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Abstract

In this thesis we study low-dimensional stochastic volatility interest rate mod-
els for pricing and hedging exotic derivatives. In particular we develop a stochastic
volatility Markov-functional model. In order to implement the model numerically,
we further propose a general algorithm by working with basis functions and condi-
tional moments of the driving Markov process. Motivated by a data driven study,
we choose a SABR type model as a driving process. With this choice we specify
a pre-model and develop an approximation to evaluate conditional moments of the
SABR driver which serve as building blocks for the practical algorithm.

Having discussed how to set up a stochastic volatility Markov-functional
model next we study the calibration of a LIBOR based version of the model with
the SABR type driving process. We consider a link between separable SABR LIBOR
market models and stochastic volatility LIBOR Markov-functional models. Based on
the link we propose a calibration routine to feed in SABR marginals by calibrating
to the market vanilla options. Moreover we choose the parameters of the SABR
driver by fitting to the market correlation structure.

We compare the stochastic volatility Markov-functional model developed in
the thesis with one-dimensional (non-stochastic-volatility) swap Markov-functional
models in terms of pricing and hedging Bermudan type products. By doing so we
investigate effects of correlation structure, implied volatility smiles and the intro-
duction of stochastic volatility on Bermudan type products.

Finally we compare Quasi-Gaussian models with Markov-functional models
in terms of specification and calibration. In particular we study Quasi-Gaussian
models formulated in the Markov-functional model framework to make clear the
relationship between the two models.

X



Chapter 1

Introduction

In this thesis we work in the area of interest rate models. There are three popular
categories of term structure models for pricing and hedging interest rate derivatives
in practice. They are short rate models, market models and Markov-functional
models. Among them, short rate models (1970s) are the earliest term structure
models. They were very popular and are still used nowadays in practice because of
their tractability. In a short rate model the dynamics of the short rate, which is an
instantaneous spot rate and not observable in the market, is specified. So they are
low-dimensional models. In LIBOR (swap) market models (1997), the dynamics of
a set of contiguous market observable forward rates - LIBORs (swap rates) - are
specified. Market models are high-dimensional models even when driven by a single
Brownian motion. An advantage for market models is that they allow for calibration
to the well-known Black’s formula for vanilla options. A Markov-functional model
(2000) is specified via the dynamics of a Markov process. In a Markov-functional
model the zero coupon bonds, which are underlying assets in the interest rate mar-
kets, are a function of the Markov process. Besides the above interest rate models,
Heath-Jarrow-Morton framework (1992) models the entire forward rate curve di-
rectly and, without appropriate conditions being imposed on the volatility of the
instantaneous forward rates, this framework can be non-Markovian and infinite di-
mensional.

In this thesis we focus on Markov-functional models. Markov-functional mod-
els were introduced by Hunt et al. [37]. Usually in a Markov-functional model, the
economy is driven by a low-dimensional Markov process which is referred to as the
driving process, and the zero coupon bonds are a function of the driving process. In
that sense Markov-functional models are similar to short rate models. However in a

short rate model, the pricing formula for zero-coupon bonds is given to us. In con-



trast, in a Markov-functional model, the functional forms for zero-coupon bonds can
be determined numerically by feeding in marginal distributions of a set of contiguous
LIBORs or swap rates. In principle given a driving process, any marginal distribu-
tions can be fed into the model. As a result Markov-functional models have more
calibration advantage than market models since in addition to the Black’s formula
Markov-functional models allow for calibration to implied volatility smiles/skews of
vanilla options by feeding in appropriate marginal distributions of LIBORs (swap
rates). In fact there is a link between Markov-functional models and market models.
Bennett and Kennedy [7] compared a one-factor separable LIBOR Market model to
a one-dimensional Markov-functional model driven by a Gaussian process calibrated
to the Black’s formula for caplets, and the two models turned out to be very similar
numerically.

The vast majority of the research on all these term structure models is in
the non-stochastic volatility setting, and this is especially true for Markov-functional
models where we have not found any article in the literature on the stochastic volatil-
ity extensions. One main contribution we make in this thesis is the development of
a stochastic volatility Markov-functional model.

Typically in a valuation model, the evolution of the underlying asset prices is
described via a diffusion process. In a non-stochastic volatility model the volatility
of the underlying asset, i.e. the coefficient of the diffusion term, is a deterministic
function of the current asset level and time. For example the volatility function of the
Black-Scholes [8] model is a constant. In contrast, in a stochastic volatility model,
the volatility function is driven by its own SDE and at least one extra (correlated)
Brownian motion. There are a number of empirical studies showing that volatility is
stochastic in reality in the interest rate markets; see [15], [49] and references therein.
But does this justify adding the extra complexity to a model for derivative pricing
and hedging? Without stochastic volatility the set of distributions we can get for
the underlying asset is constrained and does not match reality. In particular it does
not have heavy enough tails. Dupire [19] introduced a local volatility model and
pointed out that a suitable choice of the local volatility function allows one to fit
the marginal distribution of the underlying asset derived from the market prices of
European options. However as Hagan et al. [31] pointed out, without stochastic
volatility the joint distributions of the underlying asset are not a good reflection
of reality. The joint distributions of the underlying assets are very important for
pricing and hedging path dependent derivatives such as Bermudan swaptions in
practice.

In the literature, we have found many short rate models with stochastic



volatility. See, for example, [24], [49], [18], [12], [5] and references therein. After
that, over the last two decades, many studies about stochastic volatility extensions
to LIBOR market models have been developed. See, for example, [65], [55], [61],
[23] and references therein. But market models are high dimensional so that it
is difficult to implement their stochastic volatility version. These articles about
stochastic volatility extensions focused on the development and calibration of the
models.

In this thesis we study stochastic volatility Markov-functional models. We
provide a background introduction in Chapter 2. The basic interest rate products
and derivatives are introduced briefly. We also give an outline of the popular term
structure models appearing in the literature.

In Chapter 3, we begin with a review of Markov-functional models with
a Gaussian driving process introduced by Hunt, Kennedy and Pelsser [37]. We
introduce an algorithm for implementation of Markov-functional models with a
Gaussian driver. We then develop a stochastic volatility Markov-functional model.
Kaisajuntti and Kennedy [44] identified a two-dimensional SABR type model as an
appropriate choice for the level of rates by investigating market data. This moti-
vates us to choose a SABR type model as the driving process. The two-dimensional
algorithm for the specification of a Markov-functional model with a Gaussian driver
and additive pre-model discussed in [38] relies heavily on the Gaussian assump-
tion. This algorithm can not be used for the stochastic volatility Markov-functional
model since we do not have explicit knowledge of the transition density function
of the SABR driving process. To implement the model numerically, we propose an
algorithm which works with conditional moments of the driver distribution based
on an approximation introduced by Kennedy et al. [47]. By working with basis
functions and conditional moments of the driving Markov process, we calculate and
store three (conditional) expectations which can be seen as building blocks. The
model can be implemented based on these building blocks. The algorithm we de-
velop is not specific to a Gaussian driving process and could be modified to apply
to all one- and multi-dimensional Markov-functional models.

In Chapter 4, we study the calibration of the stochastic volatility LIBOR
Markov-functional model developed in Chapter 3. As we discussed earlier, the
specification of a driving process is separated from the marginal distribution of
LIBORs at their setting dates in the associated forward measure, which can be
seen as an unusual feature for interest rate models. Thus the calibration issue
for the stochastic volatility LIBOR Markov-functional model involves choosing the

parameters for the SABR driving process and the marginals of LIBORs implied by



the input prices of the set of digital caplets which will be fed into the model.

The separation of a driver and marginals provides more flexibility for a
Markov-functional model. But this may also cause an issue. A mismatch of a
driving process and marginals could potentially lead to nontransparent dynamics of
forward LIBORs and could result in an unstable evolution of the implied volatility
surface. This potential issue has been pointed out by Andersen and Piterbarg [5]
who argue that a non-parametric formulation of the marginal distribution for LI-
BORs may result in unrealistic evolution of the volatility smile through time. On
the other hand, Bennett and Kennedy [7] showed that a LIBOR Markov-functional
model with a Gaussian driver together with the Black’s formula for (digital) caplets
is numerically similar to the one-factor separable LIBOR market model. Gogala
and Kennedy [29] extended the above link to a more general local-volatility case.
Based on this link, the authors propose an approach for choosing an appropriate
combination of a driving process and (digital) caplet prices, and such a combination
leads to desirable dynamics of future implied volatilities. In Chapter 4 we con-
sider a separable SABR-LIBOR market model and expect that it is similar to the
stochastic volatility Markov-functional model with a SABR driver together with a
SABR marginals. Based on this link the intuition behind the SDEs of the separable
SABR-LIBOR market model can be applied to the corresponding stochastic volatil-
ity LIBOR Markov-functional model. This gives us an appropriate combination of
the driver and marginals. Based on this link we develop a calibration routine to
feed in SABR marginals by calibrating to market prices of caplets or swaptions.
Moreover the parameters for the SABR driving process can be chosen by calibrat-
ing to the market implied correlations. A numerical investigation of the calibration
performance is also given.

In Chapter 5, we compare the stochastic volatility Markov-functional model
developed in Chapter 3 with one-dimensional swap Markov-functional models in
terms of pricing and hedging a Bermudan swaption and a new Bermudan product,
which has similar features but simpler payouts than callable range accruals. We
consider different combinations of the specifications of driving process and marginals.
By comparing their Bermudan prices and vega profiles, we investigate impacts of
smiles, correlation structure and stochastic volatility on Bermudan products.

The numerical results show that the mean reversion parameter of the mean
reversion and Hull-White drivers, which determines the auto-correlations of the
driver, has a large effect on prices of Bermudan products. By comparing the Hull-
White Markov-functional model together with log-Normal marginals to the local
volatility Markov-functional model with Hull-White driver together with SABR



marginals, it turns out that the smile impact on the price of Bermudan products
is very small. In order to study the impact of stochastic volatility on the prices
of Bermudan products, we compare the one step covariance swap (non-stochastic-
volatility) Markov-functional model with the stochastic volatility swap Markov-
functional model. The results show that the introduction of stochastic volatility
has a small influence on a Bermudan swaption but has a significant impact on the
new Bermudan product. This suggests using a stochastic volatility model for pric-
ing the new Bermudan product. No other papers we have found have identified a
product for which stochastic volatility should be added to a term structure model.

The vega profiles of Bermudan products indicate a fundamental difference
between the mean reversion driver, which is “parameterized by expiry”, and the
other driving processes “parameterized by time”. By “parametrization by expiry”
we mean that the auto-correlations of the driver are fully determined by input pa-
rameters. This implies that once input parameters have been fixed, any change in
market implied volatility has no effect on the auto-correlations of the driver and
therefore the swap rates at their setting dates, which is inconsistent with what we
observed in the market. In contrast, for parametrization by time, the correlations
of the driver are sensitive to market implied volatilities. Thus any change in market
implied volatilities will result in a change in the correlations of the driver. This leads
to a fundamental difference in the vega profiles between parametrizations by expiry
and by time. For non-stochastic volatility models this behaviour is well-known to
practitioners and is analysed in [48] for one dimensional Markov-functional models
with the Black’s formula. We find by introducing stochastic volatility, the row sum
of vegas is decreased in comparison to the one step covariance Markov-functional
model but vega profiles of the two models are still very similar. This means that the
introduction of stochastic volatility does not materially alter the hedging behaviour.
This finding is significant for practitioners wanting to use stochastic volatility mod-
els.

Chapter 6 compares Quasi-Gaussian models and Markov-functional models
in terms of specification and calibration. These classes of models are two of the
most popular low-dimensional term structure models in practical use but there are
no studies in the literature which compare them theoretically or numerically. A
Quasi-Gaussian model can be seen as a separable Heath-Jarrow-Morton model while
a Markov-functional model with a Gaussian driver and log-Normal marginals is
found to be numerically similar to the separable LIBOR market model. In order to
gain insight into the relationship between these models we study a Quasi-Gaussian

model in the Markov functional model framework. By doing so we can see that the



essential difference between the non-stochastic volatility versions of the models lies
in the copula of the driving processes and that the Markov-functional framework
offers much flexibility in matching the choice of copula for the driver to reality.
These two models both allow for stochastic volatility versions and we also consider

the relationship between these versions.



Chapter 2

Interest rate markets and

models

In this chapter we provide an overview of the interest rate markets and models. We
will introduce notation and set up a foundation for the thesis. In Section 2.1 we
introduce the main interest rate products. In Section 2.2 we give a brief outline of
the popular term structure models. We will assume that the reader has knowledge
of pricing via an equivalent martingale measure and application of the fundamental
pricing formula for various choices of numeraires. This background can be found in
[38] and [46].

2.1 Interest rate markets

In this section we introduce briefly the interest rate products in the market. We
first introduce some basic instruments that are liquid in the interest rate markets.
We then proceed to some common interest rate options which are relevant to the

thesis. The material in this section is from [38].

2.1.1 Basic instruments

In this subsection we will introduce zero-coupon bonds (ZCBs), forward rate agree-
ments (FRAs) and interest rate swaps. Throughout this thesis we assume that the

tenor structure is given by
0="Ty<Ty < ... <Tn+1 (2.1)

where o; = T;41 — T;, 1 =0, ...,n, are the accrual factors.



We start with underlying assets in the interest rate markets - zero coupon
bonds. A zero-coupon bond with maturity time T is a contract that guarantees its
holder to be paid one unit of currency at time T. The contract value at time t < T
is denoted by D;p. The dependence of Dy on the maturity date 1" is known as the
term structure of ZCBs at time ¢.

LIBOR stands for London Interbank Offered Rate. We can define a forward
LIBOR through a forward rate agreement. A forward rate agreement is an agree-
ment between two counterparties to exchange cash payments at some specified date
in the future. At the maturity Tj4+1, ¢ = 1,...,n, a fixed payment No; K, where K
is the fixed rate and N is notional amount, is exchanged against a floating payment
N aiLiTi, where Lgﬂi is the spot LIBOR with expiration date 7T; and maturity date
T; 11 defined by

i I =Dy

T. .
‘ a; Dty

Following a replicating portfolio argument, we have that the time-¢t value of this
FRA is given by

V% = NDtTi — N(l + OéiK)DtTH_l.

The forward LIBOR L, at time t, is defined as the fixed rate K such that the time-t
value of the FRA is zero. By letting V; = 0, the forward LIBOR L} at time ¢ that
expires at T; and matures at 7T; 1 is given by
- Dy, — Dy,
Li=="_—Ts <7, (2.2)
aiDtTiJrl

fori=1,...,n.

Remark 1. The value of the forward LIBOR L, i = 1,...,n, seen today is assumed
to be given in the market. But the value of the forward LIBOR Li, i = 1,...,n, at
some future time t is a random variable. Later we will introduce interest rate models
for the forward LIBOR processes L' for i =1,...,n. The same remark also applies

to the forward swap rate below.

An interest rate swap, or swap for short, is an agreement between two coun-
terparties to exchange a series of cashflows on pre-agreed dates in the future. There
are two kinds of swaps: payers swap and receivers swap. Let us consider a payers in-
terest rate swap with strike K, exercise dates T;, T;11, ..., Tj4,;—1 and payment dates

Tiy1,Tiq2, ..., Tiyj. The fixed rate payer pays the fixed leg Na K in return for the



floating leg Nas L7, at each payment date for s = i,...,i+j — 1. A receivers interest
rate swap has a reversed cashflows. The time-t value of the above fixed leg is given
by

Vikp(t) = NKPY, (2.3)

where

i+j—1
Pi’j - D
t = (092 Tyt
k=1

The expression P/ is referred to as the present value of a basis point or PVBP
for short. Following a replicating portfolio argument, the time-t value of the above

floating leg is given by
VJ%T(t) = N(DtTi - ‘DtTiJrj)'
It follows that the time-t value of the above interest rate swap is given by

Vé;{)ap(t) = T[sz«“’iT(t) - V%{D(t)]
= 7N[Dyr, — Dy, — KP}7], (2.4)

where 7 = —1 leads to a receivers swap and 7 = 1 leads to a payers swap. The
forward swap rate yZ] is defined as the value of K such that the time-t value Véqf] ap(t)

of the swap is zero. Thus we have that

DtTi - DtTi_‘_j

Pt1’7] ) t S CZ—%' (2'5)

i _
Yo =

If we substitute equation (2.5) back into (2.4), we have the more usual expression

for the value of an interest rate swap:

Viap(t) = TN (! — K)).

wap

2.1.2 Interest rate options

In this subsection we introduce some interest rate options that are relevant to the
thesis. These options are caplets (floorlets), vanilla swaptions!, digital caplets (floor-
lets) and PVBP-digital swaptions.

! Also known as European swaptions



A caplet and floorlet can be seen as an option on an FRA with the payoffs

Vmiet(Ti1; K) = Noymax(Lh, — K, 0)

caplet

and
V;loorlet (Ti+1; K) = Nq; maX(K — L7Tz’ 0)

respectively at time T;; where N is the notional and K is the strike. In order to
price such an option in a complete arbitrage-free model, we apply the fundamental
pricing formula. In particular given some equivalent martingale measure M corre-
sponding to the numeraire M, today’s value of the caplet with strike K is given
by

Noi(Ly, — K)+]
MTi+1 .

‘/Yclaplet(o; K) = MOEM[
In order to calculate this price we have to choose a numeraire M and a model
for the LIBOR L’ in the measure M. Suppose we work with the forward measure
Ft! associated with the numeraire D r1,,,. It follows from equation (2.2) that the
LIBOR L’ is a martingale in the forward measure F'*!. Suppose we model L’ by a

driftless log-Normal process under the forward measure Fit!
dLi = i Lidw] ™,

for some deterministic function ¢* and a Brownian motion Wit under the forward

measure. This yields the following well-known Black’s formula introduced by Black

[9]

Vciaplet(o; K) = DOTz‘+1E]F"+1 [Nal(LZTZ - K)+] (2'6)
= a;NDor,,, (Li®(d1) — K®(dy)) (2.7)
where
In(Ly/K) 1
dy = MK Lo (2.8)

aVT; 2
dy =dy —5\/T; (2.9)

o _ 1 [T
U:Tz‘/o (oy,)“du



and ®(-) is the cumulative normal distribution function. Similarly, we have the

following Black’s formula for a floorlet with strike K:
V;loorlet(o; K) = aiNDOTi+1 (K(I)(_dQ) - L%)(I)(_dl))

We now define the implied volatility of a caplet. Given the market price
0; K) of the caplet struck at the strike K, the implied volatility of this caplet
is defined as the volatility ¢ such that

Vt-:aplet(

v,

C

aplet(o K) - alND0T+1 (LO (dl) - K(I)(dQ))

where d; and ds are given by equations (2.8) and (2.9) respectively. In financial mar-
kets the market prices of vanilla options are quoted in terms of implied volatilities.
In the interest rate markets implied volatilities are commonly observed to represent
a shape of skew or smile as a function of strike. However the above log-Normal
assumption of L! implies that the implied volatilities show a flat line with respect
to strike i.e. the function ¢(K) is always a constant. In order to capture implied
volatility skews or smiles, a number of models have been developed. We will return
to this topic in the later chapters.

We now consider vanilla swaptions. A vanilla swaption is an option on an
interest rate swap. It gives its holder the right, without any obligation, to enter
into an interest rate swap. According to the underlying interest rate swap there are
two types of swaptions: receivers swaption and payers swaption. For the receivers
swaptions, upon exercise the option holder enters a swap in which he receives a
fixed strike rate K and pays the floating rate; a payers is the reverse. So the
payoff of a payers swaption with strike K on an interest rate swap with expiry dates
T, Tiv1, ..., Tiyj—1 and maturity dates T;41,Ti42, ..., Tiyj is given by

Vi

sption

(T;; K) = max{N Py, ’J( — K),0},

where N is the notional and K is the strike.

Following a similar explanation and assuming a driftless log-Normal process
for 4/ under the swaption measure S/ associated with the numeraire P*/, we can
obtain the following Black’s formula for a vanilla swaption

Vi

sption

(0 K) = BiBgy [N (9 — K)*]
— NPy ®(dy) — K®(dy) (2.10)

11



where

ln(yé’j/[() 1._

_W\So /) s .

d1 = ~\/7 20’ /

do = dy — o\/T;, (2.11)

o _ 1 [T
U:Tz‘/o (o7,)*du.

The explanation for implied volatilities of caplets also applies to vanilla swaptions.

The caplets (floorlets) and vanilla swaptions we introduced here are liquidly
traded in the interest rate markets. These options are referred to as vanilla options.
The prices of vanilla options are observable in the market. In practice a valua-
tion model for some complex derivatives needs to be calibrated to their relevant
underlying vanilla options.

In what follows, we introduce some less liquid interest rate options traded
in the market - digital options. In particular, we introduce two examples that are
most relevant to the thesis: digital caplets (floorlets) and PVBP-digital swaptions.

A digital caplet on the LIBOR L’ is an option paying a unit amount at time
T+, if the LIBOR Léﬂi is above some strike level K. The payoff at time T}, is given
by

Viigeap(Tir1; K) = Nl Ky

where I is indicator function and NNV is the notional. Taking the T;,-maturity ZCB
D . r,,, as numeraire and using the same log-Normal model, as we did for caplet,

yields
Vdiigcap(O; K) = N'DOTi+1 @(d2)7

where ds is as defined in (2.9).

Remark 2. The payoffs of a caplet and digital caplet are related via the following
equation

d
@(fc - K)+ = _I{a:>K}-

In particular differentiate both sides of (2.6) with respect to the strike K, and we
have that
dvi . (0; K)

caplet

dK = _aivdiigcap(O;K)'

12



The implication of the relationship is that knowing the prices of caplet
ciapl .(0; K) for all strike K is equivalent to knowing the prices of digital caplet
Vi gcap(O; K) for all K. This remark also applies to vanilla swaptions and the corre-

sponding PVBP-digital swaptions below.

Remark 3. Given the prices Vdiigcap(O;K) of a digital caplet as a function of the

strike K > 0, from the fundamental pricing formula we have that

Vdiigcap((h K) = DO,Ti-o-lEIF“'l [NI{L%Z,>K}]

= Do,r,,, NF' LY}, > K],

under the forward measure F*' associated with the numeraire D ,,,. Therefore
the prices Vjigcap((); K) implies the distribution of the LIBOR Léﬂi in the associated

forward measure.

From the above two remarks one can see that the prices Vg‘aplet(o; K) can
also determine the distribution of the LIBOR L7, in the associated forward measure
Fi+1, This also applies to a vanilla swaption and PVBP-digital swaption where the
distribution of the swap rate at its setting date can be determined in the associated
swaption measure.

A PVBP-digital swaption on the swap rate y*/ with strike K has the following
payoff at time T;

Vit sption(Tis ) = NPT

igsption ;ij >K}’

where N is the notional. By assuming a driftless log-Normal process for 3"/ under

the swaption measure S*J associated with the numeraire P"’/, we can also obtain

the following Black’s formula for a vanilla swaption

Vi

digsptz’on(o; K) = PSJESZ',J' [NI

> K}
= NP ®(dy), (2.12)

where dg is as defined in (2.11).

2.2 Interest rate models

In this section we first discuss the role of valuation models. We then give a brief

overview of interest rate models.
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2.2.1 The role of models

In this thesis we use interest rate models to price and hedge exotic interest rate
derivatives. By an exotic derivative we mean one which is not vanilla. Exotic op-
tions are commonly traded over-the-counter so that one needs to find their prices
based on interest rate models. To do so a valuation model needs to be calibrated
to other underlying instruments and market information, such as vanilla options,
which are relevant to the exotic option under consideration. By calibration, we
mean that the valuation model can reproduce the market prices of the chosen un-
derlying instruments. In this sense valuation models are served as a sophisticated
extrapolation from underlying instruments to produce a model price of an exotic

option.

2.2.2 Short rate models

Short rate models are the earliest term structure models. The short rate r; at time
t is defined by

_ 8lnDt’T

L T

The short rate r is a hypothetical interest rate which is not observable in the market.

Short rate models are specified by describing the evolution of the short rate
dry = p(re, t)dt + o (re, t)dWE, (2.13)

where W€ is a Brownian motion in the risk-neutral measure Q associated with the

numeraire the bank account B which satisfies
dBt = ’r'tBtdt.

The drift and diffusion functions p and ¢ need to be chosen carefully to give the
model particular behaviour. Some common examples in the literature are given in
Table 2.1. The parameters of the short rate model (2.13) are chosen by calibrating
the model to the initial term structure and the market prices of vanilla options.

The time-t value Dy of a ZCB with maturity 7T is given by
Tred
Dyr = Egle™ v ™| 7], (2.14)

where {F;} is the natural filtration generated by the Brownian motion W<. From

equation (2.14), the prices of all ZCBs, which are underlying assets in the interest

14



Model Specification

Merton [53] dry = adt + O'thQ

Vasicek [64] dry = k(0 — ry)dt + O'thQ

Dothan [20] dry = ardt + or dW2
CIR [17] dry = k(0 — 14)dt + o\ /rdW?

Hull-White [36]  dry = k(6; — r¢)dt + cdW°

Table 2.1: Examples of short rate models

rate markets, can be obtained once we have specified the dynamics of the short rate
r in the risk-neutral measure. Consequently the term structure of ZCBs are specified
via the dynamics of the Markov process r. This allows one to price a derivative using
an efficient algorithm such as numerical integration or finite-difference method. For
details, the reader is referred to [5]. Since the short rate is not observable in the
market, it may result in difficulty of calibrating to the initial term structure and the

market vanilla options.

2.2.3 Heath-Jarrow-Morton models
In a Heath-Jarrow-Morton (HJM) framework [30], the instantaneous forward rate
f(t,T) satisfies the following SDE

df(t,T) = o(t,T) - ( /t ' o(t,u)du)dt + o(t,T) - AWZ, (2.15)

where W% is an d-dimensional Brownian motion in the risk-neutral measure Q
associated with the numeraire the bank account B. The instantaneous forward rate
f(.,T) and the short rate r which can be viewed as an instantaneous spot rate are

related via the following equation

f(t, t) = T¢.

A short rate model models the dynamics of the short rate r» while a HJM model
specifies the dynamics of the term structure of instantaneous forward rates f(.,T")
for all maturities 7.

The time-t value Dy of a ZCB with maturity 7T is given by

DtT —e ftT f(tau)du

From (2.15), one can see that the instantaneous forward rate is specified via the
volatility function o(t,T"). With a specific choice for the volatility o(¢,T"), the HJM
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model may lead to a known short rate model. We will return to this topic later in
Chapter 6.

2.2.4 Market models

Market models can be divided into two versions: LIBOR market models (LMMs)
and swap market models (SMMs). In a LMM the dynamics of a set of contiguous
forward LIBORs L*, i = 1, ..., n, are specified. LMMs were first introduced by Brace
et al. [10], where the dynamics of forward LIBORs L', i = 1, ..., n, is given by

, n o L4 , .
dLi=—Y" (%)agm@;dt FoiLdWMT (), i=1,..n—1  (2.16)
j=i+1 It

dL? = o LW TL(1).

where W1 is a (correlated) Brownian motion with dWZ”H(t)dW]’-lH(t) = pi;dt
under the terminal measure F*"*! associated with the numeraire the T}, ,-maturity
ZCB D 1p41, and a,? is a deterministic function. For more details about the spec-
ification of the volatility function of, the reader is referred to [11]. The drift term
in the SDE (2.16) is determined by maintaining the arbitrage-free property of the
model.

Following the change of measure technique, we obtain the dynamics of L°
under the forward measure F**t! corresponding to the numeraire D 7iy1 which is

given by
dLi = ol LidWt(t), (2.17)

where Wit is a (correlated) Brownian motion under the forward measure F*+1. This
is the case since we can see from the definition of LIBORs that L is a martingale
in the measure Fi*! so that L’ should be a driftless process. Note that the SDE
(2.17) yields the Black’s formula (2.7) for the prices of caplets. Thus LMMs allow
for calibration to the Black’s formula for caplets and floorlets, which is an advantage
for LMMs.

The swap market model is specified by describing the dynamics of a set of

contiguous forward (co-terminal) swap rates under the terminal measure F7+!

dy™ T =y )y T+ Uiyi’nH*idWi"H(t) i=1,...,n—1, (2.18)
1 1
dy”" = ojy dWTH(t),
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where

n

Mi(yt) = Z

1A 1—s . 1—s
WP eyt Vool pi;

—— 1 - 1—7)0¢0¢ Pij
\I]é 1Ptz»n+ 1 1 + Oéj—lyg’nJr J

Jj=i+1
A
i o JTLn=j
W = H(1+ajyt )
j=1
. o pintle
pz,n+1—z 1t
f = =
Dt»Tn+1

By moving to the swaption measure S*" 1= associated with the numeraire P“>"?+1-%

i,n+1—1

the forward swap rate y is given by the following driftless process

im4+1—i i dmn+l—i imn+1—i
dy, = 0¢Y dWi (t)v

where Win+1=% ig a (correlated) Brownian motion under the measure S*"*1~¢. This
leads to the Black’s formula (2.10) for the prices of vanilla swaptions.

We can see that the drift terms of the SDEs (2.16) and (2.18) are dependent
on forward rates. Consequently a market model, though it is Markovian with respect
to all its forward rates, is a high-dimensional model even when driven by only
one Brownian motion. In practice a simulation, such as Monte Carlo methods, is
required for an accurate implementation which is computationally expensive. For
more details about the specification, calibration, implementation and applications
of market models, the reader is referred to [58] and [59].

2.2.5 Markov-functional models

Markov-functional models (MFMs) were introduced by Hunt et al. [37]. MFMs
can fit any arbitrage-free formula for caplet or swaption prices which includes the
Black’s formula. A MFM is specified via the SDE for a Markov process under some
equivalent martingale measure which is referred to as the driving process or the
driver for short. The driving process can be viewed as modelling the overall level
of interest rates in the economy. The defining characteristic of MFMs is that the
underlying assets in the interest rate market - ZCBs prices - are a function of a
Markov process so that the term structure of ZCBs can be specified by describing
the dynamics of the Markov process and the functional forms. Recall that in a short
rate model, the prices of ZCBs can be computed via the formula (2.14). In a MFM
the functional forms of ZCBs can be obtained numerically by calibrating to vanilla

options prices. The use of a low-dimensional Markov process makes it possible to
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implement the model efficiently because one only needs to track the low-dimensional
Markov process. We will return to this topic later in the next chapter.

Let us conclude this section with a remark. Short rate models and market
models allow for stochastic volatility extensions. See for example [24] and [62].
However there is no research in the literature about stochastic volatility extensions
of MFMs. The purpose of this thesis is to study stochastic volatility interest rate
models, and one main contribution we make is the development, calibration and

implementation of a stochastic volatility MFM.
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Chapter 3

Stochastic volatility

Markov-functional models

3.1 Introduction

In this chapter we consider Markov-functional models introduced by Hunt, Kennedy
and Pelsser [37]. Markov-functional models are interest rate models that allow
for calibrating to any arbitrage-free formula for caplet or swaption prices. The
defining characteristic of Markov-functional models is that the underlying assets -
Zero Coupon Bonds - are a function of a Markov process so that the term structure of
zero coupon bonds can be specified by describing the dynamics of the Markov process
and the functional form. If the Markov process is chosen to be low dimensional, it is
possible to implement the model efficiently because one only needs to track the low-
dimensional Markov process. The functional form can be determined to fit the prices
of a set of caplets or swaptions by numerical integration. Hunt and Kennedy [38]
applied a low-dimensional Gaussian process as the Markov process and calibrated the
Markov-functional model to the Black’s formula for caplets or swaptions. They also
proposed an efficient algorithm to specify the Markov-functional model. Caspers [13]
considered the numerical implementation of a one-dimensional Markov-functional
model with a Gaussian driver. Kaisajuntti and Kennedy [45] studied the case when
the Markov process is N-dimensional. Gogala and Kennedy [29] developed a one-
dimensional Markov-functional model driven by a non-Gaussian Markov process
and proposed an efficient algorithm to implement the model numerically. Fries and
Eckstaedt [27] studied hybrid Markov-functional models; see also [26] and [28].

In Markov-functional models the functional forms of zero coupon bonds can

be obtained by numerical integration so that SDEs of forward rates or zero coupon
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bonds are not given explicitly. This makes Markov-functional models less transpar-
ent in terms of the dynamics of forward rates. Bennett and Kennedy [7] partially
tackled this problem. The authors compared a one-factor separable LIBOR market
model with a one-dimensional Markov-functional model driven by a Gaussian pro-
cess together with a log-Normal marginal distributions of LIBORs at their setting
dates. The numerical results showed that under a wide range of market conditions
these two models have similar dynamics and Bermudan swaption prices for short
maturities (10 years). For long maturities and high volatilities the similarity begins
to break down. This link gives us more understanding and intuition of a Markov-
functional model from the corresponding one-factor separable LIBOR market model.
Gogala and Kennedy [29] extended the above link by concluding that the one-factor
separable local volatility LIBOR market model has similar dynamics to the Markov-
functional model with the same local volatility type driver and pricing formula for
caplets.

Over the last two decades many stochastic volatility term structure models
have been proposed e.g. [4], [65], [55], [62], [61], [60], [34] and [33]. The introduc-
tion of stochastic volatility is motivated by the empirical evidence (see [4]) that the
volatilities in interest rate option markets possess a random component and Hagan
et al’s [31] argument that the smile dynamics in stochastic volatility models behave
more realistically than local volatiliy models. The stochastic volatility interest rate
models mentioned above are all high-dimensional models and need to be imple-
mented by simulation. Thus in practice it is infeasible, from the point of view of
banks, to use such models for pricing and especially hedging exotic derivatives.

Andersen and Piterbarg [5] developed a stochastic volatility Quasi-Gaussian
model which is a low-dimensional stochastic volatility term structure model. In
this chapter we will develop another low-dimensional stochastic volatility interest
rate model - the stochastic volatility Markov-functional model. As Kaisajuntti and
Kennedy [44] pointed out, a one-factor stochastic process is not enough to cap-
ture the overall level of interest rates. The authors identified a SABR type model
as an appropriate choice for the level of rates by investigating market data. This
finding motivates us to develop a stochastic volatility Markov-functional model by
taking a SABR model as the driving process to capture the overall level of interest
rates and drive the whole economy. The main challenge for the specification of the
model is that it is hard to obtain the transition density function of the driver. To
implement the model numerically, we propose an algorithm which works with con-
ditional moments of the driver distribution based on an approximation introduced

by Kennedy et al. [47]. Unlike the two-dimensional algorithm that appears in [38]
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for the additive pre-model, which relies heavily on the Gaussian assumption, the
algorithm we developed is not specific and could be modified to apply to all one-
and multi-dimensional Markov-functional models.

The chapter is organized as follows. In Section 3.2 we revisit the LIBOR and
Swap Markov-functional models with a Gaussian driving process and introduce the
numeraire approach to specify the model under the terminal measure. In Section 3.3
we develop a stochastic volatility Markov-functional model and discuss the numerical
implementation by developing a general algorithm which works with basis functions
and conditional moments of the driving Markov process. Moreover the specification
of the driving process as well as the pre-model for the stochastic volatility Markov-

functional model is given. We conclude in Section 3.4.

