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Abstract

In this paper we prove the well-posedness for a stochastic partial differential
equation (SPDE) whose solution is a probability-measure-valued process. We
allow the coefficients to depend on the median or, more generally, on the -
quantile (or some its useful extensions) of the underlying distribution. Such
SPDEs arise in many applications, for example, in auction system described in
[2]. The well-posedness of this SPDE does not follow by standard arguments
because the v-quantile is not a continuous function on the space of probability

measures equipped with the weak convergence.



1 Introduction

1.1 Statement of the problem and the main result

In 2012 Dan Crisan, Thomas G. Kurtz and Yoonjung Lee described a model of
asset price determination by an infinite collection of competing traders in their
article “Conditional distributions, exchangeable particle systems, and stochas-
tic partial differential equations”. In this model each trader’s valuation of the
assets is the solution of a stochastic differential equation (SDE). Existence of
a solution for the infinite exchangeable system of SDEs is proven in [2], and it
was noted that uniqueness of this solution is an interesting problem. Our goal
in this paper is the well-posedness of the SPDE satisfied by the de Finetti mea-
sure of an infinite exchangeable system of valuations. We will give motivation
and explanation in more detail in Section 1.3.

We start with some notions. Let us denote by V the gradient with respect
to the spatial variable z € R%, by |lu||; the norm of functions in L; (R%), by
d, the Dirac measure at € R?, by |v| the Euclidean norm of a vector v € R

For any v € (0,1) and any continuous positive integrable function u on R

let us define the quantile Q,(u) as the number satisfying

Qr(u)
[ utwds =l

[e.9]

In a special case when v = 1/2, the value Q,(u) is called the median of u. In
finances, the values of @, (u) for small v determine the so-called Value at Risk
(VaR) (see [6]).

More generally, for any vector v = (v1,...,74) with all 7, € (0,1) and
any continuous positive integrable function u on R?, let us define the quantile
vector Q,(u) = ( #, e chl) (u) with the coordinates uniquely specified by
the equations

/ u(x) dr = ~i||ul|L, k=1,...,d,
AkQ’Y(u)

where

AP — {zeR" 2" <Qiu)}.



Finally, for any vector v = (v,...,74) with all 7, € (0,1) and > v < 1,
and any continuous positive integrable function v on R?, let us define the
vector év(u) = (Ni, e @‘f/) (u) with the coordinates uniquely specified by

the equations
/~ w(@)de = wluls,  k=1,....d
AkQ’Y(u)

where

and a V b = max(a,b). The following diagram helps to visualise sets Ag”(u)

when dimension d = 2.

1'2

Agv (u)

Q- (u)

A?'y (u)

l’l

Vector @7 (u) was introduced in [2] (the intuition behind it is given in Section
1.3), and we shall call it the CKL-quantile, named after the authors of [2]. In
dimension d = 1, év(u) = Q1 (u), i.e. quantile and CKL-quantile coincide.

In this paper we shall study the well-posedness of the following second
order SPDE

ui(x) = uo(2) + / L4(Qo () us () ds
, 1)
" / ((B(s.2), V)ua() + s, 2)us(x) od Wi, t € (0,T),

where L, is an operator of the form

Li(q)u = (55T(t, x,q)V, V)u + (g(t,x,q), VIu+d(t, z, q)u,

N | —

W, is a standard 1-dimensional Brownian motion, functions a(t, z) and S(¢, x)



are, respectively, 1-dimensional and d x 1 vector-valued continuous functions
on [0,7] x R? satisfying Condition (E.1), below for some k > 4, functions
d(t,z,q), g(t,z,q) and &(t,z,q) are, respectively, 1-dimensional, d x 1 vector-
valued and d x d” matrix-valued continuous functions on [0,7] x R? x R4
satisfying Condition (£.2) below. Differential odW; in equation (1) is the
Stratonovich differential. We will consider this equation for both quantile

Q)+ (u;) and CKL-quantile @7<ut).

Condition (E.1). Functions a(t,x), 5'(t,z) are continuous and bounded on
0, T] x RY, (k + 2)-times differentiable in x and continuously differentiable in

t with bounded derivatives.

Condition (E.2). A square matriz-valued function 6a' (t,z,q) is uniformly

elliptic, i.e. there exists some constant m > 0 such that

m ¢ < (567 (t, 2, )€, §) < ml¢]?

holds for all £&,2,q € R? and t € [0,T]. Functions ¢'(t,z,q), ¢'(t,v,q),
d(t,z,q) are continuous and bounded on [0, T] x R? x R, twice continuously
differentiable in x with bounded derivatives, twice continuously differentiable

i q, and uniformly Lipschitz continuous in q.

Let u; € Ly (Rd) NC? (Rd) be a positive continuous C%-semimartingale (see
definitions in the fifth paragraph of Section 1.2). Suppose wu; is continuous in
Ly (Rd). In Appendix E we show that both quantile (), (u;) and CKL-quantile
év(ut) are continuous in t. Then it is called a solution with the initial value
ug if it satisfies equation (1) for any x € R? and t € (0,7] a.s.

Throughout this paper we will use the Stratonovich integrals only. It allows
us to deal with the stochastic analysis for irregular functionals of time (e.g.
semimartingales) in the same way as the deterministic analysis for regular
(smooth) functionals of time, due to the It6’s formula for the Stratonovich
differential.

As an auxiliary problem we shall consider the equation

u(x) = up(z) + / Ls(qs)us(z)ds
, 2)
+ / ((B(s.2), V)ua() + s, 2)uy(x) od Wi, t € (0,T),

7



with a given d-dimensional continuous semimartingale ¢;. In Section 2 we will
show that if uy € L4 (Rd) nc (Rd) is a bounded strictly positive function
on R? then there exists a unique bounded solution wu;(x) of equation (2)
such that it is a continuous C3-process (see definitions in the fifth paragraph
of Section 1.2). Moreover, by Proposition 2.8 this solution w(x) is strictly
positive. Under the following Condition (£.3) and |jugl|, = 1, we will show
in motivational Section 1.3 that u.(z) is the density function of some measure
v, € P (R?). (See system (14) and equation (17).)

Condition (F.3). Functions ¢, g, d, o and 3 satisfy

aQ(——T) d i
4 9B
alt:a) =3 500

for allz,q € R and t € [0, T).

The preservation of the Li-norm of u; will be used in Proposition 2.11.

For the following uniqueness theorems we need Sobolev spaces. Recall that
Sobolev spaces HF (Rd) are defined as the spaces of integrable functions on
R? with all derivatives up to and including order & being well defined in the
distribution sense and being again integrable functions. The norm ||u|| HE(R)
is defined as the sum of L;-norms of u and all its partial derivatives up to and

including order k.

Theorem 1.1. For a given T > 0 and vector v = (71, ...,7vq) with all v €
(0,1), consider equation (1) in case of the quantile vector Q.. Assume that
Conditions (E.1)g, (E.2) and (E.3) hold for some k > 4. Then for any bounded
strictly positive ug € H? (Rd) NncC (Rd), there exists a unique bounded solution
w(z) of equation (1) with initial condition ug, such that it is a continuous

C3-process.

Theorem 1.2. For a given T > 0, vector v = (71, ...,7va) with all v, € (0,1)
and > v, < 1, and dimension d < 3, consider equation (1) in case of the
CKL-quantile vector @7. Assume that Conditions (E.1)g, (E.2) and (E.3)



hold for some k > 4. Then for any bounded strictly positive uy € H? (Rd) N
C (Rd), there exists a unique bounded solution ui(x) of equation (1) with initial

condition ug, such that it is a continuous C3-process.

The smooth dependence of the solution of equation (1) on initial data will
be considered in Section 4. Also, in Section 5, we will prove the well-posedness
of equation (1) in the case of multidimensional W; and some additional restric-

tions on «v and /.

Remark. The restriction on the dimension d < 3 in Theorem 1.2 is due to

the inability to prove Proposition B.1 in Appendiz B for d > 4.

Some of the simplified versions of equation (1) has been considered before.
The well-posedness and sensitivity analysis for equation (1) with a(x), 5(z),
7 (z) depending only on z and ¢(t, z, [u]), d(t, z, [u]) depending in a smooth way
on the underlying function u (not on its quantile) was developed in [9]. The
well-posedness for equation (1) in case of the quantile vector ), and o, =0
was done in [7].

In Section 1.2 we will recall the basic definitions and notions of stochas-
tic calculus such as stochastic integrals, differential equations and stochastic
flows. These results are taken from [11] and adapted to our needs for solving
equation (2). Section 1.3 is devoted to motivations for considering our equa-
tion (1). We have already mentioned before that SPDEs of this type arise
in [2] as an application to finances, so in this section we will briefly review
the introductory and the multiple assets sections of that article, and rewrite
some of the SPDEs in the Stratonovich form. While the existence of a solution
to system (13) is proven in [2], Theorem 1.2 provides the uniqueness of the
solution to system (14), which is a special case of system (13). In Section
2.1 we will adapt the Hiroshi Kunita’s method of stochastic characteristics for
solving SPDEs to equation (2). Also we will prove some essential properties
of stochastic characteristics that are used in further sections. In Section 2.2
we will generalize some of the propositions from [7] to the case of equation
(1) for both quantile @,(u;) and CKL-quantile éw(ut). Section 3 contains
the proof of Theorems 1.1 and 1.2. In Section 4 we will make the sensitivity
analysis of the solution of equation (1) with respect to initial data. The case

of multidimensional W, will be considered in Section 5.



1.2 Preliminaries

In this section we will recall the basic definitions and notions of stochastic

calculus adapted to our needs in this paper.

Quadratic variational processes
Let X3, t € [0,T] be a continuous stochastic process, A = {0 =ty < ... <t =
T} be a partition of the interval [0,7] and let |A| = maxy(tg+1 — tx). Define

a continuous process (X )2 associated with the partition A by

l—

1
(X2 =3 (Xinier — Xony ),
k=0

where t A s = min(¢, s). This process is called the quadratic variational process
or simply the quadratic variation of X; associated with the partition A.

Let {A,} be a sequence of partitions with |A,| — 0. Suppose that the
limit of {<X >tA”} exists in probability for every ¢t and it is independent of
the choice of sequences {A,} a.s. Then it is called the quadratic variational
process or simply the quadratic variation of X; and is denoted by (X); or by
(Xy).

The quadratic variation does not exist for any continuous stochastic pro-

CEess.

Theorem 1.3 (Theorem 2.2.5 in [11]). Let M; be a continuous localmartin-
gale. Then there exists a continuous increasing process (M), such that (M)

converges uniformly to (M), in probability.

Theorem 1.4 (Theorem 2.2.10 in [11]). Let X; be a continuous semimartin-
gale. Then (X)2 converges uniformly to (M), in probability as |A] — 0, where
M, is the localmartingale part of X;.

Let M; and N; be continuous localmartingales. Define the joint quadratic
variation of My and N; associated with the partition A = {0 =1ty < ... <t =

T} by z
(M,N)? = (Mint,, — Mipe) (Nentiy — Nents) - (3)
0

—_

i
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Theorem 1.5 (Theorem 2.2.11 in [11]). (M, N)2 converges uniformly to a

continuous process of bounded variation in probability as |A| — 0.

The limit is denoted by (M, N), or (M;, N;) and is called the joint quadratic
variation of M; and N;.
Finally, the joint quadratic variation (X,Y)2 of continuous semimartin-

gales X; and Y, associated with the partition A is defined in the same way as
(3)-

Theorem 1.6 (Theorem 2.2.14 in [11]). (X, Y)2 converges uniformly in prob-
ability to a continuous process of bounded variation (X,Y ). If My and Ny are
the parts of localmartingales of X; and Yy, respectively, then (X,Y); coincides
with (M, N),.

The above process (X, Y), is called the joint quadratic variation of X; and
Y.

Stochastic integrals and 1to’s formula

Let M; and f; be a continuous localmartingale and a continuous (.%;)-adapted
process respectively, and let A = {0 =ty < ... < t; = T} be a partition of
[0, T]. Define

-1

LtA = Z ft/\tk (Mt/\tk+1 - MtAtk) :
k=0

It is shown in [11] that L2 converges uniformly in probability to a continuous
localmartingale as |A| — 0. This limit is denoted by fg fsdM, and is called
the Ito’s integral of f; by dM,.

Let X; be a continuous semimartingale decomposed as X; = M;+ A;, where
M, is a continuous localmartingale and A; is a continuous process of bounded
variation. For an arbitrary continuous (.%;)-adapted process f; we define the
Ito’s integral by dX;:

t t t
/fsdxsz/ fdes+/ f.dA,.
0 0 0

It is a continuous semimartingale.

11



Let us define another stochastic integral by the differential od X;:

-1

t
) 1
/0 fs 0d X = |i1|r£0 £ 2 (ft/\tk+1 + ft/\tk) (Xt/\tk+1 - Xt/\tk> .

If this limit converges in probability, it is called the Stratonovich integral of fs
by od X,.

Theorem 1.7 (Theorem 2.3.5 in [11]). If f; is a continuous semimartingale,

the Stratonovich integral is well defined. Further it satisfies

[ geoxo= [ x40

Finally, let us recall the celebrated [t6’s formula.

Theorem 1.8 (Theorem 2.3.11 in [11]). Let X, = (X},...,X{) be a con-
tinuous semimartingale. If F (:cl, - ,xd) is a C*-function, then F(X;) is a

continuous semimartingale and satisfies the formula

F(X,) — F(X,) = Z/ 1 (X) dXE + = Z/ vias (X) d(X", X7 .

1]1

Furthermore if F is a C3-function, then we have

F(X,) — F(X,) = Z/ i (X,) od X!

Stochastic differential equations

Let G(z,t) = (51(56,1%), o ,ﬁd(x,t)) be a continuous function on R* x [0, 7],
continuously differentiable in ¢ with bounded derivatives. Let W, be a stan-
dard 1-dimensional Brownian motion. Then fot B(x,s)dWs is a continuous
martingale for every x € R?. In the third paragraph of Section 2.1.1 we will

show that fo x,s) dWy can be rewritten in an explicit form

/0 B(x,s)dW, = gﬁ(x s)Wsds + Bz, t)W,

12



Therefore, we see that fg B(x,s)dW; is a continuous martingale with values
inC=C (Rd: Rd).

First of all let us recall It0’s stochastic differential equation based on
fo x,8)dW,. The term “based on” comes from [11], where stochastic in-
tegrals and stochastic differential equations are defined for a more general
class of continuous semimartingales with spatial parameters. Assume that
BY(z,t) are differentiable in z, 8%(z,t) and all their derivatives are bounded
functions on R? x [0, 7). Let ty € [0,T] and x5 € R? be given. A continuous
R%-valued process ¢;, t € [to, T] adapted to (%) is called a solution of Ito’s
stochastic differential equation based on fgﬁ(x, s) dWy starting at xo at time

to if it satisfies

o0 =10+ / B(pa 5) dW,. (4)

By Theorem 3.4.1 in [11], for each to and xg, Itd’s equation (4) has a unique
solution.

Next let us recall the notion of Stratonovich stochastic differential equation
based on fo z,s) dW,. Assume that §°(z,t) are 3-times differentiable in ,
Bi(x,t) and all their derivatives are bounded functions on R¢ x [0,7]. Let
to € [0,T] and zo € R? be given. A continuous R?-valued semimartingale ¢y,
tg <t <Tis called a solution of Stratonovich stochastic differential equation

based on fo x, 8) dWy starting at xy at time to if it satisfies

t
Yt = Lo +/ B(‘Psv S) OdWs- (5)

By Theorem F.3 in Appendix F, for each ¢y and z, Stratonovich equation (5)

has a unique solution.

Backward integrals and backward equations
In this paragraph we shall recall backward stochastic integrals and backward
stochastic differential equations. The arguments are completely parallel to
those of (forward) stochastic integrals and stochastic differential equations.
The only difference is that these are defined to the backward direction.

A family {Fs:: 0 < s <t < T} of sub o-fields of .# is called a filtra-

tion with two parameters if it contains all null sets and satisfies 5, C Fy y,

13



Neso s e = Fopand (g Fo-ep = Fopforall s’ < s <t <t'. A continuous
process / Mt is called a backward martingale adapted to (F,,) if it is 1ntegrable
Mt M is .#,;-measurable and satisfies £ [M Mt‘ } = Ms — Mt for
any 7 < s < t. A backward localmartingale is defined similarly to the (for-
ward) localmartingale. Let )?t be a continuous process such that )A(t — )A(s is
(Fs+)-adapted. If )A(t can be written as the sum of a continuous backward lo-
calmartingale and a process of bounded variation, then it is called a backward
semimartingale.

