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Abstract

In this thesis we study two problems related to the Teichmiiller harmonic map flow,
a flow introduced in [21], which aims to deform maps from closed surfaces into
closed Riemannian targets of general dimension into branched minimal immersions.
It arises as a gradient flow for the energy functional when one varies both the map
and the domain metric.

We first consider weak solutions of the flow that exist for all time, with metric
degenerating at infinite time. It was shown in [25] that for such solutions one can
extract a so-called sequence of almost-minimal maps, which subconverges to a collec-
tion of branched minimal immersions (or constant maps). We further improve this
compactness theory, in particular showing that no loss of energy can happen, after
accounting for all developing bubbles. We also construct an example of a smooth
flow where the image of the limit branched minimal immersions is disconnected.
These results were obtained in [13], joint with Melanie Rupfling and Peter Topping.

Secondly, we study limits of the coupling constant 7, which controls the relative
speed of the metric evolution and the map evolution along the flow. We show that
when 1 | 0, corresponding to slowing down the metric evolution, one obtains the
classical harmonic map flow as a limit of the Teichmiiller harmonic map flow when
the target N has nonpositive sectional curvature. Finally, we let n | 0 and simulta-
neously rescale time, ‘fixing’ the speed at which the metric evolves and accelerating
the evolution of the map component. We show that in this setting the Teichmiiller
harmonic map flow converges to a flow through harmonic maps, if one assumes the
target N to have strictly negative sectional curvature everywhere and the initial
map to not be homotopic to a constant map or a map to a closed geodesic in the
target.



Chapter 1
Introduction

A wealth of results on problems of a geometric nature has been obtained through the
study of geometric flows. The general idea of such flows is to start with some initial
object, e.g. a Riemannian metric or a map between Riemannian manifolds, and
deform it into an object which is easier to analyse or has more desirable properties.
We are particularly interested in the harmonic map heat flow (which we will usually
refer to as just the harmonic map flow), which was introduced by Eells and Sampson
in [8] to study harmonic maps. Given a smooth closed orientable surface M, a metric
g on M and a smooth closed Riemannian manifold N = (N, G), the energy of a
map u : M — N is defined as

1
E(u,g) = B /M ]du|§dvg. (1.1)

We call v a harmonic map if it is a critical point of E (viewed as a functional on

maps). The harmonic map flow is then given by

ou

a = Tg(u)v (1'2)

where 74(u) = tr Vdu is the tension field of the map u. One can view this flow as a
gradient flow (with respect to the map) for the energy functional E. The harmonic
map flow has been studied extensively, see e.g. [2, 8 10, 17, 27]. As expected
by its gradient flow nature, it aims to transform an initial map into a harmonic
map. In general, this is not possible without singularities in the map forming, as
some homotopy classes do not contain any harmonic maps ([7]). However, assuming

nonpositive sectional curvature on N, Eells and Sampson were able to show long-



time existence and uniform derivative bounds for this flow in [6] and as a result

could show that any homotopy class of maps contains a harmonic representative.

If one also allows the domain metric to vary, a different gradient flow for the func-
tional E can be found. The energy is invariant under conformal changes of the
domain metric in two dimensions, so depending on the genus of M one can restrict
to flowing through metrics of Gauss curvature K € {—1,0, 1}, corresponding to hy-
perbolic surfaces, tori and the sphere respectively. This gradient flow was introduced

in [21], and is called the Teichmiiller harmonic map flow. It is given by

0
6; : (1.3)
TR %Re(Pg(‘P(U,g)))

where 7, again denotes the tension field of u, n a choice of scaling in defining a
metric on pairs of maps and metrics, P; the projection of quadratic differentials
onto holomorphic quadratic differentials and ®(u, g) is the Hopf differential of u, a
quadratic differential that measures how ‘close’ u is to being conformal. In particular
vanishing of ®(u,g) implies that u is a weakly conformal map. This flow aims to
transform given initial data to branched minimal immersions (or constant maps).
In this thesis we study a number of questions concerning the Teichmiiller harmonic

map flow (1.3).

A priori singularities in this flow might appear both in the metric (i.e. parts of
the domain may become arbitrarily ‘thin’) and the map. The latter type is well-
understood for the harmonic map flow, the general idea is that so-called bubbles can
be extracted at points and times where energy concentrates ([27]). These bubbles
are harmonic maps S? — N. Away from such concentration points, the harmonic
map flow enjoys higher regularity. This principle carries over to the Teichmiiller
harmonic map flow ([23]), and allows one to employ a lot of the techniques familiar
from the study of the harmonic map flow in the development of the theory for the
flow (1.3).

Possible degeneration of the metric on the other hand requires new ideas. When
this degeneration only happens at infinite time and M is a hyperbolic surface, it
was shown in [25] that the initial map in some sense (sub-)converges to a collection
of branched minimal immersions (or constant maps) in the limit. In a joint work
with Rupflin and Topping ([13]) we study exactly what properties this convergence

has, and some of that material is included in Chapter 3.



When defining the Teichmiiller harmonic map flow, there is an arbitrary choice of
scaling parameter which determines the relative importance of changes in the map
versus changes in the metric. This manifests itself in the coupling constant 7 in the
definition of the flow, (1.3). To remove this arbitrariness, we consider limits as 1 | 0
in Chapter 4.

1.1 Thesis outline

The main body of the thesis consists of three major parts: an introductory Chapter

2 (consisting of known material) and Chapters 3 and 4 presenting new work.

We begin Chapter 2 by explaining how to arrive at the equations (1.3) as a gradient
flow by viewing E(u, g) as a functional of both map and metric, as originally done
n [21]. This turns out to require exploiting the symmetry of conformal invariance
of the energy functional on surfaces mentioned above, as well as the invariance of
the energy functional under pullback by diffeomorphisms. In particular one needs to
find a suitable space of pairs of maps and (equivalence classes of) metrics together
with an inner product. There is some freedom in choosing this inner product,
manifesting itself in the appearance of the coupling constant 1 in (1.3), which we
investigate further in Chapter 4. It turns out that for genus 0 the flow coincides
with the classical harmonic map flow, and for genus 1 it simplifies considerably
and has been studied in [4]. Therefore from now on we restrict to the case of the
domain being of genus > 2, so it admits hyperbolic metrics (i.e. metrics of constant

(Gauss-)curvature —1).

Once we have the definition of the flow, we would like to establish certain properties.

Two natural questions can be asked immediately:

e Given suitable initial data (ug, go), can we find a solution to (1.3)7 Can we

characterize the maximal existence time?
e Are solutions unique (in an appropriate class)?

These questions were answered in [23]. The only way for a (weak) solution (u(t), g(t))
not to exist for all time was shown to be degeneration of the metric (i.e. inj,) — 0).
We give a brief overview of the arguments in [23], and refer to Chapter 4, where we
use some related techniques. We also explain what it means for so-called bubbles to

form under the flow.



Under the assumption that the metric, even at infinite time, does not degenerate
(i-e. injyyy > 6 > 0 for all times t), long time existence and (sub-)convergence to a
branched minimal immersion (or a constant map) was obtained in [21]. We present
some of the ingredients needed to obtain this result, in particular a Poincaré type
inequality for quadratic differentials and the Mumford compactness theorem. In
this setting we also first identify a common alternate ‘sequential’ viewpoint in the
study of the Teichmiiller harmonic map flow. It turns out that many of the results
in the theory do not necessarily rely on the equations (1.3), but only need a sequence

(u;, g;i) of maps and metrics satisfying certain conditions:

Definition 2.2.3 (From [13]). Given an oriented closed surface M, a closed Rie-
mannian manifold (N, G), and a pair of sequences u; : M — N of smooth maps and
g; of metrics on M with fixed constant curvature and fixed area, we say that (u;, g;)

is a sequence of almost-minimal maps if E(u;, g;) is uniformly bounded and

|7g: (wi) I L2 (r,g0) — O, and | Py, (@ (i, gi))ll L2 (a,g,) — O- (1.4)

One can then view the results in [21] as a type of compactness statement for such
sequences of almost-minimal maps. This can be seen as an analogue to the com-
pactness theory for sequences of almost-harmonic maps u; (see e.g. Lemma 3.1.2),

which only satisfy |7, (ul-)HLQ(M g) 0

We then consider the results from [25] on metric degeneration at ¢ = oo, and show
some of the modifications needed compared to the simpler case of no metric degener-
ation considered in [21]. This involves understanding the geometry of degenerating
hyperbolic surfaces. It turns out that near to points in the domain with small in-
jectivity radius one can view the surface as a long, thin cylinder equipped with a
hyperbolic metric which is conformal to the usual euclidean metric (see Lemma A.1),
often called a hyperbolic collar, or simply collar. Furthermore, it is again possible to
interpret the theory in [25] as a compactness statement for almost-minimal maps,
now from degenerating surfaces. We revisit this theory later in Chapter 3 with the

results from [13].

We conclude our introduction to the Teichmiiller harmonic map flow by giving a brief
overview of a situation in which the flow does always necessarily exist smoothly for all
time, namely in the setting of the target N having nonpositive sectional curvature,
as developed in [20]. In some sense this can be thought of as a parallel to the

classical theory for the harmonic map flow in [8], however the techniques used are



very different. In particular we highlight some of the estimates for the projection

operator P, developed in [20], which are important for later applications.

To conclude Chapter 2 we switch focus to some classical results about harmonic
maps, in particular situations in which one can find a unique harmonic map in a
homotopy class (for some given metric) as studied in [10]. We also recall how this
harmonic map changes smoothly under smooth changes of the underlying metric on

the domain, as proved in [6].

In Chapter 3 we present joint work with Rupflin and Topping from [13]. We have
the following compactness theorem from [25], which we alluded to in the overview
of Chapter 2.

Theorem 2.2.8 (Content from [25]). Suppose we have an oriented closed surface
M of genus v > 2, a closed Riemannian manifold (N,G), and a sequence (u;, g;) of

almost-minimal maps in the sense of Definition 2.2.3, for which lim;_, ¢(g;) = 0.

Then after passing to a subsequence, there exist an integer 1 < k < 3(y — 1) and
a hyperbolic punctured surface (X, h,c) with 2k punctures (i.e. a closed Riemann
surface S with complez structure ¢, possibly disconnected, that is then punctured 2k
times to give a Riemann surface X with ¢ the restricted complex structure, which is
then equipped with a conformal complete hyperbolic metric h) such that the following
holds.

1. The surfaces (M, g;,c;) converge to the surface (3, h,c) by collapsing k sim-

J

ple closed geodesics o in the sense of Proposition A.2 from the appendiz; in

g such

particular there is a sequence of diffeomorphisms f; :+ ¥ — M\ U;“?:lo'
that

figi = h and fc; — ¢ smoothly locally,
where ¢; denotes the complex structure of (M, g;).

2. The maps U; :== u; o f; converge to a limit us, weakly in VV;’?(E) and weakly
in W22(2\ S) as well as strongly in Y/Vllocp(Z \'S), p € [1,0), away from a

loc

finite set of points S C X at which energy concentrates.

3. The limit uso : 2 — N extends to a smooth branched minimal immersion
(or constant map) on each component of the compactification (il,é) of (£,¢)

obtained by filling in each of the 2k punctures.

In the setting of this theorem, we now fix some j € {1,2,...,k} and consider

the sequence of collapsing geodesics o; = af . As mentioned above we can find a



hyperbolic collar C; around each geodesic, and it turns out that its length tends to
infinity as ¢ — oo. In particular, in the ‘centre’ of such a collar the above theorem
does not provide us with any information on the behaviour of the maps u;, as it is

purely a local convergence statement. Therefore we consider a number of questions.

e Can energy be ‘lost’ along such collars? More precisely, after accounting for
possible bubbles developing along the sequence of collars (i.e. areas of concen-
trated energy rescaled to give harmonic maps S? — N), does the energy of

the limit map equal the limit of the energies?

e What properties do the restrictions of the maps u; to the collars C; have? In
particular, do the images of these ‘collar maps’ become close to curves in the

target?

e The limiting domain ¥ may be disconnected (e.g. a surface of genus 2 might
split into two once punctured tori). Can the image of the limit branched
minimal immersion obtained by filling in the punctures as in the above theorem
also be disconnected? This would imply that the collar maps do not become

close to constant maps.

In contrast to harmonic maps from degenerating domains, where it is indeed possible
for energy to be lost as shown in [17, 34|, we prove that no energy can be lost
and that the images of the collar maps become close to curves. To do this, we
first analyse almost-harmonic maps (i.e. maps u with small tension 7,(u) in L?)
from long cylinders. This is done as the collar maps in particular satisfy these
conditions, because the maps wu; form an almost-minimal sequence, and therefore
have small tension in L2. We can show that the angular energy of such maps decays
exponentially away from the ends of the cylinders if they also have locally small

energy (in a sense we make precise).

To obtain estimates on the full energy we require some additional geometric infor-
mation, provided in the form of the condition || P, i(@(ui,gi))HLg(M%) — 0, which
turns out to imply L! control on the Hopf differential ®(u;, g;). Using this, we find
that the full energy also decays exponentially towards the centre of the cylinder

under the earlier assumptions.

Armed with this, we consider sequences of almost-harmonic maps u;, that also satisfy
|®(u;)|| ;1 — 0, from cylinders €, := [~ X;, X;] x S with X; — 0o as i — oo, and
show that there is no loss of energy (after accounting for all the bubbles). Note that

in particular the collar maps corresponding to a sequence of almost-minimal maps



can be viewed as such sequences.

We prove this by taking a sequence of maps from longer and longer cylinders and
identifying a (finite) number of points where energy concentrates. For regions suf-
ficiently far away from these points of concentrated energy we can then apply our
earlier analysis to deduce that the energy of the maps on such regions converges to
0. Similarly the angular energy becomes small, which implies that the image of the
maps connecting such regions becomes close to a curve. The regions where energy
does concentrate (which are now finite in size) are then analysed using standard

methods from the study of almost-harmonic maps (e.g. Lemma 3.1.2).

We then apply this statement for maps from cylinders to the collar maps around each
degenerating geodesic obtained by analysing a sequence of almost-minimal maps
using Theorem 2.2.8, also establishing that no energy is lost here (as usual, modulo
bubbles) and that the ‘connecting curves’ between regions of concentrated energy
are mapped close to curves. Together with analysing the remainder of the maps
away from points where the domain degenerates by the aforementioned compactness

properties of almost-harmonic maps we then prove the following theorem.

Theorem 3.1.1. In the setting of Theorem 2.2.8, there exist two finite collections
of monconstant harmonic maps {wy} and {Q;} mapping S* — N, such that after
passing to a subsequence we have

lim lim F (u;, g;; 0-thick (M, g;)) = E(uso, h) + ZE(wk),
k

510 i—o00

and

lim B(u;, 1) = B(uce, h) + > Elwr)+ Y E(9Q)).
k J

Here we denote by d-thick (M, g;) all the points x € (M, g;) such that inj, (z) > 4.

To conclude Chapter 3, we return to again considering solutions to the flow (1.3),
and show that the image of the limit branched minimal immersion can indeed be

disconnected by constructing an example.

In Chapter 4 we study limits of the coupling constant n in the flow equations
(1.3). We first study the behaviour of the flow as 7 | 0 on compact time intervals,
and prove convergence to the classical harmonic map flow (1.2). We do this in the

setting of the target N having nonpositive curvature.

Theorem 4.1.1. Let M be a smooth closed oriented surface of genus v > 2 and



go € M_1, (N,G) a nonpositively curved smooth closed Riemannian manifold and
ugp : M — N a smooth map. Then on each fized time interval [0,T] the flows
(un(t), gn(t)) satisfying (2.21) with initial condition (uo,go) converge smoothly to
the harmonic map flow u(t) satisfying (2.4) (with respect to go), starting at the

same initial condition u(0) = wug, in the following sense asn | 0:

1. The metrics g,(t) converge to the initial metric go in C*(M, go) uniformly in
t for each k € N,

2. The maps u,(t) converge to u(t) smoothly on M x [0,T].

The restriction to compact time intervals is motivated by the fact that one can find
smooth initial data (ug,go) such that any solution (u(t),g(t)) to (1.3) necessarily
develops a metric singularity (at infinite time), no matter what 1 > 0 is used, hence

one cannot expect uniform convergence to the harmonic map flow for all times.

We remark here that it is possible that Theorem 4.1.1 could be obtained by viewing
the flow (1.3) as a perturbation to the classical harmonic map flow for small . We
instead opt for a more ‘direct’ approach, which has the advantage of leading to a

number of estimates useful in the latter part of this thesis.

The proof of Theorem 4.1.1 is carried out by first controlling the metric component
and then using that control to also obtain good estimates for the map. The metric

convergence can be deduced as a consequence of the energy identity

= | |+ (1) 1ret @t o)) dv, (15)

valid for solutions of the flow (1.3) together with estimates from [23].

To control the map we first establish that the degree of energy concentration along
the flows (uy(t), gn(t)) from Theorem 4.1.1 can be controlled uniformly in . We
do this by establishing an estimate for the evolution of local energy E(u,, By(x))
(very similar to [23]), which implies that energy concentration at some time leads
to concentrated energy at nearby times. We further prove a bound for the energy
concentration of maps in terms of their tension, exploiting the curvature hypothesis
on N. In particular, very concentrated energy necessarily leads to HTgn (un) H L2(Mgy)
)HLQ(MM) is integrable over [0,7] by (1.5) we find that

energy can not become too concentrated.

being large. But as HTgn (uy

This allows us to apply standard interpolation estimates to the maps u,, in particular



leading to an a priori W'*-estimate. With this estimate we then consider the
evolution equation for the difference w = w, — v of the maps in the Teichmiiller
harmonic map flow and the classical harmonic map flow. We obtain an integral
bound from this equation that shows that indeed ||w||;> becomes small as n | 0.

Higher regularity can then be deduced by interpolation and the results in [23].

Finally we consider a rescaled limit of (1.3) as n | 0. In particular, we can slow
down time as we decrease 7 so that in some sense the ‘speed’ at which the metric

moves stays constant, by letting ¢ = %t. This leads to the rescaled equations

—u = kTy(u)

0

é’f (1.6)
59 = Re(Py(®(u, g)))

where we define k := 7;% (hence i | 0 now corresponds to k — 00). One might expect
that large k corresponds to the map rapidly becoming harmonic, and in the limit
leading to a flow through harmonic maps, instantaneously changing the initial map
into a harmonic map. We first establish that the metric component of the rescaled

flow (1.6) does not degenerate, at least for small times.

Lemma 4.2.3. Let M be a smooth oriented closed surface of genus v > 2 and N be
a smooth closed Riemannian manifold. Assume that for some T > 0, k > 0 we have
a smooth solution (ug(t), gr(t)) to (1.6) on [0,T] with rescaled coupling constant k
for some given initial data (ug,go). Then there exists Ty = To(M, go,ug) > 0 (in
particular independent of k) such that the injectivity radius inj,, is bounded away

from 0 up to time t = min{Ty, T'}.

We can then use a variety of useful estimates for the metric component, enabled
by this control of the injectivity radius, from [22]. In particular we find that (for
integers s > 0) the C*-norm of the metric tensors satisfies a C%2 Hélder condition

in time.

In particular, if one assumes that N has strictly negative sectional curvature and
considers a homotopy class H of maps M — N that contains no constant maps
or maps to closed geodesics in the target, then for each metric ¢ on M there is
a unique harmonic representative in H ([10], see also Chapter 2). Hence given
such a homotopy class and given a curve g(t) of metrics on [0,7] one can find a

corresponding unique curve u(t) of harmonic maps defined such that w(t) is harmonic



with respect to g(t). In this context we show that one can indeed find a limit flow

for (1.6) as k — oc.

Theorem 4.2.21. Let M be a smooth closed oriented surface of genus v > 2 and
N be a smooth closed Riemannian manifold. Given smooth initial data (ug,go) for
(4.62), take 0 < T < Ty with Ty from Lemma 4.2.3, and consider the sequence
(ur(t), gr(t))52, of solutions to (4.62) with rescaled coupling constant k on the fized
time interval [0, T, which we further assume to be smooth up tot = T. Then the

following is true:

1. There exists a limit curve of hyperbolic metrics g (i.e. each g(t) has Gauss
curvature K = —1) on [0,T], continuous in time and smooth in space in the
sense that for all s € N, g is an element of CO([0,T], C*(Sym?(T*M), go)).
After possibly selecting a subsequence in k the curves g converge to g in
CO([0,T), C*(Sym?(T* M), go)) (i-e. uniformly in time in C*(M,go)), again
for all s € N.

2. Further assume that N has strictly negative sectional curvature and that the
homotopy class of ug does not contain maps to closed geodesics in the target
or constant maps. Let u(t) : M x (0,T] — N be the unique curve of harmonic
maps homotopic to uy corresponding to g(t), then the limit curve of metrics g
is differentiable in time at each point x € M away from t = 0, with derivative
given by Sg(t)(z) = Re(®(u,g))(z), where ®(u, g) as usual denotes the Hopf
differential. Finally, the maps uk(t) also converge to u(t) uniformly in t in
C*(M, go) away from 0 for all s € N.

The existence of a limit curve of metrics can be seen by the metric estimates men-
tioned earlier. Showing that the maps converge to the corresponding harmonic limit

curve and that the limit metric curve is differentiable in time is more involved.

We work in the above setting of the homotopy class of ug containing no maps to
closed geodesics in the target or constant maps, and N having strictly negative sec-
tional curvature. We then show that small L?-norm of the tension 7,4(u) corresponds
to being close to a harmonic map in C°. For the harmonic map flow the L?-norm

of the tension 7T (u(t),g(t)) = H’Tg(t) (u(t))HL2(M7g(t))
quantity in ¢t when N has nonpositive sectional curvature, and thus has to be small

is a monotonically decreasing

for large times (as it is also integrable). We prove an adapted statement for the

evolution of 7 under Teichmiiller harmonic map flow.

Lemma 4.2.8. Assume M as usual to be a smooth closed oriented surface of genus

10



v > 2 and N to be a smooth closed Riemannian manifold, which we now also
assume to have nonpositive curvature. Let n > 0 and take (u(t),g(t)) to be the
(smooth) solution to (1.3) with coupling constant n, starting at initial data (uo, go)-
Assume that there exists some 6 > 0 such that inj,) > 6 > 0, and denote as usual
Ey = E(u(0),9(0)), then

%7’ (t) < CE36 (1.7)

where T (t) := T (u(t), g(t)) and C < oo only depends on the genus v of M.

We thus find that (away from ¢ = 0) 7 (¢) becomes small for solutions of the rescaled
flow (1.6) when k is large, and consequently the maps ug(f) from Theorem 4.2.21
become C-close to being harmonic. We next establish higher order convergence. To
do this, we apply parabolic regularity to the equation (1.6), using the small tension,
to find a priori bounds for u; and elliptic regularity to their associated harmonic
maps U (which are unique under our assumptions). Note that the bounds on the
harmonic maps are standard, and already appear in [8]. By interpolation we then

see that uy — uy becomes small (e.g. in any C*-norm).

Using the smooth dependence of harmonic maps on the domain metric ([6], again see
Chapter 2) together with the convergence of the metric we then find that the maps
ug(t) converge to (the harmonic limit curve) u(t). We finally show that the limit
curve of metrics g(t) is differentiable away from 0 by proving that % gi(t) converges
uniformly to Re(®(u,g)), where we denote as usual by ®(u, g) the Hopf differential
of the limit. This uses the already established convergence of the maps, the metrics,

and properties of the projection P, from [20] (see also Chapter 2).

11



Chapter 2

The Teichmiiller harmonic map

flow

2.1 Construction

2.1.1 The harmonic map flow

Given smooth closed Riemannian manifolds M = (M, g) and N = (N,G), with M
assumed to be oriented, and a smooth map v : M — N, we can define the energy

(sometimes also called the harmonic map energy or Dirichlet energy) E(u) as

1
Bu) = /M dul2dv,, (2.1)

where we denote by dv, the volume element on (M, g). We then define harmonic
maps to be the critical points of E. Let u(t) be a smooth variation of u (i.e.
satisfying «(0) = v and u(x,t) : M x [—1,1] — N smooth) with %hzo = v then we

find, using partial integration,

d

S B(u(t))hmo = /M<“’ 7y () dvg (2.2)

where 7,(u) = tr Vdu is the tension field of u (e.g. [8]). If we assume the target N

to be isometrically embedded into R", we can also write

Tg(u) = Agu + Ag(u)(Vu, Vu) (2.3)
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where A, is the Laplace-Beltrami operator on M and A the second fundamental
form of N < R"™. In particular we can see from (2.2) that (smooth) harmonic maps

satisfy 7,(u) = 0.

