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SUBLINEAR TIME APPROXIMATION OF THE COST OF A METRIC K-NEAREST
NEIGHBOR GRAPH*

ARTUR CZUMAJ ' AND CHRISTIAN SOHLER #

Abstract. Let (X,d) be an n-point metric space. We assume that (X, d) is given in the distance oracle model, that is,
X = {1,...,n} and for every pair of points z,y from X we can query their distance d(z,y) in constant time. A k-nearest
neighbor (k-NN) graph for (X,d) is a directed graph G = (V, E) that has an edge to each of v’s k nearest neighbors. We use
cost(G) to denote the sum of edge weights of G.

In this paper, we study the problem of approximating cost(G) in sublinear time, when we are given oracle access to the
metric space (X, d) that defines G. Our goal is to develop an algorithm that solves this problem faster than the time required
to compute G. _

We first present an algorithm that in Oc(n2/k) time with probability at least % approximates cost(G) to within a factor of

1+ e. Next, we present a more elaborate sublinear algorithm that in time Ovs(min{nki”/g7 n?/k}) computes an estimate cost of
cost(G) that satisfies with probability at least %

[cost(G) — cost| < e - (cost(G) + mst(X)) ,

where mst(X) denotes the cost of the minimum spanning tree of (X, d).
Further, we complement these results with near matching lower bounds. We show that any algorithm that for a given metric
space (X,d) of size n, with probability at least % estimates cost(G) to within a 1 + ¢ factor requires Q(n?/k) time. Similarly,

any algorithm that with probability at least % estimates cost(G) to within an additive error term e - (mst(X) 4 cost(X)) requires
Qe (min{nk3/2 n?/k}) time.

Key words. sublinear algorithms, approximation algorithm, nearest neighbors

1. Introduction. Computing or approximating nearest neighbors is a fundamental task in many areas
of computer science, including machine learning, data mining and information retrieval and has been studied
extensively (see [1, 10, 11, 17, 19] for a few examples). In many applications that involve nearest neighbors
there is an input set of objects together with a distance or similarity measure and the idea is that objects
that are near to each other are similar to each other. This is, for example, used in by the k-nearest neighbor
algorithm, which predicts class labels based on the class labels of the k-nearest neighbors of the query object
in a training set.

One way to describe nearest neighbor relations of a set of objects with a distance or similarity measure
is to use the k-nearest neighbor graph. In this directed graph the vertices represent a set of input objects and
there is a directed edge from v to u, if the object represented by w is among the k nearest neighbors of v.

The k-nearest neighbor graph (k-NN) is a fundamental data structure to represent proximity relations
within a set of objects. It is used as part of the non-linear dimensionality reduction algorithm ISOMAP [32],
which first computes a k-nearest neighbor graph (or, alternatively, an e-neighborhood graph) then computes
the shortest path distances between points and finally uses multi dimensional scaling to embed the points
into fewer dimensions.

In unsupervised learning, the k-nearest neighbor graph is used in the context of spectral clustering (see,
for example, the survey [33]). Spectral clustering describes a class of graph based clustering algorithm that
exploit spectral properties of the graph Laplacian to compute the clusters (see, for example, [25, 31] for
some well-known variants). If the set of input objects comes with a distance or similarity measure, then a
standard approach is to run spectral clustering algorithms on the k-nearest neighbor graph.

Density estimation is an important topic in statistics (see, e.e., [30]). It deals with the problem of
estimating the density of a distribution from empirical samples. The k-nearest neighbor graph can be used
in this context to provide a non-parametric approach (the underlying distribution is not described by a
parameterized statistical model) for this problem. Essentially, the density is predicted from the distance of
the k-th nearest neighbor and the dimensionality of the space.
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The variety of the above applications motivates us to study k-NN graphs as a fundamental graph
structure. As already described above, computing a k-NN graph requires some distance or similarity measure.
In this paper, we will assume that our points come from a discrete metric space and we are given access to
the distances through a distance oracle, i.e., we assume that we have a description of the input point set and
we can ask an oracle in constant time for the distance between any pair of input points. Since computing
or approximating the k-NN graph in such a general setting requires quadratic time, we will consider the
question whether it is at least possible to approximate the weight of the k-NN graph in subquadratic time,
which would be sublinear in the full description size of the input space. We will also try to find natural
conditions under which we can obtain a better approximation algorithm.

The study of the weight of the k-NN graph is motivated by its use in the context of estimation of basic
statistical properties of a point set. For example, Costa and Hero [7] use the (appropriately scaled) weight
of a k-NN graph for powers of Euclidean distances as an estimator for the intrinsic dimension and entropy
of a data set. The related generalized nearest neighbor graph (which connects to a subset of the k-nearest
neighbors) has been used as an estimator for entropy and mutual information (again after appropriate
scaling) [28].

Since we cannot compute an approximate nearest neighbor graph in subquadratic time, for very large
data sets we have to use a heuristic approach, such as the NN-Descent algorithm by Dong et al. [11], that
starts with a random graph and then locally improves the solution by considering neighbors of neighbors.
While this and similar graph-based approaches have been empirically shown to perform well [11, 24], they
do not come with guarantees. In order to evaluate the quality of the computed solution it is thus desirable
to be able to quickly approximate the cost of the k-NN graph.

Besides of these concrete applications, from a theoretical point of view, our studies are motivated by the
general question of understanding how and under which assumptions we can estimate fundamental properties
of very large structured data sets (e.g., metric spaces) from random samples.

In order to study such and similar questions, we pursue the following approach. We formulate the
problem of computing a k-nearest neighbor graph as an optimization problem on a metric space (X, d) with
the objective to compute a directed graph G = (V, E) with vertex set V' = X such that every vertex has
outdegree exactly k and the sum of edge weights is minimized. For a k-nearest neighbor graph G we will use
cost(G) to denote the sum of its edge weights. In this paper we are interested in the task of approximating
cost(G), when we are given oracle access to the metric space (X, d) that defines G.

1.1. Our results. It is not difficult to see that to compute exactly the cost of a k-nearest neighbor
(k-NN) graph G of a metric space (X, d) one requires ©(n?) oracle access queries to the metric space (X, d)
that defines G, where n = |X|. Similarly, finding even an approximation of a k-NN graph G of a metric
space (X,d) also requires ©(n?) queries. However, we show that in a sublinear time one can find a very
good approximation of cost(G), and we complement these results by showing that the complexity of our
algorithms is almost optimal.

We develop two randomized sublinear time algorithms to approximate cost(G), the cost of a k-NN graph
G of a metric space (X, d). We assume that our input is given in the distance oracle model, i.e., the set X
of n input points is indexed from 1 to n and we can evaluate the distance between any pair of points in
constant time per evaluation.

Notice that while the directed k-nearest neighbor graph G has nk edges, for a given metric space (X, d)
graph G is given only implicitly, and a naive algorithm to find G or even to compute cost(G) would query
the distances between all ©(n?) pairs of points in X.

Our first algorithm performs best for large values of k.

THEOREM 1.1. Algorithm APPROXIMATENNLARGEK(n, €, k) computes with probability at least % a value
cost with

[cost(G) — cost| < e - cost(G) .

The algorithm performs O(%) queries to the distance oracle.

In particular, Theorem 1.1 shows that for any k¥ = w(¢~2logn), one can estimate to within a (1 + ¢)
factor the cost of a k-NN graph G of a metric space (X, d) with a sublinear number of oracle access queries
to (X,d). And when k is almost linear in n, the running time is also almost linear.
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While this algorithm runs in sublinear time for large values of &, in arguably the most interesting case
when k is relatively small, the running time is close to O(n?), which can be easily achieved even by a naive
algorithm (checking all (%) distances). Even if this dependency is undesirable, it is easy to see that such
dependency (or a similar one) is necessary at least in the basic when k = 1. Indeed, consider a set X of n
points, n even, and a random perfect matching on X. Assign to every matching edge a cost close to 0 and
to every other edge a cost 1. It is easy to verify that this is a metric space. Now, assign with probability
% a weight 1 to a random matching edge. Notice that if weight 1 has been assigned to a random matching
edge then cost(X) ~ 1, whereas cost(X) ~ 0 otherwise. Therefore, in order to approximate the cost of the
1-nearest neighbor graph with an additive error term of cost(X), any algorithm would have to find out if
such an edge of weight 1 exists. This requires to find a constant fraction of the matching edges, which is
known to require 2(n?) time [2].

