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Abstract

Our aim is to establish the partial metric spaces within the context of Theo-
retical Computer Science. We present a thesis in which the big “idea” is to develop a
more (classically) analytic approach to problems in Computer Science. The partial
metric spaces are the means by which we discuss our ideas. We build directly on
the initial work of Matthews and Wadge in this area. Wadge introduced the notion
of healthy programs corresponding to complete elements in a semantic domain, and
of size being the extent to which a point is complete. To extend these concepts to a
wider context, Matthews placed this work in a generalised metric framework. The
resulting partial metric axioms are the starting point for our own research.

In an original presentation, we show that Ty-metrics are either quasi-metrics,
if we discard symmetry, or partial metrics, if we allow non-zero self-distances. These
self-distances are how we capture Wadge’s notion of size (or weight) in an abstract
setting, and Edalat’s computational models of metric spaces are examples of partial
metric spaces. Our contributions to the theory of partial metric spaces include ab-
stracting their essential topological characteristics to develop the hierarchical spaces,
investigating their Tp-topological properties, and developing metric notions such as
completions. We identify a quantitative domain to be a continuous domain with a
Ty-metric inducing the Scott topology, and introduce the weighted spaces as a special
class of partial metric spaces derived from an auxiliary weight function.

Developing a new area of application, we model deterministic Petri nets as
dynamical systems, which we analyse to prove liveness properties of the nets. Gen-
eralising to the framework of weighted spaces, we can develop model-independent
analytic techniques. To develop a framework in which we can perform the more
difficult analysis required for non-deterministic Petri nets, we identify the measure-
theoretic aspects of partial metric spaces as fundamental, and use valuations as the
link between weight functions and information measures. We are led to develop a
notion of local sobriety, which itself appears to be of interest.

vii



Notation

lz, Tz Set of elements below (above) z.
Max(X) Set of maximal elements of a poset X.
L4 Supremum of the directed set A.
z <y <z approximates y.
Jz, iz Set of elements approximating (approximated by) z.
z[n] n-truncation of z € §°.
I(B) Ideal completion of B.
Int(A) Topological interior of A.
cl(A)  Topological closure of A.

7', 7+ Collection of open upper (lower) sets of a partially ordered space.

K Collection of compact upper sets.

Tk Cocompact topology of a Tp-space (X, 7).
< Specialisation order of a Tp-space (X, 7).
X Completion of metric space X.

IR Domain of intervals.
BX Space of formal balls of a metric space X.
T(d)» Ta») Induced pmetric (mééric) topology of a partial metric space.
ba Weight function of a partial metric space.
<d Specialisation order of a partial metric space.
Ti¢)» Ti¢r] Induced pmetric (metric) topology of a weighted space.

Tw)y Twr) Induced pmetric (metric) topology of a valuation space.
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Chapter 1

Introduction

Our aim is to establish the partial metric spaces within the context of Theoretical
Computer Science. We present a thesis in which the big “idea” is to develop a
more (classically) analytic approach to problems in Computer Science. The partial
metric spaces are the means by which we discuss our ideas. Taking the initial work
of Matthews [Mat94, Mat95] and Wadge [Wad81] in this area, we develop some
original mathematics that provides a platform from which to build the theories that
we hint at therein.

Our work falls naturally into three parts. In the first part, chapter 2, we
give some established material from Theoretical Computer Science that will be the
reference points for placing our work into context. It is worth remarking that our
work doesn’t necessarily fit into any one of the areas that we cover, which means
that it can be difficult to characterise, but that it doesn’t exist independently of
them either. For the second part, chapters 3 and 4, we build directly on the initial
work of Matthews [Mat94]. In these chapters, we give a firm foundation for the
subject, filling in the obvious gaps in the theory, and establishing the work within
the context of the material in chapter 2. It is in the third part of the thesis, chapters
5 and 6, that we take the subject in some new directions.

In chapter 2 we begin with Scott’s theory of domains [AJ94], which was
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introduced to give a rigorous mathematical theory for the semantics of programming
languages. A less familiar approach, but one which has the same objectives, is that
of de Bakker [dBZ82], in which metrics are used in place of partial orders. We cover
the necessary details on partial orders in the éhapter while metric spaces, and the
more abstract topological spaces, are in the appendices. The essential features of
both these approaches for solving domain equations can be abstracted to a unifying
framework. The most significant way of doing this, for our purposes, uses the quasi-
metrics [Smy87], which are a generalised notion of a metric without symmetry.

The fundamental concepts of continuous domains have alternative topolog-
ical descriptions in the form of the Scott topology. This leads us to a study of
the more obscure Tp-spaces, that are appropriate for the study of partial orders,
rather than the familiar Hausdorff spaces. Aside from denotational semantics, con-
tinuous domains have also found application as computational models for classical
spaces from mathematics, with the classical space embedded as the set of maximal
elements. This has had some interesting consequences. For example, by approxi-
mating measures on a space by simpler valuations, Edalat {[Eda95a] has been able to
give a generalisation of Riemann integration that is arguably more faithful than the
Lebesgue generalisation. Of more direct relevance to this thesis, the computational
models of metric spaces provide a useful source of motivating examples and intuition
for the partial metric spaces.

In chapter 3 we turn to the partial metric spaces themselves, and begin with
Wadge’s cycle sum test [Wad81], an elegant non-operational test for showing that
many of Kahn’s data flow networks are free from deadlock. Wadge uses the test
to motivate the notion of healthy programs corresponding to complete elements in
a semantic domain, where complete elements are defined as those elements that
can not be further completed. Wadge remarks that these are not the same as the
maximal elements, but goes no further in characterising them. The size of an element

is introduced as the extent to which it is complete, and Wadge remarks that both of



these concepts should extend to a wider context. This motivated Matthews [Mat94]
to place Wadge’s work in a generalised metric framework, and the resulting partial
metric axioms are the starting point for our own research.

With the benefit of hindsight, we present Matthews’ axioms from a different
perspective, helping us to place them within the context of some of the material from
chapter 2. We define a Ty-metric as a “metric” appropriate for Ty-spaces, and find
that we must either work without symmetry, in which case we have quasi-metrics,
or work with non-zero self-distances, in which case we have the partial metrics. It is
by introducing these non-zero self-distances that we can capture Wadge’s notion of
size (or weight) in an abstract setting, from which a notion of a complete element
can be derived. The computational models of metric spaces from chapter 2 are
partial metric spaces, and help shape our intuition. It is familiar that elements in
the model approximate points in the metric space, and if a quasi-metric captures
the Scott topology, then the quasi-metric distance approximates the metric distance.
What partial metrics can give us in addition, is a measure of how vague an element
in the model is; that is we can quantify the degree of approximation of the element,
or how “deep” it is in the domain.

Although our presentation of the partial metric axioms is original, the mate-
rial is basically taken from [Mat94]. For our first ofiginal results, we are motivated
to. abstract the essential topological characteristics of partial metric spaces. If we
think of a partial metric space as consisting of layers of metric spaces, each of which
consists of points with the same size, then we see how to place a total order on the
collection of open sets, which in turn leads us to what we consider to be the essential
additional structure for the open sets. We call spaces with this structure hierarchi-
cal spaces, and show that they lie between Ty-spaces and Hax;sdorff spaces. As well
as helping us to understand the essential features of partial metric spaces, these
spaces give us a framework in which to discuss the notion of a boundedly observable

property, which Smyth [Smy92] uses to motivate the introduction of quasi-metrics



on a domain.

We now turn to the basic theory of partial metric spaces, for which Matthews
gives the initial results in [Mat94]. In chapter 4, we significantly extend these re-
sults, investigating the partial metric spaces within the context of Tp-topological
properties. Our main results include characterising order-consistency and sobriety
of the pmetric topology in terms of the pmetric, and hence showing precisely how
sobriety is a notion of completeness. In domain theory, the Scott topology naturally
captures the basic (qualitative) notions of a domain. We identify a quantitative do-
main to be a continuous domain with some additional structure, such as a Ty-metric,

_that captures the Scott topology as well as adding some quantitative information
to the domain. We then give some conditions for the pmetric topology to be the
Scott topology. We also develop metric notions such as completions, and see that
for the computational models of metric spaces, our partial metric completion agrees
with the ideal completion of domain theory and induces the metric completion on
the metric space.

Partial metrics on a domain induce a weight function. Turning this around,
if we have a notion of weight inherent in a domain, then we can consider when we
induce a partial metric. In this way we again motivate the introduction of metric
ideas to a domain. To capture this situation, we introduce the weighted spaces, which
are derived from an auxiliary weight function over a structured poset, in much the
same way that normed spaces are a special class of metric spaces. These spaces are
a particularly useful class of partial metric spaces, in which the distance between
any two points is a measure of their common information.

Although we have many original results in chapters 3 and 4, it is only in
chapter 5 that we take this work in a new direction, but one that is directly mo-
tivated by Wadge’s work on the cycle sum test [Wad81]. What we propose is to
model a deterministic Petri net as a dynamical system, and then to perform some

quantitative and qualitative analysis to prove liveness properties of the net. Working



initially in a domain-theoretic framework, our quantitative analysis is to establish
the existence of unique fixed points, and our qualitative analysis is to find informa-
tion on this fixed point, without explicitly finding it. Wadge’s cycle sum test is the
motivation for this analysis, since a function associated with a data flow network
passes the test only if its unique fixed point is complete, and the network is free
from deadlock. This is essentially the qualitative analysis of some function with a
particularly simple dynamics. When we develop a domain suitable for the analysis
of liveness in deterministic Petri nets, then we find that we have incomplete maximal
elements, which further helps us understand the intuition behind Wadge’s work.

We extend these basic ideas to develop more sophisticated analytic tech-
niques, and then generalise to the framework of weighted spaces, abstracting the
essential details. We are therefore developing new areas of application for the par-
tial metric spaces. Furthermore, we demonstrate some ideas on developing model-
independent analytic techniques within this framework, which can be re-applied to
the models for data flow networks and Petri nets. Such a possibility was seen by
Matthews in [Mat95], although we go much further in our scope. The challenge is
to extend these ideas to non-deterministic Petri nets, and it is clear that this will
present significant difficulties. Rather than attempt the details, we discuss some
ideas on how this could be achieved. Notably, we discuss the possibility of a suit-
able dynamical system with many fixed points for modeling a non-deterministic
Petri net. This would clearly require a far more sophisticated analysis than any-
thing we have so far considered, and developing a framework in which to be able to
work is the motivation for our final chapter.

We begin chapter 6 by observing that an initial step in developing such a
framework would be to develop our understanding of how a partial metric can be put
on a function space, which is a difficult problem in its own right. In domain theory,
problems regarding function spaces inevitably lead to a discussion on cartesian closed

categories. The material in chapter 5, however, seems to be leading us towards



an analytic theory analogous to some of real analysis, where metrics on function
spaces are derived from their constituent metrics. We are therefore led to seek some
combination of the two approaches for partial metric spaces. We take the first step
towards this objective, and identify the measure-theoretic aspects of partial metric
spaces as fundamental, by observing that “well-behaved” pal;tia.l metrics seem to be
closely related to measures. We cover the necessary details of measure theory in the
appendices.

We observe that valuations provide a link between the weight function of a
weighted space and measures, and so we develop a special class of weighted spaces,
the valuation spaces, whose weight functions are derived from valuations. Taking this
to its logical conclusion, we consider when weight functions for weighted spaces can
be derived from suitable measures, which we call information measures. However,
building cartesian closed categories of such spaces would pose significant problems,
so we consider the problem of inducing information measures from a valuation space.
Building cartesian closed categories of these spaces should be easier.

We find that we can use existing results from the literature on extending
valuations to measures, provided that we have a suitable notion of “local compact-
ness” for our spaces. Somewhat surprisingly, this leads to us weakening the notion
of sobriety, to something that we call local sobriety, where locally sober spaces lie be-
tween locally compact sober spaces and order-consistent topologies. We investigate
such spaces in some detail, and further develop a notion of local coherence, with
the property that locally coherent spaces induce locally compact ordered spaces.
Borel measures on locally coherent spaces are closely related to valuations, and this
provides us with the connection that we seek. Although this material still requires
a great deal more work, we feel that the spaces under consideration are of interest
in their own right, as well as providing a suitable platform for investigatiﬁg the
problem of partial metrics for function spaces.

Some final comments are appropriate. Our driving motivation is to develop a



more (classically) analytic approach to problems in Computer Science. Clearly this
is way beyond the scope of one thesis, but the work that we present is aimed towards
this goal. The material in chapter 5 is really the key, as it motivates our ideas on
the modeling of systems and the analysis of their properties. We present the chapter
informally so that we can discuss our ideas to the full. Clearly formalisation will
have to follow, but it is the basic ideas that are essential.

With regards to the modeling of systems, one feature of what we propose is
that the models themselves should be developed with regard to the problem at hand.
This is one way that we can simplify the analysis, but seems to be at odds with much
of semantics where the objective is to seek a full semantic model. However, it is the
analysis aspect about which we have the most to say. In common with many areas
in Computer Science and Mathematics, what we would like is to develop general
model-independent analytic techniques that can be applied to suitable models. In
this way the more difficult mathematics involved in developing the techniques can
remain hidden in their application. We demonstrate our ideas within the framework
of partial metric spaces, and in doing so establish the work begun by Matthews

within the context of Theoretical Computer Science.






Chapter 2

Domains of Computation

We begin with a review of some of the more established areas in Theoretical Com-
puter Science relative to which we wish to position our work on the partial metric
spaces. We consider the partial order and metric approaches to solving domain
equations (section 2.1), the ordered topological structures such as quasi-metrics and
compact ordered spaces (section 2.2) and Edalat’s work on computational models
for classical spaces from mathematics (section 2.3). In each case we dwell on the
details that will enable us to place our work in context, and paint the more general

picture with broader strokes.

2.1 Solving domain equations

To support the correct description and implementation of a programming language,
it is important that we understand the semantics of the language constructs. Two
of the established methodologies for giving a rigorous mathematical theory for the
semantics of programming languages (explained succinctly in [dBZ82)) are the oper-
ational semantics [Hen90], in which operations described by the language constructs
are modelled by computational steps on an abstract machine, and the denotational

semantics [Sto77, Ten94], in which expressions in a programming language denote



values in a mathematical domain with an appropriate structure. We consider the
denotational semantics, but only in the context of (1) How to construct a suitable
semantic domain, and (2) How to assign meaning to recursive constructs. We con-
sider the partial order and metric approaches to tackling these problems, and see

how they can be placed in a unifying framework.

2.1.1 Elements of domain theory

Domain theory was first introduced by Dana Scott in 1970 [Sco70, Sco72] when he
gave a mathematical model for the type-free A-calculus [Bar84]. The constructs
that Scott used have led to a general mathematical foundation for the semantics of
programming languages [Sto77, Ten94]. In this section we consider the basic domain
theoretic ideas of convergence and approximation, and in the next we consider cat-
egories of domains. Our exposition draws heavily on the presentation given in the
excellent [AJ94] (but see also [SLG94]), and we refer to this for details and further
references. '

The basic structures in domain theory are the partially ordered sets P which

have a binary relation C satisfying,
1. (Reflexive) z C z.
2. (Antisymmetric) If z Cy and y € z then £ = y.
3. (Transitive) If z Cy and y € 2 then z C 2.

A subset A of a partially ordered set P is directed if it is non-empty, and each
pair of elements of A has an upper bound in A. An w-chainz; Czo C---in Pisa
simple example of a directed set. If a directed set A has a supremum (least upper
bound), then this is denoted by | |TA. The suprema of directed sets are the limits
in which we are interested, and Mislove [Mi397] calls this convergence in order. A
partially ordered set D in which every directed subset has a supremum is called

a directed complete partial order (dcpo), and is pointed if D has a least element,
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denoted by L€ D. As an example, the collection of finite and infinite sequences
over some set S, denoted by S, is called the domain of streams, and is a dcpo with
the subsequence ordering.

If D and FE are dcpos, then a function f : D — FE is said to be continuous
if, whenever A is a directed set in D, then f(L|TA) = LTf(A). It is Scott’s thesis
that computable functions (those that produce a finite output in a finite time) over
domains are continuous. For this to make sense we obviously need, as well as a
notion of convergence, a notion of approximation in our domains, so that “infinite”
objects can be seen as the coherent limit of their finite approximations.

Suppose = and y are elements of a dcpo D, then we say that = approzimates
y (z < y) if, for all directed subsets A of D, y C LITA implies that z C a for some
a € A. This was originally called the “way-below” relation [Sto77], but we follow
[AJ94] and call it the order of approzimation. The crucial property of the order of

approximation is that of interpolation,
rLy = 3Jze€D suchthat zK2zKy.

If a point approximates itself, then that point is said to be compact. The idea is that
these correspond to finite pieces of information, and are the computable elements in
a domain. For example, in §°°, the compact elements are the finite sequences, and
z &« y if, and only if, z is a finite subsequence of y.

A subset B of adcpo D is a basis for D if, for every z € D, the set B, = yzNB
(where Jz is the set of elements approximating z) is directed with supremum z.
Every basis must contain the set of compact elements, K (D), of D. A dcpo D is
called a continuous domain if it has a basis, and an algebraic domain if it has a basis
of compact elements. We use the prefix w- if a basis is countable. An equivalent
characterisation of a continuous domain is that z = [Tz, for all z € D. For an
algebraic domain K (D), = yz N K(D) and we have, T = LUTK (D), for all z € D.

It is easy to see that S is an w-algebraic domain, and that any algebraic

domain is a continuous domain. An example of a non-algebraic but continuous
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domain is the unit interval [0,1] with the usual ordering, where z <« y precisely
when £ < y or £ = 0. A domain in which each pair of elements that are bounded
above have a supremum is called a bounded-complete domain (or bc-domain). The
wbc-algebraic domains are usually sufficient for the purposes of semantics, and are .
called the Scott domains.

In the continuous or algebraic domains, infinite (or ideal) elements are given
in a coherent way as limits of their finite approzimations. A basis approximates the
order relation since x C y precisely when B; C B,, and a continuous function is
completely determined by its action on a basis. So a domain can really be considered
as the “completion” of a basis.

To make this clearer, we define an abstract basis to be a set B with a transitive

relation < such that
M<z = dJyeB suchthat M <y<z,

for all z € B and M finite subsets of B. Examples are, of course, the actual bases
of continuous domains and also posets. We let Z(B) be the set of ideals (directed
lower sets) of B ordered by inclusion. This is the ideal completion of B and is a
continuous domain with basis given by i(B) (where i : B — I(B) maps = € B to |z,
the set of elements below z). If D is a continuous domain with basis B and we take
(B, <) as an abstract basis, then Z(B) is isomorphic! to D. Posets are precisely

the bases of compact elements of algebraic domains.

2.1.2 Categories of domains

To find a mathematical model for the type-free A-calculus, Scott found a continuous
domain D such that the terms of the A-calculus could be interpreted as elements in
D, and application in the A-calculus could be interpreted as function application,
effectively solving the “domain equation”

D =[D - D).

'An isomorphism between two posets is a monotone bijection with monotone inverse.

12



The following simple result, originally given in [Tar55], lies at the heart of the domain

theoretic approach to solving such equations.

Theorem 2.1.1 Suppose D is a pointed dcpo, and f is a continuous function on

D, then f has a least fized point given by L]TneN ™).

The least fixed point operator, vyhich assigns to a continuous function its
least fixed point, and is itself continuous, is the means by which we give meaning to
recursive constructs. The above result gives us a canonical construction of the least
fixed point.

In general, we work in a category of domains in which we can construct
appropriate domain equations, and associated “continuous” functors, and apply the
theorem at the functorial level to solve these equations. As an example, cartesian
closed categories, which are closed under finite products and function space, are
suitable for modelling the typed A-calculus. We briefly consider the problem of
cartesian closed categories of continuous domains, keeping the category theory to a
minimum and refering to [Mac71, Poi94] for details.

We denote the category of dcpos and continuous functions by DCPO. When
we consider a subcategory of pointed objects, then we use the subscript L. The
cartesian product of two dcpos D and E is the usual product of sets with the
coordinatewise ordering, denoted by D x E. This is once again a dcpo with directed
suprema. calculated coordinatewise, and is the categorical product.

The function space of two dcpos D and F consists of all continuous functions
ordered pointwise, and is denoted by [D — E]. This is also a dcpo with directed
suﬁrema calculated pointwise. To see that the function space is the exponential in
DCPO, we use the apply morphism which sends a function f € [D — E] and a
point z € D to f(z) € E. The category DCPO is therefore cartesian closed.

The order of approximation naturally carries over from dcpos to their fi-

nite product, b_ut not to their function space. The following result then tells us
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that neither the full (containing all continuous functions) subcategories CONT of

continuous domains, or ALG of algebraic domains, of DCPO are cartesian closed.

Theorem 2.1.2 Suppose C is a cartesian closed full subcategory of DCPO, and
D, E are objects of C, then the product of D and E 1is isomorphic to the cartesian
product D x E, and the exponential of D and E is isomorphic to the function space

[D — E].

We finish by identifying the maximal full subcategories of CONT which
are closed under cartesian product and function space, and which must therefore be
cartesian closed since the necessary universal properties are inherited from DCPO.
A pointed continuous domain E is an L-domain if each pair of elements in E,
bounded above by e € E, has a supremum in le. For comparison, a lattice has a
supremum for each pair of elements. As an example, if two sequences in S have
a common upper bound then one is a subsequence of the other (they are cofinal),
and so S is an L-domain. A pointed continuous domain D is coherent (or stably
locally compact) if the intersection of compact upper sets (with respect to the Scott
topology, which we consider in the next section) are compact. If D and E are
pointed continuous domains and [D — E] is continuous, then either D is a coherent
domain or E is an L-domain.

If f is a function over D, then f is finitely separated from the identity on D,
idp, if there exists a finite set M such that for any z € D, there is m € M with
f(z) Cm C z. We say that D is an FS-domain if we have a directed family {f;}ier
of continuous functions, each finitely separated from idp, with supremum idp. A
pointed continuous domain D is an FS-domain if, and only if, both D and [D — D]
are coherent. The categories L of L-domains and continuous functions, and FS
of FS-domains and continuous functions, are cartesian closed full subcategories of

CONT,, and we have the following result.
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Theorem 2.1.3 Every cartesian closed full subcategory of CONT | s contained in

L or in FS.

2.1.3 Metric domains for denotational semantics

We now consider, at a more elementary level, the metric approach for solving domain
equations. We assume familiarity with metric spaces, but give a summary in the
appendices. In the last section we saw that semantic domains can be constructed as
solutions of suitable domain equations, and that the meaning of a recursive construct
can be defined as the least fixed point of an associated operator over a continuous
domain. One alternative to using dcpos, especially in the presence of concurrency,
is to use complete (bounded) metric spaces. Domain equations were first solved in
a metric setting by de Bakker and Zucker in [dBZ82). Consider for example, the
domain equation (taken from [dBZ82], but see also [AR89, Wag94])

P = {/}+AxP,

which models deterministic processes that can perform a sequence of events from
A, possibly ending in a termination symbol |/ not in A.

To solve this equation, we begin with the singleton set A®) = {\/} together
with dg, the trivial metric. We recursively enrich our space, so that Alntl) =
{V}+Ax A®™), The metric for a disjoint sum, +, is such that elements in different
components are a distance 1 apart, and elements in the same component inherit
their distance from that component. For the product, x, the distance between two
elements is the distance between their first co-ordinate, if they differ, and half the

distance between their second co-ordinate otherwise. In more detail we have,

dnt1(vhq) = 1, ifge A*D and g # v/,
1, if ay # ay,
dn(plyp2)/2) if ay = asz.

dn+1(<a1apl)a <ag,p2)) =
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The union, A* = Upen A" is isometric to the set of finite sequences over A,
and the metric completion, A® = A¥, is isometric to the set of finite and infinite

sequences over A, with the metric,
d(z,y) = 27¥,  vr,ye A,

where [z,y] is the first place at which z and y differ, and we take 27> = 0. The
solution to our domain equation is (A%°,d), and the intuition is that the distance
between two processes is inversely proportional to the time needed to distinguish
them.

A second example, also taken from [dBZ82] but see [Wag94], is the domain
equation

P={/}+P[(AxP),

which models non-deterministic processes that either terminate or act as one of a
set of possible continuations, each of which performs an action from A and then
behaves as a process again. The power set operator P,(-) takes closed sets together
with the Hausdorff metric, and the domain equation is solved as before.

The emphasis in [dBZ82] is on developing a canonical way in which to solve
domain equations over metric spaces. The basic ideas are subsequently reformulated
and extended to the (cartesian closed) category of complete bounded metric spaces in
[AR89]. Domain equations over this category are solved as the (unique) fixed point
of a suitable (contracting) functor. The techniques used can be suitably described

as a lifting of Banach’s contraction mapping theorem to a categorical setting.

2.1.4 Unifying partial orders and metric spaces

Both partial orders and metric spaces can therefore be used to solve domain equa-
tions, and in each case there is a convenient fixed point theorem for interpreting
recursive definitions. In his thesis (Wag94], Wagner seeks to establish a common

framework unifying the partial order and metric approaches to semantics so as to
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identify the pre-requisites for solving domain equations. He shows how the choice of
a notion of approximation in a domain, leads to a category of domains that supports
that notion and is suitable for solving domain equations.

For example, the notion of approximation for partial orders is a binary one;
an element either approximates another, or it does not. This is not the order of
approximation that we met in section 2.1.1, but rather the information ordering on
a domain. In the metric approach, one element can be thought of as approximating
another to the extent of their mutual distance, and so values are in [0, 00) rather
than 2 = {T,1}.

Wagner uses the enriched categories in which the hom functor can map into
categories other than SET (which is the case for traditional categories), and so
include partial orders and metric spaces. For example, categories enriched over 2
are precisely the pre-orders (partial orders without anti-symmetry), and categories
enriched over [0,00] are metric spaces in which we allow infinite distances. Two
elements in a pre-order are classified by 2, and in a metric space by their distance.
Rules of composition reduce to transitivity (for pre-orders) and the triangle inequal-
ity (for metric spaces). Within this framework Wagner generalises the partial order
and metric approaches for solving domain equations.

A related, but topological rather than categorical, approach is with the con-
tinuity spaces of Flagg and Kopperman [FK98]. A value quantale V generalises the
order and additive properties of [0,00], and a V-continuity space is a generalised
metric space with the metric taking values in V. To recover partial orders we can
take V = 2.

These two approaches are called quantitative domain theories in [FSW98].
They are essentially “big” unification theories (another example is Rutten’s gener-
alised ultrametric domain theory given in [Rut95]) and seek to show the unity of
the partial order and metric approaches to semantics. We will meet another such

approach in section 2.2.3 when we look at quasi-metrics. However, we will also see
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a different approach emerge, in which we seek a common generalisation of partial
orders and metric spaces, securing the advantages of both approaches. That is re-
taining the partial order, while being able to make quantitative distinctions between

elements in a domain.

2.2 Topology and order

We now consider the topological aspects of domain theory, and see that the fun-
damental concepts of continuous domains have alternative topological descriptions.
Our topologies are not Hausdorff, as in classical mathematics (we also give a brief
survey of topology in the appendices), but are appropriate for the study of partial or-
ders. We look at the many guises in which partially ordered topological spaces arise,
and consider how they are related. We refer to [Law87, Law91, Smy92, AJ94, JS96]
as our main references, and to many other papers which we acknowledge in the

subsequent sections.

