Original citation:

Fefferman, Charles L., McCormick, David S., Robinson, James C. and Rodrigo, Jose L.. (2016)
Local existence for the non-resistive MHD equations in nearly optimal Sobolev spaces.
Archive for Rational Mechanics and Analysis.

Permanent WRAP URL:
http://wrap.warwick.ac.uk/81087

Copyright and reuse:
The Warwick Research Archive Portal (WRAP) makes this work of researchers of the
University of Warwick available open access under the following conditions.

This article is made available under the Creative Commons Attribution 4.0 International
license (CC BY 4.0) and may be reused according to the conditions of the license. For more
details see: http://creativecommons.org/licenses/by/4.0/

A note on versions:
The version presented in WRAP is the published version, or, version of record, and may be
cited as it appears here.

For more information, please contact the WRAP Team at: wrap@warwick.ac.uk

warwick.ac.uk/lib-publications


http://go.warwick.ac.uk/lib-publications
http://go.warwick.ac.uk/lib-publications
http://wrap.warwick.ac.uk/81087
http://creativecommons.org/licenses/by/4.0/
mailto:wrap@warwick.ac.uk

Arch. Rational Mech. Anal.
Digital Object Identifier (DOT) 10.1007/s00205-016-1042-7

@ CrossMark

Local Existence for the Non-Resistive MHD
Equations in Nearly Optimal Sobolev Spaces

CHARLES L. FEFFERMAN, DAvID S. McCORMICK,
JAMES C. ROBINSON & JOSE L. RODRIGO

Communicated by P. CONSTANTIN

Abstract

This paper establishes the local-in-time existence and uniqueness of solutions to
the viscous, non-resistive magnetohydrodynamics (MHD) equations in R?, where
d = 2,3, with initial data By € H*(R%) and ug € H*~'+*¢(R?) for s > d/2 and
any 0 < ¢ < 1. The proof relies on maximal regularity estimates for the Stokes
equation. The obstruction to taking ¢ = 0 is explained by the failure of solutions
of the heat equation with initial data ug € H s=lg satisfy u € L! O, T; H S+1); we
provide an explicit example of this phenomenon.

1. Introduction

In this paper we consider the equations of MHD with zero magnetic resistivity,

ur—Au+ w-V)u+Vp=(B-V)B, V.ou=0, (1.1a)
B+ w-V)B=(B-V)u, V-B=0, (1.1b)

along with specified initial data u(0) = wug and B(0) = Bp. Jiu and Niu [7]
established the local existence of solutions in 2D for initial data in H* for integer
s 2 3, and more recently REN et al. [12] and LIN et al. [10] have established the
existence of global-in-time solutions for initial data sufficiently close to certain
equilibrium solutions (again in 2D).

In a previous paper [6] we proved a local existence result for these equations
taking arbitrary initial data in uo, By € H*(RY) with s > d/2 ford = 2,3.
However, given the presence of the diffusive term in the equation for u, it is natural

DSMcC is supported by Leverhulme Trust research project grant RPG-2015-69. CLF is
supported by NSF grant DMS-09-01040. JLR is supported by European Research Council
grant 616797.

Published online: 01 September 2016


http://crossmark.crossref.org/dialog/?doi=10.1007/s00205-016-1042-7&domain=pdf

CHARLES L. FEFFERMAN ET AL.

to expect that such a local existence result should be possible with less regularity
for uq than for By.
To this end, it was shown in [5] that one can prove local existence when the

initial data By € Bg’/lz (R?) and ug € Bg /]27] (RY). The underlying observation
that allowed for such a result is that when uq € Bg,/ 12_1 (R?) the solution u of the

heat equation with initial data u¢ is an element of LY, T; Bg /12+1(Rd )): in these

Besov spaces the solution regularises sufficiently that an additional two derivatives
become integrable in time.

In Sobolev spaces this does not occur: in Lemma 2.1 we show that for ug € H*®
we have

ueL®0,T; H)NL*O0,T; HYYN L0, T; H?)

for any 0 < g < 1, and this is in some sense the best possible. The failure of the
estimate u € L! O, T; H”z) is ‘well known’, but it is not easy to find any explicit
example in the literature, so we provide one here in Lemma 2.2.

