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Abstract

This thesis studies the modular approach to a generalized Fermat equation
AxP + By? + CzP =0,

with p a rational prime and A, B,C € Ok where K is a totally real number
field with O the ring of integers of K. The first part of the thesis is concerned
with rational solutions (i.e. x,y,z € Q). After an overview of the literature
on this subject, a new result for the equation z? + y? 4+ 312”7 = 0 is proven,
using quadratic reciprocity. The second part of this thesis is concerned with
generalized Fermat equations over totally real number fields. After an overview
of known results, a theorem is presented for the generalized Fermat equation
AxP + ByP +C2zP = 0 where A, B, C € Ok are fixed and z,y, 2 € Ok where K
is a totally real field. This theorem relates the equation to solving an S-unit
equation (where S is a finite list of primes). Next we prove a specific result
for the equation aP + y” 4+ ¢"2P = 0 where ¢ is a rational prime and p = 5
(mod 8) over real quadratic number fields Q(v/d) where d = 5 (mod 8) and
<§> = —1, by solving the specific S-unit equation by case analysis. We then
solve some generalized Fermat equations over small real quadratic fields. In
these equations ABC' is divisible by exactly one odd prime ideal (taken from
a finite set), and the number field is Q(v/d) where d = 2,3,6,7 or 11. This is

done by explicit calculations of the conductor, the level and the newforms at

vi



this level. We finish this thesis by using the Weil pairing and the symplectic
criterion to get a result for a generalized Fermat equation over @(\/5) for a

set of prime exponents of positive density.
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Chapter 1

Introduction

In 1637 according to the legend, Pierre de Fermat wrote in a copy of Arith-
metica that there are no integers a, b, ¢ such that a™ + 0" = ¢" if n is greater or
equal to 3. Fermat wrote that had a marvellous proof of this which unfortu-
nately was too large to fit in the margin. This theorem is called Fermat’s Last
Theorem, despite the fact that it was not proved yet. Also no proof of this
statement by Fermat ever surfaced and the general consensus is that Fermat
did not have a general proof for this. Progress towards a proof was made over
the years, establishing that it suffices to prove the theorem forn =4 and n = p
where p is a prime. Various people contributed to the small cases and even
classes of primes were dealt with. However, the full proof seemed out of reach
and Fermat’s Last Theorem even made the Guinness book of records as the
most difficult mathematical problem. In 1995, a full proof was published by

Andrew Wiles using elliptic curves, Galois representations and newforms [40].

Theorem 1.0.1. (Wiles) Suppose that zP + yP + 2P = 0 with x,y,z € Q and

p > 3 then zyz = 0.

In chapter 3 we we give an overview of the proof. This thesis is con-



cerned with the generalized Fermat equation

AxP + By? + C2P =0

for p a prime and some (fixed) A, B,C. We call a solution (z,y, z) to this
equation trivial if zyz = 0 and non-trivial if not. The first part of the thesis
assumes that z,y,z € Q (and A,B,C € Q). Chapters 2 and 3 form the
background mainly following Siksek’s exposition [34]. Chapter 4 is concerned
with the equation

P+ 9y + 3122 =0

where x,y, 2 € Q. The chapter starts with a result of Kraus which bounds the

prime p from below.

Theorem 1.0.2. (Kraus) Suppose L = 31. Then equation xP +yP + L"zP =0

does not have any non-trivial rational solutions if 11 < p < 106,

Next, still following [34] we look at the following result of Halberstadt

and Kraus.

Theorem 1.0.3. (Halberstadt and Kraus) The equation zP + yP + 31zP = 0

does not have non-trivial rational solutions if p =3 (mod 4)

This result by Halberstadt and Kraus eliminates half of the number of
prime exponents. The rest of the chapter works towards proving the following
new theorem which combines quadratic reciprocity and the modular approach

to get rid of even more prime exponents.

Theorem 1.0.4. Suppose that p is an odd prime and one of the following
holds:



e p=1(mod3),p=1,-2 (mod 5), p==+1 (mod 7) andp = 2,6,7,8, 10

(mod 11) (denoted situation 1)

ep = —1(mod3), p = —1,2 (mod5), p = =+1 (mod 7) and p =

1,3,4,5,9 (mod 11) (denoted situation 2)

Then there are no non-trivial solutions (z,vy, z) that satisfy the equation

P + 9P + 3122 = 0.

Recent progress in modularity for elliptic curves over totally real fields
and Hilbert newforms has made it possible to look at Diophantine equations
over totally real fields. In 2004, Jarvis and Meekin proved Fermat’s Last
Theorem over Q(v/2) in [22].

Theorem 1.0.5. (Jarvis and Meekin) The equation x™+y" = 2" with z,y, z €

Z[/2] has no solutions with xyz # 0 when n > 4.

Freitas and Siksek [13] then proved Fermat’s Last Theorem for many

real quadratic fields.

Theorem 1.0.6. (Freitas and Siksek) Let d > 2 be squarefree, satisfying one

of the following conditions
1. d=3 (mod 8),
2. d=6 or 10 (mod 16),
3. d=2 (mod 16) and d has some prime divisor ¢ =5 or 7 (mod 8),

4. d = 14 (mod 16) and d has some prime divisor ¢ = 3 or 5 (mod 8).

Then there exists an effective computable constant By which only de-
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pends on K such that if p > By Fermat’s Last Theorem holds over

K =Q(d).

This thesis extends this work to generalized Fermat equations and these

results have been published in Acta Arithmetica [8].

Theorem 1.0.7. Let d > 13 be squarefree, satisfying d = 5 (mod 8) and
q > 29 be a prime such that ¢ =5 (mod 8) and (g) = —1. Let K = Q(v/d)
and assume the Fichler-Shimura conjecture (see chapter 5) for K. Then there
is an effectively computable constant By, such that for all primes p > By,
the Fermat equation

P +yP+q2" =0
(where 0 < r < p) has no non-trivial solutions with prime exponent p.

In [14], Freitas and Siksek look at Fermat’s Last Theorem for small real

quadratic fields for which they prove the following.

Theorem 1.0.8. Let 3 < d < 23 squarefree, d # 5,17. Then the Fermat
equation

n

does not have any non-trivial solutions over Q(v/d) with exponent n > 4.

This thesis extends this for some generalized Fermat equations over

some small real quadratic fields.

Theorem 1.0.9. Let d = 2 or3, R = Rad(ABC) ! be a prime ideal of
K = Q(Vd) dividing 3 x 5 x 7 x 11, or if d = 6 or 7 let R be a prime ideal

For a € K, where K is a field, define Rad(a) as the product of all prime ideals that
divide «.



dividing 15, or if d = 11 let R be a prime ideal dividing 3. Then the Fermat
equation (6.1) does not have any non-trivial solutions over K ifp > 17 if d = 2

orifd#2 if p> (1+ 312)2

The last chapter of this thesis generalizes the result of Halberstadt and

Kraus [18] following the exposition by Charollois [4].

Theorem 1.0.10. (Halberstadt and Kraus) Let a,b, ¢ be odd pairwise coprime
integers. Then there is a set of primes P = P(a,b,c) of positive density such

that if p € P, then the equation

ax? + by +c2¥ =0

has only trivial rational solutions (x,y,z) € Q3

This theorem uses the Weil pairing and this thesis extends the field
from Q to Q(v/2).

Theorem 1.0.11. Let K be the number field Q(v/2). Let A, B,C € Ok be
odd with £ A+ B+ C # 0 for any choice of signs and ABC' not a unit. There
is a set of primes P = P(A, B,C) of positive density such that if p € P then
the equation

Az + By’ + C2P =0 (1.1)

has only trivial solutions (z,y,z) € (Ok)3.



Chapter 2

Link between elliptic curves and

newforms

The modular approach to solving Diophantine equations exploits the relation-
ship between elliptic curves and newforms of weight 2. In this chapter we give

the necessary background.

2.1 Elliptic curves

This section is based on various parts of [35] and [36]. First we give the formal

definition of an elliptic curve.

Definition 2.1.1. An elliptic curve over a field K is a smooth, projective

algebraic curve of genus one, on which there is a specified point O.

Using Riemann-Roch it can be shown (for example in [35], II1.3) that

every elliptic curve over a field K can be written as a plane model given by



the Weierstrass equation

Y2Z +a XY Z+a3YZ? = X2+ au X7 + ayn X 7? + ag Z°

with coefficients aq, as, ag, as, a6 € K, O = [0 : 1 : 0] which is called the point
at infinity of E. By using non-homogeneous coordinates, we obtain an affine

Weierstrass equation

Y2+ a1 XY +a3Y = X3 4+ 4 X? + ay X + as.

If the characteristic of K is not equal to 2 or 3, we can write the elliptic curve

FE over K in short Weierstrass form

E:Y? =X+ AX + B

where A, B € K. An equation in the (short or long) Weierstrass form is not
always smooth and hence not necessarily an elliptic curve. However, every
smooth Weierstrass cubic is an elliptic curve (see [35], II1.3). We define the

following quantities for a (long) Weierstrass equation of an elliptic curve.

b2 = a% + 4&4, b4 = 20,4 + aias, b6 = ag + 4&6,

bg = a%aG + daqag — ajazas + agag — ai,
A = —b3bg — 8b3 — 27bz + Ybabybs,
Cqp = bg - 24b4, j = Ci/A

Definition 2.1.2. In the notation above, A is called the discriminant of the



Weierstrass equation and j the j-invariant of the elliptic curve.
We then have the following theorem (see [35] III.1).
Theorem 2.1.3. The curve given by a Weierstrass equation satisfies:

1. It is singular if and only if the discriminant is zero.
2. It has a node if and only if the discriminant is zero and if ¢4 # 0.

3. It has a cusp if and only if the discriminant is zero and cy = 0.

Let P = (X,Y) € K that satisfies the Weierstrass equation

Y24+ a1 XY +a3Y = X3+ as X? + as X + ag.

This P is called a point on the elliptic curve E over K.
For a field L define

E(L)={(X,Y)e L?: Y? + a1 XY +asY = X® + ayX? + a, X + ag} U {O}.

We denote by #E(L) the number of points in F(L). Considering the geometric
aspect of an elliptic curve E allows us to define addition on an elliptic curve
(see for example [35], II1.2). It can be shown that the points on the elliptic
curve form a group under addition with identity element O. Let P be a point
on the elliptic curve £ and m € Z. Then P is said to have order m if mP = O
and nP # O for any n € Z with 0 < n < m. The set of points of finite order
of an elliptic curve E/K form a group, denoted E(K)ios. The m-torsion
subgroup of E(L), denoted E(L)[m] is the set of all points P € F(L) such that
mP = O, which can be shown is a group. Moreover, from [35], VI.5 we get

the following.



Theorem 2.1.4. Let E/C be an elliptic curve and let m > 1 be an integer.

Then there is an isomorphism of abstract groups
E[m]| 2 Z/mZ x 7Z./mZ.
In this thesis, we talk about elliptic curves up to isomorphism. In order

to do this the j-invariant will be useful (see [35], II1.1).

Theorem 2.1.5. Two elliptic curves are isomorphic over K if and only if

they both have the same j-invariant.

Sometimes in this thesis it is only possible to define an elliptic curve up

to quadratic twist.

Definition 2.1.6. Let E be an elliptic curve over K given by short Weierstrass
form

E:Y?=X3+AX + B.

Let 6 € K then
Es:0Y?’=X>+ AX + B

1s called the quadratic twist of E by 0.

Definition 2.1.7. Let E be an elliptic curve over the finite field F,. We define

the trace of Frobenius a,(E) of the finite field F, to be the quantity such that

#(E(F,)) = q+1—ay(E).

Let P be a prime of a number field K, recall that Fy = O /P. We

then have the following.



Theorem 2.1.8. Let E be an elliptic curve over a number field K in short
Weierstrass equation E : Y? = X34+ AX + B and let E5 : §Y? = X>+ AX + B
be a quadratic twist of E. Then ap(Es) = *ayp(E) for all primes B 19 of K.

Proof. Let E be an elliptic curve in short Weierstrass equation £ : Y? =
X3+ AX + B. We count the number of points over a finite field by checking
for which values of X the value X3 + AX + B is a square in the finite field.
Each such X leads to two possible values for Y. Also the point at infinity O
is included in the number of points. As the Legendre symbol returns 1 for a

square and —1 for a non-square, the following formula holds

H#EFyp) =1+ > ((XSJ“;XJFB)H).

XEFQ;;

And hence

HE(Fy) =1+ #Fp + Y

XEFqg

(X3+AX+B>
T .

So ap(E) = — ZXGM <%>. For the quadratic twist Ej, if 0 is a square
in Fyy we need the value X* + AX + B to be a square in order for X to be the
z-coordinate of a point and if § is not a square we need X3 + AX + B to not

be a square. And so

3
#Ea(Fm)zl_i_#Fm_i_(i) Z (X +AX+B>.
B/ iz ¥

So ap(Es) = — (%) ayp(E) = tap(FE) which finishes the proof. O

In ([35], VII.1) the minimal discriminant is discussed. Let K be a local
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field with discrete valuation v, R the ring of integers of K with uniformizer .

Let E/K be an elliptic curve with Weierstrass equation

E:y? + a1xy + asy = 2° + asx® + asx + ag.

Then (z,y) — (u?z,u"%y) leads to a new Weierstrass equation with a; re-
placed by u‘a;, and so by choosing a sufficient power of m we can assume that
a; € R, and so v(A) > 0. Now since v is discrete, we can call the minimal
discriminant of E at v the Weierstrass equation that minimizes v(A) with

a; € R. The following lemma is in ([35], VIL.1).

Lemma 2.1.9. In this notation, if a; € R and v(A) < 12 then the equation

is minimal. If a; € R and v(cy) < 4 then the equation is minimal.

An important invariant associated to an elliptic curve over a number
field K is the conductor which measures how the elliptic curve behaves at
each prime of K. But first following ([35], VIL.5) let us look at all the possible

behaviours.

Definition 2.1.10. Let L be a local field, with ring of integers R and M the
mazimal ideal of R. Let E be an elliptic curve over L. Let E be the reduction

modulo M of a minimal Weierstrass equation for E.
e E has good reduction if E is non-singular.
o E has multiplicative reduction if E has a node.
e E has additive reduction if E has a cusp.

In the multiplicative and additive case we say that E has bad reduction.

11



We can use the following theorem (VIL.5.1 in [35]) to find out what type

of reduction we are dealing with.

Theorem 2.1.11. Let F is an elliptic curve in minimal Weierstrass form for

q with A and c4 the usual invariants. Then the following hold:
(1) E has good reduction at q if and only if ord;(A) =0

(i) E has multiplicative reduction at q if and only if ordy(A) > 0 and
ordy(cs) =0

(1it) E has additive reduction at q if and only if ord;(A) > 0 and ordy(cq) >
0.

Definition 2.1.12. Let E be an elliptic curve over a number field K. The
conductor N of E is defined as

N:quq

qeP

where P 1s the set of all primes of K,

.

0 if £ has good reduction at q
fa=9q1 if E has multiplicative reduction at q

2+ 04 if E has additive reduction at g

\

Here 44 is the measure of the wild reduction in the action of the inertia group

on the l-adic Tate module T)(E) (see [36]). In particular if q 16 then §; = 0.

Note that when q | 6 and q has additive reduction, one can look at

specific tables (for example Ionnas Papadopoulos’ tables [31]) or use Tate’s

12



algorithm, as demonstrated in [36] (which we will use later in this thesis).

An elliptic curve E over K is said to be semi-stable if at a prime of K
it has either good or multiplicative reduction at that prime. It follows that an
elliptic curve is semi-stable if and only if the conductor is squarefree.

We need the following definition.

Definition 2.1.13. Let E/K be an elliptic curve. E has potentially good
(respectively potentially multiplicative) reduction at a prime l if there is a finite
extension of K'/K such that E has good (respectively multiplicative) reduction

atl' |1 over K'.
The following lemma will be useful in calculations in this thesis.

Lemma 2.1.14. Let E/K be an elliptic curve. Then E has potentially mul-

tiplicative reduction at 1 if and only if ord;(j(E)) < 0.

In the final chapter of this thesis we use the theory of the Tate curves,
which can be found in ([36], V.3). We give the highlights that are needed for

that chapter.

Theorem 2.1.15. (Tate) Let K be a p-adic field with absolute value |-|, let

q € K* satisfy |q|< 1, and let

5s3(q) + 7s5(q)
12 ‘

@)=L ) =ssla) asle) = -

n>1 l=q"

1. The series as(q) and ag(q) converge in K. Define the Tate curve E; by
the equation

E,: v oy =ad + as(q)x + ag(q).

13



2. The Tate curve is an elliptic curve defined over K with discriminant

A=qJJa—qg*

n>1

and j-invariant

1 1
J(E,) = — + 744 + 196884¢ + ... = rha > e(n)q",

q n>0
where c¢(n) are integers.
We need the following theorem from [36].

Theorem 2.1.16. (Tate) Let K be a p-adic field, let E/K be an elliptic curve
with |j(E)|> 1. Then there is a unique ¢ € K* with |q|< 1 such that E is

isomorphic over K to the Tate curve E,.

Now we look at the Galois representation of the elliptic curve. Before
we do this, we need to fix some notation. Let K be either a finite extension
of Q or Q, with p a prime, K its algebraic closure and G = Gal(K/K)
its absolute Galois group. Let E/K be an elliptic curve and m € Zss. Let

o € Gk, P € E[m], then
mo(P) =o(P)+o(P)+---+0(P) =0(P+P+---+P) =0(mP) =0c(0) =0.
So Gk acts on E[m]. Pick a basis P;, Q) for E[m|. Then

o(P) =aP+cth

o(Q1) =bP+dQ:

14



so obtain a representation:

Gg — Aut(E[m]) = GLy(Z/mZ)

a b
o

c d

Definition 2.1.17. Let [ be a rational prime. The mod | representation of the

elliptic curve E 1is defined as

i G — Aut(Efl]) = GLy(Z/1Z)

The following theorem is used extensively in the literature on the mod-

ular approach.

Theorem 2.1.18. Let E be an elliptic curve over a number field K and | a

rational prime. Then pg, s reducible if and only if £ has an [-isogeny.

Proof. Suppose pg, is reducible. Then we can choose a basis for E[l], namely

Py, P, such that

* %
PE,l =
0 =

Now o(P;) = a, P, for all 0 € Gg. Let C =< P; >, which is a subgroup of
E[l] of order [ and hence cyclic. Then C' is rational (i.e. fixed by Gg). So
there is an [-isogeny ' — E/C. Conversely, suppose that F has an [-isogeny
defined over K : E — E’. Let C be the kernel; this has order [. Let P; be a

15



generator of C. We can extend Pj to a basis P;, P, for E[l]. Then

U(Pl):aPl

U(Pg):bpl+dpg

SO

a b
pe(0) =

Thus pg, is reducible. O]

2.2 Link between elliptic curves and newforms

This section links an elliptic curve E over QQ to a rational newform f of weight
2 and follows the exposition of [34]. Note that a newform is a normalized
cuspidal modular form of weight two that has not been defined at a previous
level (see for example [10]). This thesis will focus on the elliptic curve aspect
of the modular approach, so for this thesis these facts about newforms will

suffice.

e The set of modular forms of level N and weight 2 is a finite dimensional
vector space over C, so the set of cuspidal modular forms (which is a

subspace) is finite dimensional too.

e Each newform of level N has a g-expansion, namely

F=a+) cad"

n>2

Note that ¢ = 0 as f is a cuspform and ¢; = 1 as it is normalized.

