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Abstract

We consider the (1+1) dimensional Laplacian model with pinning interaction.
This is a probabilistic model for a polymer or an interface that is attracted to the
zero line. Without the pinning interaction, the Laplacian model is a Gaussian field
(¢i)ieny, where Ay = {1,2,...,N — 1}. The covariance matrix of this field is
given by the inverse of ¢ +— %ZZ]\L 0 (A%, where A is the discrete Laplacian.
Furthermore the values at {—1,0, N, N 4+ 1} are fixed boundary values. The pinning
interaction is introduced by giving the field a reward each time it touches the zero
line.

Depending on the reward the model with pinning and the one without pin-
ning show different behaviour. Caravenna and Deuschel [10] study the localisation
behaviour of the polymer. The model is delocalised if the number of times a typical
field touches the zero line is of order o(N). The authors of [10] show that for zero
boundary conditions there is a critical reward such that for smaller rewards the
model is delocalised whilst for larger rewards the model is localised.

In this thesis we study the behaviour of the empirical profile of the field. We
show that for non zero boundary conditions there is a critical reward such that for
smaller rewards the empirical profile for the model with pinning and the one for
the model without pinning behave in the same way whilst for larger rewards the

empirical profile of the model with pinning interaction is attracted to the zero line.



Chapter 1

Introduction

Probability theory has been influenced by statistical physics for at least fifty years.
The models that we study have their origin in statistical physics, too. In the math-
ematical literature they appear under the names random interface (see [16, 21, [17])
or random polymer models (see [22),9]). Mathematically those models are random
fields, i.e. families of countably many random variables.

The models appear under different names because they are used to explain
different natural phenomena. A polymer is a long chain of repetitive units, called
monomers. Random polymer models are designed to study the special arrangement
of the monomers. Interface models describe the surface between two coexisting
phases, for example, the one between water and ice at 0 °C or the one between areas
of positive and negative magnetisation in a ferromagnet. The atoms forming the
surface are called interface. One approach to study these interfaces is to model the
complete system, for example a volume of water or a ferromagnet, see [15]; another
way - and this is the one where our models emerged from - is to model only the
atoms that form the interface but such that this reduced model is still consistent
with a model of the full system. This second approach leads to so-called effective
models. These models are called effective because they only describe the location of
the interface above a reference level and not the full system. The random interface
models are such effective models.

The goal of the polymer and interface models is to understand how these
systems interact with their environment. For example a polymer can be attracted
to a membrane; if the membrane is penetrable we call this interaction pinning and
if the membrane is not penetrable we call the interaction wetting. Depending on the
strength of the interaction and the distance of the polymer from the membrane, the

polymer might or might not be affected by the reward.



We study models with so-called Laplacian interaction and compare our re-

sults to models with gradient interaction.

The Laplacian model with pinning interaction

Laplacian models with pinning interaction are random fields ¢ on Z. A random
field on Z is a family of real valued random variables indexed by a subset of Z. To
define the distribution of the field ¢ in the subset Ay :={1,2,... N — 1} we use the
functions

N
> (Ag)?, (1.1)

=0

HN(P) =

N |

where N € N and A is the discrete Laplacian given by

Ap; = pi—1 —2¢; + Piq1.

In physics, for N > 2, the value Hy(¢) is called the total energy of ¢ in Ay and Hy
is the Hamiltonian in this set. The Hamiltonian models how the heights (¢;)ica
interact with each other and with the boundary (¢:)ic{—1,0,n,n+1}-

To understand the interaction let N = 2 and fix the boundary condition
(#i)icg—1,0,2,33- So the only height which is not fixed is ¢1. The height ¢1 is energet-
ically optimal if it minimises the total energy under the given boundary condition.
The Hamiltonian Hs is the sum of the squares of the three Laplacians A¢gy, A¢; and
Ago. Considering each of these terms separately, we see that it would be optimal
if ¢1 is such that each of the heights ¢g, ¢1 and ¢o coincides with the average of its
neighbouring heights, because then each Laplacian would be zero. But for general
boundary conditions (¢;);e {~1,0,2,3} & ¢1 that is such that ¢o coincides with the av-
erage of ¢_1 and ¢ does not coincide with the average of ¢y and ¢5. In general
there is a trade off between choosing ¢; such that ¢g or ¢ or ¢o coincides with
the average of its neighbouring heights. So ¢; interacts with its nearest and next
nearest neighbours.

To define the field ¢ we need a boundary condition vy € RAN , where the set
Ay :={-1,0,..., N+1}. The field is given by the following probability distribution:

N-1
1 _
187 ([dg) == —ge MO Tl s+ e0o(den) [ dulden),
ZN i=1 i€e{—1,0,N,N+1}

where d ¢; is the Lebesgue measure on R and &g is the Dirac measure at zero and

J € Ris the pinning strength; the normalisation constant Z}(’,’J is known in statistical



physics as the partition function

N-1

257 = /R ANe‘”N““i1:]1<d¢i+e‘féo<d¢i>> [T du(den

i€{—1,0,N,N+1}

The terms e’ dp(d ¢;) attract ¢ to the zero line. Note that in physics the measure
’y}(’,’J is called the Gibbs distribution in Ay with boundary condition 1, interaction
potential (A¢;)?, and single spin measure (d ¢; +e”8o(d ¢;) (see |20, Definition 2.9]).

To simplify the notation we use the conventions
e A A - At
and in contexts where J > —o0 is fixed we use the notation

Y A L L
IN=IN T, Eny =28

Random walk representation

The random fields from above are related to a special class of random walks, the

[integrated random walks (IRWs)| First we consider the case J = —oo. To
define the [RW] let Xi, Xo,... be a sequence of [ndependent and identically dis]

ftributed (i.i.d.)| standard normally distributed random variables on a probability

space (2, &, PY); we call the processes (Y;,)nen, and (Gn)nen, given by

n n
Yo=tho—t1, Ya=Yo+ Y X;, forn>1; Go=10, Ga="Co+ ) Vi, forn>1,
i=1 1=0
(1.2)

random walk and respectively. The laws of ({;)ica, under the measure
P;\p,() = PY(|¢ny = ¥N,lN41 = ny1) and of (¢N)icay under the measure 7}{’,
coincide. To see this we study their densities. The most important observation for
this study is that if two random variables have the joint density f(z,y), then the
density of the first random variable given that the second is zero coincides up to
a multiplicative constant with f(x,y)dp(dy). So for zero boundary conditions it is
enough to show that the density of the m under PY is up to a multiplicative
constant equal to

e_HN(¢)50(dC_1)5Q(C0). (1.3)



Since Ag; = X;+1, we have for Yy = 0 and (p = 0 that

PO((ALo, ALy, .., Aln—1,C-1, o) € (dzy,daa, . .., dzy,dl_1,dl))

= P°((X1, Xo,..., XN, 1,00) € (doy,das, ..., dzy,dl_1,dl))
N—-1

i=1 ie{—1,0}

where C' is a normalisation constant. Substituting x; by A(;_1 in the last equation
we see that the density of the TRW| under P° is up to a multiplicative constant
equal to . For the argument for non zero boundary conditions see [10, Lemma
2.1, Proposition 2.2].

For J > —oo relating the random field and the TRW] requires a different

argument. Note that the reference measure has the expansion

[I (doG) +e/so(do(i)) = > e/ ] do(dei) [J(dei),  (1.5)

€A N SCAN eS¢ €S

where we use the convention S¢ := Ay \ S and where |S| is the cardinality of S.
Under the assumption that 1; = 0 for ¢ € Ay, the expansion (|1.5)) implies that for
a set A that is measurable with respect to the o-algebra generated by {¢; | i € An}

we have:
In(A) =2 > e¥zE8(4), (1.6)
SCAN
where )
gCOEE=-Cbl | (CEON | EACED)
S icS icSe
and
2= [ e [l [T sutdon.
RS ies icse

A sample from 'yg coincides in P := S¢ with . We say the measure ’yg is

pinned to 1 at the sites P. The measures *y;ﬁc are related to the as follows:
analogously to we see that the laws of ((;)ien, under PY(-|; = 1, fori €
PU{-1,0,N,N +1}) and of (¢;)ien, under y;ﬁc coincide.

The reason for naming ’yg not after the sites where the reference measure has
0 measures but after the sites S where the reference measure has Lebesgue measures
is down to the fact that this is consistent with the definition of ’y%: just let S = Ay
and note that vg = 7}@ .

By (1.6), sampling from ’y}ff can be realised using the following two stage



procedure:
e Stage 1: Sample a subset of P C Ay according to the law

P Zpe
Zy

e Stage 2: Sample an element of RA according to the law fygc.

The [IRW] does not satisfy the Markov condition but it satisfies a Markov
condition with lag 2, which means that we need to know the current and the most
recent past state in order to know the distribution of the future of the chain. For

the measures 'yg and partition functions ngb this has the consequence that

v W
Vs = Vs, 78,
VY Y
zy =242z (1.7)

if S = 57USy and min Sy —max S7 > 3 (note that this implies that the gap between
S1 and S is at least two, but also note that also the sets S and S5 are not necessary

connected). We call this the splitting property of lag 2.

The gradient model with pinning interaction
A related model is the gradient model (see [19]). This model differs from the Laplace
model only by the Hamiltonian; the gradient model is defined with the Hamiltonian

N—
(V)% for A C Z,|A| < o0 (1.8)
0

—_

HN(9) =

| =

1=

where
Voi = ¢iy1 — ¢

With this Hamiltonian, each height ¢; interacts only with its nearest neighbours.
We denote the probability distribution of the field with gradient interaction by 7%’%
For J = —o0, the law of the gradient model coincides with the law of the random
walk under the condition that Yy = ¢g and Yy = ¥n. The gradient model satisfies
the splitting property with lag 1, that means that is satisfied already for
S = S U Sy such that min Sy — max Sy > 2.

The random walk representation implies that for certain types of polymers,
the so-called semi-flexible polymers [§], the gradient model is a less suitable choice

than the Laplacian model. One characteristic of a semi flexible polymer is that the



gradients of the polymer are correlated. For the gradient model, where the gradients
are X;, this is clearly not the case while for the Laplacian model, where the gradients
are Y;, this is the case. A model that is related to the Laplacian model but also

captures other aspects of semi-flexible chains is studied in [24].

Localisation and delocalisation
For the Laplacian and the gradient model, we measure whether the reward has any
effect by the expected fraction of pinned sites:
JrlP
B[R,
) 7 } . 0,J _Vv,0J

where we write E© for the expectation with respect to the measure vy”, vy ,
respectively. A quantity related to that expectation is the pinning free energy; which

is defined as
1.z

7(J) = lim 7n(J), 7n(J) log Z0

N—oo T N

To see this relation note that by (|1.5)) we have

(1.9)

() = 559 S EledPIzg. = B[Py,
PCAN

So if 7(J) is identical to zero in an interval (—oo, J;], then, for large N, the fraction
of pinned sites is almost surely zero for all J < J.. If 7(J) > 0, we call the model
with reward J localised and otherwise we call it delocalised.

For the gradient model we have 7(J) > 0 for all J > —oo (see [19, Remark
6.1]), while for the Laplacian model there is a J. > —oo such that 7(J) = 0 for
J < J.and 7(J) > 0if J > J. (see [10, Theorem 1.2]).

To prove that for the gradient model we have J. = —oco Funaki and Saka-
gawa [19] show that for IV large enough there is a constant C' such that the following

inequality is true:

0,J
z9 I B ' ‘
N pPcAy N pcAn

The argument for this inequality uses that since the gradient model satisfies the
splitting property with lag 1, the partition function Z%C is a product of partition
functions of the form Z2 where S = {s. +1,...,s* — 1} =: (s4,s*) and that Z2 =
ZI%I' Since for ~the gradient model the Z]?, is equal to the square root of a polynomial
—CN

in N times e , where C'is a constant, the inequality is true (for details see [19)).



For the Laplacian model the splitting property is not satisfied with lag
1. To determine the critical reward J. for the Laplacian model Caravenna and
Deuschel [10] consider only certain properties of the field WR,: they consider the zero
set P and heights before these zeros. To do so they use the density

39(1P| = k,Pi = ti,db; € dysi € {1,2,...k}),

where P = {P1,Pa,... Pr}, Pi < Pit1, and b; are the values before the chain hits

Zero.

bi == ¢p,—1-

They represent (P,b) with the help of a Markov renewal process (see [I, Chapter
VII 4]).

Using this representation Caravenna and Deuschel [I0] prove in addition
to J. > —oo also some properties of the function J +— 7(J): For J. < J < o0
the function J — 7(J) is real analytic with 0 < 7(J) < oo and for J — oo,
7(J) = J + log(1l 4+ o(1)), see [10, Theorem 1.2]. They also show that the first
derivative of the function J — 7(J) at J. is zero and that the second derivative
does not exist, see [10, Theorem 1.4]. In statistical physics such a transition with a
discontinuity in the second derivative is called second order transition. Furthermore
the authors of [10] consider the number of sites at which a typical path picks reward:
For J < J. this number is of order o(/N) while for J > J. this number increases
at least linearly in N. Additionally they show that for J > J. the maximal gap
between sites at which a typical path picks reward is of order o(N).

In the following lemma we quote a result that Caravenna and Deuschel [10]

obtain during their study of the free energy.

Lemma 1.1. For each J, there is a renewal process x = { Xk }rken such that

0,7

zZ , _
26~ = 2my/p(N)e (IN=2Ip(N +1 € ), (1.11)

where
p(N) =iN+ ZN?+ 1IN+ LN
For J > J., the process x is non terminating.

Proof. See Proposition 5.1 and equation (5.3) in [I0].  The factor /p(N)(2)

appears because to obtain the Hamiltonian used by the authors of [10] we have to



add (N + 1)log(v/2m) to our Hamiltonian Hy and because by Proposition

0 . \/ﬂN71
2N = p(N)

For a summary on the properties of x see [11], Section 3.1.].

Large deviations of the empirical profile

The following results concern empirical profiles. They are given with the help of
a function hy: RAY — €(0,1), where hn(@) is the linear interpolation of a scaled
version of (¢en)ecny/n-

In this thesis we study for which reward level J the empirical profile of
the Laplacian model with pinning behaves different than the one of the Laplacian
model without pinning (J = —o00). Furthermore we investigate the influence of the
boundary condition on this critical reward J. Intuitively it is clear that for non zero
boundary conditions the critical reward is larger than J., because if the interface
does not start in zero it has to go down or up before it can touch zero.

To study the effect of the pinning on the empirical profile we prove a
[deviations principle (LDP)|for this profile. For the Laplacian model the empir-

ical profile is the linear interpolation of (ﬁqﬁg N)eern/n:

hn(9)(€) := jzd|ne) + (€ — %)ﬁ@waﬂ — ¢ney) S for§€l0,1],  (1.12)

where for = € R the value |x] is the largest integer smaller than or equal to x. Let
r:= (a,o,b,3) € R* a=(a,a), and

;

aN? —aN | fori=—1,

aN? , for 1 =0,

N (i) == S bN? ,fori =N, (1.13)
bN? 4+ BN ,fori= N +1,

0 , otherwise.
\

The scaling ﬁ is motivated by Mogulskii’s theorem (see Theorem and
the TRW]representation of the model with zero boundary condition. First note that
by Mogulskii theorem the increments (Y;);cn of the W representation scaled by
% satisfy an LDP. Integrating £ — %YL Ne¢| We obtain a function that coincides with



(3
2 2
1 Y3 <+
Ca

T T T n T T T €

Co 1 2 3 1/ 2 3
N N N
G1

(a) (b)

Figure 1.1: These are sketches of (a) the IRW (see ([1.2])) and (b) the linear inter-
polation hy (see (1.12))). Note that in (a) the jump heights correspond to (Y,,)nen,
the third jump Y3 is highlighted.

the linear interpolation of the scaled %C. So the scaling % we obtain an
LDP for the if we use the scaling ﬁ Note that the increments (Y;);cn have a
variance of order N and that hence the [RWS| has a variance of order N3. Hence the
IRW/|scaled by ﬁ has a variance of order 1. In fact for J = —o0 thescaled by
ﬁ converges to the integrated Brownian motion, in [11] Caravenna and Deuschel
use Donskers Invariance Principle to prove this. The integrated Brownian motion
is a stochastic object and since we want to prove a principle of large deviations for
the empirical profile on (C, ||-|[) we use the scaling % instead of the scaling ﬁ

We study the sequences

& :=P¥%o h]_vl,
VN =N = 7}6’700 o h;vl,

2 7J . 9J -
N =N = 7}6 o hy',

where ¢ = ™~ . For an illustration of the and its linear interpolation see
Figure We say that the interface (7})nen has left boundary value a and right
boundary value b because N~2/%" (0) = a and N ~2¢"V(N) = b; we say that it has
left gradient o and right gradient 8 because

N—2¢r,N(N+1)7N—2¢r,N(N)
N-1

N_zwr’N(O)fN_zd)r’N(*l)
N1

B.

=« and

The first theorem in this thesis is concerned with the [LDPI for the case

without pinning.



Theorem 1.2. The sequences of measures (yN)Nen = (Ya)NeN, (V) NeN satisfy in
(C(0,1),]| - |loc) the large deviation principles with speed N and good rate functions
32 and X° of the form

oo JQO - o < a, )

00 , otherwise.

Where Q : H?(0,1) — R is the functional on the Sobolev space H? (the set of

functions for which the second weak derivative is in L*) defined by

1
Q=3 [ (Forae

where for every subset A of H? the expression Q(A) denotes the infimum of Q in
A, and where H = H, or H, with

Hq:={f € H | {(0)
Hy = {f € H*| f(0)

}7
L f(1) =b, f(1) = B} (1.15)

«
«

:aaf
—a,f

For the case without terminal condition we can go beyond the case where the
random variable X7 from the random walk representation has the standard
normal distribution.

The central theorem of this thesis is the [LDP] for the model with pinning
interaction, ('y]r\}‘]) ~NeN- We will use the for the model without pinning to prove
the one for model with pinning. We will apply that the LDP]for the model without
pinning tells us that for a measurable subset A in C'(0, 1) the probability of A under
7y is for large N approximately e NZ"(A): Fix e > 0, by the upper and lower
bounds there is an N’ such that for N > N’ we have

e NE A+ < x (4) < e NET(A)=e), (1.16)

where A is the closure and A° is the interior of the set A. Note that N’ depends on
the set A and the boundary condition r. In our application of this approximation

we have to take care of this dependence.

Theorem 1.3. The sequence of measures (’y;\}‘])NeN satisfies in (C(0,1), ] ||oo) the

10



large deviation principle with speed N and rate function

J _eJ
S () = ENf)—E'(Hy) , forf € Hy, (1L.17)

o0 , otherwise,

where £7: Hy — R is given by

1 .

1
&) =3 | FOrae—rIng (118)

where |N| is the Lebesque measure of the zero set Ny :={{ € [0,1] | f(§) = 0} and
&7(Hy) = inf ren, €7(F).

For the gradient model the LDPs for the corresponding models are known

(see [5], [19]). To obtain them the scaled fields (% @¢n) ¢exn/v are used and hence

hv(9)(€) = Noine) + (€ = B (D1ney1 — dpwey) - for € € [0,1].
The boundary condition for the gradient model is given by

aN | fori=0,
VTN () =N for i = N,

0 , otherwise,

where r = (a,b).

Funaki and Sakagawa [19] prove that the empirical profile of the gradient
model fy]Y,’J o (hy)~!' with boundary condition ¢ = ¥V*V satisfies an in
(C(0,1), |Iloo) with speed N and rate function

S5 EVI(f) —EVI(H) | for f € H,

o0 , otherwise,

where H contains all functions from the Sobolev space H' that are equal to a at 0

and equal to b at 1, and where

1

£79(5) = [ U@ ag =g
2 Jo

The proof in [19] is based on an expansion of fy]Y[’J that is analogously to the expan-
sion (|1.6) and on the fact that the gradient model satisfies the splitting property

11



with lag 1. These tools allow the authors of [19] to proof the[LDP|for J > —oco with
the help of the for J = —oo. Funaki and Sakagawa [19] use the random walk
representation to prove the [LDP| for J = —oo as follows: they use the Mogulskii
theorem (see Theorem to derive an for the random walk Y and since
the process Y is Gaussian the well known Gaussian bridge (see Appendix allows
the authors of [19] to implement the condition that Y (N) = bN via the contraction
principle.

To see the convenience of the splitting property with lag 1 for the proof of
the LDP| with J > —oo, consider the term in the expansion that corresponds to the
set S = An \ {p}: By the splitting property with lag 1 we have

ejzg,wvg,w(/l) = eJZZ’,g),...,p—l}vz’g,...,p—l}(A)Z{Vpi;-bl,p+2,...,N}’y{Vp’i}1,p+2,...,N}(A)'
The main reason why the authors of [I9] can use the for J = —oo to prove
the [LDP)| for J > —oco is that the Gibbs measure ’Y{vlfg,,..,pfl} where ¢ = VN

coincides with the Gibbs measure ’yX:Z’ where ¢ = ¢)V'"P and where T = (a%, 0).

We can treat v{vp’_lfl analogously.

2,..,N

For the Lapfatiéni H}lodel the measures only have a splitting property of lag
2 and hence using the [LDP]| for J = —oo to prove the [LDP] for J > —oo is more
complex.

In terms of the [LDP] the main difference between the gradient and the
Laplacian model is the smoothness of the minimisers of the rate functions: in the
Laplacian case they have to be continuously differentiable (and the second weak
derivative has to exists in L?) whilst in the gradient case they do not need to be
continuously differentiable.

Note that Funaki and Otobe [18] study the for the gradient model
under more general assumptions. For the models studied in [I§] the random walk
representation is not necessarily a Gaussian process. So the authors can not use
the Gaussian bridge in their proof of the [LDP]for J = —oo. Instead they use a
change of measure approach. But to apply the change of measure the authors use
that the gradient field satisfies a splitting property with lag 1. For a proof of the
for J > —oo the authors of [I8] refer the reader to the proof of Funaki and

Sakagawa [19].

The minimiser of the rate function is not unique
For our study whether the pinning reward J has an effect on the Laplacian model

with non zero boundary conditions r we determine the set of minimisers M} of
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the rate function %/ of the To see that the set Mj contributes to our
understanding of the behaviour of the interface model (7})ven for large N let A C
C(0,1) be an open set that contains M. By the[LDP|we have limy_,oo Y5 (A) = 1.
So if the set M} coincides with the minimiser of the rate function ¥%7°° of the
model without pinning, then the pinning reward J has no effect on behaviour of
the empirical profile. We will see that for non zero boundary condition r # 0 there
is always a critical reward strictly larger then J. (recall that J. is the reward until
which the pinning free energy, with zero boundary conditions, is zero) such that for
smaller rewards the pinning has no effect.

Furthermore, it turns out that there are boundary conditions such that the
minimiser is not unique. In the extreme case the set of minimisers contains five
functions, one of them has a zero set of Lebesgue measure zero and the other ones
have a zero set of strictly positive Lebesgue measure. We present them in Section

For the gradient case there are also boundary conditions such that the min-
imiser is not unique. Here up to two minimisers exist, one touching and one not
touching zero.

Fixing boundary conditions such that two minimisers exist and considering
for each minimiser an arbitrarily small ball around it we study the probability to
observe an interface in one of these balls given that N is large. If for one ball
the probability is arbitrarily close to one for large IV, we say the empirical profile
concentrates at the minimiser corresponding to this ball. For the gradient model
Bolthausen, Funaki and Otobe [5] study the concentration behaviour of the em-
pirical profile. They show that the probability to observe an interface in the neigh-
bourhood of the minimiser that picks the reward is arbitrarily close to one while the
probability to observe one near to the minimiser that does not pick the reward is
close to zero.

For the Laplacian model we outline an approach for discussing the concen-
tration in Chapter[5| We claim that concentration behaviour of the Laplacian model
is completely opposite to the behaviour of the Gradient model: the probability to
observe an interface in the neighbourhood of the minimiser that picks the reward
is arbitrarily small while the probability to observe one near to the minimiser that

does not pick the reward is close to one.

Fluctuations
For zero boundary conditions, the [LDP] tells us that the empirical profile for the
Laplacian model is close to the zero line with a probability close to one. In other

words it tells us that ¢; is typically smaller than N2. For zero boundary conditions,
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Caravenna and Deuschel [I1] show that the typical height of ¢; is N*2 for J < J,,

O((log N)?) for J > J. and O(lggaﬁ,) for J = J. (see [1I, Theorem 1.2, Theorem

1.4]). In particular the authors of [I1] show that the law of the linear interpolation

of %(gbg N)¢exn/n Where the scaling s is % converges for J < J, in distribution to the

law of the integrated Brownian motion bridge and for J > J. to the law concentrated
on the constant function f(§) =0 (see [I1, Theorem 1.2]).

Related models
Models that are related to the (141)-dimensional models, are the (d+1)-dimensional

models. The elements of the state space of these models are given by

{0i}icza, where ¢; € R.

Using the d dimensional discrete gradient and Laplacian, we can define (d + 1)-
dimensional models.

In statistical physics a natural next step after defining a family of Gibbs
distributions is to study the existence of a so called Gibbs measure (see |20}, Definition
2.9]). A Gibbs measure is a measure 7 of a random field on Z? that satisfies for all
finite subsets A C Z? that

(- | Fae)[¥] = 74 v-as.,

where Fje is the o-algebra generated by {¢; | j € A}. For the gradient model such
a Gibbs measure exists if and only if d > 3 (see [20, Example 13.9]) whilst for the
Laplacian model such a Gibbs measure exists if and only if d > 5 (see [27] or [25]).
So for the gradient model the dimension d = 2 and for the Laplacian model the
dimension d = 4 are the critical dimensions after which a Gibbs measure exists.
For (d + 1)-dimensional models, localisation and delocalisation have been
studied: for the gradient model we have J. = —oo for all d > 1, see [29, Section 5],
and for the Laplacian model it is shown in [28, Theorem 1] that J, = —oco for d > 4.
An interesting phenomenon that has been studied for (d + 1)-dimensional
models is entropic repulsion. In statistical physics entropic repulsion referrers to the
behaviour of an interface near to a wall (see [7]). An interface shows this behaviour
if the interface is flat in the absence of a wall but divergent in the presence of a wall.
Intuitively we explain this phenomenon by the fact that the interface that diverges
from the wall has more space for fluctuation compared to the one that stays close to
the wall. Mathematically, the wall is modelled by conditioning the Gibbs measure
to stay positive above an area Ay C Z, where the cardinality of Ay is of order N¢.
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For the gradient model entropic repulsion has been studied in [4] for dimen-
sions d > 3. Bolthausen and Deuschel [4] show that there is a constant C' such that
the interface (¢;)ien, has a height of approximately /Clog N. In [4] the constant
C is given explicitly. For the critical dimension d = 3 Bolthausen, Deuschel and
Giacomin [3] prove that there is a constant C' such that the maximum of the Gibbs
distribution is pushed to the height C'log N.