For example, let W; be a standard 1-dimensional Brownian motion. For
s < t, let Z,; be the least sub o-field of .# containing all null sets and
Nesog oWy = Wy: s —e <u,v < t+¢). Then W, is a continuous backward
martingale adapted to (F;).

Now let X; be a continuous backward semimartingale. Let us fix an arbi-
trary time t, and let f5, s € [0,¢] be a continuous (.%;,)-adapted process. If
the right hand side of the following formula converges in probability, then it
is called the backward Ito’s integral of fs by dX,

t n—1
s k=0

where A = {0 =ty < ... < t, = t}, t Vs =max(t,s). It is a continuous
backward semimartingale with respect to s. Suppose that f; is a continuous
backward semimartingale. Since the right hand side of the following formula

converges in probability, it is called the backward Stratonovich integral of f
by dX,.

)_l

n—

t

~ . 1

/ frodX, = \il\rgo 5 (ftk+1V8 + fthS) (thJerS thVS) :
$ 0

e
Il

The backward It6’s and Stratonovich integrals are related by

t t
. A 1
/ frOer:/ frer_§<f7X>s,t7

where (, )s: denotes the joint quadratic variation for the time interval [s, t].

Let f; and X; be continuous forward-backward semimartingales. While the

14



forward Stratonovich integral fg fs 0dX, is a continuous forward semimartin-
gale with respect to ¢t and the backward Stratonovich integral f; fr odX, is
a continuous backward semimartingale with respect to s, these two integrals
coincide when s = 0.

Next, a continuous (.%,,)-adapted process ps, s € [0,%] with values in
R is called the solution of the backward Ité’s stochastic differential equation

based on fg B(x,s)dWs starting at xo at time 1y if it satisfies

to .
Ps = Lo — / B(gpmfr) dWr

The solution of the backward Stratonovich stochastic differential equation is

defined similarly.

Semimartingales with spatial parameters
In this paragraph let us recall the definition of continuous semimartingales
according to their regularity with respect to the spatial parameter.

We can regard a family of real valued processes F'(x,t) with parameter
r € R? as a random field with double parameters x and t. If F(z,t,w) is a
continuous function of x a.s. for any ¢, we can regard F'(-,t) as a stochastic
process with values in C' = C (Rd: R) or a C-valued process. If F(x,t,w) is
m-times continuously differentiable with respect to x a.s. for any ¢, it can be
regarded as a stochastic process with values in C™ or a C™-valued process. In
the case where F(x,t) is a continuous process with values in C™, it is called a
continuous C™-process.

Let o = (aq,...,a4) be a multi index of non-negative integers and |a| =

o)+ ...+ ag. Set
olelf
(Oxt)er .. (Qxd)oa’

Dy f =

A family of continuous localmartingales M(x,t),x € R? is said to be
a continuous localmartingale with values in C™ or a continuous C™-local-
martingale if M (z,t) is a continuous C"™-process, and for each « with |a| < m,
DM (x,t),x € R is a family of continuous localmartingales.

Let F'(z,t), z € R? be a family of continuous semimartingales decomposed

as F(x,t) = M(x,t) + B(x,t), where M (z,t) is a continuous localmartingale

15



and B(z,t) is a continuous process of bounded variation. A family of contin-
uous semimartingales F'(z,t), * € R? is said to belong to the class C™ or sim-
ply to be a C"™-semimartingale if M (x,t) is a continuous C™-localmartingale,
B(z,t) is a continuous C™-process and D2B(x,t), » € R%, |a| < m are all
processes of bounded variation. A continuous backward C™-semimartingale is

defined similarly.

Stochastic flows

In this paragraph let us recall the definition of the stochastic flow of home-
omorphisms and diffeomorphisms on the Euclidean space. Let ¢(z,w),
s,t € [0,T], » € R be a continuous R%valued random field. Then for any s, t
and almost all w, @, (w) = @s+(-,w) defines a continuous map from R? into
itself. It is called a stochastic flow of homeomorphisms if there exists a subset
N C € of probability 1 such that for any w € N, the family of continuous
maps {@s(w): s,t € [0,T]} defines a flow of homeomorphisms, i.e. it satisfies

the following properties:

L. psu(w) = @ru(w)opsi(w) holds for all s,t,u where o denotes the com-

position of maps,
2. s s(w) = identity map for all s,
3. the map p,(w): R? — R is an onto homeomorphism for all s, ¢.

Further ¢, (w) is called a stochastic flow of C*-diffeomorphisms, if it satisfies

the following condition

4. @gi(r,w) is k-times differentiable with respect to x for all s,¢ and the

derivatives are continuous in (s,,z).

1.3 Motivation

In mathematical finance the price process for an asset is modeled by a stochas-
tic process {S;,t > 0}, and an important objective is to find a good model for
asset prices. A famous example is Brownian motion introduced by Bachelier in
1900 (see [1]) as a model for the price fluctuations on the Paris stock market.

In 1964, Samuelson (see [18]) suggested the use of geometric Brownian motion

16



as a suitable model. Since then a number of other stochastic processes have
been used to model price processes.

Let us consider an asset pricing model, where the price of a single asset is
determined through a continuous-time auction system. Assume that N traders
compete for n units of the asset, where n < N. Each trader owns either one
share or no shares. At any point in time, the traders submit their bid prices,
and those who submit the highest n bids each own a share. Denote the log of
the bid price (or valuation) of the i-th trader at time ¢ by X}, and the log of
the stock price by S¥. Throughout this section, by bid price or stock price we
will understand the log of these prices omitting the word “log”. Based on the
rules of this auction system, the market clearing condition for the equilibrium

stock price SV is given by:

N
i=1
(Demand) = (Supply).

If we denote the empirical measure of {X/,..., X} by

| N
N _ )
Y% TN Z Oxi
i=1
then the market clearing condition rewrites as

o [S)Y, 00) = %

As N tends to infinity and & — 1 — a, for some a € (0, 1), the stock price

N—o0

becomes the a-quantile process V,* of the measure

v, = lim v
N—o0

that is the limit of the empirical distribution v of the bid prices.

Let us consider the following geometric mean-reverting process as a model

17



for X}:
t
X;:Xg+5/ (S. — Xi)ds + oW, + 6B,
0

where 3,0 and & are some positive constants. In this example, each investor
takes the stock price as a signal for the value of the asset and adjusts his or
her valuation upward if it is below the stock price and downward if it is above.
The parameter 3 evaluates the mean reversion rate toward S;. The higher
this parameter value is, the faster the positions tend to mean-revert. The
Brownian motion W; models the common market noise, while the Brownian
motion B! models the trader’s own uncertainty.

More generally, let us consider the following system
X=X} +/ f(XLVE)ds +/ o (XL V) dW, +/ o (XL, V) dB., (6)
0 0 0

where, asymptotically (as the number of traders N tends to infinity), the stock
price V,* should be determined by

V& =inf{z € R: v(—o00,2| > a} (7)
and
1

We assume that {X}} is exchangeable and require the solutions {X}} to be
exchangeable so that the limit in formula (8) exists by de Finetti’s theorem (see
Theorem 2.2 in [4]). The process W, is a d’-dimensional standard Brownian
motion, common to all diffusions, while the processes {Bj},., are mutually
independent 1-dimensional standard Brownian motions. )

Systems of this type in the case when the coefficients are Lipschitz functions
of v in the Wasserstein metric on P (R?) have been considered in [12]-[14].

It is shown in [2] that v is a solution of the stochastic partial differential

equation

<907 Ut) = <307U0> +/0 <L(Ss)90>vs> ds + /0 <0('7 SS)SOI>US> dWsa (9)
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where (p, v;) denotes
(o = [ eyl

and

1 5 o d2p d
Conditions. Assume that the coefficients f: R x R — R,0: R x R —
R%,5: R x R — R satisfy the following

1. f,o0,0 are continuous functions, uniformly Lipschitz in the first argu-

ment!,
2. o(x,y) is positive,
3. There exists a constant K such that f, 0,5 are bounded by K (1+|z|+|y|).
The following existence theorem is proven in [2].

Theorem 1.9. Suppose that Conditions above hold, that {X{} is exchange-
able?, and that E(|X(|) < co. Then there exists a weak solution for the system
(6)(8) such that {X'} is exchangeable and v satisfies the stochastic partial
differential equation (9).

However, the authors do not have a general uniqueness theorem for equa-
tion (6) (it is not covered by the theory developed in this paper either) and
they explicitly state that this is an interesting and important problem.

Now we extend the asset price model (6)—(8) to a market with multiple
assets. In order to specify the model, we need to identify an appropriate market
clearing condition. Suppose there are d assets and N competing traders. Each
trader owns at most one unit of one of the assets. If the prices of the assets
are sy, ..., Sq and the value that the i-th trader places on the k-th asset is z; x,
then the i-th trader will buy the k-th asset provided

Tikg— Sk >0V r?#akx(xi,l - 5). (10)

!There exists a constant ¢; such that |f(z1,y) — f(72,9)| < ci|lz1 — @3] holds for all
1,22,y € R with a similar inequality holding for ¢ and &.

2Let X = {X i}zl be a sequence of real-valued random variables. We say that X is
exchangeable if, for every finite set {k1,...,k;} of distinct indices, (Xkl, e ,ij) is equal
in distribution to (X*,..., X7). (See Definition 2.1 in [4].)
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Suppose there are n, units of the k-th asset and 22:1 nr < N. Then the
prices should be set so that the assets can be allocated to the traders in such a
way that each unit of the k-th asset goes to a trader whose valuations satisfy
(10) and each trader with valuations satisfying z; ;, — sx > 0V max;z,(x;; — )

receives a unit of asset k. Define
.= {z Tip — Sk > O\/max(x“—sl)}
b l#k bl
and
ASZ{Z Xk Ssk,k: 1,,d}

Each trader who receives asset k must have index in Aj, and each trader
who does not receive any asset must have index in Aj. Denote ng = N —
ZZ:1 ny, then the classical marriage theorem states that this allocation can

be performed if and only if for each I C {0,...,d},

#UA4 =D (11)

kel kel

Assume that N tends to infinity, % — a; and

N
1 d
Nz(sxi;»ueP(R).
i=1
Now for each s € R?, let

z:{:UERd:xk—skZO\/max(xl—sl)}, k=1,....d,
1k

and
A(S):{xGRd::kaSk,kzl,...,d}.

The continuous version of the market clearing condition (11) becomes

v (U A;) > . (12)

kel kel

Lemma 3.1 in [2] states that for each v € P (R?), there exists s € R? such
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that for each I C {0,...,d}, inequality (12) holds.

Let us consider the following infinite system
X;:X3+/ £ (X8 ds+/ o (X1,5.) dW5+/ 5 (X1,5.)dB, (13)
0 0 0

where each X} is a d-dimensional stochastic process and S; is the vector of

prices determined by the requirement that

Ve <U A£t> Z Zak.
kel kel

That is, for the i-th trader, X gives the valuations at time ¢ of the d assets,

and

gives the distribution of valuations by the infinite collection of traders. In
system (13), W, and B! are d’ and d"-dimensional standard Brownian motions.

Existence of a solution is proven in [2]. Also it is shown that v; has a
strictly positive density u; which ensures that S; is uniquely determined by v,
(S, is the CKL-quantile Q,(u;) of the density function u,), and v, satisfies the

stochastic partial differential equation

{p,v1) = {p,vp) +/O (L(Ss)p,vs) ds +/0 <V30Ta(.’85),vs> AW,

where

L(S)p = % ((O'UT + 56T) (z, SV, V) o+ (f(z,S),V)e.

However, the authors do not have a general uniqueness theorem for system

(13), it is not covered by the theory developed in this paper either.
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Finally, let us consider the following special case of system (13)

@ . d d 85’“
X! = / (Z . (Zalaﬂ> ZZ pikZE &L,] S

=1 =1 k=1

t t
_g(X;,ss)>ds_/ 5 (X7) dWs+/ 5 (X,S,) dB:.
0 0

(14)

The corresponding equation on the measure v; becomes

(o, 01) = {9, 00) + / (LS, v.) ds — / (VeTBu)dW,,  (15)

where

L(S)e

[\DI)—\

(86" (z) + 05" (2,9)) V. V) p + (Z% (Z&‘l5ﬂ> (z,S
1 d d . B -
52; (fw ) = g(x,5), V)w

The evolution of density u, satisfies the dual equation to (15)
t ~ *
u() = uo(z) + / L (Qa(us)> us(x) ds
0
/ (Z B (x 8“8 85, (x)us(ac)> qwv,,
— ox’

where L(S)* is the dual operator to L(.S)

o=y 3 (Sowins s S rorin) o

1]1

d d ik ”
Zl (Zl; (ﬁzkaaﬂ] ( ) 2ﬁ]kaﬁ ( )> —|—gi(x,S)> gxl

)

d 82 d’ i ; aﬂjk
( 2 0widai (Z"l“l) (z.5)+3 Zzaml (Bk )()

=1 i,j=1 k=1

+
+
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d
2
=1

dg'
D (z, S))u

Assume that w; is a continuous C'-semimartingale. In Appendix D we show

that using the Stratonovich integral, equation (16) can be written as
t ~ * ~
u () = up(x) +/ (L (Qa(us)> — L> us(x) ds
0

o ’ Lo (17)
o (z B 2wy + 3 2 <w>u5<x>)odWs»

where

d d iaﬂjk 1 'kﬁﬁik ou
22 (5 o @)+ P W@)) REE
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2 Auxiliary results

2.1 Method of stochastic characteristics

In this section we will adapt the Hiroshi Kunita’s method of stochastic char-
acteristics for solving SPDEs to equation (2). Also we will make analysis of

stochastic characteristics that will be extensively used in further sections.

2.1.1 First order stochastic partial differential equations

Preliminaries
Let us first recall the theory of the deterministic partial differential equation
of the first order. Consider the initial value problem of the following linear

equation of the first order

8ut

E(x) = (ﬁ(‘%t)v v)ut<$) + Q(I,t)ut([E), up = f, (18)

where a(z,t) and $(x,t) are continuous bounded functions on R¢ x [0, T,
continuously differentiable in x with bounded derivatives. The theory of lin-
ear partial differential equations of the first order tells us that the problem
of integrating equation (18) can be reduced to the characteristic system of
ordinary differential equations

d’ ; du
e —B'(x, 1), — = a(z, t)u. (19)

o = (we e { [ atantesas})

be the solution of equation (19) starting from (c¢;,¢) at ¢ = 0. Then the solu-

Indeed, let

tion of equation (18) is represented by means of the solution of the associated

characteristic equation in form ¢y = f(c1) or

u(x) = f (p; ' (x)) exp {/Ota (s (91 '(2)) 1 5) ds} ,

where ;! is the inverse map of the map ¢,: R¢ — R
In this section we shall study the initial value problem of the linear SPDE
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of the first order given by

u(x) = f(at)—i—/o ((B(x,s), V)us(z)+a(z, s)us(x)) odWs, t € (0,7], (20)

where a(z,t) and B%(z,t) are continuous functions on R? x [0, T], and W, is
a standard 1-dimensional Brownian motion. A continuous C'-semimartingale
u(z), x € R4, t € [0,T) is called a (global) solution up to time T with the
initial value f if it satisfies equation (20) for any x and ¢ a.s. Hiroshi Kunita
developed a general theory with local solutions for nonlinear equations, but we
will be interested only in global solutions for linear equations.

Assume that the coefficients «(z, t) and 3'(x, t) satisfy Condition (E.1); for
some k > 3. Using the characteristic system of stochastic differential equations

developed in [11], we will solve linear equation (20).