2.2.1 The Scott topology

For a dcpo D we define the Scott topology to have as closed sets, the lower sets that
are closed under the suprema of directed sets. The Scott topology is not Hausdorff,
but does satisfy the weaker Tj-separation axiom. These Ty-spaces are really the
focus of our attention in this section. The key to understanding a Ty-space, (X, 7),
is the specialisation order given by = <, y if, and only if, every open set containing

T also contains y or, equivalently,
z<,;y<=z€ c{y}.

For a Hausdorff space this order would be discrete, but for the Scott topology on a
dcpo it is the original partial order.
In general, for a given partial order on a set, there is a complete lattice

of topologies with that order as the specialisation order. The finest of these is
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the Alezandroff topology consisting of all the upper sets. The coarsest is the weak
topology with the sets |z as a subbasis for the closed sets. We work with the Scott
topology on a dcpo, since it is the finest topology that captures our convergence in
order. To make this precise, we say that a topology on a dcpo is order-consistent if
the specialisation order agrees with the original order, and every closed set is closed
under the suprema of directed sets. The Scott topology is the finest order-consistent
topology, and the weak topology is the coarsest order-consistent topology on a dcpo.

A function between dcpos is continuous, as defined in section 2.1.1, if, and
only if, it is continuous with respect to the Scott topology on each dcpo. For
a continuous domain, the sets ftz (of elements approximated by z) form a basis
for the Scott topology. It follows that the Scott topology captures the order of
approximation, since z <« y if, and only if, y € Int(tz). The importance of the
Scott topology in domain theory has motivated a more general investigation into

Ty-spaces, some of which we consider in this section.

2.2.2 Partially ordered spaces

There is a natural duality to a Tp-space (X, 7), since every open set is an upper set,
and every closed set a lower set, with respect to the specialisation order. We say that
two Tp-topologies 7 and 7/ on X are complementary whenever <,=>... We define
the cocompact topology T* to have as a subbasis for the closed sets, the compact
upper sets in (X, 7). This is a complementary topology for 7. We call m = 7 v 7%
the patch topology on X and (X, ,<,) the patch space. For a continuous domain,
D, with the Scott topology, o, the cocompact topology o* is the weak topology for
>, and the patch topology is called the Lawson topology, denoted by .

For a topology 7 and a partial order < on X, the order is said to be closed
if its graph Gr (<) = {(z,y) | ¢ < y} is closed as a subset of X x X. The topology
n is then Hausdorfl, and (X, n, <) is called a partially ordered space. We let =t

denote the collection of open upper sets, and 7 the collection of open lower sets, S0
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that nT and 7=+ are complementary topologies. A compact ordered space [Nac65] is
a partially ordered space, (X, 7, <), with 7 compact. We will see that the compact
ordered spaces can be characterised in terms of Tp-spaces.

We say that a Tp-space (X, 7) is locally compact if every open neighbourhood
of a point contains a compact neighbourhood, in which case the patch space is a
partially ordered space. In a Ty-space, distinct points have distinct neighbourhood

filters?, and every neighbourhood filter of a point is completely prime3

, SO every
completely prime filter over T is the neighbourhood filter of at most one point. A
To-space is sober if every completely prime filter over 7 is the neighbourhood filter
of precisely one point. Alternatively, every irreducible closed set? is the closure of a
unique point. Every sober space is, with respect to the specialisation order, a dcpo

with an order-consistent topology.

Theorem 2.2.1 (Hofmann-Mislove Theorem [KP94]) For every sober space
(X,7), there is a bijection between the set of Scott-open filters® of T, and the collec-

tion, K, of compact upper subsets of X, ordered by reverse inclusion.

For a sober space, (X, ),  is therefore a dcpo. Furthermore, if 7 is locally

compact then 7 is a continuous lattice, k is a continuous domain and we have:

K «Kink < 30e€7with KCOCK/,
O <«Oint <= 3Kekwith0' CKCO.

So there is a natural duality between the open sets and the compact upper sets of a
locally compact sober space. We define (X, 7) to be coherent if it is sober, compact
and locally compact with the intersection of compact upper sets again compact. In

which case the duality is particularly strong, since & is a continuous lattice.

2A filter U is a non-empty upwardly-closed subset such that U, U’ € U implies UNU’ € U.

3A filter F of 7 is completely prime if a subset A of open sets with | J A € F implies ANF # 0.
“A closed set is irreducible if it is non-empty and is not the union of two closed proper subsets.
S A filter F of 7 is Scott-open if a directed family A of open sets with | J A € F implies ANF # 0.
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Theorem 2.2.2 If (X, 7, <) is a compact ordered space, then (X,n") is a coherent
space. Conversely, if (X, T) is a coherent space, then the patch space (X,r,<,),

k

where m = TV 7%, is a compact ordered space, T = 7!, 78 = n*, and these construc-

tions are mutual inverses.

For a continuous domain, the Scott-open sets are precisely the Lawson-open
sets, so a pointed continuous domain is coherent (section 2.1.2) precisely when the
Lawson topology is compact. We see that the locally compact sober spaces, gener-
alise the Scott topology for continuous domains and the coherent spaces generalise

the Scott topology for coherent domains.

2.2.3 The logical approach to quasi-metric spaces

We now consider Smyth’s work on quasi-metrics [Smy87, Smy91, Smy92] which is
another of the quantitative domain theories (see section 2.1.4) that seeks to unify
the partial order and metric approaches to semantics. A quasi-metric on a set X is

amap d: X x X — [0,00) satisfying

Q1. d(z,z) =0.

Q2. d(z,y) =d(y,z) =0 = zT=uy.

Q3. d(z,y) < d(z,z) + d(z,y).
A quasi-metric space is clearly a generalisation of a metric space, but we can also
regard it as a generalisation of a poset if we think of d(z,y) as the “truth value” of

the assertion z C y, with zero corresponding to true [FSW98]. We recover a poset

P with the discrete quasi-metric, defined by

0, ifzCy,
d(z,y) = ’ -
1, otherwise.

In the logical approach to quasi-metrics, definitions (for example of Cauchy se-

quences or completeness) should, in the case of the discrete quasi-metric over a
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poset, have natural analogues in domain theory. Of course, we also require that in
the metric case, they agree with the usual definitions.
We begin with Cauchy sequences. The natural definition for a sequence {z,}

to be Cauchy in a quasi-metric space (X, d) seems to be thal;,
VYe>0, 3¢>1 suchthat VYn,m>¥¢, d(zm,z,) <e. (2.1)

However, for the discrete quasi-metric over a poset, Cauchy sequences then corre-
spond to eventually constant sequences, whereas we would like “Cauchy” sequences
to roughly correspond to w-chains and “limits” to correspond to supremum. For

this reason we define a sequence {z,} to be forward Cauchy if
YVe>0, 3¢>1 suchthat Yn>m>{, d(zm,z,) <e.

For the discrete quasi-metric over a poset, forward Cauchy sequences then corre-
spond to eventually increasing sequences.
We are led to define an element z € X, to be the upper limit of a forward

Cauchy sequence, {z,}, if
d(z,y) = lim d(za,y), Vy€EX.

This last limit exists since {z,} is forward Cauchy although, in the general theory
[Smy91], it is convenient to admit infinite distances. For the discrete quasi-metric
over a poset, upper limits correspond to supremum, and so complete quasi-metric
spaces, in which every forward Cauchy sequence has an upper limit, correspond to
dcpos, and completion by Cauchy sequences corresponds to the ideal completion of

a poset to an algebraic domain (see section 2.1.1).

- 2.2.4 Topologies induced by quasi-metrics

For a quasi-metric d on a set X, the (standard) topology has basis the e-balls,

B.(z) = {y € X | d(z,y) < €}. The conjugate quasi-metric d~! is defined by
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d~!(z,y) = d(y,x), and the associated metric d* is defined by
d*(z,y) = max{d(z,y),d" (z,y)}.

The definition of a Cauchy sequence, originally given in (2.1), is then lifted from
the metric space (X,d*). Other properties for the quasi-metric space (X,d), such
as completeness and total boundedness, can similarly be lifted from (X, d*).

In the logical approach to quasi-metrics, the limit of a forward Cauchy se-
quence need not be a topological limit (with respect to the standard topology) and,
for the discrete quasi-metric over a dcpo, the standard topology is the Alexandroff
topology. In section 2.2.1, we saw that we require the topology for a dcpo to be
at least order-consistent (“computationally satisfactory” [Smy87]), so Smyth defines
alternative topologies for a quasi-metric which (1) Reduce to order-consistent topolo-
gies for the discrete quasi-metric over a dcpo, (2) Reduce to the usual topology for
metric spaces, and (3) For which upper limits are topological limits.

The problem however, recognised by Smyth in [Smy91], is that we lose the
simplicity of metric spaces, which was one of the advantages we had hoped to se-
cure. To regain this simplicity, Smyth proposes that we restrict our attention to
the totally bounded quasi-metric spaces. We can then avoid the difficulties (and
controversies) of the more general theory, since the forward Cauchy and Cauchy
sequences agree [Smy91], and the upper limit of a (forward) Cauchy sequence is the
greatest topological limit with respect to the standard topology (and specialisation
order). It follows that for the totally bounded quasi-metric spaces, we can avoid the

alternative topologies of [Smy87] altogether.

2.2.5 The computational significance of topology and metric

We now consider a justification of topologies for domains of computation, and the
introduction of metrical ideas, taken from [Smy92]. Consider the domain of streams,
S, and suppose, as in section 2.1.3, that S represents a class of simple processes

that can perform a sequence of actions. If we observe a process as it proceeds then,
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at any given time, we can only see a finite segment of its output. Some properties of
a sequence (that is a process) are finitely observable, if they are present, and others
are infinite in nature. For the condition of finite observability, we require that if
the property holds of some z € S, then knowledge of some initial finite segment
(épproximation) of z suffices to establish this.

If we understand a property extensionally as a subset of §°°, then the class
of‘ finitely observable properties form a topology. In the context of domain theory,
appropriate for the notions of finiteness and approximation, we require that a finitely
observable property satisfies (1) If a certain amount of information establishes the
success of a test, then so does any further information, and (2) If the limit of a
directed set of better approximations passes a test, then some approximant passes
the test. The finitely observable properties are therefore Scott-open. If z[n] is the
n-truncation of £ € S, then the condition of finite observability for 4 C S®
becomes, for all z € A, there exists n > 1 such that tz[n] C A, and the topology of
observable properties is the Scott topology.

With this intuition, the specialisation order of a topology, 7, clearly becomes
an information ordering, since z <, y implies that any finitely observable property
of z holds of y. Identifying points with the same information content is therefore the
To-separation axiom. Continuity can naturally be seen as a sufficient condition for
computability since, for a function f to be computable, to obtain finite information
about f(z) it suffices to have finite information about z.

We can refine the notion of a finitely observable property to a boundedly
observable property, whose instances can be verified within a number of steps fixed
in advance. Since every finitely observable property is a disjunction of boundedly
observable properties, then the latter form a basis for our topology. We call a
boundedly observable property whose instances can be verified within k steps, a

depth k property, and can define a family of relations of closeness,

T Sf y <= Every depth k property of = holds for y,
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which clearly refine the specialisation order. The depth k properties in S® are the
tz for which the length of the sequence is |z| < k. It follows that z[k] C y[k] if, and
only if, z <k y.

It now seems natural to define a quasi-metric on S, by
d(z,y) = inf{27" |z <7y},

which is small if, and only if, a “deep” property is required to distinguish z from y.
If z € §% is a finite sequence and we let 0 < € < 2~1%I| then tz = B,(z). Conversely,
each B.(z) is the join of the 1ty where y € B.(z) and y is a finite sequence. So the
(standard) topology induced by d is the Scott topology (or topology of observable

properties) on S°. Furthermore, the associated metric,

d*(z,y) = inf{27"|z[n] = y[n]},

is the metric from section 2.1.3.

We have therefore motivated from first principles, a unification of the two
approaches to semantics on S by a quasi-metric. We can further motivate the
Lawson topology if we first observe that the condition for finite observability is based
on positive information. Suppose a,b € S are distinct, and consider the property
A = 1(a) \ 1{a,b), which is not finitely observable. The problem is that if z € S,
and at some given time we have observed (a), then is z € A? Smyth suggests,
in [Smy92], that if in some finite time we can know whether the next output will
not be some given element (that is we introduce some negative information), then
properties such as A become finitely observable. The topology so induced is the

Lawson topology.

2.2.6 Quasi-uniformities

One objection to the approach of the last section, is the arbitrary way in which we
assign distances from the relations of closeness {<¥}. We briefly consider quasi-

uniformities [FL82, Law91], which lie between Tj-topologies and quasi-metrics, and
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give us a global notion of nearness, allowing us to define Cauchy sequences and
completeness, without the arbitrary distances of quasi-metrics. Furthermore, quasi-
uniformities are central to the study of the interdependence between topologies and
orders.

A quasi-uniformity on a set X is a filter U of X x X such that:
1. Each member of U contains the diagonal {(z,z) | z € X}.

2. IfU € U then VoV = {(z,2) | (z,y),(y,2) € V for some y € X} C U for
some V € U.

A quasi-metric d determines a quasi-uniformity U by taking as a base (of the filter
Uy) the sets Ue = {(z,y) | d(z,y) < €}. For a quasi-uniform space (X,U), we have
the induced pre-order, U, which we denote by <y, and the (standard) topology,
which we denote by T(U{), the natural analogue to the quasi-metric topology. We
will assume that T (U) is Ty so that <y, the specialisation order for 7 (/{), is a partial
order. '

For a quasi-uniformity & on X, the conjugate quasi-uniformity #~! and the
associated uniformity U*, are the natural analogues of the quasi-metric definitions.
As an example, the sets of the form {(z,y) | z—y < €}, for any £ > 0, are a basis for
the lower quasi-uniformity, U, on N. The induced (standard) topology 7 (i) is the
lower topology on R, with basic sets of the form (z,00), and the topology induced
by the associated uniformity ¢/* is the Euclidean topology on R.

The topologies 7(U) and T (U~!) are complementary and (X, T(U*), <y) is
a partially ordered space. A quasi-uniformity U/ is compatible with a topology 7 on
X if T(U) = 7. A complemented bitopological space (X, ,7') is determined by a
quasi-uniformity ¥ if T(U) = 7 and T(U™!) = 7', and a partially ordered space
(X, 7, <) is determined by U if T(U*) = m and <y=<.

A quasi-uniform space (X,U) is totally bounded (complete) if the uniform
space (X,U*) is totally bounded (complete). We have seen, in sections 2.2.3 and
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- 2.2.4, that Smyth advocates the complete totally bounded quasi-uniform (or quasi-
metric) spaces as domains of computation [Smy91]. Totally bounded spaces can
also be justified in the context of section 2.2.5 since, for any given depth of testing,
there is a bound on the number of points that we can distinguish by observation,
and distance is a measure of the difficulty of distinguishing points. An important
connection with section 2.2.2 is that these spaces can alternatively be characterised

[Smy91, Law91)] as compact ordered spaces.

Theorem 2.2.3 A compact ordered space (X,n,<) is uniquely determined by the
complete totally bounded quasi-uniformity consisting of open neighbourhoods of the
graph Gr(<) in X x X. Conversely, if (X,U) is a complete totally bounded quasi-

uniform space, then (X, T (U*),<u) is a compact ordered space.

2.3 Computational models

Aside from denotational semantics, continuous domains have found application as
computational models for classical spaces from mathematics, with the classical space
embedding as the set of maximal elements. We met our first example of such
a model in section 2.1.1, where the Cantor space with the product topology is
homeomorphic to the maximal elements of the domain of streams, S, for a finite
set S, together with the subspace Scott topology. Most of the material in this
section is based on Edalat’s recent survey [Eda98], as well as the original papers

[Eda95a, Eda95b, EH98].

2.3.1 The upper space as a coniputational model

Consider an example from [Law97], where we seek numerical approximations of a
zero for a continuous function f : [0,1] — [0, 1] with f(0) < 0 and f(1) > 0. Using
the bisection method, we divide our interval in two subintervals of equal length, and

choose a subinterval for which f is positive at the right-hand endpoint, and negative
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Figure 2.1: Embedding X into its upper space.

at the left-hand endpoint. In this way we construct a sequence of nested intervals
with a single point intersection which, by continuity, is a zero of our function. Each
interval is a better approximation of the zero. We can use domain theory to identify
the essential mathematical details of such a computational example.

We let IR denote the collection of closed bounded (and hence compact)
intervals in R ordered by reverse inclusion. Intuitively, an interval approximates
each of the numbers that it contains. We use reverse inclusion as our information
ordering since, as we saw in our example, smaller intervals give a more precise
approximation. Matthews calls these intervals vague real numbers in [Mat94], and
Lawson calls them approximate reals in [Law97]. This domain of intervals is an
w-continuous domain in which suprema of directed sets are given by the intersection
of the intervals and @ < b in IR if, and only if, b is in the interior of a. The map
s : R — IR defined by s(z) = {z}, for each z € R, is a homeomorphism from &
onto the set of maximal elements of IR with the subspace Scott topology. So IR is a
computational ﬁlodel of R, and we can study continuous and computable functions
on R domain-theoretically, as originally suggested by Scott in [Sco70].

This domain of intervals is itself an example of a more general construction.

Suppose X is a second countable locally compact Hausdorff space. We define the
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upper space, UX, to be the collection of non-empty compact subsets of X ordered
by reverse inclusion. This is an w-continuous domain with suprema of a directed
set of elements given by the intersection of the elements and ¢ « b in UX if, and
only if, b is in the interior of . Maximal elements of UX are the singleton subsets
of X, and s: X = UX given by s(z) = {z}, for all z € X, is a homeomorphism
from X onto the set of maximal elements of its upper space with the subspace Scott
topology, as illustrated in figure 2.1. So the upper space is a computational model

for a second countable locally compact Hausdorff space.

2.3.2 The space of formal balls

Another important class of spaces in mathematics are the Polish spaces, which are
topologically complete separable metrisable spaces, and include the Banach spaces.
We cannot in general construct the upper space computational model for these
spaces, since they need not have enough compact subsets. However, by choosing a
separable complete metric, we can construct an alternative computational model.

For a metric space (X,d), we define a formal ball to be a pair (z,r), with
z € X and r € [0,00). We define the space of formal balls, BX, to be the collection
of formal balls, ordered by

(fB,T) ‘; (y’s) = d(m’y) S r—a:.

If we let C.(z) = {y € X | d(z,y) < €}, with € > 0 and z € X, denote the closed
balls in X, then (z,7) C (y, s) implies that C,(z) 2 Cs(y). In general, the converse
does not hold, but for the normed vector spaces (which include the Banach spaces)
BX is isomorphic to the collection of closed balls ordered by reverse inclusion.
One of the pleasing aspects in this construction is that the order-theoretic
properties of BX are closely related to the metric properties of X. For example,
directed sets in BX have an w-chain with the same upper bounds, and w-chains in
BX correspond to Cauchy sequences in X. Similarly, suprema in BX correspond

to limits in X, so we have that X is complete if, and only if, BX is a dcpo.
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We can extend the “order of approximation” given in section 2.1.1 to ar-
bitrary posets, by replacing “for every directed set” in the definition by “for every

directed set with a supremum”. The space of formal balls is then a continuous poset,

with order of approximation given by
(z,7) € (y,8) <= d(z,y) <r-—s.

Bases of BX correspond to dense subsets of X, so we see that BX is w-continuous
if, and only if, X is separable. Maximal elements of BX are of the form (z,0), and
i: X — BX given by i(z) = (z,0), for all z € X, is a homeomorphism from X onto
the set of maximal elements of BX with the subspace Scott topology. It follows
that if X is a separable complete metric space then our computational model BX is
an w-continuous domain. In this framework, we can give a domain-theoretic proof
of Banach’s contraction mapping theorem.

Finally, we consider the metric and domain-theoretic notions of completion.
Suppose (X, d) is the metric completion of (X, d), then BX is a continuous domain.
On the other hand, if we consider (BX, «) as an abstract basis (see section 2.1.1)
then its ideal completion Z(BX) is also a continuous domain. Since X is dense
in X, then BX = X x [0,00) is a basis for BX. The order of approximation of
BX restricts to BX, so BX is isomorphic to the ideal completion of its basis BX,
which is Z(BX). In this way the metric completion can be constructed domain-
theoretically, since X can be identified with Max(Z(BX)). In chapter 4 we will

consider a natural way to recover the complete metric d, from the ideal completion.

2.3.3 [Edalat’s generalisation of Riemann integration

We now turn to Edalat’s generalisation of Riemann integration [Eda95a). For a
topological space X, we let M'.X denote the collection of probability distributions,
or normalised Borel measures (we give a brief survey of measure theory in the
appendices). We construct a computational model for this space so that we can

approximate a measure in M!'X by some “simpler measures” in our model. To
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find the integral of a function with respect to a measure we then integrate with
respect to these simpler measures, and take the limit. This is essentially the dual to
the Lebesgue approach, where we take the limit of the integrals of approximating
simple functions. The advantage of Edalat’s generalisation is that we retain the

computational features of the original and gain new techniques for computing the

integral.

We begin by defining these “simpler measures”. Suppose (X, ) is a topo-
logical space, then a valuation [Bir67, Law82, Jon89] v : m — [0, 00) satisfies

1. v(a) +v(b) =v(anb) +v(aUb).

2. v(B) =0.

3. a C b implies that v(a) < v(b).
Clearly a valuation is a measure-like function, but one that is only defined on open

sets, and any measure restricted to the open sets gives a valuation. A continuous

valuation further satisfies
4. If AC 7 is a directed set, then v (Uyec 4 U) = supye 4 v(U).
For any = € X, we define the point valuation, é,, by

1, ifzeU,
0, ifzgU.

5:(U) =

We then define a simple valuation to be a linear combination of point valuations,
S Tibs;, with z; € X, r; € [0, 00).

We define the probabilistic power domain, PX, to be the collection of contin-
uous valuations on X bounded by 1, with the pointwise ordering. The probabilistic
power domain is a dcpo, and suprema of directed sets are computed pointwise.
If X is now a second countable locally compact Hausdorff space, then the upper
space, UX, is an w-continuous domain. An important result from [Jon89] is that

PUX is then an w-continuous domain with a basis consisting of simple valuations.
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As we shall discuss further in the next section, we can extend s : X — UX to
o:M!'X - PUX by o(u) = pos™!, for all u € M'X, and this is a bijection be-
tween the probability distributions on X and the set of maximal elements of PUX.
If we give M!X the weak topology, then ¢ is a homeomorphism, and PUX is a
computational model for M1.X.

For a probability distribution in M!X, we can use this model to find an
approximating w-chain of simple valuations in PUX. For example, suppose A is the
Lebesgue measure on [0,1] and P is the partition 0 = 19 < ) < --- < zx = 1 with

| P|| = maxi<ick i — i—1. We then have

k
vp = Z(xi - xi—l)a[zi-lﬂ;'] € PU[0, 1]7
i=1

and vp C A. Furthermore, if P’ refines P, then vp C vpr and if {P,} is a refining
sequence of partitions with [|[P,|| — 0, then the w-chain {vp,} approximates the
Lebesgue measure.

We are now in a position to give a brief account of Edalat’s generalisation of
Riemann integration. Suppose X is a compact metric space, f : X — R is bounded
and p € M!X is a probability measlure. We let P1UX denote the subdcpo of the
normalised valuations on UX, which is also an w-continuous domain with a basis
consisting of normalised simple valuations.

For a simple valuation v = 3 ,cg7pdp € PlUX, with B € UX finite, we
define the lower sum, and upper sum, of f with respect to v, to be

f, v) = Z Ty 1nff and S*(f,v)= Z rysup f(b),
beB beB
respectively. If we take v C ¢/, then the lower sum increases and the upper sum
decreases, and provided v,v’ < u, then S*(f,v) < S*(f,v'). So we can define the
lower R-integral, and upper R-integral, of f with respect to u, to be

R fdp=supsHf), and R fdu= jnf S(f,0),
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respectively. We say that f is R-integrable with respect to p, if these are equal, and
denote this value by R [ fdu.

A function f is R-integrable with respect to p if, and only if, for any € > 0 we
can find a simple valuation v € P1UX with v < g such that S*(f,v) - S%(f,v) < e.
If f is R-integrable, then for any w-chain {v,,} in P!'UX approximating u, we have

R [ fau = Jim S(f.vm) = lim S*(f,vn).

It is these simple approximating sequences for the integral that are the essential

feature of R-integration.

2.3.4 Extending valuations to measures

Returning to the key result of the last section, the embedding of M!X onto the
maximal elements of PUX, Edalat [Eda95b] uses some existing results from the
literature, notably from [Pet51, Law82], on extending continuous valuations to Borel
measures. We briefly consider some of these extension results, as they will prove
useful in placing our work in chapter 6 into context.

Our starting point will be the work of Pettis [Pet51] on extending valuations
to measures. In the last section a valuation was defined over the open sets of a
topology. In [Pet51] the definition is more general, and a valuation v : £ — [0,00)
can be defined over any lattice £, of subsets of some set X, provided v(0) = 0 if
0e L. Ifwelet H(L) = {A\B| A,B € L,B C A}, then our valuation induces
a map v : H(L) = [0,00), given by ¥(A \ B) = v(A) — v(B), which Pettis shows
is well-defined and additive. In general we will be extending 1 to a measure over
S(H(L)), the o-ring generated by H(L), rather than extending v directly. We now
give Pettis’ extension result, which we remark can be given in even more general

form.

Theorem 2.3.1 ([Pet51], p.192) Suppose (X,7) is a Hausdorff space, K a family
of closed sets and W a lattice of open sets, such that K \ W is compact, for each
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KeKand W eW. Ifv: W — R is a valuation such that, for each W € W and
€ > 0, there erists K € K and W' € W with

W CKCW and v(W)<v(W') +e,

then there exists a unique o-finite measure ¢¥* on S(H(W)) eztending ¢ on H(W).
If @ € W then y* is the unique measure on S(W) extending v on W.

Pettis remarks that his work can be viewed as an abstraction of the method
for deriving the Lebesgue measure on R. To see this we take R with the usual
topology, W = {(a,b) | a < bin R}, K = {{a,b] | a < b in R} and v((a,b)) = b —a.
Since @ € W then ¥* uniquely extends v on W and is the Lebesgue measure. In
chapter 6 we will consider another way in which we can use this result to derive
the Lebesgue measure. Returning to Edalat’s work [Eda95b], Pettis’ theorem can
be used to deduce that any continuous valuation on a locally compact Hausdorff
space has a unique extension to a measure, and hence that, for a second-countable
locally compact Hausdorff space, the finite measures and continuous valuations are
in one-to-one correspondence.

Lawson also uses Pettis’ theorem in [Law82] to prove a number of extension
results, from which we can deduce that any continuous valuation over an wbec-domain
extends uniquely to a finite regular Borel measure (with respect to the Lawson
topology). This has recently been generalised, in [AME98], where the authors show
that if a bounded valuation over a dcpo is the directed supremum of a family of
simple valuations, then it has a unique extension to a Borel measure (with respect
to the Scott topology). It follows that every bounded continuous valuation over a

continuous domain can be extended uniquely to a Borel measure.