16



e There are no newforms of weight 2 and level 1,2,3,4,5,6,7,8,9,10,12,13,16,18,22,25,28
and 60.

e If ¢; are the coefficients of a newform f and K = Q(cz, c3,...) then K is
a totally real finite extension of Q. Furthermore, ¢; belong to the ring

of integers of the number field K.

Definition 2.2.1. Let f =q + an? cnq"™ be a newform. Then fis said to be

rational if ¢, € Q Vn, irrational if it is not rational.

What is useful about newforms is that there is an algorithm due to William
Stein [38] and John Cremona [5] which computes the newforms of a given level
which has been implemented in MAGMA [2].

Now we can look at the modularity theorem. The Taniyama-Shimura-
Weil conjecture states that every elliptic curve over QQ is a modular elliptic
curve and this was proved by Andrew Wiles [40] (with the help of his for-
mer student Richard Taylor) [39] for semi-stable elliptic curves. Christophe
Breuil, Brian Conrad, Fred Diamond and Richard Taylor [3] later proved the

Taniyama-Shimura-Weil conjecture for all elliptic curves over Q.

Theorem 2.2.2. (Wiles, Breuil, Conrad, Diamond, Taylor) (The Modularity
Theorem) Associated to any rational newform f of level N and weight 2 is an

elliptic curve Er/Q of conductor N so that for all primes [ 1 N

a=a(Ey)

where ¢; is the I-th coefficient in the q-expansion of f and a;(Es) =1+ 1 —

#E¢(F,). For any given positive integer N, the association f — Ef is a

17



bijection between rational newforms of level N and isogeny classes of elliptic

curves of conductor N.
Following [34] we define the following.

Definition 2.2.3. Let E be an elliptic curve over Q of conductor N, and
suppose that [ is a newform of level N' with q-expansion f = q + anz cnq”,
and coefficients ¢; generating the number field K/Q. We shall say that the
curve E arises modulo p from the newform f (and write E ~, f) if there
is some prime ideal B | p of K such that for almost all primes l, we have

a;(F) = ¢ (mod B).

A different formulation which is more useful from a computational point

of view is the following is also given in [34].

Proposition 2.2.4. Suppose E ~, f. Then there is some prime ideal B | p

of K such that for all primes 1

(i) if Lt pNN' then a;(F) = ¢; (mod P), and

(ii) if L1 pN" and I || N then | +1 = £¢; (mod *B)
where | || N if and only if | | N and > N.

By Theorem 2.2.2 every rational newform f of weight 2 corresponds
to some elliptic curve F. If E arises modulo p from f then we shall also say
that E arises modulo p from F' (and write £ ~, F'). From [34] we get the

following.

Proposition 2.2.5. Suppose that E, F are elliptic curves over Q with con-
ductors N and N’ respectively. Suppose that E arises modulo p from F. Then

for all primes [
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(i) if Lt NN’ then a;(E) = ay(F) (mod p), and
(i) if Lt N and l || N then |+ 1= £a;(F) (mod p).

Note that this Proposition looks a lot like Proposition 2.2.4 and maybe
even a restatement. But Proposition 2.2.5 is a lot stronger, as it handles
the case when [ = p. Because p is usually unknown, this is a very useful
improvement by Kraus and Oesterlé [27]. Also note that [ { NN’ is equivalent
to both elliptic curves F and F' having good reduction at [. On the other
hand, [ { N" and [ || N means that £ has multiplicative reduction at {, whilst

F" has good reduction at [.
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Chapter 3

The generalized Fermat

equation over Q

This chapter gives the background necessary to provide a basic understanding
of the modular approach to Diophantine equations. The modular approach
uses the relationship between elliptic curves and newforms of weight 2. These
are the mathematical ingredients of Wiles’ proof of Fermat’s Last Theorem for

which we provide a sketch at the end of this chapter.

3.1 Frey curve

The history of the Frey elliptic curve is quite interesting. Yves Hellegouarch
reaccounts on his website [19] that he associated an elliptic curve to the Fermat
equation 2P + y? + 2P = 0 during the Journées Arithmétiques de Bordeaux of
1969 in order to prove a proposition. However, this proposition was disproved
on the spot by Jean-Pierre Serre. Therefore, it was not included in the notes

on that day, so was not documented. But the idea is great and has been
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studied in depth by Gerhard Frey as he was convinced that this elliptic curve
might not be modular [16].

First we explain what a Frey elliptic curve is. A Frey elliptic curve is
an elliptic curve over the rationals but instead of having known coefficients,
it has coefficients depending on the hypothetical solutions to a Diophantine
equation. By construction it has a nice discriminant, making it possible to
prove properties of the associated Diophantine equation.

Start off with a Diophantine equation AxP+ By?+C2zP = 0 with z,y, z €
Q and A, B, C pairwise coprime and ABC' # 0. Suppose (z,y, z) is a solution
with zyz # 0. Suppose that a p-th power of a prime divides A (resp. B, resp.
(). Then this prime can be absorbed into = (resp. vy, resp. z) and hence
we can assume that the solution is pairwise coprime. We call such a solution
a non-trivial, primitive solution. Note that exactly one of AxP, ByP, C'zP has
to be even when we reduce the equation modulo 2, which we can assume to
be By? without loss of generality. Since AxP is odd either Az =1 (mod 4)
or Az? = —1 (mod 4). In the first case, we can just consider the solution

(—x,—y, —z) instead, hence we can assume that Az? = —1 (mod 4).

Definition 3.1.1. For primes p > 3, let (x, y, z) be a non-trivial primitive
solution to the Fermat equation Ax? 4+ ByP + CzP = 0. Assume that By® is
even and that Az? = —1 (mod 4). Then Eapc:Y? = X(X — Az?)(X + ByP)

18 called the Frey elliptic curve.

Note that the discriminant of this model is

A = 16(Ax? By (AzP + ByP))? = 16(ABC)?*(zy2)*,

and so by Theorem 2.1.3 this is an elliptic curve if and only if xyz # 0, i.e.
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(x,y, z) is a non-trivial solution. In some cases the next step is showing that
no such elliptic curve exist for example in the case of Fermat’s Last Theorem

(FLT). Even if an elliptic curve exists partial information can be extracted.

3.2 Level lowering

Once the Frey elliptic curve is constructed (even if the coefficients are not
known, but at least they obey the Diophantine equation), in order to relate
the elliptic curves with modular forms, Ribet’s Level Lowering Theorem [33]
is used. In [34], Siksek describes the importance of Ribet’s Theorem as this

theorem gives the level of the newform associated to the Frey elliptic curve.

Theorem 3.2.1. (A simplified case of Ribet’s Level Lowering) Let p be prime
p > 5 and let E be an elliptic curve over Q without p-isogenies. Let A be the

minimal discriminant for E and let N be the conductor. Define

szN/ 1 «

qlIN,
plordg(A)

(Here q || N means q | N and ¢* 1 N ). Then there exists a newform f of level
N, such that E ~, f

Before discussing the consequences of the theorem we look at the as-
sumptions. In order to use Ribet’s Level Lowering Theorem, we need our

elliptic curve to have no p-isogenies.

Definition 3.2.2. An isogeny ¢ is a rational map of an elliptic curve onto
another elliptic curve that is also a group homomorphism. A p-isogeny is an

isogeny of degree p (i.e. the size of the kernel is p).
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For an elliptic curve E over Q is straightforward to check in MAGMA [2] if
E has p-isogenies. But the Frey elliptic curve has unknown coefficients. The

following powerful theorem by Mazur [28] will be useful in practice.

Theorem 3.2.3. (Mazur) Suppose E/Q is an elliptic curve and that at least

one of the following conditions holds.
e p>17 and j(F) ¢ Z[%],
e orp>11 and E is a semi-stable elliptic curve,

e orp>5, #E(Q)[2] =4, and E is a semi-stable elliptic curve,
Then E does not have any p-isogenies.

So there often exists an explicit criterion to check whether Ribet’s Level
Lowering Theorem can be used in practice. We now look at the consequences
of Ribet’s Level Lowering Theorem. The theorem says that if the assumptions
are satisfied there exist a newform of a specific level that is related to the elliptic
curve. This will be crucial for proving Fermat’s Last Theorem as newforms

are (computationally) easier to work with.

3.3 Conductor and N, calculations for gener-
alized Fermat equation

Here we present the conductor and N, recipes for the generalized Fermat
equation over Q as presented by Siksek in [34] based on work by Kraus [25].
Suppose that A, B, C' are non-zero pairwise coprime integers, and p > 5

a prime. Let

R = ABC,
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and suppose that
ord,(R) <p

for every prime number ¢q. Consider the equation
Az? + By + C2F = 0,

where we assume that

A, B, C are non-zero and pairwise coprime.
Without loss of generality we also suppose that

Az? = -1 (mod 4), By? =0 (mod 2).
We associate to the non-trivial primitive solution (z,y, z) the Frey curve

E @ Y?=X(X— A2P)(X + ByP).

The minimal discriminant is

2'R?(zyz)?  if 16 1 By?,
Amin =

278R*(zyz)* if 16 | By".

For positive integer R and prime ¢ we define:

Rady(R)= [
l| R prime,
l#q
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The conductor N is given by

.

2Rady(Rryz) if ordy(R) = 0 or orda(R) > 5,
2Rady(Rryz) if 1 <ordy(R) <4 and y is even,
N = ¢ Rad,(Rzyz) if orde(R) = 4 and y is odd,

23 Rady(Rzyz) if orde(R) =2 or 3 and y is odd,

2° Rady(Rryz) if ordy(R) =1 and y is even.
\

Theorem 3.3.1. (Kraus [25]) Under the above assumptions, E ~, f for some

newform f of level N, where

;

2Rada(R)  if orda(R) =0 or orde(R) > 5,
Rads(R) if orde(R) = 4,
Np = 2Rady(R) if 1 <ordy(R) <3 and y is even,

23Rady(R) if orde(R) =2 or 3 and y is odd,

2°Rady(R) if orde(R) =1 and y is odd.

3.4 Sketch of proof of Fermat’s Last Theorem

Finally following [34] we can sketch how the modular approach works for Fer-

mat’s Last Theorem proved by [40].

Theorem 3.4.1. (Wiles) The equation P + y? + zP = 0 with x,y,z € Z and

p > 5 prime has no non-trivial integer solutions.

Assume that we have a non-trivial solution (a,b,c). Without loss of

generality we can assume it is primitive, that b is even and that a = —1
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(mod 4). We then construct the Frey elliptic curve

E:Y?=X(X —ad")(X +bP).

The discriminant of this elliptic curve is A = 16(abc)?’. The conductor is
N = 2Rady(xyz). Now since the conductor is squarefree, we know that it is
semi-stable. We need to verify that £ has no p-isogenies in order to apply
Ribet’s Level Lowering theorem. Since E(Q)[2] = 4 and E is semi-stable, we
can use Mazur’s theorem. And so applying Ribet’s Theorem we get that that
N, = 2. From Chapter 2 we know that there are no newforms of level 2 and
weight 2. Hence the discriminant of the Frey elliptic curve has to be zero, so

the only solutions to Fermat’s Last Theorem with p > 5 are the trivial ones.
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Chapter 4

Quadratic reciprocity

This chapter looks at the Diophantine equation
P +yP +312F = 0. (4.1)

The first sections deal with what is known about this and the more general

equation

P +yP + L2 =0 (4.2)

where L is an odd prime. The last two sections provide a new theorem that
proves that there are no solutions to equation (4.1) for exponent p satisfying

certain congruences modulo 3,5,7 and 11.

4.1 Assumptions

Consider the Diophantine equation (4.2) where L is an odd prime, z,y, z € Q,
p > 5 is a prime and r € Z>o. If r > p then can replace z by Lz to get

coefficient L"~P. This process can be repeated until » < p and hence can
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assume that r < p. Call (z,y, z) a solution to this equation if it satisfies the
equation and non-trivial if xyz # 0. Take [ to be the lowest common multiple
of the denominators of x,y,z. Then (lx,ly,lz) is a also a solution to the
Diophantine equation and moreover lx,ly,lz € Z. Hence we can assume that
x,1y, z € Z. Note that, if two of the terms of the equation have a prime factor ¢
in common (where g # L), then ¢ also divides the third term. If ¢ = L then the
condition r < p will guarantee that if two of the variables (z,y, z) are divisible
by L then so is the third one. In both cases it is possible to replace (x,y, z)
by (x/q,y/q,2/q). This process can be repeated until eventually (x,y, z) are
pairwise coprime. In this case the solution is said to be primitive. Hence
from now (without loss of generality) it is assumed that (z,y, z) are coprime
integers. Finally note that if » = 0 then this is the Fermat equation (also
known as the equation from Fermat’s Last Theorem), and thus we can assume

that 0 < r < p.

4.2 Bounding the exponent p using the corre-
sponding newform

The proof of Fermat’s last theorem boils down to the fact that there is no
newform of level 2 and weight 2. Unfortunately, quite often there exists a
newform of level N, and weight 2 and sometimes there are even multiple
newforms. However, all is not lost and these newforms can sometimes be used
to bound the exponent p.

The recipe for the generalized Fermat equation AxP + ByP 4+ C2P = 0

from the previous chapter associates to a hypothetical non-trivial primitive
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solution (z,y, z) of the Diophantine equation (4.2) the following Frey curve.

E:Y?=X(X—-A)(X+B)

where (A, B,—A — B) is a permutation of (z”,y”, L"2P) such that A = —1

(mod 4) and B is even. The minimal discriminant and conductor of E are

Apin = 278 L% (2y2)?, N = Rad(Lzyz)

and N, = 2L.

Since the conductor N of E is squarefree, we know that the elliptic
curve E is semi-stable. As Lzyz # 0 it follows that (A,0),(B,0),(0,0) are
distinct and hence E has full 2-torsion. By Theorem 3.2.3, E does not have
p-isogenies since p > 5. Ribet’s Theorem (Theorem 3.2.1) shows that E arises
modulo p from some newform f of level N, = 2L and weight 2. For a specific
L, one can calculate the newforms at that level and weight 2. For example,
for L = 31, MAGMA shows that there is exactly one rational newform of level 62

and weight 2 (irrational newforms will be dealt with later on in this chapter).

f:q+q2+q4—2q5+q8—3q9—2q10+2q13+q16—6(]17—3(]18
+4C]19—2q20—|—8q23—q25+2q26+2q29+0(q30)-

(4.3)

This has the following elliptic curve over QQ associated to it

E:y+ay+y=2>—a2?—a+1.
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This elliptic curve has Cremona reference 62al. If newforms are found at the
predicted level, it is sometimes possible to use these to bound the exponent
p of the Diophantine equation. This method is explained in [34] and in some
cases it even shows that FE does not arise modulo p from a given newform
(which has the right level and weight). The following is Proposition 9.1 from
(34].

Proposition 4.2.1. Let E/Q be an elliptic curve of conductor N, and suppose
that t | #E(Q)tors- Suppose that f is a newform of level N' and weight 2. Let
[ be a prime such that [t N' and >t N. Let

Sl:{aEZ : —2\/Z§a§2\/z, a=1+1 (modt)}.
Let ¢; be the [-th coefficient of f and define
Bl/(f) = NOI‘I’HK/Q((Z + 1)2 — CIZ) H NOI‘HIK/Q(CL — Cl)

a€S)

and

L-B)(f) if f is irrational,
Bi(f) =
Bj(f) if f 1is rational.

If E~, f then p| Bi(f).

Notice that this proposition bounds p provided there is an [ such that

Bi(f) # 0. According to [34] this is guaranteed to succeed in two cases:

(a) Suppose that f is irrational. Then for infinitely many primes [ we have
that B;(f) # 0. This is true since ¢; ¢ Q for infinitely many of the

coefficients ¢;.
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(b) Suppose that f is rational and that ¢ is prime or ¢ = 4. Suppose that
for every elliptic curve F' in the isogeny class corresponding to f we

have t 1 #F(Q)tors- Then there are infinitely many primes [ such that
Bi(f) #0.

If B;(f) # 0 for any [ then this proposition bounds the exponent p. Moreover
if By(f) is equal to 1 (or 2¢37 where 7,5 € Z) for any [ then it follows (since

p > 5) that there is no such p. The following theorem is proved in [34].

Theorem 4.2.2. Suppose 3 < L < 100 is prime. Then the equation xP + yP +
L"2P =0 where 0 <r < p, p>>5 prime and xyz # 0 has no solutions where
z,y,z are pairwise coprime unless L = 31, in which case B ~, I where F' is

the elliptic curve with Cremona reference 62al.

This theorem indicates that L = 31 is a harder equation to solve than
any other prime L where 3 < L < 100. For the rest of this chapter, it is
assumed that L = 31. The previous theorem did not result in an upper bound
for the exponent p in the equation 2P +y? 43172 = 0, but maybe it is possible

to find a lower bound for p.

4.3 Finding a lower bound for exponent p

Siksek [34] uses Kraus’ method [26] to find a lower bound for the exponent p
which shows that if p > 5 then p > 10°. Such a large bound for p does not
only give a good indication that there might be no solutions, but is also very
helpful to know that if there is a non-trivial, primitive solution then p has to be
very large. We give an explanation of this method following the exposition in

[34]. Kraus’ method deals with a fixed prime p, and hence iteratively may be
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used to find a lower bound for p by simply eliminating all options exhaustively.
Kraus’ method starts with associating a Frey elliptic curve to the Diophantine
equation aP 4+ y? + L"2P = 0, where L is a prime and xyz # 0. We associate
the following Frey elliptic curve to a non-trivial primitive solution (z,y, z) of
equation (4.2)

E:Y?=X(X—-A)(X+B)

where A, B, —(A + B) = C' is an appropiate permutation of 27, y?, L"2P. Let-
ting § = (y/z)? then F is the quadratic twist of
Es: Y?=X(X-1)(X+)9),
by aP.
For prime [ { z, from Theorem 2.1.8 it follows that a;(F) = £a;(Es).

Lemma 4.3.1. With notation as above, suppose that E ~, f for some new-
form f with level 2L and weight 2. Suppose that | is a prime distinct from 2,

L,p. Write f =q+ 550" -
o Ifl|zyz then p | Norm((l + 1)* — ¢}).
o Ifltwyz then p | Norm(ai(F5)? — c}).

Proof. Let E be the Frey elliptic curve associated to a non-trivial primitive
solution to Equation 4.2. Then E has conductor Rad(Lzyz) so from Proposi-

tion 2.2.4 it follows that
(i) If 11 p-2L-Rad(Lzyz) then a;(E) = ¢ (mod P)

(ii) If {fp-2L and [ || Rad(Lxyz) then [+ 1 = £¢; (mod B),
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where P | p is a prime ideal in the field K generated by the ¢; coefficients
in the g-expansion of f. Now since [ is a prime distinct from 2, L and p it
follows that [t p- 2L - Rad(Lzyz) is equivalent to [ { zyz. Since Rad(Lzyz) is
squarefree, it follows that [t p- 2L and [ || Rad(Lxyz) is equivalent to [ | zyz.

Hence we get
(i) if [ ¥ zyz then q;(F) = ¢ (mod P)
(ii) if [ | zyz then | + 1 = £¢ (mod P).