Existence and uniqueness of solutions
The stochastic characteristic system associated with equation (20) is defined

by a system of Stratonovich stochastic differential equations of the form

pual) =2 = [ Blpur(a).r) odiV, (21)
where 8(z,t) = (8'(z, 1), ... ,6d(x,t))T and

Nst(x,u) =u+ / Nsr(z,w)a(psr(x), 1) odW,. (22)

By Theorem F.3 in Appendix F, for each s € [0,7] and (z,u) € R% x R this
system of Stratonovich stochastic differential equations has a unique solution
(st(2),nse(x,u)), t € [s,T] starting at (z,u) at time s. By Theorem 4.6.5°
n [11] this solution has a modification (ps+(z),ns:(x,u)), 0 < s <t < T
such that it is a forward stochastic flow of C*-diffeomorphisms, and it is also
a C*-semimartingale.

Since 7, satisfies the linear equation (22), we can find its solution straight

3We first rewrite the stochastic characteristic system using the Ito’s integral (rewritten
system is presented in Appendix D), and then apply the theorem.
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away

Nst(x,u) = wexp {/: a(ps,r(x),r) odWT} .

Let f(z) be a function of the class C*1 corresponding to the initial value
of equation (20). We denote ¢pg(x) by ¢(z). The Jacobian matrix dy;(x)
is always non-singular and the inverse 1y (z) = ¢; *(z) is defined for all t €
[0,7],z € R% Then by Theorem 6.1.9 in [11] equation (20) has a unique

global solution which is a continuous C*-semimartingale, and it is represented

by
. 23
y=1t(x) } ( )

Note that a(¢s(y), s) is a continuous semimartingale by the 1t6’s formula (The-

wle) = fonteyenn | a(paly). ) odI,

orem 1.8), and therefore the Stratonovich integral in formula (23) is well de-

fined. By Theorem 4.4.4 in [11] the inverse ¢, = ¢, satisfies the backward

Stratonovich equation

ors(x) =2+ / B(er(z),7) ociWr, s < t. (24)

Note that ¢;(z) = ¢ o(z). Then formula (23) can be rewritten by

ule) = fgwe { [ a(pale). ) oav, .

Explicit solution of the stochastic characteristic system

First of all let us denote

t
yo() = / (o (2),r) odWV,, s <1,

t
eo(@) = — / ol (@), r) od Wy, s < 1.

In this paragraph we will find ¢+, ;s and rewrite pig,, s in an explicit form
using Doss—Sussman method (see [3], [16], [19]). Also we will find some useful
properties of these stochastic characteristics. Note that in this paragraph we
are dealing only with the standard 1-dimensional Brownian motion W;.

For every z € [0, T}, consider the following autonomous system of ordinary
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differential equations (ODEs) of the first order

Oh

E(yazvt) = _B(h(ya Z,t),Z), h(yv Z>O) =Y. (25)

For the well-posedness of this Cauchy problem we need the following condition

on function S(z, s)

1. for every s € [0,T], B(-,s) is Lipschitz continuous in z, i.e. there exists
some constant L(s) > 0 such that |B(xy,s) — B(xg, s)| < L(s)|x1 — x2|
holds for all z; € R%.

This condition follows from the boundedness of functions 3 and their first

order derivatives 275; on R x [0,T]. Then for every (y,z) € R? x [0,T] there

exists a unique solution h(y, z,t), t € R of system (25).

Proposition 2.1. Let functions $'(z,s),z € R4, s € [0,T] satisfy Condition
(E1)g for some k > 3, and let h(y, z,t) be the unique solution of equation
(25). Then

1. h(y, z,t) is continuously differentiable in z,
2. for every z € [0,T], h(-,2,t) is a flow of C**1-diffeomorphisms on R?,

3. for arbitrary Ty > 0, all partial derivatives of function h(y,z,t) with
respect to (y, z) and function h(y, z,t) —y are bounded on R* x [0,T] x
[_Tla Tl};

4. there exists C' > 0 such that
|h(y’ thQ) - h(ﬁ% Z, 7(;1)| S C|t2 - t1|
holds for all (y,z,t1,t2) € R? x [0, T] x R?,

5. for arbitrary Ty > 0, there exists C' > 0 such that

oh' oh'
a—yk(y,Z,tQ) - a—yk(y,%h) < Clty — 1]
holds for all (y,z,t1,t2) € R4 x [0,T] x =Ty, T1]%.
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Proof. We know from the theory of ODEs (see Theorem 1.5.3 in [10]) that if

B, gf; and 8@ are continuous on R x [O T, then h(y, z,t) is continuously

differentiable in z, and the derivatives 2= e W satisfy

0 Ohi 4. 9 Ohi )k
815 B <y7 at> - - / i <h<yvzat)?z)g(y?zat) - Os (h(y7 Z>t)72)>
j=1 (26)
%( 0) =0
82’ y,Z, - Y

Let C' > 0 be the bound from Condition (£.1);. Then the coefficients in linear
equation (26) are uniformly in (y, z) € R? x [0, 7] bounded functions of t € R

)<c

Therefore, the solution 2% (y, z, ¢) has no more than uniform exponential growth

o
0s

, (h(y, z,1),2)

a A
max (‘—afj(h(%zat)»Z)

int
oh' edCltl — 1
ar Al<f — — 2
Tran| <

yielding the boundedness on R? x [0, 7] x [T, Ty].

Also we know from the theory of ODEs (see Theorem 1.5.3 in [10]) that
if 8(-,s) and 8fj
differentiable in y, and the derivatives -2 By k satlsfy

(-, s) are continuous on Rd then h(y, z,t) is continuously

0 on' 1 9pi o
8258 5 k1 y7 it ;ax] y7 it 7 )%(ZJ’ Zat)a
(27)
oh' 0, ifi# k,
W(ya Zs 0) = .
Y 1, ifi=k.
The chain property
Wy, z,t +s) = h(h(y, 2,1), 2, ) (28)

follows from the existence and uniqueness of a solution to equation (25), and
the inverse h™'(y, z,t) = h(y, z, —t). Thus for every z € [0,T], h(-,2,t) is a

flow of C'-diffeomorphisms on RY.
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oh
oyk1

has no more than uniform exponential growth in ¢

Similarly to equation (26), the solution (y, z,t) of linear equation (27)

6UlC’|t| -1

Oh'
1 2
| e (20)

%(Z/,Z,t)‘ <

yielding the boundedness on R? x [0, 7] x [T}, T}].
The existence of higher order derivatives of function h(y, z,t) and their
boundedness on R x [0, 7] x [~T},T}] can be proven in the same way.
Finally,

to
|h(y7z7t2) - h(y727t1)| = ‘_/ /B(h<y7278)7z> ds S O|t2 - t1|
t1

holds for all (y, z,t1,t2) € R x [0, T] x R?, and by (29)

on’ on’ L 9p Ond
8_yk(y’ 2, t2) - a_yk(y> 2 tl) = |_ /t1 ; i (h(ya <, T), Z>8_yk(y’ 2y T) dr
dCTy __ 1
< dc (GT + 1) Ity — 1]

holds for all (y, z,t1,ts) € R x [0, T] x [-T1, T1]>. O

Note that by Proposition 2.1(2) the Jacobian matrix g—z is always non-
singular.
Corollary 2.2. 1. Assume the same conditions as in Proposition 2.1. Then

function

s = (2 (2 s (30

1s k-times continuously differentiable in y, and for arbitrary 1) > 0,

h(y,z,t) and all its partial derivatives are bounded on R® x [0,T] x
[_Tth}’

2. In addition to (1), assume that function a(z,t),z € R4t € [0,T] satis-
fies Condition (E.1) for some k > 3. Then function

B(y,z,t):/o a(h(y, z,r), z)dr (31)
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is (k 4+ 1)-times continuously differentiable in y, continuously differen-
tiable in z, and for arbitrary Ty > 0, h(y, z,t) and all its partial deriva-
tives are bounded on R x [0,T] x [T, T1].

3. Under the assumptions above, the function

iy, 2. 1) = ((g—’;)?i - ?) (v,2.1) (3)

1s k-times continuously differentiable in y, and for arbitrary T) > 0,
iz(y,z,t) and all its partial derivatives are bounded on R x [0,T] x
[_TluTl}'

Proof. 1. The proof becomes straightforward if we notice the following for-

mula for the inverse of the Jacobian matrix g—z

(2—2)1@, 2,t) = (2—2) (h(y, 2,1), 2, =1),

which can be proven by differentiation with respect to y of equation (28)

for s = —t and equation (25).

2. The second statement about h(y, z,t) follows directly from Proposition
2.1.

3. The third statement about fl(y, z,t) follows directly from 1 and 2.
[

For every s € [0,7] and almost all w (when W;(w) is continuous), let us

consider the following system of ODEs

8 ~
aDs’t(ﬂf) = —h(Ds7t($),t, Wt — Ws), t e [O,T], (33)

D (z) = =,

where the function h(y, z,t) is given by formula (30). Note that W, — W, €
[—QWT,2WT] for all s,t € [0,T], where Wy = maxejo.r] [Wi. Then by
Corollary 2.2(1) the function

f(tv y) = _%(ya t W, — WS) (34)
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and its first order derivatives with respect to y are bounded on [0,7] x R¢.
Thus there exists a unique solution D, (), t € [0,T] of system (33). Moreover,
this solution is a process of bounded variation.

Let us extend the solution D;.(z) by adding
t ~
DI (z) = / h( Dy, (x),r, W, — W) dr, (35)

where function A(y, z,t) is given by formula (32).

Proposition 2.3. 1. Let functions 8(x,t),x € Rt € [0,T] satisfy Con-
dition (E.1);, for some k > 3, and let Ds,(x) be the unique solution of
equation (33). Then Dy(x) is k-times continuously differentiable in x,
function Ds(x) —x and all partial derivatives of Ds4(x) are bounded on
[0, 7% x RY. Moreover, there exists a positive constant C' such that

D!

oD:,, "
ax,;t (z) &p’: (z)| < Clta — 1]

|Dsty(2) = Dgy, (x)] < Clty —t4],

hold for all (s,t1,ts, ) € [0,T]3 x R%.

2. In addition to (1), assume that function a(x,t),r € R%t € [0,T] sat-
isfies Condition (E.1);, for some k > 3. Then D¥f'(x) is k-times con-
tinuously differentiable in x, ngl(a:) and all its partial derivatives are
bounded on [0,T]> x R%. Moreover, there exists a positive constant C
such that

}Dd“(m) - Dd+1(x)| < Clty — t4]

s,ta s,t1

holds for all (s, t1,t2, ) € [0,T]3 x R%.

Proof. 1. We know from the theory of ODEs (see Theorem 1.5.3 in [10])
that if fi(¢,y) defined by (34) and g—gj(t, y) are continuous on [0, 7] x R,

then D (z) is continuously differentiable in x, and the derivatives (Z ,%’t
) r~1
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satisfy

o OD! LNTN, DI
a amk;t (Qy) = — Zl a—yj(Ds’t(.T), t, Wt — WS)aTk;t(x),
]:
| (36)
aD;S( ) 0, ifi# ki,
S () —
O 1, ifi=Fk.

Let C' > 0 be the bound from Corollary 2.2(1). Then the coeflicients in

linear equation (36) are uniformly in (s, z) bounded functions of ¢ € [0, 7]

(Dsﬂf(x)vt?Wt - Ws) S C.

ol
oy’

6Ds,t

dxk1

Therefore, the solution () has no more than uniform exponential

growth in ¢

Sk T 7 +1,

yielding the boundedness on [0, T]? x R%

‘(?Di’t ‘ el

The existence of higher order derivatives of function Dy ,(x) and their

boundedness on [0, 7]? x R? can be proven in the same way.

Finally,
t2~
|Ds 1, () — Dy, (z)| = ‘—/ h(Ds,(x),r, W, — Wy)dr| < C|ty — t1],
t1
oDi . oD! . 2 2L ok oDi,
axkt (Qj) axkt (x) = ‘—/tl Za_y](Dsr< ) T, W W) al‘k (:L’) dr
j=1
dCT __ 1
< dC (GT + 1) [ta — 1]
hold for all (s,t1,t2,2) € [0, T]® x R%
2. Let C' > 0 be the bound from Corollary 2.2(3). Then
|D¥H(2) — DM )| = (D, (), 7, W, — W) dr| < Clts — t]
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holds for all (s, t1,t2,x) € [0, T]> xR% The rest of the proposition follows

directly from Corollary 2.2(3).
[

Let us denote
wst(x) = h(Dg(x), t, Wy — Wy), s < t. (37)

By a direct computation of differentials we can prove that it is the solution of
equation (21). Indeed, by the It6’s formula (Theorem 1.8) and (33), (30), (25)

we have

wg,t(‘r) - xj = h]<D ( ) t Wt - WS) - hj(Ds,s(x)a S, Ws - Ws)

] .
/ 8h (x),r,W, — W)dD;r(x)
J
5 %%(Ds,r(x), r, W, — Wy)dr
J
+ / aait(Ds,r(x),r, W, — W) odW,

/ B (psr(x),7) 0dW,.
Similarly, we can prove that
ors(x) = h(Dys(x), s, Wy — W), s<t (38)

is the solution of equation (24).

Next, let us prove the following new formula of ji,;
fsp(x) = DI @) + h(Dgy(2), t, Wy — W),  s<t. (39)
By (35), (32), the Itd’s formula (Theorem 1.8) and (31) we have for s <t

D;l,—;l(x) + B(DS,t<I>7t7 Wt - Ws)

_ /: ((Z_Z)E - %) (Dyp ()1, Wy — W) dr
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t L on
+ / a—yi(Dw(w),r, WT—WS)dD;r(x)

o)) t o,
+ %(str(x)’ T, WT - WS) dr + E(Ds,r(w)a r, Wr - Ws) OdWr

S

_ / (psp(2),7) 0d W, = 1y 4(x).

Similarly, we can prove the following new formula of 1,
pis(z) = DEH () + h(Dy (), s, Wy — W), s < t. (40)

The following two propositions are important results which will be used in

further section.

Proposition 2.4. Let functions a(z,t), B(z,t), = € R, t € [0,T)] satisfy
Condition (E.1),, for some k > 3. Then the functions s (x) — x, psi(z) and
all partial derivatives up to and including order k of psi(x) and psi(z) are

bounded on [0,T)?> x RY. Moreover, there exists a positive constant C such
that

|<P87t2(x) - ¢37t1($)| < O(|Wt2 - Wt1| + |t2 - t1|)7
agpi,tz agpi,tl
oxk (z) - oxk

()] < AW = Wl + 1)
hold for all (s,t1,ts,2) € [0,T]® x R%. As a consequence, the Jacobian

o (224

is bounded on [0,T]? x R%, and moreover, there exists a positive constant C
such that

0ps s 0pss,
‘det( g; (x)) — det (%(x))' < O(|W, = Wi | + [ta = ta])

holds for all (s, t1,t2,2) € [0,T]3 x R%.

Proof. By Propositions 2.1 and 2.3(1), there exists C' > 0 such that for all
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(S7t17t27x> € [O7T]3 X Rd

(05,82 () = Py (@)| < |A(Dispo (@), b2, Wiy = We) = h(Dis (), 02, Wiy, — W)
+|h(Dsty(x), te, Wy, — Ws) — (D1, (), t1, Wy, — W)
+|h(Dsty(x), t1, Wy, — Ws) — W(Dsyy (), t1, Wy, — W)
< CIWy, — Wy | + Cltg — t1| + Clta — t4].

Then the function ¢, (x) — z is bounded on [0, T]* x R,

Using formulas (37), (38) we can represent all partial derivatives of g ()
in terms of partial derivatives of h(y, z,t) with respect to y and partial deriva-
tives of D, (z). Partial derivatives of h(y,z,t) are bounded by Proposition
2.1(3), and partial derivatives of Ds;(x) are bounded by Proposition 2.3(1).
Therefore, all partial derivatives up to and including order k of ¢, (x) are
bounded on [0, T]? x R?.

The boundedness of the function s, (x) and its partial derivatives follows
directly from formulas (39), (40), Proposition 2.3 and Corollary 2.2(2).

