Q)a then:

a. a. 3
tr(gnZdn-19gnc) = tr(Zgngn_19nyc) ¥ tr(Tgn-19ngn-1yc) @

a.r 3/
2tr(zgn_1?yc) ¥ gz tr(zyc) + (¢ — 1)z tr(zga_yyc)

gz tr(zyc) + (¢ — 1)z% tr(zyc) = [gz + (¢ — 1)2?] tr(zyc).
On the other hand we have:

tr(bgncgn) = tr(Tgn-1Ygncgn) & tr(zga_1ycg,?) ¥

tr(zgn1vclq + (0 — 1)ga]) = qtr(zgn_1ye) + (¢ = 1) tr(2gn-1ycgs) L

!

gztr(zyc) + (g = D)z tr(zga-1yc) = gz tr(zyc) + (g — 1)2% tr(zyc) =
[gz + (¢ — 1)2*]tr(zyc).

Le. tr(gnbgnc) = tr(bgncg,).

o The last ‘easy’ case is when both & and c are of type (ii) ,

ie b= Tdn-1Y , €= x’gn—ly’ sy T, ysm'a y’ € Hn—l(‘]aQ):
a.r

tr(gnTgn-199nT Gn-1y") = tr(2gngn-192Y2'gn-1Y")

!

(3")
tr(2gn-19nGn-192'gn_1y') = 2tr(2gn-1*yz'g,1y’)

g.r

3!
gz tr(zya’'gn_1y’) + (¢ = 1)z tr(2gn_1y2'gn_1y’) =

q22 tr(wyx’y’) +(q— I)Ztr(xgn—lyx’gn-lyl)'
Similarly,
tr(:cg,,_lyg_nw’gn-ly'gg) E tr(a:gn—lym,gngn—lgny') =

3[
tr(2Gn-1¥T'gno19ngn-1y") 2 2 tr(Tgn-1y2'gn_1%y’)

gz tr(zgn-1y2'y’) + (¢ — 1)2 tr(zgn-1y2'gn_1y") S
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g2 tr(zya'y’) + (¢ — 1)z tr(zgn1y2'gn-1y').

Le. tr(gnbgnc) = tr(bg.cg,).

e Assume now that b is of type (i) and ¢ of type (iii) ,
ie b € Hn—l(q’ Q) y €= mt:l—l y T € Hn—l(q’ Q)’
tr(g,,b&,_xt;_l) 4 tr(g_nzb:ct;_l) q-:'r

gtr(bat_y) + (g — 1) tr(gnbaty_,) “LY

gstr(br) + (g — 1)zstr(bx) =

[gs + (¢ — 1)zs|tr(bz).

Similarly,

tr(bgnat;,_19n) = tr(bzgnt;_,gn) =

tr(bzgnt’_, [qgn= + (g = 1)]) = qir(batl) + (q — 1) tr(bagnt,_,) *2Y

gstr(bz) + (¢ — L)zstr(br) =
[gs + (¢ — 1)zs]tr(bz).
Le. tr(gnbgnc) = tr(bg,cg,).
Before continuing with checking the other cases, we first prove a corollary to Lemma 5 :
Corollary 7 If z,y € H,.(q,Q) , then
tr(zt,y) = s-tr(zy) (4")

Proof of corollary We write y = yjtyst...tyx , whereeach y; (j=1,...k) isa
product of ¢;’s 1 < n. Then we repeatedly apply Lemma 5 (iii) and (iv) (which we
abbreviate to L.(iii) and L.(iv)) :

Lliii ,
) () tr(:cylﬁl_tygt o tyk) L)

tr(ztly) = tr(zt,ynityat. . tyx
tr(zyitthyat .. tye) — (1 — @) tr(zyatgr™ . gn gnor . gutyal .. . tye)—

=1 tr(zyi917 o Gn17 G0 Pyt ty) + -U—_qﬂ: tr(zyt?yyt .. . ty) ¥
tr(zyittnyat . . tyx) — Q;—ql tr(zytgi™ .. Gno1" gnGn1 ... grtyat .. tyr)—