3.2 Markov-functional models

In this section we review Markov-functional models (MFMs) proposed by Hunt,
Kennedy and Pelsser [37]. First we give a definition of a MFM from Hunt and
Kennedy [38] (see also [29] for a generalized definition). We will know some general
properties of a MFM from the following definition but it will not tell us the spec-
ification of a MFM in practice. We will introduce an algorithm to specify a MFM

later in the section.

Definition 1. An interest rate model is said to be Markov-functional if there exists
some numeraire pair (N,N) and some process x such that:
(P.1) the process x is a Markov process under the measure N.

(P.2) the zero coupon bond prices are of the form
D7 = Dyr () 0<t<T<Tr,

for a finite time horizon T* < oo.
(P.3) the numeraire N is of the form

Nt:Nt(.Tt) OStST*

A MFM is said to be of d-dimension if x is a d-dimensional Markov process.
We can see from the above definition that the prices of zero coupon bonds (ZCBs),
which are the underlying assets of the economy, are a function of a Markov process
x, which is referred to as the driving process or driver for short. This allows us to
track the driving process x only in order to implement a MFM. If we choose a low-

dimensional driving process, the model can be implemented efficiently. Otherwise
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it needs to be implemented by simulation. Moreover the existence of a numeraire
pair ensures that all the numeraire-rebased ZCBs are martingales in the equivalent
martingale measure N. In particular the prices of ZCBs can be obtained by the

Nl ’

where {3} is the natural filtration generated by the Markov process x in the measure
N and Ex(-) denotes an expectation under N. This ensures that a MFM is arbitrage-
free. We will present the numeraire approach to specify a MFM under the terminal
measure, which is an equivalent martingale measure, later in the section.

The above definition is very general. In fact most interest rate models are
included in the category of MFMs according to the above definition. For example
in a short rate model the short rate is taken as the Markov process and ZCBs are
some function of it. In a LIBOR market model (LMM) however, the evolution of
a set of contiguous forward LIBORs with different maturities are specified. The
high-dimensional LIBORs process can be seen as the Markov process.

For efficient implementation we commonly use a low-dimensional Markov
process with dimension d < 3. A high-dimensional MFM needs to be implemented
by simulation such as Monte-Carlo methods which is much slower (see [45] for high-
dimensional MFMs). In this thesis we restrict our attention to low-dimensional
MFMs. Similar to Market models, there are two common versions of MFMs: LIBOR
MFMs and Swap MFMs. The LIBOR version is set up by feeding in digital caplets
prices whereas the swap MFM is specified by fitting PVBP-digital swaptions prices.
In the next two subsections we will introduce the specification of both versions of
MFMs under the terminal measure F"™! corresponding to the numeraire D 1, ,,.
MFMs can also be developed under the spot measure and details can be found in
[28] and [29].

3.2.1 One-dimensional Markov-functional models: LIBOR version

Before discussing multi-dimensional MFMs, it will be helpful to review the speci-
fication of a one-dimensional LIBOR MFM under the terminal measure using the
numeraire approach. We will specify the model on a grid, which is sufficient for
most applications in practice and we can see it later when we use a MFM to price
and hedge Bermudan swaptions. In what follows we first specify the driving Markov
process  and then we determine functional forms of the numeraire D77, ., (z7,) by

calibrating to the input prices of a set of digital caplets.
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Suppose we are given the following Gaussian process x:
dxy = o dWP T, (3.1)

where W"*! is a one-dimensional Brownian motion in the terminal measure F*+!
and oy is a deterministic function. Note that theoretically any diffusion process can
be used as a driver. We choose a Gaussian process as the driving Markov process
here for efficient implementation. More details about one-dimensional MFMs driven
by non-Gaussian Markov processes can be found in [29].

Having specified the Markov process z, we now consider the problem of how
to find the functional forms Dr,7,, ., (v7,) for i = 1,...,n. We proceed by backwards

induction on time 7;. At time T},41 by definition we have that

‘DTn+lTn+1 (xTn+1) =L

Assume that we have determined Dy, 7, (27,) for k =4+ 1,...,n+ 1. At time Tj,
by definition, the LIBOR L% is given by

i 1— DTiTi+1

L, (3.2)

o D1y,
It follows from equation (3.2) that the numeraire at time 7; can be expressed as

1

D1y (@) = = : ; (3.3)
o DTiTi+1 (xTi)(l + aiL%“i (':UTz))
where the numeraire-rebased ZCB ﬁTiTi 41 is defined as
~ DTT (.Z'T)
Dpp . (xp) = =i
1T (27) Dir, (1)
It follows from the martingale property that
Dryty (0) = Bgnos [ —————| 7] (3.4)
T:T; TT;) = Lpn+1 T; .
i DTi+1Tn+1 (:L‘Ti+1)
1

= EF"+1[ ) |xTi]’

DTi+1Tn+1 (xTi+1

where the last equation follows from the Markov property and the expectation con-

ditional on x7, is a short notation for the expectation conditional on the o-field
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o(xr,) generated by xr,. Since the Markov process

t
Ty = / ou dW
0

is a Gaussian process, numerical integration for (conditional) expectation is calcu-

lated via

Bpen i an)lon] = [ (0)6ur g, (0)d (3.5)

for continuous function f7(-). The function ¢, |5, () is the Gaussian density func-
J 7

tion with mean x7, and variance f;:] agdu for 0 < i < j <n+ 1. Thus by ap-

proximating 5— in (3.4) by piecewise polynomials, the functional forms

Dr,1,,,(27,) can be obtained by numerical integration (3.5). Having specified the
numeraire-rebased ZCBs Drr, 1 (z7,), we see from equation (3.3) that if we can
determine the functional form of L, (z7;), the functional form of Drr,,, (z1,) is
immediate.

We now fix the functional form LiTi (x7,) by calibrating to the input prices of
digital caplets (see Section 2.1.2) corresponding to the ith LIBOR L’. In the market
the prices VZ(K) of digital caplets on the ith LIBOR L’ are available for only a few
strikes K. However in practice a continuous function V§(K) w.r.t strike K can
be achieved by interpolation or using e.g. the SABR model to generate the whole
implied volatility smile. The technical details will be covered in the next chapter.
For now we just assume that the input prices Voi : [0,00] — R of digital caplets at
strikes K > 0 are given for i = 1,...,n. Following the fundamental pricing formula
in F"*! we have that

i 1
Vo (K) = Dor, ., Egni1 [TI{UTRK}]

+1Th41

= DOTn+1E]F”+1[DTiTi+1I{L§,V>K}]7 (3.6)

where the last equation is obtained by the tower property and equation (3.4). So
the input prices Vi (K) are a decreasing function of the strike K.

In order to find the functional forms of LIBORs we still need one more
assumption:
(A.1) In the model, Léfi is a monotonic increasing function of z7, for i =1,...,n.
This assumption is not restrictive since the Markov process represents the level of
LIBORs.

Now we determine the functional form LiTi (7,). We choose a value z* of x7,
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and for each z* we evaluate

Jé (:ZZ*) = DOTn+1 Epnt1 [ﬁTiTiJrl (mTi)I{CETi >z*}]7 (3'7)

which can be computed by means of numerical integration. Compare equation (3.7)
with (3.6), and it turns out that functions J§ and V{ are the same except for the
indicator function. By assumption (A.1) for any value z*, we can always find a

unique strike K such that
{zp, > 2"} = {L% > K}. (3.8)
Thus for any value of J(x*), we can always find a unique strike K such that
Ji(a") = Vi (K),
where the function K (z*) can be solved as
K(*) = (V)" (Ji(a")).

It follows from (3.8) that
LZTZ(x*) = K(z").

We have found the functional form LiTi (xr,), and therefore the functional
form Dr,7, , (27,) is immediate by equation (3.3). Finally the functional forms of

ZCBs Dr,7;(7T;) can be obtained by the martingale property

1

DTiT]’ (xTz) = DTiTn+1 (xTi)EF"H [DT . (xT
5Tt \ LT

] lz7]. (3.9)
for i < j <n.
Let us finish the specification of the model by a remark. The Markov driving

process affects the model only by means of the transition density function ¢, |z, ()
J i

with mean z7, and variance f;} o2dufor 0 <i < j <n+1. In the model the driving
process z is taken as a Gaussian process, but theoretically the Markov process can
be moved away from Gaussian. Gogala and Kennedy [29] developed one-dimensional
MFMs with non-Gaussian Markov processes. However using a non-Gaussian Markov
process could cause challenges for the numerical implementation. In general it is
more difficult to find the transition density function for a non-Gaussian driving
process. In many cases we have to resort to approximation which will be discussed

later in this chapter.
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3.2.2 One-dimensional Markov-functional models: Swap rate ver-

sion

In this subsection we consider one-dimensional swap MFMs. The specification of
one-dimensional swap MFMs is similar to the LIBOR version but we find functional
forms of swap rates by feeding in input prices of PVBP-digital swaptions. Suppose
we are given a Gaussian process (3.1) which will be taken as the driving process.
The algorithm for swap based model specification is similar to the LIBOR
version. In particular we find the functional forms Dr,7, +1(acTz.) from time T},+1 to

time T7. At time T},+1 by definition we have

DTn+lTn+1 (xTn-H) =L

Assume that we have determined functional forms Dr,7, (z7;) for j =i+1,...,n+1

and k = j,...,n + 1 and therefore the functional form of the PVBP P}"Z_le*i(xTi 1)
int1—i

is also determined. At time T}, by definition, the swap rate (7 is given by
; . 1—Dp,
in+l—i T;Thiy1
T; = pintl=i (3.10)
T;
so that the numeraire at time 7; can be expressed as
D ! (3.11)
TiTn+1 — A,, +1_ .7 +1_ . .

where the numeraire-rebased PVBP is defined as

intl—i
pintl—i._ 1T
T ==
! DTiTn+l

We can see from equation (3.11) that finding the functional form of Dr,7, , (27;) is
equivalent to finding the functional forms of ﬁﬁnﬂ_i(:pﬂ) and yf;,lfﬂ_i(xn).
We first consider the functional form of Py ™(

i

xr,). It follows from the

martingale property that

i,n+1—1

—~ . : (J,‘T. )
Pﬁn—l—l Z($Ti) _ EFTH»I [DT1+1 i+1
Tit1Th1 (wTiH

>|xTiL

which can be evaluated using numerical integration (3.5).
Then we consider the functional form yf;,l:LH*i(:I:Ti). To do so we calibrate

to the input prices of PVBP-digital swaptions. Suppose the input prices of PVBP-
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i,n+1—i

digital swaptions V§(K) on the ith forward swap rate y Jg=1,..,n,is a

continuous function of the strike K i.e. V¢ : [0,00] — R and are given to us. The

in+1l—i

PVBP-digital swaptions on y at strike K has the following payoff at time T;

i _ pint+l—i ] ]
VT’L — PT’L I sz:ZL+1—1>K}.

Following the fundamental pricing formula, we have that
VOl(K) — DOTn+1EFn+1 [P%Z” Z(xTi)I{yél:+l_i>K}]' (3.12)

We can see that the input prices V§(K) is a decreasing function of the strike K.
To determine the functional forms y%ﬁl_i(xn) we still need one more as-
sumption:

(A.2) In the model, yél?Jrl_i is a monotonic increasing function of x7, fori =1, ..., n.

We now find the functional form yf;r’?ﬂ_i(:cn). Choose a value z* of z7, and
for each z* we calculate
Jé(l'*) — DOTn+1EE‘n+1 [ﬁji;in+1_i(1’Ti)I{$T1>CC*}]7 (3.13)

which can be obtained by numerical integration. Compare equation (3.12) with
(3.13), and it turns out that functions J¢ and V¢ are the same except for the indicator
function. By assumption (A.2) for any value of * we can always find a unique strike
K such that

{og, > 2"} = {yg""' 7' > K} (3.14)

So for any value of Ji(z*), we can always find a unique strike K such that
(%) = Vi(K), (3.15)
where the function K (z*) can be solved as
K (") = (Vo)™ (Jo(a")).
It follows from equation (3.14) that
yil @) = K@),

So far we have found the functional forms of ﬁ;:inﬂ_i(x;pi) and yép’?Jrl_i(a:Ti),

and the functional forms of the numeraire Dr,7, ,(27,) is immediate by equation
(3.11). Finally the functional forms of ZCBs Dr,7;(27;) can be obtained by the
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martingale property

1

DTiTj (sz) = DTiTn+1 (mTi)EF"+1 [DT T (xT
jtn+1 J

) |z73].
fori < j <n.

So far we have introduced the one-dimensional LIBOR, and swap rate based
MFMs. One may ask which version would be preferable. Bennett and Kennedy [7]
investigated both LIBOR and swap one-dimensional MFMs with Gaussian driver
numerically, and it turned out that the forward LIBORs may become negative in
some cases for long maturities under the swap MFM. But to our knowledge there is
no consensus yet as to which version is better. A rule of thumb is that the LIBOR
MFM is more suitable for pricing LIBOR-based derivatives whereas the swap version

is much more used to price swap-based derivatives.

3.2.3 Multi-dimensional Markov-functional models

One-dimensional MFMs are suitable for pricing and hedging level dependent deriva-
tives such as Bermudan swaptions but not sufficient for all products. One product
which needs a multidimensional model is spread options whose payoff can be seen as
the difference between two different forward rates. In order to price such a product
accurately the relative level of the two forward rates i.e. the skew of the forward
rates curve has to be captured. So two-dimensional MFMs are needed where the
two-dimensional Markov process can be viewed as capturing the level and skew of
interest rates. For more details about level and skew, the reader is referred to [1]
and [21].

Hunt and Kennedy [38] proposed a multi-dimensional MFM and presented
an example for the two-dimensional MFM with a two-dimensional Gaussian driving
process. Kaisajuntti and Kennedy [45] developed an d-dimensional MEM. Now we
specify an d-dimensional LIBOR, MFM briefly, and we will later adapt the ideas
for stochastic volatility MFM. The swap version can also be generalized. An d-
dimensional MFM is just a generalization of the one-dimensional case so that the
numeraire approach can also be applied.

Suppose we are given the following d-dimensional Markov process in F**1:
z = (24, 2%, ...,xd).

Recall from the one-dimensional LIBOR MFM that the monotonic assumption (A.1)

is necessary to determine the functional forms of LIBORs at their setting dates.

28



However the univariate and monotonicity properties are lost here due to the multi-
dimensionality of x. To deal with this issue we introduce a pre-model Eiﬂ ‘RES R

which is a function of the d-dimensional driver:

~

LiTi (x,) = fl(a?h,a?%, xde) (3.16)

We will see an example for the choice of the function f* later. Once a pre-model is
chosen we make the following assumption:
(A.3): In the model, LiTi is a monotonic increasing function of the pre-model ElT,
fori=1,...,n.
The remaining step is almost the same as the one-dimensional MFM, but all the
required integrals become d-dimensional.

Hunt and Kennedy [38] considered the case where z is a two-dimensional

Gaussian process. In this case we have the following two-dimensional Markov process

dx} = o} dW}, (3.17)
da? = oldW?,
dWrdW? = pdt,

where o! and o2 are deterministic functions, and W' and W? are correlated Brow-
nian motions in F"*!. Note that the two-dimensional Markov process = in (3.17)
can be viewed as representing the level as well as skew of interest rates. In this case
a pre-model is commonly taken as some strictly increasing function of the linear

combination of the components of the driver:

~.

where v} and ~? are positive constants and ¢ is some strictly increasing function.
Note that the pre-model can be chosen to capture some desired covariance structure
in mind. More details about the choices of pre-model for the Gaussian driver (3.17)
can be found in [38] and [43].

Note that the multi-dimensional driving Markov process is not forced to be
Gaussian. But to our knowledge there is no paper developing multi-dimensional
MFMs with non-Gaussian drivers. Gogala and Kennedy [29] developed MFMs with
non-Gaussian Markov processes in the one-dimensional case. They also showed
that, under some conditions, one-dimensional MFMs driven by two distinct driving
processes are equivalent by using copula theory. We extend this equivalence of

MFMs to the multi-dimensional case in Appendix 3.A. In the next section we
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will develop a stochastic volatility MFM. We will take a two-dimensional stochastic
volatility model, which is specified in a multiplicative way, as the driving process,

and we will choose a pre-model different from the choice (3.18).

3.3 Stochastic volatility Markov-functional models

We have discussed the specification of MFMs without stochastic volatility in the
previous section. However there is much empirical evidence supporting the stochas-
tic volatility for interest rates; see [15], [49] and references therein. Furthermore
as Hagan et al. [31] pointed out, incorporating an extra stochastic volatility factor
into a model could give a more realistic evolution for the implied volatility smile. In
addition Kaisajuntti and Kennedy [44] used market data to indicate that a stochas-
tic volatility Markov process rather than a one-dimensional Markov process should
be used for the level of rates. These motivate us to develop a stochastic volatility
MFM by taking a stochastic volatility process as a driver.

So far our focus is on the theoretical specification of MFMs rather than the
details of the numerical implementation. In Section 3.3.1 we consider the numerical
implementation of a two-dimensional (stochastic volatility) LIBOR MFM by devel-
oping a practical algorithm, where we work with basis functions and conditional
moments of the driving Markov process. Note that a two-dimensional algorithm
that appears in [38] for the additive pre-model has been discussed earlier but this
algorithm relies heavily on the Gaussian assumption. The practical algorithm pro-
posed in this section is not specific and could be modified to apply to all one- and
multi-dimensional MFMs. This general algorithm for the corresponding swap ver-
sion MFM is also straightforward to develop in a similar way. In Section 3.3.2 we

consider the specification of the driving process for the stochastic volatility MFM.

3.3.1 Numerical implementation

Let us develop a practical algorithm to implement a two-dimensional LIBOR MFM
numerically. This algorithm is very general and does not rely on the Gaussian
assumption of the driving process. Suppose we are given a two-dimensional diffusion
process (y,q) and we take it as a driving Markov process. The specification of the

driver for a stochastic volatility MFM will be discussed later in this section.

Grid Points

We now present the numerical implementation of the model on a grid. We construct

grid points for the Markov process on the date structure 7; , ¢ = 1,...,n. we
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construct m equidistant grid points —oco < ;1 < Y2 < ... < Yim < 00 and
—00 < ¢in1 < ¢ig < ... < gim < oo for (yr,qr,) at time T; for ¢ = 1,...,n. The
grid points are chosen such that the intervals [y; 1, yim] and [g; 1, ¢im] cover most of

probability mass of y7, and ¢, respectively i.e.

Fn“(%,l <yr, <¥Yim) > 1 — ¢y

Fn+1(Qi71 S QTZ' S Qz,m) Z 1-— Eq
where positive constants €, and ¢, are small enough e.g. 0.001%.

Basis Function

Since MFMs are implemented on a grid, any smooth function of the state variable
(yry, gr;) is valued and discretized on the grid points. In order to approximate and
interpolate these functions we introduce the idea of basis function.

The one-dimensional basis function b;; : R — R for ¢« = 1,....,mn and j =

1,...,m with respect to the partition of [y; 1, ¥:m] can be written in the form of

m—1 M

. Y d
bivj(y) T Zzbi7j7j/7dy I{ye[yi,j/’yi,j’Jrl)}
7'=1d=0

satisfying
bij(Yiu) = 0ju

for some coefficients bfjj
3J

of a basis function construction and the calculation of its coefficients can be found

r 4 € R, where §;,, is Kronecker delta function. The details

in Appendix 3.B.
The two-dimensional basis functions w.r.t the partition of [y; 1, Yi.m]| % [¢i,1, ¢im)
can be expressed as the product of the two corresponding one-dimensional basis

functions
bijk(y,q) == bij(y) x b x(q)
1

M
— Y q d 1
o Z bi,j»j’,dbi7k7k/,1y q I{yé[yi,j"yi,j’+1)}ﬁ{q€[qi,k'uqz',k’ﬂ)} (3‘19)
§'k'=1d,1=0

satisfying

bi gk Wius Givw) = Oju X O
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for coefficients (bY . .
( i,5,5",d’

b;'],hk’,l) eR%i=1,...,nand j,k=1,..,m.

Notice that the basis functions above are just piecewise polynominal, and
they are used to approximate a smooth function. In particular, any smooth function
f R — R defined on the interval [y; 1,yim,] can be approximated by a piecewise

polynomial function f in terms of basis functions:

m

F@) =" flyii)bii (). (3.20)

J=1

Similarly, any two-dimensional smooth function g : R? — R defined on the interval
[Yi1, Yim] X @i, qim] can be approximated by a piecewise polynomial function § in

terms of two-dimensional basis functions:

90 = D 9 Gik)bik (Y, 0)- (3.21)

j,k=1

m
Jik=

Building Blocks

Now we define and evaluate three (conditional) expectations which will be taken
as building blocks. We will show that MFMs can be implemented by using these
building blocks. In practice we will store these building blocks for efficient imple-

mentation. Let us first consider the following one step conditional moments:

O kat Wimtus Gie1,0) (3.22)

R d 1 . .
= Epni [yTiqTiI{yTiE[yi,jyyi,j-kl)}m{QTiE[Qi,k7Qi,k+1)}|yTi—1 = Yi—1,u, 4T,y = Gi—1,0]

fori=1,...,n;5,k=1,..m—1;d,l =0,...., M and u,v = 1,...,m. Note that the
information on the transition density function of the driving process is given to us
via the above one step conditional moments. We will present the evaluation of the
above one step conditional moments later in this section after we choose and discuss
the driving process. For now we assume that the functions @é‘,k,d,l : R? = R are
given at each grid point. Suppose we have a specific driving process and pre-model in
mind, which will be discussed later, and we define the following three (conditional)

expectations:

A;",k(yifl,m Qz‘fl,v) = Epn+1 [bi,j,k(yTi,QTiﬂyTi_l =Yi—1,u 9T, = q@;Lv],
E; jx = Epnir[bi jx(yry, a1,

U5k 7= B [bi e (Ur s a1) Yy, €lys i urn) H-
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fori=1,...,n;j,k=1,...,m and u =1, ..., m. Note that the third building blocks
I" may differ for a different choice of driving process and pre-model and we will see
this later.

Remark 4. The building blocks A;vk(yi_l’u, gi—1,v) and F;,m will be needed to deter-
mine the functional forms of ZCBs. We use the building block E; ;1. in applications

such as pricing options.

Now we can show that the three (conditional) expectations can be evaluated

. . Z
via the function @j,k,d,l'

Proposition 1. The three (conditional) expectations can be expressed as

m—1 M m—1 M
. B y q .
A;’,k(yi—l,uy Qi—l,v) - Z Zb@jhj’,dzZbi7k7k’7l@;’,k’,d,l(yi—l,ua Qi—l,v)
§/=1d=0 k'=11=0

m
Eijr= 3 AL pWi-1u Gi-10)Eictuw

u,v=1
M m—1 M m

i — Y q i

i = D b wad D Vhrws Do OupraWimrars €iv1.0) Bic
d=0 k'=11=0 u,v=1

where bY’s and b?’s are coefficients for basis functions (3.19).
Proof. See Appendix 3.C. O

Having calculated the building blocks one can store and use them in the nu-

merical implementation.

Practical Algorithm

We now present the numerical implementation of the stochastic volatility LIBOR
MFM by developing a practical algorithm based on the building blocks. We deter-
mine functional forms of ZCBs by backwards induction on time T;. At time T,

by definition we have

DTn+1Tn+1 (yTnH ’ an+l) =1
Assume that we have determined D7, (y1;,q7;) for j =i+ 1,..,n+1 and k =
Js-sn+ 1. At time T;, by definition, the LIBOR L, is given by

i 1-— DTiTi+1
T —
‘ a; Dy,
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that the numeraire at time 7; can be expressed as

1
ﬁTiTH»l (1 + aiL%’i) 7

Dt = (3.23)

where the numeraire-rebased ZCBs is defined as

ﬁ o ‘DTiTerl
1dn+1

We can observe from equation (3.23) that once we have determined functional
forms of ﬁTiTi (Y15 q1;) and Li;pi (y1y, q1;), the functional form of the numeraire
Dr1,,,(y7,, q7;) at time T; is immediate.

We first find functional forms of Dy,q, (T qr,). It follows from the mar-
tingale property and equation (3.21) that

~ 1
DTiTz‘ YT, qr;) = E n—+1 Yy, 4T;
+1( ) F [DT¢+1Tn+1 (yTi+1 ) qT¢+1) ‘ }
U 1
~ I n41 b; 1,7,k yTi 7qTi yTquTi
) [jkzl DT¢+1Tn+1(yi+1,j7Qi+1,k) T ( o H)’ ]

1
D, Ty (Yit 1,55 Gig 1k

m
| )Ajﬁf(yn, qr,),

Gk=1

where D7, ,7,,, (¥it1,j, ¢i+1,x) has already been determined at time T 1.

Now we determine the functional form LiTi (yr1;, qr;) by feeding in the input
prices of digital caplets corresponding to the ith LIBOR L!. We assume that the
input prices V¢ : [0,00] — R of digital caplets at strikes K > 0 are given for
i=1,...,n. Recall that following the fundamental pricing formula in F*"*! we have
equation (3.6).

In order to find the functional forms of LIBORs we still need one more
assumption:

(A.4): In the model, LiTi is a monotonic increasing function of yr,.

Note that one can think of the variable y7, itself as a pre-model at time 7;
for i = 1,...,n. For a different specification of the driving process, the form of the
pre-model may differ. An explanation of this assumption will be given later after
we specify the driving process (v, q).

Now we determine the functional form Ll;pi (yr,). For each grid point y; ;,
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from 7 =m to 7 = 1, we evaluate

J6(Yi.g) = Doty Bt [Dryry (13 41) Ly, >y, )] (3.24)

m
~ DOTn+1E[F'"+1 [ Z DTiTZ‘+1 (yi,U7 qi,v)bi,u,v (yTN qTi)I{yTi >yi,j}]

u,v=1

m
= D0T7z+1 Z DT¢T¢+1 (yi,u’ Qi,U)EF”+1 [bi,uﬂ) (mi qT; )I{yTi >yi,j}]

u,v=1

m
= J5(Wijr1) + Doty Y, Drmiy Wi @) T -

u,v=1

Compare equation (?7?) with (3.24), and it turns out that functions J; and Vj are
the same except for the indicator function. By assumption (A.4) for each value y; ;

we can always find a unique strike K such that
{yr, > yij} = (L, > K} (3.25)

holds. Thus for each value of Ji(y; ;), we can always find a unique strike K such
that

where the function K (y; ;) can be solved as
K(yig) = (V§) ™ (S5 (iy))-

It follows from (3.25) that

LiTZ- (ym) = K(yzj)
Note that LiTi is just a function of random variable yr, so that L%, (yry,qr;) =
L (yr,)-

We have found the functional form L7, (yr;), and therefore the functional
form Dz,7, ., (y7,,q7;) is immediate from equation (3.23). Finally the functional
forms of ZCBs D1, (yr;,q1;), @ < j < n+ 1, can be determined by the martingale
property:

DTi+1Tj (yTi_;,_l » AT 41 )
DTi+1Tn+l (yTi+1 y 4T 11

DTiTj (mi qu) = DTiTn+1 (yTp QTi)E]}?n+1 [ ) |yTi7 QTZ]

Dy 1 (it 1,0 Gie1,0)
Dy, Ty (Wit 105 Qi 1,0

m
~ DTiTn+1 (yTiy qu) Z

u,v=1

) Aﬁ_vl (yTi’ qTi)‘
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In pricing applications we will need to take expectations of payoff functions.
If the expectation of a smooth function f? of the bivariate random variable (yr;, q7.)

is finite, we can approximate it as

m
Egoa [£ (1, a1)) ~ Erair [ Y F Wius Gi0)bisuw (Y1 a13)]

u,v=1
m
= Z fz(yi,ua Qi,v)Ei,u,v'
u,v=1

3.3.2 Specification of the driving process

So far we have discussed the numerical implementation of a two-dimensional LIBOR
MFM without giving details about the specification of the driving process (v, q).
In this subsection we will focus on the specification of a diving process (y,q) by
considering a SABR model. Then the evaluation of the one step conditional moments
(3.22) for this particular driving process (y,q) will be given and the monotonic
increasing assumption (A.4) will be discussed.

Kaisajuntti and Kennedy [44] used market data to identify a SABR type
model as an appropriate choice for the level of rates. It means that a SABR model
is an appropriate choice to start with. Suppose we are given the following SABR

model

dF, = o FPawp™ g elo,1], (3.26)
do; = wordt + vo dBI v >0,
dBraw = pdt  pe[-1,1]

where B"*1 and W™ are correlated Brownian motions in F**1, and s is assumed

to be piecewise constant

n—1
My = Zﬂjl{te[Tj,TjJrl)}‘
§=0

Note that (3.26) is a modified SABR model. The volatility process o is driftless in
the original SABR model [31]. The purpose of adding the drift 11;’s to the stochastic
volatility o will be explained later in the next chapter where we will see that the drift
controls the auto-correlation of the driver. One may take the above SABR process
(F,0) as the driving process of the stochastic volatility LIBOR MFM. But we note

that it is hard to find the transition density of the two-dimensional process (F, o) so
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that the one step conditional moments for (F, o) is difficult to obtain. Although Islah
[40] proved an exact analytical formula for the joint density function of (F, o) when
correlation is zero, this closed-form formula involves an integral which is inefficient
to calculate in practice. Thus we will take an approximation of the SABR process
(F,0) as the driving process which allows for an efficient calculation of the one step
conditional moments (3.22) for such driver.

As justified by Kennedy et. al [47], the displaced diffusion (DD) SABR model
can be used as a close approximation to the SABR model, and DD SABR model
admits a closed-form solution. In particular consider the DD-SABR model which
satisfies the following SDEs

dFy = 64(Fy + 0)dw; ! (3.27)
dO’t = /LtO'tdt + UO'tdB;LJrl v >0
dBptaw, = pdt.

The distribution (Fr,or|Fs,05), s < T, of the SABR model (3.26) and the DD-
SABR model (3.27) become comparable via the following mapping

6t = oy SFP1 (3.28)

0-ri="P (3.29)
B

where § € (0,1]. The two models are matched exactly when § = 1. Kennedy et. al

[47] justified this mapping numerically. This mapping was also dicussed by [51] and

[63] in the non-stochastic volatility case.

For ease of explanation, from now on, the model (3.26) is referred to as
the Normal-SABR model for § = 0 and the CEV-SABR model for g € (0,1]. In
order to evaluate the one step conditional moments from time T; to T;41, instead of
considering the CEV-SABR model (3.26), we approximate the model (3.26) by the
DD-SABR model (3.27) via the mappings (3.28) and (3.29) with s = T, as in this
case the DD-SABR model gives a similar distribution of (Fr,_ ,, o1, ,|Fr;, 01,) as the
CEV-SABR model. Now we reformulate the model (3.27) in a form that will help
us calculate the one step conditional moments. We write down the Normal-SABR
model and DD-SABR model as follows, where F' satisfies (3.27), and define (y, q) to

be the driver for our stochastic volatility MFM.
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Normal SABR:

Y = FTi+1

:Z/Ti—i-g(o*TiJrl _UTi)_i/ peopdt + /1 — p?

T, T,

o dW (3.30)

Tiv1 Tiv1
i

ar;, = In 0T 1

Ti1 1 . L
=qr, —|—/ pedt — =02 + v(BEH — B%Jr )

T, 9 Tit1
DD-SABR:
YTy = ln(FTi+1 + 9)
) Tiv1
—ur+wl(on, —on) = [ o (331)
T;
1 Tit1 Tit1 —
- 2w§(/T o2dt) + wiy/1 — p2/T ordW
qr,,, *=Inor,,
Tt 1 2 n+1 n+1
=dqT; + Mtdt - iv 8%} + U(BTi+1 - BTi )
with

a; =T =T

where B"*! and W"*t! are independent Brownian motions in F**!. The proof is a

slight generalization of that found in the Appendix of [47].

Calculation of the one step conditional moments

From the form of the driving process (y, ¢) given above, we now consider the problem
of how to calculate the one step conditional moments (3.22). We note that it is
still hard to find the transition density function of the driver (y,q). As a result
using numerical integration to solve the one step conditional moments directly seems
difficult to achieve. To solve this problem we apply the tower property to the one step

conditional moments (3.22), conditioning on (y1;, ¢7;, 7, ), Which can be rewritten
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as

i+1
@jkdl(yT7QT)
= Epnn1 [yT i1 qu+1 {yr; 1 EWit1, ¥i41, ]+1)}ﬁ{QT1+1€[qz+1 ks Qit1,k+1) }‘ZJT ,qr)

= Epnt1 [qT i1 {QT €[qit+1,k:i41, k+1)}‘—‘] d (yT 41,5 9751 ) YT Ot (3.32)
where the function E;tll (yr,, a1, 91, ) is defined by

;*;f (Y7, 73 4731, (3.33)

= Epnta [yT+1I{yTz+1 ElYit1,5.Yit1,5+1) }|yT 14T QTH'I]

We know from equation (3.20) that the smooth function JH(

Y1, 413, 41, ) With
respect to gr;,, can be approximated by a piecewise polynomial function in terms
of the basis functions:

= yram a1y

m

Ej,:zl(yTi 2 QTy Qit1,57)bip1,j (a1, )- (3.34)
i=1

Inserting equation (3.34) into equation (3.32), we have that

9] k, dl(yTzvqT) (3.35)

1
~ Z l+ yT’QquH‘LJ )EF”'H[QT-H {ar;, 1 €lqi+1,k:9i+1, k+1)}bl+1»] (QT1+1)|yTZ7QT]

+1

Therefore finding the one step conditional moments @’ k18 equivalent to finding

the function H;tll and

!
Epnia [qT¢+1I{QTi+1 E[qi+1,k:qi+l,k+l)}bi+11j, (g1 lyr ar,)-

In what follows we calculate these two functions.

We first evaluate the function = "”1 by introducing an approximation. Note
that to evaluate the function H;inl we need to find the distribution (yr,., |yz,, q73, 47341 )
which is again hard to achieve. However Kennedy et. al [47] found that the condi-

tional distribution (yr, . |y7;,qr;, 47,,,) can be approximated by a Gaussian distri-
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bution with the the following conditional mean and variance:

w(yT,, 41,5 47,4, ) = Epntr (Yt YT, 455 T34 )
n*(yr, a1y, ) = Var(yn,, lyr, ar, an.,)-

Based on this approximation we can evaluate the function E;.tll by numerical inte-

gration as long as we can find the conditional mean p and variance n?.

