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Reaching for the quantum limits in the simultaneous estimation of phase and phase diffusion

Magdalena Szczykulska," * Tillmann Baumgratz,>! and Animesh Datta?

YClarendon Laboratory, Department of Physics, University of Oxford, OX1 3PU Oxford, United Kingdom
“Department of Physics, University of Warwick, CV4 7AL Coventry, United Kingdom

Phase diffusion invariably accompanies all phase estimation strategies — quantum or classical. A preciseesti-
mation of the former can often provide valuable understanding of the physics of the phase generating phenom-
ena itself. We theoretically examine the performance of fixed-particle number probe states inithe simultaneous
estimation of phase and collective phase diffusion. We derive analytical quantum limits associated with the si-
multaneous local estimation of phase and phase diffusion within the quantum Cramér-Rao bound framework in
the regimes of large and small phase diffusive noise. The former is for a general fixed-particle number state and
the latter for Holland Burnett states, for which we show quantum-enhanced estimation of phase asywell as phase
diffusion. We next investigate the simultaneous attainability of these quantum limits'using projective measure-
ments acting on a single copy of the state in terms of a trade-off relation. In particular, we arednterested how
this trade-off varies as a function of the dimension of the state. We derive an analytical'botnd for this trade-off
in the large phase diffusion regime for a particular form of the measurement, andsShow that the maximum of
2, set by the quantum Cramér-Rao bound, is attainable. Further, we show aiumerical evidénce that as diffusion
approaches zero, the optimal trade-off relation approaches 1 for Holland-Burnett states. These numerical results
are valid in the small particle number regime and suggest that the trade-off for estimating one parameter with
quantum-limited precision leads to a complete lack of precision for the other parameter as the diffusion strength
approaches zero. Finally, we provide numerical results showing béhaviour of the'trade-off for a general value

28

of phase diffusion when using Holland-Burnett probe states.

Keywords: quantum metrology, multi-parameter estimation, quantum Fisher information, quantum measurements

I. INTRODUCTION

The central role of unitary evolution in quantum mechanics
makes phase estimation a salient problem in precision metrol=
ogy including the sensing of magnetic and electric fields,
changes in refractive index, and measurements‘of timerand
displacements. This includes some of the most challenging
tasks in physics such as gravitational wave detection [1-3] as
well as highly desirable applications such as biological track-
ing and imaging [4]. Therefore, the understanding,of the fun-
damental limits in the precision of phase/estimation,set by
quantum mechanics is a worthwhile endeavour. Single phase
estimation is well understood [5—7] and'if appropriate quan-
tum probe states are chosen then the associated quantum lim-
its provide a better scaling of the precision in the number of
particles or energy of the probe:. Additionally, these enhanced
scalings can always be attained by a suitable measurement on
the evolved probe state.

However, in real scenarios, phase,estimation schemes are
invariably affected by noise that results in the loss of quantum
enhancement. This reverts quantum=enhanced scalings back
down to that given by the standard .quantum limit [7-9]. Typ-
ical noise channels include particle loss and phase diffusion.
Substantial effort.has been invested in studying the effect of
noise on phase'estimation, both theoretically and experimen-
tally in the case of loss [10—13] as well as phase diffusion [ 14—
17]. The quantum limit(although in general not tight) on the
phase estimation precision in the presence of diffusion has
also been obtained using a variational approach [18].

Phase 'diffusion/is a dissipationless noise channel that de-

* Corresponding author: magdalena.szczykulska@physics.ox.ac.uk

scribes phas: drifts within the measurement time due to in-
teraction/ with the environment. Instead of being a nui-
sance, phase diffusion can, in fact, provide useful informa-
tion about the physical system that the quantum probe in-
teracts with. This has been labelled as decoherence mi-
croscopy [19] and has found numerous applications [20] in-
cluding thermometry [21-24], optomechanical temperature
measurements within and beyond the linearised regime [25,
26], and fundamental physics [27]. Phase fluctuations be-
tween modes of an optical interferometer are inexorable, and
can be caused by mechanical strains and thermal fluctuations
inside an optical fiber [28, 29]. Phase diffusion also arises in
matter-wave optics, particularly in confined geometries where
its precise estimation can provide information on atom-atom
interaction strength [30]. The precision of cold-atom ac-
celerometers is limited by phase diffusion resulting from ro-
tational fluctuations and gravitational forces, whose precise
estimation might help alleviate their effect [31], or be used in
precise measurement of physical constants [32]. At a more
fundamental level, phase diffusion is a parameter of interest
in gravitational decoherence models [33-35] and dark mat-
ter detection [36]. Moreover, in circumstances where these
parameters vary in time, joint estimation scheme can provide
more satisfactory results.

Numerous scenarios thus exist where a precise knowledge
of phase diffusion in addition to the phase parameter can
furnish a better understanding of the system under study.
Schemes to estimate phase and phase diffusion simultane-
ously have been studied recently. Theoretical studies on the
joint quantum-limited estimation of phase and phase diffu-
sion using a quantum state comprised of a large number of
qubits [37] have been undertaken, as well as experimental
studies on single qubit systems [38, 39]. While our work
deals with collective dephasing, models considering indepen-
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dent dephasing have also been studied in [40].

The central challenge of joint quantum-limited estimation
schemes is the possible non-commutativity of measurements
in quantum mechanics. As a result, the quantum limits may
not always be attainable, even in principle. The joint estima-
tion scenarios thus inevitably lead to trade-off relations in the
attainable precision for the different parameters. Such trade-
off relations tell us how much information can be gained about
one parameter in the expense of the knowledge about the other
parameters [41]. This is unlike the case for single parameter
estimation, where the quantum-enhanced limit can always be
attained [42, 43]. Gill and Massar derived a bound on the
trade-off relation in the joint estimation of all the parameters
characterising a quantum state of which one possesses many
copies [44]. Their bound for mixed states is derived for mea-
surements acting on a single copy of the state at a time. Re-
cently, a symmetric measurement saturating the Gill-Massar
bound was found [45]. This measurement is local and equally
extracts optimal information about all the parameters, but ap-
plies to pure states only. It is important to stress that the Gill-
Massar bounding strategy is only tight when the number of
parameters is the same as the dimension of the Hilbert space
in which the quantum state resides. Since we are interested in
the joint estimation of phase and phase diffusion — only two
parameters — using a multi-dimensional quantum probe state,
the Gill-Massar strategy is excessively lax for our purposes.
We thus develop new methods to seek tighter trade-off rela-
tions.

Our main goal is to understand how this trade-off rela-
tion depends on the dimension of the state. Holland-Burnett
(HB) [46] states form an apt example of FPN states, for this
purpose. Our strategy for obtaining the trade-off relations
for the simultaneous quantum-limited estimation of phase and
phase diffusion applies to fixed-particle number,(FPN) states.
It relies on a Taylor expansion of the full densitysmatrix in
the regimes of large and small diffusion. This leads to atridi-
agonal density matrix and a low-rank density matriX in the
large and small diffusion regimes respectively which enables
their analytic diagonalisation. This allowsas to@vercome the
fundamental challenge for calculating the quantum Fisher in-
formation (QFI) for mixed quantum states analytically — their
explicit diagonalisation. It is also important to stress that our
method differs from strategies undertaken in other works, for
instance [47] where the diffusion parameter is a constant in-
dependent of the dimension of the state. In this work, the va-
lidities of the approximations put.some dependence between
phase diffusion and/the total number of particles. Our main
results are as follows:

1. In the large phase diffusion regime, for any FPN state,
we provide an analytically closed-form expression for
the QFI matrix. See Sec. (IV A).

2. In the large phase diffusion regime, for any FPN state,
we provide/an analytically closed-form expression for
the trade-off quantity

P

TI‘[FHil] = Hill H722’

(1

2

where H and F are the quantum and classical Fisher in-
formation matrices respectively, the latter for a partic-
ular choice of separable positive operator-valued mea-
surements (POVMs). The maximum value of this quan-
tity is 2, when both parameters are estimated with
quantum-limited precision. We show that, in the large
diffusion regime, it is“possible to-attain’the optimal
trade-off relation of Tr[FH"*} = 2 foficertain FPN
states. It therefore follows that the globally optimal
trade-off relation with tespect to all diffusion values
also approaches 2 forsuch states. HB states are an ex-
ample of such states in the large particle number regime.
See Sec. (IV B).

3. In the small phase diffusion regime, for any HB states,
we provide ‘an analytically closed-form expression for
the QFI matrix. Mostdmportantly, these states allow a
quantum-enhanced estimation of phase as well as phase
diffusion. See Sec.(V A).

4. In theregime-of phase diffusion approaching zero, for
HB states of small particle numbers, we present numer-
ical evidence that the maximum value of Tr[FH '] ap-
proaches 1. This implies that, in the simultaneous esti-
mationyof phase and diffusion in this regime, when we
estimate one parameter at the quantum-limit we gain no
precision about the other parameter. See Sec. (V B).

In Sec. (II), we give the necessary background for the
Cramér-Rao inequality and define the setting of our estimation
scheme. Sec. (III) provides the structure of the QFI matrix for
our problem and the associated bound in the joint estimation
of phase and phase diffusion. Importantly, it shows that the
QFI matrix and the optimal bound are phase independent, and
that the QFI matrix is diagonal. Sec. (VI) outlines the nu-
merical results based on a simulated annealing algorithm [48]
for the joint information bound valid in all phase diffusion
regimes in the case of HB states (small particle numbers).
This bound is peaked at an intermediate value of diffusion
which, as shown in Sec. (IV B), will approach the upper limit
of 2 set by the quantum Cramér-Rao bound for a large number
of particles. Finally, Sec. (VII) concludes our work.

II. BACKGROUND

Throughout the paper, bold quantities will refer to vectors
of numbers or more generally to matrices, whereas the cir-
cumflex diacritic will denote operators.

