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Abstract

Graphical models are a useful tool for encoding conditional independence
relations. A common goal is to select the graphical model that best describes the
conditional independence relationships between variables given observations of these
variables. Under the additional Gaussian assumption, conditional independence is
equivalent to zero entries in the inverse covariance matrix ©. Thus sparse estimation
of © in turn specifies a graphical model and the associated conditional independen-
cies. Popular frequentist methods for this often involve placing a penalty function
on © and maximising a penalised likelihood, whilst Bayesian methods require spec-
ification of a prior distribution on ©.

Conditional independence relations are invariant to non-zero scalar multipli-
cation of the variables, however in this thesis we show that essentially all current
penalised likelihood methods and many prior distributions are not invariant to such
transformations of the variables. In fact many methods are very sensitive to rescal-
ing of the variables which can, and often does, result in a vastly different selected
graphical model. To remedy this issue we introduce new classes of penalty func-
tions and prior distributions which are based on partial correlations. We show that
such penalty functions and prior distributions lead to scale invariant estimation and
posterior inference on ©.

We pay particular attention to two penalty functions in this class. The
partial correlation graphical LASSO places an L penalty on the partial correlations
whilst the spike and slab partial correlation graphical LASSO is a penalty function
based on a spike and slab prior formulation. The performance of these penalty
functions is compared to that of current popular penalty functions in simulated
and real world settings. We also investigate spike and slab priors in general for
Gaussian graphical models and point out that care must be taken when considering
the positive definiteness of ©. With this in mind we provide some theoretical results
based on Wigner matrices.



Chapter 1

Introduction

A graphical model is a statistical model associated to a graph in which the nodes of
the graph correspond to random variables of interest. The edges in the graph repre-
sent allowed conditional dependencies between the variables, or, more relevantly, the
lack of an edge in the graph represents some conditional independence relationship
between the associated variables. Informally, conditional independence means that
two variables are independent when given the value of some other variable(s). This
is a useful property to investigate in many applications, in particular due to the link
with causality. This is because different combinations of conditional independence
relationships directly determine whether or not some collections of variables can be
considered causes of others [Pearl, 2009]. Furthermore, conditional independence
between variables rules out a direct causal relationship between them. A graphical
model is a tool which is able to encode complex conditional independence relation-
ships between variables and provides a visual representation of these relationships
to aid interpretability even when there is a large number of such variables.

The study of graphical models can be split into two categories. First is
when the graphical model is given. This might be due to expert or application
specific knowledge and potential or known conditional independencies between the
variables. Any statistical analysis of the data can then take advantage of these as-
sumed relationships through, for example, the resulting factorisations in the joint
density function. The second category is graphical model selection when the graph-
ical model is not given and must be selected using data. This may be done, for
example, when one lacks specific knowledge of the relationships between variables
and better understanding of potential conditional independencies is desired.

When the variables are assumed to be jointly Gaussian, conditional indepen-

dence between the variables corresponds exactly to the zero entries in the inverse



covariance matrix, also called the precision matrix. In this case graphical model se-
lection is therefore closely related to sparse estimation of the precision matrix. Many
methods have been proposed for sparse precision matrix estimation and Gaussian
graphical model selection, and perhaps the most well known methods are based
on penalised likelihood estimation where a penalty function is added to the log-
likelihood. The most prominent penalised likelihood method is the graphical LASSO
(GLASSO) which places an L; penalty on the entries of the precision matrix.

A key property of conditional independence relationships and therefore graph-
ical models is that they are invariant to rescaling of the variables. That is, if one
multiplies the variables element-wise by some vector with non-zero entries, the un-
derlying graphical model remains unchanged as do its associated causal relation-
ships. However, it will be shown in this thesis that essentially all current penalised
likelihood methods are not invariant to such rescalings, as well as many Bayesian
methods. This issue is well known by many applied researchers who appreciate
that when using GLASSO, rescaling of the variables can and often will result in the
selection of a vastly different graphical model.

In this thesis we address this issue by proposing a new framework for pe-
nalised likelihood and Bayesian methods in Gaussian graphical models which are

based on partial correlations. The main contributions of this thesis are:

(i) A novel penalised likelihood framework based on partial correlations that pro-
duce estimates and model selection that are invariant to scalar multiplication
of the variables. (Chapter 2)

(ii) An investigation of two specific forms of penalty function in this class and
their application to both simulated data - when the data generating process is

known - and real-world data. (Chapters 2 and 4)

(iii) A novel Bayesian framework for prior distributions based on partial corre-
lations that produce posterior inference that is invariant to rescaling of the
variables. (Chapter 3)

(iv) The application of certain appropriate spike and slab prior formulations within

this new Bayesian framework. (Chapters 4 and 5)

(v) Some new theory that relates to the positive definiteness of the precision matrix

under these spike and slab priors. (Chapter 5)

The content of Chapters 2 and 3 can also be found in Carter et al. [2021],

a paper which has been submitted to the Scandinavian Journal of Statistics and is



currently under review. Two further papers are planned from the content of this
thesis focusing on the performance of the non-convex penalty functions discussed in
Chapter 4 and on the theoretical results presented in Chapter 5.

One of the penalised likelihoods we investigate is based on setting an L;
penalty on the partial correlations and so is directly comparable to the GLASSO.
In our simulated results we will show that this new penalised likelihood generally
performs better than GLASSO in terms of both estimation and model selection, as
well as enjoying the advantage of scale invariance.

In this chapter we begin by introducing conditional independence, graphical
models and Gaussian graphical models. In depth discussion of these topics can be
found in, for example, Whittaker [1990], Lauritzen [1996] and Studeny [2006]. A
more recent and very comprehensive review of graphical models is Maathuis et al.
[2018]. The next sections will summarise some key topics in the literature. We will
then review current methods for Gaussian graphical model selection before outlining

the remainder of the thesis.

1.1 Conditional independence

We begin by formally defining conditional dependence and stating some specific
properties of the conditional independence relation. Since graphical models are
used to encode conditional independence relationships, it is important that the re-
sulting relationships satisfy these properties. The content of this section and more

information can be found in chapter 3 of Lauritzen [1996].

Definition 1. Let X,Y,Z be random variables with a joint distribution P. It is
said that X s conditionally independent of Y given Z under P and it is written
X LY | Z[P] if for any measurable set A in the sample space of X there exists a
version of the conditional probability P(A | Y, Z) which is a function of Z alone.

We assume that the joint distribution P is fixed and omit this from the
notation. When the three variables admit a joint density f with respect to a product

measure y then X 1L Y | Z if and only if

Ixyiz(@,y|2) = fxiz(x | 2) fyiz(y | 2)

holds almost surely with respect to P. That is, the conditional density of X,Y | Z
factorises into the two conditional densities of X | Z and Y | Z. In this way we see
that conditonal independence is equivalent to independence of the random variables
X |Z=zand Y | Z = z for all possible z.



The conditional independence relation has the following properties, where h

denotes an arbitrary measurable function on the sample space of X.

(Cl) X LY |ZthenY L X|Z.

(C2) X LY |Zand U =h(X), then U LY | Z.

(C3) f X LY |Zand U = h(X), then X LY | (Z,U).
(C4) X LY |Zand X LW |(Y,Z), then X 1L (W,Y) | Z.

These properties can be seen as fundamental to the notion of conditional
independence as therefore should be adhered to in any conditional independence
model.

An additional property of conditional independence is that it is invariant
to non-zero scalar multiplication of the variables. Consider vectors a,b,c which
are of the same dimension as X,Y, Z respectively and that have non-zero entries.
Define the transformed random variables X’ = a7 X, Y’ = b7Y, Z' = ¢T'Z, where
M7 denotes the transpose of the matrix (or vector) M, and denote by P’ the joint
probability distribution of (X', Y, Z"). Let A’ be a measurable set in the sample
space of X’. Then A = {z : a’z € A’} is a measurable set in the sample space of X

and X € A if and only if X’ € A’. Hence, by properties of conditional probabilities,

P(A Y, Z") =P(A|bTY, T Z)
=P(A|Y,Z)

It follows that X 1 Y | Z [P if and only if X' 1L Y’ | Z' [P']

1.2 Graphical models

In this section we define a graph G and explain that a particular relation called
separation in the graph satisfies analogs of the properties (C1)-(C4). We then go
on to demonstrate how a graph can be used to represent conditional independence
relationships amongst a group of random variables in a graphical model. The content
of this section and more information can be found in chapters 2 and 3 of Lauritzen
[1996].

A graph is a pair G = (V, E) where V is called the vertez set and E is called
the edge set. The vertex set V' can be any finite set and the elements of V are called
vertices or nodes. The edge set E is a subset of {(u,v) : u,v € V,u # v} and the

elements of E are called edges.



Figure 1.1: A visual representation of the undirected graph G with vertices V' =
{1,2,3,4} and edges F = {(1,2),(1,3),(1,4),(3,4)}

An edge (u,v) € E is called undirected if (v,u) € E also. If all of the edges
in E are undirected then G is called an undirected graph. For an undirected graph
the edge set can be simplified by omitting one of (u,v), (v,u). In this thesis we
focus on undirected graphs and so for the remainder of this chapter all graphs will
be assumed to be undirected.

A graph can be visually represented with the vertices displayed by dots and
an edge displayed by a line between the relevant dots. An example of such a visu-
alisation can be seen in Figure 1.1.

Two vertices are called adjacent if they have an edge joining them. A path
of length k from vertex u to vertex v is a sequence u = ug, U1, . .., up = v of distinct
vertices such that (u;—1,u;) € E or (uj,u;—1) € E for all i = 1,...,k. A path in
which u = v is called a cycle. A decomposable graph is a graph in which every cycle
of length greater or equal to 4 possesses a chord - two non-consecutive vertices that
are adjacent.

A subset C' C V is called a (u,v)-separator if all paths from wu to v intersect
C'. For subsets A, B C V, C is said to separate A from B if C is a (u,v) separator
for all w € A and v € B. For example, in the graph of Figure 1.1 the vertex 1
separates 2 from {3,4}.

g g
Define the relation L via separation such that A 1 B | C if and only if

C separates A from B in G. It is fairly straight forward to show that Jg_ satisfies
analogues of the properties (C1)-(C4) where W, XY, Z are replaced by subsets of
V and the function U is replaced by a subset of its argument. Hence separation in a
graph would be a suitable way to represent conditional independence relationships.

In a graphical model, the vertex set V of the graph G corresponds to the
indices of the set of random variables of interest. The edges in the graph represent
conditional dependencies between the variables, or more relevantly the lack of an
edge represents some conditional independence relationship between the variables.
These conditional independencies can be read from the graph via a Markov property

- a property that is related to separation.



Let X = (XM, ..., X®) be a vector of random variables and G = (V, E) an
undirected graph with vertex set V' = {1,...,p}. Since G is undirected and V is a
subset of the natural numbers, we only allow E to contain edges of the form (i, )
with i < j. The vertex ¢ € V corresponds to the variable X(®. For a subset A C V
we let X = (X®);cy and X4 = (X(i))i¢A. A range of Markov properties
have been proposed for encoding conditional independence relationships on X via

G. Two common Markov properties are defined as follows.

Definition 2. A probability measure P for the random variabes X obeys the pair-

wise Markov property relative to G if for any pair of non-adjacent vertices ¢, 7,
X0 1 x0) ) xEah),

A probability measure P for the random variabes X obeys the global Markov
property relative to G if for any disjoint subsets A, B, S C V such that S separates
A from B in G,

XW 1 xB) | x5,

Generally, the global Markov property is a stronger property than the pair-
wise Markov property. However, if the distribution of the variables has a positive
and continuous density, as is the case for a multivariate Gaussian random vector
for example, then the two properties are equivalent [Pearl and Paz, 1987] (also see
Theorem 3.7 of Lauritzen [1996]).

Under the graphical model G the variables X are assumed to satisfy all
conditional independencies given by its Markov property. Note that this does not
restrict additional conditional independencies not specified by G from holding. Since
the global Markov property corresponds directly to separation in G, the resulting

assumed conditional independencies therefore satisfy each of (C1)-(C4).

1.3 Gaussian graphical models

The conditional independence relations given by a graphical model are often a too
general framework for data analysis of continuous random variables and so addi-
tional assumptions about the joint distribution of the variables are required. In
Gaussian graphical models the additional assumption is made that X has a multi-
variate Gaussian distribution. In this section we will show that a Gaussian graphical
model corresponds to zero entries in the precision matrix. We will then discuss how

to calculate the maximum likelihood estimate (MLE) of the precision matrix under



a specific graphical model. The content of this section and more details can be found
in chapter 2 of Whittaker [1990] and chapter 9 of Maathuis et al. [2018].

Let X = (XM, .., X®) ~ N(u, ¥) be a p-dimensional multivariate Gaussian
random vector with unknown mean p € RP and p X p, symmetric, positive-definite
covariance ¥ = (0yj)i<i j<p- We denote the precision matrix by © = (0;)1<i j<p =
=1 which is also p x p, symmetric and positive definite. For A, B C {1,...,p} we
let pa, Xap and © 4p denote the corresponding subvector and submatrices. The

probability density function of X is written as

Fuis(o) = 27 (et (£) " exp (~ o = )75 Mo - ).

where det(A) denotes the determinant of the matrix A, or equivalently in terms of

the precision matrix as

Fuis(a) = (2m) " (det (6))exp 5~ )T O~ ).

A key property of the Gaussian distribution is that it is closed under condi-

tioning (for a proof of this result see Proposition 9.1.1 of Maathuis et al. [2018]).

Proposition 1. Let A and B partition {1,...,p}. Then the conditional distribution

of XA given XB) is also Gaussian with covariance matriz equal to @;1114.

This proposition allows a key interpretation of the precision matrix ©. First
consider a singleton A = {1} and B = {2,...,p}. It follows that the conditional
distribution of X | X(={1}) is Gaussian with variance equal to 0;11. In other

words,

ot = Var (XM | x(D),

and so the diagonal entries of © are equal to the inverse partial variances.
Now consider a doubleton A = {1,2} and B = {3,...,p}. Then the condi-

tional distribution of X(4) | X(B) is Gaussian with covariance matrix equal to

ol ___ 1 022 —bh2
AL 011000 — 03 \ =01y 01 )

It follows that the partial covariance between X and X @ is equal to

—0
1) x©2 (—{t2h) - Y1z
cov (X XY X ) - 9%2’



and the partial correlation is equal to

_ —b12
COrT <X(1>’X<2> x( {12})) 2
| V011022
Hence, the off-diagonal entries, when rescaled by the relevant diagonal entries, are
equal to the negative partial correlations.
Let G be a graph with vertex set V = {1,...,p}.

Definition 3. X is said to satisfy the Gaussian graphical model relative to G if
Gij =0 for all (Z,]) §é E

Under the Gaussian graphical model, the graph G describes the sparsity pat-
tern of the precision matrix ©, or equivalently specifies certain zero partial correla-
tions between the variables. We will show that X satisfies the Gaussian graphical
model relative to G if and only if it satisfies the global Markov property relative to
g.

A well known defining feature of jointly Gaussian random variables is that
independence is equivalent to uncorrelatedness. That is, if X1, X2 are jointly
Gaussian then X 1 X® if and only if the correlation between X and X
is zero. This property along with Proposition 1 can be used to show a similar

equivalence between conditional independence and zero partial correlations.
Corollary 1. X® 1 X0 | X3 if and only if 0;; = 0.

This corollary follows because X | X(={i3D) and X0) | X(={43}) are jointly

Gaussian random variables (with distribution only dependent on the conditioned

value of X (=17} through the mean parameter) with correlation given by —0ij

It then immediately follows that satisfying the Gaussian graphical model
relative to G is equivalent to satisfying the pairwise Markov property relative to G.
Since the multivariate Gaussian distribution has a positive and continuous density,
this is therefore also equivalent to satisfying the global Markov property.

Now that we have defined the Gaussian graphical model, we turn to the
problem of calculating the MLE of © under a Gaussian graphical model given ob-
servations of X. Suppose we observe n independent samples (Xi,...,X,) of X
and denote their sample covariance by S = 13" (X; — X)(X; — X)T, where
X = % >, X, is the sample mean. The pair S and X are sufficient statistics for a
Gaussian model. The log-likelihood as a function of (i, ¥) can be written as

n

s (X =W S (X =)+,

(1,2 X,S) = —g log (det () — gtr (5371



where tr(M) denoted the trace of a matrix M and c is a constant. As a function of
(1, ©) the log-likelihood is written as

(1,0 | X, 8) = glog (det (©)) — gtr (S6) — %(X —wTOX —p) +e

Assuming that n > p, the MLE under the Gaussian graphical model with complete
graph G (i.e. no constraints on ©) is i = X and ¥ = S. For n < p the MLE does
not exist (i.e. the log-likelihood is unbounded) with probability 1. For a general G
calculation of the MLE is more complicated. First note that the Gaussian graphical
model does not put any constraints on p and so we still have 4 = X. Denoting
the set of symmetric, positive definite p X p matrices by S, the MLE problem then

reduces to
— log (det (£)) — tr (5271
max og (det () — tr ($%71)
subject to (E_l)ij =0 forall (i,5) ¢ E

or in terms of © to

max log (det (©)) — tr (S©) (1.1)

subject to  6;; =0 for all (i,j) ¢ E

When considered in terms of ©, this can be shown to be a convex optimisation

problem. The dual problem to (1.1) can be shown to be

rznelg —log (det (X)) — p (1.2)

subject to  X;; = S for alli =j or (i,j) € E

The MLE is not guaranteed to exist for all S and all G, namely because the objective
function may be unbounded on the feasible region. A sufficient condition for the
MLE to exist is n > p. Without placing additional assumptions on the form of
G, one cannot obtain a stronger sufficient condition - for example when G is the
complete graph, the MLE exists if and only if n > p. However, for certain graphs
G, the MLE may exist for smaller n. For more details of this see Section 9.5 of
Maathuis et al. [2018].

Assuming the MLE does exist, since this is a convex optimisation problem
it can be solved in polynomial time by an interior point method [Boyd and Van-

denberghe, 2004]. An even simpler approach, and one that is generally effective, is



using a coordinate descent algorithm. To do this, begin with £0 = S and iteratively
update each of the entries ;;, ¢ # 7, (i,j) ¢ E by maximising the log-likelihood
with all other entries fixed. Note that only the indices (i, j) ¢ E need be considered
because the other entries for the MLE of ¥ are given in (1.2). A similar coordinate

descent algorithm can be made for © beginning at ©° = I the identity matrix.

1.4 Gaussian graphical model selection

Up to this point we have assumed that the graph G specifying the graphical model
is given. This might be the case when certain prior or expert knowledge informs
conditional independencies that are known to exist between the variables. However,
in many applications this will not be the case and instead one may wish to select
a graphical model given data. Under the assumption that X follows a Normal
distribution with precision matrix O, the goal is therefore to identify the graph G
with edge set given by (i,j) € E <= 6;; = 0, based on data summarised by the
sample size n and sample covariance S. In this section we introduce some methods
for doing this.

A naive approach outlined by Whittaker [1990] is to initially estimate © by
S~ (provided the inverse exists which occurs with probability 1 when n > p). From
S~1 the sample partial correlations can be obtained by scaling the matrix to have
unit diagonals. One may then choose a threshold ¢ for which any sample partial
correlations in (—c, ¢) are set to be equal to 0. The graphical model is then selected
based on these zero entries.

Note that this procedure bases edge inclusion on the absolute value of the
sample partial correlations, rather than the off-diagonal entries of S~1. This will be a
key theme through the remainder of the thesis. However, this approach has a number
of problems. First, there is no obvious and unequivocal way to set the threshold
c. Second, the absolute value of the sample partial correlations does not necessarily
correspond to the likelihood of two variables being conditionally dependent. Third,
this ignores any dependence between the sample partial correlations - fixing one
partial correlation to be zero may change the MLE of another partial correlation.
Finally, the resulting estimate is not guaranteed to be positive definite.

There are various expedient tools that can mitigate some of these problems,
however these are ad hoc and any one difficult to justify over another. For example,
we could consider the following stepwise backward-search algorithm (or similarly
a forward-search algorithm) which is similar to that suggested in Hgjsgaard et al.
[2012]. Let Gg be the complete graph and Oy the MLE under the Gaussian graphical
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model Gg. Then define the graph G; which is equal to Gy except with the edge asso-
ciated to the smallest estimated partial correlation in absolute value in ©¢ removed.
Then let ©®1 be the MLE under G;. This procedure can be continued until either
a desired level of sparsity is reached, or until the empty graph is reached. A single
graphical model from this sequence can then be selected by using some selection
criterion, for example the Bayesian information criterion. However, this procedure
can become computationally expensive for large p.

This stepwise procedure is similar to another class of methods called model
search algorithms. Model search algorithms compare some subset of all possible
graphical models and select between them using some criterion. A model search
algorithm is defined by its method for selecting this subset of models. Ideally one
may consider the set of all possible graphical models. However, this is generally
computationally infeasible for even moderate problem size. If there are p variables
then there are %p(p — 1) possible edges in a graphical model and 95p(P=1) possible
graphical models. Even for p = 5 this gives 1024 models to consider. Hence for
even moderately sized problems, any model search algorithm must not consider all

models, and therefore may potentially miss models that describe the data well.

1.4.1 Penalised likelihood

Many approaches to Gaussian graphical model selection instead focus on sparse es-
timation of © and then select the model that matches this sparse estimate. One
popular frequentist method for sparse estimation is the maximisation of a penalised
likelihood. Quite simply, this adds a penalty term to the log-likelihood function
which penalises non-zero parameters and therefore encourages sparsity in the esti-
mate. Penalised likelihood approaches are common in linear regression, the most
famous being the LASSO of Tibshirani [1996], and many of these approaches have
been adapted for application to Gaussian graphical models. These adaptations come
in two major forms.

The first form is when the penalty is applied directly to the precision matrix
O. Estimation of © then simply involves maximisation of a penalised likelihood of
the form

[(©|S)— Pen(O)

where

1(©]8) = g (log (det (©)) — tr (SO))

is the log-likelihood function for © after removing constants and Pen(©) is a penalty

function.
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Penalty functions are often chosen to be increasing in |6;;| with a local min-
imum at 0;; = 0. In this way, smaller estimates of the 6;; are encouraged - this is
commonly referred to as regularisation of the 6;;. Choosing a penalty function which
is non-differentiable at 6;; = 0 also allows the possibility of exact zero estimates.

The LASSO penalty assigns an L; penalty to the coefficients in a linear
regression. This has been adapted to the Gaussian graphical model setting in the
graphical LASSO (GLASSO) proposed and investigated by Yuan and Lin [2007],
Friedman et al. [2008] and Banerjee et al. [2008]. Under the GLASSO the penalty

function is of the form

Pen(©) =p > |0
ij

where p > 0 is called the penalty or regularisation parameter. The objective function
for the GLASSO is concave and therefore benefits from the advantages of convex
optimisation to allow estimates to be obtained very quickly and efficiently. Further-
more, unlike the regular MLE for ©® which only exists when n > p, the penalised
likelihood estimate of GLASSO exists for any sample size n. It was also shown by
Yuan and Lin [2007] that the GLASSO estimate is equivalent to maximising the
log-likelihood under the constraint that the L; norm of © is bounded by a certain
amount.

It was noted in linear regression that the LASSO tends to induce a significant
bias on large, non-zero regression coefficients. This is due to the penalty increasing
linearly in |0;;| and therefore inflicting a large penalty on large |6;;| and, more
importantly, the gradient of the penalty being constant in |0;;|. To reduce this bias,
non-convex penalty functions have been proposed. Two examples of these are the
smoothly clipped absolute deviation (SCAD) penalty, proposed by Fan and Li [2001]
and adapted to Gaussian graphical models by Fan et al. [2009] and the minimax
concave penalty (MCP) proposed by Zhang [2010].

The SCAD penalty is of the form

> SCAD, 4(|6351)

ihj

where \

SCAD), ,(z) = A <H(a: <)+ Hﬂ(a: > A))
for z > 0. Here I denotes the indicator function and (x)4 denotes the maximum of
z and 0.

The MCP is of a similar form to the SCAD penalty replacing SCAD, , with
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MCP) , where

MCP), ,(z) = </\ - %) I(z < a)).

The SCAD penalty has constant gradient equal to A around 0 before decreasing
linearly to 0. The derivative of the MCP instead decreases linearly to 0 straight away.
For both the SCAD penalty and the MCP we refer to A > 0 as the regularisation
parameter.

A second form of Gaussian graphical model selection using penalised likeli-
hoods occurs due to a direct connection to linear regression. By regressing a single
variable X on the remaining variables X (=9 the resulting regression coefficients
correspond to the entries in the ith row of © through 8; = —0;0;;. This relationship
motivated the method of Meinshausen and Biithlmann [2006] which implemented
successive linear regressions on each of the coefficients using the LASSO. The zero
regression coefficients then informed the selected graphical model. For additional
information see, for example, Section 12.3.3 of Maathuis et al. [2018].

Theoretical results for model selection and so called ‘oracle’ properties exist
for both GLASSO and the method of Meinshausen and Biithlmann [2006] under
certain conditions on the true underlying ©, the sample size n and the problem
size p. If these conditions are satisfied, both methods are proven to return the true
underlying graphical model with a certain probability, for certain choices of the
regularisation parameter. Oracle properties relate to the distance between the true
and estimated © being bounded. Again, under certain conditions the GLASSO and
Meinshausen estimates satisfy oracle properties on the [;-norm, for certain choices of
the regularisation parameter. For more information on these properties see Section
12.3 and Section 14.1 of Maathuis et al. [2018].

Parameter selection is an important aspect of penalised likelihood methods.
For the SCAD penalty and the MCP default values of a = 3.7 and a = 2 have been
proposed, respectively. For the regularisation parameter is it common to calculate
penalised likelihood estimates for a sequence of parameters and then choose between
them via some selection criterion. Popular choices of selection criterion are cross
validation, the Bayesian information criterion (BIC) and the extended Bayesian
information criterion (EBIC). Additional details on the BIC will be given in Section
2.2, an overview of the BIC and cross validation can be found in Lian [2011] and
details on the EBIC in Foygel and Drton [2010]. The SCAD penalty has been
shown to achieve consistent model selection when parameter selection is via the
BIC [Lian, 2011; Gao et al., 2012]. When instead predictive power is desired over

model selection, cross validation offers good performance - see Vujacié¢ et al. [2015].
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1.4.2 Bayesian methods

A standard Bayesian procedure for model selection requires specification of prior
distributions on © given a graphical model, 71(© | G), and on the model space,
m2(G). The most common choice for model space prior is a discrete uniform prior,
assigning each possible graph equal prior probability. However, such a prior heavily
favours graphs of moderate size where the size of the graph refers to the number
of edges. For example, when p = 5 there are 1024 possible graphical models, but
only one graph with no edges and one complete graph with 10 edges. Hence each
of these have a ﬁ probability under the uniform prior. On the other hand, there
are 252 graphs with 5 edges and so under the uniform prior this has probability of
approximately i.

One alternative is to set
7T2(g) _ 7,’size(g)(l o n)m—size(g)

where m is the maximum size of G and 7 € (0,1). This assumes that the inclusion
probability of any edge is constant and equal to n and allows for favouring of more
sparse graphs. Another option is to separately set a prior on the model size and on
the model given the model size. This allows for even more flexible prior specification.

The prior for the joint space (©,G) is given by 7(0,G) = m(© | G)m2(G).
Given samples of X, which are summarised by the sample size n and the sample

covariance .S, the resulting posterior density is equal to
m(0,G | n,S) x L(O | S,n)m(0 | G)me(G)

where the likelihood function L depends on (0,G) only through ©. For model
selection, we are interested in the posterior density of G, which requires integrating
the full posterior with respect to © over the space of symmetric, positive definite

matrices. Thus we need to calculate

W(g|n,5):/7r(@,g\n,5)d@
S

x wz(g)/SL(@ | S,n)m1(© | G)dO (1.3)

In an ideal world, this posterior probability would be calculated for all possible G.
If desired, one may then select a number of high posterior probability models to
give an idea of the conditional independencies that the data suggests. However, this

approach has two problems. First, calculation of these probabilities is not necessarily

14



straight forward due to the integral. Second, as with the frequentist case, calculation
of the posterior probability for all G is often infeasible, even for moderate p. Hence,
some search algorithm is needed to traverse the model space and identify graphs
that are likely to have high posterior probability. One common tool for comparing
two models is the Bayes factor which gives the ratio of posterior probabilities for
two models.

One approach to this first issue is to choose prior densities m1(© | G) which
allow easy calculation of this integral. This may be done through the graphical
Wishart (G-Wishart) prior on ©, or equivalently a hyper-inverse Wishart prior on X.
Introduced by Dawid and Lauritzen [1993], the hyper-inverse Wishart distribution is
conjugate for ¥ under a Gaussian graphical model and satisfies the Gaussian graph-
ical model with probability 1. Although the hyper-inverse Wishart is only defined
for decomposable graphs, the G-Wishart can be generalised to non-decomposable
graphs. As long as the graph G is decomposable, the G-Wishart prior allows closed
form calculation of the integral in (1.3), and therefore the posterior probabilities
can be calculated up to a normalising constant. Hence Bayes factors can be calcu-
lated in closed form since the normalising constant cancels out. These Bayes factors
can then be used to explore the space of graphical models by using, for example,
a Metropolis-Hastings algorithm as in Madigan et al. [1995] or a reversible jump
algorithm as in Giudici and Green [1999] and Dobra et al. [2011].

One disadvantage of these types of algorithms is that they take a long time
to explore the whole model space since they only add or remove a single edge in each
iteration. The birth and death MCMC algorithm of Mohammadi and Wit [2015]
improved on this by allowing more general jumps through the model space. An even
greater improvement would be to remove the need for traversing the model space by
sampling directly from the posterior of ©® (which then implies the graphical model
through its sparsity pattern). Obtaining such samples, or constructing an MCMC
algorithm without conditioning on the model G is challenging, however, due to the
distribution being non-continuous with point masses at 0. Instead one may consider
a continuous relaxation of the prior on © to allow for easier posterior sampling.
Some methods for doing this will be introduced later in the thesis.

For more information on Bayesian methods for Gaussian graphical model
selection see Chapter 10 of Maathuis et al. [2018].

1.4.3 Other methods

Although in this thesis we focus on penalised likelihood and Bayesian methods for

Gaussian graphical model selection, many other methods have been proposed. One
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of the most prominent alternative methods is the constrained /; minimisation for in-
verse matrix estimation (CLIME) method of Cai et al. [2011]. The CLIME method
solves an alternative constrained optimisation problem which instead minimises the
L1 norm of © under the constraint that the largest entry of S© — I is bounded at
a chosen threshold. This optimisation problem is convex so allows efficient compu-
tation. However, CLIME does not guarantee sparsity in the estimate of ® and so
graphical model selection is conducted by thresholding the resulting estimate.

The sparse partial correlation estimation (SPACE) method of Peng et al.
[2009] expands on the nodewise regression method of Meinshausen and Biithlmann
[2006]. They instead focus on estimation of the partial correlations, rather than the
entries of ©, and conduct the regressions concurrently and dependently such that
the resulting regression coefficients avoid certain logical fallacies that may occur in
the method of Meinshausen and Biithlmann [2006]. The SPACE method was shown
to work particularly well in the presence of hub variables - variables associated to
many edges in the graphical model.

Methods based on the score matching loss have been proposed by Forbes
and Lauritzen [2015] and Lin et al. [2016]. Instead of focusing on the log-likelihood
function, score matching methods instead aim to minimise some score function which
quantifies the accuracy of a predictive distribution given a realised value. These are
structurally similar to the SPACE method, benefit from convenient computation, are

robust to non-Gaussian data and tend to perform well in high dimensional settings.

1.5 Thesis outline

The remainder of the thesis is structured as follows. In Chapter 2 we introduce a
class of penalty functions, which the GLASSO penalty, SCAD penalty and MCP
all belong to, and point out a fundamental flaw with penalised likelihood estimates
based on such penalty functions - namely that scalar multiplication of the variables
results in different estimates of © and different graphical model selection. We also in-
troduce a new class of penalty functions based on partial correlations and show that
these benefit from estimates that are invariant to scalar multiplication. Particular
attention is paid to one novel penalised likelihood method - the partial correlation
GLASSO (PC-GLASSO) - which places an Lj penalty on the partial correlations,
and we propose a coordinate descent algorithm for calculation of the PC-GLASSO
estimates. This chapter concludes with applications on both simulated and real data
sets comparing the PC-GLASSO to the GLASSO. The real data sets investigated

involve gene expression measurements of colon cancer patients and S&P 500 index
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stock prices.

Chapter 3 introduces a similar framework based on partial correlations, but
this time for prior distributions. We prove a stronger result that the whole posterior
distribution is invariant to scalar multiplication of the variables under such priors.
These prior distributions are related to penalty functions and we introduce the
prior related to the PC-GLASSO. We then compare this PC-GLASSO prior to the
GLASSO prior of Wang [2012].

In Chapter 4 we use a spike and slab prior framework to inspire a new
penalty function on the partial correlations - the spike and slab PC-GLASSO (SS-
PC-GLASSO). This induces a non-convex penalty which, similarly to the SCAD
penalty and MCP, aims to reduce the bias on large partial correlations associated to
the Ly penalty of the PC-GLASSO. We compare this penalty to the SCAD penalty
and the MCP before proposing methods for parameter selection and computation.
The SS-PC-GLASSO is then compared to PC-GLASSO, SCAD and MCP in simu-
lated and real world examples.

Chapter 5 more extensively explores the use of spike and slab priors for
Gaussian graphical models. A key observation is made related to the positive def-
initeness of © and the interpretability of the spike and slab prior. We present a
theorem, whose proof is based on the theory of Wigner matrices, to combat this
issue and provide a strategy for setting parameter values to ensure an interpretable
prior. We then discuss choices for spike and slab densities and strategies for posterior
inference.

We conclude the thesis in Chapter 6 with a discussion and some key points

for major future projects based on the work of this thesis.
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Chapter 2

Partial correlation graphical

LASSO

We begin this chapter with a motivating example demonstrating a potentially trou-
blesome feature in the GLASSO and other common penalty functions - a feature
which we will modify with a newly proposed class of penalty functions containing
our novel partial correlation graphical LASSO (PC-GLASSO) method for estimating

precision matrices for Gaussian graphical models.