To bypass the negative dependency on k, we present the second algorithm that performs very well for

small values of k (cf. Theorem 1.2) and in 5(”’?,/2) time computes a value cost such that with probability

at least %7 we have
[cost(G) — cost| < e(cost(G) + mst(X)) ,

where mst(X) denotes the cost of the minimum spanning tree of (X,d), that is, the cost of a minimum
spanning tree of the complete weighted graph induced by (X, d). Observe that while this algorithm requires
a sublinear o(n?) time for values of k up to o.(n?/?), its approximation has an additive error term that
depends on the cost of the minimum spanning tree of (X, d). We remark that this is a fairly weak condition.
For example, if the k-NN graph is connected, then this implies that the approximation becomes a classical
(1 + e)-approximation.

nk>/? log® n log® k
6

THEOREM 1.2. Algorithm k-NNSIZEAPPROXIMATION(n, €) in expected time O(

2
37

[cost(G) — cost]| < e - (mst(X) + cost(@)) .

) returns

a value cost such that with probability at least %, we have

nk3/2
=6

The algorithms above can be combined to compute in expected 6(min{ , %}) time an estimate

cost for the cost of the k-NN graph G that satisfies with probability at least %,
[cost(G) — cost| < e(cost(G) + mst(X)) .
The running time is sublinear for every k, and is always at most 5(%)
The bounds above show that one can estimate the cost of the k-NN graph in sublinear time, but it is
natural to ask whether one can obtain even stronger bounds and faster algorithms. For example (for k& > 1)
maybe it is possible to provide a good estimation in O(nk) time or even in O(n) time? We will prove that

this is impossible; we will complement our algorithmic results and provide matching lower bounds showing
that the complexity of our algorithms is essentially optimal.

THEOREM 1.3. Let ¢ be any positive constant, ¢ < k. Any algorithm that for a given metric space (X, d)
of size m, with probability at least % estimates the cost of a k-NN graph to within an additive error term
¢ - cost(X) requires Q("%) queries.t

THEOREM 1.4. Let 0 < ¢ < % Any algorithm that for a given metric space (X,d) of size n, with

probability at least 3 estimates the cost of a k-NN graph to within an additive error term e-(cost(X)+mst(X))
requires € (min{ nk?/? , %2 }) queries.

€

1.2. Our techniques. We develop two algorithms, one of them is more suitable for large (Theorem 1.1)
and the other for small (Theorem 1.2) values of k. By choosing the better of the algorithms we obtain the
running time claimed in the abstract. Furthermore, we will complement these bounds and show that these
algorithms are essentially optimal. In the following, we describe the main ideas behind both algorithms, and
then will briefly discussed the ideas behind our lower bounds.

Hn fact, the claim holds even for superconstant c; all what we need is ¢ < k.
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1.2.1. Algorithm for large k and (1+¢)-approximation of cost(G). Our (1= ¢)-approximation of
cost(G) that works efficiently for large k (cf. Theorem 1.1) relies on a combination of two random sampling
routines. It first takes 6(%) samples for each point to determine an approzimation of the median cost of
an edge of the k-NN graph (that is, the distance to the %—nearest neighbor). The median edge has several
useful properties that we will use:

(a) Q(k) times its cost is a lower bound for the contribution of the vertex at hand, and
(b) if there is an edge that is, say, 10 times longer than the median edge, then there is also an edge of similar
length incident to all vertices of distance less than the length of the median edge.

Similar properties are also true for edges with rank close to the median rank of its k nearest neighbors.

Once we have determined an approximation for the median edge, we partition the edges in G into short
and long edges. Short edges have length at most 10 times the length of the (approximate) median edge and
long edges are longer (all edges of G that are not short). We will separately estimate the total cost of all
short edges and the cost of all long edges.

To approximate the contribution of the short edges, we use a form of importance sampling: We sample
each point with probability proportional to the length of its median edge and compute the sum of short
edges incident to the sample point. Then we scale the weight by the inverse of the sampling probability and
the sample size. We analyze the quality of the sampling process using Chebyshev’s inequality. The approach
is required to detect points that are far away from everything: For example, we may have a cluster of n — 1
points that are close to each other and a single point that is far away from the cluster and that dominates
the cost of the solution. In order to find this point, we need to apply non-uniform sampling.

To estimate the cost of the long edges, we use a uniformly random sample of O(ﬁ) points. By property
(b) outlined above, we can ensure that long edges cannot “hide,” i.e., for every long edge, we have Q(k)
long edges at other points. This can be used to show that by taking a sample of 5(%) random points and
determining the costs of the long edges incident to them, we will get a good estimation of the total cost of
all long edges.

Combining the two estimates yields the required bound (cf. Section 3 for more details).

1.2.2. Algorithm for small k. Our algorithm from Theorem 1.2 that for small £ in time 5("’?,/2)
estimates cost(G) with an additive error term ¢ - (mst(X) + cost(X)) is more complex and technically more
involved, and uses a different approach. We first derive a formula for the cost of a k-NN graph. We will
assume that the distances are non-negative powers of (1 + ¢). We argue in Appendix A why this does not
change the problem significantly (essentially, we are using existing sublinear-time algorithms to approximate
the diameter [20] and the weight of the minimum spanning tree [9] to be able to appropriately scale the edge
lengths and then to round them).

Let G = (V, E) be a k-NN graph. We define subgraphs G*) = (V, E®) to consist of all edges (u,v) € E
with distance d(u,v) < (1 +¢)%. We then show that we can use these “threshold” graphs to derive a concise
formula for the cost of the k-NN graph. The idea to express the cost of a graph structure in terms of the
structure of threshold graphs has been used before in the area of sublinear algorithm, for example, in the
context of the approximation of the cost of a minimum spanning tree (cf. [4, 9]). In our case, we have
a surprisingly simple formula that only depends on vertex degrees. We will use the well-known identity
Z;;S(l +e)t = % , where t is the exponent of the maximum edge weight, to express the weight of
an edge as a weighted sum over the corresponding edges in the graphs G in which the edge is missing.
Using deg(i) (v) to denote the degree of v in G, we apply the identity above to obtain the following central
formula:

t—1
(1.1) cost(G) =nk+e- Y <(1 +e)" > (k- deg® (u))>
=0

veV

With (1.1) at hand, our problem reduces to the estimation of the sum ) . (k— deg (v)), which we will do
by a suitable complex random sampling. For this purpose, for any fixed i, we partition the vertices according
to their values of k — deg” (v) into sets V!, 0<j<twith t=1+ [log; . k|, such that Vj contains vertices

with deg(v) = k, and for 1 < j < t, all vertices in V} satisfy (1+¢)/~! <k — deg? (v) < (1+¢)7. This
4



leads to a modification of formula (1.1) stating that

cost(G) mnk+e Y (L+e) V)| .

0<i<r—1,1<j<t

Now the main challenge is to approximate the sizes of the sets V; and, most importantly, the sets with large
i, i.e., sets that potentially contribute a lot to the sum. In order to cope this challenge and analyze our
approach, we have to combine several ingredients.

The first idea can be illustrated on the following example. Consider an input set of points that can be
divided into two clusters. One cluster contains a single point « and the other one contains the remaining
n — 1 points. The intra-cluster distances are 1 and the distances between the clusters are n? each, which
results in cost(G) ~ n?k. How can we correctly approximate the sizes of the sets V; in this setting? We
observe that since Vi = V'\ {u} for all i < t, there is exactly a single set V; (with j = t) which is not empty
and contains only a single point u. If we wanted to find u by random sampling, we would need to sample
Q(n) points. If we were computing the k nearest neighbors of each sample point exactly, this would result
in Q(n?) running time. What saves us is that in this instance we can quickly verify that a given point z is
in the big cluster: We sample a few neighbors of  and if most of them have distance 1, we know that we
are in the big cluster and we can drop the point x as it cannot contribute to the cost function. Our first
ingredient to the final algorithm is therefore a sampling based filtering routine that allows us to drop such
points when deg!” (z) = Q(k) with just 6(#%
strategy has been used for approximating the cost of a metric minimum spanning tree [9].