Proposition 2. Consider expressions (3.30) and (3.31). The conditional mean and
variance of yr,,,|yr;, 41, q1,,, are given by the following closed-form expressions:
Normal SABR:

w(yT;, 41,5 4T3, ) = YT, + g(eQT“rl —elTi) — %Eﬁanl[A‘N/TAQTHQTHJ

(p/;i )2(E1Fn+1 [(AVTZ-)ZIQTN QTi+1] - (EF"H [AvTi IQT“ QT”l])z)

772 (QTi y AT 14 )

+ (1 _ p2)EFn+1 [AVTl ’qua qTH-l]

DD-SABR:

M(yTi’ qr;, QTH—I) =yt + ﬂ(SQTi+1 _ e‘]Ti) _ i P

. TEFn-H [AVTi |QTN qTi+1]

w2
— ?ZEIFWH»I [AVTZ ’quv qTi+1]

Wi DLl - ~
772 (yTi7 qT;, qTi+l) = ( lilul )Z(EF”+1 [(AVTi)2|qTi7 QT«;+1] - (EF”+1 [AVTz |QTi7 QT«;+1D2)
4
w.
=+ Zz(E]F”‘H [(AVTi)2|QT¢7 QT1+1] - (EIF"‘H [AVTz |qu QT1+1])2)
+ wi2(1 - p2)E]F"+1 [AVTz ‘qu qTi+1]

w)ppi (

+ E]FnJrl [AVT,LAVTZ ‘QTN qTi+1]

- EIF"+1 [AVTi |QTZ' ; qTi+1]EIE‘"+1 [A‘A//Tz ’qTN qTi+1])
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with

o, /e [O(FREE 4 v/ag) — @(TEE v /)
EFn+l[AVTi|qTi7qTi+l] - \/7 .

2v ¢(QTZ+1 o, v /@)
e /o
Epn1 [(AVE)? g, a0 ] = — 41}\3/7(1 1+ e? +1*qTi))
[@(QTH—I qr; o) — (w — /)]
X

G o)
el fa; [O(T + 20v/@) — O — 20y
4v? p(H +2v\/oz7)
]_eqq@[ (e 4 \/07) B(TELE — v /@)
ST+ frya)

+

EF"+1 [AVTZ |QTZ~» qTiJrl

= 2e2qT NG
EFn+1[(AVTi>2’(ITi,QTL.+1] = V Z( —|—QQTZ+1 QT))
qr; —aTy qT; —dqT;
(B 4 gry/an) — (T — Gy /a))]

X

(T 4 Ly /@)
+262qTf[ (T 4 v y/ag) — B(TELE — v /)]

v (V)
and

_ e/ (S + Ju/a) — O(S — buy/a)
EF”+1[AVTiAVTAqTi’qTHJ = - [ —3va -

33

A
gb(v\ji—i_ V\/OTZ)
A Aqr. A
@(v\31+21/,/a@) (va—?—u a;) . q)(vf+y\/(71) & qz )
A A
¢(vji+ Svy/ai) O + v /@)
Agqr.
+ —%UQQ-(I)(U\/Q% Ty ai) B (v\j% -V ai)
6 1
A
¢(UqﬁT +2v,/a)

(i + B/ — SR — Jov@) BT+ dvv) — O - frya)
<z><f;1+ Suy/a) D5t + Sv /) |

where AVp, = fj?”l o¥dt, AV, = f;{i“ oudt and Aqr, == qr,, — qr;- O() is
the standard Normal density function and ®(-) is the standard Normal cumulative
distribution function.
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Proof. See Appendix 3.D. O

Having found the function E;.'Zl, we know from equation (3.35) that finding
the one step conditional moments @ﬁld ; is equivalent to finding the conditional

expectation

[

Epnia [qTi+1I{QTi+1 E[Qi+1,k:7‘h'+1,k+l)}bi+17j, (qu‘-H Ny, ar,]- (3.36)

To calculate it we note that the basis function b; j/(-) is a piecewise polynomial
function in the form of

m—1 M
bi+17j'(Q) = ZZbg—‘rl,j/,u,'f‘qu{qe[Qi,u7Qi,u+l)} (3.37)

u=1r=0
Then we insert the expression (3.37) of basis function b; 41 j/(¢7,,,) into equation

(3.36), and we have that

!
Epn+1 [qTi+1I{QTi+1 E[%‘Jrl,k7q1+1,k+1)}bi+17j/ (QTi+1 ) ’yTi ) QTZ']

M
_E q I+r
- bi+1,j’7u,rEF"+1 [qTi+1I{(ITi+1 €(Gi+1,k-%i+1,6+1)} |yTi7 QTi]
r=0
M
_§ q I+r
- bi+1,j’,u,rEFn+1 [qTi+1I{(IT,L-+1 €[qi+1,6%i+1,64+1)} |qTi]’ (3‘38)
r=0

where the last equation follows from the observation that the increment B%‘:ll —B%,‘H

is independent of the filtration Fr, generated by the Brownian motion (B"*1!, /W”“).
As a result the conditional expectation equation (3.36) can be evaluated by numeri-

cal integration since qr; |7, is a Gaussian distribution with mean qr, + p;o; — %v2ai

and variance v2q;.

Finally we combine equation (3.38) and function E;El into the expression

(3.35) for the one step conditional moments Gﬁld ;» and we have that

i+1
@j,k,d,z (yr,, q1) (3.39)
m M
=~ =itl . . q I+r
~ Z —4.d (yTN ar;, qH‘laJ')Zbi+l,j’,u,rEF”+1 [qT¢+1I{(1Ti+1 E[qit1,k:qi+1,k+1)} ‘QTi]‘
=1 r=0

Note that the approximation approach we used above for the calculation of the one
step conditional moments was specific to the SABR style driver. We will discuss a

general driving process case later in this section.
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Pre-model Specification

Having specified the stochastic volatility driving process (y, q), now we discuss the
assumption (A.4). Remember that in order to specify a one-dimensional LIBOR
MFM, we need to assume that the LIBORs at their setting dates are a monotonic
increasing function of the one-dimensional driving process. When it comes to a
multi-dimensional MFM, the univariate and monotonicity properties are lost. This
is why we introduce a pre-model (3.16). The choice of a pre-model depends on the
specification of the driver. In particular, as we dicussed, when a two-dimensional
driving process is specified in the form of (3.17), the pre-model is chosen to be some
strictly increasing function of the linear combination of the components of the driver;
see (3.18). In this case the two-dimensional driver can be viewed as representing
the level and skew of interest rates.

Now we return to the stochastic volatility MFM. From the specification of
the stochastic volatility driving process (y, q) we can see that the driver is specified
in a multiplicative way. The process y represents the level of rates while carrying
the stochastic volatility process ¢ with it. By doing so we achieve a more realistic
and desirable dynamics of the model than a one-dimensional MFM where the driver
is also used for capturing the level of rates but without stochastic volatility. As a
result it is natural to make the assumption (A.4). In this case one can think of the
variable yr, itself as a pre-model at time 7; for : =1, ..., n.

We conclude this subsection with some remarks. We note that the one step
conditional moments are evaluated by applying some specific approximation to the
SABR model. In principle the SABR model is not the only choice for a driv-
ing Markov process. For example one could add mean reversion to the stochastic
volatility process; see [35] and [25]. But the approximation discussed is specific to
the SABR type model and it may not apply to other stochastic volatility models.
In this case we need to find another way to evaluate the one step conditional mo-
ments. There may exist a solution or some specific approximation to the stochastic
volatility model we choose so that the one step conditional moments can be solved or
approximated. Otherwise we can resort to discretising the driving Markov process

in time. In particular consider the following driving Markov process

dry = pp(t, z)dt + zp0,(t, $t)thn+1
dzy = py(t, z¢)dt + o, (t, z,g)dBl’[”Jr1
dBMtawitt = pdt  pe[-1,1].
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For simplicity we present the Euler scheme of the driving process

Ty = Tg, + pe(ts, o, ) AL + 2,00 (t, xti)AWt’Z“

2ty = 2t + Pz (s, 2, At + o4 (t, zti)ABg+1

Epart [ABI AW = pAt - p e [-1,1],
where At =ty —t;, AW/ = Wi — Wit and ABPT = Bt — Bt
Other discretization schemes (e.g. Predictor-corrector Scheme) could also be ap-
plied if necessary. In this case the joint distribution (x,,,, 2¢,,,|%¢;, 2¢,) is Gaussian
so that the one step conditional moments can be evaluated. However we have to
be aware that the discretization gives an inaccurate approximation to the distribu-
tion (x4, ,, 24,4, |74, 2;). In order to improve the approximation we can make the
discretization smoother by using more time steps between 7; and T;1; on the date
structure. In particular we let At = %(T;41 — 1;). This means that we have § time
steps between each time [T}, T;11] on the date structure. Now if we take ¢ to be, for
example, 50 the approximation should be very accurate. However the price to pay
for the accuracy is the computational cost, which is the main reason why we did

not use this method to approximate the one step conditional moments.

3.4 Conclusion

In this chapter we reviewed the algorithm to specify a MFM with a Gaussian driver.
This algorithm relies heavily on the Gaussian assumption so that it cannot apply to
a MFM with a driving process away from Gaussian. There is substantial empirical
evidence supporting the introduction of a stochastic volatility model. This motivates
us to develop a stochastic volatility MEFM. In order to implement this model, which
has a non-Gaussian driver, we developed a general algorithm by working with basis
functions and conditional moments of the driving Markov process. This algorithm
is not specific and could be modified to apply to all one- and multi-dimensional
MFMs with various types of driving process. From a data driven study which used
market data to identify a SABR type model as an appropriate choice for the level of
interest rates, we chose a SABR type model as the driver of our stochastic volatility
MFM. With this choice we specified a pre-model and developed an approximation
to evaluate conditional moments of the SABR driver which served as building blocks

for the algorithm.
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3.A Appendix: Equivalence of Markov-functional mod-

els

In this appendix we will show that under some conditions two distinct driving
Markov processes could lead to the same MFM. Let us first make clear what we
mean by saying that two MFMs are the same. Let us consider two MFMs with
two distinct driving processes z = (z!,22,...,2%) and y = (y',y?, ...,y%), which are
both assumed to be continuous diffusion processes, under the terminal measure on
the tenor structure (2.1). Let {F:}o<t<r+ be the natural filtration generated by
Brownian motions under the terminal measure. The above two MFMs are said to

be the same if for any continuous and bounded function g° we have that

EF"+1 I:gz (D%iTi+1 ($T1)7 D%,‘Ti+2 (I'T’L), e D%Z'Tn+1 (xTz )) “FTi—l] (340)

= Epn+1 [gl(D%iTi+l (yr,), D%TH_Q (Yr,)s s D%Twrl (yr, )IFr ],

where D%Tj(‘) and D:yFiT]_ (1), 1 <i<j<n+1, are functional forms of ZCBs under
the two MFMs respectively.

Let us provide insight into equation (3.40). Since interest rates, such as
LIBORs and swap rates, can be expressed in terms of ZCBs, equation (3.40) implies
that, conditional on the o-algebra F7, |, the distributions of interest rates at time
T; are the same for the two MFMs for ¢ = 1,...,n. Furthermore equation (3.40)
also implies that the value of vanilla options, such as caplets and swaptions, are the

same for the two MFMs. In what follows we show the equivalence of MFMs.

Proposition 3. Consider two LIBOR MFMs where we take the following two dis-

tinct d-dimensional diffusion processes with continuous marginal distributions
z = (24, 22, ...,a:d)

and
y= "y

as driving Markov processes under the terminal measure. These two MFMs are the
same if they satisfy:

1. Any component of y is a strictly increasing function of the corresponding compo-
nent of x i.e. yi = fi(t,xt) for some strictly increasing function f; : [0,00) x R — R
with respect to x fort >0 andi=1,...,d.

2. The pre-model EZTf’(yTl) of y is a monotonic increasing function of the pre-model
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E;&Zx(xTz) i.e. E;’f’(yn) = hl(ﬂ,ilj&f(xn)) for some monotonic increasing function
hi:[0,00) x R =R fori=1,..,n.
3. The two MFMs are calibrated to the same input prices of digital caplets.

Proof. To prove the two MFMs are the same we need to show (3.40). The result of
this proof is stronger than two MFMs being the same in the distributional sense as
we have an actual functional relationship between them.

Note that for any 1 < i < j < n+ 1, from the first condition we obtain that

= Di.p, (f1(Tis 2k, ), -oos fa(T @)

We will prove that

That is the model we get from working with the process y and then writing it in
terms of x, 5%@- (+) is the same model we would get if we started by setting up the
MFM using x, D7, 7, (). The proof follows the construction of the MFM, so proceeds
by backwards induction on time T;. Note that in the proof we will just focus on
some key steps and a complete procedure of construction can be found in Section
3.2.3.
To begin, at time T}, 1 by definition we have that
D%, i1y (@100) = DE, o1,y (100) = 1

Suppose the result is true for all time Tjy1,...,Th+1. We complete the proof by
showing that the result is also true at time T;.

Do,
At time T; let us first consider the numeraire-rebased ZCB #. It follows
1tn+41
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from the martingale property that

D%Tiﬂ (le) L D%Tiﬂ (yr,)
%iTn-Q-l (xTL) D%iTn+1 (yTz)
1
%‘+1Tn+1 (yTi+1)
1
Tit1Th+1 (xTiJrl)
1
— EF"+1[ |$Tz] (341)
%+1Tn+1 (xTi-H)
_ Dig,, (o) .2)
D%,L'T,V,,l ($Tz) ’

where equation (3.41) is true since the component of y is a strictly increasing function

of the corresponding component of x so that knowing yr, is equivalent to knowing
;.

1,2

The second condition tells us that the pre-models ETl (7,) and E?FZJ (yr,) are

chosen such that
L (yr) = LY (f(Ti b)), oo, fa(Ti ) = hi(Ti, Ly (7)) (3.43)

for some monotonic increasing function h; : [0,00) x R — R. We choose values

r* = (o', 22, ..., 2%%) of 27, and the corresponding
* *,1 *,2 *,d
y = ([i(T,2™), (T, 2™7), ., fa(T5, 257))

of yr,. From (3.42) and (3.43) we have that

: Di.p  (y13)
LY (k) . TiTita v ) .
JO (y ) = DUTnHEF"“[ ZII“T (yT) {EZT’?(yTi)>LZT’y(y*)}}
idn4+1 g 4 4
Di.r. ,(z1,)
—D By [—222 > 707 e ~iw,
Ot 8 +1[ gTU’Z'Tn+1 (xTz) {LTi (ITi)>LTi (z )}]

= Jy"(a)

Furthermore since we feed in the same input prices of digital caplets (see condition

3), we have that

LZZLI (‘/ETZ) = L%y(yTi))

(3 k3
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and therefore

D%iTn-kl (.’I:T_L) = D’:Zy"iTnJrl (yTz) = D%iTn+1 (.'IfTZ)

Finally ZCBs are obtained by the martingale property

D{ﬁTj (sz) = D%ZTJ (yTz)
1

:<Dgﬂg+ﬂyﬂ)E%wH[‘?:;“szﬂyn]
G Tn+1 J

1
= D%iTn_'_l (xTi)EF"Jrl[ x

|
T (T13)

- D%}Tj (xTz)

for i < j < m. Once we have proved that B%T]() = D%Tj(-) forany 1 <i<j <
n + 1, equation (3.40) is immediate.
O

Note that we are not aiming for the best result possibly. There could exist
some weaker assumptions to show that two MFMs with different drivers are the
same. We also note that the above proposition applies to the one-dimensional case.
In particular for the one-dimensional case a pre-model can be chosen to be the
driver itself. As a result if two MFMs satisfy the above condition 1 they will satisfy

condition 2 automatically for a one-dimensional MFM.
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3.B Appendix: Basis functions

Before we discuss basis functions we introduce polynomial interpolation. Given
M + 1 distinct data points (x;)/2]* and corresponding M + 1 values (y;)M1!, we

can find a unique interpolation polynomial p up to degree M:

M+1
pla) =Y yili(x), (3.44)
i=1
where the Lagrange Basis Polynomials l;(x) are defined by

M+1
r — Tk

ll(.%') = .
k1ot T Tk

The construction of the above polynomial implies that ;(x;) = ¢; ; so that
p(z:) = yi.

Next we will make use of the interpolation polynomial to construct basis functions.
Let 1 < x9 < ... < x,, be a partition of the interval [z;,z,,]. The one-
dimensional basis function b; : [z1, zy,] = R, j =1,...,m, is defined as a continuous

function with repect to the partition of the interval [z1, z,,] such that
bj(xk) = djk
for k =1, ...,m. For the sake of efficiency, in our numerical implementation we take

the basis function as a piecewise polynomial up to degree M > 1

m—1 M

bj(z) = Z ij,k,dde{xE[:vk,xk+1)}

k=1d=0

satisfying

Note that the basis function can be chosen in other forms such as a Fourier basis.
Next we present the construction of the basis function and determine the
coefficients b; q of the piecewise polynomial. It is well known that given M +
1 distinct points, there exists a unique polynomial function up to degree M and
therefore we have that m > M + 1. To calculate the coefficient b, 4 of the basis
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function b; for the interval [z, xk41) uniquely, we make use of M + 1 grid nodes

surrounding the interval i.e.
Tp [ ]y ey Tpy (MY (3.45)
where [] is the round function. Now we are given M + 1 distinct points
Tp (AL ]y ey Ty (M
and the corresponding M + 1 values
bj(xk—[%—u)v I bj(xkﬂ%])-

It follows from equation (3.44) that we determine a polynomial function p up to

degree M uniquely:

o252
pla)= > bi(x)l(x) (3.46)
i=k—[2 1)
where [;(x) is defined by
()
T — g
li(z) = :
(@) 11 T — T
s:k—[%—l]
sF#£1

The coefficients bj j. 4 for the interval [z, xp11) are therefore chosen such that

M
p(z) = Z b kaz’.
d=0

Following the above procedure we can fix the coefficients b; ;. 4 of the basis function
bjfork=1,..,m—1and d =0,..., M so that the basis function b; can be specified.

Note that there is an issue about the construction of the basis function. We
find the coefficients of polynomial for the interval [zy,xgy1) by using M + 1 grid
points surrounding the interval (see (3.45)). However some of these points could be
out of the defined interval [z1, 2] i.e. k — [ —1] < 1 or k + [MF] > m. This
means that we do not have enough nodes to determine a polynomial function up to
degree M. In this case we can achieve a polynomial function up to a lower degree.

In the numerical implementation it is efficient to construct the basis function.
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To show this let us see equation (3.46) that b;j(x;) is non-zero only when i = j. Based
on this observation we conclude that the coefficient b; 1, 4 = 0 for interval [z, xp41)
when grid point z; is outside the interval [xk_[%_l] , ka@]]. This means that it is
sufficient to fix the coefficient within the interval [acj_[ M1y, Ty M ]] since coeflicients

are all zero outside. Therefore the basis function can be simplified as

HE-1 M
bJ(ZE) = Z bj,k,dxdl{xe[:ck,zk+1)}'
0

k:j—[]wjl} d=

In particular in the numerical implementation of MFMs we usually set M = 5 so

that
j+2 5
bj (:c) = Z Z bj,k,dxdj{xe[zk,xk+1)}-

k=j—3 d=0

The multi-dimensional basis function is a straightforward extension. Let

n

bjn = [at,xp] = R, j" =1,...,m, n = 1,...,d, be one-dimensional basis function

with respect to the partition (z7)7-; of the interval [27,z!’]. The d-dimensional

3)j=1 m
| d .d 1 d _ .
ga o lrpwn] <o x [z zh] = R, g, ¢ =1, m, is defined

as a continuous function with repect to the partition of the interval product such
that

basis function bj1

d
1 d
bjly.”’jd(xk1, ceny l'kd) = H 6]n7kn
n=1

for k* = 1,...,m and n = 1,...,d. The d-dimensional basis function can be rep-
resented as the product of the corresponding d individual one-dimensional basis

functions:

In particular when d = 2, the two-dimensional basis function b; j, : [x1, Z/,] X
W1,ym] = R, j,k =1,...,m w.r.t the two-dimensional partition (z;,y;)/"; can be ex-
pressed in the form of the product of their corresponding individual one-dimensional

basis functions b; and by:

bir(x,y) =bj(x) x bp(y)
m—1 M

_ T Y d 1l
= > W rabt i Y Nl (el 1))
§'k'=1d,1=0
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satisfying

bj,k(xuyyv) = 5j,u X 5k:,v-
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3.C Appendix: Proof of Proposition 1

Let y;1 < ... <¥yim and ¢;1 < ... < g;m be partition of the driving Markov process
(yr,qr,) at time T; for 4 = 1,...,n. The initial value of the process (y,q) at time
Tp is given by constants (yp,qo). Suppose we are given the two-dimensional basis

function b; ;5 with respect to the above partition:
m—1 M
_ Y q d l
bi,j,k(y¢ Q) - Z Z bi,j,j’,dbi,k,k’,ly q I{ye[yi,j’7y¢,j’+1)}m{qe[qi,k/7qi,k/+1)} (347)
§'k'=1d,1=0
for j,k =1, ...,m. Suppose that the one step conditional moments
93‘,k,d,z (Yi-1,us Gi—1,0)
- d 1 _ _
= Epnt1 [yTiqTiI{yTie[yi,jyyi,j-‘—l)}m{QTiG[Qi,k,‘Zi,k+1)}|yTi—1 =Yi—1u,q4T;_1 = Qifl,v]
are given fori=1,...n; 5,k=1,...m—1;d,l =0,.... M and u,v =1, ..., m.

We now evaluate the following three (conditional) expectations:

A (Uit Gi-10) 1= B [bijn(yr,, an)lyr oy = Yie10, 41, = Gi-10), (3.48)

Eijk = Epnaibijn(yr, ar)], (3.49)

DYk = B (b3 (UTs0 41 Ly, elyssnns 0} - (3.50)
fori=1,...,nand j,k,u,v=1,...,m.

1. Calculate Aik : Inserting equation (3.47) into equation (3.48) leads to

m—1 M m—1 M
‘ - , , .
A Yimtaas Gim10) = DD 055 a D Y 0 1O (Yim s Gi-1.0),
j'=1d—=0 k'—11=0

fori=1,...,nand j, k,u,v=1,...,m.

2. Calculate E;;y : The algorithm for finding Ej ;) works forward iteratively

from time 77. At time 77 we have that

El,j,k = EF"+1 [bl’j,k (yT1 , 4Ty )]
= Epnt1[b1j % (Y11, a11)|Y0, Q0]
= A},k(?JOa QO)a

for j,k=1,....m.
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Suppose we reach time T; now, having already found F;_; ;; for j,k = 1,...,m.

E; j 1. can be found by applying the tower property:

E; j 1 = Epn+1[bijx(yr;5 a1;)]
= Epnt1 [Epn+1(bi k(1. q1) |y, 10 a1 )]
= Bpns1 [N (yr,_y a1 ,))- (3.51)

We note that the smooth function Aik(yTifl’qTifl) can be approximated by

a piecewise polynomial in terms of the basis function:

m
A},k(yTi—l ) QTi_1) ~ ZAz,k (yi—l,u? Qi—l,v)bi—l,u,v (yTi—l ) QTi—1)' (3.52)

U,V

Inserting equation (3.52) into equation (3.51) we have that

m
Eijr = Bpnei [ AL (Yi 1, Gio1,0)bi-1u0 (U a1,,)]

u,v
m
i
= E AL (Yim1us Gi-1,0) Eim1,u,0,
u,v

for j,k=1,...,m.

. Calculate I‘Ji.7k7u : It follows from equation (3.47) of basis function that

F;’,k,u = Epn+1 [bi,j,k(yTw qTi)I{yTiE[yi,uyyi,u+1)}]
m—1 M

_ Yy q d
= EF"“[E : § :bi,j,u,dbi,k,k/,lyTiqTiI{ZIT,L-E[yi,u,yi,u-ﬁ-l)}n{QTie[qi,k/:qi,kurl)}]
k'=1d,1=0

m—1 M

_ Y q d 1
- § : E : bi,j,u,dbi,k,k’,lEF7l+1 [yTi qTiI{yTiE[yi,u7yi,u+1)}ﬁ{qnE[qi,k/,qi,klﬂ)}]‘
K/ =1d,1=0

(3.53)

Apply the tower property to the expectation in equation (3.53) and we have
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that

d
B [Y7,91. Ly s, ey i) 30 Tar, €1, 100000 40
_ d
= Epn+1[Epnt1 (?/TiqTiI{yTi €yiuwyiur1) Y{ar; €105 1% 17 11)} 7,1 a7,

= Epn+1 [Gz,k’,d,l(yTiq ) QTZ‘A)]

m
Z @z,k/,d,l Yi—1,u Ti-10) Bic100 0 (3.54)

u' v=1

Insert equation (3.54) into equation (3.53) and we obtain the result

m—1 M
J,ku E:E: i,j,u,d zkk’l E @uk’dlyz 1’y Qi— lv)Ez 1u'w
k'=1d,l=0 u/ =1
m—1 M
= ,],udE :E :bzkk”l § :euk’dl Yi—1,u > qi— 1v)Ez 1u/ vy
d=0 k'=11=0 u v=1

fori=1,...,nand j,k,u=1,...,m.
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3.D Appendix: Proof of Proposition 2

To calculate the conditional mean and variance of yr,, |yr;, q1;, 91, ., We first find

the following conditional expectations:
1. Epnni[AVgar, g1y, ,]
2. Epar1[(AVE)lar, a1y,
3. Epnor[AVZ gz, ar, )
4. By [(AVE)?[qr,, g,
5. Epnii [AVE, AV g, a1, -

The SDE of the stochastic volatility is given by
doy = [,LtO'tdt + UO'tdBerl v > 0.

Conditional on B%'! and B!, the Brownian bridge B”H]B”fl Brtl o<t <
T; Tiy1’ t T, ' PTiq 0
Ti+1, is Gaussian with mean

Bt 4 t= 1

Bn+1 . Bn+1
R e A

141
and covariance between Bf“|B%H, Bgi:ll and Bg+1|B%H, B%tll with s <t

(Tix1 —t)(s =T)
Tivi—7T;

Moreover by It6’s lemma, we have that:

t
Bl — qt — qo — f(] psds + %UZt
t N v

where ¢q; := In(o¢). Thus knowing Bt"Jrl is equivalent to knowing ¢; so that
1 _ 1 1 1
(B Mar ary,) = (BY B By

is a Gaussian distribution.
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Next we can calculate the conditional expectations. In particular we have
that

Tit1

Egnia [AVTi |qTi? qTi+1] = Epn+t1 [/ U?dﬂqTiv QTi+1]
T;

Tit1
_ 0’%/ EIFnH[6(2111'*1)2)(thz‘)+2v(BthT,-)‘qTNqTHl]dt7

which can be evaluated since the Gaussian distribution of (B}*'|gz, qrn,,), Ti <
t < T;11, is known. After some transformation and calculation we can obtain the
result. We can also obtain the conditional expectation Epnt1 [AVz: gy, qr, ) by a
similar calculation.

The conditional expectation Epn+1[(AVr)?|qr;, g1y, ,] involves more calcula-
tion. We have that

EF"‘H [(AVT'L’)2|QT1" QT¢+1]

T, o
:=FEpnt1 [(/ Oy dt) ‘QTN QTi+1]
T;

Ti+1 t
=Fpn+1[2 / oladsdt|qr,, a1,
T; T;

Ti+1 3 2 n+1 n+1 n+1
4 (2p;—v?) (t+s—2T;)+2v(By T +Bg T —2B7 )
:20Ti/ /EFn+1[e : ’ ¢ ° Ti lqry, qry4, )dsdt,
T; T;

where (Bl?Jrl + B™qr,, a1, ) Ti < 5 <t < Tjyq, is Gaussian with mean

t+s—2T;
2Bn+1 7 Bn+1 _ Bn+1
T; + Ti1—T; ( Ti+1 T; )

and variance

(Tior = (= T) + (Tos — 5)(s = T) + 2(Toss — (5 — T)
Tiy1 —T; '

Thus the conditional expectation Egn+1[(AVr;)?|qr,, g1;,,] can be evaluated by some
transformation. A similar calculation also applies to the conditional expectation
E]F’H'l[(AVTi)2|qTi’qTi+l]'
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Finally we calculate Ega1[AVy, AVr |qr, g7, ] which can be written as

EIF"’“Ll [A‘/"TZ A‘A/:r.’l ’qTZ ) QTZ‘+1]

Ti+1 9 Ti+1
Z:E]Fn+1 [/ Oy dt / Utdt|QTia QT'L+1]
T; T;

Tit1 t
=Fpnt [/T /T (O'tQO'S + Utaz)dsdt\qn, a1,

Ti+1 t 1.9 n+1 n+1 n+1
3/ /EFn+1[e(M1—2U ) (2t+s5—3T;)+v(2B;' "+ Bg —3Br,
i T;

=0T ) g3, QTiH]det
T,

7

Ti+l t 1 9 n+1 n+1 n+1
3 (15— v2)(25+t—3T;)+v(2B2H 4 B+ _3rtt)
+UT¢/ /EFn+1[€ L2 ¢ s t T \qr;, 91,4, Jdsdt,
T T

We note that (2B + B2 qr,.qr,,,), Ty < s <t < Tj11, is Gaussian with mean

2t + s — 3T;

3B +
i Tivn —1T;

+1 +1
(Br., = Br”)

and variance

AT — )t —T) + (Tiy1 — s)(s = T5) + 4(Tiga — t)(s — To)
Tiy1 —T; '

Similarly (B + 2B ¢, 41, ), Ti < s <t < Tjyq, is Gaussian with mean

t+2s —3T;

3BTL—|—1
C

1 1
(B, — B

and variance

(Tes — )t = T) + 4(Tiss — 8)(s = T) + A(Toes — (s — T)
Tiy1 —T; '

Thus the conditional expectation Egni1 [AVy, AVy |7, qr, 1) can be evaluated.
Next we calculate the conditional mean and variance of yr,.,|yr,, q7;, 47,4,
for the DD-SABR model and similar calculations apply to the Normal-SABR case.
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It follows from the solution of the DD-SABR model that the conditional mean is

wip ( ar, qr,y _ WiPHi T
N(yTia qr;s QTi+1) =y, + T(e "+l —e ’) - v EIF"“[ - Utdt|qTi7QTi+1]
2 Tita
W
_ 21EFn+1[/ det\qTi,qTiH]
T.

i+1

wiV/1 — p?Epni1 / o dW{ ar,, qr,, ],

where

Ti+1 =l
EIE‘n+1 [/ thth |qTi7 QTi+1] =0.
T;

Hence the conditional mean pu(yr,, g1, 91, ) is given by

Wi Dl ~
(YT, 4135 9131 ) = YT, + p( i1 — 1) — ZZMZ Epnnr [AVT |1, 1344
— éEIF"*'l [AVTz |QTZ~’ qT¢+1] :

The conditional variance n?(yr,, 41, g, ) is given by

o Tit1
wipph
7]2(yT17QTZaQTZ+1) = ( ly 1)2‘/0/,0(/ o-tdt|qTZ’qu+1)
T;

1y Tt 2
—i-4(.uZ Var( a o;dt\qr;, 1,4 ,)

Tit+1 -
A= War( [ oW ensar)
T;

3.,,. Tiv1 Tiv1

Wy p

+ ZT’C’ v(/ odt, / oidt\qr;, qr,.,)
T; T;

i+1 Tita 17
_ oXi P Wi Lpmi \/70011 / O'tdt,/ Utthn+1|QTi’ aT;11)

T;

Tiq1 Tit1 —
\/1_7001)/ tzdt,/ UtdWZ“rl‘qTi,QTiH).

T;
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The covariance term can be written as

Tit1 Tit1
Cov(/ odt, / afdt|qTi, qTi.,)

Ti Ti
Ti+1 Ti+1 9
:E]Fn+1 {/ odt / (o dt|QTia QTi+1]
Ti Ti

Ti+1 Ti+1 9
—FEpn+1 [/ Utdt‘QTi;QTiH]EFnH[/ o dt’qTi7qTi+l]
T; T;

=Epnt1 [AVTz‘A‘N/Ti ’qTiv qTi+1] — Epn+1 [AVTz |qu" qTi+1]EF"+1 [Ai}Tz |qTi7 qu‘+1]a

and
Tiv1 Tiy1 —
COU(/ Utdta/ O'tdI/thJr |(:ITi7qTi+1)
T; T;
Tit1 Tit1 —
:E]F‘n+l[/ Jtdt/ O’tdWZ%"_ \qTi, qTHl]
T T
Tiv1 Ti+1 "
_E]FnJrl [/ O'tdt‘QTi, QTi+1]EFn+1 [/ O'tthn ‘qTi7 qTi+1]
Ti Ti
=0.
Similarly,

Tiv1 9 Tiv1 —
COU(/ o} dt,/ 0,5dVthJr \ar;, a1,,,) = 0.

T; T;

By It6 isometry the variance part Var( fj?i“ JtthHHMTHQTi 1) can be expressed

as

Tit1 -
VCW“(/ o dW  ar,, a1y, ) = Bgnrr [AVEar,, a7 -
T;

Hence the conditional variance nz(yTi, q1;- 91, ) is given by

Wi P e e
772 (yTi’ aT;, QTi+1) = ( zy - )Q(EIF"‘H [(AVTi)QMTw qTi+1] - (EIF"‘H [AVTz |QTi7 qTi+1D2)
4

w.
+ ZZ(E]FHJA [(AVTi)z‘qTia qTi+1] - (E]FnJrl [AVTl ‘qT“ qTiJrl])Q)
+ w; ( )E]Fn+1 [AVzlqT, QT1+1]

CU i
4+ = PHi (Eﬂm+1 [AVT AVT |CIT ) QTZH]

- E]F’””L1 [AVTi |QTi7 QTi+1]E]Fn+1 [AVTi ’qﬂ ) QTi+1])'
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Chapter 4

Stochastic volatility
Markov-functional models:

calibration

4.1 Introduction

In the previous chapter, we have specified a stochastic volatility LIBOR Markov-
functional model by choosing a SABR, driving process and proposed an algorithm
to implement the model numerically. But we have not considered the problem of
how to choose the parameters of the SABR driving process and the input prices
of the set of digital caplets which will be fed into the model. In this chapter we
will consider this by calibrating to the market correlation structure and the market
prices of vanilla options.

Let us first consider the input prices of digital caplets. As we discussed in
Chapter 2 the input prices of a set of digital caplets as functions of strikes deter-
mine the marginal distributions of the corresponding LIBORs at their setting dates
in their associated forward measure. Feeding in the input prices of digital caplets is
equivalent to feeding in marginals together with the initial term structure. From the
specification of a LIBOR Markov-functional model one can see that given a driving
process theoretically any marginal distribution of LIBORs at their setting dates can
be fed into the model. This separates the specification of a driving process from the
marginals. This is a very unusual feature for an interest rate model. In contrast
to, for example, LIBOR market models and short rate models the marginal distri-
bution of LIBORs at their setting dates are fully determined by the dynamics of

the corresponding state process. This separation in a Markov-functional model pro-
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vides flexibility but this may also potentially cause an unstable dynamics of forward
rates. Andersen and Piterbarg [5] made a remark on Markov-functional models that
a non-parametric formulation of the marginal distribution for LIBORs may result
in unrealistic evolution of the volatility smile through time. To avoid these issues
the authors suggested to feed in an arbitrage-free formula for digital caplet prices,
where the formula can be derived from e.g. a log-Normal, displaced-diffusion or a
CEV model. Bennett and Kennedy [7] showed that a LIBOR Markov-functional
model with a Gaussian driver together with the Black’s formula for (digital) caplets
is numerically similar to the one-factor separable LIBOR market model. Recently
Gogala and Kennedy [29] extended the above link to a more general local-volatility
case. Based on this link, the authors proposed an approach for choosing an ap-
propriate combination of driving process and (digital) caplet prices, and such a
combination leads to desirable dynamics of future implied volatilities. In this chap-
ter we consider the link between LIBOR Markov-functional models and separable
LIBOR market models in the stochastic volatility case. We expect that a stochas-
tic volatility Markov-functional model with a SABR driver together with a SABR
marginal distribution of LIBORs should be numerically similar to the corresponding
separable SABR LIBOR market model. Based on this link the intuition behind the
SDEs of the separable SABR-LIBOR market model can be transferred to the cor-
responding stochastic volatility LIBOR Markov-functional model. This gives us a
guide as to how to calibrate a stochastic volatility Markov-functional model. Based
on this link we develop a calibration routine to feed in the prices of digital caplets
by calibrating to the market caplets or swaptions prices. A numerical investigation
of the performance of this calibration routine is also given.