In this paper we therefore take By € H*(R?Y), with s > d/2, and u slightly
more regular than HS~H(RY), namely ug € HS R, with 0 < & < 1. By
making use of maximal regularity results for the heat equation (which we recall
in the next section) we are then able to prove the local existence of a solution that
remains bounded in these spaces (see Theorem 3.1 for a precise statement).

Throughout the paper we use the notation A* to denote the fractional derivative
of order s, given in terms of the Fourier transform by

—

ASf=EI° f.
We write
lullZys = 1A ull® + ull®, s >0,

which is equivalent to the standard H*® norm when s is a positive integer.

2. Estimates for Solutions of the Heat Equation in Sobolev Spaces

2.1. Energy Estimates

First we prove some standard estimates for solutions of the heat equation, including
the L1(0, T; H**?) estimate for 0 < g < 1. We give the proofs, since we will need
to keep careful track of the dependence of the estimates on T'; for simplicity we
restrict to 7 < 1, which will of course be sufficient for local existence arguments.

We use relatively elementary energy methods, but the results can be derived
by other means; for example, the fact that u € L9(0,T; H ”2) follows from the
smoothing estimate ||8ﬂeA’f||Lz < Ct"ﬁ‘/2||f||Lz, as kindly pointed out by the
referee.
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Lemma 2.1. If ug € H*(R?) and u denotes the solution of the heat equation
oru = Au with u(0) = ug

thenu € L®(0, T; H)NL*0, T; H*YY and \/tu € L*(0, T; H***(R?)). When
T<1

T T
2 2 2 2
sup [ (t) I s » / () g1+ / tHluO Nz = luollys.
0 0

0T

Consequently u € L9(0, T; H*2(R?)) for any 0 < q < 1, and

T
/O eI 1z ds < CoTV 4 g%, @1

provided that T < 1.

Proof. We start with the L? estimate obtained by taking the inner product with u
in L to give

—— Vul= =0

> q lwll” + [Vl

and then integrating in time,

1 t 1
—||u<t)||2+/ IVu(o)lI*dr = = lluoll*.
2 0 2

To bound the higher derivatives we act on the equations with A® and then take the
L? inner product with A%y to obtain

1d
5 1Al + 1A ) =0,
followed by an integration in time,
1 s 2 ! s+1 2 1 s 2
EIIA u@®l”+ [ 1A u(@)lI”dr = EIIA uoll”. (2.2)
0

Combining these two estimates shows that u € L>(0, T; H*) N L>(0, T; H*t1),
with

2 2
sup Nu(® s = lluollys
0T

lullgyeer =
0 H

in particular, if 7 < 1, then

T
2 2
/ Il = lluollys-
0

and

1A ugll> + T lluoll*;

| =
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To obtain the bound on +/7u in H**? we act on the equations with A*! and
take the L2 inner product with  A**1u. Then

1d 1
o t AS+1 2) _ AS+1 2 t AS+2 2 — O
S (1A ) = Z1AT ul? 4 oAt 2

Integrating from O to 7" yields

T T 1 (T 1
5||AS“u<T)||2+/ A u@)|?de < 5/ IA u)? de < Z”A%HZ,
0 0

2.3)
using the bound from (2.2). We also have

T 5 T2 5
/ Hu@®|*dt = 7||M0|| )
0

from which it follows that /7u € L?(0, T; H**?). For T < 1 we can combine this
with (2.3) to obtain the estimate

/Trnun2 L dt < HuolPys
0 Hs+ =9 H

For any ¢ < 1 we have, using Holder’s inequality with exponents 2/¢g and

T T
q —q/2 2 q
/O lu@)1%500 = /0 22 (@)1

T 1-(q/2) T q/2
§(/ r—q/@—q)) (/ r||u(r>||§,s+2)
0 0

1—
< CyT' ™ Nluoll s

since 0 < g < 1 ensures that g/(2 — g) < 1 and the first term is integrable. O

2.2. An Example of ug € L*> withu ¢ L'(0, T; H?)

We now provide an explicit example of an initial condition ug € L*(R?) such that
u¢ L0, T; H*(RY)).

Lemma 2.2. There exists ug € L>(R) such that the solution u of the heat equation
with initial data uq is not an element of L' (0, T; H*(R?)).