Example The goal of this example is to estimate the precision matrix © associated
to a p-variate Gaussian random vector. We set p = 50 and generate n = 100
independent Gaussian draws with zero mean and covariance ¥ = ©~!, where ©
follows the so-called star pattern, with 6; = 1 and 6;; = 61; = —1/ VD for i =

2,...,p, and 60;; = 0 otherwise.

1 1 1
1l 25 55 - 5% 50 5v2 5v2 ... 52
1
5 1 0O ... 0 5v2 2 1 .01
1
1
— s 0 0o ... 1 5v2 1 1 ... 2

In this setup recovery of the graphical model is relatively straightforward using
GLASSO, see for example Yuan and Lin [2007]. Indeed, the top left panel in Fig-
ure 2.1 shows the regularisation path for the estimated partial correlations under
GLASSO. For a large range of values for the regularisation parameter p the truly
zero 0;;’s are completely separated from the non-zeroes.

However, suppose that a data scientist decides to first standardise the data to
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have unit sample variances before applying GLASSO, as is common practise and has
been recommended by, for example, Yuan and Lin [2007]. To standardise the data

one can replace the sample covariance matrix S by the sample correlation matrix
R = diag(5)~/2Sdiag(5) /2

where diag(S) is the diagonal p x p matrix with diagonal entries equal to those of
S. The top right panel of Figure 2.1 shows the regularisation path for the estimated
partial correlations when GLASSO is applied to the standardised data. It is clear
here that the inference has suffered, and in particular the true graphical model is
not recovered for any p.

Although not equivalent, it is useful to consider the standardised data as

being similar to a Gaussian sample with covariance matrix y=06"1 given by

50 —V2 —V2 ... =2 1
-2 2 0 ... 0 V2

D[ —
NOj= = S
[\)
D[ +—
= Nl S
[\)
DO|—
DOl— DO S
[\)

N[ —=
NOf—= oo
—

V2 0 0 ... 2 V2
We highlight two key differences between ©,% and ©,% which might explain the
changes in performance of GLASSO. First, the diagonal entries of © are not all
equal, unlike the diagonal entries of ©. Second, the entries of ¥ related to an edge
are equal to 5v/2 and the entries not related to an edge are equal to 1. Meanwhile in
S the entries related to an edge are equal to % 2 and those not related to an edge
are equal to % The entries related to an edge are much larger, in both absolute
and relative terms, in ¥ than in ¥. We conjecture that a combination of these two
factors leads to the decreased performance, something that will be explained further

later in the chapter.

As a further example, we now multiply the samples related to the second
variable by 10 so that the sample is now from a Gaussian distribution with covariance
matrix ¥ = ©~! given by

1 %% 5% - T3 50 502 5v2 ... 52
1 1
“30vz 100 0 0 500/2 200 10 ... 10
0= ﬁ 0 1 ... 0 [, s=]5/2 10 |
1
~5v3 0 0o ... 1 5v2 10 1 ... 2
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Now the second diagonal entry of © is much smaller than the others, and the entries
in the second row and column of ¥ are inflated. In this case, as can be seen in the
bottom left panel of Figure 2.1, for many values of p the GLASSO estimate only
includes edges related to the second variable, even though this is far from the true
model. This suggests that GLASSO favours edges related to small diagonal entries

in © and large off-diagonal entries in 3.

These examples highlight two key issues with GLASSO. First, the estimates
obtained by GLASSO depend on the scale on which the variables are measured. In
other words, the estimate and model selected by GLASSO is not invariant to scalar
multiplication of the variables. This issue is not restricted to GLASSO but, as will be
shown later in the chapter, affects essentially all common penalty functions. Second,
under certain scalings of the variables GLASSO can provide inferior and arguably
illogical estimates of the precision matrix. As was highlighted in the example, this
can occur even when the data has been standardised.

In order to combat these issues, we propose a new class of penalty func-
tions based on partial correlations and investigate one specific penalty function in
this class which we call partial correlation graphical LASSO (PCGLASSO). The
regularisation path for the above example can be found in Figure 2.1 along with
the Kullback-Leibler loss associated to estimates along the regularisation path for
PC-GLASSO, GLASSO, SCAD and MCP under data standardised by S. This
demonstrates PC-GLASSO’s improved performance in estimation of ©.

The rest of the chapter is organised as follows. Section 2.1 sets notation and
reviews popular classes of likelihood penalties which we refer to as reqular penalty
functions. Section 2.2 introduces a new class of penalties on partial correlations,
and the PC-GLASSO as a particular case. Section 2.3 briefly specifies two forms
of standardising Gaussian data and Section 2.4 compares the GLASSO and PC-
GLASSO estimates in the p = 2 case. Section 2.5 shows that the PC-GLASSO, as
well as the logarithmic and Ly penalties are scale invariant, while regular penalty
functions are not. Section 2.6 informally discusses potential reasons for the poor
performance of GLASSO seen in the above example under certain scalings, while
Section 2.7 attempts to formalise these ideas with a notion of exchangeable inference.
Section 2.8 gives a brief discussion on the penalisation of the diagonal entries of
© and Section 2.9 discusses computational issues for the PC-GLASSO and gives a
certain conditional convexity result. Section 2.10 shows examples on simulated, gene
expression and stock market datasets. We end the chapter with a short discussion.

We also note that content from this chapter and the subsequent chapter

appear in a paper written with David Rossell and available on arXiv [Carter et al.,
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Figure 2.1: Top: Partial correlation regularisation paths for GLASSO in the p = 50
star graph example on the original data (left), and standardised data (right). Esti-
mates of truly non-zero 6;; are in black. Middle: Partial correlation regularisation
paths for GLASSO (left) when second variable has been multiplied by 10. Partial
correlations not related to the second variable are dashed. Partial correlation path
for PC-GLASSO (right). Bottom: KL loss over the regularisation paths for different
penalties applied to standardised data.
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2021] (submitted to Scandinavian Journal of Statistics). The PC-GLASSO method

and all results in Sections 2.5 and 2.7 are, to the best of our knowledge, novel.

2.1 Penalised likelihood in Gaussian graphical models

Let X = (XM, ..., X®)) ~ N(u, ) be a p-dimensional multivariate Gaussian ran-
dom vector with unknown mean g € RP and p X p positive-definite covariance
Y = (0ij)i<i,j<p- Suppose we observe n independent samples (Xi,...,X,) of X

and denote their sample covariance by S = - 3" (X; — 4)(X; — )T, where

i %Z?:l X, is the sample mean. Our goal is to estimate the precision matrix
O = (0ij)1<ij<p = X

A common assumption in Gaussian graphical models is that the data gener-
ating process is governed by a sparse undirected graph so that © is a sparse matrix
with many zero entries, and we have a particular interest in the location of its zero
entries. This is due to the equivalence between zero partial covariances and condi-
tional independencies in Gaussian graphical models. The most common frequentist
approach to sparse estimation is to maximise a penalised likelihood function of the
form [(© | S) — Pen(0), where

(O] S) = 2 [log(det(©)) — tr(SO) — plog(2n)], (2.1)

|3

is the log-likelihood function, Pen(©) some penalty function and tr(A) the trace
of A. Most popular choices (discussed below) consider penalties that are additive
and monotone in |6;;|, which we refer to as separable penalties, and in particular the
subclass of penalties differentiable everywhere other than zero, which we refer to as

reqular penalties.

Definition 4. A penalty function Pen(0) is separable if

Pen(0) = Zpenij<9ij)a

1<j

where pen;; : (0,00) — R and pen;; : R — R are non-decreasing in 6;; and |6;;]
respectively for all ¢ and ¢ < j.

A separable penalty is regular if pen;; = pen;; for all (¢, j) and, for all i < j,
pen;; does not depend on (3, j), is symmetric about 0 and differentiable away from
0.

Most popular penalty functions used for Gaussian graphical models are reg-

ular. The GLASSO is a prominent example using an L; penalty to produce the
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point estimate

PP
O%1.As50(9) = arg maxlog(det(©)) — tr(SO) — pz Z|9ij| (2.2)
i=1 j=1

for some given regularization parameter p > 0. This corresponds to the regular
penalty function with diagonal penalty pen;;(6i;) = §p0; and off-diagonal penalty
pen;j(6i;) = nplb;;|. Note that the penalty function here is multiplied by the sample
size n; this is so that the resulting maximisation problem doesn’t depend on n and
so that similar ranges of values for the parameter p are sensible regardless of n. See
Meinshausen and Biithlmann [2006] for an alternative that places L; penalties on
the full conditional regression of each X given X () Banerjee et al. [2008] for
computational methods based on parameterising (2.2) in terms of ¥ and Yuan and
Lin [2007] for a variation that omits the diagonal of © from the penalty. Other
popular regular penalties include the SCAD penalty [Fan and Li, 2001; Fan et al.,
2009] and the MCP penalty [Zhang, 2010; Wang et al., 2016], which were proposed
to reduce bias in the estimation of large entries in © relative to the L; penalty.

Another notable regular penalty is the Lo penalty

Pen(©) = p 3 16 #0), (2.3)

1<j
where I is the indicator function.

The adaptive LASSO [Zhou et al., 2009; Fan et al., 2009] is an important ex-
ample of a non-regular penalty. It uses a weighted L penalty where weights depend
on the data via some initial estimate of ©, and hence does not satisfy Definition
4. However, as noted by Bithlmann and Meier [2008] and Candes et al. [2008],
the adaptive LASSO can be seen as a first-order approximation of the logarithmic
penalty where pen;;(0;;) = plog(|6;]), which is regular. Both papers propose an
iterative version of adaptive LASSO that formally targets this logarithmic penalty.

2.2 Partial Correlation Graphical LASSO

We propose basing penalties on a reparameterisation of © in terms of the (negative)

partial correlations

Ajj = J__ — _corr (X(i),X(j) | Xf(ij)> .
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where X (%) denotes the vector X after removing X and X().
The precision matrix can be decomposed as © = Q%AG%, where 6 = diag(©)
and A is the matrix with unit diagonal and off-diagonal entries A;;. The penalised

likelihood function then becomes
— |log(det(A)) + Zlog i) — SQ2A02) — Pen(0,A). (2.4)

We believe that partial correlations are a better measure of dependence than
the off-diagonals 0;;, in that they are easier to interpret and invariant to scalar
multiplication of the variables. We now introduce a class of additive penalties in
this parameterisation, a corresponding prior class, and subsequently state our PC-

GLASSO as a particular case.

Definition 5. A penalty Pen is partial correlation separable (PC-separable) if it is

PBTL Zpenu it + Zpenlj zg

1<J

of the form

where pen;; : (0,00) — R and pen;; : [—1, 1] — R are non-decreasing in 6;; and |A;;]
respectively, for all ¢ and i < j.
A PC-separable penalty function is symmetric if pen;; = pen;; for all (i, j)

and, for all i < j, pen;; does not depend on (i, j) and is symmetric about 0.

Note that Definition 5 includes formulations that do not penalise the diagonal
entries, i.e. pen;;(6;;) = 0. Note also that the Ly and logarithmic penalties are PC-
separable since 0;; = 0 if and only if A;; = 0 and log(|6;5]) = log(|A;j|) + 1 log(6;;) +
3 log(85)-

The PC-GLASSO can be considered the symmetric PC-separable counter-
part to the GLASSO applying the L; norm to the partial correlations pen;;(A;j) =
np|Aij|. On the diagonal entries a logarithmic penalty is applied pen;;(0i;) =
2log(0;;) - the motivation for this will be discussed in Sections 2.5 and 2.8. The

penalised likelihood function, after removing constants, is given by

4 1001
log(det(A)) + (1 - n> > log(Bis) — tx (592A92) . pme. (2.5)
( 1#£]
An important consideration for the PC-GLASSO is the choice of regularisa-
tion parameter p. As introduced in Section 1.4.1, one may consider a sequence of
parameters 0 = pg < p1 < -+ < py, and calculate the PC-GLASSO estimate for

each of these parameters (:)po,(:)pl, ey @pm. The regularistion parameter is then
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selected by choosing the estimate that maximises some chosen criterion. In Section
2.10 we use the Bayesian information criterion (BIC), which selects the parameter

minimising

BIC(O,,, 8) = log(n)kg  — 21(6,, | 5). (2.6)

~

where kg is the number of edges in the graphical model given by ©,,. This BIC
criterion was suggested in this context by Yuan and Lin [2007] and has also been
investigated by Lian [2011] and Gao et al. [2012].

There are some examples of penalty functions for Gaussian graphical models
based on partial correlations. Ha and Sun [2014] utilised a ridge penalty. The space
method of Peng et al. [2009], similarly to PC-GLASSO, uses an L; penalty on the
partial correlations, but in combination with a function other than the log-likelihood.
Azose and Raftery [2018] introduced a separable prior on the marginal correlations.
They argued that a key benefit of their prior is the ability to specify beliefs about
correlations. A similar argument can be made for PC-separable priors, introduced

in Chapter 3, allowing one to specify prior beliefs on partial correlations.

2.3 Data standardisation

It is a common practise when using Gaussian data to standardise the data before
applying any statistical methods. In this section we will detail two ways in which
this might be done.

The most common form of standardisation ensures that the sample marginal
variances are all equal to 1, or equivalently that S has unit diagonal. We will refer
to this form of standardisation as standardising by S. Here the sample correlation

matrix

R = diag(S)~"/? S diag(S)~'/2,

where diag(S) is the p x p diagonal matrix with diagonal entries equal to those of
S, is substituted for the matrix S. To estimate the original (unstandardised) ©,
one can simply rescale the estimate obtained when using R. That is, if O is an

estimator, then
diag(S)~Y/2 O(R) diag(s)~'/? (2.7)

can be considered an estimate for ©.

One reason why standardising by S is common is because diag(S) is a good
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estimator for diag(X). In particular
(n—1)S ~Wy(X,n—1),

where W, denotes the p dimensional Wishart distribution, and so S is an unbiased
estimator for ¥. Furthermore, the marginal distributions of the diagonal entries of

S satisfy
n—1

2
Sii ~ X1,

Tii
where X2_; denotes the chi-squared distribution with n — 1 degrees of freedom. It
follows that S;; is an unbiased estimator of ¢;; with mode at Z—j’aii and variance

%a% which does not depend on the dimension p. In particular, the probability

P (S“ c (0-50'1'1'7 1.50‘1‘1‘))

is equal to 0.734 for n = 10 and 0.999 for n = 100.
It is a therefore a justifiable assumption, particularly for large n, that under
the standardised data the true underlying variances are all approximately equal to

1. In other words, the rescaled covariance matrix
diag(S) ™% ¥ diag(S) /2

has approximately unit diagonal entries.

An alternative form of standardisation is to make the sample partial variances
all equal to 1, or equivalently to ensure that S~! has unit diagonal. We refer to this
form of standardisation as standardising by S~'. This standardisation is achieved
by considering

R_; = diag(S™")"/? S diag(S~H)/2.

This time an estimate for the orginal © can be obtained via
diag(S~1)Y2 O(R_,) diag(S~)"/? (2.8)

Standardising by S~! is a less popular form of standardisation, in part due to the

poor properties of S~ as an estimator of ©. In particular,

1
n—1

-1 -1
ST AWT(O,n 1)

where W, ! denotes the p dimensional Inverse-Wishart distribution. Hence the
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expectation of S~! is
n—1
E[S™=——0
n—p—2
and so is a biased estimator for ©. The marginal distributions of the diagonal entries

of S~1 satisfy
1

n—1

=N 1l
(S™ )i IG<2(n P 2),20u>

where IG denotes the inverse Gamma distribution. It follows that (S~1);; is a biased
2(n—1)2 02

estimate of 6;; with mean %Hﬁ, mode 2=1¢,; and variance 2.

n—p (n—p—4)2(n—p—6)
Note that both the bias and variance increase with the dimension p.

From this it follows that the diagonal entries of S~! can be far from the
diagonal entries of ©, particularly when the dimension p is large. It is therefore
unreasonable to assume that under the standardised data the true underlying partial
variances are all approximately equal to 1. In particular, the diagonal entries of the

rescaled precision matrix
diag(S~1)~/2 © diag(S1)~1/?

may be highly dispersed and far from 1. In other words, while standardising in
terms of S~! ensures that the sample partial variances are all equal to 1, this does
not imply that the true partial variances are approximately equal to 1, or even that
they are approximately equal to each other.

Furthermore, the situation gets worse in big data settings when p > n, where
S is not invertible. Instead, a generalised inverse, such as the Moore-Penrose inverse,
may be used. However, in this case the properties of the inverse as an estimate for
O deteriorate further. More details on the Moore-Penrose inverse can be found in,
for example, Cook and Forzani [2011]. For these reasons we will primarily focus on
standardising by S for the remainder of this chapter.

As a final comment of this section, we note that standardisation of the data
is not as innocuous as it may first seem. In particular, to standardise the data one
must multiply by some function of the data. It follows that the distribution of the
standardised data is no longer Gaussian, and that the sample correlation matrix R
is not Wishart [Kollo and Ruul, 2003]. One may argue that it is therefore preferable

to work with unstandardised data where possible.
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2.4 A 2 X 2 comparison

Within linear regression settings it is common to gain insight into the shrinkage
affects of a penalty function by considering the orthogonal design matrix case. In
this case the likelihood is separable in each of the regression coefficients thus giving
a closed form solution, with the estimated regression coefficients being independent
of one another. In the Gaussian graphical model setting of this thesis, one may
gain similar insights by considering the p = 2 case. In this section we compare
the GLASSO and PC-GLASSO estimates for this p = 2 case. We begin with
investigating GLASSO in the two cases where the data has been standardised by S
and by S~!. We then investigate PC-GLASSO for which the standardisation doesn’t

matter due to scale invariance, a property which will be introduced in Section 2.5.

2.4.1 GLASSO standardised by S

Consider the sample covariance matrix

1
S = ( x) (2.9)
z 1
for x € [0,1), which has inverse

1 —
g1 _— [ 1-a? 1-a?
—x 1
1-22  1—22

which is the maximum likelihood estimate for the precision matrix. In this case the

GLasso objective function can be written as
log(611092 — 035) — 611 — 29 — 22619 — 2p|012|—pb11 — pbaa

and it can easily be shown that the GLasso estimate is

0, 0<z<p
b2 = —(z—p)
T © 7P
9 9 ﬁp, 0<z<p
11 = ba2 = 1

T2 TP

Note that this is equal to the MLE when the diagonal entries of S are replaced by
1 + p and the off-diagonal by max{0,x — p}. Hence the penalty can be thought of
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as shrinking the off-diagonal entry of S towards 0.

We first consider a fixed penalty parameter p = 0.1 and allow z to vary
between 0 and 1. Plots of the MLE vs the GLASSO estimate can be seen in Figure
2.2 for the partial correlations (left) and the diagonal entries (right). We see that
similar to a LASSO style shrinkage is applied to the partial correlations. A large
amount of shrinkage is applied to the diagonal entries, particularly for large x, with
the GLASSO estimate remaining less than 3 even as the MLE goes above 100.

Next we consider fixed x = 0.5 and allow the penalty p to vary between 0
and 1. In Figure 2.3 we see the GLASSO estimates plotted against the penalty
parameter for the partial correlations (left) and diagonal entries (right). Note that
GLASSO shrinks both the partial correlations and diagonal entries to zero at a

super-linear rate as the penalty parameter increases.

2.4.2 GLASSO standardised by S—!

We now consider the inverse sample covariance matrix

g1 _ 1 -z
Nz 1)

for x € [0,1), which has inverse

1 x
S =12 1-2?
_x _ _1 "
1—22 1—22

Once again, it can be shown that the GLASSO estimate is equivalent to replacing

the diagonal entries of S by ﬁ + p and the off-diagonals by max{0, 1“5 — p}.

We now compare the MLE to the GLASSO estimate when p = 0.1 is fixed
and x is allowed to vary between 0 and 1. In order to be comparable to the previous
example, we multiply the MLE and GLASSO estimates by ﬁ In the left panel
of Figure 2.4 we see that the partial correlations receive LASSO style shrinkage for
small values of . However, as x increases, and the MLE becomes larger, the amount
of shrinkage is reduced. Meanwhile, the right panel of Figure 2.4 shows that the
diagonal entries receive far less shrinkage when the data is standardised by S~—!, in
comparison to the results in Figure 2.2.

In Figure 2.5 we see that when x = 0.5 is fixed, the partial correlation
estimates and diagonal entry estimates are shrunk towards zero at a super-linear

rate. This is very similar to the results in Figure 2.3.
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Figure 2.2: 2 x 2 example, standardised by S. The GLASSO estimate with penalty
p = 0.1 of the partial correlation (left) and 6;; (right) compared with the MLE as
sample covariance = varies between 0 and 1. Dotted line is identity for reference.
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Figure 2.3: 2 x 2 example, standardised by S. The GLasso estimate with x = 0.5 of
the partial correlation (left) and 6;; (right) for different penalty parameter values.
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2.4.3 PC-GLASSO

We now investigate the PC-GLASSO estimate in the p = 2 case. We will use the
standardised sample covariance matrix (2.9) as in Section 2.4.1, however the results

of Section 2.5 will show that the graphs produced in this section do not depend on
the standardisation.
The PC-GLASSO objective function can be written as:
4
log(1— Af,) + <1 - n) (log(011) + log(622)) — 011 — b2 — 221/ 011022212 — 2p|Aqa).

The solution for Ays can be shown to be equal to 0 if (1 — %) x < p, and otherwise
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Figure 2.4: 2 x 2 example, standardised by S~!. The GLasso estimate with penalty
p = 0.1 of the partial correlation (left) and 6;; (right) compared with the MLE
as sample partial covariance x varies between 0 and 1. Dotted line is identity for
reference.
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Figure 2.5: 2 x 2 example, standardised by S~!. The GLasso estimate with z = 0.5
of the partial correlation (left) and 60;; (right) for different penalty parameter values.
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is the solution in (—1,0) of the cubic:
3 4 2 4
prATy + H:U%—p Ay + (1 — pz) Mg + 1—5 x—p=0.

The solution for the diagonal entries is:
4

011 = by = ———.
1=022= 77

Figure 2.6 compares the PC-GLASSO estimate to the MLE for fixed p = 0.1

as x varies between 0 and 1. Note that these look similar to those of Figure 2.4
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when GLASSO is performed on data standardised by S~!, although PC-GLASSO
applies slightly less shrinkage on both the partial correlations and diagonal entries.

In Figure 2.7 we see the PC-GLASSO estimates for different penalty param-
eters p and fixed x = 0.5. Unlike GLASSO, we see that these are shrink towards 0
at a sub-linear rate.

We argue that these results are preferable to GLASSO because they apply
less shrinkage to non-zero partial correlation estimates and to the diagonal entries,
whilst still providing zero estimates. The goal of the penalty function is to induce
sparsity in the estimated ©, but when a partial correlation is not shrunk to 0 it is
commonly thought of as preferable for the estimate to receive little shrinkage. This
is the goal of non-convex penalty functions which aim to reduce the bias in non-zero
estimates.

Furthermore, the results of PC-GLASSO do not depend on the standardisa-
tion. In this p = 2 example, GLASSO seems to provide better shrinkage when the
data is standardised by S—!. PC-GLASSO achieves even better shrinkage than this
regarless of standardisation, in particular when data has not been standardised or

the more common standardisation by S.

2.5 Scale invariance

A key property of graphical models is invariance to scalar multiplication. In the
Gaussian case, if we consider the transformation DX for some fixed diagonal p x p

matrix D with non-zero entries, then DX is also Gaussian with precision matrix
©p=D"'eD™ ! (2.10)

In particular, the zero entries of ©p are identical to those of ©.

We argue that it is desirable for an estimator of © to mirror the relationship
in (2.10) under scalar multiplication of the data, a property we call scale invariance.
We now show that, among regular penalty functions, only the Ly and logarithmic
penalties are scale invariant, whereas any PC-separable penalty with logarithmic di-
agonal penalty is scale invariant. We start by defining two notions of scale invariance

related to the point estimate and to the recovered graphical structure.

Definition 6. An estimator © is scale invariant if for any sample covariance matrix

S and any diagonal p x p matrix D with non-zero diagonal entries,
O(DSD) = D~'6(S)D~ L.
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Figure 2.6: 2 x 2 example, PC-GLASSO. The PC-GLASSO estimate with p = 0.1
of the partial correlation (left) and 6;; (right) compared with the MLE as z varies
between 0 and 1. Dotted line is identity for reference.
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Figure 2.7: 2 x 2 example, PC-GLASSO. The PC-GLASSO estimate with = 0.5 of
the partial correlation (top) and 6;; (bottom) for different penalty parameter values.
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O is selection scale invariant if ©(S) and ©(DSD) have identical zero entries for

any S and D.

Scale invariance ensures that the estimate under the scaled data corresponds
to that under the original data as in (2.10). In particular, the estimated partial
correlations are identical in ©(S) and ©(DSD). Meanwhile selection scale invariance
ensures that one recovers the same graphical structure under scalar multiplications.
It is clear that scale invariance implies selection scale invariance.

We now present results on the scale invariance of different penalties.

Proposition 2. Let © be an estimator based on a regular penalty, and suppose that

there exists a sample covariance matriz S such that é(S) s not a diagonal matriz.
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Then © is scale invariant if and only if pen;; is either an Lo or logarithmic penalty,

and pen;; is either a constant or a logarithmic penalty.

Proof. Let S be some sample covariance matrix for which ©(S) is not diagonal and
D be some diagonal matrix with non-zero diagonal entries d;, i = 1,...,p. Suppose
that © is scale invariant. Let éij = @(S)ij be some non-zero off-diagonal entry
of ©(S), and 6;; = ©(DSD);; be the corresponding entry in ©(DSD). By scale

. . 5 0;;
invariance we must have 6;; = T
(¥

For these to maximise their corresponding penalised likelihoods, the deriva-
tives of the penalised likelihood function (2.1) with respect to 6;; must be equal to
0 at éij and éij respectively (note that the derivative exists because Pen is regular
and éij #0, éij # 0). Therefore

. 4
(O(S)™1)ij — 251 — ﬁpen{ij(eij) =0,

where we used that, since © is scale invariant then ©(DSD) = D~'6(S)D~! and

hence (O(DSD)™1);; = (DO(S)™'D)i; = did;(O(S)~1)i;.
It follows that

0, :
peni; (dé) = didjpen;;(0i5). (2.11)
id;

That is, for scale invariance to hold the penalty must satisfy pen;j <6;j> = dpen;j (GAU)
for any d # 0. The latter requirement can only hold in two scenarios. First, there
is the trivial scenario where pen;j(@-j) = 0 for all 0;; # 0, that is pen;; is an Lo
penalty. )

Second, if pen;j(éij) = k # 0, then pen;; <9;j> = dk. Treating éij, and

0ijk
.

It

follows that pen;;(x) = éijk‘ log(|x|) + ¢ for some constant ¢ and x # 0, that is pen;;

therefore also k, as fixed, we denote by x = %. Then we have pengj (x) =
is a logarithmic penalty.

This proves that for a regular penalty to be scale invariant it must have Lg

or logarithmic pen;;. We now turn our attention to the diagonal penalty.
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Let S be some diagonal covariance matrix, and D some diagonal matrix as
before. Let 0;; = (:)(S)ZZ and 0;; = (:)(DSD)M. By scale invariance we must have

=34,
Since S is diagonal, it is easy to see that both ©(S) and ©(DSD) must also

be diagonal, and that éu maximises the function:
2
log(6;;) — Siibii — Epenii(eii),

while 0~“ maximises the same function but with 5;; replaced by d?Sii. It follows that

the corresponding derivatives must both be equal to zero at éu and GNM respectively

(Pen is regular so pen;; is differentiable). Using this along with éij = Gi we obtain:

d;
pen;; (f;) = dpen; (én> .

As before, it follows that pen; must be either constant or logarithmic. This
proves that for a regular penalty function to be scale invariant it must have either
constant or logarithmic penalty on the diagonal entries.

To complete the proof we must show that such penalty functions (Lg or
logarithmic off-diagonal penalty and constant or logarithmic diagonal penalty) are
always scale invariant. This follows from Proposition 3 since the Ly and logarithmic
penalties are also symmetric PC-separable.

O

It follows from Proposition 2 that the GLASSO, SCAD and MCP estimators
are not scale invariant. Further, as illustrated in Figure 2.1 and the upcoming
example these estimators are also not selection scale invariant. We conjecture that
lack of selection scale invariance holds more widely for regular penalty functions,
but settle with the counterexample for these three cases provided by Figure 2.1.

It should be noted that any penalised likelihood method can be made to be
scale invariant by first standardising the data and then rescaling the estimate via
(2.10). This is because the standardisation step removes the affect of the scalar
multiplication - for example the sample correlation matrix R is invariant to scalar
multiplication of the variables.

We present an example to further illustrate how scaling can affect the in-

ferred conditional independence structure. Suppose we observe the inverse sample
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covariance matrix

1 05 0
St=105 1 025
0 025 1

The left panel in Figure 2.8 shows the associated GLASSO estimates ¢ x550(5)-
The right panel considers the situation where the data was given on a different scale,
specifically the sample covariance is DSD where D has diagonal entries 1, 1 and
10, and provides the estimates DO ygg0(DSD)D. The estimates set to zero, as
well as their relative magnitudes, differ significantly depending on the scale of the

data. We observed similar results for the SCAD and MCP penalties (not shown, for
brevity).
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Off-diagonal entry estimates

0.0- -
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Regularisation parameter Regularisation parameter
. . . . . p
Figure 2.8: Estimated off-diagonal entries ©fy Aqq0(S) (left) and

DO asso(DSD)D (right) for regularisation parameter p € [0, 1].

As shown in Proposition 2, the only scale invariant regular penalties are the
Ly and logarithmic penalties, both of which are also PC-separable. In fact scale
invariance holds more widely in PC-separable penalties, from which it follows that

PC-GLASSO is scale invariant.

Proposition 3. Any estimator based on a symmetric PC-separable penalty with

pen;i(0i;) = clog(|0i;|) for some constant ¢ > 0 is scale invariant.

Proof. Let S be a sample covariance matrix and D be a diagonal matrix with non-
zero entries d;. Suppose that the estimate @(S) decomposes as 01/2A0/2 and that
the estimate @(DSD) decomposes as §'/2A8'/2. To prove scale invariance we need

that A = sign(D)Asign(D) and § = D?4.
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Since ©(S) maximises the penalised likelihood at S, 6, A must maximise

log(det(©)) + E ((1 - > log(60:;) — 8@'9“‘) - E (Sij V0ii0;;05 + ipenij(Aij)> )
i+
(2.12)

and similarly, 8, A must maximise

2
10g det + Z ((1 — ) 10g((9 ) d123“0“) — ; (didjsij\/eiiejinj + Epenij (Alj)> .
1]
(2.13)
By substituting ¢/, = d?6;; and A} = sign(did;)A;j into (2.13), and noting that
pen;; is symmetric about 0, we get

log(det(©)) + Z ((1 - ) log(6};) — log(d?)) — sii9§i>
9/ 9/ A/ 2 A/ 2 14
_ Z Sij %5 + Epenij( ij) . (2. )

i#]

Since log(d?) is a constant, (2.14) is of the same form as (2.12) and they are
maximised at the same point. Hence we have that A = sign(D)Asign(D) and
0 = D?.

O

Proposition 3 states than any symmetric PC-separable is scale invariant,
provided that the penalty function on the diagonal entries is logarithmic. Note that
this also includes the case of no penalty on the diagonal entries by taking ¢ = 0.
The logarithmic penalty on the diagonal entries will be discussed further is Section
2.8.

2.6 Uneven penalisation

The previous section proved that regular penalty functions are not scale invariant
and we saw in the examples at the beginning of this chapter that this lack of invari-
ance, at least in the case of GLASSO, is not benign - rescaling the variables has a
significant effect on both estimation of ® and graphical model selection. In those
examples, GLASSO performed best when the data generating 6;; were all equal to
1. In this section we will provide some informal insights into why this might be the
case more generally for both GLASSO and regular penalty functions. The follow-

ing section will then attempt to formalise these ideas in a logical criterion we call
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exchangeable inference.
After removing constants, a penalised likelihood function with a regular

penalty can be written as

(log(det(©)) — tr(SO)) — Pen(©)

|3

which is proportional to
2
log(det(©)) — tr(S©) — ﬁPen(@)

= log(det(©)) — > (Sﬁeii - ipenii(eii)> -3 <2Sij9ij - zpenij(eij)> .

i i<j

To better understand the penalised likelihood estimate, we will consider max-
imisation of this function ignoring the log determinant term. Although the log de-
terminant is important to the maximisation problem, it does complicate the issue
with the maximum not generally being analytically available. By not considering
the log determinant we obtain a proxy to the maximum which is more generally ana-
lytically available. Furthermore, the log determinant term tends to act a a regulator
for positive definiteness, with matrices close to the boundary of positive definiteness
having a large negative value but with the log determinant being relatively constant
on the interior of the space.

Ignoring the log determinant term, the value of 0;; that maximises this func-
tion is determined solely by S;;. In particular, if, without loss of generality, we
suppose pen;;(0) = 0, then this function will be maximised at #;; = 0 if and only if
%penij(ﬁij) > S;;0;; for all 0;; # 0. Clearly the penalised likelihood will therefore
generally select edges associated to larger S;; in absolute value.

However, the magnitude of S;; is strongly influenced by the scale of the
variables and not on the strength of dependence between them. This is because
Sij = /SiiSjjRij where R;; is the sample correlation. While |R;;|< 1 is bounded,
Sii, S;; are unbounded. Hence the magnitude of S;; is mostly determined by the
sample variances. The penalised likelihood will therefore tend to select edges related
to high variance variables.

This seems to suggest that regular penalties might perform best when all
variables have equal variance (i.e. the diagonal entries of ¥ are all equal). Although
this is an unreasonable assumption in any real data set, this can be approximately
achieved by standardising the data by S. However, as seen in the example at the

beginning of this chapter, the performance of GLASSO can be poor even when the
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data has been standardised by S.

An alternative viewpoint is to consider two equal partial correlations A;; =
Ay but with diagonal entries 6;,0;; < 0405 so that 6;; < 6y;. Hence under
a regular penalty pen;;(6;;) < pen;;(6y;). This seems to suggest that a regular
penalty would favour edges associated to small diagonal entries of © and so might
perform best when these are all equal. This was certainly the case in the example
at the beginning of this chapter.