(1- ‘I)Q‘-;-ﬂ tr(zptg .. Onet Y Gne1 - ityal ..ty —
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L tr(aig1 ™ - Gnm1 T Gn - i8Py2t o tyn) + U2 (o eyt L ty,) €
- -n)2

tr(zyitthyat .. tye) — 50z tr(zy Pyat .. ty,) - ﬂ—q‘ﬂ- tr(zy Pyt . .ty )+

Q%ﬂz tr(zy tyst ... tyr) + Ll—_q‘l)i tr(zytyqt .. . tyx) =

tr(zytt,yst.. . tyx) = ...after k — 1 steps... =

tr(zyityat . . . tyt)) = tr(zyt),) W, tr(zy) 0

e We assume next that b is of type (iii) and ¢ of type (i),
1.e. b= (Et;_l , T € H'n—l(q’ Q) y € S Hn—l(qs Q) .

tr(gnbgnc) = tr(gazt,_1gnc) = tr(zgnt),_,gac) =

) gir(zt,c) + (g — )z tr(xt!

n~1

gtr(ztic) + (¢ — 1) tr(zgat;_,c) c) @)
gstr(zc) + (¢ — 1)zstr(zc) = [gs + (g — 1)zs] tr(xc).

On the other hand we have:

tr(bgncgn) = tr(xt)_ gncgn) = tr(zt,_ ga’c) =

qtr(zt._c) + (¢ = 1) tr(at,_,gac) 2 qtr(at’_ic) + (q — 1)z tr(at’,_,c) Y

[gs + (g — 1)zs]tr(zc).

Le. tr(gnbgnc) = tr(bg,cg, ).

o Let now & be of type (ii) and ¢ of type (iii) ,

a.r. a.r.

ie. b=zxgn1y, T,y € Ho1(q,Q) and c=2tl,_;, o' € Huoi(g, Q):
—1) = ir(2gngn_19nya'l, ) =

tr(gnbgnc) = tr(g,la:gn_lyg_n:z:’t:l

(@) .
tr(Tgn-19ngn-1yT't, 1) = ztr(zga_r’y2't!_|) =

gztr(zyz't, 1)+ (¢ — 1)z tr(zgn_1yx't,_, @

gzstr(zyz’) + (¢ — 1)z t"(ivgn-lyw't;z—l)-

On the other hand we have:
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a.r.

tr(bgncgn) = tr(zgﬂ—lygﬂmlt:l—lgﬂ) = tr(wgn—lyx’gnt:t—lﬂ)

qr(Tgn1y'gnty_19n71) + (¢ — 1) tr(zgnorya'gall,_,) =

qt"(xgn—l?/x'ti,) + (q - 1) t'l‘(l‘gn_lyx’gnt:‘_l) (4)43’)

gs tr(2gaayz’) + (¢ = Dz tr(2gnaya't, ) E

gsztr(zyz’) + (¢ — 1)z tr(zg,_ya'tl _,).

Le. tr(gnbgnc) = tr(bgncgn).

e Assume next that b is of type (iii) and ¢ of type (ii) ,
ie. b=1a't,_;, 2’ € Hao1(q,Q) and c=2g,1y, 2,y € Hooi(9,Q) :
tr(bgncgn) = tr(e't),_1gnTgn-19gn) = tr(a't,_ 1 2gngn-19ny) =

31
tr(a't) _TGn-19ngn-1Y) @ ztr(z't _ xgn-12y) =

gz tr(a't_yoy) + (g = 1)z tr(a't,_ 2gary) L

gzstr(z'zy) + (g — )z tr(a't,_ xgn-1y).