For the Laplace model, the first rigorous results concerning entropic repulsion
are in [27]. Sakagawa [27] proves lower and upper bounds for the probability to have
positive heights. Kurt [25] proves an upper bound that asymptotically matches the
lower bound of [27]. The author of [25] deduces that as for the gradient model
there is a constant C' such that for d > 5 the heights of the Laplacian model are
approximately repelled to a level of v/C'log N. Furthermore Kurt [26] considers the
critical dimension d = 4: The local sample mean of the field is pushed to C'log N,
where C' is some constant.

A different generalisation are the (1 + s)-dimensional models. The elements

of the state space are given by

{¢i}icz, where ¢; € R®.

For the gradient model, localisation and delocalisation is studied in [5, Theorem
1.1].

A further direction of generalisation is to allow other interactions. For ex-
ample Borecki [6] studies localisation and delocalisation for models with the Hamil-

tonian

H(p) =Y (k1(Vei)? + ra(Adi)%),

i
where k1 and kg are positive constants. The main observation for this (V + A)
model is that for k1 > 0 the model is localised for all J > —o0, independently of the
parameter k. So if k1 > 0 the localisation behaviour of the (V + A) model is the
same as the one of the pure gradient model. The Laplacian interaction influences
the (V + A) model only if k1 = 0.

A further model that is related to the model with pinning interaction is
the model with wetting interaction. The model with wetting interaction differs
from the model with pinning interaction by the way the polymer interacts with the
environment. Mathematically, the model with wetting interaction and the model
with pinning interaction differ by the definition of the reference measure. We obtain
the model for wetting by replacing all Lebesgue measures by Lebesgue measures

on [0,00). This is the same as conditioning the model with pinning interaction to
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stay in the positive half plane. Hence for models with wetting we should observe a
competition between the effects of entropic repulsion and pinning. For the Laplacian
model this was studied in [10] for d = 1. Caravenna and Deuschel [I0] prove that
the critical reward for the model with wetting interaction is strictly larger than the
critical reward for the model with pinning interaction. Furthermore they show that
the transition from delocalised to localised behaviour is of first order or in other
words that the first derivative of the free energy of the model for wetting has a

discontinuity, see [10, Theorem 1.3].

Overview

In Chapter [2] we prove the LDPs for the models without pinning, see Theorem
For the proof of the [LDP] for the model without terminal boundary conditions,
(7&)Nen, we use that, by the random walk representation , the the gradient of
this field is a random walk with increments. We apply Mogulskii’s theorem to
get an [LDP] for this random walk. Then we use the contraction principle to extend
the [LDP] for the random walk to an [LDP] for the integrated random walk.

The second model that we consider in Chapter [2| is the Laplacian model
without pinning and with boundary condition zero on both sides. To obtain an
[LDP]| for this model we use the Gaussian bridge. We will see that the Gaussian
bridge corresponds to a contraction map. In a last step we extend the [LDP] for
zero boundary conditions to the [LDP]| for non zero boundary condition. For this
extension we show that for each non zero boundary condition there is a sequence of
image measures of the measure with zero boundary conditions that is exponentially
equivalent to the sequence with non zero boundary condition.

Funaki and Sakagawa [19] use this procedure to derive an LDP for the model
with terminal boundary condition for the gradient model. But since the random
walk representation of the gradient model without terminal boundary conditions
is a random walk with increments, the LDP of the gradient model without
terminal boundary conditions follows directly via Mogulskii’s theorem. Furthermore
the gradient model with terminal boundary conditions is only conditioned on one
boundary point namely N while the Laplacian model is conditioned at two points
namely at N and N + 1. So the Gaussian bridge for the Laplacian model depends
on ¢(N) and ¢(N + 1), whilst the one for the gradient model does not depend on
d(N +1).

In Chapter [2| we also give extensions of Theorem to LDPs for other in-
tervals than I = (0,1). We need these extensions in our proof of Theorem In
particular we need that the upper bounds that these LDPs imply for the probabil-
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ities of certain subsets of C'(0,1) (like the upper bound from ({1.16[)) hold uniformly
for a certain family of intervals and boundary conditions.

In Chapter [3| we prove the LDP for the Laplacian model with pinning inter-
action, see Theorem Therefore we use the two stage interpretation . For
the gradient model, Funaki and Sakagawa [19] also use a two stage interpretation of
the pinned measure. Since the gradient model satisfies the splitting property with
lag 1, the authors of [19] can use the for the model without pinning to prove
the [LDP] for the model with pinning. For the Laplace model this property is not
satisfied. Especially for the upper bound this forces us to use more complex meth-
ods than the authors of [19] did. In order to use the for the model without
pinning we apply a generalisation of the law of total expectation.

In Chapter [ we study the minimisers of the rate function. For certain bound-
ary conditions and rewards the minimiser is not unique and the set of minimisers
contains up to five different minimisers.

In Chapter [5| we give an outlook and a conclusion. We present a possi-
ble approach for dealing with the concentration problem and describe some of the
problems related to the wetting model.

We provide four appendices. In Appendix [A] we collect the results from
large deviation theory that we apply in this thesis. Then, in Appendix [B] we give
some well known facts about finite dimensional Gaussian measures. Furthermore,
in Appendix [C] we analyse the partition function for the model without pinning.
Finally, in Appendix [D] we study the related minimisers of the rate function for the

model without pinning and of the Hamiltonian.
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Chapter 2
Integrated random walk

In this chapter we prove Theorem In Section we consider the empirical
profiles of the models without terminal condition, (v3%)nven. In Section we
consider the integrated random walk conditioned to have zero boundary conditions
on both sides. In Section 2.3 we extend the from Section 2.2] to models
with none zero boundary condition. For this extension we use that the bridge of a
Gaussian random walk is well known (see Appendix . In our proof of Theorem
we use certain extensions of the Theorem we present them in Section [2.4]

The approach to prove the [LDP]for the model with boundary conditions on
both sides by first proving the one for the model with boundary conditions on only
one side and then using the Gaussian bridge has been used already for the gradient

model in [19]. In [I2] the same procedure has been suggested for the Laplacian case.

2.1 Integrated random walk sample path large devia-

tions

In this section we prove Theorem for the models without terminal condition.
Therefore we use the random walk representation (1.2). We study the empirical
profile An(C) of the ¢. Our proof works under a more general assumption
than X; being Gaussian: It is enough if the log moment generating function A(X) :=
log E[e*¥1] is finite for all A € R and E[X;] = 0. We prove an for the empirical
profile of the m or in other words for ¥%; := PYo h]_\,1 where ¢ = ™V (for the
definition of ™" see (1.13))) and PY is such that X has a finite moment generating

function.

Proposition 2.1. The sequence of measures (9% )nen satisfies in (C(0,1),]]|s) @
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large deviation principle with speed N and good rate function

Jo A*(F(€))dg —inf g [y A*(5(§)dE , for f € Ha

%) , otherwise,

I°(f) = (2.1)

where Hy are the functions f such that the first derivative is absolutely continu-
ous and such that f(0) = a and f(0) = o, and where A* is the Fenchel-Legendre

transform of A:

A*(§) = iléﬁw —A(N)].

Proof. First we prove the proposition for a = 0 and then we extend the proof to
the cases a € R?. Finally we show the goodness of the rate function II2.
Case a = 0: For this case we use a small extension of Mogulskii’s Theorem (see

Theorem [A.3)) and the [contraction principle (CP))|(see Theorem[A.4)). Therefore
note that hy () is the image of & — NﬁlYLNSJH under the integral operator:

3 3
"N

The integral operator is a continuous map from (L*°(0,1), [|||ec) to (C(0,1), ||‘]lc)
because it is linear and bounded. Additionally, by Proposition below the se-

quence of laws of (& — N™'Y| y¢|11)ven satisfies an in (L*(0,1), ||||oc) with
rate function I, where

Jo At (f(©)dg  for f € AC, £(0) =0,

o0 , otherwise,

M(f) = (2.3)

and where AC are the absolutely continuous functions. So, by the[CP}, the sequence
(On)Nen satisfies an with rate function

f— giggff ™(g), where Sy = {g € L>°(0,1) | foég(s) ds = f(&), for £ € [0,1]}.
(2.4)
By considering two cases we see that the functions and I1° are equal. If £(0) # 0
or if f is not differentiable, then we have Sy = (); because the image of the integral
operator is the set of differentiable functions with f(0) = 0. In the complementary
case, Sy consists of the first derivative of f. So the values of the functions and
IT are equal for all f € C(0,1).
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Case a € R?: For non zero boundary conditions we use that the with zero
boundary conditions and the one for the boundary condition 1™ differ by the linear
trend ¢ — aN? + iNa. Hence for N — oo, the empirical profiles differ by a + £a.

This two observations allow us to prove the proposition by applying the exponential
equivalence and the Therefore we use the operators K;: C'(0,1) — C(0,1) and
K,: RAY — RAN given by

Ky (h)(§) = h(§) — f(§), for all§ € [0, 1]. (2.5)

and
K, (0)i = ¢i — i (2.6)

We show that (93 ) nen and (9% 0Kp, ) ven, where ha(€) = a+£a, are exponentially
equivalent. Note

Y= PP oy = PO Ky, o hy/,
where ¢a n (i) = aN? 4+ iNa. The sequence (P? o Kgon© h&l)NeN is exponentially

equivalent with the sequence (P% o hy' o Kp, ) ven, because
Jim [ K, 0 () 7H(f) = (hw) ™ 0 Ko (f)lloo =0 forall € C(0,1),

where the norm ||||o is the uniform norm on RA¥ (see Example . Since we
have P? o h&l o Ky, = 9% 0 Ky, and since (9% 0o Ky, ) ven has, by the the rate
IT* the exponential equivalence shows that (¥3;) nen also has the rate IT2.

Goodness of the rate function: The rate function I1? is good because the rate
function IM is good and because goodness is preserved under the (For the

Gaussian case we present an alternative proof of the goodness in Section [2.4.1). O

Proof of Theorem [1.2 for models without terminal condition. Since for the normal
distribution we have A*(z) = %xQ, Proposition implies that Theorem is true
for (Vi) ven- O

The following proposition is a small adaptation of Mogulskii’s theorem (see
Theorem [A.3]).

Proposition 2.2. Under P°, the sequence of laws of (& — NﬁlYLNQH)NeN satis-
fies an on (L>®(0,1), ||-||eo) with rate function IM ; where IM is given in (2.3)

above.

Proof. Recall that by Mogulskii’s theorem (see Theorem , the sequence of laws
of (€ = N7'Y| ¢ ) nven satisfies in (L°°(0,1), ||-[|o) the large deviation principle with
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the rate function I™. We prove that IM is also the rate function for the sequence
of laws of (£ — NﬁlYLNﬂH)NeN, by proving that (£ — N71YLN§J+1)N6N and (£ —
N _IYL Ne¢|)Nen are exponential equivalent (see Definition and Theorem [A.7)).
For all £ < 1, the difference |N_1YLNQ+1 — N_lYLN§J| = |N_1XLNEJ+1| is
bounded from above by the maximum N ! max;<n+1|X;|, and hence for any n > 0,

we have

POINTY vej 1 — N7 gl > m) < PO(N T iin]\%fJXi\ > ).

Exponential equivalence follows by Proposition below. O
We frequently use the following result to prove exponential equivalence.
Proposition 2.3. For alln > 0,

li Llog P¥ X; N) = —oo.
imsup 5 log (én]gfll il >nN) = —o0

Proof. Since the distribution of the random variable X is not effected by the bound-
ary condition, we use the notation P = PY¥ in this proof. For every A > 0, by

exponential Chebyshev’s inequality,

P( max [X;| > nN) < (N + D) P(IXa > gN) < (N + 1)E[eMNX1)e=ANn,
1SN+

Hence,

lim sup + log P(max|X;| > nN) < limsup =+ log((N + 1E[eMX1l]e=An)
N—oo <N N—0

S _>\777

where we used E[eMNX1]] < 0o for all A. Let A — oo to finish the proof. O

2.2 Integrated random walk bridge sample path large

deviations, with zero boundary condition

In this and the following section we prove Theorem for «%. In this section we
assume r = 0 and write P := P9,

Essential to our proof is that for the Gaussian measure P we can calculate
explicitly a map By such that Py = Po ijl (see Section . Note that for general
distributions other methods to obtain By are necessary and hence we also need
other methods to prove the LDP.
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We use the maps (By)nen to show that there is a continuous map % such
that

(Pohy' o % )nenwand (7)) ven = (P o By o hyy!)ven
are exponentially equivalent, where hy : RN — C (0,1) x R is given by

v (Q) = (v (Q), 1 (UN + 1) = L(N)). (2.7)

We present such a map £ in the next proposition.

Proposition 2.4. Let L := C(0,1) x R with the norm ||(f,v)|| = ||f|lso + |v]. The

sequences (YN)Nen and (ﬁN)NeN are exponentially equivalent, where
Iy :=Po BJ_\,l o B!,

and

1. hy is given in (2.7),

2. B: L — C(0,1) is the continuous map given by

B(fv)(€) = f(&) — A& f(1),0),
where A: R3 — R is given by

A& u,v) = (3u — v)§2 + (—2u+ U)§3.

We prove Proposition [2.4] below.

Proof of Theorem for v} with r = 0. By Proposition [2.4] it is enough to prove
that (15N)N6N has the rate X°. Since £ is continuous we first obtain an LDP for
(Po B]_Vl)NeN in L and apply the CP in a second step.

Step 1: We show that (P o il]_vl)NeN satisfies an LDP in L with rate function

%f[)l(f(g))Qdf for f e H(O,O)af(l) =,

o0 , otherwise.

S(f,v) = (2.8)

We use the CP to prove (2.8) because P o B]_VI coincides with the law of &
(N 'Y ng)41) where

3
a(f) = (( /0 £(5) d8)ecioss F(1)):

22



to verify this recall (2.2). Note that the linear map ®: L® — L is continuous

because it is bounded due to

[R(HI < N lloe + [ (D] < 2[1f [loo-

So, by the CP and since I (g) = oo if g € AC, the rate function of (P o hy')nen
is given by (f,v) = infges; ™ (g), where

t
Sisw) i={g9 € AC | /0 g(&)d& = f(¢) for all t € [0,1],9(1) = v}.

Since we have S(y,,,) # () only if there is a g € AC such that f = g and hence
such that in particular f(1) = g(1) = v, we have

Sipe) = {f} ,forf G.AC,f(O) =0, f(1) =, (2.9)
0 , otherwise.

Since for the normal distribution we have A*(z) = 2% and IM(f) = o0 if f(0) #0

the maps and (f,v) = infges,, I (g) coincide.

Step 2: Now we use to show that the rate function of ('9 N)Nen coincides with
»0. Since 4 is continuous the CP yields that the rate function of (5‘ N)NeN is given
by f + inf

g,v)ESy ¥(g,v), where

Sy={(g,v) € L| B(g,v) = f}.

Since X(g,v) = oo if g & H g0y or if g(1) # v, we have

inf  Y(g,v) = inf (g, (1)),

(9:v)€Ss 9€Sy
where
Sy={g € Hp | #(9,9(1)) = f}.
We show
. + A(-,u, ,0) €R?} [ for f € H, ,
S = {f (s u,v) | (u,v) } or f (0,0,0,0) (2.10)
0 , otherwise.

Therefore note, that the map f — AB(f, f(l)) is the orthogonal projection of
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(H,0), <5+ >) to Hg0,0,0), where < -,- > is the semi-inner-product given by

1
<fig>= /0 F(©)§(6) de

To check this note that the range of the map is actually H g 0,0) and that, by Propo-
s1t10n the difference f — B(f, f(1)) = A(-, f(1), (1)) minimises f < f, f >

in Hoo,p1).f1))
Now we use this property of # to show that (2.10|) is true. We first consider

the case that f is not an element of H ). Since the image of Hg o) under %
is H0,0,0,0), the equation %(g, (1)) = f has no solution g in Hgy if f is not an
element of H ), and hence for those f we have Sf = (). This implies that the
left and right hand side of coincide in the case that f is not an element of
H0,0,0,0)- Now we consider the case f € H(g,,0,0).- Since the kernel of the orthogonal
projection g — %(g,9(1)) is {A(-,u,v) | (u,v) € R?}, the left and right hand side
of also coincide if f is an element of H g 0,0)-
For f € Hpp,0,0) We actually have

~ 1 .
nf S0.000) = § [ (FO)ac (2.11)

gGSf
To check (2.11) fix g € Sy and note that by (2.10) there is a vector (u,v) € R? such
that g(§) = f(§) + A(&, u,v) and hence

1
S(g.4(1)) = / d£+/ FO)AE vy de+ L /0<A<5>>2d5.

By Proposition the minimiser A(-,u,v) is a polynomial of degree 3 and

hence

/f A€, u,0)dE =0, for f € Hi o).
Furthermore,

1
/0 (A€ u,0))2 dE > 0

for all (u,v) € R? with equality if and only if (u,v) = (0,0). Combining these three
facts we see that ([2.11]) is true. O

Proof of Proposition[2.4 Step 1:
We show that there is a map By such that

Py = PoBy. (2.12)
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Therefore we use the well known formula for Gaussian bridges (see [13] and Ap-

pendix . For this purpose the alternative definition of Py given by
Pyn(-) = P([Cn =0,Cn41 — (v =0) (2.13)

is more convenient because {1 — (n = Yn41. By (B.1), we have

-1
Cn , fori < N,
CN+1— CN

¢ C
By (0)(i) = G - [Cz‘,N CLNH} NN N.N+1

CnNt1 Onyint1
where Cin = E[CiCN];Ci,NJrl = E[Ci(CN+1 — CN)] for all ¢ € {1,2,...,N} and
Cni1n+1 = E[(Cvs1 — Cv)?] = (N + 1) (where the expectations are with respect
to P). Since
1
Cin = E[Gi(N] = éHS + 3N +i(3N +1)), fori < N

and C; n+1 = E[Yny1 Y-, Ya] = 2i(i + 1) for i < N, we have

By (0)(z) = ((z) — An(z, {N), (N +1) — {(N)), for all z € {1,2,...,N,N +1},

(2.14)
where Ay: {1,2,...,N,N+ 1} x R x R — R is given by
1
A = 3[—2U + N 2BUN + VN - VN?
N(z, U V) N(N+1)(N+2){x[ U+ NV]+z7[ + ]

+z[(2+3N)U — N?V]}. (2.15)

Step 2 By (2.12), the sequences (yn)nen and (Jy)yen are exponential equivalent,
if under P for any n > 0 the probability that

A (hn(0))(§) — hn (BN (0)(€) (2.16)

has a ||-||co-norm larger than 7 decays with an logarithmic rate of —oo. Let uy =
N72¢(N) and vy = N~Y({(N + 1) — {(N)). By definition, (2.16) is equal to

Ay [An (i, C(N), GV +1) = C(N))] = A (g, b, LA
— [ AN(EN, CN) GV + 1) = ¢(N)o) — A (&, S, SO |

+ [An [AN(i, C(N), O(N +1) = ¢(N))] = 3z AN(EN, G(N), ¢(N +1) = {(N))] .
(2.17)
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Hence, by applying Proposition [2.5] below to the first term on the right hand side
of (2.17) and by applying the definition of hy to the second term on the right hand

side of ([2.17)), we see that (2.16) is

O(4y) max (‘C](V]\zl) B !C(NHK;_K(N) !) , for N — oo.

Since C(N) S N2 maXiSN\Xi] and C(N + 1) — C(N) S Nmaxi§N+1]Xi], " is
O(%) max;<n+1|X;| and hence there is a C' such that

P([(B(hn(0))(€) = hx(By(0) (€)oo > 1) < P(CN ! Jnax [ Xi| > ).

Now the exponential equivalence follows by Proposition O

Proposition 2.5. For (u,v) € R? and ¢ € [0,1]

| AN (EN, N?u, Nv) — A(&,u,v)| = O(%) max (Jul, |[v]) . (2.18)

Proof. We consider the coefficients of the polynomial & +— N~2A N (EN, N2u, No):
By definition of Ay,

e the coefficient of the leading term is

N3[—2uN? + vN?] ) N?
S G R S )
=(—2u+v)+ O(%)maxﬂu\, |v]) , for N — oo, (2.19)

e the second order term is
N2[3uN3 +vN? — yN3] N?
3 = [Bu—v+ F]
N3(N +1)(N +2) (N +1)(N +2)
= (3u—v) + O(%) max(|ul,|v]) , for N = oo,
(2.20)

e the first order term is

N[2uN? + 3uN3 — vN3|
N3(N +1)(N +2)

= O(&) max([ul, [o]) , for N = o0,  (2.21)

e and the constant term is zero.

Combining the definition of A with (2.19)), (2.20) and (2.21]), we see that (2.18)) is

true. 0
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2.3 Integrated random walk bridge sample path large

deviations, non zero boundary condition

In this section we give the remainder of the proof of Theorem[I.2] We extend the part
of Theorem that we already proved to the case where the boundary conditions

are not zero. In the following we provide the central tool for this extension.

Lemma 2.6. The sequences (Vi )nen and (7% o Ky, )nen are exponentially equiva-
lent in C(0,1), where hy is the unique minimiser of Q in the set Hy, and where the
operator Ky: C(0,1) — C(0,1) is given in (2.5)).

Proof. Central to our proof is that 75, and 'y]({, o K}, are image measures of 'yR,: In

fact, as we will show at the end of this proof, we have

(VW) nen = (V% 0 Kg, o (hw) ™) ven
(VR © K, ) ven = (V8 © (hn) 7! o Kp, ) wen, (2.22)

where ¢, is the minimiser of Hy in the set that satisfies the boundary condition
Y = "N (see Proposition note that we drop the index N here and write
¢r,N = ¢r) and where K, : RAN s RAV g given in .

Exponential equivalence follows from because, by Proposition the

sequence (hy(¢y))Nen converges to hy and hence

i ([, 0 ()N (f) = () oK, ()0 =0 forall fEC,  (223)

where the norm |||/ is the uniform norm on RA~.

Statement shows that is sufficient to prove the exponential
equivalence, now we show that is actually satisfied. Therefore note that by
the definition of 7?, the image measure fy]({, o Ky, has the claimed form. It remains
to show that

Vo =~% 0 Ky, , fory = ¢V, (2.24)

To prove ([2.24)) we apply the orthogonality property of ¢, (see Proposi-
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tion [D.2): In the first place it implies that

= [ e [Taey [ bula

i€AN i€{—1,0,N,N+1}

— /RAN e~ M (d—¢r)—Hn (4r) H d ¢; H Sy, (d ;)

i€AN i€{—1,0,N,N+1}
_ o M (o) / O [T @dy [ olddn
RAN iehn i€{—1,0,N,N+1}
— o Hn o) 20 (2.25)

where in the third line we substituted ¢ — ¢ = K4, (¢) by ¢; and in the same fashion
the orthogonality property implies that

Ya(A)
1 _
:w/ e 8@ T (o) I1 5y, (d &7)
Zy /A i€AN i€{~1,0,N,N+1}
HN(¢r)
_e . /e—HN(¢—¢r)—HN(¢r) H d H 5y, (d &)
N JA ieAy ie{—1,0,N,N+1}
1 _
= ZO/ e~ Hn(9) H (d &) H So(d é;)
N /Ko (A) icAy i€{—1,0,N,N+1}
= 7?\[ © K¢r (A)7
for any measurable set A. O

Proof of Theorem[1.4 By Lemma [2.6] and the [CP| the rate function of the model
with J = —oo and boundary condition r is given by

F 22K () = Z0(f — he).

This rate function is only finite if f—h, € Hg or in other words if f € Hy. For f € H,
we have by definition of X0 that X.0(f —hy) = Q(f — hy). By the orthogonality of hy
(see Proposition |D.1]) we see that this rate function and the one from Theorem [1.2

coincide.

O
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2.4 Preparation for the proof of Theorem (1.3

In this section we present results that we use in our proof of Theorem In
Section |2.4.1] we prove the goodness of the rate functions 2 and »*. In our proof
of Theorem we use the expansion (|1.6). Therefore we need upper and lower
bounds to fyg(Q) where S is of the form S = {s, + 1,54 +2,...,8" — 1} =: (84, 5%)
for s, s* € N. In Section 2.4.2] we extend the [LDP] from Theorem such that
we can apply it to the measures ’yg. Finally we show an uniformity result for the
upper bounds derived from this extension of the [LDP] see Section [2.4.3

2.4.1 Goodness of the rate function

We prove that X2 and X" are good rate functions. Note that this follows already
from the fact that the contraction principle preserves the goodness of the rate func-
tion. The main reason for presenting the proof as follows is that we use the same
techniques to prove the goodness of X%/ for J > —o0.