To try and find such harmonic maps, the L? gradient flow associated with E was
considered in [8]. It is given as the harmonic map flow

=) (2.0

where u(z,t) : M x I — N is now evolving. The hope is that this transforms some

initial map ug = u(0) into a harmonic map. Indeed, we have the following theorem.

Theorem 2.1.1 ([8, 10]). Let M, N be as before and additionally assume that N
has nonpositive sectional curvature. Given a smooth map ug : M — N the harmonic
map flow (2.4) with initial condition u(0) = ug has a smooth solution existing for all
times. Furthermore there exists a harmonic map uso : M — N such that u(t) — uso

smoothly as t — oo.

This in particular solves the homotopy problem of finding a harmonic map homotopic

to some given map when N has nonpositive sectional curvature.

2.1.2 A gradient flow to find branched minimal immersions

From now on we restrict to the domain M being a smooth closed oriented surface.
Instead of thinking of the energy F as just a functional of maps, we can consider it
as a functional on both maps and metrics £ = E(u, g). As before, we can calculate
the first variation of the energy, now also considering a variation g(t) of the metric
with %\tzo = h. We find (e.g. [21])

d

FE@O9O)0 = [ () + JRe(Blu,g). Fdvy (25

where ®(u,g) denotes the Hopf differential. In complex notation it is given as
®(u, g) = 4(u*G)FY, and writing ®(u, g) = ¢dz? with a local complex coordinate

z = x + iy we have the formula
¢ = Jua|® — Juy|* — 2i(uq, uy). (2.6)

More explicitly, one finds Re(®(u, g)) = 2u*G — 2e(u, g)g where e(u, g) = %|du|§ is
the energy density ([23]).
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We can read off from (2.5) that a critical point u of E, with respect to both map and
metric, needs to be harmonic and to satisfy Re(®(u,g)) = 0. Thus v*G = e(u, g)g,
implying that u is weakly conformal. Conformal harmonic maps from surfaces are
necessarily minimal immersions (i.e. critical points of the area functional). Similarly,
it turns out that (non-constant) weakly conformal harmonic maps can also be viewed
more geometrically as branched minimal immersions. Indeed, away from finitely
many points where the differential du vanishes, they are minimal immersions (see

[9]). For the purposes of this thesis, we simply use the following definition.

Definition 2.1.2. A branched minimal immersion is a non-constant weakly confor-

mal harmonic map.

Thus, to find branched minimal immersions, one can study critical points of E(u,g).
Motivated by the harmonic map flow, one could define the corresponding gradient
flow to (2.5) (see [4]):

0

U= Tg(u)

ot

) (2.7)
99~ Re(®(u, g)).

However, as noted already in [4], the equation for the metric in this flow is not
expected to have good analytical properties, as the right hand side moves in an
infinite dimensional space. Thus, a different approach was taken in [21] to construct
a flow designed to find branched minimal immersions. The main idea is to exploit
symmetries of the energy functional. This first such symmetry is the invariance of
the energy F under conformal changes of the metric g when M is a surface. To this
end, we have the following consequence of the classical Uniformisation Theorem for

surfaces.

Theorem 2.1.3. Let M be a smooth closed oriented surface equipped with a Rie-
mannian metric g. Consider a smooth conformal factor A\ : M — (0,00). If we
denote the genus of M by ~y, then the following holds:

e v=0: M is a sphere and we can find X\ such that Ky, = 1.
o v=1: M is a torus and we can find \ such that Ky, =0

e v >2: M is a hyperbolic surface and we can find X such that Ky, = —1.
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Here we denote by Kyg the Gauss curvature of the surface (M, \g).

Therefore instead of searching for branched minimal immersions in the space of all
metrics on M, we consider the space M, := {Smooth metrics g on M of constant
Gauss curvature c}, with ¢ depending on the genus of M as in the above theorem.

In the case of ¢ = 0 we also additionally restrict to unit area tori.

The second symmetry considered in [21] is pullback by diffeomorphisms f : M —
M, as indeed E(u,g) = E(uo f, f*g). Thus we define an equivalence relation on
pairs (u,g) of maps and metrics by (u1,91) ~ (u2,g2) if there exists a smooth
diffeomorphism f : M — M homotopic to the identity such that uo = uq o f and

g2 = f*¢1 and consider the quotient space (again, from [21])

A={C®(M,N) x M}/ ~ (2.8)
of equivalence classes [(u, g)].

Remark 2.1.4. As noted in [21], A is only a set, but it can be modified to be a
smooth (infinite-dimensional) manifold, together with a natural tangent bundle and
metric, by considering metrics and functions of sufficiently high Sobolev regularity.
This is done using ideas also used in the development of Teichmiiller theory (see
[21, Appendix B| for more details, [33] for an introduction to Teichmiiller theory).
However, to motivate defining the Teichmiiller harmonic map flow this construction

is not required.

We next try to find a ‘good’ definition (working formally) of a metric structure on
A. We first describe tangent vectors of M..

Lemma 2.1.5 (Theorem 2.4.1 in [33]). Let M be a smooth closed surface and
consider g(t) € M. a smooth curve of metrics with h = Oyg|i=o, then there exists a
tensor hg € T'(Sym? T*M) satisfying dg(0yho = 0 and try) ho = 0, such that

h = ho + Lxg(0) (2.9)
where X is some (smooth) vector field on M.

Sketch of proof. One first proves that such a decomposition h = hg + Lxg(0) satis-
fying the divergence free condition exists (indeed, this does not even require M to
be a surface and works for arbitrary h € T'(Sym? T*M)), see [33, Theorem 1.4.2])
by solving an elliptic equation. We then find that the linearization DR(g(0)) of the
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scalar curvature necessarily vanishes when evaluated at £xg¢(0) and & (as the scalar
curvature R = 2K is constant in both those directions). Thus also DR(g(0))ho = 0.
But we have the general formula (e.g. [31, Proposition 2.3.9])

DR(g(0))v = _Ag(O) (trg(o) v) + 59(0)59(0)’0 — (Ric, v), (2.10)

valid for any v € T'(Sym? T*M)). Using this with v = hg implies —Ay0)(trg(0) ho) —
K tryy ho = 0. Multiplying this by tryq) ho and integrating over M yields

/M |V trg(o) h0‘2 — K(trg(o) h0)2dvg(0) =0. (2.11)

Note that for K’ = ¢ = —1 we are finished. We use arguments from [32] to handle
the remaining cases. For K = 0 we deduce that try() ho is constant, which implies
tr4(0) ho = 0 as the area of M was assumed fixed in this case (note that dydv, =
3 trhodvg, e.g. [31, Proposition 2.3.12]). If K = 1 then (M, g(0)) is necessarily the
(round) sphere, and we can deduce try)ho = 0 as 1 is not an eigenvalue of the

Laplacian. O

Tensors h satisfying d,)ho = 0 and tryg) ho = 0 are also called transverse trace-
less, and they can be identified with the space of so-called holomorphic quadratic

differentials as follows.

Lemma 2.1.6 (e.g. [33, Chapter 2]). Let (M,g) be a smooth closed surface, then
there 1s a bijection between the space SQTT(M, g) of transverse traceless symmet-
ric 2-tensors h and the space H(M, g) of holomorphic quadratic differentials, i.e.
quadratic differentials that can be written as 0dz?, where z = x+iy is a local complex

coordinate for (M, g), dz? = dz ® dz and 0 is a holomorphic function.

Proof. We first note that any transverse traceless tensor A is the real part of a holo-
morphic quadratic differential by an argument from [33], computing the derivatives

Orhi; explicitly in isothermal coordinates (z,y) (i.e. g = p*(da? + dy?).

We let h = h11d$2+2h12dl‘dy+h22dy2, then trh = p2(h11+h22) =0, 80 h11 = —hos.
We find that 0 = (0h); = p%@khik, and setting ¢ = 1 and 7 = 2 we obtain

0 0
78$h11 + 78yh12 =0 (2'12)
0 0
fgth - 78yh11 =0, (2.13)
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using hgo = —hy1. Therefore 6(z) = hi1(z,y) — ihia(x,y) (with z = z +iy) is a
holomorphic function (as hii, —hqo satisfy the Cauchy-Riemann equations). Hence
h = Re(0(z)(dx + idy)?) = Re(0dz?) is the real part of a holomorphic quadratic
differential. We remark here that one could also carry out this computation from a

complex viewpoint (e.g. [32]).

We next prove that H = Re(H), as the map 0dz? — Re(6dz?) is a bijection. To see

this, we again compute in local coordinates z = = + iy

0dz* = (a + ib)dz* = (a + ib)(d2® + 2idzdy — dy?) (2.14)
Re(0dz?) = a(dx® — dy?) — b(2dxdy) (2.15)

where a and b are some (locally defined) real functions on M. We see that Re(0dz?)
can only vanish if a = b = 0. Additionally, we observe that real parts of quadratic

differentials are traceless.

To finish the proof we can simply reverse the argument: if we start with h =
Re(6dz?) for some holomorphic quadratic differential dz? (which implies that h is
tracefree), we can compute the Cauchy-Riemann equations for #dz?, and find that

the corresponding tensor h is transverse traceless, i.e. also divergence free. O

Therefore we have the formal decomposition TM,. = Re(H) ® Lxg (this could be
made precise by equipping M, with an appropriate manifold structure, see [33]).
Often this is referred to as a splitting into a horizontal part (consisting of real
parts of holomorphic quadratic differentials) and a vertical part (corresponding to
modifying by diffeomorphisms). Thus given a curve (u(t), g(t)) € C*°(M,N) x M,

we can represent the tangent vector of the metric component at ¢ = 0 by

9rg(0) = Re(¥) + Lxg(0) (2.16)

where ¥ € H. Recall that in the definition of 4 we identified pairs (u,g) under
pullback by diffeomorphisms. We can in particular modify any curve (u(t), g(t)) by
a diffeomorphism such that 9;¢(0) is horizontal (i.e. 9;g(0) = Re(¥)). This can be
done by considering the family of diffeomorphisms generated by —X (see [21]).

But now at any given [(up,g0)] € A we simply take such a path (u(t),g(t)) €
C*®(M,N) x M, that starts at (u(0), g(0)) = (uo, go), modified as above so 0:g(0)
is horizontal. For the tangent vector V" at [(ug, go)] corresponding to (9:g(0), 9;u(0))
a norm is then defined in [21] by
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IVI* = l10pulf2 + 072 | Re(P)|[72 (2.17)

where 1 > 0 is the coupling constant, a choice of the relative importantce of the map
directions and the metric directions. We note that the decomposition into horizontal
and vertical parts is canonical, and in particular the choice of holomorphic quadratic
differential Re(¥) is unique. We then have an inner product on tangent vectors of

A induced by this norm.

Using (2.5) we can express the differential of E at [(u,g)] € A evaluated at some
tangent vector given by (dyu, 0rg) = (Oru, Re(¥)) via

DE(0u, Re(V)) = — /M(Gtu, Tg(u))dvg + i(Re(CI)(u,g)), Re(V))dvy, (2.18)

see also [21] for this formula.

We denote by Q(M,g) the space of quadratic differentials on (M, g), then we
have ®(u,g) € Q(M,g). However, generally ®(u,g) = ¢dz? is not a holomorphic
quadratic differential, and indeed ¢ is holomorphic precisely when u is a harmonic
map. We thus introduce the L?-orthogonal projection P, : Q(M,g) — H(M,g)
(using the canonical L? Hermitian inner product induced by g on Q(M,g)). This

allows us to further calculate, as in [21],

DE(Oyu, Re(V)) = —/ (Opu, Tg(u)) + i(Re(Pg(q)(u,g))), Re(V))dv, (2.19)

M
2

— —((74(u), = (Py(®(u, 9)))), (Bru, Re(W))) 4. (2.20)

We used that (Re(®(u,g)), Re(V)) 2 = (Re(Py(®(u, g))), Re(¥)) 2 (as ¥ is a holo-
morphic quadratic differential and orthogonality of quadratic differentials implies
that their real parts are orthogonal, in both cases using the L? Hermitian inner
product). We can now finally give the flow equations of the Teichmiiller harmonic
map flow by writing down the gradient flow of E corresponding to the inner product

defined on A as some [(u(t), g(t))] satisfying
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0

U= Tg(“)
%t ; (2.21)
509 = Be(Py(2(u.9)).

From now on we will always think of the Teichmiiller harmonic map flow as flowing

pairs of maps and metrics (rather than equivalence classes [(u(t), g(t))]).

Remark 2.1.7. Starting at some gy € M, any solution metric g(t) will necessarily
stay in M, (by Lemma 2.1.6 %g is transverse traceless, and the derivative of the
scalar curvature vanishes in transverse traceless directions by the formula used in
the proof of Lemma 2.1.5). We further have that the volume form dv, is constant

along the flow, as %g is traceless (e.g. [31, Proposition 2.3.12]).

We also observe here that (smooth solutions) of the flow satisfy the following energy
identity, by (2.5):

% T /M ['Tg(u)|2 * (g>2 |Re(Py(®(u, 9)))|? | dv. (2.22)

We will later see how this allows us to obtain information about the behaviour of
the flow (2.21).

The nature of the flow depends strongly on the genus 7 of M. Briefly (see [21] for

some more detail):

v =0 The space H only consists of the 0 element, and thus (2.21) coincides with

the harmonic map flow (2.4).

v =1 H now has real dimension 2, and the flow (2.21) is somewhat easier to analyse
than for v > 1. In particular, it possible to view the metric as moving in a two
dimensional submanifold of My ([21, Section A.1]), and the flow was shown

to be equivalent in [21] to a flow studied in [4].

~v > 2 One can find that H has real dimension 6( — 1), however it is no longer pos-
sible to view the metric (globally) as moving in a finite dimensional subspace
of M_;. In particular, the flow (2.21) may deform the metric g(¢) by pulling

back with a diffeomorphism.

For the rest of this thesis we will only be working with v > 2, i.e. M a hyperbolic
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surface.

2.2 Properties of the Teichmiiller harmonic map flow

2.2.1 Existence and uniqueness

The existence and uniqueness theory for the Teichmiiller harmonic map flow (2.21)

has been investigated in [23]. We give a definition ([21]) for weak solutions of (2.21).

Definition 2.2.1 (From [21, Definition 1.2]). We call (u,g) € H. (M x[0,T), N) x
C°([0,T), M_1) a weak solution of (2.21) on [0,7),T < oo, provided u solves the
first equation of (2.21) in the sense of distributions and g is piecewise C! (viewed
as map from [0, 7)) into the space of symmetric (0,2) tensors equipped with any C*
metric, k € N) and satisfies the second equation of (2.21) away from times where it

is not differentiable.

Weak solutions in this sense were shown to exist until the metric degenerates in [23].
The following theorem, which we give here in an abbreviated form, was proved. We

use the notion of ‘bubbles’ in this statement, which we make precise later.

Theorem 2.2.2 (From [23, Theorem 1.1]). Let M be a smooth closed oriented
surface and N a smooth closed Riemannian manifold, then for any given initial data
(up, go) € C®°(M,N) x M_; there ezists a weak solution (u,g) of (2.21) defined on

a mazimal interval [0,T), T < oo, that satisfies the following properties

1. The solution (u,g) is smooth away from at most finitely many singular times
T; € (0,T) at which bubbles develop at a finite set of points S(T;).

2. For each i there exists a limit map u(T;) € HY(M, N) such that u(t) — u(T;)
weakly in H* and u(t) — u(T;) smoothly away from S(T;), both times as
t — T;. We further have g(T;) € M_y such that g(t) — g(T;) smoothly as
t—1T;.

3. The energy E(u(t),g(t)) is non-increasing in t.

4. The solution exists as long as the metrics do not degenerate in moduli space.
Hence, if we denote the length of shortest closed geodesic in (M,g(t)) by
£(g(t)), we either have T = oo or liminfyr £(g(t)) = 0.
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Furthermore, the solution is uniquely determined by its initial data in the class of

all weak solutions with non-increasing energy.

Note that the same theorem holds true for genus v = 1, where it follows by work in
[4] as mentioned above, and for v = 0, where the flow reduces to the harmonic map

flow (2.4) and global existence was established in [27].

The prove this theorem, first certain estimates for the evolution of the metric tensor
are established in [23]. In particular, it is shown that the metric g(¢) is a Lipschitz-
curve with respect to any C*-norm on the space M_1, as long as one controls £(g(t)).
We give such an estimate in Chapter 4, Lemma 4.1.6. Thus, one can obtain short

time existence by an iteration argument.

If T < 0o one finds that either degeneration of the metric occurs in the sense that

hrg%nff(g(t)) =0 (2.23)
or the metric stays controlled and the map becomes singular as ¢t 1 T'. Finally, if only
the map becomes singular it is shown that an analysis similar to [27] can be employed
to find that such singularities are necessarily caused by bubbles developing (which we
will describe in more detail soon), and that one can flow past such map singularities
using the strong control on the metric. The main idea to carry out this analysis is
that on a short time interval, the metric is nearly constant, thus estimates from the
harmonic map flow can be translated into estimates for Teichmiiller harmonic map
flow with an additional error term due to the evolving metric. We use this technique
and some of the estimates obtained in Chapter 4 of this thesis, in particular Lemma
4.1.13.

We note that the class of solutions considered is natural, as for the harmonic map
flow uniqueness no longer holds when one drops the non-increasing assumption on

the energy, as shown in [28].

Bubbling at finite times

We now give a short overview of the bubbling phenomenon mentioned above. It was
first observed in constructing a global weak solution to the harmonic map flow by
Struwe [27].

In our setting for a weak solution (u,g) as given by Theorem 2.2.2, we say that a

bubble develops at a singular time Ty € (0,7") and point xy € M if
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1. The energy concentrates at (xg,Tp) in the sense that for any neighbourhood

Q of xy we have an € > 0 with

limsup E(u(t), g(t),Q) > e. (2.24)
1To

2. Choose local isothermal coordinates centred at the point xy (with respect to
the metric g(7p)) and view the map u as a map in these coordinates. Then
we can find a sequence of times ¢; T T such that there exists a non-constant
harmonic map w : $2 — N, called a bubble (which we view as a map from
R2Uoo — N via stereographic projection), and sequences a; — 0 € R? | \; | 0

as 7 — oo such that
w(a; + Nz, ;) — w in W22(R?, N) (2.25)

as 1 — 00.

We remark that much more is known about this bubbling behaviour. It is possible
that one can extract more than one bubble at any given singular point by choosing
different sequences a; and A; in the above construction. For the harmonic map flow
it has been shown ([5]) that if one extracts all the bubbles, forming a so-called bubble
tree, one in particular finds that no energy is lost along the flow in the sense that

lim Eu(t) = B(u(Ty)) + ) B(w) (2.26)

where T again denotes some singular time, u(t) is the weak solution to (2.4) from
[27] and the w; are the bubbles.

This energy analysis carries over easily to the Teichmiiller harmonic map flow if the
metric is assumed not to degenerate ([23]), however if metric degeneration occurs,
new ideas are needed. We revisit this question in Chapter 3 of this thesis (see also

[13]) in the context of infinite time degeneration (see also Lemma 3.1.2).

2.2.2 No metric degeneration

Recall that ¢(g(t)) denotes the length of the shortest closed geodesic in (M, g(t)).
If we assume that £(g(t)) > € > 0 for all times ¢t we see that the weak solution
(u(t), g(t)) provided by Theorem 2.2.2 exists for all time. The motivation for defining

the Teichmiiller harmonic map flow (2.21) was to transform maps into branched
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minimal immersions, thus we would like to establish that (in some appropriate
sense) the flow converges to some limit branched minimal immersion (u,g) (or a
constant map) as ¢t — oco. This was done in [21]. Note that we cannot expect this to
be (global) smooth convergence in general, as in particular certain homotopy classes
of maps do not contain any harmonic maps, and thus do not contain any branched
minimal immersions (i.e. non-constant weakly harmonic maps) either (e.g. [7]).
As already described in Theorem 2.2.2, finite time map singularities in the form of

bubbles developing may form, and similarly bubbles can develop at infinite time.

To analyse limits of the flow (2.21) it is convenient to make the following definition.
This is taken from [13].

Definition 2.2.3. Given an oriented closed surface M, a closed Riemannian man-
ifold (IV, G), and a pair of sequences u; : M — N of smooth maps and g; of metrics
on M with fixed constant curvature and fixed area, we say that (u;, g;) is a sequence

of almost-minimal maps if E(u;, g;) is uniformly bounded and

I7g; (wi)ll2(argy) = 0, and  [| By (®(ui, 9i)) || 2(arg,) = O- (2.27)

We will apply this when M is a hyperbolic surface and the g; lie in M_;.

To motivate this definition, recall that we can view E as a functional on the space
of maps and metrics modulo diffeomorphisms isotopic to the identity, and compute
the gradient as in (2.19). We then see that the gradient of E converges to 0 along
sequences of almost-minimal maps, and we classified critical points of E as branched
minimal immersions (or constant maps, see also [21]). The assumption of bounded
energy is added to enable us to prove certain compactness statements for sequences

of almost-minimal maps.

As a consequence of the energy identity (2.22) we can extract such sequences from

any globally defined Teichmiiller harmonic map flow.

Proposition 2.2.4. Consider a solution (in the sense of Theorem 2.2.2) (u(t), g(t))
to (2.21) which is defined up to T = co. Then we can find a sequence t; — oo such

that (u; := u(t;), gi := g(t;)) is a sequence of almost-minimal maps.
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Proof. This argument is from [21]. By integrating the energy identity (2.22) we find

o0 2
[ ] P+ (4) 1Re(P, (@, ) Pduyde < E(u(0) - Jim Eu(t)) < oo
(2.28)
where we used that E is non-increasing (by (2.19)). Note that the flow (u(t), g(t))
is smooth away from at most finitely many times, so we can necessarily extract a
(smooth) sequence of almost-minimal maps, as otherwise the integral on the left

would not converge. Here we used that (e.g. [13])

1Py (P (ui, gD T2 (s ) = 20 Re(Py (@ (s ) 1720140y
L]

Having defined such sequences of almost-minimal maps we can give the following
compactness statement from [21], where we assume that the metric stays uniformly

controlled.

Theorem 2.2.5 (Content from [21, Theorem 1.4]). Let M be a smooth closed ori-
ented surface of genus v > 2, (N,G) be a smooth closed Riemannian manifold, and
consider a sequence (u;, g;) of almost-minimal maps in the sense of Definition 2.2.3,
for which there exists € > 0 such that ¢(g;) > € for all i.

Then, after passing to a subsequence in i, there exists a sequence of orientation-
preserving diffeomorphisms f; : M — M, a hyperbolic metric g on M, a weakly
conformal harmonic map u : (M,g) — N and a finite set of points S C M such that

1. f7(9i) — g smoothly;
2. u; o fi — @ weakly in H'(M);

3. u; o fi — u strongly in VVlzf(M \ S) for any p € [1,00), and thus also in
Cloe(M\ S);

4. the map @ has the same action on m (M) as ug.

At each point in the singular set S a bubble develops, in the sense that energy
concentrates and we can extract a harmonic map w : S?> — N, as described in
Section 2.2.1.

Thus, by Proposition 2.2.4 we indeed find that the Teichmiller harmonic map flow

transforms an initial map into a branched minimal immersion (or constant map) if

24



no degeneration of the metric is present.

We highlight some of the ideas involved in the proof of Theorem 2.2.5. The first
main point is that the hyperbolic metrics {g;} of the almost-minimal sequence in the
above theorem form a compact set in the moduli space of metrics, as we assumed

¢(gi) > €, by the Mumford compactness theorem.

Theorem 2.2.6 (Mumford compactness, e.g. [33, Appendix C]). Let € > 0 and
gi € M_q be such that £(g;) > €, then, after passing to a subsequence in i, there exists
a sequence of orientation-preserving diffeomorphisms f; : M — M and g € M_4
such that f}g; — g smoothly.