Now let us consider as a second example a metric space in which all points have pairwise distance 1 or 0,
for some large ? > k2. We have m - k3/2 clusters consisting of k+ 1 points and m clusters with k —v/k points
(and hence, the total number of points is n ~ mk®/?). The intra-cluster distance is 1 and all remaining
distances are 9. The cost of this k-NN graph is ©(mk7/?2 +0m k*/2) = ©(0m k>/?). In this case it seems to
be impossible to use random sampling to distinguish quickly between the case that a point is in a cluster with
k + 1 points or is in the smaller cluster. The reason is that the standard deviation of a sample of linear size
is still (v/k). However, since there are Q(mk) points with degree smaller than & (and only those contribute
to the sets VJ’) we can relatively easily estimate their number by random sampling roughly O(k3/2) points
and computing the nearest neighbors for each sample point. The interesting observation is now that in this
case the minimum spanning tree has a relatively large cost as well. And this is not a coincidence. In fact,
our sampling algorithm to estimate the sizes of the sets Vji uses a sample size that depends inversely on the
cost of the minimum spanning tree (which we can approximate using an algorithm from [9])!

The connection to the spanning tree problem might look surprising at first glance, but as we will see,
there are relatively simple arguments why this works. Counsider a fixed value ¢ and (for the analysis) greedily
cluster the graph by selecting an arbitrary point as a center and assign all points at distance at most ¢ to
it. Since the number of cluster centers have pairwise distance at least ¢, we can derive a lower bound on the
cost of the minimum spanning tree from the number of so greedily constructed clusters. The key property
is that if there are many clusters, then the cost of the minimum spanning tree is high, which allows us to
deal with a bigger estimation error and hence a smaller sampling size. On the other hand, if there are few
clusters then most of them contain many points and thus do not contribute to our cost function; furthermore
this can be also checked quickly by random sampling. This allows us to relate the expected running time
of our sampling approach to the number of clusters and further to the cost of the minimum spanning tree.
Finally, our analysis shows that this cancels out the dependence on the minimum spanning tree cost in the
sample size. From this point we still need to do a few other tricks to obtain our algorithm for small k. See
Section 4.4.2 for more details.

queries. We remark that a somewhat similar filtering

1.2.3. Lower bounds. In order to derive the lower bound for any algorithm approximating the cost of
a k-NN graph, for a given parameter k, we will construct two families of problem instances whose cost differ
substantially and show that no algorithm that queries the oracle less than 7" times can distinguish between
these instances, for an appropriate value of T'.

One family of problem instances consists of point sets (X, d) partitioned into clusters of size k + 1 each,
where all points within the same cluster are at a very small distance from each other (say, after scaling, at
distance 0), and the distance between any pair of points in different clusters is very large (say, after scaling,
at distance 1). It is not difficult to see that cost(G) ~ 0 and mst(X) ~ 2.

k
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The other family of problem instances depend on the parameter k, and on whether we want to consider
the approximation bound to be independent or dependent on mst(X).

Let us first consider the case where we want to provide a lower bound for any algorithm giving a (1+¢)-
approximation of cost(G) (cf. Theorem 1.3). Then, the second family of problem instances consists of point
sets (X, d) partitioned into clusters of size k + 1, as above, except that we take one random cluster and
split it into one cluster of size k and another consisting of an isolated point (and as before, the inner-cluster
distances are 0 and the outer-cluster distances are 1). Notice that in this case we have cost(G) = 2k. For such
two problem instances, we will show (in a rather complex proof) that any algorithm distinguishing between

inputs from these two families of problem instances requires Q(%z) queries to the input oracle. The first
straightforward implication is that this result proves that any (1 + €)-approximation algorithm for cost(G)
requires Q(”%) time. However, we can extend this analysis also to the case when we allow an additive error

term of at most e(cost(G) + mst(X)). Indeed, in such problem instances we have not only cost(G) = 2k,
but also mst(X) ~ . Therefore, if we have k = Q(y/n), then the arguments above yield that any algorithm

that approximates cost(G) to within an additive error term of e(cost(G) + mst(X)) requires Q(%Q) time (cf.

Theorem 1.4).

For smaller values of k, the arguments above (for approximation with the additive error term of
e(cost(G) + mst(X))) do not hold and so we revise our construction. In the case k = O((en)?/%), we
partition the input point set into @(%) clusters of size k + 1 4+ vk, the same number of clusters of size
k+1—+k, and the remaining all but @( ki.,%) points are partitioned into clusters of size k + 1; as before, the
inner-cluster distances are 0 and the outer-cluster distances are 1. Notice that cost(G) ~ < and mst(X) ~ .

Similarly as before, we will show that to distinguish between inputs from these two families of problem in-

stances requires Q(%m) time. As an immediate consequence, this implies that for & = O((en)?/%), any

algorithm that approximates cost(G) to within an additive error of e(cost(G) + mst(X)) requires Q(%M)

time (cf. Theorem 1.4).

The analysis above relies on a central result showing that (nh) time is required to distinguish between
our input instances, (i) one with r - (h 4 2) clusters of size k + 1, and (4i) another where 7 - h clusters are of
size k + 1 and r clusters are of size k + 1 + vk and the same number of r clusters are of size k + 1 — Vk.
This claim is the core of our analysis and its proof is elaborate. The first central intuition is that in order
to determine §2(k) of the points from any single cluster in either instance one needs to perform essentially
O(n) queries related to that cluster. Another key intuition is that if one knows only any set of o(k) points
from a single cluster, then one cannot determine with good confidence whether the size of that cluster is
k+1 or k+1=++vk. By combining these two properties, and by noticing that in the second problem instance
there is one cluster of size k + 1 + vk per O(h) clusters of size k + 1, we can then argue that in order to
find a single cluster of size k 4+ 1 + vk, if there is one, one needs to perform €Q(nh) oracle queries. While
these intuitions are rather simple, their formalization requires some elaborate arguments that are presented
in details in Sections 5-6.

1.3. Further related work. Sublinear algorithm for problems in metric spaces have received signifi-
cant attention in the last several years. It is known that one can compute in sublinear time approximations
for the diameter, maximum travelling salesperson, maximum spanning tree, minimum routing cost spanning
tree, average distance [20]. The question of how to approximate the cost of a minimum spanning tree has
been studied both in the metric [9] and non-metric [4] setting. For our work, the algorithm for metric spaces
is more relevant and it computes a (14 ¢) approximation of the cost of the metric minimum spanning tree in
time O(n/e") [9]. Also, the Euclidean minimum spanning tree problem has been studied in a setting where
one can access the input via certain spatial data structure [8]. The cost of the (uniform) facility location
problem can be approximated in sublinear time [2]. For the k-center and k-median problem there are ap-
proximation algorithms with a running time of 6(nk) [23] as well as bi-criteria approximation algorithms
[20]. The metric maximum cut problem can also be solved in sublinear time [13, 20]. A recent result on
linear sampling from metric spaces can be used to improve a number of previous results [13] like, for example,
reduce the query complexity of maxcut. The cost of metric TSP [5, 6], the size of a maximum matching
[26, 35] and the vertex cover size [26, 27] can also be approximated using sublinear time approximation
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algorithms. The average degree of a graph can be efficiently approximated as well [14, 18].

Besides the area of sublinear approximation algorithms, random sampling approaches from graphs have
been studied within the framework of property testing. The most relevant result from this area is a recent
work by Fichtenberger and Rhode [15] who studied the problem of testing whether a graph is a k-nearest
neighbor graph for the Euclidean distance and showed both theoretically and empirically that one can
efficiently solve the property testing version of the problem where one wants to accept any true k-nearest
neighbor graph and reject every graph that differs from a k-nearest neighbor graph in more than an e-fraction
of its edges.

2. Preliminaries.

2.1. Model of computation. We assume that we are given oracle access to a finite metric space
(X,d) with X = {1,...,n}: Our algorithm receives n as an input. The algorithm can specify pairs of points
z,y € X (i.e., two numbers from {1,...,n}) and query the oracle for their distance d(z,y). Answering each
query takes constant time. We remark that the full description size of the input space is ©(n?) and so the
algorithms presented in this paper have a sublinear running time in the size of the input object. We assume
that all distances in X are distinct; if this is not the case we use a lexicographical ordering of the edges as
tiebreaker.