In a Markov-functional model, the specification of a driving process deter-
mines the dynamics of the model. In a one-dimensional LIBOR Markov-functional
model, Hunt and Kennedy [37] showed that a particular choice of Gaussian driving
process leads to mean reversion of spot LIBOR. However this particular choice of
the driver results in an unsatisfactory hedging performance. Furthermore Kennedy
and Pham [48] showed that the specification of a Gaussian driving process has an
effect on a Bermudan swaption in terms of hedging behaviour. The authors pro-
posed a particular specification of a Gaussian driver, which is referred to as the one
step covariance driver, by calibrating to the market correlation structure of swap
rates in a one-dimensional swap Markov-functional model, and this choice leads to
a desirable hedging behaviour. This motivates us to choose a modification of the
SABR model as the driving Markov process in the stochastic volatility Markov-

functional model which has been specified in the previous chapter. Recall that in
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this modified SABR model, we have a drift function which is piecewise constant
in the stochastic volatility process. We will show that this drift function can be
chosen by calibrating to the market correlations. A numerical investigation of this
calibration performance will be given. We will see in Chapter 5 that this calibration
approach retains the desirable hedging behaviour which is similar to the one step
covariance Markov-functional model.

The rest of the chapter is organized as follows. In Section 4.2 we describe
the calibration problem. In Section 4.3 we propose an approach for choosing an
appropriate combination of driving process and (digital) caplet prices by introducing
a separable LIBOR market model. In Sections 4.4 and 4.5, we discuss the problem
of how to calibrate a stochastic volatility LIBOR Markov-functional model to the
market prices of caplets and swaptions respectively. In Section 4.6 we consider

calibrating to the market correlation structure. We conclude in Section 4.7.

4.2 Calibration problem description

Consider the tenor structure (2.1). For ease of reference we present again the target
SABR driving process of the stochastic volatility LIBOR Markov-functional model
(MFM) discussed in the previous chapter:

dF, = o, Flawp™ B elo,1], (4.1)
doy = podt + VotdBfH v >0,
dBM Y aw it = pdt  pe[-1,1]

where B"1 and Wt are correlated Brownian motions under the terminal measure
F+! associated with the numeraire the T}, ,;-maturity zero-coupon bond (ZCB)

D rypy1, and py is assumed to be piecewise constant

n—1
= Zﬂjf{te[Tj,TjH)}- (4.2)
=0

Remember that this is our target driving process, and we in fact take a transforma-
tion of it as the driving process for the sake of efficient implementation. See Section
3.3.2 for details. Recall that we set up the model by feeding in the prices Vo’(K ),
VE 1 ]0,00] = R, of a set of digital caplets on the ith LIBOR L’ with strike K for
i =1,...,n. Thus the stochastic volatility LIBOR MFM is fully determined by

1. the input prices of digital caplets V§(K) as a function of the strike K > 0 for
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1=1,...,n.

2. the parameters of our stochastic volatility MFM i.e. the parameters of the

target driving process (4.1) which includs oy, 8, Fo, p, v and pj, j =0, ...,n—1.

In the previous chapter, we focused on the numerical implementation of this model
by assuming that the above two sets of information are given to us. In this chapter
we consider the problem of how to choose them by calibrating to the market prices

of vanilla options and the market correlation structure.

Remark 5. In the original SABR model [31], the stochastic volatility process is
driftless. But in the driving process (4.1), we use a modified SABR model where we
have a drift function pj, j = 0,...,n — 1, for the volatility o. We do so since we
need p;’s to capture the correlation structure. More importantly, this will lead to a

desirable hedging behaviour which will be seen in Chapter 5.

Before we proceed to the calibration of the stochastic volatility LIBOR MFM,
we make an assumption. Kaisajuntti and Kennedy [44] identified a SABR style
model as an appropriate choice for the level of interest rates by investigating market
data. In that sense the target SABR driving process (4.1) can be determined by
investigating historical market data or by traders based on their market judgement
or beliefs. In particular throughout this chapter let us assume that for the target
SABR driving process (4.1), the parameters 3, Fy, p, o9 and v have been determined
exogenously. Consequently the remaining parameters for the target driver (4.1) are
pj for j=0,...,n—1.

Note that the input prices of the digital caplets V(}(K ) with respect to strike
K contain information on the market initial term structure and the distribution of
the LIBOR LZ;,,Z_ under the associated forward measure F**t! for ¢ = 1,...,n. Thus
given the market initial term structure, choosing the input prices VOZ(K ) is equivalent
to choosing the distribution of the random variable LiTi under F*! for i = 1,...,n.
In Section 4.3 we will consider the problem of what marginal distributions of the
LIBORs {LiTi;i =1,...,n} should be fed in. We will see that given the target SABR
driver (4.1), the SABR type, as opposed to, for example, the CEV or log-Normal
marginal distribution is an appropriate choice. In Sections 4.4 and 4.5 we will
determine the input prices VO’(K ), i =1,...,n, of digital caplets at strike K > 0 by
calibrating to the market prices of caplets and swaptions respectively. In Section 4.6
we will choose the parameters p;, j = 0,...,n — 1, of the target SABR driver (4.1)
by calibrating to the market correlation structure of LIBORs. In this chapter we
focus on the LIBOR version MFM, but all the discussion also applies to the swap
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version MFM. In Appendix 4.B we will briefly discuss the calibration issue in the
stochastic volatility swap MFM.

4.3 Choice of marginals

In a MFM, given a driving process, theoretically any marginal distributions of the
LIBORs {LiTi;z' =1,...,n} can be fed into the model. This leads to more flexibility
but one needs to be careful since an inconsistent combination of driving process and
marginals could potentially result in unstable dynamics of the forward rates. In
this section we will find a reasonable combination by considering the link between
LIBOR MFMs and separable LIBOR market models (LMMs). This link will also
give us a guide as to how to perform the calibration.

In Section 4.3.1 we introduce the idea of separability and one-factor separable
LMMs. We review the link between LIBOR MFMs and separable LMMs in the
one-factor case. Based on this link, an appropriate combination of driver and prices
of digital caplets is found. In Section 4.3.2 we consider the link between LIBOR
MFMs and separable LMMs in the stochastic volatility case by considering separable
SABR-LMMs. Based on this link, given the target SABR driving process (4.1) we
find a consistent marginals to feed into the stochastic volatility LIBOR MFM.

4.3.1 Separable LIBOR market models with local volatility

Let us consider the following LMMs with local volatility under the terminal measure
Frtl

. n (LYY .. o
dLi=-%" (Lw)azqﬁ(ﬁ)dt Folp(LYdWt, i=1,.,n—1 (4.3)
j=it+1 1+ Otht

dL} = o ¢(Ly)dWi ™,

where ¢(-) is a deterministic function of the rate satisfying appropriate regularity
conditions where more details can be found in [29]. One can choose the local volatil-
ity function ¢(-) as, for instance, ¢(z) = z, ¢p(x) = 27,0 < B < 1, and ¢(z) = z +9,
0 € R, which are corresponding to the log-Normal LMM, CEV LMM and displaced-
diffusion LMM. For more choices for the local volatility function ¢(-), the reader is
referred to [11].

We can see that the drift term of SDE (4.3) is dependent on forward LIBORs
except for the drift of the nth LIBOR L™ which is zero. Consequently a LMM is a

high-dimensional model and it is Markovian with respect to its all forward rates even
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when it is driven by only one factor. In practice a simulation method is required for
an accurate implementation of a LMM. However Pelsser et al. [56] demonstrated
that a numerical approximation to a separable LMM allows for representation by a
low-dimensional Markov process. Moreover they found that such an approximation
is very accurate for LMMs up to 10 years. This in turn would give an efficient
implementation by, for example, a finite difference method. We give the definition
of separability under LMMs from [7].

Definition 2. The one-factor LMM (4.3) is said to be separable if the volatility
functions o*, i = 1,...,n, satisfy

Uzls' = ’YiUt
for some constants v*, for 0 <t <Tj,i=1,...,n.

Separability provides a link between Market models and MFMs. As Pelsser
et al. [56] pointed out, under a one-factor separable log-Normal LMM, the drift-
approximated forward LIBORs is an increasing function of a one-dimensional Markov
process. It was noted by Bennett and Kennedy [7] that if we take this one-dimensional
Markov process as the driving process then the corresponding MFM is numerically
very similar to the one-factor separable LMM as long as we fit the Black’s formula
for caplets. Recently Gogala and Kennedy [29] extended the above link to a more
general local-volatility case. In particular consider the following one-factor separable
LMM with local volatility function

. " Jajo(Ll) . ; ; ; -
== Y (U it o)W, =11 (1)
jir1 Lol

dL} = "o p(Ly)dW; T,

where ¢(-) is a deterministic function of the rate satisfying appropriate regularity
conditions and W"*! is a one-dimensional Brownian motion under the terminal
measure. This one-factor separable local volatility LMM is found to have a similar

dynamics to a LIBOR MFM with the following driving process
dry = opp(a)dW T (4.5)

feeding in the prices Vi (K), i = 1,...,n, of digital caplets on the ith LIBOR L*
derived from the SDEs (4.4). The link between MFMs and separable LMMs implies
that a high-dimensional separable LMM can be approximated by a low-dimensional

arbitrage-free model which allows for a more efficient implementation.
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Thanks to the above link, the intuition behind the well-understood SDE
formulation of a LMM can be applied to the corresponding LIBOR MFM. This
gives us a guide as to how to calibrate a MFM. In particular, given the driving
process (4.5), it is reasonable to feed in the prices V{(K), i = 1,...,n, of digital
caples derived from the SDEs (4.4). This means that given a local volatility driving
process, the marginal distributions of the LIBORs {Li;,,i; i =1,...,n} derived from the
consistent local volatility style model is an appropriate choice to feed in. By doing
so the resulting MFM is similar to the one-factor separable LMM (4.4). Otherwise a
mismatch of a driving process and marginals of {LiTi;i =1,...,n} might potentially
lead to a non-transparent dynamics of forward LIBORs and therefore result in an

unstable evolution of the implied volatility surface.

4.3.2 Separable LIBOR market models with stochastic volatility

We have discussed an approach for choosing an appropriate combination of driving
process and caplet prices for a one-dimensional LIBOR MFM by considering the link
between one-factor separable local volatility LMMs and one-dimensional LIBOR
MFMs. Now we extend the intuition to the stochastic volatility version.

Following a similar explanation for the local volatility case, in a stochastic
volatility LIBOR MFM, given a SABR driving process (4.1) it would be sensible
to feed in a SABR marginal distribution of the LIBORs {LiTi;i =1,..,n}. To see
this let us recall the link between the one-dimensional MFM and the one-factor
separable LMM that we discussed. Let us take the local volatility in the form of
#(z) = 2” in the SDE (4.4) and this leads to the one-factor separable CEV LMM
which is found to have similar dynamics to a one-dimensional LIBOR MFM with

the following CEV driving process
da; = ozl AW

together with the prices VO’(K ), i = 1,...,n, of digital caplet prices derived from
the corresponding CEV model. We expect that the link is retained if we introduce
stochastic volatility. In particular consider the following separable SABR-LMM in
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the terminal measure F*+1:

) n Jos (LB . . . .
d”:Eijﬁi?w@www+¢meMWHlisznL
j=i+1 ot

(4.6)
dL} = y"oy(Ly)Paw ™t B eo,1],
doy = poydt +vo dBP v >0,
AW dBM = pdt  p e [-1,1],

where p; is given by (4.2). This model is expected to be numerically similar to
the stochastic volatility LIBOR MFM with the target SABR driving process (4.1)
together with the prices V&(K), i = 1,...,n, for digital caplets derived from the
model (4.6).

Note that the separable SABR-LMM (4.6) we discussed here is a restrictive
stochastic volatility LMM. In order to obtain more flexibility, in the literature com-
monly we have a different stochastic volatility for each LIBOR L!. See [33], [62]
and references therein. But when we impose separability on the stochastic volatil-
ity, a common stochastic volatility o is associated to all forward LIBORs. The
cost we have to pay is the loss of flexibility, but in return the resulting separable
SABR-LMM, which is a high-dimensional model, can be approximated by a low-
dimensional stochastic volatility MFM which can be implemented for pricing and
hedging in practice.

Based on the above link, given the target SABR driving process (4.1), one
can feed in the prices VE(K), i = 1,...,n, of digital caplets with strike K > 0
produced by the SDEs (4.6). This leads to a stochastic volatility LIBOR MFM
which is expected to be similar to the separable SABR-LMM (4.6). The link also
gives us a guide as to how to calibrate the stochastic volatility LIBOR MFM. We
will develop a calibration routine for our stochastic volatility MFM based on the
above link in the next sections. Note that we have not established the above link
numerically, but we find that the calibration routine developed based on it works
well which will be seen later. Thus even though the above link may not be as tight
as in the non-stochastic case, it will not have an influence on the calibration routine

since we just take it as a guide for calibration and test its effectiveness directly.
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4.4 Calibration to caplets

Throughout this section let us assume that the parameters p;, j = 0,...,n — 1, for
the target driver (4.1) are given. We will explain the details of how to determine
these parameters later in this chapter. So far we have decided to feed the prices
VIUK), i =1,...,n, of digital caplets with strike K > 0 produced by the model (4.6)
into our stochastic volatility LIBOR MFM with the target SABR driver (4.1). But
when we find the prices V¢ (K), we have free parameters 7, i = 1, ..., n, for the SDE
(4.6) that need to be determined. In this section we will choose the parameters
+¥’s by calibrating to the market prices of caplets, and then find the input prices
VE(K) of digital caplets produced by the calibrated model (4.6). By feeding input
prices Vi (K) into our stochastic volatility LIBOR MFM, the resulting model will
reproduce the market prices of caplets. To do so we develop a calibration routine
in this section. The calibration routine involves the SABR formula for implied
volatility smiles introduced by Hagan et al. [31]. Thus in Section 4.4.1 we review
the SABR model and introduce the SABR formula. In Section 4.4.2 we develop the

calibration routine to obtain the prices Vi (K), i = 1,...,n, of digital caplets.

4.4.1 SABR model

In this subsection let us step out of term structure models and focus on an interest
rate model for a single forward rate. In particular we review the SABR model
introduced by Hagan et al. [31]. The material in this subsection is from [31]. Let

us consider the following dynamics of the forward rate

dEy = & Efdw})  Fy=f, pe[0,1] (4.7)
déay = viudW?  Go=a

dWrdW?E = pdt — pe[-1,1]

where W' and W? are correlated Brownian motions under some equivalent martin-
gale measure. We note that the SABR model only treats one rate and the underlying
asset F' can be taken as a forward swap rate or LIBOR.

Hagan et al. [31] proposed an analytical approximation for the implied
volatility of a vanilla call option as a function op(K, f;a, B,v, p) of today’s for-

ward price f and the strike K by using singular perturbation techniques, which is
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given by

o o) a0 (Z
a(K, fin Pov,p) (FK) 2 [+ S22 m2 () + Sl imd(f) + -] el
(1-7) a2 pbra 2 -3y’
'{1+[24(fK)1—5 4(fK)¥+ VI T+ (48)
with
_ VR L
z —a(fK) l”(K)
and
x(2) == In( I_sz+22+z_p)-

I—-p

The above formula for implied volatilities is also called the SABR formula,
and it is widely used in practice for implied volatility smile interpolation and ex-
trapolation. Among the parameters of the SABR formula, the parameter o mainly
controls the overall level of the implied volatility curve, the parameter p controls
the skew of the curve and v determines the curvature of the curve or equivalently
how much smile the curve can represent. The parameter 8 has a similar role to the
parameter p, but it is often determined upfront from historical data. Since these
parameters play separate roles to control an implied volatility curve, the calibration
of the SABR formula is accurate.

Note that in financial markets vanilla options are quoted in terms of implied
volatilities. The corresponding prices can be obtained by inserting the implied

volatility op(K, f) (4.8) into the corresponding Black’s formula.

4.4.2 Calibration routine

In this subsection we develop a calibration routine. We choose the parameters v'’s
by calibrating the separable SABR-LMM (4.6) to the market prices of a set of
caplets. Then we find the prices Vi(K), i = 1,...,n, of the set of digital caplets
produced by the calibrated model (4.6). Finally we feed the input prices V§(K)
into the stochastic volatility LIBOR MFM which will reproduce the market prices
of caplets.

Let us first determine the parameters 4*’s in the separable SABR-LMM (4.6).
To do so we consider the separable SABR-LMM (4.6) under the associated forward

measure. In particular the ith forward LIBOR L is a (local) martingale in the
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associated forward measure F**! corresponding to the numeraire D 7, , so that
the forward LIBOR process L' should be driftless. However a change of measure
also changes the drift term in the volatility because of the non-zero correlation
between the two Brownian motions that drive forward rates and stochastic volatility

respectively.

Remark 6. We will assume that in addition to modelling the LIBORs there is at
least one option in the economy which means that we are in a complete setting. In
this case when moving to another equivalent martingale measure associated with a
different numeraire the Radon-Nikodym derivative is the ratio of numeraires. This
assumption also applies to the other incomplete models when we need to change

measure.

Lemma 1. Let L' satisfies SDEs (4.6). Under the T;\1-forward measure F*+1 the

dynamics of L' satisfies

dLi = o{(LHPawitt B elo,1], (4.9)
dol = 1 (t, 04, Ly)otdt + void Bt ol =~loy, v>0
AW/ dB/™ = pdt  pe[-1,1],

with

) n J 'Lj B
Pty o1, L) = e+ pv M (4.10)
o L+ ol

where W and B are correlated Brownian motions in the forward measure F'*1,

Proof. The Brownian motion B"*! in the terminal F"*! can be expressed as

dBM = pdW T+ \/1 — p2dzZ] (4.11)
where Z"*1 and W1 are independent Brownian motions. Define ¢; by

d]F‘iJrl
an—H

. DtTiJrl/DOTiJrl
- )
7 D,y /Dor,y,

St =

where {F;} is the filtration generated by Z"*! and Wn*l. After calculation, we
have that

’Y aj dwn+1

dst = G
' 1+onL]

Jj=t+1
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From the Girsanov theorem we have that the processes

dwi-‘rl . dwn+1 _ @ i dwn+1
t t S t

n Jev (LB
=Wt - Y (M)atdt (4.12)

j=it1 14+ Oéth

and
Azt = dzt — det -dzZy !
St

= dzrt! (4.13)

are independent Brownian motions in the forward measure F*+! corresponding to
the numeraire D 1, ,. It follows from equations (4.11), (4.12) and (4.13) that

LJ
dBnJrl _dez+1 + /7de+1 i Z ’Y aa LJ Yo,
Jj=i+1 O[]

—dBit! +p Z ey (L) : ot
St 1—i—oz]L

where B! is a Brownian motion in Fi*! defined as

dBitt = pdWitt 4+ /1 — p2dZ[t.
The result then follows from the SDE (4.6). O

The dynamics (4.9) of the forward LIBOR L? under the associated foward
measure F*! is in the form similar to the SABR model (4.7) except for the drift of
the volatility. The drift function in the volatility in the model (4.9) is dependent on
the forward LIBORs and also a function of the common volatility o as well as its
square. This complex form of drift term prevents us from achieving the SABR for-
mula for implied volatility of caplets. Thus we will derive an approximate dynamics
in the form of (4.7). To this end we apply the following two-step approximation
proposed by Morini and Mercurio [54].

1. First step: volatility drift approximation. We first deal with the
drift term of the volatility. We note that the drift function p'(t,o¢, L;) depends
on forward LIBORs L7, j > i+ 1, as well as volatility o itself. Our first step
is to approximate it by its initial value. In particular we approximate the forward

LIBORs and volatility o that appear in the drift function x‘(¢, oy, L;) by their initial
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values

opoi(L7)°

— ~ p(t, 00, Ly). 4.14
1+ajL{] w'(t, o, Ly) ( )

n
p'(t, 00, Lo) == pz + pv Z
j=it1

Morini and Mercurio [54] has justified this freezing approximation. It found that
the approximation is accurate for short maturities and the accuracy begins to be
lost for long maturities (30Y). Note that there also exists some more sophisticated
approximations. See, for example, predictor-corrector schemes [39] and Brownian
bridge approximations [56]. In our work we simply choose constant approximation
since it performs well in our numerical study which will be seen later. The freezing
approximation leads to the following model in F*! where the stochastic volatility

becomes log-Normal:

dLj = of(Lp)Pdw*' g e(o,1], (4.15)
do} = 1 (t, 00, Lo)oidt + voidBi*Y ol =~lay, v >0
AW/ B = pdt  pe[-1,1],

2. Second step: SABR formula for non-zero drift. Note that the
SABR formula is derived from the SABR model of the form (4.7) where the volatility
is driftless. Although we have obtained a more tractable model (4.15), there still
exists a deterministic drift function. In this step we approximate the model (4.15)

by the following SDEs where the volatility process is driftless

dLi = Gy(Ly) dw™ B e(0,1], (4.16)
déi = vaidB v >0

dW/ T dB = pdt  pe[-1,1],

such that the caplet prices given by the two models are the same. We note that
the caplet price depends on the distribution of the volatility JZ;FZ_ at expiration time
T;, but it also depends on the path of the volatility from current time to time 7T;.
As justified by Morini and Mercurio [54], it is a reasonable approximation that the
caplet price depends on the average volatility from now to time 7;. Thus we choose

the initial value 58 such that

T, T,
EFz‘H[/ oidt] = EFiH[/ aidt].
0 0
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This leads to the value of &6 which is given by

g [ el ontaisg
T;

Gl = (4.17)

Finally, for the SABR-LMM (4.9), we obtain an approximate SABR formula
UB(Kv L67&67ﬁ7 v, p)

given by (4.8) for the caplet on the ith LIBOR L! with strike K, where &} is given
by equation (4.17).

So far we have obtained an approximate SABR formula for the SABR-LMM
(4.9). We can choose the parameters 7%’s such that the approximate SABR formula
op(K, Lf);&é, B, v, p) matches the market implied volatilities of the set of caplets.
However we note that the only free parameters we have for the model (4.9) are
parameters 7* for i = 1,...,n. Consequently we cannot match the market implied
volatilities of the set of caplets for all strikes. Our choice is to match the market
implied volatilities of caplets struck at some particular strike K* for each i = 1, ..., n.
For example one can calibrate to the ATM implied volatilities i.e. K® = L% for
1=1,..,n.

Suppose we are given the market implied volatilities amkt(Ki,Lg) of the
caplet on the ith LIBOR L’ struck at some particular strike K for each i = 1, ..., n.
We can choose 7¥’s such that the SABR formula for the SABR-LMM (4.9) matches
the market implied volatilities o™ (K? L{):

op(K', Ly; 55, 8,v,p) = o™ (K, L)), (4.18)

foreachi=1,...,n.

Having fixed the parameters 4%, i = 1,...,n, we can find the input prices
VH(K), i=1,...,n, of the set of digital caplets as a function of the strike K produced
by the separable SABR-LMM (4.9). To do so, for this study we apply Monte
Carlo methods. Finally we can feed the input prices V§(K), i = 1,...,n, into our
stochastic volatility LIBOR, MFM, and the resulting model should reproduce the
market implied volatilities o™* (K, L), i=1,...,n, of the set of caplets.

4.4.3 Numerical study

In this subsection, we investigate the accuracy of the calibration routine developed

in Section 4.4.2. We note that the calibration routine involves some approximations
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which include the one intrinsic to the SABR formula. In order to distinguish the
effect of the different approximations, we give caplet prices produced at each ap-
proximation step. In particular following the calibration routine, given the market
implied volatilities of the caplets, we can determine the parameters 7%, i = 1,...,n,
by using the SABR formula and following (4.18). Therefore the implied volatilities
of the caplets produced by the approximate SABR-LMM (4.16) using the SABR
formula are exactly the same as the market implied volatilities. By comparing these
implied volatilities to those produced by the approximate SABR-LMM (4.16) using
Monte Carlo methods, one can investigate the accuracy of the SABR formula. We
then compare the implied volatilities given by the model (4.16) to those produced
by the SABR-LMM (4.9), where both models are using Monte Carlo methods, and
we can distinguish the effect of the “two-step approximation”. Finally we set up the
stochastic volatility LIBOR MFM and produce the MFM model implied volatilities
of the caplets. By comparing the MFM model implied volatilities with those given
by the model (4.9), we can investigate the calibration performance of the stochastic
volatility LIBOR MFM.

In our numerical study, we consider the calibration of the SV MFM with
different parameters. We calibrate to the market implied volatilities o™*(L{, Li)
of the ATM caplets on 17 October 2007. The numerical result is given in Table
4.1. The column “Market” is the market implied volatilities o™** (L}, Li) of the
ATM caplets on 17 October 2007. The columns “Approx SABR-LMM (MC)” and
“SABR-LMM (MC)” are implied volatilities of the ATM caplets produced by the ap-
proximate SABR-LMM (4.16) and the SABR-LMM (4.9) respectively using Monte
Carlo (MC) methods. The last column “MFM” is the ATM implied volatilities
produced by the stochastic volatility LIBOR MFM. We can see from the “Market”
and “MFM” columns in Table 4.1 that the resulting MFM is able to reproduce the
market implied volatilities. For all scenarios, the calibration is accurate for short
maturities but the performance is getting worse for longer maturities. Let us investi-
gate the source of the calibration error. By comparing the market implied volatilities
with those produced by the approximate SABR-LMM (4.16), we can see that most
calibration error is coming from the SABR formula. The SABR formula starts losing
accuracy for longer maturities. Then we compare the implied volatilities produced
by the models (4.16) and (4.9), and it turns out that the “two-step approximation”
developed in the previous subsection performs well for short maturities but loses
some precision for T' > 15 years. We can see from the data in the last two columns
that the calibration of the stochastic volatility LIBOR MFM performs quite well for
all scenarios. The MFM is able to reproduce the implied volatilities produced by
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the SABR-LMM (4.9). Overall the accuracy of the calibration routine developed in
this section is satisfactory for short maturities and the calibration error is mainly
from the SABR formula.

Remark 7. From the numerical results, one can see that the “MFM” implied volatil-
ities are systematically lower than the “Market” ones for longer maturities. More-
over the change in the parameter v* will only affect the model implied volatility of
the caplet with maturity T; fori =1,...,n. One can develop an “iterative procedure”
which adjusts the value of 7%, i = 1,...,n, until achieving precise calibration of the
MFM to the market. We use this technique for the calibration of the swap rate based
stochastic volatility MFM in Chapter 5.

4.5 Calibration to swaptions

In the previous section we determined the parameters 4%, i = 1,...,n, in the LI-
BOR based model (4.6) by calibrating to the market implied volatilities of caplets.
In this section we consider the problem of how to determine +*’s by calibrating to
the market implied volatilities of co-terminal vanilla swaptions on the swap rates
{ytnt1=4 i = 1,...,n}. By “co-terminal” we mean that they have the same ter-
mination date, i.e. the same final payment date. Note that we are not forced to
calibrate the parameters 7*’s to the co-terminal type swaptions. The calibration to
the vanilla swaptions on the general swap rates {y*/;i =1,...,n,j=1,...,n+1—i}
is straightforward to extend. But in this chapter we focus on the co-terminal swap
rates (swaptions) because they are the underlyings of the corresponding co-terminal
Bermudan swaption which is the exotic option we are most interested in and will be
studied in Chapter 5.

To perform the calibration we first derive an approximate formula for the
vanilla swaptions prices within the model (4.6). Then we choose the parameters ~*,
i = 1,...,n, in the model (4.6) by calibrating to the market prices of co-terminal
vanilla swaptions using the approximate pricing formula. Finally we can find the
input prices VZ(K), i = 1,...,n, of the set of digital caplets as a function of the
strike K produced by the calibrated model (4.6). By feeding in the prices V§(K),
we arrive at the stochastic volatility LIBOR MFM with the target driver (4.1) which
recovers the market prices of co-terminal vanilla swaptions. Throughout this section
we assume that the parameters pj, j = 0,...,n — 1, for the target driver (4.1) are

given.
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4.5.1 Calibration routine

Let us first derive a pricing formula for vanilla swaptions in the model (4.6). To do
so we consider the dynamics of the forward swap rate y*"*1=% for i = 1,...,n. The

in+1—i

forward swap rate y can be expressed in terms of forward LIBORs:

n
A WA
k=i

with the LIBOR dependent weights

ar Dyt

wh(t) = o2t
k( ) Z’;l:l asDth+1

Notice that the weights wz’s depend on the forward LIBORs so that it is not straight-
forward to derive the dynamics of swap rates. Jackel and Rebonato [41] showed that
the variation of the weights w,i,’s is insignificant compared to the variation of LI-
BORs. This leads to an approximation of the weights w}’s by their initial values

and therefore we have that

n
v R DY wi(0)Ly. (4.19)
k=i
with
wi ag Doty

Note that this freezing approximation is familiar to practitioners and used often in
the context of LMMs in the literature (see [2], [54] and [66]). From the SDE of the

forward LIBORs (4.6), we apply Itd’s lemma to (4.19) and derive the dynamics of

im+1=i ynder the swaption measure S¥" 1= corresponding

to the numeraire PVBP pPintl—i

the forward swap rate y

Lemma 2. Let L' satisfies SDEs (4.6). In the swaption measure S®"T1=% we have
that

Q

dy;™ T R Y S wi(O)of (LE) AW (4.20)

~1

t, o0, ye)ordt +vord BTN v >0 (4.21)

doy =
devn"rl_idevn'i_l_i = pdt P S [_17 1]7
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with

n J—=1pjn+1—j i Jn+1—j3
TP Y 1(y] )f

/li t,0¢,Yt) = U +vp - — - —— oy, 4.22
(t. o1, y2) jg;“%]Fﬁwll oy ) (4.22)
%
U= [+ a7, (4.23)
j=1

L platl
B = 713@ : (4.24)

yAn+1

where Wi =4 gnd B 1= gre correlated Brownian motions in the swaption mea-

sure StnHl=t,

Proof. Let us first derive the dynamics of the stochastic volatility ¢ in the swaption
measure S®"t1=%  The Brownian motion B"”t! in the terminal measure can be

expressed as

dB = pdWt + /1 — p2dzy

where Z"t! and W"*! are independent Brownian motions in the terminal measure
F"+1. Define ¢ by

ind1—i int+l—i  intl—i
s B
t - dFn+1

i

Fi DtTn+1 /DOTn+1

where {F;} is the filtration generated by Z"*! and Wn"*l. After calculation, we
have that

n_\gi—1pintl-j
L

dsy = Z

j=it+l

, 1
Va1 )’

— 15 - 11—
\II; 1Pt27n+ ? 1 +Oéj71yg7n+ J

From the Girsanov theorem we have that the processes

. . d
AW = gt - gi: AW
i .
= dWtt - Z BT Ayt )’

i—1 pintl—i gt
j=it1 v R L+ aj1y;

)O’tdt
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and

Azt =zt — dat Azt
St

— +1
=dz}
are independent Brownian motions in S®?*'=% Thus we have that

dBM = pdW 1 = p2dzi (4.25)
U o
T oy ")
+p Z i—1 Hintl—i R )otdt,
Vi Py 1+ a1y

j=it1

1 mintli e

_dBi7n+1—z'+ i \IJ§ Pg”Jr J ’yjaj—l(yin—i— ])6

=dbB, p gi-lpintl=ity o 1yJ}nJrl—j
t 1 j—1Y4

Joudt,  (4.26)
j=i+1

where B¥"t1=% is a Brownian motion in S¥"T1~% defined as
1 1 ol
dBy™ T = pdW T /1 — p2dzp

Following equation (4.26), we have the dynamics of ¢ in the swaption measure
i+,

n J—=1pjn+l-j
v

dot = [t +vp Z
j=it1

, S
Y 1 (yp" )P

t i,n+1—1
— — - —— oy|owdt + vod By v > 0.
\Ifi_IPtZJH_I ity + aj—lyg’n—H j ) ] t

in+l—i

On the other hand, since y is a martingale in the swaption measure SH"+1=%

by applying It6’s lemma to (4.19), the dynamics of y®" 1=

the following driftless SDE

approximately follows

n
Ay Y w (0)k (L) AW
k=i

The result then follows. O

The SDE (4.20) shows that the volatility term of swap rates depends on
forward LIBORs. We now introduce an approximation to write a SDE for the swap

rate where the volatility is just a function of the swap rate itself. Following (4.20)
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we have that

n
Ay Y w (0)ok (L)

k=i
: i _——
=Y wi(0) (=)ot (g ) aw
k=i Yy
n . . . . .
~ Y WO o (g Paw (4.27)
k=i
— €y w1 (4.28)
with
A ng 8
le(o) = w;ﬂ(o)(yi,n-‘rl—i)
0
. n .
&= Wi(0)y". (4.29)
k=i
where (4.27) is obtained by approximating the time-dependent ratio (L}/ yi’"ﬂ_i)ﬁ

by a constant ratio (L§/ yé’"H*i)ﬁ. This approximation is justified by an observation
made by Andersen and Andreasen [2] that the time-dependent ratio (L% /y"t17")8
has a very low variability and is close to a constant. Thus the SDE for a swap rate
can be rewritten in the form of the SABR Swap Market model (SMM).

Lemma 3. Let L' satisfies SDEs (4.6). Under the swaption measure SU" 1= the

dynamics of yZ’"H_i can be approrimated by

B s oy (430)
dO—IZ/" = ﬂl<t7 Ot, yt)U;dt + vo—;'dBZJH_l_i O-z = giO't, v>0
thi,n—i-l—idB;},n-l—l—i _ pdt pE [_1’ 1]’

where [i* (t, 04, y:) is given by equation (4.22), and & is given by equation (4.29).
Proof. The result follows from SDEs (4.28) and (4.21) by letting o} := &'oy. O

We can see from the above lemma that the SDEs (4.30) for the swap rates
are in the form similar to the SABR model (4.7) except for the drift of the volatility,
which is a function of the forward swap rates and the volatility itself. In order to
derive an approximate SABR formula for the model (4.30), we derive an approx-

imate dynamics in the form of (4.7). To do so we apply the following two-step
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approximation which is similar to that used in Section 4.4.2.
1. First step: volatility drift approximation. We first apply the follow-
ing freezing approximation to the drift function fi*(t, oy, y;):
n I pIntld o (18
0o 'o Y a1 (g )

/]i(t70—07y0> = g - vp i1~ i i 5 )00 %ﬂi(taa—t’yt)‘
j;l \IIEL) lpo,n—H ity + OCj—ly(])’n—H j

(4.31)

Hence we obtain the following SABR-SMM with the log-Normal dynamics of the

volatility under the associated swaption measure

dyi,TH‘l*i ~ o_i'(ytiyn*Flfi)ﬁdW;yn*Flfi (432)
do! ~ [i'(t, 00, yo)ordt + vadei’nH_i ol =&, v>0
AWM GBI = pdt pe [-1,1].

