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ABSTRACT

The purpose of this study is to find out Turkish prospective teachers’ subject matter
knowledge of variables and pedagogical content knowledge of variables and also the
nature of the interactions between these two types of knowledge. One hundred and
eighty four students participated in the study. Questionnaires were distributed to 2“d, :
39, 4 year mathematics education faculty students of three different universities. The
questionnaire included 16 fixed and open-ended questions about (a) the principal nses
of variables, (b) the awareness about different roles of variables, (c) the flexibility,
versatility and connectedness among the different roles and uses, and (d) ways of
presenting the subject matter, (e) curriculum knowledge. As a follow-up study, ten
students of different year groups who completed this questionnaire were interviewed.
The outcome of this study is that prospective teachers have different perceptions of
the notion of the variable which are reflected in their pedagogical content knowledge
in a complex way. Results indicate that the majority of prospective teachers are
successful in manipulating variables; however they have problems in rnoVing flexibly
between different meanings and representations Concrete objects and numbers are
ldentlﬁed as two main forms of analogies that they would use to explain 1deas relatmg ;
to manlpulatlon of symbols. The results indicate that there i is a complex 1nteractlon
between subject matter knowledge of variables and pedagog1cal content knowledge
which may involve the prospective teachers’ own learning expenences general

pedagogical knowledge and the robustness of one type of knowledge.
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CHAPTER1

Beginnings

INTRODUCTION

This thesis investigates Turkish prospective teachers’ subject matter knowledge of
variables, (from now on SMKv) and pedagogical content knowledge of variables, blend
of content knowledge with general pedagogical knowledge which is required to teach
variables to others, (PCKv). PCK differs from both the content knowledge and general
pedagog1cal knowledge Content knowledge is the knowledge which is held by a content
expert, what the mathemat1c1an understands about the d1s01p11ne of mathematics General
pedagogical knowledge is the knowledge of experienced teachers, such as knowledge of
how to manage students and organise a classroom during instruction. These terms will be

more fully explained in the next chapter.

- In this study; the nature of the interactions between these two types of knowledge is also |
examined. One hundred and eighty four students participated in the study. Questionnaires
were distributed to 2", 3, 4™ year students from three different niathematics education
faculties in Turkey; Asb a follow-up study, ten students of different year groups who |
completed this questionnaire were interviewed. In this first chapter, I will give an account
of the need for such a study by discussing its 1mportance The case for the importance of .

this topic W111 be based on the importance of algebra, and the importance of variables. |
The lack of research on prospective teachers’ knowledge about variables in Turkey will
be also considered while discussing the need for this study. At the end of the chapter I

will present the general and specific research questions and an outline of the thesis.

1.1 Importance of this study

Algebra i is one of the most fundamental subjects in the school curriculum since it is used

‘in other subjects in technology and as a tool to solve real world prob]ems In some -



countries, the term “gatekeeper” has been applied to algebra since the successful
completion of an algebra course is a prerequisite not only to further study in mathematics

and other subjects but also to many jobs and later opportunities.

Although the‘word algebra may be interpreted broadly to encompass the diversity of
possible definitions of the word, within the context of school mathematics, algebra deals
with expressions and equations, e.g. simplification of expressions, solutions of equations,
substitution within expressions, and the use of these to construct and solve word
problems. Expressions and equations are composed of numbers, operations, letters, and
(for equations) an equality sign. Within these components, it is comrnonly agreed that the |
use of literal symbols is among the most important building blocks for understanding
algebra, According to Eisenberg (1991) understanding the use of variables is the basis of
all abstractions in mathematics. It is so important that not understandmg it may block

students success in algebra (Leitzel, 1989).

In discussing the richness and multiplicity of meanings of the notion of variable,
Schoenfeld and Arcavr (1988) point out that it is almost 1mposs1b1e to capture the
meaning of the term variable by a s1ng1e word, furthermore it is very dlfﬁcult to give a ;
full definition that captures the essence of the term variable. They, assert that this
difficulty may be partly lessened by considering how variables are used and work.
- Philipp (1992) puts variables into seven categories depending on their usages,
1. Labels £, yin 3f = Ly (3 feet in 1 yard);

2. Constants [1, e, c;

3. Unknowns xin 5x:9=91; -

4. Generalised numbers a,bina+b=b +a;
- 3. Varying quantities x, y in y= 9x-2;

6. Parameters m, b in y =m x + b;

7. Abstract symbols e, x in e¥x= x.



In this study the word variable is used in a similar way, that is, by the word variable I will

mean broadly ‘letter standing for numbers’.

However, research conducted in many countries indicates that students experienée
difficﬁlties | oh their journey to leafning the concept of variable. Although it is so
fundamental and so difficult to learn for some, we do not know enough about teacherS’ or
prospectivé teachers’ knowledge base for teaching this concept; in particular subject

matter knowledge and pedagogical content knowledge.

1.2 Need for this study |

The reasons for such a lack of research on teachers’ subject matter and pedagogicai
content knowledge of variables are various. One of the reasons for Scarcity of research in
this field is that “pedagogical content knowledge” is relatively new notion (Even &
Tirosh, 1995; Shulman, 1986). Another reason is that conceptions of’ the role of the
teacher and its importance in relation to pupils’ learning have undergone dramatic
changes over the years. In the past, teacher had been regarded’ask the deliverers of facts
and procedures. Within this conception, teachers’ knowledge was regarded as very
important in the prdcess of learning. However, the subject matter knowledge of teachers ' ‘
was defined as the number of courses the teachers had taken in the natural sciences; aﬁd |
pedagogical content knowledge as instructional outcome, namely the marks students had - |
taken frorﬁ staﬁdardised tests. (Ball, 1991; Begle‘,’ 1979). Hence, this phase of research

did not study the interactions between subject matter and pedagogical content knowledge.

During 1960s and 1970s the role of the teacher is regardéd as impiementing an expert

made curriculum, That is, the teacher is seen as manager and facilitator who watch =

students while they are learning directly from ready made curriculum (Even & Tirosh,
- 1995).

One of the incentives that are related to such a conception of teaching is expressed by
Herscovics (1989). Discussing the reasons why only a minority of students achieve a

Teasonable grasp of algebra content in secondary school, Herscovics (1989) focuses on



cognitive obstacles. He goes on to claim that due to these obstacles most of the secondary
school students are unable to understand the topics in elementary algebra. He moreover
belittles those efforts to devise some learning environments in which students can
- overcome these obstacles. He writes that: |
Some people ;are convinced fhat it is due essentially to inadequate teachiné.

They strongly believe that the problem is mainly one of instruction and that “if

only we could train teachers to teach well, most students would understand.”
This viewpoint is both optimistic and simplistic... (p. 60, emphasis added),

Hence, research during 1960s and 1970s did not study the teacher’s_knowledge rather
they studied the teacher behaviours such as classroom management, questioning
etc.(Even & Tifosh, 1995). On the other hand Sutherland (1991) and Tall (1989) discuss
their concerns about the focus on cdgnitive obstacles in teaching and learnihg of ‘algebra,"
and criticise the viewpoints similar to the ones mentioned above. . Thus, they invite

researchers to develop'a variety of teaching stratégies and examine the effects of each on

the learning of algebra. The conceptions of teaching and its importance in relation to |
learning that are similar to Sutherland’s ‘view are now widely shared among educators.
Support for this last claim comes from the followmg quote from Even and Tirosh (1995)

and later in the quote from Fennema and Franke (1992).

It is now widely accepted that the teacher’s role in promoting learning involves

setting mathematical goals and creating classroom environments to pursue them;

helping students understand subject matter by representing it in appropriate

ways; asking questions, suggesting activities and conducting discussions.

Subject matter knowledge is much more critical for this new role of the teacher
“(Even & Tirosh, 1995, p. 2).

As a result, currently “No one questions the idea that what a teacher k_nows is one of the
“most important influences on what is done in classrooms and ultimately on what students
learn.” (Fennema & Franke, 1992, p. 147). Therefore, teachers’ knowledge is a critical

concept in teaching, but it is a concept of varied definition.

Although common sense suggests that teacher knowledge is “a large, integrated,

functioning system with each part difficult to isolate” (Fennema & Franke, 1992, p. 148)



studying teacher knowledge by looking at its components is the most common approach
taken in this field. However, the common assumption of these studies is that individual
components of teacher knowledge are interrelated. That is, while they are studying the
effects of individual components on students’ learning, some of the researchers (e.g. Ball,
1991; Wilson, Shulman, Richert, 1987; Begle, 1979), hold the assumption that these

different components are interrelated.

Even and Tirosh (1995) are the only researchers who have examined the relationships
between SMK and PCK; they did so in the context of functions and undefined
mathematical operations. As a result of this study, they conclude that their prospective |
teachers do not know the reasons behind the rules, therefore they opt to explam these as
rules to be followed. Furtherrnore, they assert that the issue of the nature of the
1nteract10ns between SMK and PCK needs further 1nvest1gat1on Hence there is llttle
evidence to support the existence of and illustrate the nature of the 1nteractlons between

these dlfferent components

One of the main focuses of this study therefore will be the nature of relatronshxps
between two components of teacher’s knowledge; namely the nature of the relatlonshrp
| between subject matter knowledge and pedagogical content knowledge in the context of
variables. ' |

Another focus of this study is the state and nature of prospectlve teachers’ SMKv and

PCKv. In addition to the reasons S0 far dlscussed the motives for this study compnsmg b

aims related to SMKv and PCKv can be given as followmgs Sfard and L1nchevsk1k

(1994) complain about the scarcity of research on older students understandmg of

variables. In particular, they complam about the scarcity of studles that examine the .

Passage from the ‘algebra of a fixed value’ to the ‘functional algebra.” They assert that
Among the issues that should be addressed are such questions as student’s ability

to think about algebraic formulae in terms of functions and his or her readmess to
apply this outlook whenever appropriate (p. 108).



In addition, I considered that there had been no research done dealing with prospective

teachers’ SMKv and PCKv in Turkey, therefore I thought it was worth carrying out .

research in Turkey. The underlying reason for such a consideration is related to the
social, cultural and pedagogical aspects of education system in Turkey which may be

different from other countries.

Furthermore, research into prospective teachers’ SMKv and PCKYv is beneficial since it
gives us an idea of future teachers’ knowledge base for teaching variables. The results of
this study can help teacher education programmes to rethink about their approaches to

~ train prospective teachers.

That is, this study can be helpful for teacher instructors in Turkey. For exmple, teacher -
instructors should be able to get an idea about the state of prospectlve teachers”
knowledge about learning and teaching this concept. They can consider those aspects that

are lackmg (if any) then they may try to adjust their trammg approaches accordmg to |
these,

For such an investigation the following general and specific research questions which are

deemed to be important are formed:

1.3 The purpose of this study
The main purpose of this research is to investigate Turkish prospective teachers’ subject
matter knowledge of variables as a source of their pedagogical content knowledge of

Variables, General and specific research questlons according to this purpose are as
follows



1.3.1 General Research Questions

1. What is the state and nature of Turkish prospective mathematics secondary

teachers’ subject matter knowledge of variables?

2. What is the state and nature of Turkish prospective secondary mathematics

teachers’ pedagogical content knowledge of variables?

3. Is there any relationships between subject matter knowledge of variables and
pedagogical content knowledge of variables, if so what is the nature of such

- relationships?

~ After reviewing the relevant literature, dlfferent aspects of SMKv and PCKv are

identified and followmg spec1ﬁc research questlons are formed

1.3.2 Specific Research Questions that are related to Subject matter
knowledge of variables

What is the state and nature of Turkish prospective secondary teachers’ subject matter

knowledge in;
1. 't‘he Principalkuses of variables?
2. The Awareness’ of different roles of variables?
3. Flexibility, versatility and connectedness among different roles and uses?
133 Specific Research Questions that are related to Pedagoglcal

Content knowledge of variables « :
What is the state and nature of Turkrsh prospectlve secondary mathematlcs teachers

Pedagoglcal content knowledge of
4. Knowledge about ways of presenting the subject matter?

5. Curriculum knowledge?



1.3.3 Specific Research Questions that are related to the relationships
between subject matter and pedagogical content knowledge

6. What is the nature of the relationships (if any) between SMKv and PCKv?

1.4 The structure of the thesis

This chapter then has offered a first quick look at what this study is about. Chapter Two
will discuss integrated knowledge on several bodies of work; namely the studies on
learning and teaching of variables, studies on teacher and prospective teacher subject -
matter knowledge and pedagogical content knowledge. The research methodology, which |
essentially derives from the use of a questionnaire with fixed and open questi'o’ns
Supported by the use of selected interviews, that will be used to investigate research
Questions in the study will be discussed in Chapter Three. I will also provide accounts of

Procedure, size of sample, sample selection method, and choice of questions in Chapter
Three.’ ' | s

Chapter Four will report and discuss the analysis of subject matter knowledge of
Van'ables (SMKYv) and pedagogical content knowledge of variables (PCKv). The results
suggest that many pfospective teachers are successful in manipulating variables; how’ever’ :
they have problems in moving flexibly between different meanings and representations.

The pedagogical cohtent knowledge began to develop prior to exposition to pedagogy -
Courses and teaching experiénces. Objects and numbers are identified as two main forms |
of representation that they would use to ‘exp'lain ideas relating to manipulation of

Symbols.

Chapter Five will report and discuss the findings in the context of the nature of the
relationships between SMKv and PCKy. The results indicate that there is a complex
interaction between subject matter knowledge of variables and pedagogical content -
knowledge which may involve the prospective teachers’ own learning experiences, -

general pedagogical knowledge and the robustness of one type of knowledge.



Chapter Six will summarise the findings in the previous chapters and discuss the wider

implications of this research as well as presenting recommendations for future research.



CHAPTER 2

A Review of the Literature

- INTRODUCTION

In this chapter I will discuss the research reports and theoretical papers which I used to
form my theoretical frameworks for subject matter knowledge and pedagogical content
knowledge in the context of variables. I will begin by discussing what teacher’s
knowledge entails, in section 2.1. This discussion will be given in the context of the
relationship between teacher’s knowledge and instructional outcome in general. While
giving this I will discuss the developments in the research field on teacher’s knowledge
How this kind of inquiry started, how it has developed and at what stage it is now will be

the base pomts of this discussion.

After this, in section 2.2, I will continue by discussing research reports that ‘examine the
links between subject matter knowledge and 1nstructlonal outcome in the context of '
mathematics. While d1scuss1ng this, I will also ‘consider a few research reports that‘
particularly study the relationships between subject matter knowledge and pedagogical .
content knowledge This review together with the review on knowledge of variables will
shed hght on deﬁmng the subject matter knowledge of variables (SMKv) (section 2.3),
and pedagogical content knowledge of variables (PCKv) (section 2.4). Finally in section

2.5, 1 will present a summary and discuss the main points of the chapter.‘ s

2.1 Studies on the relationship between teachers’ knowledge
and instructional outcome |

- There have been very few studies that particularly study the relationship between subject
matter knowledge and pedagoglcal content knowledge. In contrast, there have been many
Studies (e.g. Ball, 1991; Even 1990; Shulman 1987; Leinhardt & Smlth 1985) that try to

find some answers to the questlon “How much knowledge is necessary to become an
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effective teacher?” Since there are different ways of defining “effective teaching” and
also there are different ways of regarding knowledge, there have been different answers
to the above question. These differences inevitably stem from different visions of
learning, teaching, the role of the teacher in teaching mathematics, and of the student in
-—learning mathematics. These different visions have been developed through research on

learning, teachmg and teachers knowledge

As Ball (1991) points out, the first attempts to identify the characteristics of effective
teacher were based on pupils’ assessments of their best teachers. These studies reported
 that good teachers were enthusiastic, helpful, and strict and also knew the subject matter
well (Hart, 1934).

The weakness of such claims led researchers to define “effective teaching” as teaching

that results in measurable student learning (Ball, 1991). The National Longitudinal Study

of Mathematical Abilities, which followed 112,000 students from over 1500 school in 40 ,
States of America during the 1960s, was conducted to classify teacher characteristics

associated with student'achievement (Fennema & Franke, 1992; Ball, 1991). In this

study,

[tlwenty teacher characteristics were studied, including years of teaching experience,
credits in mathematics, having a major or minor in mathematics, personal enjoyment *
of mathematics, and philosophical orientation to learning. Overall, neither teacher
background characteristics nor teacher attitudes were strongly related to student
learning; significant positive relationships were found in fewer than 30 percent of -
“the possible cases. No single teacher characteristic proved to be "consistently and
significantly correlated with student achievement” (Begle and Geeslin, 1972). Begle
(1979) concluded from these results that many widely held beliefs about good
teaching "are false, or at the very best rest on shaky foundations” (p. 54). (Ball, p.2)

As a result of thisk research Begle (1979) ciaims that "the effects of kak teacher's subj’ect

~Matter knowledge and attitudes on student learnmg seem to be far less powerful than

- rnany of us assumed " (p 53, c1ted in Ball 1991 p- 2- 3)

Wlth similar assumptions to those underlymg the research of Begle, Eisenberg (1977)
examined the links between teachers’ subject matter knowledge and instructional

outcome in the context of algebra. Eisenberg (1977) confirms the results of Begle (1972)
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after testing the knowledge of 28 teachers in algebra, looking for connections to students’
performance on standardised tests. Both researchers report that what teachers know about

mathematics is not a significant influence on what their students learn (Bromme, 1994).

~ Subsequent research (e.g. Rosenshine, 1979) questioned the assumptions underlying this
research. For example, they questioned the reasonableness of using the number of courses
in University level mathematics as a proxy for teachers’ mathematical knowledge or
using the students’ performance on tests as a measure for teachers’ effectiveness.
Therefore, this phase of research shifted the focus to identifying spe01ﬁc behaviours

associated with effective teaching.

Such a shift was also céused by the change of perception of the role of the teacher in the
process of learning. During 1960s and 1970s the implementationv of an expert mude
curriculum brought the assumption that “children could learn directly from ready—made
curriculum materials while the teacher, instead of teaching, would adopt a role of
managef and facilitator.” (Eveu & Tircsh, 'k1995, 'p.2). Hence, during this phase most '
researchers who tried to identify characteristics of effective teaching went intov
classrooms and observed teachers’ behaviours such as questlomng and classroom
Mmanagement. As Sherin, Sherin and Madanes (2000) assert, the key driver for thlS‘
research was the idea that adoption of certain behaviours enables teachers to affect
students’ learning. Therefore, once they identify and describe such behuviours, ‘they
prescribe these behaviours to teachers to use in their classrooms. Rosenshine (1979)
summarises the result of this research phase in the following prescription:
Large groups, decision making by the teacher, limited choice of materials and = - .

activities by students, orderliness, factual questions, limited exploration of ideas,
drill, and high percentages of correct answers. (p. 47, as cited in Ball, 1991)

However, within this phase of research it became clearer that identifying such behaviours
is difficult without reference to the given content of instructional interaction (Bromme,

1995, Even & Tirosh, 1995). They saw that teachers work with a broad fange of students
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who have different learning styles and needs. They, therefore, come to appreciate the

complexity of classrooms and the job of teaching (Ball, 1991). -

Researching teaching from a cognitive pefspective is the approach of later research for

__addressing these difficulties. The research in this phase not only examines teachers’

actions but also the underlying reasons for such actions (Sherin et al,42000). The goal of
this phase is to explain why teachers do what they do while teaching. Therefore, they try
to give answers to questions beginning with why and how (Brophy, 1991). Furthermore,
while explaining such actions they use cognitive terms: teachers do what they do because
they have (or don’t have) certain knowledge. Thus, teaching was no longer regarded as a
set of isolated behaviours but instead as a complex cognitive process (Sherin et al, 2000).
Ball (1991) summarises the central issues of this phase of research on teacher knoWledge
from Clark and Yinger (1979) as:

new approach to the study of teaching assumes that what teachers do is affected by

what they think. This approach, which emphasises -the processing of cognitive

information, is concerned with the teachers' judgement, decision making, and

planning. The study of the thinking processes of teachers—-how they gather, organise,

and interpret, and evaluate information--is expected to lead to understandings of the
uniquely human processes that guide and determine their behavior. (p. 231) .

This approach, which was new at that time, is later crikticyised by Bromme (1995) since
within this phase, the given primary reference with respect to cognition was subject
matter knbw]edge.' By this criticism, he communicates the idea that in their necessary
simplification of the complexities of classroom teaching, investigatoré focused on

Primarily one aspect of classroom life: the content of instruction, the subject matter.

Shulman and his colleagues at Stanford University pioneered a way of including othef

 references to teacher cognition. As part of a research program which focuses on how

beginning teachers learn to teach, the researchers divided the “knowledge base” for

- effective teaching into the following seven different categories: subject matter

knowledge, pedagogical content knowledge, general pedagogical knowledge, curriculum
knowledge, knowledge of learners, knowledge of school contexts, and knowledge of

educational aims. In addition, they discuss the major “sources” of teacher knowledge- the
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routes that need to be taken to reach the knowledge base for teaching. According to them
this base is developed by the teacher's own subject matter knowledge, knowledge of
curriculum and other educational materials, materials based on the research literature, and

actual teaching experience (Shulman, 1987).

The particular importanCe of Shulman and his colleagues’ research lies in their notion of
‘pedagogical content knowledge’. By stating that this category of knowledge exists they
are actually making an important claim (Sherin et al, 2000). With this claim, they assert
that teachers need to know not only some general pedagogy and the subject they teach
but also subject specrﬁc pedagogy, which is “that special amalgam of content and
pedagogy” (Shulman 1987, p. 8). This amalgamation is revealed by Shulman (1986) as
“in a word, the ways of representing and formulating the subject that makes it
comprehensible to others” (p.9), and he goes on to write that it includes:
an understanding of what makes the learning of specific topics easy or difficult; the
. conceptions and preconceptions that students of different ages and backgrounds

bring with them to the learning of those most frequently taught topics and lessons (p
9. ‘

Shulman also argues that pedagogical content knowledge is developed through
pedagoglcal reasoning”; by which novice teachers restructure their subject matter
knowledge and become expert teachers (Wllson etal, 1987) That is, teachers employ this
reasoning wh11e thmkmg about the ways of commumcatmg their sub]ect matter
knowledge to the students. In order fo communicate their knowledge of subject matter,
teachers have - tok__cons1der many factors. They have to take into account students’
Preconceptions and misconceptions. They have to generate appropriate analogies,
explanations and examples to explain the subject matter. They have to think about Ways

of engaging a group of students in an activity that facilitates learning (Gudmundsdothr
1991), : o '

The concept of ‘pedagogical content knowledge’ of Shulman and his colleagues has
given rise to con51derable interest among subsequent researchers (e g. Even & Trrosh
- 1995; Ba, 1988 Lemhardt & Smith, 1985) on teacher knowledge. It has 1nﬂuenced the
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research community significantly by helping them to refocus on the importance of the
teacher's subject matter knowledge and its relationship to teaching. However, it should be
pointed out that this important research has attracted its own share of criticism from the

research community.

For example, Bromrhe (1995) exa:hines the concept ‘of pedagoéical content knoWledge
“from a special perspective, “namely as an empirically grounded, or yet to be grounded
hypothetical construct.” (p. 205). In his criticism he tries to imply that a major part of
Shulman’s work is done by his category labels without analysing them closely That is,
Bromme asserts that Shulman reaches such category labels without researchmg each
aspect intensively. Shulman’s theory is not alone in attracting criticism from Bromme. He
also criticises another influential research program by the same token, which is conducted
by Gaea Leinhardt and others. However, as Sherin et al, (2000) point out although
Leinhardt and her colleagues’ work is reminiscent of Shulman’s in its early stages, later
| they closely analyse categorles of teachers’ knowledge by “pushmg downward 1nto each

of these categorles in order to charactense some of the partlcular types of knowledge |
found there.” (p. 361)

In fact, the complexity of relationships between teachers’ subject matter‘ kﬁowledge and
their teaching is more explicitly elaborated by a number of studies conducted by
Leinhardt and her colleagues. For example, Leinhardt and Smith (1985) investigate the
relationship between experts’ subject matter knowledge and their cltassroom behaviour in
the context of fractions. Their study is conducted within the expert-novice research
traditien “and based on cognitive psychology which includes both proposition

(declarative) and procedural representation of knowledge as well as the use of goals and
Plans, '

“Declarative knowledge consists primarily of the known facts in a particular domain,
while procedural knowledge represents the algorithms and heurxstlcs that operate on
those facts.” (p 248)
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As can be seen in the above quote they go down into subject matter knowledge and give
an account of the types of knowledge within this knowledge. They use the same approach
for analysing other types of teacher knowledge as well. They do this by expioring the
nature, level, and use of subject matter knowledge of expert and novice arithmetic

teachers using interviews and sorting procedures and subsequently observing their
lessons,

They perceive teaching as a cegnitive skill.- According to this perspective, teaching
involves two core areas of knowledge: lesson structure and subject matter. Lesson
structure is given as the skills needed to plan and run a lesson smoothly, to pass eésily
from one segment to another, and to explain material elearly. Subject matter knowledge
is defined as “concepts, algorithmic operations, the connections among different
algorithmic procedures, the subset of the number system being drawn upon, the

uﬂderstanding of classes of students errors, and curriculum presentation.” (p. 247).

They state that there is substantial variability in teachers’ knowledge of ,fundamental
fractions concepts. They show differences between novices and experts as well as
differences in levels of snbject matter knowledge among experts. They report that the
teachers in their sample present the concept of fractions differently'.k They write that there |
are differences both at conceptual level and at procedural level in the information
Presented. They repert that some teachers have relatively rich conceptual knowledge of
fractions, whilst some of them rely on precise knowledge of algerithms. Fnrthermore,
teachers emphasise different things in their presentations and introduce fraction concept
differently. They also use different representation systems: number line, regional, and
Numerical, As a result it is asserted that teachers 'rely heavily on their Shbject matter
knowledge while presenting this knowledge to students. This study which analyées what

+ 1t means to know mathematics contributes to our understanding of the essence of subject
Matter knowledge. ‘

In 5 Paper, in which Leinhardt and her colleagues report ﬁndings from most of their

Previous studies, Leinhardt, Putnam, Stein and Baxter (1991) consider good instruction as
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the one which expert teachers employ. According to them expert teachers are flexible,
precise, and parsimonious planners. In examining how teachers use their subject matter

knowledge in their instructional processes, they focus on agendas, curriculum scripts,

explanations, and representations. According to them the agenda is the teacher’s

- dynamic plan for a lesson.

It is a mental plan that contains the goals and actions for the lesson. The function of

the agenda is that of a map or chart for the flow and landscape markers of the lesson;

it lays out the lesson segments and the strategy for explaining the mathematical topic
to be taught. (p. 89)

A curriculum script provides the overall goal structure for the content presentatidn for a
Particular lesson; explanation is an act1v1ty in which teachers commumcate subject-
Matter content to students by drawmg on various representations of the target
information (Leinhardt et al, 1991). They report that there are differences between
experts’ and novice teachers’ agendas, scripts, explanations and representations since
Cxpert teachers have more highly organised systems of knowledge, and they therefore
assert that subjectvmatter knowledge plays a critical :ele in these instructional processeS. ‘
For example, expert teachers are reported to have richer and more detailed agendas than
‘TNovice teachers. Expert teachers produce twice as many lines of responses as the novices
in describing lessons they are about to teach, they make more explicit references to
testing and checking students’ understandingas the lesson progresses. To sum'up, this
Study helps us to conceptualise the intricate relatlonshlp between subject-matter -

knowledge and actual classroom instruction.

The studies that mvest1gate SMK and PCK in the context of mathematlcs also have theu'
foundatlons in the works of Shulman and Leinhardt, In the next section, I will dlSCUSS

those studles which examine mathematics teachers’ and prospective teachers SMK and

2.2 PCK and SMK in the context of mathematics

I“ a study wh1ch is also embedded in the expert-nov1ce paradlgm Even Tirosh and ‘v

RObmson (1993) examine differences in connectedness in 1nstruct10n between two novice
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teachers and an expert teacher. They do this by means of lesson plans, lesson
observations, and post-lesson - interviews, in the context of equivalent algebraic
expressions. They believe that creating classrooms ' where making connections is

emphasised is essential to help the students construct understandings of the subject

-—atter. They report findings related to differences between expert and novice teachers

with respect to the connections in the representation of the subject matter, and to
Connections in relation to what is learnt. According to them these connections have two
components: ' ‘

1. Content connections across various concepts, representations, topics and -
procedures.

2. Lesson connections within different lesson segments and series of lessons
(p- 51).

~ They report that although all three teachers’ lessons are teacher-centred with no emphasis
on students’ investigations and - communications, there are major differenbes ‘in
’COHnectedness with respect to planning, teaching and post-lesson reflections between the
expert and novice teachers. For example, only the expert teacher plans to connect the new
lesson with the previous lesson through contexts which are familiar and interesting to

Students, whereas novice teachers do not seem to connect different lesson segments.

They claim that one of  the possible reasons for the substantial differences in the |
OCcurrence of connectedness between expert and novice teachers might be subject-matter
knowledge. Their view of subject matter knowledge of mathematics resembles Ball’s
(1988) characterisation of mathematical knowledge.  According to Ball '(1988)
Mathematical knowledge includes both knowledge of, and about, mathematics.
Knowledge of mathematics refers to understandings 'df "facts, ideas, theorems,
Mathematical definitions, concepts, procedurés and connections among them. Knowledge
| about mathdmatics is a more general knowledge which includes |

“the nature of knowledge in the discipline— where it comes from, how it changes,

and how truth is established; the relative centrality of different ideas, as well as what

is conventional or socially agreed upon in mathematics versus what is necessary or
logical.” (Ball, 1988, p. 4). |
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She further asserts that these two types of knowledge are interconnected. Therefore, Even
et al (1993) claim that “content connections” include connections not only within
‘knowledge of mathematical knowledge’ but also connections between the two types of
mathematical knowledge. As a result they propose that the lack or weaknesses of such

-~ connections cause the differences in the occurrence of connectedness between expert and

novice teachers.

Another factor which contributes to the differences in connectedness of instruction
between expert and novice teachers is given as pedagogical content knowledge. Their
Perceptlon of pedagoglcal content knowledge is acquired from Shulman s work which I
discussed previously. However, their research approach is similar to Leinhardt’s expert
approach. Although this study uses the expert-novice research paradigm as a means of
Characten'sing teachers’ dimensions of expertise, it examines the differences between
expert and novice teachers in a specific context, namely equivalent élgebraic expressions.
In this respect, it belongs to a new trend of analysis of subject‘matter kn'ovsxlledyge rfdrk '
teaching which concentrates on specific content areas. Paying attention to eonnectedhess i
in teaching of a partlcular content area proves useful for analysmg both subject matter
knowledge and teachmg of the subject matter, '

In fact, in a prOJect carried out by Askew, Brown, Rhodes, Johnson and Wiliam (1997)
we see that distinguishing between approaches taken by teachers of numeracy by
- Considering . their orientations toward teaching  mathematics ~as - connectionist,
transmission, and discovery helps to analyse the links between different components of
teacher professional knowledge. Funhermere, it makes it easy to see which approach is
- ore effective in terms of pupil gains. One of the results of this project is stated as that
Connectionist teachers are more successful than transmission and discovery teachers in
helping their students understand numeracy.
U]t was clear that those teachers with a strongly connectionist orientation ywere
more likely to have classes that made greater gains over the two terms than those

Classes of teachers with strongly discovery or transmission orientations. (p. 24,
 original italic). .
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These categories were built up from data gained from questionnaires completed by 90
teachers, observations of 54 mathematics lessons of 18 case study teachers and 30 lessons
of 15 validation teachers, three interviews with each of the 18 case study teachers and

two with each of the 15 validation teachers.

Although connectionist teachers’ students gained more numeracy knowledge, they report
that the aspects of teachers’ subject matter knowledge that make a difference in terms of
pupil gains are much harder to identify. Their framework for analysing numeracy subject
knowledge consists of two aspects: knowledge of content—knowledge of facts, skills and
concepts of the numeracy curriculum, and knowledge of relationships- knowledge of how
different concepts of mathematical content relate to each other. Each of these aspects is
measured along the dimensions which are given as fluency, scope, links, explanatlon
depth and understandlng

Only the variable ‘depth’ (the proportion of links which were explained in conceptual
terms rather than by rule-based connections) is reported to be moderately related to'pupil
gains, None of the other subject matter knowledge variables are related to pupil gains.

Slmllarly, they find no relationship between formal mathematical qualifications and pupil

gains, Furthermote they don’t find any differences between teachers in their sample in

terms of giving correct answers to straightforward problems based on the content of the

Mumeracy curriculum. However, they report that this does not imply that mathematical
Subject knowledge is not important, in contrast the connectedness of their mathematical
knowledge in terms of the depth and multi- faceted nature of their meamngs is 1mportant
Once again the belief that not the level of formal quahﬁcatxon but the nature of the ,
knowledge matters for teaching ‘mathematics for understandmg is conﬁrmed by th1s
Tesearch, However this research is one of those few studies which conclude that there is

- link between teachers’ subject matter knowledge and their students’ gains.

As Darling-Hammond (1999) cites from Byrne's (1983) review of thirty studies which
Study the links between teachers’ subject matter knowledge and student achievement, the

fesults are mixed. 14 of these studies show no positive relationship between subject |
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matter knowledge which is measured by standardised or researcher-constructed tests and
student achievement, while 17 show a relationship. However, it should be noted that
many of the “no relationship” studies, as Darling-Hammond notes from Byrne, have “so
little variability in the teacher knowledge measure that insignificant findings were almost
~ inevitable.” (p. 6).

The categories of subject matter knowledge suggested by Askew et al (1997) are similar
to Ball’s (1991) proposed features for subject matter knowledge of mathematics. Ball
(1988, 1991) argues that connectedness, legitimacy and ‘truth value are requlired
characteristics of substantiye mathematical knowledge for effective teaching. Trnth-value
is characterised as mathematical correctness which entails knowing theconditions and
limits of an idea. Legitimacy includes the justification and exnlanation It entails being
able to explain mathematics and bemg able to access those explanations when needed '

Therefore it requires expllc1t ways of knowing ideas and also connectedness among
ideas.

Ball (1991) reports the analysis of a single question about place value taken from a series
of i lntervrews conducted with teacher educatlon students, half of whom were mathemancs
majors 1ntend1ng to teach secondary school and half of whom were prospectrve

elementary teachers w1th no academic majors.

As 2 result of this research, Ball (1991) reports that “seriously examining and analysing
teachers’ knowledge of mathematics is a complicated endeavor"’. and asserts" that |
teachers’ subject ‘matter knowledge of mathematics “interacts with their ldeas;about the
teaching and learning of mathematics and their ideas about pupils, teachers, and the
Context of classrooms” (p. 19). Therefore, she points out that the relationship between
lmOWledge of mathematics and teaching is not direct. This point is similar to Askew et al

findings about the relationship between subject matter knowledge and puprls gams bemg ‘
IlOnllnear : R S e e
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Chazan, Larriva and Sandow (1999) also agree that describing qualities of teachers’
substantive knowledge of the mathematics they teach potentially is more useful than
Cataloguing the amount of coursework taken. In order to examine the issue of the
quahnes of teachers knowledge of mathematlcal content, they explore pre-service
- teachers’ knowledge related to teachmg the solving of equations. Their sample is drawn
from student teachers. They use tasks which have been explored in the existing hterature
on the solving of equations and questions about teaching students to solve linear
equations in their interViews to elicit trainee teachers’ understanding of solving equations,
in particular whether they have a conceptual or procedural understanding They present
the data obtained only from one of the 1nterv1ewees They claim that although this student
haS a conceptual understandmg related to solving equations, she lacks the resources to
teach her students conceptually Therefore, they assert that it is questronable to use
descriptions such as conceptual or procedural understandmg for an examination of

teachers’ substantive knowledge of mathematics.

They write that conceptual understanding is not sernethingvthat one either has or does not
have. Therefore, they raise the question whether distinctions such as c'onceptu‘aklk,“ -
Procedural are necessary for describing teachers’ substantive knoWledge of mathematics.
However, it should be pomted out that they deduce that the student in thelr study has a
conceptual understanding of solving equatlons since she uses a graphical representatlon '
- of equatlons as lines on coordmate systems and then finds the intersection pomt of two
lines to solve a system of two equatlons When she is asked how she wou]d explam
Solving equatrons to her students, she always tends to use lmes even if it 1s not useful to
use this representation. This implies that the researchers perceive conceptual
Understanding of solving equations as using lines. “This perception on one side, and the
Student insufficiency in explaining solving equations to her student on the other side
fQrces the researchers to conclude that characterising subject matter knowledge as
conceptual and procedural is not sufficient for studying subject matter knowledge to

teach for conceptual understanding. It is indeed not sufficient to characterise subject
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matter knowledge as just conceptual vs. procedural, since subject matter knowledge has

many aspects.

As I have already suggested in previous reviews of papers, subject matter knowledge
need to be connected across concepts by their meanings, repfesentations, their places and
importance within mathematics. In this case the student in their study seems to lack these
connections; in particular connections between graphical representation and symbolic
Iepresentation of equations. If she had those connections she could have used the |
appropriate representation when it was needed. As Even (1998) points out
“Connectedness between different repfesentations develops insights into understandings
of the essence as well as the many facets of a concept.” (p. 105). Therefore, analyslng a

teacher’s subject matter knowledge of a topic requires careful attention to all interrelated

- aspects of that topic within mathematical knowledge.