On the other hand:

3

a.

tr(gnbgnc) = tr(gnz't, _ gazgn_1y) = tr(z'gnt) _1gnTgn-1y)

qtr(z'gatl_1gn " TGn-1y) + (g — 1) tr(2'gntl,_ 1 2gn-1y) @

gir(2't, zgn1y) + (¢ — 1)z tr(a't] _,xgn1y) @)

qs tr(z’xgn_ly) + (q - 1)2 tr(fv'ti._lzgn_ly) (E_'_)

gzstr(z'zy) + (¢ — 1)z tr(2't;,_ 2g,1y).

Le. tr(gnbg.c) = tr(bgncg,).

e Finally assume that both b and ¢ are of type (iii) ,

ie. b= -Tt:‘_l and ¢ = yt’—l y T, Y € H '—l(an) :

a.r.

tr(gnbgnc) = tr(&mt;—lgnyt:‘—l) = tr(xgnt;—lﬁyt:;q) =
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qgtr(zgats_19n " yth_)) + (g — 1) tr(zgath_ yt,_,) D

gtr(ztiyt, )+ (g —V)ztr(zt, _yti_,) = @

gstr(zyty_,) + (g — Datr(at,_yth_,) 2

gs?tr(zy) + (¢ — Dztr(at,_yty_,).

On the other hand:

tr(bgncgs) = tr(zt,_1gnytn_19n) = tr(et,_ ygat,_ ~19n) =

- 3
qir(zt,_ ygats_19."") + (g = 1) tr(ath_\ygatl,_;) D

gtr(zt._yt') + (g — Dz tr(at'_yt'_,) 2

—
~

gstr(zt,_1y) + (¢ — Dztr(at,_yt,,_,) = @

gs? tr(zy) + (¢ — Dz tr(zt,_yytn_y).
Le. tr(gnbgnc) = tr(bg.cgn).

So we have shown that tr(g,bg.c) = tr(bgncg,) for all b,c € H,(q,Q) .

It remains now to check (* * %) :
o Let be ’Hn(q,Q) . We shall show that tr(tbt) = tr(bt!t) . Indeed:

tr(tbt,, ) s tr(td).

tr(bt't) L str(bt) ¥ LN s tr(th).

o We shall show next that, for ¢ < n, tr(g;bt!) = tr(bt,g;) . Exactly as before:

tr(g.'bt') = str (gib).

tr(bt.g)) © str(bg) ® "L s ir(gib).

o The final and most tedious case is to show that tr(g,bt]) = tr(bt’g,) :
Either b € H""'l(q’ Q) or b= TGdn-1Y , T,y € Hﬂ—l(qa Q)

90
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orb=uzt,_,, 2 € Hni(q,Q).

If be H,._.(q,Q) : then g¢,b=bg, and so

Q.

o

tr(gnbtl,) = tr(bgnts) = tr(bga’gn-1-.. 1tgr" ... ga™")
qtr(bga-1---Gitgr™ - gn”) + (g — 1)ir(bty) ¥

gL tr(btl,_1gn) + 152 tr(btl,_y) + (g — 1) tr(bty) L

ztr(bt,_y) + (1 — q)str(b) + (¢ — 1)str(b) € zstr(b) since b € Ha1(q,Q)).
On the other hand:

tr (bt gn) = tr(bgat'_y) CEY s tr(b).

Le. tr(g,btl) = tr(bt,g,).

If b==zgny, 2,y € Haoi(q,Q) :

tr(gnbty,) = tr(gntgn-1yty) = tr(gnTgn-1gntn_19a"") =
tr(Tgngn-19n¥thn_19n"") E tr(Tgn-1gngn-1¥tn_19n"") =

Ltr(2gn-19ngn-19tn_19n) + 52 tr(2gn-19ngn-rytn_,) =

(applying the previous case for b = rgn—1 € Hu(q,Q) and ¢ = go_1ytl,_; € Ha(q,Q))

a.r,(3')

L tr(gnTgn-19ngn-1¥tn_y) + L2 r(2gn-19nGn-1ytn_1)
a.r.