Graph representation of (X,d). We will often view the metric space (X,d) as a weighted complete
undirected graph H = (V, F) with vertex set V = X and edge set F. The weight of an edge (u,v) € F
equals the corresponding distance in (X,d), i.e., d(u,v). This allows us to extend the definition of basic
graph theoretic concepts like minimum spanning trees or k-nearest neighbor graphs to metric spaces. With
this in mind, throughout the paper we will use interchangeably the notation mst(X) and mst(H) to denote
the cost of the minimum spanning tree of H.

2.2. Approximating the k-NN graph. The k-nearest neighbor graph is a directed graph G = (V, E)
that has a directed edge [u,v), if v is in the set of k nearest neighbors of w, i.e., the set of k vertices that
have k smallest distance to u. Observe that in general, this graph is not symmetric, i.e., if u is a k-nearest
neighbor of v then not necessarily vertex v is a k-nearest neighbor of u. We refer to G as the k-NN graph
of (X,d).

The k-NN graph can be computed in time O(n?) by computing the vertex at rank k (according to
distances) in the list of neighbors of each vertex v and then doing a linear scan over all neighbors to compute
the set of k neighbors for every vertex. It is also not too hard to see that computing the k-NN graph exactly
requires (n?) time: Pick a metric space where every node has pairwise distance 2 except for a single pair
that has distance 1. This pair belongs to the k-NN graph and finding it requires Q(n?) time.

For very large data sets, a quadratic running time is typically not feasible. Therefore, we consider the
problem of approximating the k-NN graph. For this purpose, we phrase the problem as an optimization
problem. Given an input metric space, find a graph G = (V, E) that minimizes

cost(G) = Z d(u,v)

[u,v)EE

subject to the outdegree of every vertex u € V' to be exactly k in G.

Once we have defined an optimization problem, an a-approximation algorithm is an algorithm that
computes a solution with cost at most « - Opt, where Opt is the cost of an optimal solution. In this paper
we consider the question of approximating the cost of the k-NN graph in sublinear time.

3. (1 + ¢)-approximation of cost(G) with (3;(”72) queries. In this section we develop a sampling

algorithm APPROXIMATEKNNLARGEK(n, ¢, k) that with 5; (%2) queries returns a (1 + ¢)-approximation of

the cost k-NN, cost(G).

Let G = (V, E) be a k-NN graph. For any vertex v € V, let us order all other vertices in V' according to
the distance from v, and call the ith vertex in this order the ith nearest neighbor of v, or the v’s neighbor of
rank i. Notice that in the k-NN graph G any vertex v is connected by an edge [v, u) only to vertices u with
rank at most k.

Our algorithm uses the following idea. First, for each vertex v, we approximate a median neighbor .,
which is a vertex which is approximately the %th nearest neighbor of v. Then we divide the edges into
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two sets. The set Eg of short edges contains all edges of distance at most 10d(v,u,) and the set Ep of
long edges contains the remaining edges of G that is, Es = (J,cy{[v,u) € E : d(v,u) < 10d(v,u,)} and
E; = E\ Es. We will separately estimate the sum of lengths of short edges and then the sum of lengths
of long edges. We will approximate the contribution of the edges from Eg by sampling vertices v with
probability proportional to d(v, u, ), relying on the property (cf. Claim 3.2) that by the choice of u,,, we have
k-3 ev dv,uy) = Q(cost(G)). The contribution of the long edges is approximated by uniform sampling of
vertices and computing the length of all incident edges in E; the central property here is that for every long
edge there is also another edge of roughly the same length from every neighbor of v that has rank smaller
than the rank of u,. We will give more details in the remainder of this section.
We begin with a formal description of our main algorithm to estimate cost(G).?

APPROXIMATEKNNLARGEK(n, €, k)
{Returns a (1 + ¢)-approximation of cost(G); cf. Lemma 1.1}

for each v € V do

w—‘ vertices i.u.r. from V' \ {v}

Sample 5 = [
Check the distances of the sampled vertices to v
Let u, be the vertex of rank [500logn] in this set
71 = APPROXIMATESHORTEDGES(n, £/8, k)
Z5 = APPROXIMATELONGEDGES(n,£/2, k)

RETURN Z1 + Zo

In Sections 3.1-3.3 we will prove three central properties of APPROXIMATEKNNLARGEK, that the ver-
tices u, are good approximations of the median neighbors, and that routines APPROXIMATESHORTEDGES
and APPROXIMATELONGEDGES provide good approximations of the sum of lengths of short edges and long
edges, respectively. We will combine all these claims together in Section 3.4, where we will conclude the
analysis of the properties of algorithm APPROXIMATEKNNLARGEK in the final Theorem 1.1.

3.1. Approximating median neighbors. Our first lemma shows that for each vertex v € V, vertex
u,, found by algorithm APPROXIMATEKNNLARGEK is an approximate median neighbor v.

LEMMA 3.1. Let v be a vertex in H = (V, E) and let its neighbors q1,. .., qn—1 be sorted by distance to v,
i.e., d(v,q;) < d(v,q;) fori < j. Let u, be the vertex as defined in algorithm APPROXIMATEKNNLARGEK.
Then with probability at least 1 — #, we have

k 3k
1 < rank(u,) < T
where rank(u,) corresponds to the rank of w, in the list q1,...,qn—1.

Proof. Fix v € V. Let S be the set of vertices with rank smaller than or equal to %. Let us use X;

to denote the indicator random variable that we sample a vertex from § in the i-th sampling step; clearly,
E[X;] = %. Observe that rank(u,) < % iff u, € S, i.e., if the sampled multi-set of s random vertices from
V' \ {v} contains at least [500logn] vertices from S. For that to happen, we need Y ;_; X; > [500logn].
Notice the following,

E 4(n—1)

° k
ZXZ} <s - — < 25llogn .
i=1

Using the above inequality and then a Chernoff bound, we get that

5 5
ZXi >4 E[Z X;]| < e Bl X2

i=1 =1

> Xi > [500logn]

i=1

Prju, € §]=Pr <Pr

2In algorithm APPROXIMATEKNNLARGEK, while for every vertex v we sample s vertices i.u.r., and hence with replacement,
we compute the rank in the multi-set of the sampled vertices, that is, to compute the rank we take each sampled copy into
account.



Next, we observe that

5
k—3
E[Y X|>5 —— >125logn ,
i=1 1_5 Aln—1) — e

where we assume k > 6 (if k& < 6 we can afford to compute the k&-NN graph using brute force). Plugging in
the bound on the expectation into the previous inequality yields

1

2nt

Pr [rank(uv) < ’ﬂ =Prlu, ¢ S| > 1 -

We proceed similarly to prove the second inequality. Consider the set R of all vertices of rank at most
?%f. Let Y; be the indicator random variable that we sample a vertex from R in the i-th sampling step; clearly

E[Y;] = Lik_/;lJ > 4%5:‘?). Notice that rank(u,) > % iff u, ¢ R, i.e., if the sampled multi-set of s random
vertices from V' \ {v} contains strictly less than [5001logn] vertices from R, that is, if Y5 _; ¥; < [500logn].

Notice the following,

(3k/4) . 3k—

E
n—1 ~" 4(n-1)

=5 > 625logn |

S,
i=1

assuming that k£ > 6. We combine the above inequality with a Chernoff bound and get

5 5
Prfu, ¢ R] = Pr <Pr|> Y, <31-ED V]| <e B0

i=1 =1

5
> Y; < [500logn]
i=1

Finally, it follows from our lower bound on E[Zf:l Y;] that the right hand side inequality of the lemma with
probability 1 — ﬁ, giving the following

3k 1
Pr [rank(uv) > 4] =Prfu, e R] >1-— ol
The union bound then yields that the lemma holds with probability at least 1 — # ]

3.2. Approximating the sum of lengths of short edges. In this section, we present our sampling
routine APPROXIMATESHORTEDGES(n,e/8, k) that approximates the sum of lengths of short edges, that is,
Z[v,u)EES d(’l}, ’LL)

We assume that for every vertex v € V we have found a vertex u, € V' \ {v} using the routine from
APPROXIMATEKNNLARGEK(n, €, k). Then, Es = {[v,u) € E : d(u,v) < 10d(v,u,)}. For every v € V, let
S, denote the sum of distances to the k nearest neighbors of v in G that are at distance at most 10d(v, u,),
that is, S, = >/, ,)ep, d(v,u). We use the following simple claim.