Now recall from the discussion above that if | { z it follows that a;(E) =
+a,(Fs). Squaring both sides of the equivalences and recalling that B | p

completes the proof. O

Remark. Suppose | = np + 1 is prime. Let

pn(F) ={CelF, : ("=1}. (4.4)
This is the group of n-th roots of unity in F;. Note that if [ { zyz then the
reduction of ¢ = (y/x)? modulo [ belongs to u,(F).

Lemma 4.3.2. Suppose that p > 5 is a fized prime and E is as above. Suppose
that for each newform f at level 2L and weight 2 there exists a positive integer

n satisfying the following four conditions:
(1) l =np+1 is prime.
(ii) 1 # L.

(iii) ptNorm((l 4+ 1)? — ¢}). (Here ¢; is the l-th coefficient of f).
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(iv) For all " € p,(F;), 6" # —1 we have

p 1 Norm(a;(Ey)* — c}).

Then the equation xP 4+ yP + L"2P = 0 does not have any non-trivial solutions

satisfying the usual conditions.

Proof. Suppose there is a non-trivial solution to P 4+ y? + L"2P = 0. We can
assume it is primitive. Let E be the Frey elliptic curve associated to it. Let
Es be the elliptic curve and f the newform as described above. Suppose there
exists a positive integer n satisfying conditions (i)-(iv). Then from (i) and (ii)
it follows that [ = np + 1 is a prime distinct from 2, p and L. Then from
Lemma 4.3.1 and (iii) it follows that [ { zyz. So it follows from Lemma 4.3.1
that p | Norm(a;(Es)? — ¢). On the other hand since [ { zyz it follows that
§ = (y/x)P € F;. 0" = (y/x)™ = (y/x)""! =1 (mod [). Hence § € pu,(F;).
If 6 = —1 (mod l) then (y/z)? = —1 (mod (), so 2’ +y” =0 (mod [). From
Equation 4.2 it follows that Lz = 0 (mod [) which is impossible as [ { xyz and
[ # L. So d # —1. From this and (iv) it follows that p f Norm(a;(Es)? — ¢?)
which leads to a contradiction and hence there is no non-trivial solution to

P +yP + L2 = 0. [
These lemmas are used by Siksek to prove the following theorem.

Theorem 4.3.3. Suppose L = 31. Then equation xP +y? + L"2P = 0 does not

have any solutions satisfying the usual conditions for 11 < p < 106,

Proof. (sketch, based on [34]) Suppose L = 31. By Theorem 4.2.2 we know
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that E' ~, F' where F' is the elliptic curve 62al with equation
F:y’+ay+y=2>—2—z+1.

For all primes p such that 11 < p < 109, it is then possible to check if there
exists a suitable n as in Proposition 4.3.2.

]

Instead of trying to find an upper or lower bound for the prime exponent

p, the next section explains how to get rid of a whole class of prime exponents.

4.4 Halving the number of potential exponents

So far, no one has been able to find an upper bound for the exponent p in
equation 4.2 when L = 31 and r = 1 so that there are no non-trivial solutions
for any prime p bigger than this bound. This section explains how Halberstadt
and Kraus [18] using the symplectic method prove that for half of the prime
exponents p there are no non-trivial solutions to Equation 4.1. The symplectic
method will feature prominently in the final chapter of this thesis, so the

theorem is included.

Theorem 4.4.1. (Halberstadt and Kraus ) Suppose E and F are elliptic
curves over Q and p > 5 is a prime such that E ~, F'. Let {1, {y be distinct
primes, different from p. Suppose that E and F have multiplicative reduction
at U1, s and that p does not divide ordy,(A(E)) nor ordy, (A(F)) fori=1,2,
where A(E) and A(F) are the minimal discriminants of E and F. Then

ordy, (A(E))ordy, (A(E))
ordy, (A(F))ordp, (A(F))
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18 congruent to a square modulo p.
Halberstadt and Kraus prove the following application.

Theorem 4.4.2. The equation xP + y? + 3127 = 0 does not have non-trivial

solutions if p = 3 (mod 4).

Proof. Suppose there is a non-trivial solution (z, y, z) to Equation 4.1. We may
suppose that it is primitive. The following Frey elliptic curve is associated to
it

E:Y?=X(X—-A)(X+B)
where A, B,—A — B is an appropriate permutation of x?,y?, 31zP. We know

from Theorem 4.2.2 that £/ ~,, F' where F'is 62al. Now we can use the recipes

in chapter 2 to calculate the minimal discriminants

A(E) =278 31%(zy2)?, A(F) = —2* x 31,

and the conductors

Ng = Rad(31zyz), Np = 62.

So both curves have multiplicative reduction at 2 and 31. Theorem 4.4.1 can
now be used with primes ¢/; = 2 and ¢, = 31. By Theorem 4.3.3, we know
that that p > 10° and so certainly p # 31. So applying Theorem 4.4.1, we get

that:

ords(A(E))ords; (A(E)) _ (=8 + 2p ords(zyz))(2 + 2p ords; (zyz)) = 4 (mod p)
ordy(A(F))ords (A(F)) 4x1 -

must be a square modulo p. Hence (%) = 1. By quadratic reciprocity, it
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follows that there are no (non-trivial) solutions for p =3 (mod 4). O

The last step of the proof uses quadratic reciprocity, which will also be

used to prove the new theorem of this chapter.

4.5 Possible triples

Before looking at the new theorem, let us first look at the residues of possible
primitive solutions (z,y, z) to equation (4.1) modulo the primes 3,11 and 29
when p > 5, which will be necessary for the next section. Of course, one can
trivially take the set of all possible triples (z,y, z) (mod q), so then there are
q> options for every prime q. However, it is usually possible (especially for

small primes ¢) to eliminate a large amount of the triples.

Lemma 4.5.1. The only possible triples (x,y,z) (mod 3) that correspond to

a non-trivial, primitive solution to equation (4.1) are (1,1,1) and (2,2,2).

Proof. Suppose that 3 | zyz, then Lemma 4.3.1 shows that p | (4% — %) where
cs is the third coefficient of the rational newform at level 62 and weight 2 see
Equation 4.3, so c3 = 0 and hence (42 — ¢3) = 42. This is only possible if p = 2
but p > 5 so it follows that 3 { xyz. Then 2? = y> = 22 = 1 (mod 3). Now
consider the condition 0 = aP + y? + 3122 = x + y + z (mod 3). The only
options are (1,1,1) and (2,2, 2). ]

The previous lemma gives such a nice solution because 2P = x (mod 3)
for any odd prime p. When one wants to look at solutions modulo the primes 11
and 29 these will depend on p. However since ' = 1 (mod 11) provided 11 f =
and similarly z?® =1 (mod 29) provided 29 { x [by Fermat’s Little Theorem]

it is enough to consider primes p modulo 10 when looking at solutions modulo
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11 and primes p modulo 28 when looking at solutions modulo 29. As p is
assumed to be odd, and because of Theorem 4.4.2, can assume that p = 1
(mod 4), it is enough to consider the prime p modulo 5 (for 11) and 7 (for 29).

Note that the following holds:

Lemma 4.5.2. Let (x,y, z) be a non-trivial primitive solution to Equation 4.1

with p > 7. Then 111 zyz and 29 { zyz.

Proof. Suppose that (z,y, ) is a non-trivial primitive solution to Equation 4.1,
then because of Lemma 4.3.1 if pt ((¢+1)* — ¢Z) then ¢ { zyz, where ¢, is the
g-th coefficient of the rational newform of level 62 and weight 2. The rational
newform at level 62 is given by Equation 4.3. So ¢;; = 0 and ¢o9 = 2. Then
(114 1) —¢3y)) = 12% and ((29 + 1)? — 2%) =896 = 27 - 7. Hence if p > 7 is

a prime then p { ((¢ +1)* = ¢7) hence ¢ { zyz for both ¢ =11 and ¢ =29. O

Instead of looking at possible triples (z,y, z) modulo 11 and 29 where
(x,y,z) is a solution to the Diophantine equation, it is necessary to start
looking at possible triples for (A’, B',C") where (A’, B’,C") is an appropiate
permutation of (P, yP 312P). These possible triples are only listed up to per-

mutation. The Hasse bounds for elliptic curves will be used in the algorithm.

Theorem 4.5.3. (Hasse’s theorem for elliptic curves) Let E(F,) be the number
of points of an elliptic curve E over the finite field with q elements F,. Then

the following inequality holds.

[#E(F,) — (¢ + 1)< 2V

Lemma 4.5.4. Assume (z,y,z) is a non-trivial primitive solution to Equa-

tion 4.1 with p > 7. The possible triples for (zP,y?,31zP) modulo 11 (re-
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spectively modulo 29) up to permutation are given by (A, A, —2\) (respectively
(A, 22X, —=3X) or (A, 4\, —5)X) ) where X € Y, (respectively \ € Fiy).

Proof. First we construct the elliptic curve F' associated to the rational new-
form of level 62 and weight 2 (see Equation 4.3, it has Cremona reference
62al). The rest of the proof is is done by running through an algorithm.
Let (A", B',C") = (aP,yP,31zP). First take A’, B’ any elements in the fi-
nite field with 11 (respectively 29) elements. Then C' = —A’ — B’ since
P 4+ y? 4+ 3127 = 0. Now by Lemma 4.3.1, it follows that 11 1 zyz (re-
spectively 29 { zyz) and so A’B'C" # 0 (mod 11) (respectively A’B'C" # 0
(mod 29)). Next construct the Frey elliptic curve E associated to the so-
lution (z,y,2). As A, B’,C" is a permutation of a2 yP 312zP and since it is
unclear what their residues are modulo 4, it is only possible to construct
this elliptic curve up to quadratic twist. So the Frey elliptic curve (up to
quadratic twist) is £ : Y? = X(X — A")(X + B’). Now because of Proposi-
tion 2.2.5 and 2.1.8, it follows that a11(F) = fa11(F) (mod p) (respectively
a9 (E) = tag(F) (mod p)). By the Hasse bound (see Theorem 4.5.3), it fol-
lows that |a;1(E) F a11(F)|< 4y/11 < 14 and since p | (a1,(E) F a11(F)) and
since p > 10° (by Theorem 4.3.3), it follows that a;1(E) = +a;1(F) (respec-
tively agg(FE) = Fa(F) since |ax(E) F ax(F)|< 4v/29 < 22). If the traces
line up, the triples is added to the possible triples. Running through the finite
set of possibilities for A" and B’ in Fj; (resp. F3y), the possible triples modulo
11 up to permutation are (A, A\, —2)) where A € Fy;%. The possible triples
modulo 29 up to permutation are either (\,2X,—3\) or (A, 4\, —5\) where

A € Fogx. This completes the proof. O]

We also need the following lemma.
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Lemma 4.5.5. Let (z,y,2) be a non-trivial solution to Equation 4.1 with

prime exponent p > 5. Then the following hold:

(a) 291 (xy — 2%)

(b) The following are equivalent

(i) 11] (zy — 2%)
(ii) 2P = y? (mod 11)

(1)) =y =z (mod 11)

Proof. Suppose (z,y, z) is a non-trivial solution to

P + 9P + 312 = 0.

This equation together with the identity

(2 +y)? = (2 —y")? = daPy?

leads to

(3127)% — (2P — yP)? = daPyP.

Subtracting 42?7 from both sides results in

(312 — 4)2% — (2P — yP)? = 4(aPy? — 2P).

Factoring on the right hand side gives

(317 — 4)2 — (2 —y")* = d(ay — 2*) (2, y, 2) (4.5)
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where f(z,y,2) € Z|x,y, z| is a polynomial in z,y, z. Now suppose that 29 |
(ry — 2%). Then since 29 | (31> — 4) and by Equation 4.5 it follows that
29 | (zP—yP). Hence 27 = y? (mod 29). This is impossible by Lemma 4.5.4 and
hence proves (a). For (b) note that if z =y = 2 (mod 11) then 11 | (zy — 2?),
so (#74) implies (i). If 11 | (zy—2?), then by Equation 4.5 and since 11 | (312—4)
it follows that 11 | (P —yP). This is equivalent to z” = y? (mod 11) and hence
(7) implies (i¢). Now suppose that ¥ = y?” (mod 11). Then by Equation 4.1
it follows that 2P 43127 = 22P — 22” (mod 11). Since 11 and 2 are coprime it

follows that ¥ = y? = 2P (mod 11). Note that the finite group homomorphism

* *
Fy, — Fyy

a+— af

is injective if p and 10 are coprime. Since p > 5 is a prime, it follows that p and
10 are coprime. Then since it maps to itself, is follows that the homomorphism
is surjective and hence bijective. So if 2P = y? = 2P (mod 11) thenz =y = 2

(mod 11). So (i7) implies (7it). O

4.6 A specific improvement using quadratic
reciprocity

In this section we prove a new result using the modular approach together
with quadratic reciprocity. First there are some technical lemmas which are

used in the theorem.

Lemma 4.6.1. Let (x,y, z) be a non-trivial primitive solution to Equation 4.1
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with prime exponent p. Then

(572) - 3)

Proof. Let (z,y,z) be a non-trivial primitive solution to Equation 4.1. First
we look at <M> This is equivalent to finding if there is a § € Fj
such that xy — 22 = 34% (mod 9), which we can determine by looking at
the triples mod 9. Recall from Lemma 4.5.1 that without loss of generality
r=y=z=1 (mod3) (since if z =y = 2 = —1 (mod 3) we can replace
(,y,2) by (—z,—y,—2)). Sox =1+ 3i,y =1+ 3j and z = 1 + 3k for some
1,7,k € Z. Now

P+ 9y +312P =0

implies

(14+3i)P+ (1+3j)P+31(14+3k)?P=0 (mod 9)

by the Binomial Theorem
14+p3i+1+p3j+4+pl2k=0 (mod 9).

Hence

6+ p3(i+j+4k) =0 (mod 9)

which is equivalent to

—2/p=i+j+k (mod3). (4.6)
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Now looking at
zy—2* = (1+3i)(1+35)— (1+3k)* = 1+3(i+i)—1—6k = 3(i+j—2k) (mod 9)
which is equivalent to
(xy —22)/3=i+j—2k=i+j+k=-2/p (mod3)
where the last part follows from (4.6). Hence
((xy—ZQ)/fi) _ (—2/17) _ (13)
3 3 3

which concludes the proof of the lemma. n

Lemma 4.6.2. Suppose that (z,y,2) is a non-trivial primitive solution to

Equation 4.1 with prime exponent p such that x Z y (mod 11) then

(M): 1 p=1,-2 (mod5),

11
-1 p=-1,2 (mod5).

Proof. Now look at (%) As x # y (mod 11) the only option for the

triples A, B’, C" to be aP, yP, 31zP using Lemma 4.5.4 is
=X yP=-2)\ 3lZX=X (mod 11)
where A € F7,, which is equivalent to

P =X Yy =-2)\, 2ZX=5)\ (mod 11).
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Note that it is possible to swap x and y but since we are only interested in
2y — z? which is symmetric in 2 and y we are reduced to just one option. So

since

* *
Fy, — Fpy

o aP

is a bijection for p = 1,—1,3, -3 (mod 10), it has an inverse, namely

* E3
Fy, — F

/
o aP

where pp’ = 1 (mod 10). So

P =\yP = -2\ 2P =5\ (mod 11)

is equivalent to

=N y=(=2\)",2=(5\)" (mod 11).

Hence xy — 22 = ((=2)” — 5*')A*" (mod 11). This is a square modulo 11 if
and only if ((—2)? —5%') is a square modulo 11. For p = —1, -3 (mod 10) we
calculate that p’ = 9,3 (mod 10) respectively and so (—2)?—5' =1 (mod 11)
and (—2)3 — 55 = 9 (mod 11). On the other hand for p = 1,3 (mod 10) we
have that p' = 1,7 (mod 10) respectively. So ((—2)” — 5%') =6 (mod 11) in
both cases, which is not a square modulo 11.

From this it follows that if p = —1,2 (mod 5) then (zy — 2?) is a square
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mod 11, and if p=1,—2 (mod 5) then (zy — 2?) is not a square modulo 11.
[l

Lemma 4.6.3. Let (x,y, z) be a non-trivial primitive solution to Equation 4.1

: : — ry—22
with prime exponent p. If p=+1 (mod 7) then (yZ—g) =1

Proof. Let (x,y,z) be a non-trivial primitive solution to Equation 4.1 with
prime exponent p. Recall from Lemma 4.5.4 that up to reordering (z?, 3, 3127)
either have residues (\,2X, —3X) or (A,4X\, —5\) modulo 29 where A\ € F5,.
Hence 27 = a\, y? = bA, 22 = ¢\ (mod 29) where a, b, ¢ are either a reordering

of (1,2,-3) or (1,4, —5). So
a+b+c=0. (4.7)

Suppose that p = 1 (mod 7), then p = 1 (mod 28) since by Theorem 4.4.1
p=1 (mod 4). So then x = a\,y = b\, 2 = (¢/2)\ (mod 11). Hence

<my2—9 22) _ ((ab —2902>/4> B (4@2; 02>

where the first equality holds as A € F;; and the second because 4 is always a

square and 29 1 4. From equation 4.7 we get

(4ab2; c2> _ (4ab— <;éa+b))2) _ ((a ;91))2)‘

Now since a # b (mod 29) it follows that if p =1 (mod 7) then (xy_z2> =1.

29

If p = —1 (mod 7), then p = 13 (mod 28) since p = 1 (mod 4) by

Theorem 4.4.1. Note that 13-13 =1 (mod 28) and so the map z + '3 is its
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own inverse in F35. So

P = al, Y’ = b, 2P =¢/2\  (mod 29)

now gives

T =a®\?, y = bBA, z=(c/2)"A\® (mod 29).

And hence

(xy2—9 ) B <<ab>13 ;9@/2)26) |

Recall from 4.7 that a +b+¢=0

<(ab>13 ;9(c/2>26> _ ((ab)13 - (;Z+ b)/z)%) |

Let t = a/b € Fiy then since 29 1 b so can divide by 5?® (which is a square).