Again, it is unreasonable to assume that the diagonal entries of © are equal
in any real data set. Furthermore, as discussed in Section 2.3, this assumption is
not necessarily reasonable even after standardising the data by S~!. Standardising
by S~! was favoured by Yuan and Lin [2007] stating that this seems more natural
than standardising by S since we are estimating the precision matrix. They also
claim that there is little difference in performance when standardising in either way,

although in our experience this is not the case in certain settings.

2.7 Exchangeable inference

In this section we attempt to formalise the arguments of the previous section provid-
ing a logical criterion, which we call exchangeable inference, which is only satisfied
for regular penalties when the data has been standardised.

The simplest situation of exchangeable inference occurs when the likelihood
function is exchangeable in two or more A;;’s, for example when two rows in the
sample correlation matrix R = diag(S)~!/2Sdiag(S)~/? are equal (up to the nec-
essary index permutations). In such a situation the likelihood provides the same
information on these A;;’s, hence it seems desirable to obtain the same inference
for all of them. If the log-likelihood is exchangeable in some parameters, then any
symmetric PC-separable penalty and prior trivially leads to exchangeable inference
on those parameters. Yet, as illustrated in our example below, regular penalties can

lead to significantly different inference (unless one standardises the data).

Example Consider a p = 4 setting where the data-generating truth follows a star
graph, featuring an edge between X M and each of X®@ XG) X®  and no other
edges. Specifically, suppose that truly 611 = 690 = 044 = 1, 033 = 4, 010 = 014 = —0.5
and 013 = —1, so that the data-generating partial correlations are Ao = A3 =

A1y = 0.5, and A;; = 0 for all remaining (4, 7). Consider an ideal scenario where
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the sample covariance S matches the data-generating truth. That is,

1 —-05 -1 -0.5 4 1 2
05 1 0 0 2 2 05 1
St = . S = :
-1 0 4 0 1 05 05 05
05 0 0 1 2 1 05 2

1 1/V2 1/V2 1/V2
1/vV2 1 05 05
1/vV2 05 1 0.5
1/vV/2 05 05 1

R=

In this example, the likelihood is exchangeable in (Aj2, Aj3, A14), hence it seems
desirable that Alg = Alg = A14. The estimates for the remaining A;; should ideally
be close to 0, their true value.

The left panel of Figure 2.9 shows the GLASSO path for the partial corre-
lations. The estimate for Ai3 is fairly different than for Ajs and Ayy, and so is
the range of p’s for which they are set to 0. Note however that the estimates for
the remaining A;;’s are close to 0. To address this issue, one may note that the
diagonal of S is not equal to 1. Indeed, if one standardises the data by S, so that
the sample covariance is equal to R, one obtains the center panel of Figure 2.9.
Now Alg = Alg = A14 for any regularisation parameter p, as we argued is desir-
able. However, the estimates for truly zero parameters are somewhat magnified for
p € [0.05,0.35].

The PC-GLASSO estimates (on either the original or standardised data, due
to scale invariance) in the right panel of Figure 2.9 satisfy Alg = A13 = A14, and

the truly zero parameters are clearly distinguished.

relation estimates (GLASSO)

Partial correlation estimates (GLASSO)

Partial correlation estimates (PC-GLASSO)

05 10 15
Regularisation parameter

Figure 2.9: Partial correlation regularisation paths in p = 4 star graph example for

GLASSO on the original S (left), standardised S (center) and PC-GLASSO (right).

We now extend this idea by constructing a situation where, given some values
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of the remaining parameters, the log-likelihood is symmetric in two partial correla-
tions. Note that since the log-likelihood is concave, this implies that the two partial
correlations are equal in the MLE. We argue that any penalised likelihood should
match this symmetry so that inference on the two partial correlations is exchange-
able.

Suppose the value of an estimator § = diag(@) and all the entries in A
are given, except for a pair of partial correlations (Ag,k,, Ak, ks), for some indexes
ki, ko, ks € {1,...,p}. Suppose that S, and the given elements in A and 0 satisfy

the following conditions:

(C1) Skyky, = CSkyk, for some ¢ > 0.
(C2) é,;;ﬂ = cé,;}/z for the same ¢ > 0.
(C3> Aij = Aij for all ] Q {kl,kg, k?g}.

Proposition 4. Under conditions (C1)-(C3) the likelihood function is symmetric
i (Aklk’27 Aklkii)'

Proof. Without loss of generality suppose that the variable indexes are k1 = 1,
ko = 2 and k3 = 3. The MLE maximises the function

log(det(0)) — tr(SO) = log(det(9/2A0'/?)) — tr(S6'/2A0'/?).

Consider this as a function h(Aj2,A;3) that only depends on (Aj2,Ajs), given a
value of the remaining parameters 6 and A;; for (i,7) € {(1,2),(1,3)} satisfying
(C1)-(C3).

We shall show that the two terms log det(©) and tr(SO) are symmetric in
(A12,A13), when (C1)-(C3) hold. Using straightforward algebra gives that

tr(SO) = tr(SO2A0'2) = 25190112037 Ayy + 251501120107 Ays + ¢

where ¢ does not depend on (Aj2, Ay3). Plugging in 6 and Aij into this expresion
and using (C1) gives that is it equal to

207151205 (A2 + Arz) + ¢, (2.15)

which is symmetric in (Aqg, Aq3).
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Consider now det(©). Using basic properties of the matrix determinant,

p p
det(©) = det(A) [ 055 = [A11 — Aop1 Az 5 A1 2| Az 2| [ ] 05
j=1 j=1

where A;.; 1. is the submatrix obtained by taking rows 7,7 4 1,...,7 and columns
k,k+1,...,1 from A. Since 9, AQ;pQ;p, and Alj for 7 > 4 are given, it suffices to
show that

(Agg, Ayz, Ay, . .. 7AIP)A_1

op2p(Di2, Ars, Avgy .o, Ag)T (2.16)

is symmetric in (Aj2,A13). To ease notation let A = AL Note that under

2:p,2:p°
Condition (C3),

1 A23 A24 ce AQP
A2:[),2:[) - A23 1 A24 v A2p
Aoy Aoy Ay 1
and hence
ai1 a12 a3 cee A1p—1
A — a12 aii a3 o A1p—1
A2:}17 2:p =A= P
a13 a23 as33 s a3p—1
.- QA1p—1 a2p—1 QA3p—-1 ... Ap—1p-3

That is, the first two rows in A are equal, up to permuting the first two elements in

each row. Therefore, (2.16) is equal to

p—1 p—1
a11A%y + a1 Ay + Z ajjA?+1j+1 +2a12A12A13 + 2 Z a1;A12A141
=3 =3
p—1 A p P .
+2 Z a1;A13A1541 + 2 Z Z TAVER Y]
=3 =3 k=j+1
p—1
= a11 (A, + Aly) + 2019812813 + 2(A12 + A1z) Y arAr +
=3

where ¢ does not depend on (A12, A13), which is a symmetric function in (Ajg, Ajs),
as we wished to prove.
L]

42



Corollary 2. Under conditions (C1)-(C3) any penalised likelihood with a symmetric
PC-separable penalty is symmetric in (Agy gy, Dk ks)-

Proof. The proof follows immediately from the proof of Proposition 4, noting that
Pen(0,A) =3, pen;i(0ii) + 32, ,; pen(A;j) is symmetric in (A2, Asg).
O

Corollary 3. Under conditions (C1)-(C3) a penalised likelihood with a regular
penalty, other than the Lo or logarithmic, is symmetric in (Mg gy, Dgiks) if and

only if Opyp, = ék3k3.

Proof. From Proposition 4 the penalised likelihood is symmetric if and only if

PN ko (\/ éklklékgszkllQ) + peng, k, (\/ éklklékgkgAklkg)

is symmetric. Since Pen is regular, this only happens when ék2k2 = ék3k3 or when
pen;; is either Lo or logarithmic.
O

From Corollary 3, in order for a regular penalised likelihood to match the
symmetry of the likelihood, it must estimate the appropriate diagonal entries to be
equal. This will not be the case for most real data sets where there will likely be a
large difference in the true values of the diagonal entries. This is another reason for
standardising the data - under either standardisation and (C1)-(C3), the condition
ékaQ = ékskg can be shown hold for the MLE.

2.8 Diagonal penalty

An important aspect of any separable or PC-separable penalty function on O is the
penalty on the diagonal entries pen;;. Good estimation of the diagonal entries is
vital for both estimation of the partial correlations and graphical model selection
due to their role as the inverse partial variances. The partial variance measures the
variance in a variable after conditioning on the remaining variables. Hence, if one
holds the marginal variance fixed, a large estimated partial variance implies weak
dependence on the remaining variables, while a small partial variance implies strong
dependence. From this it can be seen that underestimation of the diagonal entries
may encourage a more sparse graph and vice versa.

The penalty on the diagonal entries is an aspect that is often overlooked in

the study of regular penalties. A common approach is to simply use a function
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of the same form as the off-diagonal penalty. However, this approach seems sub-
optimal due to the differing objectives of the penalties. The aim of the penalty
on the off-diagonal entries is to induce sparsity in order to obtain a more simple
graphical model. On the other hand, the aim of the penalty on the diagonals is
simply to improve estimation. The linear penalty of GLASSO pen;;(6;;) = pb;; will
cause more shrinkage of the diagonal entries as the parameter p increases. The non-
convex SCAD and MCP penalties apply more shrinkage to small diagonal entries
than large ones. This will be seen in practise in the real data examples of Section
2.10.

An alternative approach used by Yuan and Lin [2007] is to simply not penalise
the diagonals pen;;(6;;) = 0. While, in our opinion, this is preferable to the previous
approach, it may still be improved upon. One reason we believe this is that S~! is

a biased estimate of © with

n

E[(S )] Osi

- p—1
and so some shrinkage is preferable.

In PCGLASSO we have opted for a logarithmic penalty, in part due to the
property of scale invariance as detailed in Section 2.5. It is interesting to note
why the logarithmic penalty is needed to obtain scale invariance. The derivative of

clog(ax) with respect to z is equal to £

which does not depend on a. This means
that the same shrinkage is applied to the diagonal entry after scalar multiplication
- a property which only holds for the logarithmic (or zero) penalty.

Amongst the logarithmic penalty we have opted for a coefficient of 2. This
is because amongst penalty functions of the form clog(z) for constant ¢ > 0 on
the precision, choosing ¢ = 2 asymptotically minimises the mean squared error of
the estimate of the precision in the univariate p = 1 case (detailed below). This is
relevant in higher p > 1 dimensions since it relates to the diagonal entry estimate
when all partial correlations are estimated to be equal to 0. That is, suppose we
fix the estimates of all partial correlations to be equal to 0, Aij = 0, and estimate
the diagonal entries of © via penalised likelihood with a regular or PC-separable
penalty. Then the estimates for the diagonal entries are equal to the estimates
obtained by considering the p 1-dimensional problems. This gives some justification
for the choice of ¢ = 2, although it is an open question whether another choice may
be optimal for p > 1.

Suppose we have n observations of X ~ N(u, 6~ 1) with sample variance s.
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Note that
(n—1)8s ~ x5 1,

and so
(n—1)0s)" ~Inv —x2_,.

From this we get that

Bls ™= 20,
ar(s—1) = 2("— 1)2 2
Varls ™) = 3 —9)

Consider estimating 6 via a penalised likelihood of the form
1(0]s) — clog(6).

This can easily be shown to be maximised at

It follows that

and so

MSE(f) = Var(d) + (E[é] - 9)2

:ﬁ2<%2_§§:_32+<(“‘f><2_3

Letting n — o0

It can be shown that this function is minimised at ¢ = =

we therefore get that the MSE is asymptotically minimised amongst logarithmic

penalties by taking ¢ = 2.

2.9 Computation

An important feature of GLASSO is its defining of a convex problem that signifi-

cantly facilitates fast computation and its theoretical study. For example, Friedman
et al. [2008] related GLASSO to a sequence of LASSO problems, see also Sustik and
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Calderhead [2012] for improved algorithms. Computation for non-convex penalties
such as SCAD and MCP poses a harder challenge, but the Local Linear Approxi-
mation of Zou and Li [2008] greatly facilitates this task, see also Fan et al. [2009].
The PC-GLASSO optimisation problem is non-convex. However it is conditionally
convex given 0 = diag(©) so its geometry is still fairly simple and amenable to fast

computation.

Proposition 5. The penalised likelihood function (2.5) is concave in A, for any
fixed value of 6.

Proof. For a fixed 6, optimisation of the penalised likelihood function (2.5) is equiv-

alent to optimisation of the following function

log(det(A)) — ZSij\/mAij - PZ’Aij‘-

i#] G

The log-determinant function is known to be concave over the space of positive
definite matrices. For fixed # the second term is simply a sum of linear functions.
The third term is simply a sum of clearly concave functions. Hence the objective
function is a sum of concave functions and is therefore concave.

O]

Proposition 5 opens the possibility to consider block-optimization algorithms,
where 6 and A are updated sequentially, to facilitate computation. In our examples,
we took an even simpler strategy and used a coordinate descent algorithm. Despite
its conceptual simplicity, the algorithm nevertheless requires the careful updating of
each parameter to ensure positive definiteness of A. Details of the coordiante descent
algorithm are given below. We have found on our test examples and simulations in
this chapter that the algorithm typically converges in a few iterations. However, for

higher dimensions the convergence may be significantly slower.

2.9.1 Coordinate descent algorithm

We now present the coordinate descent algorithm we used to calculate PC-GLASSO
estimates in the simulated examples later in this chapter. Our aim is to find the
values of © that maximise the objective function (2.5) for a sequence of penalty
parameters 0 = py < p1 < --- < pg, i.e. the regularisation path. Algorithm 1, for
which the coordinate descent algorithm 2 is embedded, specifies that the previous
estimate related to p;—1 is used as a starting point for the coordinate descent for

pi. This ensures that the coordinate descent is initialised at a point close to the
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maximum and aids convergence. For py = 0 the algorithm is initialised at S~!, or
at (S + al)~! where I is the identity matrix if n < p. Theoretically, the matrix
S + al is guaranteed to be invertible and positive definite for any a. Of course
computationally the matrix may not be invertible if « is too small, and so in practise
it should be chosen to be a small value for which computation of the inverse is still
possible in the chosen programming language. An alternative option is

We also standardise the data by S, before returning the estimates to the
original scale via (2.10). This has no effect on the estimated values due to the scale
invariance of PC-GLASSO, however it helps with the numerics of the coordinate
descent.

Algorithm 2 is a standard blockwise coordinate descent algorithm which ran-
domly cycles through the entries of A and maximises the objective function with
respect to A;j, Aj;, 0;,0;; while holding all other entries fixed. Once the algo-
rithm has cycled through each of the entries of A exactly once, a stopping rule
is tested. The stopping rule we choose is based on the increase in the value of
the objective function brought about by the updates. If the increase in the objec-
tive function is less than a particular threshold then the algorithm is terminated

and the current estimate is returned. Note that the threshold here is scaled by
{2|{A§;?)¢o;i<j} 9
¢ = max

p(p—1) ? p(p—1)

estimate A(®. This is because once an entry is shrunk to zero, it is likely that

}, the proportion of non-zero entries in the previous

it will remain zero in future estimates. Therefore, the number of entries that are
actively being updated is proportional to q. If only a small number of entries are
being actively updated then one would expect the increase in the objective function
to be smaller. Hence, scaling the threshold by ¢ helps to prevent the algorithm from
terminating too early in situations where the current estimate is sparse.

Although no guarantees are made about the convergence of Algorithm 2,
results in Patrascu and Necoara [2015] and Wright [2015] suggest that convergence
towards a local maximum is guaranteed and give reasonable assurance of conver-
gence towards the global maximum. Their results focus on a coordinate descent
algorithm that cycles randomly through the indices with replacement and so are not
directly applicable to Algorithm 2. However, we prefer cycling through the indices
without replacement since this provides a more simple and clear stopping rule for
the algorithm. Algorithm 2 assesses the convergence after updating each entry of
A exactly once, so that the stopping rule at the end of each iteration is made on
the same grounds. For an algorithm which selects indices with replacement it is less
clear when to enact the stopping rule.

We also choose to randomise the order in which indices are cycled through

47



at each iteration of the algorithm, rather than keeping a fixed randomisation over
the iterations. This is to ensure that the maximisation is not driven by the ordering
and help to avoid local maxima. A potential consequence of this would be the
coordinate descent making large jumps between maxima leading to a non-smooth
regularisation path. However, in our experience this is not generally the case with
the regularisation path looking smooth, for example in Figure 2.1.

As a final note about Algorithm 2, Step 2 maximising (2.5) with respect to
A;j,04,0;; whilst all other variables are held fixed is non-trivial due to the non-
smoothness of the objective function. Details of this maximisation problem, as well
as an explanation of how the output of Algorithm 2 is guaranteed to be positive def-
inite, provided that the starting point is positive definite, can be found in Appendix

A.

Algorithm 1: PC-GLASSO regularisation path
Input : Sample covariance S, sequence of regularisation parameters
0=pp < p1 <--- < pg and optimisation convergence
threshold e.
Output: Sequence of estimates Oy, ..., O corresponding to pg, ..., Pk-

1. Standardise the sample covariance S = diag(S)~/2Sdiag(S) /2.

2. Run Algorithm 2 on S for p = 0, with starting point 9((]0) =51 (or
@éo) = (§~+ al)™! for some a > 0 if n < p), and threshold € to obtain an
estimate Oy.

3. Fori=1,...,k, run Algorithm 2 on S for penalty parameter p = p;, with
starting point @Z(-O) = O(;_1), and threshold € to obtain an estimate ©;.

4. Return the sequence of estimates ©; = diag(S)~/20,diag(S) /2 for
i=0,1,... k.

2.10 Applications

In this section we will assess the performance of PC-GLASSO against other penalised
likelihood methods in four simulation settings and two real data examples. In the
simulation settings we will compare PC-GLASSO to only GLASSO, since they are
directly comparable in the sense of using the same L; penalty structure. Results
for the SCAD and MCP non-convex penalties for these simulation settings will
be reported in Chapter 4 where we apply non-convex penalties. In the real-data
settings we will compare PC-GLASSO with each of GLASSO, SCAD and MCP.
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Algorithm 2: Blockwise coordinate descent

Input : Sample covariance S with unit diagonal, penalty parameter p,
start point ©©) and optimisation convergence threshold e.
Output: A matrix © providing a local maximum of (2.5) for penalty p.

1. Let O = 0 and decompose O to get #) and AM).
2. Cycling randomly without replacement through the set of indices
{(,7) i < jyi,5 € {1,...,p}}, let Ayj, 04, 0;; maximise
_ 4 } 1/2 A g1/2
F.0) = tog(aer(a) + (1~ ) 7 toa(0) =t ($0"200"%) gl

subject to
Apyiy = AL, for all (ki ke) # (i, ),
0:i,0;; > 0,
O = 01, for all k # i, j,
1 1 1 1
and update Agj) = Ayj, Aﬁ»i) =Aj;, 9Z(Z~) = i, ej(-j) = 0j;.

(A 05}
p(p—1) > p(p—1)
off-diagonal entries.

3. Let ¢ = max } be the proportion of non-zero

4. If F(AD 9y — F(A® 90)) < ge, set A =AM 9 =01 and return
O = #Y2A0Y/2. Otherwise, set A© = A 90 = g() and return to Step 2.

SCAD and MCP have an additional regularization parameter, which we set to the
default proposed in Fan and Li [2001] and Zhang [2010] respectively. GLASSO was
implemented using the R package glasso and SCAD and MCP using the package
GGMncv (see Williams [2020]).

2.10.1 Simulations

We considered four simulation scenarios with Gaussian data, truly zero mean and

precision matrix © with unit diagonal and off-diagonal entries as follows.

1 . .
——=, i=1lorj=1
Scenario 1: The star graph - 0;; = VP J

0, otherwise

Scenario 2: The hub graph - Partition variables into 4 groups of equal size, with
each group associated to a ‘hub’ variable i. For any j # i in the same

group as ¢ we set 0;; = 0;; = \_/—% and otherwise 0;; = 0.
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3, j=i—1/i+1
Scenario 3: The AR2 model - 0;; = {1 j=i—2,i+2
0, otherwise

Scenario 4: A random graph - randomly select %p of the 60;; and set their values
to be uniform on [—-1,—0.4] U [0.4,1], and the remaining 6;; = 0.
Calculate the sum of absolute values of off-diagonal entries for each
column. Divide each off-diagonal entry by 1.1 times the corresponding
column sum and average this rescaled matrix with its transpose to

obtain a symmetric, positive definite matrix.

For each scenario we tested the following six methods.

M1. PC-GLASSO

M2. PC-GLASSO, but with zero diagonal penalty

M3. GLASSO on data standardised by S

M4. GLASSO on data standardised by S~*

M5. GLASSO with no diagonal penalty on data standardised by S

M6. GLASSO with no diagonal penalty on data standardised by S~1

For the remainder of this section we will often refer to these methods by their
numbers. Method M2 is included to provide a direct comparison with methods M5
and M6 i.e. to examine the affect of placing the L penalty on partial correlations
rather than directly on the precision matrix. Comparing M1 with M2 then assesses
the affect of the logarithmic penalty on the diagonal entries. For each method, a
regularisation path is obtained for a large sequence of parameter values and a single
estimate is selected via the BIC in (2.6).

For each setting a dimension size of p = 20 was used, sample sizes n €
{30,100} were considered and 100 independent simulations were performed. To

assess estimation accuracy the Kullback—Leibler (KL) loss
KL(0,8) = —log(det(0)) + tr(00 ") + log(det(0)) — p

was used. To assess model selection accuracy the Matthews correlation coefficient
(MCC) was used

TP x TN — FP x FN
/(TP + FP)(TP + FN)(TN + FP)(TN + FN)’

MCC =
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where TP, TN, FP and FN stand for the number of true positives, true negatives,
false positives and false negatives (respectively) and measure the ability to recover
the true edges in the graph corresponding to ©. The MCC combines specificity and
sensitivity into a single assessment and ranges between —1 and 1, where 1 indicates
perfect model selection. More information on the MCC including justification for
it’s use over other measures can be found in, for example, Chicco and Jurman [2020].

The results are summarised in Figure 2.10 showing the mean KL loss and
MCC over the 100 simulations. Figure 2.11 shows the proportion of the 100 sim-
ulations in which each edge was selected for methods M1 and M3. More detailed
results, including Frobenius norm (F-norm), sensitivity and specificity, and standard
errors of the various metrics over the 100 simulations are in Tables 2.1-2.4 with the
best score in each category given in bold. The F-norm sums the Euclidean distances

between each of the entries of the estimate and the true ©

10 =Ollp= > (0: — ).

i?j

This provides an alternative measure of estimation accuracy to the KL loss. Unlike
the KL loss, it considers all entries of © equally and independently which is why we
prefer the KL loss which takes into account the fact that © is a Gaussian precision
matrix and utilises a similar form to the log-likelihood function. Sensitivity and

specificity are defined as

Sensitivity — TP
ensitivity = TP L PN
TN
foity — AN
Specificity TN T FP’

and are commonly used to assess model selection.

We begin by comparing the four GLASSO methods. In both the Star and
Hub settings, methods M5 and M6 outperformed M3 and M4 respectively and so
not penalising the diagonal entries seems to be preferable, as anticipated by Section
2.8. In the AR2 and Random settings the results are less clear cut, however not
penalising the diagonal tended to offer fairly large improvements in terms of estima-
tion. Methods M4 and M6 also outperformed M3 and M5 respectively in the Star
and Hub settings, showing that standardising by S~! rather than by S is important
in these cases. A possible reason for this is the large range in node degrees in these
examples - i.e. some nodes have many edges while some have few edges. In these
cases, standardisation by S can result in additional penalisation of the true edges,

for the reasons set out in Section 2.6. Again, this difference is less clear cut in the
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AR2 and Random settings.

We now assess the impact of penalising partial correlations rather than 6;;
by comparing method M2 with methods M5 and M6. Method M2 achieves a higher
MCC than both M5 and M6 across all simulation settings, other than the n = 100
random graph. M2 also has the lowest KL loss in all n = 100 settings, although
M6 offers slight improvements in KL loss in the n = 30 settings. This demonstrates
that penalising partial correlations can lead to improvements in model selection, as
well as leading to faster convergence towards the true © for fixed p as n grows, when
selecting the regularisation parameter by BIC.

Now to investigate the affect of the logarithmic penalty on the diagonal en-
tries, we compare methods M1 and M2. Method M1 tends to provide improvements
in estimation for n = 30, but a negligible difference for n = 100 and in model selec-
tion. This shows that the logarithmic penalty on the diagonal entries can provide
improvements in estimation for small sample sizes in comparison to no penalty.

Overall, PC-GLASSO offers significant improvements over GLASSO in terms
of both estimation and model selection in both the Star and Hub settings. This
demonstrates that penalising partial correlations is particularly beneficial when there
is a large range of node degrees in the true underlying graph. There are also large
improvements in estimation for small n = 30 sample sizes in the AR2 and Random
graph settings, while model selection and estimation in the n = 100 case are very
similar in performance throughout all methods in these settings. This demonstrates
that when there is a small range in node degrees, PC-GLASSO still performs at
least as well as GLASSO, and can also offer improvements for small sample sizes.

Figure 2.11, showing the proportion of the 100 simulations in which each
edge was selected, also illustrates that PCGLASSO generally selected sparser models
than GLASSO (M3), particularly in the Star and Hub scenarios. This is a useful
property in itself since more sparse graphs are generally preferable for interpretation
and explanation.

Parameter selection via the EBIC in PC-GLASSO was also investigated
within these simulation settings. Although in certain cases this did offer minor
improvements in model selection measured by the MCC, in all scenarios the estima-
tion accuracy, measured by both the F-Norm and KL loss, was significantly worse
than when selecting the parameter via the BIC. For brevity we have omitted the

results from this section.
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Figure 2.10: Kullback-Leibler loss (left) and MCC (right) in the four simulation
settings
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2.10.2 Gene expression data

We now assess the predictive performance of PC-GLASSO in comparison to GLASSO
(both with and without a diagonal penalty), SCAD and MCP in the gene expression
data of Calon et al. [2012]. The data contains 262 observations of p = 173 genes
related to colon cancer progression. We took n = 200 of the samples as training
data, left the remaining 62 observations as test data, and assessed the predictive
accuracy of each method by evaluating the log-likelihood on the test data. For each
method this was performed for a long sequence of regularisation parameters chosen
such that the null model (i.e. all partial correlations estimated to be 0) is selected
for the largest regularisation parameter. SCAD and MCP have an additional reg-
ularization parameter, which we set to the default proposed in Fan and Li [2001]
and Zhang [2010] respectively. For all methods, other than PC-GLASSO, we also
standardise the data by either S or by S~!, before rescaling estimates back to the
original scale via (2.10).

Figure 2.12 plots the model size vs. test sample log-likelihood achieved by
estimates in the regularisation path, and indicates the models chosen by the BIC
and EBIC. We have restricted the view to model sizes less than 2000 since these
contain all models chosen by BIC. The left panel compares PC-GLASSO to the
other methods on data standardised by S. The right panel compares to the other
methods on data standardised by S~!.

First considering the left panel of Figure 2.12, PC-GLASSO clearly per-
forms better than any other method when data is standardised by S. PC-GLASSO
achieves a higher out of sample log-likelihood for model sizes smaller than 1900 in
comparison to GLASSO with no diagonal penalty, and a higher log-likelihood score
for all model sizes smaller than 2000 in comparison to the other methods. Further-
more, considering the estimates chosen by BIC and EBIC, PC-GLASSO achieves
the highest log-likelihood score in both cases, even with a smaller model size than
GLASSO in the case of BIC.

Now considering the right panel of Figure 2.12. It is clear that the other
methods perform better when the data is standardised by S~!. This may be due
to a large range in node degrees, as in the Star graph example. Even so, PC-
GLASSO still achieves the highest log-likelihood for all model sizes less than 1500,
and has the highest log-likelihood at the BIC and EBIC estimates with a smaller or
comparable model size to the remaining methods. This demonstrates the promise
of PC-GLASSO - it shows that the method can achieve better prediction than the
remaining methods with a simpler model.

One interesting thing to note in this example is the relatively poor perfor-
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mance of the non-concave SCAD and MCP penalties. When data is standardised by
S they both achieve significantly lower log-likelihood than GLASSO for both large
and very small model sizes, while when data is standardised by S~! they perform
almost identically to GLASSO - the method that they were designed to improve
upon. We conjecture that the reason for this poor performance is the diagonal
penalty. Both methods use a non-convex diagonal penalty of the same form as the
off-diagonal penalty. As discussed in Section 2.8, setting diagonal penalties in such a
way is not optimal. In this case, one effect is that small diagonal entries receive large
penalisation and shrinkage, whilst large diagonal entries receive small penalisation
and shrinkage. This may explain the poor performance when data is standardised
by S.

SCAD and MCP also tend to have poor performance when the sample size n
is small relative to the dimension p, as in the case in this gene expression example.
One reason for this might be that when the sample size is small, it is less clear
from the data which of the entries of © are large. Hence the non-convex penalty,
designed to reduce bias in the estimation of large entries of O, is less effective. Such
a phenomenon will be demonstrated again in the applications of Chapter 4.

When data is standardised by S~1, all of GLASSO, SCAD and MCP perform
significantly worse than GLASSO with no diagonal penalty. The reason for this
may be that the diagonal penalty in these methods uses the same regularisation
parameter as the off-diagonal penalties. In order to obtain sparsity in the estimate,
one must use a large regularisation parameter. However, this will cause a larger
penalisation of the diagonal entries, shrinking them far from their true value and

result in decreased predictive performance.

2.10.3 Stock market data

We now perform the same analysis on the stock market data in the R package huge,
investigated in the graphical model context by Banerjee and Ghosal [2015]. The
data contains daily closing stock prices of companies in the S&P 500 index between
1st January 2003 and 1st January 2008. We consider de-trended stock-market log-
returns, to study the dependence structure after accounting for the overall mean
market behavior. Specifically, let Yj; be the closing price of company j at time ¢,
th = log (%) the log-returns, and X;; = th—X} the de-trended returns, where
X, = Z?:l X j¢- We randomly selected p = 30 companies and, to avoid issues with
stock market data exhibiting thicker tails than the assumed Gaussian model, we
removed outlying observations more than 5 sample standard deviations away from

the mean in any of the p variables. There remained 1,121 observations of which we
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Figure 2.12: Model size vs predictive ability in the gene expression data. Left shows
methods on data standardised by S5, right shows methods on data standardised by
S~1. Estimates selected via BIC and EBIC with v = 0.5 are shown by dots and
squares respectively.

randomly selected 1,000 for the training and 121 for the test data.

One consideration to make about this stock market data is the appropriate-
ness of the assumed Gaussian model. We have already noted that this data displays
thicker tails than the Gaussian model and have removed outlying observations to
reduce this affect. An important aspect of methods for Gaussian graphical model is
robustness to non-Gaussian settings since this assumption will be violated to some
degree in most real data settings. A potentially more troublesome aspect is that
the dependencies between stock market prices may not remain constant over time -
that is the observations may not be identically distributed. We have attempted to
mitigate this by taking test data randomly over time.

The results are shown in Figure 2.13, again on data standardised by S in
the left panel and standardised by S~! in the right. This time there is less of a
difference between the five methods, and also less of a difference between the two
standardisations. In both standardisations PC-GLASSO achieves a slightly higher
log-likelihood for all model sizes smaller than 200. The BIC and EBIC estimates
are also more sparse than the GLASSO estimates, although with a slight trade off
in predictive ability. SCAD and MCP perform better in this example, selecting
the simplest model with the BIC estimates with no loss in predictive ability. One
reason for this may be the relatively large sample size in this example. However,

their predictive ability is worse for larger model sizes.
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Figure 2.13: Model size vs predictive ability in the stock market data. Left shows
methods on data standardised by S5, right shows methods on data standardised by
S~1. Estimates selected via BIC and EBIC with v = 0.5 are shown by dots and
squares respectively.

2.11 Discussion

Penalised likelihood methods based on regular penalty functions are a staple of
Gaussian graphical model selection and precision matrix estimation. They provide
a conceptually easy strategy to obtain sparse estimates of © and, particularly in
the case of GLASSO, fairly efficient computation, even for moderately large di-
mensions. However, in this paper we demonstrated that estimates obtained from
regular penalties depend on the scale of the variables. This gives a situation where
a simple change of units (measuring a distance in miles rather than kilometers) can
result in different graphical model selection. Further, we introduced a notion of
exchangeability motivating the need for standardising the data when using regular
penalties.

Standardising the data is not innocuous. First, even when the original vari-
ables follow a Gaussian distribution, that is no longer the case once the variables
have been standardised. They then exhibit thicker tails [Kollo and Ruul, 2003].
Second, from a more applied viewpoint, as demonstrated in several of our examples,
applying regular penalties to scaled data can adversely affect inference. Through
simulation experiments we were able to demonstrate that this effect was particularly
detrimental in examples when the true underlying graph has a large range in node
degrees, as in the Star graph setting.

To combat these issues we have made two key recommendations in this sec-
tion which should be applied to all penalised likelihood methods in Gaussian graphi-

cal models. First, the penalty should be a function of the partial correlations rather
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than the off-diagonal entries of the precision matrix. Second, the penalty on the
the diagonal entries of the precision matrix should either be logarithmic or not pe-
nalised at all. We have shown that all penalised likelihood methods that follow these
two suggestions satisfy scale invariance and so, for example, will result in the same
inference regardless of the units of measurement or standardisation.

We also investigated one such penalty function, the PC-GLASSO, which sets
an Lj penalty on the partial correlations. This is a direct parallel to the regular
GLASSO penalty which sets an L; penalty on ©. First we demonstrated that
the PC-GLASSO provides a preferable shrinkage of the partial correlations and
diagonal entries in the p = 2 case. We then showed through simulated examples that
PC-GLASSO can lead to significant improvements in both estimation and model
selection over GLASSO in certain settings, and also offers improved estimation in
all small sample settings that we explored.

A current limitation of our work lies in the computational efficiency of our
coordinate descent algorithm. While the efficiency of this algorithm is reasonable
in lower dimensions, the computations become impractical for larger p. However,
the conditional convexity of the PC-GLASSO problem opens interesting strategies
for future improvements. For example, one may alternately update the estimated
diagonal entries 6 and partial correlations A, keeping the other fixed. For fixed é,
widely studied computational methods for regular penalties may be employed to
maximise the penalised likelihood for A. With such a computational method, the
speed of PC-GLASSO may be competitive with GLASSO and could also be applied
to large scale problems.