CLAamM 3.2. S, < 10k - d(v, uy).

Proof. There are at most k outgoing edges incident to v in G and all such edges in Eg have distance at
most 10 - d(v, uy). 0

Now we define the sampling algorithm.

APPROXIMATESHORTEDGES(n, ¢, k)
{Estimates the length of short edges to within € - cost(G); cf. Lemma 3.3}

for each v € V' compute p, = %
wev AW,y

for i = 1 to a = [800/£%] do
Sample a vertex v according to the distribution Pr[v = u] = p,
Compute S,
Let ’191 = Sv/pv
1 a
return 7, = £ -y .0 U




LEMMA 3.3. Algorithm APPROXIMATESHORTEDGES(n,5, k) with O(n/e?) queries returns an estimate
Zy such that with probability at least * 5, we have

| Zy — ZSNGV|<skZ v, Uy)

veV

Proof. Notice that E[Y;] =3, ¢y po -5 Su =% Sy and hence E[Z] = E[L.30 0= ,cp Sv, and

Pov

S0 Z7 is an unbiased estimator. Next we observe that by Claim 3.2 we get,

Sy 10k - d(v, uy)
G bt St BV

=10-k- d(w, Uy) -
B h 2., dlw, )

weV

Next, for every 1 < i < a, using the inequality above we have

Var[d;] <E[0? = Y p,- (>2< > b (10~k- Zd(w,uw)>2

U

veV veV weV
2 2
=100- k- <Z d(w,uw)> Y py =100k - <Z d(w,uw)> .
weV veV weV

Therefore, by independence of the ¥; it follows that

) 2
Var[Z;] = Var [ Zﬁ} ZVar < e 100 - k2 - (Z d(w7uw)> .

weV

Now, we apply Chebyshev’s inequality to obtain

Var|Z 100
Pr (|2, ~E[Z])| > ¢k Y d(v,uv)] < ar| 2] S <o
veV EQkQ(Zer d(vauv)) €a
Finally, the result follows from our choice of a = [800/£2] in the algorithm. |

3.3. Approximating the sum of lengths of long edges. In this section, we present our sampling
routine APPROXIMATESHORTEDGES(n,¢/8, k) that approximates the sum of lengths of long edges, that is,
P owyer,, A u) with Ep = {[v,u) € E : d(u,v) > 10d(v,u,)}. For every v € V, let £, denote the sum of
distances to the k nearest neighbors of v in G that are at distance greater than 10d(v,u,) from v, that is,
Lo =3 uen, Av,u). We start with a simple auxiliary claim.

Cram 3.4. With probability at least 1 — n%, for every vertex v € V' we have,

40
< . )
L, < ok cost(G)

Proof. Let us condition on that the bounds of Lemma 3.1 are satisfied, that is, that for every vertex
v € V we have % < rank(u,) < %. This happens with probability at least 1 — 1/n? for all vertices.

Let wq, ..., wy be the set of the k nearest neighbors of v in G, sorted in order of increasing distance from
v, that is, d(v,w1) < -+ < d(v,wy). Since Claim 3.4 trivially holds when £, = 0, let us assume that £, >0
and define ¢ such that d(v,we—1) < 10 - d(v,u,) < d(v,w¢). Let C, = {z € V : d(v, z) < d(v,u,)}. Let z be
an arbitrary vertex in C,. Notice that for ¢ > ¢, since d(v, z) < d(v,u,) and d(v,w;) > 10 - d(v, u,), we have

d(v,z) < d(v,u,) < 75 - d(v,w;) .
This inequality, when combined with triangle inequality, immediately yields

d(v,w;) < d(v,z) + d(z,w;) < & - d(v,w;) + d(z, w;) ,
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and hence
(3.1) d(v,w;) < - d(z,w;) .

For a fixed z € C,, consider all k-nearest neighbors y1, ..., yx of  in G, and order them so that if a vertex
w; is among the k-nearest neighbors of  then y; = w;. By definition, if y; # w;, then d(v, wy) < d(v,y;), and
hence, by triangle inequality, d(v,w;) < d(v,wg) < d(v,y;) < d(v,z)+d(x,y;). Next, since d(v,z) < d(v, u,)
and 10d(v, u,) < d(v,w;) for i > ¢, we get for i > ¢,

(3.2) dv,w;) <d(v,x) + d(z,y;) < d(v,uy) +d(z,y;) < d(v w;) + d(z,y;) < %d(w,yi) .
If we combine (3.1) and (3.2), then we obtain that for every i > ¢, it holds
d(vawi) < %d(l’,yl) )
and therefore
k k k
L, vabgz:@o myzggoz sr:yb—goS—i-ﬁ)
=L =L i=1
L, < %0(‘% + L) holds for every z in C,,. By Lemma 3.1, we know that |C,| > k/4, and therefore,
BLo< D Lo ) W(Sa+Le) <D (S +Ly) <X cost(@)
z€Cy x€Cy zeV

what yields the claim. 0

With Claim 3.4 at hand, we can now first describe and then analyze the algorithm to estimate the sum
of lengths of long edges APPROXIMATELONGEDGES. It samples vertices i.u.r. and uses their contribution to
the sum of lengths of long edges as an estimate.

APPROXIMATELONGEDGES(n, ¢, k)
{Estimates the length of long edges to within ¢ - cost(G); cf. Lemma 3.5}
fori=1to b= [36"-‘ do
Sample a vertex v € V i.u.r.
Compute £, and set [; = L,
return Zp = ¢ - Zle l;

LEMMA 3.5. Algorithm APPROXIMATELONGEDGES(n, €, k) with O(”—k) queries returns an estimate Zo

such that with probability at least T 5, we have

|Z2 — Z Ly <e-cost(G) .

veV

Proof. The number of queries of O(%) of algorithm APPROXIMATELONGEDGES(n, €, k) follows imme-

diately from our choice of b in the algorithm.
In order to analyze the quality of the estimate Z, notice first that E[l;] = 1 -3 _, £, and so E[Z] =

n
E[% - Zle ] = > ey Lo. Next, by Claim 3.4, we obtain the following,

Var[l;] < E[?] = % . Z<£v)2 < % . Z (Eu 40- cost(G)) _ 40 - cost(G) Z < M |

veV veV % 9kn veV kn

Then, using the independence of the [;, we obtain the following,

n? 40(cost(G))?  40n(cost(G))?
Var|Z;] = Var [ Z [] Zval‘ < B okn N 9kb
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Now we apply Chebyshev’s inequality to obtain

Var|[Z;] 40n
Pr||Z; —E|Z:]| > ¢- < < .
12 (Ze]] 2 € - cost(@)] < g2 - cost(G)? T 92kb

Finally, the result follows from our choice of b in the algorithm. O

3.4. Proof of Theorem 1.1 about the performance of APPROXIMATENNLARGEK. Now we are
ready to complete the analysis of algorithm APPROXIMATENNLARGEK(n,¢, k) and prove that it performs

0 (%) queries to the distance oracle and computes with probability at least 2 a value cost with [cost(G)—
cost| < e - cost(QG).
Proof of Theorem 1.1. We first note that by Lemma 3.1, with probability at least 1 — 1/n3 we have,

cost(G) > g . Z d(v,uy) .

veV

Thus, using APPROXIMATESHORTEDGES and APPROXIMATELONGEDGES with parameters /8 and £/2,
respectively, by Lemmas 3.3 and 3.5, our approximation of Z; and Z5 has an additive error of at most
¢ - cost(G) with probability at least 1 — 2 — 2. This yields the first part of the theorem.