2. Second step: SABR formula for non-zero drift. The SABR formula
is derived for the SABR model of the form (4.7) where the volatility process is
driftless. In this step we approximate the model (4.32) by the following model

where the volatility process is driftless

dyz',n‘i’l*i ~ 5i(yti,n+1*i)ﬁdwti,n+17i (433)
dot = v5ldB!" T 0w >0

thi,n-&-l—idB?”"‘l_i = pdt pE [_17 1]'

such that the co-terminal swaption prices given by the two models are approximately
matched. Note that the distribution of the swap rate yrfp’:”rl*i depends on the dis-
tribution of the volatility oiTi at expiration time T;, but it also depends on the path
of the volatility from current time to time T;. As justified by Morini and Mercurio
[54], it is accurate to assume that the distribution of the swap rate y%,nﬂ_i depends
on the average volatility from now to time 7;. Thus we choose the initial value 5’6

such that
Ti . Ti B
ESi,n+1—i[/ O’%dt] = Egi,n+1—i[/ (Nfzdt].
0 0

This leads to the value of &6 which is given by

i T [ ¥ (s,00,y0)ds
. elo dt
Gl = €90 Jo - . (4.34)
(3
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Finally we obtain the SABR formula op(K, yé’"H_i;&é,ﬁ,V, p) given by (4.8) for
the co-terminal swaption on the swap rate y*" =% with strike K.

Note that we only have free parameters & or equivalently &6 and this just
allows us to calibrate to market implied volatilities with respect to one strike K of
the swaption for i = 1,...,n. As we discussed one common choice is to calibrate to
the ATM implied volatilities, i.e. K’ = yé’nﬂ*i. One may also choose the strike
K according to the product we price. For instance, when we price a Bermudan
swaption, which will be discussed in Chapter 5, with strike KB¢™ it is natural to
calibrate to the market implied volatilities of the corresponding swaptions struck
at the strike K P¢™ since this is the most relevant to the price of the Bermudan
swaption. In this case we have that K* = KB™ for i = 1,...,n.

Suppose we are given a set of market implied volatilities o™ (K?, yé’nﬂ*i)

in+1—i

with respect to the strike K* of the swaption on the swap rate y . We choose

value of & such that
O'B(KZ, yéynﬁ’l*i; &6, /8, v, p) _ O'mkt(Ki7 yémri’lfi)’ (435)

where &6 is given by equation (4.34). Once we have determined parameters £'’s,
parameters 7'’s are immediate by equation (4.29).

Having determined the parameters 7°’s, we end up with a SABR-LMM (4.6)
or equivalently (4.9) that can recover the market prices of a set of European swap-
tions. Finally we can find the prices of digital caplets produced by the model (4.9)
and feed them into the stochastic volatility LIBOR MFM. As we discussed in the

previous section, we do so by using Monte Carlo methods.

4.5.2 Numerical study

In this subsection, we investigate the accuracy of the calibration routine developed
in Section 4.5.1. The numerical study we perform here is similar to the one we did
in Section 4.4.3. In particular given a set of market implied volatilities of the ATM
swaptions on 17 October 2007, we determine the parameters &' for i = 1,...,n via
(4.35) by using the SABR formula. We then give the implied volatilities of the co-
terminal swaptions produced by the approximate SABR-SMM (4.33), using Monte
Carlo methods, and compare them with those produced by the SABR formula within
the model (4.33) which is the same as the market. By doing so we can investigate
the accuracy of the SABR formula. By comparing the implied volatilities given
by the model (4.33) to those produced by the SABR-SMM (4.30), where we use

Monte Carlo methods for both models, we can distinguish the effect of the “two-
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step approximation”. Finally we set up the stochastic volatility LIBOR MFM and
produce the MFM model implied volatilities of the co-terminal swaptions.

In our numerical study, we consider the swaption calibration performance
of the SV MFM with five different sets of parameters. We provide the numeri-
cal result in Table 4.2. The column “Market” is the market implied volatilities
Umkt(yé’nﬂfi, yé’nH*i) of the ATM co-terminal swaption on 17 October 2007. The
columns “Approx SABR-SMM (MC)” and “SABR-SMM (MC)” are implied volatil-
ities of the ATM co-terminal swaptions produced by the approximate SABR-SMM
(4.33) and the SABR-SMM (4.30) respectively using Monte Carlo methods. The
last column “MFM?” is the implied volatilities produced by the stochastic volatility
LIBOR MFM. We draw the following conclusions from the numerical results.

1. The implied volatilities given by the MFM are close to the market implied
volatilities for short maturities. The calibration routine loses accuracy for

longer maturities.

2. By comparing the market implied volatilities with those produced by the ap-
proximate SABR-SMM (4.33), we can see that most calibration error is coming
from the SABR formula. The SABR formula starts losing accuracy for longer

maturities.

3. We compare the implied volatilities produced by the models (4.33) and (4.30),
and it turns out that the “two-step approximation” developed in the previous
subsection performs well for short maturities but loses some precision for 7' >

20 years.

4. We can see from the data in the last two columns that the calibration of the

stochastic volatility LIBOR MFM performs well for all scenarios.

Overall the accuracy of the calibration routine developed in this section is satisfac-

tory for short maturities and the calibration error is mainly from the SABR formula.

4.6 Calibration to market correlations

In this section we discuss what to do with the remaining model parameters p;,
j=0,..,n—1, of the target SABR driving process (4.1). We will choose p;’s by
calibrating to the market correlation structure of the LIBORs {LiTi; i=1,..,n}. By
doing so, the model will have a desirable hedging behaviour which will be discussed
in Chapter 5. Note that here we focus on a LIBOR MFM, but it is straightforward
to adapt the approach for the swap version of stochastic volatility MFMs where

83



we determine the model parameters j;’s by calibrating to the market correlations
of swap rates. In Section 4.6.1 we develop a calibration routine to determine the
parameters y;’s. In Section 4.6.2 we will investigate the accuracy of this calibration

routine numerically.

4.6.1 Calibration routine

In this subsection we develop a calibration routine to choose the model parameters
ki, 3 =0,...,n — 1, of the target SABR driving process (4.1) by calibrating to the
market correlation structure of the LIBORs {Li;,ﬂi;i =1,...,n}. To do so we derive
an approximate formula for the correlations of the LIBORs {Lii;z’ =1,..,n} in
the stochastic volatility LIBOR MFM. In our approach we take the link between
the separable LMMs and LIBOR MFMs as a guide. In particular we remember
that the separable SABR-LMM (4.6) is expected to be numerically similar to the
stochastic volatility LIBOR MFM with the SABR driving process (4.1) together
with the input prices of digital caplets derived from the SDE (4.6). Thus we first
derive an approximate formula for the correlation of LIBORs at their setting dates in
the separable SABR-LMM (4.6), and then we borrow this formula for our stochastic
volatility LIBOR MFM because of the link.

Now we derive an approximate formula for the correlations of the LIBORs
{LiTi;z' = 1,...,n} under the separable SABR-LMM (4.6). The derivation involves
some rough approximation. We will investigate the accuracy of the approximate
formula numerically later in this section. We will see that the performance of this
approximate formula is satisfactory.

The first approximation we adopt here is freezing the drift in the LIBORs
L', i=1,..,n—1, of the separable SABR-LMM (4.6) under the terminal measure:

"YJOC LJ n 7]@.(1})5 , y
Z — P el m = Y (0 oh =

J
=it 1+ oL

This approximation leads to the following forward LIBORs dynamics under the

terminal measure

dLi = b (L)Pdt + ~io (LHPAW T i =1,...,n -1, (4.36)
dL} = y"oy(Ly)Paw B e [0,1],
doy = ppordt + UcrtdB’t"+1 v >0,

dWrtdBrt = pdt - pe[-1,1].
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Note that the above drift approximation introduces arbitrage.

The second approximation we apply here is to approximate the model (4.36)
by a stochastic volatility displaced-diffusion (DD) model. In particular applying a
Taylor expansion to (L:)?:

(Ly)? = (Lg)° + (L)~ (Li — L)
= 5;(LE +6;), (4.37)

and inserting (4.37) into (4.36), we arrive at the following stochastic volatility

displaced-diffusion model

dLi = 8§;jib (L + 0;)dt 4 6;7 oy (LE + 0;)dW ! (4.38)
AL} = 6,7 o (LY + 0,)dW !
doy = pgordt + UatdBfH v >0,

AW aBrtt = pdt - p e [-1,1]

with the mapping

& = B(LH)"*
1-5
B

Note that the similarity between the CEV SABR model and the corresponding DD
SABR model has been justified numerically by [47]. It follows from SDE (4.38) that

0; = L}

. , . 1 . T T
In(L, + 0;) = In(Ly + 0;) + ;g T; — 261-2(72)2/0 afdt + 5ﬂl/0 Utth"H.

When the variability of the term fOT " o2dt is negligible compared to the variability
of the random variable fOT : atth”H, it is safe to approximate the term fOTi odt by
its expectation so that we have the following approximation

In(L7, + 0;) ~ by, + (52-71/ o dW (4.39)

0
where
i i i Lo ive T,
b, := In(Lg + 0;) + 0:igTi — 551' (') Epnr( | opdl)
0

is a deterministic function. Since correlation is unchanged by a linear transforma-
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tion, we have the following approximate formula for the correlation of LIBORs
. . T T;
Corr(In(L7, + 6;), ln(LjT], +6;)) = Corr(/ atth"H,/ o dW). (4.40)
0 0

Note that the derivation of this formula involves some rough approximation. But
we will see later in a numerical investigation that the performance of this formula
is satisfactory when the parameter Volvol v is not too big. Furthermore we can find

a formula for the correlation
T, T;
Corr( / o dW / o dWi)
0 0

under the separable SABR-LMM (4.6) in terms of the parameters ps for s =0, ...,n—
1.

Proposition 4. Consider the separable SABR-LMM (4.6). The correlation between
f(;fi o dW and fOTj o dW 1 < < j < n, satisfies

Corr(/ o dW' 7/ o dWpthy = 2L
0 0 CT]'

where

T;
(r, ::Va'r’(/ o dW )
0

i—1 T T
i Ak 2 ! 2
= Z 2'Q[exp(Q/ psds + vTj 1) — exp(2/ psds + v<Ty)]. (4.41)
P 0 0
Proof. See Appendix 4.A. O

So far we have achieved the following approximate formula for the correla-
tions of LIBORs at their setting dates under the separable SABR-LMM (4.6):

Corr(In(Ly, +6;), In(Lj, +6;)) ~ ET (4.42)

T;
where (7, is given by equation (4.41). Based on the link between the separable
SABR-LMM and the stochastic volatility LIBOR MFM, we borrow the approx-
imate formula (4.42) for our stochastic volatility LIBOR MFM with the target
SABR driving process (4.1). Now we can choose the remaining parameters pu;,

j =0,...,mn—1, in the target SABR driving process (4.1) by calibrating to the
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market correlation of LIBORs at their setting dates. We note that in a low factor
model we cannot capture the whole correlation matrix. In particular the piecewise
constant drift u;, j = 0,...,n — 1, can fully determine up to n correlations of the
LIBORs {L"i;z’ = 1,...,n} so that we cannot capture all the market correlations
Corr(In(Lf, + Oi),ln(Lgﬂj +0;)) for 1 <i < j < n. In our approach we calibrate
to the one-step correlation of the LIBORs Corr(ln(L% +0;), ln(LiTJZ_;l1 +0;11)) for
1<i<n-1.

Suppose we are given a set of market one-step correlations of LIBORs
Corr™ " (In(L¥, + 6;), zn(LiTjjl +0i11))

for i =1,...,n — 1. Note that the market correlations are not observable directly in
the market. We have to estimate them using the swaption matrix from the market.
For details the reader is referred to [48]. The parameters yj, 7 = 0,...,n — 1, can be

chosen as follows.

1. The algorithm for fixing (r,’s works back iteratively from 7;,. Without loss of

generality, we set

2. Suppose we now reach T;, having fixed (r; for j = i +1,...,n. Given the
market one-step correlation of LIBORs we can fix (7; by the approximate
formula (4.40)

on

Corr™* (In( o+ 6:), In(LH +6;,1)) ~
CTz‘H

Tit1
so that

CTi = CTiJrl[Corrmkt(ln( ZTZ + Hi)vln(L?v_l + 9i+1))]2'

1+1

3. Once we have determined (7, for ¢ = 1, ..., n, we can fix u;’s by working forward
iteratively from 77. At T, with knowledge of (7, we choose pg such that
a 2
Cry, = W[GXP@HOTl + 1) — 1],

where po can be found by using, for instance, the bisection method.

4. Suppose we have now reached Tj, having fixed p; for j = 0, ...,7—1. We choose
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1; such that

T

0_2 Tit1 i
Gron =G, = 5 T lep(2 [ s + 0 Tn) —expl2 [ uds+0°T))
Wi +v 0 0

Remark 8. The correlation formula (4.42) is independent of the parameters '’s.
This means that the correlation calibration of choosing ;’s can precede the calibra-
tion routines developed in Sections 4.4 and 4.5. This benefit is due to the separation

of the specification of driver and marginals.

We have introduced an algorithm for calibrating to the market one-step cor-
relation of LIBORs by choosing piecewise constants y;’s. The calibration procedure
also applies to the swap rate version of stochastic volatility MFM where we can cal-
ibrate to the market one-step correlations of swap rates. The details can be found

in Appendix 4.B.

4.6.2 Numerical study

Having obtained the calibration formulas for LIBORs correlation in the SV LIBOR
MFM, we investigate the calibration performance in this subsection. In our numeri-
cal study, we consider five sets of parameters which are shown in Table 4.3. Suppose

we calibrate to the correlations
Corr™ " (In(L%, + 6;), zn(LiTjjl +0i11))

where

fori =1,2,...,29. We generate them in the column “Market” in Table 4.4. Following
the calibration routine developed in the previous subsection, we will see whether
the one-step correlation of LIBORs at their setting dates produced by stochastic
volatility LIBOR MFMs can match the target correlation in the column “Market”.
The numerical result is given in Table 4.4. The columns “MFM (I)” - “MFM (V)”
are model implied correlations

Corr™(In( 3«1 + 0:), l”(LiTJ;L +0i11)).

produced by the stochastic volatility LIBOR MFMs with the set of parameters

corresponding to the scenarios in Table 4.3.
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We can see from Table 4.4 that for the first scenario where the parameter
v = 0.1, the one-step correlation of LIBORs produced by the stochastic volatility
LIBOR MFM is very close to the target so that the calibration performs quite well.
For the second and third scenarios where the parameter v increases to 0.3, the
calibration performance is good for maturities 7' < 15 but getting worse for longer
maturities. In the stress test when v = 0.5, we can see that the calibration routine
loses accuracy. This is because as the parameter v increases, the linear relationship
(4.39) starts breaking down.

4.7 Conclusion

In this chapter we have addressed calibration issues of the SV LIBOR MFM devel-
oped in Chapter 3. Due to the nature of MFMs where the driver is separated from
the marginals, given a SABR driver any marginal distributions of LIBORs at their
setting dates can be fed into the model. The separation of the driver and marginals
provides flexibility in terms of calibration.

We considered a separable SABR-LMM which combines a SABR model and
a separable LMM. We expected this model could be numerically similar to the
stochastic volatility LIBOR, MFM. Based on this link, given the SABR driving
process, we chose an appropriate SABR type marginals to feed in the MFM which
could lead to a desirable dynamics of future implied volatilities.

The link between separable SABR-LMMSs and SV LIBOR MFMs also gives
us a guide as to how to calibrate a stochastic volatility MFM. Based on the link,
we developed a calibration routine to feed in the marginals by calibrating to market
vanilla options. The resulting stochastic volatility LIBOR MFM can reproduce the
market vanilla options. The numerical results indicate that the calibration perfor-
mance is satisfactory for short maturities. By adopting an “iterative procedure”, a
precise calibration can be achieved.

Finally we considered the problem of how to determine the parameters of
the driving process which is a modified SABR model. By modified SABR model
we mean that there exists a drift function in the stochastic volatility process. The
drift function which is assumed to be piecewise constant can capture the correlation
structure of LIBORs. The other parameters of the driver can be determined exoge-
nously by investigating historical market data or by traders based on their market
judgment or beliefs. Based on the link between separable SABR-LMMs and SV
LIBOR MFMs, we derived an approximate formula for the correlation of LIBORs
which is an analytical formula. We chose the drift parameters of the SABR driving
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process by calibrating to the market one step correlation of LIBORs at their setting
dates via this formula. The numerical results indicate that when the vol of volatility
is small, the calibration performance is very good. As the vol of volatility increases
the calibration performance gets worse. For the stress test where the vol of volatility

is very large, the calibration routine loses accuracy.
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4.A Appendix: Proof of Proposition 4

Consider the separable SABR-LMM (4.6). The Brownian motion W"*! can be

expressed as

Wit = pBpH 4 /1= !

where B"! and W+ are independent Brownian motions under the terminal mea-
sure F+1,
By definition we have that
Cov f(;[z o dW; fOT' o dW, )
JVar(fE odwi ) Var([5 odw; )y

T; T}
Corr( / o dW / o dW ) =
0 0

where

T; T;
Cov( / o dW / o dW )
0 0

T T T
=Var( / o dW) + Cou( / o dW / ’ o dW. (4.43)
0 0 T;
Denote Fpr =o(B, : 0 <u <T) and Vp = fOTi o2dt. We have that

T; T; T;
Var( / oo W) = B [( / o dWHY2] — (B ( / oy d W2,
0 0 0

where by It6 isometry

Tl' Ti
Epnt1 [(/ Utthn+1)2] = / Egni1 (U?)dt
0 0

T t
= 03/ exp(2/ psds + v2t)dt
0

0

J+1 t )
= —d <d t
Z/T s L adenp(2 [ s 40

J

Tjta )
= Z 2M + 3 exp(2/0 psds +v<Tjiq)
J

T.
- exp(2/ psds + v2T5)]
0
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and -
EFn+1(/ atth”H) =0.
0

Thus the first term in (4.43) is given by

Ti +1 = i o 2
Var(/o o dW,' ) = jz; W[exp@/o psds + vTj1q)

T;
— exp(2/ psds + V2T5)),
0

while the second term can be obtained by
T T;
Cov( / o dW / o dW
0 T

T T;
:EIF‘n+1 (/ Utthn+1 / UtthnJ’_l) - O
0 T;

T; T —
:EIFn+1[(p/ o dBM /1 - pz/ o dW
0 0
7; L
x (p / o dBIM 4 /1 — p2 / o dW, ),

T;

T;

where

T o
Egnia| / opdBp T / o dW
0 T;

T; T; _—
B / o1 d B B / o d WP )
0 T;

T;
= Epn+1 [/ UtdBZH-l X 0]
0
—0,

and similarly

T Ty
EIF’VLJrl [/ O-tthn+1 / O‘tdBZLJrl] = 0,
0 T;
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and by It6 isometry

T; T;
Egnia| / opdBp ! / ordBIM
0 T;

T; Ty
= Epns1] / 01 d B Bgna ( / oy dBy Y Fr,)]
0

=0,

and

T; - Tj -
Egnia| / o dW;! / o dW
0 T;

T T
— Bpr B ( / o, T / o d W Fp)
0 T
T (I
— Epoor [Bensa /0 o AT\ Fr ) B /T o d WP )
=0.
Therefore we have that
T T
Cov(/ atth"H,/ o dW
0 0
T;
:Var(/ o dW
0
=l 52 Tjt1 ) T; )
= Z m[exp(Q/ psds + v Tj11) — exp(2/ psds + v=Tj)]
=0 My 0 0
so that
& e 1 (r,
Cor'r(/ o dWt ,/ o dWt) = [ >
0 0 1y
where
=l 52 Tj+1 T;
(r, = Z M[exp(Q/ psds + 2 Tjiq) — exp(2/ psds + V2T5)).
=0 Hj 0 0
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4.B Appendix: Swap rate based stochastic volatility

Markov-functional models: calibration

We have discussed the calibration of the LIBOR based stochastic volatility MFM.
In this appendix we discuss briefly the calibration of the swap rate based stochastic
volatility MFM. We will just present some main results without too much expla-
nation since the discussion for the LIBOR version earlier also applies to the swap
version.

The target (modified) SABR driving process for the stochastic volatility swap
MFM is given by (4.1). Given a driver, a swap MFM can be set up by feeding in the
input prices V§(K), V¢ : [0,00] — R, of a set of PVBP-digital swaptions on the ith
swap rate y>" 1% with strike K > 0 for i = 1,...,n. Thus the stochastic volatility
swap MFM with the target driver (4.1) is fully determined by

1. the input prices of PVBP-digital swaptions Vi (K) as a function of the strike
K fori=1,...,n.

2. the parameters of the target driver (4.1) which include o, Fy, 8, p, v and p;
for j=0,..,n—1.

Suppose the parameters og, Fy, B, p and v for (4.1) have been determined exoge-
nously by investigating historical market data or by traders based on their market
judgement or beliefs. Consequently the remaining parameters we have for the target
driver are p; for j =0,...,n — 1.

In Appendix 4.B.1 we decide on the marginal distributions of the swap rates
{y%ﬁ“fi; i =1,...,n} which will be fed into the stochastic volatility swap MFM. We
do so based on a link between the stochastic volatility swap MFM and the separable
SABR-swap market model (SABR-SMM). We will use this link to find the input
prices VE(K), i = 1,...,n, by calibrating to the market prices of vanilla swaptions
in Appendix 4.B.2. This link also provides us a guide as to how to determine the
parameters j;, j = 0,...,n — 1, by calibrating to the market correlation structure of

swap rates, which will be discussed in Appendix 4.B.3.
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4.B.1 Choice of marginals

Consider the following separable SABR-SMM in the terminal measure F"*!:

1 aindlej S
A —— SR Ay (TP Bat
Yi - Z i—1 pi,ntl—i Jntl—j Vo (y )
‘llt Pt7 1+Oéj_1yt’

j=i+1
(4.44)
+ ’yiat(yz’"ﬂ_i)ﬁth"H i=1,....,n—1,
dyi"t = y"ou(y)Pawytt Belo,1],
doy = ppordt + UatdBfH v >0,
dWrtdBrtt = pdt - pe[-1,1].

where gy, ¥4 and P17 are given by (4.2), (4.23) and (4.24) respectively. This
model is expected to be numerically similar to the stochastic volatility swap MFM
with the target SABR driving process (4.1) together with the prices V§(K), i =
1,...,n, for PVBP-digital swaptions produced by the model (4.44).

Following the explanations in Section 4.3.2, we feed in the prices V§(K),
i = 1,...,n, of PVBP-digital swaptions with strike K > 0 produced by the model
(4.44). By doing so we arrive at a stochastic volatility swap MFM which is expected
to be similar to the separable SABR-SMM (4.44). More importantly, it will provide
us a guide as to how to calibrate the stochastic volatility swap MFM, and in what

follows we will develop a calibration routine.

4.B.2 Calibration to swaptions

So far we have decided to feed the input prices Vi (K), i = 1, ...,n, of PVBP-digital
swaptions with strike K > 0 produced by the model (4.44) into our stochastic
volatility swap MFM with the target SABR driver (4.1). But when we calculate the
prices Vi (K), we still have free parameters 7*’s for the SDE (4.44) that need to be
determined. We will determine the parameters 4*’s by fitting co-terminal swaption
volatilities. Once we have fixed the parameters v'’s, we can find the input prices
VH(K), i = 1,...,n, produced by the model (4.44). Finally we feed these input
prices into our stochastic volatility swap MFM, and we can obtain a MFM which
will recover co-terminal swaption volatilities . Before we proceed to the calibration
routine, let us assume that the parameters u;, j = 0,...,n — 1, for the target driver
(4.1) are given. We will give the details of how to determine p;’s later in the next
subsection.

In order to choose the parameters v%’s by calibrating to the market prices of
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swaptions, let us derive an approximate formula for the swaption prices within the
model (4.44). To do so we derive the SABR-SMM under the associated swaption

measure.

Lemma 4. Let y*" 1= satisfies SDEs ({.44). Under the swaption measure S®" 1

in+l—i

the dynamics of y satisfies

dy;" " = Gl (yy T RAw T peo,1, (4.45)

da} = ji (00, y)oldt + voldBI" 1 of = o,
dW;m-i-l—idBZv”"‘l_i = pdt pE [_17 1]’
with
n j—1 pintl—j _j nt1—j
BT eyt )P

~1
:U’(taa-tayt) = Mt—f—UP i—1 D 3 i —q
j;l \If; 1Pt1,n+1 7 1 + aj—lyg’nJrl 7

Yo (4.46)

where Wi =4 gnd B4 1= gre correlated Brownian motions in the swaption mea-

sure SHHL—E

Proof. The Brownian motion B"*! in the terminal measure can be expressed as

dBP = pdW T + /1 — p2dzZ T,

where Z"t! and W"*! are independent Brownian motions in the terminal measure
F™+1. Define ¢; by

dSi,nJrlfi
dFn+1

in+l—i ) point+l—i
_ b /Py

7 D, /Dor,,

Gt =

where {F;} is the filtration generated by Z"*! and Wn"*l. After calculation, we
have that

n_ il pintl-i
\Ijt Pt

dsy = G Z

j=i+1

, —_
Yo" )’

\I,;—lptlm—i-l—z 1 _’_aj_lyg,n-i-l—j

YordW T

From the Girsanov theorem we have that the processes

thz,nJrl b thnJrl _ thnJrl
St
n J=1pjn+tl—j _j5 Jn+1l—j
— dwntt Z LR a1y )’
— Wy i—1 Hi,n+1l—i  intl—j
j=i+1 \ L+ oy,

)O’tdt
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and

Azt =zt — dat Azt
St

— +1
=dz}
are independent Brownian motions in S®?*'=% Thus we have that

dB;l+1 _ de;,n+1*i +4/1 _pdetiJHlfi

n i1 Ajnt1—j . intl—j
n W Pgn J ’Yjaj_l(yin' J).B)atdt
z : \I’%—lptz,n—i—l—z 1+ O[j_lyg,n—i-l—] )

n Jj—1pjnt+l—j i Jn+1—j
LA & 7]043—1(3/15 )6

) 1—12

=dB"" T p ) : . A A
t i—1 Pi,n+1—i jn+1—j
=il \I/t Pt 1+ Qa;j—1Y;

j=it1

)O’tdt,

where B¥"t1=% is a Brownian motion in S¥"T1~% defined as

ABYI= — pquin =i T gzt
t = t t :
The result then follows from the SDE (4.44). O

Following the two-step approximation introduced in Section 4.4.2, we derive
an approximate SABR formula op (K, yé’nﬂ*i; 68, B, v, p) given by (4.8) for the co-
terminal swaption on the ith swap rate y*" 1% with strike K based on the model

(4.45) where &} is given by

’)/iO'O f(;TZ efot ﬂi(s,ao,yo)dsdt

50 4.47
90 ,Tz ) ( )
n i—1 pint+l—j jn41—j
) gl po T N (v J\B
[ (t, 00,90) 1= pe +vp Z 90 __J0 1705140 ) )oo. (4.48)

S \Ifé_lpé’n+1_i 1+ aj_lyg,n—&-l—j

So far we have obtained an approximate SABR formula for the SABR-SMM
(4.44) or equivalently (4.45). We can choose the parameters 7%’s such that the
approximate SABR formula op (K, yé’nﬂ_i; 6%, B, v, p) matches the market implied
volatilities of the set of vanilla swaptions. Suppose we are given the market im-
plied volatilities o™* (K, yé’nﬂ_i) of the co-terminal swaption on the ith swap rate
gl

such that the approximate SABR formula for the SABR-LMM (4.44) matches the

struck at some particular strike K* for each i = 1,...,n. We can choose ~*
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market implied volatility o (K, " 17"
UB(Kz"y(i),n—i-l—z‘;&(i)7 v, p) = O_mkt(Ki7yé,n+1—i),

foreach i =1,...,n.

Having fixed the parameters 7%, i = 1,...,n, in the separable SABR-SMM
(4.45), we can find the model implied prices Vi (K), i = 1,...,n, of the set of PVBP-
digital swaptions as a function of the strike K. To do so, for this study we apply
Monte Carlo methods. Finally we can feed the prices VC}(K ), t = 1,...,m, into our
stochastic volatility swap MFM, and the resulting model can recover the market im-

plied volatilities amkt(K ¢ yé’”+1_i), i =1,...,n, of the set of co-terminal swaptions.

4.B.3 Calibration to market correlations

In this subsection we choose parameters p;, j = 0,...,n — 1, for the target SABR

driving process (4.1) by calibrating to the market one step correlation of the swap
in+l—i, .

rates {yTb_ 1=1,.

tion routine developed in Section 4.6.1 with the correlation

..,n}. The calibration routine here is the same as the calibra-

C’orr(ln(yélfﬂ_i +6;), ln(yéﬁl’n_i +6;11))

substituted for

, 11— . 1
Corr(In(L7, + Léﬁﬂ), ln(LZEjl + Léﬂﬂﬂ))
where
. 1-5
01' — i,n+1—1
0 B

Since the calibration routines for the LIBOR based and swap rate based stochastic

volatility MFMs are very similar, we will not provide the details here.
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Expiry Market Approx SABR-LMM (MC) SABR-LMM (MC) MFM
v=01,3=09,p=-08,00=0.02and p; =0

5Y 12.76 12.75 12.74 12.74
10Y 11.19 11.12 11.10 11.10
15Y 10.28 10.12 10.07 10.07
20Y 9.97 9.70 9.63 9.63

25Y 9.69 9.29 9.18 9.18

30Y 9.30 8.79 8.65 8.65

v=02 =07 p=-04, 09 =0.04 and p; = 0.01

5Y 12.76 12.75 12.74 12.74
10Y 11.19 11.08 11.05 11.05
15Y 10.28 10.04 9.98 9.98

20Y 9.97 9.58 9.47 9.47

25Y 9.69 9.14 9.00 9.00

30Y 9.30 8.57 8.40 8.40

v=20.3,8=0.5,p=0,00=0.06 and p; = 0.03

5Y 12.76 12.75 12.74 12.74
10Y 11.19 11.03 11.00 11.00
15Y 10.28 9.95 9.88 9.88

20Y 9.97 9.43 9.31 9.31

25Y 9.69 8.97 8.81 8.81

30Y 9.30 8.40 8.19 8.18

v=04,3=03,p=04,090=0.08and pu; =0.01 x j

5Y 12.76 12.74 12.72 12.72
10Y 11.19 10.96 10.91 10.91
15Y 10.28 9.87 9.78 9.78

20Y 9.97 9.33 9.16 9.15

25Y 9.69 8.82 8.61 8.60

30Y 9.30 8.19 7.93 7.91

v=0.5, =01 p=038,00=0.1and pj =0.3-0.01 x 5

5Y 12.76 12.73 12.71 12.71
10Y 11.19 10.91 10.84 10.83
15Y 10.28 9.76 9.66 9.66

20Y 9.97 9.24 9.05 9.03

25Y 9.69 8.72 8.47 8.42

30Y 9.30 8.03 7.69 7.62

Table 4.1: Calibration performance for implied volatilities (%) of the ATM caplets
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Expiry Market Approx SABR-SMM (MC) SABR-SMM (MC) MFM
v=01,3=09,p=-08,00=0.02and p; =0
5Y 10.64 10.64 10.64 10.63
10Y 10.06 10.01 9.99 9.99
15Y 9.92 9.79 9.74 9.73
20Y 9.82 9.59 9.53 9.52
25Y 9.61 9.24 9.14 9.13
30Y 9.30 8.79 8.65 8.65
v=02 =07 p=-04, 09 =0.04 and p; = 0.01
5Y 10.64 10.63 10.62 10.61
10Y 10.06 9.98 9.95 9.94
15Y 9.92 9.71 9.67 9.63
20Y 9.82 9.44 9.34 9.32
25Y 9.61 9.06 8.93 8.92
30Y 9.30 8.57 8.40 8.40
v=20.3,8=0.5,p=0,00=0.06 and p; = 0.03
5Y 10.64 10.63 10.62 10.60
10Y 10.06 9.91 9.88 9.85
15Y 9.92 9.63 9.57 9.50
20Y 9.82 9.31 9.19 9.15
25Y 9.61 8.90 8.75 8.73
30Y 9.30 8.40 8.19 8.18
v=04,5=03,p=04,090=0.08and pu; =0.01 x j
5Y 10.64 10.62 10.60 10.58
10Y 10.06 9.85 9.81 9.74
15Y 9.92 9.53 9.43 9.35
20Y 9.82 9.19 9.02 8.98
25Y 9.61 8.74 8.55 8.51
30Y 9.30 8.19 7.93 7.91
v=0.5, =01 p=038,00=0.1and pj =0.3-0.01 x 5
5Y 10.64 10.61 10.59 10.55
10Y 10.06 9.81 9.75 9.65
15Y 9.92 9.42 9.34 9.21
20Y 9.82 9.09 8.90 8.78
25Y 9.61 8.65 8.39 8.29
30Y 9.30 8.03 7.69 7.62

Table 4.2: Calibration performance for implied volatilities (%) of the ATM co-
terminal swaptions
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Scenario | v o B )
I 0.1 0.02 0.9 -0.8
IT 0.2 0.04 0.7 -04
1T 0.3 006 05 0
v 04 008 03 04
\Y% 05 01 01 08

Table 4.3: Scenarios for the SV MFM.

i Market MFM (I) MFM (II) MFM (III) MFM (IV) MFM (V)
1 0.689 0.693 0.696 0.700 0.701 0.703
2 0.796 0.797 0.799 0.801 0.802 0.805
3 0.843 0.843 0.844 0.846 0.847 0.849
4 0871 0.871 0.871 0.872 0.873 0.874
5  0.888 0.888 0.888 0.888 0.888 0.889
6  0.901 0.901 0.901 0.900 0.900 0.896
7 0.909 0.909 0.909 0.907 0.906 0.902
8 0.916 0.916 0.915 0.913 0.911 0.905
9 0.922 0.922 0.920 0.918 0.915 0.905
10 0.926 0.926 0.923 0.921 0.916 0.905
11 0.929 0.929 0.926 0.925 0.916 0.906
12 0.932 0.932 0.928 0.927 0.917 0.906
13 0.935 0.935 0.932 0.929 0.918 0.907
14 0.937 0.937 0.933 0.929 0.917 0.907
15 0.938 0.937 0.933 0.929 0.915 0.906
16 0.940 0.939 0.935 0.930 0.914 0.906
17 0.941 0.939 0.936 0.930 0.913 0.904
18 0.942 0.940 0.937 0.930 0.912 0.902
19  0.943 0.941 0.937 0.930 0.912 0.900
20 0.944 0.941 0.937 0.930 0.911 0.899
21 0.945 0.942 0.938 0.930 0.912 0.898
22 0.946 0.942 0.939 0.931 0.912 0.896
23 0.946 0.942 0.939 0.930 0.911 0.894
24 0.947 0.942 0.939 0.930 0.910 0.891
25 0.947 0.942 0.938 0.929 0.908 0.888
26 0.948 0.943 0.938 0.929 0.907 0.884
27 0.948 0.943 0.938 0.928 0.906 0.879
28 0.954 0.946 0.939 0.928 0.906 0.879
29  0.961 0.953 0.942 0.930 0.906 0.868
Table 4.4:  Calibration performance for one-step correlation of LIBORs

C’orr(ln(LiTi +0;),In(LE 4+ 6,11)) under SV MFMs with different scenarios

i+1
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Chapter 5

Comparison of stochastic
volatility Markov-functional
model and one-factor

Markov-functional models

5.1 Introduction

In the interest rate markets, Bermudan swaptions are one of the most popular exotic
derivatives which are traded over-the-counter. A Bermudan swaption is a derivative
that allows its holder to enter into an interest rate swap on any of a set of pre-
arranged exercise dates. The term “Bermudan” means that the option allows for a
discrete set of exercise dates. But the option can only be exercised once. We will
consider pricing and hedging Bermudan swaptions in this chapter. The other exotic
option we will study in this chapter is a new Bermudan product. The new Bermudan
product has more complicated payoffs, and its underlying is a structured interest
rate swap, where a regular fixing leg is swapped against structured coupons. The
new Bermudan product studied here is motivated by a callable range accrual which
is a popular exotic option in the interest rate markets. Callable range accruals are
very involved products to price whose payoff depends on the accrual of days that
a LIBOR falls within a pre-arranged range. For details, the reader is referred to
[32] and [6] and references therein. The new Bermudan product studied here is also
traded in the markets, and has similar features but is much simpler than callable
range accruals. The simplification means that we can focus on understanding the

effect of stochastic volatility without introducing further approximations needed to
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handle a more involved product.