A. Formalism

A general estimation process consists of three stages: probe
state preparation, interaction with the system containing the
parameters of interest and probe readout. After the probe
readout stage, the gathered statistics can be analysed by in-
voking an estimator function to yield an estimate of the pa-
rameters. In particular, we consider unbiased estimators for
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local estimation schemes. It is desirable that an estimator 5\1»
of the i parameter \; should have low variance. In the multi-
parameter case, variance of a single estimator is replaced by
the covariance matrix Cov of the estimators with elements
Covi; = (MAj) — (Ai)(Aj). For M repeated experiments,
Cov is lower bounded by

MCov > (F)~' > (H)™*, )

where F and H are classical and quantum Fisher information
matrices, and the first and second inequalities give the classi-
cal Cramér-Rao bound (CRB) and the quantum Cramér-Rao
bound (QCRB) respectively [49]. While the multi-parameter
CRB is guaranteed to be saturated by the maximum likeli-
hood estimator, the multi-parameter QCRB is not necessarily
so due to the possible non-commutativity of optimal measure-
ments [41]. Matrices F and H have the elements

Z O, (py) a)\j (py)

F.. =

3)

Y

and
H;j = Re[Tr[6xLiL;]] 4)

respectively, where gy is the evolved probe state which de-
pends on the vector of parameters A and p, = Tr[[T,d] is
the probability associated with the y™ measurement outéome
given by the POVM element fIy Re is the real part and L; de-
notes the symmetric logarithmic derivative (SLD) correspond-

ing to parameter \; obeying
2050 = Liox + oxLi. (5)

The elements of H can be written in terms ‘of the eigenbasis of
the density matrix o) = ), Ei|ex)(ex| with eigenvalues Fj,
and eigenvectors |ey ), leading to

Or(En)Ox (En
Hi; =Re |y MEn)O( )+4§me

n T— n,m 6
X (Bt B W ler) |-

Therefore, calculating QFI requires, diagonalising the density
matrix which can be a challenging task for high rank matrices.
See Appendix (A) for a derivation of Eqn. (6).

B.. Probe system

In this work, we consider joint estimation of two parame-
ters, phase ¢ and collective phase diffusion A. The investi-
gated system is showadin Fig. (1). In our studies, the probe
system is a pure FPN state with a total number of 2K parti-
cles. The mathematical representations of such a state and the
special case of HB states are

2K
[WrpN) =Y an|n, 2K —n) (7)
n=0

AUTHOR SUBMITTED MANUSCRIPT - QST-100151.R2

1 OpH va
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(a)

K) 0ol os |-
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HB =@ ! !

LY 1 i
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Figure 1. Schematic diagram of the investigated system (a) with a
general FPN state — g, has the form of Eqn. (10) and (b) with
the special case of HB states — gsa has the form of Eqn. (11) or
Eqns (12). HB states are generated by acting with the unitary Uus
on two modes (associated with annihilation operators ¢ and d) con-
taining'equal number of particles K. In photonic systems, this corre-
sponds to interfering two equal Fock states on a 50/50 beam splitter.
It is,also worth noting that U¢ and A commute and therefore the
order in which phase shift and diffusion channel are applied is irrel-
evant.

and

2K

[WrB) =Y badnagln, 2K —n) (8)

n=0

respectively, where ¢ € Z{0 : K}. The normalised complex
amplitudes, a,, = |a,| e, satisfy 3225 |a,|* = 1 and b, =

(2n)!I(2K — 2n)!/ (25n!(K — n)!) is a special case of a,,
which takes non-zero values only for even terms.

The propagator of ¢ is a unitary transformation of the form
[7¢ = ¢!%" where 7 is the number operator. The collec-
tive phase diffusion channel, 75, is a random phase shift dis-
tributed according to a normal distribution of width A which
acting on the probe state g;, gives

. PR 1
oA = UA(fin) = NGETN

+oo 2 " N
/ dee 257 U iUl (9)

Its effect is to exponentially erase the off-diagonal elements of
the density matrix which also means reducing the information
content about the parameters from the probe state.

The n™ component of the input FPN state acquires the
phase term of ¢”? and after passing through the phase diffu-
sion channel, the overall state becomes mixed. The resulting
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density matrix is of the form,

9K ,
N N . A% A/
0=0rpN = E anal, P =5 (nmn)Ty

n,n’=0 (10)
x |n, 2K —n)(n', 2K —1'|.
The particular instance of HB states can be written as
2K ‘ L N
OHB = Z On,2q0n’ 2¢'bnbnr elo(n—n') =4 (n—n")?
2
n,n’=0
x |n, 2K —n)(n', 2K — |
Y
or equivalently
K
i / 2 Ay
onp = bybyy 210 —n) =285 (n=n")" o
HB Z )

n,n’=0

X [2n,2K — 2n)(2n’, 2K — 20/,

where {¢,q¢'} € Z{0: K}.

III. ATTAINING THE QUANTUM LIMIT

When solving the SLD equation, Eqn. (5), for a general
evolved FPN state, o, it is useful to work in the basis that
contains all the phase information, so that the resulting den-
sity matrix contains only real elements. Thi$ representa-
tion is given in Appendix (B). In this basis representation,
Th.x.p0) = @0 |n 2K — n) where 6, is the phase
of each component of the input FPN state, the derivatives of
0 with respect to ¢ and A are imaginary and real respectively.
The SLD equation is a Lyapunov equation and since, 0 is a
positive matrix, it has a unique continuous'solution[50]

. N
L—:z/ dte=2 Ay, per®, (13)
0

where )\; labels the different parameters and'in our case, ¢ = 1
and 7 = 2 correspond to ¢ and-A respectively. From this form
of the solution, we can conélude that.L, and L are imaginary
and real respectively in the basis of [T, x ¢.9). With this and

using Hermiticity of SLDs; ﬁl and Ls can be expressed as,

2K
Ly =i 3 0o allnk00) T ko0l (14)
n,n’'=0
and

2K
EQ: Z gn,n’,A‘F7z,K7¢,9><Fn/7K7¢79

n,n'=0

; 5)

where {fn,n’,A, gn,n’,A} S §R’ and fn,n’,A = _fn,’,n,A and
In.n'.A = Gni.n,A- Since all the phases can be absorbed in the
basis and according to Eqn. (4), the QFI elements are basis

4

independent, the whole QFI matrix is ¢ independent. Addi-
tionally, the off-diagonal elements of the QFI matrix are nec-
essarily zero since trace of the product of two teal matrices
and one imaginary is imaginary as a result of whichrthe real
part is zero. Therefore, the QFI matrix for phase and phase
diffusion for any input pure FPN state'is of the form

o H11 0
H_< . H22>, (16)

where subscripts 1 and 2 refer to'¢ and A, as noted earlier.
Hy1 and Hosy correspond to,the maximum information con-
tent in the individual estimation of ¢ and A respectively. Ob-
taining a general closed-form of the quantum limits for this
system is a difficult task because the evolved density matrix
has the rank of (2K 1) for FPN and (K + 1) for the special
case of HB states, and the diagonalisation of such matrices is
a challenging problem for arbitrary K. To obtain a better un-
derstanding, we derive analytical expressions in the regimes
of large and smallphase diffusion. For intermediate values of
phase diffusion, we employ a numerical approach to solve for
the SLDs and calculate the QFI (see Appendix (C)).

The limits’on the covariance matrix set by the QFI are not
necessarily attainable in multi-parameter estimation scenar-
ios due to the possible non-commutativity of optimal mea-
surements. A sufficient condition for saturating the QCRB is
[il, IA/Q} = 0 which does not hold for a general FPN state or
the special case of HB states. This implies that the optimal
POVMs in the individual parameter estimation constructed
from the eigenvectors of the SLDs do not commute in gen-
eral and will not saturate the two-parameter QCRB. A weaker
condition, which is sufficient and necessary, for saturating the

multi-parameter QCRB is Tr [@ [ﬁl, ﬁg” = 0. However,

we numerically found that this quantity is non-zero for some
fixed particle number pure states. We found numerically that
it is zero for HB states for particle numbers up to 158, but
we lack a general analytical proof. Additionally, to fullfil the
multi-parameter saturability condition given by the expecta-
tion value of the commutator of the SLDs, it is necessary
to consider multiple copies of the state and collective mea-
surements. Although such strategy can bring further enhance-
ments in the attainable joint precision [38, 40], it is harder to
treat theoretically and implement experimentally [51]. There-
fore, as a first step, we restrict ourselves to single copies of
the state only. Additionally, we choose the class of projec-
tive measurements as they optimise the FI of the associated
probability distribution [44, 52].

The figure of merit that we consider in this work is the trace
of the covariance matrix which for our two parameter case, ¢
and A, is minimised when the off-diagonal elements of the
FI matrix are zero. We can therefore compute how close the
minimum variances of the estimators for phase and phase dif-
fusion parameters (Varp;, (¢) and Varp, (A) respectively) as-
sociated with a given measurement compare with the QCRB
by considering the ratios of the corresponding diagonal ele-
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ments of the FI and QFI matrices. This is given by

F F:
Te[FH '] = =2 + -2
Hy,  Hy (17)
B Hl—ll H2—21
MVarmin ((b) MVarmin(A)

which is the bound studied in this work. The higher the bound,
the higher precision we can attain about the two parameters
simultaneously. Its upper limit is set by the QCRB which
in the case of our two-parameter estimation problem gives
Tr[FH '] < 2. This quantity has been considered in previous
works such as [38, 44, 45].

The optimal bound Tr [FH™']  with respect to all projec-
tive measurements, similarly to the QFI, is ¢ insensitive. The
reason is the following: the phase dependence of the bound
arises because the input state 9;,, acquires phase in the unitary
transformation U, = €'**. If some optimal value of phase
which maximises the bound in Eqn. (17) is changed by an
amount ¢ due to a unitary transformation Us = ¢ we can
always reverse the action of this unitary by applying U ¢ Lin
our optimal measurement. As a result, the optimal bounds
depend only on the particle number and the phase diffusion
parameter.