4 n3
The number of queries of algorithm APPROXIMATENNLARGEK follows immediately from our setting of
5= O(%) and from Lemmas 3.3 and 3.5. O

Repeating the algorithm O(logn) times and returning the median estimate will provide this approxi-
mation with probability at least 1 — n%o We remark that this algorithm does not require the cost of the
minimum spanning tree to be small.

4. Bypassing Q. (%2) query complexity by allowing error of c-mst(X). In this section we develop

another algorithm to approximate cost(G) which improves upon the query complexity bound from Section
3 for small values of k. The improvement is obtained by allowing the additive error term in the estimation
of cost(G) to be e - (mst(X) + cost(G)), and so, the error term depends also on the cost of the minimum
spanning tree of (X,d). Our new algorithm k-NNSIZEAPPROXIMATION(n, £) performs O, (nk®/2) queries to
approximate the cost of a k-NN graph G to within the additive error term of € - (mst(X) + cost(G)) (cf.
Theorem 1.2). (Since the problem can be trivially solved with ©(n?) queries, in this section we assume that
k=o(n).)

4.1. A formula for the cost of a k-NN graph. We begin with deriving a central tool in our
algorithm for small k: a formula for the (approximate) cost of a k-NN graph. In fact, the formula can be
used to express the cost of any weighted directed graph with outdegree exactly k. To simplify our exposition
we will assume that the edge weights are of the form (1 + ¢)? with integer 0 < j < v and v = O(logn/e).
We can always transform our input on the fly into such a space by first approximating the diameter of the
metric space [20] and the cost of the minimum spanning tree [9] and then rescale the space and round edge
weights to the nearest power of 1 + ¢ (rescaling and rounding is done on the fly). This only slightly affects
the triangle inequality by introducing an additional (1 +¢) factor. Details can be found in Appendix A. The
time to approximate the diameter within a factor of 2 is O(n) [20] and the time required to approximate
the cost of the minimum spanning tree within a factor of 2 is 5(n) [9]. We will assume that edges with the
same weight are ordered lexicographically.

4.1.1. Threshold graphs G(9). Let G be a graph with outdegree k at every vertex and with edge
weights that are of the form (1 + )7 for integer values of j. Let G® = (V, E™) be the subgraph of G that
contains all edges of weight less than or equal to (1 +¢)?, i.e., E® = {[u,v) € E : d(u,v) < (1 +¢)'}. We
use deg'” (v) to denote the outdegree of vertex v in G,

LEMMA 4.1. Let G = (V, E), |V| = n, be a weighted directed graph such that every vertex has outdegree

k and such that the edge weights are of the form (1 + )7 for integer 0 < j <, for some vt € N. Let ¢ > 0.
Then we can write

(4.1) cost(G) = nk + ¢ - i ((1 +e) > (k - deg(i)(v))>
=0

veV
12



Proof. Let [u,v) € E be an edge of weight (1 + ¢)*. We will use the well-known identity

-1
(4.2) ;(1 +e) = %

to express the weight of an edge as a weighted sum over the corresponding edges in the graphs G(*) in which
the edge is missing. By (4.2), we can write

-1 t—1
() =1se Y (re) =1+e 3 (A+e) 1(u0) £ ED) |
i=0 i=0

where we use 1(B) to be 1, if expression B is true and 0, otherwise.
We can sum this formula up over all edges in E to obtain

cost(G) = ) <1+€-i(1+5)i-ﬂ([u,v>¢E(i)>

[u,v)eE

t—1
—kn+e- Z ((1 te)t- Z 1([u,v) ¢ E(i)))
i=0

[u,v)eE

:kﬂ+€'z_: ((1+5)i'|E\E(")|)
1=0
t—1

—kn+e- ((1+8)i~2(k—deg(i)(v))> . 0
i=0 veV

4.2. Outline: applying Lemma 4.1 to approximate the cost of a k-NN graph. Our goal
is to rely on the formula from Lemma 4.1 to approximate the cost of a k-NN graph G by estimating
Y ey (k- deg' (v)) for every i,0 < i < t.

Let us fix i, 0 <4 <, and let t = 1+ [log, . k|. In order to estimate }, .\ (k — deg™ (v)), we partition
the vertex set V into subsets Vi, VY, ..., V{ such that

Vi={veV:deg )=k},
and for 1 < j <t
T . j—1 [ 1
Vi={veV:(1+e) ' <k—deg™(v) < (1+e)} .

We begin with an auxiliary lemma that shows that in order to approximate cost(G) it suffices to estimate
well the sizes of all sets VJ’ with0<:<r,1 <5<t

LEMMA 4.2.

(4.3) cost(G) < nk +¢ Z (L+e)™ V| < (1+e)-cost(@) .
0<i<r1<j<t

Proof. It immediately follows from Lemma 4.1 that

t—1 t—1 t
cost(G) =nk+e-» (1+2)" Y (k—deg”(v)) =nk+e-> (1+2)" > > (k—deg”(v))
1=0 =0

veV J=1v€V]I

t—1 t t—1 t
Snk+e-d (1+e)Y (1+ef|Vi=nk+(1+e)-e- > (1+)" Y (1+e) V]|

1=0 Jj=1 1=0 Jj=1
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r—1
§nk+(1+5)~5'z (1+¢)

=0

HM»

Zk deg® (v))
evi

t—1
nk+(1+¢)-¢- Z(l +e)t Z(k‘ — deg (v))
veV

=0

t—1
<(14¢)- (m ey (14e)" ) (k—deg (v))) = (1+¢)-cost(G) .
=0

veV
Hence, by the first inequality and the last identity, we have

t—1 t
cost(G) < nk—i—s-Z(l—ka ZZ 1+¢) |V’| < (1+e¢)-cost(G) ,
i=0 j=1

what can be simplified to (4.3), concluding the claim. |

Thanks to Lemma 4.2, in order to estimate cost(G) it is enough to estimate the number of vertices in
each of the sets VJz and then use expression (4.3) to estimate the cost of a k-NN graph. The problem is that
we do not know G. In principle, we are given G implicitly, because we can identify the outgoing edges of a
vertex v in O(n) time by querying for all of its neighbors, but this can be way too expensive. Instead, we
will consider subgraphs H®) = (V, F()) of H that contains all edges [u,v) with d(u,v) < (1 +¢)?, that is,

F® = {[u,v) € F :d(u,v) < (1+¢)"}. We make the following straightforward observation.

OBSERVATION 4.3. Let (X, d) be a metric space and assume all edge weights are at least 1 and are powers
of (1+¢). Let GO = (V,E®D) and H® = (V,FY) be defined as above. Let ES” and F{" be the outgoing
edges of a vertex v in GO and HD, respectively. Then the following statements hold:

o E() C ()
o if |FU(Z)| <k then ESY = Féi), and
o if [FV| > k then |EY| = k.

The above observation allows us to make statements about G and G by considering H(*). The challenge
here is to find the right tradeoffs between the sample size required to obtain a good estimation and the time
spent on each sample vertex to approximate deg(i)(G) via approximating the corresponding degree in H (),
which we denote by deg ) (v). Notice that deg'” (v) = min{degw (v), k}.