Further interesting future work is to investigate the theoretical properties of
PC-GLASSO, for example model selection consistency, which holds for GLASSO
only under certain nontrivial conditions [Ravikumar et al., 2009]. The wider set
of PC-separable penalties also warrant further exploration, most obviously PC-
separable versions of the SCAD and MCP penalties. Beyond the Gaussian case,
penalisation of partial correlations also seems natural for partial correlation graphs

in elliptical and transelliptical distributions, see Rossell and Zwiernik [2020].
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n =30
M1
M2
M3
M4
M5
M6

n = 100
M1
M2
M3
M4
M5
M6

n =30
M1
M2
M3
M4
M5
M6

n = 100
M1
M2
M3
M4
M5
M6

FNorm
1.42 (0.35)
1.81 (0.58)
2.68 (0.73)
1.93 (0.29)
2.59 (0.36)
1.49 (0.28)

FNorm
0.70 (0.11)
0.73 (0.13)
1.73 (0.08)
1.30 (0.14)
1.66 (0.09)
0.84 (0.12)

FNorm
1.85 (0.29)
2.18 (0.49)
2.51 (0.28)
2.33 (0.26)
2.26 (0.21)
2.00 (0.23)

FNorm
0.91 (0.15)
0.89 (0.15)
1.84 (0.19)
1.65 (0.23)
1.63 (0.19)
1.40 (0.20)

KL
1.69 (0.58)
2.05 (0.78)
3.55 (1.19)
2.57 (0.56)
3.36 (1.42)
2.01 (0.69)

KL
0.46 (0.12)
0.48 (0.13)
1.33 (0.13)
1.07 (0.24)
1.20 (0.13)
0.62 (0.16)

MCC
0.978 (0.043)
0.966 (0.061)
0.231 (0.063)
0.569 (0.141)
0.270 (0.044)
0.789 (0.127)

MCC

0.993 (0.017)
0.993 (0.018)
0.264 (0.021)
0.679 (0.103)
0.304 (0.019)
0.907 (0.060)

Table 2.1: Star results

KL
2.83 (0.74)
3.25 (0.92)
3.71 (0.70)
3.52 (0.65)
3.11 (0.64)
2.95 (0.66)

KL

0.70 (0.20)
0.70 (0.21)
1.37 (0.20)
1.26 (0.27)
1.11 (0.22)
1.01 (0.24)

MCC
0.696 (0.081)
0.714 (0.089)
0.371 (0.066)
0.438 (0.081)
0.469 (0.071)
0.560 (0.077)

MCC
0.858 (0.069)
0.878 (0.063)
0.371 (0.038)
0.449 (0.058)
0.483 (0.054)
0.631 (0.074)

Table 2.2: Hub results

60

Sensitivity
0.999 (0.008)
0.998 (0.009)
0.903 (0.066)
0.988 (0.027)
0.866 (0.105)
0.996 (0.016)

Sensitivity
1(0)
1 (0)
0.996 (0.014)
1(0)
0.996 (0.014)
1(0)

Sensitivity
0.988 (0.043)
0.986 (0.045)
0.999 (0.009)
0.998 (0.012)
0.998 (0.012)
0.996 (0.018)

Sensitivity

== = e
\/\/\/\_/\/\_/

(0

(0
(0
(0
(0
(0

Specificity
0.995 (0.010)
0.992 (0.015)
0.477 (0.075)
0.810 (0.107)
0.578 (0.057)
0.934 (0.054)

Specificity
0.999 (0.004)
0.998 (0.004)
0.433 (0.041)
0.887 (0.056)
0.508 (0.031)
0.978 (0.016)

Specificity
0.917 (0.034)
0.924 (0.034)
0.644 (0.095)
0.726 (0.089)
0.763 (0.066)
0.839 (0.054)

Specificity
0.969 (0.019)
0.974 (0.016)
0.650 (0.054)

0.743 (0.057)
0.778 (0.048)
0.882 (0.038)



n =30
M1
M2
M3
M4
M5
M6

n = 100
M1
M2
M3
M4
M5
M6

n =30
M1
M2
M3
M4
M5
M6

n = 100
M1
M2
M3
M4
M5
M6

FNorm
3.64 (0.31)
3.42 (0.34)
4.27 (0.17)
4.08 (0.28)
3.83 (0.15)
3.77 (0.16)

FNorm
2.30 (0.33)
2.18 (0.34)
2.70 (0.45)
2.72 (0.44)
2.72 (0.36)
2.68 (0.34)

FNorm
2.30 (0.25)
2.40 (0.41)
2.84 (0.19)
2.66 (0.22)
2.38 (0.18)
2.31 (0.20)

FNorm
1.43 (0.16)
1.36 (0.14)
1.93 (0.22)
1.86 (0.20)
1.62 (0.15)
1.57 (0.16)

KL
5.26 (0.62)
5.84 (0.97)
6.63 (0.71)
6.05 (0.75)
5.77 (0.55)
5.66 (0.56)

KL
2.00 (0.38)
2.03 (0.41)
2.10 (0.52)
2.15 (0.52)
2.22 (0.49)
2.18 (0.45)

Table 2.3: AR2 results

KL

3.07 (0.51)
3.40 (0.67)
4.32 (0.63)
3.82 (0.61)
3.49 (0.61)
3.33 (0.62)

KL
1.23 (0.25)
1.23 (0.25)
1.64 (0.37)
1.54 (0.31)
1.37 (0.27)
1.32 (0.28)

MCC
0.283 (0.093)

0.296 (0.080)

0.258 (0.113)
0.268 (0.083)
0.219 (0.128)
0.212 (0.104)

MCC
0.530 (0.052)

0.537 (0.055)

0.462 (0.062)
0.468 (0.061)
0.520 (0.057)
0.526 (0.053)

MCC
0.336 (0.091)
0.337 (0.080)

0.355 (0.085)

0.312 (0.079)
0.311 (0.118)
0.278 (0.105)

MCC
0.572 (0.059)
0.571 (0.061)
0.526 (0.070)

0.514 (0.066)

0.581 (0.061)

0.559 (0.062)

Sensitivity
0.301 (0.194)
0.371 (0.168)
0.162 (0.135)
0.297 (0.149)
0.126 (0.140)
0.148 (0.137)

Sensitivity
0.855 (0.094)
0.851 (0.100)
0.903 (0.090)
0.893 (0.090)
0.818 (0.122)
0.835 (0.098)

Sensitivity
0.310 (0.153)
0.339 (0.143)
0.264 (0.136)
0.367 (0.134)
0.205 (0.158)
0.224 (0.148)

Sensitivity
0.614 (0.110)
0.612 (0.112)
0.724 (0.102)
0.706 (0.100)
0.641 (0.102)
0.613 (0.115)

Table 2.4: Random graph results
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Specificity
0.922 (0.077)
0.891 (0.080)
0.978 (0.041)
0.913 (0.084)
0.984 (0.032)
0.970 (0.042)

Specificity
0.774 (0.069)
0.783 (0.068)
0.663 (0.112)
0.678 (0.112)
0.785 (0.092)
0.781 (0.079)

Specificity
0.951 (0.041)
0.939 (0.044)
0.969 (0.048)
0.915 (0.063)
0.978 (0.040)
0.964 (0.038)

Specificity
0.941 (0.029)
0.941 (0.030)
0.871 (0.065)
0.876 (0.049)
0.941 (0.030)
0.936 (0.031)



Chapter 3

Bayesian partial correlation
graphical LASSO

There is a well known equivalence between penalised likelihood estimates and the
maximum a-posteriori (MAP) estimate under certain prior distributions. Let 7(©)
be a prior density on the precision matrix © and S be a sample covariance matrix
associated to observations of a Gaussian graphical model, as in Chapter 2. Then

the posterior density can be written as
m(O]S) x L(O | S)m(0),

where L is the Gaussian likelihood function for the precision matrix ©. The MAP
estimate is the value of © which maximises the posterior density, or equivalently its

logarithm
log (L(© | 5)m(©)) = 1(© [ 5) + log (x(©)),

where [ is the log-likelihood. Notice that this is of the same form as the penalised

likelihood function
[(©|S)— Pen(O).

Hence the MAP estimate under the prior 7 is equal to the penalised likelihood
estimate under the penalty function Pen(©) = —log (7(0©)).

Note that prior densities are restricted to integrate to 1 (or have unbounded
integral if the prior is improper) and must be equal to 0 on matrices that are not
positive definite and symmetric. So more generally the penalised likelihood estimate
under the penalty function Pen(0) is equal to the MAP estimate under the prior
density

7(0) x exp (—Pen(0)) (O € S)
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where § is the set of symmetric, positive definite matrices.

This equivalence is useful in a number of ways. Primarily, it provides a
Bayesian framework for penalised likelihood methods allowing full posterior analysis.
Unlike the penalised likelihood, which only provides a point estimate for ©, the
posterior distribution quantifies posterior uncertainty in the values of ©. This was
utilised by Wang [2012] and Khondker et al. [2013] for the Bayesian parallel of the
GLASSO penalty function. However, posterior analysis is often more challenging
due to the form of the posterior density. In particular, for many prior distributions,
the posterior marginals do not have a closed form. Posterior inference therefore
often requires a sampling scheme, which can be computationally expensive for large
dimension size p. Furthermore, if the prior distribution is continuous, then the
event {6;; = 0} will have zero posterior probability. The posterior distribution will
therefore have no direct way to assign edge inclusion probabilities, or to conduct
graphical model selection. One may compare Bayes factors associated to different
graphical models [Consonni et al., 2018], however for large p an exhaustive search
is not computationally feasible.

Beyond posterior inference, the Bayesian parallel to penalised likelihoods
can be useful in other ways. For example, the prior distribution gives an alternative
interpretation to the penalty function which can provide additional insight into the
dynamics of the penalised likelihood. The prior distribution associated to GLASSO
was explored by Wang [2012] showing that, for example, the marginal densities of
the partial correlations become more concentrated around 0 for larger dimension
size p due to the positive definiteness truncation in the prior.

The Bayesian interpretation can also provide inspiration for new penalty
functions. When, for computational reasons, full posterior analysis is avoided in
favour of simply finding a MAP estimate, the Bayesian method can be equivalently
seen as a penalised likelihood. However, the prior distribution provides a different
framework for interpretation that can lead to new ideas for penalty functions. For
example, Banerjee and Ghosal [2015] and Gan et al. [2018] both proposed methods
which involve finding the MAP estimate associated to a spike and slab prior distri-
bution. Marlin et al. [2009] and Marlin and Murphy [2009] also utilised the prior
interpretation to perform inference on block structured precision matrices.

In this chapter we explore prior distributions associated to regular and PC-
separable penalty functions, paying particular attention to the GLASSO and PC-
GLASSO. We do not provide any concrete means of posterior inference in the case of
PC-GLASSO, instead focusing on the interpretative aspect of the prior distribution.

The remainder of the chapter is organised as follows. In Section 3.1 we
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introduce the class of prior distributions related to regular penalty functions with
the GLASSO prior as a particular case. In Section 3.2 we introduce the class of prior
distributions related to PC-separable penalty functions with the PC-GLASSO prior
as a specific case. In Section 3.3 we show that certain PC-separable priors satisfy
an extended Bayesian form of scale invariance. In Section 3.4 we review current
research into the GLASSO prior and in Section 3.5 compare to the PC-GLASSO

prior.

3.1 Separable prior distributions

Consider the same Gaussian graphical model set up as in Chapter 2 described in
Section 2.1. We define a class of prior distributions on O, called seperable priors in
which the elements of © are independent, up to positive definiteness and symmetry.
We then define a subclass of priors, called regular priors which imposes symmetry

and differentiability constraints.

Definition 7. A prior distribution with (possibly improper) density 7 (©) is sepa-

rable if

m(0) o [ [ mis(6:)1(© € S) (3.1)

1<j

where 7;; : (0,00) = [0,00) and m;; : R — [0,00) are non-increasing in 6;; and |6;;]
respectively for all ¢ and ¢ < j.

A separable prior distribution is regular if m; = m;; for all (4, j) and for all
i < j, m; does not depend on (4, ), is symmetric about 0 and differentiable away

from 0.

Although not strictly necessary, it is useful to require that that m;; be (pos-
sibly improper) density functions. In this way the 7;; represent the marginal prior
densities before truncation onto the space of positive definite matrices and the pro-
portionality in (3.1) comes only from this truncation. From now on we will assume
that such 7;; are density functions, as well as in the later Definition 8.

Regular priors are often a reasonable choice for representing prior beliefs in a
simple manner. They have identical marginals on each of the 6;; and each of the 0;;
which represents a symmetry in the prior knowledge about each edge in the graph
- that is, the a priori knowledge of each edge in the graph is identical for all edges.
The separable form of the prior also allows a simple framework to set prior beliefs

on the magnitude of the 0;;.

64



Note that although a separable prior density is written as the product of
functions only depending on single entries of ©, these do not correspond to the
marginal densities and the entries of © are not independent under this prior due to

the truncation onto the space of symmetric, positive definite matrices.

Proposition 6. If the penalty function Pen is separable (regular), then the prior
density 7(O) o exp (—Pen(0)) (O € S) is separable (regular).

If the prior density w(©) oc [[;<; mij(0i;)1(© € S) is separable (regular), then
the penalty function Pen(©) = —log (Higj mj(ﬁij)> is separable (regular).

Proof. Let Pen be a separable penalty function and 7(©) o exp (—Pen(0))I(© €
S). Then

m(0) xexp | — Zpenij(t%j) [(©eS)
= Hexp (—penij(ﬂij)) H(@ € S)

= [I 610 € 5)

1<j

where m;;(0;5) = exp (—pen;;(0;;)). Hence 7(©) is of the form (3.1), m;; has range
[0,00) for all (i, j) and, because pen;;(6;;) is non-decreasing in |6;;], m;;(6;;) is non-
increasing in |6;;|. Therefore 7 is separable.

If Pen is also regular, it easily follows that m; = mj; for all (¢,7) and that
mi; does not depend on (7,7) for all ¢ < j, is symmetric about 0 and differentiable
away from 0. Hence 7 is also regular.

Now suppose that 7(0) oc [[,<;mi;(0;;)I(© € S) is a separable (regular)
prior density and let Pen(©) = — log (Higj mj(é’ij)). Then

Pen(0) = — Z log (7i;(0i))
— Zpenij(&'j)

(5]

where pen;;(0;;) = —log (m;;(0;;)). It easily follows that Pen is a separable (regular)
penalty function.
O

Proposition 6 shows that every regular penalty function corresponds to a

regular prior distribution and vice versa. Note that any two regular penalties that
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are proportional to one another correspond to the same regular prior. The statement
of Proposition 6 was written in this form, rather than an if and only if statement,
because penalty functions are not restricted to positive definite matrices. The if and
only if statement can be obtained by simply making this restriction in the definition
of the penalty function.

In this chapter we will primarily focus on the regular prior distribution cor-
responding to the GLASSO penalty function. Recall that the GLASSO penalty has
diagonal penalty pen;;(0i;) = §pb; and off-diagonal penalty pen;;(6;;) = np|0;;|.
The corresponding prior, which we refer to as the GLASSO prior, with parameter
A = np therefore has density

7a(O]\) o exp —fAZe)“ A 16051 | 1© € S)

1<J
= Hexp < )\0”> Hexp (=Aoi;) [(© €S)
! 1<J
o< HExp (0ii; N/ 2) HLaplace(HU,O A HIe € S)
1<j

where Exp(60;;; A\/2) denotes the density of an exponential distribution with rate
parameter \/2 and Laplace(6;;;0, A\~!) denotes the density of a Laplace distribution
with location 0 and scale A7,

Note that while the GLASSO prior density can be written as the product of
exponential and Laplace densities, the positive definite truncation means that the
marginal densities do not have these forms. This will be explored further in Sections
3.4 and 3.5.

An additional interesting regular prior distribution is used in the graphical
horseshoe introduced by Li et al. [2019]. In the graphical horseshoe, m;(6;;) o 1 is
an improper uniform and 7;;(6;;) = N(6;;; 0, )\2 72)CT (N3 0,1) where C*(z;0,1) o
(1 + 22)~! is the half-Cauchy density. Condltlonal on the hyperparameter 7, this
results in a regular prior distribution. In the graphical horseshoe, 7 is also given a
half-Cauchy hyper prior. The combination of the Normal distribution with variance
parameter determined by two half-Cauchy distributions results in a distribution
which is highly peaked close to 0 but with slowly decaying tails.

Since in a regular prior distribution the prior is continuous, direct graphical
model selection is not possible because under the posterior distribution 6;; # 0
almost surely. One option is to only consider the MAP estimation which, for certain

choices of regular priors, can lead to sparse estimation. In the Bayesian GLASSO
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and graphical horseshoe, instead the posterior mean estimate is considered which is
not sparse. In the graphical horseshoe model selection is conducted by considering
posterior credible intervals and checking if these contain 0. Model selection in the
Bayesian GLASSO will be discussed in Section 3.4.

3.2 Partial correlation separable prior distributions

We now propose an alternative class of prior distributions which are instead sepa-

rable in the partial correlations.

Definition 8. A prior distribution with (possibly improper) density 7(6, A) is (sym-
metric) PC-separable if

m(0,A) Hmi(eﬁ) [[7i(2i)1(A € 8y), (3.2)

1<j

where 7;; : (0,00) — [0,00) and 7;; : [-1,1] — [0,00) are non-increasing in 6;; and
|A;j| respectively for all ¢ and ¢ < j and S; denotes the set of symmetric, positive
definite matrices with unit diagonal.

A PC-separable prior distribution is symmetric if m; = mj; for all (i, j) and

for all i < j, pen;; does not depend on (4, j) and is symmetric about 0.

Symmetric PC-separable priors benefit from the same simple interpretation
as regular priors - under a symmetric PC-separable prior the a priori knowledge of
each edge is identical and the separable form allows simple setting of prior beliefs
on the magnitude of the partial correlations.

Note that in a PC-separable prior, the truncation only restricts A to be
positive definite. However, this ensures that © is positive definite because © =
01/2A0'/2 and 0 is a diagonal matrix with strictly positive entries. Therefore © is
positive definite if and only if A is positive definite.

Although a PC-separable prior density is written as the product of functions
of individual entries of A, these do not correspond to the marginal densities and
the partial correlations are not independent under the prior due to the truncation
onto the space of symmetric, positive definite matrices with unit diagonal. However,
there is no truncation on the diagonal entries, and so the marginal density of 6;;
is given by m; and the diagonal entries are independent of one another and of the

partial correlations under a PC-separable prior.

Proposition 7. If the penalty function Pen is (symmetric) PC-separable, then the
prior density (6, A) < exp (—Pen(0, A))I(A € &1) is (symmetric) PC-separable.
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If the prior density w(60, A) oc [[; mii(0si) [ ;< mii (Ai5))I(A € S1) is (symmet-
ric) PC-separable, then the penalty function Pen(0, A) = —log (Hz i (0ii) [ Lic WZ](AU)>

is (symmetric) PC-separable.

Proof. The result follows easily (and in a similar manner to that of Proposition 6)
by noting the following.
If Pen is a PC-separable penalty function, then 7(6, A) o< exp (—Pen(0, A)) I(A €

S1) can be written as

7(0,A) x exp Zpen” i) Zpenw ii) | I(A € &)

1<J
= Hexp —peng; (0i; Hexp —peni; (D)) I(A € &)
1<J
—Hﬂ-n i Hﬂ-z] z] AGSl)

1<J

where ;;(0;;) = exp (—peng; (i) and m;5(Ai;) = exp (—peng;j(Agj)).
Conversely, if m(6, A) oc [T; mii(64i) [ [;<; mij (Ai5)I(A € S1) is a PC-separable
prior density, then

Pen(0,A) = —log Hﬂu i) HWU i)

1<j
= - § log 7Tzz zz § IOg 7sz 2]
1<j
_§ penn u +§ penm zg
1<j

where pen“(ﬂn) = — IOg(ﬂ'“(e”)) and penij(Aij) = — log(mJ(A”))
O

In this chapter the PC-seperable prior we will primarily focus on is that relat-
ing to the PC-GLASSO penalty, however a PC-separable prior was also proposed by
Wong and Carter [2003]. Recall that the PC-GLASSO penalty has diagonal penalty
pen;i(0i;) = 2log(6;;) and partial correlation penalty pen;;j(A;j) = np|Ai;|. The
corresponding prior, which we refer to as the PC-GLASSO prior, with parameter
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A = np therefore has density

mpc (0, AIN) o exp | Y log(6;%) — A |A;| | I(A € 81)
i i<j
= HQ;? Hexp (—A‘AZ]D H(A S 81)
i i<j
x HG;Q HLaplace(Aij; 0,2 " HI(A € S)

i 1<J

Although the prior density is written in terms of a Laplace density on the par-
tial correlations, the truncation I(A € &;) means that the marginal densities are
not Laplace. In particular, the truncation ensures that the partial correlations are
in (—1,1). However, the marginal densities on the diagonal entries are given by
mpc(fi) 9;.2. It can easily be shown that this implies an improper uniform

distribution on the partial variances 0, 1 which gives a nice interpretation of this
prior.

The PC-GLASSO prior is improper due to the improper marginals on the
diagonal entries. However, a regular version can be obtained by restricting 6;; > €
for any € > 0. It is unclear whether the posterior distribution corresponding to the
PC-GLASSO prior is in general proper, however it is for a certain subset of sample
covariance matrices S (see below). In this chapter we focus on the interpretation of
the PC-GLASSO prior to better understand the corresponding penalised likelihood,
as opposed to conducting inference based on the posterior. As such, having a proper

posterior is not vital to the content of this chapter.

Proposition 8. For any sample size n > 4 and sample covariance matriz S satisfy-
mng Sy > Zj;éi|sij| for all i, the posterior distribution associated to the PC-GLASSO

PrioT 1S proper.
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Proof. The posterior density is written as

mpc(0, A|X, S) o mpc (6, AN L(6, A|S)
x H052Hexp(—)\]Aij])

i<j

i

n n n
X H 0 /2 det(A) /2 exp —5 Z Sij Giiﬁjinj H(A € 81)

1]
= det(A)"/2 [T (62" exp (=5 St )

x [T exp (—A|Aij|—nsij eiiejinj) I(A € S&)
i<j
We must show that this function integrates to a finite value. First note that
det(A)"/2 < 1 since log(det(A)) < tr(A — I), exp(—=A|A;]) < 1 since A > 0,
and exp(—nSij\/0:i0;;0:5) < exp(n|Sij|\/0iib;;) < exp(%]Sij|(0i + 0;)) because
-1 < Aj; <1 and \/m < %(011 +6;;). Hence

/51 /Rﬁ det(A)"” 1:1 <6§72 P <_gsii9”>> g Xp <_)"Aij’—n5ij 9z‘z‘9jinj) d6 dA

i eXD <_gSii9ii>> [[exp (g‘sij‘(ez‘i + 9jj)) do dA

05_2 exp <_gsii9ii)> Hexp g Z|Sij|0ii df dA
i j#i

£_2 n
:/SI/RPHGii Xp |3 Sii — Y 1Sl | i | dodA

+ 4 Ve

= / H 95_2 exXp —2 S” — Z|Sw’ 9“ d&u dA
S\ IRy 2 i
i JF#i

Since the function being integrated does not depend on A and &; is a bounded set,
if the inner integral is finite then the whole integral is also finite. Also, whenever
n_o .
22> 0and S; > 3,151, then fp 02 exp <_g (5 _ Z#i|sij|) 9) dby; is
finite. It follows that the whole integral is finite.
O]

We have shown that under a certain condition on the sample covariance ma-
trix, the PC-GLASSO posterior distribution is guaranteed to be proper. However,

this does not imply that the posterior is improper when this condition does not
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hold. It may in fact be the case that posterior is proper for any sample covariance
as long as n > 4. To see why this may be the case, consider why the PC-GLASSO
prior is improper - the 6;; 2 term tends to infinity as 6;; goes to 0. However, in the
posterior this is not the case because of the 927-7;-/ % term in the likelihood. Tt may be
possible to prove that this is the case, however it is complicated by the interaction
term \/m , the determinant term and the fact that integration is over the space

of positive definite matrices.

3.3 Scale invariance

The scale invariance results of Section 2.5 directly apply to the MAP estimate under
regular and PC-separable prior distributions. In particular, the MAP estimate under

regular prior distributions is not scale invariant. However, the MAP estimate under
—c
i

if © = @(DSD) is the posterior mode under the scaled sample covariance, then the

symmetric PC-separable priors with 7;;(6;;) o< 6..¢, ¢ > 0 is scale invariant. That is,
mode under the original sample covariance is C:)(S ) = DOD. Hence, the maxima of
the two posterior densities are (C:) ] DSD) and 7 (D@D | S).

In fact a stronger property holds for the entire posterior distribution, that

PC-separable priors lead to scale-invariant posterior inference, as defined below.

Definition 9. Let m(©) be a prior density, S a sample covariance and D a diag-
onal matrix with non-zero diagonal. Let the posterior density associated to S be
m(O ] S) x L(O© | S)m(©), and that associated to DSD be 7n(© | DSD) x L(O |
DSD)r(0©) where L is the Gaussian likelihood function.

The prior 7(©) leads to scale-invariant posterior inference if for any (.S, D)
P, (©cA|DSD)=P,(©€ Ap | 5) (3.3)

for all measurable sets A where Ap = {0 : D~'O@D~! € A}.

In particular, (3.3) implies that the two posterior distributions on the partial
correlations A are equal up to appropriate sign changes i.e. when D has all positive
entries, 7(A | S) = 7(A | DSD) (since A associated to © is equal to that associated
to DOD).

Proposition 9. Any symmetric PC-separable prior distribution with m;;(6;) o< 0;,¢
for some constant ¢ > 0 leads to scale-invariant posterior inference, provided the

posterior distributions exist.
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Proof. Let m be a prior density as given in Proposition 9, S be some sample co-
variance and D some diagonal matrix with non-zero entries. Writing L(© | S) as
the likelihood function, ® = 61/2A0/2 and treating D as a constant, the posteriors
given S and DSD are

m(DOD | S)  L(DOD | S)r(DOD)
n z n /
0 det(A) /2 H(dfém) 2 exp (2 Z Sz'j dféndgﬁﬂA”)
i 1,J

x [T(0:) = T mis(A)I(A € 81)

= det(A)n/Q H(dfeu)%ic exp (Z Z d;d;S;; Hiiejinj>

x [ mis(Ai)L(A € 81) (3.4)

ij

m(© | DSD) x L(© | DSD)m(©)
n 5 n
o det(A)"/? HG; exp (2 Zdz‘djsz'j 9ii9jinj)
i 1,5

X H(eiz’)_CHﬂ'ij(Aij)H(A S 81)

ij
= det(A)" ] 02 exp (Z > did;Si eiiejjmj>
i ij
x [ mis(Ai)L(A € 81) (3.5)
ij
For any measurable set A and Ap = {© : D7'O@D~! € A} the probabilities

in Definition 9 can be written as

IP’W(@eA\DSD):/w(GHDSD) 0
A

_ [, L(©® | DSD)7(©)dO
- [sL(®| DSD)n(©)de
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and, noting that © € A <— DOD € Ap,
IPW(GGAD\S):/ 7(0]9) do
Ap
:/W(DG)D\S) o

A
_ [4L(DOD | $)r(DOD)de
= [sL(DOD| 8)x(DOD) do

The result follows by noting that expression (3.4) can be obtained by multi-
plying (3.5) by the constant Hi(df)%_c.
O

We note that the proof of Proposition 9 does not depend on m;;(A;;) being
non-increasing or m;; being the same for all < # j. Hence the result extends to any
prior of the form (3.2) for which m;;(6;;) o< 6,;¢ for all @ and m;;(A;;) is symmetric
for all ¢ # j. The symmetry condition for m;; is required for negative scalar multi-
plications - i.e. when D includes negative entries - so that m;;(—A;;) = mi;(As5). If
we only consider positive scalar multiplications - D with all positive entries - then

the symmetry condition can also be relaxed.

3.4 Bayesian graphical LASSO review

The GLASSO prior distribution has primarily been explored by Wang [2012] and
Khondker et al. [2013]. In this section we will briefly review their work.

A major contribution of the work of Wang [2012] was exploring properties
of the GLASSO prior. Through sampling they displayed the marginal densities,
after truncation onto the space of positive definite matrices. In particular they
showed that for parameter A = 3, the marginal densities are more concentrated
around 0 than the Laplace density with scale parameter A~!. More importantly,
they showed that for fixed penalty parameter A = 3, the marginal densities of
the partial correlations become more concentrated around 0 as the dimension p
increases. They also claim that the marginal distribution on the partial correlations
does not depend on the parameter A - something we verify in Section 3.5. They also
explore a hierarchical representation and show that this representation does indeed
correspond to the GLASSO prior.

Another important aspect explored by Wang [2012] is the difference between
the posterior mean and MAP estimate. This was done by comparing the two esti-

mates in a specific real data set with p = 11, n = 10 with the mean being calculated
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from a Monte Carlo sample. It was shown that the mean and mode can vary signif-
icantly in both the diagonal and off-diagonal entries, particularly for small A. The
mode in some cases was even outside of the 95% credible interval centered around
the mean. It was also pointed out that this credible interval reduces in width as the
parameter A is increased showing a reduction in estimation uncertainty - something
that is not reflected by a point estimate.

Both Wang [2012] and Khondker et al. [2013] go on to propose Monte Carlo
sampling schemes for the GLASSO posterior. Wang [2012] proposed a block Gibbs
sampler, while Khondker et al. [2013] preferred a random walk Metropolis-Hastings.
They also proposed two different methods for graphical model selection from the
obtained posterior samples. Khondker et al. [2013] fixed certain elements of © to
be zero based on credible intervals. Wang [2012] instead approximated the proba-
bility P(¢;; = 0) under a discrete and continuous mixture prior by comparing the
GLASSO posterior mean of 6;; to the posterior mean under some reference prior. If
the mean under GLASSO is less than half that under the reference then the edge is
not included. As a reference prior Wang [2012] used a conjugate Wishart prior, pre-
sumably for computational efficiency and easy computation of the posterior mean.
However, in our opinion a more sensible reference prior would be another GLASSO
prior, but with parameter value A = 0. Indeed, it is admitted by Wang [2012] that
this approach is ‘ad-hoc and lacks the formal Bayesian interpretation.’

Wang [2012] went on to propose an extension to the GLASSO prior, in a way

akin to the adaptive LASSO, which allows different variance parameters on each 0;;.

3.5 GLASSO and PC-GLASSO prior comparison

In this section we compare the GLASSO and PC-GLASSO prior densities. In par-
ticular, we investigate the affect of the parameter A and the dimension p on the
marginal densities of the diagonals and partial correlations. Recall that the respec-

tive prior densities are given by

Tq(0) x HEXp(@ii; A/2) HLaplace(Gij; 0, A" HIe cs),

1<j

and
mpc(0,A) o [ [ 057 ] [ Laplace(A; 0, A" HI(A € Sy).

i 1<j
We obtained samples from these prior densities using rejection sampling - we sam-

ple from the distribution without positive definite truncation, which only requires
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sampling of independent exponential and Laplace values, and reject the sample if
the resulting matrix is not positive definite.

We begin by briefly discussing the affect of increasing the dimension p. As
mentioned in Section 3.4, this has already been explored for the GLASSO prior by
Wang [2012]. They found that the marginal on both the off-diagonals and the partial
correlations becomes more concentrated around 0 as the dimension p increases, and
that the marginal on the diagonal entries has larger mean and variance as p increases.
These effects of dimension are an obvious side-effect of the truncation onto the space
of positive definite matrices, which becomes more restrictive as the dimension p
Erows.

We found a similar phenomenon with the PC-GLASSO prior; as the dimen-
sion p increases, the marginal on the partial correlations becomes more concentrated
around 0. However, in this case the marginal on the diagonal entries does not depend
on p because the truncation is on the partial correlation matrix A.

Now we investigate the affect of the parameter A on the marginal distribu-
tions. To do this we generated samples from both prior distributions for fixed p =5
and A = 1,2 and 4. Figure 3.1 plots the marginal densities of Aj and 611. The top
left panel verifies the claim of Wang [2012] that the GLASSO prior mg(A;;) does
not depend on A, whereas the bottom panel shows that m(6;;) is shrunk towards
0 as A increases. In contrast, the PC-GLASSO prior (top-right panel) on partial
correlations mpg(A;;) concentrates around zero as A grows. The marginals on the
diagonal entries are given by mpg(6;) o< 0;; 2 regardless of \.

This demonstrates a fundamental difference in how GLASSO and PCGLASSO
induce sparsity in the 6;; = A;j\/0i0j;. PCGLASSO achieves sparsity through
regularisation of the partial correlations, while GLASSO does so by shrinking the

diagonal 60;;.

3.6 Discussion

In this chapter we have explored two classes of separable priors which assume inde-
pendence of the parameters before truncation onto the space of positive definite ma-
trices. In regular priors the entries of © are separable, while for PC-separable priors
the independence is instead placed on the partial correlations. The MAP estimate
under such priors is equal to the penalised likelihood estimate under certain regular
and PC-separable penalty functions. As such, the results of the previous chapter
prove that the MAP estimate under a regular prior does not satisfy scale invariance,

while the MAP estimate a symmetric PC-separable prior with m;;(6;;) oc 6., does
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Figure 3.1: Marginal prior densities for the partial correlations under GLASSO prior
(top left) and PC-GLASSO prior (top right) and for the diagonal entries under the

GLASSO prior (bottom).
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satisfy scale invariance. In this chapter we showed that such PC-separable priors
in fact satisfy a stronger property of invariance such that any form of posterior
inference is invariant to scalar multiplication of the variables.

In this chapter we also proposed a specific PC-separable prior - the PC-
GLASSO prior - and compared this to the GLASSO prior. We demonstrated that
there are fundamental differences between the two priors and therefore how the
corresponding MAP estimates achieve shrinkage and sparsity in the 6;;. In the
PC-GLASSO prior, as the parameter ) is increased the marginal on the partial cor-
relations becomes more concentrated around 0, while the marginal on the diagonal
entries remains fixed. In the GLASSO prior the opposite is true - the marginal on
the partial correlations does not depend on A, but the marginal on the diagonal en-
tries is shrunk towards 0. In our opinion shrinkage of the partial correlations makes
more sense for graphical model selection. The existence of an edge in a graphical
model is based on the (partial) dependence between two variables, which can be
measured by the partial correlations. The diagonal entries instead relate to the
partial variances and are therefore a measure of spread in the data. Within the
continuous separable framework, the belief that the underlying graphical model is
sparse is therefore best encoded by concentrating the marginal distribution on the
partial correlations more tightly around O.