The other key point is the following so-called elliptic-Poincaré inequality for a
quadratic differential ¥ on a closed oriented surface (M, g) (|21, Lemma 2.1]), which
is in particular valid in our setting of M having genus v > 2 and g € M _;:

19 — Py () 1 sy < C [0 (2.29)

)HLI(M,Q) ‘
Here the constant C' depends on the genus of the surface M, and on ¢(g) - although
it turns out that for v > 2, this dependency can be removed, as we will discuss in

the next section.

This allows us to deduce [[®(ui, gi)|[1(pr,4,) — O for a sequence (ui, g;) of almost-
minimal maps by applying the above inequality with ¥ = ®(u;, ¢;) and noting that
(e.g. [21, Section 3])

N|=

1002 i, )| 1 ar gy < V2N (1) 201,y E i )% (2.30)

The authors of [21] then carry out a ‘bubbling’ argument, modified to allow for
the changing metric, which is essentially proving a compactness statement for maps
with tension converging to 0 in L? (see also Lemma 3.1.2 for a corresponding result
with respect to a fixed metric). This way one obtains a limit harmonic map, and

using the elliptic-Poincaré inequality one finds that it is also weakly conformal.

2.2.3 Metric degeneration at infinity

We now consider the behaviour of the flow (2.21) when we allow degeneration of the

metric, but only at infinite time, i.e. liminf; .o ¢(g(¢)) = 0. This was studied in [25].
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In addition to Proposition 2.2.4 we can now extract a sequence of almost-minimal

maps (u;, g;) such that also lim;_,~ ¢(g;) = 0.

Proposition 2.2.7 ([13, Proposition 1.2]). Given an oriented closed surface M of
genus vy > 2, a closed Riemannian manifold (N, G), and a smooth flow (u, g) solving
(2.21) for which liminf, .o €(g(t)) = 0, there exists a sequence t; — oo such that

lim; 00 £(g(t:)) = 0 and (u(t;), g(t;)) is a sequence of almost-minimal maps.

Proof from [13]. As in Proposition 2.2.4, we can extract a sequence of times t; — 0o
at which (u(t;),g(t;)) is a sequence of almost-minimal maps. We have to adjust
the times ¢; to ensure that ¢(g(t;)) — 0 as @ — oo (by virtue of the hypothesis
liminf; o ¢(g(t)) = 0) and thus must argue that it is impossible for ¢(g(t)) to
spend almost all of the time away from zero, but drop quickly and occasionally
down near zero. To do this, we pick times ¢; — oo with ;41 > #; + 1 such that
{(g(t;)) < 1/i for sufficiently large 4, and claim that £(g(t)) < C/i for t € [t;,t;4+1/1],
with C' depending only on the genus -, the coupling constant 7 and an upper bound
E)y for the energy. If this claim were true then we would be able to pick our sequence

of times t; from the set U;[t;,#; + 1/i], which has infinite measure, in the usual way.

When the genus of M is at least 2, the claim follows from [20, Lemma 2.3], which

implies in particular the Lipschitz bound

0] < . ).

whenever ¢ < 2arsinh(1). See also the proof of Lemma 4.2.3 where we explicitly

calculate the n-dependence of this bound. O

We remark that we may assume the flow to be smooth in this proposition: given
any weak solution as defined in 2.2.2 it will necessarily be smooth for sufficiently

large times as there can only be a finite number of singular times.

To obtain a compactness statement for such sequences of almost-minimal maps
in this setting of degenerating metrics one has to allow more general hyperbolic
punctured surfaces (see the theorem below for a description) as the limit domain.

The following theorem was then proved in [25].

Theorem 2.2.8 (Content from [25]). Suppose we have an oriented closed surface
M of genus v > 2, a closed Riemannian manifold (N,G), and a sequence (u;, g;) of

almost-minimal maps in the sense of Definition 2.2.3, for which lim;_,~ £(g;) = 0.
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Then after passing to a subsequence, there exist an integer 1 < k < 3(y — 1) and
a hyperbolic punctured surface (X, h,c) with 2k punctures (i.e. a closed Riemann
surface 3 with complex structure ¢, possibly disconnected, that is then punctured 2k
times to give a Riemann surface X with c the restricted complex structure, which is
then equipped with a conformal complete hyperbolic metric h) such that the following
holds.

1. The surfaces (M, g;,c;) converge to the surface (3, h,c) by collapsing k sim-
ple closed geodesics af in the sense of Proposition A.2 from the appendiz; in
particular there is a sequence of diffeomorphisms f; :+ ¥ — M \ Ué?:lag such
that

figi — h and f]c; — ¢ smoothly locally,

where ¢; denotes the complex structure of (M, g;).

2. The maps U; := wu; o f; converge to a limit us, weakly in I/Vllo’cz(Z) and weakly
in VV;?(Z \ S) as well as strongly in VVllof(E \S), p € [1,0), away from a
finite set of points S C X at which energy concentrates.

3. The limit us : X — N extends to a smooth branched minimal immersion
(or constant map) on each component of the compactification (3,¢) of (2, c)

obtained by filling in each of the 2k punctures.

Similarly to the proof of Theorem 2.2.5, the first step in proving Theorem 2.2.8 in [25]
is a compactness statement for hyperbolic metrics of Deligne-Mumford type, now
allowing for degeneration of the metrics, see Lemma A.2 for the precise statement.
The main point is that as in the above theorem, a collection of simple closed geodesics

is allowed to collapse, thus forming a punctured surface in the limit.

The authors of [25] then carry out a similar bubbling analysis to [21] to find a
harmonic limit map from a punctured surface . To deduce that this limit map
is conformal, one could then use a uniform version of the Poincaré estimate (2.29),
established in [24], where the constant C' in particular was shown to only depend
on the genus . This relies on a careful analysis of the structure of the space of

holomorphic quadratic differentials on degenerating surfaces.

We will revisit Theorem 2.2.8 in the next chapter, where we provide more informa-
tion on the asymptotics of the convergence to the limit map, in particular proving
that no energy can be lost in the limit after accounting for all possible bubbles

developing.
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2.2.4 Targets with nonpositive sectional curvature

We now turn our attention to targets N = (N, G) with nonpositive sectional curva-
ture, which were studied in [20]. For the harmonic map flow (2.21) it was shown in
[8] that this leads to smooth long-time existence, i.e. Theorem 2.1.1. The curvature
condition for N in particular stops bubbles from developing, in the sense that there
cannot be any (non-constant) harmonic maps w : S — N (e.g. [20]). One thus sees
from Theorem 2.2.2 that the Teichmiiller harmonic map flow will necessarily stay

smooth, as long as the metric does not degenerate.

The difficulty is showing that the metric cannot degenerate (i.e. £(g(t)) is bounded
away from 0 for all finite times ¢). This was proved in [20], leading to the following

theorem, analogous to Theorem 2.1.1.

Theorem 2.2.9 ([20, Theorem 1.1]). Let M be a smooth closed oriented surface of
genusy > 2 and N = (N, G) a smooth closed Riemannian manifold with nonpositive
sectional curvature. Then for any initial data (ug, go) € C°(M,N) x M_q, there
exists a smooth solution (u(t), g(t)) to (2.21), for t € [0, 00).

We remark that it is actually sufficient to assume that N supports no bubbles, i.e.

that there are no nonconstant harmonic maps w : S2 — N (see [20]).

To prove Theorem 2.2.9 the evolution of £(g(t)) along the flow is controlled in [20].
The starting point is a decomposition of hyperbolic surfaces into so-called §-thick
and d-thin parts, referring to regions of injectivity radius inj, > ¢ and inj, < ¢
respectively. It turns out that for sufficiently small §, the d-thin part of M is given
by a collection of hyperbolic collars. Each such collar C(l) is a cylindrical region
around a simple closed geodesic of length [, which can be viewed as a cylinder
C(—X(1),X (1) =[-X(1),X(I)] x S* equipped with a metric conformal to the usual
euclidean metric. The conformal factor, as well as the length X (1) of the collar, can

be computed explicitly in terms of [, with formulas given by the ‘Collar lemma’ A.1.

Given a solution (u(t), g(t)) to the flow (2.21) and a collar C(I) at some time tp, an
estimate for £1(t)|¢s, is proved in [20]. We give this result in Chapter 4 (see Lemma
4.2.1), where we in particular analyse how it depends on the coupling constant 7.
Using this estimate and controlling a so-called ‘weighted energy’, degeneration of

the metric is ruled out, leading to Theorem 2.2.9.

The full proof is somewhat complex, and we only highlight one particular estimate

obtained in [20] which we independently apply later on. Recall that the projection
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operator P, : Q(M,g) — H(M, g) was defined as the L?-orthogonal projection from
the space of quadratic differentials (e.g. including the Hopf differential) onto the
space of holomorphic quadratic differentials. It is therefore clearly bounded as an
L? — L? operator. However, in [20] it was shown that one further has the L' — L!
bound

120|101 < C Il a1 - (2.31)

for any quadratic differential ¥ € Q(M, g) with a constant C' < oo only depending
on the genus v of M. This is a very useful estimate when working with the flow
(2.21), as with ¥ = ®(u, g) one has the estimate ||®(u, 9)[|11(rr,4) < CE(u(0),9(0)).
Hence in particular one finds that

2
ol = | 5 ReB@@an)|  <CTBuOLgO). @3

L1(M,g)

But indeed even more is true: as a consequence of the fact that the C*-norms of a

holomorphic function are controlled by its L'-norm, we even have

2
n
19egllon(ar.g) = C OGN L1 (ar,g) < O E(ul(0), 9(0)) (2.33)

although C now also depends on ¢(g) (see e.g. [25, Lemma A.9]). We will apply

this several times in chapter 4, in particular in the proof of Lemma 4.2.8.

Even more refined estimates for the evolution of the metric under the flow (2.21)
(and more generally for horizontal curves of metrics, i.e. metrics moving in the

direction of a holomorphic quadratic differential) have been obtained in [22].

2.3 Some properties of harmonic maps

Let (M,g) and (N, G) be smooth closed oriented Riemannian manifolds, with N
having nonpositive sectional curvature. We require some properties of harmonic
maps u : M — N for applications in Chapter 4. Note that the results of this section
are valid for higher-dimensional domains M, but we will only need them in the case

of M being a surface later on.
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2.3.1 Uniqueness in a homotopy class

By Theorem 2.1.1 we know that any smooth map wg : M — N can be smoothly
deformed into a harmonic map v : M — N (with respect to the metric g) by
evolving it under the harmonic map flow, and hence in particular any homotopy
class of maps M — N contains (at least) one harmonic representative. We are
interested in situations when wug is the unique harmonic map homotopic to u (again,

with respect to g). We note that there are two obvious obstructions to uniqueness:
e 1 is a constant map;

e uy maps to a closed geodesic o, as we can ‘rotate’ each point in the image by

a fixed amount on o.

Without any further assumptions on N, a slightly more general phenomenon can
happen. Indeed, imagine N to be a two-dimensional torus, which we view as N =
St x St. Now take ug to map to one of the S* (at unit speed) and rotate it around
the other S'. This will keep the map harmonic, as the image stays a geodesic. Hence

it possible to ‘translate’ ug through a family of harmonic maps.
As shown by Hartman in [10] this is the only way that uniqueness can fail.

Theorem 2.3.1 ([10]). Let M, N be as above. If ug,u; are homotopic harmonic
maps M — N, then there exists a C*° homotopy u(x,s) : M x [0,1] — N with
u(+,0) = up and u(-,1) = uy such that:

1. For all fized s, u(-,s) : M — N is a harmonic map;

2. For fized x, the arc u(x, s) is a geodesic arc, with length independent of x, and

u proportional to arc length.

If one further assumes that N has strictly negative sectional curvature, it was shown
in [10] that this simplifies to the two initial obstructions (i.e. mapping to a constant

or closed geodesic).

Theorem 2.3.2 ([10]). Let M as before and additionally assume that N has strictly
negative sectional curvature. If ug,uy are homotopic harmonic maps M — N, then

either ug = uy or one the following is true:
1. The images ug(M) and ui (M) are both points.

2. The images uog(M) and ui (M) are both equal to some closed geodesic o C N.
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Remark 2.3.3. We will use this setting of maps ug not homotopic to constant maps
or maps to closed geodesics in Chapter 4 to construct certain limits of the flow (2.21).
In particular, it allows us to take some given curve of metrics g(t) : [0,7] — M_; and
some initial map ug : M — N and find a curve of harmonic maps u(t) : [0,7] — N
such that each u(t) : (M, g(t)) — N is the unique harmonic map (with respect to
g(t)) homotopic to ug by Theorem 2.3.2. In the next section we study how the

harmonic maps u(t) change as we change the underlying metric.

2.3.2 Dependence on the domain metric

Consider M and N as above and additionally assume again that N has strictly
negative sectional curvature. Given a smooth map u : M — N (satisfying the
topology assumptions from Remark 2.3.3) it induces a map from metrics to harmonic
maps, as described in the remark. The problem of the dependence of harmonic maps
on their domain metrics was considered in [6] (the authors also study deformations
of the target metric, but we do not need that here). Let k € N, a € (0,1) and
consider the space M* of C*® metrics on M, which is in particular a subset of
C*(Sym? T*M). We note that given any metric g on M we can define a norm
on C**(Sym? T* M) with respect to g, which we will denote by [l ke (a1,g)> Which
also induces a norm on M*. Similarly we consider the space C**(M, N') of maps
u : M — N with derivatives of order < k being a-Hélder continuous, which again
we can equip with a norm with respect to any metric g on M. In this setting we

can state the following theorem from [6].

Theorem 2.3.4 (Special case of [6, Theorem 3.1)). Let (M, go) and (N, h) be smooth
closed Riemannian manifolds, with N having strictly negative sectional curvature.
Consider a smooth harmonic map ugy : (M, go) — (N,h) such that uo(M) is not a
point or a geodesic in N. Then for integers 0 < k < oo there is a neighbourhood V
of go € ML and a unique C'-map S : V — CF2%(M, N) such that S(go) = uo
and S(g) : (M,g) — (N, h) is a harmonic map for each g € V.

Remark 2.3.5. By C! we mean that S is a continuously differentiable map between
Banach spaces, in particular between C*+1¢(Sym? T* M) and C*+%%(M, N). Note
that more is true: indeed, for any r € N one can find such a neighbourhood V' with

the map S being C”, but C! is sufficient for our purposes (again, see [6]).

As a consequence of this Theorem we obtain the following simplified corollary, which

will be the statement needed in Chapter 4.
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Corollary 2.3.6. In the situation of Theorem 2.5.4, the map S is Lipschitz, and
for any metric g € V we find

15(g1) = S(g2)llcrr < Cllgr = g2l grn (2.34)
with some constant C < oo, depending on ug, go, M, N and k.

Proof. This follows by simply replacing the Holder norms with appropriate C*-
norms through standard embeddings (C*+1(M,N) < C**(M,N) — C*F(M, N)
etc., as M and N are smooth). O
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Chapter 3
Refined asymptotics

This chapter is taken from [13], and is joint work with Melanie Rupflin and Peter
Topping.

3.1 Overview

Let M be a smooth closed oriented surface of genus v > 2, and consider sequences
of almost-minimal maps (as defined in 2.2.3) (u;, ¢;). If iminf; ,» ¢(g;) = 0 then
the theory of [25], as outlined in the last section, provides us with a compactness

statement, Theorem 2.2.8, for such sequences.

In this chapter, we take this analysis of the asymptotics of (u;, g;) and we refine it
in several ways. First, after passing to a further subsequence, we extract all bubbles
that can develop. What is well understood is that we can extract bubbles at each of
the points in S (where possibly multiple bubbles can develop). In what follows we
will call these bubbles {wy}. Our first task is to isolate a new set of bubbles, called
{€Q;} below, that are disappearing into the 2k punctures found in Theorem 2.2.8,
or equivalently (as we describe below), being lost down the one or more collars that

degenerate in the domain (M, g;) as i — oo.

Having extracted the complete set of bubbles, we show that the chosen subsequence
enjoys a no-loss-of-energy property in which the limit lim; o, F/(u;, g;) is precisely
equal to the sum of the energies (or equivalently areas) of the branched minimal
immersions found in Theorem 2.2.8 and the new branched minimal immersions

obtained as bubbles. A special case of what we prove below in Theorem 3.1.8,
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combined with existing theory, is the following result. (Recall that é-thick(M, g)
consists of all points in M at which the injectivity radius is at least §. Its complement
is 6-thin(M, g).)

Theorem 3.1.1. In the setting of Theorem 2.2.8, there exist two finite collections
of monconstant harmonic maps {wy} and {Q;} mapping S* — N, such that after

passing to a subsequence we have

60 i—o00

lim lim F (u;, g;; 0-thick (M, g;)) = E(ux, h) + ZE(wk),
k

and
lim E(ui, g;) = E(tioo, ) + Y BE(wp) + Z E(Q;)).

i—00
k

Showing that no loss of energy occurs in intermediate regions around the bubbles
developing at points in S is standard, following in particular the work of Ding
and Tian [5] we describe in a moment, although one could also use energy decay
estimates of the form we prove in this chapter. However, showing that no energy
is lost near the 2k punctures, away from where the bubbles develop, is different,
and a key ingredient is the Poincaré estimate for quadratic differentials discovered
n [24], which is applied globally, not locally where the energy is being controlled.
In this step we exploit the smallness of P,(®(u,g)) that holds for almost-minimal
maps. That this is essential is demonstrated by the work of T. Parker [17] and M.
Zhu [34], which established that energy can be lost along ‘degenerating collars’ in

general sequences of harmonic maps from degenerating domains.

The following is the foundational compactness result when the domain is fixed, cf.
[27, 5, 18, 15, 29, 30].

Theorem 3.1.2. Suppose (Y, go) is a fized surface, possibly noncompact, possibly
incomplete, and let u; be a sequence of smooth maps into (N, G) from either (T, go),
or more generally from a sequence of subsets T; C Y that exhaust T. Suppose that
E(u;) < Ey and that ||T40(ui)||2 — 0 as @ — oo. Then there is a subsequence for
which the following holds true.

There exist a smooth harmonic map ue : (T, g0) — (N, G) (possibly constant) and
a finite set of points S C Y such that we have, as i — oo,

Uj = Uoo N VVZQO’CZ(T\S, N), and
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Uj — Uoo  weakly in I/Vllo’cg(T, N).

At each point in S, a bubble tree develops in the following sense. After picking local
isothermal coordinates centred at the given point in S, there exist a finite number of
nonconstant harmonic maps w; : S — (N,G), for j € {1,...,J}, J € N (so-called
bubbles) which we view as maps from R? U {co} via stereographic projection, and

sequences of numbers )\{ 4 0 and coordinates a? — 0 € R?, such that
U (a{ + )\fx) — wj weakly in VVllo’cz(]RQ, N).
Moreover, we do not count bubbles more than once in the sense that

] k ] k|2
ﬁ+ﬁ+‘ag_ai|

/\f ¥ VY, — 00, (3.1)

for each g,k € {1,...,J} with j # k.

The bubbling has no energy loss in the sense that for each point xog € S analysed as
above, and each neighbourhood U CC Y of zg such that UNS = {xo} only, we have

11— 00

lim E (u;U) = E(uso; U) + Z E(wj).
J
Moreover, the bubbling enjoys the no-necks property

ui(x) — Z (wj <x;]af> — wj(oo)> — Uoo () (3.2)

in L°(U) and WH2(U) as i — co.

Remark 3.1.3. We note that the proof of the first part of Theorem 3.1.1 (virtually)
immediately follows from Theorems 2.2.8 and 3.1.2: Away from S we can combine
the strong W12- convergence of the maps with the convergence of the metrics.
To analyse the maps U; = u; o f; near points in S we then apply Theorem 3.1.2
on small geodesic balls Bﬁg "(p) C (%, ffgi), which are of course isometric to one
another provided r > 0 is chosen sufficiently small as the metrics g; are all hyperbolic.
Finally, the convergence of the metrics allows us to relate the §-thick part of (X, fg¢;)
to the d-thick part of (3, h), compare [25, Lemma A.7], as well as the geodesic balls
B,{"*gi (p) in (X, f}gi) to geodesic balls in (X, k). This completes the proof of the first
part of Theorem 3.1.1.
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Remark 3.1.4. To do more, we must recall more about the structure of sequences of
degenerating hyperbolic metrics, and in particular we need the precise description
of the metrics g; near to the geodesics af of Theorem 2.2.8 given by the Collar
Lemma A.1 in the appendix. In particular, for ¢ € (0, arsinh(1)) sufficiently small,
the 0-thin part of (M, g;) is isometric to a finite disjoint union of cylinders Cf J=
(—Xs (Kf ), X5 (Ef )) xS with the metric from Lemma A.1; each cylinder has a geodesic
alj at the centre, with length Kg — 0 as ¢ — oo. These initial observations motivate

us to analyse in detail almost-harmonic maps from cylinders.

Definition 3.1.5. When we apply Theorem 3.1.2 in the case that (T, gg) = R x S*
is the cylinder with its standard flat metric, then we say that the maps wu; converge
to a bubble branch, and extract bubbles {€2;} as follows. First we add all the bubbles
{w;} to the list {2;}. In the case that u : R x S — N is nonconstant, we view it
(via a conformal map of the domain) as a harmonic map from the twice punctured
2-sphere, remove the two singularities (using the Sacks-Uhlenbeck removable singu-
larity theorem [26]) to give a smooth nonconstant harmonic map from S2, and add
it to the list {€2;}. We say that u; converges to a nontrivial bubble branch if the

collection {€2;} is nonempty.

We use the term ‘bubble branch’ alone to informally refer to the collection of bubbles

together with the limit .

In this chapter we prove a refinement of the above convergence to a bubble branch.
To state this result, we shall use the following notations: For a < b, define € (a, b) :=
(a,b) x S! to be the finite cylinder which will be equipped with the standard flat
metric go = ds® + df? unless specified otherwise. For A > 0 we write for short
ér = €(—A,A). Furthermore, given sequences a; and b; of real numbers we write

a; K b; if a; < b; for all © € N and b; — a; — 00 as i — oo.

Theorem 3.1.6. Let X; — oo and let u; : €x, — N be a sequence of smooth maps
with uniformly bounded energy, E(u;;€x,) < Eg < oo, which are almost harmonic
in the sense that

HTgo(“i)Hm(%{i) — 0. (3.3)

Then after passing to a subsequence in i, there exist a finite number of sequences s}
(for m € {0,...,m}, m € N) with —X; =: s < s} < -+ < 8™ := X; such that the
following holds true.

1. For each m € {1,...,m — 1} (if nonempty) the translated maps u}*(s,0) =

ui(s + s, 0) converge to a nontrival bubble branch in the sense of Definition
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3.1.5.

2. The connecting cylinders Cﬁ(s;-“_l + A, s

" —\), A large, are mapped near curves

in the sense that

lim limsup sup osc(ug; {s} x S1) =0, (3.4)

A0 jso0 SE(s A8 —A)

for each m € {1,...,m}.

3. If we suppose in addition that the Hopf-differentials tend to zero

1801y = O (3.5)
then there is no loss of energy on the connecting cylinders %”(sszl, si") in the
sense that for each m € {1,...,m} we have

lim limsup E(ug; € (s7 1 + A, s — \)) = 0. (3.6)

A—=00  j 00

Definition 3.1.7. In the setting of Theorem 3.1.6, we abbreviate the conclusions
of parts 1 and 2 by saying that the maps w; converge to a full bubble branch. In the
case that (3.6) also holds (i.e. the conclusion of part 3) we say that the maps u;

converge to a full bubble branch with no loss of energy.

Returning to the observations of Remark 3.1.4, we note that the length of each
of the cylinders Cf 7 s converging to infinity, and that any fixed length portion of
either end of any of these cylinders will lie within the §-thick part of (M, g;) for
some small § € (0,8), and thus be captured by the limit s from Theorem 2.2.8.
Our main no-loss-of-energy result can therefore be stated as the following result
about the limiting behaviour on the middle of the collars, which constitutes our

main theorem.

Theorem 3.1.8. In the setting of Theorem 2.2.8, we fix j € {1,...,k} in order to
analyse the j*™* collar surrounding the geodesic Jg. Now that j is fized, we drop it
as a label for simplicity. Thus we consider the collar C(£;) = (—X (£;), X (£;)) x S*,

with its hyperbolic metric, where X (¢;) — oo.