In fact, as Tirosh (2000) 1llustrates if the charactensatlon of subject matter knowledge is
rnade approprlately not just as conceptual or procedural then it is 1ndeed of use to
descnbe and analyse teachers’ knowledge of mathematxcs In a project Wthh was
deMgned to ﬁrstly descnbe and then enhance prospective elementary school teachers |
knOWledge of rational numbers, TlI'OSh bases her framework for knowledge of rational
Mumbers on three dimensions namely algorithmic, intuitive, and formal. These
dimensions were obtained from relevant literatul'e on students’ understanding of rational
Numbers. That is, she uses an analysis of the body of knowledge on children's ways of

 thinking about this topic, and then d1fferent1ates different aspects of understanding -
Tational numbers, |

According to her, pedagogical content knowledge has many components."Her framework
of pedagogical content knowledge is founded upon Shulman’s theory., However in her
analysis, she further divides pedagogical content knowledge into dlfferent components In
this Paper she examines only two components knowledge of d1fferent ways of presentlng ;
the concepts and operations of rational numbcrs and knowledge of common conceptlons

and misconceptions held by students and the possible sources of this knowledge Her
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research proves useful to analyse and enhance her prospective teachers’ knowledge of

division of fractions.

Tirosh’s perception of pedagogical content knowledge is similar to Even’s understanding
NOf pedagogical content knowledge. Even (1990, 1993) and Even and Tirosh’s (1995)
Studies are among those few research studies which particularly investigate the links
between subject matter kno\avledge and pedagogical content knowledge. Furthermore,
Even’s account of subject matter knowledge which ‘she describes more comprehensively
in Even (1990) is multifaceted. Even (1990, 1993) investigates teachers’ subject-matter
knowledge and its interrelations with pedagogical content knowledge in the context of
teaching the concept of function. She collects data by ~means of an open-ended
questionnaire con‘cemlng knowledge about function from 152 prospective ‘se'condar’y
teachers. In the second phase, she interviewed an additional 10 prospective teachers after
admlmstermg the questlonnalre She based her analysis of subject matter knowledge on
these aspects: 1. Essential features, 2. Dzjferent representattons, 3. Alternattve ways of ‘
aPPrOachmg, 4. The strength of the concept, 5. Baszc reperto:re, 6. Knowledge and

U nderstandmg of a concept, 1. Knowledge about mathematzcs

In these aspects, she basically tries to include all different components of understanding
and knowledge of a concept which may be required to teach that topic. For example, she

claims that teachers’ concept image (Tall and Vinner, 1981) of function must be
“correct”,

Concept image is explained by Tall & Vinner (1981) as

“the total cognitive structure that is associated with the concept, which includes all
the mental pictures and associated properties and processes. It is built up over the

years through expenences of all kinds, changing as the 1nd1v1dua1 meets new snmuh
and matures.”

By Correct concept image Even means that teachers must be able to 1dent1fy a concept
in familiar and ynfamiliar instances by using “an analytical judgement as opposed to a

-Mmere yse of a prototyplcal judgement” (p.523). They must hold both conceptual and
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procedural understandings of the function concept in - all different representations.
Furthermore, according to her framework ‘teachers must know the place where the

functmn concept stands in mathematics and its 1mportance

B Even’s analysis shoWs that most of her subjects do not explain the importance and origin
of the univalence requirement, and very few could appreciate the arbitrary navture'of
functions. According to her, this limited conception of function influenced the subjects’
Pedagogical thinking. Therefore, when describing functions for students, many chose to
Provide students with a rule to be followed without concern for understanding. In |

addition, many use their limited concept image and tended not to employ modern terms. . -

Even’ § papers referred to above, can also be classified amongst those researchk studies
that focus mainly on studying teachers’ understanding of specific mathematical topics
Which are included in the school curricula. The findings ef these research studies are. that
Many teachers do not have a solid understanding of the subject matter they teach. These
kinds of studies are labelled as “disaster studies” later in a paper repofted by Even and
Tirosh ( 1995). In this paper, they point out that from this research we can’t learn much
about how such problerrls affect teachers’ reactions to students’ questions and ideas
related to specific mathematical topics. They close this gap by investigating the
interconnections between “subject-matter knowledge, knowledge about students, and
knowledge about ways of presenting the subject-matter” in the context of functions and

Undefined mathematical operations (p.1).

Their charactensatlon of subject matter knowledge consists of two levels, namely‘k |
knowmg that” and “knowing why”, which are two kmds of understandmg of the subject-
Matter that Shulman( 1986) proposes as those which teachers need to have. Although this
distinction does not correspond exactly to  Skemp’s  (1976) distinction between

‘instrumental mathematics’ and ‘relational mathematics’, there would appear to be some
Slmllarmes

We expect that the subject-matter content understanding of the teacher be at least
€qual to that of his or her lay colleague, the mere subject-matter major. The teacher
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need not only understand that something is so; the teacher must further understand
why it is so (cited in Even and Tirosh,1995, p. 3). ‘

“Knowing that”, according to Even and Tirosh (1995) is the most basic level of suhject
matter knowledge which includes “declat'ative knowledge of rules, algorithms,
Proeedures and concepts related to speciﬁcv mathematical tepics _in the, school
curriculum.” (p. 7). “Knowing why” on the other hand refers to the knowledge which
“pertains to the underlying rheaning and understanding of why things are the way they
are...” (p.9). However, it should be noted that these two terms are used not only for
distinguishing between two kinds of underStanding of the subject matter but also for

distinguishing between two kinds of each of two components of pedagogieal content
knowledge, '

For ¢xample, the “knowing that” aspect of the “knowledge about students” component of -
Pedagogical content knowledge includes knowing “common students’ conception of

thinking related to specific mathematical topics.” (p. 13). “Knowing why” includes being

able to understand the reasoning behind students’ conceptions and anticipate sources for |

- Common mistakes” (p. 13, ibid). As a result of this study théy report that 'many
Participants of their study do not attempt to understand possible sources of students’
Mistakes (“knowing why”). Even when they are asked directly why a partlcular student

has a particular misunderstanding, they find it hard to explain the reasons.

H0Wever the teachers’ ability te demonstrate this understanding might be signiﬁcantly )
affected by the c1rcumstances in which the situation takes place in real teaching (Wilson,
Shulman and Rlchert 1987). On the other hand, Even and Markov1ts (1993) point out,
teachers in interview settings or in answering the questionnaires may consider some
factors such as giving a “rich response directed towards the student’s misconception in
Which s/he can emphasise meanings as opposed to rituals that can be actlvely constructed

- by the student.” (p 42) Bemg able to give such a response may sometimes depend on

the teachey’ s own SubJeCt matter understanding

The following table shows a summary of discussion so far.’
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Table 2.1 Development of research on teacher’s knowledge

Era ‘ ‘ Conception of Teacher’s Knowledge
Begle 60s and 70s EEREE : Number of courses taken during university
Rosenshine (70s) Teacher's behaviours (Classroom

management, questioning)

Clark and Yinger (late 70s) ' | Teacher’ s actions with underlying reasons
. (subject matter knowledge is the primary
reference to analyse teacher cognition)

Shulman mid 80s Pedagogical content knowledge enters into -
the equation and other types of teacher’ J
knowledge as well '

——

Leinhardt mid 80s k 3 Pushing downwards into each aspects of
teacher ] knowledge ‘

Ball, Even 90s S - | Subject and Concept/topic specific teacher’s -
knowledge.

et e,

As can be seen in the above table there has been significant developrnent onlresearch on
teachers’ knowledge Th1s progress1on has been towards makmg a better charactensatron \,
Of teachers knowledge The common aim of this research is to portray the quahtles of the
effectlve teacher, In part1cular they want to know the relatlonshlps between teachers’ ‘

knowledge and instructional outcome.

’ During 1960s and 1970s, researchers who employed a process-product research paradigm
could not prove the assumption that a teacher’s knowledge is an important factor of being
an effective teacher since their perception of teachers’ knowledge, particularly subject

- Matter knowledge is based on the number of courses taken at university (e.g. Begle,
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1979; Begle & Geeslin 1972). Beside this they bypassed the intervening processes
‘between subject matter knowledge and students’ performances. In order to reach the
Students’ gains one needs to consider factors that may have an affect on students’
Performances, such as the school, the learner and the teacher on action of providing

-~ learning opportunities to learners. -

New mathematics movement, during 1960s and 1970s, gave a new role for teachers. As
Even and Tirosh (1995) point out, teacher-proofed curricula, introduced during these
- days, assumed that students “could learn directly from ready-made curriculum materials,
while the teacher, instead of teaching, would adopt a role of manager and facilitator (p.
2). As aresult, the approaches of the most studies of teachers that were conducted in
those days are depicted as “it is what the teacher does rather than what a teacher is that
Matters” (Medley, 1979, p. 13, cited in Ball, 1991). Therefore, they observe teachers’ -
behaviours whilst teaching, such as classroom management and questioning; They try to
describe effective behaviours that result in students learning(Sherin et al, 2000; Even & |
Tirosh, 1995; Ball, 1991; kBrOphy & Good, 1986). The given 'response to this approach 1n
later research studies (mid 1980s) is that what matters is both what the teacher does and
why sihe does it. They try to find answers to these questions by examinirlg teachers’
cognition, mainly subject matter knowledge of teachers (Bromme,' 1995). Stalting with:
ShU1man, teachers’ cognition (knowledge base for teachihg) ls divided ihto different
Category labels. The notion of pedagogical content knowledge comes onto the scene.
~ Leinhardt and her colleagues closely analyse these categories by pushing downwards into

®ach one. The work of Shulman and Leinhardt set the stage for future researoh. ~

The work of Shulman and Leinhardt also marked a”change in coneeotions of the teaeher’s
role in Pfomoting learning. After Shulman and Leinhardt, basing their frameworks onto
Shulman’g ahdl Leinhardt’s theories, subsequent researchers could delve into topic ‘
' Spec1f1c issues of the teacher S knowledge, m pamcular subject matter knowledge
(Askew et al, 1997 Even & Tirosh, 1995 Even, 1993; Ball, 1991; Even, 1990) One of

. the emergmg results of these studles on subject matter knowledge for teachmg is that :
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Subject matter knowledge is connected across topics, concepts and rules (Askew et al,
1997; Even & Tirosh, 1995; Even, 1993; Ball, 1991; Even, 1990). Having this type of

knowledge is an advantage point for teachers, because its content can easily be

- Teconstructed to make it communicable to students. That is, turning this kind of subject

Matter knowledge into pedagogical content knowledge is easier.

In most of those studies so far cited, the prevalent form for the collection and presentation
of data are case studies. The common purpose of these studies is to describe teachers’
knowledge, in particular subject matter knowledge. The researchers were interested in

what exists in teachers’ knowledge. For these researchers, it is difficult to use an

analytical approach in the absence of a thorough understanding of the teacher knowledge.

Therefore, case studies, due to their variety of possible interpretations, prove appropriate

to characterise the comple)tity of teachers’ knowledge.

In fact, the studies so far cited have been able to describe features of teachers’ knowledge
and show that subject matter knowledge is a critical variable in teaching. In order to
explore teachers knowledge, the new phase of research can base its framework on the

ﬁndmgs of these studies and can develop a more thorough understandmg Therefore, in"

this study I will be both generatmg hypotheses and, I hope, pursurng a very economical

Path toward bu1ldmg a body of knowledge on prospectlve teachers subject matter asa

Source of their pedagogrcal content knowledge of varlables

An extensive account of how I formed my research methodology will be presented inthe

~ Dext chapter, 'Neyertheless in the remainder of this chapter, I will discuss how I base my

framework on the previous body of knowledge on teachers’ ‘cognition and on students’

leammg of the concept of variable. Therefore, the next section takes up the questton of

-What I mean by “knowledge of variables” in this study.

2.3 Sub/ect matter kno wledge of vanables

In the prev1ous sect1on, I pomted out that subject matter knowledge is a crmcal varrable R

in teaching, but a concept of varied deﬁmtlon this variance is a reflection of the variance
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in various proposed definitions of knowledge and understanding in mathematics
education. The only common ground of these definitions of subject matter is its being
knowledge of rules, algorithms, procedures and concepts, namely knowledge and
understanding’ of mathematical topics. However, when we consider knowledge and
-~ Understanding in mathematics education we also encounter varied definitions, that is,
knowledge and understanding are also terms with multi-meanings and interpretations. As
Sierpinska (1994) points out there are at least four kinds of models or theories of

understanding in mathematics education.

1. concerned with hierarchy of levels of understanding. e.g. Van Hiele (1958).

2. focusing on developing a ‘mental model’, ‘conceptual model’, ‘cognitive
structure and - the like. e.g. Greeno’s mental models; Lesh, Landau,
Hamilton, (1983); Arzarello (1989); Dubinsky and Lewin’s (1986) genetic
decomposition.

3. secing the process of understanding as a dialectic game between two ways
of grasping the object of understanding. e.g Skemp’s (1978) relational
versus instrumental understanding, Sfard’s (1991) operatlonal VErsus
structural understanding. ;.

4. - historico-empirical approach (Piaget & Garcia, 1989).
These different theories show that there is not a unified theory of knowledge and
Understanding of a topic. Each one has its own strong points in explaining relevant :
Concepts. For example, Van Hiele’s theory of understandmg geometncal toplcs has been
very Wldely adopted in mathematics education to explam the development of geometncal
Concepts in students’ minds. However, theories that have foundations in seemg the
~ Process of understanding as a dialectic game’ seem most appropriate for explaimng the
k“OWIedge and understanding of vanables That is, I will propose that knowledge and .
“ndETStandmg of variables appears in different forms, and it 1s a combmation and
integration of the different forms of knowledge into one concept that is empowermg |
Integtatlng procedural and conceptual understanding by the aid of symbolism, gives one

. Power to move flexibly between them.

This lnterplay of different forms of understandmg of symbols is explamed by the notion
of PI'OCept” It is formulated by Gray and Tall (1994) to eluc1date the phenomenon in
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Which the symbols function dually as both process and product, a notion that embraces
the ambiguous use of notation to stand either for a process or for the concept produced by -
that process. For instance, the expression 2x+1 may be conceived both as procedurally
(multiply x by 2 add 1) and conceptually (perceive 2x+1 as it is as a whole object), but
- the integration and combination of these two types of understanding with the aid of s

Symbols may give one an opportumty to move flexxbly between them whlle mampulatlng
variables, '

Sfard and Linchevski (1994) open their paper with a salient illustration to exemplify
 different perceptions and understandings of symbols in algebra They begin with asking
What we see when we look at an algebraic expression such as 3(x + 5) + 1. They point out
. that the answer depends on what we are able to perceive and are prepared to notice. In
Certain situations we may see it as a computational process; a sequence of i ;nstructlons to
be taken. In other situations we may see it as a number, when we regard it as a whole. Yet
in other situations we may perceive it as a function which maps every number x into
another, Finally, in some situation we may regard it in a much simpler way by lookmg at

its face value, as a mere strings of symbols which represents nothing,

The issues which are brought out by Sfard and’Linchevski (1994), and 'Gray andk Tall
(1994) expl‘ain a very important phenomenon in the development of mathematical "
knowledge. Within this developrnent,‘once expressions can be regarded as a whole, as .
, Objects, they can be ‘manipnlated at a higher plane of thought. In the context of variables
 these manipulations do not involve just operations with symbols, but also analysis of their
Toles, » Meanings, (and) referents. That is procepts enable us to cons1der varlables as

Objects whose roles, meanings and other relevant features can be analysed

As Many others point out; there are different roles and conceptlons of variables: vanables :
- a8 8eneralised numbers, variables as unknowns or constants, vanables as parameters or
ar 8uments in functional relatlonsths, vanables as abstract symbols (Bills, 2001; Ursini
and T”gueros 1997 Phlhpp, 1992 US1sk1n 1988; Kuchemann 1978) Th1s shows, as
Usiskin (1988) pomts out, that “trylng to fit the 1dea of variable into a smgle conception
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oversimplifies the idea and in turn distorts the purposes of algebra.” (p.10). However, the

Principal uses of variables are mostly considered as using variables as unknowns, as

8eneralised numbers and as arguments in functional relationships (Kieran, 1997). .

Understanding variables, therefore, involve_s being able to ascribe these different roles to
Symbols to represent 'problem situations and to manlpulate them. It also involves,v’as
Ursini and Trigerous (1997)\ point out, being able to “distinguish between the different
roles and shift from one to another in a ﬂex1ble way, integrating them as components of

the same mathematical object.” (p. 254)

Bills (2001) also agrees that bemg able to shift from one role of variables to another ina

flexible way can be related to one’ s meaningful performance in solvmg problems

These views show that knowledge of variables is made up of different aspects. Making -
these distinctions between these aspects proves useful for “describing students’
understanding of variables. Therefore, subject matter knowledge of variables will be

discussed under three different headings in this section: knowledge of variables in;
L. The principal nses of letters,
2. Awareness of different roles of variables,
3. F lexibility, versatility and connectedness among diﬁ’erent roles and uses. -
23.1 Princ‘ipal uses of \tariablee

In this section I will drscuss what knowledge of vanables in ‘Prrnmpal Uses of Vanables
lnV01ves Namely, the understandrng of the use of vanables as unknowns, as generalzsed

Numbers, and as arguments in functzonal relatzonsths will be discussed.

The conceptlon of vanables as unknowns is mextncably related to regardrng algebra asa f
s't“dy of procedures for solvmg certam kinds of problems (Usrskm, 1988). He asserts that

the key lnstructrons in thrs conceptlon of algebra are simplify and solve However, before
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simplifying one needs to recognise and to see that there is something unknown in the
Problem, and that this recognised unknown can be found by first constructing and then by
Simplifying the equation within the restrictions of the problem. This process is called

‘symbolising a problem by posing an equation’ (Ursini and Trigueros, 1997) and they add

— that understanding variables as unknown also involves being able to substrtute to the

variable the value or values that make the equat1on a true statement.

The literature on students’ understanding of variables reports that beginning students
have difficulties in using symbols as unknowns to solve equations (Filloy & Rojano,
1989; Herscovics & Linchevski, 1994). It is reported that students tend to use reverse
Operations instead of using forward operations that requires usmg symbols as unknowns.
For Instance, when it is asked to do this problem “When 3 is added to 5 times a certain
Number, the sum is 40. Find the number!” some students may solve this problem by

Undoing, uslng reverse operations: they first take away 3 from 40 and then divide the

- Tesulting number by 5 to find the number. Th1s way of solvmg this problem is called the

arithmetical method. However, to solve this problem us1ng algebra it needs to be
Tepresented as 5x+3 = 40 and forrnmg this equation requires forward operatlons ‘The
abrhty to form equations by a forward approach is called the algebraxc method’, The lack
of ability to use forward operations is termed a cognitive gap (or d1dact1c cut) between

arithmetic and algebra (Filloy & Rojano, Herscovics & Linchevski, 1994).

H0Wever solving this equation to find the unknown x does'not‘ require an ability to
Operate spontaneously with or on the unknown smce X appears on only one sule of the
equatlon For those equatlons where x appears on both s1des, then it 1s requlred that x lS
Manipulated to ﬁnd its value. It is suggested that this difference in solution methods is

another Place where the cognitive gap between arithmetic and algebra occurs (Hercov1cs
&, Llnchevskl 1994). |

Sfard and mehevsk1 (1994) view using a letter as an unknown as a stage m algebralc
deVelopment which is termed as algebra of a fixed value’ as opposed to ﬁmctzonal

algebra where letters represent changmg rather than constant magmtudes Usmg v
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Symbols in a context in which any number may be substituted for the symbol marks a
shift in algebra from a science of constant quantities into a science of changing
Mmagnitudes (Sfard and Linchevski, 1994).

Sfard and Linchevski (1994) suggest that this second stage of algebraie deuelopment
involves using letters as variables but they don’t mention expliciﬂy using letters as
generalised numbers. This may be due to the fact that both conceptions of variables
Tequire conceiving symbols as any number not a fixed number, thus symbols may assume
arange or series of values. However, ‘letter as variable’ implies more than just arange of

values, Understanding letters as variables implies conceiving how one set of numbers
Changes in relation to another. Therefore, it should be noted that using letters as
generahsed numbers is one of the aspects of understandmg vanables whlch should be

dealt w1th in a separate category..

The conceptions of variables as generalised numbers involve using letters to generalise
already recognised numerical or geometrical patterns which requires being aware that.a
S$ymbol can stand for a general indeterminate object (Ursini and Trigueros, 1997).
According to Usiskin (1988) this conception of algebra is algebfa as generalised
arithmetic, and the key instructions within this conception are translate and generalise. _
' Generalizing is’ the prdcess ‘Ofv CXPiOfi“é a éiven situation 'forr pattems and
relationships, organizing data systematically, recognizing the relations and

expressing them verbally and symbolically, and seeking explanation and appropnate
kmds of justification or proof according to level (Bell, 1995, p.50).

For instance divisibility properties, such as ‘the difference between the third power of a
whole number and the number itself is always d1v1s1ble by 6, prov1de an example of

- Using letters as general numbers to prove general propertles

The research on children’s understanding of variables show that difficulties arise in the
Students® " journey to conceiving letters as generalised numbers (Lee & Wheeler, 1989
KuCheIIlann 1981; Booth, 1984). For example, Kuchemann (1981) reports that 25% of

th‘rd'}’ear students gave a correct answer to the questlon whether l+m+n l+p+n is
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always, sometimes, never true. This shows that many children have difficulty in allowing
two different letters to have the same value. After a follow up study, Booth (1984) reports
that there is a strong resistance to the conception of letter as generalised number, even

Within the context of a teaching program specifically designed to address this aspect of
- algebra.

Goulding and Suggate (2001‘) report that 61% of 201 PGCE (Postgraduate Certificate in
Education) students have difficulties using letters as generalised numbers to prove that
the addition of two odd numbers results in an even number 19% of these students use
only specific numbers or dlagrams 16% of them use two equal odd numbers and 32% of

them cannot complete an algebraic proof. -

The conceptions of variables as arguments in functional relationships involves
Tecognising how one set of numbers changes in relation to another irrespective of the
Tepresentation used (table, graph formula, etc.), finding out the values of one variable
given the value of the other one (independent or dependent) and being able to ‘symbolise
4 relation based on the analysis of the data of a problem. (Ursini and Trigueros, 1997).
According to Usiskin (1988) the fundamental distinction between this and previous :
Conceptlons of letters is that, here, vanables vary, and two key mstructlons under this
COnception of algebra are relate and graph However, not only graph but also other

rePresentatlons table, formula are also involved in understanding letters as variables ;

KUChemann (1981) reports that only 3% of 11 year old students tested gave a correct
answer to the questlon “Which is larger 2n or n+2? Explaln” a questlon Wthh tests the

eXlste_nce of the understanding of letters as arguments in functional relatzonsths.

Ursini and Trigueros (1997) reports that, even after several algebra courses, starting )
umversny students still have difficulties in understanding the pnn01pal uses of variables v
Their Understandmg of each use of the variable concept remams at an actlon level where

they Produce mechanistic answers to routine questions.
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In order to recap what constitutes this aspect of subject matter knowledge of variables, I
Would like to mention that this aspect of subject matter includes an ability to interpret,
Symbolise and manipulate symbols as numbers, whether it is a fixed, or varying.

However, each of the usages has its own related way of mterpretmg, mampulatmg and
o Symbohsrng

2.3.2 Awareness of different roles of variables

In order to integrate different yet relevant uses of vrariables in one concept, first of all one
needs to be competent in each use of variables. However, being competent in each use
alone may not guarantee that one can integrate them into one concept, therefore one
nheeds to be consciously aware of that each use of variables is a different layer of the same

concept. This awareness plays an important role in forming the concept image of
Variables, | ‘

AS I mentloned earher Even (1990) asserts that teachers must have a “Correct” concept
lmage of functlons while dlscussrng subject matter knowledge of functions. I will use a
different terminology to describe a similar phenomenon in the context of variables. I
Would assert that teacher’s must not have a ‘confused’ concept image of variables. By
this T mean that teachers must be able to state for sure what a letter can stand for ina
 8iven expression by using an analytical judgement as opposed to the mere use of a

Prototypical judgement.

For eX‘c\mple thls involves recognising the different roles of variables 1n equations and
exPressxons In equations variables assume' the role of the unknowns, whereas in the 7
CXpressions they assume the role of generahsed numbers. However, equatrons are

cO“Structecl from expressions. They are related but the roles of variables are different.

In SOme Cases there may be more than one vanable with different roles in one context
Graspmg what are the suitable roles of the variables in these contexts requlres awareness

of dlfferent roles of variables. And in some problems, one vanable may even assume -
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more than one role, and it may be necessary to ascribe these roles suitably throughout the

solution processes.

Recognising the difference between usages of letters in manipulation of symbols and in
~other contexts can be another example of not having a confused concept image. For
instance, 3m can be regarded as both 3 metres and 3 multiplied by m. In the first situation
the role of the letter is not one of the principal uses of variables, it is used as an
abbreviation of the word metre. However in the second case, the letter assumes the role
of a number. Therefore, this aspect of understanding variables requires an awareness of

these different usages of letters.

As Wagner (1981) points out, that “certain letters have acquired fixed connotations
relative to particular contexts” (p. 126). That is, particular meanings of written symbols
may be sometimes strongly attached to certain contexts. In these contexts, teachers need
to be able to move themselves away from this attachment by setting prototyp1ca1

Judgement a51de and to 1dent1fy the role of the letter by analytical Judgement

Bills (1997) identifies how a stereotyped view of letters may affect one’s problem solving
by means of various problems. For instance, she gives the following task to teachers:
f‘Write the equation of a straight line that passes through the point (m, ¢).” This question N
Proves difficult for many teachers, since m and c have been already habituated to be used
as the slope and the intercept in the ingrained form y =m x + ¢ for the equation of a
Straight line.

Cape (2000) conducted interviews with nine student teachers who completed a module,
“called Teaching Early Algebra, in which she focused on thelr concept 1mages regardmg

€Xpressions, mcludmg the meamng of express1ons and letters, equ1valence, and the
Similarities between arithmetic calculations and algebralc expressions. She asked |

followmg question in the interviews “When I write down 3x+5, what does it mean to
yOu?” )
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She reports that some of the student teachers have ‘confused’ concept images of
expressions and letters. For example some students could not say for sure whether x can

stand for apples, people or only for numbers in the expression 3x+5.

To sum up, this aspect of subject matter knowledge constitutes being aware that the
concepts of variable have different uses and associated processes and these are the

different layers and facets of one concept.
2.3.3 Flexibility, versatility and connectedness among'different uses

Fluency in each use of variable and awareness of these uses alone is not sufficient for
having complete subject matter knowledge of variables. Familiarity with different uses
and the ability to translate and form linkages among them may create insights that allow a
better deeper, more powerful and more complete understanding of the concept of
variable. For example Hiebert (1988) writes that “meaning is camed in the relatlonshlps

that students observe between symbols ? (p. 342).
In a similar vein, Even (1998) points out

The ability to identify and represent the same thing in different representations, and
flexibility in moving from one representation to another, allow one to see rich-
relationships, develop a better conceptual understanding, broaden and deepen one’s
understanding, and strengthen one’s ability to solve problems (p. 105). :

In the context of variables, these connections can be formed through referents, meanings
and roles of variabies. For example, the number of referents of unknowns tisually is one, |
Whereas the numberof referents of variables and generalised numbers is many. How;ever,v '

- a8 Ursini and Trigueros (1997) point out, we recognise this only after having actual]y’or :
mentally performed the necessary manipulations. Thus, considering the referents of

. Variables allows us to, in a way, connect different uses of variables in one concept.

Similarly, considering different roles of variables in different contexts or within the same
context also gives us an opportunity to connect different uses into one concept image. For

€Xample, a given symbol may assume more than a single role within a given problem,
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The role of the variable may be interpreted at some point as unknown; later it may be
required to interpret it as a parameter as in the case of finding the values of n that makes
the equation nx= 2 is insoluble for x. The solution of this problem requires flexibility

moving between parameter and unknown roles of n.

Bills (2001) illustrates how students’ appreciation of the shifts in the role of variables can
be related to their meaningful oerformance in routine tasks. The shifts she is pointing out
involve: 1) ‘variable’ to ‘unknown-to-be-found; 2) “placeholder-in-a-form’ to “unknown-
to-be-found’; 3) ' ‘unknown-to-be—taken-as—given’ to ‘unknown-to-be-found’; - 4)

‘unknown-to-be-taken-as-given’ to ‘variable’.

In some contexts, variables can be used as one of a number of representations ;of some
concept. For example, functions can be represented by using variables, graphics or using
ordered pairs. Forming linkages between these representations is a sign of not only
connected understanding of the function concept but also connected understanding of -

variables,
2.4 Pedagogicall content knowledge of variables

Earlier, I pointed out that pedagogical content knowledge is the label used to designate
One aspect of a teacher’s knowledge. By referring to Shulman (1986, 1987), I assert that
1t 1s a blend of subject matter knowledge with pedagogical knowledge. T eachers need to
do this blendmg in order to present subject-matter in such a way that it 1s comprehens1ble
1o students. As Kennedy (1990) pomts out, the key to pedagoglcal content knowledge is
blend. Consequently, blending requires firstly knowlng the subject matter and then
knowing how to present that knowledge to students. In soxne sense pedagogical content
| knowledge is seen to include a restructured form of the subject matter knowledge. k‘In faet,'
Leinhardt and her colleagues claim that subjeet mntter knowledge means knowing a
Partieular school topic in depth and it includes “knowledge about ways of representing ,
and presenting content in order to foster student learning...” (Leinhardt et al, 1991, p. |

88).  Therefore, this restructured, in-depth knowledge is needed to communicate this
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knowledge to students and help them learn it. It is clear to Wilson, Shulman and Richert,
(1987) that

“teachers need more than a personal understanding of the subject matter they are .
* expected to teach. They must also possess a specialized understanding of the subject
. matter, one that permits them to foster understanding in most of their students.”
(p.105).

One major issue related to this restructured specialised subject matter knowledge is’its
sources. It is commonly agreed that this kind of knowledge is influenced by many factors
(Even & TiroSh, 1995; Wilson et al, 1987). For example, a teacher’s own experiences,
both as a learner and as a ieacher, kinfluencé pedagogical content knowledge. Relevant
developmental dnd cognitive reséarch, including learning theories and interactions with

Students are given as other factors. Another source of pedagogical content knowledge is

assumed to be a teacher’s own subject matter knowledge of the material they teach. The - - -

existence of such an assumption can be clearly observed in Shulman’s and Leinhardt’s
definitions of teachers’ knowledge, in particular pedagogical content knowledge or
subject matter knowledge. This assumption is investigated by Even and her colleagues in
the contekt of functions and undefined mathematical operations. They report' that
Prospective teachers’ limited understanding of these concepts influenced their
Pedagogical content-specific decisions. Other than this relationship, they could not report .

‘ anything about the nature of the interrelationships between SMK and PCK.

Another majdf iséué rélated to pedagogical content knowledge is its c':omponent's.' ‘It is
also agreed that this kind of knowledge is made up of several components. For instance,
Even and Tirosh (1995) claim that one of these components is a teacher’s planned
- Presentations of the subject matter. This component involves teachers’ choices of
| Presentations of the subject-matter; making appropriate decisions for helping and guiding
students, and giving apprdpriate fésponses to students’ questions, remarks ahd ideas.
(Even & Tirosh, 1995; Even, 1993; Even and Markovits, 1993, Leinhardt et al, 1991) |

Anqther component of pedagogical content knowledge is curriculum knowledgé.
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This is the knowledge possessed by the teacher of how the almost infinite range of
possible topics and skills that might be taught to students have been organised and
arranged into systematic programs of instruction called curricula (Shulman & Sykes, -
1986, p. 10).

This type of knbwledge is necessary for teachers in making decisions on the teaching
. order of topics. Leinhardt and her colleagues include such a type of knowledge in the
knowledge of lesson structure, and claim that it is “necessary for coordinating lesson
segments, and for fitting lesson‘s together within a day (across subject areas) and within a
unit (across days).” (Leinhardt et al, 1991)

Anissue which is not explicitly touched upon in the literature is knowledge of how to
make an introduction to a topic. It should be pointed out that such kind of knowledge
may be very important in fostering students’ knowledge and understanding of a topic. As
the U. S. National Council of Teachers of Mathematics (1989) envisages “Once
introduced, a topic is used throughout the mathematics program.” (p. 32). Therefofe, this

type of knowledge may also be included in curriculum knowledge.

The above discussions on PCK, especially on the components of PCK, arises from
different categorisations of PCK in the literature. In the context of science teaching Tamir -

(1987, p.100) for example categorises PCK as follows.

R 1. Student

1.1 Knowledge: Specific common conceptions and misconceptions in a given
topic ' ’ ‘

1.2 Skills: How to diagnose a student conceptual difficulty in a given topic -
2. Curriculum '

2.1.'Kn6wledge: " The 'pfe-requisite conceptsk needed for uridelrstyanrdking;
’ photosynthesis ' : :

2.2. Skills: How to design an inquiry oriented laboratory lesson
e 3. Instruction (Teaching and management)

Knowledge: A laboratory lesson consists of three phases: = pre-lab
- discussion, performance, and post-laboratory discussion.

- Skills: How to teach students to use a microscope.
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4. - Evaluation

Knowledge: The nature and composition of the Practical Tests assessment
inventory

Skills: How to evaluate manipulation laboratory skills

- Another categorisation comes from Grossman (1990) who divides PCK into four
subcategories: conceptions of purposes for teaching subject matter, knowledge of
students' understanding, curriculum yknowledge, and knowledge of instructional

Strategies.

One immediate remark about these frameworks is that in both of them there is an attempt |
to cover all possible ways of helping students to learn the subject-matter. This is because
“both of them relate to Shulman’s original definition of PCK. However, in their attempt,
they try to distinguish PCK from SMK, from general pedagogical knowledge, in short,

from other types of teachers’ knowledge.

Another remark is that some of the categories of PCK menktioyned,i’n both frameworks can
sometimes also be’ considered as a source of PCK. For example, the category which is
labeled as ‘knowIedge of students’ understanding’ by Grossman (1990)'(’category 1 1 of
Tamir’s framework) can be conSIdered as both a source and asa component of PCK In
fact Even and T1rosh (1995) use knowledge about students’ understanding as a source ofk
one of the components of PCK. They call this component ‘Knowledge about ways of

Presenting the subject matter’.

- Ichose these three frameworks because they represent drverse perspectrves and therefore |
help me to more precisely 111urmnate the components of PCK for teachmg vanables
However, while consrdermg components of PCKy, I a]so keep in mmd my 1nqu1ry mto

the nature of the relatlonshlps between SMKv and PCKv. That is, I 1ncluded in my
” frf=lrr1§:work for PCKv those components of PCKv which might have re]atronshlps with
SMKy. Therefore, the following framework consists of the main components of PCKv

that may have relationshjps with SMKYv. It presents an attempt to organise and blend the
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categories suggested by the three frameworks presented above into a specific framework

which can be used as a basis for the purpose of this study. -

1. Knowledge about ways of presentlng the subject matter,
1.1 Reactions to pupils’ comments and questions in the classroom
1.2 Analysing a students’ mistake
1.3 Helping students to correct their misconception
2. Curriculum Knowledge
’2 .1 Knowledge about introducing a topic
© 2.2 Knowledge about ordering topics.

2.4.1 Knowledge about ways of presenting the subject matter

2.4.1.1 Reactions to pupils’ comments and questions in the classroom

- The findings ‘of research on students’ learning of variables indicate that students build
their knowledge of variables in ways that often differ from what is assumed by the ‘
teachers. That is, students make sense of the variable concept in their own ways. For
€xample, it is documented in the literature that students tend to eonjoin or fﬁnish’

~ algebraic expressions, that is they tend to write the expression 3x +2 as Sxor$. (Tall &

Thomas, 1991 Booth, 1988; Collls, 1975) Therefore, they ask such questions as “Why . |

doesn t 4+2b equal 6b?” while learning to simplify algebraic expressions.

Giving appfopriate reactious to such questions may depend on teacher"s knowledge about
: Stutients (Even & Tirosh, 1995). In fact, Even, Tirosh and Robinson (1998) report that
Since two experienced teachers in their study are aware of students’ tendency to conjoin
expressions,. they try to apply appropriate teaching methods in helping students to learn to
simplify algebraic expressions. On the other hand two novice teachers don’t know about
- Such a tendency, and so they do not take appropriate cautions and furthermore they do not

Tespond to students’ questions such the one given above.

, NOt respondmg to such questlons from students is also related to teachers’ hmlted subject

matter knowledge Even and Tirosh (1995) report that if teachers and prospectlve
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teachers do not know the reasons behind the rules, they cannot give appropriate answers
or reactions to students’ questions, ideas, and wrong comments. However, it should be
pointed out that the literature does not investigate the interrelationships between knowing |

the reasons behind the rules and giving reactions to student questions.

24.12 Analysirtg a student’s mistake

Analysing students’ work is another area which requires pedagogical content knowledge.
Tamir (1987) pomts out that although certain principles and methods of student
assessment are common for all subject matter areas, some of these are unique  to
particular drsc1phnes Furthermore, there are recent attempts to regard these methods and
prlncrples as umque to particular toplcs, and concepts. For example, Even and Tirosh
(1995) cla.lm that a decision about whether a certain student’s work is correct is based on
subject matter knowledge of the topic bemg taught. Evaluating students’ work only as
either right or wrong is not sufficient to help the student construct his/her yknowledge.
Therefore they study teachers’ and prospective teachers’ knowledge about students as
sources of their analysis of students’ mistakes in the context of functions and undeﬁned
mathematical operations. By reporting an analysis of interviews, they seem to conclude
that the single most important thing in understanding the reasoning behind students’ work

is the knowledge about students’ conceptions and misconceptions of a concept.

- Such a claim has its foundations in a frequently quoted remark of Ausubel (1‘968n): “If 1
had to reduce all of educational psychology to just one principle, I would say this: “The
most important single factor influencing learning is what the learner already knows.

Ascertain this and teach him accordingly.” (p. 4).