To show that 32 and 3" are good rate function we have to show (by definition
of goodness) that they are lower semicontinuous function with compact level sets.
By the definitions of ¥ and X" (see Theorem it is sufficient to show that @
has compact level sets (Ly)xer in (C(0,1), ||]|s), where

Ly :={f € Ha| Q(f) < K}.
We start by showing that the sets (L, )xer are closed.
Lemma 2.7. The level sets (L)rer are closed in (C(0,1),]]|s0)-

Proof. Fix a level set L, and let (h,)nen be a uniformly converging sequence in
L, with limit » € C(0,1). We prove that h € L,. The sequence (Hﬁﬂ]é)neN is
bounded by 2+ because (hy)nen C Ly and Q(hy) = %thH%Q Since L? is a reflexive
space there is a subsequence such that (hnk) ren converges weakly in L? to a function

g. By weak convergence we have
lgllze < liminf||hy, || 2. (2.26)

We show g = h: Since the boundedness of (||A,||z2)nen implies by

. . €. .
() = b O = [ (o) s < il
and by h € H, the boundedness of (||, ||12)ren, there is a weakly convergent sub
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sequence (hy,, )wen converging to a function g. By definition of the weak derivative

we have

/ i (€)£(6) dE = — / b (©)f(€) A€ forall feCl  (2.27)

Taking the limit &’ — oo on both sides of (2.27)), yields

/ G(E)(€) de = — / BEF(E) de L forall feCll

where we used that in L? the sequence (hnk/) keN converges to h (since it does so in
L) and (hnk/)k’EN converges to §. So h = j. Repeating this for hnk we get g = h.

Hence by (|2.26))
Al 22 < liminf||f,, || 2. (2.28)

Applying the definition of @ to yields
Q(h) <liminf Q(hp, ).
So h € Ly; and as h was arbitrary this implies that L, is closed. ]
Now we show that L, is compact.

Lemma 2.8. The level sets (Ly)xer are compact.

Proof. By Lemma the level set L, is closed; so it suffice to show that L, is
precompact. By Arzela-Ascoli, Ly is precompact if it is bounded and equicontinuous.

Boundedness follows after two application of the fundamental theorem of
calculus: Note, for all f € Ly, the norm ||f|| 2 is bounded. Since f(z) = f(0) +
fg; f (&) d¢, the boundedness of || f |l is a consequence of Jensen’s inequality applied
to [y fd&: |fy fdé| < || fllz2- Since f(z) = f(0)+ f; f, the norm || f[|s is bounded
as well.

To prove equicontinuity we have to show that for each € > 0 thereisa § > 0
such that for all f € L

if |y—az|<d, then |[f(y)— f(z)|]<e (2.29)

From the proof of boundedness, we know || f||so is bounded by a constant C; so we

have

y . .
f(y)—f<x>=|/ F(s) ds| <y — 2|l flloo < Cly — 2| forall fe L,
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Hence, for all € > 0 and for § = &, the inequality ([2.29)) is satisfied for all f € L. O

2.4.2 Extension of Theorem [1.2]

In our proof of Theorem (1.3 we use the expansion . Therefore we need upper
and lower bounds to vg(Q) where S is of the form S = {s, + 1,8, +2,...,8 =1} =:
(8%, 8") for s, s* € N. Motivated by the observation that a sample from fyg o h;,l is
fixed outside of I = (s-/N,s"/N), we prove an for

Vi =g, o byt forp = ¢V (2.30)

where [ is an interval in [0, 1] with rational end points I, < I'*, where Iy := INNZ,
where Ay (¢) is the restriction of hy(¢) to I and where

aN? —aN fori=|NI]—1,
aN? , for i = | NI,

¢;’N’I 1= q bN? , fori=[NI*"],
bN? + BN | fori=[NI*]+1,
0 , otherwise,

and where for € R the value [z] is the smallest integer larger than or equal to x.

Note that the image of the interpolation hy is the space of continuous func-
tions on I, we denote this space by C(I). We frequently use the following notation:
For Q@ C C(0,1), the measure v} ;(Q) is the measure of the set of restrictions of the

functions in Q to functions in C([).

Proposition 2.9. The sequence of measures (Y ;)Nen Satisfies a large deviation

principle in the space (C(I),||-|loc) with speed N and good rate function ¥y that is

given by
I}(f) _ Ql(f) _QI(HI'(I)) 7f0rf e.Hr(I% (2.31)
s} , otherwise,
where
Qi) =} [ (h()* . (2:32)
I
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Proof. We provide tools to extend the of ’y}:\, for a suitable r to an of
ervjl. Therefore let N € N be such that NI,, NI* are in N, too.

e we have

VNI = 75\/7(0’”‘) 0Ty, forz = —1I, (2.33)

where for x € R the translation map T,: C(I) — C(I + z) is given by
Ty (h)(&) = h(§ — ) for all £ € I + x;

e and

NI = ﬁvm,(o,u oS (2.34)

Applying these tools, the and the of 'y}:V, we obtain the of vy U

2.4.3 Uniformity

First we show the uniformity for the interval I = (0,1) and the boundary condition

r = 0. Then we extend this to general intervals and boundary conditions.

Proposition 2.10. For all compact K C C(0,1), all r > 0 and all € > 0, there is
a N" € N such that for all N > N', all g € K and all 6 > 0 such that B(g,d) C K
we have

W 1(Blg.0)) < e NFIB@), (2.35)

where I = (0,1), r = 0 and B(g,0 +r) is the closure of the ball B(g,d + ).

Proof. Fix K,r, e. In this proof we drop the index r and I, because for this propo-
sition we assume r = 0 and I = (0, 1). In particular we write ¥ = E?O 1) We use a
finite cover K& = {B(gi, i)}, of K that satisfies

S(B(giyri)) > %(gi) — g (2.36)

Such a cover exists by lower semicontinuity of 3. To see this note that for each
f € K there is a ry < 5 such that

€

R(B(firs) 2 2(f) = 3

and since K is compact we can pick out of the cover K C Upex B(f,rf) a finite

cover K that satisfies (2.36]) .
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Let N € N be such that for all N > N we have that
I (Blgir)) < e NEBGrD=D),

foralli=1,2,..., k. Such a value N exists because (yx)nen satisfies an with
rate function X.

Let ¢ € K and § > 0 be such that the ball B(g,d) is a subset of K and let
U ={i| B(gi,r:) N B(g,d) # 0} be the indices of the balls in K that cover B(g,0),

we have

YN (B(9,9)) < (UieuB(gi,r:)) < Y (B(gi,ri))
ieu

<k B(gi, i
< I?GEB(’YN( (9i,7i))

< kmax o N(E(B(giri))—35)
e

= ke—N(minieu Z(B(giﬂ"z‘))—g)'

By (2:36) we have miniey (B(gi, 1)) = minjer £(gi) = § 2 inf pepioir () = §-
So we get the upper bound

v (B(g,8)) < e NEBgo+r) =5 —5E)
To obtain (2.35) set N’ = max(N, 31%%(’?)) 0

Now we expand Proposition by allowing other boundary conditions than
r=0.

Corollary 2.11. Fiz K C C(0,1), p > 0 and r > 0. For every e > 0 there is a
N’ € N such that if N > N’ and B(g,d) C K we have

Vi 1(B(g,8)) < e NI (BlosH) =), (2.37)

holds for I = (0,1) and every r such that ||r||gs < p.

Proof. Recall that in the proof of Lemma the convergence of (hn(dr))nNen to
hy was central. By Proposition this convergence is uniform in [|r||gs < p.
Plugging this into (4.2.20) of [14] we conclude the uniformity of the large deviation
principle. O

Now we expand Corollary by allowing other intervals than I = (0,1).
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Corollary 2.12. Fiz p > 0,1 > 0 and r > 0. For every € > 0 there is a N’ such
that if N > N’ and B(g,0) C K we have

Y.r(Bl(g, d)) < e NFH(Blo.dt) =), (2.38)

holds for all intervals I such thatl < |I| <1 and every boundary condition r such
that ||r||gs < p.

Proof. Fix € > 0. We use Corollary because by (2.33)) and ([2.34)),

’va,z = ﬁvm,(o,n oSoT-p,. (2.39)

Recall r = (#, ﬁ, ﬁ, %).~Bef0re we can apply Corollary [2.11f we have to check

that there is a compact set K such that

SirjoT-1,(B(g,0)) C K forall B(g,0)C K, andforall I st. [<|I|<1,
(2.40)
and that there is a p > 0 such that

|¥| <p forall I st. I<|I|]<1. (2.41)

The conditions are satisfied because | < [I| and because of the definition of 5|
Now by Corollary for each 7 > 0, there is constant N such that for
N|I| > N

i 0.0)(B(g:6)) < NI (BOS+I=9 gor al - B(g,5) C K.

For the moment let 7 > 0 be arbitrary but fixed. Since |I| < 1, we have |I|e < € and

hence
7§V|I\,(0,1)(B(ga6)) < €7N(|IIE€°’1>(B(g’(sw))*e), for all B(g,0) C K. (2.42)

We have ]I|E‘ZO 1)(T,1*(S|I‘(g))) = Yj(g) for all ¢ € Hy(I) and hence combin-
ing (2.42) and (2.39) yields

Vi1 (B(g,9)) < e” NFi(Blodtm) =0,
where 7 depends on 7 and I. So there is suitable 7 such that 7 < r and for this 7

setting N’ = % implies ([2.38)).
O
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Chapter 3

Large deviation principle for the

model with pinning interaction

In this chapter we prove the for the model with pinning interaction (see
Theorem . Therefore we show that the sequence of measures (’y;\}‘]) NeN satisfies
an with rate function ¥*/. In Section we prove that ¥/ is actually a
good rate function and in Section m we show that (’y]r\}‘]) NeN satisfies an with
this rate function.

Our basic tools for the proof of the[LDP]are the two stage interpretation
and the splitting (1.7). For the gradient model the authors of [19] use that the
gradient model has a two stage interpretation that is analogously to and that
the gradient model satisfies a splitting property with lag 1. The splitting property
allows them to use the [LDP] for J = —oo to prove the [LDP]for J > —oco. The
Laplacian model only satisfies a splitting property of lag 2. This means that only
for sets S C An such that for each element of the complement p € S¢ at least one
neighbour of p is also in the complement S¢ the measure ’yg coincides with the
product of (72)1’6{172,...1(}7 where (Si)ief1,2,..x} are such that their union coincides
with S. It turns out that we can not ignore the sets S that do not allow to write
yf’gb as such a product. Especially for the upper bound this forces us to use more
complex methods than the authors of [19] did.

3.1 Goodness of the rate function

We prove the goodness of the rate function ¥%”. By definition of goodness and by

the definition of X%/ (see Theorem [1.3)), it is sufficient to prove that £’ (defined
in (1.18))) is lower semicontinuous with compact level sets.
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As long as J < J¢ proving goodness is easy: since 7(J) = 0 we have £/ =
E7° = @ and we know, from Lemma that () is lower semicontinuous with
compact level sets. But if J > J° we have to deal with the term 7(J)|Nf|. In
this case, already the proof of lower semicontinuity is not trivial. We have to show
that the map f — |Ny| is upper semicontinuous with respect to the [|-|s norm.
This is done in Lemma But note that f — |[ANy| is clearly not continuous:
While the sequence (fn)nen with f, = % converges uniformly to f = 0, we have
0= limni)oo|an| < |Nf| =1.

Lemma 3.1. The map from (C(0,1),||||oc) to R given by f +— |Ny| is upper semi-

continuous.

Proof. Let (fn)nen be a sequence that converges uniformly to f. By switching to a

subsequence, we may assume

1

[fn = flloo <~ foralln € N. (3.1)
Fix n € N. We conclude from (3.1]) that if £ is a zero of f,, then |f(§)] < % So

Np, c{€e0,1][[f(©) < 4} foralln €N, (32)

Since limp o0 |[{€ € [0,1] | [£(€)] < 1}| = [N}, the upper semicontinuity of the map
[ — |Ny| follows from (3.2]) by the monotonicity of the Lebesgue measure. O

In order to prove that 5/ is good, we still have to prove that the level sets
Ly :={f € He | () < K}

are compact in (C'(0,1),]|]|co)-
Lemma 3.2. The function £’ has compact level sets (Ly)xer in (C(0,1), |||lso)-

Proof. Fix k € R. We have the inclusion
Ly ={f e He | EM(f) < w} C{f € He | E7(f) S w+7(D)},

the later set being compact by Lemma [2.8] By Lemma [3.1] the set L, is also closed

and therefore compact. O
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3.2 The large deviation principle for the model with

pinning interaction

For the proof that (’y;\}‘]) NeN satisfies an with rate function X%/, we use the
two stage interpretation (see (L.6))). In the following we omit the index r in our
notation of the measures and we write Yy = 'ﬁ\}‘]. To see the advantage of the two
stage interpretation consider a set @ C C(0,1) containing only functions that have
no zero in [0,1]. If the result of the first experiment is not P = (), the probability

to observe Q in the second stage is zero; so

T

w(Q) = 2w (Q), (3.3)

where we use the notation vy = ~}; for the measure Wf\}_oo. If we already knew the
rate limy_,o0 (3 log Z%), equation and the for (7n(Q))nen would suffice
to verify that Theorem holds for Q.

We will encounter this problem of not knowing the rate limN_mo(% log ZAR,)

also for general sets. To postpone calculating this rate we show that

Zr
lim inf  log [ =34~ (B(g,9)) | > —€"7(g), (3.4)
N—o0 N (ng

holds for all 6 > 0 and all g € C'(0,1) and that

. Zy .
limsup + log | Z24n(C) | < — inf E97(F), 3.5
msup § log (Z?Vm >> <~ jnf () (35)

holds for all closed sets C (closed with respect to the L>° norm), where

. EN(f) ,forfe Hy,
£(f) =

o0 , otherwise,
and where £7 is defined in (T.18).

These two statements imply Theorem [I.3] because we have

X Zx (2K

N(Q) == ~(Q) |,

(@)= 3 (Z%v (@
o

and because we can determine the rate limy_,oo N ! log(é—f’) as follows: We consider

the sequence (2%/2%)nven. We use the upper and lower bounds (3.5) and (3.4) to
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show that the sequence has the rate —£%/(H,): By applying the upper bound
to the closed set C(0,1) we see that the rate of the sequence has —&£%7(C(0,1)) =
—&*/(H,) as upper bound and by applying the lower bound to the ball
B(hy,0) C C(0,1), where hy is a minimiser of £ in Hy, we see that the rate of
the sequence has —&*/(H,) also as lower bound.

Clearly, by , the lower and upper bound from above are satisfied for sets
Q C H, that contain only functions that have no zero in [0, 1]. For other sets we
need more sophisticated arguments. We fix r and J. In the following two sections
we denote %7 by £. We split the proof into two parts: the proof of the lower and
the upper bound. We prove the lower bound in Section and the upper bound
in Section 3.2.2

3.2.1 Lower bound

We have to prove

~

. ZN .
lim inf 4 log (Z]]%VVN(B(Q, 5))) > —&(9), (3.6)

for all 6 > 0 and all g € C(0,1). As (3.6 holds trivially if £(g) = oo, let g € H,.
The next lemma implies that it is sufficient to prove (3.6|) only for a subset of Hy,

we call this subset the well-behaved functions.

Definition 3.3. We call a function f € H, well-behaved if AN is an union of

finitely many intervals and or isolated points. We say that £ is an isolated point of
Ny if there is a § > 0 such that (§ —9,& +0) NNy = {{}.

Lemma 3.4. For any function g € Hy and § > 0, there is a well-behaved function
f € B(g,9) such that
&7 (g) > EM(f). (3.7)

We give the proof at the end of this section. Lemma is useful because it
implies that once we have established that holds for all well-behaved functions,
then holds automatically also for all ¢ € H,.. To see this, let f be a well-behaved
function such that f € B(g,0) and E(f) < £(g), furthermore let 6’ > 0 be such that
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B(f,¢") € B(g,0). If f satisfies (3.6)), then

lim inf  log (ZJ]%V'YN(B(% 5))) > lim inf + log (ZJ’%'VN(B(L 5’)))
> —£(f)
> —£€(g).

Let g be a well-behaved function. We use the two stage interpretation (/1.6))
to prove (3.6). If AV consists only of isolated points, then, since |[Ny| = 0 and since
hence £(g) = Q(g), the proof of is straightforward: We drop all terms on the
right hand side of except of the one for P = () and get

AN (Q) > zlyv Z¥4%(Q) for all Q € H,,
where ¢ = ¢™ | for the definition of ™" see . We multiply both sides of the
previous inequality by 2% /29, and use that, by Theoremm the sequence (7}6) NeN =
(7N)Nen has the rate X' and that by Proposition we have Z%, = Z%e™ H(ér)
To see that for Q@ = B(g,d) we have we combine that, by Lemma we
have Hy(¢r) = NQ(hy)(14+0(N)) for N — oo and that by definition of ¥ we have
X" (g) = Qg) — Q(hr).

As soon as N, contains intervals we have to argue more carefully. We present
the argument for the case where N, contains only one interval Z; the other cases
just need a more complex notation. After we discus the case where N, contains only
one interval, we briefly discuss how to approach the proof if NV, contains more than
one interval.

Let g € Hy be a well-behaved function such that N, contains one interval
7 and such that N \ Z are only finitely many isolated points. To obtain a lower
bound we drop terms from the right hand side of :

(@)= & Y PlEEAL Q)
N opczy
where Zy = NI NZ, and ¢ = 9™ as previously. Note that the inequality is strict
if the zero set of g contains isolated points.

Fix one set P C Zy, we consider the Gaussian measure fygc. Certain sets
P are particularly convenient (not just for this proof but also in the proof of the
upper bound), we call them good sets: A set P is good if P is not empty and beside
ps := min P and p* := max P it also contains p, + 1 and p* — 1 or if P = (). The set
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of all good sets is denoted by G. The convenience of non-empty good sets is that

by (1.7) the measure 'y;ﬁc corresponding to these sets split as follows:

vo_ Y () P
TPe = V0,p0) Vpet1.0°—1)\P T (p*,N)* (3.8)
where we again use the notation (s, s*) = {sx + 1,8, +2,...,s" — 1} for s, s* € Z.

Before we use (3.8)), we drop more terms from the right hand side of (|1.6]):

In(Q) > & Yoo PzRap.9), (3.9)
N pczy,PeG\ {0}

st. pu=IN 0" =1L}
where Iy, := minZy and Zy, := maxZy.
The next Lemma uses (3.8) to determine the rate of ’y;ﬁc.

Lemma 3.5. Let g € Hy be a function such that the zero set Ny contains only one
interval Z. For all € > 0, there is a N’ such that if N > N’ we have

5 (B(g,0)) > e NEW@+9 (3.10)

r,—oo

or all non em, ood sets P C Iy such that p, = In ., p* = Lx, where ¥ =
ll pty good sets P C 1L, h that p. = In«,p* =1Ly, where ¥ =X

We give the proof at the end of the section. Applying Lemma and Z} =
Z0e7 M (@x) together with the asymptotic Hy(ér) = NQ(he)(1+0(N)) for N — oo
(see Lemma (D.3)) and that by definition of X* we have ¥%(g) = Q(g9) — Q(hr)

to (3.9), we obtain

25 An(B(g,8)) > e N Q@+ Z 1P z(% z0 )\Pzgj*,m

i) (p+1,p* =1
PCIn,PeG\{0}
8.t pe=IN,«,p" =T}

_ _—N(Q(g9)+¢) =0 0 J|P| =0

=e Z(0,p.) 2 (p*,N) > e 2 11\ P
PCIn,PeG\{0}
s.t. px=IN «,p*=L}

(3.11)
We apply

2 =Y "2} 5, (3.12)
PCAN

which follows analogously to (1.6)), to the sum on the right hand side of (3.11):

ZAn(B(g,8)) > e N@WHIZ 20 ,N>3?IN,*+1,I;—1>- (3.13)
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30
Since by Lemmathe limit of log(ZﬁN ) for N — oo is 7(J)|Z|, taking the limit
IN
liminf y oo % log(Z—O‘) on both sides yields:
N

ZAr
.. 1 N =
l}\rfr;loréf N log (ZR[’YN(B(% 5)))

— ZEJOI )ZA(O )Z? )

= iminf = IN ) T (IN «+1LT -7 (Z5 N

> —(Q(g) + €) + liminf ]{[ log N, Ns T oTN N
N—o0 Zz%

Z0 Z0 Z0 Z0
_ P 1 (In «+1.I3—1) T(0.IN )T (IN +1,I5—1) 7 (I3 N)
= —(Q(g) +¢) + liminf 5 log (Zo N Z0 N )

(IN o +1.T5—1)

=—Q9) +7(J)Z] e

where we used that, since the cardinality of Ax\[(0,Zn «)U(Zn«+1,Zx—1)U(Zy, N)]
is 4 for all N, we have by Proposition that

20 20 20
L. (0,Zn )T (IN+1,T5-1)7(Z5,N)
1 f 1 1 , 5 N N = 0. 14
iminf 5 og( 20 )—0 (3.14)

As e was arbitrary, we proved inequality (3.6)) for well-behaved g such that
N contains only one interval.
In the next remark we briefly discuss how we have to change our approach if

the well-behaved function g has a zero set N, that contains more than one interval.

Remark 3.6. Assume g is such that there are M € N intervals (Z;);cq1,2,... a3 in Ny

and such that the zeros that are not in this intervals are isolated zeros. Let
Ii,N = NI,NZ. (315)

In , we drop all P except of the ones where the maximum and minimum of
P NZ; N coincide with the maximum and minimum of Z; y and where one of the
nearest neighbours of these extrema is also in P NZ; ; (see Figure . For such P
the expression on the right hand side of is a product of 2 + M measures. The

rest follows analogously.

Collection of remaining proofs

In this section we give the proofs for Lemma [3.4 and Lemma [3.5

Proof of Lemmal|3.4 Fix g € H,, we construct a well-behaved function f € B(g,0)
satisfying (3.7). (Note that there are functions in H, that are not well-behaved; this
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— 1

1 20

Figure 3.1: This figure illustrates Remark we consider a function g that is
zero in two intervals Z; and Z. The red stars are the maxima and minima of Z;
and Zy y (these sets are defined in (3.15)). The black diamonds are the nearest
neighbours of the extrema. As described in Remark itPc{1,2,...,N -1}
does not contain all red stars and black diamonds we drop the term corresponding
to P from the expansion.

is because for example z +— 24 sin(1/z) is an element of H2.) To construct f we use
a parameter n € N. For now fix some n € N; later we will see which n is suitable

for our purpose. Let K be the collection of values k € {1,2,...,n} such that
Ny [(k— 1)%, k:%] contains infinitely many points

and let [, be the smallest and 7, the largest accumulation point of NyN[(k— 1)%, k%]
for k € K.
We show that there is a n € N such that the function

0 , for¢ € [lg, ] and k € K,
f(&) =
g(&) , otherwise,

is a well-behaved function that is an element of B(g,§) and satisfies (3.7)).

We consider the three conditions that f has to satisfy separately. First of
all note that for all n € N the function f is well-behaved. Therefore fix n € N. By
definition of f, the set of points £ € [0,1] such that f(§) = g(&) contains finitely
many zeros of f and the set where f(§) # g(§) consists of |K| intervals in which
f(€) = 0. So the zero set of f is a union of finitely many intervals and isolated
points and hence f is well-behaved (see Definition .

Now we show that for all n € N inequality is satisfied. Therefore note
that, since (by Lemma [3.7] below) g(l) = ¢(lx) = g(ri) = g(rx) = 0 and since hence
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fy) = g(lg) =0 and f(r) = g(rx) = 0 for k € K, we have

20(f) = / 2 de = Z / 2 g

- 1>/n
_,;(/kl)/n d£+k§6/1)/n "¢
B k;{ /(k = D/n,k/n]\ [lk,rk] e+ ,g;c / 1>/n de
- g;:( /(k Dfn,k/n] \[lk,rk] e+ k; /

< /0 (5(6))2 d¢ = 2Q(g).

We also have

’Nf‘ > ’Ng’-

By definition of £/ (see (T.18))), these two observations prove that ([3.7) is true for
all n € N.
We use the uniform continuity of g to obtain a value n such that f € B(g,9):

But first of all note that by uniform continuity, there is a n such that

for all &,&s.t. |& — & <L wehave [g(&) —g(&)| <. (3.16)

Now we show that for this n we have f € B(g,d). Therefore we prove for each
ke {1,2,...,n} that

(&) —g(&)] <6, for all¢ € [(k— 1)L k1] (3.17)

The values of f and g differ only if € is an element of one of the intervals [, 7] for
k € K. So for k € K¢ condition (3.17)) is satisfied. And for k € K we only need to

consider & € [ly,ry]. Since |[lg, 7]| < L and since g has at least one zero in [lj, rg],

uniform continuity (see (3.16))) implies |g(§)| < 0 for & € [lg, %] Since f(§) = 0 for
€ € [lg, ] condition (3.17)) is also satisfied for k € K.
O

Lemma 3.7. For f € C1(0,1), we have

fl©)=0 (3.18)
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for all accumulation points of N.

Proof. We consider the difference quotient of f at £ For any sequence (&,)nen

converging to £ we have

F(6) = tim T& =) (3.19)

n—00 §—&n

Since £ is an accumulation point of the closed set Ny we have f(£) = 0. Furthermore

there is at least one sequence (§,)nen converging to & that stays in Ny so that

f(&,) =0 for all n € N. So (3.19)) implies (3.18)). O

Proof of Lemma[3.5. As said, we use that fy;ﬁc could be written as a product of
three measures, see . To begin with, note that the from Proposition
is applicable to two of the measures in , namely to 7%@*) and vé*, N Therefore
we define the two intervals S; = (0,7-/N) and Sy = (»"/N, 1) and the boundary values
r; = (a,0) and rz = (0, b). By the definition of v}, ; (see (2.30)) and since 1) = YoV
we have 75%@0 = 7?}7 s, and 75)*7 Ny = 'yf\% s,- S0 by Proposition for every € > 0
there is a N’ such that if N > N’ we have that

Voo B(GO) Vs ) (Blg,8)) > e N2l (3.20)

where for j € {1,2} we let ¥; = eré . This is a valid application of the large
deviation principle, because p, = Iy and N — p* = N — I are of order V.
: (U _ A0
For the third term we have ’Y(p*+17p*71)\P(B(g7 9)) = ’7(1)*+1,p*71)\73(B(g’ 9)).
In the following we omit the index 0. We show that we make an error that decays
exponentially if we replace the third term by the constant 1. Therefore we show

that B(g,d) is not a tail event of the measure v(,, 41 p«—1)\p. We prove
Vpetr1p—1\P(B(9,8)) = 1=|In|0(eN) = 1-0(e~N), for all P C Zy. (3.21)

To check note that the Gaussian measure 7(y, 11 ,+—1)\» has expectation zero
and that the ball B(g,d) restricted to Z is centred in zero. Furthermore under
Y(ps+1,p*—1)\P €ach random variable (¢i)ie(p* +1,p*—1) is Gaussian with a variance of
order N? (here we use that conditioning only decreases the variance (see ) So
by Lemma we have

Vput 15— 10\p(0(i) & [~ON?,6N?]) = O(e~“N) , for all P C Zy. (3.22)
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Since

V(p*+1,p*fl)\P(B(gvd)c) < Z 7(p*+1,p*71)\77(¢(i) ¢ [—5N275N2])7 (3.23)

i€LN

the asymptotic (3.22)) yields (3.21)).
To obtain (3.10) we establish a lower bound for the exponent of the right

hand side of (3.20)) by proving the following upper bound:

¥1(g) + 2(g) < Xo,1)(9)- (3.24)

Therefore we use that by definition of ¥} (see (2.31))) we have
24 (9) = Qs;(9) — Qs (hy) , for j € {1,2},

where h; is the minimiser of Qg, in Hy,(S;). Since g(£) = 0 in the complement of
S1 U Sy, we have

Quo,1(9) = Qs,(9) + Qs,(9)-

Let h be the function that coincides with h; in S; and that is zero otherwise, then

Qo.1)(h) = Qs,(h) + Qs, (h).