Though highly desirable, the maximisation of Tr[FH ]
over all projective measurements is in general exigent. /Fhis
is partially due to the lack of knowledge of the closed form
of the QFI for a general phase diffusion parameter and parti-
cle number, and partially due to the need to optimise over a
complex space containing 2d — 2 parameters, whereid,is the
dimension of the Hilbert space of the input probe state, factor
of two accounts for the fact that we have real and imaginary
parameters and subtraction of two accounts for normalisation
and global phase. We therefore, explore this aspect analyti-
cally in the regime of large (for a general FPN state) and small
(for the special case of HB states) A, and provide numerical
results for the general A regime (for HB statgs).

IV. LARGE DIEFUSION REGIME

The off-diagonal elements.of the FPNadensity matrix in
Eqn. (10) decay exponentially in"AnIf A'is sufficiently large,
we can neglect all the off-diagonals except for the one (k™ off-
diagonal) that is closest to the main diagonal and contributes
non-zero elements. This approximation corresponds to Taylor
expansion of g to the ordér of 2k? in &= e=A%/4 about z =0
which results in the approximate, tridiagonal density matrix,

2K
oA = Z ana;/ ei¢(n—n') xQ(n—n/)Z

n,n’=0 (18)
X (57L,7z,’ + 6n,n’ik‘) X

X |n,2K —n)(n',2K —n/|,
where. subscript LA identifies the large phase diffusion ap-

proximation. The case of k = 1 corresponds to an FPN state,
where the first off-diagonal contributes non-zero elements and

AUTHOR SUBMITTED MANUSCRIPT - QST-100151.R2
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Figure 2. Diagonal, QFI matrix elements as a function of K for HB
states in the large phase diffusion approximation. K is the particle
number in each of the two input modes of the unitary generating the
HB state (see Fig. (1)). Both Hy1 and Hs2 are increasing functions
of K as expected from Eqn. (21) and Eqn. (22). The accuracy of the
analytical expressions gets worse as K increases which is expected
fromythe validity constraint in Eqn. (20). In general, the approxima-
tion_for Hyo is less accurate than for Hy; due to the factor of A2
appearing in Eqn. (22) as explained in the main text.
L

this is.the last off-diagonal of the density matrix that we keep.
The instance of £ = 2 corresponds to a state, where the first
off-diagonal has all zero elements and the second off-diagonal
contributes non-zero elements, and therefore this is the last
one that we keep. HB states are a good example of the k = 2
case, where in fact only even numbered off-diagonals con-
tribute non-zero elements. Also, in the case of HB states,
ap = b% On,2q as defined in Eqn. (8). The approximation in
Eqn. (18) is valid when

2 2K
AFPN) — 1 <> 19
& \/(k+1)2 W {19

AWHB) > 1/éln (I;) (20)

for a general FPN and the special case of HB states respec-
tively, where f is the allowed relative error on the density ma-
trix (see Appendix (D) for details). This shows the /In (K)
dependence on the threshold value of A for the desired rela-
tive error.

and

A. Quantum limit

In order to get an intuition for the form of the SLDs in
the large A approximation, the SLD equation described in
Eqn. (5) can be solved for small values of K. This gives us
an ansatz for the SLDs for ¢ and A, IA/LLA and IA/ZLA respec-
tively, shown in Eqn. (E1) and Eqn. (E2) of Appendix (E). The



©CoO~NOUTA,WNPE

e
[Ny

U OO AR DMBEMDRAMDIMBAEADIAEMDIMNDMNWOWWWWWWWWWWNDNNDNNNNNNNRPRPRERREREREPR
QOO NOURRWNRPOOO~NOUORRWNPRPOOONOUOPRARWNRPOOONOODURAWNRPOOO~NOOODWN

AUTHOR SUBMITTED MANUSCRIPT - QST-100151.R2

—— Analytical large A QFI curve
O Numerical QFI data points

5

10 K=10
8 410
o
(@]
ge!
T 0
é 10 15 10
(O]
L 10710
2102} =
T 1020

25
10 1030
1 2 3
A
10°%0 ‘ ‘ ‘ ‘

1 1.5 2 2.5 3 3.5 4
Phase diffusion A

Figure 3. Semi-log plot of the diagonal QFI matrix elements as a
function of A for HB states in the large phase diffusion approxima-
tion. H11 and Ha2 show an exponential decrease with respect to A as
expected due to the exponential erasing of the off-diagonal elements
of the density matrix. We present the y-axis on the logarithmic scale
to show that the QFI elements go to zero at large A. A complemen-
tary, linear plot of the QFI as a function of A is shown in Fig. (13) of
Appendix (G) which magnifies the calculation error at smaller phase
diffusion values. The analytical approximations show a good agree-
ment with the numerical data. At X = 25 and A = 1, the relative
error of the analytical values with respect to the numerical values of
Hi, and Ha; are 1.6% and 4.9% respectively. This behavioar im-
proves at larger A values and at K = 25 and A = 1.2, the relative
errors reduce to 0.3% for H11 and 0.9% for Hos.

SLDs are accurate to the order of z2%” which can be proven by
substituting them into the left and right hand sides of the SLD
equation to verify that the equality holds within the approxi-
mation. This is shown in Appendix (E). It is worthunoting that
the presence of the factor of A in ﬁg’LA decreases its order of
accuracy from 2k to z2k* 447 In(4)

The resulting QFI elements, H11 1A and BQ’LA, are given

by

2 _4k? X |an|*lanty]?
H — 4k E L, 21
kA ! ek Ian|2 'an—k|2 @b

‘an‘2|anfk|2

2K
2
Hyppn = 4K A% Z | (22)
n—==k

| + |an—k|?’

where the sum§ above aremupper-bounded by 1/2 (see Ap-
pendix (F)). For HB states, this can be attained in the regime
of large K. Thissupper bound implies the loss of quantum en-
hancement in the large phase diffusion regime as at some point
increasing the particle number in the input probe state will
have no‘influence on the precision of our estimation scheme.
The exponentialidecrease of 1 1A and Hop 1 A With respect
torA. is to be expected since the effect of phase diffusion is to
exponentiallyrerase the off-diagonal elements of the density
matrix. Again, the accuracy of Has 1 A is decreased from L

6
17 —— Analytical large A bound curve ! !
O Max. numerical bound points at A=1
1.6+ 1
< 15¢ J
5
20
g 1.4
—a 1 )
‘? <1°‘ 1.8
o 137 e 4 T
2] =16
& 1.2} s .
B2
1.1} = 1
500 1000 1500
1 K
1 2 4 46 8 10 12

Number of particles K

Figure 4. Joint information bound in estimating ¢ and A simultane-
ously as a function of K for HB states in the large phase diffusion
regime. The main plot compares the analytical bound in Eqn. (25)
with the optimal bound/at A = 1 found using the simulated an-
nealing‘algorithm. The two methods show a good agreement which
suggests that the POVM defined in Eqn. (24) and Eqn. (23) is indeed
optimal in the special case of HB states for the investigated small
K regime. The inlay plot displays the analytical bound for a higher
range/of K values in the case of HB states. It shows that the bound
approaches the upper limit of 2 set by the QCRB for large K. At
K = 1500, the analytical bound is 1.97.

2 -2 2
to i~ 10 (2%) que (o the presence of the A? factor. The

calculation of the H1; 1A term is shown in Appendix (F).
The analytical quantum limits given in Eqn. (21) and
Eqn. (22) are compared with the values obtained using a nu-
merical routine developed in MATLAB (see Appendix (C))
for HB states. The resulting curves are shown in Fig. (2)
and Fig. (3). Further, we provide a numerical phase diffu-
sion validity plot in Fig. (11) of Appendix (D), also for HB
states. The plot shows the threshold values of A for which the
approximation is valid as a function of particle number (K)
when the maximum allowed relative error (6 H;; /H;;) is 0.05.

B. Trade-off relation

To find the maximal joint information bound for
our problem, we are required to maximise Tr [FHfl]
with respect to all projective measurements |v,) =

S rymeXvnn, 2K — n) which form a POVM set
{|vy)(vy|} for the considered Hilbert space. We perform such
an optimisation in Appendix (H) in the large A regime. For
any FPN state with coefficients a,, = |a,,| e, the phase Xyn

of the optimal projectors must satisfy
Xy,n = Xy,nfkrfl - 2Xy,n7k - enfkfl + 297747’(3 - Hn (23)
Additionally, we assume that the magnitudes r, ,, of the opti-
mal projectors are equally weighted which gives
1

Tymn = .
2K
VE 1

(24)

Page 6 of 22
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This last choice in Eqn. (24) is motivated by the results from
the simulated annealing algorithm which searches through the
space of projective measurements to maximise our bound for
HB states. The numerics is performed in the small particle
number regime and shows that the bound becomes A inde-
pendent for large values of A (see Fig. (9) of Sec. (VI)). The
associated optimal projectors have the structure as given by
Eqn. (23) and Eqn. (24).

The resulting bound, Tr[FH*I], in the simultaneous esti-
mation of ¢ and A in the large phase diffusion regime is

Ly OCasy lanllan—x|)?
Tr[FH '] = 5=k PRI (25)
n=k [an[?+|an—k|?

See Appendix (H) for derivation. This bound reaches the
QCRB for two-parameter estimation, i.e. Tr [FH™'] = 2,
when |a,| = |an—x| for n € Z{k : 2K}. This shows that
the globally optimal bound with respect to all diffusion values
will also approach the QCRB for such states. For HB states,
the condition |a,| = |a,—x| coincides with the large particle
number (K) regime. Plot of the bound in Eqn. (25) as a func-
tion of K in the case of HB states is shown in Fig. (4). The
inlay plot shows the asymptotic attainability of the QCRB at
large K, whereas the main plot shows the comparison with
the numerical optimization routine based on the simulated an-
nealing algorithm. At large values of A, the analytical bound
in Eqn. (25), obtained using the POVM defined in Eqn/(23)
and Eqn. (24), provides a good agreement with the numerical
data in the case of HB states. However, an analytical proof
of the optimality of this POVM for a general FPN state in the
large phase diffusion regime remains an open question.