Also, by Propositions 2.1 and 2.3(1), there exists C' > 0 such that for all
(s,t1,t2,2) € [0,T]® x R we have

agpi,tz agpé,tl
) -
Oh? 0D 4, Oh? 0D 4,
< ' ay (DS,tz (m)ththz_WS) Oxk ({E)— a_y<DS,t2<$)7t27Wt2_WS) Ok (LIJ)‘
on’ oD,, . . Oh oD, .,
o Duss(a)a W W) 258 1) = G D @)1 W= W) 2 o)
Oh! Oh!
S C|t2 - tll + C _(Ds,t2<x>7t27 th - WS)_ _(Ds,t1<x>7t17 th - WS) )
dy dy
where
Oh' Oh!
‘a_y(Dsth("L‘% tQ? Wtz - WS) - a_y(DS,h (.’,U), tla Vth - WS)
Oh! Oh!
< ‘ 9y (Dsty (), to, Wy, — W) — a—y(Ds,tQ(Qf),tz, Wy, — Ws)
Oh' Oh!
+ ‘a_y(Ds,t2($)7t27 Wt1 - Ws) - a_y<Ds,t2($)a t17 th - Ws)
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oh! on'
ay (Ds,tQ(x)7t17 th - Ws) - a_y

< C\Wy, — Wy | + Clta — t1| + Clta — t4].

(Ds,tl (‘T;)) tl? th - WS)

[]

Proposition 2.5. Let functions a(z,t), Bi(z,t), = € R, t € [0,T)] satisfy
Condition (E.1)y for some k > 3. Then

sup |@io(x) — @so(r)] — 0, sup |peo(x) — pso(x)] — 0.
$€Rd t—s a:GRd t—s

Proof. By Propositions 2.1, 2.3(1) and 2.4 we have

sup [r,0(7) — @s,0(2)] = sup |©0s0(y) — s0(©0st(¥))|

zcR4 yeR?
= sup |h<Ds,O(y)7 07 _Ws) - h<Ds,O((ps,t(y))7 07 _Ws)‘
yERA
oh 0D,
< sup | 2y, 0, —W, ’ —oaiy) — 0.
< gy W 0 =Ws)| sup |\ =5 (@) sup, Y — esa(y)l —

(41)

Next, using formula

peo(x) = —po(eeo(x) = —Di (pro(x)) — B(Dog(@ro(x)), t, Wh),
we estimate

sup [100() — pts0(2)] < sup |A(Dos(pro(@)),t, W) = h(Dos(ps0(2)), s, Ws))|

z€R4 z€R4

+sup | Dy} (@r0(x)) — DG (9so(@))] -

zeR4

Then, by Corollary 2.2(2), Proposition 2.3 and (41), the right hand side of

inequality above goes to 0 when ¢t — s

sup | Dy (ero(x)) — Dot (9so(@))]

z€R4

< sup(| D57 (eo(@)) = D5t (peo(@))| + [ DGE (pro(2) = DL (pso(x))])

zcR4
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< Clt —s|+ C sup |pro(x) — ws0(z)] — 0,
zeRd t—s

sup ‘B(DO,t<90t,0(x))v t, Wt) - B<D0,S(¢S,O<I>>7 S, WS)‘

zERI
< 56111% ‘B(Do,t(%,o(x)): t, W) — h(Dot(pro()), t, Ws)|
+ xseuflé)d |R(Dos(pro(x)), t, Wy) — h(Dos(sp(x)), t, W)
+ xseugd |h(Doi(s0(2)),t, We) = (Do s(s0(2)), t, W)
+ $S€11£d |B(D0,s(905,0(17)>7 t, W) — h(Do s(¢s0(x)), s, Ws)‘

< C|\Wy — Ws| + C sup |pro(x) — pso(z)] + Clt — s| + CJt — s| 7_—}—> 0.
zeR4 s

2.1.2 Second order stochastic partial differential equations

Preliminaries

In this section we shall study the initial value problem of the second order

linear SPDE

u(z) = f(x) —i—/ Ls(qs)us(x) ds
;Y (42)
—i—/o ((B(x,s), Vus(z) + a(x, s)us(z)) odWs, t € (0,7],

where L; is an operator of the form

Li(q)u = (66T(x, t,q)V, V)u + (9(z,t,q), VIu+d(z,t,q)u, (43)

N | —

with a given d-dimensional continuous semimartingale ¢;.

We assume that the coefficients a(x, t) and %(z,t) in equation (42) satisfy
Condition (E.1); for some k > 4, and the coefficients of the operator L,
satisfy Condition (E£.2). A continuous C?-semimartingale u;(z) is then called
a solution with the initial value f if it satisfies equation (42) for any x and ¢

a.s.

Remark. Condition (E.1); for some k > 4 provides four times continuous
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differentiability of the functions s (), psi(x) defined in the previous section
(see Proposition 2.4). This will allow us to prove twice continuous differentia-
bility of the functions a(x,t,q), b(x,t,q), c(x,t,q) in formula (51) (see Lemma
2.6). Meanwhile, Lemma 2.6 will be used in the proof of Theorems 1.1 and 1.2

in Section 3.

We shall rewrite equation (42) using the Itd’s integral. Define a second

order operator Zt by

9%u
o0xt0xI

d
Fu=3 3 B0 .1

ij=1

ou

*Z( > e 0 (e.t) + .t w)% (44)
(Zﬁ’wtazxt) <<xt>>>u.

In Appendix D we show that using the Ito’s integral, equation (42) can be

written as

w(z) = f(x) +/0 (Ls(q8> + LS) us(x) ds (45)

N /0 ((B(x,5), V)us(x) + alz, s)us(z)) dWs.

Conversely let us(z) be a continuous C*-process satisfying the equation

represented by the [t0’s integrals:

u(z) = f(x) +/ Ag(gs)us(x) ds
‘ (46)

+/0 ((B(z,s), V)us(z) + oz, s)us(x)) dWs.

If us(x) is a C*-semimartingale, it is represented by equation (42), replacing
Ls(qs) by As(gs) — ZS where Zs is defined by equation (44).

Note that the second order part of the operator L; in equation (42) and
that of the operator A; = L; + Zt in equation (45) are different because

B (x,t)B7(z,t) are not identically 0. Conversely, solutions of the equations
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with the common second order part and the common random first order part
can have different properties if one is written by the Stratonovich integral
and the other is written by the Itd’s integral. In the case A; = Zt, equa-
tion (46) represented by the It0’s integrals is a second order equation, but the
same equation represented by the Stratonovich integrals is just a first order
equation. Moreover if the coefficient a%(x,t) of the operator A; is less than
Bz, )3 (z,t), equation (46) does not have a solution, since the second or-
der part of the same equation represented by the Stratonovich integrals is no
longer non-negative definite.

For this reason, we will solve the equation represented by the Stratonovich

integrals.

Existence and uniqueness of solutions
In this paragraph we will show how to construct a solution of linear equation
(42) under Condition (E.1); for some k > 4 and Condition (F.2).

Note that the right hand side of equation (42) consists of the random first
order part and the deterministic second order part f(f Ls(qs)us(x) ds. The first
order part can be regarded as a perturbation term adjoined to the second order
part. We will show that the well-posedness of equation (42) can be reduced to
the well-posedness of a certain deterministic second order equation, which is
a modification of the equation du;/0t = L(q;)u; affected by the perturbation
term.

We first consider the first order part. Let w;(f) be the solution of the first
order equation (42) where L;(¢) = 0. Then by Theorem 6.1.9 in [11] it is
represented by

wi(f) (@) = &o(x)f(pro(x)), (47)

where ¢ is the inverse of the stochastic flow ¢y which was defined in the

previous section, and

éle) oo { | alpra@). ) S

We may consider that for almost all w, w; is a linear map on C* (Rd: R). It
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is one to one and onto. The inverse map is given by

wy (f)(@) = &olpoa()) ™ fpoa()) = Goalx) ™ f04(2)), (49)

where

éode) = exp { [ alina(o).s) o}

Define the operator L¥(q) by w; *L,(q)w,. Then we can prove by a direct

computation that L}’(q) is a second order differential operator represented by

L) f = 5 (a(z, t,q)V, V) f + (b(x,t,q), V) +c(x,t,9) f. (50)

l\l)lr—A

Here a%, b*, ¢ are smooth functions with random parameter w defined by

Y

a’(z,t,q) <Z 557) " (y,t,0)0k (¥io) (v )&(%o)(?ﬁ)

k.l y=¢0,t(x)
d
1 j '
(2,1, q) (52 “ly.t.q) (akal (ho) (¥) — 28k(ut,o)(y)0z(90£o)(y))
k,l=1
d
+> 9" (.1, 0)0k( wto)(y)> )
k=1 y=¢o0,¢(z)

e(w,t,q) = (%Z 55") " (4,t,9) (Oe(100) ) Wp0) () = D) v) )

k=1

)

y=wo,t(z)

> 8"y, 1, Q)0 (10) () + dly, 1, q))

k=1

(51)

where 0, = 9/02*. Indeed, by equations (47), (49) and (43) we have

Ly (q) f(2) = v L(@)wef (2) = &o(poa(2)) T Le(@)we f (o)), (52)
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d

Z (56T)kl(96, t,q) k01 (&ro() f(pro(x)))

=1

Li(q)w.f(x) =

N | =
x>

)

9" (2, £, @) O(&e0(2) f(pr0(2)))

M=

+

ol

z,t,q)&0(7) f(pro()).

Partial derivatives in equation (53) are calculated by

S

+

d

O (&0(2) f(pro(2))) = o) Z 0i(F)(e0(2) 0k (o) (7) (5)

+ 0k(&0) () f (pro(2)),

d

(&) f(pr0(2)) = Euo() D 0:0;(f) (@r0(2))Dk(h0) ()01 (10) ()

i,7=1
d

£ 30 0N @0(@) (020001 (9h0) () + BiEeo) ()01 (h0) (1)

i=1
+ Oh(60) ()01 (10) (2) ) + (&) (2) f(pr0(2)).
(55)
Substituting equations (54), (55) into (53), and equation (53) into (52), we

obtain formulas (51).

Lemma 2.6. A square matriz-valued function a(z,t,q) is uniformly elliptic,
functions a”(z,t,q), b'(z,t,q), c(x,t,q) are continuous and bounded on R x
[0, T] x RY, twice continuously differentiable in x with bounded derivatives, and
uniformly Lipschitz continuous in q. (If we denote by M, x the bound and the
Lipschitz constant, then we may choose x > dM/3.)

Proof. First of all, let us prove the uniform ellipticity of a(z,t,q). Denote

Clat) = (%5 >T(900,t($))~

Then we can rewrite formula (51) for a as
a(z,t,q) = C'a,1)(05") (po(2), t, ) C,1).
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By Proposition 2.4, all elements of matrices C'(x,t) and its inverse

€)= (( e )T)_Emt(x)) - (( e )_1>T<goo,t<x>> - (%Y

are bounded functions on R%x [0, 7]. Then there exists some constant M, > 0

such that the norms

1C (2, ) |rasre < My, [|C7H (@, ) || g < Mo

for all (z,t) € R? x [0, T]. Therefore

(a(@,t,9)§,€) < m|Cla, )" < m||Clx, )IIPIE* < mMEe]?,

€2 P

(aw,t,0)6, &) 2 m~|Cla, O 2 m™ e 2 m s

hold for all £,2,q € R? and t € [0,T], i.e. a(x,t,q) is uniformly elliptic.
The rest of the Lemma follows directly from Condition (£.2) and Propo-
sition 2.4. [

Consider the following deterministic second order equation

ur(z) = f(z) + / L¥(q)us(e)ds,  te(0,T). (56)

A continuous C%-process u;(z) is then called a solution with the initial value
f if it satisfies equation (56) for any x and ¢ a.s. By Theorems 1.1 and 1.3
in [15], if f € C (R?) is a bounded function on R?, then equation (56) has a
unique bounded solution u(x). Moreover by Theorem 1.2 in [15], this solution
is a continuous C3-process.

The following lemma shows the relationship between the solutions of equa-
tions (42) and (56).

Lemma 2.7 (Lemma 6.2.3 in [11]). Let us(x) be a continuous C*-process and
C?-semimartingale. It is a solution of equation (42) if and only if uj(z) =

w; H(uy)(x) ds a solution of equation (56).
Let f e C (Rd) be a bounded function on R and let u;(z) be the unique
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bounded solution of equation (56), then by Lemma 6.2.3 in [11], w;(u;)(z)
is the unique bounded solution of equation (42) such that it is a continuous

C3-process.

2.2 Supporting propositions

The well-posedness for equation (1) in case of the quantile vector @), and «, 8 =
0 was done in [7]. In this section we will present a number of propositions that
are generalizations of the propositions from [7] to the case of both the quantile
vector (), and the CKL-quantile vector Qvfy, and arbitrary «, [ satisfying
Condition (F.1).

Recall that the heat kernel of the standard heat equation in R? with a
diffusion coefficient o > 0 is defined by

2
_ 2\ —d/2 x
Go(t,x) = (2mto?) exp {_21502 }
Note that [, Go(t,x)dx =1 for all o,t > 0.

Consider the general heat equation

8Ut

E(l‘) = Lyuy(z), (57)

where
Lou(z) = %(a(t, D)V, Vu(z) + (b(t, ), V)u(z) + oft, 2)u(z).

The following fact about two-sided estimates for heat kernels is well known
(see [7], [15]).

Proposition 2.8. Suppose that a is uniformly elliptic with ellipticity constant
m, a,b,c are continuous in t, a is twice continuously differentiable in x and
b,c are continuously differentiable in x, a,b,c and all their derivatives are
bounded by some constant M. Then there exist positive constants o;, C;, 1 =
1,3, depending only on m, M, T such that the Green function (or heat kernel)
of equation (57) (i.e. its solution G(t,x,s,&) with the initial condition d¢ at
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time s) is well defined, differentiable in x,& and satisfies

C1Go (t—s,0 — &) < G(t,x,8,§) < CyGyy(t — s, — &), (58)

max <'%G(t,x, s,f)' , E%G(t,x, S,{)D < Cs(t —s)"Y2G(t,x,5,6)  (59)

forallz,6 €c R and 0 < s <t <T.

Let positive m, M, T be given. For every t € [0,T], denote by U, ar.+(uo)
the set of solutions u;(z) of the Cauchy problems of all equations (57) satisfying

the conditions of Proposition 2.8 with a given initial condition uy. Also denote

Um,M,(o,T}(Uo)Z U Um,M,t(Uo)-

te(0,T7]

The following two propositions are generalized versions of Propositions 3.2
and 3.3 in [7].

Proposition 2.9. Let positive m, M, T be given. Under the assumptions of
Proposition 2.4, for any uy, vy € Ly (Rd) and € > 0 there exists K > 0 such
that for all vy € Uy ar o, (o + hvo), h € [0, 1]

/| @) <

where wy is defined by (47).

Proof. Let C,, be the bound from Proposition 2.4. By Proposition 3.2 in [7]
there exists K; > 0 such that for all u; € Uy, ar,0,7(t0)

/ |ug ()| da < Eexp{—C’w}C';l.
2> K1 2
Note that |z| > Ky + C,, yields |¢:o(z)| > K;. Therefore

e ui z)| dr < t,0\ L u% vo(x))| dx
/ac|2K1+Cw| () (@) / &eo(x) [ug (pro(@))]

le,0(z)| 2K

< exp{Cy} |ui ()| | det(Depo.(y))| dy <

19
ly|> K1 2
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Similarly, there exists Ko > 0 such that for all uf € Uy, aj0,71(v0)

/93|>K2+C [ (u) ()] dx <

For any w; € Upyaro.17(uo + hvg), h € [0,1] let v} and uf be the solutions of

N ™

the corresponding Cauchy problem starting with vy and vy respectively. Then

|wy (ug) ()] dox < / lwe (ug) (@)| da

|$‘2K1+Cw

—|—h/ lwe (uf) (z)] do <e.
|z|>Ko+Chy

/l‘rE|ZmaX(K1 ,K2)+Cw

O

Proposition 2.10. Let positive m, M, T be given. Under the assumptions of
Proposition 2.4, for any strictly positive uy € C (Rd) and K > 0 there exists
0 > 0 such that for all uy € Up, arjo.11(u0) and || < K

wi(ug)(x) =0,

where wy is defined by (47).

Proof. Let Cy, be the bound from Proposition 2.4. By Proposition 3.3 in [7]
there exists 6y > 0 such that for all u; € Up, ar,0,77(00) and |z| < K + C,,

ut(x) > 60.

Note that |z| < K yields |pio(x)] < K + C,. Therefore, for all u, €
Um,M,[O,T] (Uo) and ‘l’| S K

wi(uy)(z) = & o(z)u(pro(x)) > exp{—Cly }bo.

]

Combining these two facts we obtain the following proposition which is a

generalization of Proposition 3.4 in [7].