2.4 Concluding remarks

We finished section 2.1 with some comments on using partial orders and metrics

together so as to be able to make quantitative distinctions between elements in
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a domain. This is something that we will be working towards, and we will seek
to place our work within the context of the material on Ty-spaces from section 2.2,
particularly the quasi-metrics. The space of formal balls from section 2.3 will also be
useful in establishing context, and the material on extending valuations to measures

will re-surface in chapter 6.
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Chapter 3

Partial Metric Axioms

Having set out the general area in which we wish to work, we now embark on our
study of the partial metric spaces. We begin with Wadge’s work on the cycle sum
test (section 3.1), from which we ideﬁtify the essential motivating ideas that set the
partial metrics apart from the material in chapter 2. We give an original presentation
of the partial metric axioms (section 3.2) with the emphasis on the context in which
to place them, and give some original material in which we consider the essential

topological characteristics of the partial metric spaces (section 3.3).

3.1 'Wadge’s cycle sum test

The work on partial metrics can be traced directly back to a paper by Bill Wadge
in 1981 [Wad81], in which Wadge discusses Kahn's data flow networks, and gives an
elegant non-operational test for proving that many of them are free from deadlock.

We summarise the details of this paper.

3.1.1 The extensional semantics of data flow

Consider the Kahn data flow network of figure 3.1 (taken from [Wad81], but see

also [Kah74]) which generates the sequence (1,2,3,5,...) of Fibonnacci numbers
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Figure 3.1: Generating the Fibonnacci Numbers

in the following way. The nodes 1 and 2 produce endless streams of 1’s and 2’s
respectively. The -+ node waits for a value on each input arc then returns their sum
down the output arc. The fby (followed by) nodes give as output the first value on
the left input arc, followed by the values on the right input arc. The next node
discards the first value on its input arc, and then passes the rest onto its output arc.

As an extensional (denotational) semantics we assign to each arc a sequence,
recording the tokens which travel along that arc. In a healthy network, this flow
of tokens proceeds indefinitely, and our sequences will be infinite. It is possible
however that this flow might cease at some point (that is deadlock), so we will also
require finite sequences. For a network with k arcs, we take as our semantic domain
S*, the product of k copies of the domain of streams, S, from section 2.1.1, with
S = N, and denote a typical element by & = (z1,...,zx) € S*.

The outputs of our nodes are completely determined by their inputs (the
nodes are functional), which means that there is a function describing the corre-
spondence between the inputs and outputs of that node. It follows that to a data

flow network, there corresponds a set of recursive equations, the right-hand side of
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which defines a function over our semantic domain. For example, the equations for

our Fibonnacci network can be written as,

F = 1fby(2fby F + G),

(3.1)
G = nextF,

which defines the continuous function, f: §2 — §2?,

z l1fby (2fbyz) +
F(@)h _ y (2fby 21 + z2) ’ Vi e S2.
f(@)2 next 1
Kahn conjectured in [Kah74], and Faustini proved in [Fau82)], that the operational

behaviour of a network is described by the least fixed point of its associated function.

3.1.2 Circularity and deadlock

Deadlock will occur in a network if some node is directly or indirectly consuming
its own output (the network has a cycle), and starves itself of tokens. Consider the

following simple examples. The present value of the variable I in
I=1fbyl +1, (3.2)

depends only on the previously computed values of I. The least fixed point of the
associated function is the sequence (1,2,3,...), and the network corresponding to
this equation is free from deadlock. On the other hand, the present values of J and
K in
J=14J and K =2x* nextK, (3.3)
depend on the present and future values of J and K respectively. The least fixed
point of the associated functions is the empty sequence §, and the networks corre-
sponding to them deadlock. |
To formulate the cycle sum test we associate, to each of the arguments of
an operation, a number which measures the extent to which the output leads the

argument:
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¢ 0 is associated with each argument of +.
e 0 and 1 are associated respectively to the arguments of fby.
e —1 is associated to the argument of next.

The cyclé sum of a cycle is the minimum extent to which a variable in that
cycle depends on itself, and is found by summing these numbers as we compose
operations. For example, I has cycle sum +1 in (3.2), and we see that to compute
the first n values of I we require the first n — 1 values of I. On the other hand, J
and K have cycle sums 0 and —1 respectively in (3.3). It seems clear that a positive
cycle sum indicates a healthy dependency. This is the cycle sum test and our claim
is that if every cycle in a network has a positive cycle sum, then that network is free

from deadlock.

3.1.3 Justification of the cycle sum test

A network cannot deadlock if the sequences associated to each of its arcs are infinite.
We say that the size of a sequence x € 5%, is its length, |z|, and define the size of
an element & € S* to be the size of its least component, and denote this by |Z|. The
complete elements in a domain are defined to be those with infinite size. An element
is therefore complete in S* if, and only if, each of its components is complete in
5. We prove that a network is free from deadlock by showing that the least fixed
point of an associated function is complete. To justify the cycle sum test, we must
therefore show that whenever a set of equations corresponding to a network passes
the test, then the least fixed point of the associated function is complete.

Consider the continuous function, f : §®° — §®, associated with (3.2) whose

least fixed point is, by Theorem 2.1.1, the supremum of the chain

0, f(O)=(1), £} =(1,2),

which is complete since the size of the terms in the chain increase by one at each
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step;
If(z)| =|z|+1, VzeS™.

More generally, consider a data flow network with k equations defining k
variables over S°. We form the k x k& matrix M with entries in ZU {oo} so that M;;
is the extent to which the ith equation depends on the jth variable, with oo signifying
no dependency. For example, the Fibonnacci network has, from the equations in

(3.1), the associated matrix

2 2
M=

-1 o

If we use the min/sum product of matrices, then a network passes the cycle sum

test precisely when the diagonal elements of

min M?*
1<s<k

are positive. For example, the Fibonnacci network has two cycles in (3.1), with cycle
sums +1 and +2, and these are the diagonal elements of M and M?2. It follows that
a network passes the cycle sum test precisely when some power of M has positive
entries. In our example M?2 has positive entries.

If we let f : S¥ — S* be the function associated with our equations, and

define o : S* — [0,00]* by

|1l
o@=| : |, Viest,
|zk|

then M is such that
o(f(£)) = M=xo(E), ViesSk,
where x is the min/sum product. Furthermore, for any s > 1, we have
o(f(F)) = M*xo(Z), ViesF
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It is clear that if M*® has positive entries then the size of the least component of
f?(Z) is greater than the size of the least component of Z, and hence the least fixed
point of f is complete in S¥. This finishes the proof that every network which passes

the cycle sum test is free from deadlock.

3.1.4 Size and completeness

The concepts that Wadge’s paper introduces are those of size and completeness,
which Wadge notes “should extend to a much wider contezt”. Complete elements in
a domain are understood, in the vaguest sense, as those elements which cannot be
further completed (which is not the same as maximal), and size is a measure of th[e
extent to which they are complete. Wadge indicated that to understand this more
fully would require an extended notion of a domain that included some quantitative
measure of convergence. To achieve this, within a generalised metric framework, has
been the motivation behind the work of Matthews [Mat94, Mat95] on the partial

metric spaces, which in turn has been the direct precursor to this thesis.

3.2 The partial metric axioms

We are now ready to give the partial metric axioms of Matthews [Mat94]. Our
presentaﬁion is original and has been influenced by [BS97, Hec98], with some of the
material already appearing in [ONe97]. We will find that in seeking “metrics” for
Ty-spaces in general, we are naturally lead to the axioms of Matthews, which allow

us to discuss Wadge’s ideas in an abstract setting.

3.2.1 Weakening the metric axioms

Let us consider how the metric axioms can be weakened to a Ty-topological frame-
work. We define a Tp-metric to be a “distance function” d : X x X — [0,00), on

a set X, that “induces” a Typ-topology on X. More precisely, we require that the
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a b d(a,a) = 0 = d(b,b)
dce)=1
d(ac)=d(c,a) =1
d(b,c)=d(c,b)=1
1 d(a,b) =d(b,a) =2

Figure 3.2: A distance function which is not a Typ-metric.

e-balls, B(z) = {y € X | d(z,y) < €} (for £ € X, € > 0), are the basis for a
To-topology, T[4}, on X. We let <4 denote the specialisation order of 714 Suppose
this is a non-trivial partial order, so that a <4 b for some a,b € X. We can then
find € > 0 such that b € B.(b) but a € B.(b), and it follows that € > d(b,b) and

d(b,a) > . We have two cases to consider:

either a € Be(a) = b€ B:(a) = d(a,b) <e<d(ba),

or ag B.(a) = d(a,a)>¢e>d(bb).

In the first instance d cannot be symmetric, and in the second d must have non-zero
self-distances. In weakening the metric axioms to induce non-trivial specialisation
orders, we must therefore choose between symmetry and zero self-distances, we
cannot have both.

If we insist on zero self-distances, then the quasi-metric axioms, from section
2.2.3, are appropriate. If we require symmetry then Matthews proposes, in [Mat94],

that the appropriate axioms are,

P1. d(z,y) > d(z,z).

P2. d(z,7) =d(z,y) =d(y,y) => z=y.
P3. d(z,y) = d(y, z).

P4. d(z,y) < d(=,2) + d(z,y) — d(z, 2).

To see why we must strengthen the metric triangle inequality, consider the

example space in figure 3.2, in which the distance function satisfies P1-3 together
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with the metric triangle inequality. Since ¢ € Bg(c) implies b € B¢(c), then we

cannot have
c€ Be(c) C Bs(a) ={a,c},

and so the distance function is not a Tp-metric.

The combination P1-4 are a minimal generalisation of the metric axioms,
retaining symmetry, and are called the partial metric axioms. We will call distance
functions that satisfy the partial metric axioms either partial metrics or pmetrics.
A minimal set of axioms, for which we retain symmetry, are the combination P2-4,
and these are called the weak partial metric axioms. This weaker position is argued

for by Heckmann in [Hec98), who shows that we can deduce a weak P1,
2d(z,y) 2 d(z,z) +d(y,y),

from P4, and that d' : X x X — [0, 00) defined by

d'(z,y) = max{d(z,y),d(z, z),d(y,y)},

is a partial metric with 7jg7 = 714 However, we feel the intuition to be that much
simpler with the P1 axiom, since we retain that idea that a point y is at least as far
from z as z is itself.

In the presence of non-zero self-distances we find it convenient to change our

e-ball definition so that
B.(z) = {y € X | d(z,y) < d(z,z) + €}, Vze X, Ve>O0.

This induces the same topology, 74, on X and is more intuitive, since € Be(z)
for alle > 0.

To conclude our discussion on axioms for distance functions, we remark that
the minimal Tg-metric axioms are the combination P2 and P4, where we have neither
symmetry nor zero self-distances, and that the P4 axiom alone is sufficient for the

e-balls to induce a topology, although this need not be Tj.
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3.2.2 Understanding partial metrics

In seeking distance functions for Tj-topologies, the choice is essentially between the
quasi-metrics and the partial metrics. As we have already seen in section 2.2, the
quasi-metrics have been around for significantly longer than the partial metrics, and
have been extensively studied in their own right. One reason for the.emergence of
the quasi-metrics earlier than the partial metrics is the relatively simple intuition
in the presence of non-symmetry, as opposed to non-zero self-distances; colloquially,
suppose metric measures “amount of effort” and think of walking in hilly terrain
[Smy92]. It has proved more difficult to find an entirely satisfactory intuition for
the partial metrics.

We consider examples of partial metric spaces and try to establish some of
the intuition behind them. We begin with the domain of intervals, IR, from section

2.3.1, for which Matthews [Mat94] defines a pmetric by

d(la,b];[c,d]) = sup{|z —yl|z,y € [a,b]U[c,d]}

= max{b,d} — min{a,c}.

This pmetric agrees with the usual metric on the set of maximal elements of IR, and
induces the Scott topology on IR. It follows that (IR, d) is a computational model
for R together with the usual metric. In this model, we can not only approximate
points in R by elements in IR, but we can also approximate distances, since the
distance between any two elements in IR is the extent to which the points they
approximate can differ in R.

A natural step is to now extend this to the space of formal balls, BX, for a

metric space (X,d). We define a pmetric § : BX x BX — R by
8((z, 1), (y, 8)) = max{2r,r + d(z,y) + 5,25} 2 0.

This is an original definition which was also found independently by Heckmann

in [Hec98]. Intuitively we think of (z,r) as the “solid” closed ball C,(z) in X,



and define é to measure the “diameter” of the formal union of (z,r) and (y, s). Our
pmetric clearly extends d on X and, once we prove that § induces the Scott topology

on BX, then (BX,J) will be a computational model for (X, d).
Lemma 3.2.1 The induced partial metric topology on BX is the Scott topology.
Proof. If (y,s) € B:((z,r)), then

r+d(z,y) + s < ((z,7), (¥,8)) < 2r +¢,

so that d(z,y) < r+e—sand (z,r+¢) < (y,s). Conversely, if (z,r +£/2) < (y, 3)
_then (y,s) € Be((z,r)) so we see that

Mz, +€/2) C Be((z,7)) C Mz, T +£).

If (y,s) < (z,r) and we take 0 < € < s—r—d(z,y), then (y,s) < (z,r+¢) < (z,7).
It easily follows that the partial metric topology and the Scott topology on BX

agree.
QED

We will see in the next section that such computational models can also
be given using quasi-metrics. The partial metrics however have one crucial feature
that makes them more suitable for our purposes; they capture the notion of size that
Wadge was searching for in [Wad81]. Consider the domain of intervals once more,
where d([a, b], [a,b]) = b — a, for any [a,b] € IR. We clearly see that self-distance is
a measure of how vague a point is. We call this self-distance, the size or weight of a
point, and identify the least vague points, those with size zero, as complete points.
It is interesting that we have been lead to an abstract setting in which to discuss
Wadge’s ideas simply by trying to develop Tp-metrics. |

For any partial metric space (X, d), we define the weight function ¢4 : X —
[0,00), by ¢a(z) = d(z,z). This allows us to quantify how “deep” a point is in a

domain, or how much information it contains, and is the crucial distinction between
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the partial metrics and the quasi-metrics. The specialisation order of the induced

pmetric topology is naturally captured by the pmetric as follows,
T<¢y < d(z,y)=d(z, 1),

and we see that this is an information ordering in a precise sense, since z <4 y
implies that ¢g4(z) > ¢¢(y). Furthermore, if one element is strictly below another,

then it must be strictly more vague, and we have

t<ayandz#y = ¢a(z) > Pu(y)-
It is easy to see that complete points must be maximal, although the converse need
not hold. This distinction between complete and maximal points will become clearer
in chapter 5 when we give an example of a partial metric space with incomplete
maximal elements.

3.2.3 Weighted quasi-metrics and metrics

We hinted in the last section that partial metrics and quasi-metrics are related, and
that what distinguishes them is the induced weight function of the partial metrics.

We clarify this with a result of Matthews [Mat94].
Lemma 3.2.2 ([Mat94]) Suppose (X,d) is a partial metric space. Then
9(z,y) =d(z,y) — d(z,z), Vz,y€ X,
defines a quasi-metric ¢ on X such that T|d) = T|q) ond
o(z,y) + da(z) = q(y,2) + a(y), Vz,ye X. (3.4)

Conversely, if ¢ is a quasi-metric on X with a function ¢ : X — [0,00) that satisfies

(3.4) with ¢ in place of ¢a, then
d(z,y) = q(z,y) + $(z), Vz,y € X,
defines a pmetric on X such that 1jq) = 1), and ¢ is the induced weight function.
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The partial metrics are therefore equivalent to the class of quasi-metrics that
can be symmetrised by a weight function. We call these the weightable quasi-metrics,
and say that a pair <q, ¢> is a weighted quasi-metric. As a corollary we see that

every pmetric has an associated metric, d*, given by
d*(z,y) = d(z,y) — min{d(z,z),d(y,y)}.

This is not the metric that Matthews gives in [Mat94], which comes from symmetris-

-1

ing the induced quasi-metric, g, with ¢+ ¢! rather than max{q, ¢!}, but gives the

same topology.

Seeing that the partial metrics are a special class of quasi-metrics, Matthews
then seeks a comparable result for metrics in [Mat94]). By defining a metric d* :
X x X — [0,00) to be weightable [Mat94], if there exists a function ¢ : X — [0, 00)

such that
d*(z,y) > #(z) - $(v), Vz,yeX,

and calling the pair <d*, > a weighted metric, Matthews gives the following result.
Lemma 3.2.3 ([Mat94]) Suppose (X,d) is a partial metric space, then
d*(z’y) =2d(m,y) —d(miz) _d(y7y)’ Vz,yGX,

defines a weighted metric <d*,¢,> on X. Conversely, ifr<d‘,q,’>> s a weighted

metric on X, then

d(z,y) = (d*(z,y) + ¢(z) + ¢(v))/2, Vr,ye X,

defines a pmetric on X.

However, this is much weaker than lemma 3.2.2, since distinct partial metric
spaces can induce the same weighted metric space. For example, suppose X =

{a,b1,bs,...} and we have two pmetrics d; and dz on X such that
di(a,a) = 1 = daz(a, a),
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di(bn, bn) = 0 = da(bn, by), Vn > 1,
di(bp, bm) =1 = da(bn,bm), Vn,m > 1,n # m,
and di(a,b,) =1+4+1/2" di(a,by)=2+1/2", Vn>1.

The partial metric spaces (X,d;) and (X,dz) are distinct, since {a} € 7(4,) \ T[a;)-

However, the induced metrics (from the lemma) are such that

d; (bn, bm) = 2 = d}(bn, b)), Vn,m > 1,n #m,

and di(a,bp) =1+2/2", d(a,b,) =3+2/2", Vn>1,

which both induce the discrete topology. Since the induced weight functions are the

same, then the induced weighted metric spaces are topologically equivalent.

3.2.4 Conjugate partial metrics

We now consider a slight anomaly in the definition of the partial metrics. If we
observe that for a quasi-metric, the associated metric comes from symmetrising the
quasi-metric, then we are left to wonder where the associated metric for a partial
metric comes from. In more detail, the immediate consequence of non-symmetry for
a quasi-metric ¢, on a set X, is that we have a natural conjugate quasi-metric g~}
which is used to symmetrise g. Now, as Kiinzi discusses in [KV94], if both ¢ and
g~ ! are weightable by ¢ and ¢’ respectively, then ¢ + ¢’ is a constant function on
X. It follows that if a pmetric d induces a weighted quasi-metric <q, ¢4>, and ¢4 is
unbounded, then ¢! cannot be weightable. It is still the case however, that we have
an inherent duality from our Tp-topology, and so we should be able to “symmetrise”
the pmetric to recover the associated metric.

An original observation, that we first made in [ONe97], is that we can recover
a natural duality for partial metrics if we admit negative distances. We argue that
positivity in the axioms is superfluous, since d(z,y) > 0 has been effectively replaced
by the P1 axiom, d(z,y) 2> d(z,z). An immediate difficulty that this introduces is

that it now makes little sense to define a complete element as one with zero size.
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Our response is to call a point complete if, and only if, it has size inf{¢4(z) | z € X},
when this exists. In fact, this helps to clarify that the basic concept is really size,
from which a notion of completeness can be derived.

Another difficulty in adopting negative distances is our intuition, since we
consider ¢4(z) as measuring the vagueness 6f a point. The problem seems to be
more with the labels “positive”, “zero” and “negative” information, than anything
fundamental. If we think in terms of allowing the vagueness of points in a space to
be measured without a lower bound, then the situation becomes more acceptable.

Once we allow d : X x X — R, then the conjugate partial metric, d~!, can be
defined by d~!(z,y) = d(z,y) —d(z, z) — d(y,y). We immediately see that if ¢ is the

1 is the induced quasi-metric of d~!, and —gyq is

induced quasi-metric of d, then ¢~
a weight function for g~1. So there is a precise sense in which d~! is conjugate to d.
Furthermore, the metric topology is the join of the pmetric and conjugate pmetric
topologies. To see this, if we let B.(z;d~!) and B(z;d*) denote the e-balls in
(X,d™1) and (X, d*) respectively, then we show that B.(z) N B(z;d~!) = B.(z;d").

Suppose z,y € X and € > 0, then the result immediately follows from,

d(z,y) < d(z,z) + ¢

Flag) <diloa) e [ (Y <min{den),dy)} +e

In this thesis, our partial metrics will take positive and negative values, unless

specifically stated otherwise.

3.2.5 Upper semicontinuity of Ty-metrics

We finish our presentation of the partial metric axioms with one other potentially
useful property that need not hold for quasi-metrics. For any metric space (X, d),
the metric d : X x X — [0,00) is continuous with respect to the product metric
topology on X x X, and the usual topology on [0, 00). If (X, d) is a To-metric space,
then the equivalent result is that d : X x X — R is upper semicontinuous with

respect to the product Typ-metric topology, 7j4, on X x X (that is d~!(—o0,r) is
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open for any r € R). Intuitively, if two points are close together then any two points
sufficiently close to them will also be close together.

Suppose d is a Tp-metric with a <4 b (a,b € X). For all r > d(a,a),
we have (a,a) € d~!(—oo,r). However, if d were upper semicontinuous, then
(b,a) € d~'(—o0,r), which implies that d(b,a) = d(a,a) = d(a,b). So in the
presence of a non-trivial specialisation ordering, which is precisely when we are
interested in the Ty-metrics, non-zero self-distances are a necessary condition for
upper semicontinuity. That the quasi-metrics need not be upper semicontinuous is
surely well-known, although we have not seen it in the literature. However, both
Bukatin {BS97] and Heckmann [Hec98] point out, in different guises, that the partial

metrics are upper semicontinuous.

Lemma 3.2.4 For any partial metric space (X,d), the functiond: X x X = R is

upper semicontinuous with respect to the product partial metric topology on X x X.

Proof. Suppose r € R and d(z,y) <r. Welet ¢ = r—d(z,y) > 0, then z € B, j5(z),
y € B.2(y), and if a € B,(z) and b € B,/(y), then we have

d(e,b) < d(a,z)~d(z,2) +d(z,y) +d(y,b) —d(y,y) < r
QED

This seems to be a further justification for the partial metrics over the quasi-
metrics (or for symmetry over zero self-distances). Our case is supported by the
following argument of Bukatin [BS97). Within the context of denotational semantics,
Bukatin considers the space of distances as a datatype, which should be represented
by a continuous domain, and requires that the distance function d : X x X — D
is computable. In domain theory, continuity can be seen as a sufficient condition
for computability, and if we take D = ([0,00),>), then continuity with respect
to the Scott topology on D and the product Tp-topology on X x X, is precisely
upper semicontinuity. Bukatin argues that we can therefore define computationally

meaningful distances between programs.
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3.3 Hierarchical spaces

We now give our first section of original material, in which we abstract the essential
topological characteristics of partial metric spaces. As well as helping to develop our
understanding of the partial metric spaces, these spaces will also give us a framework

in which to discuss the notion of a boundedly observable property from section 2.2.5.

3.3.1 Hierarchies of open sets

We begin by motivating and introducing some of our ideas, and delay until the next
section the precise definitions. Our starting point is the simple observation that, for

a partial metric space (X, d) and r € R, the set
Xr={z € X | ¢4(z) =7},
together with the induced metric

d;(may) = d(.’E, y) -

is a metric space. We can therefore think of a partial metric space as being layers of
(possible empty) metric spaces, indexed by the weight function taking values in the
total order (R, <). These layers are a measure of the vagueness of the points in X,
and can be used to compare the vagueness of points unrelated in the information
ordering. This is the essential feature of a partial metric space that we wish to
capture topologically. To do this we must consider the open sets as fundamental,
rather than the points themselves, and see how we can deduce the vagueness of a
point.

Consider the generalised situation given in figure 3.3, where r, s and ¢ are
values in some totally ordered set, which indexes layers of points in a set X, with ¢
less than r less than s. We again think of these layers as a measure of vagueness, and
observe that points in the open set U are less vague than points in the layer indexed

by s, but that we cannot say anything relative to points in the layer indexed by r.
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Figure 3.3: Motivating hierarchies of open sets

We will say that U is of depth (of vagueness) r but not of depth s. We immediately
notice, that once U is of depth r then it must be of depth t. We can now divide our
topology into classes of open sets of the same depth, and we call this a hierarchy of
open sets.

We remark that this is similar to the situation in section 2.2.5, in which open
sets in the domain of streams, S°°, were identified as finitely observable properties,
and boundedly observable properties were those whose instances could be verified
within a number of steps given in advance. Such open sets were said to be of depth

indexed by the total order (N, >).

3.3.2 Defining a hierarchical space

We now make our ideas precise, and define a class of topological spaces which, we
claim, capture the essential topological characteristics of partial metric spaces. For
a To-space, (X, ), with basis B, we let B, C 7 denote the collection of basic open
sets that contain z € X. We define an inder set to be a conditionally complete!
totally ordered set, (R, <), which satisfies an interpolation property; for r < s in R

wecan findt € Rsuchthat r <t <s.

Definition 3.3.1 For a Ty-space (X, 1), a hierarchy of open sets is a collection

! A poset is conditionally complete if every set bounded above has a supremum.

53



N/ |
7

U

Figure 3.4: Induced weight function

of subsets of T, {Br}rer, with indezx set (R,<), such that U,cp Br is a basis for T,
r < s in R implies that B; C By, and for each z € X we can find £;,u; € R such
that By C By, but B, € B,, . Each open set in B, is said to be of depth r, and
the collection B, is said to be the class of depth r.

For a Ty-space, (X, 7), with a hierarchy of open sets, {B:},cr, we can deduce
the vagueness of a point, and hence find layers of points indexed by (R, <). We define
a weight function ¢ : X =& R by

¢(z) =sup{r € R|B; C B,;} € R,

which exists since By C By, and if By C B, then r < uz. It is immediate that £; <
¢(z) < uz, and we illustrate this in figure 3.4. Furthermore, for any r < ¢(z) < s we
have B; C B, and B; € B,. Now, z <, y implies that ¢(y) < ¢(z), but we do not
yet have £ <, y implies that ¢(y) < ¢(z), which we seek since this is an essential
feature of the partial metric spaces. This will require an additional condition on our
open sets.

We recall that in a Tg-space, (X, 1), if z £; y, then we can find an open set
containing z but not y, and in a Hausdorff space we can separate any two points
using disjoint open sets. We suggest that our extra condition should ensure that

the hierarchy of open sets plays an essential role in separating points in our space.
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Figure 3.5: Separating points

This will position our spaces between the Tj-spaces and the Hausdorff spaces. If we
refer to figure 3.5 for intuition, then our condition is that whenever z £, y, then we
can find open sets containing z and y, and some level of vagueness below ¢(y), such
that any points in the intersection are below this level of vagueness. The precise

definition follows.

Definition 3.3.2 A hierarchical space (X, {Br}rcr) is a Tp-space (X, 1), with
a hierarchy of open sets, {B.}rcr, such that whenever z £, y then we can find

U€ B, VEBy and r < ¢(y) in R such that forany ze UNV, B, € B,.

Suppose (X, {Br}rer) is a hierarchical space and £ <, y, then y £, = implies
that we can find U € By, V € B; and r < ¢(z) in R such that for any z€ U NV,
B, € B,. Since y € UNV, then ¢(y) < r and we have that ¢(y) < ¢#(z). Obviously
hierarchical spaces are Tp-spaces, and it is clear that any Hausdorff space, (X, ), is
trivially a hierarchical space (X, {r}). In the next section we see that partial metric

spaces are naturally hierarchical spaces.