Proof. We let 1 be the function with Fourier transform

1
|§[9/2 1og(2 + &)

The solution u(¢) of the heat equation with initial data u( has Fourier transform

io(§) = 2.4)

i, &) = fig(&)e €
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and
lu ()1, = / & a0 (&) 2e 2 de.
Rd

‘We therefore have

T T 5 1/2
1:=/ IIu(t)IIyzdtz/ (/ |§|4|ﬁo(§)|26_2|§|td5) dr.
0 0 R4

In order to bound this from below we split the range of time integration, choosing
Jo such that j;° 2 < T, and write

2

i~ 12
/ ( / &[0 (&) P2 ds) ar
G+1)2 R4

2

- 12
/ ( / 1€ 20(8) Pe2E] ’ds) ar
(G+hH—2 S}
12
—1 Ain o2
Efao@)2de ) ar
IZJ:()/(J+1) 2(/I <j 0 )

1/2
-1 ; / i .
e Z}o PO+ 1)( gy ! 5) :

By our choice of @ (&) in (2.4) we have

H\/

II\/

i

II\/

1%

1
d 4 d
/s ]IEI liio(8)|* dg = <) [ Z17llog@ T EDP 3

1
2 - 4— dd
= [log(2 + /)2 /g< 5l d

c 4
= og2+ HPR 7

It follows that

I > c

1
-1
- Z (J+1)10g(2+1)

as since the sum is unbounded as N — oo it follows that u ¢ L! O, T; Hz) as
claimed. O
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2.3. Maximal Regularity-Type Results

Usually, ‘maximal regularity’ results for the heat equation yield
ou, AucLP,T; L7

when u solves
oou—Au=f, u) =0

with f € L?(0, T; L?). The results follow from maximal regularity when p = ¢,
obtained as inequality (3.1) in Chapter I'V, Section 3, pages 289-290 of [9] using the
Mihlin Multiplier Theorem [11] and then an interpolation theorem due to BENEDEK
et al. [1]; the procedure is clearly explained in [8], for example. However, in this
paper we will only require the following L?-based Sobolev-space result, for which
the basic L2(0, T'; L*) maximal regularity estimate can be obtained relatively easily.

Proposition 2.3. There exists a constant C, such that if f € L"(0, T; H*), s = 0,
and u satisfies

ou —Au=f, u(0) =0,
thenu € L' (0, T; H*?) with

lullzro.7:. 52y = Crll fllLro.1:m9)- (2.5)
The constant C, can be chosen uniformly for all0 < T < 1.

Proof. First we treat the case s = 0, that is we bound u € L"(0, T; H 2) in terms
of f e L (0,T; L2). The passage from estimates for the case r = 2 to the case
1 < r < oo is covered in [8]. We therefore only prove the estimates in the case
r=2.

The L? norm of u is bounded simply by taking the L? inner product with u,
using the Cauchy-Schwarz inequality, and integrating in time:

1d 1 1
za"””” IVull® = (fou) < I FIlu) £ Enun2 + §||f||2,

and so
d
dr
which implies (since u(0) = 0) that

e lul®] < e "I fF (O,

t
@) < /0 1 ()% ds,

T Tt
/ () §/ / Il £ ()%~ ds dr
0 o Jo

T T T
= / / I£(s)lI%e ¥ drds < e / I £ (s)II* ds,
0 s 0

whence
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that is
lullz20.7:22) < € I fll20.7:12)- (2.6)

For ||ull 72 we can argue directly from the Fourier transform of the solution u,
since

—— t A
A2ue, 1) = / £ Pe BP9 fs, £) ds.
0

Define
2
E[7e” T 120
GE, ) =
€. [O t<0
and
fe:t) 0<t<T
Fe.n=/&D 0=1=
0 otherwise.
Then

AZu(&; 1) :/ G, t —s)F(&,s)ds,
R
and we can use Young’s inequality for convolutions to give

I A2u(E, ‘)||L2(O,T) < [IA%u(g, ')||L2(]R) = | FE, ')||L2(]R) = ||f(§, ')||L2(0,T),

since |G (&, -)||;1 = 1. Therefore

||”||L2(O,T;H2) = ||A2M||L2((0,T)de) § ||f||L2((o,T)de) = ||f||L2(o,T;L2)~

Combined with (2.6) this yields [lull ;2 7. g2, < Call fll 20, 7. 12)> and hence
(via the results of [1]) we obtain

||u||Lr(()7T;H2) é Cr”f”L’(O,T;LZ)'