Proposition 2.11. Let T > 0 and v = (71,...,74) with all v; € (0,1) be
given. Assume that conditions of Proposition 2.4 hold. Consider equation (57)
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under the assumptions of Proposition 2.8 with given m, M and the additional
condition that w(u;) preserves the Li-norm, where mapping w, is given by
(47). Then for any strictly positive uy € C (Rd) N Ly (Rd) and any non-
negative vy € C (Rd) N Ly (Rd), there exist K,0 > 0 such that for all u; €
Um,M,(O,T] (uo + hvo), h € [0, 1]

max Q) (wy(w))] < K, (60)

inf {wt(ut)(x): max 27| < K} > 0. (61)

The set of functions satisfying conditions (60)—(61) is convex. Moreover, if
> < 1, then for any strictly positive ug € C (Rd) N Ly (Rd) and any non-
negative vy € C (Rd) N Ly (Rd), there exist K,0 > 0 such that for all u; €
Um,M,(O,T] (uo + hvo), h € [0, 1]

mae | Q) (wi(u)| < K. (62

inf {wt(ut)(x): max |27 | < 2dK} > 0. (63)
j
Proof. Let us pick up an € > 0 such that
e<min (Y1, .-, Ya L — Y15+ L —5a) ||wo]| -

By Proposition 2.9 there exists K > 0 such that for all u¢ € U, ar, 0,71 (to+hvo),
h € 0,1]
/ wy(ug)(z) dr < e. (64)
|z|> K

The following inequalities prove (60).

/ wi(ug)(2) dr < £ < 7((luolls + hllvollz) = / wiug) (z) da,
|| > K

AiQ'y (wt (ug))

/||>K wy(ug)(x) doe < e < (1 =) ([luollz + hllvoll2)

N /Rd\AQ’Y(“’t(uz)) we(ur) (z) d.
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Existence of § > 0 such that estimate (61) holds follows directly from Propo-
sition 2.10. Obviously, the set of functions satisfying conditions (60)—(61) is
convex.

Suppose »_7; < 1. Let us pick up an ¢ > 0 such that

e <min (11,90 1= %) luolln,

and then choose K > 0 such that (64) holds for all u; € Uy, ar,(0,17(t0 + hwy),
h € [0,1]. The following inequalities prove (62).

/|x|>K wy(ug)(x)dr < e < (1 — nyj>(|]u0||L + hljvollz)

B /14?7(1”1&(Ut)) wi(ug)(2) de,
/ wi(ug)(x) de < e < v(JJuollz + Pllvollz) = /~ w)(@) da
|z|>K

AQ“’ (wy(ug))

Existence of § > 0 such that estimate (63) holds follows directly from Propo-
sition 2.10. ]

The next proposition shows the Lipschitz continuity of both the quantile
Q- and the CKL-quantile vi in Ly-norm.

Proposition 2.12. Let T > 0 and v = (71,...,74) with all v; € (0,1) be
given. Assume that conditions of Proposition 2.4 hold. Consider equation (57)
under the assumptions of Proposition 2.8 with given m, M and the additional
condition that w(u;) preserves the Li-norm, where mapping w, is given by
(47). Then for any strictly positive uy € C (Rd) N Ly (Rd) and any non-
negative vy € C (R?) N Ly (RY), there exists Cy > 0 such that for all u},u} €
U, 0,10 + hvg), b € [0,1] (uf,ui must be chosen for the same h and at

the same time t)

| (we () = @y (we(wr))] < Cuju = wr] .-

Moreover, if the dimension d <3 and ) v; < 1, then for any strictly positive
uy € C (Rd) N L (Rd) and any non-negative vy € C (Rd) N L (Rd), there
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exists Cy > 0 such that for all uj,ui € Uy, v, 0.07(uo + hug), h € [0,1]
@ (e () = Qs (we ()| < Cu[Ju =],

Proof. Let C,, be the bound from Proposition 2.4. Then for all u},u? €
Um,M,(O,T] (Uo + h’UQ), h e [0, 1}

o () — ()], < CovexplC) u — ], (63

Let uy,uf € Upn 01 (uo + hvg), h € [0,1]. Consider the following contin-

uous positive integrable function

vs(2) = (we(uy) + s (0 (uvf) — wi(w))) (@), s € [0,1].

In Appendix E we prove that the function ¢(s) = @, (vs) is continuous in s.

Also it satisfies the equation

(we(uy) + s(we(u7) — wi(ug))) (@) dz = v;(|Juoll L + hl|vollL)-

[{xGRd s 2 <gj (s)}

Considering the difference of the equation above at points s + As and s, we

see that ¢;(s) is differentiable and satisfies

60 = = [ () ) =)0 TT )

ki

We uf - We Ui z)dr.
X/{IeRdiijZj(S)}( ( ) ( ))()

Let us choose K, 6 > 0 from Proposition 2.11. Then by (60) we deduce that
point 7 = ¢;(s) lies in [— K, K], and therefore, by (61) and (65), we have

@5 (we(uf) = @5 (wi(w))] = 1a;(1) = 4;(0)] < sup[g;(s)]

Cpexp{Cy}
= O K41

2 1
H“t _“t”L'

Now assume that the dimension d < 3 and Y v; < 1, and let uj,u? €
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Unn, 0,1 (o + hvg), b € [0,1]. Then the function

q(s) = Q (we(u) + s (we(uf) —we(wy))), s €0,1]
is continuous in s by the same arguments as above, and satisfies the equation

¥ ([lwollz + RllvollL)

/ (we (uy) + s (we(uf) — we(w))) (@) do.
{xERd: 27 —q;(s)>0Vmax;,; (zifqi(s))}

Considering the difference of the equation above at points s + As and s, we

will get a system of linear equations on Ag;/As

23 —q;(s)+qr(s)
/ / (wt (uf) — wy (ut H dadx? + o(1)

k#j

Z (AQJ qu) </+OO /xj_qj (8)+aqx(s
i=1,...,d

.....

(we (ug) + s (we (1) = wi(ur))) ()

k.7 =
xiwj—qj(swqi(s)gdl’ dr’ + 0(1)>
W

Aq; ar(s) L ) ) i
+ A_(i‘] (/ (wt (Ut) + S(wt(ut) — Wy (ut)))(x)}xj:qj(s) H dz* + 0(1)>'

> k#j

(66)

Note that, all coefficients converge as As — 0. Then by Proposition A.2, for
small enough As, this system has a unique solution that also converges as
As — 0. Let us choose K,# > 0 from Proposition 2.11. Then by (62) and
Proposition B.1, all ¢;(s) lie in [—(2d—1) K, (2d — 1) K], and therefore, by (63),

we have

/‘Ik(s) (we(ug) + s(we(uf) —we(wy))) ()] s HdI > 0K,

> k#j

We do not have to solve the limiting equation for q;-(s) explicitly, but instead
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we can apply Proposition A.2. It gives us

1
5(s)] < gzt lwn(wd) —wilw)|]

and therefore, by (65), we have

Q4 () = @4 (i ()| = gy (1) = 4;(0)] < sup (s
Cypexp{Cy}
- oK d-1

2 1
H“t _ut”L'

]

Proposition 2.13. In terms and assumptions of Proposition 2.12, w;(u;) is
continuous in Ly (R?). Therefore (see Appendiz E), both quantile Q. (w;(uy))

and CKL-quantile Q. (wq(u;)) are continuous in t.

Proof. Let us fix time s. By Proposition 2.4, there exists C' > 0 such that

[Jw(ur) — ws(us) ||z
< Hft,out(%,o) - €t70u5(905,0)”L + Hft,ous(%,o) - fs,ous(%,o)HL

< sup o) [|ue(pr0) — us(ro)lle + sup &o(@)|us(pr0) — us(wso)lle
R4 zcR4

+ sup [&o0(z) — & o(2)|]lus(s0) |z

zcR4

< Ollug — gl + Cllus(pro(po,s)) — usllz + C sup [Eo(z) — &so(2)].
zeR4

We will show that the right hand side of inequality above goes to 0 when ¢t — s.
By Propositions 2.4 and 2.5 we have

s [60(x) — Euo(x)] = sup exp{ ()} exp -~ (x) + paof®)} ~ 1

< ¢ (o {sup | = palo) + sl 1) 0

reRd t—s

Next, by the strong continuity of the propagators solving equation (56) in

L we have

||uy — us||, — 0.
t—s
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Finally, let an arbitrary ¢ > 0 be given. By Proposition 3.2 in [7], there
exists K > 1 such that

g
ug(x)|der < ,
/|x|>K_1| @)l dr <

where C, is the bound from Proposition 2.4. By Proposition 2.5 there exists
0 > 0 such that

d

sup |ro(o.s(r)) — 2 Y sup
rER4 k=1 ly|[<K+1

ou €
— ldx <

w

©r0(pos(x)) € Ur(x) = {?J eR%: |y —z| < 1}

hold for all t € (s —§,s+6) and z € R%. Then for all t € (s —d, s+ J) we have

||u8<90t,0(90078)) - USHL

= /|I>K|us(90t,o(<ﬂo,s(x))) — us(z)| do —|—/ s (©10(pos(z))) — us(z)| dae

|lz|<K
d

£ &
Co+2 Co+2  Jocx kz:; el (x)

Ou
a—yk(y)‘ lo(pos(x)) — x| da

d

g (02 + 1) 6“5 ‘ /
< —t—2 4 sup |gro(pos(z)) — sup ldr <e.
G TS len(pna(@) |; S5 (v) ok
Therefore

l|us(0e0(0o,s)) — usllz 0

]

Let us recall a proposition from [7] that shows Lipschitz continuity, in
Lqi-norm, of the solutions to diffusion equations with respect to functional

parameters.

Proposition 2.14. Consider two equations (57), specified by two families of
operators L}, L? with the coefficients ay,by,c1 and ag, by, cy respectively, each
satisfying the assumptions of Proposition 2.8 with given m, M. Assume that all
coefficients a;, b;, ¢; are twice continuously differentiable in x (with all deriva-

tives bounded). Let T > 0 be given. Then there exists Cs > 0 depending on

o1



the bounds for the derivatives and m, M, T such that, for any ty € [0,T] and
any uy, € HY (R?), the solutions u},u?,t € [to,T] of the corresponding Cauchy

problems satisfy the estimate

< C5(t — to) supd (lay(r,x) — ag(r, z)| + |b1(r, ) — ba(r, )]
zeR
T‘E[to,t}

1 2
H“t _“tHL

- ler(ry @) — ea(ry @)l | g2 (-

Finally, we give the last proposition that yields the bounds for H? (Rd)

norms of the solutions to diffusion equations.

Proposition 2.15. Let T > 0 be given. Consider equation (57) under the
assumptions of Proposition 2.8 with given m, M. Assume that coefficients
a, b, c are twice continuously differentiable in x (with all derivatives bounded).
Then there exists C' > 0 depending on the bounds for the derwatives and
m, M, T such that, for any ug € H? (Rd), solution uy € Upy pr,0.11(t0) satisfies

HutHHf(Rd) < CHUOHHf(Rd)‘

For the proof, see Appendix C.
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3 Proof of Theorems 1.1 and 1.2

Proof of the theorems. Let us pick up a ug. For almost every w (when W;(w) is
continuous) consider equations (56) on [0, 7] x R? with different d-dimensional
continuous stochastic processes ¢;. By Lemma 2.6 all these equations (56)
satisfy assumptions of Proposition 2.8. Let us choose K > 0 from Proposition
2.11.

Let C ([O, 7], Rd) denote the Banach space of R%valued continuous func-
tions on [0, 7’| with the usual norm ||¢|| = sup, |¢/|, and let C(K') be the cube of
side 2K centred at the origin. For any ¢y € C(K) let Cy, ([0,7],C(K)) denote
the convex subset of C ([0, 7], R?) consisting of curves with gy given and with
values in C(K). Let

qo = Q'y(u0>~

For a given curve ¢ € Cy, ([0, 7], C(K)) let u[q](x) denote the solution at time
t of equation (56) with the initial data ug(x). Let us define

D4lq] = Q(wi(ueg))).

By Proposition 2.13, we conclude that ®;[q] depends continuously on ¢. Conse-
quently, applying Proposition 2.11 we deduce that the mapping ¢ — ®[q] is a
mapping from C, ([0,7],C(K)) to itself. It is clear that bounded C?3-process
w;(x) solves equation (1) if and only if ¢, = @Q,(w) is a fixed point of this
mapping and is a continuous semimartingale. Thus well posedness of equation
(1) is reduced to the problem of existence and uniqueness of this fixed point.
Denote . B
0= 5 (3xCuCilluollaz)
where y is the Lipschitz constant from Lemma 2.6, and C4, C5 are the con-
stants from Propositions 2.12, 2.14 respectively. Consider mapping ® on
Cy ([0,70),C(K)). Let ¢*, ¢* be two curves in Cy, ([0, 70], C(K)) and ®[¢'], P[q¢?]

their respective images. Then by Propositions 2.12, 2.14 we get

|2 [¢'] = @ [¢°]] < CufJus[a'] = we[a’]]
1

< 3xCaCst [ug|| 2 sup 0 — a7 < 3 w |4y — a7,
rel0, re|0,
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i.e. ® is a contraction on a closed set, and therefore, there exists a unique fixed
point ¢ in Cy, ([0, 7], C(K)).

Denote
B 1
(%:@Q+amg”ﬂﬂyﬁwmm, T:?M@@%yﬁ

Using induction by n, we will show that ® has a unique fixed point in B,, =
Cy (10,70 + n7],C(K)). We will see below that this uniform jump 7 is possible,

because by Proposition 2.8, we have the uniform upper bound
[uell gz < Co (67)

for all s € Upy i 170,17 (10)-

Suppose for some n > 1, mapping ® has a unique fixed point ¢ on B,,_;.
We need to prove the existence and uniqueness of a fixed point of & on B,.
Consider restriction of mapping ® on invariant Cy ([0, 79 + n7], C(K)), the con-
vex subset of B,, consisting of curves that coincide with ¢ on [0,79 + (n —
1)7]. Tt is easy to deduct that any fixed point in B, must be an element of
C; ([0, 70 + n7],C(K)). Let ¢*,¢* be two curves in C5 ([0, 7 + n7],C(K)) and
®[q'], ®[¢%] their respective images. Then by Propositions 2.12, 2.14 and (67)

we get

| 0] — @ [¢]| < Ci[lue[a'] —we[a’] ],
< 3xCyCs5CH(t — 10 — (n— 1)7) sup ‘q} — q;ﬂ
r€[ro+(n—1)7,t

S%pr—ﬁL
rel0,t]
i.e. restricted P is a contraction on a closed set, and therefore, there exists
a unique fixed point g in C5 ([0, 79 +n7],C(K)), which is also a unique fixed
point in B,,.

Let us recursively define a sequence {¢"}° ; of elements in C, ([0, T],C(K))
as

g = g

o4



with the first element ¢} = ¢o. Then the limit

g = lim ¢"
n—oo

is the unique fixed point of the mapping ®. By Proposition 4.1 in [2], all ¢}
and ¢; are continuous semimartingales.

The proof is complete. O]
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4 Sensitivity analysis

Consider equation (1) under the assumptions of Theorem 1.1 and its perturbed

u(x) = uo(z) + /0 LY (Q(ws(us)))us(x) ds, t € (0,T]. (68)

Let u; € Ly (Rd) N C? (Rd) be a positive continuous C?-process, such that
wy(ug) is continuous in Ly (Rd). Then it is called a solution with the initial
value uy if it satisfies equation (68) for any z € R% and t € (0,7] a.s.

Let us fix a bounded strictly positive ug € Hf (RY)NC (R?) and a bounded
non-negative vg € Hf (R?) N C (R?). In previous sections we proved that for
all h € [0, 1] equation (68) has a unique bounded solution u;[ug + hvo)(z) with
the initial value ug + hvg.

The objective of this section is to study the sensitivity of the solutions wuy

and w;(u;) of equations (68) and (1) with respect to initial data, that is

dugug) 0
510(0) x) = o - u[ug + hvgl(x), (69)
%&ZL;]) x) = % . wy(u[ug + hvgl) ()
=& o() a% . u[uo + hoel(pro(x)) = we <;Lu;—%}2])) (x).

(70)

Basic definitions for the variational derivatives of functionals on measures and
some of their elementary properties can be found in [8].