3.3.3 Partial metric spaces as hierarchical spaces
Suppose (X, d) is a partial metric space, then for each r € R, we define
By ={U € 74| 3z € U with ¢4(z) > r}.
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It is clear that every non-empty open set is in some B,. If r < s and U € By, then
we can find z € U such that ¢4(z) > s > r and so U € B,. For each z € X, we let
£z,u; € R be such that £, < ¢g(z) < uz. It is clear that B, C By, and if we let
€ =uz — ¢q(x) > 0, then y € B.(z) implies that

¢a(y) < d(z,y) < ¢a(z) + € = Uz,

and hence B¢(z) & B,,. So we have a natural hierarchy of open sets, {B;}ren,
indexed by (R, <). Now suppose that £ €4 y, then d(z,y) — ¢4(z) > 0, and we can
find r € R such that

Ga(y) > v > ¢a(y) + dalz) — d(z,y)-

We let
€ =d(z,y) + 1 — ¢a(z) — da(y) > 0,

and take U = B,/5(z) and V = B, 5(y). For any z € UNV, we have

d(z,y) < d(z,2) +d(2,y) — ¢a(z)
< ¢4l(x) + €+ daly) — da(2)

= d(.’l},y) +r— ¢d(z)1

and so ¢4(z) < r and hence B, € B,. It follows that (X, {B;}ren) is a hierarchical
space.

We now show that this hierarchical space has the same weight function as
the partial metric space. If we fix £ € X, then we immediately see that B. C By, (z)-
Suppose B; C B;, for some r € R. Then, for any € > 0, we have B.(z) € B;, which
implies that, for any y € B.(z) ‘

r < ¢a(y) < d(z,y) < da(z) + ¢,

and hence r < ¢4(z). So we see that ¢4(z) = ¢(z), for all z € X, and our induced

weight functions agree. We have therefore proved the following result.
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Figure 3.6: Upper and lower components of an open set

Theorem 3.3.3 Suppose (X,d) is a partial metric space, then (X,{B,r}rer) is a

hierarchical space with the same weight function.

3.3.4 Hierarchical spaces as partially ordered spaces

To help place the hierarchical spaces in context, we now show that every hierarchical
space is naturally a partially ordered space. Suppose (X, {Br}rer) is a hierarchical

space with B =J,cg Br. For U € B and r € R, we define
Usp={zeU|r<¢(z)} and U ={z€U]|¢(z) <r},
and illustrate the situation in figure 3.6.

Lemma 3.3.4 Suppose (X, {Br}rer) is a hierarchical space with B = J,¢p By, then
the collection {U<, | U € B,r € R} is a basis for 7.

Proof. Suppose £ € X and U € B, then ¢(z) < u; and z € Ug,, C U. Since B
is a basis for 7, then we are left to show that the U, are open. Suppose z € U<,
and s € R is such that ¢(z) < s < r, then we can find V € B; such that V ¢ B;.
For any y € V it follows that B, € B, and hence ¢(y) < s < r, so we see that
seUNV CUq |
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QED

It is clear that {Us, |U € B,r € R} and {U<, | U € 7,r € R} together form
the basis for a topology, m, which will be our induced Hausdorff topology.

Lemma 3.3.5 Suppose (X,{Br}:cr) is a hierarchical space, then (X,m,<;) is a

partially ordered space.

Proof. If ¢ £, y, then we can find U € B;, V € By and r < ¢(y) such that, for
any z € UNV, B, € B,. It is clear that (z,y) € U x V5, and if a <; b with
(a,b) e U x V5, then b€ U NV and r < ¢(b) which implies that By C B, which is

a contradiction.
QED

We assume that a partial metric space, (X, d), induces the natural hierarchy
of open sets, {By}rex, from the last section. We show that the induced Hausdorff

topology, m, agrees with the induced metric topology, 7[g+].

Lemma 3.3.6 Suppose (X,d) is a partial metric space, inducing the hierarchical

space (X,{Br}rer), then m = 7g.).

Proof. Suppose € > 0, z € X and we let U = B,(z) and r = ¢4(z) — €. Then
y € B(z;d*) implies that

d(z,y) - ¢a(y) < d*(z,y) <,
and hence r < ¢4(y). So we have y € Us,. Now suppose that y € Us,., then
d(z,y) < d(z,z) + e =71+ 2 < Pa(y) + 2¢,
and so d*(z,y) < 2e. It follows that
Be(z;d*) C Usr C Bae(z;d%),
from which the result follows.

QED
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3.3.5 A framework for boundedly observable properties

We return to the domain of streams, S°°, and observe that £ € S has length |z| = &
if, and only if, z satisfies some depth k property, but no depth k + 1 properties. It
follows that in this example, the ideas of Smyth [Smy92], on boundedly observable
properties, and Wadge [Wad81}, on the size of elements in a domain, are closely
related. We investigate this to see how the hierarchical spaces can be a common
framework for both approaches.

Matthews gives a pmetric on S [Mat94], by defining
d(z,y) = inf{27" | 2[n] = y[n], n < |z, yl},

which is small if, and only if, we require a “deep” property to distinguish z and y.
This is a symmetrised version of the motivation given for the quasi-metric in section
2.2.5, and 7yq) is similarly the Scott topology on S°°. Furthermore, we also capture
the notion of size since ¢g(z) = 2~1%l. We can immediately deduce that $S* with
the Scott topology is a hierarchical space.

For the boundedly observable properties however, an alternative hierarchical
space is appropriate. Suppose we take (IN*,>) as our index set, where N* = N U
{o0}. We recall that for any z € S with |z| < oo, then tz is open in the Scott
topology. We define, for each r € N,

B, = {1z ||z| <r}.

Furthermore, we define Bo, = {1z | |z] < o0}, so that the collection of B,, r € N*,
is a basis for the Scott topology on §°.

We show that {B,}reN- is a hierarchy of open sets. It is clear that if m > n
in R and tz € B,, then |z| < n < m and hence 1tz € B,,, so that B,, C By, and for
any n € N, By C By. For £ € 5%, we let ¢; = |z| and u; = |z| = 1 or uz < 00
if |z| = oo. If y € §% with |y| < co and z € 1y, then |y| < |z| = £, so that
ty € By, and By C By,. Also, since 1z ¢ B,_, then we have B, € B,_. To see
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that (S, {B:}ren-) is a hierarchical space, we suppose that z Z y in S, and let
r = |y| + 1/2. We either have tz Nty = @, in which case the result is trivial, or
y C z but with = # y so that |y| < oo, in which case |z] > |y| +1 > r, and 1z & B,.
Finally, it is clear that By C By, and if B; C B, thep |z] = oo implies that r = oo,
otherwise |z| < r, and we see that ¢(z) = |z].

We are now in a position to capture the intuition from section 2.2.5 on finitely
observable and boundedly observable properties in terms of this hierarchy of open

sets. We say that U C §% is finitely observable if

VeelU dneN 3IVebB, suchthat ze€V CU,
and that U C S is boundedly observable if

dJneN VzeU 3IVeB, suchthat zeV CU.

In this case we also say that U is a depth n property. What is important of course,
is the finitary nature of the B,. It is to be hoped that this will be useful in seeing

how the material from section 2.2.5 can be generalised.

3.4 Concluding remarks

In section 3.1, we gave the last of our background material and motivated the
essential characteristics of a partial metric. Although most of the material in section
3.2 was from [Mat94], the presentation was original, and we established the axioms
in context. Our original material in section 3.3, on the hierarchical spaces, completes

the foundations and we are now in a position to build the general theory.
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Chapter 4

Partial Metric Space Theory

The theory of partial metric spaces begins with the work of Matthews, who gives
some initial results in [Mat94], to which Heckmann [Hec98] contributes some further
results. We significantly extend the existing work, by considering the partial metric
spaces as Tp-topological spaces, and seeing how additional conditions on the pmetric
can lead to stronger topological properties (section 4.1). We extend the metric
notions of isometries and completions to partial metric spaces (section 4.2), and
introduce a particularly useful class of partial metric spaces derived from an auxiliary

weight function over a more structured poset (section 4.3).

4.1 Topological properties

We investigate the partial metric spaces within the context of the Tp-topological
properties from sections 2.2.1 and 2.2.2. We will find natural conditions on the
pmetric for the induced topology to be order-consistent or sober, and consider com-
pleteness, compactness and coherence. We then investigate connections with the
Scott topology, and develop a notion of a quantitative domain. Unless stated oth-

erwise, the material in this section is original.
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4.1.1 Order-consistency

From section 3.2.3 we recall that a partial metric space, (X, d), induces a natural
quasi-metric on X and has an associated metric space (X,d*). As with the quasi-
metrics (sections 2.2.3 and 2.2.4), we can lift a notion of Cauchy sequences, and
hence completeness, from (X,d*). In terms of the pmetric, we see that a sequence

{zn} in X is Cauchy [Mat94] if, and only if,

lim d(z,,z exists.
n,m—boo ( ny m)

Any w-chain {z,} in X which has {¢4(z,) | n > 1} bounded below in R, is therefore
a Cauchy sequence. For example, if {z,} has a supremum in X, then {z,} is a

Cauchy sequence.

Suppose {z,} is a sequence in X and a € X. Convergence with respect to

both 714 and the metric d* are naturally captured by the pmetric [Mat94];
Tn > ain (X,79) <= nll)xgo d(zyn,a) = d(a,a),
and z, —+ain(X,d*) < nli)rxgo d(zp,a) = nli)rgod(xn,xn) = d(a,a).

We call the latter proper convergence in [ONe97]. A partial metric space is therefore
complete if, and only if, every Cauchy sequence has a proper limit. Matthews states,

but does not prove, the following result in [Mat94].

Lemma 4.1.1 Suppose (X,d) is a partial metric space, then an w-chain {z,} in

X, with proper limit a € X, has a = || z,.
Proof. Suppose n > 1, then for any m > n we have

d(a,zn) < d(a,:z:m) + d(zm, Zn) — d(Tm, Tm)

= d(a,Zm) +d(Tn,Tn) — d(Zm,Tm),

and this has limit d(z,,z,) as m — o0, so that z, <4 a. If b € X is such that

Ty <gbforalln>1, then
d(a's b) < d(aa -'En) + d(.’L‘n,b) - d(xmxn) = d(zn, xn)a
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which has limit d(a,a) as n — o0, so that a <4 b.
QED

The following results are all original, although the first was found indepen-

dently by Heckmann [Hec98] for the (positive) weak partial metrics.

Lemma 4.1.2 Suppose (X,d) is a partial metric space and A C X is directed, then

there exists an w-chain in A with the same upper bounds.

Proof. Suppose first that S = {¢4(a) | a € R} is bounded below in R, then for
each n > 1, we can find a,, € A such that d(an,an) < inf S + 1/n. We inductively
construct our w-chain {z,} so that z; = a; and z,41 € A is above z,,a,41 € A.
Now suppose that y € X is an upper bound of {z,} and let a € A. For n > 1 we let
yn € A be above z,,a € A so that ap <q Tn <4 ¥,Yn and d(yn,yn) 2 inf S. From

axioms P1 and P4 we have

d(a,a) < d(a,y) < d(a,yn) + d(Yn,an) + d(an,y) — d(Yn,yn) — d(an,an)
= d(a'7 a’) + d(an’ aﬂ) - d(yn’ yn)
< d(a,a) + 1/n.
Since this holds for all n > 1, then a <4 y as required.
If S is not bounded below, then we can find a, € A such that d(a,,a,) < —n, and

inductively construct an w-chain {z,} as before. Since S is not bounded below then

A has no upper bounds and the result is trivial.
QED

We will say that the pmetric topology is order-consistent if it is order-
consistent with respect to its specialisation order. We can characterise order-

consistency in terms of the pmetric.

Lemma 4.1.3 Suppose (X, d) is a partial metric space, then the pmetric topology is

order-consistent if, and only if, every w-chain with a supremum has a proper limit.

63



Proof. We first suppose that the pmetric topology is order-consistent and {z,} is

an w-chain in X with a = "z, € X. Clearly {z,} converges to a, and
d(a,a) < d(Zn, Tn) < d(zn,a).

Since the right-hand side converges to d(a,a), then {z,} converges to a properly.
Conversely, by lemma 4.1.2, we can consider w-chains in place of directed sets, when

their suprema exist, and the proper limit of an w-chain is its supremum.
QED

Such a result cannot hold for quasi-metrics since, for example, for the discrete
quasi-metric on a poset, an w-chain converges to its supremum if, and only if, it
attains its supremum. We will say that ¢4 : X — R is continuous if, for every

w-chain {z,} in X with supremum a € X, then ¢4(a) = inf{da(zn) | n > 1}.

Corollary 4.1.4 Suppose (X, d) is a partial metric space, then the pmetric topology

is order-consistent if, and only if, ¢4 is continuous.

Since w-chains with supremum are Cauchy sequences, then order-consistency
can be thought of as a weaker notion of completeness for a partial metric space. We
will say that a partial metric space (X,d) is bounded if {d(z,y) | z,y € X} is
bounded below in R.

Corollary 4.1.5 If (X,d) is a complete partial metric space, then g is order-
consistent. Furthermore, if (X,d) is also bounded then (X, <4) is a dcpo.

We can also use lemma 4.1.3 to further justify our use of negative, or more
precisely unbounded, distances. We consider R, but with the partial order, >, rather

than, <, as this will simplify some further work in section 4.3

Corollary 4.1.6 Any partial metricd on R fbr which <4=2> and d* is the usual

metric, must be unbounded.
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It follows that we can only pmetrise the partially ordered space (R,>), with
the usual topology, if we admit negative distances. Such a pmetric is given by
d(z,y) = max{z,y}, and we will have much more to say about such partial metrics

in section 4.3.

4.1.2 Sobriety and completeness

Sobriety for a Tp-space (section 2.2.2) is a notion of completeness which is quite
difficult to work with, since we must use either completely prime filters of opeh sets
or irreducible closed sets. Siinderhauf presents a more intuitive approach in [Siin95]
by defining the notion of an observative net which, together with an appropriate
notion of convergence, characterises sobriety. Before we became aware of this work,
we found our own intuitive understanding of sobriety as a notion of completeness
for partial metric spaces, which we now present.

Sober spaces are, with respect to the specialisation order, dcpos with an
order-consistent topology. We begin by strengthening lemma 4.1.3 so that (X, <)

is also a dcpo.

Lemma 4.1.7 Suppose (X,d) is a partial metric space such that every w-chain has

a proper limit, then (X,<q) is a dcpo and the pmetric topology is order-consistent.

Proof. Any directed set in X has an w-chain with the same upper bounds, whose
proper limit is the supremum of the directed set. Order-consistency is immediate

from lemma 4.1.3.

QED

Since arbitrary w-chains need not be Cauchy sequences, then we have started
to move away from our usual notion of completeness. The following generalised
notion of an w-chain is an instance of Siinderhauf’s observative nets, but notice
that, as with metric spaces, partial metric spaces allow us to work with sequences

rather than nets.
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Definition 4.1.8 Suppose (X,d) is a partial metric space, then a sequence {zp} is

self-convergent if, for each k > 1, {z,} converges to xj.

The following result is our own, but we now realise that it could be deduced

from Stunderhauf’s work.

Theorem 4.1.9 Suppose (X,d) is a partial metric space, then the pmetric topology

is sober if, and only if, every self-convergent sequence has a proper limit.

Proof. We first suppose that the pmetric topology is sober, and let {z,} be a self-
convergent sequence. We let A be the non-empty collection of limit points of {z,}.

If {yn} is a sequence in A converging to a € X, then it follows from

d(zn,a) < d(Tn, Tm) + d(Tm,Yn) + d(Yn, a) = d(Tm, Tm) — d(Yn, Yn),

for m > n, that {z,} converges to a. So a € A, and A is closed. To see that A
is an irreducible closed set, suppose B and C are proper closed subsets of A with
y € B\ C and z € C\ B. Since {z,} converges to both y and z, then {z,} is
eventually in X \ B and X \ C, but this is a contradiction since each z, € A. We
let @ € X be such that A is the closure of a, so that A = la. It follows that {z,}
converges to a, each z; <4 a and a is the proper limit of {z,}.

Now suppose that A C X is an irreducible closed set. If U,V are open sets such
that U N A and V N A are non-empty, then U NV N A is non-empty since otherwise
A\ U and A\ V are proper closed subsets of A with union A. Suppose a,b € 4,

then a simple induction allows us to find, for each n > 1,
Ty € AN Bl/2“ (a) ] Bl/zn (b) N Bl/2" (1‘1) Nn---nN Bl/2" (Iﬂn_l).

Clearly {z,} is self-convergent, and converges to a and b. We let ¢ € X be the
proper limit of {z,}, so that a,b <4 c¢. Since A is closed, then ¢ € A, and A is
a directed set with [JTA € X. Order-consistency implies that |JTA € A, and the
closure of | {14 is {LITA which is A.
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QED

We will say that a self-convergent sequence {z,} is bounded if {¢y4(zs) | n >
1} is bounded below in R. In the next lemma we see that these are precisely the

Cauchy self-convergent sequences.

Lemma 4.1.10 Suppose (X,d) is a partial metric space, then a self-convergent

sequence is bounded if, and only if, it is Cauchy.

Proof. Suppose first that {z,} is a bounded self-convergent sequence, and let
£ =inf{p4(zn) |n > 1} € R.

If we fix € > 0 then we can find k > 1 such that £ < ¢4(zx) < £+ €/3. Since {z,}
is self-convergent, then we can find N > 1 such that for alln > N,

d(zn, zk) < da(zi) +€/3.
So, for all n,m > N, we have
L<d(zn,zm) < d(zn,zk) +d(Tk,Tm) — dal(zi) < alzi) +26/3 <€+

So we see that limy, ;00 d(Tn,Tm) = € and {z,} is Cauchy as required.

Now suppose that {z,} is a Cauchy self-convergent sequence, and let
{= n,rlrilx_r’loo d(zn,zm) € R.

It is clear that lim, o @4(zn) = ¢, so we are left to show that each ¢4(xy) > £ for
{z,} to be bounded. If we suppose that ¢q(zx) < £ for some k > 1, then we can
find € > 0 such that ¢4(zx) < £ —e. We can find N > 1 such that, for alln > N,

|pa(zn) — €] <€e/2 and @a(zn) — ¢a(zk) < d(Tn, Tk) — da(zk) < €/2.
We can immediately deduce that £ — ¢4(z;) < €, which is a contradiction.
QED
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We are now in a position to improve corollary 4.1.5.

Corollary 4.1.11 Suppose (X,d) is a complete bounded partial metric space, then

the pmetric topology is sober.

We conclude this section by comparing the completeness of sober partial
metric spaces, with the complete partial metric spaces in general. We first introduce

the notion of a self-convergent sequence approximating a Cauchy sequence.

Definition 4.1.12 Suppose (X, d) is a partial metric space, then a Cauchy sequence

{zn} is approximated by a self-convergent sequence {yn}, if
nli{god(xm Tp) = n‘i{& d(Zn,yn) = nl_l_’rgo d(Yn, Yn)-

Lemma 4.1.13 Suppose (X,d) is a partial metric space, then the pmetric topology
is sober and every Cauchy sequence is approzimated by a self-convergent sequence
if, and only if, (X,d) is complete and every self-convergent sequence is a Cauchy

sequence.

Proof. 1t is clear that if the pmetric topology is sober, then every self-convergent se-
quence is Cauchy, and if every Cauchy sequence is approximated by a self-convergent
sequence, which has a proper limit, then this is the proper limit of the Cauchy se-
quence, and so (X,d) is complete. Conversely, if every self-convergent sequence is
a Cauchy sequence, then completeness implies that the pmetric topology is sober,
and for every Cauchy sequence {z,} with proper limit a € X, then {a} is a self-

convergent sequence approximating {z,}.

QED

4.1.3 Compactness and the patch topology

We say that a partial metric space (X,d) is compact if the induced metric space
(X,d*) is compact. From section 3.2.3 we know that a pmetric induces a quasi-

metric on X with the same topology. From section 2.2.6 we see that (X, 7jg-), <a)
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is a partially ordered space, and hence a compact ordered space. It is clear that
a compact partial metric space is complete, and we will see from the next lemma
that it is also sober, so that both notions of completeness from the last section are

satisfied by compact partial metric spaces.

Lemma 4.1.14 Suppose (X, d) is a compact partial metric space, then (X,1y4) is

a coherent space.

- Proof. By theorem 2.2.2, and the above comments, we need only show that i) =
T[d.]T. It is immediate that 7q C 'r[d.]T, so we suppose, for a contradiction, that
Uc 'r[d.]T \ 7iq)- Then there exists a € U such that, for all n > 1, we can find some
Tn € Byjan(a) \U. Compactness implies that the Séquenée {zn} has a subsequence

{zn,} with proper limit b € X, and it follows from
d(a,b) < d(6,2n,) + d(&ng,b) = d(n, > Tn, ),

that a <4 b, and so b € U. But {Zn,} converges properly to b, and so is eventually

in U, which is our contradiction.
QED

To see that the converse need not hold, consider the domain of streams, S,
with S an infinite set, and the pmetric, d, from section 3.3.5. We know that Tld) 18
the Scott topoldgy, and it is clear that the patch topology 7 = 714 V'r[d]" is compact.
It follows that (§%°,7[q) is a coherent space. However, (X,d) is not a compact
partial metric space. In particular we see that Tjg+] is not the patch topology of 4.
We know from section 3.2.4, that 1j4.) = 7[g) V 7g-1), S0 we are lead to compare the
cocompact topology, 'r[d]’?, with the conjugate pmetric topology, Tja-1), for partial
metric spaces in general. We will then see that for compact partial metric spaces,

Tid~] IS the patch topology of 4.
Lemma 4.1.15 Suppose (X,d) is a partial metric space, then ‘r[d]k C 7(g-1)-
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Proof. Suppose V C X is a compact upper set in (X, 'r[d]). Once we show that
X \ 'V € 7(4-1) then we are done. Suppose y € X \ V, then for all z € V we must

have £ £4 y, and we can define
£z = [d(z,y) — d(z,2)]/2 > 0.

Since {B..(z) | z € V'} is an open cover of V, then there exists a finite subcover
{Be, (zn) | 1 < n < N,z, € V}. We define € = min{e;, | 1 < n < N} >0,
and show that B.(y;d~!) C X \ V. Suppose z € V, then z € B,,_(z,), for some
1 <n < N, and we have

EL €z, = d(xm y) - d(xnaxn) — €z,

< d(mm Z) + d(z’ y) - d(za Z) - d(mna z'n) — &z

n

< d(zy) —d(z2)

= d7Yz,y) —d Yy, ).

So z € B.(y;d™!) which implies that B.(y;d~!) C X \ V.

QED
Theorem 4.1.16 Suppose (X, d) is a partial metric space, then (X,d) is compact
if, and only if, (X, T[d]) is a coherent space, and Ti4.) is the patch topology of Tig.

Proof. We need only prove that when (X, d) is a compact partial metric space, then
T[d]k = 7i4-1}. Suppose U € 7[4-1}, then U € 7g.) and so X \ U is 7g-]-compact. Any
T|4)-Open cover of X\Uisa 7[¢*)-open cover and so there exists a finite subcover.
So X\U is T|4)-compact, and since X \ U is clearly an upper set with respect to <g,
then U € 'r[d]k and so qd]k = Tjg-1)-

QED
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4.1.4 The Scott topology

We now investigate connections between the pmetric topology of a partial metric
space, (X, d), and the Scott topology on (X, <4). We begin by returning to domain
theory, and giving some thoughts on what we understand by the term quantitative
domain, as opposed to the quantitative domain theories of sections 2.1.4 and 2.2.3.
We have seen that the Scott topology naturally captures the basic (qualitative)
notions of domain theory, namely limits and approximation. It therefore seems
reasonable to define a quantitative domain to be a continuous domain together with
some additional structure, such as a quasi-metric or partial metric, that captureé the
Scott topology, and a&ds some quantitative information to the domain. This is at
odds with the definition in [FSW98], since the discrete quasi-metric on a continuous
domain need not induce the Scott topology. We will further develop our ideas in
section 4.3, but for now return to the more general setting, and seek a condition for

the pmetric and Scott topologies to agree.

Definition 4.1.17 A sequence {z,} surpasses a sequence {y,} in X if, for every

n > 1, there exists an m 2> 1 such that y, <4 Ty,

Definition 4.1.18 A partial metric space has convergence in order if every se-

quence {z,} converging to a € X, surpasses an w-chain {y,} with supremum a.

Lemma 4.1.19 Suppose (X,d) is a partial metric space with order-consistent pmet-

ric topology, then it has convergence in order if, and only if, 74) is the Scott topology.

Proof. Since the pmetric topology is order-consistent, then we know that 74 C o.
Suppose Tjq) = o, and let {z,} be a sequence converging to a € X. We let A =
UsZ, dza, and A be the Scott-closure of A. Then each z, € A, so we must have
a € A. If a € A, then a <4 =, for some n > 1, and we take {a} as our w-chain.
Otherwise, there must exist some directed set, and hence some w-chain {y,}, in A

with supremum a, and {y,} C A is precisely the condition for {z,} to surpass {y,}.
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Conversely, we suppose, for a contradiction, that U € ¢ \ Tiq]- So there exists some
a € U such that, for all n > 1, we can find z,, € Byon(a) \ U, and {z} converges
to a. We let {z,} surpass the w-chain {y,} with supremum a, then some y, € U

and hence some z,, € U, which is our contradiction.
QED

A problem with the above result is that convergence in order is not an easy
property to achieve, since it requires the existence of points that even complete
partial metrics need not have. In the section 4.3 we will meet a special class of
partial metric spaces whose additional structure ensures that completeness does

imply convergence in order.

4.2 Isometries and completions

Our next step in developing the general theory, is to extend the basic metric no-
tions of isometry and completion to the partial metric spaces. We can then apply
our notion of completion to the space of formal balls to see that, in this instance,
ideal completion and partial metric completion agree, and we induce the metric

completion on the metric space. The material in this section is original.

4.2.1 Isometries

Given two partial metric spaces (X,d) and (X',d'), Heckmann [Hec98] takes what
appears to be the natural definition for an isometry f : X — X', and requires that
d'(fz, fy) = d(z,y). We argue that this is a little too ‘simplistic. Consider the
subspaces [0,1] and [1,2] of R, with the pmetric d(z,y) = maz{z,y} from section
4.1.1. These should intuitively be isometric, with the map f : [0,1] — [1,2], given

by f(z) = z + 1, being an isometry. However, for any z,y € [0, 1], we have

d(fz, fy) =max{z + 1,y + 1} = d(z,y) + 1.
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The problem is that if we uniformly adjust the weight function for a partial
metric space, then the underlying metric structure remains unaffected, but Heck-
mann’s definition does not reflect this. We therefore define an isometry to be a

bijection f : X — X', for which there exists k € R, such that
d'(fz, fy) =d(z,y) +k, Vr,yeX. (4.1)

We say that (X,d) and (X', d’) are isometric, and use the term isometry into for
any map which satisfies (4.1) but need not be a bijection. With this definition, any
bounded partial metric space is isometric to a positive partial metric space, and this

reinforces our interpretation of a complete element in section 3.2.4.