A related issue is that of prior interpretability. As mentioned earlier in this
chapter, separable priors allow great flexibility and simplicity in encoding prior
beliefs. For regular priors this involves assigning a distribution to each entry of ©
through 7;;. Although these don’t exactly correspond to the marginals due to the
positive definiteness constraint, prior beliefs may be easily set on the 6;; in this way.
However, 8;; is not a good measure of dependence since it is not scale invariant. Thus
a large 0;; could reflect either strong dependence between the variables or that they
have small partial variance. This is not an ideal situation for setting prior beliefs
where one would instead like each parameter to correspond to a single property of the
distribution. In this sense, PC-separable priors are advantageous in terms of prior
interpretability - one may set prior beliefs on the strength of dependence between

variables through m;;(A;;) and on the spread of each variable through 7;;(6;;).
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Chapter 4

Spike and slab partial
correlation graphical LASSO

In the previous chapter it was mentioned that prior distributions may be used to
inspire new penalty functions, and in this chapter we will do exactly that. Spike
and slab priors, introduced by Mitchell and Beauchamp [1988] and George and
McCulloch [1993], are commonly used in model selection situations where that is
some prior probability of a parameter being 0.

Spike and slab distributions for Gaussian graphical models will be more rig-
orously defined in the next chapter. However, as an introduction, a general spike

and slab prior on a parameter ¢ is a mixture of the form

() o< nmi(¢) + (1 —n)7o(9),

where 7 € (0, 1), m is the slab density and 7y the spike density. The extra parameter
7 can be considered the probability of some indicator variable v being equal to 1,
P(y=1) =n, P(y =0) =1 —n. The spike and slab density can then be rewritten

as

(@ | v) < ymi() + (1 — ¥)mo(@).

The indicator v can be related to the parameter ¢ being equal to 0. Most obviously,
one might take v = I(¢ # 0) so that 7 is the prior probability of ¢ # 0. In this
case mo must be a Dirac mass at 0, while 71 is the prior density of ¢ conditional on
¢ # 0. Such a formulation was used by Banerjee and Ghosal [2015] in the Gaussian
graphical model context. While this is an attractive formulation because parameter
selection can be directly related to the posterior distribution of +, it does come with

some difficulties. This is because, the prior distribution (and also the posterior) is
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not continuous which can make posterior inference and sampling challenging.

A common adaptation to allow easier computation is to let g be a continuous
density which is highly concentrated around 0. When this is the case, the indicator
variable can be interpreted as v = 1 —1(¢ ~ 0). Although this formulation no longer
allows inference on the event {¢ = 0} because the corresponding posterior will always
set zero probability to the event, it does come with some positives. First, the prior
(and posterior) is now continuous which allows easier computation and posterior
inference. Second, it may be argued that inference on this new v =1 —I(¢ ~ 0) is
beneficial for model selection. If a parameter is known to be suitably close to 0, one
may chose to not include this parameter in the model to achieve greater parsimony.

This spike and slab prior framework is completely flexible in the choice of
w1 and my and so they may be chosen to reflect prior beliefs on the parameter.
However, when, as we will be doing, a spike and slab prior is used to inspire a
penalty function, it is important that 7w(¢) have a local maximum at 0 and be non-
differentiable at 0. This is to ensure that the penalised likelihood is able to achieve
exact zero estimates. A popular choice for the spike and slab densities is the Laplace
which were used in the spike and slab LASSO of Ro¢kova and George [2018] and the
Bayesian Regularization for Graphical Models With Unequal Shrinkage (BAGUS)
method of Gan et al. [2018]. For consistency of nomenclature, BAGUS will also be
referred to as spike and slab graphical LASSO (SS-GLASSO).

We will begin this chapter by reviewing the work of Gan et al. [2018] on the
SS-GLASSO, which utilises a regular prior distribution. We will then propose a
new spike and slab method named the spike and slab partial correlation graphical
LASSO (SS-PC-GLASSO) which, in fitting with the previous chapters, is based on
a PC-separable prior. The corresponding penalty functions obtained from a Laplace
spike and slab prior will be compared to other popular penalty functions before a
computational method and parameter selection strategy are proposed. The chapter

will conclude with some simulation settings and real data applications.

4.1 Spike and slab graphical LASSO

Gan et al. [2018] introduced the following Laplace spike and slab prior on the pre-

cision matrix of a Gaussian graphical model

7'(‘(@) X H’]T“(Hm) Hﬂ'z’j(gij)]l(@ S 5),

1<j
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7T“(9“) = Texp(—TGii)]I(Gn- > 0)
= Exp(0;i; 1),

A A
mij(0:5) = ?771 exp (—A1]0;5]) + (1 — 77)70 exp (—Aol0s])

= 1 Laplace(6;;; 0, \{') + (1 — ) Laplace(6;;; 0, Ay 1)

with n € (0,1) and A\; < Ao such that the variance of the slab is greater than
that of the spike. We refer to this prior as the spike and slab graphical LASSO
(SS-GLASSO) prior. It is easy to verify that this is a regular prior distribution
with independent priors placed on each entry of © before truncating onto the space
of positive definite matrices. The prior utilises a spike and slab structure with a
Laplace density for both the spike and the slab. The spike density has smaller
variance than the slab to ensure that it is more concentrated around 0. The extra
parameter 77 denotes the prior probability of 6;; coming from the slab rather than
the spike and can be interpreted as n = 1 — P(6;; =~ 0). Note that in this set up
the same 7 is used for all 0;; as well as the same spike and slab densities. This
reflects the prior belief that all 0;; are equally likely to be from the slab and that all
the dependence relationships between pairs of variables are a priori exchangeable.
Because of this symmetry, it is therefore more appropriate to think of n as the prior
expected proportion of edges that are from the slab. Similarly to the GLASSO prior,
the density m; on the diagonal entries is Exponential, although in contrast to the
GLASSO prior, the parameter 7 is different to the parameters of the off-diagonal
entries.

Gan et al. [2018] actually make a further truncation onto ||©||2< B for some
B > 0 where ||||2 is the spectral norm. They went on to show that if B < /2n/\o,
then within the region ||©||2< B the posterior distribution will be strictly concave
and therefore have a unique maximum. This allows the use of an EM algorithm
to find the MAP estimate, which Gan et al. [2018] proposed. This truncation was
justified because having a large ||O||2 relates to a situation where there are large
correlations between the variables - a situation ‘in which most methods fail’ and in
conflict with the assumption of a sparse graphical model. However, this argument
ignores the importance of the diagonal entries of © - a large spectral norm could
occur from large 6;;, not only large correlations between the variables. This gives
a further reason, as well as the arguments in Chapter 2, for why standardising the
data is vital when implementing the method of Gan et al. [2018].

Gan et al. [2018] only consider the MAP estimate related to the SS-GLASSO
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prior and so this is equivalent to a penalised likelihood method. This penalty func-
tion will be explored further and compared to other non-convex penalties in Section
4.3. However, Gan et al. [2018] utilise the prior interpretation for graphical model
selection purposes by considering the additional indicator variables «;; which indi-
cate whether 0;; comes from the spike or the slab. Posterior inference on the v;; can
then be thought of as graphical model selection. However, in lieu of a full Bayesian
analysis, Gan et al. [2018] approximate the posterior edge inclusion probabilities by
conditioning on the MAP estimate for © and include an edge in the model iff this ap-
proximated probability is greater than 0.5. These edge inclusion probabilities seem
rather contrived - they are simply a monotone transformation of the estimated |6;;]
- and do not take into account any posterior uncertainty or dependence between the
7ij- Furthermore, the Laplace priors ensure that exact zero entries are possible, and
in fact common, in the MAP estimate meaning that this extra step is not required
for model selection - one can simply consider the zero entries in the MAP.

A further important contribution of Gan et al. [2018] were estimation ac-
curacy and selection consistency results for the MAP estimate of the SS-GLASSO
prior. Furthermore, these results were shown to extend to certain non-Gaussian

distributions satisfying some exponential or polynomial tail condition.

4.2 Spike and slab partial correlation graphical LASSO

As recommended in the previous chapter, we suggest an adaptation of the SS-
GLASSO prior which is instead PC-separable and leads to scale invariant posterior
inference. This will be of a similar form to the PC-GLASSO prior, however with
the Laplace prior on the partial correlations replaced by a Laplace spike and slab.
This results in the following spike and slab partial correlation graphical LASSO
(SS-PC-GLASSO) prior on the partial correlation matrix A and diagonal entries 6:

7T(9, A) X H?T“((gm) H"Tij(Aij)H(A S 81),

i<j
Tii(0i) = 0%,
M Ao

exp (—\ AZ + (1 —
21— exp(—an)) P ARG U= )
= 1 TruncLaplace(A;;; 0, \; 1) + (1 — i) TruncLaplace(A;;;0, Ay 1) (4.1)

mij(Aij) =1 exp (—Xo|As)
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with n € (0,1), Ao > A1 and where TruncLaplace denotes the density of a Laplace
distribution truncated onto (—1,1).

The SS-PC-GLASSO prior specifies independent diagonal entries 6;; with
density 0, 2 This ensures, from Proposition 9, that the SS-PC-GLASSO prior leads
to scale invariant posterior inference. The partial correlations are treated as indepen-
dent before truncation onto the space of positive definite matrices and have Laplace
spike and slab densities prior to this truncation. It is easy to verify that m;;(A;;) is
decreasing in |A;j| and so the SS-PC-GLASSO prior is symmetric PC-separable.

One important thing to note about the SS-PC-GLASSO prior setup is that
the spike and slab densities are truncated Laplace densities between —1 and 1. In
any spike and slab prior, it is important that the spike and slab densities are proper
density functions that integrate to 1. This is because, without this restriction, n will
no longer be equal to the prior probability of coming from the slab. For example, in

the SS-PC-GLASSO prior, suppose we instead use non-truncated Laplace densities
7ij(A;) = n Laplace(A;;;0, A7 ") + (1 — 1) Laplace(A;;;0, \g ).

Here, when considering the restriction A;; € (—1,1), it is clear that this density will
be dominated by the spike. In particular, the prior probability of A;; coming from

the slab is now equal to

(1 —exp(—A1))
n(1 —exp(—A1)) + (1 —n)(1 — exp(—Xo))

which is smaller than n, and is close to 0 when A\g < A;. To avoid this issue, one
must ensure that the spike and slab densities integrate to 1 after the A;; € (—1,1)
restriction, as is the case in (4.1).

This discussion has so far ignored the further truncation of both the SS-
GLASSO prior and SS-PC-GLASSO prior onto the space of positive definite matri-

ces. The effect of this truncation will be explored further in the Chapter 5.
When combined with the likelihood function, after observing a sample co-
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variance matrix S from n observations, the resulting posterior density is
7(0,A]S) xw(0,A)L(O,A|S)
Ao
< T10* T (3 e (nlh + (=) 2 exp (ol )

1<j

7 1<j

= det(A)? H (0;%4 exp (—gsiiaii))
< [T (exp (_nSij 9ii9jinj>

i<j

A A
x <77611 exp (Ml l) + (1 =) 22 exp <A0|Az—j>>) A €s)
n nt ERL
= det(A) H (9.4 exp ( : 5”0”»
X H <(7] exXp ( TLSij giigjinj — )\1‘Aw|)

1<j

A
+(1 — n)cis exp (—nSij Qiiejinj — )\oA”l))) ]I(A < 81) (42)

xdet(A)% I (9*) exp ( (Z Siibi +2Y s”,/onomA”)) I(A € S))

where ¢; = 2(1 — exp(—2\;)). This posterior density will be referred to in the

computational algorithm of Section 4.4.

4.3 Laplace spike and slab penalty functions

Recall from the previous chapter that the MAP estimate under a prior () corre-
sponds to a penalised likelihood estimate with penalty function Pen(0) = —log(7(0)).
In this section we will investigate the penalty function corresponding to the SS-PC-
GLASSO prior and compare this to other popular non-convex penalties.

All prior distributions and penalty functions we discuss in this section will

be symmetric PC-separable. As such, a prior density can be written as

O(HWD u HWPC ’L] AES])

1<J

and a penalty function as

Pen(6,A) ZpenD i Zpemvc zy
1<J

The correspondence Pen(8,A) = —log(n(6,A)) is therefore obtained by taking
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penp(0i;) = —log(mp(#ii)) and penpc(Aij) = —log(mpc(Aij)).

As discussed in Sections 2.5 and 3.3, in order for the penalty function or
prior distribution to be scale invariant the diagonal penalty must be of the form
penp(6i;) = clog(6s;) which corresponds to mp(6i;) = 6, for some ¢ > 0. This is
the case for both PC-GLASSO and SS-PC-GLASSO with the choice of ¢ = 2. We
recommend that any symmetric PC-separable penalty function or prior distribution
have such a diagonal penalty or prior in order to obtain scale invariance.

We now focus on the penalty function on the partial correlations. Two

common penalty functions which we will compare to are the Ly penalty
penpc(Aij) = pl(Ay; # 0),

and the L; penalty
penpc(Ay) = plAgl,

both pictured in Figure 4.1. The Ly penalty applies the same penalty to all non-zero
partial correlations. It is considered by some to be the gold standard for model se-
lection via penalised likelihoods because the penalty is a function of only the model
size and not the specific value of the parameters [Dicker et al., 2013]. However, the
discontinuity in the penalty functions means that it is not computationally feasi-
ble when the model size is even moderately large and can lead to unstable model
selection with small changes in the data potentially resulting in large changes to
the selected model [Breiman, 1996]. On the other hand, the L; penalty, as used in
LASSO style methods including the PC-GLASSO, benefits from fast computation
due to the convexity of the resulting maximisation problem. However this is often
associated with bias in the estimation of large parameter values. This is because
the derivative of the L1 penalty is constant away from 0 and so all parameter values
are shrunk towards zero even if the data strongly suggests that one is non-zero.
Non-convex penalties can therefore be seen as ways of improving on the problems
associated with the Ly and L; penalties - they can be seen as continuous approxi-
mations of the Ly penalty aiding computation or as refinements of the L; penalty
which reduce the penalty on large parameter values.
The SS-PC-GLASSO prior has
A A

T ey P (NI + =g
1= mss(Agy),

WPC(Azj) = €xXp (—)\O\Aiﬂ)
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which corresponds to the penalty function

A1
2(1— exp(—1))

:= pengs(Aij).

Ao

o (~MalAyl) + (L= n) gy

penve(Aig) = — log (n exp <—A0|Aij|>)

One may also wish to consider a version of the SS-PC-GLASSO prior distribution
where we set A1 = 0, in which the slab component would correspond to a uniform
density between —1 and 1. If this is the case then the first term in mgg(4A;;) and
the corresponding term in pengg(A;;) should be replaced by their limit as A\ — 0,
which is /2.

To better understand the effect of changing parameter values in this penalty
function, Figure 4.1 shows plots of pengs for n = 0.1 and different values for g, A;.
Note that the penalty functions have been standardised so that either pengg(0) =0
or pengs(1l) = 0 to aid comparison. In the middle left panel we see it plotted for
fixed \g = 10 and A\; € {0,2,5,10}. We see that for \g = A1, pengs is equal to the
Ly penalty. As Ap is reduced, the penalty on large partial correlations is reduced,
whilst close to zero the penalty remains close to the L penalty.

In the bottom left panel of Figure 4.1 we see pengs plotted for fixed Ay =0
and \g € {1,5,10,20}. For small )y the penalty is close to the L; penalty. As \g
is increased, the penalty becomes more non-convex and flatter in the extremities.
For large Ao the penalty begins to resemble a continuous approximation of the Lg
penalty.

More insight into a penalty function can be gained by looking at its derivative.
The derivative of the SS-PC-GLASSO penalty is

2
1

. A A
sign(Ai;) (Um exp (—A1]Ai;[) + (1 = 1) sp—aap=sayy €XP (—A0|Aij\))

/
pengg(Aij) = !
ng(l_e)?p(_)\l)) exXp (_/\1|Aij|) + (1 - 77) 2(1_6,()\;(_,\0)) €Xp (_)\O|Aij|)

Again, if Ay = 0 then the derivative is equal to its limit as Ay — 0 which is equal to

. 22
stgn(Ai) (1 = 1) 5oy &P (—AolAijl)
3+ (1= 1) gy P (Aol A1)

pengs(Aij) =

The derivative is often more informative about the dynamics of a penalty function.
If the derivative is small or 0 at the MLE then the penalised likelihood estimate
will tend to be close to the MLE. If the derivative is large at the MLE then more
shrinkage towards 0 can be expected. pengg(A;;) is plotted in the middle and bottom
right panels of Figure 4.1.

For fixed Ao the derivative has a constant value of Ao, like the L; penalty,
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when A1 = X\g. As Ap is decreased, the derivative close to zero is still approximately
equal to Ag, but the derivative decrases with A;; even reaching close to 0 for A\; = 0.

For fixed A1 = 0, the derivative close to zero is always approximately equal to
Ao. For small \g the derivative remains approximately constant. As g is increased,
the derivative goes towards 0 for large A;; values. For sufficiently large )\g the
derivative is approximately equal to 0 for all |A;;| above a certain threshold. Note
that as the parameter )\g increases, the amount of penalisation on large partial
correlations increases, but the range of partial correlations for which the penalty
function is flat also increases.

A key property of pengg(A;;) is that it is non-convex. Non-convex penalties
have been widely used as a way to reduce the bias in the estimation of large parame-
ter values when using the L penalty. We now compare the SS-PC-GLASSO to two
popular non-convex penalties - the Smoothly Clipped Absolute Deviation (SCAD)
penalty and the Minimax Concave Penalty (MCP) - on the partial correlations.

The SCAD penalty, proposed by Fan and Li [2001], is symmetric and on
[0,1) is equal to

/\Aij, 0< Az’j < A
aAA—AZ =\
penpc(Aij) = %, A< Ay <al
%)\2(a + 1), aX < Aij
:= penscap(Aij),
which has derivative
A, 0<A; <A
pengoap(Aij) = a(/\a%Al;j, A< A <al
0, aX < Az‘j
and the related prior density has
exp(—AA;;), 0<A; <A
C2aAA;HA2 A2
Wpc(Aij) X { exp <W> s A< Aij < aA
exp(—3A%(a +1)), aX < Ayj
:= mscAD(Aij).

The SCAD penalty contains two parameters - the regularisation parameter A and an
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additional parameter a - and is a quadratic spline function with knots at A and aA.
Fan and Li [2001] suggested a default value of a = 3.7 for the additional parameter.
The related prior density mgcap demonstrates a number of prior beliefs. First, if a
partial correlation is small, i.e. |A;;|< A, then it is likely to be very small. On the
other hand, if a partial correlation is large, i.e. |A;;|> aA, then the prior is uniform.
In between A and a\ the prior is simply a log linear interpolation to ensure continuity
between the three components. This gives some interpretation to the parameters a
and A. The parameter A corresponds to the threshold of partial correlations that
are a priori negligible. Meanwhile aA corresponds to the threshold for which any
larger partial correlations are significant enough for us to want the data to speak
for itself.

The MCP penalty, proposed by Zhang [2010], is also symmetric and on [0, 1)

is equal to

2

/\Aij — Aij 0 S Aij S a

penpc(Aij) = a7
%CL)\2, ai < Aij
:= penymcp(Aij),
which has derivative
’ )\—Aaij, OSAijS(Z)\
penyiop(Aij) =
0, aX < Aij

and the related prior density has

2
exp <>\Az] + A22LJ> , 0L Ai]’ <aA
pc(Agj) o
exp (%a)\Q) , aX < Ajj
1= mvep (Agj).-

Like the SCAD penalty, the MCP penalty contains two parameters - the regularisa-
tion parameter A and an additional parameter a - and is a quadratic spline function,
but with only a single knot at aA. A common default value for the additional pa-
rameter is @ = 2. The MCP prior has a similar interpretation to the SCAD prior
with any partial correlations larger than aA being uniform and any smaller than a)
likely to be very small.

Plots of the SCAD and MCP penalties and their derivatives can be found in

Figure 4.2 for their recommended default value of a and a range of A values. Both
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penalty functions seem to act in a similar way with small A values resulting in more
non-convexity in the function whilst for larger A values the penalties more closely
resemble the L penalty.

The difference between SCAD and MCP can more easily be seen in their
derivatives. Both have piecewise linear derivatives but while the SCAD derivative
is constant around 0, the MCP derivative is decreasing around 0. Although not
pictured here, changing the additional parameter a has the effect of changing the
gradient of the decreasing part of the derivative. This results in a change in the
amount of non-convexity in the penalty functions with small a resulting in penalty
functions that are closer to the Ly penalty and large a giving penalty functions closer
to the Ly penalty. This is much the same as the effect of changing A; for fixed Ag
in the SS-PC-GLASSO. Plots of the SCAD and MCP penalites for different a can
be found in Williams [2020].

Comparison of the SS-PC-GLASSO penalty to the SCAD and MCP shows
some interesting differences. If the parameter 7 is treated as fixed in the SS-PC-
GLASSO, then all penalty functions have two parameters. Changing A; in the SS-
PC-GLASSO has a similar effect to changing the additional parameter a in SCAD
and MCP. Meanwhile, Ag is more similar to the regularisation parameter A of SCAD
and MCP in that it affects the magnitude of the penalty. However, while SCAD
and MCP more closely resemble the L penalty as A increases, the SS-PC-GLASSO
penalty more closely resembles the Ly penalty as A; increases.

It should be noted that both SCAD and MCP were originally proposed for
linear regression and then applied to Gaussian graphical model selection as a regular
penalty function. As such they are ordinarily defined over the whole real line rather
than just on the interval (—1,1). Due to this restriction, some of the non-convex
properties of these penalties are lost and perhaps alternative default values for the
additional parameter a should be considered. For the applications later in this
section we consider the regular versions of SCAD and MCP applied on the off-

diagonal entries 0;;.

4.4 Parameter selection and computation

Parameter selection for the SS-PC-GLASSO is more complicated than for PC-
GLASSO because it contains three parameters - Mg, Aj,n - rather than a single
parameter. In this section we will propose some strategies for the appropriate se-
lection of these parameters as well as a computational method based on these for

obtaining a point estimate for ©.
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First we consider the parameter n. Recall that 1 can be interpreted as the
prior probability of a partial correlation coming from the slab rather than the spike.
Because this probability is the same for all partial correlations within this prior
framework, it is useful to think of n as the prior expected proportion of partial
correlations that come from the slab, or the prior expected proportion of edges
present in the graphical model. A larger value of n encourages larger graphical
models and larger estimated A;;, while smaller values of 7 encourage more sparse
models and apply more shrinkage to the A;;.

Rather than attempting to tune this parameter, it seems more appropriate to
set n based on prior beliefs of the sparsity of the model, or based on the desired level
of sparsity in the estimate. Gan et al. [2018] simply fix 7 = 0.5 indicating that an
edge is equally likely to be present or not. However, we prefer a more conservative
approach which encompasses the prior belief that the underlying graphical model is
sparse. A common definition of sparsity in a graphical model is that the number of

edges is of order p. In fitting with this we propose setting

R
p(p—1)
2

p—1

"’]:

N[ =

noting that the maximum number of edges in the model is %p(p —1).

Next we consider the setting of the spike and slab parameters Ay and ;.
In the PC-GLASSO we proposed setting the single regularisation parameter p via
the BIC. In this case we were able to consider a large set of values for p, which
was computationally feasible in Algorithm 1 because the estimate for the previous
value of p was used as a starting point for the next value of p. However, in the SS-
PC-GLASSO this is not so straightforward as there are two parameters to consider.
Suppose we wished to consider )\ € {)\(()1), .. ,)\(()KO)} and \; € {)\gl), . .,AgKl)}.
This will require computation of KgK; estimates. This clearly limits the number of
parameters it is feasible to consider, especially when computation is further compli-
cated by the non-convexity of the problem. Regardless, Gan et al. [2018] adopted
such an approach, calculating estimates for 16 different combinations of Ay, A1 and
selecting the estimate via the BIC.

We propose a different approach in which the SS-PC-GLASSO can be con-
sidered a refinement of the PC-GLASSO noting that the two are equivalent when
Ao = A1 by considering the reparameterisation of the PC-GLASSO with A = np.
We begin by selecting the PC-GLASSO parameter A via the BIC and fixing this to
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be the value of the spike parameter Ag. We then consider a sequence of decreasing
slab parameters \g = )\go) > )\gl) > e > )\gk) = 0 and again select this param-
eter via the BIC. This approach, partly inspired by that of Rockova and George
[2018], is described in Algorithm 3. The effect of decreasing A; in such a way was
seen in Figure 4.1 and can be considered as decreasing the penalty on large partial
correlations, in comparison to the L; penalty.

In step 3 of Algorithm 3 the spike parameter is chosen by selecting the PC-
GLASSO parameter via the BIC. However, the refinement brought about by the
slab component of the SS-PC-GLASSO tends to increase the number of edges in the
model since it reduces the penalty on large entries. As such, it may be beneficial to
select a spike parameter that produces a more sparse model under the PC-GLASSO.
This can be achieved, for example, by replacing the BIC in step 3 with the EBIC.
In our simulated examples we will consider both the BIC and the EBIC with the
additional hyperparameter in the EBIC equal to 0.5 as suggested by Foygel and
Drton [2010].

Algorithm 4 describes a coordinate descent algorithm which is used within
Algorithm 3. Unlike the previous coordinate descent Algorithm 2, due to the addi-
tional complexity of the objective function we update the partial correlations and
diagonal entries separately. This algorithm also requires solving two one-dimensional
maximisation problems. The first is to maximise the posterior density with respect
to a partial correlation A;; with all other partial correlations and diagonal entries
held fixed. The maximum can easily be found numerically, since A;; can only take
values on a bounded interval. The next problem is to maximise the posterior with
respect to a diagonal entry 6;; with all other diagonal entries and partial correlations

held fixed. The solution to this can easily be shown to be equal to

) 2
2(1-=
- -9
c+/2+4(1-2)8;

where
c=> S0l
J#

A potential alternative approach would be to fix the slab parameter Ay = 0
so that the slab component is uniform. The spike parameter can then be selected via
the BIC in an approach similar to that in Algorithm 1. In the previous section we
saw that such an approach would result in a continuous penalty function that closely

resembles the Ly penalty as \g increases. Such an approach would be more directly
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comparable to the SCAD and MCP penalty functions on the partial correlations.
However, the spike and slab interpretation allows the additional parameter to be
set in an easily interpretable and principled manner. Both the SCAD and MCP
penalties involve an additional parameter with default values for these parameters
proposed by Fan and Li [2001] and Zhang [2010] respectively, however without
the interpretability that the SS-PC-GLASSO provides. For example, the default
parameter value in SCAD was chosen to approximately minimise the Bayes risk
under quadratic loss in the linear regression setting, with Bayes risks being computed

via numerical integration.

Algorithm 3: SS-PC-GLASSO
Input : Sample covariance S, edge probability parameter 7, sequence

of parameters )\(()1) < e < )\(()k) and optimisation convergence
threshold e.

Output: The MAP estimate O for a SS-PC-GLASSO prior, with spike
parameter \g € {)\81), e ,)\(()k)} and slab parameter Ay chosen
via BIC

1. Standardise the sample covariance S = diag(S)~!/2Sdiag(S) /2.

2. Run the PC-GLASSO Algorithm 1 with sample covariance S , optimisation
convergence threshold e and regularisation parameters p; = n)\(()z),
1=1,...,k, to obtain a sequence of estimates ©1,..., .

3. Select the estimate from O, ..., O that minimises the BIC, say (:)j, and set
6,0 =0; and Ay =AY,
M < <A < Ay such th ® i
1 o such that the A}’ are evenly spaced in [0, o).

5. Fori=1,...,k, run Algorithm 4 with parameters 7, Ao, )\gi), optimisation

convergence threshold € and starting point ©;;_1 to obtain the estimate ©; ;.

4. Set O:)\g

6. Select the estimate from (:)110» ceey (:)M€ that minimises the BIC, say (:)j,i, and
set © = @j,i'

7. Return the estimate © = diag(S)~/20diag(S) /2.

4.5 Applications

We now return to the simulated and real data examples of Section 2.10 to investi-
gate the performance of SS-PC-GLASSO in comparison to PC-GLASSO and other
non-convex methods based on regular penalty functions - SCAD, MCP and the
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Algorithm 4: SS-PC-GLASSO coordinate descent
Input : Sample covariance S with unit diagonal, parameters 7, Ag, A1,
start point ©©) and optimisation convergence threshold e.
Output: A matrix © providing a local maximum of the
SS-PC-GLASSO posterior density with parameters 7, Ag, A1.

1. Let @) = 0 and decompose O to get 6 and A,

2. Cycling randomly without replacement through the set of indices
{(i,§) i < jsi,j € {1,...,p}}, do the following:
(a) Let A;; maximise the posterior density (4.2) subject to Ay, x, = A,(Cll
for all (ky, k2) # (i) and 6y, = 6y;), for all k, and update AL} = A;.
(b) Let 0;; maximise the posterior density (4.2) subject to Ay, x, = Afcll)ky
for all (k1, k2) and O = 61, for all k # 4, and update 6 = 6.
(c) Let #;; maximise the posterior density (4.2) subject to Ay, = A,(gll)kz,
for all (k1, ke) and O = (9,(;), for all k # j, and update 9](;) =0};.
2{AD#0:<i}

p(p—1) » p(p—1
off-diagonal entries.

3. Let ¢ = max ) } be the proportion of non-zero

4. T (AW 9M | §)/m(A® 90) | §) < exp(ge), set A =AM 9 =01 and
return © = 01/2A0Y2. Otherwise, set A® = AM 90 = 9(1) and return to
Step 2.

SS-GLASSO. Two forms of SS-PC-GLASSO are implemented: that in Algorithm
3, and Algorithm 3 with the spike parameter selected in step 3 by the EBIC with
parameter 0.5 rather than the BIC. The additional regularisation parameters in
SCAD and MCP are set to the default values proposed by Fan and Li [2001] and
Zhang [2010] respectively and were implemented using the package GGMncv (see
Williams [2020]). The BAGUS method which uses a SS-GLASSO prior is imple-

mented using code available online associated to Gan et al. [2018].

4.5.1 Simulations

We consider the same simulated data sets as in Section 2.10 in four different sim-
ulation scenarios: the star graph, hub graph, AR2 model and random graph. The

methods considered in this section are:

M1. PC-GLASSO
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M2. SS-PC-GLASSO with spike parameter selected by the BIC

M3. SS-PC-GLASSO with spike parameter selected by the EBIC with pa-

rameter value 0.5
M4. SCAD penalty on data standardised by S
M>5. SCAD penalty on data standardised by S~!
M6. MCP penalty on data standardised by S
M7. MCP penalty on data standardised by S~!
MS8. BAGUS on data standardised by S
M9. BAGUS on data standardised by S~!

For the SCAD and MCP penalties, estimates are obtained for a long sequence
of potential values for the main regularisation parameter. A single estimate is then
selected using the BIC.

The results are displayed in Tables 4.1-4.4. We begin by comparing PC-
GLASSO to SS-PC-GLASSO. In the star graph, the refinements of SS-PC-GLASSO
actually result in a worse estimate than PC-GLASSO in terms of both estimation
and model selection. However, this is a setting in which PC-GLASSO performs re-
markably well achieving almost perfect model selection even for n = 30 and achieving
significantly better estimation than other methods tested. In the other three set-
tings, however, SS-PC-GLASSO does offer improvements over PC-GLASSO with
either M2 or M3 achieving a better KL loss or MCC in all settings, and often both.
These improvements are most notable in the n = 100 settings with both M2 and
M3 offering large reductions in KL loss when compared to M1.

Between the two SS-PC-GLASSO methods, M3 has better MCC than M2 in
all but one of the settings due to its increased specificity. This is to be expected,
because use of the EBIC will generally result in a more sparse model and therefore
less false positive edges. M3 also has better KL loss than M2 in the star and hub
settings, however, M2 generally has better KL loss in the AR2 and random settings.
From these results, one may choose to use either M2 or M3 based on whether a high
sensitivity or specificity is desired in the particular context. If true edge detection
is important then M2 should be preferred. If a more simple model and true non-
edge detection is important then M3 should be preffered. However, based on these
results we suggest the default method for SS-PC-GLASSO should select the spike
parameter via the EBIC as in M3.
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Both SCAD and MCP performed poorly in all the n = 30 settings, particu-
larly in terms of estimation when data is standardised by S. This, along with SS-
PC-GLASSO also offering little advantage over PC-GLASSO in the n = 30 settings,
gives more evidence for the observation in Section 2.10 that non-convex penalties
tend to perform poorly when the sample size n is small. Their performance is much
improved in the n = 100 settings, with better estimation and model selection than
PC-GLASSO in all settings other than the star setting when data is standardised
by S. However, this improved performance still generally doesn’t match that of
SS-PC-GLASSO, which has better estimation in all settings and better model se-
lection in the star and random graphs. This shows that SS-PC-GLASSO improves
PC-GLASSO to match or better other non-convex penalties in large sample size
settings, whilst maintaining high performance in small sample size settings, unlike
SCAD and MCP.

We now compare the SS-PC-GLASSO to the regular SS-GLASSO, or, as it is
called in Gan et al. [2018], Bayesian Regularization for Graphical Models With Un-
equal Shrinkage (BAGUS). In Gan et al. [2018] BAGUS had very good performance
in a number of simulation settings in comparison to GLASSO and other competing
methods for Gaussian graphical model selection. However, in each simulation set-
ting data was non-standardised and the true underlying © had unit diagonal - as
discussed in Chapter 2, an idealised scenario for regular penalty functions. Here we
have instead standardised the data before applying BAGUS considering both stan-
dardisation by S and by S~!. It should also be noted that BAGUS benefits from
remarkably fast computation by an EM algorithm with comparable computation
to the other non-convex SCAD and MCP methods and not too far from GLASSO,
although BAGUS does only consider a small number of potential parameter val-
ues. This gives a promising indication that fast computation methods may also be
possible for PC-GLASSO and SS-PC-GLASSO.