There are many interest rate models that are capable of pricing and hedging
the above two Bermudan products which include short rate models, LIBOR market
models and Markov-functional models. We focus on Markov-functional models in
this chapter. In the literature there has been substantial debate between single-
factor models and multi-factor models. See [50], [3] and [22]. Pietersz and Pelsser
[57] compared a one-factor Markov-functional model and multi-factor market models
in terms of hedging performance for a Bermudan swaption. The numerical results
showed that the performance of the two models is comparable which is consistent
with the recent consensus post crisis. Thus in this chapter we focus on the low-factor
Markov-functional models.

Pietersz and Pelsser [57] also studied the effect of implied volatility smiles/skews
on the price of a Bermudan swaption in a one-dimensional Markov-functional model
with a Gaussian driver. The authors compared the following two models: a Markov-
functional model feeding in the Black’s formula and a Markov-functional model
feeding in the displaced diffusion formula which is able to capture implied volatility
skews. The displaced diffusion Markov-functional model is calibrated to the mar-
ket implied volatility smiles using the least squares method which can be seen as
a “global fit” approach. In this case the numerical results indicated that the smile
effect is very large in terms of pricing a Bermudan swaption. In this chapter we
perform a similar numerical study. But the difference from [57] is that we adopt
a “local fit” calibration approach where we fit the implied volatility at the strike
of the Bermudan exactly. In this case our results show that the effect of smile is
insignificant on the price of a Bermudan swaption.

Another numerical study for Markov-functional models was performed by
Kennedy and Pham [48] where they investigated the effect of the specification of
a Gaussian driver on a Bermudan swaption in terms of hedging performance in
a one-dimensional Markov-functional model feeding in the Black’s formula. Their
numerical results indicated that the driver “parameterized by time” outperforms the
driver “parameterized by expiry”. In this chapter we make a further development. In
addition to the specifications of a Gaussian driver proposed in [48], we also consider
a SABR driver and take implied volatility smiles into account. Our results show
that the introduction of stochastic volatility does not materially alter the hedging
behaviour of parametrization by time. This finding is significant for practitioners
wanting to use stochastic volatility models.

An important observation made by Pietersz and Pelsser [57] is that the price

of a co-terminal Bermudan swaption is mainly determined by the joint distribution
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of the underlying co-terminal swap rates at their setting dates. This motivates
us to calibrate to the co-terminal vanilla swaptions as well as the market implied
correlation structure of the co-terminal swap rates because they can fully determine
the joint distribution of the co-terminal swap rates at their setting dates (in the
case of Normal or log-Normal distribution). However due to the complex nature
of Bermudan products, stochastic volatility may also influence prices and hedges of
Bermudan type products. In fact empirical evidence (see [15] and [49]) supports
the use of stochastic volatility for interest rates. Furthermore as Hagan et al. [31]
pointed out, incorporating an extra stochastic volatility factor into a model could
give a more realistic evolution for the implied volatility smile. Kaisajuntti and
Kennedy [44] used market data to identify a SABR type model as an appropriate
choice for the level of interest rates. These observations motivate us to investigate
the stochastic volatility impact on Bermudan type products in terms of pricing
and hedging. Although many stochastic volatility term structure models have been
proposed in the literature, see e.g. [4], [65], [55], [62], [60], [34], [33] and [5], little
is known in the literature about investigating the effect of introducing stochastic
volatility on pricing and hedging Bermudan style products.

In this chapter we compare a stochastic volatility Markov-functional model
with a one-dimensional Markov-functional model in terms of pricing and vega hedg-
ing performance for a Bermudan swaption and the new Bermudan product. In our
numerical comparison, we calibrate a stochastic volatility swap Markov-functional
model and one-dimensional swap Markov-functional models with different combina-
tions of driver and marginals to the real market. Then we compare the prices and
vega profiles of Bermudan products produced by the above Markov-functional mod-
els. The numerical results show a very big difference in vega profiles of Bermudan
products produced by models parameterized by time and by expiry, and the result
is consistent with the results of [48]. Furthermore we find that this big difference is
not changed when implied volatility smiles and stochastic volatility are taken into
account. The introduction of stochastic volatility has an insignificant effect on the
price of a Bermudan swaption but the impact is significant on the new Bermudan
product.

The rest of the chapter is organised as follows. In Section 5.2, we introduce
the methodology for comparison of the Markov-functional models. In Section 5.3 we
describe the market data for the comparison. In Sections 5.4 and 5.5 we compare
Markov-functional models in terms of pricing and hedging a Bermudan swaption

and a new Bermudan product. Section 5.6 concludes.
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5.2 Methodology

In this section we describe the framework for a comparison between one-dimensional
swap Markov-functional models (MFMs) and a stochastic volatility swap MFM in
terms of pricing and hedging a Bermudan swaption and a new Bermudan product.
In Sections 5.2.1 and 5.2.2 we introduce Bermudan swaptions and new Bermudan
products, and discuss their features that need to be captured for an accurate pricing.

In the numerical study we consider the following five swap MFMs for comparison:

(a) one-dimensional swap MFM with a mean reversion (MR) driver fitting the

Black’s formula for swaptions

(b) one-dimensional swap MFM with a Hull-White (HW) driver fitting the Black’s

formula for swaptions

(¢) one-dimensional swap MFM with a one-step covariance driver fitting the Black’s

formula for swaptions

(d) one-dimensional swap MFM with a Hull-White driver feeding in SABR marginal

distributions of swap rates at their setting dates

(e) stochastic volatility swap MFM with a SABR driver feeding in SABR marginal

distributions of swap rates at their setting dates.

A discussion of these MFMs and an explanation of why we choose these MFMs for
the comparison will be given in Sections 5.2.3 and 5.2.4. To perform a comparison
we calibrate the above five MFMs to the market data. Then we compute model
prices and produce vega profiles of a Bermudan swaption and a new Bermudan
product within these five calibrated MFMs. By comparing the model prices and
vegas, we investigate the correlation, smile and stochastic volatility impacts on the
pricing and hedging performance of Bermudan products. The analytical expressions
for the vegas of a Bermudan swaption in the above five MFMs are studied in Section

5.2.5. The numerical results are given in Sections 5.4 and 5.5.

5.2.1 Bermudan swaptions

In the numerical study we consider a co-terminal style Bermudan swaption where
its holder has the right to enter into the remaining underlying co-terminal interest
rate swap at a number of pre-arranged exercise dates. At each exercise date the
holder can decide on exercising the right or waiting for the next exercise date, but

only one exercising opportunity is given.
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Let us first discuss how to price a co-terminal Bermudan swaption. For the
tenor structure (2.1), let us consider a pay fixed co-terminal Bermudan swaption
with strike K and exercise dates 171, 75, ..., T;, on an interest rate swap with payment
dates Ty, T3, ..., Ty +1. The value Ve (0) of this Bermudan swaption at time 0 can
be found recursively. At exercise date T;, ¢ = 1,...,n, the holder can decide on
exercising or waiting so that the payoff véerm(ﬂ) is given by

Vierm(Th) 1= max(Vh ey (1), Vit (T))), (5.1)

where Véﬁ;;lfi(ﬂ) denotes the time T; value of a pay fixed interest rate swap with
setting dates T;, 141, ..., 1), and settlement dates T;11,Ti+2, ..., Tn+1, which is given
by
1 b loi, inli
Vowap (L) = NP "y " = K)),

where N is the notional amount, P*"*!1=% is PVBP and y*"*1=% is swap rate; see
Section 2.1.1. We note that at the last exercise date T,, the above Bermudan swap-
tion is simply a vanilla swaption so that the payoff Vé”eTm(Tn) at time T), is given
by

VBerm(Tn) 1= max(0, Vi (T,)).

We can see that the payoff function (5.1) is a maximum between the value Vé;ﬁ;;l_i(ﬂ)
of exercising the option and the value Vj3,_. (T;) of waiting at time 7;. In an
arbitrage-free model under some equivalent martingale measure Q corresponding
to the numeraire M, the value V5., (T;) of the Bermudan swaption at time 7,
1=0,...,n — 1, is given by

Vhm(T3) = M EqlVBemm T2

Ti+1

“FTiL

where XN/éJgjm(ﬂJrl) is the payoff at time T;41. In our context we price a Bermudan
swaption using a MFM under the terminal measure F"*! with the corresponding
numeraire D 1, ;.

We now consider the problem of what instruments and features one needs to
calibrate to in order to give an accurate Bermudan price in a low-factor model. As
pointed out by Pietersz and Pelsser [57], the joint distribution of the co-terminal
swap rates {y%ﬁ“fj;j =14,..,n,i = 1,...,n} can determine the price of a Bermu-

dan swaption, but the main contribution is the joint distribution of the swap rates
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{y%?”l_i;i = 1,..,n}. As a result a valuation model for the Bermudan swaption

needs to be calibrated to the co-terminal vanilla swaptions so that the market im-
plied marginal distributions of the swap rates {yélinﬂ_i; 1=1,.

..,n} in the associated
swaption measure S*"*t1=% 4§ =1, ..., n, corresponding to the numeraire P*"*!'~% can
be captured. Note that in financial markets the prices of vanilla swaptions are given
to us in the form of implied volatilities which usually are a function of strike display-
ing a shape of smile or skew. Ideally we would like to calibrate to the whole implied
volatility smile or skew of the vanilla swaptions which is equivalent to capturing
the marginal distributions. But this is not always possible. For example Black’s
formula for the vanilla swaption assumes that the implied volatility is a constant
w.r.t strike so that it can only capture implied volatility at one strike. In this case
we need to decide on which implied volatility the model should be calibrated to. A
rule of thumb is to choose the implied volatility of the co-terminal vanilla swaptions
struck at the strike K of the Bermudan swaption since this is the most relevant to
the Bermudan swaption.

Another key feature one needs to capture is the correlation (covariance) struc-
ture of the underlying swap rates {yf_f’:”rl_i;i =1,...,n}. The correlation structure is
not observable directly from the markets. One has to extract them from the market
implied volatilities of vanilla swaptions. For details, the reader is referred to [48].

Therefore in order to price the Bermudan swaption properly, a low-factor
valuation model needs to be calibrated to the co-terminal vanilla swaptions and the
correlation structure of the underlying swap rates. We will discuss the problem of

how to achieve this under swap MFMs later in this section.

5.2.2 New Bermudan product

The definition of a new Bermudan product is similar to a co-terminal Bermudan
swaption except for the underlying interest rate swap. In particular, we recall that
the underlying interest rate swap of the co-terminal Bermudan swaption, considered
in Section 5.2.1, with strike K admits a fixed leg Na; K and floating leg NaiLiTi at
each settlement date T;41 for ¢ = 1,...,n. For the new Bermudan product however
the underlying is a structured interest rate swap with a fixed leg Na; K and a floating
leg NaiLépiI{lgLiTi<m} at each settlement date T;41, ¢ = 1,...,n, for lower barrier [
and upper barrier m.

Let us now consider a pay fixed new Bermudan product with strike K, no-
tional amount N and exercise dates 17,75, ..., T}, on a structured interest rate swap
with payment dates 15,73, ..., T, +1. The procedure for finding the value Vp;.,q(0)

of such a Bermudan product at time 0 is similar to the Bermudan swaption that is
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discussed earlier except that the time 7T; value Vgﬁ;;l_i

in the payoff function (5.1) is replaced by the value Vé’tZ#_i(Ti) of the structured

interest rate swap at each exercise date T;, ¢ = 1, ..., n, which is given by

(T;) of the interest rate swap

Ve = [VE(Ty) — Vi (Th))

where Vi, (T;) and V},,(T;) denote the time 7; values of the fixed leg and the
floating leg respectively. The fixed leg consists of a series of payments on dates

Tiv1,1i+2,...,Tn+1 so that its value at time 7; is given by

n
Viin(Ti) = NKZ ajDTiTj+1
J=1
_ N pinti-i
= g )

The floating leg is more difficult to value. To do so we apply the fundamental pricing
formula. In particular under some equivalent martingale measure Q corresponding
to the numeraire M, the value V5, (T;) of the floating leg at time T} is given by

TJ .
n O‘JLTj I{lgLJT,<m}

Vin(T) = MiNEg[y , ———— 7z (52)
j=i Jj+1

In the context of MFMs we choose the terminal measure F**! as the equivalent
martingale measure corresponding to the numeraire D 1, ..

Having discussed the valuation of the Bermudan product we now consider
the calibration problem in a low-factor valuation model. The complication of the
Bermudan product makes it difficult to identify the calibrating instruments. How-
ever we notice that as the lower barrier [ decreases and upper barrier m gets bigger,
this Bermudan product should reduce to a Bermudan swaption. It is noted in Hagan
[32] that one can hedge the new product by using a Bermudan swaption, and this
requires using the same valuation model and calibration method for the new Bermu-
dan product as would be used for Bermudan swaptions. As a result it is necessary
to calibrate to the co-terminal vanilla swaptions and the correlation structure of
the swap rates {y%"H_i;i =1,...,n}. Furthermore we note that a floating coupon

NaiLiTiI{lgLiT, <my) at settlement dates Tjy1, 4 = 1, ..., n, of the underlying structured
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interest rate swap can be expressed as a combination of caplets and digital caplets:

NaiL%’iI{lgL%i<m} = Noy([Ly, — 1" + Hipg >y — (L, —m]" — m[{L;izm}),

(5.3)
so that equation (5.2) can be rewritten as
. n aj([Lhy, =0T + Ui sy — [Ly, —m)T —mI s
Viu(T) = MrN S Bl . 2 ).
j=i Tjt1
(5.4)

As a result in order to price the value of floating leg (5.2) properly, calibrating a
valuation model to the market prices of the caplets and digital caplets indicated on
the right hand side of (5.4) is required.

We note that theoretically knowing the prices of caplet czaplet(O; K) for all

strikes K is equivalent to knowing the price of the digital caplet Vjigcap(O; K) for
all K. In practice however the prices of digital caplets are not always quoted in
the market. But they can be replicated by a bull spread of caplets; See [52]. In
particular consider the bull spread consisting of ?il caplets with strike K — %6 and

—E%i caplets struck at K + %5, which yields the payoff

1 . 1 , 1
7
0, if L, <K — e
=9 YLL -K+3ie), HK-le<Li <K+ie

The payoff of this bullish spread of caplets reduces to the payoff of a digital caplet
on the ith LIBOR L struck at K as ¢ — 0. Thus a digital caplet can be replicated
by the corresponding bullish spread of caplets so that

(0:K) =~ Vitetmal0 K = 56) ~ Viptagna(0: K + 32)]

7
Vdigcap,ma caplet,ma caplet,ma

)

as ¢ — 0, where the subscript “ma” stands for a market value. In practice € is
usually set to be bbps or 10bps. In our numerical study we use this method to
obtain digital caplets prices from caplets prices.

In summary, one needs to calibrate a valuation model to the market prices of
a set of (digital) caplets, co-terminal vanilla swaptions and the correlation structure

of swap rates. However we still have the following two calibration problems.
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Effective Strikes

Firstly, we remember that in the case of non-smile valuation models for a Bermudan
swaption, the implied volatility of the vanilla swaptions struck at the strike K of
the Bermudan swaption, as opposed to other strikes, is the best choice to calibrate
to. But the new Bermudan product has a more sophisticated underlying structured
interest rate swap. In this case it is not obvious which implied volatility to calibrate
to. Following standard practice we will calibrate to the implied volatility of the
swaptions struck at the “effective strike”. For details the reader is referred to [32].
The effective strike Kf T for each co-terminal vanilla swaption with expiry date 75,

i =1,...,n, are chosen such that

fixed leg time-0 value of swap (K 1 _ fixed leg time-0 value of structured swap(K)

floating leg time-0 value of swap floating leg time-0 value of structured swap ’

and therefore

NK(‘DOTi - DOTn+1)
Vi (0)

K,L»eff —

It follows from equation (5.3) that Vi, (0) is given by

7 )
aJLTj I{lgLZ[,<m}
J

Vi (0) = Dor,, ,, N Z Egn+1(
j=i

Dr,

+1Tn+1

= Z[‘/cjaplet(o; l) - ‘/cjaplet((); m) + ajlvdjigcap((); l) - ajmvd]igcap(o; m)]’
Jj=t

(0; K) and V/

J
where V. digeap

caplet (0; K') are prices of a caplet and digital caplet on the

jth LIBOR L7 struck at the strike K. In our numerical comparison we assume that
once we have determined the effective strike via the formula (5.5), it will not change

in the calculation of the vegas.

Internal Adjusters

The second calibration issue is that, in general, the market prices of co-terminal
swaptions and (digital) caplets can not be reproduced by a valuation model simul-
taneously. To solve this problem we will introduce the idea of “internal adjusters”.
In particular suppose we are given a valuation model under some equivalent mar-
tingale measure QQ corresponding to the numeraire M, and the model has been

calibrated to the prices of vanilla swaptions. In general this model will not repro-
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duce the market prices of the caplet and digital caplet with some strike K on the
ith LIBOR L'

Vc;igcap,mo(o; K) = MOEQ[NI{L;Z ZK}]\4’I71 ] 7£ Vdiigcap ma(O; K)

%

caplet, mo(

0; K),

caplet,ma (

0; K) = MoEg[Nai[Ly, — K[ M7 1 #V,

where “mo” stands for a model value. Consequently the valuation model is incapable
of pricing the floating leg (5.4) properly. To fix this problem we adjust the payoff
functions for caplets and change the strike for digital caplets in the model. In

particular we choose strikes K; and constants ;, i = 1, ..., n, such that

chigcap,mo(o; K) - MOEQ[NI{LZTZf(Z}Miil] = Vdiigcap,ma((); K) (56)
‘7caplet mo(o K) M()EQ[NOJ, ["ilLlTl - K]JFMJ::H] = ‘/caplet ma(o K) (57)

The above strikes K; and k;, i = 1,...,n, are referred to as the internal strikes
and internal coefficients. When we price the floating leg (5.4) and therefore the new
Bermudan product, we use internal strikes and internal coefficients rather than using
the true payoff functions. Essentially we get the prices of what we’re interested in

right by changing their payoff functions but not changing the model.

5.2.3 One-dimensional swap Markov-functional models: driver spec-
ification and calibration

We now discuss the one-dimensional swap MFMs that will be considered in the nu-
merical comparison. We have discussed the specification of a one-dimensional swap
MFM by assuming that a Gaussian driving process is given in Section 3.2.2. In this
subsection we explore the specification of the Gaussian driving process. Kennedy
and Pham [48] investigated the effect of the specification of a Gaussian driver on
a Bermudan swaption in terms of hedging performance. The authors studied the
mean reversion (MR) driver, which is “parameterized by expiry”, Hull-White (HW)
and one-step covariance drivers which are “parameterized by time”. Their numeri-
cal results indicated that the driver parameterized by time outperforms the driver
parameterized by expiry. In this subsection we review these specifications of the
Gaussian driver and explain the ideas of parametrizations by time and by expiry.
We also consider the calibration issue in one-dimensional swap MFMs. The material

in this subsection is from [48].

111



In a one-dimensional swap MFM, we consider the following driving process
¢
Ty = / OudW3+1,
0

where W™t is a one-dimensional Brownian motion under the terminal measure
Frtl corresponding to the numeraire D 1., and o; is a deterministic function.
Recall that we implement a MFM on a grid so that it is only necessary to specify

the variance

T;
&n, = Var(zr) = / oldu
0

of x at time T; for ¢ = 1,...,n. This is the case since x is a Gaussian process and
the mean of it at time T} is 0 for ¢ = 1, ...,n. We will discuss different specifications
of the variance £7;’s later. Given a driving process, in order to specify the model we

need to feed in the input prices of PVBP-digital swaptions as a function of strike

which implies the marginal distributions of the swap rates {y%"H_i;i =1,..,n}in

their associated swaption measures. In our numerical study we feed in log-Normal
marginal distributions and SABR marginals of the swap rates {y%,”ﬂ_i;i =1,..,n}
in their associated swaption measures.

Let us first consider the log-Normal marginals, and we will consider feeding in
SABR marginals later. Suppose that the input prices of the PVBP-digital swaptions
are obtained by the Black’s formula (2.12) with some implied volatilities ;41—
for ¢« = 1,...,n. Note that the choice of 7; ,4+1—;’s depends on the product we wish
to price. In our numerical comparison, it can be chosen to be implied volatilities

&Frfﬂ?_i of the co-terminal swaptions struck at the strike of the Bermudan swaption

or 6;1];{“724 struck at the effective strike depending on whether we are pricing a
Bermudan swaption or the new Bermudan product.

As the correlation structure of swap rates is an important feature for pricing
a Bermudan product, before we proceed to the specification of the Gaussian driver
we discuss the problem of how to capture the correlation structure in a swap MFM.
Bennett and Kennedy [7] indicated that under the swap MFM with a Gaussian
driving process x calibrated to the Black’s formula with implied volatility ¢; 41— for
the prices of the co-terminal swaptions, there is an approximate linear relationship:

Iy, R+ A, (5.8)

for deterministic function n{ and constant 4¢. Thus the correlation of co-terminal
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swap rates implied by the above swap MFM can be captured by the variance of x:

Corr(xr,, 21;) = §:. ~ C’orrm"(lnyé’{lﬂ_i,lny%?ﬂ_j). (5.9)
j
for ¢ < j, where “mo” stands for a model value. Furthermore we have an approxi-

mation in F*+!
Var™(In y;’,{zﬂ—i) N 671 il (5.10)
It follows from (5.8) and (5.10) that

(v')*ér, = &anﬂ'Tz‘- (5.11)

The approximation (5.11) will help us understand the ideas of parametrizations by
time and by expiry which will be explained later. In what follows we review the

three specifications of the Gaussian driving process.

Mean reversion driving process

The mean reversion driving process was first introduced by Hunt, Kennedy and
Pelsser [37]. The mean reversion driving process is specified by choosing the deter-
ministic function oy = e, where the constant a > 0 is the mean reversion parameter.
The variance {7, of the MR driving process = at each time T;, i = 1,...,n is given
by

T; 1
&, = /0 e2rtdt = — (2T —1).

2a
In this case the terminal correlation of swap rates in the model is determined by the
mean reversion parameter a:
62aT¢ _ 1

i,n+1—1

Corr™°(In Yz, j7n+l_j) ~

s Inyp. (5.12)

for¢ < j.

We now explain the idea of parametrization by expiry. We can see that once
the MR parameter « is fixed, as market implied volatilities change, the variance
of x remains unchanged and therefore, from (5.12), the model implied terminal
correlation of swap rates will not change. Moreover we can see from (5.11) that

a change in the market implied volatilities leads to a change in expiry-dependent
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parameters 7%’s. In this case, we say the mean reversion process is “parameterized
by expiry” which was first introduced by Kennedy and Pham [48]. However it
is observed in the market that a change in the market implied volatilities of the
swaptions commonly leads to a change in the terminal correlation of swap rates. In
that sense, the mean reversion process cannot reflect reality. To partially capture

this market observation, we introduce a Hull-White driving process.
Hull-White driving process
The variance of the Hull-White driving process x at each time T;, ¢ = 1,...,n, is

given by

_ (Trg1 — ﬂ)&fg—%—l 2 5.13
&r, = ( i —o) T (519

where 97, = é(l — e ), a > 0, and where 6;‘}5 J%ﬂ- is the market ATM implied
volatility of the co-terminal swaption. Thus the Hull-White driving process is linked
to the co-terminal swaptions of the swaption matrix; see Table 5.1. For details about

the derivation of the above variance, the reader is referred to [7].

Tenor 1 2 3 .. n—2 n-—1 n
Expiry 1 ..  o{TM
~ ATM '
ara 2
3 03759
n—2 GTM
n—-1 .. &M
n a;?’:fM

Table 5.1: ATM implied volatilities in the swaption matrix linked to the Hull-White
driver.

We now explain the idea of parametrization by time. We can see from equa-

tion (5.13) that the variance &7, of z at time 7; depends on the market implied

volatility 61‘-‘}3 4]-\/11—1' of the co-terminal swaption. As a result as the market implied

volatility &fnT i‘/{_i change, the variance of x and therefore the terminal correlation
of swap rates will be changed. Moreover we insert (5.13) into (5.11), and we can
see that as the market implied volatilities change, the expiry-dependent parameters
yi’s will almost stay the same (exactly the same when &; ,11-; = 6;‘}3 %71) Such a
driving process is said to be “parameterized by time” which was first proposed by

Kennedy and Pham [48].
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So far we have explained parametrizations by expiry and by time. Another
way to gain an insight into this idea is by considering the responses of the LIBORs
to a change in the implied volatilities. For details, the reader is referred to [48]. Note
that the difference in parametrizations by expiry and by time has a strong impact
on the hedging behaviour of the model. For non-stochastic volatility models this
behaviour is well-known to practitioners and is analysed in [48] for one dimensional
Markov-functional models with the Black’s formula.

We note that in the MR and HW models, we only have one free parameter
a for the driving process x, which is insufficient to capture the whole correlation
structure. This problem is partially solved by the introduction of the one-step

covariance driving process.

One step covariance driving process

The one step covariance driving process was introduced by Kennedy and Pham [48].
For this driving process the variance {1, of = at time T;, ¢ = 1,...,n, is chosen
by calibrating to the market correlation structure of swap rates. Note that it is

impossible to calibrate a one-factor model to the whole correlation matrix. Thus

. . . 3 1—12
we only consider the one step covariances (correlations) between In yé’fﬁ * and
7
+1,n—1 . . .
1 zTJ;H" *for i = 1,....,n — 1. In particular suppose we are given the one step

| s s
covariances Cov™*(Inyp" '~ In yZTt;n !
T K3

that the market one step covariance can be estimated by using the swaption matrix
{6{TM:i=1,..,n,j =1,..,n+ 1 — i}, where 577 is the ATM implied volatility
of the vanilla swaption on the swap rate y%/; see Table 5.2. The estimation involves

), @ =1,....,n —1, from the market. Note

Tenor 1 2 3 . m—2 n-—1 n
: ~ATM  ~ATM ~ATM ~ATM  ~ATM ~ATM
Expiry 1 011 012 013 - O1pn—2 O1p-1 %1n
&ATM &ATM ~ ATM ~ATM  ~ATM
She DEw i iy T
3 031 032 033 3.n—2
~ATM  ~ATM  ~ATM
no2 Onal Onosz On-ns
n n,l

Table 5.2: ATM implied volatilities in the swaption matrix linked to the one step
covariance driver and the SABR driver.

a two-step procedure. For details the reader is referred to [48]. Now we specify the

one step covariance driving process as follows.

e The algorithm for fixing the variance {1, of x at time Tj, ¢ = 1,...,n, works
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back iteratively from T,. At time T,,, without loss of generality, we set

ng — (~ATM) Tn

Onp,1

e Suppose we have reached time 7;, having determined variance {7, of z for
J=14+1,...,n. We have that

in+l—i i+1,n—i
Cov™(In Y7, ,In 1. )

i,n+1— zl H—ln 7,)_
'L+1

Corr™*(Inyy, , ' , '
\/Varma (In yé’{”rl*l )Varma(ln yZTJ:inﬂ)

Cov™*(In yé&_nﬂ*l, In yzﬂ’nﬂ)
1

NATM /T /T )
Ointl—i Uz+1 n—i Z+1

~
~

i,n+1— z)

where Var™*(Inyy; is given by

\/Varma lnyl SN G ATM T
It follows from equation (5.9) that we should get

&n = [Corr™ (lnyl A ZT:inii)]sziH. (5.14)

As the specification of the one step covariance driving process depends on the swap-

ATM . i —1,...,n,j = 1,...,n+1—i} any changes in the market implied

tion matrix {5,
volatilities in the swaption matrix will influence the correlation structure. Therefore
the one step covariance driver is also parameterized by time.

So far we have discussed the one-dimensional swap MFMs with three differ-
ent specifications of the Gaussian driving process feeding in log-Normal marginal
distributions of the swap rates {yZ A =1, ..,n} in their associated swaption
measures. Note that we choose these three spec1ﬁcations of the driver for compar-
ison because they are examples of parametrizations by time and by expiry. We
wish to investigate their hedging behaviour for a Bermudan swaption as well as a
new Bermudan product. Moreover we wish to make clear if implied volatility smiles
have an influence on their hedging behaviour. This motivates us to consider the
one-dimensional swap MFM with the Gaussian driving process together with SABR
marginals, which can be seen as a local volatility MFM. The SABR marginals that
will be fed in are the same as the ones for the stochastic volatility swap MFM be-
low. We will choose the Hull-White specification for the Gaussian driving process

so that the local volatility MFM is also an example of parametrization by time.
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Note that the reason why we choose the Hull-White specification as opposed to the
mean reversion style is because the Hull-White driver is parameterized by time and
it is expected to retain good hedging behaviour even though we feed in the SABR
marginal distributions. The one-step covariance driver is not chosen because it is
hard to calibrate to the market correlation in a local volatility MFM. By comparing
the local volatility MFM to the Hull-White MFM, we can investigate the effect of
implied volatility smiles on pricing and hedging a Bermudan swaption and a new

Bermudan product.

5.2.4 Stochastic volatility Markov-functional model

In this subsection we discuss the stochastic volatility swap MFM that will be con-
sidered in the numerical study. We consider this model in the numerical comparison
because we wish to investigate the effect of stochastic volatility on the pricing and
hedging performance for Bermudan products. In what follows we focus on the cali-
bration of the model.

We have discussed the specification and calibration of a stochastic volatility
MFM in the previous chapters. In this subsection we review it briefly. Let us

consider the target SABR driving process

dF, = o, FPaw)™ B elo,1] (5.15)
doy = ppordt + UatdBf’H v >0,

where B™"t! and Wt are correlated Brownian motions under the terminal measure
such that dB ™ dW;™! = pdt with p € [~1,1], and the drift function ; is assumed

to be piecewise constant

n—1
e =3 Hilerr ay)- (5.16)
=0

In our numerical comparison we will assume that the parameters 3, Fpy, p, g and v
have been determined exogenously from historical data. The remaining parameters
tj, j =0,...,n—1, can be chosen by calibrating to the market one step correlation
(covariance) of the swap rates {yép’?ﬂ_i;i = 1,...,n}. From the calibration proce-
dure we note that the drift parameters ;1;’s and the model correlation structure of
swap rates will be changed when we change the market implied volatilities in the
swaption matrix (see Table 5.2), which is consistent with the behaviour of a driver

parameterized by time. In fact as we can see from (5.15), as the parameter v is going
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to 0 the model is reduced to the one-dimensional one-step covariance MFM which
is parameterized by time. This also motivates us to determine pu;’s by calibrating
to the market one step correlation (covariance) of swap rates since we expect that
the hedging property of the one step covariance MFM will be retained even though
stochastic volatility is incorporated and we will justify this numerically later.
Following the calibration routine proposed in Chapter 4, in order to set the

stochastic volatility MFM up, we feed in SABR marginal distributions of the swap

. 11— .
i,n+ z;Z:L.

rates {yT’i ..,n} implied from the following separable SABR swap market

model in the swaption measure St-"+1—4

dyy" T = oy T awy T peo.], (5.17)
doi = i (t, o1, y)oldt + voldBI"TT ot = gy
AW BT = pdt pe [<1,1],

with

n i—1 pint+l—j _j jn+1—j

i WP ag ")

0 (t, o8, ye) = e + vp L —
( ) Z \Iﬂi_lptz,n-i-l i 1+ aj_lyg,n-‘rl 7

)ot

j=i+1
i
. L JtLhn—j
t = H(1+ajyt ),
Jj=1
intl—i
pi,n-ﬁ-l—i L Pt
t T )
DthnJrl

where Wi +1=% and B*»"*+1~% are correlated Brownian motions in the swaption mea-
sure S¥" 174 and y is given by (5.16). We notice that the model parameters 3, p,
00, v and p;’s have been determined. Consequently the only free parameters we left
are expiry-dependent parameters v° for i = 1,...,n. These parameters can be cho-
sen by calibrating to the implied volatilities {&; n+1-i;% = 1, ...,n} of the co-terminal
vanilla swaptions struck at one particular strike. In our numerical comparison, the

~ Berm

implied volatilities 05 ,,+1—; can be chosen to be the implied volatility Timil—i struck
eff

in+1—; struck at the effective strike de-

pending on whether we are pricing a Bermudan swaption or the new Bermudan

at the strike of the Bermudan swaption or &

product.

5.2.5 Expressions for vegas in Markov-functional models

Before we proceed to the numerical investigation of the vegas, let us study the

analytical expressions for the vegas of a Bermudan swaption in the swap MFMs
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discussed earlier. This enables us to gain more insight into the difference in vegas
produced by the models parameterized by time and by expiry. In this subsection
we only consider a Bermudan swaption since it is a relatively simple product while
the new Bermudan product is too complicated. The simplification means that we
can focus on understanding the difference between parametrizations by time and by
expiry in vega profiles without handling internal adjusters of a more involved new
Bermudan product.

The expressions for the vegas in the one-dimensional swap MFMs have been
studied by Kennedy and Pham [48]. Here we will first review their work. Then we
make further development and consider the vegas in the stochastic volatility swap
MFM.