2.4.1.3 Helping a student to correct his/her mistake

'“4Teach1ng students accordmgly is espemally 1mportant in helpmg students when they :
beheve and claim that their way of understandmg is correct when it 1s not correct
Fmdmg ways of helping students understand that their claim is wrong sometrmes may be

a real challenge. Therefore, knowledge about ways of helping students is another aspect



which may be unique to particular topics. This last assumption in fact implicitly says
there may be a different type of pedagogical content knowledge of helping students for
variables. Consequently, this aspect of pedagogical content knowledge in the context of
variables involves knowledge about helping strategies for making students see their weys

-~ of conceptions of variables.
2.4.2 Curriculum Knowledge

It should be pointed out that the following two components of pedagog1ca1 content
knowledge are not of dxrect concern within the study they are s1mply presented to give a
full picture of the notion of PCK. In fact, I will present only the analys1s of the question

which elicits participants’ knowledge about ordermg topics in the next chapter

2.4.2.1 Knowledge about introducing a topic

Another challenge for teachers is finding ways to introduce a topic. The teacher needs to
take into account ,many factors to make an introduction to topics. This ‘type of
pedagogical content knowledge is especially important for introducing variables since
with the introduction of vaﬁablee students begin to enter a new domain of mathematics,
that is they begin to take their first steps on their journey from the world of arithmetic to
the world of algebra. Research on children’s understanding of algebra indicates that these

first steps are very important for future development of algebraic knowledge (Kieran,
1992), . |

Some of the possibie weys of introducing variables can be given as fol'lows. For example,

they may be introduced in a context where letters assume the role of the unknowns. These

contexts generallyvinvolve forming and solving equations. Or they may be introduced in
3 the contexts where the letters assume the role of general numbers. In this case,
irltroducing variables may involve generating activities in which students are kinvited to
find the patterns, rules, relationships between numbers and then expfess these

generalisations using letters.
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Deciding on how to introduce variables may have many sources. For example, the
relevant literature on beginning algebra students’ learning may help teachers with ideas.
Or the textbooks and teacher’s handbooks may suggest a way of introducing the topic.
But to make sense out of these tools the teacher must be able to interpret the purposes and
~ meanings in those tools. While making sense, they may rely on their subject matter

knowledge.

3

242, 2 Knowledge about ordenng toptcs

~ After the introduction of variables a teacher needs to order toplcs within the concept of
variable. For example, he/she may need to decide whether she/he teaches substituting
numbers in the expressions first or simplifying expressions first. While making this
decision, she/he may take into account many factors. For example, the relationship of
these topics to other topics in this concept, or the relationship between these two topics

may be a point to be considered in this ordering.

Even if they do not consider such factors still it is expected of teachers that theyk'make R
sense of how topics are organised and arranged into the curriculum. (Shulman & Sykes,
1986) Therefore, making sense of such organisation clearly requires understanding

Connections across topics.

As | quoted from Tirosh et al (1993) earlier, creatmg classrooms where makmg

connections is emphasxsed is essential to help the students construct understandmgs of the

Sllbject matter. Therefore th1s aspect of PCKv is the point where teachers may needto

think about connections in relation to what is learnt; content connections across drfferent
- aspects of the concept, and lesson connections within different lesson segments and senes
of lessons which are devoted to teaching this concept. '

2.5 Summary and conclusions

I began this chapter by diseussing research papers and theories on teachers’ knowledge,

After discussing developments in the field I discussed papers which study the relationship
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between subject matter knowledge and instructional outcome, particularly the
relationships between subject matter knowledge and pedagogical content knowledge.
These reviews together with the review on students’ understanding of variables helped
‘me to construct a framework for subject matter knowledge of variables ‘and pedagogical '
~content knowledge of variables. Furthermore, they helped me to develop my research
questions by considering missing issues in this research field. Although previous research
in this field characterise teachers’ knowledge, and show that SMK has an important role
in teaching, the majority of these studies hold the assumption that SMK and PCK are
related. Therefore they did not study these relationships. Even (1991) and Even and
Tirosh (1995) are the only studies that make connections between SMK and PCK.k
However,kthe result of their studies can be summarised as if a teacher has limited
knowledge of inathematics then their pedagogical knowledge is also limited. Put another
way their results are an echo of other studies which state that if a teacher does not know a
concept well s/he can not teach that concept well. Therefore, we still need to find

explicitly the nature of the (inter)relationships between SMK and PCK.

Another missing area in this ficld is the fact that most of the studies in this field are
conducted with primary school teachers or teacher candidates in the context of arithmetic.
Again Even and her colleagues are among few researchers who conduct their studiesWith
Secondary and high school teachers or teacher candldates However, they study teachers’
knowledge in the context of the function concept and undeﬁned mathematical operatlons
Therefore, we still need to know about teachers’ or prospectlve teachers’ SMK and PCK |
of varigbles and mterrelatlonshlps between these two types of knowledge in the context
of variables. In particular, we need to know about Turkish prospective teachers’

knowledge about variables, since there is not a single study that examined this topic.
- To study these issues the following research questions are formed:

1. What is the state and nature of Turkish prospectlve secondary mathematxcs ‘

teachers’ subject matter knowledge of vanables"'
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2. What is the state and nature of Turkish prospective secondary mathematics

teachers’ pedagogical content knowledge of variables?

3. Are there any relationships between subject matter knowledge of variables and
pedagogical content knowledge of variables, if so what is the nature of such

relationships?

In the next chapter, I will discuss how I chose an appropriate research stfategy and

. methodology to investigate these research questions.
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CHAPTER 3

Methodology

"INTRODUCTION

In this chapter I will explain‘how my research questions’ were inVestigated and why
particular research methods and techniques were employed. I will provide accounts of

procedure, size of sample, sample selection method, choice of questions

3.1 Discussion of the Research Strategy

Before explaining the processes which I went through while choosing a particular
research methodology, I would like to explain how I selected the appropriate research
Strategy to address my research questions. By research strategy, I mean the general
- @pproach I have taken in my enquiry. Although there are many different ways of
Classifying research strategies, the widely used classification is given as: ‘Experiments’,'

‘Surveys’ and ‘Case Studies.’ (Robson, 1993)

As Robson (1993) poiuts out, a clear idea of the central purpose of one’s study and of the
type of research questions that one intends to seek answers to, can be of great help in
| selecting one’s research strategy. Actuatlly this has become a rule in educational research,
whioh states that “the research question(s) drives the methodology.” I would like to add
to this advice that the studies had been done previously in that research domain also can

be useful in choosing a particular strategy.

Béaring these in mind, I decided that the most approl;riate research strategy would kbe
Cross-sectional survey study, since one of the purposes of this study was to ekamine the
| relatlonshlps between Subject Matter Knowledge of variables (SMKv) and Pedagogzcal
Content knowledge of variables (PCKv). In other words, since I only wanted to portray a
Profile of interactions between SMKv and PCKv, I thought that a cross- sectlonal survey |

» Strategy would be well suited to my study
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Alternative main strategies would be case studies or experimental designs. I rejected
these approaches since I did not need to arrange for events to happen in order to look for
some effects, which is the typical feature of an experimental design; or to observe the
characteristics of an individual unit —a student, a class, a school, which is the vty'pical
-~ feature of a case study. As I discussed in chapter two, case studies which are the
prevalent research strategy in this field have helped us out to see the characteristics of
teacher’s knowledge. In a way these studies have produced operable definitions of
éspects of teachers’ knowledge. Now we are at a point to construct our frameworks for
~these aspects and investigate the relationships between them. Consequently a cross-
sectional survey research ‘s'trategy seemed an approi)ﬁate strategy for my concern in this
study. | | ' | o

I am just concerned with gathering data at a particular point in time with the intention of
describing SMKV, PCKyv and the relationships between SMKv and PCKv. As Fraenkel
and Wallen (1996) state, the cross-sectional survey is a type 1n which information is
Collected at just one point in time, although the time may vary from a day to a few Weeks
or more. In a longltudmal survey, on the other hand, the researcher collects mformatlon
over a much longer perlod of time in order to study changes over t1me (Fraenkel and
Wallen 1996). 1 dec1ded to conduct a cross -sectional survey, since it was my 1ntent10n to
elicit mformatmn from a single perlod of time, rather than to study changes over t1me
Thus, I thought that a cross- sectlonal survey would be a productlve research strategy that

could support a relatronal analysrs

3.2 Methodologlcal approaches to research in exammmg the
relatlonshlp between SMK and PCK:

~ In research on examining the links between SMK and PCK, there has been a ‘moving
aW'c\y from quantitative methodology to quahtatlve methodology One of the reasons for
this movement lies in the definitions of SMK and PCK. Earlier research in this domain

defined the subject matter knowledge of teachers as the number of courses the teachers
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had taken in the natural sciences; and pedagogical content knowledge as instructional

outcome, namely the marks students had taken from standardised tests.

This is why they mostly use quantitative methods to find out the relationship between
:_WSMK and PCK. Most of these studies look at correlation coefficients which are obtained
by means of statistical tests. As Bromrne (1994) points out “A large number of variables
"interfere” with the effect the teacher's amount of subject-matter knowledge has on
student performance.” (p. 76) In other words, there are a lot of mediating variables in
between teachers’ knowledge and their students’ performances. This research therefore
Could not show that teachers' amount of knowledge contributes to the variance of their
Students’ performance. To give some examples concerning these mediating variables,
student variables such as learning styles, motivation and attitudes may affect how they
learn and consequently their performances on exams. Another example from the teachers’
srde one such variable might be teachers’ questlonmg The type of questions teachers
ask, and the way they ask them in the classroom may affect students learmng, and thus

their performance on exams.

Therefore, subsequent research criticises earlier research’s quantitative approach by
saying that we need to approach the question in qualitative terms, since the earlier
Tesearch conclusion was counterintultive (Ball, 1991). That is, it ldoes not»make much
sense to saythat what teachers know does not contribute to what their students leam This

Counterrntumve result of earlier research led subsequent researchers to exarmne the

- underlying assumpuons of earlier research about knowledge of mathematics and leammg '

And the quahtattve methodology begms to study this educauonal phenomenon Fll'St of 1
all, the deﬁnltrons of knowledge as subject matter knowledge and pedagoglcal content ¢

knowledge have been changed by employlng quahtatrve terms. Quahtatlve analys1s of
SMK and PCK took th1s research domam one step forward from a s1mphst1c hst of
Cc’Inpetenc1es that served as a crlterron to knowledge This consequently resulted in

quahtatwe probmg of subJect matter knowledge and pedagog1ca1 content knowledge =
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Interview data is frequently used, as are questionnaires and other forms of data such as

classroom observations and analyses of lesson transcripts.

Defining subject matter and pedagogical content knowledge in qualitative terms was
ptoductive and this body of research has been able to show that there are indeed links
between SMK and PCK. However, in the new’approach there seems to bekan antipathy
towards the statistical paradi gm One can not see any statistical tests that are used to show
those links between SMK and PCK in this research. One of the main reasons for this
avoidance might be the apparent difficulty in quantlfymg the qualitative data and thereby

us1ng statistical tests.

Another difficulty arises from the fact that statistical tests require relatively large sample

sizes. The rich data gathered by using interviews, observations or any other means from a

large sample is very time consuming and difficult to analykse. Moreover, in order to use

Statistical tests to see relationships betweert two types of knowledge, at least two

Varjables are needed; 6ne for SMK and one for PCK. However, finding such variables
requires a very sophisticatéd theory: a theory that could separate SMK front PCK in a

Way that would allow the résearcher to find clear-cut questions to probe aspects of SMK

" and PCK. | | |

In this study every caution was taken to avoid and overcome these difficulties. Firstly,k
SMK and PCK were defined in an appropriate ‘way. By an appropriate way I mean not
regarding SMK as the number of courses taken and PCK as the students’ performance on
€Xams. In this study, I define subject matter knowledge and pedagogical content
knowledge of variables in qualitative terms as I described in the prev1ous chapter while
Teviewing the literature. The theoretical framework which was used to find suitable
. Questions for SMKv and PCKv was based on several bodies of work; the research on
Students’ understanding of variables, the research on teachers’ professional knowledge =
and the studies which examine the links between SMK and PCK. Having overcome these
difficulties, I used statistical methods after taking pains to quantify rich qualitative data

Which was obtained by questionnaires. After analysing the questionnaire data, 1



conducted interviews to validate the responses given to questionnaire questions. In other
words, my methodological approach can be regarded as a combination of previous
approaches used in this research domain, that is an amalgamation of both quantitative and

qualitative methodologies.

3 2 1 D|scussmn of I|m|tat|ons of studying pedagoglcal content
knowledge only in prospectlve teachers

In this section I will discuss studying PCK only i in prospectzve teachers. This d1scuss1on o
is related to the questlon ‘where best to study the interactions between PCK and SMK. |
There are contrasting answers to this question. These contrasting answers stem from the
views onkwheri and how PCK is learned. Noddings (1992) states that most of pedagogical
Content knowledge is learned on the job, that is whilst teaching pupils. Fennema et al
(1996) take a more extreme pesition. They claim that one of the components of PCK, -
knowledge of pupils’ thinking processes-, can only be acquired in the context of teaching
mathematics. These kinds of claims 'imply that for prospective teachers acqﬁisition of Ik
PCK‘ is still in the future, therefore it is difficult to study PCK in intending teachers.

Hence, this view clearly poses some limitations on studying PCK in prospective teachers, -

Tirosh (2000); however, argues that experience acquired during teaching is the primary
but not the only possible source of teachers' pedagogical content knowledge. ‘She points
Out that prior to their teaching experiences, prospective teachers' owniSMK together with
their experiences as learners and relevant developmental and cognitive résearch could »be :
used to enhance their PCK, in particular td their knowledge about studentsf thinking.
Therefore, she points out that the viability of promoting development of pfospective
teachers' PCK should be systematically researched Hence, she studles PCK m v

Dl‘08pect1ve teachers.

In hne with Tirosh (2000), Grossmann (1990) argues that subject-spec1ﬁc method courses

are the logical places for a researcher to look if they are interested in studymg the

acquisition of PCK, because it is here that prospectlve teachers’ subject matter and
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pedagogical knowledge will definitely inferact during the process of learning to teach a
subject. On the other hand, some of those prospective teachers who had not yettaken any
pedagogical courses might have encountered some pedagogical questions in the
questionnaire for the first time. For the first time; during the process of answering the
"~ “questionnaire, they might have made a pedagogical decision. This might have posed
some limitations on the findings of this study. For example, their responses should be
interpreted in a restricted way. We should not expect from them fully fledged
pedagogical responses. We should not expect from them expert-like responses.” However,
we could think that their responses to PCK questions had not yet been affected by
teaching experience. Therefore, it was considered that if there could be any relationships
between PCK and SMK then they would possibly interact during the process of

answering the questionnaire.

Thls last consrderatron helped me to assert that studymg PCK in 1ntend1ng teachers is the
ideal strategy to find out the mteractwns between SMK and PCK because their th1nk1ng
about pedagog1cal issues has not yet been affected by teachmg experience. Therefore 1t '
is thought that this is the ideal time to find out how SMK has an impact on students
thinking about pedagogical issues which are addressed in the questlonnalre Nevertheless,
it should be pointed out that this kind of consideration is not conﬂlcung to Shulman S

definition of PCK, in partxcular its distinctive character.

Shulman points out that teachers should possess a special kind of knowledge which is
Tequired to make a subject understandable to the students. He claims that the knowledge
fora subject matter spec1ahst and the knowledge fora teacher are dlfferent For example,
| the knowledge for solvmg problems conductmg experiments, passing courses etc. in a
dlScrpllne is different from the knowledge Wthh is required to teach that d1sc1p11ne to
| Others Shulman calls this knowledge PCK and consrders it as distinctive to teachers. He ,
Clalms this, because teachers teach; they explam, give examples, demonstrate lessons etc.

to help students learn. Their job is not only to learn that subject but also to help students
learn jt,
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The common point of all teaching actions is that they are efforts of communicating one’s
- knowledge to others. That is, teachers try to communicate their SMK in a suitable form
that helps students ﬁnderstand the subject. These actions are relatéd to practicai éspects of
PCK, and practical knowledge is highly context dependent.‘ However, PCK also has -
formal aspects. These formal aspects are in the form of propositional knowledge (see
Fenstermacher, pp. 32, 36, 1994, to see a discussion about the formal and practical
elements of PCK). Therefore, formal elements of PCK include lists of sorts, of common
misconceptions of particular topics among pupils that need correction and suggestions for
ways of making a particular topic more understandable to the students. Prospectivé :
teachers may know a set of strategies, stories, and forms of representation for a content
area. However, if PCK is only viewed as a kind of knowledge that ohly expert teachers
have, then this knowledge must be developed through an integrative process rooted in
classroom practice. This in turn, implies that prospective teachers usually have little or no
PCK at their disposal. But again, it should be acknowledged that such knowledge is
related to practical aspects of PCK and this can be based on formal aspects of PCK. That

is, aspects of PCK which are formal in form can serve a basis for practical reasoning,

Fenstermacher (1994) points out that there may well be a “‘science for the advancement
of practical knowledge as there is a science for the advancement of formal knowledge’’
(p. 36). In this study I regarded PCK as formal knowledge of ways of communicating
one's SMK to others while constructing the questionnaire, in particular PCK questions. I
had this regard also while I was analysing the responses to the PCK questions.‘ While
analysing, whether or not it is a ‘suitable’ explanation, I considered those responses to the
‘PCK questions as instances of PCK which demands pedagogical considerations. I took
these responses as they are without judging whether or not the;' indicate that the studént |
has well-developed PCK. I looked at the similarities and differences  between >the v

Tesponses and put them into categories.
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3.3 Sample

In this section, I will discuss and present the sample selection methods. T will also write
about the characteristics of the sample; the region, their educational status and

background.

3.3.1 Questionnaire Sample

The sample comprised three different year groups of students from three different
Universities in Ankara, the capital city of Turkey. This city was selected intentionally
since I wanted to reach a Iarge number of students. In this respect Ankara was the only
city in Turkey in which I could carry out my research. After choosing the city, I visited
all the UniVersities in this eity that have a Mathematics Education departmentto explain
my aim to the chalr of department and to get permission to conduct my research. All
universities gave perrmsswn and helped me to find out where and at what time I could get |

in touch with students to distribute the questionnaire,

The students ranged from the second year to the fourth year of courses in Mathematics

Education Departments. One hundred and eighty-four students (184) completed the

Questionnaire. - - The - following table shows the distribution of students between

Universities and year groups. The letter of the variable, in the first column of the
fO_lllowing table, denotes the name of the university and the number next to the letter
denotes the year group. For examp]e, Ain A3 shows the university A, and 3 in A3 shows
year 3. So from the table, it can be seen that there are 82 students from umvers:ty A, and
81 students from un1vers1ty B, and there are 21 students from umversny C. The number
of Students from umversxty C is smaller than the number of students from the other two
umversmes since very few students were studymg in the Mathematics Educatlon
Department of university C. The students in group B5 were on their extens1on year to

Complete some of the courses from previous year. They were still following the 4™ year -
Courses.
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Table 3.2 Distribution of Students to Year Groups and Universities

Frequency Percet

A2 30 163
A3 24 130
A4 28 152
B2 38 207
B3 . 24 130
B4 14 7.6
B5 5 2.7
c4 : 21 1.4

Total 184 100.0

In order to explain what qualifications my samble brought from schools prior to
University, I would like to briefly describe the Turkish educational system. In Turkey,
formal education includes pre-school education, compulsory - education, secondary '
education, and higher education. Pre-school education is the broad term applied to non-
compulsory programs for children prior to the starting age for c0mpu1sory basic
education. Compulsory education is for 8 years and it is for every Turkish citizen from ,
the age of six to the age of fourteen, regardless of sex, and is free-of-charge in state
schools. Prior to 1997, compulsory education was five years primary school (Ilkokul).
After primary school students go to three years of middle school, or junior high school
(Ortaokul) in order to be able to continue their educatlon in secondary schools (high

schools, or lycee)

‘ Secondary education comprises all schools providing a minimum of three years of
Zeneral, vocatlonal or technical education. In secondary educatlon, there are 6 subject
areas as shown in the Table below. Students select their subject areas according to their - |
| performance in the first year of high school (9th grade) taking into account thelr ’

lnterests abilities, and achlevement

57



Table 3.3 Subject areas at high schools. (Source: YOK, 2000) -

Subject Areas Feeder Subjects - Hours/Week
Science Biology ' 2
Physics
Chemistry 2
Mathematics 5
Social Studies Turkish Language & 4
Literature
2
- [History
: ; 2
Geography ‘
Turkish-Mathematics [Turkish Language & 4
: Literature
5
Mathematics
 [Foreign Language Turkish Language & 4
Literature
4
Foreign Language
~ [Fine Arts Turkish Language & 4
Literature S
o 2
Art or Music :
Sports Physical Education . = 2
Biology - 2

58



In Turkey, all lycee (high school) graduate students who want to continue their education
_ in university should enter and pass a centralised nation-wide examination which is
administrated by the Student Selection and Placement Centre (OSYM) every year. This
ntrance examination is comprised of multiple choice test qliestions which can cover all
the subjects that exist in the Turkish high school curriculum. More precisely, there are
Questions that measure verbal and numerical ability, Turkish, mathematics, physics,
chemistry, biology, history, and geography achievements. It is a time restricted test and
fOur wrong answers cancel out one correct answer. The score taken from this exam is the
only decisive factor for admission to a university. These scores are calculated by taking
into account the score of the entrance examination as well as the high school grade-point
averages, with different weights. Passing this exam and entering the universities is a great
aChievement,v considering that the number of lycee graduates who could get a place in the
Universities is 414, 315 out of 1, 479, 326 applicants in 1999 (YOK, 2000). |

| All universities in my sample draw students from all oyer ankey. However, they accept
Students who achieve a hi gher score on the Univetsity Entrance Exam than other Turkish

Universities do. In this respect all three universities in my sample are in the top ten.

When the students in my sample are graduated from their departments, like all the
graduates of mathematlcs education departments, they will be qualified to teach in middle
and high schools. Beside these they can be employed by Mathematlcs Education
_Departments of universities as well as by the Ministry of Educatlon and pnvate schools
as academlcs superv1sors inspectors, cumculum consultants test “and evaluation

Spemahsts in mathemancs educatlon

Participants in this study who were in the second or third year ‘of all three universities or
in the fourth year of university B (B4) had not taken any pedagogtcal courses at the nme
the Questionnaire was completed, whereas students in the fourth year of un1vers1ty A
(Ad), university C (C4) and a few students of umversxty B who failed to graduate in txme
and were denoted as BS had taken pedagogy courses. Table 3.4 shows the d1str1but10n of

Students according to whether or not they had taken pedagogy courses.
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Table 3.4 Distribution of Students according to Pedagogy Courses taken or not

e S ——
Frequency Percent

no pedagogy 130 70.7
pedagogy 54 29.3

As can be seen from this table there are 130 students who had not taken any pedagogy
Courses whereas 54 students had taken pedagogy courses. There are fewer students who
had taken pedagogy courses because of the new system for mathematics education
faculties in Turkey which was started four years ago in 1998. According to this new
System, students cannot take pedagogy courses until they come to the second term of
their fourth year. For this reason one of the universities in my sample stopped student
admissions into education departments in 1998. However, students admitted before this
date were allowed to follow the programs they originally registered for, All students who
took pedagogy courses in my sample were admitted before thrs date and they were,

fOllowmg the prevrous system, whtch isa four year programme

The pedagogy courses which students in my sample had taken are generally named as
Educational Psychology, Philosophy, Sociology, Teaching Methods, Measurement and
Evaluation in Teaching, Introduction to Educational Sciences, Currlculum Development
(Turk 1999). In these courses students are taught different definitions and conceptions of
Curriculum, the role of mathematics in Turkish middle and high school curricula,
concepts of measurement and evaluation as applied to behavioural sciences, classical test
theory, Beside these courses students have to go to schools in order to gain field

k exPer‘ience and teaching practice including planning and preparation for teachmg They |

are required to have guided teaching practlce in mathematics in hi gh schools.

Howeéver, according to YOK - the planning, coordinating and policy making body for
higher education in Turkey is called the Council of Higher Education (Yiiksek&gretim
Kumlu. YOK)- pedagogical courses given in} the previous system are mainly theoretical

Courses in educational sciences. This was criticised by saying that they did not perform
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the function of giving prospective teachers the knowledge, ability and vision that could
be practiced in teaching (YOK, 1998). Therefore, education departments began to

educate teachers according to a new system.
3.4 Interview Design and Sample

After analysing the questionnaire responses; ﬁrstiy by putting responses into different
Categories then using statistical methods to see if there are relationships between
Students’ answers to questions in the SMKv group and questions in the PCKv group, it
was decided to conduct interviews to explore the validity of the responses given in the
questionnaire. That is, the interview sample was chosen to establish the range of
responses given by’students from all universities who completed the questionnaire. For

this reason, ten students chosen from university B were interviewed.

The selection of students was done by mainly' considering the relationships found from
the analysis of questionnaire responses. That is, I chose such students who gave particular

Tesponses to particular questions.

The preliminary analysis consisted of putting questionnaire responses into categories.
Then, 1 thought about the reasons for getting particular responses from PCK questions. In
Particular I considered whether prospective teachers; SMK could be a reason for their
Tesponses to! PCK questions. In this examination, I set up some hypotheses which
involved relationships between SMK' questions and PCK questions. For example, I
“hypothesised that mentioning that variables could stand for objects may be related to
explaining why 2a+5b kis rfot equal to 7ab by using objects. As the reader may appreciate,
the possible reasons fdr using objects to explain that the variables cannot be conjoined
Can be linked to the assumption that variables can stand for objects. Alternatively it can
be linked to the behef that younger students could leam w1th concrete objects better
HOWever,r in this case, if one does not know the distinction between using varlables as
Objects and using them as the nutnber of objects, then this kind of misconception may )

also be related to that person’s pedagogical content knowledge.
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In order to see if the hypotheses I constructed from preliminary analyses could hold I
carried out cross-tabulation analysis between SMKv and PCKv questions. From these
Cross-tabulations I saw consistencies between the responses in part I and part I of chapter
4. For example, students who talked about variables as objects in part 1 of the
questionnaire Were more likely to use objects in their eXplanation to why 2a+5b is not
equal to 7ab in part II. Another example could be given as students who approach
problems in different ways are more likely to give more than one way of helping to

Correct their student’s misconception.

After hypothesising and checking these relationships between the questions by cross-
tabulations, I chose 10 students from one of the universities where I collected rny
Questionnaire data and who gave particular responses to the questions. As a result; 1 -
Student from year 4; 5 students from year 3; and 4 students from year 2 were selected.
For example, four students were chosen to represent the four dlfferent combmatlons of

responses to questlons 6

6. What different things might an algebraic expression such as, say

| 2x+1, mean? What can x stand for?

and question 12a,

12 a) How would you react to your students’ questlons as below in
the classroom? Explaln'

“Teacher, why does 2a+5b not equal 7ab?”

The ﬁrst one of these students wrote in the questionnaire that x could be an object in 2x+1
’ and used objeots (‘fruit—salad’ algebra) to explain why variables can’t be conjoined; the
Second one did not write x could be an object and did not use fruit salad algebra. The
third student did not write that x could be an object but mentioned that she would use a
frult~Salad’ explanatlon The last student wrote that x could be an object but did not

Mention she would use a ‘frult salad’ explananon The selection of such students was
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accomplished by the help of SPSS. That is, I randomly chose those students who gave the

types of responses required for the investigation.

3 5 'Design of the Ouestlonnalre

In this part of this sect1on T will explam the processes which I went through whlle
designing the questlonnalre This stage of the desxgn pr1nc1pa11y mvolved demdmg on
appropriate questions that were to be asked and on their precise wording. The sequence,
the form of response and the format of the whole questionnaire also had to be decided in

order to ensure that the information would be gathered in an appropriate and efficient
fashion, ‘

The purpose of this study was to investigate relationships between subject matter
knowledge (SMKv) of variables and pedagogical content knowledge (PCKv) of
variables. To achieve this aim, a theoretical framework was established for analy‘sing'
‘ knowledge and understanding of variables and knowledge about teaching variables. Tnis
framework was based on integrated knowledge from several bodies of work which was

Presented in chapter 2.

- Using this framework as a basis, I constructed a questionnaire, which had 15 free-
Tesponse items. 12 of them were about subJect matter knowledge of vanables and 3 of
them were about pedagogical content knowledge of variables. I pxloted this questlonnalre
in July 2001 in Turkey After the pilot analysis, I refined my questlonnaxre, and in
October 2001, I collected my data by using the reﬁned quesuonnaxre which has 10 open-

ended items about knowledge of vanables and 6 open-ended items about teachmg of
Variables,

While designing the questionnaire, I used open-ended questions (free-response or recall -
questions) rather than multiple-choice questions (recognition questions). In view of the
fact that T did not have enongh elicited information to write appropriate vresponse
categ_Ories, I preferred to use free-response questions. Furthermore, since I was interested ’

In subjects” solution methods rather than whether or not they solved questions correctly, I
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chose to use free-response questions. In other words I wanted to obtain subjects® ideas
and thoughts through their solution processes of subject matter knowledge questions, and
I wanted to obtain their explanations and their reasons behind these explanations about
- teaching different aspects of variables. To clarify I would like to give the following two
forms of the same question, the first one is free-response format and the second one is

multiple-choice format:

Five years ago, the sum of the ages of a mother and her daughter was
53. Now, if mother is 27 years older than her daughter, how old was

the daughter 3 years ago?

Five years ago, the sum of the ages of a mother and her daughter was
53. Now, if mother is 27 years older than her daughter, how old was
the daughter 3 years ago" Please choose the correct answer from

choices below.

A) 15B)25C)30D)35E) 40

As can be apprecrated from the different formats of the question, that I could not have
a‘Cqulred much information about the solution processes of subjects if 1 had asked this
Question in the second format, However, from the first format of the question, I could
analyse their solution processes; I could see whether they solved thls problem ‘

arlthmetlcally or algebrarcally thereby I could categorise their responses

3.6 Questlons in the Questlonnalre

In this section I will present the structure of the questionnaire and also the questrons and
then' use in ehcrtmg SMKYv and PCKv. ’ ‘

The Structure of the questionnaire is formed by use of the theoretical framework I

Presented in chépter two. More precisely, the main groups and related subgroups were



based on the theoretical framework. This framework was based on integrated knowledge
oOn several bodies of work. There were two main groups of questions in the questionnaire,
namely subject matter knowledge questions and pedagogicai content knowledge
questions. And in each group there were sub-groups of questions for finding out different
aspects of teaching about and knowledge of variables. The main groups and related sub-

groups of the questionnaire are displayed in the following table (Table 3.5).

Table 3.5 The Structure of the Questionnaire

Codes | Main-Groups
Sub-Groups

SMKYv - | Subject Matter Knowledge Knowledge of variables in:

Principal uses of variables
Awareness of Different Roles of
" Variables
¢ Flexibility, versatility and
connectedness among different
roles and uses

PCKy Pedagogical Content Knowledge | Knowledge about teaching variables
‘ ' in: '
e Knowledge about ways of
presenting the subject matter
e  Curriculum Knowledge

The two main groups involve the research questions which were brought out by the

Teview of the literature in chapter two. These are as follows:

SMKv: What is the state and nature of knowledge of variables of Tutkish prospectiv_e

mathematics teachers?

PCKv: What is the state and nature of knowledge about teachmg of vanables of Turklsh

Pro*pectlve mathematics teachers? -

To investigate these questions, the different aspects of SMKv and PCKv are reflected in

the structure of the questionnaire. These aspects constituted the subgroups of the main
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groups. These subgroups and the relevant questions and their aims will be discussed in

detail in the remainder of this section.
3.6.1 Subject Matter Knowledge Questions

3.6.1.1 Knowledge of variables in principal uses of variables

This group consists of questions that will exemplify prospective teachers’ knowledge of
variables in principal uses of variables. That is, the questions in this group are about

understanding variable as unknown, as general number and as variable.

Question la

1 a) Five years ago, the sum of the ages of a mother and her daughter

was 53. Now 1f mother is 27 years older than her daughter how old

was the daughter 3 years ago‘?

Accordingly, understanding variab/le“ as unknown includes those questions that can
Tepresent the process of forming and solving an equation to solve the problem. These

Questions require the ability to recognise and to identify in the problem the presence of
Something unknown and after using appropriate symbolisation tools it remains to

Manipulate these symbols to get the value of the unknown. Question 1a was set up for
this purpose. However, it should be acknowledged that the question la can be solved

Without using letters, by just using arithmetic. In this case, we could hypothesrse only that ) ’
the solver has the ability to recognise and 1dent1fy in the problem the presence of

| S$omething unknown but we can not be sure that the solver has the ability to use letters to |
denote the unknowns, and manipulate them to find the value of the letters. Hence, if this -
Question had been constructed in a way that the only way to solve it was by employing

letters for the unknown(s), then it would have better served the purpose for eliciting using

Variables as unknowns. It could not have been constructed like this because the researcher _

Could not recognise that the question could be solved by just using arithmetic, since he
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- Was so accustomed to solve such problems using letters. Therefore, the analysis of this

Question will not be presented.

Question 1b

1) b) Prove that the sum of n consecutive even integers is divisible

by n.

Question 1b was put in the questionnaire in order to illustrate subjects’ understandings of
Variable as general number. In this question, the variable ‘n’ can be taken as a general_
Number or as a specific but unknown number. Both could work to solve it. However, in
Order to give a general solution, it requires proving the assertion in the question for all
Cases. In the question, there are any ‘n’ even integers, and the sum of these ‘n’ integers is
divisible by any ‘n’. Solvers have to start the first number of the consecuﬁve even
integers at any number not at a specific number in order to give a general venﬁcatlon

Thus they need to use a letter for the starting number of these consecutlve even 1ntegers :
% show the generality of their solution. For example, can the sequence “2, 4, 6,....,2k”
(Where k’ can be obtained by considering the number of integers in the sequence) be a
Candidate to represent all different variations of ‘n’ consecutive integers? If this sequence
Is divisible by ‘n’, can we claim that the sum of ‘n’ consecutive even integers is divisible
by ‘n’? How can we be sure that the sequence “12, 14, ....., 2m” (again ‘m’ can be
Obtained by considering the number of integers in the sequence) is also 'divisible by ‘n’?
As g result, if we proye that the sum of integers in the sequence “2a, 2a+2,
2511‘*-4, ....... ,2m” (hote that the starting number is represehted by a letter) is. divisible by
'’, then we can claim that the assertion in the question holds for any sequence of ‘n’

eVen integers.

Hence,. prospective teachers’ solution methods for this question can give clues about their
 thinking in dealing with problems which requires distinguishing between particularities

and generalities. However, it should be acknowledged that the analysis of this question -
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will not be presented in chapter 4, because it is believed that the purpose for asking this

question is not clearly stated in the question.

Question 11

11) Examine the cube pattern below. (a) How many blocks would be needed

to build the n™ item?

1. Item 2. Item 3. Item

Question 11 may also be regarded as of the same nature. But in question 11, it is firstly
Iequired to establish a generalisation, then to perform manipulations and finally to make
and interpretation of the result of manipulations. More precisely, in this question it is
Tequired to go from figural pattern to number pattern to expressing the rule in general
terms. Even if one can see the rule of the pattern from the figures, one still needs to
EXpress this rule by letters in order to express generality. Furthermore, since it is believed
that these kinds of questions are absent from the Turkish curriculum, subjects are
unfamiliar with this type of question. Therefore, this question also serves the purpose of
assessing whether subjects had developed an intuitive feel for when to call on variables in
the process of solving a non-routine generalisation problem. However, the analysis of this
Question will not be presented because this question may need more time to solve it in the

questionnaire than assumed by the researcher.
3.6.1.2 Knowledge of variables in awareness of different roles of variables

This section of the questionnaire involves those questions that exemplify whether
Subjects are aware of the fact that variables have different meanings and roles depending
On the effective context. Questions 2, 5 and 6 can be put into this group. However,

Question 2 and 5 can also be used for obtaining information about whether subjects can

68



~discriminate between different roles of variables; variables as unknown, as general

number or as variable.

Question 2

2. Which of the following are equations for quadratic (second-degree)
functions of one variable? Feel free to answer "it depends,” and if you

do, elaborate on the dependent conditions.
‘a) y=ar +bx +c
b)y = (1/2)7d
c)E= nvzc2

d)y=e2

Question 2 was adapted from Philipp (1992).This question highlights the importance that
context plays in determining the role of a literal symbol. Whether one considers these
€Qquations to be quadratic or not depends on the context. For example, y = &* can either be
Quadratic or a constant function, depending on whether e varies or represents the base of
the natural logarithm. Therefore, they don’t have right or wrong answers, consequently in
analysing responses to this question the emphasis was not on whether they arrived at
"right" answers but rather on the reasons they selected the answers they did. However, it
should be acknowledged that the respondents may have felt insecurity in responding to
thiS' qQuestion because they may think that there is a trap in the question. There is not
nough crystal clear information in the question. Hence; such problems in the -
Construction of the question may affect subjects responses As a result, the analysis of

this question will not be presented in chapter 4.

Question 5
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5. For each of the following expressions, indicate the role of the
variable (the underlined letter). Please give your reasons!

If a variable is used as the name for a number, write A.

If a variable is used to represent a specific unknown, write B.

Ifa vanable is used to represent a general unknown or a pattern generaltser,

write C,

If a variable is used to represent a varying value, write D.
a) y=x+10, xis...... since '
b) 3p=9.42, pis...... since

¢) 7ex=0, xis...... since

d) 7+x=10, xis...... since

e) 0+n=0, nis...... since

The emphasis in question 5 is on whether students could give valid reasons why the
variable assumes the role they claimed. It is similar to question 2, but in this question it is
needed to decide on the role of the letter from the given equations whereas in question 5,
the meaning of the equation is decided from elaboration of the roles of the letter.

