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LOWER BOUNDS ON BLOWING-UP SOLUTIONS OF THE
THREE-DIMENSIONAL NAVIER-STOKES EQUATIONS
IN H3/2, H5/2, AND B3/’*
DAVID S. MCCORMICKT, ERIC J. OLSON#, JAMES C. ROBINSON¢, JOSE L. RODRIGO",
ALEJANDRO VIDAL-LOPEZY, AND YI ZHOU!

Abstract. If u is a smooth solution of the Navier-Stokes equations on R3 with first blowup
time T', we prove lower bounds for u in the Sobolev spaces H3/2, H5/2 and the Besov space B;f,
with optimal rates of blowup: we prove the strong lower bounds [|u(t)|| z3/2 > (T — t)=1/2 and
||u(t)HBg/12 > (T —t)~1; in H5/2 we obtain limsup, ,;,— (T — Dllu(®)ll gs/2 > ¢, a weaker result.
The proéfs involve new inequalities for the nonlinear term in Sobolev and Besov spaces, both of
which are obtained using a dyadic decomposition of u.
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1. Introduction. The aim of this paper is to prove lower bounds on smooth
solutions of the three-dimensional Navier—Stokes equations,

(1.1) ou— Au+ (u-V)u+ Vp =0, V-u=0,

posed on the entire space R3, under the assumption that there is a finite “first blowup
time” T. Results of this type date back to Leray (1934), who showed that there exists
an absolute constant ¢; such that

C1
u()ll =

VT —t

In fact this result is a consequence of upper bounds on the local existence time for
solutions with initial data in H', a pattern of argument repeated for subsequent lower
bounds in other spaces. Leray also stated (without proof) the lower bound

c
[u()]|Lr = (D
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a proof of which can be found in Giga (1986) and Robinson and Sadowski (2014).
Lower bounds in LP spaces are also discussed in some detail by Lorenz and Zingano
(2015).

More recently there have been a number of papers that treat the problem of
blowup in Sobolev spaces H® for s > 1/2. Benameur (2010) (with a similar periodic
analysis in 2013) showed that for s > 5/2

lu(®)|l s > es|lu(T — t)IIEJQS)/?’(T s,
which was improved by Robinson, Sadowski, and Silva (2012) to

o(T —t)~(2s=D/4 s€(1/2,5/2), s #3/2,
(12) Hu(t)HHS 2 (5—2s)/5 —2s/5

clluo|y = (T —1%) , §>5/2.

Solutions of (1.1) have the following important scaling property: if u(z,t) is

a solution with initial data u;(z), then Au(Az,\?t) is a solution with initial data
ux(z) := Auy(Ar). We say that a space X scales with exponent aif [[uy||x = A% ||lu1 || x
(the space H*® scales with exponent s — 1) and two spaces “have the same scaling”
if they scale with the same exponent. Using these scaling considerations Robinson,

Sadowski, and Silva (2012) argue that one would expect the bound
lu(®)| o > (T — t)*(2sfl)/4

for all s > 1/2; we refer to this here as the “optimal rate.”

We note that in the bounds in (1.2) the cases s = 3/2 and s = 5/2 are excluded
and that the bounds for s > 5/2 are not at the optimal rate. Although Benameur
(2010) and Robinson, Sadowski, and Silva (2012) both obtained the lower bound

la() s = e(T — )71,

i.e., a bound with the optimal rate in a space with the same scaling as H3/2, no lower
bound with the correct rate in any space scaling like H5/2 has previously been shown.

Recently, Cortissoz, Montero, and Pinilla (2014) proved lower bounds in H3/2
and H%'? at the optimal rates but with logarithmic corrections,

[[u(t)

livse 2 =g —ar Ol = @ g a1

where in both cases ¢ depends on |lug] 2.
In this paper we fill some of these gaps. We will show that if u is a smooth
solution with maximal existence time 7', then

c

(1.3) ()l o2 = T =02

which we refer to as a “strong blowup estimate,” and
limsup (7' — t)||u(t)|| gs/2 > ¢,
1T

3

which we refer to as a “weak blowup estimate.” We also prove a strong blowup

estimate in the Besov space 33/127 which has the same scaling as H/2,

C
oy >
el 32 > =
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These bounds follow from two inequalities for the nonlinear term B(u,u) :=
(u-V)u. Both are proved using a dyadic decomposition of w. The first is the Sobolev
space inequality

[(A°B(u, u), Au)| < clfull g llull grosalfwll gz, 521,

valid whenever the right-hand side is finite (in fact we prove a more general commutator-
type estimate in Proposition 5.1). The second is the Besov bound

|(ArB(u, ), Apu)| < CdkTWQIIU\I%g/fHAWHL%

where ¢ does not depend on k and ), d; = 1. We present the proofs of these
inequalities in sections 5 and 6, with the resulting blowup estimates given first in
sections 3 and 4.