V.  SMALL DIFFUSION REGIME

Our analysis for the small phase diffusion regime, is re-
stricted to the special case of HB states. In this regime,; we per-
form a Taylor expansion of the HB density mattix in Eqn. (12)
to the second order in A for H1; and to the'fourth order in A
for Hoy near A = 0. The reason for thefourth order Taylor
expansion in A in the case ofiHgy is to ensure'that the corre-
sponding SLD equation, 20 9= ﬁg@ + @ﬁg, 1s accurate to at
least second order in A as we'lose onerorder in A on the left
hand side due to the differentiation with respect to A.

The Taylor-expanded forms of the'evolved HB density ma-
trix to the second and fourth order in'A are respectively

K
brsa= Y bubu (1928 —n')?)

n,n'=0

(26)
X [2nd2K — 2n)(2n’, 2K — 2n/|

and
K
@2,SA= Z bnbn/ eQid:(nfn’) X
n,n’=0

x (1 —2A%(n —n)? +2A%n —n')*)x
X |2n,2K — 2n)(2n/, 2K — 2n/|,
27
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Figure 5. Diagonal QFL matrix elements as a function of K for HB
states in the small phase diffusion approximation. As expected, H11
and Hso are inereasing functions of K showing the approximate
Heisenbergscaling'of. K. The approximation gets worse at larger
K values for a given A as expected from the validity constraints in
Eqns(28). In generaly H»2 is more accurate than H1, because in this
case.the density matrix of the probe state is Taylor expanded to the
fourth order in,A rather than second order in A.

220 ! ! —— Analytical small A QFI curve
O Numerical QFI data points
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Figure 6. Diagonal QFI matrix elements as a function of A for HB
states in the small phase diffusion approximation. Both Hi; and
Hy, are decreasing functions of A in this regime. For a given value
of K the approximation gets worse at larger A which agrees with
the validity constraints in Eqn. (28). At K = 20 and A = 0.02, the
relative error of the analytical values with respect to the numerical
values of Hq1 and Ha2 are 9% and 2% respectively. The accuracy
improves at smaller A values and at K = 20 and A = 0.018, the
relative errors reduce to 6% for H11 and 1% for Hoas.

where subscript SA identifies the small phase diffusion ap-
proximation. The validity of the approximation is evaluated
by comparing the last kept non-zero term with the first ne-
glected non-zero term. When expressing ¢ as 01,sa this cor-

responds to A% < 1/(n — n/)°. This can be further tightened
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by taking (n — n’) = K which gives

1
A’ < —

el 28)

The equivalent validity constraint can be derived for g2 sa
which has the same form as Eqn. (28) but with an extra factor
of 3/2 in front.

Expanding Eqn. (26) and Eqn. (27), we get a set (W) of 3
linearly independent vectors describing 91 sa and a set (WV»)
of 5 linearly independent vectors describing g2 sa. The ele-
ments of sets V; and W, are defined as follow,

Wi = {|w1) , [ws), [ws)} (29)

and
Wy = {|w1) , [wa), [ws), [wa) , [ws)} (30)
where [uwg) = 3,_gn* ) with [pn) =

b, €397 |2n,2K — 2n). See Appendix (I) for the proof
of linear independence of the elements of sets WW; and W;.
Since 91 sa and P2 sa are spanned by 3 and 5 linearly inde-
pendent vectors respectively, they can be expressed as 3 x 3
and 5 x 5 dimensional matrices if an appropriate orthonormal
basis set is chosen. This is crucial since it overcomes the
problem of diagonalising a (K+1) dimensional matrix.
The orthonormal sets can be found by orthonormalising
the vectors {|wi), |wa),...,|ws)} using the Gram-Schmidt
procedure and they are denoted by Vi = {|v1), |ve), |vs)}
and Vo = {|v1), [v2), |v3), [va),|vs)} for 01 satand 0o sa
respectively. The Gram-Schmidt procedure and-its, results
are shown in Appendix (J). Given V; and V,, we can mow
perform the basis change of 91 sa and g2 ga.by applying

N
& =" Trllu;)vila] o) s, 31)
i,j=0
’ N

where N is the number of basis vectors forming a complete
set. The resulting 3 x 3 and 5 x 5 density matrices, written in
the basis V; and Vs, are

bypy, 07 b3
Oisa=( 0 b2 O (32)
biz 00

and

¢1 0/ c13 0 c5
0 C29 0 C24 0
@é,SAZ i3 0 ec33 0 0 |, (33)
0 Cog 0 0 0
C15 0 0 0 0

where by;, € R and ¢;; € R and these matrix elements are
functions of /& and A only. The exact forms of the entries in

8

terms of K and A are given in Appendix (K). It is worth not-
ing that the reduced matrix elements have no ¢ dependence,
whereas the orthonormal basis vectors defining these matrices
have no A dependence.

A. Quantum limit

Diagonalisation of matrices in/Eqn. (32)-and Eqn. (33) is
greatly simplified due to their sparse structure. Inyparticular,
0 sa can be expressed as a direct sum of 22 and 1'x 1 matri-
ces, whereas 0} s, as a direct sumiof 3 x 3 and 2 x 2 matrices.
The diagonalisation of thése matrices,reveals that one of the
eigenvalues of 9} 5 and two eigenvalues of 05 g5 are neg-
ative up to the order.of A% and A® respectively. Therefore,
they are zero within our small phase diffusion approximation
and they do not contribute towards reconstructing our Taylor
expanded density,matrices. .Consequently, @/1,5 A 1s a rank 2
matrix and g}, 4, rank 3matrix within the small phase diffu-
sion approxiniation. See Appendix (K) for details of the di-
agonalisation procedure and the results. The alternative form
of the QFI expression in terms of the eigenbasis of the density
matrix, given in Eqn. (6), can be used to find Hy; and Hao
within the small diffusion approximation. The resulting diag-
onal QFI matrix elements (when keeping second order in A
terms only).corresponding to the HB probe state are

Hyisa = 2K (K +1) — (2K (K + 1))2A%, (34)

and

1

Hapsa = 2K (K +1) 2(2K(K +1))%2A%, (35)

The first of these expressions shows that the presence of phase
diffusion diminishes the precision attainable in the estimation
of phase. This has been anticipated before [7, 14—16, 38], but
we now provide an exact expression for HB states. The sec-
ond expression shows that it is possible to achieve a quantum-
enhanced estimation of the phase diffusion parameter. This
is because the QFI for A scales quadratically with K, while
any classical strategy with K particles will only lead to a QFI
scaling at most linearly in K. Figures (5) and (6) show the
comparison of the obtained analytical expressions in Eqn. (34)
and Eqn. (35) with the numerical data points. Additionally,
numerical phase diffusion validity plot for this approximation
is shown in Fig. (14) of Appendix (K).

B. Trade-off relation

The trade-off relation in the limit of A — 0 for an
arbitrary POVM set {7, } composed of projectors |v,) =

K iXyn ;
Yoo Tym € v |20, 2K — 2n) is

Page 8 of 22
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K . / 2 2 K N2 2
9 K Zn,n’:O Ry nn SN (Oy ) (n—n')) +4A Zn,n’:o Ry n.mr €08 (Oy o) (n=nl)
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(36)

- K(KJrl)Z

where Oy, = (Xynw — Xyn+26(n—n')) and
Ry nn = TynTynbnby . The term independent of A corre-
sponds to Fi1/Hy;1, whereas the remaining term containing
the factor of A2 corresponds to Foo/Hay. Details of the
derivation are given in Appendix (L). Equation (36) shows
that in the regime of A — 0, to attain high precision about
A, we require some A dependence in the POVM to reduce
the effect of the A? factor appearing in the Fyy term. Without
knowing this further structure of the optimal POVM, standard
maximisation seems to be a challenging task.

To gain some intuition of what the trade-off relation might
be as A — 0, we present numerical results based on a sim-
ulated annealing algorithm performed in the small particle
number regime. The results suggest that the bound in the joint
estimation of phase and phase diffusion using HB states ap-
proaches 1 as A approaches 0. Figure (7) shows this tendency
with the smallest sampled A of 0.01.

Although the diagonal elements of the QFI matrix (H14 and
H>s) reach maximum at A = 0, the above mentioned numeri-
cal results (performed for small particle numbers) suggest that
the opposite is the case for the joint information bound.

As an example, we consider the canonical phase measure-
ment POVM [53, 54], corresponding to a projection onto the
phase state [¢0) = >~ €™ |n), which for our two mode HB
probe state has the form,

1 .
lvy) = N Z:: "™ |n, 2K = n). 37

This POVM was suggested in Ref. [37] as an ©Optimal mea-
surement for estimating both phase anddiffusion in the large
particle number regime using the cosine state.

The canonical phase measurement has no A dependence
and therefore for our scheme, according to Eqn. (36), the FI
of the diffusion parameter gets vanishingly small as A — 0.
However, it is still possible to extract'some information about
A using this POVM_f A'is notitoo small. We numerically
simulate the performance/of this measurement in our estima-
tion scheme for A ‘=, 0.01 and particle number (K) regime
between 1 and 80. The results presented in Fig. (8) show that
in the high particle number regime (considered within the sim-
ulation), we can, extract significant information about both ¢
and A.

VI. TRADE=OFF FOR INTERMEDIATE DIFFUSION

The analytical understanding of the trade-off (valid for ar-
bitrary A values) in the joint estimation of phase and diffusion

K
y=0 Zn,n’:O

Ry nn €08 (Oy,n,n)

A=0.01

0.02 0.04 0.06 0.08 0.1
A

Figure 7..Bound on the joint estimation of phase and diffusion for HB
states, numerically optimised with respect to orthonormal proejctive
measurements. K labels different particle numbers. The main plot
shows that the bound Tr [FH_I] as A — 0 for the considered K
values. The inlay plot shows the optimal bound as a function of K
for the smallest sampled A of 0.01.