Letting C, be the constant for the choice 7 = 1, it can easily be seen that this
constant is also valid for T < 1 by extending f to be zero on the interval (7, 1].
We now apply this estimate to ¥ = v and u = A®v: we obtain

||U||Lr(o,T;1-'12) § Cr||f||Lr(0,T;L2)
and
||v||Lr((),T;1-‘1s+2) = ||ASU||Lr(0,T;H2) § Cr”ASf”Lr(o,T;[}) = Cr”f”Lr((),T;]-’]s),

from which (2.5) follows. 0O
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We will apply this result in combination with the regularity results for the heat
equation from Lemma 2.1 in the following form for solutions of the Stokes equation,
allowing for non-zero initial data. Note that in order to obtain an L '-in-time estimate
on ||u|| gs+1 we require L” integrability of f with r > 1, and the initial data to be
in H°~!%¢_ [Considering the equations in Besov spaces as in [5] allows for r = 1
and ¢ = 0 (and s = d/2 rather than s > d/2 in the final results)].

Corollary 2.4. If f € L' (0, T; H*™!), 1 <r < o0, s > 1, and
a[M—AM—l—Vp:f, Vu:(), M(O):MOEHS_lJFS,

where u is divergence free, then for T < 1

T
_1
/ lull g1 < CeT P uoll grs—ree + CrT 7N fll 0.7 151y 2.7
0

Proof. First we consider the solution v of
oov—Av+Voe =0, V-v=0, v(0)=uop.

Since u is divergence free, if we apply the Leray projector P (orthogonal projection
onto elements of L? whose weak divergence is zero) we obtain

v — Av =0, v(0) = uop,

since P commutes with derivatives on the whole space. It follows that v is in fact the
solution of the heat equation with initial data uo. We can therefore use Lemma 2.1
to ensure that

ve L®0,T; H ") n L%, T; H**) N L9(0, T; H* e+

for any g < 1, with all these norms depending only on the norm of the initial data
in HS~1*¢ Tt follows by interpolation that v € L'(0, T; H**1) with

T T |
/O vl gs+1 = /0 [ oy 3] e
g/2

T e\ (T
—& —&
g(/ o2 ) (/ ||v||%w) ,
0 0

using Holder’s inequality with exponents (2/(2 — ¢), 2/¢). Noting that

2(1 —¢) e
=1- <1
2—¢ 2—¢

2

we can use Lemma 2.1 to obtain
T
/ vl gs+1 S CeT ol grs-—r+e. (2.8)
0

The difference w = u — v satisfies

ow—Aw+Vo=f V-w=0, w() =0.
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Again we can apply the Leray projector P, which is bounded from H*~ ! into H5~!,
to obtain

ohw— Aw =Pf, w()=0.

By the maximal regularity results for the heat equation from Proposition 2.3, we
know that for any r > 1 we have

T
/ lwll gs+1 < TV lwll o7 s+
0
] !/
SC T RS o7 sy
<crhr N oro.1: 151y (2.9)

where (r, r") are conjugate. The inequality in (2.7) now follows by combining (2.8)
and (2.9). O

3. Proof of Local Existence

The main part of the proof consists of a priori estimates, which we prove for-
mally. To make the proof rigorous requires some approximation procedure such as
that employed in [6], to which we refer for the details. Where the limiting process
involved would turns equalities into inequalities, we write inequalities even in these
formal estimates.

Theorem 3.1. Letd = 2,3. Take s > d/2 and 0 < ¢ < 1. Suppose that the initial
conditions satisfy By € H® (R and ug € H*~11E(RY). Then there exists T, > 0
such that the non-resistive MHD system (1.1) has a solution (u, B) with

u e L®0, Ty; H 7T (RY) N L2(0, Ty HTE(RY)) N LY 0, Ty; HTH(RY))
and
B € L®(0, T,; H*(RY)).

Note that the case ¢ = 1 was covered in a previous paper [6] and is specifically
excluded here.

Proof. Throughout the proof various constants will depend on s, but we do not
track this dependency.