We also remark that BAGUS is not directly comparable to SS-PC-GLASSO
due to the different methods of parameter selection. While SS-PC-GLASSO fixes
the spike parameter A\g by that selected in PC-GLASSO and considers a range of
slab parameters A;, BAGUS instead considers a grid of parameter values \g = 77! €
(nlog(p))'/? x {0.05,0.25,0.5,2.5} and A\; € Mg * {0.1,0.2,1/3,2/3} with the param-
eters being selected by the BIC. This grid of parameter values was chosen through
theoretical results. It is not immediately obvious how these different strategies
might affect the results or if a different strategy may result in improved perfor-
mance. BAGUS also fixes n = 0.5 which generally means that it will select less

sparse models. This can aid model selection in certain settings by giving increased
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specificity, but worse selection in others due to decreased sensitivity.

The performance of BAGUS can be highly dependent on the choice of stan-
dardisation of the data. For example, in the Star setting the performance of BAGUS
is good when data is standardised by S~! but poor under the more common S stan-
dardisation. In the AR2 and Random graph settings we see the opposite with model
selection being much improved when data is standardised by S.

In Tables 4.1-4.4 we see that the performance of PC-GLASSO and SS-PC-
GLASSO is mixed when comparing to BAGUS. In the Star and Hub settings, the
partial correlation based methods tended to have the best results for small n = 30,
whilst BAGUS had better performance for n = 100. In the AR2 setting this trend
was reversed while in the Random graph setting BAGUS had better estimation
and SS-PC-GLASSO had better model selection. In summary, the results of this
simulation are not enough to conclude if basing spike and slab priors on partial
correlations gives improved performance. Future research in this area may consider
identical methods for parameter selection and identical diagonal penalties in order
to draw stronger conclusions.

One additional point to consider is sensitivity of SS-PC-GLASSO on the
choice of the parameter 7. It was pointed out in Rockové and George [2018] that
spike and slab methods can be highly sensitive to this choice. Sensitivity to this
choice would be reflected in a large number of false positive edges when 7 is larger
than the true proportion of edges in the model, and a large number of false negatives
when 7 is smaller than this proportion. In the simulated examples we used 1 =
z% ~ 0.105, while the true proportion of edges in the star, hub, AR2 and random
models are 0.1, 0.084, 0.195 and 0.147 respectively. Hence 7 is slightly larger than the
true proportion in the star and hub settings, but smaller than the true proportion in
the AR2 and random settings. In the star and hub settings SS-PC-GLASSO does not
have unusually high numbers of false positives, reflected by the specificity generally
being high in comparison to other methods. In the AR2 and random settings,
when g is selected by the BIC, SS-PC-GLASSO actually has large sensitivity in
comparison to other methods demonstrating that there is not a large number of
false negatives. Hence it seems that, when the Ay, A\ parameters are selected as
in SS-PC-GLASSO, the method may not be too sensitive the choice of 7. Instead,

model selection seems to be driven more by the selection of Ag.

4.5.2 Gene expression data

Returning to the gene expression application of Section 2.10.2, we investigate how
the SS-PC-GLASSO and BAGUS estimates perform in comparison to the PC-
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GLASSO, SCAD and MCP in terms of out-of-sample prediction in comparison to
model size. The results of this are displayed in Figure 4.3. In this figure the model
size vs out-of-sample log-likelihood is plotted for the entire regularisation path for
PC-GLASSO, SCAD and MCP, with estimates selected by the BIC displayed by
a circle and estimates selected by the EBIC by a square. BAGUS only returns a
single estimate rather than a regularisation path and so this estimate is simply dis-
played by a triangle. Two versions of SS-PC-GLASSO have been considered - that
of Algorithm 3 and that of Algorithm 3 with the BIC replaced by the EBIC when
selecting the spike parameter A\g. As such these can be considered refinements of
the PC-GLASSO estimates selected by the BIC and EBIC respectively. Model size
vs log-likelihood has been plotted for both SS-PC-GLASSO methods for the range
of A1 values and the estimate selected by the BIC displayed by a circle.

In this example, the SS-PC-GLASSO does not offer improvements over the
PC-GLASSO estimate chosen by the BIC. In this case the SS-PC-GLASSO re-
turns a slightly smaller model, but with worse predictive performance - worse than
the equivalent model size under the PC-GLASSO. However, when starting at the
PC-GLASSO estimate chosen by the EBIC, the SS-PC-GLASSO offers significant
improvement. Specifically, the SS-PC-GLASSO has slightly larger model size, but
a large increase in the out of sample log-likelihood. This log-likelihood is notably
larger than the log-likelihood of the PC-GLASSO estimate of the same size.

The BAGUS estimate on data standardised by S performs very well with
a similar model size to the BIC PC-GLASSO estimate but slightly higher log-
likelihood. When data is standardised by S~!, however, BAGUS selects a very
large model with 6321 edges, significantly larger than any other method. Further-
more, this large model isn’t accompanied by a large improvement in log-likelihood
meaning this large model is hard to justify. One possible reason for this large model
selection is that the parameter values chosen by BAGUS are not suitable for this
example.

As discussed in Section 2.10.2, SCAD and MCP perform worse than PC-
GLASSO and SS-PC-GLASSO both when data is standardised by S and by S~!.

4.5.3 Stock market data

We now revisit the stock market example of Section 2.10.3. Results are displayed
in Figure 4.4. We see that the SS-PC-GLASSO improves upon the PC-GLASSO
in both cases where \g is selected by the BIC and EBIC. When selecting the PC-
GLASSO parameter via the BIC, the SS-PC-GLASSO improves on this estimate by

giving a more sparse estimate with comparable out of sample log-likelihood. When
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Figure 4.3: Model size vs predictive ability in the gene expression data. Left shows
methods on data standardised by S5, right shows methods on data standardised by
S~1. Estimates selected via BIC and EBIC with v = 0.5 are shown by dots and
squares respectively. Triangle indicates BAGUS estimate.

selecting the PC-GLASSO parameter via the EBIC, the SS-PC-GLASSO refinement
gives an estimate which is of a similar model size but with far greater predictive
ability. Furthermore, both SS-PC-GLASSO estimates have better predictive perfor-
mance compared to the SCAD and MCP estimates of the same model size.

The BAGUS estimate, both when data is standardised by S and by S~!, has
a larger model size than other methods with parameters selected by BIC. It also has
a similar predictive ability to the PC-GLASSO of the same model size.
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Figure 4.4: Model size vs predictive ability in the stock market data. Left shows
methods on data standardised by 5, right shows methods on data standardised by
S~1. Estimates selected via BIC and EBIC with v = 0.5 are shown by dots and
squares respectively. Triangle indicates BAGUS estimate.
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n =30
M1
M2
M3
M4
M5
M6
M7
M8
M9

n = 100
M1
M2
M3
M4
M5
M6
M7
M8
M9

n =30
M1
M2
M3
M4
M5
M6
M7
M8
M9

n = 100
M1
M2
M3
M4
M5
M6
M7
M8
M9

FNorm
1.42 (0.35)
2.25 (0.65)
2.07 (0.63)
8.07 (3.78)
2.12 (0.99)
8.58 (4.11)
2.17 (0.89)
2.66 (0.59)
1.59 (0.35)

FNor
0.70 (0.11)
0.87 (0.18)
0.85 (0.15)
1.33 (0.38)
0.89 (0.13)
(0.40)
(0.13)
(0.32)

orm
0.11

1.39 (0.40
0.84 (0.13
1.09 (0.32
0.66 (0.10)

FNorm
1.85 (0.29)
1.96 (0.49)
1.72 (0.37)
7.80 (4.43)
2.60 (1.37)
8.22 (4.68)
2.54 (1.68)
1.89 (0.30)
1.84 (0.23)

FNor
0.91 (0.15)
0.82 (0.15)
0.80 (0.14)
0.91 (0.21)
(0.16)
(0.22)
(0.15)

orm

1.05 (0.16
0.91 (0.22
1.05 (0.15
0.75 (0.13)
0.76 (0.13)

KL
1.69 (0.58)
2.60 (0.80)
2.38 (0.77)
10.87 (4.76)
2.78 (1.76)
11.60 (5.17)
2.71 (1.20)
4.24 (0.86)
1.91 (0.58)

0.46
0.55
0.53
1.01 (0.38

KL
(0.12)
(0.16)
(0.13)
(0.38)

0.60 (0.15)
(0.41)
(0.15)
(0.32)

12
16
13

1.09 (0.41
0.59 (0.15
0.80 (0.32
0.42 (0.11)

Table 4.1: Star results

KL MCC
2.83 (0.74)  0.696 (0.081)
2.56 (0.82)  0.640 (0.081)
2.13 (0.68) 0.779 (0.059)
11.55 (6.33)  0.339 (0.110)
4.04 (2.18)  0.401 (0.098)
12.30 (6.64) 0.329 (0.111)
3.87 (2.69)  0.420 (0.092)
2.44 (0.59)  0.702 (0.067)
2.66 (0.60)  0.533 (0.068)

KL MCC
0.70 (0.20) 0.858 (0.069)
0.53 (0.17)  0.820 (0.059)
0.49 (0.15) 0.877 (0.046)
0.55 (0.20) 0.918 (0.062)
0.74 (0.15)  0.523 (0.045)
0.55 (O 22) 0.920 (0.066)
0.70 (0.16)  0.691 (0.065)
0.43 (0.11)  0.787 (0.068)
0.41 (0.11) 0.934 (0.041)

Table 4.2: Hub results

MCC

0.978 (0.043)

0.874 (0.074)
0.914 (0.056)
0.344 (0.136)
0.527 (0.155)
0.335 (0.126)
0.526 (0.148)
0.259 (0.072)
0.673 (0.112)

MCC
0.993 (0.017)
0.959 (0.029)
0.966 (0.021)
0.739 (0.135)
0.734 (0.087)
0.737 (0.128)
0.837 (0.075)
0.802 (0.139)

1 (0.003)

100

Sensitivity
0.999 (0.008)
0.965 (0.040)
0.971 (0.038)
0.738 (0.143)
0.982 (0.037)
0.737 (0.138)
0.972 (0.047)
0.559 (0.098)
0.994 (0.017)

Sensitivity
1(0)
0.999 (0.007)
0.999 (0.007)
0.958 (0.046)
1(0)
0.952 (0.050)
1(0)
0.923 (0.064)
1 (0)

Sensitivity
0.988 (0.043)
0.968 (0.046)
0.968 (0.054)
0.830 (0.108)
0.997 (0.014)
0.821 (0.112)
0.994 (0.022)
0.952 (0.049)
0.994 (0.023)

Sensitivity
1 (0)

1 (0)

1 (0)
0.998 (0.012)
1 (0)
0.997 (0.014)
1 (0)

1(0)
1(0)

Specificity
0.995 (0.010)
0.974 (0.018)
0.985 (0.011)
0.764 (0.079)
0.774 (0.128)
0.756 (0.079)
0.783 (0.115)
0.803 (0.039)
0.884 (0.063)

Specificity
0.999 (0.004)
0.991 (0.006)
0.993 (0.004)
0.926 (0.049)
0.916 (0.038)
0.928 (0.043)
0.956 (0.025)
0.959 (0.033)
1 (0.001)

Specificity
0.917 (0.034)
0.898 (0.035
0.953 (0.016)
0.715 (0.115)
0.675 (0.129)
0.707 (0.125)
0.704 (0.115)
0.930 (0.022)
0.821 (0.051)

Specificity
0.969 (0.019)
0.959 (0.017)
0.975 (0.011)
0.984 (0.014)
0.814 (0.037)
0.984 (0.015)
0.912 (0.030)
0.948 (0.028)
0.987 (0.009)
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n =30
M1
M2
M3
M4
M5
M6
M7
M8
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n = 100
M1
M2
M3
M4
M5
M6
M7
M8
M9

FNorm
3.64 (0.31)
3.30 (0.54)
3.49 (0.26)
5.98 (4.47)
4.24 (1.38)
6.09 (4.61)
4.15 (2.29)
3.41 (0.14)
3.33 (0.17)

FNorm
2.30 (0.33)
1.40 (0.19)
1.54 (0.24)
1.60 (0.23)
1.86 (0.37)
1.60 (0.23)
1.77 (0.34)
2.22 (0.19)
2.16 (0.29)

FNorm
2.30 (0.25)
2.59 (0.57)
2.40 (0.39)
4.87 (4.31)
2.70 (0.62)
5.12 (3.83)
2.46 (0.27)
2.08 (0.21)
2.20 (0.29)

FNorm
1.43 (0.16)
1.27 (0.15)
1.28 (0.14)
1.32 (0.15)
1.37 (0.15)
1.32 (0.14)
1.35 (0.16)
1.23 (0.12)
1.28 (0.13)

KL
5.26 (0.62)
5.63 (1.09)
5.66 (0.67)
9.17 (5.56)
6.46 (2.45)
9.48 (5.87)
6.11 (3.33)
4.68 (0.48)
4.86 (0.64)

KL
2.00 (0.38)
1.21 (0.27)
1.29 (0.32)
1.33 (0.29)
1.45 (0.29)
1.37 (0.31)
1.37 (0.31)
1.74 (0.24)
1.74 (0.54)

Table 4.3: AR2 results

KL
3.07 (0.51)
3.47 (0.88)
3.27 (0.66)
6.56 (4.81)
3.89 (0.99)
6.98 (4.47)
3.31 (0.57)
2.65 (0.46)

2.97 (0.58)

KL
1.23 (0.25)
0.99 (0.19)
1.03 (0.20)
1.08 (0.23)
1.05 (0.19)
1.09 (0.22)
1.08 (0.23)
0.91 (0.16)
1.01 (0.21)

MCC
0.283 (0.093)
0.315 (0.070)
0.289 (0.070)
0.290 (0.105)
0.266 (0.085)
0.270 (0.105)
0.285 (0.085)

0.330 (0.066)

0.297 (0.066)

MCC
0.530 (0.052)
0.573 (0.062)
0.728 (0.071)
0.767 (0.065)
0.535 (0.049)

0.785 (0.065)

0.635 (0.059)
0.632 (0.078)
0.449 (0.043)

MCC
0.336 (0.091)
0.319 (0.072)

0.342 (0.080)

0.206
0.310
0.194
0.316
0.335
0.308

0.094)
0.080)
0.092)
0.072)
0.074)
0.084)

MCC
0.572 (0.059)
0.570 (0.070)

0.623 (0.073)

0.598 (0.070)
0.527 (0.066)
0.594 (0.070)
0.580 (0.067)
0.534 (0.066)
0.400 (0.059)

Sensitivity
0.301 (0.194)
0.496 (0.177)
0.239 (0.075)
0.444 (0.162)
0.347 (0.219)
0.432 (0.159)
0.451 (0.224)
0.494 (0.059)
0.514 (0.120)

Sensitivity
0.855 (0.094)
0.968 (0.036)
0.868 (0.070)
0.908 (0.059)
0.939 (0.054)
0.895 (0.062)
0.929 (0.060)
0.856 (0.063)
0.907 (0.163)

Sensitivity
0.310 (0.153)
0.420 (0.134)
0.253 (0.079)
0.318 (0.113)
0.373 (0.141)
0.320 (0.112)
0.427 (0.143)
0.509 (0.080)
0.423 (0.116)

Sensitivity
0.614 (0.110)
0.665 (0.088)
0.559 (0.075)
0.610 (0.105)
0.701 (0.085)
0.587 (0.110)
0.627 (0.100)
0.740 (0.069)
0.795 (0.161)

Table 4.4: Random graph results
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Specificity
0.922 (0.077)
0.830 (0.089)
0.957 (0.027)
0.837 (0.114)
0.869 (0.169)
0.832 (0.110)
0.818 (0.175)
0.848 (0.029)
0.808 (0.064)

Specificity
0.774 (0.069)
0.736 (0.060)
0.913 (0.027)
0.918 (0.039)
0.720 (0.065)
0.932 (0.035)
0.817 (0.053)
0.857 (0.055)
0.635 (0.117)

Specificity
0.951 (0.041)
0.895 (0.052)
0.974 (0.016)
0.876 (0.078)
0.908 (0.080)
0.868 (0.078)
0.886 (0.075)
0.862 (0.029)
0.886 (0.056)

Specificity
0.941 (0.029)
0.924 (0.030)
0.975 (0.013)
0.952 (0.029)
0.887 (0.036)
0.957 (0.027)
0.940 (0.030)
0.875 (0.030)
0.718 (0.095)



Chapter 5

Spike and slab priors for

Gaussian graphical models

In the previous chapter we introduced a new prior distribution, the SS-PC-GLASSO
prior, on the precision matrix © which is based on a Laplace spike and slab setup on
the partial correlations. Because we only considered the MAP estimate, we were able
to interpret the prior distribution solely through its related penalty function and the
amount of penalisation it placed on non-zero partial correlations. However, when
conducting a full posterior analysis using the SS-PC-GLASSO prior, or indeed any
separable or PC-separable prior distribution, greater care must be taken to ensure
that the beliefs encoded by the prior distribution are as intended.

As a general example of this, consider a p X p symmetric matrix A with

entries a;; and the prior density 7 defined as
7(A) = [ [ mij(ai)
1<j

where m;;, 4,7 = 1,...,p are some density functions. The prior beliefs encoded by
7 are very simple to interpret - under 7 the entries of A are mutually independent
with marginal distributions specified by the ;.

Now consider the prior density 7+ on A defined as

7t (A) x T(A)(A € S)
= Hﬂ'ij(aij)]l(A € S)

1<j

The density of 7T is exactly the same as 7 except truncated onto the space of

positive definite matrices. Under certain additional assumptions on the forms of
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the m;;, 7+ can be recognised as a separable prior density from Definition 7. A
simple interpretation of 77 may be identical to that of 7 - that the entries of A
are independent with marginals given by the 7;; - with the additional note that it
also assumes A to be positive definite. However, it is possible that this is far from
the truth. First, under 7 the entries of A are no longer independent. This can be
seen most easily by the restriction a;; < ,/a;aj; which is a necessary condition of
positive definiteness. Second, the marginal densities of 7 are no longer given by
the m;; and could in fact be quite different. For example, Wang [2012] plotted the
marginal distributions for the GLASSO prior which were far from the Exponential
and Laplace densities given in the prior setup.

The effect of the truncation can be informally quantified by Pz(A € S) - the
probability that A is positive definite under 7. If Pz(A € §) =~ 1 then the truncation
will have little affect on 7#%. However, if Pz(A € ) ~ 0, then 7" truncates 7 onto a
space of infinitesimally small probability and so the resulting prior is vastly different
to .

Such changes to the marginal distributions can be particularly troublesome
when using a spike and slab prior where the spike and slab are used to represent the
presence or lack of an edge in the graphical model. The spike and slab framework
allows a simple way to encode prior beliefs on the graphical model. However changes
to the marginal distributions through the positive definiteness truncation can lead
to unintended changes to the prior on the model space. Such an unintended change
will be demonstrated in an example later in the section.

Within this chapter we will investigate the effect of the positive definite
truncation on spike and slab priors for the precision matrix ©. We begin in Section
5.1 by defining classes of spike and slab prior distributions on © both before and
after positive definite truncation. In Section 5.2 we define similar classes of prior
distributions but instead based on partial correlations. In Section 5.3 we propose
a theorem, based on the theory of Wigner matrices, which determines whether the
above probability Pz (A € S) converges to 1 or to 0 as p — oco. Examples of how this
result works in practise is demonstrated on the SS-GLASSO and SS-PC-GLASSO
priors introduced in the previous chapter. In Section 5.4 we propose a number
of potential choices for spike and slab densities, including a non-local spike and
slab, and discuss their respective merits. In Section 5.5 we discuss strategies for
performing posterior inference on the model space v and finish in Section 5.6 with

a discussion.
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5.1 Regular spike and slab priors

In this section we introduce a class of spike and slab priors based on the off-diagonal
entries of ©. This class of priors will contain the SS-GLASSO prior introduced in
the previous chapter and is related to the classes of separable and regular priors
introduced in Chapter 3. In order to investigate the effect of the truncation onto
the space of positive definite matrices on spike and slab priors, we will begin by
defining a class of priors for general symmetric matrices which do not restrict © to
be positive definite. We then proceed to define a new class of priors by truncating
these onto the space of positive definite matrices. To define this class of priors we
introduce the random variable v = {v;; : 1 <i < j < p} where each v;; € {0,1} is

an indicator variable.

Definition 10. A prior distribution on (©,7) with density function 7(0,v) =
7(O|y)7(7) is called a separable spike and slab (separable-SS) prior if 7(vy) is any
p.m.f. with support on {0, 1} and #(6|y) can be decomposed as

T(Oy) = HWD(HM') TT (r(0:)1(35 = 1) + mo(055)1(vi; = 0)) 1635 = 05),  (5.1)

1<J

where 7p is any density on R, 7, 71 are densities on R with mean 0 and Vary, (6;;) <
Vary, (0;;) and I denotes the indicator function.
If further
w(y) = [[wo (@ =m)ts,
1<j
for some n € (0,1), then the prior distribution is called a regular spike and slab

(regular-SS) prior.

For the remainder of this chapter we will use 7 to denote a general separable-
SS prior density and let mp, mp, w1 be densities whose role is as given in (5.1).

A separable-SS prior first sets some distribution on the collection of indicator
variables . Then, conditional on 7, © has independent entries, up to symmetry.
The diagonal entries each have marginal density mp and 6;; has marginal density
m if ;5 = 1 or mp if ;5 = 0. A regular-SS prior simply adds the condition that
the entries of v are independent and identically distributed with probability 7 of
Yig = 1.

The indicator variables 7;; determine if 6;; is marginally distributed according
to the spike mg or the slab ;. Setting the spike density 7y to be a point mass at
0 and the slab density m; to be any continuous density leads to the interpretation

vi; = 1(0;; # 0). In this case estimation of 7 is exactly equivalent to graphical model
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selection. However, this point mass tends to cause computational difficulties when
calculating the posterior distribution. For this reason, a continuous relaxation of
6;; = 0 is often utilised by allowing 7y to be a continuous density with small variance,
in particular with smaller variance than 7y, see, for example, Rockova and George
[2018], Scheipl et al. [2012]. This leads to the interpretation ~;; = 1 —I(6;; ~ 0).
Although no longer strictly equivalent, inference on ~ can be thought of as a proxy
for graphical model selection, a practise which is common within spike and slab
methods, for example by George and McCulloch [1997]. For this reason we will treat
estimation of v and graphical model selection interchangeably for the remainder of
the chapter.

If we let 7;; = Pz(;; = 1) then the marginal density of 6;; under 7 can be
written as

7(0i5) = mijm1 (i) + (1 — mij)m0(0:5)-

Although conditionally independent given «y, the entries of © are not generally
marginally independent under 7. This is because of potential dependence between
the v;; within 7(y). If in () the entries of v are independent, as is the case for
regular-SS priors, then the entries of © are also marginally independent under 7.

Under a regular-SS prior the marginal density on © can be written as

#(©) = [T 7o (8i) [ T (nm1(63) + (1 = m)mo(6:5)) 1(Bi; = 650).
i i<j

A separable-SS prior will generally have non-zero probability of © not being

positive definite and is therefore not appropriate when © is a precision matrix. A

simple solution to this, as utilised by Wang [2012] and Gan et al. [2018], is to simply

truncate such a prior onto the space of positive definite matrices.

Definition 11. A prior distribution with density function 71 (©,) is called a pos-
itive definite separable spike and slab (separable-SS+) prior if the density can be
written as

77(0,7) x 7(0,7)I(6 € §),

where 7 is a separable-SS prior and S is the set of symmetric positive definite
matrices.
If 7 is also a regular-SS prior then we call 7™ a positive definite reqular spike

and slab (regular-SS+) prior.

For the remainder of the chapter we use 7 to denote the separable-SS+

prior obtained by truncating 7 onto S and we say that 7+ and 7 are associated.
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If it is further assumed that np is non-increasing and that both mg and m;
are non-increasing in [;;] then 77 (©|y) is a separable prior density as defined in
Definition 7. If 77 is also a regular-SS+ prior and 7, w1 are continuous densities
and symmetric about 0 then the marginal 7 (0) is a regular prior distribution. The
SS-GLASSO prior introduced by Gan et al. [2018] and in the previous chapter is
one example of a regular-SS+ prior which satisfies each of these conditions.

As discussed in the introduction to this chapter, #7 can differ greatly from
7 by an amount related to the probability Pz(© € S). In particular, the simple
interpretation of # may no longer be valid for #*. Proposition 10 is a trivial obser-
vation making this notion precise. We will consider in a later section strategies for

ensuring that this probability is close to 1.

Proposition 10. Let @ be a separable-SS+ prior and 7 be the associated separable-
SS prior. Then

e The marginal distributions on v under @+ and 7 are related by
() o< 7(V)P#(O € Sly).

e The conditional distributions of © given v under @ and 7 are related by

(OO € S)
Pz (0 € Slv)

@) =

Proof. First we show the result for the marginal distribution of ~y

=ﬂw/%@wmeesma
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Now we show the result on the conditional distribution of © given ~

#+(Oly) = )”

O]

We further note that under 7™ the entries of © are no longer conditionally

independent given v and that in general
T (0s51y) # 7 (037i5),

meaning that 0;; depends on the whole of v and not just on ~;;.

An implication of Proposition 10 is that the marginal distribution on the
model structure 7 () differs from that in 7(v) by a factor given by the probability
P#(© € S|v). These probabilities are generally difficult to calculate directly and so
it is not straightforward to understand what prior beliefs 77 () imply on the model
sparsity. Since

Px(© €8) =) (7)Px(6 € S]),
gl
it is clear that this probability gives a measure of how close 77 is to 7 overall. Thus,
if one wishes to continue using the simple interpretation of & to interpret 7T, or

embed meaningful prior beliefs, then this probability need be close to 1.

5.2 Partial correlation spike and slab priors

In this section we adapt separable spike and slab priors to instead be separable in the
partial correlations. For this we once again use the parameterisation of © in terms
of the diagonal entries # and partial correlations A. Recall that 6 is the diagonal
matrix with diagonal entries equal to the diagonal of © and A is the positive definite

symmetric matrix with unit diagonal entries and off diagonal entries A;; = \/g_i_jT.
13V

Also recall that © is positive definite if and only if A is positive definite.
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Definition 12. A prior w(A,0,v) = w(A|y)7(0)7(v) is a partial correlation sepa-
rable spike and slab (PC-separable-SS) prior if w(v) is any p.m.f. with support on
{0, 1},

7(0) = ][ o (6x)

where 7p is any density on Rt and 7(Aly) can be decomposed as

Al =]] (Cllm(Aij)H(%'j =1)+ Cloﬂo(Az‘j)H(%j = 0)) I(AF < DAy = Aji),
i<
(5.2)

where 7o, m; are densities on R with mean 0 and Varg,(A;;) < Varg, (A;;), and

1
00:/ WO(‘T) dﬂ?7

-1

1= /1 ™1 (z) dz.

-1
If further
m(n) = =n',
1<j
for some n € (0,1), then the prior distribution is called a partial correlation reqular

spike and slab (PC-regular-SS) prior.

For the remainder of this chapter we will use 7 to denote a general PC-
separable-SS prior and mp,m, 7 to denote densities satisfying (5.2). Whether
mp, T, ™1 refer to the separable-SS prior 7 or the PC-separable-SS prior 7« will
be clear from the context.

Under a PC-separable-SS prior the diagonal entries 6;; are independent and
identically distributed and, conditional on =, the partial correlations A;; are in-
dependent. The marginal distribution of A;; conditional on v only depends on vy

through ~;;. If 7;; = 0 then the marginal density of A;; is the spike density
T(Byhis = 0) = S (A IAY < 1)
and if v;; = 1 it is the slab density
1

m(Aijlvig = 1) = aﬂ'l(Aij)H(A?j <1).

Notice that the spike and slab densities are both truncated between —1 and 1 with
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cp and c; being the respective normalising constants. This is because A;; < 1 is
a necessary condition for A to be positive definite and so truncating the densities
in such a way increases the probability of A being positive definite under 7. One
could equivalently restrict m9 and 7; to be only defined on [—1,1]. However, the
formulation in Definition 12 allows mg and 7 to have the same form as in Definition

10 which aids comparison between separable-SS and PC-separable-SS priors.

Definition 13. A prior distribution with density function 7 (A, 6,~) is called a pos-
itive definite partial correlation separable spike and slab (PC-separable-SS+) prior

if the density can be written as
(A, 6,7) < (A, 0,7)I(A € 1), (5.3)

where 7 is a PC-separable-SS prior and & is the set of symmetric positive definite
matrices with unit diagonal.
If 7 is also a PC-regular-SS prior then we call 7 a positive definite partial

correlation regular spike and slab (PC-regular-SS+) prior.

From now on we will use 7+ to denote the PC-separable-SS+ prior obtained
by truncating m onto A € &j.

An important difference between PC-separable-SS+ priors and separable-
SS+ priors is that under the PC-separable-SS+ prior 7" the diagonal entries 6;;
remain independent of each other, A and . This is because the truncation in (5.3)
only involves the partial correlation matrix A and not the whole of ©.

If it is further assumed that 7p is non-increasing and that both my and 7 are
non-increasing in |A;j| on (—1,1) then 77 (6, Aly) is a PC-separable prior density
as defined in Definition 8. If 7T is also a PC-regular-SS+ prior and mg, m are
symmetric about 0 then the marginal 77 (6, A) is a regular prior distribution. The
SS-PC-GLASSO prior introduced in Section 4.2 is one example of a PC-regular-SS+
prior which satisfies each of these conditions.

When these additional conditions are met, the result of Proposition 9 applies
and so any such PC-regular-SS+ prior with mp(6;) o< 6, leads to scale invariant
posterior inference. This is in contrast to regular-SS+ priors which do not, in
general, lead to scale invariant posterior inference. Note also that the proof of
Proposition 9 does not rely on the prior density being non-increasing in |A;;|. Thus
scale invariant posterior inference still holds for PC-regular-SS+ priors even when

T, T are not non-increasing.

Corollary 4. Any PC-regular-SS+ prior with mp(6;;) o« 6. for some ¢ > 0 and

mg, m1 symmetric around 0 leads to scale invariant posterior inference.
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An analogous result to Proposition 10 also holds for PC-separable-SS+ priors
but with © € S being replaced by A € §;. We state the result but omit the proof

as it is directly analogous to the proof of Proposition 10.

Proposition 11. Let 7 be a separable-SS+ prior and 7 be the associated separable-
SS prior. Then

e The marginal distributions on v under =™ and 7 are related by

77 (y) < w(7)Pr(A € Siy).

e The conditional distributions of A given v under 7 and 7 are related by

(Al = TSR,
7r 1l7)

Like for separable-SS+ priors, the probability P (A € &;) provides a measure
of how far 7 is from 7. If this probability is close to 1 then 77 (v) ~ 7(vy) and
there is only weak dependence between the A;; under 71 with marginal densities
similar to those in . However, if the probability is close to 0 then 7 () can be far
from 7 () and the A;; can be highly dependent under 7+ with marginals far from

those in 7.

5.3 Positive definiteness

As discussed in the previous sections, one potential issue with these spike and slab
prior frameworks is the truncation onto the space of positive definite matrices. While
separable-SS and PC-separable-SS priors are easily interpretable and give a clear
framework for setting prior beliefs on the graphical model space through ~, they
are not suitable for a precision matrix © because they do not impose positive defi-
niteness. Instead, we may choose to truncate these priors onto the space of positive
definite matrices in order to obtain a separable-SS+ or PC-separable-SS+ prior. In
Propositions 10 and 11 we demonstrated some of the effects the truncation has on
the distribution. In particular, the prior on the model space was shown to change
by a factor related to the probability Pz(© € S) for a separable-SS+ prior and
P-(A € &;) for a PC-separable-SS+ prior. In this section we study these proba-
bilities in the specific case of regular-SS+ and PC-regular-SS+ priors. Our main
contribution will be devising an approach that ensures that the probability of pos-

itive definiteness under such priors tends to 1 as the dimension p tends to infinity.
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This result can inform parameter selection in spike and slab priors in a Bayesian
analysis when the number of variables p becomes increasingly large. For smaller p
it is usually computationally feasible (and advisable) to use a sampling method to

check that the probability of positive definitness is suitably close to 1.

5.3.1 Wigner matrices

The positive definiteness results later in the section rely on the theory of Wigner
matrices, which we now briefly review. For more information on the topic of Wigner
matrices, see, for example, Anderson et al. [2009].

A Wigner matrix is a type of p X p symmetric random matrix with indepen-
dent entries. The diagonal entries and the off-diagonal entries are each identically
distributed with finite absolute moments and depend on the matrix dimension p,
converging to 0 in probability as p — co. More formally, a Wigner matrix is defined

as follows.

Definition 14. Let {Y;}1<; and {Z;;}1<i<j be two independent families of inde-
pendent identically distributed, zero mean, real-valued random variables, such that
E [Zlﬂ =1 and for all integers k > 1, r := max{E [|Z;;|*] ,E [|Y;|*]} < o0.

The symmetric p X p matrix A, = (ai;)1<i,j<p with diagonal entries a;; = %
and off-diagonal entries a;; = a;; = % is called a Wigner matriz.

Much of the theory surrounding Wigner matrices revolves around the distri-
bution of their eigenvalues. A key theorem is that as the matrix dimension p — oo,
the empirical measure of the eigenvalues converges weakly in probability to the so

called standard semi-circle distribution which has density function

) = —V4—22I(|z|< 2).
f@) =5 (12I 2
From this it seems clear that the minimal eigenvalue will converge to 2 as p —
oo. However, this property does not in fact hold generally, instead requiring some

additional conditions. These are detailed in the following theorem.

Theorem 1. Let A, be a p x p Wigner matriz satisfying rj, < k%

for some con-
stant C and all positive integers k. Then the smallest eigenvalue of A converges in

probability to —2 as p — oo.

This theorem is adapted from a theorem in Anderson et al. [2009] showing
that the largest eigenvalue converges in probability to 2. The result in Theorem

1 is easily proved using either the symmetry of the semi-circle distribution or by
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simply considering —A which remains a Wigner matrix. A sufficient condition for
the additional requirement rj, < k©* is that |Y;| and |Z;;| posses a finite exponential

moment, or that their moment generating functions exist.

5.3.2 Positive definiteness under regular-SS priors

By relating © under a regular-SS prior 7 to a Wigner matrix and using the fact
that © is positive definite if and only if all of it’s eigenvalues are positive, we use the
result of Theorem 1 to calculate the probability Pz(© € S) as p — oo for sequences

of regular-SS priors.