(ab)® = ((a+b)/2*°\ _ ((OF = ((t+1)/2)*
29 B 29
Running through all options in 34 it follows that (W) = —1 only
if t =3,10,14,27 (mod 29) (and 1 otherwise). As a,b are two different values
in either (1,2, —3), or (1,4, —5), we check that a/b # 3,10, 14,27 (mod 29) for
all options for a,b. So if p = —1 (mod 7) then <w—_z2> = 1 which completes

29

the proof. O

Lemma 4.6.4. Let (z,y, z) be a non-trivial primitive solution to Equation 4.1
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with prime exponent p such that x =y = z (mod 11) then

((:cy _ z2)/33) 1 ifp=2,6,7,810 (mod 11)
T et

-1 ifp=1,3,4,5,9 (mod 11).
Proof. Let (x,y,z) be a non-trivial primitive solution to Equation 4.1 with
prime exponent p such that z =y = z (mod 11). Since x =y = z (mod 11),
wecanset x =a+i-11,y=a+j-11 and z =a+k-11 with a Z 0 (mod 11)

and 7, j, k € Z by Lemma 4.5.4. So then 2P +y? 43127 = 0 (mod 121) becomes
(@+i-11° + (a+j-11)P +3L(a+k-11)’ =0 (mod 121).
By the Binomial formula
aP+p-i-11-a? ' +aP4p-j-11-a’ 1 +31a? +31-p-k-11-a»"' =0 (mod 121).
As a # 0 (mod 11), can divide by a?~!
33a+ 11p(i +j +31k) =0 (mod 121)

which is equivalent to —3a/p = ¢ + j — 2k (mod 11). So then zy — 2 =
(a+i-11)(a+j-11)—(a+k-11)* = a®*+ij-121+a-11(i+7) —a*—k*-121—22a-k =
1la(i + j — 2k) (mod 121) which is equivalent to a(i + j — 2k) = —3a*/p

(mod 11) hence only depends on (%ﬁ’) Now (I—f’) = —landifp=1,3,4,5,9

11 11

(mod 11) then (ﬁ) — 1 and if p = 2,6,7,8,10 (mod 11) then (ﬁ) — 1

which completes the proof of the lemma.
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Theorem 4.6.5. Suppose that p is an odd prime and one of the following
holds:

e p=1 (mod 3),p=1,-2 (mod 5), p==+1 (mod 7) andp = 2,6,7,8, 10

(mod 11) (denoted situation 1)

ep = —-1(mod3), p = —1,2 (modb), p = £1 (mod 7) and p =

1,3,4,5,9 (mod 11) (denoted situation 2)

Then there are no non-trivial solutions (x,y, z) € Q3 that satisfy the equation

P + 9P + 3122 = 0.

Proof. Let p be a prime in either situation 1 or situation 2. Then p # 7.
Let (x,y,2) € Q® be a non-zero solution to Equation 4.1. Without loss of
generality (z,y, z) are pairwise coprime integers. By Theorem 4.3.3 it follows

that p > 10°. By Theorem 4.4.2, p =1 (mod 4). Using the identity

(a7 +y7)* = (2" — yF)? = da”y”,

since (z,y, z) is a solution to Equation 4.1,

(3127)% — (aP — yP")* = da”y"

holds. Subtracting 42? from both sides results in

(312 — 4)2% — (2P — yP)? = 4(aPy? — 2*P).

48



Factoring on the right hand side gives

(317 — 4)2 — (2 —y")* = d(ay — 2*) (2, y, 2)

where f(z,y,z) € Z[x,y, 2] is a polynomial in z,y,z. Now since z =y = z
(mod 3) by Lemma 4.5.1 and as 31> — 4 = 3 - 11 - 29, it follows that all terms

are divisible by 3. Dividing out by 3 gives

(11-20)2% = 3((a” — ) /3)° = 4/3(xy — ) f(w,9,2).  (48)

We also know that ((zF —y?)/3)? and (zy — 2?)/3 are integers, and the second

one is odd (since exactly one of z,y, z is even). Hence

(11-29)2% = 3((a” —¥)/3)* (mod |(zy — 2%)/3])

holds so

(o= ) = (=)

Suppose 2% and (zy — z?)/3 have a prime factor ¢ in common. Then
q|zand q| (xy—2%),s0q | zand q| zy, so (z,y,2) are not pairwise coprime,

which is a contradiction of our assumptions. Hence 2% and (zy — 2?%)/3 are

(ﬁ) -t

() = (=51 )

There are two cases, either z = y = z (mod 11) which is denoted Case II, or

coprime so

Hence
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this is not the case (denoted Case I).

At first we assume that we are in Case 1. If ((z — y?)/3) and (zy — 2?)/3
have a prime factor in common then (ﬁ) = 0, which is only possible
if there is a prime factor ¢ | 11 - 29 such that q | (zy — 2?). If ¢ = 11 then by
Lemma 4.5.5 it follows that =y = z (mod 11). This is Case II and will be
dealt with later in the proof. So we can assume that ¢ # 11. So this leaves

q = 29. But by Lemma 4.5.5 29 1 (xy — 2?) hence g # 29. So (zF — y?)/3 and

(ry — 2%)/3 are coprime and hence

(=) = Cite= 5 ) = (=)

This implies

Since (3-11-29) is odd and exactly one of x, y, z is even and hence (zy—2z2)/3 is

odd, we can use Jacobi’s reciprocity law together with the fact that (3-11-29) =

1 (mod 4) (which implies that (55755) = 1) to show that
(zy — 2°)/3
— | =1. 4.
( 3-11-29 (4.9)

So now we need to look at (xy — 2?)/3 (mod 3 - 11 - 29), but we can look at

each prime in turn.

(%) _ ((fvy —322)/3> ((wy—lf2)/3> ((fﬁy —252)/3).
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From Lemma 4.6.1

(572) - 5

((xy _322)/3) ) -lifp=-1 (mod3),

and so

lifp=1 (mod 3).

Now looking at (%), note that (@) = 1. By Lemma 4.6.2

((xy _ 22)/3) T ip=1-2 (mod ),

11
-1 ifp=-1,2 (mod 5).

By Lemma 4.6.3 if p = 41 (mod 7) then (zy — 2?) is always a square modulo

29. Also recall that <%) = —1. Hence <(xy_2';2)/3> =—1lifp=+1 (mod 7).

And so

_ .2
((fgyllzgg/)i%):_lifpz—l (mod 3) and p=—1,2 (mod 5) and p=41 (mod 7)

2
((f;y 11Z %3) ——lifp=1 (mod3)andp=1,-2 (mod5)andp==1 (mod 7)

which contradicts Equation 4.9. So suppose we have a non-trivial primitive
solution (x,y, z) to Equation 4.1 with prime exponent p for which z =y = =
(mod 11) does not holds. Then if p = —1 (mod 3) and p = —1,2 (mod 5)
and p = +1+ 7 we get a contradiction, so there are no such solutions. This is
also the case if p=1 (mod 3) and p=1,—2 (mod 5) and p = £1 (mod 7)

Suppose now that we are in Case II (i.e. 2 =y = z (mod 11)). Then
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(xP — y?)/11 € Z, hence by Equation (4.8),
2927 — 33((xP — yP)/33)? = 4/33(zy — 22) f(z,y, 2).

So
292% = 33((2? — 9?)/33)* (mod (zy — 2*)/33)

< 2922 ) B (33((xp — yp)/33)2>
|(zy — 22)/33] ((wy —2%)/33] )
We know that z?? and xy — 22 have no prime factor in common so
( 29 > B (33((:167" — yp)/33)2>
|(zy — 22)/33] [(wy —2%)/33] )~

Now by Lemma 4.5.5, we have that 29 { zy — 2% so (W) # 0 and so

and hence

((zP — yP)/33)% and (zy — 2?)/33 are coprime. Hence
( 29 ) B (33(($p—yp)/33)2> B ( 33 )
|(zy — 22)/33| |(zy — 22)/33| |(zy — 2%)/33] )
Now by Lemma 4.5.5 29 zy — 22, so it follows that
< 3.11-29 ) ,
|(zy — 22)/33] '

By Jacobi’s reciprocity law as 3-11-29 =1 (mod 4) and (;—91) =1, s0

(2) -

Again we can look at each of the prime divisors of 3 - 11 - 29 separately. Since
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<1/_11> = —1 and by Lemma 4.6.1
) =

-1 ifp=1 (mod 3).

From Lemma 4.6.4 we get that

<(wy _ 22)/33) 1 if p=2,6,7,8,10 (mod 11)

11
-1 ifp=1,3,4,5,9 (mod 11).

Also <%§’3> = 1 combined with Lemma 4.6.3 gives

(W) —lifp==+1 (mod7).

So
(zy —2%)/33\ _ .o _ _
(3‘11‘29 =—1lifp=-1 (mod3)and p=+1 (mod7)
and p=1,3,4,5,9 (mod 11)

—22)/33
(%) =—1lifp=1 (mod3)andp=+1 (mod 7)

and p=2,6,7,8,10 (mod 11)
which contradicts Equation 4.10. So suppose we have a non-trivial primitive
solution (x,y, z) to Equation 4.1 with prime exponent p for which z =y = =
(mod 11) holds. Thenifp = —1 (mod 3) and p=1,3,4,5,9 (mod 11) and p =
+1 (mod 7) we get a contradiction, so there are no such solutions. This is

also the case if p = 1 (mod 3) and p = 2,6,7,8,10 (mod 11) and p = +1
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(mod 7). So combining Case I and II gives the result independent if the con-

gruences * = y = z (mod 11) hold.
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Chapter 5

Generalizing over totally real

fields: preliminaries

From now on we will look at generalized Fermat equations in the form
Aad? + BYY + Cc? =0, a,b,c € Og; (5.1)

where K is a totally real field. We assume that A, B,C € Ok are pairwise
coprime, that A + B + C # 0 for any choice of signs and that p is bigger
than some constant depending only on A, B, C' and K. As we extend the field,
we need a generalization of modular forms to totally real fields, the so called
Hilbert modular forms. For a background on Hilbert modular forms, see [6]
and [9]. In this chapter we will present links between elliptic curves over K
and Hilbert newforms of parallel weight 2. We finish by redefining the Frey

elliptic curve in this context and presenting a level lowering theorem.
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5.1 Eichler-Shimura

We will relate a newform (Hilbert newform in the totally real case) of weight
two to an elliptic curve (over a totally real field K') as we have done for rational
newforms by using the Eichler—-Shimura Theorem in [10, Chapter 8]. However,
for some totally real number fields this is only conjectured to be possible and

hence in that case the results will be conditional on the following.

Conjecture 5.1.1 (“Eichler—Shimura”). Let K be a totally real field. Let § be
a Hilbert newform of level N and parallel weight 2, and write Q; for the field
generated by its eigenvalues. Suppose that Q; = Q. Then there is an elliptic

curve E;/ K with conductor N having the same L-function as f.

Blasius [1] proved based on the work from Hida [20] that this conjecture
holds for totally real fields of odd degree.

Theorem 5.1.2 (Blasius, Hida). Let K be a totally real field and let f be a
Hilbert newform over K of level N and parallel weight 2, such that Q; = Q.
Suppose that [K : Q] is odd, then there is an elliptic curve E;/K of conductor

N with the same L-function as §.

In the even degree case, we will need the following results from Freitas

and Siksek’s paper [13] towards Conjecture 5.1.1.

Lemma 5.1.3. Let E be an elliptic curve over a totally real field K, and p be
an odd prime. Suppose pg, is irreducible, and that pg, ~ p;,, for some Hilbert
newform § over K of parallel weight 2 with Q; = Q. Let q{ p be a prime ideal
of K such that

(a) E has potentially multiplicative reduction at q;
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(b) p| #pppy);
(¢) pt (Normgg(q) £1).

Then there is an elliptic curve E;/K of conductor N having the same L-

function as .

5.2 The Frey curve and its modularity

Let (a,b, c) be a non-trivial solution to Equation 5.1. We shall define the Frey

elliptic curve to be one of the following elliptic curves:

E,:Y?=X(X — Ad”)(X + BP)
By Y?=X(X — Ad’)(X + CcP) (5.2)

B3 :Y? = X (X — Cc#)(X + BVW)

The following lemma, which is an exercise in [34], tells us that these are either

isomorphic or quadratic twists of each other.

Lemma 5.2.1. Let K be a totally real number field, A', B',C" € Ok be non-

zero such that A+ B'+ C" = 0. Let E be the elliptic curve
E:Y?’=X(X-A)X+DB)

then any permutation of A', B',C" will give an elliptic curve which is either

1somorphic to E or its quadratic twist by —1.

Proof. Take any permutations of the triple A’, B’,C’. We can decompose it

into a product of transpositions. We will prove that the elliptic curve resulting
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from a transposition will be a quadratic twist of £ by —1. If the permutation
consists of an even (respectively odd) number of transpositions this will result
in an even (respectively odd) number of quadratic twists by —1 and hence
an isomorphism (respectively quadratic twist by —1) overall. So it suffices to
prove that any transposition of the triple A’, B’, C' results in a quadratic twist

by —1. The transposition (A’B’) results in

E;:Y?=X(X+A)X -B).

If we swap C" with A’ (B’ respectively), we get the following elliptic curve

E:Y?=X(X4+A+B)X+B) (F:Y?=X(X-A)(X-A—-DB) respectively )

which we can see is isomorphic to Ey via the isomorphism X — X —B".Y — Y
(X — X + A)Y — Y respectively). To see that Ey is the quadratic twist of

E by —1 consider the map

X — (V-1)2X,
Y — (V-1)%Y,

which maps F to

E*:-Y?’=-X(-X-A)-X+DB)=-X(X+A)X-B)

which is equivalent to E;: Y2 = X(X + A")(X — B'). O

In this thesis we are only concerned with the Frey elliptic curve up to

quadratic twist, and hence this lemma allows us to define the Frey elliptic
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curve in the following explicit way. We can associate to a non-trivial solution

(a,b,c) of (5.1) the following Frey elliptic curve

E:Y?=X(X — Ad?)(X + BbP). (5.3)

Recall that A, B,C,a,b,c € Ok where K is a totally real number field. Note
AaBbCc # 0 so F is indeed an elliptic curve and moreover F is defined over
K. We say that F is modular if there exists a Hilbert cuspidal eigenform
f over K of parallel weight 2, with rational Hecke eigenvalues, such that the
Hasse-Weil L-function of E is equal to the L-function of §. It is conjectured
that all elliptic curves over totally real fields are modular. We shall need the
following recently proved [12] partial results towards this conjecture as used

in Freitas and Siksek’s paper [13].

Theorem 5.2.2. Let K be a totally real field. Up to isomorphism over K,
there are at most finitely many non-modular elliptic curves E over K. More-

over, if K is real quadratic, then all elliptic curves over K are modular.

The following corollary is a generalization of the corollary in [13] and

the proof is mainly the same.

Corollary 5.2.3. Let K be a totally real field. Suppose A, B,C € Ok are
such that A+ B+ C # 0 for any choice of signs. Then there is some constant
D := D(K, A, B,C) depending only on K and A, B,C such that for any non-
trivial solution (a, b, c) of the generalized Fermat equation AxP+ ByP+C2zP = 0,
with prime exponent p > D, the Frey curve E,;. given by Equation 5.3 is

modular.

Proof. Let (a,b, ¢) be a non-trivial solution to Equation 5.1 and let E, ;. be the
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Frey curve associated to that solution. Write A = —BbP/AaP. The j-invariant
of Egp.c is

) =22 (A2 = A+ 1) A2 (A= 1)72

By Theorem 5.2.2, there are at most finitely many possible K-isomorphism
classes of elliptic curves over K that are non-modular. Let j;,...,7, € K be
the j-invariants of these classes. Hence if the j-invariant of E, . is different
from j1,...,j, € K, then E,; . is modular and we are done. Unfortunately
(a,b,c) is only a hypothetical solution so we cannot practically calculate j(\)
(also since the finiteness of the number of non-modular elliptic curves relies
on Faltings” Theorem [11] which is ineffective). In order to get a contradiction
we suppose that j(\) = j; for some i. Note that j(\) = j; has at most six
solutions A € K. Thus there are values Ay,..., A\, € K (with m < 6n) such

that if A # Ay, for all k£ then E,; . is modular. If A = )\, then

(=b/a)” = (A/B)A,  (=c/a)’ = (A/C)(1 = Ap).

This pair of equations results in a bound for p unless —b/a and ¢/a are both

roots of unity, but as K is real, the only roots of unity are 1. So then
—b/a = =+1, —c/a = +1.

Hence

B C
L=Mt (L= A) =+ £

So A+ B 4+ C = 0 which contradicts the assumption on A, B, C, hence leads

to a contradiction. O
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Remark. As in [13], the constant D is ineffective: in [12] it is shown that
an elliptic curve E over a totally real field K is modular except possibly if
it gives rise to a K-point on one of handful of modular curves of genus > 2,
and Faltings’ Theorem [11] (which is ineffective) gives the finiteness. If K is

quadratic, we can take D = 0 by Theorem 5.2.2.

5.3 Level lowering

Ribet’s Theorem (Theorem 3.2.1 in this thesis) can be used to associate a
newform of weight 2 to a rational Frey elliptic curve. In the totally real case,
we need a more generalized version of level lowering, which is done by Freitas
and Siksek in [13] derived from the works of Fujiwara [17], Jarvis [21] and
Rajaei [32]. For this we need the following notation which follows the notation
from [13]. As before, K is a totally real field. Let E/K be an elliptic curve of
conductor N and p a rational prime. For a prime ideal q of K denote by A,

the discriminant of a local minimal model for £ at q. Let

M, = H q, N, =
qllV,
plordq(Aq)

N
A (5.4)

The ideal M,, is precisely the product of the primes where we want to lower
the level. For a Hilbert eigenform § over K, denote the field generated by
its eigenvalues by Q;. Now we can present the level-lowering recipe which is

derived by Freitas and Siksek in [13].
Theorem 5.3.1. With the above notation, suppose the following

(i) p > 5 and p is unramified in K
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(i1) E is modular,
(iii) pg,, is irreducible,
(iv) E is semi-stable at all q | p,

(v) p|ordg(Aq) for all q | p.

Then, there is a Hilbert eigenform § of parallel weight 2 that is new at level N,

and some prime w of Qs such that @ | p and pg, ~ Pj »-
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Chapter 6

Generalized Fermat equation
over totally real number fields:

a general and specific result

In this chapter we will prove a result that holds for all totally real number fields
for which the solutions to an S-unit equation satisfy certain conditions. Then
by parameterizing solutions to this S-unit equation for specific real quadratic
number fields we achieve another result. This generalizes a paper of Freitas

and Siksek’s [13] which looks at the equation
a’+0+c=0

where a,b,c € Ok, p is a prime and K is a totally real number field. We
use their results following the same steps and generalize them so they can be

applied to
Aa? + BV + CcP =0, a,b,c € Og; (6.1)
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where A, B, C' are odd elements of Ok, K is a totally real field and p is a
prime. We say that A € Ok is odd if A - Ok is coprime to 2 - Ok. We shall
call this equation the generalized Fermat equation over K with coefficients A,
B, C and exponent p. A solution (a, b, ¢) is called trivial if abc = 0, otherwise
non-trivial. The following notation follows [13] apart from that the set S is

enlarged. The notation shall be fixed from now on throughout this thesis.

R=TRad(ABC)= [[

q|ABC
q prime in K

S ={P : Pis a prime of Ok such that P | 2R} (6.2)

T ={P : Pis a prime of Ok above 2},

U={FeT: fB/2)=1}, V={PeT : 3fordy(2)}

where f(/2) denotes the residual degree of . As in [13], we need an as-

sumption which we refer to throughout this thesis as (ES):

either [K : Q)] is odd;
(ES) or U # 0

or Conjecture 5.1.1 (see Section 5.1) holds for K.

Remark. Note that in the paper of Freitas and Siksek [13] the set S only
contains the prime ideals above 2, and hence is a smaller set than the set we

are working with as our set S contains all prime ideals dividing 2R.
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6.1 Irreducibility of mod p representations of
elliptic curves

Next we want to associate a Hilbert newform to this Frey elliptic curve. We
will use the level lowering section of the previous chapter. In the rational
case, we required the Frey elliptic curve to not have any p-isogenies. For
totally real fields this condition is often expressed as saying that the mod p
Galois representation associated to the Frey elliptic curve is irreducible (see
Theorem 2.1.18). The following theorem of Freitas and Siksek [13, Theorem 2],
building on earlier work of David [7], Momose [30] and Merel [29], is sufficient

for this chapter.