So the left hand side of coincides with Qo,1y(9) —Q(0,1)(h) and the right hand
side of coincides with Qg 1)(g) — Q(0,1)(hr) wWhere hy is a minimiser of @ in
H,. Since Qo,1)(hr) < Q(o,1)(h), the inequality is valid.

Combing the statements , and we see that is true.

O
3.2.2 Upper bound
We have to prove
lim sup + log ZA;V'?N(C) < —inf £(f) (3.25)
Nooo zZ% ~ Jec '

for all closed sets C. But conveniently, as we will show in Lemma below, the
family (9n)nen is exponentially tight and the rate limy_,o 1/N log(%) is finite. So
it suffices to prove for compact sets K. Therefore we use the following local
to global approach: Fix ¢ > 0. First, we show that for all functions ¢ in a dense

subset of Hy, we call the elements of this subset very-well-behaved functions (see
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Definition below), there is a 6, > 0 such that

r

limsup + log (ZN&N(B(g, 5g))> < —€(g) +e. (3.26)

0
N—o0 ZN

Then we boost the local control (3.26|) to a global control: Since the very-well-
behaved functions are dense in Hy (see Lemma below) the compact set K has
a finite subcover Ule B(gi,6;), where g; € K and 6; = d,,; and hence

A k A
ZX ZX
limsup + log [ ZX4x(K) | < limsup + log N 3w (B(gi, b
msup g S () | < limsup &g | 35 23w (Blor5)

ZAr
< max limsup]blog< N’?N(B(giv(si)))

=12,k N—osoo z%
< max (=&(gi)+e)=— min (E(gi))+e
i=1,2,....k i=1,2,....k

< —inf & :
< - inf (9) +e€

To obtain (3.25]), note that € > 0 was arbitrary.

Definition 3.8. A function g € C(0,1) is very-well-behaved if for all sufficiently
small § > 0 the set
Z(6) :={£ € [0,1] | [g(&)] < 6} (3.27)

is the union of finitely many intervals.

In Lemma at the end of this section, we prove that with respect to the
||]lcc norm the very-well-behaved functions are a dense subset of Hy.

Now we prove . To keep the notation simple, we present the argument
only for very-well-behaved functions g such that for all § > 0 small enough Z(9) is
one interval. At the end of this section we briefly discuss what has to be changed
for general very-well-behaved functions.

We use the two stage interpretation ((1.6). For many choices of the set P C
AN the probability to observe B(g,d) in the second experiment is zero: Since for
any & € (Z(0))¢ we have h(€) # 0 for all h € B(g,0), we have

voe(B(g,6)) = 0if P N (Z(8)) # 0. (3.28)
Let Zn(0) := NZ(6) NZ. Applying (3.28) to we get

IN(B(g:0) = 2= > ePIZpap.(B(g.9)), (3.29)
N pczn(s)
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where ¢ = "V for the definition of " see (1.13).
In the next lemma we consider Z%CW%C(B (g,0)).

Lemma 3.9. Let g be a very-well-behaved function such that for all sufficiently
small 6 > 0 the set Z(§) is one interval. Fix € > 0. There is a radius &' > 0 and a
value N’ € N such that for all N > N', § <" and non empty P C In(0) we have

ZhApe(B(g.0)) < Z0pyce N7, (3.30)
where )
PU{ps+1,p" =1} , forp* —p. > 2,
P , forp* —p, =1,
c(P) = forv™ = (3.31)
PU{p.+1} , forp* —p. =0,
\Q) ’ fOTP = ®7

recall that p, = minP and p* = maxP if P # ().

We give the proof of the lemma at the end of this section. We now determine
the value of 0, for which (3.26) holds. Let J, satisfy the following three conditions:

a) Z(04)is an interval,
b) d, < & (where &' is defined in Lemma,
) IZ(5,)| — | < . (3.32)

To show that for 6 = J, the upper bound (3.26]) is satisfied, we apply
Lemma [3.9 to (3-29) to get

2. ~N(Q(g)—e) 1 JIP| 20
0 N (B(g,0)) < e £ > M2
PCIn ()
_ _o 1
< e N(@Q(9) )2704 Z eJIP\Zg” (3.33)

N pczn(5),PeG

where we have used that c(P) is a good set for all P C Ay and that for each good set
P € G there are up to 4 sets P C Ay such that ¢(P) = P. As for the lower bound
we make use of (3.12). Therefore we temporarily ignore the term for P = ) and
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group the remaining terms in the sum on the right hand side of (3.33)) appropriately:

1 P 1 JIP
ED IR =Y > ME e Zhn
N pczy,PeG\{0} N o<i<k<N 77)3%1{{(8%
S

s.t. px=i,p*=k

1 .
- z0 Z Z(Oo,i)z(oiﬂ,kq)Z&,N)
N Iy . <i<k<I

L o 0 50 0
< ZTQ,N IN*g}%SI?V Z00,0) 2 (i4+1,k=1) 2 (k,N)> (3.34)

where Zy , := minZy(6) and Zy, := maxZy(9). Recall that we deal with a product

like Z(O(M)ZA’(OZ.HJC_DZ&’N) already in (3.13)). So by Lemma and Proposition |C.1
there is a N” such that for all N > N”

Z(()O,i)zz)iJrl,k—l)Z?k,N) 7(J)(k—i—2)+Ne f . *
z0 <e Jforall Iy . <i <k <ZIjy. (3.35)

The term that we ignored was the term for P = (). Since Z?Q}c = Z$% and 7(J) > 0,
we have by (3.34) and (3.35) that

1
. Z 1P 28, < N2eTNITO)l+d, (3.36)

N pczn(6),PeG

for N large enough.

Combining statements and we see that is true for all
very-well-behaved g and for a d, that satisfies .

In the next remark we briefly discuss how we have to change our approach if
the well-behaved function g is such that for all sufficiently small § > 0 the set Z(9)

is not an interval.

Remark 3.10. We consider a very-well-behaved g such that for all sufficiently small
d > 0 the set Z(0) is the union of M € N intervals (Z;);cq1,...,p}- The main difference
to the case where the set Z(9) is only one interval is the definition of c(P) in
Lemma Let Z; v = NZ; N Z. We let c(P) be the set ¢(P) D P such that
c(P)NZ; n contains the left nearest neighbour of its maximum and the right nearest
neighbour of its minimum. We give a sketch of this situation in Figure [3.:2] In the
upper bound we have to replace the constant 4 by 4.

Collection of remaining proofs

In this section we give the proofs of Lemma (including two auxiliary results),
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———— O O0-—0—0-10 00 O O0—00

Z

Figure 3.2: This figure illustrates Remark This is a sketch of the situation
when Z(6) (see (8.27)) consists of two intervals Z; and Z,. In Remark we
describe how the definition of ¢(P) (see (3.31)) has to be changed if Z(d) consists of
more than one interval: If the blue circles are the elements of P then the corrected
set ¢(P) contains the blue circles and the grey squares. The grey squares are added
because, by Remark c(P)NZ; y must contain the left nearest neighbour of its
maximum and the right nearest neighbour of its minimum.

the exponential tightness of the family (yn)nven (see Lemma [3.13)) and that the
very-well-behaved functions are dense in (C(0,1),|:|lco) (see Lemma [3.14]).

Proof of Lemma[3.9. In this proof we let Bs := B(g,d). We have to show that there
are ¢’ > 0 and N’ € N such that holds for all § < ¢ and P C Zn(0).

The proof is simplified by the observation that if holds for § = ¢’ and
all P C Zy(¢'), then also holds for 6 < ¢ and all P C Zy(d). To see this let
§ < & then, since B(g,d) C B(g,d), we have Zh.v5.(B(g,0)) < Zpvpe(B(g,"))
and note that the upper bound in does not depend on §. Furthermore note
that Zn(6) C Zn(0").

Depending on which one of the following equations is satisfied

c(P)="P,
c(P)\ P ={p.+ 1},
c(P)\P = {p* -1},
c(P)\P = {p«+1,p* -1}, (3.37)

we distinguish four types of sets P C {1,2,...,N — 1}. For each type we show that
there are & > 0 and N’ € N such that holds for § = ¢" and all P C Zy(d") of
that type. We illustrate these four types in Figure [3.3]

In the following it is not necessary to differentiate between cases for g. But
phenomenologically there is a difference between functions g that have an interval
as zero set and functions that cross zero once: Intuitively, if g has an interval as
zero set, then P typically satisfies ¢(P) = P or p. # p* and if g crosses zero, then
P typically satisfies p, = p*.

Type c(P) = P: Note that c(P) = P if and only if P is a good set. We
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Figure 3.3: These figures illustrate the four possible ways how the map c corrects
a set P (see ) Each of this four lines is one example for a set P, where the
elements of P are the blue circles. The grey squares are the points that are added
to P in order to obtain c(P). The first set is good and hence no point is added,
in the second set the neighbour of the minimum of P has to be added, in the third
set the neighbour of the maximum of P has to be added and in the fourth set the
neighbours of the maximum and the minimum of P have to be added.

seek N’ € N and ¢’ > 0 such that (3.30]) holds for all P C Zy(6") where P is a non
empty good set. Since Zy(d’) depends on §’ we start by defining §’. Therefore let
87 > 0 be such that for all 6 < ¢ the set Z(9) is one interval and we have

Qgg;g>(35) + QE?”B) (Bs) > Qggf)) () — € for alll,r € Z(6),1 < r, (3.38)

where
Qr(g) ,forg e H(I),

s , otherwise.

Qi1(g) =

Note that such a 0} exists by Lemma below. Fix ¢ such that &' < 167.
Fix a good set P C Zy(4"). By the splitting property (1.7)), we have

v _ 2y P P
Zppe(By) = 20,02 (pat1 pr -1\ P2 (%)

P P b
X 7(0,}?*) (Bél)fy(p*#»l,p*fl)\’P(B(s’)V(p*7N) (B(S’)

Recall o) = ™ (see (1.13))). Using Proposition and the trivial upper bound 1

for the second probability, we see

2% 4b(By) < 28 Moo G0)+Her 3 (08))
X V0.0 BV oe ) (B, (3.39)

where ¢y, is the minimiser of # ;) for the boundary condition ¢(—1) = N?a—Na,
#(0) = N2%a, ¢(px) = 0 and ¢(p. + 1) = 0 and where ¢r is the minimiser of
Hp+ ) for the boundary condition ¢(p*) = 0, ¢(p* +1) = 0, ¢(N) = N?b and
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#(N +1) = N?b+ NB.

To obtain upper bounds for (72%727*)(35/))13*611\,(5/) and (Vé*,N)(Bé/))p*eIN(é’)
we use the uniform LDP from Corollary [2.12} the reason why we need Corollary [2.12]
(and why the [LDP|is not sufficient) is that we need an upper bound for a family
of measures that is parameterized by the location p,. To apply Corollary there
has to be a constant [ > 0 such that for all p,, p* € Zn(d’) the lengths of the intervals
(0,r-/N) and (P"/N,1) are bounded below by I. Note that this is the case if the set
Z(¢") does not contain 0 or 1. The special case that there is no such [ (even for
8" > 0 sufficiently small) is treated at the end of this case; for now we assume that
for all p,, p* € Zn(d') the lengths of the intervals (0,7-/N) and (»"/N, 1) are bounded
below by [. To apply Corollary we also have to fix a value r > 0. We will see
that r = ¢’ is a suitable choice.

By Corollary and the definition of X% (see (2.31))), there is a N{(r) such
that

_ (a,0) e _ (a,0) _ (a,0) e
,yz%p )(35’) <e N(Z(pr*/N)(Ba/#»T) /3) —e N(Q(pr*/N)(B(SUrr) Q(O,p*ﬂ”(hL) /3)’

ey Bt ) =/3) _ ~NQk 1) (B4 )= QUi 1y (hr) = »).

(3.40)

—N(Z
’}/Zl;)*’N)(B(s’) S (& (

for all p., p* C In(¢') and all N > Nj(r); where hz, minimises Qo 5. /x) in H a,0)(0,7+/N)
and hg minimises Q(*/y,1) in Hgp)(P"/N,1).

The Hamiltonians appearing on the right hand side of and the terms
depending on h;, and hr on the right hand sides of approximately cancel each
other out. To see this note that by Lemma there is a IV}, such that

EHp) (61) + Hipr 3y (0R)) > Qlan iy (hr) + Q) 1 (hr) — 5, (3.41)

for all p. and p* and all N > NJ.
Now we consider the terms on the right hand sides of (3.40] that depend on
the ball By . Since ¢’ +r < ¢} we have

a, b .
QEO,;)*)/N)(B&-"-T) =+ QES*/]2[71) (B(S’—H‘) > Q(g) - 3 (3.42)

Let N’ = max(Nj(r), N}); by (3.39), (3.40), (3.41) and (3.42) we see that ([3.30)
holds for non empty good sets P C Zy(d') if Zy(6") does not contain 0 or 1.

Now we consider the special case where Z(4’) contains 0 or 1. Here we only
need to discuss the cases where g has a zero in 0 or 1; because if not then we can

choose a smaller value for ¢ for which Z(4’) does not contain 0 and 1. So assume
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that g has a zero in 0 or 1. If 0 and 1 are both elements of the zero set of g, then,
since Z(0) is one interval for all 6 < ¢’, the function g is equal to zero. In this case,
since Q(g) = 0, we obtain from . The cases where either 0 or 1 is an
element of the zero set of ¢ are symmetric. Here we only discuss the case where 0
is an element of the zero set of g.

The proof of this special case is also based on . Since g is not zero at

1, the lengths of the intervals (p"/N,1) have a common minimal lengths and hence

we can apply Corollary [2.12] to (Vé*,N)(By))p*EIN(J’)' To deal with the family

('VE%,p*)(BJ’))p*GIN(é’)’ we use that for a possibly smaller ¢’ we have Qo (g) < %e

for all I <supZ(d'). Such a ¢’ exists because Qg (g) — 0 for I — 0.
So for | < supZ(d’) we have

1< e~ N(Qo.1)(9)—2¢/3) < e~ N(Qo,n)(Bsr 1) =2¢/3)

Since Corollary [2.12|is applicable to all (75)* N)(B(;/))p* cZn(s) there is a Ny(r) such
that

(a, .
Y (Bye Mo (#1) <1 < NG Brtsr) =),

’Y(O’p*
— * (O*b Bsr .)—2€
fya’)*’N)(B(;/)e Hipx 0 (0r) < o~ N(QuHx 1) (Bsrir) /3)7 (3.43)

for all p,,p* € Iy (§) and N > N(r).

Combining and (3.42), we see that for N’ = Nj(r) statement
holds for non empty good sets P C Zy(d') also if Zy (') contain 0 or 1.

Type c(P) \ P = {p. + 1}, Case 1: We restrict ourselves to |P| = 1: We
seek N’ € N and ¢ > 0 such that holds for 6 = ¢ and N > N’ and all
P = {p«} such that p. € Zn(d').

As before we first fix a suitable §’. The ¢’ for this type is possibly smaller
than the one for the good sets because the value ¢(p. + 1) is not fixed to zero. To
fix 0’ let 0] be such that for all § < ¢} the set Z(9) is one interval and we have

Qe (Bs) + QY (Bs) > Q\57)(g) — e for all L, € T(8),1 < r and allc,d € B2,

(3.44)
Such a 6} exists by Lemma[3.11] below. Let ¢’ be such that for all § < §’ the set Z(4)
is an interval and such that 8’ < 16]. Now we show that there is a N’ € N such that
for § = ¢’ the inequality is satisfied for all N > N’ and all P = {p.} such
that p. € Iy (d').

We express Zé*}cfy%p*}c(B(y) by partition functions and measures that are
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conditioned at p. and p. + 1, therefore we use a generalisation of the law of total
expectation: Since '7?;* peti}e coincides with the measure 'yg)p*}c given that ¢(p, +

1) = ¥(p« + 1) and since Z}ﬁ,* satisfies an analogous property we have

Pet1}e
20 Al (By) = /D 22yt psnye(By) dv, (3.45)

where Z?¢

2 .
(e peti}e = Zipapat1ye With

) v , fori =p, +1,
Py (i) == (3.46)

' (i), otherwise,

and where 7/, e = 7?;*7]0*“}6 and D = N2[g((p- +D/N) — &, g((« + 1 /N) + &'].
Recall that ¢V (i) = 0 for i € Ay. Since for any profile which attains the value 0
at p,. and the value Nv at p, + 1 the empirical profile has the gradient v at r-/N, we

express (3.45)) as follows

zf; *}Cyfp*}C(Bé,) — N i 2 3V g1ye(Bs) dv, (3.47)

D
Note that g((p- +1)/N) is not necessarily equal to zero, but, by definition of Z(§’),
we have |g(r-/N)| < ¢’ and since g is continuous we have |g((p- +1)/N)| < 2§" for N
large enough. So

28'N

P (U N N
Z{p*}ﬂ{p*}c(Bél) =N /25rN Zpeput 1}V pupe+1ye (Bor) dv

=NZ3,, poi1ye /26 ) e OB iy (By) dv,  (3.48)
—28'N
where ¢*(v) minimises Hy in H) under the additional condition that ¢(p.) = 0
and ¢(ps + 1) = Nv.
Now we consider the integral in . We show that there is a w > 0 and a
N € N such that for N > N the two terms on the right hand side of the following

equation

28'N w
/_25'N & N sy (Bo) dv = /_w e TN 1ye(Ba) dv

—Hn($"(v Nv
" /W<Iv|<26'N€ OO Y sy (Byr) du

(3.49)
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are both bounded from above by

e~ N(Q(g9)—</3) (3.50)

For the moment let w be arbitrary but fixed. First we consider the second
term on the right hand side of (3.49). We use that

e—HN(gZS*(U))fyg)Z:p*‘f‘l}C(B(S,) S e HN(d)*('U)) S e H(O’p*)(¢*(v))‘

We claim that
H(0p)(0"(0) = pe 2 (@ — 0)%, (3.51)

Indeed, the right hand side can be obtained as the value of H gy, )(¢*™), where ¢**
minimises #H g, ) under the constraint that ¢(0) — ¢(—1) = Na and V¢(p.) = Nv
(but without constraints for ¢(0) and ¢(N)). Since by a minimiser of H gy, )
is a discrete polynomial of degree 3 the discrete Laplacian of the minimiser ¢** is
constant i — —2—(a—v) (because > ¥ Ag; = Vp(ps) — [¢(0) — ¢(—1)]). Thus the

ps+1
Hamiltonian of ¢** coincides with the right hand side of (3.51)).
Since limy,| (@ — v)> = oo and since there is a constant C such that

(p]\prl*)Q > CN for all p. € Ay, there is a w such that C(a — v)? > Q(g) for

|v| > w and hence for this w we have
Hop,) (0" (v)) > NQ(g), for allvsuch that [v] > w.

For this w the second term on the right hand side of (3.49)) has the following upper
bound:

w<|v|<28’'N

So clearly there is a N7 and a w such that the second term on the right hand side

of (3.49) satisfies the bound (3.50) for N > Nj.
Now we consider the first term on the right hand side of (3.49)). The following

argument is valid for any choice of w > 0, because we will only use that [—w, w] is

compact. By the splitting property with lag 2 (see (1.7))), we have

e_HN(¢*(U))7€£Z,p*+1}C(B5,> — e H(O,p*>(¢*(v))7£;*)(35,)

Y e H(p*+1,N)(¢>*(v))fy(]Zf+1’N)(By), (3.52)

The following argument is similar to our argument for good sets. We apply Corol-
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lary 2.12] and Lemma[D.3] Since v is an element of a compact set, Corollary [2.12]is
applicable if there is a [ > 0 such that |%p*l > [ and such that |1 — %p*\ > [. For
the following discussion we assume that this is the case. During this discussion we
will see that we can treat the special case where there is no such [ as above.

To apply Corollary we also have to fix a value r > 0. Let r = %51 Now
we apply Corollary and Lemma [D.3]in a way that is similar to the one that we
use in the two steps and . Here we combine these two steps into one.
So by Corollary and Lemma there is a Na(r) such that for N > Ny(r)

(a,0,v)

e~ M,pe) (" (v) N —N Q. /n) (B5’+T)_6)’

/Y(O p*)(Bél) >~

(0,v,b)

e~ Hpur1,n) (97 (V) e_N(Q((p* +1)/N,1)(B5/+7‘)_6)7 (3.53)

o1y (Bsr) <
for all v € [—w,w] and p, such that p, € Z(&").

We consider the terms on the right hand sides of (3.53|) that depend on By ..
Since §' + r < 87 we have by (3.44) that

QESS 1;])\])(B5/+7‘) =+ Q (()p/l)::»)l)/N 1)(Bé’+r) > Q 0 1)( ) (3'54)

Combining (3.54) and (3.53)) we see that

_HN(¢*(U))7{p*,p*+1}c(Baf) < e NQODE)=3I for N > Ny (r).

So the first term on the right hand side of ([3.49) satisfies

/ e MDA L ye(By) dv < 2wem N@OnT89) for N> Ny (r).

Clearly there is a Ny such that the previous upper bound is bounded by .

To summarise the discussion, let N = max(Ny, No) then for N > N the
bound is a bound to both terms on the right hand side of . Applying
this to , we see that there is a N’ > N such that holds for N > N’ and
P = {p:}.

Type c(P) \ P = {p. + 1}, Case 2: We seek N’ € N and ¢’ > 0 such
that holds for all P C Zn(¢') such that c¢(P) \ P = {ps + 1} and P # {p.}.
We treat this cases in the same way as we treat Case 1. In the formulas from Case

1 we only need to replace {p.} by P and {p.,p« + 1} by c(P). The major difference
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is that instead of the splitting (3.52]) we have

*HN(QS*(”))’YC(P) (By) = e~ Hop) (97 (v)),y( TP*)(BJ,)

e H(P*,P*)(¢* (U))’y(p*,p*)\ (B(Sl)

x e~ H*n)(07(v)) Zﬁv )(Bé,)

But using the trivial upper bound 1 for the term in the second line, we can proceed
as in Case 1.

Type: c¢(P)\ P = {p* — 1} : We only need to change the notation in our
discussion of Type ¢(P) \ P = {p. + 1} to obtain a proof for the current type.

Type: ¢(P)\ P = {p« + 1,p* — 1} : For this type we can adapt the proof
of Type ¢(P) \ P = {p« + 1}, Case 2. The main difference is that instead of
equation we have to use the following

ch'ypc Bs) = / z" P)C’yc(P) (Bs) dudv, (3.55)
where Zc“(’;;)c = Z:‘_p(y)c with
U , fori =p, +1,
Yuw(i) = Qv ,fori=p* —1,

Y(i) , otherwise,

and where 7;‘(’;’)) = fyw(’;;gc .

O

Lemma 3.11. Let g be a very-well-behaved function such that for all sufficiently
small § > 0 the set Z(9) is an interval. For each € > 0 there is a 6’ > 0 such that
for 6 < & we have

QT (Bs) + Q) (Bs) > Q52 (9) — ¢ for alll,r € Z(8),1 < and allc,d € R®.
(3.56)

Proof. First of all note that removing boundary conditions leads to a possibly

smaller infimum:

Qs (Bs) + Q) (Bs) > QU5 (Bs) + Q{1 (By),

)
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where
Q(O,l)(f) ) forf S Ha(()’ l):

s} , otherwise,

(3.57)

and where ng’lb) is the corresponding function without boundary conditions on the
T? )
left.
Now we show that there is a & such that for § < § we have

Qur(9) < e, for alll,r € Z(6) such that ! < r. (3.58)

To show that § exists we combine that the Lebesgue measure of Z(8) \ V; converges
to zero for § — 0 and that, since g(§) = 0 for £ € N, we have Qn;,(g9) = 0. By
Lemma below, there is a 0 < ¢’ < 6 such that

Qe (Bs) = Quu(g) — ke and Q[ Y (Bs) > Quuy(9) — 3e, (3.59)

for all 0 < ¢’ such that 1,7 € Z(5). Since Qo,1y(9) = Qo) (9) + Qu.r)(9) + Q(r1)(9)
and since Qg 1)(g) = Qggl)) (g) statements (3.58]) and (3.59)) imply statement (3.56]).
O

Lemma 3.12. Let g € Hy. If Ny = T for an interval T C [0, 1], then there is a
0’ > 0 such that

QU (Bs) = Quuy(9) — e, Jor 6 < & andl € 7(9) (3.60)

where Q © l) is defined in (3.57)).