1 T . :
Canonical phase measurement, - g—ﬁ
A=0.01 — 5—2’;
0.8+
0.6
S5
0.4+
0.2}
O 1 1 1
0 20 40 60 80

Number of particles K

Figure 8. Numerical results with the canonical phase measurement
POVM at A = 0.01. In the high particle number regime (consid-
ered within the simulation), the POVM gives significant information
about both phase and diffusion with the total trade-off Tr [FH '] of
approximately 1.06.

for a general FPN state and in the special case of HB states re-
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Figure 9. Numerical optimal join information bound for HB probe
states for different A and K values obtained using the simulated an-
nealing search algorithm. The bound peaks at some intermediate dif-
fusion value (between 0.3 and 0.4) for the considered particle num-
bers.
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Figure 10. Globally maximal joint information bound with respect
to all A values plotted as a function of K for HB states.

mains an open question. However, the large diffusion analysis
shows that for FPN states,with equally weighted magnitudes
the joint information bound approaches 2 which is the upper
bound set by the QCRB. For HB states, this corresponds to
the large particle number fegime. Since this is true in the large
diffusion regime and Tx'[FH '] < 2 then it has to also apply
to the globally/maximal bound across all diffusion values for
such states.

We used a simulated annealing algorithm to perform a nu-
merical gearch on the space of projective measurements to
maximise the joint\information bound at a given A and K
value in the case/of HB states. The results are shown in
Fig. (9) and Fig. (10). The bound peaks at intermediate values
of A (between 0.3 and 0.4) for the considered K values. As
K increases, the numerics suggests that this maximal bound
alsodincreases but at a decreasing rate for higher K values.

10

As explained at the beginning of this section, we expect this
maximal bound to reach the upper limit of 2 set by the QCRB.

VII. CONCLUSION

In any physical system, noise ptocesses are always present
and to be able to include themwin theestimation schemes is
an important step towards real-life, robust metrology. In fact,
in many circumstances, noise itself may be the parameter that
we require to gain the knowledge of.. This brings us to the
situation, where the simultaneous{estimation of unitary and
non-unitary parameters.is of interest. The presence of non-
unitary parameters (noise) typically makes the analysis of the
system much harder sinee one has to deal with mixed states as
opposed to purestates.

In this work, we studied the problem of quantum-limited
joint estimation of phase and collective dephasing in the
framework of QCRB using FPN states. The QFI for our sys-
tem is 4 diagonal matrix whose elements are derived in the
regimes of large.(for a general FPN state) and small (for the
special case of HB states) diffusion by performing Taylor ex-
pansion of the evolved density matrix in the appropriate limits.
The results age shown in Eqn. (21), Eqn. (22), Eqn. (34) and
Eqn. (35).

We inyestigated how closely the precision promised by the
QFI can be attained when one tries to estimate phase and
diffusion simultaneously by performing projective measure-
ments acting on a single copy of the state. In particular, we
were interested how this attainability is affected by the dimen-
sion of the state which in the instance of HB states is equal to
K + 1. Although the QFI is attainable in the individual esti-
mation of parameters [41], it is not necessarily so in the joint
estimation schemes due to the possible non-compatibility of
optimal measurements. This gives rise to bounds quantify-
ing how much information can be gained about one parameter
in the expense of the knowledge about the other parameters.
Such bounds are of fundamental importance in quantum me-
chanics and therefore worth pursuing. They were studied in
previous works for different schemes [38, 44, 45] and defined
by Tr [FH_l]. In general, the QFI as well as the optimal
bound are phase independent.

We analytically derived such joint information bound for
phase and collective diffusion in the large diffusion regime
(for a general FPN state) by assuming the optimal POVM
to be composed of projectors with components of equally
weighted magnitudes. The choice of this POVM was moti-
vated by the results from the simulated annealing algorithm
which searched through the space of projective measurements
to maximise the bound for the special case of HB states. The
POVM and the associated bound are shown in Eqn. (23),
Eqgn. (24) and Eqn. (25).

The analytical bound in the small phase diffusion regime is
more difficult to derive due to the more complex structure of
the optimal POVM. We expect this POVM to contain some
diffusion dependence in order to obtain significant FI for the
vanishing diffusion parameter as A — 0 (see Sec. (V B)). We
therefore used our numerical results for HB states (performed

Page 10 of 22
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in the small particle number regime) and found that, in this
regime, the bound Tr [FH '] gets close to 1 as A — 0. We
also found that if diffusion is not too small then it is possible
to obtain significant FI for both ¢ and A with a POVM which
is A independent. This is the case for the canonical phase
measurement where our numerical results, performed at A =
0.01 and for particle number (K) between 1 and 80, show
exactly this for higher K values.
Our main conclusions are:

1. The QFI matrix in the small phase diffusion regime
shows that HB probe states can achieve nearly Heisen-
berg like scaling not only for phase, but also for diffu-
sion in the instances where the second order in diffusion
terms are very small. This is promising for areas where
estimation of small diffusive noise parameters is of in-
terest such as thermometry and optomechanics.

2. In principle, quantum-limited simultaneous estimation
of phase and phase diffusion is possible in the large
phase diffusion regime for FPN states whose compo-
nents are of equal magnitude. However, the quantum
limits themselves decrease exponentially with diffusion
and therefore, this is of practical importance in the in-
stances where we are limited to such states. Never-
theless, this result advances the analytical understand-
ing of this simultaneous estimation scheme. Addition-
ally, it shows that the globally maximal bound across all
diffusion values, which may or may not coincide with
the large phase diffusion regime, will also saturate the
QCRB for such states.

3. As diffusion approaches zero, our numerical simula-
tions for HB states suggest that one‘cannot achieve the
quantum-limited precision for both parameters and the
associated trade-off relation, Tr [FH_l], approaches
one. Therefore, the individual estimation of parame-
ters is always favourable in such instagces. However,
the simultaneous estimation is/Sometimes unavoidable,
for instance in imaging, and it is important to have the
knowledge of the associatedlimitations. This numerical
evidence still awaits an analytical understanding.

While this work provides several.results on the simultane-
ous estimation of phase and phase diffusion, and the relevant
framework for further studies of quantum-limited estimation
schemes in the presence of noise;we close with some imme-
diate open questions:

1. The QFL.matrix for, HB states and general FPN states
for arbitrary diffusion strength.

2. Analytical joint estimation bound in the small, and ide-
ally, in arbitrary diffusion regimes.

3. Structure of the optimal POVM in the small, and ide-
ally, in'the general diffusion case.

4. Proof of optimality of the POVM in Eqn. (24) in the
large diffusion regime.

AUTHOR SUBMITTED MANUSCRIPT - QST-100151.R2
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5. Translation of the optimal POVMs into feasible exper-
iments enabling optimal joint estimation of phase and
diffusion.

6. Finally, the problem of estimating phase diffusion in
the presence of loss and phase{[55] is identifiable with
the estimation of 75 and 7} times in spin systems [17],
while the quantum-limited"estimation of,phase diffu-
sion simultaneously with multiple, phases [41, 56-59]
also remains unaddressed.
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Appendix A: QFI matrix elements in terms of the eigenbasis of
he density matrix of the probe state

The following is a proof for the alternative formula of the
QFI matrix elements (H;;), given in Eqn. (6), in terms of the
eigenbasis of the density matrix of the probe state. The SLD
equation given by Eqn. (5) is the so called Lyapunov matrix
equation which has a solution

o
L= 2/ dte= 0t 9y oxe L, (A1)
0
Writing 0 in its eigenbasis, o0x = >, Exlex){ex|, and ap-

plying the deﬁnition of an exponential function, e~ =
el 0( Q*t we get

- €m a)\iéz\ €En
Li=2}) %lemﬂenk (A2)

ﬁiﬁj can therefore be written as

r T <€m|aki@)\|6n>
R Py
n,m,n (A3)
(edOrrlen)
En’ + En m n’|-
Writing g» in its eigenbasis form, the following expression
for oxL;L; can be obtained,

2 oa €m|a/\ Oxlen)
oaL;L; =4 E,
2 En g
n,m,n (A4)
<en|a)‘_7@A|GnI> Ie ><€ /‘
En/+En m n’|-
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Taking the trace of the above expression and using the eigen-
basis form for Ox,0x, i.e. Ox,0n = Y, Ox, Ekler)(ex| +
Ek|6)\16k><8k| +Ek‘6k>< , we get

——= X

(Ey + Em)? (AS)
X <6nm8)\1En + (En - Em)<8,\len|em))><

X (5n,ma)\j Em + (Em - En)<a)\] 6m|6n>).

Multiplying the brackets, using Oy, (e |em) = (O, €nlem) +
(€n|0x;em) = 0 and taking the real part of the resulting ex-
pression, the required formula for H;; is

H;; = Re[z 46’\1' (E"L);%‘j (En)
B Em)2 (A6)
+12 Bn BT E

X (en|Ox,em)(Ox, €mlen)].

Appendix B: FPN state in the phase dependent basis

Complex amplitudes, a,,, of ¢ can be written in the exXpo-
nential form as a,, = |a,| €%, where 6,, € {0, 27}. With this,
0 can be expressed as,

2K

= 2 fonllen

X e_T X
X |n,2K —n)(n', 2K — n/|.

¢(rL n')+0,—0,, ]

(BT)

(n—n')?

All the phases can be absorbed into the basis,of o'and the
same is true for its derivatives. Thetefores operating in this
new basis, |y, k.6.0) = el (@7 +0n) | 2 KA 1), all the matrix
elements of ¢ and Oa ¢ are positive, and.all the elements of
040 are imaginary. The corresponding matrix representations
are,

2
[T rc.6.0)(Unr K.00],

2K N2
o= lanllay| B
n

n,n/=0
(B2)
2K )2
8¢Q—1nnz/on—n)]an||an/\e = X B3)
Xl k,0,0) (T 001
2K oy 52 (i
Ind = fAng/:O(n —n')|ap||an]e” % B

X | i,0,0) (Dnr 1,000 -

12
Appendix C: Quantum Fisher information numerical routine

The numerical routine for calculating QFI relies on vec-
torising the SLD equation, given in Egn. (5), so that it be-
comes

2(0x,0) = [6 @T + 1 @ 0"y, (C1)

where 1 is the identity matrix./¢ can be written inyits eigen-
basis representation as 9 = VDV, where'V is the matrix of
eigenvectors of ¢ and D is the corresponding diagonal matrix
of eigenvalues. Similarly, 0T can berexpressed as V*DV'T.
Therefore, the right hand side of Egn. (C1) becomes

oI +1o"L:) =4

=[(VevLah(VievT)

+ (Veu (I D) (Ve V)|L)
= (Vi@ V*)(D®I+1® D)V e VL.