%tr(mgngn-—lgngn-lytl )+ 1_;_9.2 tr(mg"_l"’yt;_,) =

a.r.(3')

%tr(xgn—lgngn-lzyt' -1) + 1—;12 t"(wgn—12yt' -1)
%z tr(zgn-13yth_;) + l—;‘1qz tr(zyt,_,) + 1_;1((] = 1)ztr(zg.ayt,_,) =
[gn-1® = (¢* — ¢+ 1)gn_1 + (¢ — 1)q]
e — g+ Dztr(zgaryty o) + 1 — gz tr(zyt,_1)+
l%‘lqz tr(zyt,_,) + -l-;—q(q - 1)ztr(zgaaytl_,) =
-=1)2
[%(q2 -q+1) - -('-’—q—l)— J2tr(zgn1yty, ;) = ztr(zgn-1yt,_,).
On the other hand :

tr(bt!gs) = tr(zgn_1ythgn) =
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3!
tr(Tgn-1ygntn_;) © z2tr(Tgn-1yt,_y).
Le. tr(g,bt)) = tr(bt, g,).

Ifb = ﬁt:‘_l T € un—x(q,Q) :

a.r.

tr(gnbty) = tr(gazt,_qt;,) =

tr(zgn(gn-1...g1tg1 " ..

3

. gn—l—l)(gn .. -.‘]thI—1 v 'gn—l)) E

a.

3

-1

tr(Zgngn-1---91tgn .- G2g1927 " ... g Mt L gn7Y)

-]
-

tr(zgn(gn-19n) - - (9192)t91t(92 7 917") - . (9" n—1"")gn ™)

8
~

tr(2gn(gn-19n) - - - (9192)tg1tg1 ™ (927917 Y) . . . (gn " gn—17Y))

-

a.r.

tr(zgn(gn-19n) - - - (9192)91 " tg1t(g2" "1™ ") .. . (gn " "gn171))

a
-~

tr(zgngn " (gn-19n) - - - (9192)t01t(g27'91™") .. . (gn " Gn-171))

a.

3

tr(2gn-1 .- 91tdn .. 920192 - Gn b1 . g™

1

- -1 - - -1
tr(Tgn1-. Gt Guct Gn. it a1 g gn)) =

tr(ztl,_,thg.) = tr(bt,g,).

Le. tr(g,bt,) = tr(bt. g,) 0
Remark 11 If a word a € H,(q,Q) does not contain any t{’s, then for calculating
tr(a) we only need to use rules 1), 2) and 3) of Theorem 13 ; and so tr(a) is the

same as Ocneanu’s trace applied on a .

We conclude the section by giving an example of calculating the trace of a word, in
which we also demonstrate how to bring the word to the canonical form:

tr(gatigatig201937 ;) =
- 3
Lir(g:t19:t1920195%3) + 12 tr(gati 9ot 9201 th) 2
L tr(gatigatiga0ity) = T tr(tigati g’ uth) =
H228 4r(tgat1 927 thgn) = FEL tr(H g2t 923t 027 n) =
#129(g? — g + 1) tr(t1g:t1gatiga ™ 91) + H1=2q(q — 1) tr(tigatitigs ™" g1) =

(e+1=g)(a?=g41) - )
=t tr(t192907 02t301) + (2 + 1 - 9)(g = D tr(thgaty g7 g1) =
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(et1=ale=otl) 41 (12 2gyt; gy )+

(z+1-q)(q-1)Qtr(tigatigs " g1) + (z + 1 — q)(g = 1)(Q — 1) tr(t\gag2""1) =
Qil—_ﬂé,q—-—qﬂlQ tr(tigatign) + M%M(Q — 1) tr(gation)+

(z+1—q)(g - 1)Qtr(titha) + (z+ 1= g)(g — 1)(Q — 1) tr(t, ) *
(2+1-Q)(:2ﬂ+1)Qz tr(tiltllgl) + (2+1-q)(q2;¢l+1)(Q-1)z tr(t;91)+