By formula (70) we deduce that the existence of the variational derivative
of the solution of equation (1) is equal to the existence of the variational

derivative of the solution of equation (68).

Theorem 4.1. Consider equation (1) under the assumptions of Theorem 1.1.
Assume that the first order derivatives with respect to q of the coefficients
of the operator L; are bounded. Then for any bounded strictly positive uy €
Hi (RY) NC (RY) and any bounded non-negative v € H (RY) N C (R?), the

variational derivative (70) ezists.
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Let positive C,,, Cy, K, 0, Cy, C5, C be the constants from Propositions
2.4, 2.8, 2.11, 2.12, 2.14, 2.15. Note that we may choose C; > C>C and
Cy > Cypexp{Cy}/ (0K*"). Recall how for every h € [0,1] we construct
a unique bounded solution of equation (68) with the initial value wuy + hvy.

Denote

1
70 = 5 (3XCiCs (Iluollz + lleolliz) ) a0(h) = @ (utg + hu),

where x is the Lipschitz constant from Lemma 2.6. Let us recursively define
a sequence {¢"(h)}22, of elements in the set Cy ) ([0, 0], R?) with the first
element ¢/ (h) = qo(h). Denote by uj, the solution of

t
ug'y (7) = uo(x) + hvo(x) +/ LY (g (h))ug,(x) ds, t € (0, 7]
0
and define

gr 7 (1) = Qy (wi(un)) -

In Section 3 we showed that ¢™(h) converges to some element ¢(h), which
corresponds to the solution u[uy + huvo), t € [0, 79] of equation (68) with the
initial value ug + hvg.

Let us find the recursive formula for 2¢"(h). We start with the first

element ¢'(h). Differentiation with respect to h of equation

A sy 100 T 00 @) 2 = (ol + ol )
xre tx<q0,k

gives us

0
iR = _ d
ahqo,k( ) (%HUOHL /{xeRd::pk<qu(h)} vo(z) x)

x(/Rdl( o(x) + hvo(z de)

Next, we will express aahq”“(h) in terms of %q”(h). Assume that coeffi-

xk:lJO k(h)

cients a”/, b’ ¢ in operator LY are continuously differentiable in ¢ with bounded
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derivatives. Then u},(z) is continuously differentiable in h, and

0 0 0 1 o .. 0?
_—___n — Jw(,n o n - %] n n
ot ahut,h(aj) Lt ( t (h))ahut,h(x) + 92 E 8ha (t,.T, dy (h))al'lal'] ut,h(‘r)

Applying Duhamel’s principle, we get

9
o7 () :/Rd G(t,2,0,8)[q" (h)]ve(& d§+/ Z@hq”“
O*um,

1< 8@” ,
></RdG(t x, 7 8)|q (52; (r, & g ( ))38853'(5)

‘ ouyy,
+Z§bk (r,& a7 (h) 52 (6) + §k<r£qr< ), <5>>d5dr

(71)

By formula (47) we deduce

a%wt (uin) (@) = w; (%“Zh) ().

Differentiation with respect to h of equation
wi(upy) (2) dz = i ||we (uiy)]] = w(luollz + hllvollr)

/xGRd cak<g™ ()
t,k

gives us

9 n+1 _ _/ 3 n
O i) = (mwvoru e W(h)}wt( i) @) d:v)

x(/Rd_lw(uth - de> l.

_qtk
2(1+ Cyexp{C, }02)||Uo||L
QKd 1

Denote
B =
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Using induction by n we will show that for all ¢ € [0, 7], h € [0, 1]

0
g | ()| < B (73)

The basis is obvious. Suppose (73) holds for some n > 1. From (71) we deduce

Jo

a t
%uﬁh(zf} dr < C2HU0HL+‘1MBC2/O Hu?h”Hf dr

< Caljuollz + dMBCamoC (|luolluz + Ilvollz )

B dM Cy,C B OK!

_ < -
20y 3y C5 — Callvollr. + 2 Cyexp{Cy}

i)

1 B K1
S OKd—1 <HUO||L + Cywexp{Cu} <O2HU0HL + 5m>)

= Cylvollr +

Then from (72) we deduce

9 1 o
S 0] < g (Il + Coen(@a) [ | hututo

= B.

We are going to show that 2-¢;",(h) converges uniformly in h € [0, 1] for all
t, k. Then by Theorem 7.17 in [17], we will deduce that g, ;(h) is differentiable
in h, and therefore, variational derivative (69) exists.

Let us fix ¢, k. Theorem 7.8 in [17] states that %qgk(h) converges uniformly
in h € [0,1] if and only if for every ¢ > 0 there exists an integer N such that
m > N,n> N, he|0,1] implies

o . 9 ,
%%,k(h) - %%,k(h) <e.

Denote by a,, 11, b,+1 the numerator and denominator of the right hand side
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of formula (72). Then by (73) we have

0 +1 9, Qpy1 — Gp 0 bn+1 - bn
n — =" (R = |2 o (T
S = gt = [ g =
1 arte
qzlk(h)

b oo (I ) + B gl (1) — Ta(a(a)])

where

ne) = | [, wls@ e - [ i) [T
[g(xk):/Rd1 (u' ) gdx

zg(xk)—/Rdl (ahuth> 0[]

o 8 n _ 2 n—1
1= ' /{ ) (1 (e ) @) = ) ) ) i

To estimate the right hand side of (74) we need the following upper bounds

fl(xk)S/Rdl\wt(ugh)() wi () ()| [T de

i#£k

t
< exp{Cy} /Ufl’fl(L" Lr~ 1)U50(u0+hv0 V(pro(x))ds Hdm
R4-1|J0 itk
t
< exp{Cy}Cy / / ) |(L2 = L2 U (uo + o) (€)]
0 JR
x/ Goy(t — s, @ro(x de d¢ ds,
Rd—1 itk
3u2;1

‘Ié(xk” < exp{Cy}Cy /Rd—l <Z

< exp{Cy}C\yCo (Cst™/%d + 1)
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< [ ot hn)©) [ Guultpealo) - O [ o' e

Rd-1 Z#k

| I3 (") | < exp{Ci}Cs /Rd vo(f)/d Gyt punla — &[] dv' de

B i#£k

+ exp{C,, }C dMB/t/ ‘82 i ' Z au?’h(é)’
exp{C,, —
PRI )y S l. seoe S| T 2| e
H%@)/ Gt — 1, prolz) — €) [[ do e .
Rd—1
i#£k
0 n 9 n—1
Iy < exp{Cy}Cl y 5 Wn(®) = oouiy (@) do
< 3x exp{Cy}CuCsmollvol 2 [|4" (h) — ¢"(h) |
0

0
+ mCCM exp{Cu)Cu (lunlg + ool ) | o) = ).

Using these estimates we finally obtain

|00 = g + 20 = o) <
exm g0 = =0 + a0 - =0

for some constants ¢1, ca. Therefore, variational derivative (69) exists for a

small 75. The global result follows from the usual iteration procedure.
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5 Multidimensional W,

In this section we shall study the well-posedness of the following second order
SPDE

t t
() = up(x) +/ Ly(Q(us))us(z) ds +/ (8, V)us(x) odWy, t e (0,77,
0 0
(75)
where L; is an operator of the form

Li(qu= = (66" (t,z,q)V,V)u+ (9(t,z,q), V)u+d(t,z,q)u,

N | —

W, is a standard d’-dimensional Brownian motion, § is a d x d’ matrix of
constants, functions d(t,x,q), g(t,z,q) and &(t,z,q) are, respectively, 1-di-
mensional, d x 1 vector-valued and d x d” matrix-valued continuous functions
on [0, 7] x R? x RY satisfying Conditions (E.2) and (E.3).

Theorem 5.1. For a given T > 0 and vector v = (71,...,7a) with all v €
(0,1), consider equation (75) in case of the quantile vector Q.. Assume that
Conditions (E.2) and (E.3) hold. Then for any bounded strictly positive ug €
H? (Rd) Nnc (Rd), there exists a unique bounded solution u.(z) of equation

75) with initial condition ug, such that it is a continuous C®-process.
( 0 P

Theorem 5.2. For a given T > 0, vector v = (71, ..,7a) with all v € (0,1)
and Y v, < 1, and dimension d < 3, consider equation (75) in case of the
CKL-quantile vector @7. Assume that Conditions (E.2) and (E.3) hold. Then
for any bounded strictly positive ug € H? (Rd) nc (Rd), there exists a unique
bounded solution ui(x) of equation (75) with initial condition ug, such that it

is a continuous C>-process.

The stochastic characteristic system of equation (75) with Ly = 0 is given
by
osi(x) =2 — B x (W — W), Nst(x,u) = u.

Note that function ¢ ,(x) — x is bounded on [0, T]?> x R%, the Jacobian matrix

(Opst(x)) is the identity matrix and
wro(z) — @solx) = B x (W — W) : 0,
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i.e. Propositions 2.4 and 2.5 hold in multidimensional case too. Then the proofs
of Theorems 5.1 and 5.2 are identical to those in the case of 1-dimensional W,

with some simplifications.

Remark. In the general case of a function 5(t,x), we cannot prove Proposi-
tions 2.4 and 2.5 in the same way as in Section 2.1.1 because the correspond-
ing stochastic characteristic system on s, does not have an explicit solution
(Doss—Sussman method is not applicable). Although, it might be possible to
apply techniques developed in [5] to get similar results.
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A Auxiliary propositions of linear algebra

In this appendix we will present two auxiliary propositions. The first Proposi-
tion A.1 is used in the proof of the second Proposition A.2, while Proposition
A.2 is used in the proof of Proposition 2.12 for assessing the solution of equa-

tion (66).

Definition. If A is a square matriz, then the minor of the entry in the i-th
row and j-th column (also called the (i, j)-th minor) is the determinant of the

submatriz formed by deleting the i-th row and j-th column.

Proposition A.1. Consider a square matriz A = (a%)?,_, with a} > 0, a} <0

ifi # 7, and Z;lzl at >0 foralli=1,...,d. Let M;(A) be the (i,])-th minor
of A. Then (=1)" M:(A) >0 for alli,j=1...,d.

Proof. We will prove the statement by induction on d. Case d = 2 is obvious.
Assuming that the statement is true for d—1, we need to prove it for dimension
d.

Let A = (a’)¢,_; be the matrix from the proposition. Denote by B =
(bf)i;il the submatrix of A formed by deleting the i-th row and j-th column,
then M}(A) = det B.

First of all, we will prove that M}(A) > 0. Matrix B satisfies the propo-
sition for dimension d — 1, in particular, 7:_11 bf>0forallk=1,....,d—1.

Then by our induction hypothesis we have
(—=1)*MF(B) > 0.

If we add to the first column of B all other columns, then Laplace’s formula

gives us

d—1 d—1
Mj(A) =det B =" (~=1)*"'Mf(B)> bf >0.
k=1 =1
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Next we will prove that (—1)"*/Mi(A) > 0 for all i < j.

1 i—1 i i+1 j—1 j d—1
1 1 1 1 1 1 1
1 a3 N N N OS] i1 A4 Aq
i1 i-1 -1 i—1 i1 i-1 i—1
i-1| G A Gy Aitq a1 A Ay
. i+1 i+1 i+1 i+1 i+1 i+1 i+1
i ay a1 4 A1q a1 G4 Qg
B . o AP .
J J J J J J J
. J J J J J J J
-1l 4y @G, a4y Gy @1 iy @y
. j+1 Jj+1 Jj+1 Jj+1 Jj+1 j+1 j+1
i ay a1 OS] @1 Ajyq @y
d d d d d d d

Denote by C' a matrix formed by consecutive interchanging of columns ¢ and

it+1,7+1land 2+ 2, ..., 7 —2and 7 — 1 in matrix B.

1 i—1 i j—2 -1 j d—1
1 1 1 1 1 1 1
1 ay i1 Gy aj1 G G g
i1 i1 i1 i1 -1 i1 i1
-1 | a A1 Qg a;1 Aji1 Gy
. i+1 i1 it i+l il il i+1
i a ;1 A i1 G i Aq
T I S
j j j j j j j
i—2 | a7 i1 i A G @jy1 ay
. J J J J J J J
-1 4 @1 Ay a;_1 4 i g
) Jj+1 J+1 Jj+1 J+1 J+1 j+1 Jj+1
J aq @1 Qi @i @ A g
d d d d d d d
d-1\ a4 i1 Qi aj 1 G Qi Aq

All elements c{ “in (7 — 1)-st row of matrix C' are less than 0, and apart from
(7 — 1)-st row this matrix satisfies the proposition for dimension d — 1, i.e. by

our induction hypothesis we have

(=1 M7= 0) > 0.
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Then Laplace’s formula gives us
i+ i _ i+j _ i+j j—i—1
(=)™ M;(A) = (=1)" det B = (—1)"(-1)’ det C

d—1
== ) > 0
=1

Finally, we will prove that (—1)"*/M;(A) > 0 for all i > j.

1 j—1 J 1—2 i—1 1 d—1
1 1 1 1 1 1 1
1 a3 Aj_1 Qi L N N | ag
j—1 -1 -1 -1 -1 _j-1 j—1
-1 a4y Xy i @i G @it1 ay
J J J J J J J
j ay @1 @1 - Gy Gy Gy aq
j+1 G+l _j+1 JES Y NS R BS | j+1
i—1 —1 i—1 i—1 i—1 i—1 i—1
-1 | Gy a1 A A Gy i1 ay
i+1 itl it i+1 il i+l i+1
d d d d d d d
d-1\ 0@ Aj_1 Ay L N N | A4

Denote by C' a matrix formed by consecutive interchanging of rows j and j+1,
j+land j+2,...,7—2and ¢ — 1 in matrix B.

1 j—1 j i—2 i—-1 i d—1
1 1 1 1 1 1 1
Jj—=1 j—1 J—1 Jj—1 Jj=1 Jj—1 Jj—1
-1 4 R R T = B @iyy - U
. J+1 Jj+1 j+1 Jj+1 J+1 J+1 Jj+1
i le el Ay, . a4l a ally .o ay
C = ‘ i;l 7,';1 i;l i;l i;l i;l i;l
i | @y oAl ayy . oAl ai;y .. ay
J J J J J J J
i1 | a @iy @y o @Gy @ Gy . @
i+1 i+1 i+1 i+1 i+1 i+1 i+1
i ay aj1 Ay i1 @ By - Ay
d d d d d d

All elements ¢, " in (i — 1)-st row of matrix C are less than 0, and apart from
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(¢ — 1)-st row this matrix satisfies the proposition for dimension d — 1, i.e. by

our induction hypothesis we have
(_1)i—1+lMlz'—1<C) > 0.
Then Laplace’s formula gives us

(—1)"™ MI(A) = (—1)" det B = (—1)" (=1)" 7" det C

U

—1
=) (—=1)7MTHO) T > 0.
=1

O
Proposition A.2. Consider the following system of linear equations
g; = Z (l‘j—.ﬂji)bg—FQ?jCj, j: 1,...,d, (76)
i=1,...,d
i#]
where b),¢; > 0. There exists a unique solution (x1,...,xq) of system (76),
and for all j =1,...,d the following holds
maX(|gl|’ T |gd|)
|7 < — :
min(cy, ..., Cq)
Proof. Denote by a} = =0} fori # j and af = ¢;+)_,,; b5, matrix A = (a})f,_,,

M; is a (4, 7)-th minor of A. Then our system becomes Az = g.
If we add to the j-th column of A all other columns, then Laplace’s formula

gives us

d
det A=) (1) Mjc;. (77)
=1

By Proposition A.1 we conclude that det A > 0.
By Cramer’s rule the (j,4)-th element of A~ is equal to (—=1)""/ M}/ det A.

Then
d d

5y =30 (A7) g = (-1 Mg det A

i=1 i=1
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Finally, applying Proposition A.1 and equation (77) we obtain our estimate

d Vit NS d i+ A i
> iz (=1) Mjgl <Z‘71(_1)+]Mj|gi|<maX<’91’7"-7’ng

=

Zd 1(_1)i+jM}Ci B Z?ZI(—l)“‘jM;ci ~  min(cy,...,cq)

2| =
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B Estimate for the CKL-quantile @7 of linear

combinations of two functions

The objective of this appendix is to prove a proposition, which helps us to
estimate CKL-quantiles of linear combinations of two functions. We use this

proposition in the proof of Proposition 2.12.