(C2)

|L;) can therefore befound by taking the inverse of D ® I +
I ® D so thatit can be written as

[y =2V @V*)(DRI+I0D) " (VaV*)1)|os,0). (C3)

The fumeticdl QFIs can then be found by putting |L;) back
into its matrix form and substituting it into Eqn. (4).

Appendix D: Validity of the large A approximation

We evaluate the error associated with the large phase dif-
fusion approximation by considering norm one of the matrix
composed of the neglected elements of the original density
matrix 0 (Eqn. (10)). Therefore, the error € can be expressed
as

2K

€= Z ‘@n,n’ - éLAn,n/|

n,n’=0

2K (Dl)

= 3 Janllan]a®m,

n,n’ =0,
n#£n’,
n#n’+k
where we used the fact that the magnitude of the complex ex-
ponential is 1. We can overestimate the error by setting the
power of x to the lowest possible number, (n—n')pin = k-+1,
which corresponds to the first off-diagonal that is negligible
within the approximation. For the special case of HB states,
k = 2, butalso (n—n")min = k-+2 since only even numbered
off-diagonals contribute non-zero elements to the density ma-
trix. With this, the errors for a general FPN state and for the
special case of HB states (where a,, = b% On,2q as defined in
Eqn. (8)) are respectively

2K
((FPN) §x2(k+1)2 14 Z lan | |an| (D2)
n,n’=0,

n#n'+k
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and

(D3)

K
=2 | 1+ > bubw

!
n,n =0,

n#n’£1

The summation term in Eqn. (D2) and Eqn. (D3) consists of
two sums, one positive szi':o |an| |an/| and one negative

2 fo: i |@n] |an—x|. To further overestimate the error, we can
set the negative part of the summation to zero. Additionally,
to get a closed form of the error in terms of K, we can over-
estimate the error even further by setting |a,| = |a,/|. This
is due to the arithmetic-harmonic mean inequality for posi-

tive numbers, (|a,| + |an/|) /2 > 2|an]| |an/|/ (Jan| + |an’]),

which can be re-written as |a,||a,/| < |an|2 + |an \2 /2

with equality when |a,,| = |a,/|. The amount by which the
errors are overestimated gets worse when k£ > 1 since some
of the coefficients a,, are zero. We can account for this in the
case of HB states by reducing the Hilbert space from 2K to K
as shown in Eqn. (D3). We therefore get the following efrors

2K
(PPN < 2007 L1 37

n,n’=0

(D4)
= 2Kx2(k+1)2
and
cHB) < K32, (D5)

We evaluate the validity of the approximati(kby defining the
error € (equations (D2), (D3), (D4) and (D5))'as some frac-
tion f of the sum of the elements of the otiginal density matrix
0. Therefore,

2K 2K ,
_ _ 2(n—n')
n,n . n .
e=f D lonwl =D lanllan |z (D6)
n,n’=0 n,n’=0

We can tighten our error bound by using the lowest possible
value of Eiﬁ':o | 0nn/{Whichis 1. This effectively demands
our error to besmaller than.that given in Eqn. (D6) and re-
defines it as,

e=Tf. (D7)

This translates to the following regimes of A within which our
approximation isvalid,

2 2K
AFPN) —1 () D8
& \/(k+1)2 W (b9)
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Figure 11. Phase diffusion/numerical validity plot within the large
phase diffusion approximation for HB states. The figure shows the
threshold values,of A as a function of particle number (K) when the
highest allowed relativerror on the QFI is 0.05. K = 1 case is not
shown/as it already gives a tridiagonal density matrix and therefore
an exact solution valid for all A.

- 4
or in terms of the coefficients of the state a,,

AFPN) > 2 X
“V k+1)?
- (DY)
1
x |ln 7 -1+ Z |an| |an|
n,n’=0,
n#n'+k
and
1 K
AHEB) > [Z (= D10
>y /ghn 7 (D10)
or in terms of the coefficients of the HB state b,,
1|1 K
(HB) - il I
A > g 7 1+ > buby || (@I

’
n,n’ =0,

n#n'+k

Eqn. (D8) and Eqn. (D10) show the /In (K') dependence on
the threshold value of A for the considered relative error f.

The exact numerical validity plot for the actual QFI is
shown in Fig. (11) in the case of HB states. It shows the min-
imum values of A as a function of particle number (K') when
the highest allowed relative error (6 H;; / H;;) is 0.05.
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Appendix E: SLD matrices in the large diffusion regime

In the large A approximation, the SLDs for a general FPN
state are given by the following expressions,

2K
Ina = 212 S - n')ania*n/
7 n,n'=0 |a"|2 + |an/|2

’ (E1)

X ei¢(n—n') 5n,n’:|:k><
X |n,2K —n){n’', 2K —n/|

and
Loia =
2K ot
2 /
= —2k2Ax?¥ Z 7271 T X
o —0 lan]?® + |an| (E2)
. PO ’
% elqﬁ(n n’) 5n,n’:tk><

X |n,2K —n)(n',2K —n/|,

where subscripts 1 and 2 refer to ¢ and A respectively.
The above SLDs can be substituted into the SLD equation,
Eqn. (5), to check that these are the correct solutions within
the approximation. Firstly, we perform such verification for
ZA;LLA. The left hand side of the SLD equation is,

2K
2040LA = 21 Z anat, (n—n') =) x
n,n’=0
% :EQ(TL—n’)z (6n’n, n 6n’n,ik)x
X |n,2K —n)(n', 2K —n/|
L, 2K
= 2ig?k Z anay, (n—n')x

n,n’=0

(E3)

X ei¢("_"/) 5n,n’:|:k X

x |n, 2K —@y(n 2K —1'|,

where 6, ,» does not contribute any non-zero terms due to the
factor of (n—n’) appearing intheSummation. To calculate the
right hand side of the SLD equation, we require expressions

for oraLqLa and Ly 1 A0LAs

oLaliia =

2K anlan |*ar,

i S igp(n—m) >
lan)2eh |an|?

= 2ig?*" (n—=n')
n,n’ ,m’'=0

! o ’\2
X x2(n ”) (5n’,m’ + 6n’,7rL’ik)><
X By ak |1, 2K — n)(m/, 2K — m/|

2K
. 2
= 2ig?" g (n—n')x
n,n’=0
* 2
An G|y, VR
n¥n | n | el¢(n n’) 6n,n’ikx

|an|? + lan|?
x |n,2K —n){n’, 2K —n/|
(E4)

14
and
Litaoia = (daliia)t =
, 2K
= 2ix?F Z (n—n')x

n,n'=0 (E5)

* 2

ana’n’|an| el¢(n7n ) 5n,n’:|:k><

|an|? + |aw ?
X |n,2K —ny(n', 2K —n/|.

In obtaining Eqn. (E4) and Eqn. (ES), we keep terms of order

up to 22k’ only. Thedight hand side of the SLD equation is a
sum of Eqn. (E4) and Eqns(ES) and hence

@LAELLA + f/1,LA§LA =
2K
= 21$2k2 Z (i~ TL/) ana:/(|an|2 + |an"2) X
|an|? + |an[?

n,n"=0

. 7
X e“ﬂnin ) 6n,n’:|:k><

X |n,2K —n)(n',2K —n/| (E6)
& 2K
= 2ip?* Z (n —n)anay, x
n,n’=0
% ei¢(n—n’) Sk X
X |n,2K —n)(n',2K —n/|

which is equal to Eqn. (E3) i.e. 204014 . Therefore, Eqn. (E1)
gives the correct expression for L;;a up to the order of
2?k* = e=2k*A%/4 A similar proof can be constructed for

Lo 1A, however, here the order of accuracy is attenuated from
2 2 —2
22K o 22K —4A 7 In

A.

(2) due to the presence of the factor of

Appendix F: QFI elements in the large diffusion regime

The following is the calculation of Hiiya, QFI corre-
sponding to the individual estimation of phase, in the large
diffusion regime for a general FPN state. Firstly, we calculate

LY1as
(L)’ =
2K
2
= 4z (n—n")(n" —m')x
n,n’,m’'=0
ana’,|an|? (F1)
X 2 2m 2 2y X
(lan]? + lan [*)(Jan [* + ams]?)
X eiqﬁ(n—m/) 6n,n’:ﬁ:k5n’,m’ﬂ:kx

X |n,2K —n)(m',2K —m/|.
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With this,

oa(Lipa)? =
2K

_ 74x4k2 Z

l,n,n' ,m’'=0

(n—n")(n —m')x

al|an|2|an"2a:ﬂ %
(lan|? + lan*)(|an [* + am:[?)
« elo(l=m") p2(1=n)*

X

X Onn/+k0n’ m/ k(01,0 + Ol ntk) ¥
x |1, 2K — 1) (m!, 2K — |
2K

Z (n—n)(n —m)x

n,n’ ,m'=0

(F2)
= —4z*

anlan|?lan|a,
2 2 2 2 X
(lan[? + an ) (Jan |* + |am:?)

« el¢(n—m’) g

X

n,n’ikén’,m’ik X

X |n,2K —n)(m',2K —m/|,
where in Eqn. (F2), terms of order higher than x4k2 are ne-
glected as explained in the main text. The total neglected term
is given by dqg,

(Sq(z, =
2K

= 4t Z

! —
l,n,n’ ,m=0

(n—n')(n' —m)x
al\an|2|an/|2a;
(lan]? + [an ?)(Jan |2 + |am|?)
% eld(l=m) xz(z—n)Q %

xon(F3)

X O’ £k0n’ ma kO ntk X
x |, 2K —1)(m,2K — m).