Then after passing to a subsequence, the restrictions of the maps u; to the collars
C(¢;) converge to a full bubble branch with no loss of energy in the sense of Definition
3.1.7.

Remark 3.1.9. Similar results have been obtained when the domain M is a torus,
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details can be found in the paper [13].

Theorem 3.1.8 indirectly describe the map u; on ‘connecting cylinders’ as being close
to an i-dependent curve, thanks to (3.4). We are not claiming that this curve has
zero length in the limit, as is the case in some similar situations, e.g. for necks in
harmonic maps [17] and the harmonic map flow from fixed domains [18]. We are also
not claiming that in some limit the curve should satisfy an equation, for example
that it might always be a geodesic as would be the case for sequences of harmonic
maps from degenerating surfaces, see [3]. The following construction can be used to

show that these claims would be false in general.

Proposition 3.1.10. Given a closed Riemannian manifold (N, G), a C? unit-speed
curve a : [—L/2,L/2] — N, and any sequence of degenerating hyperbolic collars
Cx,, Xi = 00, equipped with their collar metrics g; as in the Collar Lemma A.1,
the maps u; : €x;, — N defined by

us(s,0) = a (;;)

satisfy
2
E(u;;€x,;) < — 0,
( (2 X) Xz
2 Lt
17g: (Wil Z2 (g, i) < ¢x, 0
and

L4
’|(I)(uiagi)“%2((gxi79i) = CZ -0

We give the computations in Section 3.4. The proposition can be used to construct
a sequence of almost-minimal maps with nontrivial connecting curves. For example,
one can take any curve « as above, and any sequence of hyperbolic metrics g; with a
separating collar degenerating, and then take the maps u; to be essentially constant
on either side of this one degenerating collar where the map is modelled on that
constructed in the proposition. A slight variation of the construction would show
that the i-dependent connecting curve need not have a reasonable limit as i — oo
in general, whichever subsequence we take, and indeed that its length can converge

to infinity as ¢ — oc.

Finally, we consider the more specific question of what the connecting curves can
look like in the case that we are considering the flow (2.21) and we have applied

Proposition 2.2.7 to get a sequence of almost-minimal maps u(;) : (M, g(t;)) — N.
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One consequence of Theorem 3.1.6 is that for large A and very large i, the restriction
of u(t;) to the connecting cylinders € (s7" 1 + A, s — \) is close in C? to curves

~i(s) connecting the end points

PPt = lim lim u(t)(s7 4+ A, 0 =0) (3.7)
A—00 i—00 ¢
and
p™ = lim lim u(t;)(si" — X,0 =0) (3.8)

A—00 1—00

in the images of branched minimal immersions that we have already found. (Note
that it is not important to take # = 0 in these limits. Any sequence 6; would give

the same limits.)

Now that we have restricted to the particular case in which our theory is applied to
the Teichmiiller harmonic map flow, one might hope to rule out or restrict necks from
developing. However, these necks do exist, and we do not have to have pff_l =p™,

as we now explain.

Theorem 3.1.11. On any oriented closed surface M of genus at least two, there
exists a smooth solution of the Teichmiiller harmonic map flow into S* that develops
a nontrivial neck as t — oo. More precisely, if we extract a sequence of almost-
minimal maps (u(t;),g(t;)) as in Proposition 2.2.7, then we can analyse it with
Theorem 3.1.8, and after passing to a further subsequence we obtain

/\li_}nolo lig(igf osc(u(t;); € (s 4+ A, s — X)) >0 (3.9)

for some degenerating collar and some m € {1,...,m}. Moreover, there exist ex-

amples for which
PPt # T, (3.10)

i.e. at least one neck connects distinct points.

The simplest way of constructing an example as required in the theorem is to arrange
that there can be no nonconstant branched minimal immersions in the limit, while
preventing the flow from being homotopic to a constant map. The flow then forces
a collar to degenerate in the limit ¢ — oo, and maps it to a curve in the target as
we describe in Theorem 3.1.8. The precise construction will be given in Section 3.4.
A key ingredient is the regularity theory for flows into nonpositively curved targets
developed in [20].

Remark 3.1.12. It would be interesting to prove that in a large class of situations
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the connecting curves of Theorem 3.1.8, when applied to the Teichmiiller harmonic
map flow, will have a limit, and that that limit will necessarily be a geodesic. In
the case that M = T2, and under the assumption that the total energy converges to
zero as t — oo, Ding-Li-Liu [4] proved that the image of the torus indeed converges

to a closed geodesic.

The conclusion of the theory outlined above is a much more refined description of
how the flow decomposes an arbitrary map into a collection of branched minimal

immersions from lower genus surfaces.

The rest of this chapter is organised as follows: In the next section we derive bounds
on the angular part of the energy of almost harmonic maps on long Euclidean
cylinders. The main results about almost-minimal maps are then established in
Section 3.3, where we first prove Theorem 3.1.6, which then allows us to show
Theorem 3.1.8, and as a consequence to complete the proof of Theorem 3.1.1. In
Section 3.4 we prove the results on the images of the connecting cylinders stated in
Proposition 3.1.10 and Theorem 3.1.11. In the appendix we include the statements of
two well-known results for hyperbolic surfaces, the Collar lemma and the Deligne-
Mumford compactness theorem, the statements and notations of which are used

throughout this chapter.

3.2 Angular energy decay along cylinders for almost-

harmonic maps

Throughout this section we consider smooth maps v : €4 — N — RN A > 0,
where N = (N, G) is a compact Riemannian manifold that we isometrically embed
in RY0 and the cylinder %} is equipped with the flat metric (ds? +d#?). The tension

7 of u is given by
T = ugg + uss + A(u)(us, us) + A(u)(ug, ug),

where A(u) denotes the second fundamental form of the target N < RNo,

Our goal is to prove a decay result for almost-harmonic maps from cylinders, forcing
the angular energy to be very small on the middle of the cylinder ¥, when we apply
it in the setting of Theorem 3.1.8. This will be done by first controlling the angular
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energy, defined in terms of the angular energy on circles
9(s) = ¥ u, s) = / lug|?.
{s}xS1t

The proof of the following lemma is very similar to [29, Lemma 2.13], which in turn
optimised [15]. Energy decay in such situations arose earlier in [18], and such results
for harmonic functions are classical. More sophisticated decay results were required
in [20].

Lemma 3.2.1. For a smooth map u : €x — N with E(u;éx) < Ey, there exist
d >0 and C € (0,00) depending only on N and Ey, such that if
E(uw;€¢(s—1,s+2)) <6 for every s such that €(s—1,5s4+2) C 6a
and
722 <

then for any s € (—A+1,A — 1) we have

A

d(s) < Celsl=A +/ e 1= (¢)dg (3.11)

—A

where

T(s) ::/ \7’|2.
{s}x5!

Furthermore when 1 < A < A, we have the angular energy estimate

A=A
/ 3(s)ds < Ce™ + 2|17 (3.12)
—A+X
and thus )
BE(u; Ga-n) < Ce +2||7)1 724, + 11l - (3.13)

We require a standard ‘small-energy’ estimate, very similar to e.g. [5, Lemma 2.1]
or [29, Lemma 2.9)].

Lemma 3.2.2. There exist constants 6y € (0,1] and C € (0,00) depending only on
N such that any map u € W22(€(—1,2), N)) which satisfies E(u; € (—1,2)) < o

must obey the inequality

=l < C (198l 21 + I7lzze1.9)
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where U is the average value of u over €(—1,2).
Applying the Sobolev Trace Theorem gives the following (cf. [29]):

Corollary 3.2.3. For any map u € C*°(%¢(—1,2),N) satisfying E(u; €(—1,2)) <
do (where 6y originates in Lemma 3.2.2) and for any s € (0,1), there holds the

estimate
2 2 2
(ol + s ) < € (IV0ll g2 1,2y + 17l z2ge-1.20))
{s}xS1
with some constant C, again only depending on N.

We now establish a differential inequality for ¥(s). This is similar to [15, Lemma
2.1], but without requiring a bound on sup |Vu|. It is proved analogously to [29,
Lemma 2.13|, working on cylinders instead of annuli and considering a general target
N.

Lemma 3.2.4. There exists a constant 6 > 0 depending on N such that for u €
C>®(%(—1,2),N) satisfying E(u; €(—1,2)) < and HTH%z(g(,m)) < 9, and for any
s € (0,1), we have the differential inequality

9 (5) > 9(s) — 2 / |7|2.
{s}xS1

Proof of Lemma 3.2.4. From the proof of [20, Lemma 3.7] we have the expression
V"(s) = 2/{ o |ugo|® + [ugol? — uge - T + uge [A(u) (us, us) + A(u)(ug, ug)] . (3.14)
spxS

We can estimate the penultimate term as in [20] using integration by parts and

Young’s inequality:

‘2 / ugy - [A(w)(ug, us)]

sc/mﬁmﬁ+mm%ma

;/mﬁ+c/mwmﬁ

while the final term of (3.14) requires just Young’s inequality:

1
2 [0 () o) < € [ lualluof < ¢ [ 1 +€ [ ol
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where C' is a constant only depending on N, that is revised at each step. Summing

gives

2

/ wge - [A(W) (s, ws) + Alu) (ug, up)]
{s}xS1

<c / g |2 (Jus 2 + [ug|?)
{s}xS1

1
ol + ol
{s}xS1t

(3.15)

To apply Corollary 3.2.3, we can ask that § < §p, and thus handle the first term on
the right-hand side as follows:

[ el
SyX

2
<C sup |ug| (”VUHLQ(%’(—LQ)) + HTHL?((K(—LQ)))

{s}xS1

and thus for ¢ sufficiently small, depending on N, we can improve (3.15) to

2

/ wge - [A(w) (s, ws) + A(u) (ug, up)]
{s}xS1

1
S/ luso|? + §|u99!2- (3.16)
{s}xS1

It remains to estimate the inner product of ugg with the tension in (3.14). By

Young’s inequality, we have

2/ Ugg * T
{s}xS1

1
< / ]ue9|2+2/ 2, (3.17)
2 J{syxst {s}x St
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and so combining (3.16) and (3.17) with (3.14) gives the estimate

9 (s) > 2/{} ) \u39]2 + ]ugg\Q
stxS

1 1
- (2/ |ugo| + 2/ 7> + / uso|® + 2|U60|2>
{s}xS1 {s}xS1 {s}xS1
2/ lugg|? — 2/ |7|?
{s}xS1 {s}xS1t
S N
{s}xS1 {s}xS1

by Wirtinger’s inequality. O

Lemma 3.2.4 can be applied all along a long cylinder %, as arising in Lemma 3.2.1,
and we can analyse the resulting differential inequality as in the next lemma to

deduce bounds on 9.

Lemma 3.2.5. Consider a smooth function f : [S1,S2] — R satisfying the inequality

f(s) = f(s) = =27 (s), (3.18)

with given boundary values f(S1), f(S2) € [0,2Ey], and T : [S1,52] — [0,00)

smooth. Then

Sa
f(s) <2Ey (65752 + 651*5) + / e 54T (q)dg
S1

for s € (51,52).

Proof. Recall that in the equality case for (3.18) a solution f can be written explicitly

as
- S2
f(s) = Ae®+ Be™® + / e~ ls=47(q)dq, A,BeR.
S

1

We then select A = 2Epe=52 and B = 2Eye”" to obtain such a solution for which
f(S1) > 2Ey > f(S1) and f(S3) > 2Ey > f(S3). The maximum principle implies
f > f and thus the claim. O

We now apply the estimate from Lemma 3.2.5 to establish decay of angular energy.

Proof of Lemma 3.2.1. First note that we may assume that A > 1, otherwise the

lemma is vacuous. By definition of ¥, and the upper bound on the total energy, we
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have A
[ 0o < 28 <26
—A

We choose § > 0 smaller than both the § of Lemma 3.2.4 and the §g in Corollary
3.2.3.

From the above we obtain that there must exist S; € [-A, —A+1) and Sy € (A—1, A]
such that ¥(S7) < 2FEy and 9¥(S2) < 2Ey. As before, we write
T(s) := / 7|2,
{s}xS1

Then by Lemma 3.2.4, ¢ satisfies ¢/ — 19 > —2T on [S1, So]. Applying Lemma 3.2.5
then gives the first conclusion (3.11) of Lemma 3.2.1.

To prove the energy estimate (3.12) we integrate (3.11) and obtain

A-X A=x A=X A
/ I(s)ds < C/ elsl=Ags +/ / e~ 1= (¢q)dgds. (3.19)
—~ —A

—A+A A+X —A+A

We can calculate the first integral on the right-hand side explicitly:

A=\
/ el ds = 2 <e*)‘ - e*A> < 2e M (3.20)
—A+A

In the second integral we change the order of integration

A-x A A A-x
/ / e"s_q‘T(q)dqu :/ T(q)/ e_‘s_‘”dsdq,
—A+XJ—=A —A —A+)

and estimate
A—X\ [e’e
/ e ls—dldgs < / e ls—dlgs = 2,
—A+X —0o0

A=A A A 2
/ / e =1 (q)dgds < 2/ T(@)dg < 2||7l72(4,) -
—A4+XJ—=A —A

to find that

Together with (3.19) and (3.20) this implies claim (3.12). To prove (3.13) we com-
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pute

1 1
Blu@hn) =5 [ (uoP o+ fua) dds = 5 [ (uaf? = fuof?) ass

¢, ¢,

A2 A (3.21)
+ / lug|?dfds
Cr—x

so by (3.12), the definition (2.6) of ®, and the conformal invariance of the L' norm
of @ (see (A.3)), we have

1
— 2
E(u; Gr-y) < Ce ™ +2 1711 72(,) + 1 IR AT NN

3.3 Proofs of the main theorems; convergence to full
bubble branches

Our main initial objective in this section is to prove Theorem 3.1.6, giving conver-
gence of almost-harmonic maps to full bubbles branches. This will then be combined

with the Poincaré estimate for quadratic differentials of [24] to give Theorem 3.1.8.

Proof of Theorem 3.1.6. Let w; : €x, — N be a sequence of smooth almost har-
monic maps as considered in Theorem 3.1.6. The first task is to construct sequences
s" as in the statement of the theorem. We would like to apply (3.13) on the regions
€(s7 1 4+ A\, 8™ — A) to the maps u; for large i, so we let § > 0 be as in Lemma

3.2.1, which will be independent of i, of course.

We proceed to construct auxiliary sequences §!", where m € {0,...,m + 1} for
some m > 0. For each i, consider the overlapping chunks of length 3 of the form
(k—1,k+2) x St C €y, for k € Z, i.e. for integral k such that —X; < k—1 <
k42 < X;. These chunks cover €, except possibly for cylinders of length no more
than 1 at the ends.

For each i, we initially choose the numbers 5"

, for m = 1,2,...,m;, to be the
increasing sequence of integers so that (87 — 1, 8™ +2) x S! are precisely the chunks

above that have energy at least g.

Note that by the bound on the total energy, there is a uniform bound on the number

m; of such chunks, depending only on N and Fy. Finally, we add in §? = —X; and
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ami+1

5, = X;. By passing to a subsequence of the u; we can assume that for each 1,

we have the same number of sequence elements 57", i.e. m; = 7 for each i. Note
also that for any region (s —1,s+2) x St C €, with energy at least § there is some
associated overlapping integer chunk (k — 1,k + 2) x St C ¥, of energy at least g
which is assigned a label in the above construction, except possibly for regions very

close to the ends of the cylinder in the sense that s —1 < —=X;+1or s+2 > X; — 1.

0

From this auxiliary sequence we form s[*. Set s? = —X; = §;, and consider the

L — sV, If this has a subsequence converging to infinity, pass to that

difference §
subsequence and take 52-1 = §}; if not, discard §11 Proceed iteratively to define si"
(i.e. s? is the next 8™ such that the respective difference 8 — s! diverges for some
subsequence, after having passed to that subsequence). This process will terminate
with the selection of s, for some m. Whatever sequence s was chosen, redefine
it as s = X;, which can only change it by an amount that is uniformly bounded

in 7. This finishes the construction.

For each m € {1,2,...,m — 1}, consider the shifted maps u"(s,0) := u;(s + s}, 0).
These maps have uniformly bounded energy and 7(u) — 0 in L?. Theorem 3.1.2
applied in the case of Definition 3.1.5 gives, for a subsequence, convergence of each
sequence u]" to a nontrivial bubble branch with associated bubbles {€2;}. This

completes the proof of Part 1 of the theorem.

Next we consider the connecting cylinders €'(s!" '+ \, s — ) for m € {1,2,...,m}

and large A. By construction, there exists a constant K > 0 such that
E(u;6(s—1,5+2) <dforse (s '+ K+1,s" - K —2),

for sufficiently large i (otherwise we would not have discarded the respective §7").

Now let . .
m— m—

G i SR C ey ORI L .

’ 2 2 '

By translation we can consider u; on €ym. We denote the shifted maps as

m m—1
(s, 0) = u; <s + S+239> .

For each A > 1, the estimate (3.13) from Lemma 3.2.1 applies (as in particular we
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have no concentration of energy) for sufficiently large i, giving

E(ui; (s '+ K+ A\ s" — K — X)) = E(a]"; $am—»)

1

_ N 2 N

< O 2 (@) Fageygy + 3 19 agyy -
Taking the limit ¢ — oo, and using the assumption (3.3) we find that

niigp Eui; €(sm P+ K+ A\ s"— K —)\) < Ce™ + lenﬁigp 19 (i)l 1 ey -
Letting A — oo proves that the ‘no-loss-of-energy’ claim (3.6) holds true provided
the maps satisfy the additional assumption (3.5), which completes the proof of Part
3 of the theorem. We remark that this last step is the only part of the proof where
(3.5) is used.

Finally we consider the quantity

sup osc(uj, {s} x S1),
s€E(sT T HK+A s —K—)\)

again for 1 < A < AT". After applying the same shift as above, this is equivalent to

sup osc(™, {s} x S1).
SE(=A+A AT —X)

On each circle {s} x S we have a bound on the (shifted) angular energy 9¥7*(s) :=
¥(a]", s) from Lemma 3.2.1 (at least for sufficiently large ¢) for s € (—A"+X, A]"—X)

given by

m

Ai m A;(”
07(s) < Oy [ Ty < 0T 4 [ Tig)dg
_A™ —A™

(3

and thus we have

sup 97 (s) < Ce ™+ i T(q)dq
SE(— A+ AT —N) —A

-\ 2
< Ce " + 1T p2@ym) -
Taking limits, and using once more (3.3), gives

lim sup sup IM(s) < Ce ™,
=00 s€(—A"+NAT D))

48



and then

lim limsup sup 0 (s) = 0.
A0 00 SE(—ATHAAT—N)

We conclude by observing that by the fundamental theorem of calculus and Cauchy-
Schwarz, we can control the oscillation of @;" on a circle in terms of the angular

energy on that circle, by
[osc(af", {s} x Sl)]2 < 2w (s),
which implies the oscillation bound for u; claimed as Part 2 of the theorem. O

The key step needed to derive Theorem 3.1.8 from Theorem 3.1.6 is to use the

Poincaré inequality for quadratic differentials to get control on the Hopf differential.

Lemma 3.3.1. In the setting of Theorem 3.1.8, the Hopf differential decays accord-
g to

1@ (uis gi)ll L1 a1,y — O

as v — 00.

Proof. The Poincaré estimate for quadratic differentials [24] states that for any
quadratic differential ® on the domain (M, g), and in particular for the Hopf differ-
ential ®, we have

| — Py(®@)[|12 < Cl|02]| 1, (3.22)

where C depends only on the genus v > 2 of M and is thus in particular independent
of g. By (2.27), as the area of (M, g;) is fixed, we know that

| P, (P (ui, gi))|[ L — 0,
and by direct computation (see e.g. [21, Lemma 3.2]) we know that
_ 1
10D (ui, gi)l[ 1 < CEG ||7g; (i) 2,

where Ej is an upper bound on the energies E(u;, g;). Therefore, by (2.27) we find
that
[0® (i, gi)ll 1+ — O,

and we conclude from (3.22) that
||(p(ul) gi)HLl(M,gi) - 07

49



as required. O
Based on Lemma 3.3.1 and Theorem 3.1.6 we can now give the

Proof of Theorem 3.1.8. To derive Theorem 3.1.8 from Theorem 3.1.6, we want to
view the restriction of the maps u; to the collars C(¢;) as maps from Fuclidean

cylinders €,, X; = X (¢;), which are almost harmonic (with respect to go).

We first remark that E(u;;€x,) is bounded uniformly thanks to the conformal in-

variance of the energy and the assumed uniform bound on E(u;, g;).

We then note that the conformal factors of the metrics p?(s)(ds? + d6?) of the
hyperbolic collars (C(¢),p%go), ¢ € (0,2arsinh(1)), described in Lemma A.l are
bounded uniformly by

14 < V2 arsinh(1)

= 7 < <1.
27rtanh§ T

p(s) < p(X(4))
Given that the norm of the tension scales as

”Tg(u)”m((g,g) = HPilT(U)HLz(%) (3.23)

under a conformal change of the metric ¢ = p®gy, where we continue to abbreviate
T(u) := T4, (u) and equip € with the flat metric unless specified otherwise, we obtain
from (2.27) that

HT(W)HH(%XZ.) < ||Tg¢(ui)||L2(c(gi),gi) — 0.

We furthermore note that the L'-norm of quadratic differentials is invariant under
conformal changes of metric, compare (A.3), and that the Hopf-differential depends

only on the conformal structure. Lemma 3.3.1 thus yields
1@ (ui)ll L egy,) = 19w, 9)ll L1 cer).g:) = O-

Consequently all assumptions of Theorem 3.1.6, including (3.5), are satisfied and
Theorem 3.1.8 follows. O

Proof of Theorem 3.1.1. Continuing on from Remarks 3.1.3 and 3.1.4 it remains to

analyse the energy on the degenerating collars C (ﬁz ). After passing to a subsequence,

Theorem 3.1.8 gives convergence to a full bubble branch without loss of energy on
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each of these collars so that the energy on d-thin(M, g;) = U, Cf 7 satisfies

lim lim E(u;; 6-thin(M, g;)) =lim lim E(uz,%(—X(ﬁg) + Ag(ﬁ{),X(ﬁg) — /\5(@))
640 i—o0 640 i—o0

:ZE(Qk)
'

Here we use that )\5(52) = X(Eg) = X(;(Ez) > %5 —C —o00asd— 0, compare (A.1)
and [24, Prop. A.2], and we denote by {Q4} the collection of all bubbles developing
on the degenerating collars. As noted in Remark 3.1.3 this concludes the proof of
Theorem 3.1.1. ]

3.4 Construction of a nontrivial neck

The main purpose of this section is to prove Theorem 3.1.11, but we first record the

following elementary computations.

Proof of Proposition 3.1.10. To ease notation, we drop all subscripts ¢ for the fol-
lowing computations. We also simplify matters by embedding (NN, G) isometrically
in some Euclidean space and composing v with that embedding. The energy is

conformally invariant, thus we calculate with respect to the flat metric

E(u;€x) = / / lus|*dsdf < ——
S1

Using (3.23) and the fact that p~! < ¢=! < CX, which follows from Lemma A.1,

we compute

X 4 X 4
CL CL
2 T 2 21 2 —2
ITg(Wll 72 ,9) = P T(WlT20) < C _Xp luss|“ds < i /Xp ds < s

Finally, we compute the L?-norm of ®(u,g). With z = s + 6, ®(u,g) = |us|?dz>.
Recalling that |d2%|; = 2p™2 (see A.2) we similarly find

IA X A
2 _ 4y —4 2 -2
”‘I’(Ua9)||1;2(<ﬁx,g) = /%X lus[*4p™"p"ds df < Cﬁ /XP ds < Cf-
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The remainder of this section is devoted to the proof of Theorem 3.1.11, constructing
a flow that develops a nontrivial neck. We opt for a general approach, although
essentially explicit constructions are also possible. To this end, consider any closed
oriented surface M of genus at least 2, and take the target N to be S'. Choose a
smooth initial map ug : M — S' that maps some closed loop a on M exactly once
around S', and take any hyperbolic metric gy on M. We claim that the subsequent

flow (2.21) develops a nontrivial neck.

The first key point is that since S* has nonpositive sectional curvature, the regularity

theory from [20, Theorem 1.1, Theorem 1.2] applies, so the flow exists for all time.