Proposition B.1. Let dimension d < 3 and v = (71, ...,74) be given, such
that ally; € (0,1) and Y ~; < 1. Then for any strictly positive u,v € C (Rd)ﬂ
max (|@)(w)|. | @)} < &6

and any h € (0,1), we have
max ‘QZ/((l ~ Ru+ hv)‘ < (2d - 1)K.
Proof. For each s € R%, let

AS={2zecR% 2/ — s/ >0Vmax(a' —s')p, j=1,....d,
J i#j

and
Aj={zeR" a2l <s j=1,...d}.

The following diagram helps to visualise sets A when dimension d = 2.

Note that A} may intersect, for example, s € A} for all j =0,...,d.
At first, let us make some observations on A%. Let a,b be two points in
R
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L. If for some j =0,...,d, b € A}, then A?CA?.

2. Ifforsomejz(),...,d,beA;‘andaeAz’»,thena:b.

For the proof, see Lemma B.2.

Note that if éw(u) = @7(0), then for any h € (0,1), CKL-quantile of a
linear combination @7((1 — h)u + hv) coincides with év(u) and @7(1}).

Denote a = Q,(u), b = Q,(v) and ¢ = Q,((1 — h)u + hv). From the
positiveness of u and v we conclude that for any 7 = 0,...,d, ¢ cannot be in
Aj and A?- simultaneously, and for any j = 0,...,d, a and b cannot be in Af
simultaneously, unless the case a = b, which has been considered before.

Let us consider the following five cases which we will be referring to in the

sequel.

Case 0.1 c € Af, b € Aj. In this case we have
d<d, V<, j=1,...,d.

Then max; |¢/| < K.
Case 0.2(i) c € A%, a € A¢. In this case we have
¢ —b >0, d—b>d -, j=1,....,d,
al —c >0, a—cd>ad —d, j=1,...,d.
Then |c'| < K, and o/ —a' + ¢ < <V — b + ¢ ie. || < 3K.

Case 0.3 c € A}, b € AS. In this case we have

' —al >0, c—a'>cd —d, j=1,...,d,

bt —ct >0, -l > -, j=1,....d.

Then |c!| < K,and ¥/ —b' +c' < <a? —a' + ! ie || <3K.
Note that the three cases above hold for any dimension d > 1.

Case 1.1 d=3,c€ A%, ce€ A8, a € AS, b € AS. In this case we have for all
j=1,...,d



Then a? —a?+2 < d < @ and V=34 < ¢ < o/. Sufficient condition
for |¢/] < 5K is either —3K < ¢?, or —3K < ¢*. Our objective in the
sequel is to prove one of these lower bounds. There are three possible

cases:

1. A3ALAS £ (). Let = be any point in A3A45AS. In this case we have
x?’—a?’le—al, xl—clsz—cg, A —bv >0

Then —3K <a®—a'+b' <a®>—a' +c <23 -2l +ct <.

2. A3ALAS #£ 0. Let x be any point in AZASAS. In this case we have
2 — b >0, 2 < 2.

Then —K < b? < 22 < 2.

3. A3AYAS = () and AGASAG = ). Denote A7 ASAf by Byji, and

Lijk = /
B

By Lemma B.2 we have

u(z) dz, yiij/B v(x)de.

ijk ijk

Aj C A5, Af C Aj,
A§ C AS, Al C AL

This means that the following sets are subsets of hyperplanes in R3,

therefore, they have Lebesgue measure zero

ATAS, i 0, ADAS, A1,
A5, kA2, ALAT, k#£3.

We can deduce that among 64 sets B;;;, at most 28 can be of positive
Lebesgue measure (for example, all sets By ;o have Lebesgue measure

zero because they lie in the set ATA§ which has Lebesgue measure

71



zero). These 28 sets have indices

(000 020 160 120 200 220 300 320
00T 02T 1loT 12T 20T 221 301 321
002 022 102 122 202 222 302 322
003 023 103 123 203 223 303 323
010 030 10 130 210 230 310 330
011 03T 111 13T 241 23T 34T 337
012 037 112 137 212 237 312 337
013 033 113 133 243 233 313 333]

Let us group all z;;; and y;;; with the indices above into the fol-

lowing
1 = Zooo + Zo1o, Y1 = Yooo,
To = Z011, Y2 = Yooz + Y102 + Y202 + Y302,
T3 = Too2 + To12 + To2e, Y3 = Yoo3 T Y103 1 Y303,
Tyq = Too3 + To13 + To23 + L33, Y4 = Yo1o,
T5 = T111, Ys = Yo11 + Y111,
Te = T102 + T112 + T122, Y6 = Yo12 T Y112 + Y212 + Y312,
T7 = T103 + 113 + T123 + T133, Y7 = Yo13 + Y113 + Y313,
Ty = Top2 + To12 + To22, Ys = Yo22 1+ Y122 + Y222 + Y322,
Tg = T302 + 312 + T322, Yo = Yo23 + Y123 1 Y323,

T10 = T303 + 313 + T323 + T333, Y10 = Yo33 + Y133 + Y333.

From the definition of points a, b, ¢ these variables x;, y; satisfy

4
xrg = 72,

Ty + T10 = 73,

Ys + Yo = 72,

Y10 = 73,

(1 = h)(w3 + 26 + 28 + T9) + (Y2 + Y6 + ys) = 7,
| (1= h)(za+ z7 + 210) + h(ys + y7 + yo + Y10) = 7.

(78)
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Using system (78) we get

(1 = h) (w3 + 24 + 26 + 27) + h(y2 + Y3 + Y6 + Y1)
=72+ 73— (1 = h)(ws + 29 + 710) — h(ys + Yo + y10) = 0.
(79)
Because of non-negativity of x;;, and y;;x equation (79) yields

T3 =Ty =Te=T7 =Y =Y3="Ys = yr = 0.

Next let us prove that ¢2 > —K by contradiction. Suppose ¢? <
— K. Denote

C=[¢—3K,—2K] x [*,-K] x [¢ —=3K, —2K] .
It is a subset of Bygs. Indeed, let z € C', then

xl—a1§c2—2K—a1§—3K—a1§O,
x2—a2§—K—a2§0,
x3—a3§c2—2K—a3§—3K—a3§0,

i.e. z € A3. Similarly we have z € Aj. Finally,

a:2—02202a2—a1—2K202—cl—2K2x1—01,

$2—02202a2—a3—2K202—03—2K2m3—c3,

ie x € AS.

This inclusion of a compact set C' into By leads to

0</u(m)dx§/ u(z) dr = zope < x3 =0,
C Boo2

contradiction.

Case 1.2 d=3,c€ A}, c€ A5, a € A§, b € AS. In this case we have for all
j=1,...,d

CI—GIZCj—aj, cQ—bZch—bj, al < .
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Then a? < @ < a?—al+c' and @/ < & < W —b?+¢2%. Sufficient condition
for |¢/] <5HK is either ¢! < 3K, or ¢* < 3K. Our objective in the sequel

is to prove one of these upper bounds. There are three possible cases:
1. A3ASAS # (). Let x be any point in A3A5AS. In this case we have

x3—a32x2—a2, x2—022x3—c3, b — 3> 0.

Then <2’ —2*+E < -+ <a? -+ <3K.

2. A%ABAS # 0. Let z be any point in AJASAS. In this case we have

Then ¢! < 2! < b < K.

3. A3AAS = () and AJAJAS = . Denote A7 ASAf by Byji, and

Lijk = /
B

By Lemma B.2 we have

u(z) dx, Yijk = /B v(x) de.

ijk ijk

AS C A3, A§ C AL,
AS C AS, Al 4.

This means that the following sets are subsets of hyperplanes in R3,

therefore, they have Lebesgue measure zero

ATAS A1, ALAS, G #2,
ATAS, k0, ABAS, k43,

We can deduce that among 64 sets B;j;, at most 28 can be of positive
Lebesgue measure (for example, all sets By;; have Lebesgue measure

zero because they lie in the set A§A{ which has Lebesgue measure
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zero). These 28 sets have indices

100
10T
162
103
110
111
12
113

120
121
122

REER

200

203
210
24T

247
213

220

222

REER

300

303
310
34T

312
313

320

323

333

K K

REE

Let us group all z;;; and y;;; with the indices above into the fol-

(000 020
00T 02T
002 027
003 023
010 030
M1 031
02 032
013 033
lowing

T1 = Tooo + To1o0 + To20,

To = T100 + Z110 + L120,

T3 = Tin + Ti21,

Ty = 122,

xr5 =

T = T200 + T210 + T220,

L7 = 222,

xrg =

Zg

Z10

From the definition of points a, b, ¢ these variables x;, y; satisfy

4
Z1 = Yo,

Y10 = 73,

Y1+ Y2 =

T9 + T10 = V3,

Y0,

300 + 310 + T320,

T103 + T113 + T123 + T133,

T903 + T213 + To23 + To33,

T303 + 313 + T323 + 333,

5

Y1 = Yooo + Y100 + Y200 + Y3005

Y2 = Y103 + Y203 + Y303,

Y3 = Yo1o0 + Y110 + Y210 + Y310,

Yg = Y111,
Ys = Y113 + Y213 + Y313,

Yo = Yo20 1+ Y120 + Y220 + Y320,

Y7 = Y121,

Ys = Y122 + Y222,

Yo = Y123 + Y223 + Y323,
Y10 = Y133 + Y233 + Yss3.

(L = h)(z1 + 22 + x5 + o) + h(y1 + Y3 + Ys) = 0,
| (1= h)(zs + x5 + 210) + h(y2 + Y5 + Yo + Y10) = 7.
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Using system (80) we get

(1 = h)(xe + x5 + 26 + 28) + h(ys + Y5 + Y6 + ¥o)

=% +7 — (1 —h)(z1+ z9 + 210) — h(y1 + Y2 + y10) = 0.
(81)

Because of non-negativity of x;;, and y;;; equation (81) yields
Ty =T5 =T =2Ts = Y3 = Y5 = Y = Yo = 0.

Next let us prove that ¢! < K by contradiction. Suppose ¢! > K.
Denote
C = [K,c'] x [-2K,—K]| x [-2K, —K].

It is a subset of Bjig. Indeed, let z € C, then

xl—al2K—a1202—K—a22x2—a2,

xl—alZK—CLlZOZ—K—a32x3—a3,

i.e. v € A. Similarly we have x € A%. Finally,

z < c,
IQS—K§a2§02,
P< K<t <3

ie x € Af.

This inclusion of a compact set C' into Biig leads to

0</u(x)dm§/ u(x)dr = z119 < 9 =0,
C Biio

contradiction.

Assume that a # b, a # ¢ and b # c¢. Let us prove the proposition for all
dimensions d € {1, 2, 3}.

1. d = 1. In this case A] = [s,+00), A = (—o0,s]. Then ¢ must be

between a and b.
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2. d = 2. There are two possible cases:

(a) Suppose ¢ € Ag or ¢ € AS. By symmetry we may think ¢ € Ag,
then ¢ € A} and a ¢ AS. By symmetry we may think ¢ € A%, then
b & A{. There are two possible cases:
i. b€ Af. See Case 0.1.
ii. b € A3, then a € AS. See Case 0.2(1).
(b) Suppose ¢ ¢ A% and ¢ € Aj. By symmetry we may think ¢ € A¢,
c € A5, then a € AS and b € AS. There are two possible cases:
i. a € Aj, then b € A{. See Case 0.3.
ii. a € AS. See Case 0.2(2).

3. d = 3. There are two possible cases:

(a) Suppose ¢ € A or ¢ € AS. By symmetry we may think ¢ € Ag,
then ¢ ¢ A and a ¢ AS. By symmetry we may think ¢ € A%, then
b & AS. There are two possible cases:
i. b€ Af. See Case 0.1.
ii. b ¢ Aj. By symmetry we may think b € A, then a ¢ AS.
There are two possible cases:
A. a € Af. See Case 0.2(1).
B. a ¢ A{. By symmetry we may think a € AS. See Case 1.1.
(b) Suppose ¢ ¢ A% and ¢ € Aj. By symmetry we may think ¢ € A¢,
c € A5, then a € AS and b & AS. There are three possible cases:
i. a € Af, then b € Aj. There are two possible cases:
A. b e Af. See Case 0.3.
B. b ¢ A{. By symmetry we may think b € A5. See Case 1.2.
ii. a € AS. See Case 0.2(2).
iii. a ¢ Af and a € A§. By symmetry we may think a € A, then
b & A§. There are two possible cases:
A. b e A§. This case is similar to case 3(b)iB.
B. b e Af. See Case 0.3.
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]

Remark. If Proposition B.1 holds for some dimension d > 4, then Theorem
1.2 also holds for that d.

Remark. To prove Proposition B.1 for d > 4, one needs to consider additional

three cases

1. ce Al ce A, ae AS, be AS,

2. c€ A3, ce Ay, a€ AS, be A5, ATALAS =0 and AZASAS = 0,

3. ce Ay, ce Ay, ae A5, be A5, ASALAS =0 and AJALAS = 0.
Lemma B.2. Let a,b be two points in R?.

1. If for some j =0,...,d, b € Af, then A? C Af.

2. If for some j =0,...,d, b€ Af andaeAg, then a = b.
Proof. Suppose b € A%, and let = € A}, then for all j =1,...,d

v <V < d,

i.e. v € A3 and A} C Ag.
Suppose for some j =1,...,d, b € A9, and let z € A%, then

mj—aj:a:j—bj—l—bj—ajZO,
and for all ¢ # j
v —al =2 VY —a >t b b —ad =2 —d,

iLe. z € A and A;’- C Aj.
Suppose b € A2 and a € A}, then for all j =1,...,d
vV <d, o <,

i.e.a=b.
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Suppose for some j =1,...,d, beAg andaeAg, then
vV —a’ >0, a —b >0,
i.e. a’ = b’. Then for all i # j
0=0 —a’ > b —d, 0=a’ -V >d -V,

ie. a'=b and a = b.
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C Proof of Proposition 2.15

First of all, we need a lemma.

Lemma C.1. For any c € R

e

n=0

CONVETGES, where

Proof. Note that

C2k+2 CQk: c
I = i =
koo (F(k+2)/F(k+1)> e

) c2k+1 C2k_1 ) 62
ATEry /Terey ) TR0

Then, our series converges because it can be represented as a sum of two

N —=

converging (by d’Alembert ratio test) series

k=0 k=1

O

Proof of Proposition 2.15. Recall that the solution to the Cauchy problem for

equation (57) can be written in terms of its Green function as
wle) = [ Glt..0.9un() de
R

From the upper bound in (58) we get
fulle <Co | fuol©)] [ Gunltiz ~ € dode = Callull. (82
R4 R4

Next, let C ([O,T], (L1 (Rd))d> denote the Banach space of all continu-

ous mappings [0,T] — (L, (Rd))d with norm [|v]| = sup,epo7) [|vellz, and let
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Cho ([0, T], (L1 (Rd))d> denote its convex subset, consisting of mappings with
vg = Vug given. For a given v € (), ([O, 7], (L1 (Rd))d> denote

Wil = [ Gl 0.0t de+ [ [ Gltrr o) ectr unle)dsir

//Rﬂza@< / ’Tf)agk ‘<n€>)vi<§>d§dr
[ ot S reniterear

Note that ®[v] is also an element of C,, ([0, T1, (L (Rd))d> with

d t
”q)t[U]HL:ZHq)ﬂU]”L < C4+C5/ ||U7«HL ((t—rr)—l/?—l—Cﬁ) dT’, (83)
k=1 0

where

Cy = Co|vol| + d(Ca)* M T ||ug|| .,
d+2
dCs

1
Cs = §d20203M, Ce =

We may think that the constants C5 and C'5 in Proposition 2.8 are bigger than
1 and <2 correspondingly, so that Cy > |||, and Cs < 1.
For arbitrary v, v* € C,, <[O, T), (L (Rd))d> coinciding on [0, %] we have

o o) = @[], < o [ ot = a2, (=) 4 o)

< Cs (2(t — t0)'/* + Cs(t — o)) sup oy — 2|, -
ré€(to,t]
When t; = 0, we see that ® is a contraction for small enough 7. Note that
the constants C'5, C's do not depend on the initial condition vy, therefore, the
global contraction (contraction for any given 7' > 0) follows from the usual

iteration procedure.
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Denote the following integrals 1,,(t)

I1(t) = 05/0 L(r) ((t - r)Y2 4 Cs) dr.