Taking the trace of the neglected térm in}qn. (F3) gives
zero and therefore neglecting terms of order higher than 24k’
contributes no error to the actual QFL Taking the trace of
Eqn. (F2) gives,

Tr[ova(Lipa)?] =
2K

= 4a* Z (n =m)?

Ly
(g lan |2)? "

2, 4k? - lan|*|@n—x|”
=4k*x UL’ i
,; (lanl2fan—x|?)? (F4)

2K
|an’—k‘4|an’|2 )

— @ i |* + an?)?

+

— 42 4k22 |an|?|an—k|? '
Jan|? + |an—k[?

As all'the terms in the above expression are real then this is
alsotequal to 11 .a. The same procedure can be performed
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Figure 12. The summation term{A) in Eqn. (F4) gets close to 1/2 at
large K. For K = 1000, A= 0.49.

to calculate Hos 1A, QFI corresponding to the individual esti-
mation of Axln this case, the neglected term also contributes
zero to the,actuab QFL

We/ can upper-bound the summation term, A =

2K 2 2 2 2 . .
ank lan|®|an"%l"/ (|an| + |an—| )’ appearing n
Egn:,(F4). by noting that the terms inside the sum have the
form of the hgrmonic mean and therefore,

2K
1 lan|? + |an—_x|?
< = - " F5
<3 E_ 5 (F5)

with the equality when |a,,|? = |a,—|? for n € Z{k : 2K}.
Further, we can expand the sum on the right hand side and
re-group its elements to give

AL (|Clo|2+ A lagk |2+ |ag? + ...+ a2k k). (F6)

Using Z “olan|?* =1 we get

1 1k—1
A<= = 2 _nl? F
<5 =3 2 (lanl® +lazkc—nl?) (F7)

n=0

which gives the upper bound of 1/2 when Zﬁ;é(|an|2 +
a2 —n|?)/4 = 0.

For HB states, the upper bound of 1/2 is reached when
(Ibo|? + |bk|?) /4 = 0. This condition and hence the upper
bound is asymptotically reached when K gets large as shown
in Fig. (12).

Appendix G: Complementary QFI plot to Fig. (3)

Fig. (13) shows a linear plot of the QFI as a function of A
for large phase diffusion values.

Appendix H: Trade-off in the large diffusion regime

We consider orthonormal projective measurments act-
ing on a single copy of the evolved FPN state, given in
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Figure 13. Complementary figure to Fig. (3) showing a linear plot of
the QFI as a function of A for large phase diffusion values. Addition-
ally to the curve, we plotted the sampled A points for the analytical
QFI expression (crosses) to magnify the calculation error for smaller
A values.

Eqn. (10). Such a measurement can be realized by a POVM
set {|vy)(vy|}, where

2K
o) =D rym e n, 2K —n) (H1)

n=0
with 7y , € R{0 : 1} and X, ,, € R{0 : 27}. The complete-

ness relation, Zji{o |vy) (vy| = i, and the normalisation give
the following constraints respectively,

2K
Z TynTyn el(Xy’"_Xy’n/) R 5n,n’ (H2)
y=0 \ |

16
and
2K
dort. =1 (H3)
n=0

The probability associated with thé,y” outcome and its corre-
sponding derivatives with respeet to ¢'and A are given by,

py = (vyloralvy)

2K
=3
n=0

— (H4)
| 2K
22 Z Ty Ty.n<k|Gn||Gn—k| COS(Oy n. k)
n=Fk
2K
k2
8¢py = — 2]61;2 gTy7nry7n_k‘an‘|an_k‘X (HS)
& X 8in (O n k)
and
| 2K
2 A2k
Oapy = — 2k*Ax ;rymrym_k|an||an_k|x H6)

X 08 (Oy n k),

where ®y,n,k = (Xy,nfk - Xy,n +0p — O + kd)) Us-
ing Eqn. (3), the resulting elements of the Fisher information
matrix, F1; and Fss, corresponding to the individual estima-
tion of ¢ and A are given by,

2K . 2
(Zn:k Ty,nry,n—klannan—k‘ S1n (ey,n,k))

) 2K
F11 = 4k2$4k Z
y=0

Ziﬁo (T§,n|an\2) + 222k Ziﬁk (ry,nry,nfklan”anfk‘ CO8 (Qy,n,k))

2K 2 H7)
o a2 2K (Zn:k Ty,nry,n—k|an||an_k|sin (®y7nk))
=4k Z T -
y=0 En:O Tym |a7l|
and
X SR Ty |an||an—k| cos (© ) ’
o 1A AN2, 4K n=k "yn"yn—k|n||0n—Fk yn,k
Fogg 44072 Z 2K (.92 2 ok 2K 5
v=0 \ 2n=o0 (?“y,n|an| ) 4 2028 30 (ry Ty n—k|an||an—k| 08 (Oy k)
2K 2 (H8)
CIVIE: 2K (En:k Ty.nTyn—k|@n||an—k| cos (Qy,n,k))
=4k* Az Z T - ’
y=0 Zn:O Tym an‘
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where we neglect orders higher than 2%’ (o obtain the final expressions. The trade-off, Tr [FHfl]
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17

= Fi1/Hi+ Foa/Ho, is

calculated using quantum limits found in Eqn. (21) and Eqn. (22). It is

2K 2K

y 0 Zn 0 yn|a"|2 n,n’'=k

Z Ty nTym—kTyn Tyn—k|On|[@n—k||@n||an -] X

X (S0 (O n k) SIN (O 17 k) + €08 (Oyin i) €OS (Oyirsi))) (H9)

- Z ( ™ "’ k Ty Tyn—kTyn Ty —k|Gnl|an k|| an||an k] cos (Oyg k=

where s = Z” i lan?lan—k?/ (|an]® + |an—k|?) and to
get the final expression, we used the identity cos (a — b) =
cos (a) cos (b) + sin(a)sin (b). Since s, 7y, and |a,| in
Eqn. (H9) are positive then the trade-off is maximised when

cos (Oy nx — Oy n k) = 1. Further, assuming projectors
whose coefﬁcients have equally weighted magnitudes i.e.
Tym = 1/ 2K 1 1, we get the trade-off as given by Eqn.
(25).

Appendix I: Linear independence of the elements of sets JV;
and W,

Sets W and W, are described in Eqn. (29) and Eqn. (30):
Their elements consist of vectors |wg) = Zf;o n* =1 on)
for k = {1,..., N}, where N (number of vector elements)
is 3 for W; and 5 for WW,. We are interested in a Situation,
where (K + 1) > N since the size of the density matrix in
the number basis is (K + 1) x (K +1). A set is linearly
dependent if one of the vectors in the set ean be expressed
as a linear combination of the other vectors. If.none of the
vectors is linearly dependent then the set is@aid to be linearly
independent. Mathematically, the linear independence can be
stated as ~

N K
k—1
PREED IS &
= n=o (I
iff e,y = 0fork =41, ..., N}.
The above condition can be re-written as

> (FEhio-0

n=0
iff ¢ 9= Ofork = {1,..., N}

and since vectors ¢, (= b,e?*"|2n,2K — 2n), n =

{0, ..., K'} are‘orthogonal then the condition for linear inde-
pendence can be further simplified to

N
Z ooyl
k=1

forn =H0y..., K'}
iffe,_1 = 0fork ={1,..., N}.

=co+cin+ 02n2 + ...+ anN =0
(I3)

@y,n/,k)>

We, therefore, obtains(# % 1) distinct, simultaneous equa-
tions, corresponding to cases.n' = {0, ..., K}, with N un-
knowns. However, thefirst equation (n = 0 case) imposes
condition ¢y =n»0. Therefore, after solving for the first
N equations we will,obtain two equations relating two un-
knowns, but.there will bera contradiction because the two un-
knowns (in each of the two equations) will be related by a
different constant factor because the coefficients in front of
cr—1. take different values for each equation. Therefore, if
(K +1).> N then Y~ ¢ 1nF~! can only be satisfied if
¢r—1 = 0fork = {1,..., N} as required by the linear inde-
pendénce cofidition.

2K
Zn =0 y,n|an‘

(

To see this, we can consider an example of W; set con-
taining N = 3 vectors and K = 2. We get the following 3
simultaneous equations,

00:0
co+c1+cea=0 I4)
Co+201 +462:0.

It is clear that if ¢y = 0, as required by the first equation in
(I4), then the remaining two equations, will be in contradic-
tion.

Appendix J: Gram Schmidt procedure and the orthonormal sets
V1 and V;

The first vector |wy) of sets Wy and W, given in equa-
tions (29) and (30), is already normalised and therefore, it can
be taken as the first element |v;) of the orthonormal sets V;
and Vs. The remaining vectors are found using

| Wk 1) —

lfwt1) =

|Vk+1) =
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The Gram Schmidt procedure produces the following or-
thonormal basis set,

lv1) = Z |on)s

n=0

) = 2o = B)len)
[T _o(n + K)
BVEX (0= )2 - K(K + 1)lp)
lvg) = 7
VIE o+ K —1)

K
|vg) = —v2 (K — 2n)x (12)
VIE o0+ K —2) 250

X (24 (-=3+ K)K + 16n(n — K))|¢n),

K 3
v2 (T & —n)

R VT o(n+ K — 3) 10 w0
~32K(2+ (K —1)K)n
+32(2+ K(5K — 1))n?

— 256 Kn® + 128n%)|p,,).