(z+1-¢)(g—-1)Qstr(tig) + (2 +1—¢)(g = 1)(Q — 1) tr(tig) =

—a)(q?—
(z+1 q)(qq q+1)Qz tr(ﬁ2gl)+

[(z+1—q)(q’-qt1+1)(Q-1k +(24+1-¢)g-1)Qs+(2+1—-q)(¢-1)(Q - 1)] tr(tygy) =

(=+1-q)(q:ﬂ+1)%Q tr(t\g,) + L2+1-Q)(q:-1+1)QZ(Q — 1) tr(gs)+

[(ettoalemet @ 4 (2 41— g)(q = 1)Qs + (2 + 1 = q)(g = 1)(Q ~ 1)] tr(tig,) 2

(s41-)(¢?=941)Q=(Q=1) , | [(+1-g)(g=g#1)Q% | (s+1-q)(g~q+1)(@-1)
q z+ [ q + q +

(z+1-q)g—1)Qs+(z+1—q)g - 1)(Q - 1)] tr(tig)) =

(z+1-9)(¢®—g+1)Q(Q-1)z? (H1-g)(*=q+1)@%z | (z+1-g)(§*—q+1)(Q-1)z
q +[ q + q +

| (z+1-¢q)(g-1)@s+(2+1—-q)(g-1)(Q - 1)] tr(gitgr 1) 2

(z41=9)(a*—g+1)Q(Q-1)z? (z+1-g)(g*=q+1)@%z | (z+1-g}g®—g+1)(Q-1)=
q + q + q +

)
(z41-9)g=1Qs+(z+1-q)(g~1)(Q - 1)| ztr(t) 2
(z+1"4)(‘12"‘;+1)Q(Q-1L2 + [@—q)(q:-qﬂ)% + (z+1—q1(q’-qq+1)(o—1)z +

(z+1—q)(g=1)Qs+(z+1—q)(g—1)(Q —1)] 25

3.4 A HOMFLY-PT analogue for links in a solid
torus

In 3.1 we presented briefly how V. Jones reconstructed the HOMFLY-PT polynomial.

Recall now (from 2.4.2 and 2.6) that if we consider the solid torus M = S3 \ I,
then oriented links in M can be represented by mixed braids in the groups B,

Moreover, in Corollary 5 (end of section 2.6) we gave the algebraic version of Markov s
theorem for isotopic links inside M .
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3.4.1 A trace-invariant for solid-torus-links

In this section we show how to obtain a HOMFLY-PT-type (oriented) link invariant,
for oriented links in M | using the trace function described above:

We notice first that move (1°) in Corollary 5 is analogous to rule 1) of Theorem 13 .

Claim Move (2') can be equivalently formulated by performing the Markov moves
(with positive and negative crossing) at the right-hand side of the mixed braid, in such
a way that the extra string is placed under the pure braid generators T!'s. l.e:

(2") a~ao,*!' € Byy1y, where a € By, is a word in the o;’s and 7)s .

Picture: 1 n 1 )
g oo f ! L |

_—

Proof of claim We only have to show that we do not need the Markov moves with

the extra string placed over the T7’s. (These moves would change T _, in the word

a to 0,70, ). Indeed:

jratee fiieites | { L SR
. - , ’
|-, coni% et Lk b 24 b
in Bn,l n Bn,l
b tcl"‘ br *rcl“‘ J
e r. e " i : = "o e
I X 2 | 1 > | l

We can easily observe now that this version of move (2') resembles rule 3) of Theorem

13 .

We shall also need the natural inclusion of B,; into B,4;1 as described in the
following picture, (so that the direct limit |2, B, is well-defined):

1 n 1 n+1
1 E l e l
t? — i

Finally, recall the epimorphism , 7 say, of CB,; onto H.(¢q,Q) defined by sending
T'—t=1t, op— g (and therefore T! - tt,since T/ =0;...01T'0y"...0;7) - as

illustrated in 2.6.1 — and &} =g;...qitg;™"...9;7").
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The inclusion of B, into Bp4y,; together with the epimorphism 7 and the trace
function, imply that to every mized braid in B, , we can assign an erpression in the
variables ¢,Q,z,s .