We can see from Section 5.2.3 that the one-dimensional swap MFM is fully
determined by the variances {r,, © = 1,...,n, of the driving process and the input
prices of the PVBP-digital swaptions. Furthermore the input prices are obtained
from the initial term structure and some implied volatilities 0; p+1—i, ¢ = 1,...,n.
As we discussed the choice of 0;,41-;’s depends on the derivative we price. In

~Berm

this context we choose the implied volatilities o7 71T, of the co-terminal swaptions

7

struck at the strike of the Bermudan swaption. Since we focus on the vegas here, the

initial yield curve will not be taken into account. Thus for the model we can express

Berm)

the value of a Bermudan swaption as a function VOB”m(f , O of the variances

¢ = (¢é1,,61y, ..., €7,) and the (reverse diagonal) input implied volatilities G5¢™ =

(gPerm gPerm . ..,GB¢™). The vega vy for i = 1,..,nand k=1,..,n+1—iis

defined to be the following derivative:

d‘/OBerm
Vik = = ATM
Ok
where 5;4,? M is the ATM implied volailities of swaptions. In practice the vegas

can be evaluated by means of the bump and revalue method: each ATM implied
volatility is perturbed by a basis point shift and then the derivative is valued again.
We now consider the analytical expressions for vegas in MFMs. For a par-

ticular 7 = 1, ..., n, we give the expressions for vegas v; j, in Table 5.3. The notations

13 b2

mr”, “hw”, “co”, “loc” and “sv” in Table 5.3 stand for mean reversion, Hull-White,
one step covariance, local volatility and stochastic volatility MFMs respectively.
Note that in the local volatility MFM we adopt the HW driver.

We can see from Table 5.3 that when k£ = 1,...,n — i, the vegas v; ;, of MR,
HW and local volatility MFMs are all zero because the variances & of their drivers

are independent of these implied volatilities {Ef‘,;[ Mk=1,..,n— i}. However we
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k (Tenor) 1,..,n—1 n+1—i
8vBerm

" 0 s T

b 0 st X Ot T X G

co 22:1 8??;; - d;;?]\/f 8%?;;: X 0; + Zi:l axg?;: - da?}fff{,i

Berm Berm dér.
loc i 0 ~§5‘:BO§7W—¢ x 0; + a‘g)ﬁTL d&;‘}f{%_i
B B B
5% }:Z;g'avguiwn X d§¥§A4 gigbégii X 9i'+‘§:g;éravgpiwn X dﬁégﬁkfi

Table 5.3: The expressions for vegas v; ;, for a particular i of a Bermudan swaption

~Berm
under swap MFMs where 0; := #}}’1

in+1—i
can see from Table 5.2 that these implied volatilities {5{?,? Mk =1,..,n—i} are
linked to the variances £ of the one step covariance driver. In particular following
the estimation procedure for the market one step covariance in [48] one can see that
any change in implied volatility ﬁfg M il lead to a change in &7, and therefore &y
for all j =1,...,4 — 1 due to equation (5.14). Therefore following the chain rule we
obtain the result in Table 5.3.

When £ = n + 1 — 4, the vegas become more complicated. In this case all
models are linked to the co-terminal ATM implied volatility 5;‘}7{’ _ﬁvlf_i via the input

implied volatility 67¢}""_; of the function VP (¢, 5P¢™). Therefore as we can see

. . Berm d~Be'r'm . .
in Table 5.3, there is a term (96.;;067% X 0; where 0; := d;%ﬁ_f in all models. We will
discuss this ratio 6; later. In a,ddition, we can see from7(5.13) that a change in the

implied volatility 5{}3 J%_i

therefore this gives the result in Table 5.3. Similarly it will also result in a change

will also result in a change in {7, of the HW driver and

in {7, and therefore {7, for j =1,...,4 — 1 for the one step covariance driver.
We can see that the expressions for the vegas in the above models are very
different. However we will see in the numerical study later that the row sums of

vegas for the models parameterized by time are similar.

Remark 9. When the implied volatility 54’951"111- is chosen to be the ATM one

(2
~ATM L degBerm_, . , ,
O mt1—is it is trivial to have that 0; := Wﬁ- = 1. In practice the market implied
i,n —1

volatilities always display a shape of smile or skew as a function of strike. The
implied volatilities with different strikes are always moving simultaneously. This

means that the change in the ATM implied volatility Efg%% will result in a change

in the implied volatility ﬁfﬁlT_i with other strike. In order to find their relation-

ship, one can calibrate a SABR model to the market implied volatility smile/skew,

~Berm

d5] .
and then find the derivative % within the calibrated SABR model using the

i,n+l—1
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~Berm

SABR formula since the SABR formula provides a parametric formula for Omtl—i

which depends on the ATM implied volatility 5{?5%%. Alternatively one can use a

. S . dePem . o
simpler approximation for the derivative d_&%ﬁz. There are numerical studies in

the literature showing that the moving of zﬁgﬁég volatility smiles/skews can be de-

composed into three principal factors which account for 98% of the variance. Among

them, the first factor which can explain around 80% of the variance can be viewed

as a level effect. For more details about the study, the reader is referred to [16] and

references therein. Therefore it is reasonable to assume that (s;gmiles/skews move in
dzBerm

a parallel way. As a result we have an approrimation 0; := #ﬁ’i ~ 1

i,n+1—1
Having discussed the expressions for the vegas of a Bermudan swaption in
a one-dimensional swap MFM, we now consider the vegas in a stochastic volatility
swap MFM. Note that a stochastic volatility swap MFM is fully determined by the
market prices of co-terminal vanilla swaptions and the SABR driver (5.15). As the
parameters 3, Fp, p, 0g and v are assumed to be determined exogenously from histor-
ical data, the remaining piecewise constant function u;’s can be chosen by fitting the

market one step correlation (covariance). Consequently one can express the value of

a Bermudan swaption as a function V2™ (1, 55 of u = (uo, pi1, .-y in—1) and
implied volatilities g5¢™ = (gPerm gBerm | GBerm)y,

In line with the notation introduced in proposition 4 of Chapter 4, one can

write

CTZ' = gi(CTH_la ceey CTn; {3ng}k:i,...,n+1—i; {55’7{41-\41_5}S=i+1,..‘,n)5 (518)

My = fj(/‘l’()v"'7:“]'71;CT17"'7<T]'+1)' (519)

fori=1,..,nand j =0,...,n—1 where f/ and ¢’ are some deterministic functions.
Since the stochastic volatility MFM is calibrated to the market one step correlation
(covariance), its vegas’ expressions are similar to the one step covariance MFM. The
only difference lies in p. In particular from (5.18) and (5.19) we can see that as the
ATM implied volatility ﬁfg M changes, all w; for j =0,...,n—1 will be changed. This
gives the expressions for vegas in Table 5.3 under the stochastic volatility MFM.

5.3 Market data

In this section we give the market data used in the numerical study. In particular we
consider the market data on 11 March 2015. In our numerical study we consider 31
years annual co-terminal Bermudan products. The initial ZCBs with maturity up

to 31 years are bootstrapped from the market data and displayed in Table 5.4. The
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co-terminal (with maturity 31 years) swaption volatilities and caplets volatilities
w.r.t expiry and strike are given in Tables 5.5 and 5.6. The implied volatilities of
the ATM swaptions w.r.t expiry and tenor are displayed in Tables 5.7, 5.8 and 5.9,

which will be used to extract market correlation structure of swap rates.

Maturity 1Y 2Y 3Y 4Y 5Y 6Y Y
Price 0.9951 0.9820 0.9650 0.9440 0.9207 0.8970 0.8711
Maturity 8Y 9Y 10Y 11Y 12Y 13Y 14Y
Price 0.8478 0.8235 0.7983 0.7788 0.7593 0.7400 0.7208
Maturity | 15Y 16Y 17Y 18Y 19Y 20Y 21Y
Price 0.7018 0.6828 0.6640 0.6454 0.6269 0.6087 0.5905
Maturity | 22Y 23Y 24Y 25Y 26Y 27Y 28Y
Price 0.5726 0.5549 0.5374 0.5200 0.5029 0.4860 0.4694
Maturity | 29Y 30Y 31Y
Price 0.4529 0.4367 0.4208

Table 5.4: Initial zero-coupon bonds on 11 March 2015.

5.4 Bermudan swaption comparison

In this section we investigate the pricing and hedging performance for a Bermudan
swaption under different MFMs. For the hedging comparison we will only consider
the vegas, and we will explain why we do this later. The example we consider here
is a 31 years pay fixed Bermudan swaption with notional N = 100 million. There
are 30 annual exercise dates and the first exercise date of the option is in 1 year
relative to today.

In Section 5.4.1 we compare the prices of the Bermudan swaption produced
by different MFMs. We then compare the different MFMs in terms of the vegas in
Section 5.4.2.

5.4.1 Pricing comparison results

We consider the Bermudan swaption struck at three different strikes: 2%, 3% and
4%. We display the prices in Table 5.11. In this table, the terms “MR”, “HW”,
“l-step Cov”, “Local vol” and “SV” denote the MFMs (a) - (e) that are introduced
at the beginning of Section 5.2, where we use a HW driving process with a = 0.05 for
the local volatility MFM. We set the parameter a to be 1%, 5% and 10% respectively
for the MR and HW MFMs. By doing so we can investigate the impact of the
correlation structure on the prices of the Bermudan swaption. In the numerical

study we consider three scenarios for the SV MFM which are shown in Table 5.10.
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Relative strike -200  -150  -100 -50 0 50 100 150 200
Expiry 1Y | 3492 28.64 2432 21.89 19.71 19.56 19.43 19.31 19.21
2Y | 33.72 28.08 23.83 21.52 19.60 19.37 19.19 19.03 18.89
3Y | 3284 27.65 2344 21.19 1940 19.12 18.90 18.71 18.54
4Y | 32.22 27.28 23.06 20.86 19.17 18.85 18.60 18.38 18.20
5Y | 31.69 26.89 22.69 20.54 18.93 1859 1831 18.07 17.87
6Y | 31.23 26.60 22.36 20.21 18.70 18.34 18.04 17.79 17.58
7Y | 30.78 26.37 21.98 19.98 1845 18.06 17.74 17.47 17.24
8Y | 30.27 26.18 21.61 19.73 18.17 17.75 1741 17.12 16.88
9Y |29.85 2596 21.34 19.51 18.05 17.60 17.23 16.93 16.67
10Y | 29.45 25.71 21.00 19.23 17.72 17.24 16.86 16.55 16.28
11Y | 29.02 25.57 20.74 19.01 17.57 17.07 16.68 16.35 16.07
12Y | 28.62 2535 20.51 1898 17.51 17.00 16.59 16.25 15.97
13Y | 28.23 24.77 20.35 18.63 17.49 16.96 16.54 16.19 15.89
14Y | 27.84 2442 20.16 1834 17.46 16.92 16.48 16.12 15.82
15Y | 2747 2391 19.98 18.27 1743 16.87 16.42 16.05 15.74
16Y | 27.10 23.71 19.80 18.12 17.37 16.80 16.34 15.96 15.64
17Y | 26.73 23.54 19.62 18.08 17.32 16.73 16.25 15.86 15.54
18Y | 26.37 23.26 19.41 18.07 17.28 16.67 16.19 15.79 15.45
19Y | 26.01 2296 19.33 18.07 17.25 16.62 16.12 15.71 15.36
20Y | 25.70 22.69 19.32 18.05 17.23 16.58 16.06 15.64 15.28
21Y | 25.42 2235 19.31 18.01 17.23 16.55 16.02 15.58 15.21
22Y | 25.19 22.02 19.18 1797 17.09 16.42 15.89 15.46 15.09
23Y | 2497 2198 19.11 1788 17.00 16.33 15.79 15.36 15.00
24Y | 24.77 2175 19.05 17.76 16.86 16.19 15.65 15.22 14.86
25Y | 24.59 21.60 19.03 17.72 16.79 16.09 15.55 15.10 14.74
26Y | 24.45 21.56 19.02 17.71 16.78 16.07 15.52 15.08 14.72
27Y | 24.33 2146 1893 17.61 16.62 15.88 1531 14.86 14.50
28Y | 24.23 2142 18.87 17.58 16.51 15.64 15.01 14.51 14.12
29Y | 24.13 21.23 18.73 17.28 16.44 15.29 14.83 14.37 14.03
30Y | 24.03 21.14 18.65 17.03 16.14 15.08 14.71 14.21 13.89

Table 5.5: Implied volatilities (%) of the co-terminal (31Y) swaptions against expiry
and relative strike (bp) to the ATM on 11 March 2015

In the first two scenarios (I and IT) the parameters v and o are not too big as usually
expected in practice. Scenario III has a high Volvol v and og which can be seen as
an extreme case. We also produce the “total” vega for each model which stands for
the difference in Bermudan price when all implied volatilities in the swaption matrix
have a parallel shift of 1%. This total vega can be used to judge how significant the
difference in Bermudan prices is. Table 5.12 gives the difference in Bermudan prices
produced by different MFMs and the SV MFM (I) corresponding to the scenario I
measured by the total vega. In particular the ratios in the table are produced by

using the following formula

i SV MFM (I) price - MFM price
ratio =
ane SV MFM (I) total vega

(5.20)
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Relative strike -200  -150  -100 -50 0 50 100 150 200
Expiry 1Y | 39.27 33.72 30.12 2842 26.96 28.26 29.58 30.91 32.26
2Y | 3812 33.21 29.70 28.12 26.93 28.17 29.45 30.76 32.09
3Y | 37.19 32.72 29.23 27.71 26.64 27.81 29.03 30.29 31.57
4Y | 36.51 32.29 28.78 27.30 26.32 27.43 28.61 29.83 31.07
5Y | 35.83 31.72 2821 26.75 25.82 26.86 27.96 29.11 30.29
6Y | 3496 30.96 27.34 25.81 2493 25.81 26.76 27.75 28.78
7Y | 3425 3042 26.61 25.19 2424 25.00 25.84 26.73 27.65
8Y | 33.35 29.77 25.71 2434 2329 23.90 2458 2532 26.11
9Y | 32.68 29.27 25.12 23.76 22.77 23.26 23.84 2448 25.17
10Y | 32.05 28.75 24.48 23.14 22.06 2246 22.95 23.50 24.10
11Y | 31.34 28.28 23.83 2249 21.43 21.71 22.09 2253 23.03
12Y | 30.60 27.65 23.14 21.94 20.80 20.95 21.20 21.52 21.89
13Y | 30.00 26.83 22.70 21.28 20.43 20.49 20.65 20.89 21.19
14Y | 29.40 26.23 22.23 20.67 20.05 20.06 20.11 20.27 20.48
15Y | 28.82 2548 21.78 20.29 19.68 19.63 19.57 19.52 19.44
16Y | 28.35 25.17 2147 19.99 19.45 19.30 19.25 19.13 19.03
17Y | 27.88 24.88 21.15 19.80 19.23 19.02 18.93 18.72 18.68
18Y | 2740 2446 20.78 19.62 19.00 18.74 18.59 18.54 18.34
19Y | 26.93 24.03 20.55 19.44 18.77 1845 18.26 18.15 18.01
20Y | 26.49 23.61 20.37 19.24 1855 18.16 1791 17.75 17.55
21Y | 26.08 23.12 20.19 19.00 1833 17.87 17.56 17.34 17.19
22Y | 25.80 22,73 20.00 18.88 18.11 17.64 17.31 17.08 16.92
23Y | 25,51 22,60 19.82 18.68 17.89 1740 17.04 16.79 16.60
24Y | 25.25 2231 19.69 1848 17.67 17.15 16.78 16.51 16.31
25Y | 24.98 22.07 19.56 1831 1745 16.89 16.47 16.17 15.93
26Y | 24.69 21.84 19.35 18.08 17.19 16.56 16.10 15.74 15.46
27Y | 24.52 21.68 19.18 17.89 16.93 16.25 15.75 15.36 15.06
28Y | 24.32 21.53 19.00 17.72 16.67 15.83 15.22 14.76 14.40
29Y | 24.28 21.34 18.81 17.37 16.51 15.37 14.93 14.48 14.15
30Y | 24.03 21.14 18.65 17.03 16.14 15.08 14.71 14.21 13.89

Table 5.6: Implied volatilities (%) of the caplets against expiry and relative strike
(bp) to the ATM on 11 March 2015

From Tables 5.11 and 5.12 we draw the following conclusions.

1. The parameter a for the MR MFM and HW MFM has a significant impact
on the price of the Bermudan swaption for all strikes. A 5% change in the pa-

rameter a can result in a change in value equal to a parallel implied volatilities
shift of about 4%. The correlation of the swap rates {y%nﬂ_i;i =1,.

controlled by the parameter a in the MR and HW MFMs. In particular as

the parameter a increases, the correlation decreases. It is well known that a

.y} s

lower correlation of swap rates gives a bigger Bermudan price. Intuitively a
Bermudan swaption can be seen as a combination of the corresponding vanilla
swaptions and their optionality. The “optionality value” depends on the cor-
relation of swap rates. In particular the lower the correlations become, the

higher the optionality value obtained.
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Tenor 1Y 2Y 3Y 4Y 5Y 6Y Y 8Y 9Y 10Y
Expiry 1Y | 26.96 27.01 26.95 26.84 26.77 26.22 25.66 25.14 24.64 24.10
2Y |26.93 26.85 26.59 26.39 26.05 25.53 25.00 24.49 24.00 23.63
3Y | 26.64 26.35 26.13 25.83 2541 24.81 24.24 23.80 2344 23.04
4Y 12632 2594 25.63 25.09 24.60 24.13 23.59 23.22 22.83 22.52
5Y | 25.82 25.33 2494 2443 2391 2347 23.01 22.61 2236 22.03
6Y | 2493 2443 24.18 23.62 23.13 22.73 2234 22.00 21.68 21.44
7Y | 24.24 23.72 2337 2290 2256 22.14 21.81 21.50 21.22 21.00
8Y | 2329 2293 2263 2220 21.89 21.58 21.34 21.07 20.87 20.68
9Y | 2277 2232 22.00 21.65 21.34 21.02 20.86 20.67 20.50 20.33
10Y | 22.06 21.61 21.37 21.08 20.82 20.58 20.45 20.28 20.13 19.98
11Y | 2143 21.08 20.88 20.64 20.41 20.20 20.09 19.96 19.81 19.67
12Y | 20.80 20.55 20.40 20.21 19.99 19.83 19.74 19.63 19.49 19.36
13Y | 2043 20.22 20.09 19.92 19.72 19.57 19.49 1939 19.25 19.12
14Y | 20.05 19.90 19.77 19.63 19.45 19.31 19.23 19.15 19.02 18.88
15Y | 19.68 19.57 19.46 19.35 19.18 19.05 18.98 1891 18.78 18.65
16Y | 19.45 19.34 19.22 19.10 18.95 18.82 18.74 18.66 18.55 18.41
17Y | 19.23 19.11 1897 18.86 18.72 1859 18.50 1842 18.31 18.17
18Y | 19.00 18.87 18.73 18.61 18.49 1836 18.26 18.18 18.07 17.94
19Y | 18.77 18.64 1848 18.36 18.26 18.14 18.02 17.94 17.84 17.70
20Y | 18.55 18.40 18.24 18.12 18.04 1791 17.78 17.70 17.60 17.46
21Y | 18.33 18.19 18.05 17.92 17.83 17.68 17.55 17.46 17.35 17.23
22Y | 18.11 1797 17.86 17.72 17.62 1746 1732 17.23 17.09
23Y | 17.89 1775 17.67 1753 17.41 1724 17.09 17.00
24Y | 17.67 1753 1748 1733 17.20 17.01 16.86
25Y | 17.45 1732 1729 1713 16.99 16.79
26Y | 17.19 17.10 17.03 16.87 16.78
27Y | 16.93 16.88 16.77 16.62
28Y | 16.67 16.66 16.51
29Y | 16.51 16.44
30Y | 16.14

Table 5.7: Implied volatilities (%) of the ATM swaptions against expiry and tenor
(1Y - 10Y) on 11 March 2015

2. In order to study the implied volatility smiles effect, we compare the Bermudan
price produced by the local volatility MFM, where we captured the volatility
smile, with the price given by the HW (5%) MFM. We observe that the two
models give very similar Bermudan prices. This implies that the impact of
smile on the Bermudan price is small. Note that this conclusion depends very
much on the calibration approach. In particular the local volatility MFM is
set up by using the HW driving process with the parameter a = 5% together
with SABR marginal distributions of the swap rates {yiT’inH_i;i =1,..,n}
implied from the separable SABR swap market model (5.17) corresponding to
the parameters of scenario I shown in Table 5.10. Recall that the model (5.17)
only has free parameters v, i = 1,...,n, while the other parameters have al-

ready been determined. Commonly there are two calibration approaches to
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Tenor 11y 12y 13 14Y 15Y 16Y 17Y 18Y 19Y 20Y
Expiry 1Y | 23.72 23.33 23.00 22.67 2234 22.12 21.89 21.67 21.45 21.22
2Y | 23.23 2284 22,50 22.16 21.82 21.62 2142 21.22 21.03 20.83
3Y | 2269 2235 2205 21.76 21.46 21.26 21.05 20.85 20.64 20.44
4Y | 2221 2191 21.65 21.39 21.13 20.92 20.72 20.52 20.32 20.11
5Y | 21.75 21.46 21.21 20.97 20.72 20.53 20.33 20.14 19.95 19.76
6Y | 21.22 21.00 20.77 20.53 20.29 20.09 19.90 19.71 19.52 19.33
7Y |20.80 20.60 20.42 20.23 20.05 19.84 19.62 19.41 19.20 18.98
8Y |20.44 20.21 20.06 1991 19.76 19.53 19.30 19.07 18.85 18.62
9Y |20.10 19.87 19.75 19.63 19.51 19.28 19.05 18.81 18.58 18.35
10Y | 19.78 19.59 19.39 19.19 19.00 18.77 18.54 1831 18.08 17.84
11Y | 1948 19.28 19.09 18.89 18.70 1847 18.25 18.02 17.79 17.57
12Y | 19.17 18.98 18.79 18.59 1840 1818 1796 17.73 17.51
13Y | 18,93 18.74 1854 1835 18.15 17.93 17.71 17.49
14Y | 18.69 18.50 18.30 18.10 17.90 17.68 17.46
15Y | 1845 18.26 18.05 17.85 17.65 17.43
16Y | 18.21 18.01 17.79 17.58 17.37
17y | 1796 17.75 17.53 17.32
18Y | 17.72 17.50 17.28
19Y | 1747 17.25
20Y | 17.23

Table 5.8: Implied volatilities (%) of the ATM swaptions against expiry and tenor
(11Y - 20Y) on 11 March 2015

determine the parameters 7*’s. The first choice is to fix %’s by fitting the im-
plied volatilities of the co-terminal vanilla swaptions struck at the strike of the
Bermudan swaption. This calibration approach can ensure that the most rel-
evant vanilla swaptions to the Bermudan swaption can be reproduced exactly
by the model. The second choice however is to determine the parameters +*’s
by calibrating to the whole implied volatility smile of the co-terminal vanilla
swaptions as much as we can by using the least square method. Note that the
free parameters 4%, i = 1, ..., n, are not sufficient to fit the whole smile. In this
sense the second calibration approach is like a “global fit”, where we try to
match everything, while the first approach is more like a “local fit”, where we
just make the most important thing right. In our numerical comparison we
choose the first calibration approach. So the local volatility MFM and the HW
MFM are both calibrated to the implied volatilities of the vanilla swaptions
struck at the strike of the Bermudan swaption, and therefore these two models
give very similar Bermudan prices. Pietersz and Pelsser [57] also investigated
the smile impact on the Bermudan price by comparing a mean reversion MFM
to a local volatility MFM with a mean reversion driver together with displaced
diffusion marginals. In the comparison the “global fit” is used and therefore

this leads to a very different result which indicates that the smile impact is
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Tenor 21y 22 23Y 24 25Y 26 27Y 28Y 29Y 30Y
Expiry 1Y | 21.06 20.91 20.75 20.59 20.44 20.29 20.15 20.00 19.85 19.71
2Y |20.68 20.53 20.38 20.23 20.08 19.96 19.84 19.72 19.60
3Y |20.30 20.17 20.04 1991 19.78 19.65 19.52 19.40

4Y 11998 19.84 19.70 19.57 19.43 19.30 19.17
5Y | 19.62 19.48 19.34 19.20 19.06 18.93

6Y | 19.20 19.08 18.95 18.83 18.70

7Y | 18.85 18.72 18.59 18.45

8Y | 1847 18.32 18.17

9Y | 18.20 18.05

10Y | 17.72

Table 5.9: Implied volatilities (%) of the ATM swaptions against expiry and tenor
(21Y - 30Y) on 11 March 2015

large.

3. The one step covariance MFM gives a systematically and higher Bermudan
price than the SV MFM for all the three scenarios. But the difference is
very small. This means that the introduction of stochastic volatility has an
insignificant influence on the price of the Bermudan swaption. For most cases
the one-dimensional MFM is sufficient for pricing a Bermudan swaption as long
as the correlation of the underlying swap rates can be captured appropriately

by the valuation model.

In summary the numerical results indicate that the correlation impact on the
Bermudan price is very large. The effect of smile is very small if we fit the “right”
implied volatilities of swaptions. The introduction of stochastic volatility has an

insignificant influence on the Bermudan price.

Scenario ‘ v o I} P
I 0.3 005 05 -0.7

IT 0.1 0.03 -0.7 0.8
11 0.5 0.1 0 -0.2

Table 5.10: Scenarios for the SV MFM.

5.4.2 Vega comparison results

In this subsection we perform a similar numerical comparison in terms of vegas to
Kennedy and Pham [48]. In particular we consider the sum of the vegas ZZI% - Vi k
for ¢ = 1,...,n of the Bermudan swaption struck at the strike K = 3% under the
different MFMs. But in addition to the one-dimensional MFMs with Gaussian

drivers together with log-Normal marginals in [48], we make a further development
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Strike K=2% K=3% K=4%

MR (1%) MFM 21,861,477 13,440,036 8,837,719
Vega 395,023 614,416 656,073

MR (5%) MFM 24,073,433 15,814,235 10,877,533
Vega 569,952 794,238 846,667

MR (10%) MFM 26,264,916 19,031,754 13,659,641

Vega 829,426 1,050,090 1,110,018

HW (1%) MFM 21,133,705 12,755,708 8,335,399
Vega 385,009 605,845 636,633

HW (5%) MFM 23,295,892 15,017,123 10,200,357
Vega 548,153 766,518 807,385

HW (10%) MFM 25,418,062 18,020,595 12,678,291

Vega 779854 993464 1,039,620

1-step Cov MFM 24,070,296 15,808,558 10,870,143
Vega 520,047 733,306 760,078

Local vol MFM 23,237,083 15,001,473 10,211,473
Vega 551,233 772472 812312

SV MFM (I) 23,896,450 15,610,384 10,651,394
Vega 496,492 712,003 737,127

SV MFM (II) 23,953,742 15,739,932 10,791,403
Vega 509,193 720,932 749,830

SV MFM (III) 23,684,720 15,341,035 10,381,394
Vega 473,105 692,027 719,093

Table 5.11: The prices of the Bermudan swaption under different MFMs with no-
tional N = 100 million.

in our numerical study and also take the local volatility MFM and the stochastic
volatility MFM into account. Another difference is that we consider a 31Y annual
Bermudan swaption here as opposed to 11Y in [48]. It is more challenging to price
and hedge a longer maturity Bermudan swaption in practice and the difference
between models is more significant.

We provide the results under the different MFMs in Figure 5.1. We set the
parameter a = 5% for the mean reversion MFM and a = 6% for the Hull-White
MFM and local volatility MFM so that these MEFMs produce comparable Bermudan
prices to the one step covariance MFM.

We draw the following conclusions from Figure 5.1.

1. We can see that the mean reversion MFM gives a very different vega profile
from the other MFMs. We recall Section 5.2.5 that the different parametriza-
tion of the driving process yields a very different vega profile for a Bermudan
swaption. This makes the vegas produced by the mean reversion MFM, which

is parameterized by expiry, very different from the other MFMs, which are
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Strike K=2% K=3% K=4%
MR (1%) MFM 4.10 3.05 2.46
MR (5%) MFM  -0.36 -0.29 -0.31
MR (10%) MFM  -4.77 -4.81 -4.08
HW (1%) MFM 5.56 4.01 3.14
HW (5%) MFM 1.21 0.83 0.61
HW (10%) MFM  -3.06 -3.39 -2.75
1-step Cov MFM  -0.35 -0.28 -0.30
Local vol MFM 1.33 0.86 0.60
SV MFM (I) 0 0 0
SV MFM (II) -0.12 -0.18 -0.19
SV MFM (III) 0.43 0.38 0.37

Table 5.12: The difference between the price for the Bermudan swaption produced
by different MFMs and the SV MFM (I) measured by total vega.

examples of parametrizations by time. This result is consistent with the ob-
servation made in [48]. Note that although the stochastic volatility MFM is
parameterized by time, it is not obvious this would override any effect coming
from the addition of stochastic volatility. But we can see from the numerical
result that although the stochastic volatility MFM produces a systematically
lower row sum of vegas than the other three models of parametrizations by

time, their vega profiles are still very similar.

2. The vegas produced by the Hull-White and local volatility MFMs are very
close. This means that the impact of smile on the vegas of the Bermudan
swaption is insignificant. The stochastic volatility MFM however gives a lower
vega than the one-step covariance MFM. But the difference is insignificant in

comparison to the effect of the different parametrizations.

In summary the vega profile produced by the MFM parameterized by expiry is
very different from the models parameterized by time, and this is consistent with
the conclusion made in [48]. The introduction of stochastic volatility makes the row
sum of vegas slightly lower than the one step covariance MFM but their vega profiles
are still very similar. Moreover the smile effect on the vega profile of the Bermudan
swaption is insignificant.

It was noted by Kennedy and Pham [48] that the driving processes param-
eterized by time lead to the similar vega profiles which will control the sum of all
gammas and therefore give a similar total gamma for a Bermudan swaption. Fur-
thermore the fundamental difference in parametrizations by time and by expiry will

result in the difference in vega profiles which has an effect on total gamma. The
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authors concluded that the parametrization by time outperforms the driver param-
eterized by expiry in terms of the total gamma. In our numerical comparison we
only consider the vegas. We have found that the stochastic volatility MFM has a
very similar vega profile to the other MFMs parameterized by time. From the con-
clusions made in [48], the total gamma produced by the stochastic volatility MFM
should be very similar to the other MFMs parameterized by time, and very different
from the mean reversion MFM which is an example of parametrization by expiry.
So far we have compared the prices and the vegas of a Bermudan swaption
under MFMs. It turns out that stochastic volatility has an insignificant effect. In the
next section we will do a similar numerical comparison based on the new Bermudan
product which is a more complicated Bermudan product than Bermudan swaption.
For such an option, the stochastic volatility dynamics could play a more important

role and we will see this in the next section.

5.5 New Bermudan product comparison

In this section we consider the above numerical comparison for the new Bermudan
product. The example we are interested in here is a 31 years pay fixed new Bermudan
product with notional N = 100 million. The lower and upper barriers for this new
Bermudan product are 0 and 5%. The option has 30 annual exercise dates and the
first exercise date is in 1 year relative to today.

In what follows, we first investigate the prices of the new Bermudan product
based on the different MFMs. Then we compare the vegas of the new Bermudan

product.

5.5.1 Pricing comparison results

In Table 5.13 we give the prices of the new Bermudan product struck at three
different strikes under the different MFMs. Again we consider three scenarios for
the SV MFM as shown in Table 5.10. As before in Section 5.4.1, in Table 5.14, we
give the difference in the prices of the new Bermudan product produced by different
MFMs and the SV MFM (I) measured in terms of the total vega by following the

formula (5.20). From Tables 5.13 and 5.14 we draw the following conclusions.

1. Similar to the Bermudan swaption, the parameter a of the mean reversion
MFM and Hull-White MFM has a large influence on the price of the new
Bermudan product. In particular, a 5% change in the parameter a can result in

a difference in price of about a parallel change of 5% of all implied volatilities in
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the swaption matrix. As the parameter a becomes bigger, the price of the new
Bermudan product gets higher. This numerical observation can be explained
by following a similar discussion to that for the Bermudan swaption in the
previous section. In particular a higher value of the parameter a gives a lower
correlation structure and therefore yields a higher price of the new Bermudan
product. Therefore we can conclude that the correlation structure has a large

effect on the price of the new Bermudan product.

2. The price of the new Bermudan product produced by the local volatility MFM
is close to the one produced by the Hull-White MFM. This means that the

volatility smile has little effect on the price of the new Bermudan product.

3. To study the influence of stochastic volatility on the price of the new Bermudan
product, we consider the prices given by the one-step covariance MFM and the
stochastic volatility MFM. We can see that the stochastic volatility effect can
be as large as a 1.55% of the total vega which can be seen as a significant effect.
The effect becomes as large as a 2% of the total vega for extreme scenario I11.
Recall that for the Bermudan swaption the effect of the stochastic volatility is
insignificant, but the impact is large here for the new Bermudan product. This
is because the new Bermudan product is more complicated and its floating leg
involves more information on the stochastic volatility dynamics. This could
make the stochastic volatility factor more important for the new Bermudan

product.

In summary the numerical results indicate that the correlation and stochastic
volatility have large effects on the new Bermudan product price while the smile effect
is very small. Note that stochastic volatility has a small effect on pricing a relatively
simple Bermudan product such as a Bermudan swaption. But when the Bermudan
product becomes more complex such as the new Bermudan product considered here,
the floating leg coupon involves more information of model dynamics. In this case
the stochastic volatility factor becomes more important for the product. We expect
that the effect of stochastic volatility factor could be more significant for callable

range accruals.

5.5.2 Vega comparison results

In this subsection we investigate the vegas of the pay fixed new Bermudan product
struck at the strike K = 3% under the different MFMs. We perform a similar

numerical study to Section 5.4.2. In particular we consider the sum of the vegas

131



Strike K=2% K=3% K=4%
MR (1%) MFM__ 14,016,903 5,598,461 1,258,882
Vega -1,070,703 -788,070 -558,876
MR (5%) MFM 16,230,628 7,081,468 3,272,713
Vega -896,069 -617,335 -463,760
MR (10%) MFM 19,423,641 11,219,197 6,055,144
Vega -709,409 -394,736 -348,397
HW (1%) MFM 13,200,844 4,915,105 1,025,339
Vega -1,081,358 -801,991 -495,006
HW (5%) MFM 15,453,023 7,177,814 2,598,037
Vega 918,114 -635499  -481.800
HW (10%) MFM 18,575,322 10,191,007 5,254,696
Vega -683,367 -424.656 -362,022
1-step Cov MFM 16,227,478 7,974,543 3,264,231
Vega -060,372  -682,934  -533,382
Local vol MFM 15,428,372 7,150,118 2,544,429
Vega 2920,027  -634,008  -478,273
SV MFM (I) 15,248,392 7,004,218 2,310,376
Vega 1,034,092 -746,404  -613.735
SV MFM (II) 15,800,743 7,537,331 2,829,170
Vega 2990,015  -702,701  -563,093
SV MFM (II) 14,754,820 6,601,083 1,908,403
Vega -1,070,472 -772,038 -659,482

Table 5.13: The prices of the new Bermudan product under different MFMs with
notional N = 100 million.

n+1l—1
k=1

The numerical result is given in Figure 5.2. In this numerical comparison we set
the parameter a = 5% for the mean reversion MFM and a = 6% for the HW MFM
and local volatility MFM so that these MFMs produce a comparable new Bermudan

v, for i = 1, ..., n of the new Bermudan product under the different MFMs.

product prices to the one step covariance MFM.