Proposition 12. Let 7P, p > 1 be a sequence of reqular-SS priors on (Op,7p),

where Oy, is a symmetric p X p matriz, with

(P) H 77%; _ 1 —Yij 7

1<j

7(©) = [T 6 T (= @t = 1)+ 7 )10, =)

1<J
Let ,u f 937r d:c be the mean associated with 7r1(3) and
f T 7r dac olP = [ 22 7P () dz be the variances associated with 7r(() ), ng)

respectwely, and let o) = npag ?) + (1 Mp )U((]p), which is assumed to be finite. Fur-

ther, assume that the moment generating functions associated to 7T](3p), 7T(() P) and 7T(p)

exist for all p.
(»)
(i) If limp \/% < 2 then limy_yo0 Pz (0 € S) = 0.

(p)
(i) If limy_ oo \/% > 2 then limy_yo0 P-() (O) € S) =

Proof. The matrix ©, is positive definite if and only if its minimum eigenvalue,
which we denote ly(©,), is greater than 0.

Under the regular-SS prior 7#(P), the marginal distribution on O, is

HWD i) [T (rm1(85) + (1 = m)mo(65)) -

1<j

Notice that under this density, the entries of ©, are independent, up to symmetry,
the diagonal entries are identically distributed with density mp and the off-diagonals
0;; are identically distributed with density nmi(6;;) + (1 — n)mo(6;5)-
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Next consider the matrix (:)p = 2L (G)p — ng )Ip>, where I, denotes the

A /po-(p)

p X p identity matrix. Notice that (:)p is a Wigner matrix under #() since \/;B(:)p
has independent, zero mean entries and unit variance off-diagonal entries. The

additional condition giving a bound for the absolute moments in Theorem 1 is also

satisfied due to the existence of the moment generating functions for 7r](3p ), W(()p ) and

w. so notice that the minimum eigenvalue of € 0 S is related to [y
Al ice that the mini igenvalue of ©,, Io(6,), is related to lo(©,)

through
: 1 ()
10(0,)) = ——— (10(0,) — up’ ) .
0(6p) o ® (0( p) /J’D)
Hence 1y(©,) > 0 if and only if
_ (p)
l0(6,) > — 1D

\/po'(p).

Since (:)p is a Wigner matrix under 7, and the other conditions of The-

orem 1 are met, lO(C:)p) converges in probability to -2. It easily follows that if

_(p
limpﬁoo \/% >
]P’ﬁ_(p)(@p € 8) — 0.

A /po'(P)

_, (P
—2 then P, <lo(9p) > i > — 0 as p — oo and hence

—ul?

Similarly, if lim,_, o ®

< —2then P, (©p, € S) = 1 as p — oo.
]

Proposition 12 highlights that the limiting probability of positive definiteness
under a sequence of separable-SS priors depends on a simple ratio involving the mean
of the diagonal entries, the variance of the off-diagonal entries and the dimension p.
Intuitively, the first needs to be sufficiently large relative to the latter. In particular,
if \/po® > ug’) then positive definite matrices receive vanishing probability. So

if, for example, we allow ,ug) ) to remain constant in p, then we require the standard

deviation of the off-diagonal entries to be decreasing at a rate quicker than —= in

VP
order for the probability of positive definiteness to not vanish.
Of course, Proposition 12 only gives a limiting result and is therefore only
relevant for large p. For small p it is therefore still important to check the probability

of positive definiteness, for example through sampling. We have found in practise

(»)
that if —-2 = is suitably large then the probability of positive definiteness tends to
po
be close to 1 for finite p.
We now present an example demonstrating the result of Proposition 12 with

the SS-GLASSO prior.
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Example Recall that the SS-GLASSO prior is a regular-SS+ prior with

7o (0ii) = Exp(0is; 7),
Wo(aij) = Laplace(ﬁij; O, A(;l),
™1 (61]) = Laplace(ﬁij; O, )\1_1>

Hence, under the associated regular-SS prior, the mean of the diagonal entries is
7! and the variance of the off-diagonal entries is 277){2 +2(1 - 77))\62.
In the BAGUS method of Gan et al. [2018], a SS-GLASSO prior was used

with the following choice of parameter values

n=0.5
1
nlog(p)

-1 _ -1

-1
T=X, =0

where ¢y € {0.4,2,4,20} and ¢; € {1.5,3,5,10}. Note that these prior parameters
depend on the data via n. Under the associated regular-SS prior, these choices lead

to: )
pp. nlog(p)

\/po'(p) C\/f)

where ¢ = ¢3\/(1 + ¢?). From Prop 1, if lo\g/(lzj) > n (as is the case in high-dimensional

settings), then the probability that © is positive definite tends to 0 as p — oc.

We took 1000 samples from the regular-SS prior 7 for p = 1,...,100, fixed
n = 100 and various values of ¢y, c; and found the proportion that were positive
definite. These proportions can be found in Figure 5.1 for the two lowest values
of ¢p and all values of ¢; considered in Gan et al. [2018]. (Note that larger values
of ¢q result in a larger variance on the off-diagonals and therefore lower probability
of positive definiteness). As predicted by Proposition 12, the proportions tend to
decrease with p.

To investigate the affects of Proposition 10 on the related regular-SS+ prior
7T, we consider the marginal distribution on « in the case where p = 10, n = 100,
co =4, ¢ = 10, under which P5(© € S) is close to 0. Under 7(7), the distribution
of the number of edges, |v|, is binomial with probability % However, in Figure
5.2 we see that the distribution of the number of edges under 7+ (), obtained via
importance sampling, is significantly shifted to the left. This means that the regular-

SS+ prior induces more sparsity than specified by the regular-SS prior in a way that
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Figure 5.1: The proportion of positive definite samples for ¢y = 2 (left) and ¢y = 0.4
(right). ¢; = 10 (thin black), ¢; = 5 (thin grey), ¢; = 3 (thick black), ¢; = 1.5 (thick
grey).
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is not easy to control. This therefore restricts the ability to set plausible prior beliefs
about the topology of the graph which will drive model selection. Furthermore, this
difference is likely to extenuate further when the dimension p increases and the
probability P(© € S) converges to 0.

5.3.3 Positive definiteness under PC-regular-SS priors

We now present an analogous result for positive definiteness under PC-regular-SS

priors.

Proposition 13. Let 7P p > 1 be a sequence of PC-reqular-SS priors on (Op, A, Yp),

where 0, is a p X p diagonal matriz and A, is a symmetric p X p matriz, with

HT]’YU 1 _,',]p 1 ’YLJ
1<J

1 1
PO, Aplyp) = Hﬂ(p) i H (wﬂp)(Av;j)H(%‘j =1)+ ﬁﬂ(p)(Aij)H(%j = 0)) [(AF; <1).
i<j \C1
) _ 1 1 2 P _ 1 1 2 : .
Let oy’ = = [ a*ny” (x) dzx, 07" = < [1, a®m” (x) da be the variances associ
CO Cl

ated with the spike and the slab densities respectively, and let o) = npay)) +(1-

(»)

np)oy , which is assumed to be finite.

(1) If lim, o ﬁ <2 then P_u)(Ap € S1) = 0 as p — 0.
po
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Figure 5.2: The distribution of the number of edges under the regular-SS prior
(grey) and regular-SS+ prior (black).
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(11) If lim, o ﬁ > 2 then P_o)(Ap € S1) = 1 as p — 0.

Joo®

Proof. This proof is very similar to that of Proposition 12. The matrix A, is positive
definite if and only if its minimum eigenvalue, which we denote lo(A,), is greater
than 0.

Under the PC-regular-SS prior (), the marginal distribution on A, is

7(Ap) = H (nﬂ'l(Aij) + (Chall)]

o cl o 7T0( J)) ( 1] — )

Notice that under this density, the entries of A, are independent, up to symme-
try, the diagonal entries are equal to 1 and the off-diagonals A;; are identically
- . . 1—
distributed with density (gm(Aij) + %WO(AU‘)) H(A?j <1).
Consider the matrix A, = —L— (A, — I,,), where I, denotes the p x p

\/pg(?)

identity matrix. Notice that Ap is a Wigner matrix under 7 since \/;T)Ap has
independent, zero mean entries and unit variance off-diagonal entries. Also notice

that the minimum eigenvalue of A, Io(A,), is related to lo(A,) through

1

\Vp g(p)
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Hence lp(A,) > 0 if and only if

—1

lo(A,) > )
0(&p) @)

Since Ap is a Wigner matrix under 7(®), and the other conditions of The-

orem 1 are met (due to the entries of A all being in [~1,1] under 7, Io(A,)

converges in probability to -2. It easily follows that if lim, oo® > —2 then
po

A /po'(P)

Similarly, if lim;,

P (lo(Ap) > =1 > — 0 as p — oo and hence P_¢,) (A, € S1) — 0.

—1

poP)

< —2then P_u) (A, € S1) =+ 1asp— oo.
O

Notice two key differences between Propositions 12 and 13. First the limits
in Proposition 13 do not depend on the diagonal entry density wp. This is because
the condition A € &1 does not depend on the diagonal entries # and under a PC-
regular-SS prior, the diagonal entries § and A are independent. This is important
as it allows 7p to be any density without impacting the probability of positive
definiteness.

Second, the restriction of the moment generating functions existing in Propo-
sition 12 is no longer present in Proposition 13. This is because the values of A;;
are restricted to be in [—1,1]. Hence, under 7 all absolute moments of A;; must be
less than or equal to 1. This means that the higher order moment conditions for a
Wigner matrix and in Theorem 1 are satisfied for any choice of mg and 7.

We again turn to an example using the SS-PC-GLASSO prior to demonstrate
the result of Proposition 13.

Example Recall that the SS-PC-GLASSO prior is a PC-regular-SS+ prior with

Wo(eij) = Laplace(@ij; 0, )\61),
™1 ((91]) = Laplace(@ij; 0, )\1_1)

We consider the PC-regular-SS prior, 7, associated to this. Recall that these den-
sities are truncated between —1 and 1 which has the effect of subtracting a certain

amount from the spike and slab variances. Letting ¢; = 1 — exp(—J\;), i = 0, 1, the
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variances associated to the spike, og, and slab, o1, are

1
0; = / xQLaplace(:U;O,)\i_l) dx
G J-1

Ni+2
Ai(exp(A;) — 1)

=2)\ % — (5.4)
with the variance on the partial correlations being o = no; 4+ (1 — n)og. From
Proposition 13, this is the key quantity for determining if the probability of positive
definiteness converges to 1 or 0.

We now consider a strategy for setting the parameters n, Ag, A1, apply Propo-
sition 13 to them and investigate the probability of positive definiteness for finite
p using sampling. Recall that it was suggested in Section 4.4 to set Ay = 0. By
setting A1 = 0 the truncated Laplace density on the partial correlations becomes a
uniform density with variance o7 = % To make calculations easier we consider a
limiting case where we allow A9 — 0o so that the spike becomes a point mass at 0
with og = 0. Hence the variance on the partial correlations becomes o = g and the

result of Proposition 13 depends on the limit of \/% .

If n is a constant that does not depend on p then clearly \/% —0asp— o0
and Proposition 13 predicts that the probability of positive definiteness will converge
to 0.

In Section 4.4 we proposed allowing 7 to decrease linearly with p, for example

m

by letting n = T Here, m can be interpreted as the prior expectation of the mean

number of edges connected to each vertex. In this case \/% — \/% and so the
probability of positive definiteness converges to 0 when m > % and to 1 when m < %.

If n is allowed to converge to 0 at a rate quicker than %, for example n = 1%,
then % — o0 as p — oo and the probability of positive definiteness will converge
to 1.

To investigate the probability of positive definiteness in these cases for finite
p, we sampled from 7 1000 times for each p = 1, ..., 200 and recorded the proportion
of positive definite samples. The results are shown in Figure 5.3. We see that, as
expected, the proportion of positive definite samples goes to 0 very quickly in the
fixed n = 0.5 case and for n = 1%. In the case of n = ﬁ, for which the
limiting probability of positive definiteness is not determined by Proposition 13, the
proportion of positive definite samples is close to 0 for all p > 100. This would
suggest that in this borderline case the probability of positive definiteness does

still converge to 0. In the case of n = L

0p=1)" the proportion of positive definite
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samples remains high for all p, although away from 1 and generally decreasing with
p. However, Proposition 13 predicts that the probability will converge to 1 in this

case and so it might be expected that this proportion would eventually increase

again for larger p. In the n = 1% case the observed proportion of positive definite

samples is close to 1 for all p.

Figure 5.3: The proportion of positive definite samples for n = 0.5 (thin black), }%

(thin grey), ﬁ (thick black), m (thick grey), 1% (dashed).
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This example shows that in order to maintain a high probability of positive
definiteness under a PC-regular-SS prior with a uniform slab density, the prior on
~ must impose a high level of sparsity. If a prior with less sparsity is desired then

one must use a slab density with smaller and shrinking variance as p — oo.

5.4 Choice of densities

In this section we consider some candidates for the spike and slab densities g, 1
and the diagonal density np. First, however, we consider the prior on the model
space 7(7).

Under regular-SS and PC-regular-SS priors the prior on the model space
has the specific form 7(y) = [[,.; 7" (1 — n)!=%i. That is, the entries of 7 are

independent, identically distributed Bernoulli random variables with parameter 7.
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This is a suitable prior when one has prior knowledge of the level of sparsity in
the graphical model, but no additional prior information about the structure of the
model. In the absence of such additional prior knowledge, we suggest using this
(7).

For the the diagonal entries we suggest using a density of the form mp(6;;)
g;,¢ for some ¢ > 0 when dealing with PC-separable-SS priors. This is to ensure
scale invariant posterior inference as detailed in Corollary 4.

We now suggest three different possibilities for the spike and slab densities
and apply Propositions 12 and 13 to give strategies for setting the parameters to
ensure positive definiteness in the limit as p — oo under regular-SS and PC-regular-
SS priors. First is the Laplace densities of the SS-GLASSO and SS-PC-GLASSO
where

mi(z) = Laplace(z; 0, A\;1).

The Laplace is a common choice for spike and slab priors because it is non-
differentiable at 0 and therefore the MAP estimate has exact zero entries, as detailed
in Chapter 4. Furthermore, in the limits as Ay — 0 and A9 — 0o, the slab becomes
a uniform density and the spike becomes a point mass at zero, both of which are
conceptually quite appealing. In particular, a point mass spike and diffuse heavy-
tailed slab are often considered the Bayesian ideal [Castillo and Van Der Vaart,
2012]. The Laplace therefore has the interpretation of being a continuous relaxation
of these.

To apply the results of Propositions 12 and 13 we need the variances of
the spike and slab densities. In the regular-SS case these variances are g; =
f_oooo 2?mi(z) doe = 2)\;2. In the PC-regular-SS case these variances are given in
(5.4).

Corollary 5. Let 71, and 71, be regular-SS and PC-reqular-SS priors with Laplace

sptke and slabs.
(i) Under 7, if pA{% + (1 — )2 < %, then limy o Pz, (0, € S) = 1.
(ii) Under my,, if

- A1+ 2 -~ Ao +2 1
2AT2 - 1— 2AT2 —
”< U A {expOh) - 1>> =) ( 0 Rolexp(h) 1)) <

then lim,_,o Pr (A)p € §1) = 1.

Here we use the notation f(z) < g(z) to denote % — 0 as x — oo.
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From Corollary 5, the variance on the partial correlations must shrink to 0
at a rate faster than ﬁ in order for a Laplace PC-regular-SS prior to guarantee
positive definiteness as p — oo.

Since in this chapter we consider the whole posterior distribution, sparsity of
the MAP estimate is not required and so we may consider spike and slab densities
which are differentiable at 0. The most obvious choice is the Normal density with
variance \;

mi(x) = N(z;0,\;).

The advantage of the Normal spike and slab is that its simple form aids computation
and sampling from the posterior - see, for example, George and McCulloch [1997].
The Normal spike and slab has been applied to Gaussian graphical models by Wang
[2015]. The spike and slab variances in the PC-regular-SS case are given by

1/12
o= — xmi(z) dz
Ci J-1

oo ()

&—2¢<&)_1

where ¢; = fil mi(x) dx and ¢ and ® are the pdf and cdf of the standard Normal

distribution.

Corollary 6. Let mx and 7N be regular-SS and PC-regular-SS priors with Normal

spike and slabs.
(i) Under n, if nA1 + (1 —n)ho < %, then lim,_,o Pz (©p € S) = 1.
(i) Under mx, if

2 () ()

2@(\/1/\7)_1 + @ =n)|

1) 4p’
20 () -1

nlA—

where ¢ and ® are the pdf and cdf of the standard Normal distribution, then
limy, o0 Pry (Ap € S1) = 1.

An interesting alternative to these two choices is to use a non-local density
for the slab. In this context, a non-local density is one which is equal to zero at
zero, and as such has the attractive property that it assigns zero probability to an
edge being present when we condition on the partial correlation being zero. One

simple choice for non-local density, introduced by Johnson and Rossell [2010] and
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shown to have useful properties for Bayesian model selection [Johnson and Rossell,
2012], is the moment (MOM) density:

m1(z) = MOM(z; 0, A1)
2
x
= —N(p; 0, \1).
Al (p 1)
The MOM density has variance 3\;. When applied to the partial correlations,

and therefore truncated onto (—1,1), the variance is equal to

1 1
;= / 2?mi(2) da
CiJ-1

O )
o BRI
20 (A ) - Ao () -1

where ¢; = f_ll mi(x) dx and ¢ and ® still denote the pdf and cdf of the standard

Normal distribution.

The MOM slab can be used in conjunction with a Normal spike

mo(p) = N(p; 0, o).

We refer to a MOM slab with a Normal spike as simply the MOM spike and slab.

A non-local slab has previously been used in linear regression [Shi et al.,
2019], generalised linear models [Bar et al., 2020], and factor regression [Avalos-
Pacheco et al., 2020]. For an in depth view of a MOM spike and slab in action, see
Avalos Pacheco [2018]. However, to our knowledge non-local priors are yet to be

applied to Gaussian graphical models.

Corollary 7. Let my and 7y be reqular-SS and PC-regular-SS priors with MOM
spike and slab.

(i) Under n, if nA1 + (1 —n)ho < %, then lim,_,o Pz (©p € S) = 1.

(i) Under mni, if

o Hel) o 2o o
) e () ) ) ) T

then lim,_oo Pr (Ap € S1) = 1.
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The MOM density is compared with the Normal and Laplaces densities in
Figure 5.4. Notice the key feature of the MOM density that it is equal to zero at
zero. The density then continuously increases away from zero before reaching two
symmetric local maxima. Importantly these local maxima are away from zero and
the location of the maxima is controlled by the parameter A; - larger choices of \;
lead to these maxima being further from 0. This seems like a good choice for slab
density because the slab represents the prior density of the truly non-zero partial
correlations. Recall that under a PC-regular-SS prior Ayj|y;; = 1 follows the slab
density 1. Also recall the interpretation that ~;; = 1 — I(A;; =~ 0). It follows
that when 7;; = 1 then A;; # 0, something which the MOM density embodies
but the Normal and Laplace priors do not. Furthermore, the presence of an edge
in a graphical model does not distinguish between positive and negative partial
correlations. The MOM density embodies this through symmetry around zero - it

encodes that the partial correlation is non-zero but says nothing of its sign.

Figure 5.4: The MOM, Normal and Laplace densities truncated onto (—1,1) with
variance equal to 0.2.
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The full spike and slab densities for the Laplace spike and slab, Normal spike

and slab and MOM spike and slab are shown in Figure 5.5. The Laplace and Normal

spike and slabs look similar to the usual Laplace and Normal densities, however with

thicker tails. The MOM spike and slab density is quite different to the other two

with the global maximum still at 0 but also with two local maxima - one above zero
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and one below zero.

Figure 5.5: The MOM, Normal and Laplace spike and slab densities truncated onto
(—1,1) with n = 0.5 spike variance equal to 0.01 and slab variance equal to 0.2.
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In Figure 5.6 we see the associated penalty functions for the three spike
and slab priors. The Laplace spike and slab penalty has been discussed in the
previous chapter. The Normal spike and slab has a penalty function which has zero
derivative at 0 - hence it does not produce zero estimates in the MAP estimate and
is not suitable when sparsity in the MAP estimate is desired. The MOM spike and
slab has a penalty function very different to those previously discussed because it
is not non-decreasing on R™. This is not standard for penalty functions since large
parameter values (in absolute value) are usually penalised more than smaller values.
This along with the zero derivative at 0 means that this should not be considered
for a penalty function. However, it would still be interesting to investigate how the
MAP estimate behaves under the MOM spike and slab in comparison to the Laplace
spike and slab.

To summarise, when only considering the MAP estimate or taking a penalised
likelihood approach, the Laplace spike and slab, as used in the SS-PC-GLASSO
seems the most appropriate of these three choices. However, when considering the
whole posterior distribution the Normal spike and slab has provided easier computa-
tion when used in other contexts and the MOM spike and slab offers a conceptually

appealing choice.
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Figure 5.6: The associated penalty functions to the MOM, Normal and Laplace
spike and slabs with 17 = 0.5 spike variance equal to 0.01 and slab variance equal to
0.2.
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5.5 Posterior inference

In this section we consider strategies for posterior inference. The primary strategy
we suggest will be based on posterior sampling of ©. Whilst we don’t go as far
as proposing a specific algorithm for obtaining such samples, we suggest how such
samples may be used to make posterior inference on the model space v. We also
highlight additional considerations that should be made when setting the parameters
for the spike and slab densities, particularly in the case of the MOM spike and slab,
in light of this strategy.

First we review strategies for posterior inference proposed by others in similar
settings. In the spike and slab LASSO in the linear regression setting, Rockova and
George [2018] simply found the MAP estimate associated to their Laplace spike and
slab (which they treat as a penalty function), and estimate the linear model by
the zero coefficient estimates. George and McCulloch [1997], who used the Normal
spike and slab in the linear regression setting, proposed a Gibbs sampler which
sequentially sampled the regression coefficients, error variance and model indicators
~. The sampled v were shown to converge in distribution to the posterior on the
model space.

In the Gaussian graphical model setting, Banerjee and Ghosal [2015], who
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proposed a point mass spike and Laplace slab prior, utilised a Laplace approximation
in order to obtain approximate posterior model probabilities. Wang [2015] iteratively
sampled from the posterior of © given v and v given © under a Normal spike and
slab prior.

In the BAGUS method of Gan et al. [2018], in which a regular-SS+ prior
with Laplace spike and slab denoted by # was used, the main strategy for posterior
inference was simply finding the MAP estimate © under the marginal posterior
density #+(© | X) via an EM algorithm. Inference on the model space is then
conducted by conditioning on the MAP estimate 7% (v | 6,Xx ). It was shown that
conditional on @, ~ is independent of the data X under 7™, and further that the
entries of v are independent and ~;; only depends on 6 through HAZ] That is,

Ty 10, X) =T[7" (s | 6i5)- (5.5)
1<J

In light of this, posterior inference on +, conditional on © = 6 being equal to the

MAP estimate, is equivalent to finding the probabilities

Dij = Pas (vij = 1| 03)
0,
e\ C) (5.6)
nm1(0i5) + (1 —n)mo(0;;)

Gan et al. [2018] consider p;; as an approximation for the posterior probability

pij = Pz+ (755 = 1| X). A single estimate for ~ is then obtained by checking if p;;
is above or below 0.5, that is 4;; = I(p;; > 0.5).

While this strategy has its advantages in that it is computationally expedient
and returns a single estimated ©® and graphical model, the reliance of the MAP
estimate of © ignores any posterior uncertainty. Furthermore, there is no guarantee
that the estimated 4 is even equal to the MAP estimate of v maximising 77 (v | X).
However, the properties of the posterior distribution of v conditional on © presented
here will be important in our strategy for posterior inference.

Consider a regular-SS+ prior 71 (©,v) and suppose we can obtain samples
oW, ..., 0%) from the marginal posterior 71 (0 | X) oc #1(©)L(O | X). From here
one can easily obtain posterior samples of v via (5.5) and (5.6). In particular, for

k=1,...,K, we sample v*) from #*(y | ©), X) under which v has independent
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entries with v;; = 1 with probability

i (1)

e (057) + (L= mym (6)

P+ (%’j =1] 955)) =

The samples vV, ..., ) can then be used to estimate posterior properties on -
for example the MAP model and edge existence probabilities.

For a PC-regular-SS+ prior 77 a similar strategy can be used with poste-
rior samples (00, AM) . (9UF) A This time posterior samples for v can be
obtained by sampling the entries of v independently with ~;; = 1 with probability
Ly (A(k)>

c1 ij

2 (80) + iy (40)

P+ (%‘j =1] Aﬁf)) =

co

Although we don’t propose a method for obtaining such samples of © or
(0, A) there is reason to believe this to be possible. In the Normal spike and slab,
Gibbs sampling has been successfully utilised in the linear regression setting [George
and McCulloch, 1993, 1997] and for Gaussian graphical models [Wang, 2015]. The
Laplace spike and slab is not too much of a departure from the Bayesian GLASSO
prior, for which block Gibbs sampler and random walk Metropolis-Hastings algo-
rithms have been proposed by Wang [2012] and Khondker et al. [2013] respectively.
For the MOM spike and slab a Gibbs sampler has been utilised by Shi et al. [2019]
for linear regression.

One consideration that this method highlights is that the probabilities
P (’yij =1 (95?), in the case of regular-SS+ priors, and P+ (%j =1] Agf)), in
the case of PC-regular-SS+ priors, should be increasing in |6;;| and |A;;| respectively.
That is, conditioning on a larger 6;; or partial correlation in absolute value results
in a higher probability of the edge being present. While such a property clearly
holds for the Normal and Laplace spike and slabs, it is not so clear for the MOM
spike and slab.

Proposition 14. Let @+ be a reqular-SS+ prior with MOM spike and slab. Then
Pz+ (i = 1 055) is increasing in |0;;| if and only if A1 > Xo.

Let % be a PC-regqular-SS+ prior with MOM spike and slab. Then
P+ (i = 1| Aij) is increasing in |Ay;| if and only if Ay > %.
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Proof. Under 7,

nm (0i)
nm (0i5) + (1 —n)mo (0i5)

Pav (vij = 1| 045) =

where
ﬂl(aij) = MOM(QZ‘]‘; 0, )\1)
02. 02.
= 73/2” exp [ — =2
A V2 2\
and

mo(0i;) = N(035; 0, Ao)

1 6?
= ————exp| —
)\1/2\/ 27 2X0

Plugging these into (5.7) and taking the derivative with respect to 6;; gives

62, (Mo+A
A2y~ 1) exp (&ﬂ) (o — A2 — 200A)6;

62, 62,
)\(1)/2 (Xz’ﬂ(n —1)exp <2;\]1> — )\(1)/27192-2]. exp <2;\70>)

Since the probability (5.7) is continuous in 6;;, Pz+ (755 = 1 | 6;5) is increasing in |6;;]

if and only if this derivative is positive for 8;; > 0 and negative for 6;; < 0. Notice

2
that the denominator is positive and in the numerator )\}/ 277(77 —1)exp (W)
is negative. Hence we only require that (()\0—)\1)6%—2)\0)\1)91-3' < 0 when 6;; > 0 and
(()\0—)\1)9% _2)\0)\1)‘91'3' > 0 when Hz'j < 0, or more simply that ()\0—)\1)0% —2X N1 <
0 for all 6;;. This clearly holds if and only if A\ > Ao.

For the PC-regular-SS+ prior 7 we have that

& (Agy)
Ly (Aij) + g (A)

Prv (vij = 1| Agj) =

where ¢; = f_ll mi(x) dx are positive constants in A;;. Again, P+ (v; = 1| Ayj) is
increasing in |A;;| if and only if its derivative is positive when A;; > 0 and negative
when A;; < 0. The constants cg,c1 have little effect on the derivative and the
result is a similar condition that (Ao — Al)A?j — 21 < 0 for all A;;. Noting that

A € (—1,1), this holds if and only if A; > ﬁ
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O]

Note that the conditions on Ay, A1 in Proposition 14 do not necessarily follow
from Vary, (0;;) > Varg,(0;;) since Vary, (6;;) = 3A\1 and Varg,(0;;) = Xo. In the
regular-SS+ case the condition A1 > Ag is strictly stronger. In the PC-regular-SS+

case the condition Ay > is stronger whenever A\g < 1, which would be the case

Ao
2X0+1
for any sensible choice of spike prior.

5.6 Discussion

In this section we have introduced a general framework for spike and slab priors
for Gaussian graphical models. A key benefit of this framework is its flexibility in
being able to encode prior beliefs, both on the model space through 7(v) and on the
magnitude of the non-zero partial correlations through 7. However, this benefit may
be lost when the truncation onto the space of positive definite matrices is applied,
with the truncation altering the prior marginals on v and the partial correlations in
a way that is tricky to calculate or anticipate. In Propositions 12 and 13 we devised
a strategy for removing this negative effect as the problem dimension p — oc.

An important point for further research is in devising methods for default
parameter selection. One approach was proposed by George and McCulloch [1997]
based on a threshold of practical relevance. This is a threshold K for which any
partial correlation |A;;|< K, the modeller would prefer to not include the edge (3, j)
in the graphical model, for example in the interest of parsimony. One may include
this threshold in parameter setting by allowing, for example, m(z) < m(z) <=
|x|< K. Further research should involve incorporating the results of Propositions
12 and 13 into such parameter setting.

On the topic of parameter selection, we have generally suggested in this
chapter the use of regular-SS+ and PC-regular-SS+ priors with a fixed value for the
parameter 7, which is set based on prior knowledge of the sparsity of the graphical
model. However, in the context of linear regression, Rockovd and George [2018]
found that the performance of such priors for model selection, particularly when
model selection is based on the MAP estimate, is highly sensitive to the specification
of n. Instead they suggest a fully Bayesian approach treating n as unknown. Such
an extension would fit into the PC-separable-SS+ framework where 7 () is allowed
to take any form and would be an important consideration for future research.

For PC-regular-SS+ priors we have suggested the diagonal density 7p(6;;)

g;,¢ for some ¢ > 0. While this choice leads to scale invariant posterior inference for
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certain PC-regular-SS+ priors, it should be noted that the resulting prior distribu-
tion is improper. However, in a similar way to the Baysian PC-GLASSO as detailed
in Section 3.2, there are reasonable assurances that the posterior distribution will
be proper provided that n > 2c¢. This is because the OZ-/ % term in the likelihood
combines with 6, so that it no longer goes to infinity as 6;; — 0. Confirming that
the posterior is proper in such a case is another area for future research.

The most important area for further research though, is in the derivation of
suitable algorithms for posterior inference. Most simply this might involve using a
maximisation algorithm, like the coordinate descent Algorithm 3, to find the MAP
estimate under spike and slab priors. However, ultimately a method for posterior
sampling of ©, most likely a Gibbs sampler, will be required to conduct a full
posterior analysis and assess the benefits of the different choices for spike and slab
prior. Of particular interest is the performance of the MOM spike and slab which
has been used to great success in other applications but is novel when applied to

Gaussian graphical models.
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Chapter 6

Discussion

In this thesis we have demonstrated that essentially all current penalised likelihood
methods and prior distributions for Gaussian graphical model selection have a fun-
damental flaw in that they are not invariant to scalar multiplication of the variables.
That is, multiplying the data X by some non-zero diagonal matrix D, for example
by changing the unit of measurement for some of the variables, leads to unexpected
changes in the estimation of the precision matrix © and potentially vastly different
graphical model selection. This is a problem because the fundamental conditional
independence structure embodied in a graphical model and depicted by it is invariant
to such scale transformations.

This problem can be mitigated somewhat by the standardisation of the data,
for example by requiring that the data has unit sample variances. The data is
invariant to scalar multiplications after standardisation and therefore all methods
are also trivially scale invariant. However, data standardisation is rarely suggested,
let alone a requirement, in most penalised likelihood and Bayesian methods. It would
be quite understandable for an unwitting data scientist without expert knowledge in
the area to apply a method such as GLASSO on unstandardised data. In this case
the outcome of GLASSO would be highly sensitive to the scale on which variables are
measured with variables that happen to have large estimated partial variance likely
to have more edges. Furthermore, data standardisation is itself not an innocuous
operation. For example, if we believe the non-standardised data to be Gaussian - as
we have assumed in many of the examples in this thesis - then the standardised data
will not be Gaussian. So these two models are fundamentally different from each
other. This is practically as well as methodologically significant. For example we
have shown how standardised models perform very poorly for some data generating

processes.
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A key observation as to why standard methods are not scale invariant is
that they are based on the off-diagonal entries of ©. These off-diagonal entries,
0;;, are themselves not invariant to scalar multiplication and are a poor measure of
dependence between the two associated variables X;, X;. In particular, 8;; could be
large due to a strong dependence between X; and X; or because X;, X; have small
partial variance. Without additional information it is impossible to distinguish these
two cases.

From this observation we proposed novel classes of penalty functions and
prior distributions that were instead based on partial correlations. Given a suitable
penalty or prior on the diagonal entries of ©, these methods were shown to be
scale invariant and therefore return the same graphical model regardless of scale
or standardisation. Furthermore, in the case of PC-GLASSO, these methods were
shown to perform better in practise when compared to their equivalents based on
the off-diagonal entries in both simulated and real data settings.

In each of the previous chapters we suggested potential areas for further
research based directly on the content of that chapter and to advance our knowledge
of those methods based on partial correlations. To finish this thesis we now present a
number of potential areas for future research that are linked to the areas previously

discussed, although not directly and with much larger scope.

6.1 Linear models

Although in this thesis we have focused on Gaussian graphical models, it is pos-
sible that a similar phenomenon may occur in linear models where the regression
coefficients also are not invariant to scalar multiplication. To see this we consider
the case which is most similar to a Gaussian graphical model where the response
variable Y and covariates X are jointly Gaussian with zero mean and covariance

matrix ¥ = ©~!. We decompose ¥ into

by by
5 < TY XY)
Yxy Xx
where Yy = 011, Xxy is equal to the first row of ¥ without 017 and Xx = @)}1 is
equal to the covariance matrix on the X margin. Then the distribution of Y given
X is also Gaussian with mean Y xy©®xX and variance Xy — EXy@XE?(Y. This

relates to the linear model
Y =XT8+e¢
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where 8 = Sxy©Ox and € ~ N(0, Xy — SxyOx Y%y ). Using the fact that $O = I,
it can be shown that the entries of 3 are equal to 8; = —Xy61;. This shows the close
relation to Gaussian graphical model selection in this case, where estimation of the
regression coefficients is equal to estimation of the first row of O, and sparsity in 3
is the same as sparcity in this first row of ©.