4.2.2 Partial metric completions

We define the completion of a partial metric space (X,d) to be a complete partial
metric space (X,d) and a map i : X — X such that i is an isometry into X and
i(X) is dense in (X, d’) . Clearly, the metric space (X,d"), together with %, is then a
completion of the metric space (X, d*). We show that every partial metric space has
a unique completion (up to isometry), by generalising the metric case (see [Sut75]
for example).
We begin with the following inequality, which is easily derived from the P4
axiom;
|[d(z,y) — d(z,w)| £ d*(z, z) + d*(y, w), Vz,y,z,w € X. (4.2)
We let X be the set of equivalence classes of Cauchy sequences, where {z,} ~
{ya} if, and only if, limg 00 d*(Zn,yn) = 0. For any 7,5 € X, represented by the

_Cauchy sequences {z»} and {ya} respectively, we define
d(Z,9) = lim d(za,yn)-
To see that this exists, for any n,m > 1, we use (4.2) to get
0< ld(zmyn) - d(mm, ym)l < d‘(zmxm) + d‘('ynaym)'
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Since the right-hand side tends to 0 as n,m — oo, then {d(zn,y,)} is a Cauchy
sequence in R, and lim,_,00 d(Zn, y,) exists. To see that d is well-defined, suppose

the Cauchy sequencé {z!} also represents 7, and we again use (4.2) to get
0< |d(:1:£1, Yn) — d(Zn,yn)| < d*(zin Tn).
The right-hand side tends to 0 as n — 0o, so we must have
nlgrolo d(x,myn) = nli_'ngo d(xn’yﬂ)’
and d is well-defined.

Most of the partial metric axioms for d are immediate from those for d and
taking limits. For P2 we see that d(%,Z) = d(Z,7) = d(7,7) if, and only if,
nlggod(xm Tn) = nl_i_’ngo d(Zn,yn) = nli'rgod(ymyn)'
But this is precisely when lim,_,c d*(zn,yn) = 0, so {zp} ~ {y»} and T = 7, and
vice versa. Since
d (z,9) = nli_)ngo d*(Tn, Yn),
is the usual metric given in constructing the completion of (X, d*) in the literature

(see [Sut75] for example), then (X, d) is complete. We define i : X = X by i(z) =
{z}, so that

di(),iy)) = lim d(z,) = d(z,¥), Ve,y€X,

and 1 is an isometry into X. Since (X,d’) is the metric completion of (X,d*), it
follows that i(X) is dense in (X,d") and so (X,d), together with i, is a partial
metric completion of (X,d).

Now suppose that (Y, J) is another partial metric completion of (X, d), with
i: X = Y an isometry into Y. For any = € Y, there exists {z,} Cauchy in (X,d)
such that z = limp—y00 i(2y) in (Y,d*), so we can define f : Y = X by f(z) = {z.}.

If {yn} is another such sequence, then
lim d*(zn,ya) = lim d*(3(2), 3um)) = O,

74



so that {z,} ~ {yn} and f is well-defined.
If z,y € Y and {z,} and {y,} are Cauchy sequences in (X,d) such that
£ = limy 00 i(2n) and y = limy_,00 #(y,) in (Y; d*) then, for some k € R, we can use

(4.2) to see that
d(f(2), f¥) = Jim d(@a,va) = Jim d(i(zn),i(yn)) + k = d(z,y) + k.

So f is an isometry into X. To see that f is an isometry, suppose {z.} € X, then
{i(zn)} is Cauchy in (Y, d*) and so has a limit z € Y. We then have f(z) ~ {za},

and we have proved the following result.

Theorem 4.2.1 Every partial metric space (X,d) has a unique completion (up to

isometry).

4.2.3 Completing the space of formal balls

Suppose (X, d) is a metric space, BX is the space of formal balls from section 2.3.2
and 4§ is the partial metric on BX from section 3.2.2. We know that i : X — BX
given by i(z) = (x,0), for all £ € X, is a homeomorphism from X onto the set of
maximal elements of BX with the subspace Scott topology, and that 76} is the Scott
topology on BX. It is now clear that 1 is an isometry into BX, and that (X,d) is
isometric to (Max(BX),8). Similarly, (X,d) is isometric to (Max(BY),S), where
§ is the pmetric on BX derived from d. We now give an original result, in which
we show that the partial metric completion (BX,4) is isometric to (BX,4), from
which it follows that (Max(BX), ) is the metric completion of (X,d), and that we

can either take formal balls first, and then complete, or vica versa.
Lemma 4.2.2 (BX,?9) is isometric to (BX, ).
Proof. We first observe that,

5‘((3’ 1‘), (ya s)) = ma'x{d(x:y) + IT‘ - 3|’2|r - SI};
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and that {(zn,7)} is a Cauchy sequence in (BX,§) if, and only if,

n,TITiII—I)loo max{d(zn, Tm) + |Tn = Tml, 2|tn — |} =0,

which is precisely when {z,} is Cauchy in (X,d) and lim,_, e Ty, exists.
So, if {z,} is a Cauchy sequence in (X,d), and r > 0, then {(z,,r)} is a Cauchy
sequence in (BX,d), and we can define f : BX — BX by

f({zﬂ}’r) = {(zn,r)}.

Once we show that f is an isometry, then we are done. For any ({zn},7), ({yn},s) €

BX, we have

5(({zn},7), ({yn}s5)) = max{2r,r+d({zn}, {ya}) + 5,25}
= max{2r,r + Jim_ d(zpn,yYn) + 8,25}
= lim 8(@nsr)s (¥mr8))
= 8(f({znhi1), f({vn},9))-

If we now suppose that {(z,,7,)} € BX, then lim; 00 Tn = 7 (say) and {z,} Cauchy
in (X,d). So ({zn},7) € BX, f{zn}r) = {(zn,r)} and {(zn,70)} ~ {(Zn,7)} as

required.
QED

In section 2.3.2 we saw that BX is isomorphic to the ideal completion,
I(BX), of the abstract basis (BX, <). It follows that BX is isomorphic to Z(BX)
and that our two processes of completion on BX agree. In a rather ad hoc manner,
Heckmann seeks the same result in [Hec98], by defining a (weak) pmetric, §, on
I(BX), for which (Max(Z(BX)),4) is the metric completion of (X,d). Our ap-
proach however is the more natural, and further develops the unity of the metric

and ideal completion processes.
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4.3 Weighted spaces

In section 4.1.4 we suggested that a quantitative domain could be a continuous
domain together with a quasi-metric or partial metric capturing the Scott topology,
and investigated when the pmetric and Scott topologies agree. We saw in chapter 3,
that the important additional feature partial metrics bring to a domain is a weight
function. However, we observe that many of the examples we have considered, such
as IR, S and even R, already have an inherent notion of weight. It therefore seems
reasonable to consider when we can use this to build a pmetric that captures the
Scott topology. The material in this section is original and will lead us to a class of

partial metric spaces that will be particularly useful in chapters 5 and 6.

4.3.1 Defining weighted spaces

A partial metric is a distance function over a set. We now develop the situation
where we have a set with some basic structure, and an auxiliary weight function over
this set, and deduce a natural pmetric. We begin by identifying the basic structure
that we require of our sets. These will be posets for which, using some domain
theoretic intuition, any two points have a point with their common information,
and if two points are not contradictory, then they have a point with their combined

information. We first introduced such structures in [ONe97].

Definition 4.3.1 A consistent semilattice is a poset (P,C) such that
1. Vz,ye P,zNye€P.
2. If {z,y} C P is consistent (bounded above), then z Uy € P.

We recall from section 3.2.2, that for a partial metric space (X, d), the weight
function ¢4 : X — R is strictly monotonic decreasing; x <4 y implies ¢q(z) > da(y)
and z <4 y implies that ¢4(z) > ¢4(y). We say that a weight function is semi-

modular if

¢a(z Ny) + da(z Uy) < da(z) + daly), (4.3)
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whenever £ My and z U y exist in (X, <q4).

Definition 4.3.2 A weighted space (X,C,9) is a consistent semilattice (X,C)
together with a strictly monotonic decreasing semi-modular function ¢ : X — R,

which we call the weight function.

In [ONe97] we defined a “valuation space” to be a weighted space with a
modular weight function, which requires equality in (4.3). In this thesis however,
we will reserve the term for chapter 6 when we further develop our ideas by using
the valuations from section 2.3.3. In the next lemma we see that the weighted spaces
are a special class of partial metric spaces in much the same way that normed spaces

are a special class of metric spaces.

Lemma 4.3.3 Suppose (X, C, ¢) is a weighted space, then d(z,y) = ¢(zMNy) defines
a pmetric for which <4=C and ¢4 = ¢.

Proof. Axioms P1 and P3 are immediate, and P2 follows since d(z,y) = d(z, z) if,

and only if, £ C y. For the P4 axiom we have

d(z,z) + d(y,y) ¢z N2) + ¢(y)
¢(zNyNz)+¢((zNy) U (yNz))
¢(zNy) + (y N 2)

d(z,y) + d(y, 2).

IN A

It is immediate that ¢4 = ¢ and <4=C.
QED

The distance between two points in a weighted space is therefore a measure
of their common information. Whenever we consider a pmetric for a weighted space,
then this will be the induced pmetric from the lemma, and we will write 74 for the

induced pmetric topology and Ti¢*] for the induced metric topology. Many of the
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partial metric spaces that we have already met are weighted spaces. For example, the
pmetric on IR, from section 3.2.2, is induced by the weight function ¢([a,b]) = b—a,
the pmetric on S, from section 3.3.5, is induced by ¢(z) = 2-lzl and the pmetric
on (R, >), from section 4.1.1, is induced by ¢(z) = z. We will meet more examples

in section 4.3.3.

4.3.2 Topological properties of weighted spaces

We say that a weighted space is complete (or compact) if its induced pmetric space is
complete (or compact). We return to the material from section 4.1.4, and show that
complete weighted spaces have convergence in order. We can then emphasis some
of the more desirable Tp-topological properties of complete and compact weighted.

spaces.
Lemma 4.3.4 Every complete weighted space (X,C, ) has convergence in order.

Proof. Suppose {wy} is a sequence converging to a € X, and {z,} is a subsequence

satisfying Tn € Byjon (a), for each n > 1. We fix n > 1 and, for each k > 1, we let
zr=alzy M Ny € X.
So zx41 = (@M Tpjk41) M 2k, and it follows that
¢(a N Tnir+1) + $(2k) = $(zk41) + H(a).
We therefore see that
0 < $(zk+1) = (zk) < d(a, Tnsks1) — d(a, ) <1/27H,
and {z;} is a Cauchy sequence. We let y, € X be the proper limit, so that
Yn=aNzy NxTpy1 N---,

Clearly {wn} surpasses the w-chain {y,}, and for each n > 1, we have y, = (a N

Z) M yn41. It follows that

¢(a N zy) + $(ynt1) = d(yn) + ¢(a),
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and we see that

12+ =172 L,

s

Il
o

$(yn) — #(a) < 3 ¢(a M Tpys) — d(a) <
1=0

)

So ¢(a) = infn>1 ¢(yn), and since each y, C a, then a = Utyn, and we are done.
QED

For a complete weighted space (X, C, ¢), the consistent semilattice need not
be a dcpo, which was something we insisted on in {[ONe97]. However, any set in X
bounded above has a directed set in X with the same upper bounds, and so (X, C)
is conditionally complete. For a pmetric space (X,d), we will say that (X, <y) is a
conditional depo if every directed set A C X which has {¢4(a) | a € A} bounded

below in R, has a supremum in X,

Theorem 4.3.5 Suppose (X,C,¢) is a weighted space, then it is complete if, and
only if, (X,C) is a conditional dcpo, Ti¢) 18 the Scott topology and every Cauchy

sequence surpasses an approzrimating w-chain.

Proof. We first suppose that (X,C,¢) is complete. That (X, L) is a conditional
dcpo and 7y is order-consistent is immediate, and by lemma 4.3.4 and 4.1.19, Tig) i
the Scott topology. Suppose {z,} is a Cauchy sequence, then it has a proper limit
a € X, and lemma 4.3.4 implies that {z,} surpasses an approximating w-chain {y,}
with supremum a. Order-consistency implies that {y,} converges properly to a, and
the result follows.

Conversely, suppose {z,} is a Cauchy sequence, and let {y,} be the appropriate
approximating w-chain. Since (X,C) is a conditional dcpo, we can let a = | [Tya,
and order-consistency implies that limy,_,00 d(¥n,¥n) = d(a, a). It easily follows that

{zn} converges to a properly.

QED
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We immediately see that since the weight function ¢(z) = z on (R, >) induces
the Euclidean metric, which is complete, then for this example, 7(4) is the Scott

topology.

Corollary 4.3.6 Suppose (X,C,¢) is a compact weighted space, then (X, ‘r[¢]) is a
coherent space, Tig) is the Scott topology and T[¢*] 18 its patch topology.

Proof. Immediate from lemma 4.3.5 and 4.1.16.

QED

4.3.3 Scott-domains as weighted spaces

Kiinzi has shown, in [KV94], that every second-countable Ty-topology is pmetrisable,
but that there are quasi-metrisable topologies that are not pmetrisable. These
results may be of more interest to topologists, than useful for our purposes, since we
have been more interested in investigating the implications of the weight function.
However, we now give an example of Kiinzi’s construction that fits neatly into our
framework of weighted spaces. We recall from section 2.1.1 that Scott-domains are
wbc-algebraic domains, and we will further assume that they have a bottom element.
It is then clear that a Scott-domain is a consistent semilattice. The following results

were found independently of Kiinzi’s work.

Lemma 4.3.7 Suppose D is a Scott-domain, K = {ki,ks,...} is the collection of
compact elements and we define ¢: D — [0,1], by

$lz)=1- Y 1/2%,

kneKz

then (D,C,¢) is a weighted space.

Proof. If  C y but = # y, then K; C K, and clearly ¢(z) > ¢(y). Now suppose
that {z,y} C D is consistent, then

px)+oy) = 1- D 1/2"+1- ) 1/2°

' kn€EK, knEKy
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=1- > 1/2"+1- > 1/2"

kn€K UK, knEK:NK,
> 1- ) yr+1- o1/
knEKzUy knGKzr\y

= ¢(zUy) + ¢(zNy).
QED

In [ONe97] we gave a similar result for the weighted spaces with modular
weight function, but had to work with the prime-algebraic domains. In chapter 6
we consider how we can give a similar result for w-continuous domains. To finish

this section, we observe that the metric induced on D from the lemma, is given by

d*(z,y)=max{ >y, Yy 1/2"}.

k",EKz\Ky kneKy\Kz

We use this to show that our weighted space is compact.

Lemma 4.3.8 Suppose D is a Scott-domain, then the weighted space (D,C, @) is

compact.

Proof. We first show that it is corr;plete. Suppose {zp} is a Cauchy sequence D. we
let yn = N{zm | m >n}, foralln > 1, and z = | T {yn | n > 1}. For any € > 0, we
let J > 1 be such that 6 = 1/2 < &. We can find N > 1 such that d*(zn, m) < 6
for n,m > N. Clearly, if k; € K, \ K,, or kj € K;,, \ K;,, then we must have
j > J. So we see that, for alln > N,
0
d*(zn,z) < Z 1/2j =6 <k,
j=d+1

and so {z,} converges properly to z.

We now show that the metric space (D, d*) is totally bounded, from which it follows
that (D, C, ) is compact. For any € > 0, there exists J > 1 such that 1/27 < e.
We define

A={|QIQC {kj|1<j<J}, Q consistent} | J{1}.
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Then for any x € D, there must exist a € A such that forall 1 < j < J, k; C a if,
and only if k; € z, so we have
w o
d*(a,z) < Y 1/27=1/27 <,
j=J+1

So A is a finite e-net and (D, d*) is totally bounded.
QED

Corollary 4.3.9 If D is a Scott-domain with weighted space (D,C,¢), then the

Scott and pmetric topologies agree as do the Lawson and metric topologies.

Proof. Immediate from corollary 4.3.6 and lemma 4.3.8.

QED

4.3.4 The completion of a weighted space

We finally consider the completion of a weighted space to see that this is again a
weighted space, which will prove useful in the next chapter. Suppose (X,C,¢) is
a weighted space, with induced pmetric d(z,y) = ¢(z Ny), and let (X,d) be the
partial metric completion from section 4.2.2. As in section 4.2.2, we will suppose
that our T € X are represented by Cauchy sequences {z,} in X, and vice versa.
For simplicity, we will denote the specialisation order of d by C. We will show that

(X,C) is a consistent semilattice, and that ¢: X — R, given by
#(@) = nlggo $(zn), VI eX,

defines a weight function that induces d.
We begin with some preliminary results. Suppose Z,7 € X, and define
2p = T Myn, for each n > 1. From section 4.2.2, we know that limp0 ¢(Zn Myn)

exists. We will show that limp m—y00 d(2n, 2m) = limy 00 ¢(zn Myn), and hence that
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{zn} is a Cauchy sequence in X. For any n,m > 1, we have

$(@n Nyn) < d(2n,2m) = d(@n NV Zm,yn N Ym)
< dzn N Zm,ZTm) + d(Zm, Ym) + A(Yms Yn N Ym)
~ d(Tm,Tm) — d(ym,Ym)
= d(zn,Tm) + $(Em N Ym) + &(Yn, Ym) — ¢(Tm) — ¢(ym)-
The result follows since {z,} and {y,} are Cauchy sequences in X.
Now suppose that Z,7 € X are such that each {zn,yn} is consistent in (X, C),
and define z, = z, Uyn, for each n > 1. It is clear that lim,_,00 $(Zn U yn) exists.

We will show that limy, m—sc0 d(2n, 2m) = limp_e0 $(zn U yn), and hence that {z,}

is a Cauchy sequence in X. For any n,m > 1, we have
$(zn Uyn) < d(2n,2m) = ¢((znUyn) N (Zm Uym))

¢((Tn N Tm) U (Yn M Ym))

= ¢(@nNzm) + dYnNym) — (@ NTm Ny, O Ym)

IA

d(xm Tm) + d(Yn, Ym) — d(xn NYn, Tm N ym)a

from which the result follows.
We now show that (X, C) is a consistent semilattice. Suppose Z,7 € X, and
we define z,, = z, My, for each n > 1. We know that {2,} is a Cauchy sequence in

X, and we have
d(z,2) = Jlim d(zn,22) = lim d(zn,2n) = d(z,%).
It follows that Z C T and similarly for 7. Now suppose that @ € X is below T and
7, and we define w}, = wy M 2z, for each n > 1. It is clear that, for each n > 1,
d('w;,,w;) =d(wn NZp,wn Nyn) < d('wn N zq,wn) + d(wn, Wy Nyn) — d(wn, Wn)
= d(wn,Ta) + d(wn,Yn) - d(wn, wy),
so we see that

E(E, W) = E(Eli wl) < E(E, T) + d(w’ 7) - E(TU_’ W) = 2(1—”_1 w),



and so W= W'. Since W' C Z, then it follows that Z =z N 7.
Now suppose that {Z,7} is consistent in (X,C). Notice that we cannot
assume that the {z,,y,} are consistent in X. Suppose W € X is an upper bound

for T and 7, and define
Zn = (Tn Nwy) U (yn Nwy,) € wy, Vn > 1.
We know that {z, Mwyp} and {y, MNwy,} are Cauchy sequences in X, so it follows
that {z,} is a Cauchy sequence in X, and Z C. @. We show that Z is an upper bound
for T and y. For each n > 1, we have that
&(zy) € d(zn, 2n) < d(Tp, Tn Nwy) + d(zn M wn, 2n) — d(Tn, wn) = d(Ta, wn).
It follows that d(Z,%Z) = d(Z,Z) and hence that T C Z, and similarly for 5. We
observe that
d(z,z) = lim ¢(zn M wn) + ¢(yn Mwn) — ¢(zn Nyn Nwy)
= E(T’ m) + E(y’ w) - E(E ny, w)
= d(z,7)+d(7,9) - d@Z N3z N7),
which is independent of @. Now suppose that @’ € X is another upper bound for T
and 7, then so is WNw', and we define,
2 = (zn Nw, Nw)) U (yn Nw, Nw)) E w, Nw), vn > 1.

It is clear that d(z',7') = d(Z,%) and so Z = Z'. It follows that Z C @', and we have
that Z =T U7, and (X,C) is a consistent semilattice.

If we define ¢ : X = R by ¢(Z) = limp—00 #(zr), then
$(ENY) = nli’ngo $(zn Nyn) = "11{20 d(Za,yn) = d(Z,7), VI, 7€ X.
Once we show that @ is a weight function for (X, C), then we are done. It is imme-

diate that @ is a strictly monotonic decreasing function, and if {Z,7} is consistent

in X, then ¢ is semi-modular since

dzUy,zUY) =d(z,7) +d(7,7) - dZ N7,z NF).
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Theorem 4.3.10 The partial metric completion of a weighted space is again a

weighted space.

4.4 Concluding remarks

This completes our exposition of a basic theory for partial metric spaces. In section
4.1 we established the partial metric spaces within the context of Ty-properties, and
investigated the notion of partial metric completion in section 4.2. We have discussed
our ideas on quantitative domains, and used these to motivate a particular class of
partial metric spaces, the weighted spaces, in section 4.3. We will use much of this
material in developing a potential area of applications in the next chapter, before

returning to more theoretic developments in chapter 6.
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Chapter 5

Applications in the Modeling
and Analysis of Systems

We consider some new ideas on the modeling of systems and techniques suitable
for the analysis of their properties, motivated by Wadge’s work on the data flow
networks from section 3.1. More specifically, we present a new approach to the
modeling and analysis of liveness in deterministic Petri nets (sections 5.1 and 5.2),
and consider the weighted spaces as a framework in which to work (section 5.3).
We will see that to extend our methods to include non-determinism will require
more sophisticated techniques than we have available (section 5.4), and developing
a framework in which to be able to work is the motivation for the next chapter.

Aside from the background material on Petri nets, the material in this chapter is

original.

5.1 A model for the analysis of liveness in Petri nets

Given a system N and a property P, then our general approach can be described
as follows. We seek to model N as the fixed points of some function in such a way

that N satisfies P if, and only if, the fixed points satisfy some property P'. We
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take Petri nets as our systéms, and consider the property of liveness. Notice that
we are setting up the model specific to the problem in which we are interested. As
we are trying to get across our general approach, we will proceed with a degree
of informality, refering to specific examples throughout, rather than attempting full
generality in our arguments. Most of our background material on Petri nets is taken
from [BCO92], although [Mur89] has a fuller account. The rest of the material is

original.

5.1.1 A primer on Petri nets and liveness

Petri nets are a graphical and mathematical modeling tool particularly well suited
to modeling systems which involve, for example, concurrency or synchronisation.
Consider the Petri net in figure 5.1(a) (taken from [BCO92]). The places p; are
drawn as circles and can be considered to represent conditions. These are satisfied
when a place contains a token (drawn as a dot) such as p; and ps in our example.
The transitions g; are drawn as bars and represent events, which are said to occur
whenever a transition fires. A transition is enabled when all its input (upstream)
places have at least one token. In figure 5.1(a), g2 is enabled but ¢; and g3 are
not. The firing of an enabled transition removes a token from each input place, and
adds one to each output (downstream) place. More general firing and enabling rules
exist, for example with integer weights on the arcs, which require multiple tokens
in a place to enable a transition, and adding multiple tokens to a downstream place
after a transition fires. We refer to [Mur89, BC0O92] for details.

The net in figure 5.1(a) is of a particularly simple nature in that each place
has precisely one upstream and one downstream transition. These are called event
graphs in [BCO92] and model synchronisation. Slightly more generally we could
allow multiple upstream transitions for a place, such as p3 in figure 5.1(b). A
significant extension is to allow non-determinism, as in figure 5.1(c), where a token

at p; enables both downstream transitions g and ¢;, and there are no general rules
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as to which should fire. Such nets can be used to model decisions or choices.

A further extension to the basic model is to introduce a timing aspect, either
as the duration of a firing for transitions, or as how long it takes before a new token
at a place can contribute to enabling downstream transitions. These timings can be
variable or constant. Timed Petri nets are used in analysing performance evaluation
and scheduling problems.

The initial placement of tokens in a net is called the initial marking of the net.
The marking of a net is interpreted as its state, which evolves as its transitions fire.
This is the dynamic behaviour of a Petri net, and we may now analyse behavioural
properties such as which states it is possible to reach in a sequence of firings from a
given state. The particular property in which we are interested is liveness, where a
Petri net is said to be live if, after any finite initial sequence of firings, any transition
can be fired infinitely often. The nets in figures 5.1(a) and 5.1(b) are live, while
the net in figure 5.1(c) is not. A live Petri net guarantees deadlock-free operation
regardless of the firing sequence of its transitions.

In general liveness is an ideal property which is impractical to consider. We
therefore relax the liveness condition, and define the following levels of liveness

(taken from [Mur89]). For a given Petri net, a transition is:

LO-live (dead) if it never fires.

L1-live (potentially firable) if it can be fired at least once.
L2-live if, for any n > 1, the transition can be fired at least n times.
L3-live if it can be fired infinitely often.

L4-live (live) if it can always be fired infinitely often.

For example, consider the Petri net in figure 5.1(c), where the transitions gqo, q1, g2

and ¢z are dead, L1-live, L2-live and L3-live, respectively.
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Figure 5.2: Example of a Petri net trajectory

5.1.2 A notion of state suitable for analysing liveness

The classical approach to analysing liveness is to look for necessary and sufficient
conditions for the existence of a live marking for a given Petri net structure. We
propose a quite different approach based on the ideas behind Wadge’s cycle sum
test. In this approach we consider our Petri nets to have a timed aspect in which
transitions have instantaneous firing times, and places have a holding time of one.
We begin with a new interpretation of the state of a Petri net, suitable for the
analysis of liveness.

At a given time ¢ € R+, we define the state of a Petri net to be the number
of times that each transition has fired. The trajectory or motion of a Petri net is
then the evolution of state over time. For example, the trajectory of the net in
figure 5.1(a) is given by the three graphs in figure 5.2. This is an example of a
discrete event dynamical system [Ho89], since the state of the system takes values
in a discrete set, and changes at discrete intervals of time, rather than continuously,
so the trajectory is a sequence of piecewise constant segments. The trajectory of a
(deterministic) Petri net with k-transitions is given by a state function f : Rt — N¥

where, for each t € R, f(t); is the number of times that transition ¢; (1 < i < k) has
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fired at time ¢t. A non-deterministic Petri nets may have many possible trajectories
and therefore many possible state functions.
Suppose S is the collection of state functions for a given Petri net with k-

transitions, then for f € S, we define
|fil =sup{f(t)i |t € R} € NU {00},

for each 1 <1 <k, and
|fl = min{|f1],...,|fkl}.

We can see that our net is live if, and only if, | f| = oo for each f € S. Furthermore,

the transition g; is

LO-live (dead) if |f;| =0 for all f € S.

L1-live (potentially firable) if there exists f € S such that |f;| > 1.
L2-live if, for any n > 1, there exists f € S such that |f;| > n.
L3-live if there exists f € S such that |f;| = oco.

L4-live (live) if |fi| = oo for all f € S.