Theorem 6.1.1. Let K be a totally real field. There is an effective constant
Ck, depending only on K, such that the following holds. If p > Ck is a rational
prime, and E is an elliptic curve over K which is semi-stable at some q | p,

then pg , is irreducible.

6.2 Conductor calculations

In order to calculate the level of the Hilbert eigenform associated to the Frey
elliptic curve we need to calculate the conductor of the Frey elliptic curve

corresponding to a non-trivial solution (a, b, ¢) of the Fermat equation (6.1).

6.2.1 Local computations

The conductor calculations in [13] are proved in greater generality than neces-

sary for that paper. This generalization suffices for the Frey curve associated
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to the generalized Fermat equation (6.1) and so this section follows the paper

very closely. Let u, v, w € Ok be such that wvw # 0 and u 4+ v+ w = 0. Let

E:y?*=x(r —u)(z +v). (6.3)

This is an elliptic curve with full 2-torsion and with invariants c4, cg, 4, Jj

(with the usual notation for elliptic curves) that are given by:

cy = 16(u? — vw) = 16(v* — wu) = 16(w* — uv),

(6.4)

Dldgb&?

6 = —32(u —v)(v—w)(w — u), A = 16uv*w?, j=

The following lemma is proved using Silverman [35, Sections VII.1 and

VIL5]. (The lemma is stated without proof in [13]).

Lemma 6.2.1. With the above notation, let qt2 be a prime and let

s = min{ord,(u), ordy(v), orde(w)}.

Write Eni for a local minimal model at q.

(1) Ewmin has good reduction at q if and only if s is even and

ordg(u) = ordy(v) = ordg(w). (6.5)

(11) Ewin has multiplicative reduction at q if and only if s is even and (6.5)

fails to hold. In this case the minimal discriminant Aq at q satisfies

ordg(Ag) = 2ordg(u) + 2ordy(v) + 2 ordy(w) — 6s.
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(111) Emin has additive reduction if and only if s is odd.

Proof. Let m be the uniformizer of K,. Suppose that the Weierstrass equation
of E is not in minimal form. Then by the contrapositive of Lemma 2.1.9 we
have that ords(A) > 12. Now since 7 { 2, we have that 7 | uvw. Without loss
of generality, m | u. By the contrapositive of the same lemma ordy(cs) > 4 and
hence 7 | vw. As u+ v+ w = 0, we have that 7 | w, 7 | v and 7 | w. Now

suppose that 72 { u. Then since 7 | ¢4 we have that 7 { vw. And so

ordg(A) = 2 ordy(uvw) = 2(ordy(u) + ordy(v) + ordg(w)) < 10

which is a contradiction. Hence 72 | u, 72 | v and 7% | w. Now we can use the

following change of coordinates

T —
y =Y,
to get
E:(y)? =22 — 7 %) (2 — 7 %).

Here A" = 7712A, ¢, = n7%c4. We can keep repeating this until the equa-
tion is minimal. So now suppose that we have done the following change of

coordinates

x— t2,

y >ty
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to get

E' () =2 (2" —t2u) (2 —t ).

If the equation was minimal from the start we can take ¢t = 1, if not t = 7°
where s is the number of times we had to do a change of coordinates to
get the minimal form. In this minimal form with respect to q we have that
v = tu0 =t 2w and w = —(u + ') = =t 3(u+v) =t 2w. We use
theorem 2.1.11 from chapter 2 of this thesis. Applying 2.1.11 (i), we get that
E’ has good reduction if and only if ords(A’) = 0, which is equivalent to
ordy(u'v'w’) = 0 so this holds if and only if ordy(u") = ord,(v) = ordy(w’) = 0.
This is equivalent to ordy(u) = ordg(v) = ordy(w) = 2o0rdy(t) which proves (i)
of this lemma. Using 2.1.11 (ii) we know that E’ has multiplicative reduction if

and only if ordy(A’) > 0 and ordy(c}) = 0. This is equivalent to 7 | w'v'w’ and

2 2 2

71 (w?—u'v') where w” —u/'v' = v —w'v’ = u? —v'w’. Note that v/, v, w’ are
symmetric so without loss of generality if 7 | v'v'w’ we can assume that 7 | «’.
So then as v’ +v' +w' = 0 have w? — /v = w? +u/ (v +w') = w? +u? +v'w'
and hence 7 | v and 7 1 ¢* if and only if 7 | ¢/ and 7 { w'. So from
v + v +w = 0 it immediately follows that = { v’. So since ordg(u) =
ordg(u') + 2t, ordq(v) = ordy(v') + 2t and ordy(w) = ordg(w’) + 2t and we
know exactly one of ordy(u'), ord,(v"), ordy(w’) is positive it follows that s is
even and ordy(u) = ordy(v) = ordg(w) does not hold. If conversely s is even
and ordy(u) = ordy(v) = ordy(w) does not hold, then it follows without loss
of generality that ordg(u) > ord,(v) so when taking an appropriate value for
t, we have ordy(v') = 0. Then from v’ +v' + w’ = 0 it follows that 7 | A" and
71 ¢y. Moreover, ordy(A") = ordy(A) — 12t = ord,(u) + ord,(v) 4+ ordy(w) — 65

which proves (ii) of this lemma. Finally from 2.1.11 (iii) we know that E’ has
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additive reduction at g if and only if ord,(A’) > 0 and ordy(cj) > 0. From
ordy(A") > 0 it follows without loss of generality that 7 | «’. The proof of (ii)
shows us that if 7 divides exactly one of «’,v",w’ then ordy(c}) = 0. This is a
contradiction, hence we know that 7 divides at least two of v/, v/, w’. Now from
W +v' 4+ w' = 0 it follows that 7 divides each of v/, v’, w’. If 7% divides each of
them, then E’ is not minimal Weierstrass form, which is a contradiction and
hence s is odd. Conversely if s is odd, suppose we put the equation in minimal
Weierstrass form at q. Then the exponent of © will only decrease by an even
number and hence 7 divides each of v/, v, w’ and so = | A" and 7 | ¢j which

completes the proof.

6.2.2 Conductor of the Frey curve

Recall that when we look at the generalized Fermat equation

Ad’ + B +Cc? =0

over Z, we can scale the solution such that a, b, c are coprime because prime
factorization is unique. However in Ok this is not always that case. If the
class number of 1, this will be possible but not in general. So let (a, b, c) be a

non-trivial solution to the Fermat equation (6.1), write

Gape = a0k + b0k + Ok, (6.6)

If K =Q then G,p. = aZ + bZ + cZ = ged(a, b, ¢)Z so we can think of G,

as the greatest common divisor of a, b, ¢ generalized to number fields. If
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Gap,e 1s principal, we can divide out by this greatest common divisor and so
if there is a solution we assume that (after scaling by the generator of this
principal ideal) that the solution is primitive. However, this will not always
be principal, but by the finiteness of the class group of K we can scale a,b, ¢
such that G,p. belongs to a finite set (see below). From Lemma 6.2.1, it
follows that the primes that divide all of a, b, ¢ can be additive primes for the
Frey curve. Note that the level lowering recipe given above does not remove
additive primes and so to be able to control the final level we need to control

Gap.c. Following [13], we fix a set

H:{mh‘"amh}

of prime ideals m; t 2R, which is a set of representatives for the ideal classes
of Ok. For a non-zero ideal a of Ok, we denote by [a] the class of a in the
class group. We denote [G,p.] by [a,b,c]. The following is Lemma 3.2 of [13],
and states that we can always scale our solution (a, b, c) so that the greatest
common divisor belongs to H. This set is different from [13] but the following

lemma and its proof work in exactly the same way.

Lemma 6.2.2. Let (a,b,c) be a non-trivial solution to (6.1). There is a non-

trivial integral solution (a',b',c") to (6.1) such that the following hold.

(i) For some £ € K*,

(ZZ) ga/’b/,cl =mecH.
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(i17) [a', 0, ] = la,b, .

Proof. Let m € H satisty [G,p.] = [m]. Thus there is some £ € K* such that
m = (&) Gape Let a', U, ¢ beasin (i). We want to show that o/, ¥/, ¢ are in

Ogk. Note
((l,) — (5) . (CL) =-m- ga_lic . (a)
which is an integral ideal, since G, (by its definition) divides a. Thus o' is

in Ok and similarly so are ¥" and ¢'.

For (ii), note that
Gy =0ad0rg +0V0k +0k = (§) - (a0k + O + cOf) = (£) - Gape = m.
And finally for (iii)
[@,0, ] = [Gape] = W] = [Gurp o] = [, V', €]

]

So as in [13] this lemma allows us to control the greatest common divisor
of a non-trivial solution of the Fermat equation, as we can assume after suitable
scaling that it belongs to the finite set of prime ideals H. As a consequence
(Lemma 6.2.3 below), the Frey curve (5.3) can be assumed to be semi-stable
outside S U H, where S is defined in (6.2). Hence now we can compute the
level lowering level N, which together with the proof holds in the same way

as in [13].

Lemma 6.2.3. Let (a,b,c) be a non-trivial solution to the Fermat equation

(6.1) with odd prime exponent p, and scaled as in Lemma 6.2.2 so that Gup. =
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meH.

Write E = Eq . for the Frey curve in (5.3), and let A be its discrimi-
nant. For a prime q we write Ay for the minimal discriminant at q. Then at
allq ¢ SU{m}, the model E is minimal, semi-stable, and satisfies p | ordy(A).
Let N be the conductor of E, and let N, be as defined in (5.4). Then

N = m® . ngrm. H q, N, = m®n . pr’“&s, (6.7)
Pes q|abe PBesS
qgSU{m}

where()gﬂ’p < rp <24 6ordg(2) for P | 2, and()grfpgrqg <2 for P | R,

and 0 < sp, < sy < 2.

Proof. The discriminant of the model given by E is 16(ABC)?(abc)?, thus
the primes appearing in NV will be either primes dividing 2R or dividing abc.
For B | 2 we have ry = ordyg(N) < 2 4 6ordg(2) by [36, Theorem IV.10.4];
this proves the correctness of the bounds for the exponents in A and N, at
even primes, and we will restrict our attention to odd primes. As E has full
2-torsion over K, the wild part of the conductor of E/K vanishes ([36], page
380) at all odd q, and so ord,(N,) < ordq(N') < 2. This proves the correctness
of the bounds for the exponents in N and N,, at q that divide R and for g = m.

It remains to consider q | abe satisfying ¢ ¢ SU{m}. From Lemma 6.2.1
we deduce that the model (5.3) is minimal and has multiplicative reduction at
such q, and it is therefore clear that p | ordg(A) = ordg(A,). It follows that
ordg(N) = 1 and, from the recipe for N, in (5.4) that ordy(N,) = 0. This

completes the proof.

72



6.3 Level lowering and Eichler—Shimura

To apply the level lowering recipe, we need the following from Freitas and

Siksek’s paper [13]

Lemma 6.3.1. Let E be an elliptic curve over a number field K. Suppose
that 4 | #E(F,) for all but finitely many primes q of good reduction for E.
Then either E has full 2-torsion, or it is 2-isogenous to some elliptic curve E’

having full 2-torsion.

We also need the following image of inertia lemmas before we can lower

the level. The first one is straight from the paper of Freitas and Siksek [13]:

Lemma 6.3.2. Let E be an elliptic curve over K with j-invartant j. Letp > 5
and q 1 p be a prime in K. Then p | #pg (1) if and only if E has potentially

multiplicative reduction at q (i.e. vq(j) <0) and p{ve(j).
The next lemma needs to be adjusted to our Frey curve.

Lemma 6.3.3. Let q ¢ S. Let (a,b,c) be a solution to the Fermat equation
(6.1) with prime exponent p > 5 such that q { p. Let E := E, . be the Frey
curve in (5.3). Then p{ #pg,(1g).

Proof. Using the previous lemma, it is enough to show that at all q ¢ S, with
q { p then either vy(j) > 0, or p | v4(j). Now, since q ¢ S, we know that
q1 ABC, so if q | uvw (in the notation of previous section) then q | abe (as we
put {u,v,w} = {Aa?, Bb?,CcP}). Also if q1 A, then E has good reduction at
q so vg(j) > 0. So suppose q | A. As q {2, we have that q | uvw, and hence
q | abc. If all the valutions are equal (say vq(a) = vq(b) = v4(c) = v;) then

we can show that vgy(j) > 0 by contradiction: suppose not, then as j = %, we

73



have that 3v,(cs) < 6pv;. Now note that vg(cs) = vq(u? — vw) > 2pvy. So we
get 6pvy < 3vg(cq) < 6pvy. This is a contradiction.

Now suppose that not all the valuations are equal. Without loss of
generality, vq(a) < vq(b). So then since q f ABC it follows that v,(Aa?) <
vq(BbP). So then by the Ultrametric Inequality it follows that vy(Cc?) =
min(vy(—AaP), ve(—BbP)) = vg(AaP). So v4(a) = vy(c) < vq(b) We will prove

that p | v4(j). From the j-invariant, we get that

vq(7) = 3vg(ca) — vq(A) = 3vg(ca) — 2vq(uvw) = 3vg(cq) — 2pvg(abe),

0 p | vg(j) if an only if p | v4(cs) = min(ve(u?), vy(vw)) (last equality is true
since we assume that vg(a) = vq(c) < vq(b) ). But as p | vq(u), p | v4(v) and

p | vg(w), we see that p | vg4(cs) hence p | vq(7).

We need the following lemma derived in [13] from Kraus [23].

Lemma 6.3.4. (Kraus) Let E be an elliptic curve over K, and let p > 3. Let
B € T and suppose that E has potentially good reduction at B. Let A be the

discriminant of I (not necessarily minimal at B). Then 3 | #pg ,(Ip) if and

only if 31 vp(A).

The following lemma and proof come from Freitas and Siksek [13] but
it is modified slightly for our setting. For the definition of U, T" and V see
(6.2).

Lemma 6.3.5. Let B € T. Let (a,b,c) be a solution to the Fermat equation
(6.1) with prime exponent p > 4ordy(2). Let E = E,p. be the Frey curve in
(5.3).
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(i) If P € U then E has potentially multiplicative reduction at B, and

(i) If P € V then either E has potentially multiplicative reduction at B

and p | #pg,(Iy), or E has potentially good reduction at B and 3 |

#ﬁE,p(L‘B> .

Proof. First suppose that 8 € U. Let m be a uniformizer for Ky. Let

t = min{ordg(a), ordyg(b), ordy(c)}, a=7"a, B=n"', y=m""‘c

Then «, 8, v € O. As P + ABC, we have that A, B,C € O,. By the
definition of U, the prime P has residue field Fo. As Aa? + BSP + C+P = 0,
precisely one of Aa®; B3P, C+P is divisible by 7. But as P 1 ABC, it follows
that one of o, /3, 7 is divisible by 7. Thus ordy(a), ordy(b), ordyg(c) are not
all equal; two out of a, b, ¢ have valuation ¢ (say) and one has valuation t + k
with & > 1. From the formulae in (6.4) we have ordy(j) = 8ordyg(2) — 2kp.
As p > 4ordyg(2), we see that ordg(j) < 0 and p 1 ordg(j). Thus (i) follows

from Lemma 6.3.2. Now assume that B € V. Recall that

vp(j) = Bup(ea) — vp(A) = Bup(2) + Bup(u® — vw) — 2up(uvw)

where {u,v,w} = {Aa?, BbP?,CcP}.

Note that, since Aa? + BbW + Cc? = 0, and P t ABC, either vg(a) = vp(b) =
vg(c), say t, or two of them are equal and one is bigger. In this second case
note that as P + ABC, in that case (without loss of generality) we may suppose
that vp(a) = vy(b) =t and vy(c) =t + k where k > 1.

Suppose we are in the first case, i.e. we assume that vg(a) = vp(b) =
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vgp(c) =t then

vp(7) > Sup(2) + 6pt — 6pt = Sug(2) > 0

So E has potentially good reduction at 3. Note that in this case

ng(A) = 4Uq3(2) + 6tp.

As P € V, 3 1 vp(2) which implies 3 1 vp(A) , so by the previous lemma, we
have that 3 | #pp ,(Ip).
Now suppose that we are in the second case, i.e. we assume that vg(a) =

vgp(b) =t and vyp(c) =t + k where k > 1. Then

vp(J) = 8up(2) + 6pt — 2p(3t + k) = Suyp(2) — 2pk

Now p > 4vg(2), so vp(j) < 0 and p{vgp(j). So £ has potentially multiplica-
tive reduction at B and p | #pg ,(Iy) by Lemma 6.3.2, which concludes the

proof.

Now we can finally lower the level as in [13].

Theorem 6.3.6. Let K be a totally real field satisfying (ES). Let A, B, C €
Ok be odd. There is a constant B = B(K, A, B,C) depending only on K and
A, B, C such that the following hold. Let (a,b,c) be a non-trivial solution to
the generalized Fermat equation (6.1) with prime exponent p > B, and rescale
(a,b,c) as in Lemma 6.2.2 so that it remains integral and satisfies Gopo = M

for some m € H. Write E = E, . for the Frey curve given in (5.3). Then
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there is an elliptic curve E' over K such that
(i) the conductor of E' is divisible only by primes in S U{m};
(i) #E(K)[2] = 4;
(iti) Pgp ~ Prrps
Write j' for the j-invariant of E'. Then,
(a) for P € U, we have ordy(j’) < 0;
(b) for P €V, we have either ordg(j') <0 or 3 1 ordy(j’);
(c) forq ¢ S, we have ord,(j5') > 0.
In particular, E' has potentially good reduction away from S.

Proof. We first observe, by Lemma 6.2.3, that E is semi-stable outside S U
{m}. By taking B to be sufficiently large, we see from Corollary 5.2.3 that
E is modular, and from Theorem 6.1.1 that py, is irreducible. Applying
Theorem 5.3.1 and Lemma 6.2.3 we see that pg , ~ p; ., for a Hilbert newform
f of level NV, and some prime w | p of Q;. Here Q; is the field generated by
the Hecke eigenvalues of f. Note from Lemma 6.2.3 that there is a finite set
of explicit options for A, namely cN, = m® - [Tyes B, where 0 < rp <
2+ 6ordy(2) for P | 2, and 0 < Ty < 2 for P | R, and 0 < s/, < 2. Hence N,
depends on m € H, where H is a fixed finite set depending on the field K and
S, which is the set of primes above 2R. Therefore enlarging the prime p does
not change the finite set of possibilities for N,.

Next we show that we can reduce to the case where Q; = Q, after

possibly enlarging B by an effective amount. This step uses standard ideas,
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originally due to Mazur and used in the paper of Freitas and Siksek [13]. Tt
goes as follows. Suppose Q; # Q then there exist infinitely many primes g
such that a4(f) ¢ Q. Choose q 1 N,. If N is the conductor of E then we know

the following.
(i)” If gt NV then aq(E) = aq4(f) (mod w),
(ii)" If g | V then £Norm(q + 1) = a4(f) (mod w),

where @ | p.

Note that in both cases we have have the difference between the left
hand side and the right hand side is non-zero as the left hand side is in Z and
the right hand side is not. Now since p | Norm(w) this bounds p. So for large
enough p we can assume that Q; = Q.