So — exactly as in [30] - we reason that, in order to obtain a HOMFLY-PT-type link
invariant we want ‘to normalize the g¢;’s so that both Markov moves affect the trace
in the same way’ . l.e. we want to normalize g; to fg; , 8 € C, so as to obtain

tr(a(8gn)) = tr(a((6gn)"")) for a € Ha(q,Q).

(The normalization as well as the phrasing is the same as in [30], but for completeness
we repeat it here adapted to our case). Then, for 2 # 0 we have:

1 -
0% tr(ag,) = tr(ags,™?) = ;I-tr(agn) + 1 tr(a) <
0%z tr(a) = ctl-gq tr(a) <
Ak k.
qz '

Thus

tr(Vg) = t1‘((\/X9i)—l) =Viz=-V} 11——;1q '

It follows now that, if we represent B,; by )\, where m\(0;) = VX g; € Ha(q,Q)
and m\(T") =t € H,.(q,Q) , (which implies that m\(T}) = t; € H.(¢,Q)) , then the
function of ¢, )\, Q,s given by

N )]M tr(ma(a)), for a € Bn,

[_\/X(l—q

depends only on the mixed link @ (the closure of a). The epimorphism = , though,
has the advantage of only involving the variables ¢,Q ; so we incorporate /X in the
‘universal’ coefficient and we define:

Definition 19 The 4-variable invariant X (¢q,@,},s) of the oriented mixed link
L U I, that represents an oriented link inside the solid torus M , is the function:
1— Mg

Xo= X, /{0,Q,)\9) = [—m]"“ (V) tr(n(a))

where a € B, is a word in the o6,’s and (T!)’s such that & = LUT ,e isthe

exponent sum of the o;’s that appear in a , and 7 the representation of B, in
H.(g,Q) such that T'—t, o, —~ g; .
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Note By their definition, the pure braid generators (77) and (T!)’s do not affect
the exponent sum e , so we can ignore them when we estimate e .

Examples

o As it follows from Remark 11 , if a does not contain any (7!), then X, is the
HOMFLY-PT polynomial of the link in S obtained by removing from « the ‘solid
torus’ string I . So if, for instance ,a =1 € By, ,then X, =1;andif a=1¢€ B,,
(corresponding to the n component unlink) , then

—Ag qn-1
el

X—[fl_

o If a=T¢€ By, then X, =3s;andif a=1T € B,, (corresponding to the n
component unlink, the (i + 1)st string of which wraps around 7 once in a positive
sense) , then
—-/\q ]n 1

q)

_[\/_1_

whilst, if a = (T,.’)'1 € B, (corresponding to the n component unlink, the (i +1)st
string of which wraps around I once in a negative sense) , then

Xo= [ e 159,

e Similarly, if @ = (T!)> € B,, (the n component unlink, the (i+1)st component
of which wraps around I twice in a positive sense), then

X, = [ l—;iqq]nl 8+Q]

e Finally, if a = 0,3(T")’ € By; (a right-handed trefoil that wraps around I twice
in a positive sense), then

1 - g 3
Xo = ——m—t (VX) tr(g:%t?), where
L (/A %)

tr(g:%t?) = (¢* — ¢+ 1) tr(g:£?) + q(q — 1) tr(t?) =
(*—q+1)(Q-D)tr(g1t)+(¢* —q+1)Q tr(g1) +q(g—1)(Q - 1) tr(t) +q(g—1)Q tr(1) =
(@ —q+1)(Q-1iEGs +(¢* — g+ 1)QEL +¢(¢ - 1)(Q - 1)s +g(g - 1)Q .