4.3. The main sampling algorithm to estimate cost(G). We now describe the main sampling
algorithm k-NNS1ZEAPPROXIMATION following the framework described by the inequalities from Lemma
4.2. It uses a subroutine ESTIMATESETSIZE to compute an approximation X; ; for the sizes of the sets V]l
We assume that the input is normalized as earlier discussed. The precise value of v = O(logn/¢e) follows
from scaling the input and the value of t = O(log k/¢) has been set up earlier as the maximum index j for
V} (tis the smallest integer such that k < (1+¢)', i.e., t =1+ [log, . k]).

k-NNSIZEAPPROXIMATION(, €)
{Approximation of cost(G) to within e - (mst(X) + cost(G); cf. Theorem 1.2}

for i =0 to v do
for j =1to tdo
X, ; = ESTIMATESETSIZE(n, ¢, i, j)
return nk +e- ) ocicr 1< i<i(1+6)H Xy
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ESTIMATESETSIZE(n, €, 1, j)
{Estimates |V}|; cf. Lemma 4.8}

Sample set S of s = [%
for / =1 to s do
if ESTIMATEVERTEXDEGREE(n, ¢, k, us,i,j) € [(1+¢)? !, (14+¢)) then ¥, =1
else Y, =0
return % : 22:1 Y,

—‘ vertices ui, ..., us uniformly at random

The main challenge now is to approximate the sizes of the sets Vf A standard approach would be
to sample vertices uniformly at random and verify membership in Vji for each sample vertex and then to
extrapolate. Unfortunately, such a simple approach does not work as we typically cannot afford to ask ©(n)
queries to compute all neighbors of a sample vertex. Indeed, the example from the previous section suggests
that there are cases where we cannot spend much more than constant time per sample. Therefore, we proceed
as follows. Firstly, for every sample vertex we run the procedure FILTER(n, k, v, 1), which rejects, if a given
vertex v has degree deg (i) (v) significantly more than & (in which case v does not contribute to our objective
function). The central feature of our implementation of FILTER is that we can run FILTER(n, k,v,4) with

the expected O(ﬁ%) queries, see Lemma 4.4. Thus, if a vertex has a high degree, deg ) (v)) > k,
H k2

nlogn
deg ;i) (v)
been the crux of the algorithm approximating the cost of the minimum spanning tree [9].
Once we know that a vertex has degree O(k) in H")| we call it a candidate vertex. For each candidate

vertex we would like to determine whether it is contained in the current set Vf Again, it would be way

we will dismiss it quickly, with O( ) queries. We remark that a somewhat similar procedure has

too slow to decide exactly whether v € Vji, since it would require ©(n) queries per every single vertex.
Therefore, we will do it approximately by using fine-tuned random sampling procedure on the input graph
H( to estimate the vertex degree. One technical obstacle is that if we use estimates to determine membership
in VJZ instead of exact values, the sets Vji will depend on the randomness used. Fortunately, there is a simple
argument why this is not an issue, provided that the estimate is within its guaranteed bounds. Instead of
considering an algorithm that takes a random sample of vertices and then runs an estimation procedure
on the sample, we can assume for the analysis that at every vertex we run the estimation procedure first
and then we sample from the set of resulting estimates. This way, we may think of the sets Vf as being
independent of the randomness used for the sampling.

We now discuss our approach to test whether v € V; We will sample vertices from V' \ {v} and query
their distance to v to determine whether they are neighbors of v in H®. The sample sizes used by our
estimation algorithm will depend on the index j of the set VJ’ The reason is that while we would like to

obtain an approximation for the value of k—deg(i) (v) up to an additive error of - (k—deg(i) (v)), our sampling
algorithm estimates only deg ) (v), and not e - (k — deg™ (v)) (in fact, it estimates the number of edges
of length at most (14 ¢)* in H®, but we can use Observation 4.3 to transform this into an approximation
of deg'” (v) for the relevant range of parameters). This means that when k — deg” (v) is small, then we
need a very good approximation of deg (v). Indeed, if (14 ¢) is smaller than vk, we simply consider all
neighbors of the current vertex. For larger values of j, we can use random samples of different sizes, which
results in different query complexities. Fortunately, the number of queries for larger values of k — deg(i)(v) is
smaller, so that we can take larger samples for items that contribute a lot to the cost function, which allows
us to reduce the variance of the process. The sweet spot is when k — deg(i)(v) = 0(Vk), where we require
Q(n) queries per sample.

What remains is to determine the initial sample size. Here we will exploit the fact that thanks to [9],
with only 6(71) queries we can estimate mst(X) up to a constant, with probability at least 1 — 1/n'?, and

nk(14¢)*+i
mst(X)

k- (1+¢€)" to our formula for the k-NN graph cost, such a sample size will suffice to get an additive error
of € - mst(X) (more details follow in the analysis in Section 4.4). In order to analyze the expected number
of queries of the algorithm, we will then define a simple greedy clustering procedure and use the resulting
clustering to obtain the desired bound on the expected number of queries of the filtering procedure.
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4.4. Approximating cost(G) by estimating the sizes of Vf We continue the discussion of our

Owg(nk3/2)—queries algorithm k-NNSIZEAPPROXIMATION to approximate the cost of a k-NN graph G. We
will now describe in details how the estimation of the sizes of the sets Vf is done and then show how
to approximate cost(G) using Lemma 4.2. Our algorithm ESTIMATESETSIZE uses a subroutine ESTIMAT-
EVERTEXDEGREE to approximate the degree degy ) (v) of a given vertex in H®). For now, it will be
convenient to think of ESTIMATEVERTEXDEGREE to return a correct estimate; the precise description of
algorithm ESTIMATEVERTEXDEGREE is given in Section 4.5. (We remark that we can replace mst(X) with
its 2-approximation.)

Before we will present details of our algorithm ESTIMATEVERTEXDEGREE(n, €, k, v, 4, j) to approximate
the degree deg i) (v) of a vertex in H® | we will first provide some basic tools useful for the analysis. Our
algorithm ESTIMATEVERTEXDEGREE performs two steps: It first checks by a sampling procedure called
FILTER whether the vertex degree is significantly more than k. If this is the case, the vertex does not
contribute to the cost function and we can ignore it. If the vertex passes our test, we know that with high
probability its degree is no more than 4k. In this case, we continue our analysis depending on the relation
between j and k; if (1 +¢)/ < Vk then we compute its degree exactly with O(n) queries, and otherwise, if
(14-¢)7 > vk, then we use a special sampling routine NEIGHBORHOODSIZE(n, 7, k, v, 1) to estimate deg ;) (v)
to within vk; cf. Section 4.5.1. We will first describe the filtering algorithm and then proceed to the analysis
of our algorithm.

4.4.1. An auxiliary tool: Filtering vertices with many neighbors. Our first subroutine will
be used to quickly filter vertices that have more than k neighbors and thus do not contribute to our cost
function. The algorithm draws random samples of increasing size until it obtains a good estimate of the
number of neighbors of a given query vertex or with high probability the vertex has O(k) neighbors. The
idea to use geometrically increasing sample sizes to approximate the vertex degree £ with O(nlogn/¢) queries
has been previously used in [9]. We modify their method for our purposes.

FILTER(n, k, v, 1)
{Determines whether deg ) (v) = O(k); cf. Lemma 4.4}

q=n-—1
repeat
a= 1000% logn
q=2q
Sample vy, ..., v, independently and uniformly at random from V \ {v}
Let q’ be the number of vertices in vy, ...,v, that are neighbors of v in H®

until ¢’ > 1000logn or q < 2k
if ¢ < 2k then return TRUE
else return FALSE

LEMMA 4.4. Given access to a vertex v, algorithm FILTER(n, k,v,1) asks in expectation O<7k+£;°g(ﬁ) (v))
i
1

queries and with probability at least 1 — 35 returns the following value:
e FALSE: if degy)(v) > 4k;
e TRUE: if degy (v) < k;
e cither TRUE or FALSE, otherwise.
Proof. We will consider separately two cases, when deg ) (v) > 4k and degy ) (v) < k.
Let us first assume that degy ) (v) > 4k. Then at some point the algorithm reaches an iteration of

the for-loop, such that q < 3k or it has returned FALSE before within the running time bound of the
lemma. We now let X; to be the indicator variable for the event that vertex v; is a neighbor of v. We have

3 As we will make it explicit later, when presenting algorithm ESTIMATEVERTEXDEGREE (cf. Lemma 4.7), one could trivially
obtain in expectation O(min{n, ﬁ%}) queries by switching to computing deg iy (v) exactly when one performs
G
more than n distance queries.
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Pr(X;] = degfjifi(v) and hence,

4
> 3 10001logn .

E iX' 4. deg i (v) _ 1000 logn - degy) (v)
pet J n—1 q

Chernoft’s bound implies that

a

a a
a 1
Pr | X; <1000logn| <Pr | X; < % B X)) | < e BRI /2 < 5 -
j=1

j=1 j=1

This implies that if degyu)(v) > 4k, then algorithm FILTER returns FALSE in time 0(71107’3") with

deg ;i) (v)
probability at least 1 — 1/n0.
Now we assume that degy ) (v) < k. We observe that for q > 2k, we have

=500logn .

a
degpy (v) 1000 logn - degy iy (v) _ 1000 logn - k
E Xi| =a- = <
; / ¢ n—1 q - 2k

We apply Chernoff bound (if A > 2E[Z?=1 X;] then PI'[Z:;IZ1 X; >\ < e MO to get,

a
Pr|> X;>1000logn| <e 100En < —
j=1
Therefore the probability that the algorithm returns FALSE is at most n—lm The running time is dominated

by the last iteration of the for-loop, which requires O("lo%) time. ]
4.4.2. An auxiliary tool: The clustering connection and MST. In this section we connect a
term used in the running time of parts of our algorithms with mst(X).