We would like to show there is some elliptic curve E'/K having the
same L-function as f. This is immediate if we assume Conjecture 5.1.1, and
follows from Theorem 5.1.2 if [K : Q] is odd. Suppose U # ) and let P €
U. By Lemma 6.3.5, E' has potentially multiplicative reduction at ¥ and
p | #Pg,(Ip). The existence of £’ follows from Lemma 5.1.3 after possibly
enlarging B to ensure p { (Normg,q(*B) £ 1).

We now know that py , ~ pp, for some E'/K with conductor N, given
by (6.7) which proves (i) and (iii).

After enlarging B by an effective amount, and possibly replacing E’ by
an isogenous curve, we may assume that E’ has full 2-torsion. To prove this
suppose the opposite. Then by Lemma 6.3.1, there are infinitely many primes
q ¢ SU{m} such that 4 { #E'(F,).

As there are infinitely many such primes, we may suppose that ¢ 1 p (as

there are only finitely many primes that divide p). Now as £’ has conductor
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N, given by (6.7), it follows that E’ has good reduction at q. From (6.7) it
follows that E has semi-stable reduction at q. Suppose that E is multiplicative
at q. Then Norm(q + 1) = +aq(E) (mod w). From the Hasse-Weil bounds
we get a bound on w and hence p so we suppose that p is bigger than this.
If it has good reduction then aq(E) = aq(E’) (mod w) (where w € Q; such
that @ | p). However, 4 { #E'(F;) and E has full 2-torsion so 4 | #E(IF,).
So aq(E) # aq(E"), so by Hasse-Weil bound it follows that p < 4,/ Norm(q),
so we can just take p big enough so that this does not occur. So E’ (or a
2-isogenous curve) has full 2-torsion, which proves (ii).

For (c), we know from (i) that the conductor of E’ is only divisible by
primes in SU{m} and by (ii) we know that £’ has full 2-torsion. So there are
only finitely many elliptic curves (up to isomorphism) in K with this property
(as the exponent of the primes in the conductor is bounded and the number
of primes is bounded). So only finitely many possible j-invariants. So after
possibly enlarging B can suppose that for all primes q in K, we have that if
vq(7') < 0 then p { vy(j’) (call this property (x) ) where j" is the j-invariant
of E'. Now from Lemma 6.3.3, we get that if ¢ ¢ S and q 1 p we have that
p 1 #Pg,(Iy). By (iii), we have that pg, ~ Pm ,, 50 p 1 #Pm ,(I;). Next
Lemma 6.3.2 gives us that not both v,(j’) < 0 and p { v4(j’) can be true.
Suppose that v4(j") < 0 is true, then by (%) p { v4(j), which means they are
both true, which is a contradiction. Hence v4(j") > 0 for all primes q ¢ S and
qfp.

Now for q ¢ S and q | p, if ¢ ¢ {m} then by (i) E’ has good reduction at q,
hence potentially good reduction, so v4(j") > 0. So left with q € {m} and q | p.
But as {m} is fixed for every field K and not depending on p, after possibly

enlarging BB we can assume that q 1 p. This concludes the proof of (c).
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For (a), let B € U. Applying Lemma 6.3.5 we have p | #pp,,(Iy) and
80 p | #Ppgr,(Ip). Now by Lemma 6.3.2 we have ordy(j') < 0 which proves (a).
Finally, for (b), we need to use () again, so if v4(j") < 0 then p{ v4(j"). Now
suppose that B € V. If p | #pp ,(Iyp), then (as p is odd, P { p) by Lemma
6.3.2 vp(j’) < 0, so we are done. Now suppose that p { #pp ,(Iyp), then by
() and Lemma 6.3.2 (again as p is odd, P 1 p) , we have that vy (j') > 0, so
3| #pg ,(Ip) by Lemma 6.3.5. Then by Lemma 6.3.4, 3 vp(A). But

vgp(j') = 3up(ca) — vp(A)

so then 3 { vy (j’), which completes the proof.

We can now present a result that holds for some totally real fields.

6.4 A result for some totally real fields

Theorem 6.4.1. Let K be a totally real field satisfying (ES). Let A, B, C €
Ok, and suppose that A, B, C' are odd, in the sense that if B | 2 is a prime
of Ok then P+ ABC. Write Of for the set of S-units of K. Suppose that for

every solution (A, ) to the S-unit equation
Atpu=1, \peos, (6.8)

there s

(A) either some P € U that satisfies max{|ordy(N)|, lordy(p)|} < 4ordg(2),
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(B) or someP € V that satisfies both max{|ordy(N)|, lordg(p)|} < 4ordg(2),
and ordg(Ap) = ordg(2) (mod 3).

Then there is some constant B = B(K, A, B,C) such that the generalized Fer-
mat equation (6.1) with exponent p and coefficients A, B, C does not have

non-trivial solutions with p > B.
Before we start with the proof, we notice the following.

Lemma 6.4.2. Let A, B, C' € Og be odd, and suppose that every solution
(A, ) to the S-unit equation (6.8) satisfies either condition (A) or (B) of

Theorem 6.4.1. Then (£1,4+1,£1) is not a solution to equation (6.1).

Proof. Suppose (+1,£1,+1) is a solution to (6.1). By changing signs of A, B,
C', we may suppose that (1, 1, 1) is a solution, and therefore that A+B+C = 0.
Let A\ = —A/C and p = —B/C. Clearly (A, u) is a solution to the S-unit
equation (6.8).

Suppose first that (A) is satisfied. Then U # (), so there is some B | 2
with residue field Fo. As A, B, C are odd, we have B 1 ABC. Reducing
the relation A + B + C' = 0 mod P we obtain 1 + 1+ 1 = 0 in Fy, giving a
contradiction.

Suppose now that (B) holds. By (B) there is some 8 € V such that
ordg(Ap) = ordy(2) (mod 3). However, as A, B, C are odd, ordgp(Ap) = 0.

Moreover, 3 { ordy(2) by definition of V. This gives a contradiction. O
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6.5 Elliptic curves with full 2-torsion and the
solutions to the S-unit equation

Theorem 6.3.6 relates non-trivial solutions of the Fermat equation to elliptic
curves with full 2-torsion having good reduction outside S. In order to prove
Theorem 6.4.1 we will relate these elliptic curves to S-unit equations. There
are practical algorithms for determining the solutions to S-unit equations (e.g.
[37]), so the hypotheses of Theorem 6.4.1 can always be checked for specific K,
A, B, C. This correspondence between the Frey elliptic curves and the S-unit
equations is studied in [13]. Although in [13] the set S is the set of all prime
ideals dividing 2, it is usually proved in greater generality (i.e. for S being
a finite set of prime ideals). In this thesis S is a bigger set (all prime ideals
dividing 2ABC'), so we can follow the paper closely in notation and method
but need to generalize where necessary.

We will consider an elliptic curve E’ with full 2-torsion over a num-
ber field K (not necessarily totally real) and find the corresponding S-unit

equation (where S is as in (6.2)).

B y*=(z—e)(z—ey)(x —e3). (6.9)
As E' has full 2-torsion, e, €3, ez are distinct and so their cross ratio

€3 — €1

A\ =

€ — €1

belongs to P'(K) — {0,1,00}. Moreover, any A € PY(K) — {0,1,00} can

be written as a cross ratio of three distinct ey, eg, e3 in K. Write &3 for
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the symmetric group on 3 letters. The obvious action of &3 on the triple
(e1, €2, e3) extends via the cross ratio in a well-defined manner to an action on
PYK) —{0,1,00}.

The orbit of A € P1(K) — {0, 1,00} under the action of &3 is

1 1 AA—1

This allows us to identify &3 with the following subgroup of PGLy(K):

By an S-unit we mean an o € K* such that ordy () = 0 for all prime

ideals B ¢ S. Write O for the group of S-units in K*. Let

As={(\p) : A+p=1, A peOs} (6.12)

The set Ag is in fact the set of solutions to the S-unit equation (6.8).

Lemma 6.5.1. The action of &3 on PY(K) — {0,1,00} induces an action on
Ag given by
(A )7 = (A7, 1—=X%)

for (A, pu) € Ag and 0 € Gs.

Proof. Suppose (A, 1) € Ag. As A and p = 1 — X belong to OF, we see from
(6.11) the entire orbit of A under &3 belongs to OF. Moreover, for o € &3, we

have 1 — A% = A\??% which belongs to the orbit of A, and so to O%. Thus Ag is
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stable under the action of &3. ]

We denote by &3\Ag the set of G3-orbits in Ag. We now relate these

orbits to elliptic curves with good reduction outside S and full 2-torsion.

Lemma 6.5.2. Let Fs be set of all elliptic curves E' over K with good reduc-
tion outside S and satisfying #E'(K)[2] = 4. Define the equivalence relation
E, ~ Ey on Fg to mean that Ey and Ey are isomorphic over K. There is a
bijection

P fs/N—) 63\/\5

which sends the class of an elliptic curve E' € Fg given by (6.9) to the orbit
of

€3 — €1 €9 — €3

€2 — €1 €3 — €

Proof. Let E'/K be an elliptic curve with good reduction outside S and full

m 63\/\5.

2-torsion. Write E’ as in (6.3), with u, v € Ok and let w = —u — v. The
claimed bijection ® sends E’ to the orbit of (A, u) = (—v/u, —w/u) and we
must show that this belongs to Ag. It is clear that A + u = 1. We need to
show that A\, p € OF. Suppose q ¢ S. Then E’ has good reduction at q. By
Lemma 6.2.1

ordg(u) = ordy(v) = ordg(w)

and so ordg(A) = ordg(p) = 0. It follows that A, 1 € O%.
By [35, Proposition II1.1.7] and its proof, two elliptic curves E;/K,
E,/K having full 2-torsion are isomorphic over K if and only if the corre-

sponding cross ratios are equivalent under the action of &3. It follows that &
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is well-defined and injective. Finally, to see that ® is surjective, let (A, ) € Ag

and consider the Legendre elliptic curve

By y*=x(x—1)(z—\). (6.13)

The model is integral outside S and has discriminant 16A?x? and so E) has
good reduction outside S and full 2-torsion. The class of F) is sent by ® to

the class of (A, i), so ® is surjective. ]

Lemma 6.5.3. Let E' € Fg and (\, ) € Ag. Let j' be the j-invariant of
E" and P € S. Suppose that ~-equivalence class of E' corresponds via ® to
Ss-orbit of (A, ). Then

(1) ordy(j’) > 0 if and only if max{|ordy ()|, jordy ()|} < 4ordyp(2),
(1) 3 | ordy(j’) if and only ordg(Ap) = ordyp(2) (mod 3).

Proof. The elliptic curve E’ is isomorphic over K to Ey given by (6.13). These

share the same j-invariant

g o8 (/\2_/\+1)3_ 8 (1—)\u)3
]—j()\)—Q-m—Q-W. (6.14)

Hence

ordg(j') = 8ordy(2) + 3ordg(1 — Ap) — 2 ordyp(Ap)

which proves (ii). Let

m = ordg (), n = ordy (1), t = max(|m|,|n|).

If ¢ = 0 then ordg(j’) > 8ordy(2) > 0, and so (i) holds. We may therefore
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suppose that ¢t > 0. Now the relation A + ¢ = 1 forces either m = n = —t,
orm=0andn =t orm =t and n = 0. Thus ordg(Ap) = —2¢t < 0 or

ordg(Ap) =t > 0. In either case, from (6.14),

ordg(j') = 8ordy(2) — 2t.

This proves (i). O

6.6 Proof of Theorem 6.4.1

Let K be a totally real field satisfying assumption (ES). Let S, T', U, V be
as in (6.2). Let B be as in Theorem 6.3.6, and let (a,b,c) be a non-trivial
solution to the Fermat equation (6.1) with exponent p > B, scaled so that
Gape = m with m € H. Applying Theorem 6.3.6 gives an elliptic curve E'/K
with full 2-torsion and potentially good reduction outside S whose j-invariant

j' satisfies:
(a) for all P € U, we have ordyp(j') < 0;
(b) for all P € V', we have ordy(j') < 0 or 3t ordy(y).

Let (A, pt) be a solution to S-unit equation (6.8), whose G3-orbit corresponds
to the K-isomorphism class of E’ as in Lemma 6.5.2. By Lemma 6.5.3 and

(a), (b) we know that
(a') for all P € U, we have max{|ordy ()|, jordyg(p)|} > 4 ordy(2);
(b') forall'P € V, we have max{|ordg ()], [ordy ()|} > 4 ordg(2) or ordy(Ap) #

ordg(2) (mod 3).
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These contradict assumptions (A) and (B) of Theorem 6.4.1, completing the

proof.

6.7 Real quadratic number fields

We related non-trivial solutions to the generalized Fermat equation over totally
real fields to an S-unit equation. In Theorem 6.4.1 we showed that if solutions
to this S-unit equation satisfy certain hypotheses then there are no non-trivial
solutions to the generalized Fermat equation. However, solutions to S-unit
equations depend on the number field K and also on the finite set S. In the
remainder of this chapter we solve a generalized Fermat equation over a range
of real quadratic number fields with coefficients satisfying some conditions by

parameterizing the solutions to the S-unit equation.

Theorem 6.7.1. Let d > 13 be squarefree, satisfying d = 5 (mod 8) and
q > 29 be a prime such that ¢ =5 (mod 8) and (g) = —1. Let K = Q(\/d)
and assume Conjecture 5.1.1 for K. Then there is an effectively computable

constant B 4 such that for all primes p > Bg 4, the Fermat equation
2P g =0

(where 0 < r < p) has no non-trivial solutions with prime exponent p.
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6.8 The S-unit equation over real quadratic

fields

In this section we parameterize the solutions to the S-unit equation (6.8) for
real quadratic fields K in order to prove Theorem 6.7.1. For the remainder of
this chapter, let d > 2 be a squarefree integer and let K be the real quadratic
field Q(v/d). Welet S and T be as in (6.2), and Ag be the set of solutions (), )
to (6.8) (asin (6.12)). In view of the preceding section, we care about elements
of Ag only up to the action of &3. We note that the three elements (2, —1),
(—1,2), (1/2,1/2) of Ag form a single orbit under this action. Following [13] we
call these the irrelevant solutions to (6.8), with other solutions being called
relevant. We call the orbit of irrelevant solutions the irrelevant orbit. This
orbit corresponds via the the correspondence ® of Lemma 6.5.2 to the elliptic
curve defined over Q with Cremona reference 3242 and j-invariant 1728. We
note that the irrelevant orbit satisfies the conditions of Theorem 6.4.1, which

explains why they are called irrelevant.

Lemma 6.8.1. Suppose |S| = 2. Let (A, ) € Ag. Then, there is some element

o € &3 so that (N, p') = (A, 1)? satisfies N, 1/ € Ok.

Proof. As ' = 1—X we need only find some element 0 € G3 so that ' = \7 €
Ok. Write S = {B1,P2}. If ordy, (A) > 0 for both i = 1 and ¢ = 2, then take
X' = Xand A € Og. So suppose not. If ordy, (A) < 0 for both i =1 and i = 2,
then let X = (A —1)/\, so then ordy,(\) = 0 — ordg, (A) so X' belongs to Ok.
Thus without loss of generality we may suppose that ordg, (A\) = 0. Now if
ordg,(A) > 0 then X = X € Ok, and if ordyg,(A) < 0then N =1/ € Of. O

For the remainder of this section d denotes a squarefree integer > 13
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that satisfies d = 5 (mod 8) and g > 29 a prime satisfying ¢ = 5 (mod 8) and
<9l> — —1. Let K denotes the real quadratic field Q(v/d). It follows that both

q

q and 2 are inert in K. We let S = {2,¢}.

Lemma 6.8.2. Let K and S be as above, and let (A, u) € Ag. Then A, p € Q if
and only if (X, ) belongs to the Ss-orbit {(1/2,1/2), (2,—1), (—=1,2)} C Ag.

Proof. Suppose A\, p € Q. By Lemma 6.8.1 we may suppose that A and p
belong to O NQ = Z and hence A = +2" ¢, u = +2™¢° where r; > 0
and s; > 0. As A+ u = 1 we see that one of ry, o is 0 and likewise one of
s1, So = 0. Without loss of generality ro = 0. If s5 = 0 too then we have
A=+ 1 =1 which forces (A, u) = (2, —1) as required. We may therefore suppose
that so > 0 and s; = 0. Hence £2™ 4+ ¢°> = 1. We now easily check that
0 < r; < 2 are all incompatible with our hypotheses on ¢q. Thus r; > 3 and
so +¢*2 = 1 (mod 8). As ¢ = 5 (mod 8), we have +2" + ¢* = 1 for some
integer ¢t > 1. Hence (¢' +1)(¢" — 1) = F2". This implies that ¢' + 1 = 2% and
¢ —1 = 2° where a > b > 1. Subtracting we have 2 — 2° = 2 and so b = 1.

Then ¢! = 3 which contradicts our assumptions on ¢ a contradiction. O]

We now give a parametrization of all relevant elements of Ag. This the
analogue of [13, Lemma 6.4], and shows that such a parametrization is possible

even though our set S is larger, containing the odd prime gq.

Lemma 6.8.3. Up to the action of S3, every relevant (\,u) € Ag has the

form

7]1~22”'q251—772-q252+1+v\/c_i Iu_nQ,q252_771_227"1_q251_|_1_v\/a
2 ’ N 2

A\ =
(6.15)
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where

m = %1, N = £1, r1 >0, S1,89 > 0, S1-89 = 0, v E 7,

(6.16)

are related by
(- 2% @* —my - *2 + 1) — dv? =y - 27T P (6.17)
(Mo - @2 —m - 277 - * + 1) — dv® = - 2% ¢*2. (6.18)

Proof. 1f ny, ne, 11, s1, so and v satisfy (6.16), (6.17), (6.18) and A, p are given
by (6.15), it is clear that (A, ) is a relevant element of Ag.

Conversely, suppose (A, i) is a relevant element of Ag. By Lemma 6.8.2,
we may suppose that A\, u € Ok, and that A\, p ¢ Q. As S = {2,¢} we can
write A = 2"¢% ¢ and p = 2"2¢*2(’ where ( and (' are units. As A+ pu =1 we
have riro = 0 and s;s9 = 0. Swapping A and p if necessary, we can suppose

that ro = 0. Let x — T denote conjugation in K. Then

M= - 225 um=n-¢, m=41, my =41

Now,

AA= =1 =NA =N +1= M —pg+1=mn-22"¢*" —ny-¢*2 +1.

Moreover we can write A — A = vV/d, where v € Z, and as \ ¢ Q, we have
v # 0. The expressions for A+ X and A — X give the expression for A in (6.15),

and we deduce the expression for p from p = 1 — A. Finally, (6.17) follows
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from the identity
A+ X% = (A= N)2 =4I\,

and (6.18) from the corresponding identity for p. O

Lemma 6.8.4. Let d =5 (mod 8) be squarefree d > 13 and ¢ > 29 a prime
such that ¢ =5 (mod 8) and (g) = —1. Then there are no relevant elements

Of As.

Proof. We apply Lemma 6.8.3. In particular, s;s5 = 0. Suppose first that
sy > 0. Thus s = 0. As (d/q) = —1, we have from (6.17) that ¢** | v and

¢°* | (n2 — 1). Hence 1y = 1. Now (6.17) can be rewritten as
24T1q251 - d(/l}/qsl>2 — 7,]122T1+2 )

Thus (d/q) = (—m/q) =1 as ¢ =5 (mod 8). This is a contradiction.