Proof. We use that 7 is a compact set. To begin with we show that for each £ € [0, 1]
there is a s > 0 and a ¢’ > 0 such that

QU6 (Bs) > Qua(g) — €, for 6 < &' andl € (£ — 5, + ). (3.61)

Therefore let s be such that
Qe—se+s)(9) <5 (3.62)

and let 0 be such that

Q(Og (Bs) > Qog—s)(9) — &, for all§ < 6. (3.63)

Note that s exists because s — Q¢ _s ¢4 (g) is continuous and that § exists because
for fixed s the map g — QESE—)S) (g) is lower semicontinuous (see Lemma . Since

o7



[ — Q(o ) (B(s) is an increasing function for all d, we have

Q) (Bs) > Q5 (Bs) > Qoe—s)(9) — 5, for 6 < dandl € (€ — 5,6 +5).

Since Q(O’l)(gE = Qu¢—5(9) + Q¢—s,)(g), the bound implies that is
true for &' = 4.

Now we use the compactness of Z to prove (3.60). Therefore fix £ € [0,1]
and let (§,s,0) be the triple of values such that holds. Since N is compact

the cover of this zero set with the intervals

((€ = 5,6+ 9))((e,5.0)ec(0,1)}

has a finite subcover ((§ — si,& + 8i))i={1,2,...k}- Let § be the minimum of all
(6i)i={1,2,....k}- Since Ny is a subset of all Z(d) there is a  such that the cover
Ui—f1,2,...k} (& — si, & + i) has Z()) as a subset. Let ¢’ be the minimum of 6 and 4,

then ([3.60) is satisfied.
O

Lemma 3.13. 1. We have

) < 7(J) (3.64)

2. The family (YN)Nnen s exponentially tight.

Proof. First we prove inequality . Therefore note that by we have the
inequality Zfé’ < 22 for all subsets S of {1,2,...,N — 1}. So by the two stage
interpretation (1.6]), we have 2% < 2%. So by definition of 7(.J) the above limit is
finite.

Now we consider the sequence (yn)nen. It is sufficient to show that (Kj).er,

where

K :={f€C((0,1) | |/l < &},

is a family of precompact sets that satisfies

lim limsup N~ log n(K¢) = —o0. (3.65)
K00 N o0
The precompactness of K, follows by Arzela-Ascoli: for all f € K, by the
mean value theorem we have |f(z) — f(y)|oo < K|z — y| and K is bounded and

equicontinuous.
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The sets (Ky)xer are convenient because they allow us to work with the

process (¢(i + 1) — ¢(i))ie(1,2,.. . y—1}: Since
sl (0)] = N7Ho(i + 1) — ¢(0)],

we have

1 . . N < g
hn(9) € Ky & max | NS+ 1) —o() < »

We use the two stage interpretation of 4. Assume the result of the first stage is P.

In the second stage the process (¢(i + 1) — ¢(7))ief1,2,...n—1} is a Gaussian process.

We use this to show that there is a constant C' so that
ype(Ky) < e O NToN)  forall P C {1,2,...,.N—1} as N —oo. (3.66)

As
ype(KS) < > qpe(lHD=0Al s ), (3.67)
i€{1,2,...N—1}
we employ Lemma in this proof. Therefore note, that since the conditioning
only reduces the variance, the variances of the random variables (3 (¢(i + 1) —
?(i)))ief1,2,..,N—1} are the largest if the result of the first experiment was P = 0); so
the variances are of order O(%) Furthermore, independent of P, the expectations

-----

on N. So for k large enough, there is a C' such that

K

(Y00 5 ) < ¢~ o)

Vpe
— ¢ ONR*Ho(N) g1 all P {1,2,...,N —1}as N — .
(3.68)

Since the sum on the right hand side of (3.67) has only N — 1 terms, (3.68) im-

plies (B-60).
The upper bound ({3.66)) is independent of P and hence

An(KE) < e R N+o(N), (3.69)

After applying % log(-) to both sides of (3.69)), the left hand side is, at least asymp-
totically for large N, bounded by —Ck? 4 o(1); so we obtain (3.65) by first letting
N — oo and then letting k — oo. O

Lemma 3.14. The very-well-behaved functions are dense in Hy with respect to the
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I'lloc mOTM.

Proof. Since, by Lemma the well-behaved functions are dense in H,, we prove
that for all » > 0 and all well-behaved functions g there is a very-well-behaved
function f such that f € B(g,r).

We only treat the case Ny = {0} to illustrate the construction. For general
well-behaved ¢ the same construction should be performed near every interval (or
isolated point) where g is zero.

Let

£:=inf{t > 0] |g(t)| = 5}.
The value fN is strictly positive because g is continuous.
Let
fe) e 49 S fore 2 3
h(§) , otherwise,
where h is a smooth monotone function such that h(0) = 0, h(§) = g¢(€) and
h(€) = §(€) (such a h exists because by definition of £ we have [§(£)| > 0).

We show that f is very-well-behaved. Therefore let

6 =inf{|g(&)] | € € [¢,1]}.

Since ¢ has no zero in (0, 1] we have § > 0. By definition of § we have

{E1FE) <3N (€1 =0 (3.70)

and since h is monotone the set

{€11f@©) < 83nlo,€ (3.71)

is an interval. Combining (3.70) and (3.71]), we see that f is a very-well-behaved

function.

It remains to show that f € B(g,r). Therefore we use that in [0,£] the
functions |g| and |h| are bounded by %r and the triangle inequality:

19(6) = FOI < 9@ + [ f(€)] <7, foré < &,
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Chapter 4

Minimiser of the rate function
of the model with pinning

interaction

For large N, we want to know which empirical profiles are typical for the Laplacian

model with pinning. Therefore we determine for each Q C Loo(0,1) the limit

Jim 4n(Q) (4.1)
By the large deviation principle of (9n)nen (Theorem [1.3), the limit of x5 (Q) is
necessarily 1 if Q is an open set that contains all minimisers of the rate function
¥*/ (for a definition of this rate function see Theorem [1.3). So we determine the
set of minimisers M of the rate function X%,

The minimisers of X% coincide with the minimiser of

1
e(f) =1 / (F©)2de - r(DIN| (4.2)
0

2

in Hy, because by the two functions %/ and £/ differ only by an additive
constant. So we study the minimisers of £/ in H,. For this study it is convenient
to also study the minimisers of £ in H,. We let M} be the set of minimisers of &7
in H,.

We are mainly interested in the zero sets N} of the elements h of M* =
M, M}, The proposition in Section shows that these zero sets are unions
of at most three disjoint sets, where at most one of them is a closed interval (we

interpret an isolated point as a closed interval) and the others are isolated points.
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In the following sections we determine, for each kind of zero set, for which boundary
conditions there are minimisers of this kind. In Section we do this for M}, and
in Section [4.3| we do this for M.

In this chapter we omit the index J and write £/ = &.

4.1 Superset of the set of minimisers
We present a superset of the set of minimisers.
Proposition 4.1. 1. The set M} is a subset of
{hug [ 147 <1} U{he}, (4.3)

where for 1 +r <1

hve(&)  for €€0,),
hir(§) =140 , for el 1—r], (4.4)
ow (€  for €€ (1-r1),
and where, for all intervals I C R and all v € R*, hl is the minimiser of
h— Qi(h) =3 [;(h(§))* A€ in Hy(I).

2. The set M7 is a subset of

{ha}t U {hy |1 <1}, (4.5)
where
(0,0)
ha(€) =a+af and h(E) = h(a,O)(f) , for €<,
0 ,for €21

Proof. We only give the proof for M} because we obtain a proof for M} by applying
the same methods. Let h be an element of the complement of . We show that
h is not a minimiser. Therefore we show that in there is at least one function
h* such that

E(h") < E(h). (4.6)

If £(h) = oo, then (4.6) is satisfied for all A* in (4.3). If £(h) < oo, we distinguish
two cases:

Case 1: [N, =0.
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Since |N| = [N, | = 0, the definitions of £ and hy imply that for h* = hy
inequality (4.6) is satisfied: In fact, we have

1 . 1 .
E(h) = Q(h) = %/0 (h(€))*d € > %/0 (he(€)?d€ = Q(hy) = E(hr),  (4.7)

where the strict inequality holds because h, is the unique minimiser of @) in H,.
Case 2: [N} > 0.

Let [ be the infimum and 1 — 7 be the supremum of the accumulation points
of Ny, we show that for h* = h;, inequality is satisfied. But first of all, note
that the points [ and r actually exist, because a set with positive Lebesgue measure
has at least two accumulation points. The definition of (I,7) has two important

consequences:

1. Since |Ny N [I,7]¢| = 0, we have

1
+1 / (h(€))? de. (48)

'

2. Asl and r are themselves accumulation points of A}, (the set of accumulation
points is closed), Lemma yields

h(l) =h(1—7)=0. (4.9)

To check this for h* = hj, inequality (4.6 is satisfied, we combine (4.8)
and (4.9): By (4.9), the restrictions of h and h;, to the intervals (0,1), (I,1—7), and
(1—7,1) are elements of H, 0)(0,1), H(g,0)(l,1—7), and Hg)(1—r, 1), respectively.
By (4.8), the optimality of hEg’,g), hg(lj’_br)’l) and the fact that hES}O‘)T)(g) = 0 for
¢ € [l,r] imply (4.6); where the inequality is strict because, by the uniqueness of the

minimisers hgg”g) and hg(l);og’l), we have £(h) = £(hy,) if and only if h = hy,. O]

Now we are using Proposition to study the zero sets of the minimisers
and to ultimately determine the set M*. We study the cases with and without

terminal condition separately. First we study the case without terminal condition.
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4.2 Without terminal condition

We consider the zero sets of all functions in (4.5). By definition the zero set of h;

(0.0)

is the union of the interval [/,1] and the zero sets of h ) Furthermore, since we

(a,0
have
hgg’}g) (€) = ahg?zizv,ll’o)(g) Jfor a#0 andall ¢e€l0,]],
and
By () = hig e o) (5) Jfor a=0 andall £€[0,l],  (4.10)
where

s:=sgn(aa) and w:= H,

we only need to consider the zero sets of the following functions,

0,1 0, 0,1
(hﬁl,,},))bo, (hﬁl,l,),,o))bo, and (hgo7l,)()))leR\{0}- (4.11)

Note that (4.10) is true because the left and right hand sides of (4.10) are polyno-
mials of degree 3 that have the same value and the same first derivative at & = 0

and & = [. Now we study the zero sets of the functions in (4.11)).
Proposition 4.2.

1. The functions (hgcl):ll7)()))l>0’ (hg(o]:ll,)o))lGR\{O}’ and (hg(l)zl—)l,o))0<lé3 have no zeroes
in (0,1);

2. whereas the functions (h(o’l)

(1.1 0))l>3 have ezactly one zero in (0,1).

We give the proof of Proposition at the end of this section. In Figure
we plot the functions hg?;l)
Propositions and show that a zero set of a minimiser is the union of
at most two disjoint set, where at most one of them is an interval and the other one
is an isolated point. Where by and by Proposition the function h; has

an isolated zero if and only if s = —1 and w™!l < 3. This isolated zero is element

for some choices of the parameters [ and s.

of (0,1). For the following study we reformulate this result as follows: If h is a
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0.2

Figure 4.1: These are the plots for h = hE(l)j?0,0) (blue), h = hg[l):lji,o,o) (orange), and
(0,1)

h = hg(l):l_g)l’op) (green) where I3 = 2 and lo = 6. The formula for hi11,0,0

in (D.3), where r = (1,1,0,0). To obtain the formula for hg(l):l_)17070), we plug (D.3)
into the right hand side of (4.10]).

) is given

minimiser of £ in H,, then h is an element one of the following sets:

My = {h, | a € R?},
Mo = U {h; | 1 <1, h;has a zero in (0,1)},

acR?
Ms = U {h; | 1 <1, hy has no zero in (0,1)}.
acR?
We study the sets
S; :={(a,J) € R?| there is a h € M; that minimises £ in Ha}, (4.12)

for i € {1,2,3}. Therefore we use the fact that
E(hy) = 6a%173 + 6acd ™2 + 22217 — 7(1 - 1),

where we have applied equation (D.4]) and that by (4.10) we have

L. 1
[ ©ras= 4 [0 o 02
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For the following it is convenient to introduce ENQ : Rsp — R given by
ET(1) == 6a*17 + 6aal ™ + 2%~ + 7. (4.13)

For the moment we only consider the intersections of (.5;);c {1,2,3} with the set
where w € (0,00). In Corollary below, we present the result of this study. The
functions that appear in Corollary [4.8| will be defined in the following. After proving
Corollary we consider the intersections of (S;);c{1,2,33 With the set where w = 0
or w = oo. We present our results of these latter cases in Proposition below.

We are going to transform our current minimisation problem with the param-
eters (a,J) into a dual minimisation problem with three new parameters (s, w, K),

where one of them, s, assumes only the values 1 and —1.

Proposition 4.3. Fizr (a,J) € R? such that w € (0,00). Let K := 7(J)(
s:=sgn(aa) and let s :== (1,s). We have:

Qg

)2,

A function h is a minimiser of £ in Hy if and only if g : [0,1] — R defined
by
9() = zhlw), (4.14)

is a minimiser of EX in Hg, where EX : Hy — R is given by

—1

EX(g) = /0 U (©) e — KN 0 (0,07 (4.15)

Proof. As E(h) = %55(%%@(105)) holds for all h € H,, for every minimiser h of £ in
H, the function g given by (4.14) is a minimiser of EX and vice versa. O

To make use of Proposition E we will define sets (S’i)ie{m’g} such that
(a,J) € S; if and only if (s,w,K) € S;. The problem is that the map T given
by T'(a,J) = (s,w, K) is not injective. Under the map 7', the points (a,«,J) and
(—a, —a, J) have the the same image. But by the minimisers for (a, o, J) and

(—a,—a, J) are reflected along the z-axis. So the sets

Si:=T(S;) ,for ie{1,2,3} (4.16)

actually satisfy that (a,J) € S; if and only if (s,w, K) € S;. Furthermore, treating
the points (a,«, J) and (—a, —a, J) as members of the same equivalence class, the
map 7' is injective.

We define the sets (S;);c{1,2,33 as images of the sets (S;);c{1,2,33 which in turn
are defined in terms of properties of the minimisers of £ in H, (recall (4.12])). Now
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we apply Proposition in order to express S; directly in terms of properties of the

minimisers of EX in Hs . We have
hy minimises & in H, if and only if g;,,—1 minimises £X in Hy, (4.17)

where for [ € Ry
(6 i hooy(©)  for £<1,
0 , otherwise.
To verify we first plug h = h; into ; then for ¢ = 0 and ¢ = [w™!
the values and the first derivatives of the left hand side of coincide with the
corresponding values for gj,—1. Since in [0,lw™!] the functions & — hj(w) and
Jiw—1 are polynomials of degree 3 the left hand side of coincides with g1
in [0,lw™1] . Furthermore in [lw™!, w™!] the left hand side of is zero and this
is also true for g;,-1. So if h = hy, then the left hand side of coincides with
Jiw—-1- Now plug g = gj,,—1 into ; then for € = 0 and &€ = lw™"! the values and
the first derivatives of the right hand side of coincide with the corresponding
values for £ — éhl(wg). Repeating the previous argument, we see that if g = g;,,-1,
then the the right hand side of coincides with £ — éhl(wg ).
In the following proposition, we use to express S; in terms of properties

of the minimisers of £X in Hs.
Proposition 4.4. For (a,J) € R? such that w € (0,00), we have
1. (s,w,K) € 81 if and only if gs(€) := 1+ s& is a minimiser of EX,

2. (s,w,K) € Sy if and only if s = 1 and one of the functions (g;)i>0 is a

minimiser of EX, or if s = —1 and one of the functions (g1)i<3 is a minimiser
of £,
3. (s,w,K) € Sz if and only if s = —1 and one of the functions (g;);>3 is a

minimiser of EX.

Proof. We shall only prove Statement 3 as the other ones follow in an analogous
way. First we prove that if g; with [ > 3 is a minimiser of X then (s,w, K) € Ss.
Assume that g; with [ > 3 is a minimiser of £X. Then hy,(¢) = ag/(éw™?) is a
minimiser of £ in H,. By Proposition the function g; has a zero in (0,1). So hyy,
has a zero in (0, lw). By definition of S3 we have (a,J) € S5 and hence, by (4.16),
(s,w,K) € Ss.

Now we prove that if (s,w, K) € Ss then there is a [ > 3 such that gr is a
minimiser of EX. Assume that (s,w, K) € S3 then by we have (a,J) € Ss.
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By definition of S3 there is an I’ < 1 such that hy has a zero in (0,1’) and that hy
minimises £ in Hy. By , Grw—1 minimises £X in Hy. By , the function
grw—1 has a zero in (0,l'w™!) because hy has a zero in (0,1'). Let | = l'w™!. We
have [ > 3 and s = —1 because g; has a zero in (0,1) if and only if s = —1 and [ > 3
(see Proposition [4.2)). O

To make use of Proposition we need to know the minimisers of ££. By
Proposition the minimisers are a subset of

{g 1 <w™ '} U{gs}, (4.18)

where gs is the linear function with gs(0) = 1 and ¢s(0) = s. We use the fact that
Eu (91) = B (D) = Kw™, (4.19)

where we define EX in [#.13). Recall that | — EX(I) is a differentiable function
in (0,00). For a local minimiser I* of EX we show the following: The function g;-

minimises X in Hy if and only if

F<w (4.20)
EE(I") < Kw™, (4.21)

and

EX(1*) < EX(1), for all local minimiser [ of EX

that satisfy (4.20]) and (4.21]). (4.22)

Condition is necessary because if [ > w™! then g¢; is not in the set .
Condition is necessary because it corresponds to the condition £X(g) <
EK(gs). To verify this first note that we have £X(gs) = 0, because for the linear
function gs both terms on the right hand side of are zero. Combining this
with the fact that right hand side of is smaller than zero if and only if
is satisfied, we see that is satisfied if and only if £X(g;) < £K(gs). Hence if
[* satisfies the two conditions and then we know that for at least one

local minimiser [ the function g; is a minimiser of £X in Hg. If ([#.20) and (4.21]) are

satisfied, the only possible reason why [* does not correspond to a minimiser of 55
is that there is another local minimiser for which the corresponding minimiser has
a smaller rate X

Furthermore the function gs minimises £X in Hy if and only if no local min-
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imiser satisfies and or if there is a local minimiser [* that satisfies ,
and but X (g;+) = 0.

In the next proposition we determine, for all s € {1, -1} and all K € R-,
the set of local minimisers of | — EX(1).

Proposition 4.5. Fizx K € Rg.

1. For s =1, the function ESK has exactly one local minimiser 11, where

li(s,K) := %.

2. For s = —1, the function E~SK has up to two local minimiser Iy and ls, where

1y (s, K) = ~HEVLIOAE,

and where ls exists only for K < 71—2 and is given by

la(s, K) :== %.

Furthermore

IL1i(—1,K) €(0,3) , for K € Rsy,

lo(-1,K) € [6,00) , for K €(0,7].

We give the proof of Proposition at the end of this Section. We combine
Proposition [£.5 and Proposition [£.4] to obtain the following representations of the

sets (Si)ieq2,3) and (Si)ief2,3}, respectively.

Corollary 4.6. We have

Sy = {(s,w,K) € {1,-1} x R%, | forl = lo(s, K), g1 is a minimiser of EX},
Sy = {(s,w, K) € {1,-1} x R%, | forl = l\(s, K), g1 is a minimiser of EX},

SoNR=A{(a,]) € R| forl =1s(a,]), hiis a minimiser of £ in Hy},
SsNR={(a,J) € R| forl =1l(a,J), his a minimiser of € in Ha},
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where we use

R:={(a,J) €R?®|w € (0,00)},
li(a,J) = wl(s,K), for(a,J) € R,
la(a, J) :=wla(s,K) , fors=—1and K < %

After our preceding preparations we are now able to represent the sets

(Si)ie{1,2,3y via functions in the following proposition.
Proposition 4.7.
1. For s = —1, we have
SiN[{=1} x R2g] = {(s,w, K) € {~1} x R, | K < G(w)},
8o N {1} x B2g] = {(s,w, K) € {~1} x (0,@] x R | G(w) < K < K},
SsN[{—1} x RZ,] = {(s,w, K) € {~1} x (0,@] x Rsg | K > K}
U{(s,w,K) € {—1} x (0,00] X Rso | K = G(w)},
where

o for w € Ry we let

Gluw) = Ko (w) ,if w<w,

Ky «(w) , otherwise,

o fori e {1,2} and w € Rs, the value K;(w) is the unique value for K
such that

En(gr) =0, for I*=1(K); (4.23)
if there is no such K set K; .(w) = oo,

o w is the unique value for w such that
Kio() = Ko (w), (4.24)

o K := K *(’LT))

)
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2. For s =1 we have

Sin {1} xR g) = {(s,w,K) € {1} x R%y | K < Ky, (w)},

San[{1} x REo] =0,

S5 M1} x B2 = {(s,w, K) € {1} x B | K > K. (w)},
where K «(w) is defined analogously as in the case for s = —1.

Before we give a proof of Proposition [£.7] we summarise our findings for the

minimisers of the rate function

Corollary 4.8. Fiz a € R? such that w = % € (0,00). Let M*(J) be the set of

minimisers of € in Hy.
1. Ifsgn(aa) = —1, we have

(a) for w < w

{ha} , for T(J) < ()G (w),
{ha,hu,} —, for 7(J) = (5)*G(w),
MWD =} for G)(@) < 7(J) < (8PF,
{hll7 hl2} , for T(J) = (%)2K7
{hi,} , for 1(J) > (%)2_[_{
(b) for w=w
{ha} , for T(J) < (3)*G(w),
MA(T) = 4 {ha, iy, by} for () = (5)*G(w) = (§)°K,
{ha, } ,for (1) > (5)°K
(c) for w > w
{ha} ,for T(J) < (5)*G(w),
M) = {ha, lu,} , for () = (§)*G(w),
{ha, } ,for T(J) > (5)*G(w).
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2. If sgn(ac) = 1 we have

{ha} ; Jor T(J) < (2)2K1 4 (w),
M*(J) = S {ha, by}, for 7(J) = (%)QKl,*(w),
{hu, } s for 7(J) > (§)2 K1 (w)

Proof of Proposition[{.7]. We only give the proof for s = —1. Our arguments can
easily be adapted to the case s = 1; in fact s = 1 is simpler because the local
minimiser of Efl is unique. We omit the parameter s in the following.

Step 1: We show that the values (K «(w))ieq1,2y and w = w are well defined. We
start with the values (K;«(w));cq1,2y- Fix i € {1,2}. Since by definition K;.(w) =
oo if has no solution we only have to prove that has at most one solution.
We do this by contradiction. Assume that has two solutions K1 < K. This
implies

551 (gli(Kl)) = 552 (gli(Kg))° (4.25)

But for fixed I, the function K — £X(g;) is strictly decreasing and hence we have
EN V) > e (q)  for 1=1i(K). (4.26)

By Proposition [£.5] we have

EX? (91, (k1)) = &3& EX(q) = ES? (91, (12))
552 (912(1{1)) > lef[%i&) 552 (1) = 552 <9l2(K2))- (4.27)

Combining (4.26)) and (4.27]) we see that

Ex (i) > En(air)) = EX (91(x2))-

This is a contradiction to (4.25)). So the values (Kj.(w));cq1,2) are unique.

Now we show that w is well defined. We will use that w — Kj.(w) is
invertible for w such that K ,(w) < co. So before we prove that w is well defined
we show that w +— K .(w) is strictly increasing. The following argument works
also for w — Ky ,(w) and so we prove for i € {1,2} that w — K;,(w) is strictly
increasing. Fix i € {1,2}. By definition of K;, and by , the inverse function

of K; . is given by
K

FRGLE) (4.28)
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The function (4.28]) is strictly increasing because, by (4.52)), its first derivative co-

incides with ~
EF(i(K)) — Kl;(K)

[EEWE))2

S

(4.29)

which is, by definition of EX, strictly positive. So the functions (Kix)ieq1,2) are
strictly increasing.

In the following we derive two conditions that a solution of necessarily
satisfies. We will see that these conditions imply that has one and only one
solution. Assume that has a solution w* and let K* := K ,(w*) = Ky .(w*).
Then by definition of K . and K3, we have

~ ~ *

0= &5 (91) = € (91) = ES (L) = BE (la)- (4.30)
Since by Proposition below, the function
K = Ef (L(K)) = EF (I2(K))
has a unique zero, namely Ky, the value w* has to satisfy
K «(w*) = Kpand Ky ,(w*) = K. (4.31)

Since K1, and Ky, are invertible functions of w the conditions (4.31]) imply that
if (4.24)) has a solution then this solution is necessarily unique. Note that as the in-
verse functions [K1 ]! and [K».] ™! are given by (4.28) both conditions from (4.31))

lead to the condition

K Ky

T BRI (Ky) | BRI (Ke))

w*

By going backwards through the steps that lead us to the necessary condi-

tions , we see that the two conditions do not contradict each other and that
the solution to coincides with the solution to K .(w) = Ky and thus we
obtain existence of a solution.
Step 2: To determine the set S; we consider its complement S’f We have (w, K) €
S’f if and only if gs is not a minimiser of £X. And gs is not a minimiser of £X if
and only if at least one g; satisfies X (g;) < £X(gs). This is the case if and only if
for at least one i € {1,2} and I* =;

o ([4.21) is satisfied with strict inequality,

e and (4.20) is satisfied.
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For the moment, fix i € {1,2}. The area in the (w, K)-plane in which (4.20))

is satisfied is

1
K)eR D; < 4.32
{(w7 )E >0 X Z‘w— ll(K)}J ( )
where D; := R and Dy := (0, %], and the area in which (4.21)) is satisfied with
strict inequality is
{(w,K) e Rso xD; | w < =——}. (4.33)
Z EF(1i(K))
The intersection of (4.32) and (4.33) coincides with (4.33]) because as we will see

K < 1
BE(1(K)) ~ LK)

, for all K € D;.

To check this we use that by the definition of EX (1) (see (#.13)) there is a function
R(l) (independent of K) with R(l) > 0 such that EX(I) = R(l) + K1

Kl 1
K - R(l
EE() 1480

<1l ,forall [€Rsg.