Within the 10 days prior to the submission of this paper to arXiv, two other
papers were submitted providing proofs of the lower bound in (1.3) for H3/2—one
by Cheskidov and Zaya (using an alternative dyadic argument) and one by Montero
(using a very neat interpolation argument).

2. Preliminaries. In this section we prove a simple ODE lemma that provides
lower bounds on solutions that blow up, and we recall the dyadic decomposition that
we will use to prove our Sobolev and Besov space inequalities.

2.1. Lower bounds and differential inequalities. Lower bounds on solutions
that blow up at some time 7" > 0 can be derived from differential inequalities for the
norms of the solution (i.e., from upper bounds on the local existence time). The
following simple ODE lemma makes this precise.

LEMMA 2.1. If X < eX' and X(t) — co ast — T, then

21 X(0) > (Wl_t))””.

Proof. Write the differential inequality as

ﬂ < cdt
Xy —
and integrate from ¢ to s to yield
L ()
X X(s)7
Letting s — T yields (2.1). O

2.2. Homogeneous Sobolev spaces. We denote by HS(]R”) the space

{wr aethamy: [ iR < oo}
where

(2.2) Flul(€) = a(¢) = / e 2y (1) da

n

is the Fourier transform of u. We denote by A® the operator with Fourier multiplier
|€]%; then the norm in H® is given by

ull o = 1A% 2 = [[E]°A(E) |2 = /R €12 1a(€)|? k.
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2.3. Homogeneous Besov spaces. Here we recall some of the standard theory
of homogeneous Besov spaces which we will use throughout the paper; we refer the
reader to Bahouri, Chemin, and Danchin (2011) for proofs and many more details
that we must omit.

For the purposes of this section, given a function ¢ and j € Z we denote by ¢;
the dilation ‘

05 (&) = ¢(277¢).
Let C be the annulus {£ € R™ : 3/4 < |¢| < 8/3}. There exist radial functions
X € C(B(0,4/3)) and ¢ € C°(C) both taking values in [0, 1] such that

(2.3a) Ve €R™, XE)+ Y @€ =1,
j=0

(2.3b) Ve € R™\ {0}, D wi€) =1,
JEZ

(2.3¢) if |7 — 4’| > 2, then supp ¢, Nsupp p;r = &,

(2.3d) if j > 1, then supp x Nsupp ¢; = .

We let h = %L and h = .Z 'y, where .Z ! is the inverse of the Fourier transform
operator defined in (2.2).

Given a measurable function o defined on R™ with at most polynomial growth
at infinity, we define the Fourier multiplier operator M, by M,u = F ~L(od). For
J € Z, the homogeneous dyadic blocks A ; and the homogeneous cut-off operator Sj
are defined by setting

Aju =My,,u= 2j"/ h(27y)u(z —y) dy and

n

Sju=gu=2" [ Byt —y)dy.

Formally, we can write the following Littlewood—Paley decomposition:
Id=>Y A,
JEL
We denote by .77 (R™) the space of tempered distributions such that

lim ||Mg(x.yullp~ =0 for any 6 € CZ°(R").
A—00

Then the homogeneous decomposition makes sense in .#; (R™): whenever u € .7 (R"),
u = lim;_,o Sju in . (R™). Moreover, using the homogeneous decomposition, it is
straightforward to show that

Sju = E Aj,u.
J'<j-1

Given a real number s and two numbers p,r € [1,00], the homogeneous Besov
space By .(R™) consists of those distributions v in . (R™) such that

1/r
lullps = 20| Aullpe | < oo
p.r

JEZL
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if r < oo and o
ull gs = sup2?*||AullLr < o0
oo JEZ

if » = oo. For each of these spaces all choices of the function ¢ used to define the
blocks A ; lead to equivalent norms and hence to the same space.