We first obtain a basic energy estimate in L. We take the L? inner product of
the u equation with u and of the B equation with B to obtain

ld|| 1>+ IVull* = ((B - V)B, u) d
il = . , an
YT u u u

1d

—_—— 2— .
g 1BI7 = ((B-V)u, B).
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Since ((B - V)u, B) = —((B - V)u, B) we can add the two equations to yield
1d 2 2 2
—— B ) \% <0,
23 (IIMII +IBII7) + IVull” =

and so
2 2 ! 2 2 2
lu@ N~ + 1 B@) +2/0 Vu(s)|I”ds < [luoll” + || Boll” =: Mo. 3.D

It is also helpful to have two other estimates for later use; observing that
(B - V)u, B)| < cl|BIIVullll Bll L

and using the embedding H® C L (valid since s > d/2) and Young’s inequality
we obtain

d
anun2 +IVul® < cl|BIIIBIs < cll Bl (3.2)

and similarly, since |((B - V)u, B)| < || B||?||Vul| g,

——\IB|I* < c||Vul gs|| B> 3.3
2dtll II” = cllVullgs|| Bl (3.3)

In order to estimate the norm of B in H*® we act on the B equation with A® and
take the inner product with A’ B in L2. This yields

d K 2 < Ky K K K
s3IV BIT = [(AS[(B - V)ul, A°B)| + [(A*[(u - V)B], A*B)|
< cllVullps | Blls, (3.4)

using the fact that H* is an algebra since s > d/2, along with the estimate proved
in [6], that

[(A*[(u - V)B1, A°B)| < c||Vul s | BlI s,

valid when s > d/2. Combined with (3.3) this yields

1d
2 2
——|IBllgys < cllVullaslBll%s- 3.5
2dt” 75 = cliVullas 1Bl s (3.5

The estimates for the u equation are more delicate. First we obtain estimates
on yu in the space L' (0, T; H**!), using the maximal regularity estimates from

Proposition 2.3 and Corollary 2.4. We consider the equation for u as the forced
Stokes equation

ou—Au+Vp=f:=—w-VYu+(B-V)B, V-u=0, u(0)=up,

and so estimate (2.7) from Corollary 2.4 yields

T
_1
/ lull g1 < CeT P luoll gs—14e + CrT 7N fll r 0.7 151 (3.6)
0
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Since
I fllgs—1 =1V (BQB)—V - (u®u)|ys-
1B ® Bllps + lu® ullgs

2 2
cliBllgs + cllullys

A NIA

[IA

2 2 2 +
CllBIZs + cllul /6 Ju 73/

A

s+ 23 +
1B + M O ul 53/ 8F9,

using (3.1), if we choose r = (s + ¢)/s > 1 then from (3.6) we have

T
/ lull st < CeT 2 fuol| grs—1+e
0

T 5 s/(s+¢€)
+ CETs/(ers) (/O ”B”H(§+s)/s + CMS/S||M||2HS+5 dl’) .
3.7

We now estimate the norm of u in H*~1+¢ and H**?. If we act with AS~1+¢
on the u equation and take the inner product with A*~!¢y, then

1d

5 AT A
< _<As—1+s[(u - V)ul. As—l+8u> + <As—l+8[(B .V)B]. As—l+8u>'
(3.8)
For the first term on the right-hand side, we write

‘<As—l+s[(u - Vul, As—1+8u>

- ‘<AS_1[(M V)l AS_1+28u>

_ ‘<As—l[v @], As—1+2gu>‘

< cllul| s llull gs—is2e

< e (el ) Ml ey

I+e

S cllull i llu IIHW

2(1+¢)/e 2
= cllully i ZIIMIIHW,

where we have used Sobolev interpolation, Young’s inequality, and the fact that H*
is an algebra (as s > d/2). The second term is handled similarly:

(ASTIHE[(B - V)B], AS‘”%)‘ - ‘<AS_1[(B -V)B)]. A‘Y_1+2'5u>

‘(AH[V . (B® B)]. AS*”%M

2
C”B”H_s ”M”HsfH»Zs

[IVANIVAN

c”B”[-]Y ”u”H_s 1+e ”M”?_].Pre

A

2(1+ 2(1+
elBIgs ™ + ellull gy 5L+ Jlullyse.
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using the three-term Young’s inequality with exponents (1 + €, igfg , %) Com-

bining these yields'
1d

s— P 201+ 2(1+ 1
5 AT ul? A ul S el B el L S !