So, we have

- K
Sf: U {(’UJ,K)ER>0XD¢|U)<W}

i€{1,2} s (L(K))
K
=, 0 s 04 < )
K
U{(w,K) € Ryg x (2,00] | w < ESK(ll(K))}’
where
K

X, <R O A = iy
— (. K) € Rog x (0.] [ w < max =}, (4:34)

{12} EE(1i(K))

which we show in the following. To check (4.34), note that (w, K) is, by definition
of the union of two sets, an element of the left hand side of (4.34) if and only if at

least one of the following two conditions is satisfied:

W< =———— O W< =————". (4.35)
E&(L(K)) Eg(12(K))



By definition of the maximum, (w, K) satisfies (4.35)) if and only if

K

w < max =—————,
(12} B (1(K))

and this is equivalent to (w, K) being an element of the right hand side of (4.34]).
To evaluate the maximum on the right hand side of (4.34)), we identify the

subset of (0, =] in which the function given by

» 72
EE(I2(K))  EF(L(K)) EE (11 (K))EE(12(K))

is positive. Since, by Proposition below, EX(11(K)) — EE(I5(K)) is strictly
negative if and only if K > K, we have

K <K
s NKf{K _ ng(l;((K)) ,for K <K,
ie{1,2 s ~ ;
€12} EX (I;(K)) ER (L (&) , otherwise.
So,
58 = {(w, K) € Rug x (0,K] |w < =D 3
EE(I2(K))
_ K
U{(w,K) € Rsg x (K,0) | w < =———1}. (4.37)
E&(L(K))

By definition and the monotonicity of Kj ., equation (4.37) turns into

Sf = {(va) S (O,U_}] X R>0] | KQ,*(w> < K}
U{(w, K) € (w,00) x Ry | K1 4(w) < K}
={(w,K) e R*, | K > G(w)}.

We plotted K . and K>, in Figure

Step 3: Now we consider Sy and Ss. Therefore note that we have
Sy U S3 =S¢ U {(w,G(w)) | w € R}, (4.38)

because, by the definitions of (S;);c(1,2,3y and (4.17)),

e (w,K) € S, U S3 if and only if at least one of the functions {g; | [ < 1} is a

minimiser of EX

e (w,K) € S5 if and only if g5 is not a minimiser of X,
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2.1072 4-10~2 6-10"2 8-102 0.1 0.12

Figure 4.2: This figure illustrates Proposition It is a graph of the functions
K = K1 . (blue) and K = Ky, (red) and of the sets Sy, S, S3 in the (w, K)-plane
for s = —1. The grey area corresponds to the set S; where the minimiser is the
straight line, the area filled with lines going from north to west coincides with the
set S3 where the minimiser does not cross the zero line (like the orange minimiser
from Figure , the area filled with dots corresponds to S where the minimiser
crosses zero once (like the green minimiser from Figure , Sy and S5 coincide and
are the intersection of Sy and Ss. (Minimisers like the blue one from Figure do
not appear, because we assume s = —1 and hence the gradient of the minimiser at
¢ = 0 has to be negative.)
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e and for (w, K) € {(w,G(w)) | w € R}, there is a [ € R such that both g; and
gs are minimisers of £X: £K(g)) = €K (gs) = 0.
To distinguish Sy and S3, we use condition ([4.22): Since K = K, we have
Sy ={(w,K) € Rog x (0, %5] | K < K}N[S{U{(w,G(w) | w € Ryo}]
(0, K) € Rsg x (0, 5] | K € [G(w), K1},

Il
—_

and

3

{(w,K) €Rsg xR | K > K} N [Sfu {(w, G(w) | w € Rxp}]
{(w,K) € Rug x Rog | K > max(K, G(w))}.

O]

We summarise the minimisers of the original function ENZ using Proposi-
tion

Proposition 4.9. Let a € R? such that w € Rsq and s = sgn(aq).

1. For T € Ry, the set of local minima of E; depends on a.

a) For s = 1 the function ET has only one local minimum in
a Y

la| + 1/ a? + 6la|v2T
. (4.39)

lhi(a,T)=
1( ) \/?
(b) For s = —1 the set of local minima of E~; has up to two elements
, —|a| + 1/ a2 + 6|alv2T 0
a, )= .
1(a,7) s (4.40)
and
la| + 4/ a? — 6lalv2T
l2(a,7' = (4.41)

V2T ’

where 11 is always a local minimum and ls is only a local minimum if
4

(e}
TS goa2

2. For 7 =0 the function ET has no local minimum but lim;_,, EZ(1) = 0.

3. The function E(Ta 0) has only one local minimum attained at

=

11(7,a,0) := Va(

N

). (4.42)
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4. The function ET, | has only one local minimum attained at

(0,0)
l1(7,0,c) := a\/g.

We give the proof of Proposition [4.9]at the end of this section. Now we study

the sets intersections of (5;);c(1,2,33 With the set where w = 0 or w = oc.
Proposition 4.10. Fiz a € R? such that w € Ry.

1. Let M*(J) be the set of minimisers of € in H, ). There is a G such that

{h(a,O)} ’ fO?" 7—(‘]) <G,
M (J) = {h@oy, b} s for T(J) =G,
{hiy } , for T(J) > G.

2. Let M*(J) be the set of minimisers of & in H ). There is a G such that

{h((),a)} ’ fO?" T(J) <G
M*(J) = {h(O,a)a hh} B fOT‘ T(J) = G,
G

{h, } , for T(J) >

Proof. The existence of G follows since for fixed [ the function J — £(h;) is mono-

tone decreasing. I

Collection of remaining proofs

Proof of Proposition[{.3. We consider the functions hg(l)il) 0) for s € {1,—1} and
[ >0. Fix s € {1,-1} and | > 0. The function hg?:iio) (£) has a zero in (0, 1) if and
only if it has a local minimum at which it has a negative value. Its derivative has

maximal one zero in (0, 1) because by Proposition (D.1]), the derivative
ROV (&) = Is + 2[—3 — 2s]€ + 3[2 + Ls]¢>
(1,5,0)\8) =

is a quadratic function and, the value at £ = 1 is already zero by assumption. Hence
the function has maximal one local extrema; for our discussion of the first derivative

we distinguish three cases:
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1. For s = 1, the local extrema is a maximum because, as the function value at
& = 0 is greater then the function value at £ = 1, the first derivative changes

sign from positive to negative.

2. For s = —1 and | < 3 there is no local extrema or the local extrema is a
maximum. To show this we use that the first derivative is a quadratic function.
Since the second derivative at £ = 1 is given by

7(0,1) _
h’(l,sl,O)(l) =-2[4+6
the gradient of the first derivative at & = 1 is positive, and since the first

derivative is strictly smaller then zero at £ = 0 and is equal to zero at & = 1,

the first derivative stays below zero.

3. For s = —1 and [ > 3 there is a local minimum. To show this we use again that
the first derivative is a quadratic function. In this case the second derivative
is strictly negative at £ = 1 and the first derivative is strictly smaller than
zero at € = 0 and equal to zero at £ = 1. So the first derivative has a zero at
which it changes sign from negative to positive. The function value at the local

minimiser has to be negative because otherwise it would not be a minimiser.
That hg ;0 has no zero follows by definition. O

Proof of Proposition [J.5. We have to find the positive local minima of EX for all
K € Rygand s € {—1,1}. Fix K € Rug and s € {—1,1}. Since | — EX(I) is a two
times continuously differentiable function from R\ {0} — R, its local minima are

those zeros of

G (W) = — (209 + 65l + 1) — 71'] = — 5 [2(1 + 35) — V2KI*][2(1 + 35) + V2KI’]
(4.43)
at which
2 - —
i B (1) = 4721+ 65) (I + 3s) (4.44)

is strictly positive. The zeros of the first derivative are

0= VEE) (-1 - \/1-6sV2EK), 2= +/(2K) (~1+1/1—6s5v2K),
2= V2E) (1= /14 6svV2K), zi=+/(2K) (1+\/1+6sV2K).

Depending on s and K not all of this zeros are positive real values.
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Case s = 1: Only z4 is an element of R(. Since the second derivative is strictly
positive for all [ > 0, the zero z4 is the only local minimum of E{il). As1(1,K) =
z24(K), l1(1, K) is the unique local minimum of E{il) in Rp.

Case s = —1: As the second derivative is strictly positive if and only if I € (0,3) U
(6,00) and as l1(—1,K) = 2z(K) and lo(—1,K) = z(K) it is sufficient to check
that, for K € R+,

21(K) € (—00,0), z9(K) € (0,3)
2(K) € (3,6]UC\R, z(K) € [6,00) UC \R. (4.45)

A direct way to prove (4.45) is to study the behaviour of all four maps
(K = 2i(K))ieq1,2,3,43- For the way that we use it is sufficient to study the behaviour
of the function F(I) : Rs¢p — R given by
9—60+12) 2(1-3)?

Fay = X e (4.46)

By (4.43)), the zeros (2;);cq1,2,34} that are elements of R are the [ coordinates of the
points of intersection between the graphs of F(I) (see Figure and the straight

line at level K:

(L) eR? [ k=FO)}n{(Lk)eR? | k=K}= |J {(=,K)}.  (447)
gy

To determine the left hand side of (4.47]), we need to obtain the solutions of the
equation F'(I) = K. We do this by discussing the monotonicity of F'. Since the first
derivative of F' coincides with (4.44]), the function F' is

e strictly increasing for [ € (—o00,0) and lim;_,_, F/(I) =0, lim;_,g F(I) = 00
e strictly decreasing for [ € (0,3) and lim;_ F'(I) = oo, limy_3 F'(I) =0

e strictly increasing for [ € (3,6) and limy_,3 F(I) = 0, lim;_,6 F'(I) = &

e strictly decreasing for I € (6,00) and limy_,¢ F(I) = =5 lim;_,o F(I) = 0.

By monotonicity F(I) = K has maximal one solution in any of the intervals
(—00,0), (0,3), (3,6) and [6,00). Since F(l) < & for [ > 3, the equation F(I) = K
has solutions [ € [3, 00) if and only if K < .
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Figure 4.3: This is a plot of the function F'(I) (see (4.46)). We use F(I) to determine
the local minima of EX.

Case K < 5: The equation F(I) = K has four solutions

s1 € (—00,0), s9 € (0,3)
s3 € (3,6)]UC\R, s4€[6,00)UC\R. (4.48)

Since, by definition of (2;);c(1,2,34}
21 < 29 < 23 < 24,

and since by (4.47)), {21, 22, 23, 24} = {51, S2, $3, S4} we see that (4.45) is satisfied for
1

K<,

Case K > =: The equation F(I) = K has two solutions

s1 € (—00,0), s9 € (0,3),

and only the zeros z; and zo are in R. Since z; < 2o we have z; = s1 and z3 = s9.
So (£.45) is also satisfied for K > 2. O

Proof of Proposition[{.9. 1.)By Corollary we just need to check that the right
hand sides of (4.39), (4.40) and (4.41) coincide with wl;(s, K) where w = %, K =
(2)27(J) and where i € {1,2}, s € {—1, 1} respectively.

2.) By ({:43)), the function | — EY is strictly decreasing and as E2(I) = O(})
for [ — oo the function converges to zero.

3.) and 4.): We have:

~ 1
the local minimum of E{,(o is ()1,
the local minimum of Eéfl is 2. (4.49)
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Ero(l) = PESS (), and Ef (1) = o®EGY (D),
we have the following statements

o7 . = . L =K
if /is a local minimum of EY , then is [ also a minimiser of E(Ig%),

if [ is a local minimum of Eé,(l, then is [ also a minimiser of E(Iéf‘;). (4.50)

Combining (4.49) and (4.50|), we see that

1 .
\/5(1—08)1 is the local minimiser of Ef, () and that

a\/% is the local minimiser of E(T[)’ )

€

Proposition 4.11. The function from (0, =5

| to R given by
EF(h(K)) — EX(I(K)) (4.51)

has a unique zero called Kq, is strictly decreasing and strictly positive for K < K.

L
72>

function changes its sign, so it must have a zero. (For K =

we see that the continuous

31
1 : i
approximations EX (I;(K)) ~ EX(I5(K)) ~ 0.25) For uniqueness we show that the
function (4.51)) is strictly decreasing. Therefore we consider its first derivative. Since

for a fixed K we have

Proof. By evaluating the function for K — 0 and K =

we have the following

SEEMN) =0 | forl e {li(K),l(K)},
we obtain

LEXU(K) =1;(K) ,for i€{1,2} and K € (0] (4.52)

By Proposition l1(K) < lo(K) for all K € (0, 2] and hence the first derivative

of (51)) is negative for all K € (0, =]. O
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4.3 With terminal condition

We consider the zero sets of all functions in (4.3). By definition, the zero set of

hi, is the union of the interval [[,r] and the zero sets of the minimisers hgg’lg)

hEé}Sl). To obtain the zero set of hEé;DT)’l) we use that, by definition of hgf_rﬁ’f())), we

have

and

(1-r,1) 3 (1-r1)
h((),b) (f) = h(b775,0)(2 —r—=£).

So we only need to consider the zero sets of hgz’z)) for a = (b,—p) and r € Ry.
Shifting this zero set back into the interval (1 —r, 1) we get the zero set of hgég)’l).
The zero set of hggzg)) for a € R has already been studied in Proposition

Using this we see that the zero set of a minimiser is the union of at most
five disjoint sets. For the following study we reformulate this as follows: If h is a

minimiser of £ in Hy, then h is an element of one of the following sets:

My = {hy | r € RY),

My = U {hiy | L+ 7 <1, hy, has one zero in (0,7) and one in (1 —7,1)},
reR4

Ms = U {hyy | L+ 7 <1, hy, has no zero in (0,1) and no zero in (1 —r,1)},
reR4

My = U {hi, | L+ 17 <1, hy, has one zero in (0,7) and no zero in (1 —r,1)},
reR4

My = U {hi, | L +r <1, R, has no zero in (0,!) and one zero in (1 —r,1)}.
reR?*

In Figure [4.4] we illustrate one element of each of this sets. We like to study the sets
S; := {(r,J) € R® | there is a h € M, that minimises & in H,},
for i € {1,2,...,5}. Therefore we use that

E(hiy) = 23(9)% + 39 + 2] —7(J)(1 =1 —r) + 2[3(2)? - 3% + 5%, (4.53)

We denote the right hand side of (4.53), which is defined for all (I,7) € R%r, by
E7(l,7) and note that by (4.13) we have

E™(l,r) = Ef, oy (1) + E}y_gy(r) — 7. (4.54)

(a,0)

The local minimisers of E™ are the pairs (I,r), where [ is a local minimiser of Ez'a )

. . . . ~7—
and r is a local minimiser of E(b,_ 8
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Figure 4.4: These are sketches of possible minimisers of £ in H, (for a definition
of &, see ): A minimiser either does not pick reward (I), or picks reward and
crosses zero twice (II), or picks reward with out crossing the zero line (III), or picks
reward and crosses zero only once (IV) or (V).
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For a local minimiser (I*,7*) of E™ we show the following: The function
h(p y+y is a minimiser of £ in H, if and only if the following three conditions are
satisfied:

I+ <1, (4.55)
ET(l*,1*) < E(hy), (4.56)

and

E7(I*,r*) < E"(l,r), for every local minimiser (I,7) of E” that

satisfies (4.55) and (4.56)). (4.57)

The argument for this equivalence is analogously to the argument for the three
conditions , and : The three conditions are necessary, because
if one of them is not satisfied the function A« ,+) is not a minimiser. Now we show
that the conditions are sufficient. First of all note that by the first two conditions
the set {h;, |l +r < 1} contains a minimiser. Then note that for all [, r such that
[+ r =1 the functions h;, satisfy, by , E(hiy) > E(hy). So if a local minimiser
(I*,7*) satisfies all three conditions the function A« ,« is a minimiser of £ in H,.

Additionally, the function h, is a minimiser of £ in H, if and only if there is
no local minimiser satisfying and or if hg« ) minimises & in Hy but
E7(l*,r*) = E(hy).

We shall not study the set M™* in full detail for all possible boundaries r. We
restrict ourselves to the following symmetric boundary conditions r = (a,a) where
a=(a,—a).

In the next four subsections we consider the following subsets of the param-

eter space
e {(r,J) € R®| ris symmetric withw € (0,00) and s = —1},
e {(r,J) € R® | ris symmetric withw € (0,00) and s = 1},
e {(r,J) € R® | ris symmetric with a = 0},
e {(r,J) € R® | ris symmetric with a = 0}.

We now discus two results that we use for the first two subsections. The
boundary conditions that we consider in these two sections are convenient because
they allow us to formulate a dual problem that is directly related to the dual problem
that we are using in Section We now present this dual problem.
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Proposition 4.12. Ifa # 0 and o # 0, let w = %, K = 1(J)(%)? and s =
sgn(aa)). We have:

A function h is a minimiser of £ in H g ) if and only if

9(&) = gh(we) (4.58)

is a minimiser of E& in H(s5)(0,w™"), where § = (1, —s) and where E : H 5 — R
is given by (4.15).

Proof. Analogously to the proof of Proposition O
Now we proceed as in Section We consider the sets
S;=T(S;) ,for ie{l,2,...,5},

where T is the map such that T'(a,J) = (s,w, K). Analogously to (4.17) we have
that h;, minimises £ in H(, 3) if and only if gj,)-1 ;,,~1 minimises EE where, for all
(I,7), such that [ +r < w™1,

0,1
hES,O))l(f) ) for €<,
R (N
0 , otherwise.
Since
EX(g,) = EX() + EX(r) — Kw ™, (4.59)

we obtain, analogously to Corollary the following corollary.

Corollary 4.13. We have

s,w,K) € {1,—-1} x R | forl = la( , g1 minimises EX Y,
K)e{1,-1} xR | forl = Ily(
wK)E{l 1} x R, | forl = Ia(s,
w, K) (

€ {1,-1} xR, | forl =

)

), gir minimises EX Y,
), gir minimises EX Y,
)

s
S, , g1 minimises EX Y,
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and

SoNR={(a,J) eR | forl=1Ix(a,J),r=1a,J), hi,is a minimiser of€ in H,},
SsNR={(a,J)eR | forl=1Ul(a,J),r=1(a,]), hi,is a minimiser of€ in H,},
SiNR={(aJ)eR | forl=1l(a,J),r=1(a,]), hi,is a minimiser of€ in H,},
SsNR={(a,J)eR |forl=1Ul(a,J),r=1Ia,J), hi,is a minimiser of€ in H,},

where we use

R:={(a,J) €R®|w € (0,00)}.
4.3.1 Symmetric boundary condition where a # 0 and aa < 0
Since s = —1 in this subsection we identify (—1,w, K) with (w, K).

Proposition 4.14. We have (see Figure [4.5)

Si={(w,K) e R, | K < G(w)},

Sy = {(w, K) € (0,%] x Rsp | G(w) < K < K},

S3 = {(w,K) € (0,@] x Rso | K > K}
U{(w, K) € (1, 00) x Rsg | K > G(w)},

Sy =S85 ={(w,K) € (0,0] x Rsg | K = K},

where

e forw e RT,
Glw) = K—Q’*('LU) , for w € (0,w],
Kl*(w) , for w € (w,00),

)

e forw € RY and i € {1,2}, f(l*(w) is the unique value for K such that for
I = 1,(K)
Eu (gi-0) = €1 (95), (4.60)

if there is no such K set K; .(w) = oc.

e W is the unique value for w such that
Ky . (w) = Ko (w), (4.61)
o K := Ky .(0).
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1072

Figure 4.5: This figure illustrates Proposition u It is a graph of the functions
K = K;. (blue) and K = Ky, (red) and of the sets Sy, ..., S5 in the (w, K)-
plane for s = —1. The grey area corresponds to the set S; Where the minimiser
does not pick reward (in this set the minimisers have a form like the sketch (I)
in Figure [4.4] E the area filled with lines going from north to west (including the
dashed line) corresponds to the set S3 (in this set the minimisers have a form like
the sketch (III) in Figure 4.4 [4.4), the area filled with dots (including the dashed line)
corresponds to the set 5’2 (in this set the minimisers have a form like the sketch (II)
in Flgure E S, and S5 coincide and are the intersection of Sg and 53, i.e. the
dashed line (in these sets minimisers appear that have forms like the sketches (IV)

and (V) in Figure .

We prove Proposition after the following corollary.

Corollary 4.15. Fiz (a,a) € R? such that a # 0,a # 0 and sgn(aa) = —1. Let

r = (a,a,a,—a), M*(J) be the set of minimisers of £ in Hy and w = ||i| We have,

1. forw < w
({7} or 7(J) < (8)°Glw),
{hr, g 1 } , for 7(J) = (§)*G(w),
M(T) = < {0} , for ($)?°G(w) < 7(J) < (§)°K,
{hasans ay gy Mg as iy} 5 for 7(J) = (£)2K,
{Pay 0y} , for T(J) > ($)°K,
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2. forw=w

{he} ,Jor T(J) < (5)*G(w),
M) = e by gy by s Pag s Pap 1} 5 for 7() = (5)°K = (5)*G(w),
{hll,ll} ’ fO?” T(‘]) > (%)QK’

3. for w > w

{h} , for 7T(J) < (
M*(J> = {hrahll,ll} ) f07" T(J)

{hh,ll} ’ fOT T(J) > (

I
gle gl gle
=
2
g
:—/

Proof. We obtain this corollary by combining Proposition with Corollary
O

Proof of Proposition [{.1
Step 1: The values (—f{i,*(w))ie{m} and w0 are well defined. This follows analogously
to Step 1 in the proof of Proposition Note that we also have K = K.

Step 2: To determine (5;);cf1,2,... 51, we need to decide whether g; - is a minimiser of

EEK . Therefore we transform the conditions (#.55)), (4.56) and ([#.57) (these are nec-

essary and sufficient conditions for h;, to be a minimiser of £ in Hj,) into conditions

for g1 yyp1-

e Condition (4.55) turns into

4 <wl (4.62)
e Condition (4.56) turns into
EE@ ) — Kw™' < &8 (gs2), (4.63)
where
EX(@1*,r*) = EX(*) + EX (7). (4.64)
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—1

X (ges) = 1 / (0. (€))2de
0

1
=} [ (€7

EX(*, ) — Kw™! < 2w, (4.65)

e condition (4.57)) turns into

EX(1*,r*) < EX(1,r), for all local minimiser (I,r) of EX

S
that satisfy (4.63) and (4.65)). (4.66)

Hence if (I*,7*) is a local minimiser of EX, the function gr »+ is a minimiser of £X
if and only if (I*,7*) satisfies (4.62)), (4.65)), and (4.66)).
Step 3: We consider S;. As in Section it is more convenient to study S’f because

(w,K) € S’f if and only if gs 5 is not a minimiser of EEK: and Js,5 is not a minimiser

of EK if and only if there is a g, that satisfies EX(g;,) < €X(gss). So we have
(w, K) € 5% if and only if for at least one pair (i,5) € {1,2} x {1,2} the following
two conditions are satisfied for (I*,7*) = (;,1;)
e condition (4.62) and
e condition (4.65)) with strict inequality.
Fix (i,j) € {1,2} x {1,2}. The area in the (w, K)-plane in which (4.62) is

satisfied is given as

1

- <
{(w,K) e Ryox Dy j |w < LK) + 4 (K)

1, (4.67)

where D; ; := D;NDj; and the area in which (4.65)) is satisfied with strict inequality
is the set
{(w, K) € Ryg X Di,j | 2w? — ESK(ll, lj)w + K > 0} (468)

For fixed K, the quadratic function
w i 2w? — EX (1, L)w + K (4.69)
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has two zeros, namely

and

K1, 1) +\/ (li,1,)]2 — 8K

wi) —

Since the function in (4.69) is strictly positive if and only if w € (O,U)gi’j )) U
(wg’j ), o0), the set in (4.68)) coincides with the set

{(w,K) € Rog x Dy ; | w e (0,0l (K)) U (i (K), 00)}. (4.70)

In Proposition below we show that w§i’j)(K) and wéi’j)(K) are elements of R
for all K € D; ;.
The intersection of (4.67) and (4.70) is given by

{(w, K) € Rog x Dyj | w < ey w < wi ) (K)}

U{(w, K) € Rog x Dy | i (K) < w < (4.71)

R R) )

where the second set is empty if wéi’j )(K ) > I

m for all K € D; ;. Since we
have by Proposition that

WK < i < wS?(K) L for K €Dy,

the set (4.71) coincides with the set
{(w,K) € Rog x Dy j | w < w!™ (K)}. (4.72)
By using a result that is analogous to (4.34]), we obtain that

Si= U {wK)eRugx Dy | w < wf(K))
(4,9)€{1,2}x{1,2}

{(w, K) € Roo x (0, 75] | w < Gaeliaxizy o

U{(w, K) € Rsg x (&, 00) | w < wi™P(K)}. (4.73)

727
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By Proposition [£.23] below, we further get

G (Y = w2D(K) for K %
(i,j)egl,g]?(x{lg}wl ( ) wy ( ) , 10r 6(0,7]7

@9) (1) — D (R ‘ KoK L
(i,j)G{r{}g])»(x{LQ}wl ( ) wy ( ) , Ior (7, 72],

and henceforth

8¢ = {(w, K) € Rog x (0, K] | w < wi* (K)}
U{(w,K) € Rog x (K, 00) | w < wi™V (K)}. (4.74)

Now we use the inverse function of K wli’i) (K) for K € D;;. Therefore we
show that w§i’i) (K) coincides with the inverse of K; .. Fix i € {1,2} and K € D;;,
we seek a value w € Rsg such that K = K .(w). By definition of w — K .(w) the
value K solves (4.60). So it is necessary that w™! > 2I;(K) because otherwise the
function g« ;= in is not well defined. Furthermore since for I* + 7* < w1 we
have
EX(gpe ) = EE (1", r*) — Kw ™.

the value w has to be a zero of (4.69)) (recall that the value of the function (4.69)) is
the value for K such that (4.63) is satisfied with equality). Now we know that (4.69)

has two solutions wgi’i) (K) and wéi’i) (K). But by Proposition4.21 wgi’i) (K) > 21%1()

and wéi’i) (K) = ﬁ if and only if wgm)(K) > 2li%K)' So the only w that solves

K = K, (w) is wl")(K).
As w&z’z)(K ) is continuous and invertible, it is either strictly increasing or

decreasing. By evaluating w%i’i)(K ) for two values for K, we see that wgi’i)(K ) is

strictly increasing. So I%H is also strictly increasing.