Note that if uv € ] (R™) belongs to B;’T(R”)7 then there exists a nonnegative
sequence (d;);ez such that

(2.4) 1A ull e < 27" |lullg, Vj€Z,  where |(dj)]le = 1.

3. Blowup estimates in H3/2 (strong) and H5/? (weak). The proofs of the
blowup results follows easily from upper bounds on the nonlinear term. We postpone
a detailed presentation of the estimates and proofs of these bounds until section 5.
In this section we assume those estimates and present a straightforward proof of the
strong blowup estimate in H3/2 and, with an additional contradiction argument, of
the weak blowup estimate in H5/2.

THEOREM 3.1. Suppose that u is a classical solution of the Navier—Stokes equa-
tions with maximal existence time T. Then

(3.1) (T = t)[|%a/0 > 55t

Proof. We take the inner product of the equation with w in H3/2, i.e., we apply
A3/2 and take the inner product with A3/%u,

1d

5&”””1%13/2 + lull%s), = (A*2B(u, u), A*?u)

IN

CS/2||UH2'(3/2 ||u||H5/27
using the inequality

[(A®[(w - V)u], A®u)| < cf|ul| g

ull goallull sz, 521,

from (5.5) with s = 3/2, which is proved in section 5. We use Young’s inequality on
the right-hand side to obtain

d
aHUH?IS/z + ||u||§—'[5/2 < C%/z”“”ilsm

Dropping the second term on the left-hand side, the required lower bound follows
immediately from Lemma 2.1. ]

We now use a contradiction argument to obtain a weak lower bound in H5/2 at
the correct rate.

THEOREM 3.2. Suppose that u is a classical solution of the Navier-Stokes equa-
tions with maximal existence time T'. Then

(3.2) limsup (7' — t)[Ju(t)]| gs,2 > c.
HT

Proof. We proceed by contradiction and suppose that for 7 <t < T,

(3.3) lu@®)ll sz < e(T =)~
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where ¢ is chosen so that 2c3/5¢ < 1. Then on this interval

1d
5&”“”?[3/2 < CS/2||“||§';3/2||UHH5/2 - HUH?{s/z

Since ax — x? is increasing in = while x < a/2, using our assumption (3.3) along with

the result (3.1) from Theorem 3.1, we obtain

Ju

c
e 2%
T—t - T—t

N
(&)

< 5 [espallu(®)Fs,2] -

N =

[ grs/2 <

It follows that

d 2 2 € 262
T ltllgse < 2¢sp2llulls)e oy = (T -2

Using the integrating factor (T —t)2¢3/2¢ (note that the exponent is < 1) this becomes

d —(2—2¢.
I (l[ull3a)2 (T = 1)7¢2/2°) < —*(T — 1)~ 20/2¢),

Now drop the right-hand side and integrate from 7 to ¢ to conclude that

[w@) s < () s (T — 7)200/25(T — t) 720028

== CT(T - t)ich/QEa

which contradicts (3.1) provided that 2c3/2¢ < 1, which we assumed above. It follows
that there exist tp — T such that

lw(ti)|l gs/2 > (403/2)*115;1

and (3.2) follows. |

Note that this bound does not use directly any differential inequality governing
the evolution of |lul| zs/2.

4. Strong blowup estimate in B;/f. Although we have been unable to prove

a strong lower bound in H%/? at the correct rate (i.e., [[u(t)|| gs/2 > ¢/(T —t)) we can

obtain such a bound in the Besov space 33{127 which has the same scaling (exponent
2). Again the proof relies on estimates of the nonlinear term, which we delay until
section 6.

THEOREM 4.1. Suppose that u is a classical solution of the Navier—Stokes equa-
tions with maximal existence time T. Then

C
. 25/2 2 .
(1) el sy2 2 7

Proof. We consider the equation for A, u, which can be rewritten (by adding and
subtracting the term involving the summation in 4) as

éfyu—AAw+-Agm-vmy—i}%Am@Aw + ) S0 Aju

+VAp=0,
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since Ak and A commute. Taking the inner product in L? with Aku yields