Thus, henceforth, s; = 0. Next suppose that s; = 0. We will consider
the sub cases 7o = —1 and 7, = 1 separately and obtain contradictions in
both sub cases showing that s, > 0. Suppose 7o = —1. From (6.18) we
have 241 — dv? = —4. If r;, =0 or 1 then d = 5 and if r; > 2 then d = 1
(mod 8), giving a contradiction. Hence suppose 7, = 1. From (6.17), we have
24— dv? = 22120 If 1y = 0, 1, 2 then dv? = 1 £4, dv?® = 16 £ 16,
dv? = 256 %+ 64 all of which contradict the assumptions on d or the fact that
v # 0 (by (6.16)). If r; > 3 then 22172 —n; = d(v/2"™1)? which forces d = +1

(mod 8), a contradiction.

We are reduced to s; = 0 and s > 0. From (6.18), as (d/q) = —1, we
have ¢*2 | v and

¢ | (2% —1). (6.19)
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The conditions ¢ > 29 and ¢ =5 (mod 8) force r; > 5. Write v = 2'w where
2 Y w. Suppose t < r; — 1. From (6.17) we have 12" — nyq®2 + 1 = 2/
where 2t w’. Thus w'> — dw? = 0 (mod 8), contradicting d = 5 (mod 8). We
may therefore suppose t > r1. Hence 2™ | (12¢**2 —1). Thus 1, = 1. Therefore

2" | (¢*2 —1)(¢*2 + 1). Since ¢ =5 (mod 8), we have 2 || (¢°2 4+ 1) and so

21| (g*2 —1).

As ¢ =5 (mod 8) and r; > 5, we see that sy must be even, and that 272 |

(¢*2/? —1). We can write ¢°2/2> = k- 2772 4 1. From (6.19),

k,222r1—4 + k,2r1—1 + 1= qsz S 22r1 + 1.

Hence k = 1, 2 or 3. Moreover, as ¢°*/> = 1 (mod 8), we have 4 | s,. Hence

(¢ = 1) (g™ + 1) = k272,

Again as ¢ =5 (mod 8) we have 2 || (¢°2/* + 1) and so ¢**/* +1 = 2 or 6, both

of which are impossible. This completes the proof. O

6.9 Proof of Theorem 6.7.1

We apply Theorem 6.4.1. By Lemma 6.8.4 all solutions to (6.8) are irrele-
vant, and the irrelevant solutions satisfy condition (A) of Theorem 6.4.1. This

completes the proof of Theorem 6.7.1.
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Chapter 7

Small real quadratic fields

This chapter looks at the generalized Fermat equation over small real quadratic
number fields and is a generalization of Freitas and Siksek’s paper [14]. Freitas

and Siksek look at the Fermat equation
P +yP+ 2P =0 (7.1)

where p > 17 is a rational prime, z,y,z € Ok, K = Q(\/E) where 3 < d < 23
is squarefree and d # 5. In this chapter we look at the generalized Fermat
equation

Ax? + ByP + C2P =0

where A, B, C,z,y,2 € Ok, K = Q(\/d), d =2,3,6,7or 11, p > 17if d = 2
(p > (1+3')%if not), A, B, C odd, pairwise coprime. Furthermore, we assume
that Rad(ABC) is a prime ideal of K chosen from a finite set to be specified
later in this chapter and that vy(ABC) < p for all primes q. Note that this
last condition can always be satisfied since the class number of these fields is 1

and p-th powers can be absorbed into 2P, ¢, 2P. For the rest of this chapter it
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is assumed that all of these conditions hold. Equation 7.1 is the same equation
as in the previous chapter (equation 6.1) and we refer to it as the generalized
Fermat equation with exponent p over K for fixed A, B,C € Ok. Recall that
a solution (a,b,c) is called trivial if abc = 0, otherwise non-trivial. The

main result of this chapter is the following theorem.

Theorem 7.0.1. Let d = 2 or 3, R = Rad(ABC) be a prime ideal of K =
Q(Vd) dividing 3 x5 x7x 11, or if d = 6 or 7 let R be a prime ideal dividing
15, or if d = 11 let R be a prime ideal dividing 3. For d = 2, the Fermat
equation (6.1) does not have any non-trivial solutions over K if p > 17. For

d # 2 there are no non-trivial solutions if p > (1 + 3'?)%.

Remark. Note that 2 ramifies in all the fields of Theorem 7.0.1 so for this
chapter let B = 7Ok be this unique prime ideal above 2. Since Ok /P = Fy
we know that exactly one of AzP, ByP, C'zP is even so without loss of generality
assume that By is even. Moreover, since B is odd, we can assume that P | y.

To prove this theorem, we will use a similar approach as in the previ-
ous chapter. We will start with a hypothetical non-trivial solution (a, b, c) to
the generalized Fermat equation. We associate an elliptic curve to this hy-
pothetical solution called the Frey elliptic curve. Recall from Theorem 5.2.2
that all elliptic curves over real quadratic number fields are modular. So it
suffices to show that the mod p Galois representation of this Frey elliptic curve
is irreducible in order to use the level lowering theorem (Theorem 5.3.1). By
first calculating the conductor of the elliptic curve we can predict which level
the associated Hilbert newform has. In some cases there is no such newform
and in some other cases we use a result from the penultimate section of this

chapter to prove the main theorem over small quadratic fields. However, as in
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[14] the following three problems present themselves
1. We need irreducibility of pg , in order to apply level lowering theorems.

2. We need to calculate the conductor (to a higher precision than in the

previous chapter) to predict the levels of the corresponding newforms.

3. If the newform space is non-zero, we need to deal with the newforms

found.

Remark. Even though we need to prove irreducibility in order to apply
level lowering theorems, we will calculate the conductor and level first as pg ,
depends on the Frey elliptic curve F which is dependent on the hypothetical
non-trivial solution (a, b, ¢) of the generalized Fermat equation. We will need
to scale this solution such that it satisfies certain conditions in order to prove
irreducibility. So we will start by calculating the conductor and the level.

We fix the following notation for the rest of this chapter as in chapter 5.
Let (a, b, ¢) be a non-trivial solution to the Fermat equation (6.1), and consider

the Frey elliptic curve

Eupe + Y= X(X — Aa?)(X + Bb). (7.2)

In line with (6.2) from the previous chapter, let R be the prime ideal in O
dividing ABC' (as A, B, C are chosen to be divisible by exactly 1 prime ideal).

Also let Gx = Gal(K/K). For an elliptic curve E/K, we write

pE,p : GK — AUt(E[p]) = GLQ(]FP)7 (73)

for the representation of Gx on the p-torsion of E. An arbitrary prime of K
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is denoted by g and the unique prime ideal dividing 2 is denoted 3 = 7Ok

7.1 Calculating the conductor and the level

In this section we want to calculate the conductor of the Frey elliptic curve
associated to a non-trivial solution of the generalized Fermat equation and
the level associated to this. Note that we have to be more precise than in
the previous chapter where it sufficed to bound the level. Recall that in the
previous chapter, we associated to a non-trivial solution (a, b, ¢) of the gener-
alized Fermat equation (6.1), the following G, ;. as given in (6.6), which we
thought of as the greatest common divisor of a, b, c. However in this chapter
all the quadratic fields we consider (i.e. K = Q(v/d) with d =2,3,6,7 or 11)
have class number one and hence we can assume that G,p. = 1 - Og. This
will make our calculations considerably easier. As in [14] we will split up the
calculations of the even part and the odd part of the conductor of the level.
The calculations for the odd part need to be generalized but still follow [14].
However for the calculations for the even part we use Tate’s algorithm and not
the approach as in [14] as we look at fewer number fields and so can be more

precise.

7.1.1 The odd part of the level

We retain the same notation as in [14]. Let (a,b,c) be a non-trivial primitive
solution to the Fermat equation (6.1) with odd prime exponent p. Write E for
the Frey curve in (5.3). Let A be the conductor of E and let N, be as defined
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in (5.4). We define the even parts of N and N, by
even __ ¢yyordmy (N even __ ¢yrordy (Np
N - m ‘43( )7 Np - (‘]3 ‘43( )

We define the odd parts of N and N, by

N N
odd __ odd __
N - Neven ’ '/\/’p - N;ven '

The following lemma follows [14], with the addition of considering primes

q| ABC.

Lemma 7.1.1. Let (a,b,c) be a non-trivial solution to the Fermat equation
(6.1) over the number field K = Q(v/d) where d = 2,3,6,7 or 11 with odd
prime exponent p, A, B,C odd and pairwise coprime. Write E for the Frey
curve in (5.3). Then at all q # B, the local minimal model E; is semi-stable,
and if 1 PABC' then p | ordy(A,). Moreover,

Nodd: H q H q. J\[podd: H q. (74>

qlabce  q|ABC q|ABC
qJ(qABC
The proof remains largely the same as in Siksek and Freitas paper [14]

apart from dealing with the case when q | ABC

Proof. Clearly, if q 1 2abcABC' then E has good reduction at g, hence q 1 N,
N,. Suppose q | ABC, then q | A, but as A, B,C are pairwise coprime (¢
divides only one of A, B, C, without loss of generality assume it is A. If q | abe
then since the solution (a, b, ¢) is primitive q divides exactly one of them. If

this is not a (say b) then from Aa? + Bb? + Cc? = 0 we get that either q | C or
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q | ¢ contradicting the coprimality of A, B,C or the primitiveness of (a, b, c)
respectively. So then q | a. In both the cases (i.e. q | a and q { a) we have that
q1 ¢4, so we have multiplicative reduction. From (6.4), A = 16(ABC)?(abc)*
and 0 < v(ABC) < p in both cases we get that p 1 v4(A) and so q | N,.
Suppose that q | abc and q # B. Since the solution (a,b,c) is primitive the
prime q divides precisely one of a, b, c. We already discussed at the beginning
of this proof what happens if q divides both abc and ABC and so we can
assume that q 1 ABC. In this case we have from (6.4) that q { ¢4 so the model
(5.3) is minimal and has multiplicative reduction at q, and p | ord,(A). By
(5.4), we see that qt N, which finishes the proof.

7.1.2 Scaling by units and the even part of the level

This section does not follow the paper by Freitas and Siksek [14] as the number
fields of this section have additional properties (such as 2 always ramifies)
making it easier to apply Tate’s algorithm. We will make extensive use of the
fact that we can scale equation (7.1) by an element in the unit group. More
formally let Oj; be the unit group of K. In this section we study the effect
on N and N, as calculated in [14] with the addition of scaling equation (7.1)
by units in O%. Note that scaling by units does not affect the odd parts of N
and N,,.

Let (a,b,c) be a non-trivial primitive solution to generalized Fermat
equation. Recall from the beginning of this chapter that since Ok /P = Fy we
know that exactly one of AaP?, BbP, C'cP is even, say BbP and since A, B and C'

are odd, we can assume that b is even. The following lemma says that after
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possibly scaling the non-trivial solution (a, b, ¢) by units we can determine the

following condition which is useful for Tate’s algorithm.

Lemma 7.1.2. Let (a,b,c) be a non-trivial primitive solution to the general-
1zed Fermat equation 7.1. Then after permuting the terms AaP, Bb?, C'cP and
scaling by units if necessary, we can assume that B | b and if d = 3,7 or
11 that Aa? = —1 (mod 73). If d = 6 we can assume that either Aa? = —1
(mod ) or Aa? = v/6+1 (mod 7*). Ifd =2, we can assume that Aa? = —1

(mod 7%).

Proof. Since Ok /B = Fy, we know that exactly one of Aa?, Bb?, CcP is even.
After permuting these elements if necessary we can assume that this is BbP.
Now since B is odd, we have that P | o and so P | b. Now suppose d = 3,7

or 11. We want to know what Aa? is modulo 73. But first we look at AaP?

(mod 4). As {1,1/d} is a basis for O, we have that Aa? = m+n+/d (mod 4)
where m,n € Z, —1 < m,n < 2. Note that we have that 7  Aa? and the
residue field is Fy, we have that m + nvd = 1 (mod 7). Now since we can
take 7 = v3+1,vV7+3 and V1143 for d = 3,7 and 11 respectively, we have
that vd = 1 (mod 7) and so m +n = 1 (mod 7) so m and n have different

parity. And so Aa” (mod 4) is equivalent to one of the following

1 Vd 1+2Vd 2+Vd
~1+2Vd —Vd 1 2-Vd

Note that e + fv/d and € + f'v/d (with e, f, ¢, f' € Z) are equivalent modulo
7% if and only if (e — ¢') + (f — f)Vd = 2n(g + hv/d) where g,h € Z. So

we can see this is true if and only if both (e — ¢’) and (f — f’) are even and
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(e —¢)/2+ (f — f)Vd/2 is even. So we get that

—1 o 1+ 2Vd —Vd & 244
1+2Vd & 1 Vd & 2-Vd

where the double arrow indicates equivalence modulo 7. If AaP is equivalent
to an entry in the first column modulo 73 we can assume that Aa® is equivalent
to a unit modulo 73 since 1 and —1 are always units in K. Now V3 +2, 3V7+8
and 3v/11+ 10 are fundamental units for d = 3,7 and 11 respectively, so either
the first or second entry in the second column is equivalent to a unit modulo
7. Now since vd and —v/d differ by multiplication by —1 which is a unit,
we can assume that Aa” is equivalent to a unit modulo 73. So after possibly
multiplying the Fermat equation by a unit, we can assume that Aa? = —1
(mod 73).

Now let d = 6, then v6 = 0 (mod 7). Let Aa? = m + nv/6 where
m,n € Z since {1,v/d} is a basis for Ox. We have that since 7 t Aa?, m is

odd. And so Aa? (mod 7) is equivalent to one of the following.

—1 —14+2v6 1 1+2V6
~1+V6 “1-6 1+V6 1-v6

Note that 5 + 21/6 is a fundamental unit of X = Q(v/6). And 5 + 26 =
1 +2v6 (mod 4) and —(5+2v6) = —1 + 2v/6 (mod 4). We also have that
(54+2v6)? = 1 (mod 4) and —(5 + 2v/6)? = —1 (mod 4) and so if Aa? =
1,—1,1 4 2v6,—1 + 2¢/6 we can scale the equation by a unit to get that
Aa? = —1 (mod 7*). On the other hand, note that —(1 +v/6) = —1 — /6
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(mod 4), (14 v6)(5+v6) = 1 — /6 (mod 4) and —(1 — v6) = —1 + 6
(mod 4). In this case we can assume that after scaling by a unit we have
Aa? = 1+ /6 (mod 7). Now if we assume that d = 2, then we can take

7 =+/2 and so Aa” (mod 7*) is equivalent to one of the following

—1 —1+2V2 1 1+2v2
—14+v2 “1-2 1+V2 1—v2

Now 14 /2 is a fundamental unit and (1 + v/2)?> = —1 + 2v/2 (mod 4),
—(14+v2)=-1-+2 (mod 4),—(1 +v2)2 =1+ 2V2 (mod 4), (1+2)* =
—1++/2 (mod 4) and —(1++v/2)? =1 — /2 (mod 4). And so after possibly

scaling by a unit, we may assume that Aa? = —1 (mod 7%). O

Using Tate’s algorithm, as described in Silverman [36] we can calcu-
late the even part of the conductor for the other fields potentially using the

permutation and scaling as discussed in the previous lemma.

Lemma 7.1.3. Let (a,b,c) be a primitive non-trivial solution to the general-
ized Fermat equation. We may suppose as in the previous lemma that P | b
and Aa? = —1 (mod 73) (after possibly permutation and scaling). We have

that

1. if A’ = —1 (mod 7t) then E has multiplicative reduction at B and so

the even part of the conductor is N'¢¢" = 3.

2. if not then E has additive reduction at 3. Moreover, in this case the
even part of the conductor of E is N = B* if d = 3,7 or 11 and
Neven — ;}]38 ’Lfd = 6.
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Proof. Let (a,b,c) be a non-trivial solution to the generalized Fermat equa-
tion, which we may suppose is primitive. We look at the Frey elliptic curve

associated to this solution

E:Y? =X+ (BbW — Aa?)X? — Aa" BV X.

Suppose we are in the first case (Aa? = —1 (mod 7)) then by making a

change of coordinates X — 4X' Y — 8Y' +4X’ we get

64Y" + 64X'Y" = 64X" 4 16(BVW — Aa? — 1)X"? — 4Aa’ BO* X'

which is equivalent to

E:Y,2+X/Y/:X,3+Bbp_:fap_lX,Q—AaiGBpr/

From the hypothesis we get that Bbp_f“p_l, A“ifbp € Og. Recall that the

residue field is Fy and so E is either equivalent to Y2 + X'Y’ = X3 or Y? +
XY’ = X®+ X" modulo . Both of these have a node, and so the Frey elliptic
curve has multiplicative reduction at *J3. In this case the minimal discriminant
at P is given by Ay = 273A2¢*? B2p*C?c*. Now suppose that we are not in

this case. So we look at

E:Y?=X?+ (BbW — Aa’)X? — Aa" B X

and use Tate’s algorithm in [36]. In the notation of the algorithm we have
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that

a; =0 ay = BV — Ad? a3 =0 a4 = —Aad’Bb’ ag =0
by = 4(Bb — Ad?) by = —2Aa’BW b =0 bg=—A%*B**

A = 16A%a*? B2p*PC? %,

We go through steps 1 to 6 of Tate’s algorithm as in Silverman [36] pages
364-369. In step 6 we need to do a change of coordinates such that 7 | as. We

let X’=X,Y =Y + X. And so the new equation is

Y2 42X'Y = X% 4+ (B — Ad® — 1)X" — Ad’ BW X'

and hence
a; = 2 ag = B — Aad? —1 a3=0 a4 = —Ad’Bb° ag =0
bg = 4(Bbp - Aap) b4 = —2Aa’ BV’ b6 =0 bg = —A2a2pB2b2p

A = 16A%a** B2p*PC? %,

Now 7 | a; and ag, 7 | a3 and ay, and 7 | ag. We then look at the polynomial

P(T) =T°+1/7(Bb — Ad® — 1)T? — 1/7* A’ B¥’T

The reduction P (mod ) has a triple root at 7' = 0, and so we end up at the
end of the algorithm which means that the original Weierstrass equation was

not minimal. And so we do another change of coordinates X = X'/7%Y =
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Y’ /73, which gives us

Y24 (2/7)XY = X® 4+ (1/2)(BWY — Aa? — 1)X? — (1/4) Aa” BV’

a; =2/m as =1/2(BbP — Aa? —1) a3 =0
CL4:—1/4ACLpBbp CLGIO b2:2(Bbp—Aap)
by = —1/2Aad” Bb? bg =0 bs = —1/16A%a* B*b*P

A = 1/4A%> B2 C2c.

As p > 17 steps 1 to 5 are satisfied, and as Aa”? = —1 (mod 73) step 6 is as

well. Hence we look at the polynomial

P(T)=T°+1/7*(BW — Ad? — 1)T* — 1/8Ad” B¥*T

Since Aa? # —1 (mod 7*) we get that we have a double root at 7' = 0 and
hence we are in the sub procedure of step 7. Here we get that the exponent
of the even part of the conductor is f = v,(A) — 2v,(ay), which is f =
— 44 2pv(b) — 2pv(b) +8 = 4. Now for d = 6, and Aa? = —1++/6 (mod 7°)

we start at the beginning of Tate’s algorithm with the Frey elliptic curve

Y? = X(X — Aa?)(X + BW).