Applying that the increasing function KZ* is the inverse function of wgi’i) (K)

to (4.74), we immediately get that

5¢ = {(w,K) € (0,0] x Rog | K > Ko.(w)}
U{(w, K) € (ib,0) x Rsg | K > K} .(w)}
={(w,K) e R%, | K > G(w)}. (4.75)

Step 4: We consider the remaining sets (gi)i€{2’374’5}, and we shall first consider

their union. By the definitions of (S;);c(2,3.4,5), this is the union of all (w, K) such

that {g;, | I +r < 1} contains a minimiser of EX. By definition of G(w), we have
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that

U 8 =5 U{(w,K) € B2 | K = G(w)}.
i€{2,3,4,5}

To distinguish between the sets (Si)ie{27374,5}, we use, as in Section H, that
K = K. We outline our arguments only for the set Ss. Since 21;(K) < w™t, we
have (w, K) € Sy if and only if (w, K) € Uieg2,3.4,5) S; and

ES (L(K)) = Ef (I2(K)).
But this is only possible if K = K and hence we obtain that

Si={(w,K)eR*|K=K}n |J S
1€{2,3,4,5}

= {(w,K) € (0,0] x R>o | K = K}.

4.3.2 Symmetric boundary condition where a # 0 and aa > 0

Since s = 1 in this subsection we identify (1,w, K) with (w, K). All proofs in this
subsection are analogous to the ones in Section [£.3.1]

Proposition 4.16. We have

S1={(w,K) €R% | K < Ki.(w)},

S3 = {(va) € R2>0 ‘ K > Kl,*(w)]W

where, for w € Rsq, the value IA(L*(w) is the unique value for K such that for
I*=1(1,K) we have (4.60)).

Corollary 4.17. Fiz (a,a) € R? such that a # 0,a # 0 and sgn(aa) = 1. Let

r = (a,a,a,—a), M*(J) be the set of minimisers of £ in Hy and w = % We have,

{he}  for T(T) < (5)7 Ky (w),
M*(‘]) = {hl‘v hlhh} s fOT T(J) = (%)2[%17*(’(0),
{hll,ll} s fmn T(J) > (%)2R1,*(w)
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4.3.3 Symmetric boundary condition with a =0

We consider symmetric boundary conditions such that a # 0 and a« = 0. Fix
J € R. Since, by Proposition E;(J) has at most one local minimiser, namely

1
li(r(J),a) = \/a(%)l, the set of possible minimisers in (4.3 turns out to be the

set
M = {hy | 20 <1} U {hy}.

By (4.2), all functions h;; are elements of M3. So all parameters (a,.J) that we
consider in this section are either in S; or S3. The parameters (a,.J) are in Sy if

and only if

201 <1
2E1 (1)) < (). (4.76)

this conditions are equivalent to the conditions

7(J) > 288a?
r(J) > 2

We have thus shown the following proposition.

Proposition 4.18. We have

S3NX = {(a,J) € X | 7(J) > 2030y

9a?

and
SINX ={(a,J)eX|r(J) < 23Ty

9a2

where we use
X = {(r,J) € R® | ris symmetric witho = 0}.

4.3.4 Symmetric boundary condition with a =0

We consider symmetric boundary conditions such that ¢ = 0 and « # 0. Let X be

the set of this boundary conditions.

Proposition 4.19. We have

S3NX ={(a,]) € X|7(J) > 32a%},
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and

S1NX={(aJ)eX|r(J)<32?%.

Proof. This proof is analogous to the one of Proposition .18 O

4.3.5 Collection of remaining proofs

We collect in this subsection remaining proofs for auxiliary statements used in the

previous subsections.

Proposition 4.20. For all (i,j) € {1,2} x{1,2}, the values wgi’j)(K) and wéi’j) (K)
are in R for all K € D; ;.

Proof. Fix (i,7) € {1,2} x {1,2}. The values wgi’j)(K) and wéi’j)(K) are in R for
all K € D, if and only if the function given by K — [EX(1;,1;)]? — 8K is positive

in D; ;. This function is positive if and only if
1.
§E§(li, ;) — V2K (4.77)

is positive. To see that the function given by (4.77)) is positive we consider its first

derivative,
2 V2K

We have

e for i = j = 1, the derivative (4.78)) has exactly one zero in R~y namely K = %
(to check this note l1(3) = 2); it is positive for K < % and it is negative for
K> %;

o for i = j = 2 the derivative (£.78) has exactly one zero in (0, =] namely
K = 2 and it is positive for K < 2;

e for i # j the (4.78) is positive for for K < % because 201 < I + 1o for K < %

These properties of the derivative have the following consequences on the properties

of the function given by (4.77):

e for ¢+ = 5 = 1, the function has a local minimum at K = % and hence,
since (4.77) has a zero at K = %, the function given by (4.77)) is positive for
all K S R>0;

e for ¢ = j = 2, the function is strictly increasing and hence, since the expres-
sion (4.77]) converges to zero for K — 0, the function given by (4.77) is positive
in (0, &].
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e for ¢ # j, the function is strictly increasing and hence, since the expres-
sion (4.77) has a positive limit for K — 0, the function given by (4.77)) is

positive on (0, =5].

O
Proposition 4.21. We have:
1. For (i,5) # (1,1):
Wi (K) < m <w$N(K) , for K €(0,%). (4.79)
2. For (i,7) = (1,1):
of V) < gty <wdU(K) L for Ke(0.F),  (480)
1, 1,
Wi K) = oty =wy(K) L for K =4, (4.81)
o E) < gty <wi(E) L for Ke(fioo)  (482)

Proof. By the definitions of wgi’j ) and wéi’j ) we have wgi’j ) < wéi’j ). To show the
remaining two inequalities we consider the following cases.
Case (i,7) # (1,1): First of all (£.79) is satisfied for K = 5. To show that (£.79) is

satisfied for all other K € (0, %], we show that the graph of the continuous function

Qlej never intersects with any of the graphs of the continuous functions wgi’j ) or
)

e
that

. We prove this by contradiction. Fix v € {1,2}. Suppose there is a K such

rwEr = e (K), (4.83)

let w = w™ )(K ). Then, by definition of wi ), we have

L+l =w", (4.84)

uvjfl
EX(gu) =Koy ). (4.85)

By (4.84), the zero set of g;, ;, has Lebesgue measure zero and hence by (4.85)

we have
0, 1)
S?

at, =g - (4.86)

By Proposition (#.22) below, (4.86) is equivalent to (w,1;,1;) = (%,2,2). Since either
i =2 or j = 2, we necessarily have lo(K) = 2. This is a contradiction, because by

Proposition [4.5] I2(K) € (6,00) for all K € Rx.
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Case (i,5) = (1,1): We start by showing . We do this by evaluating the
functions; using the fact that ll(é) = 2 makes this evaluation handy.

To show the remaining two statements note that for K = 8% is satisfied,
and that for K = % is satisfied. To show that the statements are satisfied for
all other values of K, namely K € (0, %) and K € (%, o0), we show that the graphs of
the three functions w(l’l)(K), wél’l)(K) and ﬁ[{) intersect only in (w, K) = (ia %)
We do this again by contradiction. Fix v € {1,2}. Suppose there is a K # % such

that

2l1%K) = wi"V(K), (4.87)

let w := wqgl’l)(K ). Exactly the same steps that lead us from (4.83)) to (4.86) lead
us from (4.87) to (4.86]) again. By Proposition (4.22) below, (4.86)) is equivalent to
(w,l,11) = (,2,2). But as K # 3, [;(K) # 2. Hence we have a contradiction.

O

Proposition 4.22. The equation

gixr* = g1,-1,1,1 (4.88)

is satisfied if and only if (w,l*,r*) = (,2,2).

Proof. We show that (w,l,7) = (%,2,2) is a necessary condition for (£.88). Since
1

the function g1,—1,1,1 has the line at £ = %w—

symmetry only if [ =r = %wil the condition

as axis of symmetry and g; , has this

w !, (4.89)

— =1
l=r=3

_, has a zero at %w_l, while g1 11,1, that satisfies by

is necessary. Since g1 _,
i’u)

1
7§w
definition

g1,-1,11(§) = hfffu_l,w_l(fw),

has, a zero in fw™! (if and) only if w = 1, we see that (w,l,r) = (§,2,2) is a

necessary condition for (4.88]).
Clearly (w,l,r) = (i, 2,2) is a sufficient condition for ([4.88]). O

Proposition 4.23. We have

Wi < P < w2 o K < K, (4.90)
w§1,1) _ w§1,2) _ w§2,2) , for K =Ky, (4.91)
wgl,l) S wgl,z) > w§2y2) . for K > K. (4.92)
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Proof. Fix K € Rsg. In order to apply Proposition [.11] we use the function given
by
E - VE? -8K

E
- 1

(4.93)

First of all note that, for all (7,7) € {1,2} x {1, 2}, wgi’j) coincides with the image of
the sum EX(I;) + E¥(1;) of the function ([4.93). Since the function is strictly
decreasing in E > /8K (check that the first derivative is negative for all E), we
apply Proposition in the following way:

o for K < Ko we have EX(l;) > E¥(l) and hence
ER (1, 1) > EX (13, 1) > EX (I, 1p),

so by the monotonicity of (4.93]) we get (4.90)).

o for K = Ky we have EX(I;) = E¥(I) and hence
EX (11, 1) = EX(I2, 1) = E¥ (I, 1);

so by the monotonicity of (4.93) we get (4.91)).

o for K > Ky we have EX(I;) < EX(I) and hence
EK(ll,ll) < EK(lg,ll) < EK(ZQ,ZQ),

so by the monotonicity of (4.93) we get (4.92).
O

4.3.6 Remarks on how to deal with general boundary conditions

To describe the behaviour of the interface for non symmetric boundary conditions

we define a list of critical values.

Definition 4.24. Fix r. Let

C'1.1(r) be the unique value for C such that [y

)

(
C1,2(r) be the unique value for Csuch that iy
(
(

Ca1

)

r

C55(r) be the unique value for C such that [y

)

)
)
)
)

(
(

be the unique value for C'such that lo(C,a
(
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and let

C1.1.4(r) be the value C' > Cy ;1 (r) such that ES (1, (C, a)) + ES (11(C, b)) — C = Ei,
C12.4(r) be the value C' > O o(r) such that ES (11 (C, a)) + E (12(C, b)) — C = Ei,
Cy.1.4(r) be the value C > Cq 1 (r) such that ES (Io(C, a)) + ES (11(C, b)) — C = E,
C.2.4(r) be the value C > Cqo(r) such that ES (Ix(C, a)) 4+ ES (I2(C, b)) — C = E;.

The values C; j(r) are the critical values for hi;1; being defined at all. The
values C; j «(r) are the critical values such that for C > C; ; .(r) the minimiser has
a smaller rate than h,. The behaviour of the interface depends on the ordering of

these 8 critical values and additional on the solutions of
ES (1i(C,a)) + ES(1;(C,b)) = E{ (In(C,a)) + ES (In(C, b)) (4.94)

for all (i,7,m,n) € {1,2}*. The solutions of (4.94]) are the critical values at which
two local minimisers have the same rate.
To demonstrate how the phase transition is determined using these critical

values we pick the arbitrary boundary condition r = (0.1, —40, 1, 40).

Example 4.25. For r = (0.1, —40, 1, —40) we have

{h:e} ,for  7(J) < Ca1.4(r),
{he, hyy(c 0,0 (00 } for  7(J) = Co1,4(r),
M (J) = § {hiy(ca) (b)) yfor  Cou(r) <7(J)<C, (4.95)
{hiyca)inep)s P ca)nopy ) for 7(J) =C,
P ca)ncp)} ,for 7(J)>C,

where C' is the value for C such that ([4.94)) holds for (i,j,m,n) = (2,1,1,1).
Statement (4.95]) is true because

C11 =~ 3.8 x 10?, Ci1.~ 2.5 x 108
0271 ~1.4x 104, C2717* ~ 3.3 x 104,
C ~ 2.66 x 10°.

and hence
Co1s <Cri.<C.
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Chapter 5

Outlook and conclusion

We give possible approaches for dealing with the concentration problem (see Sec-
tion |5.1)) and describe some of the problems related to the wetting model (see Sec-
tion . Then we give a conclusion to this thesis and mention possible future

projects.

5.1 Concentration

A topic to which the results of this thesis can contribute is the study of the limits
lim 4y (Bj), (5.1)
N—o00

where Bs is a small ball around a minimiser of the rate function 3] of the model
with pinning (see Theorem . If the minimiser is unique, then the from
Theorem implies that this limit is one. But if the minimiser is not unique the
[LDP! is not sufficient to determine the limit.

If the rate function has M € N minimisers let (B;);c1,2,...,1y be M suffi-
ciently small balls around these minimisers. We say that there is a coexistence of
empirical profiles if for at least one ball B; the limit with Bs = B; is in (0, 1).

If all but one limit are zero we say the empirical profile concentrates on the min-

-----

imiser in the ball B; for which the limit is non zero. For the gradient model the
concentration problem has been studied in [5].

For the Laplacian model, we consider the following problem: Fix a € R\ {0}
and let r = (a,0,a,0), furthermore let J be such that there are two minimisers
{h,h}, where h = a and h picks reward in [I1,1 — [;]. Such a reward J exists by
Proposition

We claim that the limit is zero if the ball By is around the minimiser h
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and one if the ball is around h. Our approach to prove this is similar to the approach

of Bolthausen, Funaki and Otobe [5]. We consider the limit of the following quotient

Z%

5 (B) g%rv(B)
r(B

=z : 5.2
S "

where B is a ball around h and B is a ball around h. Considering this quotient is
sufficient because by the [LDP| we get

i (35(B) + 35 (B)) = 1.

—00

Hence the limit of the quotient (5.2) is zero if and only if the limit of (5% (B))nen
is zero.

In the following we consider the right hand side of ([5.2]), because by the
expansion (|1.6)) we have

Zr
Z]rv’ﬁv(Ba) = Z P28 A5 (Bs), (5.3)
N N PCAN

where ¢ = ¢™V (for the definition of Y™ see ) Note that for the boundary
condition r = (a, 0, a,0) we have Z% = Z%.

Using we see that the limit of the denominator of the quotient on the
right hand side of is one: For Bs = B the only non zero term on the right
hand side of is the one for P = (). This term coincides with 7}’{’,([3) =N (B)
and hence by the for (v} ) nen the limit of the denominator of the quotient on
the right hand side of is 1.

Thus we only consider the numerator on the right hand side of . We
claim that for B; = B we can neglect some of the terms on the right hand side
of without having an effect on the limit. The idea is that a typical empirical
profile in B should pick reward in an interval [t1, 1 — t2] such that ¢; and ¢o are near
to Iy (recall that I; is the infimum of the zero set of h). We expect these profiles to
be typical because the rate function 37 for such profiles is close to zero while the
rate function for other profiles in Bis strictly positive.

Based on this idea we conjecture that the typical contact set P of an interface
in B should be such that psx = minP is close to NI; and such that p* = maxP is
close to N — Nl;. Furthermore the set P should have a cardinality of order N. For
the empirical profile, we also expect that the gradients where the profile enters and

leaves its zero set coincide with zero. So a typical set P should contain at least
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two more points, namely one in a small distance from p, and one near to p*. It is
plausible to assume that the next point after p, is within a distance of order N*

where x < 1, because then the slope of the empirical profile at &t is zero for large

N
N.

To formally describe the typical profiles we define sets D, o, 1, 5,) for vec-
tors (t1,s1,t2,52) such that (t1N,s;N,taN,soN) is a vector in Z*. We let P €
D¢, s, ta,50) if Px = Nt1, p* = N— Nty and min P\ {p.} = N(t1+s1), maxP\{p*} =
N(1 —ty — s9). Fix k1 < 0 and ko < 0. A sets P is typical if it is an elements of
D4, 51 ta,50) for (t1,51,t2,52) such that (t{N,s;N,taN,soN) is a vector in Z* and
such that

|t1 *ll‘ < N”l,O <s1 < N'LQ,
Ity — 11 < N™,0 < 55 < N*2, (5.4)

Let W be the set of vectors (t1, s1,%2,52) such that N(t1, s1,t0,52) € Z* and
are satisfied.

We claim that there are values for ki and ks such that we can drop the
terms that correspond to the not typical P from the right hand side of and
still obtain the same limit. In other words we claim that we can neglect the terms
y for (t1,81,12,52) € W.

To simplify the sum over the terms that we do not neglect, note that

that do not correspond to one P € Dy,

51,812,852

1 JIPl ¥ W _ 1

N

—H
/ € Ndm(tl,sl,t2,82)7 (55)
B
PED(tLSl,toSQ) o

where

Ay sy tnsn) =€ [[(Aoi +e’d0(d i) [[ doi []  du(d0),

i€l 1EF\E i€{-1,0}UE

and where

F:={N({ti+s1)+1,Nt1+s1)+2,...,N(1 —to —s9) — 1},
E = {Ntl,N(tl +S1),N(1 —t2), N(1 —to —82)}.

Now we apply the splitting property with lag 2 to the right hand side of .
Therefore we consider the sites U := {Nt; + 1, N(t1 +s1) — 1, N(1 —t2) — 1, N(1 —
to — s2) + 1}. Similar to the proof of the upper bound in Section we apply a
generalisation of the law of total expectation to the right hand side of : The
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right hand side of (5.5)) coincides with

w’U ¢’U va w’u w’l}
/ / / /ZL Zg Zy Zg, 2R
By JBs JBs JBy

<AL (B (B (B (B)vy (B)dundvsdvgd vy, (5.6)

where
Bl [N2 (Nt1+ ) (5N2 N2h(Nt1+1)+5N2]
By 1= [N2 (N( 1+s1)— ) 5N2 N2h(N(t1+81) )+5N2]
By := [N2j( X2t ) Ly — N2, N2p(MUS2hy 4 N2,
By = [N2p(Mtace)idy 52 N2 (N0t ily | 52
where
L:={1,2,...,t4N — 1},
Sp = {th—I—Q,Ntl +3,.. .,(tl —|—81)N — 2},
M:={(ti+s)N+1 {1 +s)N+2,...,(1 —t2—s2)N — 1},
Sy 1= {(1*tQ*SQ)NJrQ,(l*tQ*SQ)NjL?),...,N(l*752)*2},
R:={N(1—t)+1,N(1—t2)+2,...,N — 1},
and where )
WNE(i) | fori g U,
1 , fori = Nt1 + 1,
T/Jv(l) = § U2 s fori = N(tl =+ 81) — 1,
(OR] ,fOri:N(l—tQ—SQ)—l-l,
N ,fori=N(1—-1ty) — 1.

We use the trivial upper bound 1 for the probabilities in (5.6]) to obtain the

following upper bound

/ / / / 2y 2y 2y 28 28 dud vadvsd vy (5.7)
B1 JBy JB3 JBy

To deal with the partition functions, recall that in (2.25) we show that

Zr = G*HN(%)Z]%,
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where ¢p = ¢ n is the minimiser of the Hamiltonian in the set Hﬁv . Furthermore
recall that by Proposition we have

where p is a polynomial of degree 4.

Now we claim that the mass of the integral lies in a subset of the
domain of integration. Therefore fix a = such that 1 +#2/2 <z < 1. We claim that
for v = (v1,v2,v3,v4) with ||v]|c > N¥ the expression under the integral decays
exponentially, with an exponent of order —NY for a y > 1.

To justify this claim we study the scaling of the minimal value of the Hamilto-
nian Hx (¢r n); therefore we use the notation Hy (N%a, No, bLN?, BN) = Hn(dr N).
By Lemma we approximately have

HN(NQ(I,NCJZ,bN2,BN) ~ NQ((I,Oé,b,ﬂ),

where Q(a, a, b, ) = Q(hy) is the minimiser of @) in H,. Since («, 8) — Q(0, «, 0, 5)

is quadratic we have
H (0, NPa, 0, NP8) = N™"F2Q(0, ,0, 8) (5.8)

where we used that NP = N®NP~", Since s; and s; are smaller than N"2, the
partition functions for the sets S; and S5 dominate the behaviour of the integral if
||v]|oo > N*: To see this note that by our approximation this partition functions
decay exponentially with an exponent of order —N~**2P where x = 1+ k2 (because
|S1| &~ Ns; < N'*#2) and p = . Since 1 +#2/2 < x < 1 the exponent is of order
— NV for some y > 1.

Restricting the domain of integration in (5.7)) to ||v]| < N¥, substitut-
ing (v1,v2,v3,0y) by (v1v/Ns1,v2v/Ns1,v3v/Nsa, v44/Nsy) and applying Proposi-
tion and Lemma we expect that divided by Z% is approximately
equal to the following expression

N)
N2 p( _NE(tlth) //// _Q(U)
5182 \/p(tlN)p(slN)p(th)p(SQN) e e d vid vad v3d vy,
(5.9)

where

e the factor N2s;so stems from the substitution,
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e the square roots of the polynomials p are the ones form the partition functions

(see Proposition |C.1)),

e the function Q is a quadratic function that stems form the limit of the Hamil-
tonians in the partition functions for the sets S; and Sy (this term is of order

1 because of the substitution),

e and where the function E(t1,t2) is a function that has a local minimum at
(I1,11) (and that is approximately equal to a quadratic function in a small
neighbourhood of (I1,11)) it corresponds to the Hamiltonians in the partition
functions for the sets L, R, M.

Since Q is quadratic, the integral in the above approximation is finite.

Now we return to the study of the sum over all terms of the form such
that (t1, s1,t2, s2) € W. Recall that these are the terms that we claim to be the only
ones that we can not neglect in the sum on the right hand side of for B; = B.
Note that since p is a polynomial of degree 4 the limit of

p(N)

2
N o) p(ea)

is a constant.

To get an upper bound for the sum over all terms of the form such that
(t1,s1,t2,52) € W, we take the sum over the approximations in . We write this
sum as a product of a sum over the terms that depend on (t1,t2) and a sum over
the terms that depend on (s1, s2).

We first consider the sum over the terms in that depend on (t1,t2). To
obtain an approximation of order 1 we divide the sum by N. Using that E(t1,t2)

has a local minimum at (I1,;) and the Taylor approximation we approximately have

%Z Z e*NE(thtz)%%Z Z e*E(\/Ntlg\/ﬁtQ)

ty,to€W ti,toeW

%//661t%c2t§dt1dt2,

where ¢; is the second derivative of F in the ith direction at the point /1; note that
for this Taylor approximation we are using the grid points Z°/V/N.
Now we consider the sum over the terms in (5.9) that depend on (sq,s2).

Since we divide the previous sum by N we multiply this sum with N: Since p is a
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polynomial of degree 4, there is a constants C' such that

5159 - 5152
N2 \/p(S1N)p(82N)NCNZ 2 (s1N)?(s2N)?

s1,82€W s1,52€W

1
:CZ Z N3s159

s1,52€W

(5.10)

1 1 1 1
0 Y e o
\/NSIGWN& \/NSQEWNSQ
Since s1 € W only if 1N € Z, the fact that the sum

>

n=1

S

is of order log(NN) implies that the right hand side of converges to zero.

Our preceding discussion needs to be made rigorous, in particular the validity
of the approximation . Furthermore we need to prove that the sum of the terms
that we ignore actually converges to zero.

We make the following conjecture.

Conjecture 5.1. If the minimiser of the rate function of the Laplacian model is
not unique, the model concentrates on the minimiser that does not pick up pinning

reward.

5.2 Wetting

The model for the wetting interaction coincides with the model for pinning inter-
actions with the field being conditioned on having positive values. For the gradient
model Bolthausen, Funaki and Otobe [5] prove an LDP for the model with wetting
interaction. Analogously to the model with pinning interaction they prove the LDP
for the model with wetting interaction via the LDP for the models with J = —o0.

For the Laplacian model a study of the model with wetting interaction and

J = —o0 is the first step. This model is given by
W) = HY.

For the Laplacian model we expect that the rate function of the LDP for the model
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with wetting interaction and J = —oo is given by

— + +
Er,w(f) — Q(f) Q(Hr ) > for f € Hr ,

s , otherwise,

(5.11)

where H :={f € Hy | f(&) >0, for€ € [0,1]}. Recall that Q is given by

We give a proof for boundary conditions r = (a, a, b, ) with a > 0 and b > 0.
The key tool is that since v coincides with the measure 7% conditioned on having

positive heights, we have

rw r L (ANHF
N(A) = (A | H) = B, (5.12)

Step 1: We prove

lim  log vy (Hy) = —(QH;") — Q(Hy)). (5.13)

N—o00

We show that —(Q(H,") — Q(H,)) is an upper bound and a lower bound of this
limit. We start with the upper bound. Since H is a closed set, the LDP upper
bound of the model without pinning (see Theorem yields the upper bound

limsup g log vy () < ~I"(H) = —(Q"(H") — Q(Hy)).
N—o00

Now we show the lower bound. To apply the LDP lower bound of the model without
pinning we construct a suitable open set in H,'. If the boundary condition r is such
that the minimiser h; of @ in HJ has no zero, then we consider an open ball
B(h{,d) around this minimiser. We fix a radius § > 0 such that B(h;,8) C H,.
In this case the LDP lower bound of the model without pinning and the fact that
Q(h{) = Q(H,) yields the lower bound

lim inf - log y (H;F) > lim inf - log vy (B(hy', 9))
> =7 (h) = —(Q(H,") — Q(Hy)).

If the minimiser h; has a zero, then we show that for each ¢ > 0 there is a h,
that has no zero and that satisfies Q(he) < Q(h{) + e. Therefore fix a function
g € Hy that has no zero in (0,1). Since @ > 0 and b > 0 we see that for each
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A > 0 the sum b + Ag has no zero in [0,1]. Furthermore there is a A such that
Q(hf +Ag) < Q(hf)+e€. So for each € > 0 there is a A > 0 such that he = h +\g is
a valid choice. Since h, has no zero in [0, 1], there is a § > 0 such that B(h,d) C H .
As above the LDP lower bound yields the lower bound

lim inf ; log vy (H,") > liminf  log 7y (B(he, 9))
> =¥ (he) = —(QH,") — Q(Hy) +¢).