HOWever it should be acknowledged that the words ‘specific unknown , general
unknown’ or pattern generaliser’ may not be meanmgful to the students since in Turkey
the difference between the different roles of the variables is not emphamsed. Furthermore,
In parts b), ¢), €) where p=3.14, x=0 and x=3 respectively, where the value of the letter is
found, the students may think that the letter is used both as the ‘name for a number’ and
3 a ‘specific unknown’, In part ‘e)’, ‘n’ can be considered as it is used as a ‘general
Unknown" orasa ‘pattem generaliser’, however, the case n=0 distracts the generality in
the equation 0-+n=0. For these reasons, itis thought to concentrate on the given reasons
f0r their choices while analysmg the responses, but since there were not rich explanatlons

for j Justification of thelr choxces, I wnll not present the analys1s of thls questxon in chapter

Question 6

6. What different thmgs might an algebralc expression such as, say

2x+1, mean? What can x stand for? -
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Question 6 was used to see what kind of things x is associated with in the minds of
Students. The context is again important in this problem. ‘x’ can stand for anything,
however since it is used in the expression 2x+1 it should stand for a number, or anykother
mathematical objects that can be multiplied by ‘2’ and ‘1’ can be added. I will discuss

more about this question in chapters 4 and 5 while presenting the analysis and results.

3.6.1.3 Knowledge of variables in ﬂexibility, versatility and connectedness among

different roles and uses

This group consists of those questions that can illustrate subjects’ flexibility and
versatility while solving those questions where the variables assume more than one role
in the same problem, as well as different roles than their accustomed roles: questiOns 3,4, ‘
7,8,9, 10. To respond to these questions it may be required to have rich relationships and

Connectedness between graphical representation and symbolic representation.

Question 8

8. If you substitute 1 for x in ax’ +bx + ¢ (a, b and c are real numbers)
you get a positive number. Substituting 6 gives a negative number.
How many real solutions does the equation ax’ +bx + ¢ = 0 have?

Explain.

This questlon is used in the literature for assessmg the knowledge of functlons by Evenk _'
(1990) It was decided to change questlon 8 after analysmg the pilot questlonnalre, since I
Could not get information about whether subjects solved this question using or thmkmg
abo“t graphical representation due to fact that I could not see any graphics or mentlomng
of graphics in subjects’ answers in pilot study. Question 8 in the pilot study read as

Solve -x*+2x-3>0”; this was changed as above using an adaptatlon of a questlon from
Even (1990)

~ In order 1o solve question 8, it was needed to work in the field of real numbers, and it

Tequires using or visualising its graphic representation. Otherwise by symbolie
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Manipulation it proves difficult to explain the solution of the problem. Graphical
Tepresentation may give important insights into the solution of the problem. And this may
call for rich relationships and connectedness between the symbolic representation and |
graphic representation. This, in turn, shows one’s flexibility to give symbolic treatment to
Problems for better tools. I will discuss more about this question while presenting its

analysis in chapter 4.

Question 9

9. For what values of a does the pair of equations -~
Pyt =0

(x-a)+’=1

have either 0, 2, 3, or 4 solutions?

Arcavi (1994) uses a question similar to above as an eXample to describe an aspect of 3
‘symbol sense’ which invol<ves giving up symbolic treatment to problems fof bettér tools.
He points out that the above problem can be elegantly and easily solved by using
Cartesian coordinates. The symbolic approach is less elegant and it needs more logipal
Connections to the givens in the problem, and there is more chance of making mistakes
while following’technical manipulation. Therefore, this question assesses one’s flexibility |
t©0 move among différent aspects of variables. It is similar to question 8 in the senseythat
both of them can be solved by working on Cartesian coordinates, either‘by imagining the
8raphs of the expression or by actually drawing them. The discussion on this question

Will be continued in chapter 4 while presenting its analysis,

Question 4

4. What different things could y = 3 mean if one derives it from y = mx

+ 3,
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Question 4 was modified from a question which is used by Arcavi (1994), and it was also
for flexibly oscillating between manipulations and objects involved in the question, such
as line, point. The meanings of y=3 depend on how one finds 1t If one finds this by
substituting x=0, then y=3 is the y-intercept, if one finds y=3 by substituting m=0 then
¥=3 is the horizontal line with slope zero. I will discuss more about the purpose of this

question in chapter 4.

Question 3

3. Explain two different solutions of the following problem to your
students?

- * For which values of m does the equation m(x — 5) = m + 2x have
no solutions?” '

This question is adapted from Bills (1997). While solving this question the roles of m and
- x change through-out the solution process. The way the question is asked implies that x is
the unknown, m is the parameter. In‘order to solve this question the solver must move
fle)ubly between different roles of m and x. However, as Bills (1997) points out there is
not only one way of solving this problem, and therefore each person can follow different
Toutes while moving between different roles of m and x. Because of this fact, I wanted
Participants to solve this question at least in two different ways. I will not present the

analysis of this question due to word limitation.

Question 10

10. Find the coordinates of the pomt where the line m + 2n- 4=0

meets the lme n = 2m — 2x +y in the m-n coordinate system,

QUestlon 10 was used to see whether partmpants assoc1ate certain letters w1th certam
roles in their minds. Although this kind of association may have both useful and counter-
Productive outcomes depending on the context, we can expect from prospective teachers

of mathematics to work comfortably and solve problems in unfamiliar situations where
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the letters have different roles from their accustomed associative roles. I will not present

the analysis of this question due to word limitation.

Question 7

7. Find the difference between the larger root and the smaller root of

prxp+(P-1)/4 = 0.

Question 7 is similar to question 10, in the sense that in both questions the solver need to '
make shifts in the roles of variables. However, in this question the solver is free to choose
Which letter is the variable and which one is the parameter. Question 7 is different from
Question 10 because question 7 is written in a form that p can be taken as the variable but
Conventional use of x as the unknown may suggest that x is the variable. Hence‘. a student |
Who is familiar only with using x as a variable and p as a parameter might have only one
interpretation of this problem. It is difficult, if not impossible, for him/her to take p as a
Variable and x as a parameter. As a result, the ‘flexibiiity’ of moving among the different
interpretations of the foles of the letters depends on the students’ experiences and what
they have been taught. Therefore, I will not present the analysis and results of this

question,

3.6.2 Pedagogical Content Knowledge Questions

In this section I will present and discuss the questions which were put into the
Questionnaire to elicit prospective teachers’ PCKv. As I pointed out earlier, the different
aspects of PCK were justified by the literature review in chapter two. Therefore, asking
Such questions which will be presented in the remainder of this section serves the purpdsé

of eliciting prospective teachers’ PCKv.
3.6.2.1 Knowledge about ways of presenting the subject matter
Th¢ questions in this gfoup are for eliciting prospective teachers’ knowledge about ways

of Presenting the subject matter. This aspect of pedagogical content knowledge is
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investigated under three sub-aspects. These are namely “reactions to pupils’ comments
and questions in the classroom”, “Analysing a student’s mistake”, and “Helping a student

to ccrrect his/her mistake”,

3.6.2.1.1 Reactions to pupils’ comments and questions in the classroom

Question 12

12. How would you react to your students’ questions as below in the
classroom? Explain!
a) “Teacher, why does 2a+5b not equal 7ab?” :
b) “While solving equations, why does x change its sign when it
is brought to the other side?”

The quest10ns in this group are for eliciting prospective teachers’ pedagogical knowledge
On reacting to pupils” comments and questions in the classroom. They are for gathermg ‘
data about reaction methods and approaches which are available to prospective teachers.
They were constructed to reflect scenarios which generally happen in classrooms. The -
Questions pupils ask in these scenarios are selected from the literature on learning and
teaching of algebra. As documented in the literature, these questions arise from
Misconceptions and difficulties on pupils’ journey to learn the concept of variable. It
should be acknowledged that in question 12a, 2a+5b can be equal to 7ab if a=b=0 or 1.
I’iOWever, while constructing the question it is assumed that the pupil in the question does
‘Mot ask why 2a+5b is not equal 7ab because s/he thinks thatthere are cases when the
- ®quality holds such as a=b=0 or 1. On the contrary, it is assumed that the pupil asks such o
2 question because s/he has a misconception ‘that the different variables can be conjomed .
One of the underlylng reasons for this mlsconceptlon mlght be giving meanlng to letters
by referrmg to objects. That is, the pupil in the question mlght be thmkmg that 5 app]es
Plus 2 bananas is 7 fruits. T will take this issue into account in my analys1s of the
Students’ responses to ‘this questlon I w111 discuss more about the 1ssues related to thls

q\lestlon in chapters 4and5.
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In question 12b, it is believed that ‘change sign, change side’ is a method of teaching
€quation solving in Turkish schools. Hence, it is assumed that such questions can be
raised by the pupils. It is clear that such method encourages rote learning although it
gives short term success. I will not pfesent the analysis of this question due to word
limitation and also the results of responses to this question were not investigated deeply

by interviews.

The following question 13 is also developed from literature and is also a common

mistake pupils often make.

3.6.2.1.2 Analysing a students’ mistake

Question 13

13. Ayse was asked to simplify an algebraic expression, such as  2x +
4x +6. She wrote:

2x+4x+6=0
’ 6x+6=0
6x=-6

x=-1

What do ybu think the student had m rhind? Is she right? Explain. o

In this question, the pupil made a mistake in recognising the correct role of the variable.
She formed and solved an equatioh rather than simplifying the~ given expression I askedA
prOSpectlve teachers to analyse this mistake. However, I did not tell them the given work
of the pupil is wrong. I wanted them to evaluate thls work. They had to decide whether it
Was wrong or not. Then if they decided there was a mistake in this solutlon, they had to
COmment about the possible sources for this mistake. Hence it is a questlon about

prospectlve teachers’ knowledge about analysmg a student’s mlstake
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In the question above I did not ask them to help the pupil to correct her mistake.

However, in the following question, they are asked to help the pupil correct his mistake.

3.6.2.1.3 Helping students to correct their misconception

Question 15

15. According to you which one of these students is correct? How do
you help the one who according to you is wrong understand his claim

is wrong:

“ Ahmet claims that the letter S stands for students in the equation 6S=P
which he wrote to represent a fact that “there are six times as many students

as professors at this university”. Mehmet claims that the letter S stands for

the number of professors.”

Analysing a pupil’s mistake assists teachers to help that pupil in correcting that mistake.
The scenario in the above question is also about a common mistake in solving the
classical professor-student problem. In student-professor problem Clement, Lochhead,
and Monk (1981) report that about 37% of college students makes a ‘reversal error’
where they write 6s=p rather than writing 6p=s. In this question prospective teachers
Need to ﬁrstly find which student is correct, and then help the other student to understand
his solution is not correct. Therefore, they firstly solve the problem for themselves and
then decide on a helping strategy. While deciding on a helping strategy, the respondents
would have an opportunity on elaborating the possible sources of the mistake However,
the respondents could also think that their _]ob is only to correct the pupll s mistake by |
tei:‘lchmg him how to get the equation rlght without addressmg the possxble sources of the |

Crror. T will discuss more about the issues related to this question in part two of the next
chapter, | |

By the help of these three questlons I wanted to elicit prospectlve teachers’ pedagoglcal

Content knowledge about ways of presentmg the subject matter The followmg questlons
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helped me to gather data on another component of pedagogical content knowledge,

curriculum knowledge.
3.6.2.27 Curriculum knowledge

3.6.2.2.1 Introducing variables

Question 14

In the following question, prospective teachers are asked to explain how they would
introduce variables. They need to write about their ideas on how to make an introduction

to teaching the concept of variable.

[ 14. How do you introduce your pupils to the idea of using letters to

represent numbers?

The analysis of this question will not be presented due to word limitation and the results
of this question were not investigated deeply by interviews. After introduction of a
concept, teachers may need to order topics within a unit of teaching a topic. The

fOllowing question asks prospective teachers to do this.

3.6.2.2.2 Ordering topics

Question 16

16. Which one of the following topics would you teach first? Why?
Explain. ’

- Substituting numbers in expressions

- Simplifying expressions

- Thig Question can give us clues about prospective teachers’ concerns in ordering topics.
While ordering these topics, they would have an opportunity to consider several aspects.

~ For €xample, they may think that one of the topics can be a base to teach another one.
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They may think that one of them is more fundamental or easier than the other. Therefore,
I am more interested on their reasons than their ordering in analysing the question.
However, it should be acknowledged that it would have been bettér if the construction of
the question had not forced the respondents to teach one of them before the other. They
Might think to teach them simultaneously. If I had constructed the question in this way,
the respondents would not have thought that one should be taught before the other. I will

discuss more about these issues concerning the question in the next chapter.
3.7 Administration

Questionnaires were distributed and completed in the first semester of the 2001-2002
academic year over a period of three weeks. To prevent administration differences and
biases, certain directions were given in the classroom by me and I observed each session
of questionnaire administration. Beside this, detailed directions and explanations were
Written on the questionnaires. Prospective teachers’ instructors/mentors were present at
the time of the administration. There was no time restriction on the students to complete
the questionnaires. However, on average approximately two hours were .spent on

answering the questionnaires.
3.8 Data analysis methods

- In this section I will discuss the techmques and methods used in analysing the data. I will

also give accounts of the va11d1ty and rehablhty of these methods.
3.8.1 Categorisation of Responses

Since all the questions in the first part of the questionnaire were designed in a way that
Could allo§v me to see solution processes, and questions in the second part require
Tespondents to explain the reasons, what they did and whys; there were very different -
kinds of responses to each question. The categorisation of these responses for each
Question was strictly based on the entire range of given responses considering the

Similarities among them. In order to form categories, all responses from all year groups |
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for each question were collated. Firstly, general categories were formed by putting
similar answers together Dec1d1ng on the similarity of responses is based on words,
Phrases or solution methods that seem similar. Although this first categonsatlon was
multi-dimensional and descriptive, it formed a preliminary framework for analysis, These
Categories were gradually modified or replaced during the subsequent stages of analysis.
Therefore, this allowed me to combine categories in a flexible way by identifying
Subcategories under these general categories. For those responses which could not be put
into already formed categories, a new category called “other” or “miscellaneous” was
formed.

Régréuping or liﬁking of catc;,gofies is accomplished by use of thé literature ;eviéw.
These procedhres; I think, wilI be more’ clearly understood if I give the foliowing
®Xample. The first categorisation of the responses to question 16 which asks subjects to
€xplain which of the tbpics, substituting numbers in expressionskor simplifying

Xpressions, first was as follows.

1. saying just simplification first without giving any reasons.

2. simplification first because it is easier to substitute values in simplified

expressions.

3. _simplification first because if we taught substitution first then they would try to do

_substitution even if when it is not needed.

simplification first because this is of use to teach features of letters.

simplification first because it is harder or more abstract or more important.

simplification first because it is needed for solving equations.

simplification first because it is used in substitutions.

~ saying just substitution first without giving any reasons.

IR B~ N7 A

substltutlon ﬁrst because to understand smphﬁcatlon equatlon solvmg or

expressmns they are required to understand substitution.
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10.substitution first because this may be of use to teach them meaning of letters.

11.substitution first because they can check their answers before and after

simplification.
12.substitution first because it is easier.

13.miscellaneous.

As can be seen, the above categorisation is multi-dimensional and descriptive. However,
these categories can be regrouped at least in two ways. One of these is based on
Consideration of which topics would be taught ﬁrst; another one is based on the aspects in
Ordering them, namely the given reasons for ordering. -When the reasons are considered,
the literature review helps me to regroup them. As I discussed in chapter two, making
Connections between different lesson segments is important. Furthermore, these
Connections can be made by considering what is already learnt, or what is \going to be
taught, or the mathematical connections in the content itself. Therefore, considering
these aspects helped me to regroup the original categorisation under three subcategories,
Namely ‘conceptual ordering’, ‘procedural ordering’ and ‘other’. For example, responses
Which suggest that the subject considers getting answers rlght such as “substitution first
because they can check their answers before and after s1mp11ﬁcatlon” or “s1mp11ﬁcat10n
first because it is easier to substitute values in s1mphﬁed expressrons” are put 1nto the
‘procedural ordering’ category. Responses which suggest the subject considers one of
topics can be a base lto teach the other topic such as “substitution ﬁrst because this may '
be of use to teach them meaning of letters” or “simplification first because it is needed for
S°1Vin'g equations” are grouped into the ‘conceptual category’. A similar approach to
Categorisation was used for all the questions in the questionnaire. Detailed accounts of

these can be seen in the next chapter.

After categorlsanons I exammed the relatlonshlp between subject matter knowledge and |
pedagOglcal content knowledge Th1s is accomphshed by cross-tabulatlng SMKv

resPonses with PCKv responses. Theoretical explanatlons are glven for each of these
rel'cltlonshlps
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3.9 Valldlty

The valldlty of thlS study was improved by trlangulatmg the data types interview data
Was incorporated to the findings of questionnaire data. Semi-structured interviews were
audio-taped and then transcribed. The students who were interviewed were selected as a_
Subset of the students who were completed the questionnaires. Random selection
Procedures were used after putting students into different groups according to
Questionnaire data. This improved the validity of the study by preventing systematlc blas
In this study, it is thought that the subjects did not bias their responses while answering
the questionnaire. That i is, I think they did not seek to give answers that might please the
Tesearcher. I thought like this, because I explained them my true aim in conducting this
Tesearch. 1 also explained to them that I would not disclose their responses to anybody
else. I told them I would not mark their responses and their responses would have no
effect on their course marks. I asked them to write down what they really thought, and to

glVe as much detaﬂ in their answers as poss1ble

The validity of this study was also ,improved by drawing from published literature. Both -
Contradicting and substantiating studies will be considered while presenting the findings.
If the findings do not correspond with previous studies, I will cite the contradictory
llterature and explain how and why the ﬁndmgs diverge while presentmg the analys1s and

results in chapters 4 and 5.

Another measure vyvhichk could inform us about the validity of this research would be
int6:1‘-item reliability measure. That is, by using more than one question that gauges the
Same aSpect of SMKyv and PCKyv. By doing this I could have seen the cons1stency among
the responses to the questions in the same group. This could be regarded as an issue of
Construct validity. The researcher could not use th1s measure due to practical difficulties.
For example, if there had been more than one question for each aspect then t‘h'ef'tetal

Number of questions would have been very large, and this could require more time from
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Subjects to answer the questionnaires. On the other hand, for some questions (question 8
and question 9) this measure is used. Furthermore, the use of the literature both in
designing the questionnaire and in analysing the results helped me to guard against this
Problem. The conceptual framework for each tested construct was clear and well
founded. This framework was founded on several bodies of work in the area, such as the
Work on the concept of variable, the work on SMK and PCK. This review of literature
Provided a basis for testable hypothesis concerning the constructs. These hypotheses are
Supported by empirical data. Furthermore, the constructs are related to purposes of the

questionnaire.

3.10 Reliability

The reliability is used to measure the extent to which an instrument, scale or item will
give similar results when administered in different times, locations, or populations, when
the two administrations do not differ in relevant variables. It can be measured by
Obtaining a form of correlation coefficient which is used to establish the trustworthiness = -

of an inquiry.

Ag Bryman and Cfaﬁief (1997) points out, the kappa_ coefficient is the most widelkywu“sed
method to meaeure the extent of agreement for categorical data between two judges. A
kaPPa of 0.7 or more is usually considered to be an acceptable level of agreement.
ThErefore this number measures the extent of agreement for categorical data between
-~ two JUdges It measures the agreement by taklng into account the proportion of

4greements that may occur simply by chance (Bryman & Cramer, 1997).

Since my data obtained from questionnaires is in the form of nominal categories, I used
the kappa coeffi c;ent to measure the reliability of the findings. I selected seven questions
from the questionnaire, which are found to be the most difficult to analyse. I selected

pproximately 25 cases for each of these questions randomly by using SPSS@ 10 for
' Wlndows
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I gave each of these questions together with the categories I formed and their descriptions
to my colleagues and wanted them to match responses to given categories in one of the
SUMINER (Zine’, Seminars in Understanding Mathematics Ihvolving New Education
Researchers) sessions. SUMINERSs are the regular discussion and presentation sessions of
the postgraduate mathematics education students who are studying at Warwick
University. I compared" the degree . of agreement between my categories and the

Categories these postgraduate students put by finding the kappa coefficient.

Kappa coefficients for the questions 6, 12a, 12b, 13, 14, 15, and 16 Were found as 0.666,
0.699, 0.664, 1.000, 0.674 and 0.753 respectively. These kappa valués indicate that they

are reliable enough since they are approximately 0.7 or more. Therefore, it should be
Pointed out that the researcher in analysing the data did not bias the categorisation in line |

With his expectations.

3.10.1 More on reliability discussion

However, the reliability of this study could have been strengthened by incofpofating
Some other measures. For example, it would have been desirable to control subject’s
Crrors by redistributing the questionnaires at different times. This could have told us the
ﬁndihgs did not depend on subjects’ tiredness, tension or illness. By retesting we could

have observed the fluctuations in subjects’ performances in answering the questionnaires,

3.11 A Discussion on Shortcomings of the Methodology -

This study could have been carried out by using yany of the ai'ziilable research te'chniques“
including interviews, questionnaires, and observation. In the present study, I could not |
Use observation techniques to collect the required data, since it was difﬁcult, if not4
impossible, to find prospective teachers who are teaching the concept of variable at
School., - In Turkey, under the old education system used in Education Faculties,

Prospective teachers are required to visit schools to make observations and one to two
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lesson hours teaching under the observation of class teacher. However, this is not
seriously applied in most cases; the class teacher just signs the papers as if the
Prospective teacher has done observation and teaching. Therefore, it is impossible to
conduct observations. Even if this rule is applied, it is impossible to match the dates when
the Concept of variable is taught with the dates prospective teachers go into ‘schools.
Thus, employing an observation method is considered as impracticable to collect
information concerning the aims of this study. As I mentioned, my aim was to obtain the
richest possrble data, but also I wanted to get this data from a lot of respondents easrly

and quickly. This left me two chorces either written tests or interviews.

‘While interviewing is a flexible and adaptable way of finding things out, it also clearly
poses problems in terms of the much longer time required to conduct individual
interviews, Smce the type of my target population (prospective teachers) was difficult to
Contact in large numbers, I decided against the interview technique as a main data
gathermg instrument. Since the participants include prospective teachers more than18
years old, I thought that a questionnaire would be suitable to obtain their thoughts since

they are old enough to express their ideas in wr1t1ng

Although questionnaires lack the ﬂexibility of the dialogue that interviewing entails,
coding and analysing the data obtained from questionnaires is easier than coding and

a“aIYSihg the inevitably more complex data obtained from interviews.

I Would like here to add some further points of clanfication concemmg the possible

disadvantages of the questionnaire technlque, and what steps I took avoid these dangers.

One of the disadvantages of questionnaires is the low response rate, Brown and Dowling
(1998) state that low response rates can cause not only a drastic reduction in the number
of Samples but can also be a source of unintentional bias since there is a connection ,
between the reasons for non-response and the topic of the research. However some :

Measures can be taken to increase response rates.
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One of the measures can be through careful design of the questionnaire.’ As Cohen,
Manion and Morrison (2000) discuss, clear instructions, and the inclusion of interesting,
Clear and unambiguous questions in a questionnaire can encourage the co-operation of

respondents.

Another measure that can be taken is to explain the actual aim of the research clearly to
the respondents and ensure conﬁdentiatlity, which can be explained in the cover page. The
Promise of confidentiality and a statement of the aim can help to decrease fears and
thereby increase personal commitment (Brown and Dowling, 1998).  As I pointed out
Previously I tried to lessen these disadvantages of the questionnaire by taking these steps.

In fact, for almost all of the questions in the questionnaire the return rate is above 70%.

As well as questionnalres I decided to use interviews to see the vahdity of the responses
given in the questionnaire. Talkmg with the prospective teachers increased the richness of

the data by clarifying misunderstandings in the questionnaire.

3.11.1 More on shortcomings of the methodology

Since PCK is partly an internal construct, there were some challenges to find a suitable
Methodology to study this construct. In this research I focussed on what the prospective
teacher knew or said they would do in a hypothetical situation. I did not consider the
translation of this knowledge into classroom practice. Such a focus informed us only '
about intending teachers’ understanding of subject matter and pedagogy and how that
“nderstanding' is organised. If the reader believes that actions are a more accurate
representation of knowledge than questionnaires and interviews, then s/he may see the

Methodology used in this research as problematic.

, Kagan (1990) identifies a number of complications for assessing teacher cognition some
of these difficulties apply to the study of PCK (Baxter & Lederman, 1999). First, PCK
Can’t be observed directly. Dunng observation, we could not notice why ateacher

Chooses to teach the way he/she teaches. We could not know why the teacher chooses to
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give some examples while avoiding others. Therefore, by only observations we could get

a limited view of PCK. This will lead us to ask teachers to articulate their knowledge.

Asking teachers to state reasons for their teachmg actions may risk changmg their process -
of decision making (Kagan, 1990). As Baxter and Lederman (1999) point out when
teachers are asked to articulate their reasoning behind their instructional actions they may
tend to construct reasons that will sormd “right” or logical to the researcher. This threat
also exists for prospective teachers, furthermore for anybody. That is, when somebody is
asked to articulate their reasoning behind their actions then they may try to find reasons
or “good” reasons that could be relevant to their actions. Therefore, there are a lot of
kdifﬁculties to find a suitable methodology to study PCK. However, it should be
acknowledged that the methodology employed in this study was one of the reasonable
ways of investigating PCKv of prospective teachers. If I collect the data by using
classroom observatiorls, still I need to ask prospective teachers to articulate their reasons
behind their actions. In the questionnaires and interviews I ask teachers to articulate the

Teasons behind the actions they would take in the given hypothetrcal situations presented
to them.

3.12 Summary

The general research strategy used in this thesis is a cross-sectional survey study. The
Methodological approach taken is regarded as the combination of previous approaches
Used in this research domain, which is an amalgamatron of both quantitative and
Qualitative methodology. The main data was collected by means of a questionnaire which
contains free-response, open-ended questions. 184 prospective mathematics teachers
from three different Turkish Universities completed the questionnaire. 10 of these

Prospective teachers were later chosen to take part in semi-structured interviews.

Analysis of raw questionnaire data is accomplished by means of categorisation. The
relatlonshrps between SMKv and PCKv questions are investigated by cross-tabulating the -

Categories. Later, interview data is used to discuss the relationships.
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The validity of this study is established by a theoretical framework which is developed
through extensive investigation of the relevant literature. The measure of the reliability is

obtained by comparing my categorisation with my colleagues’ categorisation in order to
find the Kappa reliability coefficient.
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CHAPTER 4
Analysis and Results

INTRODUCTION

This chapter is broken down to two parts; in the first part I will present the analysis of the
questions that are related to SMKv. In the second part the analysns of the questions that
are related to PCKv will be presented

PART ONE

4.1 Analysis of Subject matter knowledge

"k In this first part of the chapter I will probe answers to the general research question,
which reads as ‘What is the state and nature of Turkish secondafy mathematics teachers ‘
Subject Matter Knowledge of variables?’ This part is broken down into three'subsections.

In the first subsection I will present an analysis of responses to questions 8 and 9. These
Questions will deal with prospective teachers’ flexibility to approach problems in

 different ways. The reasons for this flexibility will be discussed with the help of
€ducational theories such as symbol sense (Arcavi, 1994), cogmtive units (Barnard &
Tall 1997), visualisation (Krutetsku 1976) and conceptual understanding (Hiebert and‘ k

kCarpenter 1992) Therefore, the tltle of this subsection will be “Aspects of flexnbility in

approaches to problems

In the second subsection, I will present an analysis of responses to question 6 which
Probes prospective teachers’ ‘concept images’ (Tall & Vinner, 1981) of variables. This
sllbsection which will be called “Concept image of variables w1ll mvest1gate prospectlve
teachers’ mental associations with variables. In particular, it w1ll be examined whether
Fhese Students associate variables with objects or the number of objects. Finally, I will

Present an analysis of responses to question 4 which deals with understanding that the
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roles of variables depend on the contexts in which they are used and the ability to sort out
the multiplicity of their meanings This subsectlon w1ll be called “Ability to deal with

dlfferent roles and meanings of variables”.

4.1.1 Aspects of fleX|b|l|ty in approaches to problems
In this subsection, I will present an analys1s of responses to questlons 8 and 9. I will start

with discussing question 8.

8. If you substitute 1 for x in ax’ +bx + ¢ (a, b and c are real numbers) you

get a positive number. Substituting 6 gives a negative number. How many

real solutions does the equation ax® +bx + ¢ =0 have? Explain.

This question is taken from Even’s (1988) study in which she investigates prospective
teachers’ knowledge of functions. She states that subject matter knowledge of functions
involves connections between graphical representation and algebralc representatlons
However, this question may also prov1de evidence about subJect matter knowledge of
Varlables because it assesses one’s ab111ty to approach problems m different ways. In
Particular, it assesses one’s ability to decide when to call on symbollc mampulation and

When to abandon it. This ability is involved in “symbol sense” (Arcavi, 1994).

Probably the most efficient way to solve this problem is to visualise or draw two ‘graphs.‘
While imagining or drawing these pictures, one might also recall that the given algebraic -
- Xpression is a parabolic one, and hence its graph is symmetric. Having this information
: and visualising the possibilities or drawing the graphs one can argue that it has two real
Solutions since it has a zero in between its negative and positive values. Without maldng :
Use of graphs either by drawmg or v1suahsmg, it is very difficult, if not 1mposs1b1e. to

Solve this problem

In the analysis of the responses to the question 8 I considered whether or not prospective =

teaChers attempted to use graphs:

1. Graph; in which there is evidence of using graphs
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2. No Graph; in which there is no evidence of opting for graphs
The following table presents the frequencies of these categories:

Table 4.1.6 Frequéncy distribution of Response Types for Question 8

Frequencv Percent

Valid Graph , 18 9.8
No Graph 148 80.4
Total 166 - 90.2
Missing 18 9.8

As can be seen from the table above very few prospective teachers (10%) make use of
graphs. In some instances the graphs were incorrect and were erased but visible marks
were left on the paper. However, even they could not reach the correct solution of the '
Problem I included such answers in the ‘Graph’ category. The reason for such inclusion
arises from my focus on obtaining evidence of an attempt to use a graph. Of those
reSpondents who used a graph fourteen reached a correct solution whereas four did not.
All of these respondents also attempted to use non-graphical approaches, and then
®mployed graphical approaches. However, it should be pointed out that this analysxs was
only able to identify those students who drew or attempted to draw the graph. In previous
discussions of an appropriate solution method, I discussed about visualising or drawing ay
8raph. Hence, we do not know whether other students attempted to visualise. As Presmeg

(1986) points out:

A visual method of solution is one which involves visual

imagery, with or without a diagram, as an essential part of the

method of solution, even if reasoning or algebraic methods are
- also employed.

A nonvisual method of SOIUHOH is one Wthh involves no v1sual ‘
1magery as an essentlal part of the method of solution. (p. 298).

Hence 1t is dxfﬁcult to know from questronnarre responses whether or not a v1sua1

Method may be used by those students even though they don’t use a dlagram Th1s is one
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of the shortcomings of questionnaires. It does not help the researcher to investigate more
deeply what a student thinks while solving a problem. In order to lessen the
disadvantages of the questionnaire, I asked another questlon (questlon 9) which is
analysed in a similar way. Then, I cross-checked the answers of these questions in order

to see the conformity between the responses.

The following figure (Figure 4.1.1) shows a prospective teacher’s solution in which a
graph was used. The respondent also attempted to solve the problem by substituting, but
in this scan output, the non-graphical approach is not apparent, since it was erased before
the questionnaire was handed in. This respondent concludes that the equation has at most

two roots, after trying several cases according to the given information in the question.

Flgure 4 1 1 A respondent’s graphlcal solution to questlon 8

8) ar*+hw+c (a, b ve ¢ reel sayudir) zfmimmﬂeh x
deger, 6 verilince negatif bir doger elde ediliyor.
denkieminin kag tane reel kaki vardie? Apiklayt

en dosla ,L,:}

yerine! 4 xerilince pozitif bir
Buns gir ax’ +he + ¢ = 0
.
=at most two

GY\LD{L =at most

As can be seen in the above example solution, this student draws the graphs of y- ax* +bx ; |

* ¢. He started his solution by substltutlng the glven numbers in the question. After a few
marllpulauons of the 1nequa11t1es he noticed that his way was unproductxve and he made B
use of pictures. His solution method shows that he could return to a productlve way of
Solving the problem. He tries to see how this parabola can be positive when x=1 and
Negative when x=6. This can be seen in tbp left corner of his solution. Beside this
- Cartesjan graph he sketched two more. In these graphs there are two parabolas; one of |

Which is upwards and the other one is downwards. It seems that he tries to see sevéral



other cases that satisfy the conditions given. From these several graphs, he may try to see

all possible cases with conditions given in the question.

This solution method may require an aspect of ‘symbol sense’ which ihvelve_s
abandoning symbols when it is likely to droWn in technical manipulations. The solver did
not plﬁnge into symbol pushing, since he realised’t’hat the al gebraic manipulaﬁoh could
be quite laborious and prone to endr. Aecording to Arcavi (1994), “the decision to
discard the almost unavoidable initial temptation to proceed mostly symbolically, in
favour of the search for another approach, requires a healthy blend of “control” with
Symbol sense.” (1994, p. 26). On the other hand, this blending may require having a rich
“cognitive unit” which involves different aspects of a parabolic relationship between the
variables x and y, and moving from one aspect to another in a flexible way. Barnard &
Tall (1997) presents the notion of “cognitive unit” as “a piece of cognitive structure that

can be held in the focds of attention all at one time” (p. 41).

The cOncept”y; ax® +bx + ¢ contains a lot of different aspects For example, its graph is
Symmetric, “c” is the intercept; the sign of “a” shows whether its graph is upwards or
downwards and any parabohc relationship can be represented by substltutmg numbers
for the parameters a, b,c. All of these aspects may not be required for the solutlon of this
Problem. For example, one does not need to understand the roles of ¢ and a in order to
solve this problem. If someone has a very strong visual image of a quadraﬁc graph, which
he/she can link easily to the form y= ax® +bx + ¢ given in the question, then he/she may
Not require much more. She/he does not need to be conscious of the fact that the curve is
- Symmetrical or the roles of ¢ and a, for example. He/she just needs to picture the fact that 4
it always “goes back on itself® or has the same sign for large posmve and large negative
Values of x. He/she does not need to be able to make this fact explicit to her/himself, or

o Verbalise it. However, she/he does need to be able to connect this strong visual i image

to the algebraic expressions for the function and the conditions given.

Some students can regard these different aspects as connected and bring the required |

aspect to their focus of attention when it is needed. They can compress all these different
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aspects into a single ‘“cognitive unit” by using the power of symbols. Condensing
Separate ideas into a single idea with different aspects is called the “conceptual
compression” (Thurston, 1990; Gray & Tall, 1994). This conceptual compression enables
an individual to move flexibly from one aspect to another since the separate elements
have close connections between them. Therefore, when it is compressed, the equation y=
ax® +bx + ¢ and the “U”shaped parabolas describe exactly the same thing. That is, they

are different aspects of the same idea.

If these different aspects are conceived as disconnected, then it is difficult, for the
- individual to bring the required one to the focus of attention when it is required. Since for
such individuals different elements are not compressed into a flexible cognitive unit,
these different aspects remain as split entities in a loosely connected structure. Students
who have such loosely connected structures mayﬁ ldse their way while foiloWing
Procedural routes to the solution of the problem. The reason for this is that since they -
devote too much conscious thought to the procedures, they can’t make cogmtlve hnks to
Solve the problem. For example in order to solve question 8, they substitute 1, and 6,
~ then try to find the values of a, b, ¢ by mampulatmg the resulting inequalities. Then they
lose their way in these manipulations and cannot find the solution. Another reason why
these students plunge into symbol pushing is the fact that this problem is an unfamiliar
Problem. It is well documented in the literature that there is a tendency to evaluate or

Iﬁanipulate in the face of an unfamiliar problem.

The majority of prospective teachers’ (80%) who were put into the ‘No Graph’ category
Seem to ‘drown’ in technical mampulatrons None of these prospectlve teachers could
reach the correct solutlon of the problem, but still they d1d not opt to employ graph1ca1
, replfesentatlon. Some of the respondents (7) in this group claimed that the number of real
Solutions is two since a polynomial of degree 2 has two real solutions. These students

3ppear to have applied a misremembered rule.

The solutions of sorne of the prospective teachers (14%) who are in the ‘No'Graph’ ‘

Category imply that they were following memorised procedures or rules to cope with this
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problem. The reason for such an assertion is that these students attempted to use delta (A)
formula from which they tried to guess the number of roots. The following figure (Figure
4.1.2) shows a student’s solution who followed the technical manipulation route to solve

question 8.

» Figure 4 1 2A respondent s symbollc solutlon to questlon 8
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a8 & rasult this equation has two roots

In the above solution method, the solver substitutes 1 and 6 for x (tbp‘ left cofner) He gets
two mequahtles with three unknowns. From these 1nequa11t1es, he gets 7a<-b and 6a<c
Then, he writes the A formula. He substitutes 7a for b and 6a for ¢ into the formula b2
4ac. He substitutes these values because he already found that 7a<b and 6a<c These
‘lnequahtles are some sort of a relation between a and ¢ and also between a and b.
HOWever since he is not sure whether A is larger or smaller than th1s new expressmn that
he gets as a result of substltutlons he puts the approximate symbol in between them
Finally, he gets 25a ) ‘which is according to him approx1mately ,equal to A, and writes this

is larger than zero. Therefore, he concludes that the equation has two real roots.

The general procedural strategy in Turkish schools to find out the roots or number of
Toots of 2nd degree equatlons is using the delta formula. In this formula the coefﬁaents
are used to find the ‘A’ whlch is b% - dac where 3, b, ¢ are the coefficients of ax +bx +C.