5.1.3 Network functions for modeling deterministic Petri nets

We seek to model a deterministic Petri net by a function, over a suitably defined
domain, whose fixed point is precisely the state function of the net. Before we can
consider how to define such a function, we must specify our basic domain. We fix
k > 1, and let X*) denote the collection of partial and total upper semicontinuous!
functions, f : ®* — NF, for which there exists Ty € [0, 00] such that f is defined
on precisely [0, Ty). State functions of Petri nets with k-transitions are clearly total
functions in X(®),

It is clear that there are many functions over X*) whose fixed point is

precisely the state function of a given deterministic Petri net. For example, suppose

A function f : R = N* is upper semicontinuous if, for each n € N and 1 < i < k, there exists
T € R* such that {t € R* | f(t); <n} =[0,T).
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Figure 5.3: Basic Petri net structures

f € X is such a state function, then the constant function that sends everything
to f, would satisfy this criteria. However, such a function pre-supposes knowledge
of the state function, which is exactly the situation that we wish to avoid. Our aim
is to use the structure of the net to describe a suitable function over X*), which
will then allow us to get information on the fixed point, that is the state function
of the net, without necessarily working it out.

So how can we find such a function? In [HW90], Hubbard and West propose
that whenever you wish to model a system, you should describe the forces involved,
and derive the motions from them, rather than describing the motions directly. In
our situation, we regard the motion of a Petri net to be the evolution of state over
time, in other words, the firing of its transitions. It seems reasonable therefore to
consider the places as being the “forces” from which this motion is derived.

Consider the basic Petri net structures in figure 5.3, togéther with the fol-

lowing observations:

(a) The number of tokens to have arrived at p; and p; at time t € R*, is the

number of firings of ¢; at time ¢.

(b) The number of firings of q; at time ¢ > 1 is the minimum of the number of

tokens to have arrived at p; and p; at time ¢ — 1, and is O at time t € [0,1).
(c) The number of tokens to have arrived at p; at time ¢ € R* is one plus the
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number of firings of q; and g, at time ¢.

We take the net in figure 5.1(a) as a worked. example, and suppose that it
has state function f € X(). From the above observations we see that f(t);, the
number of firings of ¢; at time ¢t > 1, is the minimum of the number of tokens to
have arrived at p;, p2, and p;3 at time ¢ — 1, which are; one plus the number of firings
of ¢ at time ¢ — 1, f(¢t —1); + 1, the number of firings of q3 at time t — 1, f(t — 1)3,
and the number of firings of ¢ at time t — 1, f(¢t — 1), respectively. We can easily
deduce the following equations, analogous to the equations we had for a data flow

network in section 3.1,

_f(t)l = min{f(t - 1)1 + 11 f(t - 1)31f(t - 1)2}a
f(t)2 fit-1)3+1,
ft)s = f(t=1),

for each t > 1, and f(t) = (0,0,0) at ¢t € [0,1).
We consider the right-hand side of these equations as defining a (determin-

istic) network function H : X3 — X so that, for each g € X®,

H(g)(t) = glt=1)3+1 ' . Yte[L,T,+1),
g(t—1),
and H(g)(t) = (0,0,0) for all ¢t € [0,1). The state function of our net is clearly a

fixed point of H, and we will show in section 5.2.1 that it is the unique fixed point.

5.1.4 Comparable models and extensions

In [BCO92], Baccelli et al have a similar approach to modeling Petri nets, although
their aim is for performance evaluation techniques, rather than analysing liveness.

For the transitions g; in figure 5.1(a) for example, they let z;(j) (5 > 1) be the time
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of the jth firing of ¢;, and derive the evolution equations:

£1(j+1) = max{z1(j)+ L, z2(G+1) + L, za(j + 1) + 1},
20 +1) = =z3(5) +1,
z3(j+1) = z2(j+1)+1,

with an initial condition z9(1) = 1. This is clearly the dual to our approach, and
we can deduce one from the other.

Now suppose that a place has multiple upstream transitions, such as p3 in
the net in figure 5.1(b), then we cannot use evolution equations to find the firing
times, since we cannot tell if the jth firing of g3 is due to a firing of ¢) or a firing of
g2. However, we can avoid this problem with our approach, and the deterministic
network function H : X(3) — X3) is such that, for all g € X®),

g(t—1)3+1
H(g)(t) = g(t —1); , Ve[, T, +1),
gt — 1)1 +g(t—1)
and H(g)(t) = (0,0,0) for all ¢ € [0, 1).

One notable difference from our presentation however, is that the presen-
tation given in [BCO92] is in complete generality. We conclude this section with
the comment, or perhaps hypothesis, that we can use our approach to model any
deterministic Petri net. Furthermore, we claim that we can extend our methods to
Petri nets with more general timing constraints or with multiple tokens in a place.
Rather than attempt to prove these claims however, we would like to see where our
approach can take us and then, if this work should turn out to be sufficiently useful,

return to the beginning and set up a formal framework.

5.2 An analysis of the deterministic network functions

Our basic approach is to consider a (deterministic) network function as describing

a dynamical system, and then to give some qualitative and quantitative analysis of
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this system. Our qualitative analysis will show that deterministic network functions
have unique fixed points, which must therefore be the state function of the net.
Our quantitative analysis will initially be based on Wadge’s cycle sum test for the
data flow networks, and will give us a test for liveness. We will further develop this
analysis so as to gain information on the levels of liveness of the transitions of the
net. What is important is that we get this information from the fixed point of a

deterministic network function without having to find it.

5.2.1 Qualitative analysis: uniqueness of fixed points

Taking a domain theoretic approach, we will easily be able to give a complete de-
scription of the dynamics of a deterministic network function. Suppose k > 1 and
X(®) is the space of functions given in section 5.1.3. We begin by showing that X ()

is a continuous domain.
Lemma 5.2.1 (X®) ) is a continuous domain, with
fEBg < T;<T,and f =g on[0,Ty).

Proof. It is clear that (X(*), ) is a poset, and that f,g C h in X(¥) implies either
fCgorgC f. Soevery directed set in X*) is a chain. Suppose {fa}ac4 is a chain
in X®) and let

T = sup{Ty, | « € A} € {0,00].

Then f : [0,T) - N*, where f = f, on [0,T},), is a well-defined partial (or total)
function from R* to N* with Ty = T. For any n € N and 1 < i < k, we have
{te Rt | f(t)i<n} = |J{t e R | folt)i <n},
acA

so f is upper semicontinuous and is the supremum of the chain in X (k).
Suppose f C g in X*), with Ty < Ty, and {ha}aca isachainin X (%) with supremum
h above g. Then Ty < T}, for some o € A, and we have f = g =h = hq on [0, T¥).
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So f C he and it follows that f <« g. Now let f € X(*) and define h,, = f on [0,n),
if f is total, or on [0,Ty —1/2") otherwise. So each h, < f and f is the supremum
of the chain hy C hy C --.. Since the collection of functions well-below f must be a

chain, then it follows that X is a continuous domain.

QED

It is immediate from the definition of meets that, for any f,g € X®), f =g
on [0, Tfng)- Now, if H : X(¥) - X*) is one of the deterministic network functions
from the last section, then we can observe that Hf = Hg on [0,Tfn, + 1), for all
frge X (%), We will assume this property to be true of all deterministic network
functions. We are then in a position to prove that a deterministic network function
has a unique fixed point, which must be the state function of the net, and that it is

an attracting fized point, to which each sequence, {H"g}, in the domain converges.

Lemma 5.2.2 Fvery deterministic network function has a unique attracting fized

point.

Proof. Suppose H : X*%) 5 X (%) is a deterministic network function, then from our
above assumption, we see that for any f,g € X*) we have Ty g =Ty + 1. A
simple induction shows us that H"f = H™"g on [0,n), for any n > 1. Furthermore,
if n >m > 1, then H™(H" ™(g)) = H™(g) on [0,m) and hence H"(g) = H™(g)
on [0,m). Now suppose that g € X (k) is arbitrary, and we define f € X% by

f=H"g) on[0n) Vn21,

which is well-defined by the above discussion. It also follows that since H"**1(g) =
H™(g) on [0,n), for any n > 1, then we have H(f) = f, which is clearly a unique
fixed point. Finally, if ¢’ € X(*), then for any n > 1, we have H"(g') = f on [0,7),
and it follows that H™(¢') — f.

QED
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5.2.2 Quantitative analysis: generalising the cycle sum test

It is clear that Wadge’s cycle sum test, from section 3.1, is essentially a quantitative
analysis of the function associated with a data flow network, since success with the
test proves that the fixed point of the function is complete. We generalise this so
that we can perform some quantitative analysis on a deterministic network function,
and get information on its fixed point appropriate to the study of liveness.

We follow Wadge’s intuition and identify the complete elements in X (k), as
the state functions associated with a live Petri net. In fact, this example throws into
focus Wadge’s thoughts on maximality and completeness in a domain, since although
the state functions are always maximal, we only consider the live state functions as
complete. To make this precise, we recall from section 5.1.2, the definitions of |f]

and |fi| for state functions, and extend these to any f € X(¥), so that

|fil =sup{f(t)i|t€[0,Tf)} € NU {oo},
for each 1 < ¢ <k, and
|f| = min{|f1],..., | fkl}.

We refer to |f] as the size of f, and define the complete elements in X(*) to be those
with |f| = co. We see that a deterministic Petri net is live if, and only if, its state
function is complete.

We make some observations regarding the basic functions used in building

deterministic network functions. For any f,g € X®, we have that

| min{f,g}| = min{|f], |91},

|f +gl=1fl+lgl,
0, te[0,1),
and if g(t) = [0.1) then |g| = |f|.
ft-1), te(,Ty+1),
We now make explicit a simple result that was used in proving the cycle
sum test in section 3.1.3. We let Rmin denote the set R U {oo} together with the

operations min and +, and let * denote the matrix multiplication in this algebra.
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Lemma 5.2.3 Suppose M is a k x k matriz such that M° has strictly positive

entries, for some s > 1, and v is a k-vector with ¥ > M * U, then ¥ = (o0,...,00).

Proof. The linear function, ¥ — M x4, defined by M is monotonic, so that ¥ > M?®+7.

If v; # oo, for some 1 <1 < k, then we have

v; 2 min ((M*®);; +v;) > min v;.
P agick (M7)ij + v3) 1<j<k 7

So we must have ¥ = (0o, ...,00) for otherwise, min;<;<k v; > min; <<k v; which is

a contradiction.

QED

In section 3.1.3, the existence of such a matrix M and s > 1, was a direct
consequence of the equations corresponding to a network passing the cycle sum test,
and we took ¥ = o(Z), for the least fixed point £ € S* of the associated function.
It followed that £ was complete, and the network was free from deadlock.

Adopting the notation from section 3.1.3, we define ¢ : X(¥) - [0, ¢]* by
| f1]
of)=1 : [, vrex®.
| fi]

We say that o(f) € [0, 00]* is the vector of sizes for f. We work once more with the
example net given in figure 5.1(a), which has the network function H : X3 — X ()

defined in section 5.1.3. If we let

1 0 0
M=| © o 1 |,
oo 0 oo

then, from our observations on the basic functions, it is clear that o(H(g)) = M
o(g), for all g € X®). If f € X©) is the state function of our net (the fixed point of
H), then o(f) = M * o(f), and since M* has strictly positive entries then we can

apply the lemma to see that f must be complete, and hence that the net is live.
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If we now take our second worked example, from figure 5.1(b), which has
network function H : X — X defined in section 5.1.4, then this is slightly more

complicated since the map is not linear. However, we do have

| H (g)1] lgs| +1
|H(g)2] | = lgs| , VgeXx®),
|H(9)s] 91| + |g2|
and if we take
oo oo 1

M=} 00 0o 0 |,
0 oo o0
then it is clear that o(H(g)) > M * o(g), for all g € X®, If f € X is the state
function of our net, then o(f) > M *o(f) still satisfies the conditions of the lemma,
and since M* has strictly positive entries, then we can again deduce that our net is

live.

5.2.3 A more sophisticated quantitative analysis

The analysis from the last section is useful as a test for liveness, but clearly goes no
further than that. We now extend this so that we actually find the vector of sizes
for the fixed point of a deterministic network function. Although this requires more
work than before, it is still easier than finding the fixed point itself, and will give
us the levels of liveness of the transitions of the Petri net. We begin with a lemma,
which is simple to prove once we assume that deterministic network functions are

only built from the basic functions that we considered in the last section.

Lemma 5.2.4 Suppose H : X¥) 5 X&) {5 g deterministic network function, then
for any f,9 € X®), if o(f) = alg) then a(H(f)) = o(H(g))-

For such functions we can work with the vector of sizes for functions in X ("),

rather than the functions themselves. We define,

R(X®)) = (i@ € [0, 00]* | & = o(f) for some f € XK},
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then for any deterministic network function, H : X} - X®*) the derived func-
tion, H' : R(X®)) o R(X¥), can be defined as follows. Suppose i@ € R(X¥)),
then we can find f € X®) such that @ = o(f). We define

H'(a@) = o(H(f)).

The next result shows that the least fixed point of H' in [0, cc]* is the vector of sizes
for the fixed point of H, which will give us the levels of liveness for the transitions

of the Petri net.

Theorem 5.2.5 Suppose H : X(¥) -5 X*¥) is g deterministic network function with
unique fized point f € X*), then the derived function, H' : R(X®)) - R(X®),
has least fized point o(f) € R(X®*)).

Proof. If we let L C R(X(*)) be the collection of fixed points of H', then L # 0
since o(f) € L. We let ¢ = min L (pointwise minimum in [0, 00}%). Suppose, for a
contradiction, that for some 1 < ¢ < k, ¢; < |fi|, then there exists @ € L such that
u; < |fil. We let g € X*) be such that @ = o(g). It follows that |g;| < |fi| so we
can find ¢t € [0,Ty) such that f(¢); > |g;|. We let n > 0 be such that ¢ € [0,n), then

we see that
lgi| = wi = (H"Y™(@); = |H™(9):| 2 H™(9)(t): = f(t): > lail,
which is a contradiction, and the result follows.

QED

We consider some worked examples. For the nets in figures 5.1(a) and 5.1(b)

respectively, we have the derived functions,

min{u; + 1,up,u3} uz + 1
H'(@) = uz+ 1 , and H'(d) = u3 ,
u2 u) + ug
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for all 7 € R(X®). Both of these have least fixed point (00, 00,00), and we again
deduce that our nets are live. Notice that these functions could be derived directly
from the Petri nets themselves, and that we are still essentially performing a counting

argument.
To consider a non-live example, suppose we take the Petri net in figure 5.1(a)
once more, but remove the initial token from p;. In this case our network function

is such that, for each g € X,
mln{g(t - l)l)g(t - 1)3ag(t - 1)2}
H(g)(t) = g(t—1)3+1 ,  Vte(1,T,+1),
g(t—1),
and H(g)(t) =(0,0,0) for all t € [0,1). It follows that the derived function becomes
min{u;, uz,u3}
H'(@) = uz + 1 . V@eR(X®),
U2

which has least fixed point (0, 00, 00). We deduce that transitions g2 and ¢z are live,

whereas transition ¢; is dead.

5.3 A partial metric framework for the analysis

Having seen how to extend Wadge’s ideas behind the cycle sum test for data flow
networks to an analysis of liveness for (deterministic) Petri nets, we now consider
how we can abstract the essential details. We will see that both our models, S* and
X®*), are weighted spaces, and that the weighted spaces can be used to develop the

techniques from our analysis in a model-independent framework.

5.3.1 The data flow model

In section 3.1.3 our data flow model was S*, the product of k copies of S®. If we

seek an appropriate partial metric, then this should capture the domain theoretic
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aspects of the space, that is the Scott topology, as well as the complete elements
which were crucial to our analysis. We will also find that the analytic techniques we
develop will require that a suitable partial metric is complete. In section 3.3.5 we
saw that S° was naturally a partial metric space, and in section 4.3.1, that it was
a weighted space. We begin by considering product spaces in general, from which
we will deduce that S* is a complete weighted space in which the complete elements
are naturally captured.

Suppose (X1, d1) and (X3, d2) are partial metric spaces. A product pmetric
on X; x X3 is any partial metric whose topology is the product of the pmetric
topologies 7j4,) and 7|g,). For an element ¥ € X; x X, we write £ = (z1,z;) with

z1 € X, and z5 € X».
Lemma 5.3.1 Suppose (X1,d;) and (X;,d;) are partial metric spaces, then
d(Z,9) = di(z1,y1) + d2(22,%2),  VI,7 € X x Xy,

is a product pmetric on X; X X2 whose associated metric, d*, is Lipschitz equivalent

to the product metric d] +d; on X1 X Xs.

Proof. The partial metric axioms are straightforward to verify. Now suppose that
d,e1,€2 > 0, then
B(Z;d) C Be,(71;d1) % Be,(22;d2), where € = min{ey, €2},

and Bsja(z1;d1) x Bsja(z2;d2) C Bs(Z;d).
It follows that 7(gq = 7jg,) X T[4,], and d is a product pmetric. We now observe that

[di(z1,31) + d3(z2,92)]/2 < max{d](z1,91), d3(z2,12)}
= max{di(z1,1) ~ di(z1,21), d1(z1,51) = d1(y1, 1),
da(z2,y2) — da(x2, 22), d2 (22, y2) — da(y2, ¥2)}
< max{d(Z, %) - d(Z,%),d(Z,§) - d(§,§)}
= d'(Z.).
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Since we also have d*(Z,%) < d}(z1,11) + d5(z2,¥2), then d* is Lipschitz equivalent

to the product metric di + d3 on X; x Xj.
QED

Lemma 5.3.2 Suppose (X;, §1,¢1) and (X2, o, ¢2) are weighted spaces, then the
product (X1 x Xo,C) is a consistent semilattice, and ¢ : X1 x Xo — R defined by

H(Z) = d1(x1) + Pa2(z2), VZ € X x Xa,
is a weight function on (X1 x X;,C) that induces the above product pmetric.
Proof. Straightforward.

QED

From section 4.3.1, we recall that ¢(z) = 2717l is a weight function for S,
and it follows from the lemma that S* is a weighted space. We show that S is

complete, and then it follows that S* is a complete weighted space.
Lemma 5.3.3 The weighted space (S°,C, ¢) is complete.

Proof. Suppose {z,} is a Cauchy sequence in S, then lim, m—y00 d(Tn, Zm) = 27¢
for some t € NU{oo}. Ift < 00, then we can find N > 1 such that for any n,m > N,
d(Tn,Tm) = 275 It follows that |zy| = ¢, and for each n > N, Ty = z,, sO we
see that =y is the proper limit of the sequence. If t = 0o, then we let Ny =1 and

inductively find, for each k > 1, Ny > Nji_; such that for all n,m > Ny,
d(zp,zm) < 27+ 27t < 07k,
It follows that |z, | > k and for each n > Ny, zn, [k] = zn[k]. We define

oo
ar =zn[k] € 5S®, and a= U ar € S%,
k=1
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and see that |a| = oco. Since ¢ is continuous, and for any £k > 1 and n > Ni, we

have ax C aN z,, then

#(a) < d(a,z,) = ¢laNzy) < Pax),
and a is the proper limit of our sequence.

QED

We already know, but it also follows from the lemma and theorem 4.3.5, that
the induced pmetric topology on S®, and hence S¥, is the Scott topology. We are
left to show that our pmetric captures the complete elements that we identified in
section 3.1.3. We see that a point Z € S* is complete if, and only if, ¢(Z) = 0, which
is precisely when |z;} = oo for each 1 < i < k. So we see that our data flow model
fits neatly into a complete weighted space framework. Once we show that the same
is true of the Petri net model, then we will develop some analytic techniques in this

more general setting.

5.3.2 The Petri net model

We therefore seek a complete partial metric on the Petri net model, X, from
section 5.1.3, which captures the Scott topology and the appropriate complete ele-
ments. We let X be the collection of partial and total upper semicontinuous func-
tions, f : R — N, for which there exists Ty € [0,00] such that f is defined on
precisely [O,Tf). For k > 1, we let X* be the product of k copies of X, and for
fe Xk welet f; € X,1< i<k, be defined by

filt) = f(t);,  Vte[0,00]

It is clear that X*) is not the product space X*, but that it embeds in X* as those
functions for which the T, are constant for all 1 <4 < k. We choose to work with
the larger space X* since it is easier to show that X* is a weighted space, by giving
the result for X, than it is to show directly that X (k) is a weighted space. We begin

by showing that (X, C) is a consistent semilattice.
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Lemma 5.3.4 (X,C) is a consistent semilattice.
Proof. For any f,g € X we define

Tjng = sup{t € [0, min{Ty, Tp}) | f(t) = 9(t)},

and (f Ng)(t) = f(t) = g(t) on [0,Tyn,), so that f Mg is the meet of f and g in X.
Also, if f, g are below h in X then either f Cgor g C f.

QED

One problem we have in defining a weight function on (X, C) is that functions
in X map from an unbounded domain, R4, to an unbounded range N. We will

therefore make use of ¢ : [0, 00] = [0, 1], which we define as the bijection (t) = 1/2°.
Lemma 5.3.5 The function ¢ : X — [0,2], defined by,

¢(f) = e(fDle(Tr) +1],  VfeX,

is a weight function on the consistent semilattice (X,C), whose induced pmetric

topology is the Scott topology.

Proof. It is clear that if f C g, then Ty < Ty and |f| < |g], so that ¢(f) > ¢(g).
Suppose further that ¢(f) = ¢(g) > 0, then Ty =T, and f = g. If §(f) = ¢(g) =0,
then |f| = |g| = oo, which implies that Ty = T, and f = g once more. Since f,g € X
below h in X implies that either f C g or g C f, then ¢ is a weight function.

We now show that the induced pmetric topology is the Scott topology. We can
deduce from lemma 5.2.1 that f <« g in (X,C) if, and only if f C g and Ty < Tj.
Suppose g € ftf and we let f € ¢’ < g, then ¢’ is strictly below g which implies
that [g'| < co. We let

e = (19'Dlp(Ty) = o(Ty)] > 0.

If h € B.(¢'), then ¢(¢' Mh) < ¢(g') + €, which implies that

e(lg' N A

O(Tyrm) +1 < o5 )[<p(Tgrnh) +1] < @(Ty) +1+¢(Ty) — o(Ty).
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It follows that Ty < Ty, < T and hence f < h and we see that g € B:(¢') C tf.
So the Scott open sets are open in the induced pmetric topology.

Now suppose that g € X, ¢ > 0 and h € B.(g). We find f C g such that

0 < (Ty) ~ p(Ty) <e/2 and o(If]) - wllg)) < .

We see that Ty < T, and f < g. Furthermore, we have

Mg =a) < lello + =] lem) + 5 +1]

ﬂw+ewmn €

£
9 +E+4[¢(Tg)+—2-+1]

< Blo)+ 5+ [5;4]

= ¢lg)+e

It follows that f € B.(g) and hence that g € f#f C B:(g), and the result follows.

QED

Having captured the Scott topology, we now turn to the complete elements
in X which we identified in section 5.2.2, and see that ¢(f) = 0 if, and only if,
|fi] = oo for each 1 < 4 < k which implies that |f| = oco. So it appears that our
partial metric is appropriate for our purposes. The problem however, is that it is

not complete. To see this, consider the decreasing chain {f,} in X, defined by

0, te[0,1),
1, te[1,1+1/n),

fn(t) =

which is a Cauchy sequence since sup{¢(fn) | n = 1} = 3/4. The infimum of this
chain is given by f(t) = 0 on [0,1), which is not the proper limit since ¢(f) = 3/2.
The difficulty is that the “proper limit” should be

0, tel0,1),
1, t=1,

9(t) =
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which is not in X. One way around this problem is to work with the completion,
Yk, of X*, which we know to be a complete weighted space from section 4.3.4. In
this way the Petri net model also fits into the framework of the weighted spaces,
although we must be careful when we seek to interpret the results of the more

abstract analysis.

5.3.3 The cycle sum test revisited

Having established the framework of complete weighted spaces as suitable, we now
place the analysis of section 5.2.2 in this more general framework. Matthews at-
tempts something similar in [Mat95], but his results are sketchy, and the details
more intricate than necessary. However, his use of contraction maps is still rele-
vant and we pursue this to begin with. We remark that by restricting ourselves to
the weighted spaces, we can simplify the presentation, while leaving it clear how to
extend the results to partial metrics.

We begin with Matthews’ definition [Mat94] of a contraction map over a
(positive) partial metric space, and the contraction mapping theorem that he gen-
eralises directly from the metric case. Suppose (X, d) is a complete positive partial

metric space, and f : X — X is such that there exists a < 1 with

d(fz, fy) < ad(z,y),  Vz,y € X, (5.1)

then we say that f is a contraction on X.

Theorem 5.3.6 (Contraction Mapping Theorem [Mat94]) Suppose (X,d) is
a complete positive partial metric space, and f : X — X is a contraction, then f

has a unique attracting fized point a € X and ¢4(a) = 0.

For the weighted spaces, we can simplify the contraction condition (5.1) so
that we need only consider points, rather than pairs of points, but require that our

functions are monotonic.
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Lemma 5.3.7 Suppose (X, C, ¢) is a complete positive weighted space, and f : X —

X 1s a monotonic function for which there ezists a positive o < 1 such that

¢(fr) <ag(z), VreX,

then f is a contraction on X.

Proof. Monotonicity implies that f(zNy) C fz N fy, for any z,y € X, so we

immediately have

d(fz, fy) = ¢(fz N fy) < ¢(f(zNy)) < oag(zNy) = ad(z,y).

QED

We recall that in section 5.2.2, we had a deterministic network function,
H: X® o X&) and a matrix, M, for which some power had strictly positive
entries, satisfying o(H(g)) > M * o(g), for all ¢ € X%¥). To place this within
the framework of complete weighted spaces, we first fix g € X (), so that for any
1 <i <k, we have

|H(g)il 2 g, My + l9;-
Taking the definition of ¢ from the last section, we see that
e(|H(g)i]) < 1Iélj<fisick¢(Mij)<P(|gj|)-

An important property of deterministic network functions that we make use of is

that ©(Th(g)) < ¢(Ty), and so
$(H(9):) < max o(Mij)é(g;)-
If we adapt the notation of section 5.2.2, so that oy : X*¥) — RF is given by

é(z1)
04(%) = : , vie X%,

¢(zx) t
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then our inequality becomes,
og(H(g)) < (M) +o4(g),  Vge X®),

where * now denotes matrix multiplication in the algebra E}Qma,s, which has operations
max and product, and (M) is the k X k matrix with each p(M)i; = ©(M;;).
Abstracting to the product of k copies of an arbitrary complete positive weighted
space, we get a result that combines the uniqueness result of section 5.2.1 together

with the generalised cycle sum test of section 5.2.2.

Theorem 5.3.8 Suppose (X,C,¢) is a complete weighted space with k > 1, and
we have f : X*¥ = X* monotonic, a k X k matriz, M, such that, M* has entries

strictly less than some a < 1, for some s > 1, and
os(f(E)) S Mxoy(Z), VieXF,
then f has a unique attracting fized point, @ € X*, and ¢(@) = 0.

Proof. We first find ¢ > 1 such that o' < 1/k, and show that f*¢ is a contraction on

Xk, from which the result follows. We immediately see that

k k k
S8 = S a((f1)) < Y max M) < Y of¢(@) = ka'd(@).
i=1 =1

<<k
It follows that f*t is a contraction on X* since ka* < 1.
QED

. . <7k

We remark that to re-apply this general result to the Petri net model, X",

we would still need to know that the state function of a deterministic Petri net is
a fixed point of its network function to ensure that the unique fixed point of the

theorem is in X®) c X*.
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5.3.4 Uniform and derived functions

Continuing this process of abstracting to the framework of weighted spaces, we now
look at section 5.2.3, and abstract an essential property of deterministic network

functions. Suppose (X, C, ¢) is a weighted space and k£ > 1, then we define
R(P)* = {il € R* | & = 04(Z) for some & € X*}.