Since € > 0 was arbitrary we see that even if h; has a zero, we have the lower bound
—(Q(H;) — Q(Hy)). Note that for the existence of § we use that a > 0 and b > 0.
Combining this lower bound with the upper bound from above we see that
the claim is true if @ > 0 and b > 0.
Step 2: To prove that is the rate function of the LDP for the model with
wetting interaction, we verify that the LDP lower and upper bounds are satisfied.
So let C be a closed set in H,.. Since C N H;! is a closed set the LDP for the model
without pinning interaction and yield that

lim sup - log vy (C) = limsup + [log vx(C N H") — log vy (H; )]

N—oo N—oo

< limsup + log vy (C N H ) — liminf 4 log v} (H;")
N—oo N—oo0

< -¥"CNHY)+QH) — Q(Hy)
_ s (),

To make a similar argument for the lower bound we define H? := {f € Hy | (&) >
0, for¢ € [0,1]}. For open sets O the set O N H? is also open. So by the LDP for
the model with pinning interaction and by (5.12)) we have

l}\gr;iélof + log /3" (0) > l}ggof + log vy (O N HY)

= liminf 3 log v} (O N HY) — limsup + log vy (H;)
N—o0

N—oo
> YN (ONH?) +QH) — Q(H,)
> _yre(O).

So for a > 0 and b > 0 we see that (5.11)) is the LDP rate function for the
model with wetting and J = —oo. The generalisation of this approach to boundary

conditions that do not satisfy ¢ > 0 and b > 0 is an open problem.
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5.3 Conclusion

In this thesis we investigate for which pinning reward the pinning has an effect on
the empirical profile of the Laplacian model. Therefore we prove in Chapter [2[ an
[LDP] for the models without pinning. First we show an [LDP] for the integrated
random walk without terminal boundary conditions. For this [LDP| we use a more
general assumption than the random walk representation being Gaussian. Then we
prove an [LDP] for the integrated random walk with terminal conditions. Our main
tool is Mogulskii’s theorem. We use the formula for Gaussian bridges to extend the
[CLDP] for an integrated random walk to the [LDP] for an integrated random walk
conditioned on its terminal values.

In Chapter [3] we apply our results from Chapter [2| to obtain an [LDP]for the
model with pinning interaction. We see that it is sufficient to prove the lower bound
for open balls around a dense subset of H,, the so called well-behaved functions.
Well-behaved functions are more typical than not well-behaved functions in the
sense that in every neighbourhood of a not well-behaved function there is a well-
behaved function with smaller rate. For the upper bound we show that the measures
are exponentially tight. Hence we see that it is sufficient to prove the LDP upper
bound for compact sets. The main obstacle in the proof of the LDP upper bound
for the Laplacian model is that this model does not satisfy a splitting property with
lag 1. We use a generalisation of the law of total expectation to deal with the fact
that the Laplacian model satisfies the splitting property only with lag 2.

In Section [4] we study the minimisers of the rate function of the model with
pinning interaction. Therefore we determine a superset for the set of minimisers.
Then we transform the problem finding the minimiser into a dual problem. We
discuss the minimiser of the dual problem and transform them back into minimis-
ers of the original problem. Studying the minimisers of the [LDP| we see that for
small pinning reward and non zero boundary conditions the minimiser of the rate
function for the model with pinning interaction and the one for the model with no
pinning coincide, even if the pinning free energy is strictly positive. So for a small
pinning reward the pinning has no effect on the empirical profile. Furthermore for
each boundary condition there is a critical reward after which the empirical profile
behaves different than the one for the model without pinning. Depending on the

boundary condition the rate function can have up to five different minimisers (see

Figure .

Further projects
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In the case that the minimiser of the rate function for the model with pinning is
not unique, it is interesting whether there is a coexistence of the empirical pro-
files or whether the model concentrates on one minimiser. We already discussed an
approach for analysing the concentration problem if the rate function has two min-
imisers, see Section We expect that the results from this thesis could be used to
make the arguments from Section |[5.1| rigorous. Then we study the case where the
rate function has more minimisers. We conjecture that also for this case the model
concentrates on the minimiser that does not pick reward (see Section [5.1)).

A harder problem is the model with wetting interaction. Therefore we need
to study the logarithmic rate of decay of the probability that the heights are positive.
In Section we give the arguments for boundary conditions with @ > 0 and b > 0.
These arguments have to be extended to the case where a =0 or b = 0.

A further project is to study models with Hamiltonians such that the random
variables X1, Xo, ... from the random walk representation are non Gaussian. For the
gradient model Funaki and Otobe [18] prove the for Hamiltonians where the
random variable X is such that the log moment generating function and its Fenchel-
Legendre transform are finite and such that the Fenchel-Legendre transform is at
least three times differentiable. For these models they can not use the representation
of the Gaussian bridge process, instead they use a change of measure argument: To
do so they fix a piecewise linear function h. Then they perform a change of measure
such that the empirical profile of the new measures concentrates on h. To justify
that the new measure (see [I8, Proposition 5.3]) actually concentrates on h they
apply [23, Theorem 3.4]. Applying [23, Theorem 3.4] is possible here, because [23),
Theorem 3.4] is a result for the empirical mean of random variables and for
the gradient case the height differences of the field (without terminal boundary
conditions) are random variables. For the Laplacian model [23, Theorem
3.4] has to be generalised such that both the height and the velocity difference are
considered.

After all these problems are understood we can proceed to study the empirical
profiles for the Laplacian model in (d+1)-dimensions. For these models no integrated
random walk representation exists. Hence we can not use Mogulskii’s theorem to
prove the LDP for the model without pinning. Finally we can study the (d + s)-

dimensional model.
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Appendix A

Large deviation theory

We briefly summarise the results from the theory of large deviations that we apply
in this thesis. The main reference for the results presented in this chapter is the
book [I4]. Large deviation theory studies sequences of probability measures (i, )neN.

It aims to characterise the logarithmic decay, that is the limit of
Lloguy(Q), as N = o

by a so called rate function.

Definition A.1. Let X be a metric space and let (u,)nen be a sequence of prob-
ability measures on (X, B), where B is the Borel-o algebra for X. The sequence
(tn)nen satisfies an in X with rate function I : X — R and speed n if

1. for all open sets G C X,

liminf £ log i (G) > — inf I(x), (A.1)
n—o0 zeG

2. for all closed sets F' C X,

limsup & log 1, (F) < — inf I(2). (A.2)

n—00 zeF

The rate function I is called good rate function if the level sets of I, these are
the sets
{zr e X |I(z) <k}, fork € R,

are compact.

For the lower bound it suffices to establish (A.1]) only for open balls. But
for the upper bound it is in general not enough to prove (A.2)) only for the closed
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balls. For example consider the sequence (d,,)nen of delta measures at n € N. This
sequence eventually assigns the measure zero to any closed ball (with finite radius)
and hence the logarithmic rate of decay for these balls is co; while for the closed
set R the rate of decay is clearly zero. By only considering closed balls we ignore
non compact sets, from the previous example we see that this leads to an error if
mass vanishes at infinity. For sequences that posses the property given in the next

proposition this problem does not occur.

Definition A.2. A family of probability measures (f,)neny on &X' is exponentially
tight if for every k < oo, there exists a precompact set K, C X such that

limsup £ log py (Ky) < —k.

n—o0

The most important result from large deviation theory for our work is Mogul-

skii’s Theorem.

Theorem A.3. Let X1, Xo,... be a sequence of[i.i.d] real valued random variables
such that A(\) := log E[e**1] < oo for all A € R. Let

and let py, be the law of Zy, in L>°(0,1). The sequence (pn)nen satisfies in L>(0,1)
the [LDP| with speed n and good rate function

Sy A (f(©) e, for f € AC,

P(f) = | (A3)
o0 , otherwise,
where AC are the absolutely continuous functions.
Proof. For a proof see [14, Theorem 5.1.2]. O

The following result is known as contraction principle.

Theorem A.4. Let (fn)nen be a sequence of probability measures on X that satisfies
an [LDP| with rate function I. Furthermore let ® : X — Y be a continuous map,
where Y is a metric space. Then the sequence (u, o ®~ 1), en satisfies an with
rate function

inf I
nyléISy (l’),

where
Sy ={zr e X |2(z) =y},
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and where inf,es, I(x) = oo if S, = 0.
Proof. For a proof see [14, Theorem 4.2.1]. O

The following tool is used to obtain large deviation principles for sequences
that are exponentially equivalent. The authors of [14] define exponential equivalence

as follows.

Definition A.5. Let (), d) be a metric space. The sequences of probability mea-
sures (tn)nen and (fip)nen are exponentially equivalent if there exist probability
spaces ((2, By, Py))nen and two families of Y-valued random variables (Z,),en and
(Zn)neN with joint laws (P,)nen and marginals (g, )neny and (fin)nen, respectively,
such that the following condition is satisfied:

For each 6 > 0, the set {w | (Z,(w), Zn(w)) € T's} is B, measurable, and

limsup & log P,(I's) = —oo,

n—oo

where

Is:={(y,9) | d(y,g) >0} C Y x V.

Example A.6. Let (P,),en be a family of probability measures on a probability
space (€2, B) and let (f,)nen and (hy)nen be two families of measurable maps Q — )
such that

sup d( fn(w), hp(w)) — 0, forn — oo.
we2

Then the sequences (tin )nen and (jin )nen, given by p, = Pyof, ! and ji, = P,oh; !,

are exponentially equivalent.

Theorem A.7. Let (un)nen and (fin)nen be two exponentially equivalent sequences.

If (pn)nen satisfies an[LDP| with rate I then (fin)nen satisfies an[LDP with rate T

as well.

Proof. See [14, Theorem 4.2.13]. O
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Appendix B

(Gaussian measure

Let X = (X1,X9,...,Xn) be N € N normally distributed random variables with
expectations zero and covariance matrix C' := (Cj ;) (i j)ef1,2,...,N}x{1,2,...N}- Lhe law
of X is a Gaussian measure. We partition X into (Xq, Xp) := (X1,2,...n, Xn+1,..N)

and in line with that we partition C into

Ca,a Ca,b
Cha Chyp

If Cpp is invertible, then the distribution of X, conditioned on Xj; = 0 is a centered

Gaussian measure with covariance matrix
Caa — Ca,bcz;blcb,a;
see [I3]. A random vector that has this distribution is
X, — CmbC,;leb, (B.1)

where X, has a Gaussian distribution with expectation 0 and covariance C,, and
Xj has a Gaussian distribution with expectation 0 and covariance Cjp.

The random vectors X, — Ca,bCl: bl X and Ca,bCl: bl X} are uncorrelated. Since
this random vectors are Gaussian they are independent. An important consequence
of this is that for any ¢ € {1,2,... N} the variance of X; given X}, = 0 is smaller
than the one of the unconditioned random variable X;. To see this, we use that the
variance of the sum of two independent random variables is the sum of the variances

of these two random variables and that

Xog = [Xa - Ca,bcl;leb] + [Ca,bcl;leb]- (B'2)
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The map B : RV — RV given by
B(za, 1) = (Xa — CapCy, X, 0)

is a projection of RY onto Hy := {z € RV | z, = 0} because its range is Hy and
because B(z) = x for © € Hy. Furthermore the map B is the orthogonal projection
of (RN, < -,C~' >) to Hyp: Let y € Hy and let U := C~! where we partition U

analogous to C' | then
< (I — B)z, Cly>= xZ[C’a’bCZ;,}]tUaﬂya + :EZUb@ya,

where we use (I — B)z = (CopC, Xy, 25). By [13, Equation (4)] we have Uy, =
~[CuvCy U4, and hence < (I — B)x,C~ly >=0 for all z € RY and all y € H,.
Another property of the Gaussian measure that we use is the following upper

bound to its tails.

Lemma B.1. If X has a normal distribution with expectation 0 and variance o2,

then

1
P(X >2) < 2260,
v

Proof. Partial integration. O

115



Appendix C

The partition function

We derive a formula for the partition functions (£Z$)yen. The following result has
also been derived in [6, Remark 1.2]. In [6] this result is a corollary to a more general

problem.

Proposition C.1. For all N € N

where p: N — R is a polynomial of degree 4 given by
p(N) = 5N+ IN? + EN?+ LN

Since the Hamiltonian H n defines a N —1 dimensional Gaussian distribution,
we just have to check its precision matrix, that is the inverse of the covariance matrix,
has the determinant p(V).

By , the precision matrix, Ry, is the element of RANXAN given by

,

1, for j =1 — 2,
— 4, forj=1—1,
N 6, for j =1,
RN(Zaj):
— 4,for j=i+1,
1, for j =i+ 2,
0, otherwise.

We show that the sequence of determinants (det Ry)nen is a discrete polynomial of

degree 4. Therefore we use that a sequence (Dy)nen of real numbers is a discrete
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polynomial of degree 4 if and only if
(1-5)°Dy =0, (C.1)

where the operator S : RN — RN shifts the sequence D = (Dy)nen such that
S(D)ny = Dp41 (this equivalence is true for polynomials of all degrees, see [2]
Theorem 6.3.2]).

To make use of the criterion , we need to express the determinant of Ry
by the determinants of its four predecessors. We achieve this recursive expression
of det R by repeatedly applying the expansion by minors formula.

For the expansion by minors we only use certain properties of the sequence
(Rn)nen: we use that the matrices are symmetric pentadiagonal matrices such
that any two elements of the same diagonal have the same value, furthermore we
use that for two different matrices from the sequence the entries of two corresponding
diagonals are the same especially that the entries in the first and last diagonal are

always 1; in other words we use that Ry is an element of RN*N of the form

a b 1

b a b
My = My(a,b) = |1 1
b
1 b a

Expansion by minors is a suitable tool to get a recursive formula for (det My)nen

since (My)nen satisfies the recursion

. a b c a b ¢
Mi=a, Ma=1|" "1, My=1|b a b|=|0 :
b a M2
c b a c
(a b ¢ 0 0]
a b ¢ 0 b
M b M ¢ C.2
4 = c M3 ) N — 0 MN_l ()
_0 -

We present the recursive formula for (det My)nen in the next lemma. An obvious
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consequence of this lemma is that (C.1)) is true (just plugin a = 6 and b = —4).

Lemma C.2. Fora # 0,b# 0 and N € N let Dy = det My (a,b) then
Dy = (a — 1)DN_1 — (b2 — a,)DN_2 + (b2 — a)DN_3 — (CL — I)DN_4 + Dn_s, (C?))

with starting values D1 = a, Dy = det Ma(a,b), ..., Ds = det M5(a,b).

Before we give the proof of the lemma, note that it implies that (det Ry ) yen
satisfies the criterion (C.1)). Applying With (C.3|) for « = 6, b = —4 and for N =
M + 5 we get

0= —1Dpri5 4+ 5Dasiq — 10Dy 43 + 10D 9 — 5Dpry1 + Doy = —(1 — S)° Dy,

where we used that Dy, = S*(D)y and that the coefficients are the binomial

coefficients for the power 5.

Proof of Lemma[C.3 For N > 2, expansion by minors gives us
det My = adet My — bdet My + det My, (C.4)

where MY is the minor of My, that is the RW-Dx(N=1) ghtained from My by
deleting row = and column y. Only if we can express all terms on the right of by
elements of (Dy)nen, wWe can use to define a recursion for (Dy)neny. While
the recursive definition of My leads directly to det M ]1\,’1 =det Mny_1 = Dn_1,
there is no tool to make the same straight forward argument for the other two terms.
Actually, as we will see, det M ]1\,’2 depends on all Djy; with M < N. As this blocks the
most direct way we have to choose a more complex way: we introduce the helping
sequence (En)neny where Ey = det M ]1\,3_1 and apply expansions by minors to the
last two determinants on the right hand side of . We will prove firstly that

En=0DNn_1— EnN—1 (C.5)

and that
det My® = bEx_9 — aDy_3+ Dy _4. (C.6)

Before we give the proofs note that by combining (C.4)), (C.5)) and (C.6) we

get a recursion for the helping sequence (EN) Nen, where Ey = ETN, namely

EN = (a - 1)EN—1 — (62 — a)EN_g + (b2 — a)EN_g - (CL — 1>EN_4 + EN_5, (C?)
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We use to express EN+1 + Ey in terms of (E¢+1 —i—Ei)ie{N,LN,Q,mN%}. Since,
by , we have [EN+1 + E‘N] = Dy, we found an expression of Dy in terms of
(Di)ie{N—1,N—2,..N—5}- This expression coincides with .

Now we prove and . It is convenient to introduce a notation for
matrices which are obtained by only removing a row, lets say the row x. If My is
the original matrix we denote the matrix with deleted row x by Mf,’* analogously
the matrix with deleted column y is denoted by M™Y.

We prove by expansion by minors

b (b 5 1 0... 0
1
Ex_1=det [0 ML | =det [0

Mn—Q

0 0

b 1 0...
= bdet M,,_o — det ?7 0
M,

=bDy_g — 1det [0 M}

det My =det [0 My | =bdet MY, ] —det |0

= bdet |:M]1V72—1} — adet [MN_;;] + det My _q4,

for the last equation we used expansion by minors twice. ]
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Appendix D

Minimisers of the rate function
of the model without pinning
interaction and of the

Hamiltonian

We study the problem to minimise f — Q(f) = % fol(f(é))Q d ¢ in H, alongside with

a discrete approximation to this problem.

D.1 Minimiser of ()

A way to find the minimum of @) in H; is to derive the Euler-Lagrange equation;
but there is also a way that does not need any further theory: we find the minimum
by just analysing what it means to be a minimum of ) in H,. In the following
we use the second way because this prepares our discussion of the minimiser of the
Hamiltonian. Since for any f € Hy we have H, = {h+ f | f € Ho}, a function
hy € Hy is the minimiser of @) in H, if and only if

1
0< Qs+ 1) = Qi) = [ F©)hnl€)de+ Q) for all f € Ho. (DD
The following argument shows that is equivalent to
1 . .
/ F()he(€) de = 0, for all f € Ho. (D.2)
0
Clearly (D.2)) implies (D.1)). To prove the other direction, we first show by contra-
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diction that the left hand side of (D.2)) has to be positive or zero for all f € Hp.

Therefore, assume there is a f such that this integral is negative and plug % f

into (D-I). Since Q(%f) = 7712 (f), the right hand side of (D.1)) is the difference

between a positive term of order O(-5) and one of order O(1); hence the inequal-
ity is violated for n large enough. So the integral in has to be positive or
zero for all f € Hgp; and since Hg always contains both f and —f this is equivalent
to (D.2)).

Since holds for all f € C°°, applying integration by parts two times
yields that the fourth weak derivative of a minimiser h, has to be zero, i.e. h, has
to be a polynomial of order three in Hy.. There is only one such polynomial and
clearly it satisfies (for all function in Hg not just the ones in C*°).

We have already given the major step for the proof of the following proposi-

tion.

Proposition D.1. The minimiser of Q in Hy is unique. We denote this minimiser

by he. The function hy is given by
he(€) = a + a€ + k& + €, (D.3)
where
k(a,a,b,8) :=3(b—a) — 2a — 3, cla,a,b,0) = (a+ B) —2(b—a).
We have

Q(hy) = [2k* + 6kc + 6¢7]
= 6a” 4 6b% + 202 + 208 + 28% — 6b(a + B) + 6a(—2b+a + 3).  (D.4)

Furthermore for all f € Hy we have

Q(f) = Qhe) + Q(f — he). (D.5)

Proof. From the discussion above we know that the minimiser is the polynomial
of degree three that satisfies the boundary condition (a,«,b,3). The four bound-
ary conditions yield four equations for the unknown coefficients of the polynomial;
solving them we obtain the coefficients of hy.

To prove (D.5)) we use that the minimiser has a geometrical interpretation.
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Therefore consider the Sobolev space H? with semi inner product < -,- > given by

1
(f. ) = /0 F(©)(e) de. (D.6)

By (D.2)), hy is orthogonal to Hg and since f —h, € Hyg for all f € H, the minimiser
is also orthogonal to f — h,. This implies the version of the Pythagorean theorem
from (D.5|) above. O

D.2 Minimiser of the Hamiltonian

In this section we seek the minimum of the Hamiltonian Hy in H), where

HI{V =
{6 € RM | 9(0) = aN?, $(N) = bN? ¢(~1) = aN? — aN,¢(N +1) = bN? + BN},

where Ay :={—1,0,1,..., N, N + 1}. We use that

where < -,- > is the inner product on R{%L--N} and A is the {0,1,...,N} x
AN matrix such that A¢; = ¢;_1 — 2¢; + diy1.
Fix N € N. Analogously to the previous section, a function ¢y yv = ¢, is a

minimiser of Hy in HY if and only if
0 < Hn(de + ) — Hn(de) = (Ade, Ap) + Hy (1), for allp € Hy'.  (D.7)
Also analogously this is equivalent to
(Adr, AY) =0, for allyp € HY. (D.8)
This implies A'Ag,(i) = 0 for all i € Ay. We have
A'Ag(i) = ¢p(i — 2) —4¢p(i — 1) +6¢(i) — 4¢p(i + 1) + (i + 2) , for alli € Ay. (D.9)

So for ¢(i) = 1, (i) = i, (i) = i% or ¢(i) = i> we have A*A¢p(i) = 0 for all i € Ay.
While for ¢(i) = i* for z > 3 we have A*A¢(2) # 0. In other words the polynomial

of order three with domain Ay in Hﬁv is the minimiser of Hy.

Proposition D.2. Fiz the boundary condition r. The minimiser of Hy in HY is

the polynomial of order three with domain Ay in HY , we denote this polynomial by
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(br,N’
Let an,an, kn,cn be the coefficients of hy n: € — ﬁgbr,N(ﬁN) with domain
Ax/N, then

( )
2b—a(243N)+N(3b+a(N+1)—8
OJN(CL,a,b,,B> - ( (]2/'+1)((N+2§ ) ))7
_ nr(CatBENB(b—a)—2a—F
kN(aaaﬂwa) - N( - (NJflg(N?Q) : ))’
o 2(a—b)+a+p
en(a, a,b, B) = NZ(](VH))W. (D.10)
We have
A}gnoo an(r) = a, A}gnoo an(r) = a, A}gnoo kEn(r) = k(r), A}gnoo en(r) = e(r).
Furthermore, for all 1 € HY we have
Hn () = Hn(ben) + HN (Y — drn). (D.11)

Proof. First we consider (D.10). Therefore note that the boundary conditions
Lhen(0) = a, b n(1) =,
he(—d) =a— ko, Sehen(l+ ) =b+ 4

yield four equations that determine an(r), an(r), kn(r),cn(r).

The property (D.11) follows by the analogy between and (D.2)). As
in our argument for (D.5)), we use that implies that ¢, y and ) — ¢ n are
orthogonal. So (D.11) is a version of the Pythagorean theorem. O

Lemma D.3. We have

|Q(hy) — %HN(Q%N)‘ =0 , forN —

Proof. By the triangle inequality we have

’Q(hr) - %HN(er,N)‘ < ’Q(hr) - % Z (hr(%))%

i€{0,1,...,N}

+la Y () = % H(ben)l.

i€{0,1,....N}

The first term on the right is of order O(%), since the Riemann sum approximation
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is of order O(%;). For the second term note that

Y ()= & Hu(¢ew)

i€{0,1,...,N}
=5 Y el Aben@))[(he(F) + Ay v (@)]
i€{0,1,...,N}
=0(32) D (%) + Agen(2)]
i€{0,1,...,N}
=0(4),
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Nomenclature

(S, 8™

RZ
Z/N

[-]

-]

Natural numbers not including zero: 1,2, ...
Integers

Real numbers

The strictly positive real numbers
{1,2,...N — 1}, page 2

{-1,0,...,N + 1}, page 3

) {s«+1,...,8" =1} C Z, see, page 7

Space with the elements ¢ = (¢;);cz, and analogously for subsets of Z
{ﬁ | i € Z} and analogously for subsets of Z, page 8

for x € R the value [z] is the smallest integer larger than or equal to z , see

equation (2.30), page 31

for x € R the value |z] is the largest integer smaller than or equal to z,

page 8

Function Spaces

Ny

Zero set of f , see equation (1.18), page 11

£ F f@ @ Weak derivatives of f of orders 1,2,3,4, ...

(C(0,1), ||lloc) Space of continuous functions [0, 1] — R with norm |||/~

(LY 1F11) 2 (L2 | ll2) © ... D L™ Lebesgue spaces of functions [0,1] — R

c(I)

Continuous function on the interval I
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AC  Space of functions f: [0,1] — R such that f e LY i.e. the absolutely contin-

uous functions
H, see, page 10
H, see, page 10
H,(I) see, page 32
O(-),o(-) big and little O notation
Boundary conditions

r = (a,b) = (a,,b,3) Boundary condition for the empirical profile: the values a
and b are the values at the boundaries and the values o and (§ are the gra-

dients at the boundaries, page 8
>V Boundary condition, page 8
NI Boundary condition for models on I, page 31
Random Walk Representation
(9, €, P¥) Probability Space for IRW, page 3
X1, Xo, ... ii.d. real valued random variables, page 3
Yo, Y1,Ys, ... Random walk with increments X1, Xo, ..., page 3
Co, C1, (o, ... Integrated random walk, page 3
Models and Rates
hn Empirical profile, page 8
00 Model without pinning and without terminal boundary conditions, page 9

Yy  Law of the empirical profile of the [RW] especially if X; is not Gaussian,
page 18

TN Model without pinning and with terminal boundary conditions, page 9

N Model with pinning and with terminal boundary conditions, page 9

Ynv Model without pinning for the interval I, page 31

I1*  Rate function of (¥%;) ven, page 19
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Q Not centralised rate function for the model without pinning, page 10
32 3T Rate functions for the models without pinning, page 10

&l Not centred rate function for the model with pinning, page 11

¥/ Rate function for the model with pinning, page 11

X7 Rate function of the model without pinning for the interval I, page 31

I Rate function in Mogulskii’s theorem, page 19
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