A S

Appendix K: Small diffusion regime: reduced HB density
matrix entries and diagonalisation procedure

In the small A approximation, the, HB density matrix can
be Taylor expanded to thé second and fourth order in A about
A = 0, as shown in Eqni(26)and Eqn. (27). The entries of
07 sa (see Eqn. (32)) in texms of /K and A are

A2
b =B - K(K +1),

(K1)

18
and the entries of 05 g5 (see Eqn. (33)) are
ci1 =1+ ?—;K(K—&— 1)x
x (=16 + A?(—2 + 9K (K + 1))),
13
T a2 (K2)

A2
Co2 = —?K(K +1)X
x(=4+ A (A2 + 3K (K +1))),

4

5
CQ4:_E K(K +1) Un—i—K—Q
3AYY
C33 — 5 H(n+K* 1)
n=0
The eigen?alue equation corresponding to @’LS A can be
written as

bir 0 bi3 T1 x1
0 b22 0 i) = E(l) ) s (K3)
b13 0 0 I3 I3

where E() and |e)) = z1|vy) + x2|vs) + 23]vs) are the
eignenvalues and eigenvectors (the basis vectors are given in
Eqn. (J2)) of 9] g5 The matrix equation gives 3 simultaneous
equations of the form

bi1x1 + b33 = E(1)331
bQQIQ = E(l)l‘g (K4)
blg.Tl = E(l)xg

The second equation in (K4) gives the first eigenvalue and
eigenvector of

EW = by (K5)
and
) = u2). (K6)

The remaining two equations form a 2 x 2 matrix with eigen-
value equation

birn biz\ (21 ) _ ) [ 71
o) (2)-="(0) o

and characteristic polynomial of (E(1))2 —by; E() —b2,. The
resulting eigenvalues and the corresponding eigenvectors are

E(l) b11 \/b%l +4b2
Eél) bll + \ bll + 4b13

(K8)
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and

(1)

E
ey = 2o} + o)
13

EW

1

le5”) = 2 lv1) + [ua).
13

(K9)

Eigenvectors |egl)> and |e§1)> need to be normalised by di-
viding them by the magnitude of the vectors. E%l) and |e§1)>
contain terms of order up to A2, however, Eél) and |e§1)>,
and Eél) and |e§1)) contain also terms of higher order. Ad-
ditionally, eigenvalue Eél) appears to be negative, however,
further Taylor expanding this eigenvalue reveals that it is in
fact zero within the approximation. Taylor expansion of the
eigenvalues and eigenvectors to the second order in A about
A = 0 results in the following eigenvalues and normalised
eigenvectors,

B = by
(1) _
E21 =0 (K10)
EY = by
and
ef) = [va)
1
€é1)> == —b13|’l}1> + |1}3> (Kl 1)
‘ez(a )> = —|v1)—b13|vs).

These eigenvectors and eigenvalues reconstruct the HB den-
sity matrix accurate to the second order in A. Therefore, Tay-
lor expanding the evolved HB density matrix to the,second
order in A about A = 0 in fact produces, a rank 2 matrix
within the approximation which can be usedwhen calculating
Hy,. Note that neglecting the higher order terms fits within
the original constraint of A? < 1/K?2.

The same procedure is appliedito @’275 A Which can be de-
scribed by the following 5 simultaneous equations,

ey + crsys egys =BPy,

Casy2 + coliya = By

c13y1 +@3308 =By (K12)

C24Y2(= E(2)y4

casiiy =B ys}
where E?) and [e®)) =gy [v1) + y2|va) + y3|v3) + yalva) +
Ys|vs)) arethe eignenvalues and eigenvectors of 05 g . Since
y2 and gy occur only in the second and fourth equation of
(K12) and y1, y3 and ys5 in the first, third and fifth equation of

(K12) then'g! 9. safCan be written as a direct sum of 2 X 2 and
3 x 3 matrices with the following eigenvalue equations,

C22 C24 Y2 - E® Y2 (K13)
SYRY Ya Ya
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and
C11 €13 Ci5 Y1 Y1
cis ez 0 ) | ys | =E® Ls [0 AK14)
c5 0 0 Ys Ys
The 2 x 2 matrix gives eigenvalues
E® 2=V Gyt 4c3,
22 2 (K15)
E£2) _ G2 + 4cs,
2
with the corresponding eigenvectors
E(2)
67 =) + ua),
2 (K16)

E®

2

1657) =2 [v2) + |va),
C24

where the eigenvectors need to be normalised by dividing
them by the,vector.magnitude.

The 3 x 3'matrix has a characteristic polynomial « of the
form of a cubic equation

o = /i(JE(?))3 +1(E@)? £ mE® 4, (K17)
where k = —1,1 = (c33 + c11), m = (—ci1¢33 + ¢35 + ¢33)
and m =/=c?5c33. The resulting eigenvalue solutions and the

corresponding eigenvectors are

g®-_1 <l+uiC+ o )

i 3k u; C (K18)
and
(2)
@, _Ei
le; ™) o |v1)
1 (£)?  enB? , K19
C13 C15 ! C15 s
+|U5>a

where i = {3,4,5}, u1 = 1, up = (—1+1iv3) /2, us =

(—1-1v8) /2.0 = (G + V=278 /2>1/3’ Go= (-~
3km), (1 = (203 — 9klm + 27k*n) and ( = (18klmn —
ABn+12m? — 4km? — 27k2n2). This time, eigenvalues E;z)
and Ef) appear to be negative, however, Taylor expanding
the eigenvalues to the fourth order in A about A = 0, we get

EP =0
EY) =y
K1+ K)(—2+ K(1+ K))A*
ED — ¢, 4 KL (1+K))
32 (K20)

EP =0

2
Eéz) = 5033-
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Figure 14. Phase diffusion validity plot for the small phase diffusion
approximation for HB states. The figure shows the threshold values
of A as a function of particle number (K') when the highest allowed
relative error on the QFI (6 H;; / Hy;) is 0.05.

The corresponding normalised eigenvectors expanded to the
fourth order in A are not shown since they are complicated
functions of K and A. The zero eigenvalues and the corre=
sponding eigenvectors do not contribute when reconstructing
the density matrix accurate to the fourth order in A. The re-
maining non-zero eigenvalues (E;Q), E§2) and Eéz)) and. the
corresponding eigenvectors reconstruct the density matrix ac-
curate to the fourth order in A when using their full forms
given in Eqn. (K15), Eqn. (K16), Eqn. (K18)and Eqn. (K19).
The reason to use the full forms is that the eigenvectors (cor-
responding to ESQ), E§2) and EE()Z)) contain A~*'terms and
therefore higher order terms in the expansion are required to
ensure that we do not lose the fourth order terms in A due to
cancellations.

These eigenvalues and eigenvectors‘can then be used to
calculate the diagonal elements of the QFI matrix by using

J

20

Eqn. (6). These elements are given in Eqn. (34) and Eqn. (35)
of the main text.

Fig. (14) represents the phase diffusion validity,plot for the
small A approximation. It shows the maximumvallowed phase
diffusion values as a function of K when the highest allowed
relative error on the QFI (6 H;;/ H;) 15 0.05.

Appendix L: Trade-off in the joint estimation of ¢ and’' A for HB
statesas A — 0

Similarly to the approach taken when calculating the trade-
off in the large phase/diffusion{approximation (shown in
Appendix (H)), we use the HB density matrix expanded to
the second order i A aboutyA” = 0 (Eqn. (26)) and a
complete POVM et {a,} composed of projectors |v,) =
S rym e Xun|2n 2K —2n) to calculate the probability
associated with the g otit€ome. The probability and its cor-
respondingiderivatives with respect to ¢ and A are,

py = {Uglo1 salvy)

K
= > Rynwx (L1)
0

n,n’=

Y o (1 —2A%(n —n')?)cos (Oynn ),

K
Dppy = — 2 Ry (1 —2A%(n —n')?)x
oDy Z: g (n=nx
X (n—n')sin (O nn)
and

K

Oapy =—A48 Y Ry (n—n")?c0s Oy ), (L3)

n,n’=0
where Oy = (Xyn — Xyn+2¢(n—n')) and

Ry nn' = TynTynbnby . The associated diagonal elements
of the Fisher information matrix, F1 and Fss, corresponding
to the individual estimation of ¢ and A respectively are,

K [4 (Zf,n/:o Ry nn sin(Oy ) (n —n') (1 —2A%(n — n’)2>)2

= S0 0 R €08 Oy ) (1= 282 (n = /)?)

2
4 (200 Ry 50 (O ) (n = )

(L4)

and

y=0 ZnK,n/:o Ry nn €08 (Oynn')
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Fa=¥ 1682 (S0 g Ry €08 (Oy0,00) (0 — )
22 =
y=0 ZnKm’:O Ry nnr €08 (Oy nnr) (1 —2A%(n — ”/)2)
(LS5)

-3

2 (K n2\?
K [ 16A (Zn,n’:O Ry non €08 (Oy ) (n—n') )

K
y=0 Zn,n/zo

Ry v €08 (Oy )

where the approximations are made assuming that A — 0 so that terms containing 2A? (n — )2 are negligible compared to 1.
Using the QFI expressions found in Eqn. (34) and Eqn. (35) and assuming A — 0 so that terms containing 2K (K + 1)A? are

negligible compared to 1, we can compute Tr [FH™"|

Tr [FH '] =

2 2
0 (T e By sin (O ) (1= 1)) 4482 (L8 Ry €08 (Oy.00) (0 — ')’

(L6)

- K(K+1)y§ K

n,n’'=

The A term appearing in the trade-off in Eqn. (L6) cannot be
simply neglected (by invoking A — 0) because we require
to compare terms of the form: sin (©y /) Sin (O 1 m’)
and 4A? cos (O n.n/) €08 (Oy mm/) (n— 1) (m —m/). If
the phase of the POVM has some A dependence thengit is
not straightforward which term dominates. In fact, to obtain
significant Fisher information for the diffusion parameter for

0 RZ/»”%"' cos (ey,n,n’)

(

decreasing valuesof A, we would expect some A dependence
inithe POVM to reduce the effect of the A? factor. Without
knowing further structure of the optimal POVM, standard op-
timisation isa difficult task to perform. However, the numeri-
cal results based on the simulated annealing algorithm suggest
that as”A" — 0 the trade-off approaches 1 (see Fig. (7) of the
main text).
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