1d

5 gl Qeullie + 1VAwulZ: < [A gl L2

L2

Ap((u-V)u) — Z Sp_ 110 Au

We drop the second term on the left-hand side and divide by ||A,ul|z> to yield

d .
a”AkuHLZ <

Ap((u-V)u) — Zsk,lui&-Aku

LZ
< Cdk(t)2_5k/2||u||235/27
2,1

using Proposition 6.6, and where > dj(t) = 1 for each t.
We now multiply by 2°%/2 and sum to obtain

lull g < ellullyez,

from which (4.1) follows at once via Lemma 2.1. |

5. Bounds for the nonlinear term in Sobolev spaces. In this section we
will prove the bound on the nonlinear term that we used in the proof of Theorem 3.1,
namely

(AP B, u), A ?u)| < g ol ulFyaal|ull g /-

In fact we prove a somewhat more general result in Corollary 5.4, which in turn
is a consequence of the following commutator estimate (cf. Kato and Ponce (1988),
Fefferman et al. (2014)).

PROPOSITION 5.1. Take s > 1 and sy, 82 > 0 such that
(5.1) 1<s1<g5+1 and s1+sy=s+ 5+ 1
Then there exists a constant ¢ such that for all u,v € H* (R™) N H*2(R"),

[A°[(u - V)o] = (u - V)(A*0)[[ 2 < c(([ull g

|U||H52 + Hu||HS2 H'U”Hsl )
To prove Proposition 5.1 we need two simple lemmas. A proof of the first can be

found in Fefferman et al. (2014); the second is an immediate consequence of Bernstein’s
inequality (see McCormick, Robinson, and Rodrigo (2013), for example).

LEMMA 5.2. If s > 1 and |b| < |a|/2, then
llal* = Ja = bJ*| < cla —b]*~"Jb],

where ¢ = s3571.

LEMMA 5.3. There exists a constant c such that for any k € Z and any p, q with
1<p<g<oo,if Ayue LP(R™), then Aju € LY(R™) and

1A gullze < 2PN A w1

We can now give the proof of Proposition 5.1.
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Proof of Proposition 5.1. Write u =), A,u and v = Zjel Ajv; then
[(u-V)o] = *v)
= Z {Aé (ZA u) VA v| — (Z Alu> VASAjU}
JEZ i€Z €L
j—10 j—10
Z{AS ( > A, u> VAu| - ( > Aiu> VASAjv}
Z i=—00 i=—00
[ [ i+o ' it .
+ Z A° Z A | VA | — Z Aju | VAPA v
jET i=j—9 i=j—9
B i-10 . i-10 '
Y SN A Y VA || =Au| > VAAw
i€Z L j=—00 j=—o00
= Zfl,j + Zfz,j + Z f3
JEL JEL i€Z

Taking the Fourier transform of f; ;, we have

7j—10

Fus® = [ (=) 3= St —mind,on) an
Since i < j — 10, [£€ — n| < |n|/2, so by Lemma 5.2 we have
j-100
@1 [ le=nl| 3 Aaute—m)| il | Asvtm)] an
Let q1, g2 satisfy qil + q% ==z and 2 < q1 < 75, and let py,po satisfy pi = % + %
Noting that 1+ % = p% + pQ, by Young’s mequahty for convolutions we have
j—10 —
Ifvsllee < |llSH D2 Au(¢ 1A v(n)
1=—00 Lr2
As 1 — 514+ n/q >0, by Holder’s inequality we have
j=10 __ j-10
H|<| Yo Al < Kl Lggsai-oy ]l (161 ] D2 Asu(C)
i=—o00 Lr1 i=—00 L2
< O
For the other term, by Holder’s inequality,
H”Mﬂ(n) < [[Inl* Lz <pgrzaitny || oo || 50(0)
Lr2 L2

< 9i(s+n/a2)
— L2 )

‘Ajv
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hence
||f1,j||L2 < CHUHHSl 9i(s=s1+n/q1+n/qz+1) HAJ_U‘ .
< cllulln 2% [2,0]
and thus
2 2
(5-2) Do fulze < cllulle [0l -

JEL
J+9

\2i=j—9
an annulus centered at radius 27, we obtain

For the second term, since (Z Aiu)VAjv is localized in Fourier space in

349 49
| f2illoe < ||A® Z A VA]-U + Z A VASA]-U
i=j—9 L2 i=j—9 L2
j+9 ) 9 )
<2 Y 1 BullpallVA v+ D0 1Al | VAR A ol e
i=j—9 i=j—9
Jj+9
< EHDVAwl|e Y 2 Al
i=j—9
Jj+9
SCQQ‘(Hn/z*SI)HVAjU”LZ Z 2/ (1= A 2
i=j—9

using Bernstein’s inequality (Lemma 5.3). Since |i — j| < 9, 27(1=7/4) < ¢2ils1=n/4)
=)