3.4.2 A note on skein relations

Let Ly,L_, Lo be oriented links that have diagrams identical, except in one crossing,
where they are as depicted below:
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Then, one can find a recursive linear formula in L4,L_, Ly — known as skein rule? -
for defining the HOMFLY-PT polynomial (see [16] , [50] , [40] for full expositions).

In [30] is explained a way of finding the skein rule of the 2-variable polynomial that
derives from Ocneanu’s trace function. Here we modify this way, in order to find the
skein relations of the trace-invariant we defined above:

We consider a mixed link, which may be assumed to be the closure of a mixed braid,
and we pick a crossing in it, which is not a mixed one. Using conjugation, this crossing
appears in the end of the word, and - again by conjugation - we may assume that
L, =a0?, L_=a and Lo, = ao; , for some a € B, . By the defining relations of

H.(q,Q) we have
tr(w(aaf)) —gqtr(n(a)) = (¢ — 1)tr(7(aoy)) .

Let e be the exponent sum of a with respect to the o;’s , and multiply the above
e+l

equation by T M%/)q_—— , where

- —Aq_
[ \/—l—q]
Then
T (VN tr(r(a0?)) = JGVAT (VXY tr(n(a))

=(f—7 )T (VD)™ tr(n(asy)) ;

so by the definition of X we obtain the skein relation:

1
\/_\/— \/_\/_XL_ \ﬁi"'%)/\Lo o

(The above relation together with the initial condition in §® , X (unknot) =1, define
uniquely the HOMFLY-PT polynomial.) In the same manner, but with less difficulty,
we obtain a second skein rule for the mixed braiding, that derives from the relation

1 1-@Q

67 = St 21

Q' Q
as follows: Let My, M_, M, be oriented mixed links that have diagrams identical,
except in the regions depicted below:

2As cited in {22], the skein theory was originally found by J.W. Alexander in (2], and - after being
neglected for forty years — was re-discovered by J.H. Conway in [12].
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We consider a mixed link, which — as already mentioned — may be assumed to be the
closure of a mixed braid, and we pick in it a positive mixed twist (as illustrated above).
Note that, using conjugation in B, , we can always create such a twist. Thus, by

conjugation we may assume that M, = aT!, M_ =aT!™' and M, = &, for some
a € By . So we obtain:

tr(r(aT!™Y) = -létr(w(aT,-')) et ZQQ

and, if we multiply the above equation by T (VA V@ we have

tr(m(a)) ;

e w 1 e 1 - e
VAT (VX tr(a(aT™) = —= T (VY tr(m(a T) + 22 7 (VXY tr(n(a)
Ve Va
Hence, since the T!’s do not change the exponent sum of « , neither the number of
its strings, we obtain the following skein rule:

% Xm, — \/(_QXM_ = (\/5 = ﬁ)xm oo

One can check that the two skein rules together with the initial conditions
Xi=1,1€B;; and Xp=s,T €By, eee

suffice to calculate X inductively for any mixed link; but one would also have to prove
that X defined this way is well-defined, which is beyond our scope at the moment.

J. Hoste and M. Kidwell defined in [22] a ‘new chromatic skein invariant for a
special class of dichromatic links, which may be viewed as an invariant of oriented
monochromatic links inside a solid torus; and this as such is the exact analogue of the
HOMFLY-PT polynomial’. In their set-up, the ‘solid torus’ string I is perpendicular
to the plane on which the rest of the link projects, and it is allowed to move by
isotopy. The theorem they proved in the preliminary version of [22] (Theorem 2.1) is
the following, (where, for convenience, we use our notation for expressing the different

links):

Theorem 2.1 There exists a unique invariant W* € Z[v*!, z; ¥ o, 2 ARy, j #
i, of Type I; links satisfying the following properties:

1. Crossing Rule:
-1 g
v "VL+ -0 WL_ = 2 ‘\Lo

2. Clasp Rule:
e W, + Wy = a Wy,
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3. Connected Sum Rule:
Weonnsumig = (v71 —v) 2,71 A7 Wy W
4. Initial Data:
Wi=XA,1€B,, and Wg=h,,T €B,

=
where the i-coloured unknot corresponds to I , and the j-coloured components corre-
spond to the rest of the mized link.