Then what follows is to investigate the sign of ‘A’. If 1t is negative then the equation has
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no real roots, if it is positive then it has two different real roots and if it is zero then it has
two coinciding roots. The solutions of these prospective teachers may reveal that their
goal was to find the signs of a, b, ¢ in order to investigate the sign of ‘A’. Their ultimate
goal is to guess the number of roots from the sign of ‘A‘ . hi order to achieve these goals,
they use a number of procedures and find it difficult to keep track of what they are doing.
Hence, it seems that the most of the students in “No graph” category do not see where
they are going because they are too busy doing the manipulations. It is likely that this

Prevents them from making necessary cognitive links to graphs.

The judgement of these prospective teachers might have been also clouded by another
type of knowledge. This knowledge might be the fact that visual proofs are sometimes
Contradicting the idea of ultimate proving techniques in mathematics Visual proofs are
Sometimes degraded m mathematics since they do not satisfy the ultlmate formalism
required by the formal school of thought Therefore, these prospective teachers mlght
have glven up the validity of worklng with prctures on the grounds that it'sa v1sual proof ~

Hence they get into dlfﬁcultles with the symbollsm and break down.

Skemp (1979) conjectures that people may formulate goals to solve a specific problem,
and sub-goais to solve different parts of the problem. He proposes that during the solution
Process, a comparator activity is used at various times to check whether the solution
Process is getting suitably close to the goal or to one of the 1ntervemng sub- goals Ina
Similar vein Schoenfeld (1985) states that: ’ SR

a category of behavior [which] deals with the way individuals use the
information potentially at their disposal. If focuses on major decisions -
about what to do in a problem, decisions that in and of themselves may
“make or break” an attempt to solve a problem. Behaviors of interest
include making plans, selecting goals and subgoals, monitoring and
k assessing solutions as they evolve, and revising or abandoning plans when
o the assessments indicate that such actions should be taken. (p 27, emphasis
added). .

Arcavj (1994) considers such behaviours in the context of symbol sense. He asserts that

Symbol sense includes abandoning symbols when we are likely “to drown” in the
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technical manipulations. He adds that “the managerial decision to change a course of
action involves more than that:” ’

it is also motivated and driven by a sense of aesthetics, elegance, efficiency, -

as well as an appreciation (or even belief) that mathematical work involves

much more than the stoicism of embarking on “hairy” symbolic
manipulations. (p. 26).

Hence, the search for another approach which may emerge from regarding the problem in
a different way, or by changing the representation requires “a healthy blend of “control”
with symbol sense” (Arcavi, 1994, p. 26). |

Crowley and Tall (1999) theorise that when following a routine sequence of actions “the
focus on successive remembered steps may be so great es to temporarily fill the focus of
attention and suspend the activity of any comparator” (p. 4). Therefore, the reason why
$0 many prospective teachers failed to solve question 8 may be their teo much occupation
With procedures which prevent them from usmg comparator act1v1ty and hence making
the relation between the given equation ax* +bx +c=0toa graphlcal representatlon of the
function f(x)= ax? +bx + c. Ninety percent of the respondents did not (apparently) make
the relation. They did not abandon the symbolic representations in favour of graphical
Tepresentation. Even (1988) reports similar findings; only 10% of the prospective
Secondary mathematics teachers in her sample opted for the graphical method of solving
this problem. As a result, E\}en (1988) argues that the majority of her prospective teachers
conklpalrtmentalised knowledge related to functions without constructing connections
among them. However, following Crowley and Tall’s (1999) conjectures, I argue that
Pfospective teachers whoAdo not have compressed cognitive units with rich relationships

Tesort to formulate sub-goals using lengthier procedures. This prevents them from

]°°king for other ways of solving the problem On the other hand prospectifle teachers

Who have compressed cognitive umts encompassing the propertles of algebra and the

8raph of a parabolic equatlon flexibly resort to make use of graphs,

97



The following question is a similar problem which serves a similar purpose to question 8.
It assesses students’ ab111ty to regard a problem from dlfferent ways in particular

abandoning symbohc mampulatlons for better tools.

Question 9

9. For what values of a does the pair of equations
x2_y2 = 0
(r-a)’4y* =1

have either 0, 2, 3, or 4 solutions?

Arcavi (1994) gives a very sirhilar queStion as an exalmple of approaching problems from
different ways or by changing the representations. In particular, by this question he wants
to explain that a premonitory feeling of symbol sense may prevent students from hard
Work in persistence with symbol manipulations. Probably the most efficient way to solve

this question is to work on a Cartesian graph. Observing the number of intersections

between two diagonals of the Cartesian plane (x*-y* = 0, namely y=+x) and a family of -

~ Circles of radius 1 whose centres lie on the x-axis will take us to the solution of this

problem.

, This problem can also be treated algebraically, that is by technical sym'bol rflanipulatlons
HOWever this method involves heavy use of logical connectlves lots of techmcal work ;
and a high probablllty of makmg mistakes. Instead of pushing symbols working on a
Cartesmn graph saves one from “the st01c1sm of embarkmg on ‘hairy’ symbohc
manlpulatlons ” (Arcavi, 1994 p. 26) ’

In the analysis of the responses to the questlon 8,1 cons1dered whether or not prospectwe

teachers attempted to use graphs:
1. Graph; in which there is evidence of using graphs

2. No Graph; in which there is no evidence of opting for graphs
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The following table presents the frequencies of these categories for question 9:

Table 4.1.7 Frequency distribution of Response Types for Question 9

Q9
Frequency Percent
Valid Graph 16 8.7
No Graph o107 58.2
Total ' 123 668
Missing ' 61 332

Total 184 100.0

As can be seen from the table above very few prospective teachers (about 9’4%) Imake use
of graphs. Of those respondents who used a graph five reached a correct solution
Whereas eleven did not. All of these respondents also attempted use non- graphlcal

approaches, and then employed graphlcal approaches. Even 1f they could not reach the |
Correct solutlon of the problem I included such answers in the ‘Graph’ category The
Peason for such inclusion 1s similar to the reasons given for analysrs of the prevrous
quesnon which was my focus on obtammg evidence of an attempt to use a graph AsT
discussed before, using a graph to solve this question and the previous questron may tell -
- s that the solver may have an aspect of symbol sense which enables one to abandon
Symbols when he/she is likely to ‘drown’ in technical manipulations. This sense can be a
Tesult of having compressed cognitive units which allow the solver to move flexibly
; among different elements of that unit or in bigger network. However, it should be
acknowledged again that in the analysis of this question we cannot know whether other '
~ Students attempted to visualise. Therefore, in order to check the reliabilityk of this

analys1s I cross- tabulated this questlon with the prev1ous one. Th1s can be seen in the

f0110W1ng table. '
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Table 4.1.8 Cross-tabulation of Question 9 with question 8

Q9 * a8 Crosstabulation

Count

Q8
- Graph Na graph Total
Q8 Graph . 14 2 16
No Graph 3 97 100

Total 17 g9 116

As can be seen in the above table very few students change their solution methods. For
¢xample, of those students (16) who used graph for questioni 9, 14 used graph for -
queStion 8 also. Only two of these students did not use graph for question 8. Similarly, of
those students who used manipulation rather than graphs, 97 remained to do so for "
| qQuestion 8 also, however only three of them used graph for solving question 8. These
observations may tell us that there is conformity in students’ solution methods for both
Questions. Hence, this enriches the reliability of the analysis employed for the responses

of question 8 and 9. -

The followmg ﬁgure (Figure 4.1. 3) shows a respondent’s solution that used a Cartesian
graph.

Figure 4.1.3 A respondent’s graphical solution to question 9
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As can be seen in the above solution, the solver tries a case for the parameter ‘a’ (please
~ See the top left corner). He takes a=0 and then finds a system of equations. From these
equations he finds 2x?=1 and then he leaves the question there by leaving it as x>=. This
suggests that he saw his method is unproductive. Then, he also uses Cartesian graphs. In
‘these graphs he shows the cases when the system has 0, 2, 3 and 4 solutions. From these
graphs he finds that when a=+V2 the system has two solutions. He finds V2 by the help of |
a right-angled triangle. Since y=x makes 45 degrees with y=0, he gets an isosceles
triangle when y=x becomes tangent to the circle. Using this triangle, he finds that the

- centre is located at (2,0) from 12+12—(hypotenuSe2) Hence, he finds that the system has

two SOluthl'lS when a—+‘/2 It has three solutlons when a- +1 four solutxons when

‘w/_ 2<a<0 and O<a<J_ and no solutlon when V2>a and \/2<a His solutlon seems
Tather straightforward and elegant. It also seems very efficient. He solves the question by
approaching it in a different way from his initial attempt. He changes the representatioxr
by giving up technical manipulation. Such remarks_ about his solution method may
‘suggest that he deyeloped a feeling for when to abandon symbols. .However,k vitshould be
Noted that not all students in this category could solve this problem: even though 'they

attempted to use a graph.

As] wrote earlier, 11‘ students in the ‘Graph’ category could 'not solve the problem Even
lChOUgh these students attempted to use Cartes1an graphs they could not continue to make
use of these graphs. One of the reasons for such behaviour mlght be that they could not
, draw the graphs of the two diagonals o -y = 0, namely y=1-x) They drew these as -
Something like parabolic curves. As a result, they could not observe the mtersectlon
- Points and hence, they could not solve the question. But the most of these students could
Not reach the correct solution because they did not move the circle along the x-axis. That
I8, they did not find that the solution set consists of intervals. They wrote that the system
has four solutions when a=0; two solutions when a=+1. However, since they tried to ‘
Tegard the problem in a different way by changmg the representation, these students also '

~ Might have developed reactions of the sort: “this involves too much hard, technical and
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uninteresting work, there must be another approach.” (Arcavi, 1994). Such reactions may
be the result of having compressed cognmve umts which have rich relationships. In the
context of this problem the concepts x*-y* = 0 and (x-a) +y = 1 have a lot of different
aspects. For example, the graph of the first one is two d1agona1s on the Cartesian plane,
the graph of the second one is a circle with radius 1 and centred at (a, 0). To follow a
graphical approach, the solver needs to be able to connect the visual images to the

algebraic expressions and the conditions given.

As 1 noted earlier, some students can regard these different aspeets as connected and
bring the required aspect to their focus of attention when it is needed. They can compress
all these different aspects into a single “cognitive unit” by using the power of symbols.
This conceptual compression enables an individual to move flexibly from one aspect to
another since the separateelernents have close cennect_iens between them. Therefore,
When it is conipressed, the equations xz-y2 =0 and (x-a)2+y2 = 1 and their gréphs descrilde ;
the same bthing That is, they are different aspects of the sdme idea. Hence, haVing
Connected cognmve structures might have helped the students to approach this problem

' m a dlfferent way.

The students who did not use graphs and Who only followed the technical manipulation
Toute could not solve this question correctly. Some of them (about 4%) found those ‘a
Values when the system has no solution, and some of them (6%) found the ‘a’ values
When the system has zero or two solutions. These students used the A formula to find

these values. The following figure shows a students’ response that used the A formula,
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Figure 4.1.4 A respondent’s symbolic solution to question 9
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In the above response, kthe’s'tudeh’t writes the rules aboﬁt the pumber of roots k(top"left
Corner). However, for A>O she Just wntes there are more solutlons but she does not
mention the exact number - whether it is 2, 3 or 4. On the rlght hand corner, she
substitutes x* for y” in the second equation. By this substitution, she reduces the number
of equations to one and number of u__nknowns also to one. She manipulates this equation
'. in order to put it into the form ax*+bx+c. When she puts it into the general form, she
Plugs the coefficients of this fofm into the formula A=b-4ac. As a result she finds A=8-
42, Then she investigates the sign of A. The interesting thing about this solution is that
she writes that when 2>a* the system has more than 1 solution. However, in the problem
it is asked about the ceses when the system has 3 or 4 solutions. The reason why she got
Stuck at this stage might be due to the fact that the delta formula only says when a second
degree equation has 0, 1-or 2 solutions. Therefore, using this formula alone without
logical connections to the conditions given in the problem does not help very much to

find cases when the system has 3 or 4 solutions.

It Seems that she has an overall Strategy to solve the problem. Furthennofe, it Seerhs t‘hat\ |
She formulated goals to achieve all or part of the solution. Howevef her ’solution seems te
involve too much techmcal mampulatlon She applies a memorlsed rule to the questlon It ‘
Seems that she had built a mental action-schema by pracnsmg ﬁndmg the roots of 2“d 4

degree equations and systems of equations. Asiala, Brown, DeVries, Dubinsky, Mathews
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and Thomas (1996) describe an action as a transformation of objects perceived by the
individual as essentially external and as requiring, either explicitly or from memory, step-
by-step instructions on how to perform the operation. According to Asiala et al’s (1996)
APOS (actlon-process -object-schema) theory, when an act10n is mtenonsed then it
becomes a process. Then the individual may encapsulate this process into an object
Finally, an individual may form a coherent collection of actions, processes, objects and

other schemas that is her or his schema for the concept in question.

Finding the roots of 2™ degree equations may involve following actions’: put the given
CQuation into the general form ax’ + bx +c; then, plug the coefficients a, b, and c into the
formula A=b2-4ac; ﬁnally, investigate the sign of this last equation to comment about the
humber of roots or find the roots. She follows these actions in her solution. However,

when something more is required she does not pursue other routes to the solution of the

Problem. As a result, she could solve half of the problem.

Her solution suggests that she has not developed an aspect of j‘symbﬂbl sense’ which -
includes when to invoke symbols and also when to abandon them. It seems that she does
not reach to the goal of the problem as the solution evolves. The reason for this may be
that she has not revised or abandoned her plans when assessments about the progression
of her solution indicated that some different actions should be taken. It may even be the
Case that she did not revise her plans about the solution of the problem. One of the
\ reasons‘Why she did not take such actions may be that she did not want to spend too
Much time on the problem. Alternatively, regarding the problem in a differentv Wéy inay
ot be available to ller. That is, she may have pnly one way of préceeding when faced
With pioblems reléted to the roots of 2™ degree equations; vAs‘a result, she lnayﬁrcsort to
‘formulate sub-goals using lengthier procedures’ (Crowley arld Tall, 1999). If she had
Possesged corrlpresséd cognitive units encompassing ; the properlieé of ,algebra and the
graph of equations,k she might llave flexibly resorted to make use of graphs. Bllt, she -

Concentrated on procedures that occupied most of her focus of attention. This may cause
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her to “lose touch with the ultimate goal and be faced with sequences of activity that are

- longer, more detailed, and more likely to break down.” (Crowley and Tall, 1999). -

However, it should ‘also be noted Krutetskii’s (1976) theories about the types of
mathemaucal abilities of students. Krutetskn divides school chlldren into three types with

respect to mathemattcal abilities. He 1dent1ﬁes the followmg groups:
1. students who use visualisation dominantly to solve abstract problems, : |
2. students who use logical, symbolic thinking dominantly to solve problems,
3. studehts wbo usc both in equilibriom. | |

In light of Krutetskii’s theories, the students who followed purely symbohc routes to
solve questtons 8 and 9 may prefer to employ non-visual methods to solve problems
That is these students may be non-visualisers who can be counted in the second group of
Krutetskii’s categorisation. The students who used graphs may be in third group who
?OUId use both methods in equilibribm. These students start to solve problems 8 and 9
with e symbolic approach. Then they were able to switch easily to ‘anoth.er solution
method, S R o o |

Al theories so far cited tolexplain students’ solution methods to questions 8 and 9 do not
Contradict to each other. On the contrary it seems that they complement each other. For :
example, Krutetskii may see those students who switched thelr solution method to graphs
33 students who could use both symbohc and V1sual methods in equilibrium. On the other
~ hand, Arcavi (1994) may regard these students as having an aspect of ‘symbol sense’

~ Which involves abandoning symbolic approach flexibly for a better one when it is likely

% drawn in technical manipulations . Even (1988) may probably claim that these students o

have' connected knowledge, since they demonstrated links between graphical and -
Symbolic representations. Crowley and Tall (2001) may claim that these students
Organised their mathematical knowledge into a network of connected cognitive units
(Barnard & Tall, 1997) with flexible links. They are able to move among the cognitive
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units almost subconscious1y as needed to solve the “problem—the network structure
contains (usually multiple) procedures toward a solution, checking mechanisms, and links
to a larger mathematical structure.” (p. 1). It should be noted that Arcavi and Krutetskii
describe behav1ours that they observe in solutlon methods. On the other hand, Crowley

and Tall describes more than this. They look into the reasons of such behav1ours

The number of students who prefer to use non-visual methods is very large. This may be
due to the fact that the school curriculum and examinations reinforce this preference. In
schools, students are taught ways of recalling formulae and procedﬁres rapidly. The
Procedures and formulae are practised often in order to habituate these. This may lead

Students away from visual methods. -

4.1.2 Concept image of variables | |
The following question will be used discuss prospectlve teachers assocnauons w1th

variables, In particular, it will be used to explore whether they assocxate vanables w1th

0bJects or numbers.

Question 6 -

6. What different things might an algebraic expression such as, say
2x+1, mean? What can x stand for?

In order to point out the different perceptions and understandings of symbols in algebra |

Sfard and Linchevski (1994) ask what we see when we look at an algebralc expressmn o

Such as 3(x +35) + 1. They write, our answers depend on what we are able to percezve and
are Prepared to notice. Gray and Tall (1994) assert that the symbols play a very important
role in what different things we can see when we look at such algebraic expressions.
‘They use the term ‘procept’ to point the pivotal role of symbols. An expression like 2x+1
Can b'e regarded as both as a process to carry out and as an object, the concept produced
by that process. ‘According to Gray and Tall (1994), a procedural student regards an
Xpression such as 2x+1 as a computational process; multxply 2 by x then add one.

H0Wever a proceptual student can perceive it flexibly either as a process or a concept
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depending on the task at hand. Furthermore, proceptual students could think about it and
‘manipulate it mentally. They can embed different meanings of the expression in 2x+1,

such as it could be an odd number, or a function etc.

While analysing responses to question 6, I saw answers in which students mention either
the process meaning or the concept meaning of 2x +1, not both. Although the way the
question was formed encouraged students to give as many different rneanings as possible,
hone of them wrote both of these meanings of 2x + 1. If I could see both of them in one
student’s response, then I could have claimed that I saw a sign of proceptual thinking in
that student’s response. However, it is not that valid to claim a student is a procedural
thir‘lker from his/her response to this question even if she/he gives only the process
Meaning of 2x+1. Even if s/he only writes that 2x+1 means multiply 2 by x and add one,
We can not be sure that this student is not able to perceive it as a cencept; S/he may be -
“able to perceive it as a concept, but at the time of answering the question her/his focus of
attention may have been on the process meaning. Therefore, categorising bresponses‘
according to the meanings of 2x+1 was not seen to be very productlve Hence, I

Concentrated on the meanings of x in 2x+1 on what it stands for.

The fellowings are the four categories for this question:

1. Number: Contains responses in which x is associated with numbers; e.g. x can be any |

‘number, or real number, or natural number etc.

2. Variable: Contains responses in which x is associated with one of the roles of the

variables; e.g. X can be a vanable an unknown ora general number or a unit etc.

3. thg:g Contains responses in whlch x is assomated wnth objects e.g. x can be .
- anything here, x can be an apple. ‘
4, ’

Other: This category contains those responses which nothing is said or can be inferred

about x. e.g. “It may be a linear line equation.”

I Will explain these categories following the frequency table below.
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Table 4.1.9 Frequency distribution of Response Types for Question 6

Frequency Percent Vahd Percent

Valid _ Number 84 45.7 53.2
~ Object 20 108 = 127
Variable - 42 228 - . 268
Other 12 6.5 7.6
Total 158 859 100.0
Missing - 26 14.1

Each student was allocated to only one category even though they sometimes ’gaye
Several answers to the question. In analysing the responses, my focus is whether the
Student associates vanables with objects or numbers. Smce a student may have dlfferent
associations with variables, he/she can mention more than one of these. However, if
he/she mentions that x can be an object and also x can be a number together then this
Student is put into the object category The reason for this is that, here X can not be an

Object In 2x+1 and such assocratrons may cause problems for that student

As can be seen from the frequency table above, the largest group of prospective teachers
(46%) fall into the ‘Number’ category. These prospective teachers write that x can be a
Tumber or any number in 2x +1. For example, they write; '

“In 2x+1 for each value that is substituted for x, we get different values.
Whatever number we want we can substitute it for x.”

“2x+1 may mean odd numbers x may be used for natural numbers
Those prospectlve teachers (about 23%) who are put into the ‘Vartable category wrxte
that x can be a variable or an unknown. In some of the responses in this category they ‘

State that x could stand for a quantlty rather than an object e.g. slope age, or price of '
sOInethlng e g
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. *“if we change it to y=2x+1, x=buying price of a thing, y= selling price of
it.”

In this question the context dictates that x must stand for numbers. If the algebraic
expression 2x+1 was not mentioned in the question, then x could stand for anything. It
Could stand for an object, like apple or banana. It could be a multiplication sign or the
24 letter in the English alphabet. It could even be a cancellation sign or the sign for
denoung unknown things. A person may have one or more of these mterpretatlons at a
given time All of these meanmgs can be embedded in the symbol x. However since here
x ls given in an algebraw expression, its non-mathematical meanings should be left out. A
person who has an image of x as an object in 2x+1 may have problems in mampulatmg
Symbols.

At first glance, those students who write that x can be a number or a variable seem not
likely to have problems in manipulating symbols. However, we can not claim that they
defmitely do not confuse mathematlcal meanings of x m algebraic express1ons with its
non-mathematical meanings. The reason for this may be given as follows, although they’
Write that x can be a number or a variable, we don’t know if they understood that x cannot
stand for an object in 2x+1, or simply did not mention this interpretation. Therefore, I
should point out that in this question if I explicitly asked whether or not x could stand for
an object in 2x+1, it would be better. I did not ask the question in this way because I did
Mot want to suggest anything to the respondents. In order to get as many different
Meanings of x as possible, I did not use closed format questions As a result, although
those respondents who are put into the ‘Number’ and “Variable’ categories are more
likely to regard vanables as standing for numbers, there is still some doubt about their
Concept images of variables. However, we can be more deﬁnite in claiming that the
Stlldents who are put into the ‘ObJCCt category rnay have problems in their i image of
Vanables because this small group of respondents (1 1%) write that x could stand for an
°bJCCt or for a thmg For example, they wrlte

“2x+1, with values we substitute for x, 2x+1 always changes, X can be
anything here xcan be an apple, 2apples+1.”
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As can be seen in the above response, these students both mention number meanings and
object meanings together. The confusion about denoting the number of objects and
objects themselves is more apparent in these responses. These students are more likely to
make a ‘reversal error’ by confusing the number of objects with the objects themselves.
Clement, Lochhead and Monk (1981) exposed the arguments about a misconception
which is labelled as the ‘reversal error’ in conceptualisation of symbols in algebra. The
“students and professors” problem asks the respondent to translate “There are six times as
many students as professors” into symbols using § for the number of students and P for
the number of professors. The analys1s of the responses to this problem revealed that
37% of college students sampled were in error and two th1rds of these wrote 6S = P,
rather than § = 6P. This reversal error is caused as a result of teachmg the letters as
Standing for the objects (students, professors) rather than the number of ObjECtS (see, for
€xample, Crowley, Thomas & Tall, 1994)

I put responses in which nothing was said or can be 1nferred about x into the ‘Other’

Category (7%), for example responses like;

- “It may be a linear line equation.”

As can be seen in the above response these students did not provide much information, so
it is difficult to comment on their concept images of variables. Concept i 1mage is deﬁned
by Tall & Vinner (1981) as | e

“the total cogmtrve structure that is associated with the concept, which
includes all the mental pictures and associated properties and processes.
It is built up over the years through experiences of all kinds, changing
as the individual meets new stimuli and matures.”

Cape (2000) reports that some of the prospectlve teachers in her sample could not say for
Sure Whether the variables can stand for numbers or ObJCCtS in algebraic express1ons For
CXample, these teachers say x can stand for apples, or people. When the researcher asks
Again; then they say no it can’t, it can stand only for numbers. Therefore, Cape (2000)
asserts that these teachers have a confused concept image of x. According to C‘ape, the

reaSon for this confusion is because of the teaching approach for early algebra used in
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South Africa which overemphasises manipulative skills. In this approach, students are
told what is right or wrong to do. According to Cape, the aim in this approach is to make
students form their ‘concept image’ from ‘concept definition’. He goes onto claim that in
this teaching approach, the processes and properties associated with algebraic expressions
m the mind of a student are intended to be something like; brackets then remove, collect

hke terms to simplify expressions, watch for order of operations, change sign change s1de
etc,

Crowley, Thomas and Tall (1994) point out that in traditional teaching, “fruit salad”
algebra isﬁ regarded as a way out to teach students manipulation of symbols The
expression “2a+3b” is explained to stand for “two apples and three bananas”. This
teaching approach helps some children to sort out “2a+3b+a” as “two apples and three
bananas and an apple”, which is “three apples and three bananas”, or “3a+3b”. So
Students seem to be able to simplify expressions. However, this may cause students to
have an image of a letter as representing‘ an object. As a result, these children are “ready

to fall foul of the student-professor problem ? (Crowley, Thomas & Tall p 3, 1994)

Pimm (1987) also crmmses ‘frult-salad’ approach since “it leads to confusxon between a
belng apples and a being the number of apples” (p. 132) Pimm goes onto assert that “the
algebraic express1on is not an analogue of 5 apples, nor is 5 apples a poss1ble
mterpretanon of 5...the letters themselves are standing for numbers” (p.132). Booth
(1988) adds that this approach is severely flawed since “not only does it encourage an

CIroneous view of the meaning of letters, but it can also be used by students to justify

their [wrong] simplification” (p. 26, cited in Tirosh et al. 1998, p. 60). For example, some

Students may simply write that “2a+3b+a” is “six apples and bananas”. Since they have
ho mathematlcal symbol for “and”, they may wnte the letters one after another‘
COnjommg them as “6 ab’. (Crowley, Thomas & Tall p 3 1994) '

To sum up, a student who is not aware of the distinction between x denoting the number
of objects and x standing for the objects themselves may have confusion about what the

Algebraic variables could stand for. This confusion sometimes may cause them to make
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mistakes  while solving problems such as the famous student-professor problem.
Therefore, those students who are put into the ‘Object’ category of this question may
have difficulties in problems where they need to distinguish between letters representing

the objects and the number of objects.

4.1.3 Aspects of flexibility in sortmg out dlfferent roles and meamngs
of variables

The analysis here involves question 4.

Question4

4. What different things could y = 3 mean if one derives it fromy =

mx + 3.

This question is a modified version of a problem which Arcavi (1994) gives as an
€xample for discussing the importance of the context in deciding the role of variables. He
suggests that “a desirable component of symbol sense consists of the in situ and operative
Tecognition of the different (and yet similar) roles which symbols can play in high school
algebra” (p. 30). As Arcavi (1994) points out, in y =m x+ b even though x,yandm,b
fepresent numbers, “the kinds of mathematical objects one obtains by substituting in

them are very different.” (p. 30).

In questlon 4, therefore, the meanings of y=3 depend on how it is obtained from y=mx+3.
If it is obtained by substituting x=0 then y=3 is the corresponding y-coordinates, i.e. the
Point where the lines y=mx+3 cut the y-axis. If, on the other hand, y =3 is obtained by

Substituting m=0, what we have found is the line y=3.

Therefore one of the suitable ways of solvmg this question is to look at the possibilities
that can produce y=3 from y=mx+3. Hence, if 3= mx+3 then mx=0, this means either m=0
Or x=0 or both. Then the meanings of y=3 can be deduced from these last deductions. |
Therefore, there are two important factors in solving this question. One of them is the

Mumber of meanings of y=3, the other one is how these meanings are obtained. As I

112



explained above, these meanings can be obtained by means of manipulations. These
manipulations - involve - “sorting out the multiplicity of meanings symbols may have
depending on the context and the ability to handle different mathematical objects and
processes involved.” (Arcavi, 1994, p. 30; cites frpm Sfard; 1992; Moschkovich,
Schoenfeld and Arcavi, 1993). Therefore, in analysing the responses to thlS question I

focused on the number of meanings and how these meanings are obtained.
The analysis of this question will be presented by using following categories:

1. Manipulation and two meanings: contains responses in which both the line and

the point meanings are,de’duced by méans of manipulations

2. Manipulation and one meaning: Either y—3 is a point or a line is deduced by

means of manipulations

3. Manipulation and no meaning: Contains responses in which manipulations are

performed but neither line nor point meaning is mentioned.

4. No Manipulation: This category contains those responses in which either of the

meanings is mentioned without manipulating the given information. -
5. Other: Contains responses in which respondents confuse and deduce illegitimate N

meanings together with legitimate meanings.

I Wwill explain these categories and discuss each of them after presenting their frequenc1es '
in the followmg table (Table 4.1.10). '
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Table 4.1.10 Frequency distribution of Response Types for Question 4

Frquency Percent Vahd Percent

Manipulation and two meanings 16 8.7 8.8

Manipulation and one meaning 26 141 - 144

Manipulation and no meaning - 85 48.2 47.0

No manipulation : 23 125 127

Other ; ' 31 . 16.8 17.1 -

Total S _ 181 98.4 - 100.0
Missing 3 16

About 9% of prospective teachers who are in the ‘Manipulation and two méanings’
Category deduce from manipulations of given symbols that y=3 can be either a line or a
point depending how one derives it. This can be seen in the following response:

“If mx=0 then m=0 or x=0. If x=0 then the line cuts the y-axis at3.If ‘m=0 '
- then since for all values of x we have y=3, this is a line parallel to x=axis.”

As can be seen in the above response, the solver already got mx=0 in her mind. That is,
She starts her solutlon by writing that “if mx—O then...”. This may imply that she had
already equated y=3 to the mx+3 and gotten mx=0 mentally. Then she elaborates the
Cases when x=0 and m=0. When x=0, she writes that the line cuts the yfaxxs at 3. This
implies the point meaning of y=3. She writes that when m=0, for all values of x, we got
¥=3 which is a line parallel to x-axis. To sum up, by means of manipulations she‘ could
deduce the different meamngs of y= 3. Her response suggests that she was not confused
by the usual meaning of y=3 which is a horizontal line. She used the avaxlable tools to
®Xtricate meanings of y=3. She did not just focus on y=3, but went beyond th1s by means

of manipulations and then connected her manipulations to the meanings of y=3.

*

This suggests that she was able to make sense of the different roles symbols can play. She
Might have developed an aspect of symbol sense, which might have helped her to realise
that She needs to check symbol meanings while solving the problem. During the solution

proCess she could copé with the ambiguity of symbols. For example, the variables x, m, y
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assume different roles throughout the solution. There are changes in the roles of each of
these variables throughout solution process. In the equation, y=mx+3, x and y are
changing values, m is constant or parameter. Then after starting to solve the problem, the
role of m and x in mx become unknowns. I am mentlonmg these roles to pomt out the
multiplicity of meanings involved in the problem These mult1p1e meanings are sorted out
by the solver in a competent way. One of the underlying reasons for this competency
might be having compressed cognitive units. Once again it should be pointed out that
there are connections between having compressed ‘cognitive units’ and aspects of

‘symbol sense’.

As Crowley and Tall (1999) point out compressed cognitive units allow one to flexibly
move among different aspects of a concept. As I mentioned earlier, in this question, the
k,solver needs to move flexibly among different aspects of the equation ¢ ‘y=mx+3”. In
order to have this flex1b111ty, the solver must have mtlmate connectrons between the

Separate elements in their cogmtrve structures.

- For example, they must move from usual meaning of y=3, which is a straight line, to an

€quation which is equivalent to y=mx+3. After equating these two expressions and after

sorting out possibilities of mx=0, they need to come back to give meanings to y=3. While

giving meanings to y=3, they need to deal with the particularities and generalities
involved in the problem. For example, y=mx+3 stands as a particular form of a general
form y=mx+n. It is also a general form because we don’t know what m is. When m=0 is
assumed then y=3 becomes one of the particular lines that are represented by y=mx~t3.
When x=0 is assumed then y=3 becomes a particular point that the lines y=mx+3 pass =
through. Being able to process these multiple aspects in the mind may become possible
by bringing the required aspect into the focus of attention while suppressing‘ other

, aspects.

111 the responses that fall into the ‘Mampulatlon and one meaning’ category (14%) there
are mampulatlons but from these manipulations only one of the meanings is deduced For

Cxample as in the followmg response:
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“If y=3 then 3 = mx+3 then m=0, if m=0 then it is a line which has slope

mro‘and parallel to x-axis.”
As can be seen in the above response, the students mentally found that mx=0 and deduce
that m=0 in this case. Since he finds only that m=0, he correctly mentions the line
meaning of y=3. His response suggests that he did not see the possibility that x=0 when
mx=0. Like the student above, all tbe students in the ‘Manipulation and one meaning’
category, did not see that m=0 or x=0 when mx=0. They deduced either of m=0 or x=0,
not both. As a result they could not mention both line meaning and point meaning of y=3.
One of the reasons for this might be that they might have thought only one meaning is
sufficient for the question; therefore they left the solution there. Alternatively, mk=0 may k
not trigger in their mind that either x=0 or m=0. Hence, they could not evaluate all

possible meanings of y=3.

The students in the ‘Manipulation and no meaning’ category constitute the largest group
of respondents (46%). These prospective teachers find that m=0 or x=0 when mx=0.
However, they do not reach the different meanings of y=3 from these deductions. This
can be seen in the following response: o

 “mx=0, m=0 or x=0, if m=0 then all numbers that are substituted for x

make the equation true, if x=0 then all numbers that are substituted for m
make the equation true”

~As can be seen in the above responsé the student finds m=0 or x=0. Then, he writes the
Meanings of these cases in the context of the equation mx=0. That is, he mentions that if
m=0 then whatever x is still mx=0. Similarly, if x=0 then whatever m is still rhx=0. It |
should be noted that if either m or x tends to'inﬁnit‘y then in this case mx may not tend to
| Zero, Therefore,‘ we may not conclude that whatever x or m is, mx=0 if either one is zero.
The responses that are similar to the above and which are put into the “Manipulation and
one meaning c;cltegory” may suggest that these respondents might have forgotten that the
| questidn asked the meanings of y=3. They might have forgotten this due to many possible
reasons. One of the reasons might be related to what these students understood from the

Question. In the question, I asked what different things y=3 could mean. For these
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students, y=3 may mean mx=0 and hence m=0 or x=0. For these students, these
possibilities may be the meanings what the question asked. Alternatively, another reason
why these students do not give line and point meanings of y=3 may be related to theories

about how brain works.

As Crowley and Tall (1999) point out unrelated external sensations such as a mental
process monitoring whether a longer-tenn goal is being achieved can interrupt and
override the “focus of aftention”. For these students this mental process did not warn
them whether their solution process is gettlng suitably close to the goal of the solution
process. That is, they could not use the ‘comparator’ activity (Skemp, 1979) to check
their solutions. Crowley and Tall (1999) conjecture that when following a routine
sequence of actions, the activity of any comparator can be suspended if the focus on
Successive remembered steps is so great which temporanly fills the focus of attention.
Hence, they point out that “the inflexibility of procedural thinking can become so
dominant as to cause the individual to lose sight of the goal and so fail to solve the
problem.” (Crowley & Tall, 1999, p.4). Therefore, the procedures they used to attempt to
~ Solve this question might have taken up so much conscious thought and hence they could

not make necessary cognitive links to complete the question.

A small group of the respondents (13%) bring up a meaning without manipulating the
8iven information. These respondents seem to make use of accustomed meaning of y=3

Which js a constant function or the horizontal line y=3:

“y=3 is a constant function, this means that y=3 is a line with slope zero.”
“It can be a constant line equation”

The responses above may suggest that the students use the usrral meaning of y=3 which is -
a horizontal line. They do not use available tools to extricate meanings of y=3. They just
focus on y=3, but do not ge beyond rhjs by means of manipulations and then connect
their manipulations to the meanings of y=3. This may suggest that they did not make

o Sense of the different roles symbols can play. They might have lacked an aspect of
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“symbol sense” (Arcavi, 1994). As I pointed earlier, Arcavi (1994) suggests that “a
desirable component of symbol sense consists of the in situ and operative recognition of

the different (and yet similar) 'roles which symbols can play in high school algebra” (p.
© 30).

The students who are in the “Other” category (17%) gave very confused explanations
which were a mix up of some illicit conclusions together with justifiable conclusions:

“mx+3=3 then mx=0 so m=0 which means that it is a line which has slope
~ zero and passes through the origin. And this is x-axis.” ‘

The above response may suggest that the students in this group could not cope with the
multiplicity of meanings of the symbols in the question. Therefore, they gave‘ ‘very
confused explanations. For example the student who gave the above response wrote -
indirectly that the line y-—-3 is x-axis. The reason why he had this confusion might be that

he thought both that the siope is zero and the line passes through the origin. However, in
 this question one can claim that a line passes through the origin if bhe/she says that y=3 is
the ordinate of the point (0, 3). In this case, only y- axis can go through the point (0, 3)

and (0, 0). Moreover, in such a case the slope of the y-axisis not0.

Overall, the largest group of respondents seem to focus on the procedures but from these

Procedures they do not bring up (all) of the meanings that are involved in the problem.

- Those respondents who are in the ‘Manipulation and two meanings’ category bseemk tb be
able to sort out the multiplicity of meanings involved in the problem. They might have
developed an aspect of symbol sense which involves the recognition of different (yet

| Simjlar) roles of symbols. One of the underlying reasoné for such a skill may be related to
Cognitive structures of the students. These students might have compressed cognitive

Units with flexible links and checking mechanisms. On the other hand, respondents who
are in the other categories do not find different meanings of y=3. This suggests that these
Students do not organise different aspects of the concept y=mx+n into a network of
connected cognitive units (Barnard & Tall, 1997) with flexible links. This is because
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previous group of respondents do not focus on the object y=3, they unpack this object by
means of manipulations and deduce two different kinds of objects. On the other hand,
second group of respondents either concentrate on the object y=3 and mention its
- accustomed meaning or remain at manipulations and do not come back to the object y=3

though they already unpacked it.
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PART TWO
4.3 Analysis of Pedagogical Content knowledge questions
This second part of the chapter will involve probing answers to my research question

which reads as ‘What is the state and nature of Turkish prospective secondary

mathematics teachers’ PCKv?’
4.3.1 Knowledge about ways of presenting the subject matter

As I discussed in the literature review chapter this aspect of PCKv will involve the

following three dimensions.
1. Reactions to pupils’ comments and questioﬁs in the classroom (questions 12a) ~
2. Analysing a sfudenf’s mistaké (question 13)
3. Helping the student correct hiS/her nﬁstakc; (qhestion 15)

The analysis in this subs“éc\tionbinvolves qﬁestion ‘12ka.7

Question 12a

12 a) How would you react to your students questlons as below in
the classroom? Explain! »

“Teacher why does 2a+5b not equal 7ab?”