If we add (3.2) and an additional term +||u|* to both sides then we obtain

1d

2 2
5 g 1lgsre el ysse

201+ 201+ 4 Lo 2
< cllully, L+ el Bl + el Bl + 3 Il + lul.

and so

d
2 2 2(14¢)/e 2(1+ 4 2
e+ e S el 50 + B + B + 20wl

(3.9)
We now have three ingredients: the differential inequality (3.9) for u; the B
equation (3.5)

EallBllys < cal Vullps | Bllgs,
which implies that
1
IB@) 175 = lIBoll s exp (ZC4/ Vel 125 df) ; (3.10)
0

and the maximal regularity estimate

T
/ il st < CoT 2 g | pys—1+e
0

T s/(s+e)
+ C,TE/6+e) (/ IBIFOTS s M ull? e dr) .
’ (3.11)
We will now choose T* such that ||B(?) || gs < 2|| Byl gs forall ¢ € [0, Ti]. Set
My = [luo]| s+
and Mz =22y Byl s T + 23l Boll Gy + 2Mo,

and choose T* sufficiently small that

T(M? + T My)V/e
0<(1_C1 (M7 + T M>)

) <2 forall 0<T <T, (3.12)
&

1 Note that the exponent 2(1 + €)/e on the H® 14 norm of u is far from optimal, and
can be reduced to some y for 2 < y < 4 by using Lemma 1.1(i) from [4]. However, the
proof here is significantly simpler, and still yields a short-time existence result (albeit with
a possibly shorter existence time).
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and

C.T*>M, + C,T/+®) (22(S+6)/ST”B()”é(i+8)/s
log4

) s/(s+e)
FesM [en TR0 + Taa 9 Tagy | ) < 2

(3.13)

forall0 < T < T,..

To show that || B(¢)| gs < 2||Bollgs for ¢ € [0, Ty], we make the assumption
that r — ||B(t)] g+ is a continuous function that takes the value || By| s at time
t = 0. While we have not shown this as part of our formal calculations, it would
be true for any member of the family of smooth approximations considered in [6],
and the estimates we now obtain would hold uniformly (for this family) for all
t € [0, T*] for the time T* defined by (3.12) and (3.13).

Set

T = sup {To e [0, T*1: |B®|lgs < 2||Bollgs  forall ¢ € [0, To]}
and suppose that 7 < T*. Then from (3.1), (3.2) and (3.9) we obtain

d
2 2 2(1+e¢)/e 2(1 2(14¢)
el lelyees < enllullys 27 + 2204 e | Boll3s

+ 2% Boll 3 +2Mo
<erllul*0F 4+ My (3.14)

Hs—1+e

for all + € [0, T]. Using standard ODE comparison techniques (see, for example,
Theorem 6 in [2], where we take p = (1 4 ¢)/¢) we obtain the bound

aT(M? + TMy)'¢ )_8

@O0 < (M7 + T My) (1 — .
<2ME +TMa) (3.15)

forall r € [0, T], by (3.12).
Now, substituting (3.15) into (3.14) and integrating between times O and T
yields

T
/ ()11 d S 1 TR(MT + TM)I M + T M. (3.16)
0
Substituting (3.16) and || B(¢)||gs < 2||Bo||gs into (3.11), we obtain
T
/ ()l gresr T < C T2 My + CT#/ 650 (26T By 5+
0

s/(s+e)
+osME [clT[z(M% T TMy) /e TMz] )

log4
< —,

3.17
2 (3.17)

using (3.13).
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Substituting this into (3.10) ensures that || B(¢)||gs < 2||Bol|lgys for all ¢ €
[0, T'], contradicting the maximality of T'. It follows that T = T* and hence

IBOllgs = 20| Bollgs forall te0,T7].

The result now follows from (3.15), (3.16), and (3.17). O

4. Conclusion

In the scale of Sobolev spaces we suspect that the result that we have proved here is
optimal. Bourgain and Li [3] showed that the Euler equations on R are ill posed in
Ht4/2 for n = 2, 3, and we have shown via an explicit example that for the heat
equation we cannot gain the time integrability of two additional derivatives that is
required in our local existence argument. It would be interesting to find a simpler
model problem in which it is possible to demonstrate the failure of local existence
for By € H* and ug € H* ™.
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