There is a well known fact that the family of operators

/f —5)* 1 ds, a>0

is a semigroup in C'(R). Then we can find an upper bound for I,,(¢) on [0, 7.

I(t) = Cs (ﬁT%+06T1) Lia(t) = ... = (Cy)" (le 4G Io(t)

k

& (n kot 3 (20T
= (C5) Z(k) Vo) T S T

Denote by ®" the n-th iteration of ® applied initially on vy. By a straight-

forward induction and (83) we deduce that

107, < Co > Iu(t)
k=0

Then for a fixed point v = lim,,_,, ®" we have

_ . = L (2C5T /)"
ol = Jim 1971, < Co -0 < o3 B (s
2

n=0

Finally, we are going to prove that Vu is a fixed point of ®. By differenti-

ation of equation (57), we conclude that v; = Vu, satisfies
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or its mild form

i) = [ Glenogd©ds+ [ | Gy 9 o €)ure)
R4 0 RA ag

J (85)
b5 R O + Y b f)vi(f)) dsr.

i=1
Note that

‘G(t 7)) — 0 £ 00

8§’< ‘<T’ S)U:’(g)‘ < CQGUz (t - - g)MC3T_1/2ur(§)

0,

then using integration by parts in (85), we conclude that v = Vu is a fixed

point of ®. Therefore, estimate (84) gives us

d d 00
Gut (9?,60 dQCQCgMT\/_)
; Ou* L ( k=1 8x’“ nX% + 1)
¢ N ou
= G (Z = + HU0||L) :
p ox* ||,

Upper bound for L;-norms of second order derivatives of u;(x) can be found

in the same way.

3 555z

82U0

d
<)
( Pt Oxkox! I
”2dOCMT
+HuonL>+czuuouL>>Z 2Cs )f)
d d
< k,l= k=

+ HUOHL) :

uo
ox* ||,

d
+f@MTG&(

xkaxl

6u0

8xk8xl
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D Rewrite of Ito’s and Stratonovich SDEs

In this appendix we will rewrite a second order 1t6’s SPDE using the Strato-
novich integral and a system of Stratonovich SDEs using the [to’s integral.

First of all, let us rewrite the following equation

duy(z) = Lyuy(x dt+2(2ﬁ’k a“t (z) + k(t,x)ut(x)) AWk, (86)

where L; is an operator of the form
1
Lew = 5 (a(t,2)V, V)u+ (b, ), Vu + c(t, 2)u.

Denote F'(x) = [} a”(s,x) dWF, then by Theorem 3.2.5 in [11] the Ito’s dif-

ferentials in equatlon (86) satisfy

o (t, x)ug(x) odWF — P (t, x)uy(x) dWF
= wy(z) odF¥(2) — wy(z) dEF ()

— %d <Ftk(x),ut(x)>

:%d</0 o (s, x) dWsk,uo(x)—i—/o Lgu,(z) ds
+ Z/ ( >, gzi(@wl(s,x)us(x)) dW£>

= %ak(t, ) (Z ﬁjk(t,x)%(x) + a¥(t, a:)ut(x)> dt.

Jj=1

Similarly we have

8ut
a %

aut
ox’

(Zﬁ”’“ Oue (z) + o (t,x)ut(as)) dt.

Bt 2) 5 (x) odW — B(t, 2) 2 — (x) AW

511@
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Substituting these relations into equation (86), we can rewrite it as

dua(w) = (0= L dt+Z(Zﬁ““ a§<>+a<t7x>ut<x>>odwf,

where
d

& o " 0*u
Z (Z B (t, z) " (¢, x)) SO0

ST )
1 (& da* d 2
+3 (Z ZBZk(t, I)%(t,x) + Z (o*(t, z)) ) u.

Ztu =

l\'>|’—‘

i=1 k=1 k=1

Remark. Let us consider the following system

dgps,t - _B(Sos,h t) Oth7
dnst = s 1a(psy, t) 0dWr,

where B(x,t) = (B'(z,1t),... ,ﬂd(a:,t))T. Assume that the coefficients o(x,t)
and B'(xz,t) satisfy Condition (E.1);, for some k > 3. Then by Theorem 3.2.5

in [11] this system can be rewritten in
dgos,t = _5(903 ty ) th + - Z a j ()08 ty t)ﬁj((ps,ta t) dtv

dns,t == ns,t&((psta )th + 77315 ( Z a j (psta 908t7t) + a2((ps,t7t)> dt
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E Continuity of quantiles

Let u; € Ly (Rd) nc (Rd) be a positive continuous function of (¢, x). Suppose
U is continuous in Ly (Rd). In this appendix we will prove that both quantile
Q- (u;) and CKL-quantile Qvﬁ,(ut) are continuous in ¢.

Note that for both quantile @, (u) and CKL-quantile év(u), for any s,t
and [ € {1,...,d} the following inequality holds

/AZQ““S) ug(z) do — /AZQ'V(W) us(z) dz

/Q (@) = us(2)) d & llusll L — yalluell
ApTi

1

2

N | —

1
+ ulllslle = fluelle] < flu = wsllr.

1
<5 | g ()~ e 0

Let us first prove by contradiction that the quantile @), (u;) is continuous
in t. Suppose it is not continuous at some time ty, i.e. for some k € {1,...,d}

there exists g > 0 such that for any > 0

| Q4 () — @4 (us)| > &g

for some t € (to — d,t9 + 0). Denote a = Q(u), b = Q(uy,). Then we have
/
1

> juin | () d,
2 {xGRd: wke(bk—so,bk)}

U, () da:) =e >0,

1

s — Uto”L =9

V

U, () dz—/A ug, () d

b a
k k

\/{xGRd : mk€<bk,bk+so)}

which is a contradiction with continuity of u; in L; (R?).
Next, let us prove by contradiction that the CKL-quantile @W(ut) is also

continuous in t. Suppose it is not continuous at some time tg, i.e. for some
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ke {1,...,d} there exists g > 0 such that for any § > 0

> €9

Q) — Q)

for some t € (ty — 0,tp + ). Denote a = év(ut), b= @W(Ut(ﬂ and

Xu={zeR":a' e (V' +). 2" <V i#l},
Xay={zeR"a' e (V) —eb), 2" <b —eo,i#l}.

Our goal is to show that

1
|lur — usy || > = min (/ U, () d:p,/ U, () dx) =e >0,
21 X1 X

which is a contradiction with continuity of u; in L, (Rd) . Consider two possible

cases:

1. a® > b* +&o. Let a € A? for some [ € {1,...,d}, then by Lemma B.2,
A C A?. Note that Xy; C A%’ and A? N Xy, = 0. Indeed, if x € Xy;, then

zh—b>0>a2 -1, i £

and
g —ad <b+eg—d <V +e—d*<0.

Therefore

1 1
lug — wey || > 5 ‘/ Uy, () d —/ g, () dx| > 5/ ug, () de.
Ab A X1

2. a® < b —¢gp. Let b € A for some [ € {1,...,d}, then by Lemma B.2,
A;’ C Aj. Note that Xy C Af and A?ﬁXgl = (). Indeed, if x € Xy, then

:vl—al>bl—€0—alzbk—50—ak20,

d—ad > —egg—d >b —eg—d >t —d, i # 1.
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Therefore

1
o g1 > 5 |/
Ab

l

U, () do — /a ug, () da

l
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F Auxiliary results from [11]

In this appendix, we will state all the results used from [11], and make sure

that all the conditions under which they work are satisfied.

Theorem F.1 (Theorem 3.4.1 in [11]). Let F(x,t) be a continuous semi-
martingale with values in C (Rd: Rd) with local characteristic belonging to

€ Cclass . eEN Jjor eac 0 ana xop, € stocnastic arfjerential equatton
the class B)"'. Then f hty and zo, the stochastic differential ti
t
SOt:l’O‘i‘/ F(@Sad‘g)
to

has a unique solution.

In terms and assumptions of the third paragraph of Section 1.2, let us check

that we can apply Theorem F.1 to equation (4), where

Flat) = /0 B ) W,

Here F'(z,t) is a continuous martingale with values in C' (R%: R?). According

to the definitions in [11], the matrix

i j d
{6 (fL’, t)ﬁ] (ya t) }Z"jzl
is called the local characteristic of F'(z,t). It is said to belong to the class B,? !

if for every 1 =1,...,d

2

i 2 i i
/T (s 00 |y P00 gy
0

z€R4 1+ ’fE‘ z,2' eRY ’.ﬁ[ - :Cll
r#z’

which follows from the boundedness of 5'(z,t) and all its derivatives. There-

fore, for each to and xg, 1t6’s equation (4) has a unique solution.

Theorem F.2 (Theorem 3.2.5 in [11]). Assume that F(z,t) is a continuous
C'-semimartingale with local characteristic belonging to the class (B*°, B')

for some § > 0 and f; is a continuous semimartingale. Then the Stratonovich
integral of f; based on the kernel F(x,t) is well defined. It is related to the
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Ito’s integral by the formula

t t 1 d t
/OF(fS,ods):/O (fs,ds) +§;< fs;d5> ft>

In terms and assumptions of Theorem F.3 below, let us check that the

continuous C''-martingale

Flot) = /0 B s) dW, (87)

satisfies the conditions of Theorem F.2 for 6 = 1. According to the definitions
n [11], B%(z, )" (y,t) is called the local characteristic of F(x,t). It is said to
belong to the class B>! if for any compact subset K of R?

/OT (s Wt”f* 2 (222'19?5““”)2

vek 1+ ]z] 1<]o]<2
2

DB (2, t) — DB (', )|

+ sup dt < oo
|a|Z—2 z,x' €K |z — 2| ,
- rHx

which follows from the boundedness of 3%(xz,t) and all its derivatives.

Theorem F.3 (Custom version of Theorem 3.4.7 in [11]). Let f(x,t) =
(ﬁl(a:, t),...,B% =, t)) be a continuous bounded function on R4 x[0,T], 3-times
differentiable in x and continuously differentiable in t with bounded derivatives.
Let Wy be a standard 1-dimensional Brownian motion. Then for each ty and

To, the Stratonovich equation

t
©r = Tg +/ Blps, s) odW (88)
to

has a unique solution. Further the solution satisfies Ité’s equation

t t d ' o
Pt :x0+/ 5(90573) dWS—i_%/ {Zﬁj(@&s)ag(@&s)}d& (89)
to to j=1

Remark. Theorem 3.4.7 in [11] considers mazimal solutions, while in Theo-
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rem F.3 we deal with global solutions only.

Proof. Consider 1t6’s stochastic differential equation (89). Let us check that

it satisfies the conditions of Theorem F.1, where

t 1 t d ) 86
Fat) = [ dlesjaw+s [ > o)t
is a continuous C' (R?: R?)-valued semimartingale. Denote

. 1< LYl
1) = 5 3 Pt 0 (o).
j=1

According to the definitions in [11], the pair

({F s @0}, Ben},)

is called the local characteristic of F'(x,t). It is said to belong to the class Bz? !

if for every 1 =1,....,d

2
i 2 i i
[ (s B0 [y 1P0=r0) )
0 r€R4 1+ |$‘ z,x’' €ER? ’l’ - xll ’
r#z’
/T sup |bl(x7t)| + sup |b7'(.l‘,t> — bl(l‘/,t” dt < 0o
0 z€R4 1+ ’l’| z,x’' €ER? |I - $,| ’

a#a’
which follow from the boundedness of 5‘(z,t) and all their derivatives. There-
fore, for each ¢y and xg, It6’s equation (89) has a unique solution ¢y, t € [to, T'.
Since ¢, is a continuous semimartingale, the Stratonovich integral in (88) is
well defined. Applying Theorem F.2 to (87), we have

t t 1 d t o .
[ ey = [ sy aw 552 ( [ e nam. o)

= /t:ﬁ(sos,S) dW;
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1 b op y
+§Z< o 8 (9057 dWS7/ B QDS, Ws>

Jj=1

t 1 d t 66 )

= W — E _ J
to /B(S037 S) d S + 2 ]:1 /;0 83}7 (9087 S)/B (SDS’ S) ds

= @t — Xo-

Therefore, Stratonovich equation (88) has a solution. The uniqueness of the
solution of equation (88) is also reduced to the uniqueness of the solution of
equation (89). O

Theorem F.4 (Theorem 4.6.5 in [11]). Assume that the local characteristic
of the continuous C-semimartingale F(x,t) belongs to the class B{f"s for some
k> 1 and 06 > 0. Then the solution of Ité’s stochastic differential equation
based on F' has a modification ¢s,, 0 < s <t < T such that it is a forward
stochastic flow of C*-diffeomorphisms. Further it is a C*°-semimartingale for

any € < 9.

Let function B(z,t) = (8 (z,1),. .. ,ﬁd(x,t))T satisfy Condition (E.1); for

some k > 3. Consider the following It6’s equation

Pst(T) = T~ /590sr r)dW,+= /{Z@J Do gﬁ](%?‘< ), )}dr.

(90)
Let us check that it satisfies the conditions of Theorem F.4 for 6 = 1, where

F(:c,t):—/o ﬁ(:c,r)dWr—l—%/o {Zﬁj(x,r)%( )}dr

Denote

‘ 1< 943
i 0) = 5 3 B0 (2,1,
j=1

According to the definitions in [11], the pair

({F s w0} Ben},)

is called the local characteristic of F'(x,t). It is said to belong to the class Bf !
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if for every 1 =1,...,d

[ |CtFt) 2, Coppmmrnt)

a 1+
zeR 1<|a|<k zcRd

2

+ Z sup |Dg B (x,t) — D' (2, 1)]

dt < oo,
|a|=k .Z,J?/ERd |,T - $/|
r#x’
T
b (x,t A
/ sup ¥ (=, >’ Z sup |D§b’(w,t)|
Db (x,t) — DOV (2!, t
+Z Sup‘x(x7) x(mﬂ)’ dt<OO,
a |z — 2|
z,2'€R
o=k et

which follow from the boundedness of 5‘(z,t) and all their derivatives. There-
fore, the solution of It6’s equation (90) has a modification ¢g, 0 < s <t <T
such that it is a forward stochastic flow of C*-diffeomorphisms, and it is also

a C*-semimartingale.

Condition (D.1)s. (F*,...,F**) is a continuous C*-semimartingale with

local characteristic belonging to the class (B,’f“’(s, Bllf’&).

Theorem F.5 (Theorem 6.1.9 in [11]). Assume that (F',..., F*™) of the

linear equation

u(z,t) = f(x) +Z/O Fi(z, Ods)%(:c, s) +/0 F(z, ods)u(z, s)

satisfies Condition (D.1)y s for some k > 3 and § > 0. If the initial function is
of C¥° the linear equation has a unique global solution which is a continuous
C*<-semimartingale for some ¢ > 0. It is represented by

y=1t(x) } ’

u(z,t) = f((x)) exp { / F (i, (y), ods)
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where oy is the solution of

o) =7 — / Flipa(x),ods)

and 1y s its inverse.

Assume that the coefficients 3%(x,¢) and «a(z,t) in linear equation (20)
satisfy Condition (E.1); for some k > 3. Let us check that the corresponding

continuous C*-martingales

t t
Fi(z,t) = / Bz, s) dW, FHl(z,t) = / a(x, s) dW,
0 0
satisfy Condition (D.1) ;. According to the definitions in [11], the pair
(oo
{8 (e, 0 (0,0}, oz, taly, b

is called the local characteristic of (F(z,t), F4*!(z,t)). It is said to belong to

the class B{f“’l if for every 1 =1,....,d
! B, D1\ gl
sup Tl + Z sup !Dxﬁ (z, t)’
0 zeR 1< || <k+1 zeR
2
D13 (x, t) — DB (2, t
+ Z sup | 16 (ZE, ) ,acﬁ (37, )| dt < 0,
ik \ 72 SR =
T 2 2
alx,t
/ (sup %) + Z (sup |D;/a(x,t)|)
0 reR4 1< ]y|<k+1 zER?
2
DY t) — Dla(z't
+ Z sup | IO&(IE, ) /za<x7 )| dt < 0,
ik \ 7SR [z =

which follow from the boundedness of 5*(z,t), a(z,t) and all their derivatives.
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