The second key point is that because the target is S', there do not exist any branched
minimal immersions, except if one allows constant maps. In particular, no bubbles
can form. If no collar degenerated in this flow, i.e. if there were a uniform positive
lower bound for the lengths of all closed geodesics in (M, g(t)), then by the results
n [21], the map wuy would be homotopic to the constant map, which is false by
hypothesis.

Therefore there are degenerating collars, and we can analyse them with Theorems
2.2.8 and 3.1.8 (using Proposition 2.2.7). We next demonstrate that a neck forms
that is nontrivial in the sense that (3.9) holds. If not, then after passing to a
subsequence, the maps from each degenerating collar would become C° close to
constant maps. By [25, Theorem 1.1] this would imply that ug would be C° close to
a constant map, and thus in particular it would be homotopic to a constant map,

which again is false by hypothesis.

We have proved that our flow develops a neck in the sense that (3.9) holds for some
degenerating collar, and some m. By Theorem 3.1.8 the image of the subcollar
€(s7 1+ A, s — \) will be close to a curve for each i. However, the limiting
endpoints (3.7) and (3.8) of the curves may not be distinct, i.e. (3.10) might fail in

general.

To make a construction in which (3.10) must hold for some collar and some m,
it suffices to adjust our construction so that again all extracted branched minimal
immersions must be constant, but so that the union of the images is not just one
point. By our theory, the connecting cylinders will thus be mapped close to curves
connecting these distinct image points so a nontrivial neck with distinct end points

must develop.

To achieve this, we will lift the whole flow to a finite cover M of M. Given such a
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cover, we need to check that the lifted flow still satisfies (2.21). Locally, the lifting
will not affect the tension field of u, so the lifted flow will satisfy the first equation
of (2.21). However, care is required with the second equation since when we pass
to the cover, new holomorphic quadratic differentials arise in addition to the lifts of
the original holomorphic quadratic differentials. The following lemma will establish

that this causes no problems.

Lemma 3.4.1. Let g : M — M be a smooth orientation-preserving covering map
from one oriented closed surface to another. Suppose g is a metric on M, and

g :=q*g. Then for all quadratic differentials ¥ on (M, g), we have

P3(q"V) = ¢"(PyV¥), (3.24)
where Py and P, are the L?-orthogonal projections onto the space of holomorphic
quadratic differentials on (M,q) and (M, g), respectively.

As a consequence, given a solution (u, g) to (2.21) on M, and a covering map ¢ as

in the lemma, the lifted pair (u o ¢, ¢*g) will be a solution to (2.21) on M.

Proof. If g is an n-fold cover, then the linear map from quadratic differentials on

(M, g) to quadratic differentials on (M,q) given by

(3.25)
is an L? isometry onto its image, because

Thus it is clear that ¢*(Py¥) coincides with the L?(M,g) projection of ¢*¥ onto the
space ¢*H, where H is the space of holomorphic quadratic differentials on (M, g).

2
(", q* ) 2
== (V,0) = ||¥]|7. :
L2(M.g) " F)

v
Jn

Therefore to establish (3.24), it remains to prove that if ® is a holomorphic quadratic
differential on (M,3), then (®,¢*0) = 0 for every quadratic differential © € H*.
To see this, we consider the adjoint T to the map ¥ — ¢*W¥, which pushes down a
quadratic differential on (M, g) to (M, g), adding up the n preimages. In particular,
T maps holomorphic quadratic differentials to holomorphic quadratic differentials,
and so

(9.4°0) = (Y(®),0) =0,

as required. O
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Returning to our construction, we may assume that all the branched minimal im-
mersions are mapping to the same limit point p (or we are done already). The aim
is now to use a lifting construction, justified by the above, to obtain a lifted flow
with the images of the corresponding branched minimal immersions being the two

different lifts of p in a double cover of the target.

To this end, fix an arbitrary base point xg on M. Now consider the index 2 subgroup
H of m (M, z¢) consisting of loops whose images under the initial map uy go round
the target S an even number of times. We can pass to a (double) cover ¢ : M — M
of the domain satisfying g, (771 (H, Eo)) = H (see e.g. [11, Prop. 1.36]) and lift wug
to the map @y = ugoq : M — S'. By the choice of H we can further lift % to a
map g into a (connected) double cover of the target S (e.g. [11, Prop. 1.33]). By
Lemma 3.4.1, the flow (2.21) on M starting at (7o, g*go) covers the original flow on
M starting at (ug,go). We can analyse this lifted flow using Theorem 3.1.8 for a

subsequence of the times ¢; at which we analysed the flow on M.

It suffices to show that the images of the branched minimal immersions we can
construct from the lifted flow consist of both of the lifts of p, not just one. These

distinct points can then only be connected by nontrivial necks.

To see this, note that from the analysis of the original flow on M with Theorem 1.1
from [25] (i.e. with Proposition 2.2.7 and Theorem 2.2.8), we can find some 6 > 0
sufficiently small such that for sufficiently large i, the d-thin part of (M, g(¢;)) will
consist of a (disjoint) union of (sub)collars that eventually degenerate. For large
enough 4, the image of the d-thick part of (M, g(¢;)) will be contained in a small
neighbourhood of p. For each such large 7, we pick a point y; in the J-thick part,
and deform « to pass through y;. We view « then as a path that starts and ends
at y;, and by assumption, the composition ug o o takes us exactly once round the
target S'. In particular, as we pass once round the lift of o, we move from one lift
of y; to the other, and the flow map moves from being close to one lift of p to being
close to the other lift.

In particular, the branched minimal immersions in the lifted picture map to both

lifts of p as required.
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Chapter 4
Coupling constant limits

Recall that in the construction of the Teichmiiller harmonic map flow (2.21) as
outlined in Section 2.1.2 a choice of the relative weight of map and metric ‘directions’
is made, resulting in the appearance of a coupling constant n > 0 in the flow
equations (2.21). In this chapter we investigate the limiting behaviour of the flow
(2.21) as n | 0. In the first section we establish smooth convergence to the harmonic
map flow on compact time intervals, assuming the target N = (IV, G) has nonpositive
sectional curvature. In the second section we show convergence to a limit flow

‘through harmonic maps’ when one combines 7 | 0 with a rescaling of time.

4.1 Convergence to the harmonic map flow as n | 0 on

compact time intervals

For the rest of this section fix some smooth closed oriented surface M of genus
v > 2 and a smooth closed target manifold (N,G). Then for given smooth initial
data (uo, go) (with go € M_1), any n > 0 corresponds to a smooth solution (u,, g,)
of (2.21) with coupling constant 7, at least up to some small time, by [21] and in
particular Theorem 2.2.2. Under the additional assumption of the target (N,G)
having nonpositive sectional curvature we know from [20] that these flows in fact
exist smoothly for all times, see Theorem 2.2.9. Hence we can consider the sequence

(un, gn) as 1 | 0 of smooth global solutions to (2.21).

We are interested in conditions ensuring convergence to the classical harmonic map

flow. From e.g. Section 3.4 we know that we can choose a specific configuration of
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initial data (uo, go), domain M and target N such that the resulting flows (u,, g)
necessarily develop a metric singularity (at infinite time), no matter what n > 0 is
used. Therefore we certainly will not have any kind of uniform convergence to the
harmonic map flow for all time, hence we restrict our attention to compact time

intervals.

We state our main theorem of this section in this setting, which essentially says that
the limit flow for n | 0 (on such compact time intervals) is given by the classical

harmonic map flow.

Theorem 4.1.1. Let M be a smooth closed oriented surface of genus v > 2 and
go € M_1, (N,G) a nonpositively curved smooth closed Riemannian manifold and
ug : M — N a smooth map. Then on each fixed time interval [0,T] the flows
(un(t), gn(t)) satisfying (2.21) with initial condition (uo, go) converge smoothly to
the harmonic map flow u(t) satisfying (2.4) (with respect to go), starting at the

same initial condition u(0) = ug, in the following sense as n | 0:

1. The metrics g,(t) converge to the initial metric go in C*(M, go) uniformly in
t for each k € N.

2. The maps u,(t) converge to u(t) smoothly on M x [0,T].

Here we define the C*(M, gg)-norm of a tensor g by

k
190l (ar,g0) 7= sUP D [V'glg0 (). (4.1)
xeM -0

Remark 4.1.2. This theorem is unlikely to be true if one drops the curvature
assumption on the target N. For the classical harmonic map flow it is possible to
construct flows with finite time singularities, where a small variation of the initial
map leads to a smooth flow (which in particular rules out uniform convergence as
in the above theorem), so it seems probable that one can achieve the same effect by

perturbing the metric.

We also note that it is likely that one can prove the above theorem using more
abstract tools, e.g. the implicit function theorem. However, an advantage of the
more direct route taken in this section is that we obtain a number of useful estimates

which we can apply in the next section.

Notation for this section: All the flows (2.21) are assumed to start at smooth initial

data (ug, go), where we always take ug : M — N, go € M_1. We further always use
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N to mean (N,G).

The proof of Theorem 4.1.1 will be carried out in two steps. We first obtain the
claimed estimates on the metric, which are then used in estimating the map com-

ponent.

4.1.1 Metric evolution for small 7

We proceed with estimating the evolution of the metric g, for small 7. As a con-
sequence of the energy identity (2.22) for the flow (see also [21]) we obtain the

following lemma.

Lemma 4.1.3. Let T > 0, n > 0 and consider the curve of metrics gy,(t) defined
on [0,T] as in Theorem j.1.1. Define the L*-length of g,(t) on [0,T] by

T
Ll 0.7) = [ 103 21,0 2
We then have the estimate L(gy,[0,T]) < n\/TE(uo, 90)-

Proof. Simply observe that by integrating (2.22) in t and the monotonicity of energy

we have
T m\? 2
[ (3 Re, (@ g Py d < En,
o Jum N4

for Ey = E(up, go) denoting the initial energy. Hence

T
/0 /M !8t9n|2 dvg, dt < 1° Ey,

which allows us to estimate L via Hoélder’s inequality as

T
L(gy, [0, 7)) :/0 1090l 2219, 01y At < v/ TE. (4.2)

Remark 4.1.4. Note that after projecting a curve of metrics g(t) down to a path
[g(t)] in Teichmiiller space the L2-length of g(t) defined in the above lemma corre-
sponds to the length of [¢g(t)], computed with respect to the classical Weil-Petersson

metric (up to a constant) .

o7



Thus if we consider the family of curves g,(t) starting at go on a fixed interval [0, T,

we see that their L?-length becomes arbitrarily small as 1 decreases.

We are now in a position to state an estimate from [23] for so-called horizontal

curves of metrics with small L?-length.

Definition 4.1.5 (See also [22]). In our setting a horizontal curve is a curve of met-
rics g(t) € C([t1,t2], M_1) such that for all ¢ € [t1,t5] we have $g(t) = Re(¥(t)),
where W(t) is a holomorphic quadratic differential on (M, g(t)).

Note that in particular solutions g,(t) to (2.21) are horizontal curves.

Proposition 4.1.6 (Proposition 2.2 in [23]). For every e > 0 and every s > 3 there
exists a number 0 = 0(e,s) > 0 such that the following holds true. Let go € M? be
any hyperbolic metric of class H® for which the length £(go) of the shortest closed
geodesic in (M, go) is no less than €. Then there is a number C = C(gp,s) < o0
such that for any horizontal curve g(t) with g(0) = go and L(g,[0,T]) < 6 we have

for every t € [0,T). (4.3)

d d
o] <l
s E 2 (ar,g(e))

We also have the following result from [23] controlling the projection P.

Lemma 4.1.7 (Lemma 2.9 in [23]). For any go € M_1 and any s > 3 there exists
a neighbourhood W of go in M?, and a constant C = C(go,s) such that for all
g €W and k € T(Sym?(T*M)) we have

1Pkl e < C IR L1 (ar,go) - (4.4)

The H®-norm in both these results is to be understood with respect to some fixed

set of local coordinate charts on M.

Remark 4.1.8. We can apply Proposition 4.1.6 to g,(t) on a fixed time interval
[0, T] by Lemma 4.1.3 for all sufficiently small n. By integrating (4.3) and estimating

as before we obtain

lgn(t) — gOHCk(M,go) < 077\/7E < Cn. (4.5)

Here C depends on T, k, go and Ey = E(ug,go) and we used the fact that H®

embeds continuously into C* for sufficiently large s.
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We claim that we can find 79 = 19(7T, go, Fo, N) < 1 such that for n < 79 and
t € [0,T] the following properties hold:

1. For any vector field X € I'(TM) we have 3|X|4, < 1 X g, 6) < 2[X|go-

2. For any smooth map u: M — N we have §|du|, < |dulg, 1y < 2|dulg,.

3. For any (0,2)-tensor h € I'(Sym? T* M) we have 3|h[g, < Alg,t) < 2lhlg-
4. The metrics g,(t) lie in the neighbourhood W from Lemma 4.1.7.

5. The injectivity radius satisfies %injg0 < injg, () < 2injy,.

6. For all z € M and r > 0 metric balls satisfy B7°(z) C Bo® (z) C B (x) .
2

7. The metrics g,(t) and go satisfy the assumptions of Lemma C.1 (i.e.
llgo — gn(t)HCO(M,gO) < Cy with € from Lemma C.1).

Claims 1,2 and 3 can be seen directly by working in local coordinates as in Lemma
C.1. Claim 4 follows from estimate (4.3). We further obtain Claim 5 and Claim
6 as a consequence of Claim 1 (as in particular the length of any curve measured
with respect to gg will be comparable to the length of the same curve measured with

respect to g,(t)). Finally Claim 7 follows immediately from estimate (4.5).
Applying Lemma 4.1.7 when 1 < 19 we then find

d
a9

< Cn? H(I)(unagn)HLl(Mygo) < Cn? (4.6)
Ck(M,go)

where C depends on k, gy and FEp, in particular showing that H%QWHC’%M ) is

uniformly bounded for all times ¢ € [0, 7] and n < 7.

Corollary 4.1.9. Under the assumptions of Theorem 4.1.1, we have uniform con-
vergence in t of g,(t) to go on [0,T) in C*(M, go) for any k € N asn ] 0.

Proof. This follows from the estimate (4.5), which by Lemma 4.1.3 we can apply for
all sufficiently small 7. O

4.1.2 Map evolution for small 7

We now investigate how the map component of the flow behaves as n becomes
small. As before, let u(t) be the solution to the harmonic map flow equation (2.4)
on (M, go) with u(0) = up, and let u,(t) be as usual the solution to (2.21) with
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coupling constant 7 and initial conditions (ug,go). It remains to see why u,(t)
becomes close to u(t). Our strategy is to obtain integral bounds for the maps u,(t),
uniformly in 7. These bounds will later allows us to show that u — u,(t) becomes

small in L? as 1 | 0.

We require an interpolation estimate for higher norms in terms of the tension away
from points of concentrated energy. We first state a standard local version of this

estimate, for maps from flat disks D,..

Lemma 4.1.10 (e.g. [20, Lemma 3.3]). Given a smooth closed target N there exists
€0 = €o(N) >0 and C = C(N) < oo, such that for each r > 0 and each smooth map
u: D, — N with E(u, D,) < €y, we have the estimate

E(u, D,
/D ‘Vu"l + ’V2u’2 <C <(7"2) 4 H'r(u)‘ﬁg(Dr)) . (4.7)

2

From this estimate we can obtain a global version for maps v : (M,g) — N. We
will need to understand how to translate local estimates defined with respect to the

flat metric into estimates using the hyperbolic metric.

Remark 4.1.11. Consider (M, g) a closed hyperbolic surface, with injectivity radius
bounded below by 79 < injy, for some 79 < 1, and let z € M. Let r < ro, then we
can choose particular local isothermal coordinates on the geodesic ball B, (z), which
allow us to view B, (x) as a disk (D,+, gi) for some ' < 1 only depending on r, where
g denotes the Poincaré metric. This follows immediately by considering a local
isometry from (M, g) to the Poincaré disk, centred at x. We will also refer to these
coordinates as hyperbolic isothermal coordinates. Hence we can write g = A2geuel
where A : D,» — [2, K] denotes the conformal factor, with an upper bound given by
a universal constant K < oo (as we considered disks of hyperbolic radius o < 1,

and thus the disk D, stays away from the boundary of the Poincaré disk).

We will now see why Lemma 4.1.10 is still true when taken with respect to the
hyperbolic metric on D, (after adjusting the constant C'). We observe the flat
metric and the hyperbolic metric on D, are equivalent in the sense that there are

universal constants C1, Cy with

Clgeucl < 9gH < 0296u01~ (48)

Denote the connection induced through gz by V and the (flat) connection with

respect t0 geue by V. Note of course that V and V agree on functions. We now
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consider a function u : D, — N <— R". As a direct consequence of the equivalence

of the metrics, we again have universal constants C'1, Cy such that

C1|Vulg,,. < ]@u|gH < Co|Vulg, - (4.9)

Finally, we consider how |V2u| changes. In local coordinates we have
V2u; = 9;0;u — IOk, (4.10)

where T' denotes the Christoffel symbols of the connection V. We can explicitly
compute these Christoffel symbols in terms of the conformal factor A, and find that
they are uniformly bounded (as A is a continuously differentiable function in the

region we considered). Hence we have
‘ﬁgu’gH S C‘@Qu’geucl S C‘V2u|geucl + Clvu|geucl7 (411)

with C' again a universal constant. We finally recall that the tension scales via
2 _ 2

HTQH(U)HLQ(DT,gH) =[x 27-gwd(u)HLQ(D”%ud) ((3.23)), and the volume form as

dvyg = A2dveyeq. Combining these, we find

Geucl

/D Wu\‘;H + qu\ngvH < C/D |Vul2 4 |V2u\3eucl + \Vulgmldveud (4.12)

<

r_
2

o

E(“) Dr’)
50( 7 +HTgml(U)!\iQ(Dr,gml)> (4.13)

E(u,D,
<0 (P2 4 g o, ) (010

where we absorbed the additional |Vu]§wcl term into the energy and the constant
C is now allowed to depend on N as in Lemma 4.1.10. Note that the energy is
conformally invariant, so it does not matter whether we compute it with respect to

9H Or Jeycl ON Dr"

Lemma 4.1.12. Take N to be a smooth closed manifold and M a smooth closed
oriented surface of genus v > 2. Let eg > 0 be the constant from Lemma 4.1.10 and
take g € M_1. Consider a smooth map u : (M,g) — N with energy bounded by
E(u,g) < Ey. Assume there is some r > 0 such that we have a bound on the local
energy for all x € M of

E(u,Br(z)) < e, (4.15)
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then there exists C' < oo (depending on r, Ey, (M,g) and N) such that

/M \Vul* + |V2u[*dv, < C (1 + / |Tg(u)|2dvg) . (4.16)

Proof. Let ro < min{inj (M), r, 1}, then we can cover M with geodesic balls B%o (x5).
The total number of such balls will only depend on (M, g) and r. We then consider
the cover {By,(z;)}. As explained in Remark 4.1.11, we can view each By, (z;) to be
some disk D, equipped with the Poincaré metric. Viewing those disks as flat disks
allows us to apply Lemma 4.1.10 (note that the energy is conformally invariant, and
hence the necessary assumption is satisfied). As in Remark 4.1.11 we can replace
flat metric in Lemma 4.1.10 with the hyperbolic metric on each disk, after modifying
the constant C. Adding up all the individual estimates yields the claim after again
adjusting the constant. O

Note that in the setting of Theorem 4.1.1 this lemma applies to all maps u,(t), as
by the curvature assumption these maps are actually even smooth at each time. In
particular, we can find sufficiently small r > 0 for any fixed flow u,(t) such that
(4.15) is satisfied on some compact time interval. However, we want to deduce
uniform (in 7) bounds on wu, by integrating (4.16) in time. This requires us to

control the amount of energy that can concentrate (again, uniformly in 7).

Uniform control of energy concentration

We start with an estimate for the evolution of local energy.

Lemma 4.1.13. Variant of [23, Lemma 3.3], see also [27]. In the setting of Theo-
rem 4.1.1, let T > 0, no(T) > n > 0, with ny from Remark 4.1.8, and consider the
associated curve of maps u,(t) corresponding to the solution of the flow (2.21) with
coupling constant n on [0,T], starting at initial data (ug,go). Then for any radii

O<r<r+r7r< injy, and any point x € M we have

t

By (t), Br(2)) < 2E (o, By (@) + C—3 (4.17)

where t € [0,T] and we take both the energies and geodesic balls to be defined with
respect to the initial metric go. The constant C depends on (M, gp), N and Ey =

E(UO, gO)
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Proof. This can be seen by the same argument as in [23] after modifying the cut-off
function used in the proof. For the sake of completeness we give some more details
on the calculations involved. Take ¢ € C§°(B,4,(2),[0,1]), satisfying ¢ = 1 on
B, (z) and |V¢|4, < % We can then multiply equation (2.21) for u, by ¢*dyu, and

integrate over M with respect to gg (exactly as in [23]) to arrive at

0= /qﬁz\atun]dego — /qbzatunAgnundvgo, (4.18)

where we view the target as isometrically embedded N — R™. Using integration by

parts we find

—/qﬁzatunAgnundvgo = /(d((bQ@tun),dun)gndvgo (4.19)
— [ Ory (62, duhy o, + [ O11r), )
(4.20)

We then note that

1d

ST / &% (dty, dty) g, dvg, = / S (d(Dyuy), duy) g, dvgo + R, gy) (4.21)

with an error term given by

d
R(un,gn) = _/¢2<dtg77,du R du>gndvgo (4.22)

which we can estimate (using n < 79 and Remark 4.1.8) as

d d
Bl < €| | B0 <c|Ga| B am
CO%gn) C%(go)
We further estimate
’/6t“n<d(¢2)adun>gndvgo SC/WHat“n’d¢’gn‘d“n’gndvgo
(4.24)

§/¢2|8tu,7]2dugo+C’/|d¢>|3nldun|§ndvgo.

As n < no we see from Remark 4.1.8 that we also have the bound |d¢|,, ;) < % (as
in particular g, < 2gp). Thus, combining (4.24), (4.21) and (4.20) with (4.18) we
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find

C d
th /(bQ]dUn‘gndvgo < (7"2 +C Hdtg77 ) Ey. (4.25)
C(go)

Again from Remark 4.1.8 we see that H%g'f]HCo(QO) is uniformly bounded.

Note that 7’ < inj g+ Dence r’ is bounded from above in terms of only the genus of

M, and we can simplify the above estimate to

2dt/¢ |du 17|g,,dvgo = (4.26)

after adjusting the constant C' (now depending on (M, go), N and Ej).

As n <o we have |duy|y, < 2|duyly, and we can integrate inequality (4.25) to find

t

E(uy(t), By(z)) < / | duy| g, dvg, < 2 / 0|y 5, dvgy < 2B(ug, Brypr () + C—5
(4.27)
which establishes the claim. O

Using this, we now show that it is possible to choose a uniform (in 1) » > 0 in
(4.15). To this end, consider some domain €2, which for us will be either contained
in (M,g) (e.g. a geodesic ball or the whole of M) or a flat disk. Given a metric g

on {2 and a smooth map u : 2 — N, we can then define the concentration radius
re(u,Q,g) =1inf{r > 0: 3z € Q, E(u, B;(x),g) > €}. (4.28)

If the set is empty (i.e. E < €) we agree to let this equal the diameter of €, and
if Q is the whole domain of u we write r¢(u) for simplicity. We first prove a local
result, relating the concentration radius to the size of the tension on flat disks. This

is similar to [20, Lemma 3.2] and exploits the nonpositive curvature of the target.

Lemma 4.1.14. Let (N,G) be a nonpositively curved smooth closed Riemannian
manifold, and let further r > 0 and take as usual D, to be the flat disk of radius
r. Then for smooth maps u : D, — N with energy bounded by E(u,D,) < Ey, and
€ > 0, there exists a constant 2 < K < oo, only depending on N, Ey and €, such

that
r

K +r{lr@lg2p,)

rﬁ(uv D%ageucl) > (429)

Proof. Observe that we can restrict to the case r = 1 and deduce the remaining
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cases by scaling. We argue by contradiction. Assume the lemma is false for some
i R 1 1 .