J+9
I foillze < 22 V|VA |2 Y 29| Aul|e,
i=j—9
and thus
2 2
(5.3) > llf2ill7e < ellullF 017 -

JEZ
For the third term, we use the Sobolev embedding

IVullr < cllull o

provided p = #LZH Using Holder’s inequality, we obtain
i—10 i—10
1f3,ill2 < ||A? Ai“ Z VAJU + Azu Z VASAjU
j=—00 12 =0 L
i—10
< 2% Agull puscss 1) Z VAjv
J==oo L2n/(n—2s1+2)
i—10
+ 1Al g | Y VA A
j=roo [2n/(n—2s1+2)
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< 22D A 2|0 -,
< e22| Azl 2 o] ey

using Bernstein’s inequality (Lemma 5.3) and the fact that 27¢ < 2%. Hence

2 2
(5-4) Do Ifsillze < ellullzen ol -

i€l
Combining (5.2), (5.3), and (5.4) yields the desired result. 0

In particular, taking s = s; = n/2 and s3 = n/2 + 1 in Proposition 5.1 yields
[A™2](u - V)o] = (u- V) (A™20)] 2
< cIVull gara vl grnsz =+ 1l g2 VO[] g2

The counterexample in the appendix to Fefferman et al. (2014) shows that one cannot
remove the second term on the right-hand side, at least in the case n = 2.

We will use this estimate in the form of the following corollary, which provides a
partial generalisation of Lemma 1.1 from Chemin (1992).

COROLLARY 5.4. Take s > 1 and s1, 82 > 0 such that
I1<s1<3+1 and s1ts2=s5+75+1.
Then there exists a constant ¢ such that for allu,v € H* (R™)NH®*(R") with V-u = 0,

|[(A[(u - V)ol, A%0)| < e([lull g,

[0ll o2 + lleell oz 10l g0 ] e -

Proof. Observe that since
((u-V)A°v,A%v) =0
it follows that
(A®[(u- V)], A%v) = (A°[(u- V)v] — (u- V)A%v, A%0)

and the inequality is an immediate consequence of Proposition 5.1. 0

Note that in particular for any s > 1, if V-« = 0, then
(5.5) (A (- V)l A%)| < clull gl s [l g
whenever the right-hand side is finite.

6. Bounds for the nonlinear term in Besov spaces. Much like the Sobolev
embeddings, Besov spaces enjoy certain embeddings with the correct exponents. We
quote the two embeddings we will use most frequently.

PROPOSITION 6.1 (Proposition 2.20 in Bahouri, Chemin, and Danchin (2011)).
Let 1 < p; <ps<ooand 1 <1 <ry <oo. For any real number s, we have the
continuous embedding

Bs (Rn) N Bsfn(l/plfl/pz)(Rn).

p1,71 p2,72

PROPOSITION 6.2 (Proposition 2.39 in Bahouri, Chemin, and Danchin (2011)).
For 1 <p < q < o0, we have the continuous embedding

BT UR™) s LI(R™).
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6.1. Homogeneous paradifferential calculus. Let u and v be tempered dis-
tributions in . (R™). We have

u:ZAJ,u and v:ZAJU,

Jj'ez JEZ

so, at least formally,
uv = Z Aj,uAjv.
J:J' €L

One of the key techniques of paradifferential calculus is to break the above sum into
three parts, as follows: define

T’u’l} = Z Sj_luAjv

JEZ

and

At least formally, the following Bony decomposition holds true:
w = Tyv + Tyu + R(u, v).

We now state two standard estimates on 7' and R that we will use in proving our a
priori estimates.

LEMMA 6.3 (Theorem 2.47 from Bahouri, Chemin, and Danchin (2011)). There
exists a constant C' such that for any real number s and any p,r € [1, 00] we have, for
any u € L* and v € By,

1Tuvll gy < O ullpe ol g, -

LEMMA 6.4 (Theorem 2.52 from Bahouri, Chemin, and Danchin (2011)). Let
s1, 82 € R such that s1 + sg > O There exists a constant C = C(s1, $2) such that for
any p1,p2, 71,72 € [1,00], u € B3 ., and v € B2

p1,717 p2,r2’

1200, )| ryes < Cllullgey oz
provided that
1 1 1 1 1 1
- =—+4+—<1 and -:=—+—<1.
p p1 D2 r 1 T2
We also require the following result, a particular case of Lemma 2.100 from Ba-
houri, Chemin, and Danchin (2011).