Direct penalisation of the regression coefficients, as in the LASSO and many
other penalised likelihood methods, is therefore analogous to penalisation of the
off-diagonal entries of © in Gaussian graphical models. The same arguments as
have been presented in this thesis can be applied here to show that estimation and
model selection under LASSO and similar methods do not satisfy scale invariance
under scalar multiplications of the covariates X. By applying the partial correlation
framework to such linear models one might instead choose to penalise quantities
such as 01;/v/0;;.

Of course, this simple example only considers the case where (Y, X) are
jointly Gaussian, a special case of the linear model. A significant piece of future
work would be to extend such an approach to linear models in general that are
robust to scalar multiplication of the covariates. A first step here might be to adapt
the LASSO in such a way by applying the L; penalty to something other than the

regression coefficients directly.

6.2 Positive dependence

Numerous attempts have been made to combine conditional independence relation-
ships with positive (or negative) dependence relationships within a graphical model.
Various definitions have been proposed for positive dependence. However the fun-
damental concept of positive dependence between two variables X7, Xs is that ob-
serving a ‘large’ value of X7 leads to higher probability of X9 being ‘large’.

More formally, some proposed positive dependence definitions are the fol-
lowing: X7 and Xy are positively correlated if cov(X1, X2) > 0; X7 and Xo are
associated if cov(f(X1, X2),9(X1,X2)) > 0 for all non-decreasing functions f and
g such that E|f (X1, X2)|, E|g(X1, X2)| and E|f(X1, X2)g(X1, X2)| all exist; X; and
X2 are multivariate totally positive of order 2 (MTPy) if their joint density function
f satisfies f(x)f(y) < f(x Ay)f(xVy) for all z,y, where z Ay and x V y denote the
element-wise minimum and maximum.

Notice that these definitions are all symmetric in the sense that X; and Xs
are positively dependent if and only if Xo and X; are positively dependent. One

non-symmetric definition is the following: X is stochastically increasing with Xs if
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Fx) | Xy=a (T1) < Fx,|x,=ay (21) for all 21 and all zo > x5, where Fiy,|x,—,, denotes
the cdf of Xy given Xo = xo.

One early attempt to combine graphical models with positive dependence
was in qualitative probabilistic networks (QPNs), introduced by Wellman [1990].
Wellman argued that graphical models that assign strictly numeric representations
to the distributions of the variables in the model are inappropriately precise for
many applications where less strict qualitative constraints may be more realistic.
This was achieved by connecting each edge to a sign which determines if the two
relevant variables are positively, negatively or otherwise dependent. However, many
of the results and dynamics of QPNs in both Wellman [1990] and subsequent papers
on QPNs rely on the incorrect assertion that X stochastically increasing with X5 is
equivalent to X7 and Xo MTPy. This is clearly not the case as MTP, is a symmetric
property but stochastically increasing is not.

A more recent and successful attempt to combine positive dependence and
graphical models was by Fallat et al. [2017] who studied graphical models under
the assumption that all variables are MTPy. In a similar vein, Slawski and Hein
[2015] and Lauritzen et al. [2017] both investigated the maximum likelihood estimate
of a Gaussian precision matrix © under the MTPy constraint. It was shown that
the MTPy restriction served as an implicit regulariser and lead to sparsity in the
estimate.

A multivariate Gaussian random vector X is MTPy if and only if its preci-
sion matrix © is an M-matrix - i.e. it has positive diagonal entries and non-positive
off-diagonals. Equivalently, all partial correlations must be non-negative. This as-
sumption could easily be incorporated into the spike and slab framework of Chapter
5 by simply truncating the slab density on the negative partial correlations m1(A;;)
between —1 and 0. In this way, the spike density will still represent the (approx-
imately) zero partial correlations, and the slab density will represent the non-zero
and positive partial correlations. The MOM density seems a particularly appropri-
ate choice for this.

Further extensions of a similar theme are possible for the spike and slab
framework. For example, a slab density that is non-symmetric about zero and with
Pr (As < 0) > % could be used when a-priori it is expected that most partial
correlations are positive. Again, the MOM density is particularly appropriate in
this case because the density can simply be re-weighted above and below zero with
continuity being maintained. Alternatively, if one wishes to know the sign of the
non-zero partial correlations, as well as the graphical model, the spike and slab

framework could be adapted to include three levels with v;; € {0,1,2}. The variable
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7ij now indicates if A;; is zero (y = 0), positive (y = 1) or negative (v = 2). The slab
can then be spilt into two densities with 71 truncated on (—1,0) and 72 truncated
on (0,1).

6.3 No Simpson’s paradox assumption

A necessary condition of MTP; for a Gaussian random vector is that the covariance
matrix ¥ has all positive entries. Hence, under the MTP5 condition, all correlations
and partial correlations have the same same. MTP5 is, however, a very strong as-
sumption which is often unrealistic especially for large dimension p. In some cases
it may be possible to multiply certain variables by —1 to obtain an MTPy distri-
bution, but in many more cases this is not possible. A strictly weaker assumption
that may be of interest is to maintain the condition that all correlations and partial
correlations be of the same sign, but relax the condition that all partial correlations
are positive. That is, for all ¢, j, whenever both o;; and 6;; are non-zero, they are of
opposite signs. We call this the no Simpson’s paradox condition since it means that
the sign of dependence is maintained under conditioning on other variables. This as-
sumption is particularly relevant for representing certain types of causal hypotheses
and choosing a class of models constrained by these hypotheses. It is often explicitly
or implicitly assumed that for a causal relationship to be genuine its directionality
would be consistent regardless of conditioning.

The no Simpson’s paradox condition corresponds to the set of precision ma-
trices © = X! such that for all i, j either 6;; = 0 or sign(f;;) = —sign(o;;). A first
step might be to investigate the maximum likelihood estimate under this restric-
tion, as Slawski and Hein [2015] and Lauritzen et al. [2017] did under the MTP,
restriction. However, the space of no Simpson’s paradox precision matrices is rather
more complicated than MTPy matrices. A way to approximate (and simplify) the
condition is to substitute the covariance matrix 3 by the sample covariance S and
restrict © to have opposite signs to .S, which we call the sample no Simpson’s para-
doz condition. In this way the signs of © are fixed (given the data) and maximum
likelihood estimation under this constraint is more straight forward.

The sample no Simpson’s paradox condition actually links to the PC-GLASSO
and the convexity of the associated maximisation problem. Recall that in Section
2.9 we noted that the PC-GLASSO penalised likelihood is non-concave, meaning
that it does not benefit from the computational advantages of GLASSO. The reason
for this non-concavity were terms of the form —S;;A;;1/0::0;;. When S;; and A;;

are of the same sign, this term is non-concave in 6;; and 6;;. However, making the
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sample no Simpson’s paradox restriction actually results in the penalised likelihood
being concave. Hence under this restriction PC-GLASSO could reap the benefits of

convex optimisation.

6.4 Conclusion

The project that eventually came to provide the majority of the content for this
thesis began with the aim of applying non-local spike and slab priors to Gaussian
graphical models. This idea was a direct extension of the spike and slab priors used
in Gaussian graphical models by Gan et al. [2018] incorporating the non-local density
that has been used in, for example Avalos-Pacheco et al. [2020]. Although a modest
aim, the vision for this project was to eventually extend the model to incorporate
more nuanced prior beliefs, such as positive dependence, and to incorporate ideas
of causality. However, when beginning this project we came to find that the use
of spike and slab priors for Gaussian graphical models contains some unique issues
which, to our knowledge, have not so far been addressed in the literature.

The first of these issues was the truncation onto the space of positive definite
matrices that is required when placing a prior on the precision matrix ©. As demon-
strated in Chapter 5, this truncation particularly effects spike and slab priors due
to its impact on the prior edge inclusion probability potentially leading to the prior
placing higher probability on more sparse graphs than intended. This issue is also
unique to the Gaussian graphical model setting since other settings, for example
linear regression, do not require such a truncation of the prior distribution. The
identification of this issue led to the theoretical results based on Wigner matrices in
Section 5.3.

The second issue was discovered when applying the BAGUS method of Gan
et al. [2018] to data generated using a precision matrix © with non-unit diagonal in
the star graph setting. We found that the estimates provided by BAGUS and the
performance of its model selection were highly dependent on the diagonal entries of
O - i.e. the method is not scale invariant. This led to the decision to place the spike
and slab priors on the partial correlations rather than directly to ©.

We eventually found that this issue of non-scale invariance was actually a
more general issue common to essentially all penalised likelihood methods and prior
distributions used for Gaussian graphical model selection. In particular, non-scale
invariance effects the well known and popular GLASSO method - something we later
found is much maligned by academics familiar with Gaussian graphical models but

which is not generally discussed in the literature. This naturally gave the idea of
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adapting the GLASSO in the same way as the spike and slab priors by placing the
L1 penalty on the partial correlations. After discovering that this idea, to the best
of our knowledge, has not already been investigated, this quickly became the focus
of the thesis.

The result has been classes of partial correlation based penalised likelihoods
and prior distributions which are invariant to scalar multiplication of the variables -
a property which is fundamental to conditional independence and graphical models.
The PC-GLASSO is one specific example from this class of penalised likelihoods
which is a directly analogous to GLASSO but achieves scale invariance and from
our applications is shown to offer improvements over GLASSO. We hope that this
thesis have served to demonstrate the benefits of partial correlation based methods
for Gaussian graphical model selection and precision matrix estimation and that

this will lead to further research and improvements in their use.
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Appendix A

Maximisation problem in
Algorithm 2

Step 2 of Algorithm 2, requires the maximisation of (2.5) with respect to A;j, 0, 6;;
whilst all other variables are held fixed. In this appendix we give details of how
this maximum may be found as well as demonstrating that the updating a positive
definite matrix as in Step 2 of Algorithm 2 retains positive definiteness. To ease
notation let x = A;;, y1 = v/0;; and yo = \/% The objective function is

f(@,y1,y2) = log(aa® + ba + ¢) + 2¢, (log(y1) + log(y2))
- y% - y% — 2c122Y1Y2 — 2c1y1 — 2c2y2 — 2p,

where

cp=1——,

4
n
c12 = Sij,

c1 =Y Skl Ok,
k#i.3
Cy = Z Sjchjk Hkk'
ki,
The log(axz? + bz + ¢) term comes from the log det(A), since the determinant of a
symmetric matrix is quadratic in the off-diagonal entries. The coefficients (a, b, ¢) do
not have a simple closed-form, as they depend on the matrix determinant, but they
can be easily obtained by evaluating the determinant of A for three different values
of Aj; (faster methods for computing these determinants are possible since they only

involve changing a single entry) and solving the resulting system of equations. The
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range of values that = is can take given by
(Lu) == {z: azx® + bz + ¢ > 0} N (—1,1).

Any value of x in this set ensures positive definiteness of A. This is because A is
positive definite if and only if all its leading principal minors are positive. WLOG,
letting A;; be in the bottom row of A, if the previous estimate is positive definite
then the first p — 1 leading principal minors are positive. The condition az? + bx +
¢ > 0 ensures that the final leading principal minor, det(A), is also positive. The

maximisation problem can then be expressed as

max f(x>ylay2)
T,Y1,2
st. ze(Lu) (A.1)
y1,y2 >0
We denote the partial derivatives of f by

2ax +b

m — 2612y1y2 — 2,081gn(x), X ;é O,

fx(%yl,w) =

Fon (@, y1,92) = 2e,y7 " — 241 — 2c122y2 — 201,
Fuo (T Y1, 92) = 2¢0y5 " — 292 — 2e107y1 — 2¢2,

To solve this problem we consider separately the cases ¢ > 0 and ¢ < 0.

Case ¢ > 0.

We begin by looking at the case ¢ > 0, which implies that 0 € (I,u). We split the
problem into three sections, finding local maxima in x = 0, =z € (0,u), = € (,0)

separately and then selecting from these the global maximum.

Optimization for z = 0.

Let x = 0. By setting f,,(z,y1,¥2) = 0 and fy,(x,y1,y2) = 0 we get that the

<\/C%+4Cn_cl> )
2 _
<\/02 + 4c, 02> .
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optimal values of (y1,y2) are

N | =

Yy =
Y2 =

N



Optimization over = > 0.

Let z € (0,u). Setting fy, (z,y1,y2) = 0 gives

71 . o
= CnlYy Y1 617 (A2)
C12Y2

and setting fy,(x,y1,y2) = 0 along with (A.2) gives

=g (~ert B+ a07+am). (4.3)
Using (A.2)-(A.3) one can write f,(z,y1,y2) in terms of only y; and solve f,(x,y1,y2) =
0 numerically to obtain the stationary points. The range of y; values to search in
the numerical solving of f,(x,y1,y2) = 0 can be found by considering the constraints
x € (0,u), y1,y2 > 0 as well as (A.2) and (A.3).

The constraint < w results in some condition on the following quartic which

we refer to as q(y1)

1 2cq Co 2¢cy, c2 c1C2
<1_22 yit(a- 55+ it 5 3t vi
u“ciy u“ciy  uci2 u“ciy  ufciy  ucCi2

2cie,  cacy c?
+ 2.2 - Y1 — 2n2 (A4)
U=cyy uc12 uU=cyy

We first summarize the range of y; values that needs to be considered, de-
pending on the values of (c12,¢2), and subsequently outline their derivation. If the

positive root is taken in (A.3) for yo then the following constraints are required

1. y1<%(—cl+\/c%+4cn),ifclg>0
2.1 > % (—Cl+\/0%+4cn>,if012<0
3. ylz%(—cl—i-\/c%—c%) or ¥1 S%(—cl— cf—c%)

4. y1 > —cq, ifea >0

5. If ¢19 > 0, either y; > % (éuclgcg —c1 + \/(cl — %UC1262)2 + 4cn> or
q(y1) >0

6. If 19 < 0, either y; < % <5uclgcg —c1 + \/(61 — %ucu@)z + 4Cn> or
q(y1) <0
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The negative root in (A.3) must only be considered if ¢; < 0 and y; < —¢1
(also implying that ¢; < 0 and, from constraint 1, ¢;2 > 0). In this case the
inequalities in constraints 5 and 6 must be reversed.
We outline how to obtain the above constraints. The constraint x > 0 along
with (A.2) implies that
sign(yi + c1y1 — ¢n) = —sign(ci2).

Hence, if ¢12 > 0 then the range of values to consider can be restricted to

1
Y1 < 5 <—Cl+\/6%+4cn>,

giving constraint 1, while if c19 < 0 then the inequality is reversed giving constraint
2. Note that if ¢;9 = 0 then the optimisation problem is simpler and so the details
of this case are omitted.

For ys to take a real value in (A.3) we must have 4y% +4ciy1 + c% > 0 which

1
ylZ§ <\/C%—C%_Cl)7

1
y1§2(— c%—c%—cl).

Combining the constraint yo > 0 with (A.3), if c2 > 0 then we need y; > —c;

implies that either

or

giving constraint 3.

in order for there to be a solution for ys, giving constraint 4. On the other hand, if
o < 0 and 0 < y; < —c; then there are two solutions for y» and one must consider
both the positive and negative roots in (A.3). For all other situations one must only
consider the positive root.

Now combining the constraint + < u with (A.2) and (A.3), one obtains the

inequality

2

—— (e i —a) te2 < \/03 +4(y7 + cin)
uct2

from which constraints 5 and 6 follow.

Combining each of these constraints give the range of possible values for y;
to numerically search for a stationary point. Once y; is found, (A.3) and (A.2) give
the corresponding (x,y2). Note that it is possible that there be no stationary points
within > 0.
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Optimization over = < 0.

Finding stationary points in the interval x € (I,0) is analogous to the case where

x € (0,u), but with some sign changes and so the details are omitted.

Case ¢ < 0.

Consider the case where ¢ < (. Then it is easy to see that when b > 0 then
(I,u) € (0,1), while if b < 0 then (I,u) C (—1,0). Again, solving this is very similar
to the previous case, however one must pay closer attention to the range of values
y1 may take. In particular, when b > 0, (A.2) must still hold at stationary points,
but one must restrict this in (I,w) rather than (0,u). This results in two quartic

constraints on y;. Again the details are omitted.

142



Bibliography

Greg W. Anderson, Alice Guionnet, and Ofer Zeitouni. @ An Introduction
to Random Matrices. An Introduction to Random Maitrices, 2009.  doi:
10.1017/¢bo9780511801334.

Alejandra Avalos Pacheco. Factor regression for dimensionality reduction and data
integration techniques with applications to cancer data. PhD thesis, University
of Warwick, 2018.

Alejandra Avalos-Pacheco, David Rossell, and Richard S. Savage. Heterogeneous
Large Datasets Integration Using Bayesian Factor Regression. Bayesian Analysis,
-1(-1):1-34, 2020. ISSN 1931-6690. doi: 10.1214/20-bal240.

Jonathan J. Azose and Adrian E. Raftery. Estimating large correlation matrices for
international migration. The Annals of Applied Statistics, 12(2):940-970, 2018.
doi: 10.1214/18-A0AS1175.

Onureena Banerjee, Laurent El Ghaoui, and Alexandre D’Aspremont. Model Selec-
tion Through Sparse Maximum Likelihood Estimation for Multivariate Gaussian
or Binary Data. Journal of Machine Learning Research, 9:485-516, 2008. ISSN
02552930.

Sayantan Banerjee and Subhashis Ghosal. Bayesian structure learn-
ing in graphical models. Journal of Multivariate Analysis, 136:147—
162, 2015. ISSN 10957243. doi:  10.1016/j.jmva.2015.01.015. URL
http://dx.doi.org/10.1016/j.jmva.2015.01.015.

Haim Y. Bar, James G. Booth, and Martin T. Wells. A Scalable Empirical Bayes
Approach to Variable Selection in Generalized Linear Models. Journal of Com-
putational and Graphical Statistics, 29(3):535-546, 2020. ISSN 15372715. doi:
10.1080/10618600.2019.1706542.

143



Stephen Boyd and Lieven Vandenberghe. Convex optimization. Cambridge univer-

sity press, 2004.

Leo Breiman. Heuristics of instability and stabilization in model selection. Annals of
Statistics, 24(6):2350-2383, 1996. ISSN 00905364. doi: 10.1214/a0s/1032181158.

Peter Bithlmann and Lukas Meier. Discussion: One-step sparse estimates in non-
concave penalized likelihood models. Annals of Statistics, 36(4):1534-1541, 2008.
ISSN 00905364. doi: 10.1214/07-AOS0316A.

Tony Cai, Weidong Liu, and Xi Luo. A constrained 11 minimization approach to
sparse precision matrix estimation. Journal of the American Statistical Associa-
tion, 106(494):594-607, 2011. ISSN 01621459. doi: 10.1198/jasa.2011.tm10155.

Alexandre Calon, Elisa Espinet, Sergio Palomo-Ponce, Daniele V F Tau-
riello, Mar Iglesias, Marfa Virtudes Céspedes, Marta Sevillano, Cristina
Nadal, Peter Jung, Xiang H-F Zhang, Daniel Byrom, Antoni Riera, David
Rossell, Ramoén Mangues, Joan Massague, Elena Sancho, Eduard Batlle,
and Or Elena Sancho. Dependency of colorectal cancer on a TGF-beta-
driven programme in stromal cells for metastasis initiation. Cancer Cell,
22(5):571-584, 2012. doi:  10.1016/j.ccr.2012.08.013.Dependency. URL
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC3512565/pdf/nihms-422793.pdf.

Emmanuel J. Candes, Michael B. Wakin, and Stephen P. Boyd. Enhancing sparsity
by reweighted 11 minimization. Journal of Fourier Analysis and Applications, 14
(5-6):877-905, 2008. ISSN 10695869. doi: 10.1007/s00041-008-9045-x.

Jack Storror Carter, David Rossell, and Jim Q. Smith. Partial Correlation Graphical
LASSO. pages 1-41, 2021. URL http://arxiv.org/abs/2104.10099.

Ismaél Castillo and Aad Van Der Vaart. Needles and straw in a haystack: Posterior
concentration for possibly sparse sequences. Annals of Statistics, 40(4):2069-2101,
2012. ISSN 00905364. doi: 10.1214/12-A0S1029.

Davide Chicco and Giuseppe Jurman. The advantages of the Matthews correlation
coefficient (MCC) over F1 score and accuracy in binary classification evaluation.
BMC Genomics, 21(1):1-13, 2020. ISSN 14712164. doi: 10.1186/s12864-019-
6413-7.

Guido Consonni, Dimitris Fouskakis, Brunero Liseo, and Ioannis Ntzoufras. Prior
distributions for objective Bayesian analysis. Bayesian Analysis, 13(2):627-679,
2018. ISSN 19316690. doi: 10.1214/18-BA1103.

144



R. Dennis Cook and Liliana Forzani. On the mean and variance of the generalized
inverse of a singular wishart matrix. FElectronic Journal of Statistics, 5:146-158,
2011. ISSN 19357524. doi: 10.1214/11-EJS602.

A. P. Dawid and S. L. Lauritzen. Hyper Markov Laws in the Statistical Analysis
of Decomposable Graphical Models. The Annals of Statistics, 21(3):1272-1317,
1993.

Lee Dicker, Baosheng Huang, and Xihong Lin. Variable selection and estima-
tion with the seamless-LO penalty. Statistica Sinica, 23(2):929-962, 2013. ISSN
10170405. doi: 10.5705/ss.2011.074.

Adrian Dobra, Alex Lenkoski, and Abel Rodriguez. Bayesian inference
for general gaussian graphical models with application to multivariate lat-
tice data. Journal of the American Statistical Association, 106(496):1418—
1433, 2011. ISSN 01621459. doi:  10.1198/jasa.2011.tm10465. URL
https://doi.org/10.1198/jasa.2011.tm10465.

Shaun Fallat, Steffen Lauritzen, Kayvan Sadeghi, Caroline Uhler, Nanny Wermuth,
and Piotr Zwiernik. Total positivity in Markov structures, volume 45. 2017. ISBN
2011300975. doi: 10.1214/16-A0S1478.

Jianqging Fan and Runze Li. Variable selection via nonconcave penalized likelihood
and its oracle properties. Journal of the American Statistical Association, 96(456):
1348-1360, 2001. ISSN 1537274X. doi: 10.1198,/016214501753382273.

Jianqing Fan, Yang Feng, and Yichao Wu. Network exploration via the adaptive
LASSO and SCAD penalties. Annals of Applied Statistics, 3(2):521-541, 2009.
ISSN 19326157. doi: 10.1214/08-A0AS215.

Peter G.M. Forbes and Steffen Lauritzen. Linear estimating equa-
tions for exponential families with application to Gaussian linear con-
centration models. Linear Algebra and Its Applications, 473:261—
283, 2015. ISSN 00243795. doi:  10.1016/j.1aa.2014.08.015. URL
http://dx.doi.org/10.1016/j.1aa.2014.08.015.

Rina Foygel and Mathias Drton. Extended Bayesian information criteria for Gaus-
sian graphical models. Advances in Neural Information Processing Systems 23:
24th Annual Conference on Neural Information Processing Systems 2010, NIPS
2010, pages 1-9, 2010.

145



Jerome Friedman, Trevor Hastie, and Robert Tibshirani. Sparse inverse covari-
ance estimation with the graphical lasso. Biostatistics, 9(3):432-441, 2008. ISSN
14654644. doi: 10.1093/biostatistics/kxm045.

Lingrui Gan, Naveen N Narisetty, and Feng Liang. Bayesian Regulariza-
tion for Graphical Models With Unequal Shrinkage. Journal of the Ameri-
can Statistical Association, 114(527):1218-1231, 2018. ISSN 1537274X. doi:
10.1080/01621459.2018.1482755.

Xin Gao, Daniel Q. Pu, Yuehua Wu, and Hong Xu. Tuning parameter selection for
penalized likelihood estimation of inverse covariance matrix. Statistica Sinica, 22:
1123-1146, 2012. URL http://arxiv.org/abs/0909.0934.

Edward I. George and Robert E. McCulloch. Variable selection via Gibbs sampling.
Journal of the American Statistical Association, 88(423):881-889, 1993. ISSN
1537274X. doi: 10.1080/01621459.1993.10476353.

Edward I. George and Robert E. McCulloch. Approaches for bayesian variable
selection. Statistica Sinica, 7(2):339-373, 1997. ISSN 10170405.

Paolo Giudici and Peter J. Green. Decomposable graphical Gaussian model
determination.  Biometrika, 86(4):785-801, 1999. ISSN 00063444.  doi:
10.1093/biomet /86.4.785.

Min Jin Ha and Wei Sun. Partial Correlation Matrix Estimation using Ridge Penalty
Followed by Thresholding and Reestimation. Biometrics, 70(3):762-770, 2014.
doi: 10.1111/biom.12186.

Seren Hgjsgaard, David Edwards, and Steffen Lauritzen. Graphical Models with R.
Springer Science & Business Media, 2012.

Valen E. Johnson and David Rossell. Non-Local Prior Densities for Default Bayesian
Hypothesis Tests. Journal of the Royal Statistical Society B, 72:143-170, 2010.

Valen E. Johnson and David Rossell. Bayesian Model Selection in High-Dimensional
Settings Valen. Journal of the American Statistical Association, 107(498):649-660,
2012. doi: 10.1080/01621459.2012.682536.Bayesian.

Zakaria S. Khondker, Hongtu Zhu, Haitao Chu, Weili Lin, and Joseph G. Ibrahim.
The Bayesian covariance lasso. Statistics and its Interface, 6:243-259, 2013.

146



Tonu Kollo and Kaire Ruul. Approximations to the distribution of the sample
correlation matrix. Journal of Multivariate Analysis, 85(2):318-334, 2003. ISSN
0047259X. doi: 10.1016/S0047-259X(02)00037-4.

Steffen Lauritzen, Caroline Uhler, and Piotr Zwiernik. Maximum likeli-
hood estimation in Gaussian models under total positivity. 2017. URL
http://arxiv.org/abs/1702.04031.

Steffen L. Lauritzen. Graphical models. Clarendon Press, Oxford, 1996. ISBN
0-190852219-3.

Yunfan Li, Bruce A. Craig, and Anindya Bhadra. The Graphi-
cal Horseshoe Estimator for Inverse Covariance Matrices. Jour-
nal of Computational and Graphical Statistics, 28(3):747-757, 2019.
ISSN  15372715. doi: 10.1080,/10618600.2019.1575744. URL

https://doi.org/10.1080/10618600.2019.1575744.

Heng Lian.  Shrinkage tuning parameter selection in precision matrices es-
timation. Journal of Statistical Planning and Inference, 141(8):2839—
2848, 2011. ISSN 03783758. doi:  10.1016/j.jspi.2011.03.008. URL
http://dx.doi.org/10.1016/3.jspi.2011.03.008.

Lina Lin, Mathias Drton, and Ali Shojaie. Estimation of high-dimensional graphical
models using regularized score matching. FElectronic Journal of Statistics, 10(1):
806-854, 2016. ISSN 19357524. doi: 10.1214/16-EJS1126.

Marloes Maathuis, Mathias Drton, Steffen Lauritzen, and Martin Wain-
wright, editors. Handbook of Graphical Models. CRC Press, Boca
Raton, 1st edition, 2018. ISBN 9780429463976. doi:  https://0-doi-
org.pugwash.lib.warwick.ac.uk/10.1201,/9780429463976.

David Madigan, Jeremy York, and Denis Allard. Bayesian Graphical Models for Dis-
crete Data. International Statistical Review / Revue Internationale de Statistique,
63(2):215, 1995. ISSN 03067734. doi: 10.2307/1403615.

Benjamin M. Marlin and Kevin P. Murphy. Sparse Gaussian graphical models with
unknown block structure. Proceedings of the 26th International Conference On
Machine Learning, ICML 2009, pages 705-712, 2009.

Benjamin M. Marlin, Mark Schmidt, and Kevin P. Murphy. Group sparse priors
for covariance estimation. Proceedings of the 25th Conference on Uncertainty in
Artificial Intelligence, UAI 2009, pages 383-392, 2009.

147



Nicolai Meinshausen and Peter Bithlmann. High-dimensional graphs and variable
selection with the Lasso. Annals of Statistics, 34(3):1436-1462, 2006. ISSN
00905364. doi: 10.1214,/009053606000000281.

T. J. Mitchell and J. J. Beauchamp. Bayesian variable selection in linear regression.
Journal of the American Statistical Association, 83(404):1023-1032, 1988. ISSN
1537274X. doi: 10.1080,/01621459.1988.10478694.

A. Mohammadi and E. C. Wit. Bayesian structure learning in sparse Gaussian
graphical models. Bayesian Analysis, 10(1):109-138, 2015. ISSN 19316690. doi:
10.1214/14-BAS8S89.

Andrei Patrascu and Ion Necoara. Efficient random coordinate descent algorithms
for large-scale structured nonconvex optimization. Journal of Global Optimization,
61(1):19-46, 2015. ISSN 15732916. doi: 10.1007/s10898-014-0151-9.

Judea Pearl. Causality. Cambridge university press, 2009. ISBN 0-521-77362-8.

Judea Pearl and Azaria Paz. Graphoids: graph-based logic for reasoning about

relevance relations. Advances in Artificial Intelligence, 2:357-363, 1987.

Jie Peng, Pei Wang, Nengfeng Zhou, and Ji Zhu. Partial correlation estimation by
joint sparse regression models. Journal of the American Statistical Association,
104(486):735-746, 2009. ISSN 01621459. doi: 10.1198/jasa.2009.0126.

Pradeep Ravikumar, Garvesh Raskutti, Martin J. Wainwright, and Bin Yu. Model
selection in Gaussian graphical models: High-dimensional consistency of 1 1-
regularized MLE. Advances in Neural Information Processing Systems 21 - Pro-
ceedings of the 2008 Conference, pages 1329-1336, 2009.

Veronika Rockova and Edward 1. George. The Spike-and-Slab LASSO.
Journal of the American Statistical Association,  113(521):431-444,
2018. ISSN 1537274X. doi:  10.1080/01621459.2016.1260469. URL
https://doi.org/10.1080/01621459.2016.1260469.

David Rossell and Piotr Zwiernik. Dependence in elliptical partial correlation
graphs. 2020. URL http://arxiv.org/abs/2004.13779.

Fabian Scheipl, Ludwig Fahrmeir, and Thomas Kneib. Spike-and-slab priors for
function selection in structured additive regression models. Journal of the Amer-
ican Statistical Association, 107(500):1518-1532, 2012. ISSN 01621459. doi:
10.1080/01621459.2012.737742.

148



Guiling Shi, Chae Young Lim, and Tapabrata Maiti. Model selec-
tion using mass-nonlocal prior. Statistics and Probability Letters, 147:
36-44, 2019. ISSN 01677152. doi:  10.1016/j.spl.2018.11.027. URL
https://doi.org/10.1016/j.sp1.2018.11.027.

Martin Slawski and Matthias Hein. Estimation of positive definite M-matrices
and structure learning for attractive Gaussian Markov random fields. Lin-
ear Algebra and Its Applications, 473:145-179, 2015. ISSN 00243795. doi:
10.1016/j.1aa.2014.04.020.

Milan Studeny. Probabilistic conditional independence structures. Springer Science
& Business Media, 2006. ISBN 1-85233-891-1.

Matyas a. Sustik and Ben Calderhead. GLASSOFAST: An efficient GLASSO im-

plementation. Technical report, 2012.

Robert Tibshirani. Regression Shrinkage and Selection via the Lasso, 1996. ISSN
00293970. URL https://statweb.stanford.edu/~tibs/lasso/lasso.pdf.

Ivan Vujaci¢, Antonino Abbruzzo, and Ernst Wit. A computationally
fast alternative to cross-validation in penalized Gaussian graphical mod-
els. Journal of Statistical Computation and Simulation, 85(18):3628—
3640, 2015. ISSN 15635163. doi: 10.1080/00949655.2014.992020. URL
https://doi.org/10.1080/00949655.2014.992020.

Hao Wang. Bayesian graphical lasso models and eficient posterior computation.
Bayesian Analysis, 7(4):867-886, 2012. ISSN 19360975. doi: 10.1214/12-BA729.

Hao Wang. Scaling it up: Stochastic search structure learning in graphical models.
Bayesian Analysis, 10(2):351-377, 2015. ISSN 19316690. doi: 10.1214/14-BA916.

Lingxiao Wang, Xiang Ren, and Quanquan Gu. Precision matrix estimation in high
dimensional gaussian graphical models with faster rates. Proceedings of the 19th
International Conference on Artificial Intelligence and Statistics, AISTATS 2016,
51:177, 2016.

Michael P. Wellman. Fundamental Concepts of Qualitative Probabilistic Networks.
Artificial Intelligence, 44(3):257-303, 1990.

Joe Whittaker. Graphical Models in Applied Multivariate Statistics. Wiley, 1990.
ISBN 978-0-471-91750-2.

149



Donald R Williams. Beyond Lasso: A Survey of Nonconvex Regularization in Gaus-

sian Graphical Models. Technical report, 2020.

By Frederick Wong and Christopher K Carter. Efficient Estimation of Covariance
Selection Models Author ( s ): Frederick Wong , Christopher K . Carter and
Robert Kohn Published by : Oxford University Press on behalf of Biometrika
Trust Stable URL : https://www.jstor.org/stable/30042090 REFERENCES Li.
90(4):809-830, 2003.

Stephen J. Wright. Coordinate descent algorithms. Mathematical Programming,
151(1):3-34, 2015. ISSN 14364646. doi: 10.1007/s10107-015-0892-3. URL
http://dx.doi.org/10.1007/s10107-015-0892-3.

Ming Yuan and Yi Lin. Model selection and estimation in the Gaussian
graphical model.  Biometrika, 94(1):19-35, 2007. ISSN 00063444. doi:
10.1093/biomet/asm018.

Cun Hui Zhang. Nearly unbiased variable selection under minimax concave penalty.
Annals of Statistics, 38(2):894-942, 2010. ISSN 00905364. doi: 10.1214/09-
AOST729.

Shuheng Zhou, Sara van de Geer, and Peter Biihlmann. Adaptive Lasso for
High Dimensional Regression and Gaussian Graphical Modeling. 2009. URL
http://arxiv.org/abs/0903.2515.

Hui Zou and Runze Li. One-step Sparse Estimates in Nonconcave Penal-
ized Likelihood Models. Annals of Statistics, 36(4):1509-1533, 2008. doi:
10.1214,/009053607000000802.

150