Thls question is prepared cons1denng one of the difficulties pupils face while ]earmng
Manipulations of symbols. In the literature, it is often mentioned that pupils tend to

Conjoin or ‘finish’ algebraic variables when simplifying expressions (Booth, 1984; Tall &

Thomas, 1991; Macgregor & Stacey, 1993). For example, some pupils tend to write the

Xpression 3x+5 as 8x or 8. In this section, I will investigate prospective teachers’

familiarity with this tendency and its possible sources.



One of the possible ways that a teacher might choose to explain question 12a to a pupil
- might be by substituting different numbers for ‘a’ and ‘b’ in ‘2a+5b’ and ‘7ab’ then

showing that resulting numbers are different.

Another explanation may be using objects, which is a common approach in mathematics -
‘ teaching to refer to concrete objects when facing difficulties. It is generally called ‘fruit-
salad’ algebra which assumes that an expression like 3a+4b could be régarded as 3 apples
and 4 bananas. [ pointed in an earlier part of this chapter that this approach cause more
misconcéptions in the long run. That is, this 'a'pproach may cause pupils to confuse the

number of objects with the numbers themselves.

A different explanation may be just telling the pupil that this is a rule in mathematics.v
That is, different variables can not be conjoined. However, such explanations may result
in some pupils regarding Mathematics as a sét of rules that should be accepted without
Questioning them. Hence, this may result in hating Mathematics. On the other hand, some -
~ pupils may get pleasure out of memorising the rules that 'give them correct answers in
(procedural exams). Hence, this may cause them to believe that procedural capability is

more important than other aspects.

Most of the prospectxve teachers rephed to this questxon with explanatlons similar to the
explanations gwen m the preceding paragraphs. In these explanations, a prevalent way of
vexplalnmg was to refer to concrete objects. Some of the prospective teachers used
Number substitutions. Some of them mention it is a ruled to be followed After studying -

the explanatlons offered by prospective teachers I separated them 1nto the followmg

Categories:

1. Concrete Objects; contains responses in which there is a reference to concrete

objects.

2. Substitution; contains responses in which there is substitution of values for ‘a

and ‘b’, and finding they are not equal.
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3. Rule-based; contains responses in which the rule about simplification of
variables is repeated either by referring to variables or the rules about

multiplication and summation.

4. Other; contains responses that can nelther form a category nor be 1ncluded in

other categorles

The following table shows the frequencies of these categories.

~ Table 4.2.11 Frequency distribution of Response Types for Question 12a

Frequency Percent Valld Percent

Concrete Objects - ... 68 370 . 42.8

Substitution 33 179 20.8

Rule-based 43 234 27.0

Other = 15 82 94 -

Total 159 86.4 100.0
Missing 25 136

As can be seen from the Table above, 37% of responses from prospective teachers fall
into the ‘Fruit-salad’ category. This category is the largest group. The students in this -
 Category refer to objects like apples or bananas to explain why 2a+5b is not equal to Tab.
. For example, they write;
“First of all the student hadn’t understood that the variables were different.

I say to him/her that apples and pears can’t be added together I say that
apples can be added to apples and pears can be added to pears.”

“The reason why the child thinks 2a+5b equals 7ab is that he/she thinks
they can be added. I would say to him/her that a and & are different
quantities that is 2a is 2 apples and 5b is 5 pears and that he/she can 't wnte
pear with apple as a summation.” : ‘

As can be seen in the above responses these prospective teachers try to glve meamng to
2 + Sb by talkmg about objects in their explanations. Because two apples and five
bananas do not make seven apples or seven bananas, these prospective teachers expect

the student to see that 2a+5b is not 7ab. However, do they know that in the1r explanatlons
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there is confusion between the numbers and objects? If they don’t know this distinction,
then this shows that they have misconception about variables. Can we say that this
misconception is the cause of explaining this question by referring to objects? In other
words, is their SMKv the cause of PCKv? If so what is the nature of this cause-effect

relationship? I will discuss these issues in the next chapter.

One more issue should be acknot)vledged about the responses in this categofy. As I said
before, this category consists of the largest group of students. One of the reasons for this
might be due to the construction of the question. It may be wondered what would happen
if only one variable was involved in the question. That is, if question was constructed
something like this, why 3a+5 is not equal to 8a”, would this group have been the
largest? In the second case, using apple and bananas seems more difficult. Because, in
this case there is only one variable, namely a. If a represents apples then what will 5

represent in 3a+5? That is, the fruit-salad explanation would not be very suitable in this
- case? | : k

The prOSpeCtIVC teachers (about 18%) in the ‘Substitution’ category try to explam this
question by a counter example in which they make use of numbers. Their examples‘ ;
Suggest that they try to draw a connection between anthmetlc and algebra. For example, ,
they write: |

“Let’s substitute numbers for a and b; let’s try for a=2, b—3 2a + 5 b 19 #
42=Tab. So they are not equal”

-As can be seen in the above response, this prospective teacher substxtutes values for ‘a
and ‘b’ in 2a+5b’ and “Tab’. She gets 19 from 2a+5b’ and 42 from “Tab’. Smce these, .

Tesulting values are different so are ‘2a+5h’ and ‘Tab’. This kind of approach is also

Common in mathemattcs teaching. That is, explaining that algebraic express1ons cannot -

be conjoined by using numbers is another common approach that is frequently mentioned
in textbooks (Tirosh, Even and Robinson, 1998).
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The pedagogical reason given in the literature for this approach is that it helps students to
see that the expressions are not equivalent. However, the downside of this approach is
that it emphasises the process facet and does not encourage perceiving expressions as
entities and as final answers (Tirosh, Even and Robinson, 1998). That is, the stiidents
may tend to see 2x+5 as multiply x byr two and add five. Hence, theylcah not eoﬁceive
algebraic notations as flexible entities that can be regarded as either process or object
depending on the task at hand. In Gray and Tall’s (1994) terms, they do not achleve

‘proceptual’ understanding of variables.

While explammg this question by the use of numbers, do these prospectlve teachers
themselves see expressnons as processes to carry out? If th1s is the case then they
themselves have problems in their SMKv. Hence, this may affect their PCKyv. However,
if they have ‘proceptual’ understanding then they can easily switch to process meanmg of
expressions when the task at hand requires, because ‘procepts’ gives one the ﬂexibility of
movmg between process and objects meamngs of express1ons As a result, whether they :
have proceptual’ understandmg of variables or only procedural understandmg, th1s may
Cause them to give an explanation that are included in ‘Substitution’ category. On the
other hand, it is difficult to make such claims just by their answers to this qlhlestion.
Therefore, in the next chapter I will incorporate interview data to discuss such issues

While exploring the relationships between SMKv and PCKv.

The responses that fall into the ‘Rule-based’ category (about 23%) seem to repeat the rule
about manipulation of symbols in different words. The following is an example that falls

into this category.

“Because a & b are two different variables we cannot add them together.”
“a and b are different variables. Therefore, while adding different variables,

terms with the same variables are added together. Different variables can’t
be added together.”

As can be seen in the above responses, these prospective teachers state a rule which tells

two different variables cannot be added. By saying this they imply that two different '
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variables cannot be conjoined. That is, they try to teach by telling the student how to do
things. They try to transfer knowledge where the student is expected to stay relatively

passive.

The responses of those prospective teachers (8%) who are put into ‘Other’ category could
not be considered in the previous categories. Their responses suggest that these
prospective teachers would take into account the factors such as the place and time where
the situation takes place, the student’s knowledge etc. before reacting to the student’s

question. For example they write:

“My explanation depends on which year group they belong to” or

“I have never taught. But, when they asl(, I try to explain it patiently. I am
here since I trust my patience and I like maths.” .

It may be ’wondered that why these prospective teachers gave different explanationys to
this question. The reasons underlying the differences in the responses will be dlscussed in
the next chapter Some of the poss1ble reasons may be due to general pedagogxcal
knowledge learnmg experiences, sub]ect matter knowledge I will dxscuss these in
chapter 5 in which I will explore my th1rd research quest1on Wthh deals w1th the
relatronshlps between SMKy and PCKv

- In this question which is presented above prospective teachers were not explicitly asked ‘
to explain the possible sources of the student’s difficulty in manipulating variables. In the
fOllowing question, they are explicitly asked the student’s way of thinking about
Manipulating symbols. Moreover, they are invited to pose assumptions about the sources
of the student’s mistake. |
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43.1.2 Analysing‘a students’ mistake

Th1s section involves the analysis of question 13.

13. Ayse was asked to s1mphfy an algebralc expressmn, such as 2x
+ 4x +6. She wrote:

2x-t-4x+6=0
- 6x+6=0
6x=-6

Cx=-1

* | What do you think the student had in mind? Is she right? Explain.

This question is prepared by considering 'one of the mistakes students make while: '
simplifying expressions. Philipp (1992) reports that such kind of mistakes is frequently |
encountered in the classrooms. As can be seen in the above question, the pupil equates
the given expression to zero and finds x, although she was asked to simplify it. One of
the possible sources for this mistake is due to the different roles symbols play in 7‘
eXpressions. The equation 2x+4x+6=0 treats the literal symbol as unknown waiting to be
Solved whereas the expression 2x + 4x + 6 treats the hteral symbol as a generalised
Mumber, For some pupils, using variables as unknowns can be psychologlcally easxer than
using them as generalised numbers. This may be related to not regarding the expressmn
A4S something that is manipulable in itself, because it does not have an operational
Meaning, Alternatively, using variables as unknowns is emphasised more than using them
as generalised numbers, and hence pupils may tend to regard simplifying expressions ask
| vﬁndmg the unknowns. That is, the focus on solving equations may lead the student to use

Procedures to solve equatnons
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Analysing a student’s work starts with deciding about whether or not the response in that
work is correct. Then, elaboratlng on the sources of this rmstake Gf any) and how to

alleviate it can be planned

The raw data of this question was led to the following categories. In this categorisation
my focus was on whether the mistake was spotted and whether there was any explanation

about what the student in the question had in mind:

1.k Unaware of the mistake: This category contains responses where the respondent
could not find/see the student’s mistake. ' o

2. Aware of the mistake with explanation: This category contains responses in which
- possible sources of the mistake of the student is explained.

3. Aware of the mistake with no explanation: This category contains responses in which

.+ possible sources of the mistake of the student is not explained though the mistake is
mentioned. In the responses just what the student did or what she should have done i is
mentioned

4. Other: contams responses that can nerther form a category nor be included in other '
Categories. : v

Following table shows the frequen‘cies of these categories.

| Tabte 4212 Frequency diStribution of Response "l'ypesr for'Question' 13

— . TS B L T Frequency Percent Va'ld Percent

Unaware of the mistake 58 31.5 34.5

Aware of the mistake with explanation 51 'k 27.7 30.4

Aware of the mistake with no explanatlon 48 26.1 28.6

Other - 11 60 65

o Total - CooaT 168 91.3 100.0
Missing : - 6 87 '

AS can be seen in the above table about 32% of prospectlve teachers thmk that the pupll

in the questlon did not make a mistake. For example, they wrlte
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“First of all collecting the coefficients of the same unknowns, Then making
both sides of equation ready to be simplified. And then simplifying. Without
doing all these operations by dividing both sides by 2, the simplification can
be done. x+2x+3=0, 3x+3=0 and then divide both sides by 3.”

The respondent explains how to simplify an expression in the above response. According
to him, the pupil correctly 'simpliﬁed the given expression. However, he explains how to
solve an equation. Furthermore, he suggests another way of simplifying. He suggests that
both sides of the equation can be divided by two, then add x-termed expressions together.
Finally divide both sides by three. Since while solving equations the expressions on both
sides are generally simplified by collecting like terms, this respondent might have
confusion between simplifying and solving eqoations. In the interviews I found out one
of the possible reasons for this confusion. One of the interviewees pointed out that
generally when they are asked to find the roots of an equation, they are given only the
expression part. They equate it to zero and then find the root(s). This common practice
might have affected their perception of this question. That is, in this qﬁestion they might
have thought that the pupil was asked to find the roots. Therefore, she equated the given
eXpress1on to zero and found x. However, this does not explain why they are explalmng'
how to find the unknown even though they use the word simplification. It seems that
these students don’t know or don’t notice the difference between simplifying and solving
e,quatiohs. It seems that they have a limited conception about the terminology. They do ‘
not know the difference between what simpliﬁcation mean ahd what solving equations

- Mean, Thus, this may affect their ability to analyse the pupil’s mistake;

The respondents that fall into the second category (about 28%) analyse and give some

e"Planatlons about the sources of the pupxl’s mistake. For example, they write:

“She may think that every expression that contains x is an equation. Of
course wrong. The correct way is 6x+6=6(x+1)."

- “Ayse might have got very used to equations and she does not understand
the toplc well or she is careless.”

AS can be seen in the above responses these prospectxve teachers are aware of the

m‘Staké the pupil made in the question. Furthermore, they gave explanauons about the
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pupil’s thinking while performing the given task. In the first response, the respondent
claims that the pupil in the question may regard every expression that contains x as an
equation. She suggests that because of this perception the pupil equates the given
expression to zero. In the second response, the respondent ties the pupll’s mistake to her
famihanty with solvmg equations. She moreover claims that the pup11 does not

understand the topic well or she was careless while solving the given problem.

The responses in ‘Aware of the mistake with explanation’ category indicate that these
prospective teachers could comment on the possible sources of specific students’ work in
this questi_on. The data indicate that most prospective teachers in this category attributed
these mistakes to» familiarity to solving equations. This suggests that these teachers
themselves can know the difference between simplification and solving eqnations. This
helps them to spot the pupil’s mistake in the question. Although, it is very difficult to
k_now why a pupil made such a mistake, these prospective teachers could elaborate on the

POSSible sources of the mistake. Hence, this may show a relationship between SMKv and

PCKv. I will discuss this relationship in 'chapter five more fully by incorporating the B

interview data.

| About 26% of the respondents, although spotting the pupil’s mistake, did not give any
eXplanation about the sources of this mistake. For example, they write explanations

similar to the below:
“Rather than simplifying 2x+4x+6, she solved it and wrote it as an equation,” - -

She should not have equated it to O. She should “have done thls
2x+4x+6 Ox+6=6(x+1). '

As can be seen in the above response, the prospective tea'cher writes that the pupil rnade a
Mistake. He descnbes this mistake. He moreover mentions what the pupil should not
ha\’e done and what she should have done This response may suggest that the
Prospective teachers in this category have the most basic level of pedagogical content
knOWIedge about analysing students’ mistakes. However, they don’t mention about the

Sources of this mistake. They don’t elaborate on what the pupil had in mind while she
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was carrying out the given task. The reason why they did not elaborate on the possible
sources of this mistake may be attributed to just not spending too much time on the

question. Alternatively, they could not comment on the mistake the pupil made.

There are eleven responses (6%) which could not be considered in the first three
categories, for example:

“Ayse should have done this; 2x+4x+6=a, 6x+6=a, 3x+3=a/2,
3(x+1)=a/2Px+1=a/6."

~To sum up, the analysis of this questlon revealed that the prospectlve teachers answers
varied with respect to spotting the mistake and explammg the possxble sources of thls

mistake. We saw that some of the students (about 32%) could not even spot the pupil’s |
mistake in the question, whereas more than half of the students (about 54%) spot this
- mistake. Of those students who are aware of the mistake the pﬁpil made, about half of
them gave some sort of explanation about what the pupil might have had in mind,

Whereas about half of them did not give any explanation about the pupll’s thlnkmg

Processes

Thoresponses in the first category may provide evidence ‘to the re]ationships‘betweert
Subject matter knowledge and pedagogical content knowledge. The students in this group |
have confusion between simplifying and solving equations, therefore this prevents them
from spotting the kp’upil’s mistake. However, it should be ecknoWledged that this
Confusion seems to stem from the terminology. That is, these prospective teachers don’t .
know what the term simplification means. It seems that what they understand from
Simplification is finding the roots. Therefore, they describe how to find the roots even
though they use the term simplification. This kmay suggest that knowledge of the
Mathematical termmology can have relation to PCKv. This suggests that there is

interaction between SMKv and PCKV I W111 discuss these 1nteract10ns in the next chapter
more :
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Within above question the prospective teachers were not asked to help the student. In the

following question they were explicitly asked to do this.

4.3.1.3 Helping students to correct their miseonception

Quesnon 15

15. According to you which one of these students is correct? How
do you help the one who according to you is wrong understand his
claim is wrong: :

“Ahmet claims that the letter S stands for students in the equation
6S=P which he wrote to represent a fact that “there are six times as many
students as professors at this university”. Mehmet claims that the letter S
stands for the number of professors.”

This question is inspired by the famous Student- Professor problem that has received a lot
of interest from researchers in the past twenty years. I mentioned about thxs ‘Student-
Professor problem a couple of times in prev1ous parts. Clement Lochhead and Monk
(1981) were the first to expose the arguments about a nusconcepnon which is labelled as
the reversal error (see Laborde 1990 for a summary). They report that more than 30% of
first-year college students made a reversal error and wrote 6S=P instead of writing 6P=S'

to the question that reads as:
Write an equation using the variables S and P to represent the following
statement: “There are six times as many students as professors at this =

university.” Use S for the number of students and P for the number of
professors (p.208)

They call this misconception as ‘reversal error’ because it is the reverse of the true
SQlution. However, it is questionable whether or not there is actually ‘re’verse.’k‘anything in
- the students’ mind,l since the students regard the equations with a totally different
mf‘ianing (see Crowley, Thomas & Tall; 1994).

The findings of Clement, Lochhead and Monk are consistent with findings in later studies

that investigated this problem. These findings motivated many studies to remedy the

Teversal error in college students since they believed this error is a mamfestatron of a |

_deep misconception about the notion of variable (e g Phlllpp, 1992; Rosnick & Clement
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1980). The methods used to help students avoid this error in these studies have been
mixed and the results have been mixed as well. However, in general most of the studies

have been reported to be not very successful in remedying this error.

Crowléy, Thomas and Tall (1994) discuss about the sources of the ‘reversal error’ and
'report that it is caused by children’s orientations to notations. That is, they report that
process-oriented children are more likely to maké this error. They describe such
behaviours with the notion of ‘procepts’ (Gray & Tall, 1994) and relate it to children’s
“learning experiences in mathematics, their use of symbols, and the natural process of

compression of knowledge with growing maturity” (p. 2).

In the analysis of the tesponses to this question, I focus on the helping' methods. That is, I
identified the different methods of helping students that exist in the respondents’-
comments. These helping methods give clues about the respondent’s SMKv of variables.

Then, this helps us me to see the interactions between SMKv and PCKyv. I will begin by |

Presenting the result of this analys1s This analysis brought out the following seven

different helping strategies:

1._Reread the question slowly and carefully: this method involves recommending the

Student (Mehmet) to reread the question again. This kind of response suggests that the

Tespondents try to allow the student to check his thmklng again. Hence, thls mlght :
Suggest that the respondent considers factors that might have distracted the student’s
Perceptibn when he solved the préblem Consequently, this respdnse may also suggeét
; that the respondent try to allow the student to construct his knowledge actlvely There are
; °n1y seven respondents who chose to use only this method: '

“Mehmet is right. I would tell Ahmet to read the questlon again and comrol
what S represents.”

chers who chose this method also incorporate other methods (3, 4, 5, and 6).

2._Asking which is more; this method involves asking the student to observe which is the

larger group in the problem, students or professors. This method is pedagogically very
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close to the first method presented above. These respondents also try to allow the student
to construct his knowledge by encouraging him to check for possible distracters when he
solved the question. There are 14 respendents who chose to employ only this method
without incorporating other methods: |

“Mehmet is right. I would ask Ahmet whether there are more students or
professors in the given fact.”

3. _Substituting values for S and P; this method involves giving values for S and P and

observing the equation. This method is also pedagogically close to the first two methods

presented above:

“In the equation S: number of professors, P: number of students, Therefore
Ahmet is wrong, I would help Ahmet by giving his equation as an example.
I would show him his mistake. In the equation, 6S=P, if S=1 then the
number of professors is 6. Hence he understands his mistake, This is
somewhat a trial and error method. -~ And this shows that the correct 1s
exactly the opposite.” ~

There are 21 respondents who chose only this method

4. Trying to concretise and contextualise the situation by either calling 6 boys and 1 g1r1

1o the front in the classroom or using pictorial representation, etc. This is 'another method

Which is pedagogically close to the first two methods described above. However, in these
Tesponses the respondents try to coach the student while constructingkhis knowledge by
giving examples that are equivalent to the distribution in the problem. Therefore, the
Tespondents’ aims are more didaetie in this group. This can be seen in the following
response: | - 7’

| “Mehmet is right. I would help Ahmet by drawing pietures If we put 6 of -

professors next to each other we can reach the number of students,
therefore, 6xP=S"
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Figure4.1.5A respondent s pictorial representation for helpmg a student correct a
student’s mistake

the professors in the university ’ the studentst he uni

& @\@\@‘@\
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1 of them o \w

6 of them T

S. By suggesting to use S as the number of students and P as the number of professors.

These respondents try to help both students by using the first letters of the professors and

students. There are 15 respondents who chose to employ only this method:

“Ahmet writes mathematical expression wrong, But Mchmet writes the
expression correct and corrects Ahmet's expression by his method. To solve -
this confusion ﬁrst letters of words should be written.”

- 6._Telling what to do These respondents choose to tell the students what they should do.

Therefore, these responses seem to be teacher-centred where the student stays passwe ,
while the knowledge is transformed There are 16 respondents who chose to employ only '
| thls method: ' '

“Mehmet is correct. I would tell Ahmet that the number of students is six
times of the number of professors That is when we multiply the number of
professors by 6 it should give the number of students.”

1._Use general letters rather than using S and P which 'are first letters of students and

brofessors resbectiveiy. The responses that fall into this group suggestﬂthatk the respondent :

 thinks that the student’s difficulty in this problem is about the choice of letters. Therefore_, :
these responses may suggest that the respondent is concentrating on the student’s

difficulty. There are three respondents who provided this method only: #

“I would recommend him using general letters rather than spec1a1 letters for
representin g numbers
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46 % of respondents who chose only one of above helping methods and 26% of
respondents who chose any two of above helping methods. There are only three
respondents (about 2%) who write that Mehmet is wrong, and 21 respondents (11%) did
not mention any helping methods. The following table (Table 4.2.13) presents the
summary of the discussion and analysis so far presented. In this table the numbers which
are diagonally situated and which are underlined present the number of respondents who
gave only one corresponding method. For example, the number ‘7’ which is situated at
second row and column shows there are 7 respondents that use the helping method 1
only. The number ‘14’ which is at third row and column shows there are 14 respondents
who use helping method 2 only. The other numbers that are not situated diagonally and
which are italic show the number of respondents who gave two helping methods. For
example, the number ‘4’ which is at row two and column three shows that four
respondents use helping methods 1 and 2 together. The number ‘6’ which is at row four

and column five shows that six respondents use helping methods 3 and 4 together.

Table 4.2.13 Summary frequencies of helping methods for question 15

Helping methods | 1 3 3 4 5 6 7 Number of students
who use two
methods

1 Z_a qo g 2 ; 3 : 1 a 13

2 14 [4 20 gy Sl (s

2 21 [ e 8

4 1 [ B

2 15 B s

6 -

Sy 14 |8 3
LIS 3
Total number of 85
Students who use

- Only one method

Total number of 47

Students who use

W0 methods

a. Underlined numbers show the number of students who use only one method that
is corresponding to its row or column.
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b. - ltalic numbers that are in shaded region show the number of students who use
methods that are correspondlng to its row and column

As can be seen from this table those respondents who use two methods generally start
helping by means of the first or the second method in the above list. Then, they go on to

incorporate other methods.

It should be pointed out that some of the helping strategies prospective teachers
mentioned are similar to the behaviour patterns used by students to construct equations
for student-professor type problems. For instance, Clement (1982) reports that one of
these approaches is multiplying the number of professors by 6 in order to equal to the
number of students. In helping method 3, we see such behaviour. That is, these
respondents first substitute numbers for trial equations and then explain the meaning of
the »equation by multiplying the number of professors by 6. This shows that the
respondents in this category understand the meaning of the variables and how eqﬁations
are used in mathematics. This kind of understanding clearly helps them to use this

-method. Hence, this shows a relationship between’ SMKv and PCKYv.

However, the helping method number 2, which asks Who is more in the probl\em,‘ may
lead to an incorrect response. This approach is similar to the behaviour pattern which is
| Characterised as placing the coefficient next to the letter associated with the larger group.
The reason for this placement stems from the fact that there are more students. than
professors. Using such fact, the students who use helping methodk number 2 try to
explain the equation by saying that there are “6 students for every professor.” In helping :
method 4 also respondents try to explam the equation by showing that there are “6
-Students for every professor” by pictures or by calling 6 boys and 1 girl to the front ‘
Hence, these two methods are srmrlar in justifying the semantics of the problem srtuatron
However, these methods also carry some mrsconceptlons with them. For example, these
methods may cause a misconception about the referents of the variables; it may lead to
view 68 as six students rather than viewing it as “six times the number of students”. As a

result, these strategies (number 2 and 4) may give us some clues about the respondents’
SMK(v. |
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The respondents who use the strategies that are grouped in category 2 and 4 may
themselves have the mrsconceptrons that are accompanied by their methods ‘That is,
these respondents may also have confusion between vanables referrmg to number of
objects and variables referring to numbers. If this is the case, th1s clearly shows a
relationship between SMKv and PCKv.

Another remark about these results would be that one of these helping strategies has been
tried by researchers to remedy the reversal error. For example, Kaput (cited in Clement,
1982) compares the effects of using arbrtrary letters, such as X for students and Y for
professors against the effects of using first letters such as S for students and P for
professors. Kaput (cited in Clement 1982) finds that the performance using arbitrary
letters is slightly worse; whereas Mestre and Lochhead (1983) report that using X and Y
instead of S and P result in more correct answers. However, the results of these papers are
not supported by careful interviews with the students concerned. I cited these papers,
because it is mterestlng to note that the helping strategy that the prospectlve teachers
would use exist in the literature. It may be wondered whether these prospectrve teachers
such helping method from the literature or they use their subject matter knowledge to’

mvent it.

This strategy gives us some clues about the respondents’ SMKv. It may be hypothesised ,
_ that these respondents may think that the reversal error in this problem is related to the
ambiguous information conveyed by the variables S and P. P can refer to the professors;
also, it can refer to the number of professors. If these prospective teachers think as
hypothesised than this shows that they know the difference between variables denoting
the obJects and the number of objects. Hence, this shows an 1nteract10n between SMKv
and PCKv
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4.3.2 Curriculum Knowledge

In this section, I will present an analysis of question 16 that is involved in my general
research question “What is the state and nature of Turkish prospective mathematics
secondary teachers’ pedagogical content knowledge in the ‘Curriculum knowledge?”f
4.3.2.1 Ordering Topics

This section will deal with the analysis of the following question:

Question 1 6

16. Which one of the following topics would you teach first? Why?
Explain.

- Substituting numbers in expressions

- Simplifying expressions

In analysis of the data obtained from this question, I did not focus on which of the topics
respondents chose to teach first, rather I chose to concentrate on the respondents’ reasons

for choosing one of the topics. In particular, I focused on whether or not they make .
Connections in their provided reasons. Even, Tirosh and Robinson (1993) suggest
Creating classrooms where making connections is emphasised is essenti’al to help the
Students construct understandings of the subject matter, Ba]l (1990) argues that “teachers ’ '
~ Must apprecrate and understand the connectrons among mathematical 1deas” Askew,
Brown Rhodes, Johnson and W111am (1997) report that connectionist teachers are more
successful than transmission and discovery teachers in helping their students understand

Numeracy.

Substituting numbers in given expressions assumes regardirfg expressions as processes to
carry out, whereas simplifying expressions assumes regarding expressions as manipulable
; objects (Sfard, 1994; Tall & Thomas, 1991). Sfard (1991, 1994) theonses that three -
srages that characterise the development of mathematical understandmg in any area of
Mathematics, not just algebra: interiorization, condensatzon, and retf cation. In the first

Stage, 1nter10rlzat10n students can only carry out processes on already famrhar objects. In
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the second stage, condensation, they become automatic while carrying out these
processes, since steps in these processes are already squeezed into more manageable
units. And finally in the third stage, processes are reified into mathematical objects, and
they are now ready to be operated upon. Therefore, if this question was posed to Sfard,
probably she would choose to teach substitutions first. On the other hand, Tall antl
Thomas (19’91) would teach these two topics simultaneously, since children could
observe when expressions behave as processes to carry out and when they behave as
objects. In Gray and Tall’s (1994) term children could have an opportunity to become a
‘proceptual’ thinker, so that they could conceive algebraic symbols both as processes and
as concepts. The discussion so far presented about this question shows that which tOpics
to teach first do notrhave a definite answer. Therefore, concentrating on the reasons for
orderlng the g1ven topics is regarded as more productlve Within the given reasons I
observed that prospecuve teachers connect these toplCS from different perSpectlves Somel
of them connect them conceptually; some of them connect them procedurally. Therefore,

two most common connections identified w1th1n the data were as follows

1. Conceptual; emphasising conceptual benefits of teaching one topic before
another. : :

- 2. Procedural; emphasising procedural benefits of teaching one topic before another.

Table 4.2.14 Frequency distribution of Response Types for Question 14 -

Frequency Percent Valid Percent

Valid Conceptual 29 15.8 - 18.2
Procedural 89 484 . 56.0
Other 41 223 258
Totd 159 864 1000
Missing ’ 25 13.6

AS can be seen in | the table above the largest group of prospectlve teachers (48%)’
emphasrses procedural connectlons m the ordering, whereas few of them (about 16%) -

Consider conceptual connections. Those responses (22%) which are put into the ‘Other
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category do not give reasons for their choices or they mention one of the topics easier
than the other. It is difficult to infer what they mean by the word ‘easier’ from their

responses.

I éonsidered Conceptual céhnectibns és the one in which teaching either’ of topics first can
be beneficial to the understanding of the other topic. For example; |

“I would teach substitution first because without grasping the meé.nings of

letters, they may get confused while doing simplification. They have to

understand what letters are, what for they are used and how they are used,

and so that they understand simplification. Otherwise they may not

understand reason for simplification, because they may not know that the

letters in just simplified expressions actually have the same values before

- simplification.”

As can be seen in the above response, the prospective teachers try to give importance to .
meaningful learning in which the students construct the meaning of thé concept of
variable. That is, he points out that teaching one of the topics first help students to
understand what thc‘ variables are for, how they are used and why they ;ire used. His
response suggests that substitutions help students to use‘ variables as standing for
Numbers. Furthermore, he mentions that when children understand that vyariablesk
represent numbers then they can understand that simplification does not change the value
of the expressions. Hence, this response suggests that these pro'spective'teachers give
- importance to meaningful learning in which students could develop concepts. However, it
* should be acknowledged that what they understand from the concept devgl_opinént is not
Parallel to concept deveIopment expressed in the literature. For example, they do not
Mean that teaching substituﬁon first helps children to regard expressions as prdcesseé to
Carry out which can lead them through interiorization, condensation and reification stages
of Sfard (1994). According to Sfard (1994), ‘structural cohéeption’ (which she regards it
as conceptual understanding) occurs following the stages presented abové. However, as
Taly, Thomas, Davis, Gray & Simpson (2000) state that Sfard’s notion of structural =
confuses two meanings, which involves conceptual structure on the one hand (the overall
Structure of an object) and mathematical structure on the other (the axioms and

definitions used in formal mathematics). Therefore, the conceptual in this analysis is
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more close to the term ‘relational understanding’ which means “knowing both what to do
and why” (Skemp, p.20, 1976) which emphasises connections among different topics.
Skemp (1976) mentions that “Ideas required for understanding a particular topic turn out

to be basic for understanding many other topics too.” (p. 24).

Similarly, the term ‘Procedural’ that labels the second group of responses does not mean
operat10na1 conception’ (Sfard, 1994). ‘Procedural’ in this context means that responses
in the second group emphasise rituals in which teaching one topic makes mampulatlons
easier for getting the results of problems. In other words, it has connotations with
“instrumental understanding’ which is described as “rules w1thout reasons” (Skemp, p 20,
1976). For example;

“I teach simplification first. Because this saves a lot of effort. By getting the

expression in its simplest form and then substituting values may save life
and prevent risk of doing computation errors.”

“I would teach substitution first. Because when they see they can reach the
solution more quickly in simplifications by using substitution, and when the
simplification takes more time, they can not put up with listening long
topic. They may say ‘Sir why are we lengthening solution though we have a
shorter way of solving it’. Simplification comes later.”

As can be seen in the above responses, the prospective teachers’ reasons for their choices |
are related to procedural benefits. That is, these prospective teachers teach one topic
before another due to certain advantages of ‘instrumental mathematics’. Skemp (1976) |
~ gives three advantages of instrumental mathematics: it is usually easier to understand,
therefore its rewards are more immediate and more apparent and by instrumental
thinking the right answer can be gotten more quickly and reliably. The responses given

above as an example suggest that the prospective teachers in this group favour teaehing‘

One topic before another due to advantages quoted above.

Why do these prospective teachers give importanee to these advantages? Can this be
Telated to their SMKv. That is, can we claim that these prospective teachers are more
likﬁly to view mathematics as procedures to carry out without understanding underlying B

Teasons? Therefore, do they themselves learn mathematics instrumentally?
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Similarly, can we claim that prospective teachers who take into account the conceptual
benefits view mathematics as meaningful procedures, concepts and rules with underlying -
reasons? Therefore, do this group of teachers themselves enjoy learning relational
mathematics? The answers to these questions definitely shed some light on the
interactions between SMKv and PCKv. However, it is difficult to comment about the
answers from the data obtained from the questionnaire alone. On the other hand, as
Skemp (1976) point out that a teacher might choose to teach for instrumental
understanding on one or more of the following grounds:
1 That’ relational understanding would take too long to achieve, and to

be able to use a particular technique is all that these pup1ls are llkely to
need.

2.That relational understanding of a particular topic is too difficult, but
the pupils still need it for examination reasons.

3.That a skill is needed for use in another subject (e.g. science) before it
can be understood relationally with schemas presently available to the

pupils.
4, That he is a junior teacher in a school where all the other
mathematics teachlng is 1nstrumental (p.24)

Although we may not be very sure that some of the above reasons affect the prospective
teachers whose responses included in the ‘Procedural categorvy’k while answering this
Question, we can claim from their written answers that they are orderlng the topics
Considering the advantages of instrumental teaching. This gives clues about these
Prospective teachers’ SMKv. That is, these prospective teachers themselves are more
likely to favour instrumental understanding, thus they order topics instrumentally. On the
other hand, prospective teachers in the second category are more likely to favour -

relational understanding, thus they order topics conceptually.

43234 Summary of the analysis of the ‘Curriculum Knowledge’

Wlthln this section I analysed prospectxve teachers’ knowledge about how the two tOplCS
involved in teaching variables may be organised and arranged into the curriculum. Their
responses were analysed by focusmg on the nature of the connections they made. It is

 foung that 438% prospectlve teachers consider procedural benefits of teaching one tOplC
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before another. In contrast, very few of them (16%) consider eonceptual benefits of

teaching one of the topics first. =

4.4 Conclusions of Part Two

In this part, I examined the general research question nvhich reads as “What is the state
and nature of Turkish prospective secondary mathematics teachers pedagogical content
knowledge of variables?” In order to examine this knowledge several different
components were identified and several different tasks were used to deal with

examination of this knowledge.

In this conclusion I will take a general look at the integration of the responses provided to
different questions. In many cases the prospective teachers’ responses varied. In cases
where their responses were analysed by focusing on the representations they use it is
found that they would use either objects or numbers to give meaning to letters. They
would organise topics in the curricula either by considering procedural benefits or

conceptual benefits.

4.5 Conclusions

~ In part one of this chapter, I presented the analysis and results of 184 Turkish prospective

- teachers’ knowledge of variables. In part two, the analysis and results of these

Prospective teachers’ knowledge on teaching the concept of variable were presented I

regarded the first type of knowledge as subject matter knowledge of varlables which is
the knowledge for oneself. The second type is the kind of knowledge which is requxred to
teach the content to others in pamcular to students. This second type, pedagoglcal

Content knowledge, has many sources as suggested in the literature.

' According to Shulman (1987) teachers transform SMK into PCK by means of :
Pedagogical reasoning. This assumes SMK is one of the sources of PCK. In the next
Chapter, I will examine whether SMKv of prospective teachers is one of the sources of

their PCKv. Thus, the next chapter will analyse and discuss the nature of relationships'
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between SMKv and PCKyv. In this analysis, I will look at possible reasons for getting
particular types of responses to PCKv questions. In particular, question 12a and question

6 will be used to make this analysis.



CHAPTER S
Interactions between SMKyv and’PCKv

INTRODUCTION

In this chapter, I will present and discuss my analys1s of the relat10nsh1ps between
Subject matter knowledge of variables (SMKv) and pedagog1cal content knowledge of
variables (PCKv). In this discussion I w1ll draw on the analysm of questlonnaxre data
from chapter 4, and use interview data to support my hypotheses I explamed how I chose
my interview sample from the questlonnalre sample in chapter 3, section 3.4, Now, I will
explain my method of choosing the interview transcripts of the students I will use in this
chapter. In this chapter, I mainly discuss the underlying reasons for response types of

question 12a which asks

12 a) How would you react to your students questions as below in
the classroom? Explain! : o

“Teacher, why does 2a+5b not equal 7ab?”