Definition 5.3.9 We say that a function f : X* — X* is uniform if, for any
7,7 € X*, then 04(Z) = 04(J) implies that o4(fZ) = o4(f7)-

As with the deterministic network functions, for any uniform function we can
define the derived function, f': R(¢)F = R(¢)* as follows. Suppose @ € R(¢)*,
then we can find Z € X* such that @ = 04(Z). We define

fi(@) = o4(f2).

To generalise theorem 5.2.5, we also require that our uniform functions have an
attracting fixed point. If we let the vector of sizes now refer to 4(Z) € R(¢)¥, then
for uniform functions with an attracting fixed point, we can find the vector of sizes
of that fixed point, without finding the point itself. However, to do this we further
require that our weighted space, (X, C, ¢), is bounded above, so that {¢(z) | z € X}

has an upper bound in R.

Lemma 5.3.10 Suppose (X,C,¢) is a complete positive weighted space, bounded
above, with k > 1, and f : Xk — Xk is a monotonic uniform function with an
attracting fized point @ € X*, then the derived function f': R(¢)* — R(¢)F has a
mazimal fized point 04(3) € R(¢)*.

Proof. We first observe that for any ¥ € Xk and 1 < i < k, we have ¢(ag) <
#((f"Z N a);), and since

k
Tim Y- @((/"ENa)) = lim $(f"ZNa) = $(d)

i=1

k
Z ¢(ai),
i=1
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then for any 1 <1 < k, we have

lim ¢((f*£):) < lim ¢((f*ZNa)i) = ¢(ai).

n—o0 ~ n—oo

If we let L C Xk , be the collection of fixed points of £, then L # 0 since 04(a) € L.
We let € = sup L (pointwise supremum in R¥). Suppose, for a contradiction, that
for some 1 < i <k, ¢; > ¢(a;), then there exists @ € L such that u; > ¢(a;). We let

# € X* be such that @ = 04(F). However,
$(as) 2 lim $((f*2):) = lim (f')*(04(2))i = ¢(zi) = ui,
which is our contradiction, and the result follows.
QED

Our final result allows us to deduce that a function has an attracting fixed
point, and will be useful in applying the above lemma. As a shorthand notation, we

write T, \, z for a sequence {z,} in R converging to z € R from above.

Lemma 5.3.11 Suppose (X,C,¢) is a complete weighted space, f : X — X is
continuous and £ € R is such that ¢(z) > ¢, for some z € X, and ¢(z) > £ implies
that ¢(f"z) \/ ¢, then f has an attracting fized point a € X with ¢(a) = €.

Proof. Suppose z € X with ¢(z) > ¢, then for any m > n > N, ¢(z N f™"z) >
¢(z) > ¢, and

£< ¢(fz) < ¢(fPz N fMz) < (" (x N fM7 1)),

which converges to £ from above, and so {f"z} is Cauchy. We let @ € X be the
proper limit of this sequence, then ¢(a) = £ and continuity implies that a is a fixed

point of f. Now suppose that z € X is any point, then for any n > 1,

£ < ¢(a) < ¢(aN fz) < $(f(aNz)),
which converges to £ from above. It follows that f®z — a and we are done.
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QED

These results are an indication of the techniques that we can develop within
the framework of complete weighted spaces, and are effectively the techniques that
we used in our analysis of deadlock in data flow networks and liveness of Petri
nets. There is clearly much scope for improvement as well as for developing further

techniques.

5.4 The problem of non-determinism

We now consider the problem of extending our methods from section 5.1 to non-
deterministic Petri nets. Rather than giving detailed results, this section will be
essentially discursive, and we will try to motivate our ideas and some possible further
directions for the work.

One way to deal with non-determinism is to introduce an external choice
function, or oracle, knowledge of which would allow us to assign tokens from places
to transitions. Suppose a Petri net has k-transitions and -places, then we define an

oracle to be a map
v:{1,...,k} x{1,...,€} x N - N U {o0},

such that v(%,7,7) is the number of tokens to have become available from place p;
to transition g; if there have been r tokens available from p;, and oo if there is no
arc from p; to g;. We use oo, rather than 0, to distinguish the situation where there
is no arc from a place to a transition, from the situation where there are no tokens
available from a place. We write v;_,;(r) for v(i, j,7).

Consider the basic structure for non-determinism, given in figure 5.4(a),
where the number of firings of ¢; and g2 at time £ > 1 is the number of tokens
to have arrived at p; at time £ — 1, and is 0 at time ¢ € [0,1). If we consider the

non-deterministic net in figure 5.4(b) as our worked example, then it is clear that
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Figure 5.4: Non-determinism in Petri nets

any oracle must have 41,1(r) = r and y1542(r) = oo, for any r € N. The (non-
deterministic) network function H, : X — X which depends on the oracle v,
is such that, for each g € X,

) = | TOET DALl =1 D)) Ty gy

Ye2(g(t —1)2 + 1)

and H,(g)(t) = (0,0) for all ¢ € [0,1).

If we know the oracle a priori then our Petri net is essentially deterministic,
and the analysis is as before. For example, suppose the oracle v sends every token
from po to gqo, then y543(r) = 0, and 45,2(r) = r, for any r € N. Suppose as well
that the oracle v’ sends the first token at ps to q;, and subsequent tokens to gz, so

that

0, r=29(,
'75—-)2(7') =
1, r>1, r—1, r>1.

73—»1(7') =

The network functions Hy, Hy : X — X are such that, for each g € X3,

0
H,(9)(t) = v Hy(9)(t) = ,  Vie[LTy+1),
g(t—1)2 +1 g(t - 1)2
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and Hy(g)(t) = Hy(g)(t) = (0,0) for all t € [0,1). The derived functions H,, H,
R(XP) 5 R(X?) are then

1 Poe 0 ! 4
H,(d) = , and Hy (@)=

,  VYieR(X®),
ug + 1 )

which have least fixed points (0, 00) and (1, 0) respectively. So we see that, for our
non-deterministic Petri net, the transition q; is L1-live and transition g3 is L3-live.

The challenge is to perform the analysis when the oracle is unknown. In
effect, what we are trying to do, is to analyse many deterministic network functions,
indexed by the oracles. We suggest that this is not necessarily the most natural
extension of the deterministic position, and rather moves away from our attempts to
analyse a dynamical system associated with a Petri net. In a more natural extension,
we would expect a (non-deterministic) network function H : X*) — X*) to have as
fixed points precisely the possible state functions of the net. The dynamics of such
a function will obviously be more complicated, and require a more sophisticated
analysis, but this is part of the natural evolution away from the analysis of systems
with particularly simple dynamics.

A natural question arises. Suppose we have such a network function, what
would it be like? Intuitively we can think of network functions as taking points
in X®) towards a “nearest” state function. Whenever we are “close” to a state
function in X*) our network function then behaves like a deterministic network
function. We can think of a non-deterministic network function as being locally like
a deterministic network function.

But how could we find such a function? Of course, if we knew the state
functions of the net, then we could just send each g € X*) to the nearest state
function, but we want to avoid finding the state functions explicitly. Consider
the following approach. Suppose we let ' be the collection of oracles for a non-

deterministic Petri net, then for any map 7 : X*) 5 T, which we call selective
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maps, we can define a network function H, : Xt o x(k) by
H:(g) = HT(g)(Q)v Vg € Xx®),

Although this depends on the selective map, it is independent of any particular
oracle. Any fixed point, g € X®*), of H, must be the fixed point of H.(,, and
therefore a state function of the net. To ensure that we capture all the state functions
we restrict our choice of selective maps.

We can use the induced metric on our space X¥) from the last section, to

define a selective map to be minimal whenever

d* (g, Hy(g)(9)) = min{d" (g, H,(9)) |7 €T}, Vg€ X®),

and consider the network functions induced by minimal selective maps. For any state
function of our net, f € X*), we can find an oracle 4 € T, such that d*(f, H,(f)) =
0. It follows that d*(f, Hy(5)(f)) = 0, and H;(f) = f. The fixed points of network
functions induced by minimal selective functions are therefore precisely the state
functions of the net.

Admittedly this approach doesn’t seem entirely natural, and we haven’t said
anything about the existence of such minimal selective maps, but it does, at least
theoretically, give us a network function whose fixed points are the state functions
of a non-deterministic Petri net, without knowing these in advance. An interesting
point that we wish to make, and this is where we invoke the further theoretical
investigations of the next chapter, is that a distance function on some space of
functions over X(*) would allow us to define a network function as the particular
H, that is closest to the identity, as we range over all minimal selective maps. Such
a network function would have the required properties, and does have a certain

naturality about it.
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Chapter 6

Developing a Partial Metric

Framework for the Analysis

What we would ideally like is some framework in which we can develop the analytic
techniqués that we were building towards in chapter 5. We suggest that an important
initial step is to develop our understanding of how we can put a partial metric on
a function space. In itself this is a very difficult problem, beyond the scope of our
thesis. So we will restrict ourselves to identifying the measure-theoretic aspects of
partial metric spaces as fundamental (section 6.1) with the “well-behaved” partial
metrics closely related to measures. In developing this link (section 6.2) we will be
lead to a detailed investigation of some new properties of T;-spaces (sections 6.3 and
6.4), which turn out to be of interest in their own right. What we hope is that this
material will prove sufficient as a platform from which to tackle the more general

problems.

6.1 Motivating a measure-theoretic approach

In a domain-theoretic approach to the problem of function spaces, we would seek

cartesian closed categories of partial metric spaces. We have already made some
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progress in this direction since, in section 4.3.3, we showed that the Scott-domains,
which form a cartesian closed category, are weighted spaces. We observe however,
that the weight function'on a function space is derived from the underlying set, by
enumerating the compact elements, rather than from the constituent weight func-
tions. This is at odds with the following metrics on the space, C|0, 1}, of continuous

functions over [0, 1];

di(f,9) = [y f(z) — 9(2)lde,
and  dw(f,9) = sup,epoIf (2) — g(z)ldz, Vf,g9 € C[0,1],

where it is clear that each metric is derived from the Euclidean metric on [0,1]. We
suggest that since the material from chapter 5 seems to be leading us towards an
analytic theory analogous to some of real analysis, then we should want the weight
functions on a function space to be derived from their constituent weight functions.

Consider the problem of finding a partial metric for C|[0, 1]. Since we used the
sup approach in section 2.1.3 to give a cartesian closed category of metric domains,
then it may seem the obvious choice here. However, suppose we could find a partial
metric, d, on C[0,1] such that the induced metric, d*, is the sup-metric, and the
specialisation order is such that f <, g if, and only if, f(z) > g(z), for all z € [0,1].
Suppose f,g,h : [0,1] = [0,1] are the functions f(z) = z2, g(z) =z and h(z) =1,
for any z € [0,1]. Clearly h <49 <4 f, and we have

@d(h) = ¢a(f) = doo(h, f} = 1 = dwo(h, g) = da(h) — dal9),

from which we see that ¢4(f) = ¢4(g) and hence f = g which is a contradiction.
We are therefore naturally lead to the alternative, which is to consider integration
and measures.

Suppose p is the Lebesgue measure on (0,1} and recall from section 4.3.1,
the weighted space ([0, 1], >, ¢), where ¢ : [0,1] = [0,1] is given by ¢(z) = z. It is

clear that (C|[0, 1], >) is a consistent semilattice, and we can define a weight function
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C[O, 1] — [0, 00), by
.
a(f) =/[0’1]¢ofdu=/0 f(x)de,  VfeCp,1].

The induced pmetric is d(f,g) = fy max{f(z), g(z)}dz, and the induced metric is
d;. An example of Schellekens [Sch95], in which he demonstrates the applicability
of the partial metrics-to the complexity analysis of programs, is a second example
of how a partial metric on a function space can be derived from a measure.

An abstract complezity measure [DW83] is a binary partial function, C(k,n),
on N2 such that C(k,n), the complexity of a program P with coding k on input
n is defined if, and only if, P converges on input n, and the predicate C(k,n) <y
is recursive. An example of a complexity measure would be the running time of a
program. If we suppose that C(k,n) has infinite complexity when it is undefined,
and that the complexity measure is always non-zero, then a program, P, with coding
k has complezity function Cp € (0,00)N given by Cp(n) = C(k,n), for all n € N.

Schellekens [Sch95] defines a partial metric on the function space (0, 00]N by

_ 5 1 N
9= 2 gy 9 @l

and defines the complezity distance between two programs P and @ as the distance
between Cp and Cg in (0, 00]N. Schellekens goes on to give a complexity analysis of
mergesort, showing that divide and conquer algorithms naturally induce contraction
maps over (0,00]N. However, we are more interested in how this fits into our general
framework, although we hope that it does hint at some future applications.

We can define a counting measure on N by taking the power set as our
o-algebra and defining p(A4) = 3,.41/2", for any A C N. For the consistent
semilattice ({0, 00}, <), we can define a positive weight function ¢ : (0, 00] — [0, o)
by ¢(z) = 1/z. The function space ((0, oo]N, <) is a consistent semilattice, and we

can define a positive weight function @ : (0, 0o]N — [0,00) by
N
o(f) = [ ¢ fdu= zznf( Ve ol
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The partial metric induced by this weight function is Schellekens’ partial metric.
We can abstract the essential details of these examples as follows. Suppose X

is a measure space with positive measure u, and Y is a weighted space with positive

weight function ¢, then we define, for some collection of measurable functions f :

X = Y, the weight function

(f) = /X $o fdu.

We must be careful to restrict our choice of functions so that the above integral is
always finite, and take care when two functions agree almost everywhere. So that
the weight function for the function space is derived from the weight functions of
both constituent weighted spaces, we seek to replace the measure space (X, u) with
a weighted space whose weight function is closely related to the measure u. We are
therefore motivated to investigate the connections between measures and the weight

functions of weighted spaces.

6.2 Valuation spaces

We recall from section 4.3.1, that for a weighted space, the weight functions are
strictly monotonic decreasing functions that satisfy a semi-modular inequality. They
are therefore similar to, but weaker than, the valuations from section 2.3.3, which are
themselves measure-like functions. Valuations will provide us with our link between
weight functions and measures, and we will use these to develop special classes of

weighted spaces. The material in this section is original.

6.2.1 Defining valuation spaces

Our first problem is that for a weighted space, (X, C, ¢}, the weight function is de-
fined on the underlying consistent semilattice (X, C), whereas a valuation is defined
on some powerset of X. One way to reconcile this is given by the map z — X'\ {z.

We take Fx = {X \ |F | F C X finite} to be the smallest lattice containing the
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X \ {z, and define our valuation v over Fx. The intuition will be that where ¢(z)
is a measure of how vague z € X is, v(X \ lz) will be a measure of how much
information z has. Our valuations will be able to take negative, but not infinite,
values. Since z C y if, and only if, X \ ly C X \ |z, then we have also resolved
the difficulty of a weight function being monotonic decreasing while a valuation is
monotonic increasing. This leaves the problem of strictness, for which we use the

condition that v(X \ {zNy) = v(X \ ly) implies that = C y.

Definition 6.2.1 A valuation space (X,C,v) is a consistent semilattice (X, C)

together with a valuation v : Fx — R such that

v(X\lzNy)=v(X\lz) = zCy.

In the next lemma we see that the valuation spaces are a special class of

weighted spaces, those that can be derived from a valuation on Fx.

Lemma 6.2.2 Suppose (X, C,v) is a valuation space, then ¢(z) = v(X\lz) defines

a weight function for the consistent semilattice (X, C).

Proof. The result is clear once we show that ¢ is semi-modular. Suppose {z,y} C X

is consistent, then

¢(z) +o(y) = v(X\lz)+v(X\ly)
= v(X\lzNly) +v(X\{zUly)
> v(X\lzNy)+v(X\{zUy)

= ¢(zNy) + ¢(zUy).

QED

In a more precise sense than for the weighted spaces, the distance between
two points in a valuation space is a measure of their common information. Whenever

we consider a pmetric for a valuation space, this will be the pmetric induced by the
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weight function in the lemma, and we will write 7[y] for the induced pmetric topology
and 7,+) for the induced metric topology. As an example of a valuation space, we
have the consistent semilattice (R,>) for which Fr = {(—oc0,a) | a € R}. The
valuation v : Fg — R, given by v(—o0,a) = a, satisfies the strictness condition
since V(—oo,rﬁax{a, b}) = v(—o0,a) implies that a > b, and induces the weight

function ¢(a) = a. We will find examples of more generalised valuation spaces

in the next section, when we extend the results of section 4.3.3 to w-continuous

domains.

6.2.2 Generalised valuation spaces

It is clear that w-continuous domains will only fit into our framework of valuation
spaces if they are consistent semilattices. However, one of the benefits of moving
away from weighted functions to valuations is that we can actually work with posets,
rather than consistent semilattices, and still recover a partial metric space. In this
case however, we must take Fx to be the closure of {X \ lz | £ € X} under
finite unions and intersections. We show that w-continuous domains are examples
of these “generalised valuation spaces” which, although these results were found
independently, is another example of Kiinzi’s construction [KV94]. We remark that
this will give us a larger cartesian closed category of partial metric spaces, but one

that has the same deficiences as in section 4.3.3.
Lemma 6.2.3 Suppose (X,C) is a poset and v : Fx — R is a valuation satisfying
v(X\lznly) =v(X\lz) = =zCy,

then d(z,y) = v(X \ 1z N ly), defines a pmetric for which <4=C and ¢q(z) =
v(X \ lz). We say that (X,C,v) is a generalised valuation space.

Proof. Axiom P3 is immediate, and P1 follows since X \ lz € X \ {z N }y. For
P2, we have that d(z,y) = d(z,z) implies »(X \ Jz Nly) = v(X \ {z) and hence by
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strictness, z C y. For the P4 axiom, we have

d(z,z) +d(y,y) = v(X\lzNlz)+v(X\]y)
< v(X\lznlynlz) + (X \lyN{zUl2))
= v(X \lzNly) +v(X\lynlz)
= d(z,y) + d(y, 2).

It is immediate that <4=C and ¢4(z) = v(X \ lz).

QED

Lemma 6.2.4 Suppose D is an w-continuous domain with basis B = {by,bo,...},
and define v: Fp — R to be the restriction of the measure on PD, given by
v(4) = > 1727,
bn€A
to Fp, then (D,C,v) is a generalised valuation space, and the Scott and pmetric

topologies agree.

Proof. Suppose {zn} is an w-chain with supremum a € D, then B, = J3% Bz,. It
clearly follows that v is a continuous valuation on Fp. Suppose v(D \ lz Nly) =
v(D\ lz), then it follows that Bz N B, = B, and hence that z C y. So (D,C,v) is

a valuation space, and the induced partial metric is
d(z,y) =1-v(B; N By).

Since @¢q is continuous, then 7, is order-consistent. To show that 7] is the Scott
topology, we use lemma 4.1.19 and show that every sequence {z,} converging to
a € D surpasses some w-chain with supremum a. By lemma 4.1.2 we can find an
w-chain {b;,} in B, with supremum a. If we fixn > 1 and let e =1 /2 > 0, then
we can find some m > 1 such that z,, € B.(a). It follows that v(B, \ B;,,) < ¢,
and hence b;, € B, implies that b;, C T,n. So {z,} surpasses {b;,} and 7y, is the

in =

Scott topology.
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QED

In the case of w-algebraic domains, the Lawson and induced metric topologies

also agree.

Lemma 6.2.5 If D is an w-algebraic domain then, for the generalised valuation
space (D, C,v), the Scott and pmetric topologies agree as do the Lawson and metric

topologies.

Proof. From lemma 4.1.15, we immediately see that the Lawson topology is con-
tained in the induced metric topology Tv+]- We show that B.(z;d*) is Lawson-open,
for any e >0 and z € D. We let N > 1 be such that
o0
12V = ¥ 1/2n <,
n=N+1

and define § = 1/2V and
B'={bpgB;|1<n< N}

If we let

U= Bs(z;d)N [} D\ 1bn,
bn€B’

then we have £ € U Lawson-open, since B;s(z;d) is Scott-open. Now suppose that

y € U, and consider
d*(z,y) = max{v(B: \ By),v(By \ B;)}.

Now y € Bj(z;d) implies that v(Bg \ By) < é§ < ¢. Furthermore, if b, € By \ By,
then b, € y and b, & x. So b,  z (since D is algebraic) and so n > N, and

e o]
v(By\B:)< ) 1/2"<e.
n=N+1

So we see that d*(z,y) < € and so z € U C B.(z;d").

QED
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6.2.3 Information measures

In section 6.2.1, we saw that the valuation spaces are a special class of weighted
spaces, namely those that can be derived from a valuation. This was our first step
in establishing a connection between the weighted spaces and measures. The next
logical step is to consider a class of weighted spaces that can be derived from a
measure. For a lattice £ of subsets of some set X, we recall from section 2.3.4, that

H(C)={A\B|A,B€L,BC A}.

Definition 6.2.6 Suppose (X,C) is a consistent semilattice. An information
measure, g, on X is a Borel measure (with respect to the weak topology) which

is finite on H(Fx) and satisfies
p(iz\lzNy) =0 = =zCy.

Similar to a valuation space, the intuition behind an information measure is
that u(X \ z) is a measure of how much information z € X has. Although, each
point may have an infinite amount of information (think of the Lebesgue measure
on (R,>), where (—00,a) has infinite measure), we can always consider relative
information since our measure is finite on H(Fx). Our strictness condition tells us
that if we have no information on = that we don’t have on y, then z must be below

y in the information ordering.

Lemma 6.2.7 Suppose (X, C) is a consistent semilattice with information measure
i, then we can find a continuous valuation v : Fx — R such that (X,C,v) is a

valuation space.
Proof. We fix W* € Fx and define
v(W)=p(W\W'NW) - p(W\W*NW)eR, VYW eFx.
Suppose first that Wy € W; in Fx, then we have
W) —v(Wa) = p(Wi\W*n W) —pu(W*\W* nW,)
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— u(Wo \ W* A Wy) + u(W* \ W* 0 Wa)
= p(Wi\W*NWy) - p(Wa \ W* N Wo)

+ (W AW\ W0 Wa)
= Wi\ W* N Wa) = u(Wa \ W* N W)
= p(W1\ Wa).

It is immediate that v(W;) > v(W3). Furthermore, for any Wy, W, € Fx, we have
v(Wh) —v(W1NWa,) = p(Wi \WiNWy) = p(W1UW2 \ W2) = v(W1UW,) —v(W2),

and so v is a valuation on Fx. The strictness condition is satisfied since, if ¥(X \
lzNy) =v(X\lz), then p(lz\{zNy) =0 and z C y. To see that v is continuous,
suppose {Wy} is an w-chain in Fx with supremum W € Fx, then
. o) o0
WAW*NW = Wa\W*NW,, and W"\W*'NW =W \W" NW,,
n=1 n=1

and it follows that v(W) = sup{v(W,) | n > 1}.

QED

One drawback of the above lemma is that a different W* € Fx in the proof
induces a different continuous valuation v/ : Fx — R. However, it is clear that
v — ' will be constant and so the induced partial metric spaces will be isometric. A
more significant problem, is that to build a cartesian closed category of consistent
semilattices with information measures, we must be able to deduce an information
measure for a function space from its constituent information measures. It would
be simpler if we could identify a cartesian closed category of valuation spaces, for
which the valuations induce information measures, which we could then use to build
similar valuations on function spaces. Ultimately we seek a cartesian closed category

of weighted spaces whose weight functions induce information measures appropriate

to build similar weight functions on function spaces.
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As an example, consider the valuation space (R,>,v) from section 6.2.1,
for which the induced pmetric topology is the Scott topology. We can extend v
to an information measure by using Pettis’ theorem from section 2.3.4. We take
W = {(-o0,a) | @ € R}, which are open in the Scott topology on (®,2>), and
K = {(-o0,a] | a € R}, which are closed. Since (—o0,b] \ (—00,a) = [a,b] or
@, then the compactness criteria is satisfied. The continuity condition follows by
local compactness. The collection H(W) consists of sets of the form [a,b) and
Y : HW) — [0,00) is given by ¥([a,b)) = b — a. From the theorem we have a
unique measure, ¥*, on o(H(W)) which extends 1) on H(W), and is therefore the
Lebesgue measure, which is an information measure on (R, >).

To extend this to more general valuation spaces requires some condition on
our Ty-spaces stronger than local compactness. An example of such a condition is
coherence, from section 2.2.2, which is our Typ-characterisation of compact ordered
spaces. However, our motivating example, (R, ,>), where 7 is the usual topology
on R, is only a locally compact ordered space, which we define to be a partially
ordered space with a locally compact Hausdorff topology. We therefore seek some

condition weaker than coherence, which includes our example.

6.3 A local notion of sobriety

We recall, from section 2.2.2, that our first step in giving a Tp-characterisation of
a compact ordered space was to consider the locally compact sober spaces, which
generalise the Scott topology for continuous domains. If we consider the locally
compact ordered space (R, T, >), where 7 is the usual topology on R, then it is clear
that #T, the Scott topology, is locally compact but not sober, since (R, >) is not a
dcpo. Our aim in this section, is to weaken the framework of locally compact sober
spaces to include the Scott topology for (R, >). This material is original as well as

being our most technical.
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6.3.1 Filtered open sets and local sobriety

We begin with a lemma used in [KP94] to prove the Hofmann-Mislove Theorem (see
section 2.2.2), and from which we abstract a crucial property of open sets of a sober

space.

Lemma 6.3.1 ([KP94], p.302) Suppose (X, T) is a sober space and F is a Scott-
open filter, then every open set U containing (\F is already in F.

Definition 6.3.2 Suppose (X, 7) is a Tp-space, then an open set W C X is filtered
if, whenever F is a Scott-open filter and NF C W, then W € F.

Definition 6.3.3 A closed subset of a Tp-space (X,7) is sober if it is sober as a

subspace of X.

Lemma 6.3.4 Suppose (X,7) is a Tp-space, then X \ Z is a filtered open set if
Z C X 1is sober.

Proof. We show that any U € 7 with X \ Z C U is a filtered open set. Suppose F
is a Scott-open filter in 7 with NF C U. The restriction Fz of F to Z is clearly
a Scott-open filter with respect to the subspace topology, and 1Fz C U N Z. By
lemma 6.3.1, UNZ € Fz and hence U € F.

QED

We immediately see that the Scott-open sets of (R, >), with the exception of
the empty set, are filtered. Rather than weaken the framework of locally compact
sober spaces directly, we strengthen the notion of local compactness for a To-space,
and then show that this is satisfied by the locally compact sober spaces. We recall
from section 2.2.2, that for a Tp-space (X,7), we denote the collection of compact

upper sets by «.
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Definition 6.3.5 A Tp-space (X, ) is locally sober if, for any open neighbourhood
N of z € X, there exists K € k and Z C X sober, such that

z€X\ZCKCN.

We immediately see that the Scott topology for (R,>) is locally sober, and
that locally sober spaces are locally compact. It follows that not every sober space
is locally sober. However, a locally compact sober space is locally sober, since every
open set in a sober space is filtered. One important property of sober spaces which
we preserve is that locally sober spaces are order consistent, with respect to their

specialisation order.

Lemma 6.3.6 Suppose (X,7) is a locally sober space, then T is order consistent

with respect to the specialisation order.