We quickly proceed through steps 1 to 5. For step 6, we need to have a change

of coordinates as before and we end up with

Y?42X'Y' = X® 4+ (BW — Aa? — 1) X" — A’ B’ X'
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as before with the following

a; = 2 ag = BbW — Ad® —1 a3=0 a4 = —Ad’Bb ag =0
by = 4(Bb — Ad?) by = —2Ad” BY? b =0 by =—A%**B%*

A = 16A%a** B2p*PC? %,

Now we look at the polynomial

P(T) =T°+1/7(BbW — Ad® — 1)T? — 1/7* A’ B¥’T

and P has a double root at T = 0 and so we are in the the sub procedure of

step 7. Hence we get that the exponent of the even part of the conductor is

f=uv.(A) —2v,(ay) and so f = 8+ 2pv,(b) — 2pv,(b) = 8. O
From this lemma we can deduce the following.

Lemma 7.1.4. The Frey curve E has potentially multiplicative reduction at

B. Moreover, if the reduction at B is multiplicative then p t ordyp(Ag).

Proof. We calculate the j-invariant. Note that

5 22(A%a* — BWCcP)

. C
IE) = A 2 A2 B C2 e

And so ordg(j) = 24 —8 — 2pordy(b) < 0 as*P | b. If £ is multiplicative at P
then the proof of the previous lemma shows that the minimal discriminant at

P is Ay = 27842 B2p*PC?c* and so p t ordyg(A). O
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7.2 Possibilities for N,

We can now calculate the level of the newforms associated to the Frey curve

of a non-trivial primitive solution (a, b, ¢) to the generalized Fermat equation.

Corollary 7.2.1. Let K = Q(\/d) be a quadratic number field with d =
2,3,6,7 or 11. Let (a,b,c) be a non-trivial solution to the Fermat equation
(6.1) with odd prime exponent p > 17. Also let A, B,C be odd and pairwise
coprime. We may scale (a,b,c) so that it remains integral and N;dd 1S as in

Lemma 7.1.1 and J\/;f”e" = N where N¢" is given by Lemma 7.1.5.

7.3 Irreducibility

In order to apply the level lowering theorem (Theorem 5.3.1) we need to show
that pp, is irreducible. In the previous chapter it was possible to achieve
this by enlarging p (so p is bigger than some effective constant Cf that is
dependent on the number field K see Theorem 6.1.1). In this section we will
look at a result by Kraus [24] and recent work by Freitas and Siksek [15] so
that we can explicitly state the bounds for each number field that we consider

in this chapter. We can sometimes use the following lemma from Kraus [24]

Lemma 7.3.1. (Kraus) Let K be a real quadratic field with class number one
and E an elliptic curve over K which is semi-stable. If pp,, is reducible then
p < 13 or p diwides Disc(K) x My where Mg = Normy g(u® — 1) where u is

a fundamental unit of K.

Note that for K = Q(v/2), u = V2 + 1, Mg = —4 and Disc (K) = 8,

hence the following corollary holds, as in [22].
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Corollary 7.3.2. For K = Q(v/2) and if E is semi-stable we have that if Py

18 reducible then p < 13.
For the other fields we use the following from Freitas and Siksek [15].

Theorem 7.3.3. Let K be a real quadratic field with class number 1. Let
B = Norm(e'? — 1) where € is the fundamental unit of K, pt B be a rational
prime, unramified in K, such that p > 17. If E 1s an elliptic curve over K

which is semi-stable at all w | p and Py, is reducible then p < (14 3'%)%,

Note that for

d=3 B=—-1x2°%%x3%x5%x13?

d=6 B=—-1x2"x3"x5%x11? x 97°

d="7 B=—-1x2"9x3"x5"x7x11% x 17% x 23?
d=11 B=—-1x20%x3"x5%x7*x11x19? x 397>

It may be possible to reduce these bounds using more advanced ideas found

in Section 6 of [14].

7.4 Dealing with newforms

Combining the results from the previous sections with Theorem 5.3.1 we some-
times have Hilbert newforms appearing at the predicted level. In these cases

we can sometimes use the following lemma from [14].

Lemma 7.4.1. Let qt N, be a prime of K and let E be an elliptic curve over
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K which has full 2-torsion, let

A={a€eZ : |a| <2y/Norm(q), Norm(q) +1—a=0 (mod 4)}.

If pEp ~ Pj o then @ divides the principal ideal

Byq = Norm(q)((Norm(q) + 1)* — a4(f)) [ [ (@ = aq(§)) - Og, -
acA

We now have all the tools to prove the main theorem of this chapter

(Theorem 7.0.1).

7.5 Proof of Theorem 7.0.1

Let K = Q(v/d) with d = 2,3,6,7 or 11. We will show that the equation
AxP 4+ ByP 4+ CzP = 0 with A, B, C as in the theorem has only trivial solutions
in K for p > 17if d =2 (or if d # 2 for p > (1 + 3'2)?)). Now suppose (a, b, ¢)
is a non-trivial solution (which we can assume is primitive) and scale this as in
Corollary 7.2.1. Let E' = E,; . be the Frey curve given by (5.3), and let pp,
be its mod p representation. We know from Lemma 7.3.1 and Theorem 7.3.3
that pp , is irreducible. We now apply Theorem 5.3.1 to deduce that there is
a cuspidal Hilbert newform f over K of weight (2,2) and level NV, (one of the
levels predicted by Corollary 7.2.1) such that pg , ~ p; , for some prime @ | p
of Q;. We use the lemma from Freitas and Siksek’s paper on small fields that
we presented in the previous section. Using Magma we computed the newforms

f at the predicted levels, the fields Q;, and eigenvalues a,(f) at primes q of K
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small norm. We computed for each f at level NV, the ideal

Bf = Z Bf7q

qeT

where T is the set of prime ideals q { NV, of K with norm < 60. Let Cj :=
Normg, /q(B;). If g, ~ ;. then by the above lemma, @ | Bj and so p | Cj.
Hence, the isomorphism pg , ~ p; , is impossible if p { C;. Thus, the newforms
satisfying Cj = 0 are the problematic ones.

Calculations in MAGMA [2] yield the following result. If d = 2, then Cj equals
either 1 or 5.

If d = 3, then Cj equals either 23,25 3% x 5,3% x 7,2% x 32,2° x 3 x 5,29,20 x
13,29 x 3 x5 x 7,2° x 33 x 5,28 x 33 x 52,25 x 32 x 5 x 11 or 219 x 33,

If d = 6, then Cj equals either 1,23 3% /3 x 5,23 x 3,3% x 5,3% x 7, 26 24 % 3 x
5,28,20 x 32,2 x 32 x 5,2* x 3 x 52 or 2% x 5.

If d =7, then Cj equals 1,27, 23 x 3,20,23 x 32,29 or 2% x 3%

If d = 11 then Cj equals 2* x 3 x 5,2%,2% x 5,25 x 32 x 5,28 x 3,29 x 3 x 5 x 7
or 219 x 5 x 112

From these calculations we see that in all the cases of the theorem C} # 0.

Moreover, if p | Cj then p < 13, which proves the theorem.
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Chapter 8

Well pairing

This chapter is a generalization of Halberstadt and Kraus [18]. We will mostly
follow the exposition of Charollois [4] which looks at the proof of Theorem 2.1
of [18].

Theorem 8.0.1. (Halberstadt and Kraus) Let a,b,c be odd pairwise coprime

integers. Then there is a set of primes P = P(a,b,c) of positive density such

that if p € P, then the equation
az? +by? +c2¥ =0

has only trivial rational solutions (z,y,z) € Q?
In this chapter we extend this work to the number field Q(v/2).

Theorem 8.0.2. Let K be the number field Q(v/2). Let A, B,C € Ok be odd
with +A+ B+ C # 0 for any choice of signs and ABC' not a unit. There is
a set of primes P = P(A, B,C) of positive density such that if p € P then the
equation

Ax? + ByP + C2P =0 (8.1)
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has only trivial solutions (z,y,z) € (Ok)3.

In order to prove this we need to look at the Weil pairing and prove the

symplectic criterion.

8.1 Weil pairing

This section is based on Silverman ([35],III 3.5 — 6.4). First we need to look
at the divisor group on an elliptic curve. Let E be an elliptic curve over K in

generalized Weierstrass form
Y2+ o XY + a3y = X° + aaX? + as X + as.

Let f be a function on K (E) = K[X,Y], i.e. in K such that Y*+a; XY +a3Y =

X34 asX? + ay X + ag. We then define the divisor group.

Definition 8.1.1. The divisor group of an elliptic curve E, denoted div(E),
is the free abelian group generated by the points of E. The divisor D € div(E)

s a formal sum

D=> np(P)

where np € Z and np = 0 for all but finitely many P € E. Suppose that E
is defined over K and let f € K(E)*. Then we can associate f to the divisor
div(f) given by

dio(f) =Y ordp(f)(P).

PEE
The following theorem from ([35], III, 3.5) can be used to give a more

practical approach to divisors.
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Theorem 8.1.2. Let E be an elliptic curve, D = > n;(P;) a divisor of E.
Then D is the divisor of a function in K(E)* if and only if Y. n; = 0 and
2. [nilPi = 0.

Remark. Note that the first is a sum of integers, while the second is addition

on F.

We need the following example of a divisor to define the Weil pairing.

Example 8.1.3. T € E[m|, T" € E(K) s.t. mT' = T. By Theorem 8.1.2

there ezists gy € K(E)* such that

div(gr) = Z (T"+ R) — Z R

ReE[m)] ReE[m)|
1s the dwisor of gr.

Remark. Note in the example: gr(X +5)" = gp(X)™ for all S € E[m] and
X ek

Next we define the Weil pairing denoted é.
Definition 8.1.4. We define the Weil pairing as
é: E[m] x Elm] — pm,

where (., are the m-th roots of unity, by setting

R _gr(X +5)
é(s,T) = —gT(X)
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where X € E is any point such that gr(X + S) and gr(X) are both defined

and non-zero.
After defining the Weil pairing Silverman [35] proposes the following.
Theorem 8.1.5. The Weil pairing é has the following properties.
e Bilinear:
é(S1+ S2,T) = é(S1,T)e(S5,,T)
e(S, Ti +Tp) = e(5,T1)e(S, Tz)
for all S, 51,52, T,1T,,T, € E[m].

e Alternating:

&T,T) =1
for all T € E[m].
e Non-degenerate: if all S € E[m] , é(S,T) =1 then T = O.

o (lalois invariant:

e(S,T)” =¢é(S7,717)
forallo € Ggk,S, T € E[m].
We also need the following lemma from ([36], 1.1.15)

Lemma 8.1.6. Let E/C be the elliptic curve associated to the oriented lattice
A = Zwi + Zwy. On
E[m] =m™A/A C C/A
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the Weil pairing is given by the following formula

I

aw bws cw dw ,
5 ( 1+ bwy cwp + 2) _ 2milad—be)/m
m m

8.2 Symplectic criterion

Assume for now that we have constructed the Frey elliptic curve E associated
to a non-trivial primitive solution z,y,z € Ok to the generalized Fermat
equation

AP + By? + C2P =0

where K is a real quadratic number field with class number 1. We then calcu-
late the newforms at the corresponding level using the level lowering theorem
(Theorem 5.3.1) as we have done in the previous chapter, provided that p is
large enough. These newforms can in turn be associated to an elliptic curve,
denoted E’. This section will discuss the relationship between the elliptic

curves F and E'.

Theorem 8.2.1. Let R be a prime above 2 in the real quadratic field K. Let E
and E' be two elliptic curves over K with minimal discriminant (with respect
to the prime B ) A, A’ respectively. Let p be a rational prime number. Assume
that the p-torsion groups E[p] and E'lp] are isomorphic as Gx = Gal(K /K)
modules. Assume that E and E' have multiplicative reduction at a common
prime | of Ok such that L { p, such that p does not divide the valuation vi(A).
Then

(a) The prime p does not divide v;(A’)

(b) The following are equivalent:
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(i) the isomorphism between the representations is symplectic

(17) the quotient vi(A) /v (A') is a square in (Z/pZ)*.
We extend Charollois’ proof [4] to include real quadratic number fields.

Proof. Let L denote the maximal unramified extension of the field K localized
at [. Both E and E’ have multiplicative reduction at [, so their j-invariant
is not an integer in L. So by the theory of the Tate curve (see chapter 2 of
this thesis) E is uniformized over L by the Tate curve G,,/q% where ¢ € L has
valuation e = —u;(j(E)) = v/(A). E is uniformized over L by the Tate curve
G,n/q'" where ¢’ € L has valuation e = —v;(j(E’)) = v;(A’). The isomorphism
between E[p] and E’[p] as Gx modules and the uniformizations combine to
provide a Gal(L/L) = G, module isomorphism ¥ between E[p] of L*/q* and
E'[p] of L*/q"F. Now we look at how G, and ¥ act on a basis of E[p], which we
choose as follows. We choose and fix an embedding L < C. Since L contains
the p-th roots of unity, we can choose and fix {, a primitive root of unity such
that ¢ gets mapped to ¢’s under the embedding. We can also fix v € L, a
p-th root of g. Then {(q%,vq?} forms a basis for E[p]. If G, acts transitively
on the p-th conjugates {¢7v,1 < j < p}, then there exists a 0 € G, such that

o(v) = (7. The corresponding matrix is

as G, fixes ( € L. So Gy, acts trivially on E[p] if and only if v € L i.e. if
p|e=ulqg) =v(A). The same holds for E'[p] and €’. So since p { v;(A) and
the Galois modules are isomorphic, it follows that p 1 v;(A’), which concludes

the proof of (a).
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We will now look at how W acts on the basis. Since p { ee/, there exists
m,n € Z such that ¢ = ne + mp. Now ¢'/¢™I"™" is a unit in L as v(¢') =
e, v (q"l"™P) = ne + mp, so v(¢'/¢q"l"?) = 0. So it has a p-th root a € L.
Now we set v/ = 4™™« then P = A"P["PaP = ¢""™Pq [¢"I"P = ¢'. So 7 is a
p-th root of ¢’. Hence {Cq%,7'q%} is a basis for E’[p]. Note that since W is

compatible with GG we have that Vg € G,

U(¢q")? =U((¢q")?) = ¥(¢qP)

It follows that ¥ with respect to the basis {Cq¢%,y¢%} is upper triangular, say

in the form

a b
0 d

Also note that o(7') = o(y)"o(I™a) = (" "™a = (" as ™o € L. So

compatibility between W and o can be written in matrix terms:

- , (8.2)

where the left hand side equals

a a+b
0 d
and the right hand side equals
a b+nd
0 d
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So from the upper right entry we get that a = nd.
We now look at the Weil pairing. Recall that it is a bilinear alternating
pairing satisfying the following identities on E[p] and E’[p] respectively, since

v, C correspond to %, % in the embedding L — C.

é(vq", ¢qd") = ¢

and

& (vq"”*,¢q") = C.

Now assume that ¥ is symplectic then

¢ =e(vg", ¢q") = &(¥(vqg"), B(¢q)).

We know how W acts on the basis so

¢ (W(vq™), U(Cq")) = €(¢"v"d", ¢"¢")

and now by properties of the Weil pairing

&'(C"yq", C"q") = € (va”, Cd")* = ¢

So ¢ = (%, hence ad = 1 (mod p) and since a = nd it follows that nd*> = 1
(mod p) which tells us that n is a square modulo p. Now v;(A’) = € = ne+mp.
So v (A’) is a square modulo p if and only if v;(A) is a square modulo p. So
their quotient is a square modulo p. Reciprocally if n is a square modulo p

then there exists an r € Z such that ?nd?> = 1 (mod p), so ¥" is a symplectic
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isomorphism because of the following

¢V (04, W () = (¢ o) = ¢ = ¢ = ¢,

where w € Z. And now since

¢ =é(vq", ¢q")

we get that

e(vq”,¢q") = &V (vq"), ¥ (¢q7))

which shows us that U" is a symplectic isomorphism, which concludes the

proof.

8.3 Proof of Theorem 8.0.2

Suppose there is a non-trivial solution (z,y,2) € Ok where K = Q(v/2) to

the generalized Fermat equation

Az? + By + C2P = 0.

Since the class number of K is 1, we can assume that the solution is primitive.

We associate to this solution the Frey elliptic curve

Y? = X(X — Az?)(X + ByP)

118



as in previous chapters. Using Theorem 5.2.2, since K is quadratic, the
Frey curve E is modular. For big enough p, the Frey curve is associated to a
rational Hilbert newform and this newform is associated with an elliptic curve
E’ (see Theorems 5.3.1 and 6.3.6). The conductor of E’ is divisible only
by a finite set of primes, hence there are a finite number of elliptic curves
E; for j = 1,..,k with such a conductor. We apply the symplectic criterion
from the previous section to the pair (£, E;). The proof of Lemma 7.1.4
shows that the minimal discriminant of F at B has the following valuation:
vp(A(E)) = =8+ 2pugp(a). Choose a prime I3 of Of dividing the odd number
ABC (since we assumed that ABC' is not a unit) and B the prime ideal above
2. Note that v, (A(E)) = 2v;, (ABC) + 2pu;, (xyz). Since we can enlarge p, we
can assume that p divides neither vy (A(E)) nor v, (A(E)). Note that we do
not know if the isomorphism between £ and £} is symplectical or not. But in

both cases we get that the product of the two terms

o, (A(E))
v, (A(E;))

B
=

(mod p) and il

w(AEy)) medr)

is a square modulo p because both terms are simultaneously squares or non-

squares. The numerator of this product is
v, (A(E))vp(A(E)) = 2u, (ABC)(—8) = —16v,(ABC)  (mod p).
The symplectic criterion implies that the integer

nj = —v, (ABC)uy, (A(E)))vp(A(E)))

119



has to be a square modulo p. Hence for a prime p large enough (with respect

(&> = —1 for all §
p

AxP + By? + C2P =0

to ABC) satisfying
then the equation

has no non-trivial solutions. It remains to show that these conditions are
simultaneously satisfied on a set of positive density. We show that there is a
set of positive density for which these conditions hold. To do this let p be a

prime such that
1. —1 is a non-square modulo p
2. each prime divisor of n; is a square modulo p

The first condition is equivalent to requiring that p = 3 (mod 4). The second
one is equivalent to requiring that for every prime ¢ that divides n; we want
(%) = 1. If ¢ = 2 this is equivalent to requiring that p = +1 (mod 8) and
since p = 3 (mod 4) we need p = —1 (mod 8). If ¢ is odd then (%) =1is
equivalent to

<p) )1 ifg=1 (mod4) 53

—1 if¢g=3 (mod4).

Now define a4 in the following way.

(%) _ 1 ifg=1 (mod4) 5.4)

—1 ifg=3 (mod4).
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And so if

-1 (mod 8) (55)

s
Il

ay (mod q) Vodd ¢ [ [];n;

then <%> = —1 for all j and so the equation AxP + By?” + C2P = 0 has no
non-trivial solutions. Now by the Chinese Remainder Theorem, if we define

M as

M=8 J] o

odd q[[; n;

then there exists an integer k such that

-1 (mod 8)

7~
Il

(8.6)
g (mod q) Vodd q | [];n;.

And so if a prime p =k (mod M) then there is no non-trivial solution to the

generalized Fermat equation and by Dirichlet’s Theorem this has density _¢(}w)’

which proves the theorem.
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