LEMMA 6.5. Let —1—n/2 <o <1+n/2 and 1 <r < oo. Let v be a divergence-
free vector field on R", and set Q; := [(v- V), ;]f. There exists a constant C =
C(o,n) such that

H(QJ'UHQ],”LQ)jHW < C|IVU||B;/;QLOC Hf”fag,,,.'
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6.2. Main estimate in Besov spaces. We are now ready for the main estimate
in Besov spaces.

PROPOSITION 6.6. There exists a constant ¢ > 0 such that if u € Bn/QJrl then
(6.1) HA ((u-V)u Z Sp1uidiAgul < edp 272D g2 L0
B2,1
L2
with Zk dk =1.

Throughout the proof we use < to denote that the inequality holds up to a
multiplicative constant, which may vary from line to line.

Proof. Notice that the lth coordinate of (u-V)u is given by ). u;0;u;, and so we
have

(u-Vu), ZT Bul—i—ZTguluz—i—ZRu“Bul

Recall that by definition

Tui&‘ul = Z S’jfluiAjaiuly
J

and so we can rewrite ATy, Vu; as follows:

(62&) Z AkTuﬁlul = Z Sk,luiaiAkul
(62b) + Z Z(S’j_lui - Sk_lui)aiAkAjul
(62C) +ZZ[Ak,5j_1ui8i]Ajul.

g

Rearranging this we obtain the following expression for the [th component of the term
we want to estimate:

( p((u-Vu ZSk 1u;0; Aku>l

(6.3a) = Z Z(S’j,lui — Sk,lui)aiAkAjul
i
(6.3b) +3 D 1A oo Ay
i
(6.3¢) + Z Ay To,uui
(6.3d) + Z AL R(ug, duy).

We will show that L? norm of each of the four terms in the right-hand side
is controlled by a constant multiple of dj2~*(/2+1)||y| 213"/2“’ hence obtaining the
2,1

result.
For (6.3a), ignoring the summation in ¢ for now we have

Z(S‘j_lui — Sk_lui)aiAkAjul = AkfluiAkAkH@iul — AkduiAkAkflaiul,
J
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and so (now summing in ¢ as well)
|expression (6.3a)|[12 < 2| A, ul|p | A w2
+ 2 Ay gull e | Ay 2
< Nl zelfull gy o

5 dk2—k(n/2+1) ||u|

B;L,/12+1 Hul ‘ B;Ly/12+1

since ‘
XAl < full gy S llull gy

Above we have used the definition of Béo,oo and the embedding
(6.4) BT (R") < BL o (R").
from Proposition 6.1, and also (2.4), to find

1Aullze S di2 F 20 ] oo
2,1
To treat (6.3b), define Q) = 3_; (A, Sj—luiai]Ale and apply Lemma, 6.5 to give

[25240 ul

2
o STyl gy S Tl

since B? embeds continuously into L> and B;’g (see Propositions 6.1 and 6.2). It

follows that
Qullze S 2 /2D o

To estimate (6.3c) we use Lemma 6.3 and the embeddings from Proposition 6.2;
we have

||Taiuzui|\ggy/l2+l S V] oofluill gz
S ||u||232/12+1-
Using (2.4) we find

1Ak Touuilly < di2 ™24l

Finally we consider (6.3d); using Lemma 6.4 with p = 2, (p1,p2) = (00,2), 7 =1,
(r1,72) = (00,1), (s1,82) = (1,n/2), we obtain

1R Cus, Oin)ll gprzes S luillga, NIVl gz
< 2
~ ||UHB;/12+17
using the embedding (6.4) once more. Again, by (2.4) we find

AR R(ui, Oiw) || 2 S dp27* 2D w2,

Combining these estimates yields (6.1). d
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7. Conclusion. Lower bounds in H3/2 are now available from a number of
sources. It remains an interesting open question whether it is possible to obtain
a strong lower bound in H5/2 and any type of lower bound at the optimal rate in
H* with s > 5 /2. If not, it would be worthwhile to develop an understanding of the
qualitative change of the initial value problem for ug € H* from s < 5/2 to s > 5/2.
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