€ > 0, Ey > 0, then we obtain a sequence r; = @2 o,) € (0,5) for i > 2

together with maps u; : D1 — N with E(u;, D1) < Ey and points z; € D1 with
2

E(u;, Dy,(z;)) > €. Note that r; — 0. We can therefore consider the restrictions of

the maps u; to D% (z;) C D1, and after shifting z; to the origin these form a sequence

of maps (still labeled as u; for convenience) u; : D1 — N with E(u;, D,,) > e¢. We
2

now rescale these maps by % to obtain maps from larger and larger disks @; : D 1 —

2r;

N, with E(u;, D1) > €. By the rescaling, the tension now satisfies

— 0. (4.30)

1 Iz
1

7(U; =T || T (U
|7 (@) || 2 I (i)l L2 o L+ (17 (ui)ll p2(py)

P =
Therefore a standard bubbling argument, see e.g. Lemma 3.1.2, allows us to extract
a nonconstant harmonic map @ : R? — N, which can be extended to a (also non-

constant) harmonic map from S? — N, which contradicts the curvature assumption
on N (see e.g. [20, Lemma 2.1]). O

We now deduce a global version of this for smooth maps u : (M,g) — N.

Lemma 4.1.15. Let again (N, G) be a nonpositively curved smooth closed Rieman-
nian manifold and further take M to be a smooth closed oriented surface of genus
vy > 2. Givenrg >0 and g € M_1 with inj, > ro, a smooth map u: (M,g) — N
with bounded energy E(u,g) < Ey and an € > 0, there exists a constant K < oo,
only depending on €, ro, N and Ey, such that

1
L+ ()l z2(ar )

re(u,g) > I (4.31)

Proof. Locally around each point on M we can find geodesic balls of radius 7. We
then apply Lemma 4.1.14 at each point x € M on the corresponding flat disk D,
(obtained by taking hyperbolic isothermal coordinates, see Remark 4.1.11), which
will give a lower bound of the form (4.29). Initially, this bound on the concentration
radius will be with respect to the euclidean metric, but it also implies a bound for
the hyperbolic metric on D, by the conformal equivalence of the two metrics. By

the same argument we find that ||[7(u)|[2p , 4. ) < ClIT(W)12(as,g), Which finishes
the proof. O

We aim to use this estimate to show uniform (in 7) control for the energy concen-

tration along solutions (u,,g,) of the flow (2.21). Note however that we do not

65



know in advance that the tension 7y, (uy) is small in L? at each time, but only that
[ (un)HiQ(MQn) is controlled in L'[0,T] (by (2.22)). Hence we combine Lemma
4.1.15 with Lemma 4.1.13, which implies that very concentrated energy at some
time also leads to concentrated energy at nearby times, allowing us to use the L!

bound to control the radius of concentration.

Lemma 4.1.16. Again, take (N,G) to be a nonpositively curved smooth closed
Riemannian manifold and M a smooth oriented closed surface of genus v > 2.
Let T > 0, ng > n > 0, with ng from Remark 4.1.8, and consider the solution
(un(t), gn(t)) with coupling constant n to (2.21) defined on [0,T] with initial data
(uo, go). Then for any € > 0 there exists an R = R((M, go), uo, €, N) > 0 such that
E(uy(t), Br(x)) < € for allt € [0,T] and x € M, where both the energies and the

geodesic balls are defined with respect to the initial metric gg.

Proof. As ug is smooth we can find 0 < Ry(ug) < iimjgO such that ri(uo,go) > 2Ry.
Hence we can apply Lemma 4.1.13 with r =’ = Ry and find (as 2Ry < § inj,,) at
any point x € M

t 1 t
E(uy(t), Bry(x)) < 2E(uo, Bag, (2)) + Cﬁ < € + Cﬁ' (4.32)
0 0
We see that with 7 = e%% (which is in particular independent of 1) we have

E(uy(t), Bry(z)) < € for all t € [0, 7], and thus close to 0 we can take R = Ry > 0

as required.

We now combine Lemma 4.1.15 with Lemma 4.1.13 as mentioned above to extend
this control of the energy concentration to larger times. Let T" > ty > 7, and

ro = re(uy(to), go) be as defined above.
We consider two cases.
Case 1: 19 > %injgo, we set Ry = %injgo.

Case 2: rg < %injgo. We proceed to show an a priori lower bound for rg. By the
interior energy estimate (4.17), we see that for any point € M and 0 < d < tg
o)
E(uy(to), Bry(x)) < 2E(uy(to — ), Brgty () + 2 (4.33)

This will hold for any 7’ satisfying r’ 4+ rg < inj go- After rearranging, this gives us a
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lower bound on the energy concentration at intermediate times

—_

Chd

Bty (to = 8), Byypo(2)) = 5 Elun(to): Bry (@) — i (4.34)

By construction, we can choose some xg € M such that E(u,(to), Br,(z0)) > €.
Therefore with r(t) := rg+1/ w, we have E(uy(t), By (zo)) > § for t € (0,to)
such that r(t) < inj, . In particular, we can find §; (depending on €, C1 and inj, )
such that r(t) <injg, on (to — d1,%0). To ensure we only consider positive times we
then set do = min{d;, 7}.

By Remark 4.1.8 we find that inj,, ) > %injgo for t € [0,7] and we can apply (4.31)
with respect to g,(t) to find

1
>
= K§(1 + HTgn(t)(un(t))HL2(M,gn(t)))

re(un(t), gy (1)) (4.35)

on the interval ¢ € (to — d2,t0) C [0, o). Crucially, the constant K¢ does not depend
on t or n (as we have a uniform lower bound for the injectivity radius of g,(t)).

We now translate this bound for concentration with respect to the changing metric

gn(t) into a bound with respect to the initial metric go. We have

i < B(uy(t), By(oy(10)) = Eluy (), B, (20); 90) (4.36)
< 2B (uy (1), BY, (20): gy (1)) (4.37)
< 2B (uy (t), Bg;zg)) (20): gy (1)), (4.38)

where we used Remark 4.1.8. Hence 7 (up(t), g,(t)) < 2r(t). Combining this with

(4.35) yields
1

2r(t) > ) (4.39)
Ke(1+ HTgn(t)(un(t))HLQ(M,gn(t)))
which after squaring and some manipulation leads to
2 1
C(1+ HTgn(t)(un(t))HLQ(My)) > m, (4.40)

where the constant C' is now allowed to depend on K < C1 and e. We can integrate
this inequality over (tp — d2,tp) (using the energy identity (2.22) to integrate the
tension) and see that the right hand side diverges as 7o — 0 which implies a lower

bound R; > 0 on rg in terms of (M, go), €, ug and N.

Hence in either case we have found R; > 0, only depending on the initial data
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(M, go), uo, N and on ¢, such that FE(u,(to), Br(x)) < eforallr < Ry, z € M. As
R; does not depend on ¢, we can now set R = min{Rp, R1} and obtain the claim
for all times ¢ € [0,7]. O

L?-bound for the map component

We now use the established uniform bound on the concentration of local energy to
deduce a priori integral bounds on the flows w, on some time interval [0,T]. The
main idea is to integrate the bound (4.16). The following result is similar to [23,
Section 4].

Lemma 4.1.17. As before, take (N, G) to be a nonpositively curved smooth closed
Riemannian manifold and M a smooth oriented closed surface of genus v > 2.
Let T > 0, then there exists ng > m > 0, with ny from Remark 4.1.8, such that
the following holds for all n < 1. Consider the solution (uy(t),gy(t)) with cou-
pling constant n to (2.21) defined on [0,T] with initial data (ug,go) as well as
the harmonic map flow u(t) solving (2.4) with the same initial data. We define
IVV| := max{|Vulgy, |Vuylg}, then

T
/ / IVV 5, dvg, < C (4.41)
0 M

for some constant C' only depending on (M, go), uo, N and T. Furthermore |VV |4,
is in L*(M, go) on each time slice (with a bound only depending on Eq = E(ug, go) )

Proof. We first check the claims of the lemma for |Vuy,|g,. We will initially assume
n < 1o, and choose n; later. We apply the bound (4.16) at each time ¢t € [0,7] to
the map wu,(t) with respect to the initial metric g = go and radius = R as obtained
from Lemma 4.1.16 (with € = ¢y from Lemma 4.1.12). We find

/M |Vu7,\30dvgo + ]V2un]£270dvg0dt <C(l+ / 740 (Un)|2)dvgm (4.42)

with a constant C' depending on (M, go), up and N, where we take V to denote the

connection induced by gg.

We would like to use the energy identity (2.22) to integrate this inequality and

further estimate the right hand side. Thus, as in [23], we want to replace 74, (uy)
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with 74, (uy) in (4.42). To do this, we estimate |7y, (u;) — 74, (uy)| pointwise

’Tgn (up) — 7go (un)‘ <C Hgn(t) - QOHCO(M,gO) (!Vun@o + ’v“n|go + ‘V2“n’90)7 (4.43)

see Lemma C.2 in the Appendix for a proof of this estimate. This allows us to

estimate

/’Tgo(“n)Pdvgo < C/ ’Tgn(un)‘dego

+C ||gn(t) - QOHCO(MyO) / |Vu7,|30 + |vu77|g2]o + ]V2u,7|30dvgo,
(4.44)

which we can use together with estimate (4.42) to find

/M |vun|3odvgo + |V2un’§0dvgodt S C + C/ ‘Tgn (un)|2dv90

+C llga () — goll ot / Vgl + [V 2ug 2, o,
(4.45)

where we absorbed the |Vu,,|§0 integral into the constant C' by estimating it via e.g.
2Ey (using n < 1p). Hence we can pick 0 < n; < ng, only depending on (M, go), uo,
T and N, so that we can also absorb the other terms on the right when n < n; and
obtain

/M \Vunﬁodvgo + |V2un\§0dvgodt <C(1+ / |74, (uy)|?)dvg, (4.46)
with a constant C' also depending on (M, go), up and N. We now drop the |V2un’§0
term (it was only required to control the error introduced by switching the metric
of the tension) and integrate (4.46) over [0, 7] to find (4.41) for |Vuy|y,, after using
the energy identity (2.22) to estimate the tension term. We see that |Vuy,lg, is in
L?(M, go) on each time slice by Remark 4.1.8 combined with the monotonicity of

the energy E(u,(t), g,(t)).

Finally we also have estimates of the same type for the harmonic map flow wu(t)
(we could either replicate the previous work to deduce an a priori bound on the
concentration of energy in the harmonic map flow, or simply allow C' to depend on
the flow itself, which is fixed), finishing the proof. O

We are now ready to prove the main closeness result for the map component.

Lemma 4.1.18. Take M to be a smooth closed oriented surface of genus vy > 2 and
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N to be a smooth closed Riemannian manifold with nonpositive sectional curvature.
Let T > 0, g1 > n > 0, with n1 from the previous lemma, and as before denote by
u(t), uy(t) the solutions (with respect to initial data (ug, go)) to the usual harmonic
map flow (2.4), respectively Teichmiiller harmonic map flow (2.21) on [0,T]. Then
given any € > 0, we can find m > ne > 0, depending on €, T, ug, (M, go) and N,
such that for all ne > n > 0 we have

[Jun () = ()l p2(arg) < € (4.47)
fort €10,T].

Proof. We now use techniques from [23, Section 3], based on [27]. In particular the

difference w = u — w,, satisfies the evolution equation

0

50— Dy () = (Bgy = Ay, )(1ty) + Ay (0)(Vet, V) = Ay, (1) (Vg Ty, (443)

where A denotes the second fundamental form of the target N < R"™ and we write
Ay(u)(Vu, Vu) = g9 A(u) (0;u, Oju).

Multiplying this equation by w and integrating over (M, gg) together with partial

integration (with respect to go) we obtain

1d
537 10 + IVl a0 = [ (B = A, )i,

+ /M Ay (u)(Vu, Vu)wdog, (4.49)

— /M Ag, (un)(Viy, Vug)wdvg,.

We now estimate the terms on the right hand side, and all norms in the following,
as well as the volume form dv, are taken to be defined with respect to gg. For the

first term we find

\/M(Ago = Ag,) (un)wdv| < Cllgo = gnllco IVwl g2 [[Vull 2 < Cllgo = gnllco [Vl 2

(4.50)
where we used integration by parts (with respect to both gy and g, as the volume
forms are the same by 2.1.7) and ||Vul7. < CEy < C, as well as Lemma C.1 to

estimate the difference of the inverse metric tensors of go and g,. Here and in the

following we let C' denote positive constants, which may depend on (M, gp), N and
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the initial energy F(ug, go). We proceed to estimate the second fundamental form
terms. Note that

Agy(u)(Vu, Vu) — Agn (Un)(vum Vun) =Ag (u)(Vu, Vu) — Ay (un)(Vun, V“n)
+Ag, (uy)(Vuy, Vuy) — Agn (uy)(Vuy, Vuy),

(4.51)

which we estimate pointwise
[ Agy (u)(Vt, V) — Agy (uy)(Vuy, Vug)| < C(IVw||VV] + [w|[VV)  (4.52)
|A90 (un)(Vun, Vun) - Agn (un)(Vun, Vun)’ <Cllgo - gn”co ]VV|2. (4.53)

The first inequality follows by an application of the mean value theorem to A (which
is a smooth function on N) (see also [27] for this estimate), for the second we
can again apply Lemma C.1, see also the proof of Lemma C.2 in the Appendix.

Multiplying (4.51) by w, integrating and applying Hélder’s inequality gives
/ Ago(uw)(Vu, Vu)w — Ay, (un) (Vuy, Vu,)wdv
M
< Cllgo = gnllco 1YV 34 lwll 2 + C VW 2 [V V| o 1wl o + CIVV 174 w4 -

(4.54)

Combining (4.50) and (4.54) with (4.49) we arrive at our main estimate (see also

[23, Section 4] for a similar estimate)

1d

5 Nl + IVwl2s < Cligo = gulloo (IVwl 2 + lwll 2 19V

+C | Vwll 2 [VVIiza [wlia +CIVVIZa llw]Za

(4.55)

The strategy is now to derive an estimate for % |lw(t)|| ;= that allows us to apply
Gronwall’s lemma to deduce our desired smallness. In particular we need to control
all the terms in (4.55) through quantities integrable in time (e.g. |[VV||;4), |[Vw]|72
and [[w(t)]72-

To this end, recall the following consequence of Sobolev’s inequality (see [23]):

lwlzs < Cllwligz (lwllze + IVl 2)- (4.56)
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Using Young’s inequality we further find

1
ClIVwllgz [VVI s llwll s + CIVVITallwllZs < 5 1Vwlz + CUVV L flw]s

Together with (4.56) and Young’s inequality this implies

1
CIVwlz VV g llwl g+ CIVVIL [wlLa < 5 IVwllzz +CO+[VV L) [lwl:
(4.57)

which is of the desired form.

Similarly we can estimate the first term in the right hand side of (4.55) via Young’s

inequality to obtain

C llgo = gallco (19l 2 + lwll 2 19V 134 )

1
< C |lgo — gullgo + 1 IVwliz +C llwlZ IVVIIza . (4.58)

Putting these together and using the notation ¢ (t) = 14 ||[VV |74 € L*([0,T]) from

[23] we arrive at

1d

S w0l < C llgo = gallZe +C il v(t). (459)

We can apply Gronwall’s lemma to this inequality for the function |lw(t)||7. and

finally get

t . t
lw(®)]z2 < C/O g0 — gqllE €7 Jo #1145 < C/O lg0 = gullZo ¢““HV. (4.60)

From (4.5) we see that we can indeed choose 7. small such that

() = 1y (D] 2 01,99 < € (4.61)

for all t € [0, T] and n < 7. Explicitly we can choose 7, such that

T
C/IM—&A&SeK“””
0
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Higher order bounds

We now improve this L?-bound using a simple interpolation argument, exploiting

the fact that the Teichmiiller harmonic map flow enjoys good a priori estimates.

This requires an R(ep) > 0 such that we have control on the local energy E(u,, Br) <
€o for all sufficiently small 7, which is provided by Lemma 4.1.16. Note that the

precise €y required comes as an ingredient from [23].

Lemma 4.1.19. In the setting of Lemma 4.1.18, let T > 0, then there exists n3 > 0
such that the Hélder-norms (in space and time, and up to arbitrary order) of the
difference w on the interval [0,T] stay bounded for n < ns, with (uniform in n)
bounds depending only on the initial data (ug,go), T, M and N.

Proof. We initially set n3 = 1o, with 79 from Remark 4.1.8. This allows us to use
Lemma 4.1.16 to establish uniform control of the concentration radius of w,. We
then also demand 73 to be small enough so that the theory in [23, Section 3] applies,
in particular we require the estimate ||go — gy (t)|| s < €1 with €1 = €1(go,s) > 0
as defined in [23, Equation (3.3)]. The claim is then a direct consequence of [23,
Lemma 3.5, Remark 3.6, Remark 3.7], together with the smoothness of the harmonic

map flow starting at uy.

To obtain estimates for the Teichmiiller harmonic map flow, a very similar technique
to the harmonic map flow case ([27]) was used in [23]. The basic idea is to bound
[ 74, ()]* using the control of the energy concentration and equation (2.21) for the
map. Once that is done, the estimate from lemma 4.1.12 provides a W?22-bound
on the map, which implies control in (any) W'P-norm by the Sobolev embedding
theorem. One can then use parabolic regularity applied to the equation dyu = 74(u)
viewed as the inhomogeneous heat equation dyu—Ay(u) = Ag(u)(Vu, Vu) to obtain
bounds in the parabolic Sobolev space V[/p2 1A bootstrapping argument then gives

higher order control. O

By a standard interpolation argument, this allows us to extend the results of Lemma

4.1.18 to higher norms.

Corollary 4.1.20. Under the assumptions of the above lemma, the Hélder-norms
(in space and time, and up to arbitrary order) of the difference w on [0,T] converge
to 0 asn 0.
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Proof. Using interpolation (e.g. Ehrling’s lemma), for any € > 0 we can find some
C(e) > 0 such that

[wllgra < €ellwllgrira + Cllwllpzargy) »

which implies the claim by Lemma 4.1.18 and Lemma 4.1.19. Here we mean C%®

to be a generic parabolic Holder space of order k. ]

We now obtain the main Theorem 4.1.1 from Corollaries 4.1.9 and 4.1.20.

4.2 A rescaled limit as | 0

We can study limits of (2.21) for varying n under different time scales. One that
turns out to be particularly interesting is the scaling ¢ = nfft. This in some sense

‘fixes’ the speed at which the metric evolves. The equations for the flow become

—u = kTy(u)
%‘f (4.62)
59 = Re(Py(2(u, 9)))

where we defined k = 7;%, so n — 0 corresponds to k — co.

Setting for this section: We again take (ug, gp) to be smooth initial data for all
flows considered, with ug : M — N, g9 € M_1. We further take N = (N, G) to be
a smooth closed Riemannian manifold, which we will consider to be isometrically
embedded as N — R"™. Initially, we will not assume N to be nonpositively curved
(as opposed to the last section), but instead assume that we have a smooth solution

of (4.62) up to some time 7T'.

4.2.1 Metric control on large time intervals for small 7,

Analysing the flow (4.62) on a time interval [0, 7] corresponds to studying the orig-
inal flow (2.21) on [0, k7. In particular, for fixed T we consider longer and longer
time intervals as n — 0, as opposed to the last section. We first show that the in-
jectivity radius of the metric does not degenerate in this setting, independent of k,
as long as T' > 0 is chosen sufficiently small. We then use the controlled injectivity

radius to establish estimates on the metric.

74



Denote the length of shortest closed geodesic on (M, g(t)) by ¢(t), then it is a
standard result that inj,,) = %K(t) when M is a compact hyperbolic surface. We
will proceed by bounding £(t) from below. It is convenient to do this in the setting
of the original flow (2.21), i.e. without rescaling time. We use the theory in [20].

We will analyse how the lower bounds for ¢(¢) derived therein depend on 7.

Recall that a ‘collar’ on a hyperbolic surface is a specific region around a central
closed geodesic, which is isometric to a cylinder equipped with a metric conformal
to the flat metric (see Section 2.2.4 and Lemma A.1). The problem of bounding
£(t) from below is then equivalent to controlling the lengths of the central geodesics
on such collars (see e.g. [25]). We have the following result from [20] to control the

evolution of collars.

Lemma 4.2.1 (Slight variant of [20, Lemma 2.3]). Let M be a closed oriented
smooth surface of genus v > 2 and N be a smooth closed Riemannian manifold.
Assume that we have some T > 0, n > 0 such that the flow (uy,gy,) is a smooth
solution to (2.21) on [0,T] starting at initial data (uo, go) with coupling constant 1.
Then given a collar C in (M, gy(to)) for some time to € [0,T], with central geodesic
o of length £(ty) < 2arsinh(1), there holds

d
’dt log £(tg)| < CnL(to)[I + Eol, (4.63)

with a constant C < oo depending only on the genus v of M, where Ey = E(ug, go)
and I is a weighted energy given by

I::/ce(un,gn)p_degn, (4.64)

where e(uy, g,) denotes the energy density (e.g. e(uy, gy) = %|dun|§n) and p is the

conformal factor on the collar (as defined in Lemma A.1).
Proof. This follows directly from equation (2.1) in [20]. O

We use this lemma to deduce a (short-time) bound on inj n? which improves as 7 | 0.

Proposition 4.2.2. Let M, N and (u,(t), gy(t)) be as in the previous lemma. De-
note the shortest closed geodesic on (M, gy,(t)) for t € [0,T] by £(t), then we can
estimate ¢ by

¢(t) > min{arsinh 1, 4(go)} — CTn? (4.65)
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where C' < oo now depends on Ey = E(ug, go) and the genus v of M.

Proof. If ¢(t) > 2 arsinh(1) at all times, we take that as our lower bound. Otherwise,
consider some time tg € [0, 7] with £(tp) < 2arsinh(1). Hence we can find some collar
C on (M, g(to)) with central geodesic of length £(tp) < 2 arsinh(1). We can therefore
analyse this collar using Lemma 4.2.1. At tg we find

’jtlogwo) < CrPt(to) I + Ey). (4.66)

We now note that by its definition the weighted energy satisfies

I(to) < CE(uy(to), gy(to))(to) > (4.67)

(as the conformal factor p is always bounded from below in terms of ¢, see e.g. [20]).
Using this we find the bound
< Cn*Ey (4.68)

d
—0(t
& (to)

with C only depending on the genus v of M. Hence in particular, if £(¢) < 2arsinh(1)
for all t € [0, o] we find that

U(to) > £(go) — Cton*Eo > (go) — CTn? (4.69)

where C' now also depends on FEy. Otherwise we can find some time 0 < t; < tg
such that arsinh(1) < ¢(¢1) < 2arsinh(1) and apply the same argument over [¢1, tg]
to find that

((tg) > arsinh(1) — CTn>. (4.70)

In either case we have {(to) > min{arsinh 1,¢(go)} — CTn?, finishing the proof. [J

Lemma 4.2.3. Let M be a smooth oriented closed surface of genus v > 2 and N be
a smooth closed Riemannian manifold. Assume that for some T > 0, k > 0 we have
a smooth solution (ug(t), gr(t)) to (4.62) on [0,T] with rescaled coupling constant k
for some given initial data (ug,go). Then there exists Ty = To(M, go,ug) > 0 (in
particular independent of k) such that the injectivity radius inj,, is bounded away

from 0 up to time t = min{Ty, T'}.

Proof. This is a consequence of the bound derived in the previous proposition. Ex-

plicitly, we can choose Ty = g min{arsinh 1,¢(go)} (with the C' from Proposition
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4.2.2) to achieve inj, > 3/(gr) > § min{arsinh1,£(go)} on [0, min{Ty, T}]. O

We now assume an injectivity radius bound for solutions of 2.21. This allows us to

state the following C*-estimate from [22] for horizontal curves (as defined in 4.1.5).

Lemma 4.2.4 (Special case of [22, Lemma 3.2]). Let M be a smooth oriented closed
surface of genus y > 2. Let € > 0 and consider a horizontal curve of metrics g(t) on
M defined on the interval [0, T], with uniformly bounded injectivity radius inj g(t) = €
Then there exists a § > 0, depending only on v and €, such that if the L*-length
(as defined in Lemma 4.1.3) satisfies L(g,[s,t]) < for some [s,t] C [0,T], then we
have some Cy > 0 only depending on 7y such that for any ti,te € [s,t] there holds

g(t1) < Crg(t2). (4.71)

We further have some constant Co only depending on M, € and k such that

9(t1) — g(t2)lor(g(t0)) () < CaL(g, [t1, t2]), (4.72)
for any s <t; <ty <t, ty € [s,t].