Therefore, I will use the interview transcripts of four students who are chosen for this
lnvestlgatlon As 1 dlSCUSSCd in chapter 3 section 3.4, prospectlve teachers own
Perceptlon of vanables can be one of the reasons for different types of responses to

. Question 12a. In the questionnaire, question 6 which read as

What different thmgs mi ght an algebralc expression such as, say

2x+1 mean" What can x stand for?

is used to 1nvest1gate prospective teachers’ perceptlons of variables; whether or notv

variables stand for objects

However, it should be noted that in the interviews I asked questions related to questions

12a, and 6 to all ten students. Then, I chose four students from these ten students; two of
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these students changed their solution methods from technical manipulations to visual,
graphical methods in solving questions 8 and 9, and two of them did not change their
solution methods and demonstrated no sign of using visual methods. I also took into
account the responses of these prospective teachers to questions 12a and 6 while
choosing them. The first one of these students wrote in the questionnaire that x could be
an object in 2x+1 and used concrete objects (‘fruit-salad’ algebra) to explain why
variables can’t be conjoined; the second one did not write x could be an object and did
not use concrete objects. The third student did not write that x could be an object, but
mentioned that she would use concrete objects. The last student wrote that x could be an |
object, but did not mention she would use concrete objects. I will use the interview data
of these four students to investigate more fully about their thinking formed from looklng
- at the questionnaire responses. In the following transcript extracts the names of the
interviewees are not their real names. These extracts are chosen from the cbmplete'
transcripts of the interviews by considering the relevancy of questions asked in the
interview to the discussion presented in this chapter. While discussing the reasons for
response types of question 12a, 1 will investigate whether prospective teachers SMK can

be one of these reasons for their explanations to why vvariables cannot be conjoined.

5.1 Amalgamatlon of dlfferent klnds of knowledge in developlng
PCKv

- In this section, I will present the analysis of how general pedagogical knowledge, subject
Matter knowledge is amalgamated - by prospective teachers to give a pedag'ogical
explanation. In this discussion, I will use interviews of two students; Fatma and Yezdan. [
will explore why Fatma would use ‘fruitfsalad’ approach to explain 2a+5b is not equal to
Tab even though she does not mention that x could be an‘oiject in 2x+1. The‘n’I will
eXplore why Yezdan would use number substitution to explain 2a+5b is not equal to Tab
even though she mentions that x could be an object in 2x+1. These cases will present

when there may not be a direct link between SMKv and PCKv.
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5.1.1 The case of Fatma ,
Following is a transcript of a prospective teacher who explained that she would introduce

variables to pupils by using concrete examples. This student called Fatma was in her third
year of university education. She had not taken any pedagogical courses at the time 1

conducted my interview.

In order to give more information about this student, I would like to briefly present how
she replied the questions in the questionnaire. As Ibdiscussed in chapter four, part one,
four questions were used to discuss SMKY of prospective teachers. Fatma responded to
question 8 by making use of graphs. As the reader may recall question 8 was difficult to
solve by JllSt us1ng technical manlpulatlons Fatma starts to solve this question by using
technical mampulatrons Then, she gives up this approach and flexibly changes her
approach to using graphs. As I discussed in chapter 4, this may be a sign of flexibility,
which is included in the aspects of ‘symbol sense’ (Arcavi, 1994), arrd which is a result of
having compreésed ‘cognitive units’ (Barnard & Tall, 1997). She solves question 9 in a
similar way. Question 9 is also more difficult to solve by using technical manipulations
than using graphs. Therefore, both ‘questions (question 8 and question 9) are similar.
Fatma, starts to solve question 9 also by using technical manipuiétions, then Vshe changes ,
her solution method to using graphs. Hence, from these results we can claim that Fatma is
a flexible student, who achieved an aspect of symbol sense. She has c'orlcép“tu‘al thinking
. in solving algebra problems. She does not just concentrate on procedures. The reason for

this may be having flexible compressed cognitive units.

She alsob shows flexibility in Solving question 4. As the reader may check from chapter ’4, |
question 4 asks differént meanings of y=3 that is obtained from y=mx+3. In order to
Obtain different meanings of y=3 from the givens in the question, one must have
developed an aspect of ‘symbol sense’ which helps one to be aware of the different roles
the variables can tarke in different contexts. Furthermore, this awareness includes ability
to sort out differéntv procedures and objects vinvplv'ecll in a problem. Fatma solves this

Question in a competent way. This adds support to the view that Fatma does not
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concentrate on procedures, but she could flexibly oscillate between object and process

meanings of symbols.

To investigate more about Fatma’s flexibility, I ask her in the interview to write the
equation of a straight line that passes through a pair of known points. These kinds of

questions are usually solved by using the general equation of a straight line:
N: for example, you know two points that a line passes through. Can
you find the equation of that line?

F: Yes generally I solve such questions like this (she writes the
equation of a straight line y=mx+n) if I know the points which it passes.

N: let’s say it passes through the points (1,3) and (1, 2)

F: You are asking the equation that these points meet? The line
equation?
N: Yes

F: From those points I would find the slope, m value. I would do like
this. (she goes on to find the equation, she writes the following on the

paper)

Figure 4.1. 6 A prospective teacher’s graphical solution to find a line equation.

3
£

2w

i S
i

N: Can you think loud while you are solving...

F: Is the equation like this (she points to her solution on the paper,
which is shown above that presents the line equation on the Cartesian
graph, which she writes after she saw above usual method is of no
use)... the line is x=1?
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Fatma changes her usual solution technique when she realises that her method is not of
use to find the equation of the line that passes through the given points. She flexibly

chooses to think it on Cartesian graph and from this she finds the equation.

In the questionnaife, she writes that she would use concrete examples to introduce
variables, and also to explain why 2a+5b is not equal to 7ab. For example in the
questionnaire she replies to the question how you would introduce using letters to stand

for numbers by writing:

“I would approach introducing letter manipulations from concrete
examples, such as apples, bananas”.

In the interview I ask her why she would use concrete examples. She replies:

F: Since this topic is taught to children who are young, they can have = °
difficulty understanding abstract concepts, If it is introduced by using
concrete objects then the pupils could draw connections between this

new concept and their previously learnt concepts. After they got used to

these then they can do more abstract thinking,

The transcript above may suggest that this student has some general knowledge about |
how younger students learn. She mentions that concrete objects help younger stlidents to
learn abstract concepts. Furthermore, she talks about drawing connections between new

concepts and previously learnt ones. The ideas which she expressés about how students
learn are consistent with some well established theories of concept development. Hencé,
this student seems to know some general pedagbgiéal knowledge. She mentions fhat she
would introduce variables using this knowledge. In the questionnaire, she also writes that
she would explain why 2a+5b is not equal to 7ab by concfetising the situation, but she‘

does not write how she would do this:

“I would explain addition and multtplzcatton concepts I would gtve
concrete examples”. : , RIS

Let s see how she would concretise the situation to explain why 2a+5b not equal to Tab

in the following interview transcript:

N: (by pointing to her response in the questionnaire) here you wrote
that I would give examples containing concrete things. What do you
mean by this? : ,
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. F: by that I mean for example if you add 2 pears with 5 apples, what
happens? Two pears and five apples, seven fruits...(pause)

N yés on the left and on the right seven fruits?

F: Yes on both sides there are seven fruits, himm, so the pupil may not
see these can not be equal. That is, that pupil may not see that the sum
of 2a and 5b can’t be equal to this multiplication; 7ab. The number
values of ‘@’ and ‘b’ can be different, if ‘a’ is 2 and ‘b’ is five then
2x2+5x5= 29 but 7x2x5 is 70. This way of explaining is more suitable I
think. Hence, using fruits as an example may not be right.

N: Why not?

F: the student must think ‘a’ and ‘b’ as different numbers, There, two
numbers like ‘a’ and ‘b’. They are both numbers but different numbers
because they are represented by different letters.

N: can’t ‘a’ and ‘b’ be equal?

F: no if a=b then they are the same numbers. But I am calling one of
them ‘a’ the other one ‘b’, therefore they are different numbers. Hence,
1 would tell different numbers must be represented by different letters.

When I ask Fatma what she means by using concrete things, she mentions fruit-salad
algebra; that is she would use the example of pears and apples to explain. She starts off
asking what happens if you add two apples and five pears; she gives the answer as seven |
fruits and stops. At this moment, I think she understands that there is something wro‘ng
with her example. As a matter of fact two apples and five pears are seven fruits. That is,
the pupil Who asked the question may think “two apples and five pears on the left and
seven fruifs on the right, so they are equal”. Hence, that pupil could think that 2a+5b can
' make 7ab. In order to ascertain whether she uhderstands that there is something wrong
with her example, I say “yes on the left and on the right we have seven fruits.” Then, she
explains why the two sides éan be different by using num‘bers.‘ That is, she menﬁons that
,k‘a’ and ‘Vb” can represent different numbers and therefore the equatioh 2a+5b=7ab does |
not hold. Heré, her ;s1‘1bject matter knowledge about variables helps her to correct her
€xample conté.ining objects in which she uses her general pedagogical knowledge. She
knows that the variables stand for numbers. She also knows that youhger students could
learn with theb help of concrete objects easily. Firstly, she triés, to use her general
Pedagogical knowledge; when she sees her example is not helpful, she proposes ahothe;r k

€xample in which she uses her subject matter knowledge. In order to investigate more
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about her subject matter knowledge involving whether variables stand for numbers or

objects I ask another question.

Fatma writes in the questionnaire that x could be a real number in 2x+1. Fatma replies'as
follows when I ask her ‘;if I write down 5a here, what does ‘a’ stand for, what can it be,
what can it be used instead of, what do you think?” e A
:‘ First of all, there is a multlpllcatlon ﬁve times a; ‘a’ is a number
ere. '

N: Can it be anything different from numbers? For example, can ‘a’ be
an apple in five times a? '

F: pear can be represented by a, for example (the first letter of pear in
Turkish is @)

N: then does ‘a’ stand for pear? -
F: let’s call pear as a, if there are five pears we say five times a but...
N: is it a number?

F: it is not a number but it corresponds to a number, we use a letter, ‘a

- instead of a number. Even if we say it is a pear, there the pear is not the
pear we know as an object, it is used as a letter. It does not mean it is a
pear itself. We can tmultlply pears. '

In the above 1nterv1ew transcript Fatma mentlons that the letter ‘a’ stands for a number
ln Sa, since ‘a’ is multiplied by 5. I esked her whether it could stand for objects. She
mentions that even if we called ‘a’ as pear in 5a, the word pear would play the role of the :
letter ‘a’. That is, the word pear would stand for numbers, not the objects themselves
The reason for this, according to her is that we can’t multlply objects. Her comments ,V
suggest that she knows that variables stand for numbers, not for objects. This knowledge
helps her to use substitutions to explain to a pupil that 2a+5b is not equal to 7ab.
However, before using this knowledge she tries to use her general - pedagogical
knowledge to explain it. She tries to use objects. | ’However she notices that her

€xplanation contamlng objects would not explain why 2a+5b is not equal to 7ab.

Accordmg to her, if ‘a’ is pears and ‘b’ is apples then 2a+5b may be regarded as 7 frults O

and 7ab could also be regarded hke that. In this comment she uses her pedagoglcal
Teasoning’. So both 2a+5b and 7ab may mean seven fruits. This view is supported by
Tall and Thomas (1991) who suggest that the meanings of ‘and’ and ‘plus’ are similar in -

Natural language and therefore that pupils regard ‘ab’ as meaning the same as ‘a+b’. This -
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way of seeing ab and a+b may lead pupils to believe that on both sides there is same
* number of fruits. Fatma could see this and gives up her idea of using objects, and returns
to using numbers. Here we see how general pedagogical knowledge, subject matter
knowledge and pedagogical content knowledge come together in Fatma’s thinking about
this problem. Fatma’s decision to use a number substitution to explain why 2a+5b is notk
the same as 7ab is evidence of ber developing pedagogical content khowledge. - The
decision grows out of a blend of subject matter knowledge (knowing that variables stand
for numbers) and general pedagogical knowledge (which suggests to her that concretising
the situation will be a good strategy). This adds sﬁpports to Shulman’s (1987) assertions
about pedagogical content knowledge. Shulman suggests thet ’ pedagogicai | content
knowledge is the speci’al amalgamatiori of different kinds of khowledge by the help of

pedagogical reasoning.

Fatma is chosen to represent those students who writés in the questionnaire that x could
be a number in 2x+1 and who writes that they ‘would use concrete objects to explain why
2a+5b is not equal to 7ab. That is, she represents those studenkts who are in the ‘Number’
category of question 6 and ‘Fruit-salad category’ of question 12a. Please see chapter 4 in

order to remember what these categories mean.

5.1.2 The caée of Yezdan

Yezdan is another year-3 student. She is chosen to represent those students who wrote in
~ the questionnaire that x could be an object and who wrote that they would use number
substitution to explain why 2a+5b is not equal to 7ab. She repreéents those students who
are in the ‘Object’ category of question 6 and ‘Substitution Categoi'y’ of qﬁestion 12a.

Please see chapter 4 in order to remember what these categories mean.

She writes in the questionnaire that

“x could be anything. It can be apple, pear.” 7
She explains question 12a by making use of numbers. She starts to explaln it by

~mentjoning the properties of addition and multlphcatlon She mentions that

muluphcanon gives us the total number of elements in sets that are
made of same kind of elements”.
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Then she writes

“since a and b are different kinds of variables. They represent different
numbers. Let's a=4 and b=5 then 2a+5b=33 and 7ab=140. Therefore,
they are not equal”

In order to give more idea about Yezdan, I would like .to describe briefly how she
responds to SMKv questions in thé questionnaire. She starts to solve question 8 using
technical manipulation. She substitutes given numbers in the question and obtained two
inequalities with three unknowns. Then she leaves the question there. In question 9 she
also uses technical manipulation. She adds the given two equations and reduces the
number of equations to one with one unknown. Then she substitutes three valués for ‘a

She tries for the case a=0, a=1, and a=-1. For each of these cases she finds x values.
Since for each of these values the equation she finds gives two different solutions for x,
she writes the given system has two solutions for a=1, a=-1 and a=0. As a result, she
does not completely solve the pfoblém. From her solutions to these two questions, it can
be claimed that she has one way of approaching problems. That is, she does not have
flexible cognitive structures to cope with problems that need to be approached from the
accustomed way. In order to ascertain this last claim I asked her how to find the equation

of a straight line that passes thfough two given points. She replies:

Y: In y=mx+n, I substitute values for x and y or...

N: for example it passes through (1,3) and (1, 2), can you show me how _
- you find the equation of thxs line v

Y: if we substitute values in this equation, (she starts to substitute
. values into the following equation) x-1, noo, hang on a minute, in the
similar way x-1 divide by... if we give values to these x; , y; Xz, y2 x-1
=% _Y=n
X=X N1—)2
have zero in the denominator therefore I can’t write such
equation, ..(pause) ...

undefined, since we can’t

divided by zero, no it is

N: what is the equation, then?

Y: Ican’t find it now, I forgot the formula
Yezdan, firstly uses her standard way of finding the equation of straxght lines that passes
through given two pomts Then, she finds that this standard form does not give the

€quation she needs because the denominators give zero. ‘When I ask her again about the
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equation, she returns to use standard formula back again by substituting numbers. She
cannot find the equation and she begins to think that the formula she uses may be wrong.
Therefore, she gives up by saying that she forgot the formula. This ‘shows that she is not
flexible enough to consider the given problem in a different way. Furthermore, she

approaches problems procedurally. This shows her cognitive structures are diffuse.

As I presented before, Yezdan does not use ‘fruit-salad’ explanation to explain why
variables can not be conjoined rather she uses number substitutions, although she writes
that x could be an object in 2x+1. One of the reasons why she uses number substitutions
can be related to Yezdan’s procedural approaches to the problems. That is, as I described
before Yezdan does not show flexibility in approaching problems. She tries to use
perfectly legitimate procedures, but even she sees that her procedures is not of use, she
does not find other ways. Therefore, it can be claimed that she procedural approaches to
algebraic problems. This may be one of the reasons why she uses number substitution to
explain question 12a even though she writes that x can be an object. If she has confusion
about what variables stand for, ‘then how this knowledge can affect her pedagoglcal'
content knowledge. Can this be a reason why she uses fruit-salad explanation to introduce

- variables?

In the interview, she mentlons that she teaches a year-2 pnmary school student In her'
questionnaire responses I saw that she would also use concrete objects to 1ntroduce
variables to pupils. When I ask her the reasons why she would try to use concrete objects

she mentions that she dlSCOVCI'S that in thxs way the pup11 whom she teaches understands
better. Then, I ask her to explain more about how she would introduce variables. She -

- replies:

Y: If I had taught my students the concept of equality then I would
teach them the unknown concept using sets. Teaching students that two
sets are equivalent if their number of elements is equal is easy. They
can learn this very easily. If they know that two sets are equivalent if
their number of elements are equal then I draw two Venn diagrams as
here (she points to the Venn diagrams in her questionnaire response,

please see Figure 4.1.7) and tell [1=3 ; that is this square here
“corresponds to three apples there (she points again to the Venn
diagrams in her questionnaire response)
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N: you say that the square diagram corresponds to three apple pictures.

Y: yes, that box is three apples, I help the students to think that in order
to have the sets equivalent there must be three apples in this box also.
As a matter of fact, in primary schools, at the beginnings generally,
symbolic notations are not used; rather diagrams like square, triangle,
and circle are used to introduce variables. This way of teaching is used
because it is thought that later students could understand if the letters
are used instead of those squares. That is, introducing variables is
started by concrete objects. If we don’t use concrete objects, it is very
difficult to teach something to a primary school student.

Figure 4.1. 7 A prospective teacher’s pictorial method for introducing variables.
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In the above interview transcript, Yezdan mentions that she would introduce variables by
using sets. When we look at the reasons why she would use sets, we see interesting facts
about the relationships between SMK and PCK. Beside her general pedagogical
knowledge which includes a belief that younger students learn with concrete objects, one
of her underlying reasons for using sets is that teaching that two sets are equivalent is
easy. According to her, pupils could learn easily that two sets are equal if their number of
elements is equal. Once they learn this fact, she could use it to introduce variables. She
draws two Venn diagrams and put a square in to the first one and three apples into to the
second one. She mentions that if these two sets are equal then the square in the first one
must be equal to the three apples in the second one. Hence, she claims that one square
corresponds to three apples; as a result the square symbol corresponds to three. However,
it should be acknowledged that in her representation, it is very difficult to distinguish
between the number of objects and the object themselves. It seems that these two are very

mixed up in her explanation.

Another underlying reason why she would use such an explanation can be seen in the
second paragraph of her interview. Here she mentions how variables are introduced in the
textbooks. She says that before using letters some geometrical figures are used to help
Children to learn about using letters instead of numbers. Therefore, she uses the square

Symbol instead of a letter to introduce variables. According to her, her approach is
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therefore parallel to the approaches taken in textbooks. However, it should be
acknowledged that the parallelism between these approaches seems to be only pragmatic.
That is, in both approaches geometrical figures are used, but their contexts are very
different. In Yezdan’s approach, the use of boxes is in the context of sets, in the
textbooks the use of geometrical figures in the context of equations such as Oh+3=5,
According to Yezdan, using these kinds of figures instead of letters helps children,
because they are more concrete than letters. Henée, for her, concretising concepts,
making them more tangible, is a very important method for teaching primary school

children. She uses this knowledge to tailor her approach to introducing variables.

To sum up, two main reasons caused her to use such an approach to introducing
variables. One of them is the ease of using sets, and the second one is that her approach,
according to her, is parallel to the approaches used in textbooks. The underlying reason

for using geometrical figures is that these figures make the concepts more tangible, more

concrete for children. However, while she is tailoring this knowledge to fit the context of |

introducing variables, we see that she is using her subject matter knowledge. As I

~mentioned before, in her explgnation there is confusion between variables Standing for
objects and variables standing for the number of objects. This confusion may be caused
by her subject matter knowledge. In order to investigate this, I asked her “if I write down
3a here, what does a stand for, what can it be, what can it bé used instead of, what do you
think?” She rephed : ' '

Y It nught be any object 3 times of that object, as in the previous
example, it might be 3 times of professors, or 3 times of the length of a
line segment. '

N: If I said -3a, then what would it be?
Y: (short pause) -3a? -
N: Would it stand for objects?

| - Y No, it would not stand for ob_]ects, for example 1f “a” is an apple, it
can’t be minus three apples. '

N: OK, can you explain why it can’t?

Y: Objects are concrete, if we say minus; we are doing some abstract
thinking. There, the term “minus” is a bit abstract. ‘

N: Can you explain a bit more what do you mean by abstract.

156



Y: For example, when we put 2 on the number line, this is possible, but
-2, when we put -2, we don’t know this one, that is, that negative
numbers exist.

N: So you are saying that if it is minus it can’t be apple, but if it is plus
it can be?

Y: Yes because “plus” denotes a bulkiness of objects.

N: OK, you are saying that it is possible if it is plus, but if it is minus,
since it is abstract, it is not possible?

Y: No, if we say it is object, for example, there is a table but we can’t
say there is a minus table, (short pause) ha... perhaps if the table is
taken away from here, then it disappears from here, there, minus one,
then it might be. But in daily life most people don’t use minus for
objects, this is established practice In other words if there is a table, if
it is gone then there is not, it is zero, that is, we don’t say there is a
minus table.

- N: So you say since it is not used in daily life, it is not accepted saying
minus object.

Y: For example, natural numbers, these came from nature, people, in
early stages of foundation of mathematics, natural numbers are found .
since they are in the nature. But they could not find the number zero. 1,
2, 3... these were accepted by the people, but even existence of zero
was accepted by people hesrtatmgly

Yezdan clarms that if there is a negatlve sign before a variable, the vanable can not be an
object, but if there is no negative sign then the variable can be an object. According to
her the reason for this is that the negative sign is used for abstract thmgs That is, for her
mlnus is nothmg, it denotes non-existence. However, objects are concrete and ex1st |
therefore when a negative sign appears before varlables, then it may mean for her moving
away an object, making it disappear. These comments clearly show that she has a big
confusion between variables denoting the number of objects and the variables denoting
the objects themselves. This may show a relationship between subject matter kncwledge
and pedagogical content knowledge. This relationship can be explained as follows: if one
has misconception about a concept, then this misconception can be passed onto that |
Person’s pedagogical content knowledge. In the above transcript, Yezdan blends three
Pieces of information to give a pedagogical explanation' knowing that younger students ,'

relatively easier topics/concepts, and assuming that the variables could stand for objects.
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When she blends all of these, she gives a pedagogical explanation that contains the

misconception she has about variables.

5.2 Cases when SMKv alone can be a source of PCKv

In this section, I will discuss the cases when SMKyv alone can be a source of PCKv. In
this discussion, I will use the interview data of Hakan and Mehmet. The data I present

will show the cases when there can be a direct relationship between SMKyv and PCKyv.

-5.2.1 The case of Hakan
Following is the transcript of the interview with Hakan. Hakan is a year-4 student. He

started to take pedagogical content knowledge courses at the time I carried out the
interview. He replies to question 8 by making use of graphs. He starts to solve the
qﬁestion by technical manipulations, and then he returns to use graphs. Therefore, he has

a flexibility of approaching problems from different ways. He writes in his solution to |

qQuestion 8 that:

“It has two real solutions, because the graph of this equation is a
parabola and it has a shape either N or L. Therefore, in order to cut
the x-axis at one point, it has to cut it again at another point”,

From his solutions to the questions in the questionnaire, it can be claimed that he has

conceptual understanding of variables. He is not driven by procedures and rules.

When it is required,’ he can find other ways of solving problems. Hakan writes in the
questionnaire that “x can be a real or complex number in 2x+1.” He answers question 4
(please see chapter 4) in a competent way. He deduces two different meanings of y—3 by
means of mampulatlons This shows that he is aware of the 1mportance of the context in
deciding the role of symbols. Furthermore, he is able to flexibly move between obJects’

and processes in order to sort out different meanings of symbols involved.

quxplains question 12a (please see chapter 4) by making use of numbers:

“Let’s substttute numbers. Let ‘a’ be 2 and ‘b’ be 3. Then 2a+5b 1 9
and 7ab=42. Therefore, these are not equal.”
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In order to investigate the reasons why he does not use fruit-salad explanation to question
- 12a, I wondered whether he knows the distinction between letters denoting numbers and
letters denoting objects. Therefore, I asked him in the interview; “What would ‘a’ be,

what would it stand for if I write down here 5a?”
He replied:

H: if nothing is mentioned, I would say it would be a number in
mathematics.

N: what else?

H: a physncran can see 1t as five bricks; a student can see it as ﬁve
frogs.

N: does it matter if I say five multiplied by a (5-a)?
H: yes (pause) ST o
N: can ‘a’ be an object? Can it be an apple?

H: yes, it depends on the question?

N: can we say five multiplied by apple?

H: no we can’t multiply apples by five. Therefore, we can’t say five
multiplied by apple but we can say five apples. If 5a is five apples, then
acan’t be a number If 5a is 5 multiplied by ‘a’ then ‘@’ can’t be an
object.

The above transcript shows that Hakan knows the difference between letters representmg |
the numbers and the letters representmg the obJects He is aware of the fact that the |
Meaning of letters depend on the context they are used. This may be one of the reasons
Why he does not use objects to explain why 2a+3b is not equal to 7ab. This claim can be
_ Supported more by the last paragraph of the transcript. He mentions that ifd is apple in Sa
then a can’t be a number, but if Sa is five multiplied by a then a can’t be an object.
Therefore this rnkay be the reason why he does not describe 2a+5b as 2 apples and five
bananas because in 2a+5b, it is clear that 2 is multrphed by a and 5 is multlphed by b. e
Asa result, it can be claimed that not giving fruit-salad explanatlon to questlon 12a may |
vbe related to knowing that the variables stand for numbers. Hence, this shows how SMK ’

¢an be related to PCK. Another relationship I observed will be discussed as below. -

One of the questions I posed in the interview asked him to explain more fully about the

Mistake the pupil made in question 13. In question 13 a pupil called Ayse was asked to
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simplify the expression 2x+4x+6. However, this pupil equated the expression to zero and
solved this equation. I asked the prospective teachers whether Ayse was right, and what
she might have been thinking while performing the given task. Hakan, in the
questionnaire, wrote that Ayse was wrong, and did not give any explanation about her

thinking. In the interview, I asked Hakan explain more fully about Ayse’s thinking.

H: Here she equated the expression to zero and solved the equation.
There should not be an equation. There is only an expression. This
expression can be simplified by considering the common coefficients.
We have two coefficients in this expression. Furthermore, we can add

- x’s together and we get 6x which has coefficient 6. Actually there is no
simplifying the coefficients. The thing what the pupil made here is to

- solve the equation but there is nothing there that we can simplify, if
there was something we could simplify it according to that. In order to

- do simplification, first of all we have to do a division. Simplification... -
we have to make the coefficients smaller however, here if we make the
coefficients smaller the expression changes. It has to be equal to
something. By maklng both sides smaller, you could do s1mp11ﬁcat10n

N: what do you mean by equahty"

H: it must be equal to somethmg, there is an expression 6x+6. ;
Nt if we leave it there as 6x+6, is it not simplified?

H: yes, that is, you are'shortening the expression.
. N: you were saying that it must be equal to something?

H: by being equal to something...I thought about the rational numbers,
how I do simplification there. For example, if it is not in its simplest

- form, for example :16. can be reduced to % . I'thought like this.

N: you are saymg that this snmphﬁcatnon is confused w1th the
simplifications in rational numbers? = S

H: yes, when simplification is said, cancelling out by drawing the
numbers in rational numbers comes to mind first. Here the only thing
which she could have done was summation. I could not draw
connection between this expression and simplification.

In the above transcript Hakan correctly claims that the pupil made a mistake. Then he
Comments about the reasons why such a mistake was made. According to him, the given
€xpression does not behave the way he expected. He mentions that to do a simpliﬁcation,
We need to work with the coefficients. By making the coefficients smaller, we can make -
both sides smaller. Or in rational nkumbe»r'sy, we can'cvelkcbmm'on coefﬁcaikent from both the

denominator and nominator. He mentions that in the given expression we can not do

'160,



cancelling, because if we do this then the expression changes; the equivalency is not
satisfied. This kind of knowledge about s1mp11ﬁcat10n affects his elaboration of the
Pupil’s thinking given in the question. Hence, this shows another relationship between
SMK and PCK. That is, SMK can affect one’s understanding about analysing pupils’

mistakes, misconceptions.

5.2.2 The case of Mehmet

Mehmet is another year- 3 student. He was chosen to represent those prospective teachers
who writes in the questionnaire that x could stand for an object and who explains

qQuestion 12a by using fruit-salad al gebra.

In order to glve more idea about Mehmet, I would like to present how he responds to
SMKv questions in the questlonnalre He starts question 8 by substltutmg given values
into the equation ax2,+bx+c=0. He obtalns two inequalities with three unknowns. He
reduces the number of inequalities to one and number of unknowns to two by suhtraetln'g

~ the second inequality from the first inequality. Hence, he obtains 7a+b<0. Then he leaves
the question there. Similarly, in his solution to question 9, he adds two equations in order
to eliminate y2 and gets >+ (x-a)2=1. Then, he leaves his solution there. His solutions to
these two questions show that he does not cope with the problems that need to be
aPproached by using different strategles from his usual solution methods. He uses
legltlmate procedures to solve the problem however, he does not show the ﬂex1b1hty that
he needs to cope with different problems in new contexts. In order to ascertain this last
claim, in the 1nterv1ew, I ask him how he finds the equatlon of a stralght line that passes
through given two pomts

M: Generally, I use this formula that gives the equatlon (he writes the
X=Xk _I=hn

"xz =Y2

N let ] ﬁnd the equatlon of the line that passes trough (2 3) and (2 4)

formula

on the paper)

© M: Ok let's substitute these values into the formula (he starts to plug in
the values into the formula, while he is putting these; he is reading out
what he is doing). x minus two over two minus two equals y minus
" three over four minus three. Then, x-2 over zero... (pause) but we can’t :
have zero in the denominator... (pause) infinity equals y minus three. I
can’t find it... it does not work. ‘ ' B
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N: Why can’t you find it?

M: I don’t know, there is something wrong with the formula T use, I
think. I don’t know other ways of finding the equation.

This interview shows that Mehmet faces difficulties when he tries to use his accustomed
strategy of dealing with finding the équations of Straight lines. When he finds that his
strategy does not work, he gives up and begins to suspect that his formula is wrong. This
Suggests that his cognitive structures is too diffuse, therefore he does not make flexible

links to the concepts that gives the formula he uses.
Mehmet solves the question 4 (please see chapter 4) as below:

=mx+3 3=mx+3, mx=0 if m=0 V'x€R, there is a solution. Or if x=0
VineR there is a solution. ‘

His above solution suggests that he does not sort out the different meanings of y=3" that is
obtained from y=mx+3. Alternatively, he may think that y=3 may mean Q'nly” the
deductions he makes above. In either case, his solution to this question together with the

Solutions I presented above suggests that he has procedural approaches to the problems. |

As T mentioned before Mehmet uses “fruit-salad’ explanation to describe why variables

- Cannot be conjoined. That is, he writes in the questionnaire that:

You can’t add apples with pears. Two apples and five pears don’t make
. seven apples or pears, therefore, 2a+5b is not equal to 7ab.

~As can be seen in the above response Mehmet uses apples and pears to explam why

2a+5p is not equal to 7ab. I asked him in the interview why he would use such approach:

M: Because, that is the reason why 2a+5b cannot be equal to 7ab. This

is a very well known fact that I have known since primary school. Our

teacher told us you can’t add different kinds together. Same kind can be

added with the same kind. Everybody knows this fact. Two apples and
- five pears don’t make seven apples or pears,

As can be seen in the above transcript Mehmet strongly believes that the underlymg
Teason why different variables can’t be conjoined is because they are dlfferent kinds. He
Mentions that everybody knows this fact and that he has known this since primary school.
In chapter 4, I discuss that this approach helps children to manipulate variables. That is,

they can understand by this approach that 2a+a+5b=3a+5b. However, such approach can

Cause difficulties for students in the long run. For example, they can not be aware of the -
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distinction between variables denoting the number of objects and objects themselves. As
a matter of fact the above transcript suggests that Mehmet himself has such confusion. In
order to find out whether Mehmet is aware of this distinction, I asked him “what would

‘a’ stand for if I write down here 5a?” he replies:

M: five pencils, five real numbers, rational numbers etc. it can be
everything five atoms,

N: if I say here 5a means five multiplied by a, then what do you think?

M: if it is five multiplied by a, then again as I said before it can be
everything, like atoms, pencils etc. it does not differ in multiplication
case. ’ ) : ’ '

This interview shows that Mehmet does not know the difference between letters denoting
the numbers and letters dehoting the ’objects. That is, for him the roles of letters in 5m
Where m is metres and 5-m where m is any number are difficult to.distinguish. This may
show that he does not copé with the different meanings of symbols in a flexible manner.
He himself belieYes that different variables cahnot be conjoined bécause different kinds
of objects cannot be added together. The kriowledge which he has known since primary
school causes hirri to confuse _bétWeén denbﬁng the objects and’ the nuinbérs. Hence; ihis
Mmay be one of the reasons why he uses fruit-salad explanation to teach why ’Vériablesv
can’t be conjoined. However, it should be acknowiedged thét Iam noi ciainiing that the ;
Misconception Mehmet has about variables is a direct reason for him to explairi why
2a+5b is not equal to 7ab. That is, it is not claimed that this misconception is the cau$¢ bf
his pedagogical explanation. On the other hand, since he has such’ a miscohception, it is ~
difﬁcult for him to see the possible misconceptions that can occur inith’e future learning
of his stucients as a result of the pedagogical ¢xplanation he prdvides. Hence, it may be
Claimed that at somev level his misconception abbut variables can have an implicit eff¢qi ’
On his ‘pedagogical reasoning’ (Shulman, 1987). A’s”I discussed in chapter 2, pedagbgical
Content knowledge is developed by the help of pedagogical réasoning, As a reéult, the
ivmplikc‘i‘t affect of his ’misconceptidn on’ pedagogical reasbning can h’ave an éffeét oh his
Pedagogical coriteht knowledge. Therefore, this shows” anothér réiatidnshii) ‘béiWéeh

Subject matter knowledge of variables and pedagogical content knowledge of variables.
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Mehmet writes in the questionnaire that he would teach simplifying expressions before
teaching substitutions because after simplifying substituting values, getting results is
easier. Therefore, he is put into the procedural category of question 16 (please see chapter
4). In the interview, I asked him to explain the reasons more fully about teaching

simplification first:

- M: for example we have an expressmn llke a-b* if we subsntute values
for a and b in this expression then it is difficult to find a* and b?, for
example if g is 11 and b is 25 and if we write a 2.b? as (a-b) times (a+b)
now then if we take away 11 from 25, 14 left and add 11 to 25 it makes
36. Now it is easier to multiply 25 by 36. But if we consider the former
case, I will take the square of a then square of b, then subtract second
one from the first one, to me this is lengthier. Therefore, firstly, a
sxmpllﬁcatlon here is easier. However, if we have an expression like
a*+b?, then in this case you cannot simplify this expressmn therefore '
you have to do substitution first.

N: then, which one would you prefer to teach first?

M: again I prefer to teach simplification first, because in most cases it
helps us to perform substitutions more easily. It makes the job eas1er It
will give us the result quicker and easier. ,

In above transcript, Mehmet emphasises procedural benefits of teaching simplification
first, It should be acknowledged that in his example, Mehmet does not simplify the
expression a>-b? rather he opens it. HoweVer, he regards it as a simpliﬁcatien. Accofding
to him, in most cases after simplifying an expression it is easier and quicker to substitute |
values and find the result of the substitution, this shows that Mehmet really concentrates |
on procedures in algebra. He does not mention any of conceptual, relational benefits of
teaching one topic first. The emphasise in his response is on procedures. As’I’ pl_'esented
before Mehmet ‘does not demonstrate flexibility in solving SMKv questions. As a result in _
is claimed that Mehnief has diffuse cognitive structures that prevent him approaclﬁng ‘
Problems from different ways. One of the underlying reasons for having diffuse COgnitive
Structures is cohcentrating on procedures without considering underlying reasons why
these procedures work. Such an approach may be one of the reasons why Mehmet give
Procedural reasons about teaching simplification first. Hence, his way of learning affects

his pedagogical reasoning and therefore this shows how SMKv can be related to PCKyv.
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5.3 Summary and discussions
In this chapter, I discussed the interactions between SMKyv and PCKv by using interviews

of four students. Two of these students are identified as having flexible ‘cognitive units’

(Barnard & Tall, 1997) who has conceptual understanding of variables, whereas two of
them are identified as having diffuse cognitive structures who have procedural
understanding of variables. In the discussion I focused on mainly whether having
confusion between variables denoting the numbers and variables denoting the objects
- may have a relation to explaining why different variables can’t be conjoined by using
objects. The data I presented, both from the questionnaires and from the interviews,
Suggests that there is such a relationship. However, this relation occurs in an indirect
manner, in a complex way. For example, Fatma knows that children learn with concrete
Objects easily. She moreover knows that new concepts can be built on previously learnt
Concepts. When she amalgamates all this knowledge she attempts to use “fruit-salad’
explanatlon in which she gives meamngs to variables by referring to objects namely
apples and pears. Then she realises that her approach does not explam the reason why
different variables cannot be conjomed She thinks of another approach where she uses‘
her SMKyv which is knowing that variables stand for numbers Hence, she returns to use
- Mumber substitutions. In Fatma’s case, different kinds of knowledge come together in her
thlnklng to give a pedagoglcal explanation in whlch she uses substttutlons That is,

knowing that variables stand for numbers alone is not the reason to usev number
Sllbstitution Syimilarly, at first using objects is not caused beeause she‘ hus co‘nfusion
between variables denotmg the numbers and objects themselves. She could be able tob
~ ch’clnge her strategy when she understands that there is somethmg wrong with her
explanation. Such change can be facilitated by her bemg flexlble All this shows that the
relationship between SMKv and PCKYv is not always dlrect Supports come for th1s clalm

fr om Yezdan’s case also

A;I discussed previous part of this chapter, although Yezdan has confusion betweenb‘,
Variables denoting numbers and objects, she uses number substitution to explain why

different variables cannot be conjoined. Similarly, she has a general pedagogical
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knowledge, which she has achieved by teaching a year-2 primary school children, that
says younger children learn with concrete objects. At first glance, it may be thought that
both of these types of knowledge can cause her to explain why variables cannot be
conjoined by using ‘fruit-salad’ algebra. However, she does not use this type of
explanation instead she uses number substitution. Hence, there must be another reason
why she uses number substitution. In her case one of the reasons for such explanation
may be related her procedural appfoaches to problems. That is, she does not have flexible
‘cognitive units’ which may help her to regard problems from different ways.'She has
learnt procedural rules that can be ﬁsed to solve specific, accustomed prbblems. As1
discuss in Ehapter 4 and elsewhere, substituting numbers is equivalent to approach
eXpressions from procedural side. Hence, Yczdan’s being a procedural student might
have caused her to use number substitution to explain why different variables cannot be

conjoined.