We draw the following conclusions from the numerical results.

1. The vegas for all the MFMs become negative for maturities longer than 10
years. This is the case since we can see from the pricing formula (5.4) of the
new Bermudan product that the value of the floating coupon decreases as the
implied volatilities of caplets increase, and therefore decreases the value of the
pay fixed new Bermudan product. The bump of the implied volatility in the
swaption matrix also leads to the change in the correlation structure and the
underlying swaptions, and therefore the value of the new Bermudan product.

The combination of these effects leads to the result.
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Strike K=2% K=3% K=4%
MR (1%) MFM  -1.19  -1.88 -1.71
MR (5%) MFM 0.95 1.31 1.57
MR (10%) MFM  4.04 5.65 6.10
HW (1%) MFM  -1.89 -2.80 -2.09
HW (5%) MFM 020 023 047
HW (10%) MFM  3.22 4.27 4.80
1-step Cov MFM  0.95 1.30 1.55
Local vol MFM 0.17 0.20 0.38
SV MFM (I) 0 0 0
SV MFM (II) 0.53 0.71 0.85
SV MFM (III) -0.48 -0.54 -0.65

Table 5.14: The difference between the price for the new Bermudan product pro-
duced by different MFMs and the SV MFM (I) measured by total vega.

2. The vega profile produced by the mean reversion MFM, which is an example
of parametrizations by expiry, is very different from the vega profile given by

MFMs parameterized by time.

3. In order to investigate the impact of smile on the vegas, we compare the
vegas produced by the Hull-White MFM with the vegas produced by the local
volatility MFM. The vega profiles given by these two models turn out to be

very similar. Therefore the smile effect is very small.

4. By introducing stochastic volatility, the row sum of vegas decreases in com-
parison to the one step covariance MFM but vega profiles of the two models
are still very similar. This means that the introduction of stochastic volatility

does not materially alter the hedging behaviour.

In summary the numerical results show that the MFM parameterized by expiry
gives a big different vega profiles from the MFMs parameterized by time. The smile
impact is still very small on vega profiles. The introduction of stochastic volatility
decreases the row sum of vegas in comparison to the one step covariance MFM,
but the vega profile remains quite similar. This means that the introduction of

stochastic volatility does not materially alter the hedging behaviour.

5.6 Conclusion

In this chapter we investigated the impact of correlation, implied volatility smiles

and stochastic volatility on Bermudan type products. In particular, we compared a
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stochastic volatility MFM to one-dimensional swap MFMs with different combina-
tions of the driver and marginals in terms of pricing and hedging Bermudan type
products. We focused on Bermudan swaptions and new Bermudan products. This
new Bermudan product is motivated by callable range accruals. The new Bermudan
product has similar features but is much simpler than callable range accruals. In
order to price these two Bermudan type products accurately, we studied the fea-
tures and structures which includes “effective strikes” and “internal adjusters” for
the new Bermudan product. The expressions for the vegas of a Bermudan swaption
in different MFMs are also given.

To perform the numerical comparison we calibrated the stochastic volatility
swap MFM and one-dimensional swap MFMs with different combinations of driver
and marginals to the market data. Then we compared the prices and vega profiles
produced by the above MFMs.

The numerical results indicated that, for a Bermudan swaption, the correla-
tion impact on the price and vega profiles is very large while the effects of implied
volatility smiles and stochastic volatility is insignificant. For the new Bermudan
product, the stochastic volatility impact on the price and vega profiles becomes
larger and significant. The correlation effect is very large but the impact of implied
volatility smiles is still insignificant. One important observation is that the vega
profiles produced by the MFM parameterized by expiry is very different from the
models parameterized by time, but this fundamental difference is not altered when

the stochastic volatility is added.
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Vega Comparison
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Figure 5.1: The sum of the vegas Zill_z v for i = 1,...,30 of the Bermudan

swaption under the different MFMs.

Vega Comparison

T T T I I
—— MR
10 =  HOW
—e— 1-step Cov
5 —— Local vol | |
& e~ SV (II)
O = SV () | |
-5 - i
| | | | | | |
0 5 10 15 20 25 30
Expiry

Figure 5.2: The sum of the vegas ZZLPZ v i, for i = 1,...,30 of the new Bermudan
product under the different MFMs.
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Chapter 6

Quasi-Gaussian models and

Markov-functional models

6.1 Introduction

In this chapter we compare Markov-functional models to Quasi-Gaussian models in
terms of the model specification and calibration. We try to make clear the link and
difference between these two low-dimensional term structure models as well as their
stochastic volatility versions.

Quasi-Gaussian models’ were introduced by Jamshidian [42] and Cheyette
[14]. They were further developed by Andersen and Piterbarg [5]. Quasi-Gaussian
models belong to the class of short rate models and are obtained by imposing sepa-
rability condition on Heath-Jarrow-Morton models. In a one-factor Quasi-Gaussian
model, the economy is driven by a two-dimensional Markov process. This means
that one can implement one-factor Quasi-Gaussian models efficiently since one only
needs to keep track of the two-dimensional Markov process. By choosing an ap-
propriate volatility function, one-factor Quasi-Gaussian models allow for analytical
approximate pricing formulas for vanilla options and are capable of capturing im-
plied volatility skews of vanilla options. They can also calibrate to the market
correlation structure which is very important for pricing and hedging Bermudan
type products. Furthermore Quasi-Gaussian models allow for stochastic volatility
extensions.

Due to these calibration and implementation advantages, Quasi-Gaussian
models have become one of the most popular low-dimensional term structure mod-

els. Another class of low-dimensional term structure models that have similar ad-

! Also known as Cheyette models
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vantages and are widely used in the City are Markov-functional models. In this
chapter we compare these two models in terms of model specification and cali-
bration. By considering a (stochastic volatility) Quasi-Gaussian model using the
Markov-functional approach, we make clear the link and difference between the two
models. By the general definition of a Markov-functional model given in Section 3.2,
Quasi-Gaussian models belong to the class of Markov-functional models. However
the Quasi-Gaussian model is set up in a different way from the Markov-functional
approach we discussed earlier. This difference stems from the way the functional
forms of zero-coupon bonds are determined. In particular in a Quasi-Gaussian model
the functional forms of zero-coupon bonds are given analytically while the functional
forms are determined numerically by feeding in marginals for the Markov-functional
approach. This difference also leads to more flexibility for the Markov-functional
approach. In particular, given a driving process for a Markov-functional model, one
can feed in any marginal distributions of LIBORs (swap rates). However once a
driving process is given in a Quasi-Gaussian model, the marginal distributions of
LIBORs and swap rates are determined via the explicit formula for zero-coupon
bonds. This separation of the driver and marginals gives Markov-functional models
more flexibility.

Another flexibility for a Markov-functional model is the freedom to choose
its driving process. Quasi-Gaussian models are obtained from the separable Heath-
Jarrow-Morton models. As a result the form of the driver is forced upon us as this
is required to rule out arbitrage in the separable Heath-Jarrow-Morton framework.
In that sense we do not truly choose a driving process and it is the mathematics
that drives us to take it as the driving process. In a Markov-functional model, in
principle, we are free to choose any diffusion process as the driving process to capture
the level of rates. For example one can choose a Gaussian process as the driver for
the sake of efficient implementation. Alternatively one can take a SABR process
as the driver according to the data driven study [44] where the authors identified a
SABR style model as an appropriate choice for the level of interest rates.

Quasi-Gaussian models and Markov-functional models are both capable of
capturing correlation structure of swap rates, which is important for pricing and
hedging Bermudan type products. In particular, in both models, the parameters
of drivers can be chosen by calibrating to the market correlation of swap rates. In
that sense they are both examples of “parametrizations by time” according to the
explanation in Chapter 5.

The rest of the chapter is organized as follows. In Section 6.2 we review

briefly one-factor Quasi-Gaussian models and their stochastic volatility extensions.
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The calibration to vanilla options and correlation structure is also discussed. In
Section 6.3 we compare Quasi-Gaussian models to Markov-functional models in
terms of model specification and calibration. We specify a Quasi-Gaussian model

using the Markov-functional approach.

6.2 Quasi-Gaussian model

In this section we review briefly Quasi-Gaussian (QG) models. The material in this
section comes from Andersen and Piterbarg [5]. We begin with the specification of
a general one-factor Quasi-Gaussian model. We then focus on a special case when
the volatility is chosen to be of displaced diffusion form. With such a choice we
derive approximate formulas for vanilla swaptions prices and correlations of swap
rates. The stochastic volatility version is also discussed. We just provide some main
results of Quasi-Gaussian models without proof. For details the reader is referred
to [5].

6.2.1 General one-factor Quasi-Gaussian model

A Quasi-Gaussian model can be seen as a separable Heath-Jarrow-Morton (HJM)
model. We have introduced HJM models in Section 2.2.3. For ease of reference we

present here the SDE of an instantaneous forward rate f(.,7") in a HJM model:
T
dF(t,T) = o4(t, T)(/ o p(tu)du)dt +of (1, TVAWE, 0<t<T,  (6.1)
t

where W@ is a Brownian motion in the risk-neutral measure Q associated with the
numeraire the bank account. Note that the volatility function of(¢,7), 0 <t < T,
in (6.1) can be stochastic, in which case we use the notation o (t,T,w). We now

give the definition of separability under HJM models.

Definition 3. The instantaneous volatility function o¢(t,T,w), 0 <t < T, is sepa-

rable if there exists a function g such that
op(t, T,w) = g(t,w)h(T) (6.2)

for some deterministic function h(-).

A HJM model is said to be separable if separability is imposed on the volatil-

ity function. Following some transformations, one can obtain a one-factor Quasi-
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Gaussian model from a one-factor separable HIM model which is given by

dzy = (gt — saxt)dt + ar(t,w)thQ, zo =0 (63)
dgr = (0, (t,w)? — 220q,)dt, qo =0

where
_ M@
or(t,w) =o¢(t, t,w) = g(t,w)h(t). (6.4)

The instantaneous forward rates can be expressed in terms of z and ¢:

h(T)

f(th) = f(O,T) + W(wt + G<t7T)Qt>v
where
T
G(t,T) = J :((té)ds

Furthermore the short rate r is given by

re = f(t,t) = f(0,t) + x4

Note that Quasi-Gaussian models can be viewed as short rate models. Recall that
in a short rate model, the pricing formula for zero-coupon bonds (ZCBs) is given to

us though we may not have an analytic expression for it.

Proposition 5. In the one-factor Quasi-Gaussian model (6.3). Zero-coupon bonds

prices are deterministic functions of the processes x; and qq,

Dt,T = Dt,T(mta Qt)

where
_ Dor 1 2
Dt,T($7 Q) - D exp(—G(t,T):c - §G(t7T) Q) (65)
0,t
Proof. See Proposition 13.1.1 in [5]. O

The proposition demonstrates that the evolution of the whole interest rate

curve in the model can be described by the evolution of a two-dimensional Markov
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process (x,q) which is given by (6.3). Observe that in general, the finite variation

process ¢ is not deterministic.

Remark 10. The general one-factor Quasi-Gaussian model (separable HIM model)
is a low-dimensional Markov-functional model (MFM) according to the general defi-
nition of a MFM given in Chapter 3. However the Quasi-Gaussian model is not set
up according to the Markov-functional approach discussed earlier in Section 3.2.3 as
the functional forms of ZCBs here are given analytically in (6.5) while the functional

forms need to be determined numerically for the Markov-functional approach.

6.2.2 Displaced diffusion type local volatility

Having defined a general Quasi-Gaussian model (6.3), in this section we focus on a
special case when the volatility function o, (¢,w) is taken to be of displaced diffusion
type:

o (t,0) = Ar(8) (@ () + by (D)), (6.6)

where \,(t) and b,(t) are assumed to be piecewise constant:

n—1

)\T‘(t) = Z )\iI{tE(Ti,T,H,l]}) (67)
=0
n—1

br(t) = bil e (1,114 (6.8)
i=0

The parameter «,(t) is redundant and can be chosen exogenously. Then we arrive

at the following local volatility Quasi-Gaussian model

dxy = (qr — s2)dt + A () (o (8) + b (D)) dWE, 20 =0 (6.9)
dg; = (V2(t) (an(t) + bp(t)zs)? — 256q:)dt, qo = 0.

Note that we choose displaced diffusion type local volatility for tractability, and also
it is capable of producing implied volatility skews of vanilla swaptions which will be

seen later. Alternative choices for local volatility are, for example,
or(t,w) = A ()4

and
or(t,w) = A ()]

which give rise to models with log-Normal dynamics and CEV dynamics respectively.
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6.2.3 Calibration to swaptions

In this subsection we consider the problem of how to calibrate the displaced diffusion
Quasi-Gaussian model (6.9) to the market prices of vanilla swaptions. To do so we

derive an approximate pricing formula for vanilla swaptions.

Swap rate dynamics

Let us first derive the dynamics of the co-terminal swap rate y»"t1=% ¢ =1,.

t,n+1—1

within the model (6.9). Since the swap rate y* is a martingale in the assomated

swaption measure S®"T1~% corresponding to the numeraire P*"*1=% the swap rate
i,n+1—1

Yy should be a driftless process. From (6.9) we have that
Lyl .
dy" " = (=5 @6 @) A () (ar () + br ()2 QAW (6.10)

where WHn*1=% is a Brownian motion in the swaption measure S*"*1=% By the

definition of swap rates, we have that

Dy, (w4, q) — DtTnH (w4, q1)

Pti,nJrlfi (-Tt 7 qt)

y " @ ) =

,  t<T, (6.11)

where Dy (24, qt) is given by (6.5). Apply Itd’s lemma to (6.11) and we have that

ayi,n-‘rl—i 1
15(97.’11(1‘7(]) - m(l)tn(:ﬁa Q)G(taTi) - DtTn+1 (waq)G(t7Tn+1))
t )
(6.12)
yszrl i
PG Z%Dtml (2, q)G(t, Tj41).

t

Swap rate dynamics approximation

From SDE (6.10) we can see that the co-terminal swap rates have a local volatility
which is a function of (z,q). This dynamics prevents us from deriving a pricing
formula for co-terminal swaptions. Therefore we approximate (6.10) by replacing
the diffusion term which is a function of (x,q) with a local volatility which is a
function of the swap rate itself. The approximations applied here are quite involved
so we will not provide complete technical details. For details, the reader is referred
to [5].

We first apply the Markovian projection (see Appendix 6.A) to the dynamics

of the co-terminal swap rates (6.10), and we have the following lemma.
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Lemma 5. The marginal distributions of the swap rate y*" =% in the model (6.10)

in+1—i

are the same as the marginal distributions of y implied from the following

dynamics in the associated swaption measure S T17¢:
dy," T = Gty T AW (6.13)

where
i 2 592’%171‘ 2 dmtl—i
©'(t,y)” = ESM+H[((T(% @) Ar(t) (e (t) + br(t)z1)) |y, = y].
(6.14)

Remark 11. Note that (6.10) and (6.13) admit the same marginal distributions of
the swap rates y*" 1= fori =1,....,n rather than the joint distributions. The same

marginals implies that the co-terminal vanilla swaption prices produced by models
(6.10) and (6.13) are identical.

So far we have obtained the dynamics (6.13) of swap rates where the local
volatility is a function of the swap rate itself. However it is still difficult to calculate

the conditional expectation (6.14). To solve this problem we approximate ¢; by
a deterministic function g;. By doing so the swap rate yi’"“fi would just be a
deterministic function of x; and time ¢. Similarly z; would also be a deterministic

function of the co-terminal swap rate g™~

and time t, i.e. Ty — x(tjyi:nﬁ’l*i)‘

Now the conditional expectation (6.14) is given by

i,n+1—1

Pt y) = o (@(t. ). @M () (e (1) + b (Da(t,y)),

where 9y"" 171 /0z is given by (6.12).

We now give a simple approximation for ¢; and functions ' for i = 1, ..., n.

We let q; = 0, and apply Taylor expansion to yZ’"H_i(xt, Q)
1
int1—i il oyt
vt (,0) =y, (0,0) + —5_—(0,0)a
x
This gives the following approximation for z(¢, yzﬂ’b-l-l—i)

=y (0,0
a(t,y) ~ :
oy’ /0x(0,0)
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Then we make the following rough approximation

ayz’,n—i—l—i in+1—i

t ~ Yt
o (@,0) ~ o (0,0),

and we obtain the approximation for functions ¢, i = 1,...,n,

: Ay, y =" 7(0,0)
Wt y) ~ 220,00\ () (e (t) + by (£) 2= } .
¢ (t,y) 5 (0 0A(B) (e (t) + br( )6%”“_,/%(070))

Finally we apply Taylor expansion to the function ¢!, and we have that

i im+1—i i im+1—i 890i im+1—iy, in+l—i in41—i
Oty T Rty T + 5y (Lo T T ey, (6.15)
where
' A By 8yi,n+1—i yz’7n+1—i _ yi,n+1—i(0 0)
o™y = 2 (0, 0) A (8) (e (2) + by (£) 20— t 2y,
©'(t, Yo ) 5 (0, 0)A(B)(ar(t) + br(t) O 52(0.0) )
&Pi in+1—i ayim—i_l_i Ar (t)br (t)
7(tay07 i ) = ti(oao)( in+l—i )
dy Ox Yy /0x(0,0)

Note that the approximation introduced here is rather rough. A more accurate

approximation can be found in [5].

Proposition 6. In the one-factor displaced diffusion Quasi-Gaussian model (6.9),

i,n+1—1

the dynamics of the swap rate y in the associated swaption measure SH 1

can be approrimated by

dyy" R N () (B ()" (1= by (8)yg™ AW (6.16)
where
; in+l—i
7 901(t7y7 - )
Ay(t) = i,n[iul—i ; (6.17)
Yo
intl—i i
i Yo dp in+1l—i
by(t) == ———g= (Yo )- (6.18)
Y Sol(tvyd 1 ) 8:1/
Proof. The result follows from (6.13) and (6.15). O

Note that (6.16) is a displaced diffusion model with time-dependent parame-
ters Al (t) and b (t). We approximate (6.16) by replacing time-dependent parameters

)\Z(t) and bg (t) with parameters XZ and 5; using the parameter averaging technique
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which is introduced by Andersen and Piterbarg [5]. Therefore we arrive at the

following approximate dynamics:

dyp™ T X By (1= By (6.19)

where
A;-:(l/ N (t)2dt) 2, (6.20)
by = /b’ wi( (6.21)

(1) = g o Ny
f u)? fo Ny (s)*ds)d

Note that by using the parameter averaging technique, the resulting model (6.19)

has very similar marginal distributions for the swap rates {yZ A =1, n) to

the model (6.16). This gives the following approximate swaption pricing formula.

Proposition 7. In the one-factor displaced diffusion Quasi-Gaussian model (6.9),
an approximate pricing formula for a payer swaption with strike K and expiry T;

i,n+1—1

on the swap rate y* s given by

Vi,n+1—i(0;K) ~ Pé,n—i—l—i[(yé,n—H i _'_yén—i-l 1(1 - b )/b ) (d+) (6.22)
— (K + 3" (1= b)) /B,)@(d_ )],

v T T T A=) By 1 iy 2
(A O £ 45X,

b AT

dt =

where X; and 5; are given by (6.20) and (6.21).

From the pricing formula (6.22), one can see that the model (6.9) is capable
of capturing implied volatility skews of vanilla swaptions. The parameters \;’s and
b;’s of (6.7) and (6.8) can be chosen by calibrating to the market implied volatility

smiles/skews of swaptions via the pricing formula (6.22).

6.2.4 Calibration to the market correlation structure

We now consider the problem of how to determine the parameters »(t) by calibrating
to the market correlation of swap rates. Let us consider the following formula for

the correlation between co-terminal swap rates (see [5]).
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Proposition 8. The correlation between the swap rates yél:bﬂ_i and yglfﬂ_j, 1< 7,

in the Quasi-Gaussian model (6.9) can be approzimated by

T T N AN s
Corrluf =) [ —0.0)(Pg— (0.0
T ayz‘,nﬂ—i ) Ty 8yj,n+1fj
o, oprany [ o, 0y 2
<[ .0 pan 2 [ — 0.0 (6.2

From the above formula, we can capture the correlation structure of swap
rates. However note that in a low-factor model we cannot capture the whole corre-

lation matrix. By letting

n—1

%(t) = Z %iI{tE(Ti,Ti.t,_l]}
i=0
one can choose parameters s; by calibrating to the market one step correlation of
swap rates:
intl—i itln—i
Corr(yy, YT )
fori=1,...,n—1.

We conclude this subsection with a remark. Note that the formula (6.23)
is independent of the volatility parameters A;’s and b;’s. This means that we can
carry out the correlation calibration before the swaption calibration discussed in
Section 6.2.3. This feature is very similar to the Markov-functional approach where
the market one step correlation (covariance) calibration precede the calibration to

vanilla options.

6.2.5 Stochastic volatility Quasi-Gaussian model

Before we proceed to the comparison between Quasi-Gaussian models and MFMs,
we review the stochastic volatility version of Quasi-Gaussian models.

The stochastic volatility version of a Quasi-Gaussian model is straightforward
to extend. Consider the volatility function g(t,w) (6.4) of the one-factor Quasi-
Gaussian model (6.3). The stochastic volatility version can be obtained by adding
a stochastic volatility process z into the volatility function g(¢,w). In particular we

have

g(t,W) =V Z(t)g(t,xt,fh),
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and

or(t,z,q) = g(t,x,q)h(t).

The stochastic volatility Quasi-Gaussian model is defined by the following SDEs:

dry = (q — saxe)dt + /z0n (20, q)dW2, 30 =0, (6.24)

dgr = (z0r(t, m, 1) — 25qq:)dt, qo =0,

dzy = 0(20 — z)dt + mi/ZdZ2, 20 =1, (6.25)
dz2aw 2 = 0,

where W@ and ZQ are independent Brownian motions in the risk neutral measure

and the function 7, is piecewise constant of the form

n—1
Nt = Z niI{te(Ti,Ti+1]}-
i=0
We will assume that in addition to ZCBs there is at least one option in the economy
which means that the model (6.24) has been chosen and we are in a complete setting.
In this case when moving to another equivalent martingale measure associated with

a different numeraire the Radon-Nikodym derivative is the ratio of numeraires.

Remark 12. Note that we make the assumption of zero correlation dZ;@th =

for tractability. It is helpful when we change measure, as we will see later. This
assumption is not a restriction for capturing implied volatility smiles since the cor-
relation is not the only parameter that can control the slope of the smile. However
it does cause a restriction of the dynamics and it could have an effect on the use
of the model for a Bermudan type product, especially, in terms of hedging. In con-
trast, in the stochastic volatility MFM developed in Chapter 3, we do not have this

restriction.

The pricing formulas for ZCBs in the model (6.24) are given in Proposition 5
which are the same as the local volatility version. Thus the formulas for ZCBs are not
dependent on the stochastic volatility z and this leads to an unspanned stochastic
volatility model in which case the stochastic volatility risk cannot be completely
hedged by ZCBs. For more details about (un)spanned stochastic volatility models,
the reader is referred to [15].

In what follows we focus on a special case when the volatility function

or(t,x,q) in (6.24) is of displaced diffusion type which is given by (6.6). This

146



leads to the following stochastic volatility Quasi-Gaussian model:

dze = (g — sa)dt + /2 Ar (1) (0 () + br(t)xt)thQv zo =0 (6.26)
dgr = (2eD2(t) (o (t) + b (t)x4)? — 2360q)dt,  qo = 0.
dzy = 0(zp — z)dt + ntﬁdZ;@, 20 =1,

dz2dw 2 = o.

We now review the calibration in the stochastic volatility Quasi-Gaussian model
(6.26). Most approximations and techniques we used for the local volatility version
in Section 6.2.3 can also apply to the stochastic volatility version here. So we will

not provide complete details which can be found in [5].

Proposition 9. In the stochastic volatility Quasi-Gaussian model (6.26), the dy-

i,n+1—1

namics of the swap rate y in the associated swaption measure S®" 1= can be

approrimated by

™ = g (0" + (= by ()™ AW
(6.27)
dzy = 0(z0 — z)dt + nt\/?tdZZ’nH*i, z0=1,
dZZ,nJrlfidW;,nJrlfi — 0,

where Ay (t) and by (t) are given by (6.17) and (6.18).

Note that due to the assumption of zero correlation alth@athQ = 0 and com-
pleteness, the drift term of the stochastic volatility process z is not altered when
the measure is changed from the risk-neutral measure QQ to the swaption measure
gintl—i

Applying the parameter averaging technique, the time-dependent stochas-
tic volatility model (6.27) can be approximated by a time-independent stochastic
volatility model which allows for a closed-form pricing formula for vanilla swaptions.
The parameters A;’s, b;’s and 7;’s in the stochastic volatility Quasi-Gaussian model
(6.26) can be chosen by calibrating to the market implied volatility smiles/skews of
vanilla swaptions. The remaining parameters s;’s can be determined by calibrating
to the market correlation structure. We can still use formulas introduced for the
local volatility Quasi-Gaussian model in spite of effects of the stochastic volatility.

But the calibration performance is not expected to be very precise.
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6.3 Comparison between Quasi-Gaussian models and

Markov-functional models

6.3.1 Review of Quasi-Gaussian model under Markov-functional
model framework

We now consider the Quasi-Gaussian model (6.9) using the Markov-functional ap-
proach to make clear the relationship between the Quasi-Gaussian models and
MFMs. In particular we specify a swap MFM under the terminal measure F7t!
corresponding to the numeraire D 7, ,. By choosing a particular combination of
driving process, pre-model and marginals, the resulting swap MFM is expected to

be close to the Quasi-Gaussian model (6.9).

Driving process

In order to specify a MFM, we first consider the choice of driving process. In Section
3.2, we specified a MFM by taking a Gaussian process as the driver for the sake of
efficient implementation. Note that we are not forced to choose a Gaussian driving
process. In order to match the Quasi-Gaussian model (6.9), we take the process
(z,q) of the model (6.9) as the driver. However we will specify the MFM under the
terminal measure while the process (z,q) is given under the risk-neutral measure.
Thus following the change of numeraire technique we write down SDEs of (z,q)

under the terminal measure.

Proposition 10. Under the terminal measure F**! the process (z,q) in the Quasi-
Gaussian model (6.9) satisfies

dry = (g — st — G(t, Tny 1) N2 (1) (ar(t) + by (t)2)?)dt (6.28)
+ A () (i () + by ()2 dW,
dg = (A2() (0 (£) + by (H)0)? — 25e(8)qu)t,

where the Brownian motion Wl under the terminal measure is defined by
AW = dWR 4 G(t, Trg 1) A () (00 (8) + by (8) ) dt.

Proof. Define p; by

pt = anJ’_l — DtTnJrl /‘DOT,,L+1
dQ Fi Bt/BO ’

where B is bank account and {F;} is the filtration generated by W@. After calcu-
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lation, we have that
dpt = _ptG(t7 Tn-i-l))‘r(t)(ar(t) + br (t)xt)thQ‘
From the Girsanov theorem we have that the process

d
AWt = aw@ — 2 qw @
Pt

= dWQ2 + G(t, Toy1) A () (0 () + by ()4 dt.

is a Brownian motion in the terminal measure F"*! corresponding to the numeraire
D 7,,,. The result then follows from SDE (6.9). O

Usually when using the Markov-functional approach for a low-dimensional
MFM, the driving process is chosen to model the level of rates. For instance for
the stochastic volatility MFM we developed in Chapter 3, we choose a SABR type
model as the driver because Kaisajuntti and Kennedy [44] identified a SABR style
model as an appropriate choice for the level of interest rates by investigating an
extensive set of market data. The process x of (6.28) can be seen as modelling the
level of interest rates while carrying the process ¢ with it.

We note that the process x itself is not Markovian but (z,q) is a two-
dimensional Markov process. Thus we have to set up a two-dimensional MFM
although there is only one factor (Brownian motion) driving the whole economy.
From the modelling perspective, this does not look a likely choice for a driver. In
particular, in the Quasi-Gaussian model the form of the driver (6.3) and the neces-
sity to carry around the finite variation process q is forced upon us as this is required
to avoid arbitrage in the separable HJM framework. In that sense we do not truly
choose a driver and we are just stuck with it. Though the driver (6.3) leads to a non-
Gaussian copula, there are other choices of non-Gaussian copula, e.g. CEV driver,
which would not require a two-dimensional process for a one-factor model and which
maybe better from a modelling point of view. Thus the Markov-functional approach
allows for more flexibility in the choice of driver.

The Markov-functional approach is closer in spirit to market models. In par-
ticular the Quasi-Gaussian model is obtained from the separable HJM model while
the MFM with particular choices of driver and marginals is found to be very similar
to the corresponding separable market model. The HJM model models the instan-
taneous forward rate which is not observable in the market while market models

model the market interest rate directly which is more transparent.
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Pre-model

Remember that under multi-dimensional MFMs we retain the univariate and mono-
tonicity properties by introducing the idea of pre-model. Here we apply the same
technique and choose a pre-model. Recall that a pre-model Q%?Hl*i :R2 5 Ris a
function of (z7;, qr,):

TR )
%ZL+ z(»”UTZ-aqT,-):fl(xﬂ'vq'fi)'

In order to match the Quasi-Gaussian model (6.9), we choose the pre-model to be
the function ygLJrl_z(a:Ti, qr;) which is given in the Quasi-Gaussian model.
Since ZCBs are deterministic functions (6.5) of the process (z, ¢) in the Quasi-

Gaussian model (6.9), the co-terminal swap rates can be expressed in the form of

T g ) = Dyt (¢, qt) — Dy, q (74, Gt)
Q) =
¢ , Z?:z athTj+1 (37t7Qt)

(6.29)

where the functional form Dyp(z¢,q) is given by (6.5). We choose the pre-model

@\;{L—H_i(xTi’ qr,) as

Z);{l—’—l_i(xTw qTi) = y;{b—‘_l_i(‘rTN QTi)' (630)

Marginal distribution

Having chosen the driving process and the pre-model for our MFM, we now con-
sider the problem of how to choose the marginal distribution of the swap rates
y%,”ﬂ_i;i = 1,..,n}. In order to specify a MFM which is similar to the Quasi-
Gaussian model (6.9), we choose the marginals implied from the Quasi-Gaussian

model. As we discussed in the Quasi-Gaussian model (6.9), the marginal distribu-
tions of {yé’{l“*i;i =1,.

..,n} are approximately given by the displaced diffusion
model (6.19). Therefore we feed the displaced diffusion marginal distribution im-

plied from (6.19) into our MFM.

Remark 13. Given a driving process for a MFM, one can feed in any exact marginal
distributions of swap rates. This separation of the driver and marginals gives a
MFM more flexibility. In contrast, in Quasi-Gaussian models, in order to fit the
marginal distributions of swap rates we applied complicated approximations (see
Section 6.2.3). Once the driving process of a Quasi-Gaussian model is given, the

marginal distributions of swap rates are determined via the explicit formula for ZCBs
(6.5).

In this subsection we have chosen a particular combination of the driver,
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pre-model and marginal distributions and we arrive at a MFM which is expected to
be similar to the Quasi-Gaussian model (6.9). However we have flexibility to choose
another combination and this will lead to a MFM different from the Quasi-Gaussian
model (6.9). In this sense the Quasi-Gaussian model can be viewed as a special case
of the MFM class.

In similar way, the stochastic volatility Quasi-Gaussian model (6.26) can
also be viewed from the Markov-functional approach perspective by choosing an
appropriate driver ((x,q) process (6.28) together with stochastic volatility process
z (6.25)), pre-model (6.30) and the marginals implied from the stochastic volatility
model (6.27).

Remark 14. In the stochastic volatility Quasi-Gaussian model, one has to keep
track of three processes. In the stochastic volatility MFM introduced in Chapter 3

however we only need to deal with a two-dimensional Markov process.

6.3.2 Calibration comparison

In this subsection we compare the Quasi-Gaussian model (6.9) to a swap MFM
in terms of the calibration. In particular we consider the one-dimensional swap
MFM with a Gaussian driving process together with a displaced diffusion marginal
distributions of the swap rates {yép’?H_i;z’ =1,...,n}

The Quasi-Gaussian model can be calibrated in a similar way to the swap
MFM. They can be both calibrated to the displaced diffusion type implied volatility
skews of the co-terminal swaptions and the market correlations of swap rates. Recall
that in MFMs, we discussed the one-step covariance type driving process which can
be specified by calibrating to the market one-step covariance (correlation) of swap
rates {yép’i"H*i;z' = 1,...,n}, and this is an example of parametrizations by time.
Therefore the Quasi-Gaussian model is also parameterized by time.

When the Quasi-Gaussian model and the swap MFM are calibrated to the
same market prices of swaptions and market correlation structure, we are interested
in the problem of whether or not the two models produce the same prices and
hedges of, for example, a Bermudan swaption. We expect that the results could be
different because the two models have different copulas for the driving processes. In
particular the MFM has a Gaussian copula while the Quasi-Gaussian model has a

non-Gaussian copula. Although they have the same marginal distributions of the

swap rates {yf;p’inﬂ_i;i =1,...,n}, different copulas for the drivers result in different
joint distributions of the swap rates {yép’inﬂfi;i = 1,...,n} which determines the

prices of the corresponding Bermudan swaption. Therefore the prices and hedges
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for a Bermudan swaption produced by the two models could be different. But
we need to investigate if this leads to a significant difference in practice. Similar
questions arise for the stochastic volatility versions of these models.

In this chapter we have studied the Quasi-Gaussian models via the Markov-
functional model framework. This enables us to gain insight into how the mod-
els are similar and how they are different. The Quasi-Gaussian model without
stochastic volatility can be calibrated to the one-step correlation (covariance) of
swap rates and its marginal distributions are approximately that of a displaced
diffusion. The main difference from the standard Markov-functional model (with
displaced diffusion marginal) is the driver which is non-Gaussian and requires us to
track a two-dimensional process. Similarly the stochastic volatility Quasi-Gaussian
model requires a three-dimensional driver whereas the stochastic volatility Markov-
functional model developed in this thesis requires a two-dimensional driver and the
choice of driver is motivated by empirical data rather than tractability considera-
tions. Further numerical work is required to study the differences between these two

models in terms of pricing and hedging path dependent derivatives.
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6.A Appendix: Markovian projection

We give the following Markovian projection from [5] and the proof can also be found

there. Let us consider the following SDE
dXi = MdWr, (6.31)

where W is a one-dimensional Brownian motion under some probability measure
[P and the process A is adapted and bounded such that (6.31) has a unique strong
solution. Define b(t, x) by

b(t,z)* = Ep(\2|X; = ).
Then the SDE
dYt = b(tai/t)tha }/0 = X07

admits a weak solution Y that has the same marginal distributions as X.
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