Remark 4.2.5. Note that this is strictly stronger than Proposition 4.1.6 cited in
the last section, as the constant C5 here does not depend on the initial metric of

the considered horizontal curve.

We can now apply this lemma along horizontal curves g(t) arising from solutions to
(4.62). We first show that the metrics (assuming an injectivity radius bound) stay

equivalent.

Corollary 4.2.6. As usual, take M to be a smooth closed oriented surface of genus
v > 2 and N to be a smooth closed Riemannian manifold. Let T > 0, k > 0 and
consider a smooth solution (ug(t), gi(t)) to (4.62) on the time interval [0,T] with
rescaled coupling constant k starting at the initial data (ug,go). Assume that there
exists § > 0 such that injg, ;) > 6 > 0 for t € [0,T]. Then we can find a constant
C > 0, only depending on 6, M, E(ug,go) and T such that for any s,t € [0,T] we
have

gk(s) < Cgx(t). (4.73)

Proof. By Lemma 4.1.3, we obtain a bound of the form

L(gr, [s,1]) < V/(t — 5)E(uo, 90)- (4.74)
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Now consider two arbitrary times s,t € [0,7], assume s < t. We can then find a
sufficiently large integer K = K (3, M, E(ug, go),T) > 0 such that g(t) restricted to
time intervals of length at most A = t%‘" satisfies the L?-length condition required
for Lemma 4.2.4. Then simply apply estimate (4.71) from the above lemma on the
intervals [s, s+A], ..., [t—A,t]. After combining the resulting inequalities we obtain

the claim. n

Hence the metric along solutions of the flow (4.62) stays uniformly equivalent to e.g.
9(0) = go, as long as the injectivity radius is controlled, in particular up to the time
Ty from Lemma 4.2.3. We now observe that certain norms defined with respect to
the changing metric also stay controlled. This problem was already considered in

[22, Section 3], and the same methods directly apply in our situation.

Let s be a non-negative integer here (to avoid confusion with the rescaled coupling
constant k). Recall that we defined the C*(M, g)-norm of (in particular) tensors
h € Sym?(T*M) via

l9llcs(arg) = sup > [V'glg(2), (4.75)
zeM -0

where V refers to the Levi-Civita connection on (M, g) and its extensions. We can

similarly define a norm C*(M, g) for maps u : M — N < R" by

[ull s arg) 7= sup > [V'ulg(). (4.76)
zeM -0

Lemma 4.2.7 (From Section 3 of [22]). LetT > 0,k > 0 and take M, N and (uy, g)
as in the above lemma. Assume again that there is some € > 0 such that inj,, > €
on [0,T]. Then the C5(M,g(t)) norms as defined above are uniformly equivalent on
[0,T], in the sense that there exists some C = C(s, €, M, E(ug, go),T) > 0 such that
for any t1,ty € [0,T] we have

lullesargenyy < C lllosargits)) -
Note that u here can be either a tensor or a map w: M — N — R".

Proof. This can be seen as in the proof of [22, Lemma 3.2], combined with stan-
dard estimates for |0ig(t)|cs(arg(t)) (e-g. as mentioned in Section 2.2.4), when
u € Sym?*(T*M). For maps u : M — N < R" Lemma 3.2 in [22] extends, in
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particular for s > 1 we can find an inequality of the form

0 s
a!v ul gy () < Clules o)) (2)|0egl o190y (2), (4.77)

which holds for almost all times ¢ and all x € M, and can then be integrated. Note
that for s = 0 there is nothing to prove as the C°-norm of a map does not depend

on the underlying metric. O

4.2.2 Evolution of the tension

The previous section motivates us to further study solutions to (2.21) with injectivity
radius bounded from below. A quantity that proved very important in the study of
the harmonic map flow is the L2-norm of the tension 7 (u, g) = HTg(u)HiQ(M’g). For
the classical harmonic map flow into nonpositively curved targets this turns out to
be monotonically decreasing in time. This monotonicity can be seen by computing
the second variation of the energy along solutions of the harmonic map flow, which
is a well-known calculation (see e.g. [8]). We show that for solutions to (2.21)
(assuming the metric does not degenerate) with a target of nonpositive curvature
we have a bound on how fast the tension can increase instead, which improves for
small 1. The curvature hypothesis on IV also again means that any smooth initial
data (ug, go) together with a choice of n now leads to a smooth solution to (2.21)

that exists for all times ¢.

Lemma 4.2.8. Assume M as usual to be a smooth closed oriented surface of genus
v > 2 and N to be a smooth closed Riemannian manifold, which we now also
assume to have nonpositive curvature. Let n > 0 and take (u(t), g(t)) to be the
(smooth) solution to (2.21) with coupling constant n, starting at initial data (uo, go)-
Assume that there exists some 6 > 0 such that inj,) > 6 > 0, and denote as usual
Ey = E(u(0),9(0)), then

%T(t) < CE3s (4.78)

where T (t) := T (u(t), g(t)) and C < oo only depends on the genus vy of M.
Proof. In the following we use the formalism of the induced covariant derivative Vy

on M x [0,T], which agrees with % for time-dependent functions, as explained in
e.g. [16, p. 86ff]. We further consider N < R”™ to be isometrically embedded. We
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have T (u,g) = [y, GV, V juk g™V, V,uF dv,. Hence
d ij k\ mn k
&7—: 2 MVt(g ViV iu®) g™V Vi u®dug, (4.79)

where we used that the flow (2.21) leaves the induced volume form invariant (see
Remark 2.1.7), and thus no additional term involving the metric appears upon
differentiating the integral. We now evaluate the first factor and drop the volume

form and the superscript on the map for simplicity, and adopt the shorthand h :=
2
519 = " Re(Py(P(u, 9))):

Vi(g7V;Vu) = —hIV,;Vu+ g9V, V;V ju. (4.80)

We switch derivatives in the second term and obtain (for a derivation, see e.g. [16,
A.14, p. 86ff])

githViVju = gij <V¢V 9 U+ RmN(gu, Viu)vj'u — (;Ffj)vku) . (4.81)

I ot ot

From standard formulas we have the evolution of the Christoffel symbols given by

0 1
EFZ’ = 5g‘fq(vihjq + Vihig — Vghij). (4.82)

Note that after tracing this with the metric g (in ¢, j) it vanishes as dh = trh = 0
by Remark 2.1.7. We now simplify (4.80) further, using the convention of repeated

indices denoting traces (as we carried out the time derivatives now):
Vg7V Vju) = —hIV,;Vu + V;V;V;Vu +Rm"™ (V. Viu, Viu)Viu.  (4.83)
Putting this back into (4.79) we obtain

d g
7 =2 /M (—hwvivju’f + V,V,V;V;u* + (Rm™ (V,V,u, Viu)Viu)k) Vi Vit

(4.84)
Inspecting the terms we have L?-inner products (in the bundle u*(T'N)), we now

integrate the first (using 0h = 0) and second term by parts to get
d 3
—T =2 / hIN PNV 3 Vb — 2 / ViV, Viub ViV, V b+

2/ <RmN(Tg(u),du(ei))du(ei),Tg(u)». (4.85)
M
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Using inner product notation we finally arrive at
d
ST =2 [t (T, i) — 2 [ (Fr0), Iy +
M M
2/ R (du(e;), 74(u)) 7y (u), du(e;)). (4.86)
M

We now proceed to estimate the first term in (4.86). Recall that given a lower bound

4 on inj, we can estimate
IRe(O) e arg) < 100l eqargy < C5 100 1 arg) (4.87)

for any holomorphic quadratic differential # with a constant C' < co depending only
on v ([22, Section 2]). We further know from [20, Proposition 4.10] that Pj is a

bounded operator from L' to L', i.e.

122l 1 argy < C N1l arg) (4.88)

for any quadratic differential ¢ where C' < oo again only depends on . Together
with the uniform bound [[®(u, 9)|| 11 (4 < CE(u(t), g(t)) < CEp we see that

| Re(Py (2(ult), 9D e a1y < O | Py (@), a(0) [ 1 0y, < C5 ' Eo.

(4.89)
Using this we estimate the first integral in (4.86) as
n?
[ Rty (@), 0 (Tery ) dute))| (190
2

< /M 05—1E0%|(vfg(t) (u(t)), du)] (4.91)
g/ V7w + 652E§n4/ |du? (4.92)

M M
</ |V7’g(t)|2 + 0(5—2E3’774. (4.93)

M

Here we used Young’s inequality in the second inequality. From (4.86), using the

nonpositive sectional curvature of the target, we therefore obtain the claim

d
O CE36 2. (4.94)

O]

81



We use this bound to see that for large k the flow (4.62) very quickly has small
tension. Note that the limiting n = 0 (or k = 00) case corresponds to the classical
harmonic map flow, which satisfies 7(f) — 0 as ¢ — oco. Our estimate could be
considered a quantitative version of this statement, allowing the metric to move
slightly.

Corollary 4.2.9. With M, N, (u(t),g(t)) and § as in the previous lemma, we have
for any e > 0, andkz%Zl

Tt) <Ce)k™ , t>ck, (4.95)

where C(g) — oo for ¢ = 0 and C(e) also depends on Ey, in addition to § and
the genus v of M. In particular, after carrying out the rescaling t = %t, this gives

T#) <C(e)k™! fort>e.

Proof. We note that Lemma 4.2.8 provides us with a linear estimate on 7 (t). To-
gether with the L!-bound fOT T(t) < E(up,go) this implies the claimed point-wise
bound, by simply comparing with an appropriate linear function and calculating the

respective L'-norm.

In particular, consider some time tg > ek and to simplify notation set A :=
C’ES’(S_2 4 = Ck2 to be the derivative bound from the previous lemma and h := k.
We want to show an upper bound for T (to). If T(to) < Ah = Cek™!, we take Ah as
our upper bound. Otherwise, define a (positive) linear function f(t) by f/'(t) = A
and f(to) = T (to) on [to—h,to]. We find that & (7°(t)— f(¢)) < 0, hence f(t) < T (t)
on [tg — h,tg]. Thus the L'-norm of f is bounded from above by the L!'-norm of
T (t) (on [to — h,tg]), and in particular by Ey. We compute the L'-norm of f as

1 1
11123 -ty = PUT (t0) — AR) + 5 AR® = B(T(to) — S AR).  (4.96)

Therefore we have

1
h(T (to) — §Ah) < Ep (4.97)
1 1
T(ty) < EEO + §Ah (4.98)
T (to) < k™Y Eoe '+ Ce) = k7 1C(e). (4.99)
Thus 7 (t) < k~'C(e) in either case, proving the claim. O
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4.2.3 A priori estimates assuming small tension

We now proceed to establish (long-term) a priori estimates for the flow (2.21) as-
suming an L?-bound on the tension and a lower injectivity radius bound inj g > 70

on the metric, aiming to then apply these estimates to the rescaled flow (4.62).

To this end, we work on geodesic balls B, (z) of radius comparable to ry with respect
to a metric g. As explained in Remark 4.1.11, we can take hyperbolic isothermal co-
ordinates on these balls, which allows us to view them as hyperbolic disks (D, gr),
which are in particular conformally equivalent to the euclidean disks (D,, geyer)-
The conformal factor only depends on an upper bound of the size of the disks con-
sidered (i.e. 7). In the rest of this section we will always use B,(z) to refer to
this particular choice of coordinates, and we will carry out all the regularity theory

below on the corresponding euclidean disks (D, geyer), unless indicated otherwise.

We first establish a local bound for maps with small tension, using the control of

the energy concentration established in the last section.

Lemma 4.2.10. Let B,(x) for some x € M be as above with radius r < 19 <
inj, where (M, g) is a smooth closed oriented hyperbolic surface as usual, N has
nonpositive sectional curvature, and u : (M, g) — N is a smooth map with energy
bounded by E(u,g) < Ey and tension bounded by ||7'g(u)||L2(M’g) < K. Then we
have HVQUHiQ(B
K and N.

) S C(||Tg(u)||%2(M’g) + 1), for some C only depending on r¢, Ep,

2

Proof. Recall Lemma 4.1.15, this implies that with ||7,(u)|| 12y < K we have
some 0 < r; < rg, only depending on 7o, Ey, K and N, such that for any y € M
we have E(u, By, (y)) < €, where ¢y > 0 is the constant from Lemma 4.1.10. We
can then use the bound from Lemma 4.1.10 on disks of radius r; covering B, (x) if
r1 < 1, otherwise we directly apply it on B,(x). The total number of disks required
to cover B, (x) is bounded in terms of a constant only depending on 7y and 71 (which

depended on Ey, K and N). After summing up we see that
2 1
V2725, < CEy—+C I7g(@)l[72(5,) - (4.100)
2 1
We can then estimate ||7,4(u) Hig(Br) < C|ry (u)||i2(M 9) (using the scaling of the flat

tension, see Remark 4.1.11), which implies the claim after we absorb the additional

factors occurring in (4.100) into the constant C. O
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Using this H2-bound we then apply parabolic theory to the equation for the map.

Lemma 4.2.11. Given a smooth closed oriented surface M of genus v > 2 and
N a smooth closed Riemannian manifold with nonpositive sectional curvature, let
(u(t),g(t)) be a solution to (2.21) on [0,T] with coupling constant n, starting at
initial data (uo,go), with energy bounded by E(ug,g0) < Ey and such that there
exists o > 0 with injyqy > 10. Further assume that the tension field satisfies
Ik (u(t))HLz(My(t)) < K for all t in some time interval [Ty, T3] C [0,T] of length
at least 2. Choose some time to € [T1 +1,Ty — 1], then on any hyperbolic isothermal
chart U = B(x) for r < 7 defined with respect to g(tp), we obtain a bound in the
parabolic Sobolev space Wg’l(B%(az) x [to — 2,to +1]) for all p < oo of the form

Ju(t) 20 < C (4.101)

where C depends only on ro, Ey, p, K and N, assuming n < ng with ng > 0 only
depending on FEy, ro and .

Proof. To see this, consider some given time tg € [T7 + 1,75 — 1] and study the
equation uy — Ay(u) = Ay(u)(Vu, Vu) in local coordinates (chosen as in Remark
4.1.11) as an inhomogeneous linear parabolic equation on some cylinder B, (x) X [to—
1,t0 + 1]. Note that the coefficients satisfy the necessary assumptions (i.e uniform
parabolicity, continuity and boundedness) to apply Theorem B.1, with bounds in
particular independent of the particular metric (o), but only depending on r¢. To
see this, note that using Lemma 4.2.4 together with Lemma 4.1.3 for sufficiently
small 9 we have g(t) > Cg(to) for t € [to — 1,0 + 1] by (4.71), implying that g(t)
is also uniformly parabolic on B, (x) (or in other words, the corresponding bilinear
form is coercive). We also have the C*-bounds from Lemma 4.2.4, thus all (spatial)
derivatives of the metric coefficients are bounded (as well as Christoffel symbols
etc.).

To proceed we use a standard interior regularity argument. More precisely, consider
¢ : Bp(x) x [to — 1,tp + 1] — [0,1] a smooth function in time and space, which
is compactly supported in space and has initial values ¢(-,tp — 1) = 0, such that
¢(z,t) =1for z € B and t € [to — 3.to + 1]. Then ug solves a parabolic equation
with zero initial and boundary data on B, x [ty — 1,t9 + 1]. This equation is of
the form (¢u); — Ag(pu) = F(u,Vu,¢) + ¢Ay(u)(Vu, Vu), where the error term
F(u,Vu,¢) is some linear combination of u and Vu, with coefficients bounded in
any space-time LP (depending on derivative bounds for ¢ and bounds on the metric
coefficients). Thus F'(u, Vu, ¢) is bounded in LP(B, x [tog — 1,10 + 1]).
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By Lemma 4.2.10, combined with the embedding W22(B,.) < WP(B,) for any
p < 00, we can see that also A4(u)(Vu, Vu) is bounded in this space. To this end,
we apply Lemma 4.2.10 and find a W'P-bound for u on flat disks corresponding
to geodesic balls defined with respect to the changing metric g(¢). However, in
particular we have B%o (x) C B%t) (x) for t € [to — 1,to + 1] (after possibly choosing

an even smaller 70), hence we also get the bound on our fixed chart B,(z) C B o ().

Hence Theorem B.1 applies (to each component of u) over the time interval [ty —
1,29 +1], and we deduce the claimed bound using that ¢ = 1 on the domain Bz (z) X
[to — 5,0 + 1. O

Corollary 4.2.12. Let s be a nonnegative integer and « € (0,1). Under the as-
sumptions of the previous lemma, we have the spatial Holder norms C*% of u(ty)
bounded (on some slightly smaller ball B,/(x)), with bounds only depending on s, «,
K, rg, Ey, " and N.

Proof. This is a standard bootstrapping argument, see also the proof of [23, Theo-
rem 3.8]. We can apply the previous lemma to see that u € Wg 1 (for any p < 00).
We now differentiate the equation satisfied by u (i.e. uy — Ag(u) = Ag(u)(Vu, Vu))
in space, and obtain an equation for d;u, which we can again consider as an inhomo-
geneous heat equation. Asu € Wg'! we have 0;Ag(u)(Vu, Vu) € L%, which together
with the interior regularity argument of the last lemma will lead us to see that in fact
diu € Wg’l. Note that the C*-bounds for the metric following from Lemma 4.2.4
are critic;l for this argument, as they allow us to estimate the spatial derivatives
of metric coefficients which appear after differentiating (2.21). As p was arbitrary,
we can repeat this process to get Wg _bounds on any order (spatial) derivative
of u over a slightly smaller time interval and domain (e.g. B, X [to — %,to + 1)),
but in particular including ty. Finally, by standard embedding theorems (see e.g.
[14, Chapter II, Lemma 3.3]), we obtain the claimed spatial Holder regularity at
t = to. O

Remark 4.2.13. Note that we could also get control on higher order time deriva-
tives of the map by considering an explicit formula for the projection operator P,
which would lead to bounding (higher order) time derivatives of the metric coeffi-
cients and allow us to carry out an iteration argument similar to the above. This
was done in [23]. However, as we only apply these estimates to the rescaled flow

(4.62) (where the time regularity would degenerate) we do not do this here.

We also observe that by elliptic regularity the restriction of any harmonic map
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u: (M,g(t)) — N to a chart B,(x) enjoys good estimates. This is standard in our
setting (as we assumed N to have nonpositive sectional curvature, see e.g. [8]), but

we give an outline of a proof for completeness.

Lemma 4.2.14. Consider again a smooth closed oriented surface M of genus v > 2
and N a smooth closed Riemannian manifold with nonpositive sectional curvature.
Let w : (M,g) — N be a harmonic map with energy bounded by E(u,qg) < Ey,
and assume that inj, > ro > 0. Take B, (x) as before with v < ¢, then for any
nonnegative integer s and o € (0,1) the Hélder-norms C*% of u on B,(x) are

controlled in terms of s, a, Egy, ro, r and N.

Proof. This is very similar to the previous argument. We now consider the equation
Agu = Ag(u)(Vu, Vu) and use elliptic theory, initially on B,,(z). In particular
as in Lemma 4.2.10 we can obtain an H?-bound on u, implying an LP-bound for
Ay (u)(Vu, Vu), which together with elliptic regularity gives us u € W2? (or more
precisely, interior elliptic regularity) and a standard bootstrapping argument gives
higher order bounds. O

So far in this section we have only obtained local bounds, on flat disks, for harmonic
maps and solutions to (4.62) with a priori bounded tension and injectivity radius. In
fact, using estimates established earlier, we can actually obtain bounds with respect

to the fixed norm [|-[|cs(py 40y away from ¢ = 0 for any solution to (4.62).

Proposition 4.2.15. Take M to be a smooth closed oriented surface of genus v >
2 and N to be a smooth closed Riemannian manifold with nonpositive sectional
curvature. Given initial data (ug,go), let 0 < T < Ty with Ty from Lemma 4.2.3,
k > 1 large enough so that n < ng with 1y from Lemma 4.2.11, and consider the
associated solution (ug(t), gr(t)) of (4.62) defined on [0,T] with rescaled coupling
constant k, starting at (ug,go). Let further s be a nonnegative integer and % < €,
then for 0 < e <t < T, we can obtain bounds on ||uk(t)l|cs(nrgy). 0 terms of s, €,
E(ug,90), (M,go) and N. Additionally, if u(t) is a harmonic map with respect to

9k(t), we can also bound [|u(t)||cs(ps gy in terms of the same quantities.

Proof. We begin by considering (uy(t), gx(t)). Note that we are now working with
the rescaled equations (4.62). Observe that we have a uniform lower bound 7y on
the injectivity radius inj,, (), in terms of E(uo, go) and (M, go) by Lemma 4.2.3.
We also have a uniform upper bound on |7, (uk)HLQ(gk(t)) for t > € in terms of e,
E(ug,g90), M and rg by Lemma 4.2.9.
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Hence for any fixed time ¢ > €, we can apply Corollary 4.2.12 to obtain esti-
mates on |[ug(t)llcs(p,, g,..)» 0T any disk D, corresponding (by taking a hyperbolic
isothermal coordinate chart, as in Remark 4.1.11) to a geodesic ball B, (x), defined
with respect to gi(t) for e.g. 7 = 2. Note that this directly implies a bound on
lue()ll ¢ (B, (x)), computed with respect to the hyperbolic metric on D;/, as these

norms are equivalent

lur (@)l e, @) < Clue®lles (b, g - (4.102)

with a constant C' only depending on s and «y (as we can find an upper bound for rg
in terms of ) which can be seen by a direct calculation as in Remark 4.1.8. We can
then bound ||ug|| Cs(M.gi(t))» @ We can estimate it by simply taking the supremum

of [lur(t)llcs(p, (x)) over all z € M, and we obtain

||uk(t)”C'S(M,gk(t)) = C(Sa €, E(UOa gO)) N7 (Mv 90)) (4103)

But now the result follows by Lemma 4.2.7, as the norms ||-[|cs(az, g, (1)) for ¢ € [0,T]

are uniformly equivalent to H‘HCS(M,gO)-

The corresponding claim for harmonic maps can be seen in the same way, now using
Lemma 4.2.14 instead to obtain the local bounds. O

4.2.4 ("*-closeness to harmonic maps using small tension

We now exploit the small tension to see that the flow (4.62) becomes C-close to
a harmonic map at each (positive) time for sufficiently large k, under appropriate
topological assumptions on the initial map ug. Specifically, we will assume that the
homotopy class of ug contains no constant maps nor maps to closed geodesics in the
target, which ensures that for any metric on M there exists a unique harmonic map

homotopic to ug (see Theorem 2.3.2).

Lemma 4.2.16. Let M be a smooth closed oriented surface of genus v > 2 and N
be a smooth closed Riemannian manifold, which we now additionally assume to have
strictly negative sectional curvature. Fixz a homotopy class H of maps u : M — N
that contains no constant maps nor maps to closed geodesics in the target. Consider
any smooth map u € H and g € M_y with injectivity radius inj, > ro > 0 and energy
E(u,g) < Ey. Then given any € > 0 there exists some 6 = 6(e,ro, Ey, N,H) > 0
such that HTg(u)HLQ(M’g) < 0 implies |u — u|co < € where  denotes the unique

harmonic map with respect to g in H.
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Proof. Assume the claim was false, then there exists an € > 0 such that we can find a
sequence (u;, g;) satisfying the assumptions of the lemma with |7, (u;)|| ;2 (M) — 0

and |u; — u;|co > € for the (unique in H) g;-harmonic map ;.

As inj, > 19 > 0 we can apply Mumford compactness (see Theorem 2.2.6) and
obtain a subsequence (u;,g;) together with diffecomorphisms f; : M — M such
that f(g;) — h smoothly for some limit metric h € M_;. We modify the maps
u; with the same diffeomorphisms and denote v; = w; o f;; h; = f’g;. Then
17h; (Wil 2(ar,psy — O and [vi = Gilco = €, for any harmonic map (homotopic to
v;) U; with respect to h;. To see this, first note that this map is necessarily unique,
as the homotopy class of v; also contains no constant maps nor maps to closed
geodesics in the target. Hence it is given by o; = w; o f;, and the C° distance

considered is invariant under diffeomorphisms.