However, it should be acknowledged that Yezdan’s misconception about variables that
Tegarding them as labels cause her to carry thiskmisconception in her explanation to how
she introduces variables. She supports her choice of using objects in her explanation by

referring to approaches in textbooks. She mentions that in textbooks before letters are

introduced, pupils are shown geometrical figures such as squares, triangles etc, standing

for numbers instead of letters. She also supports her approach by mentioning that harder
Concepts can be built on relatively easier concepts. When she amalgamates all this

knowledge together, she gives an explanation in which appears the misconception she
has, | l

These examples suggest that the relationship between SMKv and PCKv is not always |
direct. They also suggest that PCKyv is not something that is automatic amalgamation of
different kinds of knowledge. It depends on the person who has Vthose types of

kF},Owledge. It is on her/his disposal to amalgamate them, use some of them and discard

Others or use only one of them as a basis to give a pedagogical explanation specific to -

- Televant to context at hand. When s/he decides to use only one of them as a basis and if

this knowledge is SMK then the relationship between SMKy and PCKv can be direct. I
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see such instances in the case of Mehmet and Hakan. Hakan is identified as flexible
student who has conceptual approaches to problems who has organised his knowledge of
variables into linked' ‘cognitive units’. He does not concentrate on procedures rather on
concepts and links between them. He is also aware of the distinction between variables as
labels and variables as denoting numbers. He clearly explains that if a is an apple in 5a
then it cannot be a number similarly if it is a number theh it cannot be an object. This
awareness is the most probable réason why he does not use ‘fruit-salad’ explanation to
teach that different variables cannot be conjoined. Hence, this may show a direct
relationship between SMKv and PCKv.

Another direct relationship occurs when Hakan chooses his SMKyv to analyse a pupil’s
mistake. The pupil finds the root of an expression even though she is asked to simplify it.
Hakan, elaborates this mistake by using his SMKv. He mentions that the givén
€xpression is not a suitable expression to be simplified. According to him expreésions
that can be divided by the same coefficient are the most suitable candidate for
simplification tasks. The reason for this is that, according to him, simpliﬁcatiohs are
mostly used in rational numberé. Hence, such kinds of beliefs and knowledge bec'ome‘ a

Source for Hakan to analyse the pupil’s mistake given in the question.

Direct relationship between SMKv and PCKv is also seen in Mehmet”s case. Mehmet .
Strongly believes that the underlying reason for variables cannot be conjoined is because
apples and pears cannot be added together. He mentions that he has known this fact since‘
Primary school, and everybody knows it. Therefore, two different variables cannot be
- Conjoined. This knowledge can be both considered as SMKv and also a pedagogical
knowledge that he has learnt from his teachers. He himself does not see the difference
between variables dkenoting the objects and variables denbting the numbers. This
Confusion not only affects his pedagogical reasoning but also his SMKyv. These together |

“‘f}ffect his explanation to variables cannot be conjoined.‘ Furthermore, another direét :

felationship is that Mehmet himself concentrates on procedurés, for him the impdrtant | .
thing i getting answers right, knowing how to do. Such behaviours affect him to deéide ,

Which topic to teach first. It affects him because he does not use any different type of “
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knowledge to reason about which topic to teach first. Hence, these examples suggest that
SMKyv and PCKv can be related directly if the person decides to do so. A person may
decide to use his SMKv alone because that'pefson'mayvn“o‘t have any other kinds of
knowledge such as general pedagogical knowledge to restructure his SMKYv. In this case

a more direct relationship between SMKv and PCKv can occur.
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"CHAPTER 6
Summary and Conclusions

INTRODUCTION

In this chapter, I will present the summary and discussions of the main themes by
referring back to the research questions raised in Chapter I and I will consider directions

for further research.
6.2 Summary of the themes
This study was carried out to probe answers to the following general research questiens:' ‘

1. What is the state and nature of Turkish prospective mathematics secdndary E

teachers’ subject matter knowledge of variables?

2. What is the state and nature of Turkish prospect1ve ‘secondary mathemat1cs o

teachers’ pedagogical content knowledge of varrables"

3. Is there any relatronshlps between subject matter knowledge of variables and
pedagogical content knowledge of variables, if so what is the nature of such

relationships?

In this study one hundred and eighty four Turkish prospective teachers subject matter

knowledge of varrables and their pedagoglcal content knowledge of varrables were ’
mVestrgated by the means of an open- ended questronna1re and follow-up sem1 structured ”
lntervrews Also in this study, the nature of the 1nteract10n between these two types of

knowledge was examrned

The summary of the themes will be presented along three lines; subject matter knowledge
Of variables, pedagogical content knowledge of variables, and ﬁnally the nature of the

Telationships between these two types of knowledge.
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6.2.1 Main themes of subject matter knowledge of variables

- The concept of variable is one of the basic topics taught from late primary education to
high school education in the Turklsh Mathematlcs Curnculum It i is 1ntroduced in the 7th
grade in the context of mathematical expressions and continued in the g 9th (1St grade of

~ high school) grades with more emphasis on solving equations.

The 12-13 year old children are ihtroduced to variables by teaching them how to write
mathematical expressions; expressing different numerical relationships using letters.
They start learnihg to write these expressiohs in the context of propositional formulas.
Propositional formulas are sentences that contain a proposition. For example; “Ataturk is
the founder of Turkish Republic” is given as a starting example in the textbooks for
propositions. Then, propositions that contain number relationships start to appear later.
Students are taught to become competent in solving equatiohs in one variable, and then

two variables in systems of equations, and finally second degree equations. One of the

main aims of the algebra curricula is to teach students to manipulate symbols to arrive at -

results. Students are taught to memorise and use rules involved in symbol manipulations.
They are given automatic skills which enable them to find the solutions of problems

quickly,

The findings of this study, in a way, reflect the situation in the Turkish curriculum

discussed above. In chapter 4, the analysis of questions 8 and 9 revealed that very few .

Prospective teachers (about 10 %) have a variety of approaches to problems, checking

mechanisms and links between algebraic expressions and their graphs. These prospectlve
teachers start to solve a problem by using technical mampulatrons When they see their
methods are unproductrve, they flexibly resort to use.a different approach, v1sua1,
graphical approach. This shows that they have a flexibility of approaching problems from |

different ways.

Such flexibility, in particular abandoning technical manipulations for better tools is

included in the aspects of ‘symbol sense’ (Arcavi, 1994). This sense can stem from
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having compressed ‘cognitive units’ (Barnard & Tall, 1997), which allow one to move
flexibly among different aspects of a concept. In this case, such ‘cognitive units’ help
these students to move frombalg'ebraic representations to visual, graphical representations.
In other words, for these students algebraic expressions and their graphs mean exactly the
same thing. In order to ascertain this claim, firstly I cross-tabulated the results of two
questions and I saw consistencies among the responses. Then, I interviewed with one of
these students. The interview results show that the student has, in fact, “various
approaches to problems, checking mechanisms and an overall grasp” of algebraic
equations to “build up links as if it were a ‘cognitiye unit’” (Crowley & Tall, 2001, p. 1).
When shesees that the general formula for ﬁnding the equation of a straight line that
passes through two given points is of no use for finding the required equation, she
flexibly resorts to work on Cartesian coordinates and finds the equation. HoWever, tt;vo ot’
those students who do not demonstrate flexibility on' solving qnestions 8 and 9 in the
Questionnaire, do not find the required hne equat1on The reason for this is that the
general formula for finding the 11ne equation does not work for the grven pomts in the
1nterv_1ew. They have to work on Cartesian coordinates to find out the required _hne .
e(juation Howeyer, they do not think of working on Cartesian coordinates and begin to |
be susplcrous about the formula they have always used. They grve up and utter they
cannot find, This shows that these students have learnt procedural techniques to find the
€quation of strarght lines and have not orgamsed their cogmtrve structures into a network’
of flexible cogmtlve units’, They did not demonstrate ﬂexrbrhty in choosmg an
alternative route to a solution, which is evidence of m1ssmg Tlinks between graphs
formulas, and other aspects of a problem However the analysrs of similar questtons I
Presented in chapter 4 was presented in the lrght of some different theorles in the |

literature.

For example, Even (1988) claims that prospective teachers who solve question 8 (please
see chapter 4) by use of graphs have connected knowledge. Those students who do not

use graphs and follow technical manipulation route. are - claimed to have
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compartmentalised knowledge related to functions. In the light of Krutetskii’s (1976)
constructs those students who use first technical manipulations then resort to make use of
graphs’ can be identified as using both visual and symbolic thinking in equilibrium. On
- the other hand the other group of students who do not use graphs may bé identified as
non-\;isualisers. However, one of the underlying reasons for being able to move flexibly
among different aspects of a concept can be explained by the theories suggested by Gray
and Tall (1994). Gray and Tall (1994) suggest that there is a fundamental role of the

student’s perception of notation in mathematics.

In arithmetic, proceptual students could regard notations both as a process and product of
that process. They coin the term ‘procept’ to point out the pivotal role of symbols which
functions dually both as a process and the cohcept produced by that proces<sk. ‘In
arithmetic, procepts give a proceptual thinker flexibility of embedding different kinds of
meanings to numbers. For example, a proceptual student could view the symbol 5 as 3+2,
or 4+1 or 6-1 etc. However, procedural student may view this symbol 5 as counting from
one to five. Such qualitatively‘ different way of intérpreting notation exists also in

algebra.

~ As Tall (1993) point out in ‘algebra, notation functions dually both as a process and
+ concept, but in algebra the prdcess is potentially successfﬁl. Without knowing the value
of a symbol, an expression like 2x+1 can not be evaluated, even though it éan:be
interpreted procedurally as multiply x by two add one. Since x is not known a procedural
‘thinker may have difficulty in interpreting such expressions. In algebra, the relationships i
| between two or more variables can be expressed by using algebraic expressions, or by
graphs. A proceptual student could embed these different representations as different
aspects of the same idea by giving it a name or symb()l. The process of embedding
different aspects of a concept into a single idea is accomplished by compressing them,
and making them small enough to be held in the focus of attention. Barnard and Tall
(1997) call such small enough entities as ‘cognitive units’. According to Crowley and =
Tall (1999), such cognitive unit “has rich interiority through carrying “within” it many

Powerful links that enable it to be manipulated and invoked to solve problems.” (p. 3).

172



The theories suggested by Tall and his colleagues are more plausible to explain the
reasons underlying behaviours that are demonstrated by prospective teachers in dealing
with problems‘ 8 and 9 (please see chapter 4). They explain Why some prospective
teachers are flexible enough to approach these problems from different ways. This
suggests that they have developed links between different aspects ofa problem. They also
explain underlying reasons for behaviours that are included in the ‘symbol sense’ of
Arcavi (1994). Arcavi (1994) suggests being able to approach problems from alternative

ways is a sign of having symbol sense.

Ursml and Tngueros (1997) report similar ﬁndrngs on 164 startmg Mexican college
students understandlng of varlables They report that the ma_|or1ty of their students '
understandrng of variables is still restrlcted at an action concept of variable. In this kmdk
of understandmg, students actions are caused by stimuli, which allow them to answer
routine questions by means of mechanistic approaches Ursini and Tngueros suggest that
such an understanding may prevent students from “attaining a level of abstraction which
will enable them to consider variables as objects whose role can be analysed.”'(’p. 254). :
Similarly, it shouldbe suggested that rote learning may prevent students from h‘aving :

flexible “cognitive units’ (Barnard & Tall, 1997) involving variables.

To sum up, the analysis presented in chapter four which investigated prospective
- teachers’ subject matter of variables suggest that very few of them have developed
- flexible links between different aspects of the concept of v’ariable.'Ar large majority of
them have mechanisation of procedures rather than the conceptualisation of these
procedures. They demonstrated that they know the procedures that are related to different
aspects of variables, such as solving first order, second order equations, simplifying :
expressions. However, when these procedures are of no use, very few of them try
different approaches to problems. This suggests that they store collection of procedural
techniques with no flexibility and checking mechanisms. Therefore, the data presented in -

chapter 4 support the theories suggested by Tall and his colleagues. -
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6.2.2 Main themes of pedagogical content knowledge of variables

In chapter four, part two, I presented the analysis of pedagogical content knowledge of
~variables. In this section 1 will present the summary of main themes of pedagogical
content knowledge In this thes1s pedagoglcal content knowledge is deﬁned in 11ne with
Shulman s (1987) definition. Shulman (1987) defines PCK as the type of knowledge that
is required to teach topics. It is neither SMK nor general pedagogical knowledge, rather it
is a blend of subject matter knowledge and general pedagogical knowledge. It also
lncludes knowledge about students, their preconceptlons and mrsconceptlons about
concepts. As I explained in the methodology chapter, in this study, I have regarded PCK
as formal knowledge of ways of communicating one’s SMK to others while I was
analysing the responses to the PCK questions. While using the word “communicating” I
don’t imply SMK can be transmitted from teacher to students. By commumcatmg SMK I
mean the type of knowledge that is requlred for teachers to help their students construct
the knowledge that are presented to them. Th1s means that PCK can be exhlblted not only |
in the ways that teachers choose to explam perhaps the most d1rect form of |
‘communication’, but also in the way they choose to des1gn classroom act1v1t1es and to ‘

sequence topics. In this study I have treated the desire to make SMK accessible to puplls |

~ as evidence of PCK. However, how can we know whether that person has such a desire

from h1s/her responses" We can suggest that if that person uses analogles, metaphors
examples, and different kinds of representations in his/her communication then s/he tries |
to make the concept comprehensible. Furthermore, if sthe is takmg into account the
‘common preconceptions, misconceptions, how knowledge is developed, then s/he tries to |
make the concept comprehensible. Another question arises from this last assertion. How
can we know whether that person is taking into account such issues? We can suggest that
by asking for the underlying reasons behind his/her explanation, we can examine whether -
she takes such issues into account. However, it is difficult to know whether s/he
constructs reasons that will sound “right” or logical to the researcher when s/he is asked

to articulate reasoning behind his/her explanations.
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The analysis presented in chapter four, part two, showed that there are various kinds of
pedagogical responses given by these students. In their responses, I saw the signs of their
efforts to make the various aspects of the concept of variable comprehensible to the
students. For example, 37% of them use ‘fruit-salad’ explanations in which they give
meaning to variables by refemng to obJects in order to explain why variables cannot be
conjoined. About 18% of them use number subst1tut10n in Wthh they substitute numbers
for the variables. Tall (1993) reports that when he poses, in a professronal course, the
questron of 1ntroducmg vanables to puprls, a prospective teacher replres he would use
“fruit-salad’ algebra. Then other prospective teachers accept such a suggestron The
reason for such suggestion is grven as that the prospectrve teacher himself is taught like
: that Furthermore, ‘fruit-salad’ algebra provrdes a gurde to mampulate varlables In ‘frult- ‘
salad’ algebra, 2a+3a+b i is explamed as add two apples plus three apples plus a banana,
that gives five apples and a banana However, as Tall (1993) pomts out this method of
teachrng although giving success for a whlle, in the long run causes damage to the
development of algebraic knowledge because its meanmg is 1nﬂex1ble and fails when it
does not apply Furthermore, Pimm (1987) criticises this approach because “1t leads to
confusion between a being apples and a being ‘the number of apples” (p. 132) Hence, he
Suggests that it is necessary to drstmgursh between the Ob_]CCtS themselves and the number '
of them. “The algebraic expression is not an analogue of § apples, nor is 5 apples a

Possible interpretation of 5a... the letters themselves are standmg for numbers” (p. 132).

- The ‘substitution’ strategy can also be cnt1c1sed by saying that it emphasises the process
facet of expressions and it does not encourage vrewmg them as objects However both of
these methods of showing that variables cannot be conjoined are used by textbooks and
experienced teachers. If we refer to Shulman’s (1987) deﬁnition of PCK that says PCK is
knowledge of making topics comprehensible to students, we can claim that these methods
(substitution, fruit-salad) are efforts towards making van'ables comprehensible - to’
Students, Howeyver, ‘it can be questioned whether these methods result from ' the
amalgamation of SMKv and general pedagogrcal knowledge This question can be rarsed

from Shulman’s (1987) definition of PCK in which he claims PCK is also the -
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amalgamation of SMK and general pedagogical knowledge. I will summarise the results
of the investigation whether the responses given by prospective teachers to PCKv
questions are affected by their SMK and general pedagogical knowledge in the next

section.

: 'Various efforts of r‘naking' variables comprehensible are also seen in the responses of
other questions analysed in chapter four part two. For example, prospectlve teachers
analysed a pupxl’s mistake which mvolves rather than sxmphfymg a given expressxon
- finding its roots and poss1b1e sources of that mistake. However, not all prospectlve
teachers could spot this mlstake About 32% of them wrote that the pupil correctly
SImphﬁed the expression. The possible reason for these students not to spot the mistake is
that they have problems in termmology They do not know the dlfference between the
terms ‘simplifying’ and solvmg equatlons This also shows how SMKYv can be related to
PCKyv; I will summarise main themes about these relatlonshlps in the next sectlon For
the moment I am contmulng to dlscuss mam ‘themes about PCKv. About 54% the
prospective teachers spot the student mlstake however only about half of these students
comment on the possible sources of this mistake. The questionnaire responses suggested"
| that the most of the students who comment on the pupil’s mistake attribute this mistake to
familiarity of the pupil with solving equations'due to overemphasis on solving equations.
Philipp (1992) attributes this mistake to the difficulty in grasping different roles of
variables. According to him, the letter x assumes the role of generalised number in
simplifying expression 2x+4x+6, whereas it assumes the role of the specific unknown in l |
solving the equation 2x+4x+6=0. However, Philipp (1992) does not discuss whyk using
letters as generalised numbers is more difficult than using them as specific unknowns.
Kieran (1997) asserts that we don’t have enough evidence to suggest that using letters as
specific unknowns is psychologically primitive to using them as generalised numbers. On
the other hand, Sfard and Linchevski (1994) suggest thatalgebra of a fixed value where
the letters are used as specific unknowns should precede the functional algebra where the
letters play the role of variables and generalised numbers, because the second one is more
difficult. =
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Ireferred to these research reports in order to point out the various comments that can be
made about the underlying reasons behind a particular mistake a pupil makes. It is
difficult to know why a pupil makes a particular mistake without talking with him,
knowing his/her background, knowing research results in the literature. However, to start
elaborating a mistake, teachers may figure out some hypothesis about the reasons of that
mistake, and then they can talk wirh the pupils to verify or discard their hypothesis. In the
Questionnaire and interview settings, it is difficult to give prospective teachers the
opportunity to talk with the pupil that made the mistake in the question. However, from
the questionnaire responses we can be informed at least about their hypothesis on the
~underlying reasons of the mistake. As I mentioned earlier, the most of the prospéctive
teachers who commented (26%) about the sources of the mistake hypothesised that the
pupil got used to equation solving due to overemphasis of this topic in textbooks and
classrooms. These hypotheses, although they are different from the comments I cited
earlier, show that these prospective teachers could analyse a pupil’s mistake by spotting
firstly the mistake then commenting on the possible sources of that mistake. This adds,
Supports to theb claim that there are signs of the desire to maké SMK accessible to pupils

In prospective teachers’ responses.

‘The responses given to help a student who makes a ‘reversal error’ also suggest that
Prospective teachers exhibit their PCK in various ways they choose to help the student.
" Some of the helping methods prospective teachers suggest are even used in the literature
to alleviate the ‘reversal error’. For examplé, using arbitrary letters rather thén using first v’
letters, or using pictorial represeritations can be given as methods that are tried by |
Tesearchers (e.g. Mestre & Lochhead,1983) to alleviate the ‘reversal error’, When we
look at how the prospective teachers choose toi teach a’ topic first, -sirnpliﬁcation or
Substitutions- we see that 16% of these prospective teachers choose eithér of the topics
first because their ordering provides conceptual benefits. For example, they write that

they would teach subsrtituti’on first so that pupils could’ see that variables are denoting

TNumbers hence they can see what variables are for, what they are used for. However,

* -about half of prospective teachers order these topics considering ;‘procedural’.
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‘instrumental’ benefits. For example, they consider ‘getting answers right’, or ‘quickly
and easily finding results’. The question of teaching simplification or substitution first
does not have definite answet. For example, Sfard and Linchevski (1994) may prefer to
teach substitutions first because it gives an operational conception of variables and the
operational conception should precede the structural conception. On the other hand, Tall
and Thomas (1991) would prefer to teach them simultaneously because in this way
Students could achieve versatile l‘earning of variables. They use different activities that
can allow students to focus on either processes or concepts which i in turn allow students
to interlink them to give a connectlon between processes and concepts Hence, the
important thing in deciding on which topic to teach first lies in the underlymg reasons for
such a decision. In the given reasons prOVided by Sfard and Linchevski ( 1994) andkTall
and Thomas (1991) we see that they want to make variables understandable to the pnpils.
They are considering the development of algebraic knowledge, pupils" difficulties with
this. concept In short, they are using their pedagogical content knowledge ‘which ’Vis‘
defined by Shulman (1987) as knowing ways of makmg a toplc comprehens1ble to

Students as well as knowmg common students rmsconceptlons and dlfﬁcultles

In responses provided by prospective teachers in this research, we see that there are
Various kinds of pedagogical responses given by these students. In their responses, I saW
the 'signs of their efforts of making the various aspects of the'concept of variable
Comprehensible to the students. ThJS result sheds some lights onto the d1scuss1ons |
Surrounding when and with whom to study PCK; expert teachers, novice teachers or
Prospectlve teachers. One can study PCK with any of these, the 1mportant thmg is bemg

aWare of the context of the sample ,

6.2.3 Main themes of the mteractmns between SMKv and PCKv

In this section, I will ‘present main themes about the interactions between SMKv‘ and |
PCKV I will start with summarising issues presented in the hterature about the
lnteractlons between SMK and PCK. |
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Leinhardt and her colleagues (e. g. Leinhardt, Putnam, Stein and Baxter, 1991; Leinhardt
& Smith, 1985, etc.) report that there are differences between experts’ and novice
teachers’ representations since expert teachers have more highly organised systems of
knowledge than novice teachers. Within such reports they assume that subject matter

knowledge and pedagogical content knowledge are interrelated. -

Sumlarly, Even and her colleagues (Even & Tirosh, 1995 Even, 1991 etc.) suggest that
since their prospective teachers did not know the reasons behrnd the rules they opted to
present mathematics as a set of rules to be followed These research reports suggest that
the interaction between SMK and PCK is direct and clear. This research can be seen as an
answer to earlier research which suggests that what teachers know about mathematics is

not a signiﬁcant influence on what their students learn (Begle, 197'9; Eisenberg, 1977).
| That is, earlier research suggest that "the effects of a teacher's subject matter knowledge
and attitudes on student learning seem to be far less powerful than many of us assumed,"
(p. 53 Begle 1979 c1ted in Ball, 1991, p. 2-3). At some level, earher research o
suggestrons can be regarded as that there is no relationship between SMK and PCK This
is in contrast to following researches which suggest that there is a direct relatronshlp
between SMK and PCK.

However, as Prestage (1999) reports that even many experienced teachers use their ouvn
learning experiences to make pedagogical decisions. This report suggests that there may |
be some intervening knowledge that can affect the interactions between SMK and PCK.
Skemp (1976) asserts that “nothing else but a relational understanding can ever be
adequate for a teacher.” However, as Skemp himself points out, even if one has relational
understanding; he/she may not teach relationally, because the students may want to learn
instrumentally. Within this remark Skemp might have suggested that the relationship
between subject matter knowledge and pedagogical content knowledge is not as clear cut ”

as he suggests.

As a matter of fact, the analysis and results of this study suggest that the interaction

between subject matter and pedagogical content knowledge are more complex than is
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suggested in the literature (Even & Tirosh, 1995; Even, 1991; Begle, 1979; Eisenberg,
1977). In chapter five, I presented the analysis that examines the interactions between
SMKv and PCKv. This analysis suggested that the relationship between SMKv and
PCKv is not always direct. They also suggest that PCKv is not something that is
automatic amalgamation of different kinds of knowledge. It depends on the person who
has those types of knowledge. It is on her/his disposal to amalgamate them, use some of
them and discard others or use? only one of them as a basis to give a pedagogical

explanation specific to context at hand. When s/he decides to use only one of them as a
| basis and if this knowledge is SMK then the relationship between SMKv and PCKv can
be more direct. In other words, when SMKYy is the predominant influence on a pedagogic
explanation then the relationship between PCK and SMK is more direct. I use the word
“more” because there is a question of whether the relationship between any action and its

causes is ever direct.

For example, although a prospective teacher‘mentions that x could be a numberk she
chooses to use ‘frult-salad’ explanatlon to respond to a pupll’s questlon who asks why
2a+5b does not equal to 7ab. The first reSponse of this student suggests that she knows
that variables are standmg for numbers. As a matter of fact the analysis of i 1nterv1ew with
 her suggests that she knows the d1st1nct10n between letters standlng for numbers and
letters standmg for objects as labels However, she ment1ons that she would use “fruit-
salad’ algebra in which the algebraxc expressxons are analogxsed to apples and bananas
The given reason by her for this analogy is that younger students learn with concrete ;
objects easﬂy That is, she is under the influence of her general pedagoglcal knowledge
while she is suggesting using “fruit-salad’ algebra When she explains how she would use
frult-salad’ algebra, she notices that “fruit-salad’ analogy does not explam why varxables
cannot be conjomed. However, her observatlon does not result from knowing that the
letters stand for numbers, rather it results from noticing that on both sides there are seven - 'b .

fruits. That is, on the left there are two apples and five bananas which makes seven fruits
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on the right. Then, she returns to use number substitution. This shows that the interaction

between SMKYy and PCKv may not always be direct.

On the other hand, such relationship can be direct, when the person who possesses the
knowledge does not know the difference between letters standing for numbers and letters
as labels. Also when that person is taught by ‘fruit-salad’ methods, that person may
strongly believe that the reason why 2a+5b does not equal to 7ab is because apples and
bananas don’t add up together These last assertions result from the responses of a
prospectlve teacher who writes that x can be an object and who would use ‘frult-salad’
algebra In the 1nterv1ew, this student strongly mentions that the reason why different
var1ab1es cannot be conjomed is because different objects don t add up together Thrs
student also does not know the difference between letters standmg for numbers and
letters standrng for ob]ects As a result this mrsconceptron causes him to use ‘frurt—salad’

algebra

To sum up, the data I presented, both from the questionnaires and from the interviews,
suggests that there is a relationship between SMKv and PCKv. However, this relation
occurs in an indirect manner, in a complex way. SMKv and PCKv can be related more
directly if the person decides to do so. A person may decide to use his SMKv alone
because that person may not have any other kinds of knowledge such as general
pedagoglcal knowledge to restructure his SMKv. On the other hand, this kind of decision
making may not be always consmously That is, one type of knowledge may have
predormnance in one’ s thinking while giving a pedagogrcal explanatlon and that person
can unconsc1ously use that type of knowledge Especrally, prospective teachers may not

often ‘choose’ conscmusly Wthh forms of knowledge to use.

6 3 Recommendatlons for future research

The possible interactions suggested in this study were examined at a particular point of

‘time with prospective mathematics teachers. If knowledge is regarded as a dynamically
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growing entity, it might be wondered what nature of relationships between SMK and
PCK would be observed in the knowledge base of experienced teachers. Furthermore, it
might be also wondered about the nature of such interactions while teachers are teaching
in the classrooms. Therefore, it would be desirable for this study to be replicated with
teachers in action. Classroom observations could be used to replicate this study with
teachers in actions. Interview data and questionnaire data can be used as a back up in

order to triangulate the data sources.

It would be desirable to study more whether a person who has “1nstrumental knowledge
about mathematlcs would emphaSISe procedural aspects and whether a person who has
“relational knowledge” would emphasrse conceptual aspects while teaching. That 1s, the
effects of “relational” and * mstrumental knowledge” on one’s pedagogical content
knowledge would be researched. Askew Brown, Rhodes, Johnson and W111am (1997)
report that the proportion of links which were explained in conceptual terms rather than
by rule-based connectlons is reported to be- moderately related to pupll gams in
numeracy Even and Tirosh (1995) report that if one does not know underlying reasons of
the rules in mathemancs then s/he opts to teach instrumentally (teaching mathematics as a :
set of rules to be memorised). However, in order to see the nature of interactions between
SMK and PCK, it would be more productive to study what happens if one has relational - -
understanding of topics. In that case, we can see the interactions between SMK, PCK,

general pedagogical knowledge and knowledge about students more clearly. -

Similarly, it would be desirable to study the effects of possessing flexible ‘cognitive
units’ on one’s PCK. It would be researched whether those who possess flexible
‘cognitive units’ could have various helping methods to alleviate a pupil’s particular ‘
mistake, Would flexible ‘cognitive units’ give one an advantage of giving rich
explanations (eXplanations th‘at contain various aspects of a concept, rule etc.)? There are
some hints about the answer of the last question above in the research reports of

Leinhardt, Putnam, Stein and Baxter (1991).’ These researchers suggest that since expert U
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teachers have more highly organised systems of knowledge; they give richer and more

detailed explanations than novice teachers.

The data for this study was collected from the students attending Universities in Ankara
the capital city of Turkey. It would be desirable for this study to be rephcated in the other

reg1ons of Turkey in order to prov1de some compansons

The challenge for future studies is to develop a methodology and framework for
investigating the interactions. For future studies, the theoretical framework used in this
study seems promising for analysing subject matter knowledge and pedagogical content
‘ knowledge of vanables As I explamed in methodology chapter, it is difficult to
lnvestlgate PCKv because the conceptual d1fﬁcult1es surroundmg its deﬁmtlon and its
being partly an internal construct. There is still need for an operable deﬁnmon of PCK.
There is not a methodology that gives the researcher an accurate representatlon of :

knowledge I believe that there are some hints in the deﬁnmon used for PCK in this study

can be expanded to make it operable Furthermore, tr1angulat1on of data sources may ol

pProvide more accurate representat10n of knowledge ,
6.4 Limitations of the study
This research study had some limitations that need to be mentioned.

e Although there is a question whether the meaning is everkconveyed directly, in
this study, the problems of interpretation that can exist in every research are
compounded vby' the need to translate from one language to another. While
carrying out this research a lot of language translation between English and
Turkish and vice versa has been made, therefore in these processes there is the
possibility that some of the intended meanings in the original language might -

have been lost.

* The main data collection method of this study was questionnaire technique which

lacks the flexibility and adaptability that interviewing entails. Although, to see the
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validity of the responses given in the questionnaire, talking with the prospective
teachers increased the richness of the data by clarifying misunderstandings in the
questionnaire, there are still some 1imitations poséd by usying the qliestio’nnajyryes as
a main data collection method. For example, the construct validity of the
questionnaire might have been strengthened by using more than one qhestion for
each aspect of SMKv and PCKyv. Secohdly, as a’backup to the questionnairés and
interviews, the data sou(rces can be triangulated by employing classroom

observations as well as lesson plans.

o The results of this study are restrictéd to the context of pre-service teachers. Since
the data is gathered by using hypothetical situations that can be encountered in the
classrooms, we cannot say for sure that the behaviours that are mentioned by
prospective teachers would be shown by them also in classrooms while bteaching.‘

We cannot generalise these results.

o This study was conducted in only one city of Turkey. Therefore, it is difﬁciilt to

_generalise the results of this study although they give a general insight about the
state and nature of Turkish prospective teachers’ SMKv and PCK.
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APPENDIX

&

QUESTIONNAIRE

RELATIONSHIPS BETWEEN KNOWING AND TEACHING OF VARIABLES

Name-Surname:.........coeevuveniinnninns In which year you are now:.......oeevvervnsennen
The year you started your university education:...............

EXPLANATIONS

e The questlons in this questionnaire were prepared in order to 1nvest1gate the
relationships between knowing about and teaching of variables.

e In this questionnaire there are 16 questions, 10 of them are about knowledge and
understanding of variables, and 6 of them are about teaching this concept.

e It is not so important whether you give the right or wrong answers, the important
thing is how your solution processes are. Hence, please show as much as all your

- work.

There is no time restnctlon for completing the questlonnaxre :
This questionnaire was prepared only for gathering information for my doctoral
theses study. Your answers will completely be kept secret.

¢ I wish you good luck, and thank you for your time.

o QUESTIONS ‘
1) a) Five years ago, the sum of the ages of a mother and her daughter was 53 Now,
if mother is 27 years older than her daughter, how old was the daughter 3 years
ago?

b) Prove that the sum of n consecutive even integers is diyisible by n.
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¢)* Two mobile phone companies rent line. Both of them take some money for
line rental per month and some money for calls per minute. The following tables give

some information about their pricing for some particular number of call minutes and for
some number of months.

i. For what number of call minutes per month would the price be the same?
ii. if you are a big user of mobile phones which company is preferable?

First Company v
10 Mins 20 Mins 40 Mins |60 Mins [70 Mins {100Mins R00mins
1 Month 35 50 80 110 125 170 320
b Months| 55 70 100 130 145 190 340
3 Months| 79 80 120 150 165 210 360
4 Months| 95 110 140 170 185 230 380
5 Months 115 130 160 190 205 250 400
Second Company - ‘
10 Mins {20 Mins [0 Mins 60 Mins [70 Mins [100Mins 200mins
tMonth | 38 | 58 98 | 138 | 158 | 218 | 418
2 Months| 53 73 113 153 173 233 433
3 Months| 68 88 128 168 188 248 448
4 Months| 83 103 143 183 203 263 463
IS Months| 98 118 158 198 218 278 - 478
ii)

—

* This question is not analysed and presented in the thesis, because the numbérs in the table do not allow
the solver to express a first-degree functional relationship.
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2) Which of the following are equations for quadratic (second-degree) functions of
one variable? Feel free to answer "it depends," and if you do, elaborate on the
dependent conditions.

a) y=ax’ +bx+c

b) y=(1/2)mrd
2

¢) E=mc

d y=¢

3) Explain two different solutions of the following problem to your students?
* For which values of m does the equation m(x — 5) = m + 2x have no solutions?”

First SOlution

Second Solution
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4) What different things could y = 3 mean if one derives it from y = mx + 3.

5) For each of the following expressions, indicate the role of the variable (the
underlined letter). Please give your reasons!

If a variable is used as the name for a number, write A.

If a variable is used to represent a specific un-known, write B.

If a variable is used to represent a general un-known or a pattern generaliser, write C,

If a variable is used to represent a varying value, write D

6)

7) Find the difference between the larger root and the smaller root of

a) y=x+10, xis since
b) 3p=9.42, pis____since
¢) 7ex=0, xis____since
d) 7+x=10, xis__since
) 0+n=0, nis since

What different things might an algebraic e){pression such as, say 2x+1, mean? |

What can x stand for?

-xp+(x 1)/4 0.
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8) If you substitute 1 for x in ax® +bx + ¢ (a, b and ¢ are real numbers) you get a
positive number. Substltutmg 6 gives a negative number. How many real
solutions does the equation ax” +bx + ¢ = 0 have? Explam

9) For what values of a does the pair of eciuations

Pa 0
(x- a)¥+y =1
have elther 0, 2, 3, or 4 solutions?

10) Find the coordinates of the point where the line m + 2n- 4 = 0 meets the line
n =2m - 2x +y in the m-n coordinate system. ’

11) Examine the cube pattern below. (a) How many blocks would be needed to buxld
the nth item?
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N

1. tem 2. Item 3. Item

12) How would you react to your students’ questions as below in the

classroom? Explain!

a. “Teacher, why does 2a+5b not equal 7ab?”

b. “While solving equations, why does x change its sign when it
is brought to the other side?”
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13) Ayse was asked to simplify an algebraic expression, such as 2x + 4x +6. She
wrote : '
’ 2x+4x+6=0
6x+6=0
6x=-6
x=-1
What do you think the student had in mmd" Is she right? Explain.

14) How would you introduce your pupils the idea of usmg letters to represent ;
numbers?

15) According to you which one of these students is correct? How would you help the
one who according to you is wrong understand his claim is wrong: e

“ Ahmet claims that the letter S stands for students in the equation 6S=P which he wrote
to represent a fact that “there are six times as many students as professors at this
university”. Mehmet claims that the letter S stands for the number of professors.”
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16) Which one of the following topics would you teach first? Why? Explain.
- Substituting numbers in expressions
- Simplifying expressions
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