We can observe now that the Crossing Rule is the same as the skein rule e above,
if we set v = \/ﬁ\/:\' and z; = /g — —\}_6 ; whilst the Clasp Rule resembles the skein

rule ee above, if we set = = /@ and a = /Q — 7'5 , but apparently the two rules
still differ by a sign. As J. Przytycki pointed out, we can show that the two rules are
essentially the same if we substitute = =iy and a = —ia’ . This is a well-known
trick in knot theory and an example of this being used can be found in [43], where
W.B.R. Lickorish shows that the Kauffman polynomial and the Dubrovnik polynomial
(see [32], [33], [34]) are equivalent. Also, the Initial Data are the same as in rule e e e
,ifweset A=1and hy =s.

We can also observe that, in our set-up there does not appear any connected-sum rule
for the component T of two mixed links. The explanation lies in the fact that, in our
set-up, the component I of a mixed link as well as the string I of a mixed braid
remain always pointwise fixed.

Aside If L,ul, L,UI are two mixed links, and ByUI , B;UI are two corresponding
mixed braids, then, (Ljconn.sumlL,)U I corresponds to (Bjconn.sumB,;)U I | as
pictured below (compare with [30], page 351):

1 m  m+n-1
i v

B 1 s Aoacr®

Note The second rule (‘initial data’ rule) in the corresponding published version
of Theorem 2.1 (Theorem 3.1 in [22]) looks somehow different, but related to the
conditions 2, 3 and 4 of Theorem 2.1 .

3.5 A concluding discussion

We concentrate on the lens space S' x §? = L(p,0) . If we try to apply the above
ideas, in order to obtain an oriented link invariant in L(p,0) , we have to additionally
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normalize our trace function under the band moves; but, as already mentioned in
Remark 9 , 2.6.2, the band moves cannot be expressed in a simple way in terms of the
T!’s . So, suppose we take a word in H,(q,Q) written in the second canonical form
(as given in page 83), we lift it in B, ; and we perform a band move in it. If we project
the result on Hn41(q, @) , it will not be a word in the canonical form any more, as it
follows from Remark 9. This means that there does not exist a multiplicative way for
normalizing the trace under the band move - as there was in 3.4.1 .

If we specialize, however , ¢ = 0 , then g¢;”! = g¢; , which implies that ¢; = ¢ , for
ti = gi...01tg1...¢; , and therefore, the band move behaves like a Markov move on
the algebra level. So, we can obtain a weak polynomial invariant with variables Q, z, s
by normalizing our trace exactly as in 3.4.1 . More precisely:

Definition 20 The 3-variable invariant X, @, z, 8) of the oriented mixed link Ly
T, that represents an oriented link inside the space L(p,0) , is the function:

td d 1
Xo=X, 7(Q,2,8) = poe tr(m(a))

where o € B,; is a word in the o¢;’s and (T})’s such that a=LU i, and 7 the
representation of B,, in H,(q,Q) such that T ¢, 0;+ g; .

This invariant is not particularly interesting, as it only gives information about the
permutation of the mixed braid and about the first homology group of the complement
of the link in the given space.

The above suggest that we would need to find a family of traces (instead of only
one), and take an appropriate linear combination of them, in order to define a trace-
invariant for oriented links in L(p,1) . A way to obtain a family of traces, is by
omitting one of the quadratic relations of H,(q,@) . As mentioned in 0.5, this idea is
strongly supported by the works of J. Hoste and J. Przytycki, who defined the analogue
of the Kauffman bracket version of the Jones polynomial (see [31]) for lens spaces, using
skein module theory (see [23], [24], [25]) ; it also seems to be related to the recent works
of W.B.R. Lickorish (see [42]), where he gives a purely combinatorial way for viewing
Witten’s invariants (see [63]).
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