We can now see from the modified bubbling analysis carried out in [21, Lemma 3.2]
that there exists a harmonic map v : (M,h) — N such that v; — o strongly in
WLP(M \ S) for all p € [0,00) where

S :={z € M : for any neighbourhood 2 of z, limsup E(u;, ;,§?) > €o}. (4.104)
1—00

In particular, the set S of points where energy concentrates is empty in our case as a
consequence of the curvature assumption on N. Hence v; — © in C° (as WP — CY
for p > 2). It remains to see that ©; and v necessarily become close (in C) to deduce
a contradiction to |v; — U;]co > €. By the Co-convergence of v; — v we see that v
is homotopic to v; for all sufficiently large . Even though the f; are not necessarily
homotopic to the identity, it therefore follows that v is not a constant map nor
maps to a closed geodesic in the target. We finally obtain that o; — v (in C°) using
the continuous dependence of the harmonic map on the metric in our setting (see
Corollary 2.3.6). In particular, this requires the strictly negative sectional curvature

on N in addition to the topological condition satisfied by v.

O

We finally obtain that the flow becomes close to a harmonic map at all (positive)

times for large k in C*(M, go) by interpolation.

Corollary 4.2.17. Take M and N to be as in the previous lemma. Assume the
homotopy class of ug does not contain maps to closed geodesics in the target or

constant maps. Given initial data (ug, go) let 0 < T < Ty with Ty from Lemma 4.2.3
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and consider the sequence (ur,gr)pe of solutions to (4.62) with rescaled coupling
constant k, starting at (ug,go). Let € > 0 and s be a nonnegative integer, then for
any t > € we have |lu(t) — wg(t)|[cs(ar gy — 0 as k — oo, where uy(t) denotes the
unique harmonic map with respect to gi(t) in the homotopy class of ug. Furthermore,

this convergence is uniform on the interval [e,T].

Proof. Note that we have bounds (independent of k, as long as k is large enough
so that n < ny with np from Lemma 4.2.11) on both uy(¢) and ux(t) in C*(M, go)
by Proposition 4.2.15 applied on [¢,T]. But we also have |ug(t) — ug(t)|o — 0 as
k — oo by Lemma 4.2.16 for t € [¢, T| (using the tension bound from Corollary 4.2.9
and the injectivity radius bound from Lemma 4.2.3). Therefore the claim follows

by interpolation, using e.g. Ehrling’s lemma as in 4.1.20.

4.2.5 Constructing a limit flow

Using the C'*-bounds established for the metric in Lemma 4.2.4 we can show ex-
istence of a limit flow for the flows (4.62) as k — oo. To this end, we consider

time-dependent Holder functions valued in some Banach space.

Definition 4.2.18. Let X be a Banach space, then we can define C°([0,77], X) to
be the Banach space of bounded continuous functions valued in X on [0, T'] equipped

with the norm
[fllcg = sup [IF(®)lx = [[fllo- (4.105)
t€[0,T

Similarly for o € (0,1) we denote by C%%([0,T], X) the Banach space of functions
f :1]0,T] — X which are Holder continuous with exponent «, with the canonical

norm

I f(t1) — f(t2)l x

[ fll o0 = sup + sup [|f ()]l (4.106)
Ox t1,42€[0,T) 14t t1 — ta]® t€[0,T7 X
=[fla + 1 fllo - (4.107)

In particular, if we let X = C*(Sym?(T* M), go) for any nonnegative integer s, we see
that the metric g(t) of a solution to (4.62) lies in CO’%([O,T],X), as a consequence
of Lemmas 4.2.4, 4.2.7 and 4.1.3. We will need a compactness statement for these

time-dependent Holder spaces.
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Lemma 4.2.19. Assume X, Y are Banach spaces such that X compactly embeds
into Y. Let a € (0,1), then the embedding C*([0,T], X) — C°([0,T],Y) is com-
pact.

Proof. This is a variant of the Arzela-Ascoli theorem. For completeness we include

a proof in Appendix C. O

Lemma 4.2.20. For s a nonnegative integer the embedding C5+1(Sym?(T* M), go) —
C*(Sym?(T*M), go) is compact.

Proof. This is standard (and in fact works for arbitrary vector bundles, not just
Sym?(T*M)), and follows from the usual Arzela-Ascoli theorem, see e.g. [1, Corol-
lary 9.14]. O

Using this compactness we now obtain a limit flow for (4.62) as k — oo.

Theorem 4.2.21. Let M be a smooth closed oriented surface of genus v > 2 and
N be a smooth closed Riemannian manifold. Given smooth initial data (ug,go) for
(4.62), take 0 < T < Ty with Ty from Lemma 4.2.3, and consider the sequence
(ur(t), gr(t))52, of solutions to (4.62) with rescaled coupling constant k on the fized
time interval [0, T, which we further assume to be smooth up tot = T. Then the

following is true:

1. There exists a limit curve of hyperbolic metrics g (i.e. each g(t) has Gauss
curvature K = —1) on [0,T], continuous in time and smooth in space in the
sense that for all s € N, g is an element of CO([0,T], C*(Sym?(T*M), go)).
After possibly selecting a subsequence in k the curves g converge to g in
CO([0,T), C*(Sym?(T* M), go)) (i-e. uniformly in time in C*(M,go)), again
for all s € N.

2. Further assume that N has strictly negative sectional curvature and that the
homotopy class of ug does not contain maps to closed geodesics in the target
or constant maps. Let u(t) : M x (0,T] — N be the unique curve of harmonic
maps homotopic to uy corresponding to g(t), then the limit curve of metrics g
is differentiable in time at each point x € M away from t = 0, with derivative
given by Sg(t)(z) = Re(®(u,g))(z), where ®(u, g) as usual denotes the Hopf
differential. Finally, the maps ug(t) also converge to u(t) uniformly in t in
C*(M, go) away from 0 for all s € N.
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Proof. We will use the shorthand notation C* to refer to the space C*(Sym?(T* M), go).
Let s € N, then each g is an element of CO’%([O,T], Cs*1), as observed above. We

denote the norm on this space by [[-[| ;1. Also observe that we have a uniform
s+1

(independent of k) bound on ||gk|]007% by Lemmas 4.2.4, 4.2.7 and 4.1.3 together

with the bound on the injectivity r;(rilius 4.2.3. Hence the g form a bounded se-
quence in C'z ([0,T],C*T1), and therefore we can find a convergent subsequence in
C°([0,T],C*?), which we again denote by g, by Lemmas 4.2.19 and 4.2.20, which
converges to a limit g in CY([0, T], C*). By repeating this subsequence argument we
see that the limit g lies in C°([0,T], C*) for all s € N, and we may assume that gy,
converges in C°([0,T], C*) (again, for all s € N).

Note that g(t) is necessarily a metric for all ¢ by the uniform equivalence of the
metrics gx(t) from Corollary 4.2.6, and we have g(t) € M_; as in particular the
curvatures R(gg(t)) converge (by taking s > 2). This proves Claim 1.

To see the next claim, fix some € > 0 and some s € N. We first show that %gk
converges to a limit in the space C°([¢,T],C*). We will denote the norm on this
space by [|-[[co (see Definition 4.2.18). Set W(t) = ®(u(t), g(¢)) with u denoting the
curve of harmonic maps associated to the limit curve of metrics g defined as before.
We claim that < Lgr — Re(V) in CO([e, T),C*). Let Wy (t) = ®(ug(t), gr(t)), then we

can estimate

Hgk - Re

= || Re( gk(\I/k)) - Re(\]’:’)”CQ
CQ

< ||Re(Py, (Vi) — Re(Wi)ll o + [[Re(Vi) — Re(¥)]|co -
(4.108)

Note that indeed $&gr = Re(P,, (V) is an element of C°([¢, T],C*®) for each k, as
each (ug(t), gr(t)) is a smooth flow. Thus it is sufficient to show that the right hand

side of (4.108) converges to 0 as k — oo (in particular, that will also show that
Re(¥) € C%[e, T, C*)).

We start by estimating ||Re(P,, (Vi) — Re(¥g)||oo. This requires us to bound

| Re( Py, 1) (P (1)) — Re(Wi(t))]
bound the L'-norm of this tensor using an elliptic Poincaré estimate for quadratic

at each time ¢ € [¢, T| uniformly in ¢t. We first

C's
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differentials from [24]. This tells us

HRe )(\Ilk( ))) - Re(\I/k HLl M,gi(t) = H gk (t) (\Ilk( )) k(t)HLl(M,gk(t))
(4.109)
< CllOwe)]| L1 (ar.gu ey - (4.110)

where C' > 0 is some constant only depending on the genus v of M. By a standard

calculation, see e.g. [21, Lemma 3.1], we can estimate

N |=

Hélpk(t) HLl(M,gk(t)) < \/5 HTgk(t) (uk(t)) HLZ(M,gk(t)) E(uk(t)a gk(t» : (4111)

From Corollary 4.2.9 we obtain that H Tau(t) (Wr(t) — 0 uniformly in ¢

)HLQ(Mygk(t))
(for t € [¢,T]), and as usual we can bound E( k), gr(t)) < E(ug, go), hence

[ Re(Py, ) (2(6)) = Re(Cr(O)|| 11 (s g0y — O (4.112)

uniformly in ¢ (again for ¢ € [¢,T]). To obtain convergence in C*, we bound the
C**t!lnorm and can then argue by interpolation as usual. We observe that we can

write the real part of the Hopf differential explicitly (see [23]) as

Re(Wr(t)) = 2u(t)"G — 2e(ur(t), gr(t)) g, (4.113)

which is therefore bounded in C*t!, again uniformly in ¢, as a consequence of Propo-
sition 4.2.15, together with g (t) — g(t) in C*T! (by construction of g). To bound
Re(Py, 1) (Pk(t))), we can estimate

[ Re(Py ) (T ()| corr < C [ Porcty (TuN 1 aggr ey < C MR L2 (01,6, 1) »
(4.114)

with a constant C' only depending on a lower bound for inj,, 4 and «. This is a

Cs+l

consequence of the fact that the C®*-norms of holomorphic functions are controlled
by their L!'-norm (see [22]) combined with the L' — L'-boundedness of the projection
operator P, (as already used in Lemma 4.2.8, from [20, Proposition 4.10]). Thus
|Re(Py, (Vy)) — Re(\Ilk)HCg — 0 as k — oo.

We proceed to estimate the second term |[Re(¥y) — Re(¥)[|co. We again do this
by bounding ||Re(¥y(t)) — Re(¥(t))|| s uniformly in t for ¢ € [e,T]. Take uy(t)

as usual to be the unique gi(t)-harmonic map homotopic to ug, and set W (t) =
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O(ax(t), ge(t)). We find

[ Re(@(t)) = Re(U(1))llce < [[Re(Uk(t) — Re(Wx(t)]

CS—i—HRe(@k(t)) — Re(¥(t))]

(4.115)
As a consequence of Corollary 4.2.17 we have ug(t) — ug(t) in C* uniformly in ¢
for t € [e,T], and hence ||Re(Wk(t)) — Re(¥(t))| ce
(again for ¢ € [¢,T]) by the explicit formula (4.113).

Cs”

converges to 0 uniformly in ¢

Finally, it remains to estimate ||Re(Wx(t)) — Re(¥(t))| cs- We already know that
gr(t) converges to g(t) in C* as k — oo uniformly in ¢ (by construction of g), so
by (4.113) we only need to check that the same holds for w(t) and wu(¢) (which

will also prove the last statement of Claim 2, as we already know ug(t) — ug(t) in

C*®). Note that the conditions to apply the results from [6], in particular Corollary
2.3.6, are satisfied: NN has strictly negative sectional curvature and the homotopy
class of uy does not contain maps to closed geodesics in the target or constant
maps. Thus [|ux(t) — u(t)||o, — 0 can be deduced for each t € [¢,T] by applying
Corollary 2.3.6 on neighbourhoods covering the limit curve g. As g(¢t) : [0,7] —
C*(Sym?(T*M)) is a continuous function, a finite such cover can be found, which
implies that the convergence is uniform in ¢ as claimed. Therefore we also have
[Re(Vr) — Re(¥)|lco — 0 as k — oc.

This establishes H%gk(t) - Re(\I/(t))HCg — 0 as k — o0o. As a consequence (e.g.
using the fundamental theorem of calculus, or more abstractly viewing the sequence
gk as a convergent sequence in the Banach space C'*([0, T], C*), with limit necessarily
equal to the curve g), we see that g(¢) is differentiable in ¢ on [, T, with derivative
given by %g(t) = Re(W(t)).

Thus Claim 2 is proved. O

Remark 4.2.22. One finds that the injectivity radius of a solution to the Te-
ichmiiller harmonic map flow (2.21) is bounded away from 0 when the initial map
is incompressible, which we take to mean that ug : M — N is homotopically non-
trivial and its action on the fundamental group of M has trivial kernel (hence any
simple closed homotopically nontrivial curve is mapped to another homotopically

nontrivial curve in the target) (see [21]).

Thus the proof of the above theorem can be adapted (assuming ug is incompressible)

to see that the limit flow exists for all time. We can then calculate the evolution of
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the energy along this limit flow (u(t), ¢(¢)) using (2.5) and find

FEO.90) == [ JIRe(@(u.9)) v, (4.116)

dt
allowing us to find a subsequence of times t; — oo with ®(u(t;), g(t;)) — 0 (this
is basically the same argument as in [21]). We can then continue arguing as in
[21], in particular applying Mumford compactness (see Theorem 2.2.6) to find a
limit metric g and a limit weakly conformal harmonic map #, i.e. constant map or

branched minimal immersions (after possibly adjusting by diffeomorphisms).

Hence, assuming the target N has strictly negative sectional curvature and the initial
map ug is incompressible, and satisfies the homotopy class assumptions of Theorem
4.2.21, the rescaled flow (4.62) converges to a limit flow which deforms the initial
map into a branched minimal immersion (or constant map) through homotopic

harmonic maps.
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Appendix A

Hyperbolic geometry

We will need Keen’s ‘Collar lemma’ several times in this thesis.

Lemma A.1 ([19]). Let (M,g) be a smooth closed oriented hyperbolic surface and
let o be a simple closed geodesic of length £. Then there is a neighbourhood around
o, a so-called collar, which is isometric to the cylinder C({) := (=X (¢), X (¢)) x S*
equipped with the metric p*(s)(ds® + d6?) where

) = %Coi(gw) and  X(f) = 27” (g — arctan (sinh (g))) .

p(s) =
The geodesic o corresponds to the circle {s =0} C C(¢).
For ¢ € (0,arsinh(1)), the d-thin part of a collar is given by the subcylinder

_27T

(—=X5(0), X5(0)) x S*CC(¢), where Xs5(¢) = — | = — arcsin
(A.1)

¢\ 2 sinh &

for § > ¢/2, respectively zero for smaller values of §.

To analyse sequences of degenerating hyperbolic surfaces we make repeatedly use of

the differential geometric version of the Deligne-Mumford compactness theorem.

Proposition A.2. (Deligne-Mumford compactness, cf. [12] and [13]) Let (M, g;, ¢;)
be a sequence of closed hyperbolic Riemann surfaces of genus v > 2 that degenerate
in the sense that liminf; o inj, M = 0. Then, after selection of a subsequence,
(M, gi, c;) converges to a complete hyperbolic punctured Riemann surface (3, h,c),

where Y is obtained from M by removing a collection & = {07,j = 1,....k} of
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k pairwise disjoint, homotopically nontrivial, simple closed curves on M and the

convergence is as follows:

For each i there exists a collection &; = {O‘Zj,j = 1,....k} of pairwise disjoint
simple closed geodesics on (M, gi,c;) of length E(Jg) =: ﬂg — 0 asi — oo, and
a diffeomorphism F; : M — M mapping o’ onto O'g, such that the restriction
fi=Fls:X— M\ Uleag satisfies

(fi)*gi = h and (f;)"c; — ¢ in Cp. on X.

Finally, for metrics of the form g = &2gg, £ : € — R* any function on a cylinder
¢ = €(s1,s2), we have
|dz?|y = £ 2|d2?|g, = 2672 (A.2)

Thus the L! norm of a quadratic differential ¥ = 1dz? is independent of the con-

formal factor:

1901y = 1%l 1) =2 [g 1| dsdo. (A.3)
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Appendix B

Parabolic regularity

Let D, C R™ be a euclidean ball of radius r, and let S = dD,.. Denote the cylinder
D, x [0,T] by Qr, and consider functions u(z,t) : Qr — R. Then we define the
standard parabolic Sobolev space I/Vp2 ’I(QT) for p € [1, 00| as

W Qr) = {u: Qr — R: D} DJu € LP(Qr),2la| + |8] < 2} (B.1)

where D; denotes weak derivatives in the ‘time’-direction t, and similarly D, refers
to the ‘space’-directions x;, and as usual «a and S are multi-indices. We define a

norm on this space by

lllyzs @py = D30 oigmy + 1Dstllzogry + Il o@py - (B2)

The idea behind defining these spaces is that they are a good setting to study

parabolic equations, as they ‘weight’ the time derivative appropriately.

Define the linear parabolic operator L by
Lu := Oyu — a;;0;0;u + b;0ju + c, (B.3)

then we have the following regularity result for the initial-boundary value problem
with zero data in Wg’l(QT).

Theorem B.1 (Special case of [14, Chapter IV, Theorem 9.1]). Let p > 1, f €
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LP(Qr). Consider the problem

Lu=f (B.4)
u‘tzo =0 (B5)
U|S =0 (B.G)

where the coefficients of L satisfy
1. a;j, b, ¢ are bounded continuous functions on Qr.

2. L is uniformly parabolic: There exists X\ > 0 such that for & € R, we have
aii&i€j > NE[.

Then this problem has a unique solution u € Wg’l(QT). This solution satisfies the

estimate
||UHW§’1(QT) <C ||f||LP(QT) (B.7)

where C' < 00 is a constant, allowed to depend on |alg, |blo, |c|, A, 7, n, T and p.

Remark B.2. Note that we state a very simplified version of [14, Chapter IV,
Theorem 9.1], adapted to our situation. In particular, it is possible to weaken the
assumptions on b and c¢: they only need to satisfy certain LP conditions. Further one
can allow non-zero initial and boundary data and obtain a corresponding estimate,

as well as considering general domains instead of just balls.
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Appendix C

Some technical facts and proofs

Given a domain M with a Riemannian metric g we can consider a perturbed metric
g, such that g — g is small in C°(M, g). Locally, the coefficients of § are then close to
the coefficients of g, and similarly their inverse coefficients are close. Analogously,
when we have a perturbation that is small in C'(M,g) we can also control the
difference of the Christoffel symbols (i.e. first derivatives of the metric coefficients).
We check this in the following lemma for the benefit of any reader unfamiliar with

these ideas.

Lemma C.1 (Controlling the difference of metric tensors). Let M be a smooth
closed surface and consider metrics g, G on M. Then there exist universal constants
C1 > 0 and Cy > 0 such that around any point p € M we can find local coordinates
{x;} for which the following is true.

1. The metrics g, § are diagonal at p and we have g;;(p) = 0i;, furthermore the

partial derivatives Og;; vanish at p.

2. If lg = 9llcoqarg) < Cr, we have (at p) |gij — Gijl < |9 — Gllcoar,gy as well as
|glj _ g”| < (09 ||g - §||CO(M79)'

3. We further have (again at p) \ffj] < C2llg = Gllerar,g)-

Proof. Let p € M be given. We can choose normal coordinates with respect to
g at p. The coefficients of ¢ in these coordinates are not necessarily diagonal,
however the matrix g;;(p) is symmetric, and hence we can find an orthogonal linear
transformation to diagonalise g (at p). The coordinates obtained this way will satisfy
Claim 1.
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We now write h = g — §g. Any components of tensors in this proof are computed at

p.

We note that the first part of Claim 2 is immediate from the definition of [|-[|co(py )

1R Eogarg) = 1R (P[5 = hijhij, (C.1)

where we used g;; = d;;. We now control the inverse coefficients g7 —gv. As gij is

diagonal, so is ¢, and we find §* = (1 — hy;)~!. Thus

(C.2)

assuming e.g. |hi| < 1. Hence choosing e.g. C; = % (which implies |hy| <
19 = llcoarg) < 3 by (C.1)) allows us to estimate

19" = 3| < 2[his] < 21lg = Gllcogarg) (C.3)
establishing the rest of Claim 2 (with e.g. C7 = %, Cy =2).

The final claim is very similar. Note that the Christoffel symbols of g vanish at p.
We have

Il arg > BBy + VR, (C.4)

and can calculate Vihij = Oghij, thus ||h[|c1(y; ) controls the first derivatives of h,
in the sense that [Okhij| < [|h[|c1(pr 4. Explicitly calculating ff] yields

5 1. . _ .
k= §gkk(8jgki + 0iGkj — OkGij), (C.5)

where we used that g is diagonal at p. We note that all the derivatives Oyg;; vanish

at p, and hence we can rewrite this as

~ 1
I = §§kk(3jhki + Oihy; — Okhij). (C.6)
We bound §"* = (1 — hy) ™! < 2 using (C.1), for C; < é as before. Thus
51 < 31l eaarg) - ©n)
finishing the proof of the second claim. O

Lemma C.2. Let M be a smooth closed surface and N a smooth closed Rieman-

nian manifold, which we view as isometrically embedded N — R™. Let g, g be
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Riemannian metrics on M and v : M — N be a smooth map, viewed as a map
v: M — N — R" using the tsometric embedding. Then there exists a universal
constant C1 > 0 and a constant Cy = C2(N) > 0 such that for ||g — gllco(arg) < C1

we have the pointwise inequality
I79(v) = 73(0)| < C2llg = Gllcr arg) (IVOIG + [Volg + [V20ly). (C.8)

Proof. We choose the constant C; from Lemma C.1, and take the choice of coor-
dinates provided by Lemma C.1 with respect to g at some point x € M. In the
remainder of this proof we work at this particular point z. In these local coordinates

we find
7a(0) = 75(0) = (g7 — §)0Dy0 + GITE + (g7 — FAW) D, O),  (C.9)

where A denotes the second fundamental form of IV, and we used that the Christoffel
symbols of ¢ vanish at z and denote the Christoffel symbols of § by I'. The first two

terms on the right can now be estimated using Lemma C.1 to find
(97 = §7)0:050 + §VT000] < Cllg = Gller ang) (IV0]g +V20lg). (C.10)
To estimate the last term, we note

(97 =3")A(v) (9. 0jv)| < C(N) g = Gllcoqrg) VoI5 < CN) llg = Gllor (arg) V015,
(C.11)
using again Lemma C.1, as well as compactness of N to bound A(v) and the Cauchy-

Schwarz inequality to bound |0;v0;v| by C |Vv|§, which finishes the proof. O

Arzela-Ascoli

Proof of Lemma 4.2.19. For a definition of the spaces used, see Definition 4.2.18.
We can prove this analogously to the usual Arzela-Ascoli theorem. Assume we
are given a bounded sequence u; in C%%([0,7],X), we aim to show that we can
extract some convergent subsequence in C°([0,7],Y). First take an enumeration
{t;} of the rationals in [0,7]. At each t; we then see that the sequence u;(t;) is a
bounded sequence in X, hence we can select a subsequence of u; such that w;(t;)
converges in Y by assumption. This way we construct sequences {ui;},{uz;},...
for t1,t9,.... We then form the diagonal subsequence v; := u;; which by definition

converges at each rational time in [0, 7]. We now claim that v; is a Cauchy sequence
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in C°([0,T],Y). Note that the u; are equicontinuous on [0, 7] with respect to the
Y-norm (as a consequence of the Holder condition they satisfy), thus given € > 0
we can find § > 0 such that |s —¢| < ¢ implies ||u;(t) — u;(s)||y < € for all indices i
and s,t € [0,7.

In particular we can choose finitely many intervals Iy, of length |I| < ¢ that cover
[0,T], each containing a rational time t; € I;. Given some t € I, C [0,7T] we can

then estimate

[om (t) = on(@)lly < [lom(t5) = va(tj)lly+llom(t;) — vm@)lly +Hlva(ts) —on@)]ly < 3€

(C.12)
for m, n sufficiently large. This proves the claim (as we can apply this argument at
each t € [0,T7). O
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