Proof. Suppose A C X is a directed set with z = | [TA € X, and U € 7 is an open
neighbourhood of z. We can find a filtered open set W C X such that z € W C U.
If we let F be the Scott-open filter of open neighbourhoods of points in A, then
NF =tz € W. So we must have W € F, and then U is an open neighbourhood of

some point in A.

QED

6.3.2 Local sobriety and partial metric spaces

In section 4.1.2, we saw that sobriety for partial metric spaces could be given a
simple intuition as a notion of pmetric completeness. We can similarly simplify the
intuition for local sobriety, but will see that it is more than a straightforward notion

of completeness.

Lemma 6.3.7 Suppose (X, d) is a partial metric space, then (X, 'r[d]) is locally sober
if, and only if, Tjq) is locally compact and every self-convergent sequence either has

a proper limit or converges to every point in X.
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Proof. Suppose first that (X, 74) is locally sober, {z,} is a self-convergent sequence
and a € X. If {z,} does not converge to a, then we can find U € 7 such that
a € U and some self-convergent subsequence, {z, }, of {z,} that is not in U. By
local sobriety we can find Z C X sober such that £ € X\ Z C U so that {z,, } C Z.
By theorem 4.1.9, {zn, } has a proper limit in Z, and it follows that {z,} has a
proper limit in Z.

For the converse, we suppose that N C X is an open neighbourhood of some a € X.
By local compactness, we can find K C X compact upper, and U € g such that
a € UC K C N. Suppose {z,} is a self-convergent sequence in X \ U, then {z,}
does not converge to a, so we must have a proper limit for {z,} in X \ U. It follows

that X \ U is sober, and (X, 7i4)) is locally sober.
QED

We recall from section 4.1.2, that a self-convergent sequence is bounded if,
and only if, it is Cauchy. So for a complete partial metric space, (X,d), we need
only check that 74 is locally compact and that every unbounded self-convergent
sequence converges to every point in X. For a bounded partial metric space, (X,d),
with 74 locally sober, we can “complete” (X, 714) to a locally compact sober space
by introducing a top element. This is not possible if, as with (R, >), the space is

unbounded.

6.3.3 Some consequences of local sobriety

From section 2.2.2 we recall that for a locally compact sober space (X,7), 7 is a
continuous lattice and « is a continuous domain. We now show that the locally
sober spaces have similar properties. Our first lemma is equiva:ient to our definition

of local sobriety.

Lemma 6.3.8 Suppose (X, 1) is a locally sober space, then T is a continuous lattice

with the filtered open sets as a basis.
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Proof. Since (X,7) is locally compact, then 7 is a continuous lattice. Suppose
O' < O in 1. For each z € O we can find K, € k and W, C X filtered open, such
that

e W, C K, CO.

So we see that O' C O = U,co Kz = Uzeo Wz. Since O' < O, we can find
Z1,..-:Zn € O such that

n n
O’g UWI:'QUKI,'QO$
i=1 =1

and we take K = UL, K;, € k and W = UL Wy, filtered open. So W « O and O

is the directed supremum of such sets.
QED

We now have a sequence of three lemmata, which allow us to show that the

poset of compact upper sets, «, is continuous.
Lemma 6.3.9 The collection of sober sets of a Ty-space (X, T) is a lattice.

Proof. Suppose Z,Z' C X are sober and A C ZU Z' is an irreducible closed set,
then A is the union of the two closed sets AN Z and ANZ'. If A Z Z then ANZ
is a proper closed subset of A, so that AN Z' = A and A is the closure of a unique
point in Z’ and hence in Z U Z'. So Z U Z' is sober, and it is trivial that Z N Z' is

sober.
QED

Lemma 6.3.10 Suppose (X, 7) is a locally sober space, K € k and z € X\ K, then
we can find K' € & and Z C X sober such that

z€eX\K'CZCX\K.
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Proof. For any y € K, we know that y £ x, so we can find Uy € 7 such that y € Uy
but z & Uy. Local sobriety implies that we can find Ky € x and W, C X filtered

open, such that
yeW, C K, CU,.
In which case we have

kcUw,c UK, < UU,.

yeK yeK yeK

Since each W, € 7, then we can find y1,...y, € K such that
KCcW;CK;CUy,

where W, = Uj; Wy, filtered open, K, = U, K, € s and U, = -, Uy,. Since
z € Uz then, if we let Z; = X \ W;, sober, we can finally conclude that

z€X\K,CZ CX\K.
QED

Lemma 6.3.11 Suppose (X, 1) is a locally sober space, then k is a continuous poset

such that
K « K ink = AW C X filtered open with K CW C K'.

Proof. We first suppose that W C X is filtered open with K C W C K'. If we
let {K;}icr be a filtered family in x with (;¢; K; € s and contained in K, then we
let 7 be the union of the collection of open neighbourhoods of each K;. So F is a
Scott-open filter with N F = N;¢; Ki € K C W, which is a filtered open set. So
W € F and hence contains some Kj, which is then contained in K.

Now suppose that K’ <« K and K # X since otherwise the result is trivial as X is
a filtered open set. By lemma 6.3.10, for each z € X \ K we can find K; € « and
Zy C X sober such that

zeX\K.CZ, CX\K.
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It is clear that

X\K= |J x\K.= |J 2z,

zeX\K z€X\K
and hence that K = N{K; |z € X \ K}. We can therefore find z1,...,7, € X\ K
such that

n’ n
KCc(X\Z,C (K CK'
=1 t=1

Since U=, Z;, is sober, then X \ UL, Z;, is filtered open and we are done.

QED

To conclude our investigation into the locally sober spaces, we give a result
that will be useful in the next section, which is that the patch space of a second-

countable locally sober space is second-countable.

Lemma 6.3.12 Suppose (X,7) is a second-countable locally sober space, then T* is

second countable, and hence the patch topology ™ = 7V 7% is second countable.

Proof. Suppose we let B be a countable basis for 7, with B* the collection of finite
unions of elements of B. For each B, B’ € B*,if B < B’, then we can find Kg pr € &
such that B C Kp pr C B'. We show that

B* = {X\Kpp €| B,B € B*,B<B'}

is a basis for 7¢. Suppose z € X \ K with K € &, then by interpolation on the
continuous poset x, we can find K/, K" € s such that K' « K" « K andz € X\K'.
So we can find W, W' C X filtered open, such that

KCWCK"'"CcW CcK'.
Since W, W' € 7, then we can find B, B’ € B* such that

KCBCWCK'CB CW'CK'.
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But then B « B’ in 7, and so we have
KCBCKpp CB CK',

and
xEX\K'gX\KB,Bng\K.

Since B* is countable, then we are done.
QED

We remark that locally sober spaces seem to be of sufficient interest in their
own right for further study. However, we now return to our investigations regarding

weight functions, valuations and measures, to see where local sobriety fits in.

6.4 Valuation spaces, local coherence and measures

We recall from section 6.2.3 that we would like to identify some conditions on our
valuation spaces so that the valuation naturally induces an information measure,
which we can then use in developing function spaces. We have seen how to extend
the valuation, v, for the valuation space (R,>,v) to an information measure, and
developed the locally sober spaces as a framework that includes locally compact
sober spaces and the Scott topology on (®,>). We now take the next step, which is
to develop a notion of local coherence, and consider how this can be used to achieve

our goal. The material in this section is original.

6.4.1 Local coherence

In section 2.2.2, the coherent spaces strengthened the locally compact sober spaces
to characterise the compact ordered spaces. We similarly define local coherence,

and give some connections with locally compact ordered spaces.

Definition 6.4.1 A locally sober space (X, 1) is locally coherent if the collection,

K, of compact upper sets is a lattice.
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It is clear from the definition, that coherent spaces are locally coherent. In
the following lemma, we will see that locally coherent spaces have locally compact
ordered patch spaces, and so identify a class of Ty-spaces for which the patch space is
a locally compact ordered space. We have not given a Tp-characterisation of locally

compact ordered spaces, as the example following the lemma will show.

Lemma 6.4.2 Suppose (X,7) is a locally coherent space, then the patch space

(X,7,<;), where =7V 7%, is a locally compact ordered space.

Proof. We need only show that the patch topology is locally compact. Suppose
z €U\ K withU € 7 and K € k. We can find K', K" € k, W C X filtered open
and Z C X sober, such that

zeWCK CU,
and € X\K"CZCX\K.

So we have

e W\K"CK'NnZCU\K,

and since W € 7, then W\ K” € w and K' N Z is a coherent subspace of X and

hence w-compact.
QED

Consider the poset (X, C) in figure 6.1 together with the Alexandroff topol-
ogy, 7, of upper sets. Suppose F is the Scott-open filter of open neighbourhoods of
the y,, then NF = 0 C tz1, but tz; € F. So tz, is not a filtered open set. Since
z; € 1z, € 7, then (X, ) is not locally sober. If we consider the patch space, then
it is clear that every singleton set is open in the patch topology, 7 = 7 V ¥, and so

(X, C) is a locally compact ordered space with 7 = .
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Figure 6.1: A locally compact ordered space

6.4.2 Borel measures on locally coherent spaces

We now consider measures and locally coherent spaces. In the following simple
lemma we will see that, for a second-countable locally compact Ty-space, the Borel
sets generated by the Tp-topology and the patch topology are the same. This re-
sult is surely well-known, although we haven’t seen it in the literature. It follows
that second-countable locally coherent spaces have patch spaces that have proved

particularly useful in measure theory.

Lemma 6.4.3 Suppose (X, 7) is a second-countable locally compact Ty-space, then

o(k) = o(1) = o(n), where 7 = 7V 7¥,

Proof. Suppose we let B be a countable base for 7, with B* the collection of finite
unions of elements of B. Suppose K € « is non-empty, otherwise K € 7, and let

K CU € 1. We can find By € B* such that K C By C U. So we have
K=({BveB'|KCUer},

which implies that K € o(r) and o(x) C o(7). Now suppose that U € 7, and let
ByCByC---«UinB*and U = UR, B;. We can then find K; € s (1 =1,2,...)
with B; C K; C U, so that U = U2, K; € o(k), and o(7) = o(x).
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Now suppose that x € V € n. We can find B, € B and K, € & such that z €
B\ K; C V. Using the above notation, we have

By \K;=B:\[{{Bv€B* | K, CUer}=|J{B:\By | K. CUer}.
Since the set {B\ B*| B € B,B* € B*} is countable, then
V=U{B:\K:|z€V}=|{B:\Bv|z€V,K, CU €1} €a(r)
So o(7) C o(7) 4nd since the converse is trivial, then we have completed the proof.
QED

Corollary 6.4.4 Suppose (X, T) is a second-countable locally coherent space, with
7 =71V 7F, then (X,7) is a second-countable locally compact Hausdorff space with

the same Borel sets.

We are now in a position to generalise to the locally coherent spaces, the
extension result from section 6.2.3 for (R, >,v). We will find it useful to call a basis
for a topology, which is also a lattice of open sets, a lattice-basis. We recall the

general results from section 2.3.4 on extending valuations to measures.

Lemma 6.4.5 Suppose (X, T) is a second-countable locally coherent space, W is a
lattice-basis of filtered open sets and v : W — R is a continuous valuation, then v

induces a unique regular Borel measure, ¢*, on X eztending ¢ on H(W).

Proof. We take the collection of compact upper sets, x, as our family of w-closed
sets, where 7 = 7V 7%, For K € k and W € W, K \ W is 7-compact since X \ W
is sober. Now suppose that W € W and € > 0. Since W is the union of an w-chain
of filtered open sets in W and v is continuous, then we can find W’ « W such that
v(W') > v(W) — €. Local compactness implies that we can find K € & such that
W CKCW. We éan therefore apply Pettis’ theorem to find a unique o-finite
measure, ¥*, on S(H(W)) such that

P WAW) = v(W) - v(W') < 0,
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for any W' C W in W. Since every open set is the union of an w-chain of filtered
open sets in W, then 7 C S(H(W)) which is a o-algebra. So 9* is a Borel measure

on X, and is regular since (X, n) is a second-countable locally compact Hausdorff

space.

QED

Continuing with the assumptions of the theorem, suppose now that v,/ :

W — R are continuous valuations inducing the same measure, ¥*, on X. For
9 ]

W, W' € W, we have

VIWUW') =V (W) = ¢*(WUW'\ W) = u(WUW') - (W),
and V(W) =/ (WAW') = p*(W \ W N W’) = v(W) — v(W N W),

Since v and V' are valuations on the lattice W, then we see that
V(W') = V' (W) = v(W') — v(W),

and it follows that v/ — v is constant on W. Conversely, if 1/ — v is constant on W,
then by uniqueness v and v/ must induce the same measure on X. We can use the
proof of lemma 6.2.7 from section 6.2.3 to see that a Borel measure, finite on H(W),
gives a continuous valuation on W that induces the measure. We have therefore

proved the following result.

Theorem 6.4.6 Suppose (X,r) is a second-countable locally coherent space and
W is a lattice-basis of filtered open sets, then there is a correspondence between the

continuous valuations on W that differ by a constant, and the regular Borel measures

on X, finite on H(W).

6.4.3 Information measures on valuation spaces

We must take one more step before we can use local coherence to deduce an infor-

mation measure for a valuation space (X, C,v). Our valuation, v, is defined on Fx,
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and we must extend this to a lattice-basis of filtered open sets. If U C X is a proper

upper set, then
U={{X\L{F|FCX\U finite}.

We therefore define
Ux = {U C X | U is a proper upper set and v(U) > —oo},

and in the following lemma, see that Ux is a lattice to which the valuation, v,

naturally extends.

Lemma 6.4.7 Suppose (X,C,v) is a valuation space, then
v(U) =inf{v(X \LF) | F C X\ U finite},

defines a valuation on the lattice Ux.

Proof. We first remark that if U,U’ C X are proper upper sets with z ¢ U and
z' ¢ U', thenzNz' ¢ UNU' and UNU’,UUU’ are proper upper sets. Now suppose
that U C U’ in Uy, then whenever F C X \ U’ is finite we have F' C X \ U and we
easily see that v(U) < v(U’). Now suppose that U.U' € Ux and fix € > 0. We find
FC X\U and F' C X\ U’ finite, such that

V(X \IF)<v(U)+e, and v(X\I{F')<v(lU')+e.

Clearly FUF' C X\UNU' and we let G C X \ U UU’ be the finite set for which
1G = |F N }F'. We then have

v(UUU)+v(UNU") < v(X\IG)+v(X\{FUF')
= V(X \IF)+v(X\|F)
< v(U)+v(U') + 2.

Since this holds for all € > 0, then we have
v(UuU) +v(UnU") <v(U) +v(U').
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We immediately see that if either of v(U UU’) or v(U NU’) is infinite, then at least
one of v(U) or v(U') is infinite, which is a contradiction. So UUU',UNU' € Uy

and Ux is a lattice. Furthermore, fore >0 we find F C X\UUU', G C X\UNU'
finite such that

V(X\IF) <v(UUU')+¢e and v(X\IG)<v(UNU') +e.

Welet H=GNX\U and H' = GNX\U’, then HUF C X\U and H'UF C X\U"
are finite and
v(U)+v(U') < »(X\IHUF)+v(X\|H UF)
= V(X\{GUF)+v(X\|FU(HNH")
< YX\IFUG)+v(X\|{FNIG)
= v(X\IF) +v(X\|G)
< v(UUuU)Y+uv(UNU") + 2.

Since this holds for all € > 0, then we have modularity and v is a valuation as
required.

QED

We know that the collection of filtered open scts is a lattice-basis for a lo-
cally coherent space, and that the filtered open s;z'ts are upper sets. The problem
however is to ensure that Uy restricted to the filtered open sets is a lattice-basis
for our topology. For our last result, we will have to assume such a property, but

we hypothesis that it should be possible to establish some connection with local

coherence, and hence simplify the lemma.

Lemma 6.4.8 Suppose (X,C,v) is a valuation space for which v : X — R is a

continuous valuation, (X, w)) 18 locally coherent and
Wx = {W C X | W a proper filtered open set with v(W) > —oo},
is a lattice-basis, then (X, C) has an information measure.
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Proof. 1t follows by lemma 6.4.7 and theorem 6.4.6, that we can find a unique regular
Borel measure 3* on X such that ¢*(W \ W') = v(W) — v(W'), for all W' C W in
Wyx. Since

Pz \lzNy) =" (X \ 1z Ny) \ (X \ {z)),

then ¢¥*({z \ lz Ny) = 0 implies that v(X \ {zMNy) = v(X \ lz) and hence z C y.

So 1* is an information measure on X.
QED

We have therefore given some conditions on a valuation space for the valu-
ation to induce an information measure. There is clearly much scope to improve
this result. The next step is to then use the induced information measure to build
a function space, and finally a cartesian closed category. We hypothesis that these
steps are possible, even though we are not in a position to take this work any further.

Instead we hope that we have given a platform to build on.
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Chapter 7

Conclusions and Further Work

We clarify the position that we have reached. Prior to this thesis, the body of
work related to the partial metrics consisted of Wadge’s paper on the cycle sum
test [Wad81], Matthews’ initial paper giving the axioms and basic results [Mat94]
and his subsequent paper [Mat95] attempting to generalise the cycle sum test to the
framework of partial metric spaces. What we do, is to present the partial metric
axioms within the context of the more general Tp-metrics (section 3.2), give a firm
foundation for the theory of partial metric spaces (chapters 3 and 4) and discuss
the foundational issues by introducing the hierarchical spaces (section 3.3). More
specific contributions, are the introduction of the weighted spaces (section 4.3), the
valuation spaces (section 6.2) and the subsequent fundamental connections with
measures (chapter 6). From our development of the theory of partial metric spaces,
we contribute to domain theory (section 4.1.4) by identifying a suitable notion of
a quantitative domain, and the more general area of Ty-topologies (section 6.3) by
introducing local sobriety. Furthermore, we extend the applications of the partial
metric spaces to Petri nets (chapter 5).

We finish by looking at our last two chapters once more, to consider the
potential for further work. In chapter 5, we demonstrated our ideas on the modeling

and analysis of systems by considering liveness of deterministic Petri nets. As we
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remarked in the chapter, there is a clear need to formalise these results to see if
we really can model any deterministic Petri net in this way. There is also a lot of
scope for extending these results. For example, we can look at Petri nets with more
general timing constraints or multiple tokens, and we can extend to properties other
thaﬁ liveness, such as performance evaluation techniques relevant to timed Petri
nets. Having considered Petri nets and data flow networks, we could see if these
results extend to more general discrete event systems. In section 5.4 we raised the
issue of extending to non-deterministic Petri nets, and there is clearly much scope
for work here. At the same time, we need to further develop our model-independent
analytic techniques. In this way, we see a more (classically) analytic approach to
problems in Computer Science developing.

Our work in chapter 6 provided a platform to begin developing such tech-
niques, but clearly raises more issues than it settles. We believe the locally compact
ordered spaces to be worthy of further study and would like, if possible, to give a
Ty-characterisation of such spaces. Local sobriety is our attempt at this, and we
believe it to be of sufficient interest for further study, but question whether some
other approach may be more fruitful? The connections between well-behaved par-
tial metrics and measures are central to the chapter, and are certainly worthy of
further investigation. The information measures seem to be a useful contribution
that require more work, and we would hope that this could lead to a satisfactory
development of function spaces, which in turn could be the framework in which to

develop further analytic techniques.
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Appendix A

Mathematical Background

We give the relevant background material on topological spaces, metric spaces and
measure theory. We give the definitions and state some key results, and refer to
our sources [Kel55, Apo74, Sut75, Coh80, Rud87, Smy92] for the proofs and further

explanations.

A.1 Topological spaces

A.1.1 A topology on a set X is a family, m, of subsets of X such that §,X € =
and 7 is closed under arbitrary unions and finite intersections. The pair (X, ) is a
topological space. The open sets are those in m and an open neighbourhood of x € X
is an open set containing z. The collection of open neighbourhoods of a point is
called its neighbourhood filter. The interior of a set is the largest open set that it

contains.

A.1.2 Suppose w and ©’ are topologies on a set X and © C «', then n is coarser
(weaker) than 7', and ' is finer than n. The finest topology on X is the discrete

topology consisting of all subsets of X.

A.1.3 Suppose X is a topological space, then a set is closed if its complement is

open. The closure of a set is the smallest closed set that contains it. A point z € X
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is a limit point of A C X if every open neighbourhood of z contains some other

point of A. A set is closed if, and only if, it contains all its limit points.

A.1.4 Suppose (X,n) is a topological space and Y C X. If we let my denote the
collection of subsets of Y of the form UNY for some U € 7, then 7y is the induced

topology on Y and (Y, my) is the subspace of (X, 7).

A.1.5 Suppose (X, ) is a topological space, then B is a basis if for each V € w
and z € V we can find U € B such that z € U C V. The Euclidean topology on
has basic open sets of the form (a,b) C R. A topological space is second countable

if it has a countable basis.

A.1.6 Suppose X and Y are topological spaces. A function f : X — Y is con-
tinuous if f~1(U) is open in X whenever U is open in Y. The function f is a

homeomorphism if it is a bijection and both f and f~! are continuous.

A.1.7 Suppose {(Xa,7e)} is an indexed family of topological spaces, and let
1, Xa be the product of the indexed family of sets {X,}. The product topology on
[To Xa is the weakest topology that makes each of the projections mg : [[, Xa = Xp

continuous.

A.1.8 Suppose X is a topological space and A C X, then A is dense if X is the

closure of A. A space is separable if it has a countable dense subset.

A.1.9 A topological space X is Hausdorff if for each pair of distinct z,y € X,
there are disjoint open sets U,V such that £ € U and y € V. A topological space is
a Ty-space if for each pair of distinct z,y € X, there exists an open set containing

one but not the other.

A.1.10 Suppose X is a topological space and A C X. An open cover of A is a
collection of open sets such that A is in their union. A subcover is a subfamily that
is itself an open cover of A. The set A is compact if every open cover has a finite

subcover.
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A.1.11 A space X is locally compact if for any £ € X, every open neighbourhood
of = contains a compact neighbourhood of z. A Hausdorff space is locally compact
if and only if every point has a compact neighbourhood. Every compact Hausdorff

space is locally compact.

A.1.12 From [0,1] we remove the middle third to get A; = [0, 3] U[%,1]. We then
remove the middle third of [0, %] and [%, 1] to get A2 C A;. Continuing in this way,
we define A3, Ay4,..., and let C = N> A,. This is called the Cantor space, and

n=1

z € C if, and only if, z = 332, an /3" where each a, is either 0 or 2.

A.2 Metric spaces

A.2.1 A metric on a set X is a function d : X x X — [0,00) such that

1. d(z,y) =0 if, and only if, z = y.

2. d(z,y) = d(y, T)-

3. d(z,2) < d(z,y) +d(y, 2).
The pair (X, d) is a metric space. If z € X and € > 0 then
Be(z) = {y € X | d(z,y) < ¢},
is called an open ball. The collection of open balls is the basis for a topology on X.

A.2.2 A topological space (X, ) is metrizable if there is a metric on X such that

m is the induced topology.

A.2.3 Suppose (X,d) and (X',d’) are metric spaces, then a Lipschitz equivalence
f: X — X' is an injection for which there exists h,k > 0 such that

hd'(f(z), f(y)) < d(z,y) < kd'(f(2), f(y)), VzyeX.

An isometry f : X — X' is a bijection such that d'(f(z), f(y)) = d(z,y), for all

z,y € X. If f is not surjective, then we say that it is an isometry into X'.
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A.2.4 Suppose (X,d) is a metric space, then for £ € X and B C X non-empty
closed, we define d(z,B) = inf{d(z,y) | y € B}. The Hausdorff metric on the

collection of non-empty closed sets is defined by
du(A, B) = sup{d(z, B),d(A,y) |z € A,y € B}. ~

A.2.5 Suppose (X,d) is a metric space, z € X and {z,} is a sequence in X, then

{zn} converges to z if limp_y00 d(Tn,z) = 0. We say that z is the limit of {z,}.

A.2.6 Suppose (X,d) is a metric space, then a sequence {z,} in X is Cauchy if
for every € > 0 there exists N > 1 such that d(z,,z,) < € forall n,m > N. The

metric space is complete if every Cauchy sequence converges to a point in X.

A.2.7 The completion of a metric space (X,d) is a complete metric space (M, d)
and an isometry into M, i : M — M, such that i(M) is dense in M. Every metric

space has a unique completion up to isometry.

A.2.8 Suppose (X,d) is a metric space, then a contraction f : X — X is a map
for which there exists 0 < k < 1 such that d(f(z), f(y)) < kd(z,y), forallz,y € X.
If (X,d) is a complete metric space and f : X — X is a contraction, then f has a

unique fixed point.

A.2.9 A metric space (X,d) is totally bounded if for each € > 0 there is a finite
subset S C X such that

X =|J{Be(a) | z € S}.

The following are equivalent:

1. X is compact.
2. X is complete and totally bounded.

3. Every sequence has a subsequence converging to a point in X.
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A.2.10 Given two metric spaces (X, d) and (X',d') we can define many possible
product metrics on X x X'. For example, if we let £ = (z,z2) and y = (y1,¥2) in

X x X', then we can define

dl(ma y) = d(xl’yl) + d,(l‘?a y?):
da(z,y) = [d(z1,11)? + d' (22, ¥2)?]'/2,

doo(z,y) = max{d(z1, 1), d(z2,y2)}.

A.2.11 A complex vector space X is a normed space if for each z € X, there is

|lz|| € R* called the norm of z such that

L lz +yll < llzl| + llyll, for all z,y € X.
2. |laz| = |alllz|l, for all z € X, a a scalar.

3. [|z|| = 0 implies that = 0.

The norm induces a metric on X as d(z,y) = |lz — y||. A Banach space is a normed

space complete in the induced metric.

A.3 Measure theory

A.3.1 If M is a non-empty class of subsets of some set X, then M is a o-ring if
it is closed under differences and countable unions, and a o-algebra if it contains X
and is closed under complements and countable unions and intersections. A o-ring
that contains X is a o-algebra. For any class of subsets M of X, there exists a
smallest o-ring S(M), and a smallest o-algebra o(M) containing M. If M is a
o-algebra then X is a measurable space and the members of M are the measurable

- sets.

A.3.2 For a set X and o-algebra M, a (positive) measure pp : M — [0,00] has

(@) = 0 and is countably additive, so that if {4;} is a disjoint collection of members
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of M, then
o0 o0
7 (U Ai) = > u(d).
i=1 =1
A measure space is a measurable space with a positive measure defined on its mea-

surable sets. A normalised measure has p(X) = 1.

A.3.3 Suppose X is a topological space and let B be the smallest o-algebra con-
taining every open set. The members of B are called the Borel sets of X. A Borel

measure is a measure defined on the Borel sets.

A.3.4 For a measure space X, a o-finite measure is a measure such that X is the

countable union of a collection of sets with finite measure.

A.3.5 Suppose u is a Borel measure on a topological space X, then u is regular if

u is finite on compact sets, for each A C X,
u(A) = inf{u(U) | A C U and U open},
and for each open U C X,

p(U) = sup{u(K) | K C U and K compact}.

A.3.6 Suppose (X, «) is a second-countable locally compact Hausdorff space with

a o-finite Borel measure u, then p is regular.

A.3.7 The Lebesgue measure on R is such that every interval has measure its

length, every Borel set is Lebesgue measurable, it is translation invariant and regular.
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