LEMMA 4.5. Let k < an' For every i, 0 < i <, the following holds,

1 24 - mst(X
> Tem ) S2F 1*(7) '
vEV:ideg,, (i) (v)>1 g (v) (1+4¢)

120-k-mst(X)

Furthermore, the number of vertices with degree at most 4k in H® is at most Te)

Proof. We begin with an auxiliary clustering algorithm:

GREEDYCLUSTERING(n, 0)
{Computes greedily a partition of X into clusters of radius o and
returns the number of clusters ¢; cf. Lemma 4.5}

c=0

for each z € X do
c=c+1
let C. be the set of points (including x) with distance at most o from 2
remove C; from X

return c

All cluster centers have pairwise distance at least o, and therefore if ¢ is the returned number of clusters,
then %(c — 1)o is a lower bound on the cost of the minimum spanning tree, that is,

(4.4) $(c—1)o < mst(X) .
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This follows, because the minimum spanning tree connects all cluster centers and using additional vertices
can only reduce the cost of the tree by a factor of 3. We remark that in this place we are applying the
triangle inequality in the original metric space, that is, after we scale but before we round the distances
to powers of (1 + ¢). Therefore, we are losing slightly more than the usual factor of 2 (because edges are
rounded afterwards).

Let us run GREEDYCLUSTERING(n, ) on our input instance (X, d) with o = 1(1 4 ¢)’. Notice that if
any two points are in the same cluster, then the distance between them is at most 40 (which is also true in
our space of rounded distances). Therefore for two such points, their distance is at most (1 + €)* and thus
if we consider the graph H, then these two points are adjacent in H®). Hence, for any cluster C' and any
point v € C, we have

(4.5) degy(v) > |C] -1 .

Therefore for every cluster C, we have 1 = 3 _~ I%‘\ >3 o7 and so ¢ > >

1
veC degH(i) (
We can combine this bound with (4.4) to obtain the following,

(46) (1+4¢) (;degmi)(”)"‘l 1) ' (

With (4.6) at hand, we can conclude the first claim as follows:

1
veV degH(i) (v)+1-

1
———— 1] <4o(c—1) <12 -mst(X) .
UEZVngH(i)('U)"’_]. ) - ( )_ ( )

Yl ey L iy 2wt
. - . - 3
veViden o (0)21 deg ) (v) degp (v) +1 (1+¢)
Next let us consider the second claim, and we want to bound the number of vertices of degree at most
4k in H®. Assume first that ¢ > 2. Since by (4.5), for any cluster C' and any vertex v € C, we have
degpy (v) > |C] 1, any cluster C' contains at most 4k + 1 vertices of degree at most 4k in H® . Therefore,
in particular, the number of vertices of degree at most 4k in H® is at most ¢ - (4k + 1). Next, we use (4.4)
to simplify this bound as follows:

3-mst(X)  120- k- mst(X)

¢ (4k+1) < 2(c—1)- (5k) < 10k - Qo

which yields the second claim (notice that in the first inequality we use ¢ > 2).

The claim above assumed that ¢ > 2 and let us now consider the case ¢ = 1. In this case, since we run
GREEDYCLUSTERING(n, ) with ¢ = 1(1 4 ¢)? and ended up with a single cluster, there is a point z € X
such that all other points in X are at distance at most o = (1 + ¢)? from z. Hence, the diameter of X
is at most 20 = %(1 +¢)* and thus H® is a clique on n vertices. This immediately implies that since we
assumed that 4k < n — 1, the number of vertices with degree at most 4k in H® is zero, which is less than
120-k-mst(X) ]

(1+e)*

4.5. Algorithm ESTIMATEVERTEXDEGREE. In this section we present an algorithm ESTIMATEV-
ERTEXDEGREE to estimate the degree of a vertex, which will be later playing central role in algorithm
ESTIMATESETSIZE (cf. page 15) to estimate the sizes of the sets V¥, which in turns is then used to analyze
our main algorithm k-NNSIZEAPPROXIMATION(n, €) that estimates cost(G).

We assume that the input is normalized as earlier discussed. The value of t = O(logn/e) follows from
scaling the input and the value of t = O(logk/e) is set as the maximum index j for Vj

Our algorithm for estimating vertex degrees relies on a random sampling approach that approximates
the size of the neighborhood of a given vertex in H® up to some additive error. The main point is that for
larger values of k — deg ) (v) we need more samples (as there can be fewer points that together contribute
significantly to the cost function), but we can use fewer samples to get a sufficient approximation for k —
deg g (v).

Our algorithm ESTIMATEVERTEXDEGREE performs two steps: It first checks by a sampling procedure
FILTER (cf. Lemma 4.4 and Section 4.4.1) whether the vertex degree is significantly more than k. If this is
the case, then the vertex does not contribute to the cost function and we can ignore it. If the vertex passes
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our test, then we know that with high probability its degree is no more than 4k. In this case, we continue our
analysis depending on the relation between j and k; if (1+¢)/ < V'k then we compute its degree exactly, and
otherwise, if (1 + )7 > v/k, then we call algorithm NEIGHBORHOODSIZE(n, 7, k, v,1) to estimate deg ) (v)
to within vk; cf. Section 4.5.1.

4.5.1. Algorithm NEIGHBORHOODSIZE. We begin with description of our auxiliary algorithm NEIGH-
BORHOODSIZE(n, 7, k, v,14) to estimate deg ) (v) to within vk using random sampling, assuming deg ) (v)
is small.

NEIGHBORHOODSIZE(n, 7, k, v, 1)
{Estimates deg @) (v) to within vk; cf. Lemma 4.6}

Let b = {7509;;13”-‘

Sample uy, ..., up independently and uniformly at random from V' \ {v}
For every 1 < ¢ < b, let X, = 1 if u, is a neighbor of v in H®, and 0 otherwise

return "t Zzzl Xy

The following central lemma shows the properties of NEIGHBORHOODSIZE.

LEMMA 4.6. Let degp (v) < 4k. Given v as input, NEIGHBORHOODSIZE(n, v, k, v, %) in time O(”li?ygz")

returns a value d that with probability at least 1 — n% satisfies the following:
|d — degy (V)] < vk .

Proof. The running time of NEIGHBORHOODSIZE follows from the value of s in the code.

To analyze the value of d, let X = Z?:l Xoand Y = d = n=lX. We have E[X,] = degfigm for

1 <0< b, and thus B[] = b~de7glli(1i)(v) > 5001nn:j‘§H(i) (v)’ E[Y] = dego (v).

Let us start with the case degy ) (v) < $vk. We define § = ﬁ’?)(v) > 1. By Chernoff inequality we
G

get the following:
Pr[y > k] < Pr[y > (1+6)-E[YV]] = Pr[x > (1+6) - E[X]] < e OEXI/3 < =10

Next, consider the case deg ) (v) > %vk. We again define § = ﬁﬁ_)(v) < 1. We get
H k2

Pr[y — E[Y] > 9k] < Pr[Y > (1+0) - E[Y]] = Pr[X > (1 + 0)E[X]] < e BX/S < 5710/2
Furthermore,
Pr[E[Y] — Y > 7k] < Pr[y < (1 —4)-E[Y]] = Pr[X < (1 — )E[X]] < e S EX)/2 < =109

By the union bound, this implies the claim in the second case when degy @) (v) > 2+k. |

4.5.2. Algorithm ESTIMATEVERTEXDEGREE and its properties. Now we can introduce our algo-
rithm to estimate the vertex degrees.

ESTIMATEVERTEXDEGREE(n, €, k, v, 1, j)
{Estimates k — deg'" (v); cf. Lemma 4.7}

if FILTER(n, k,v,7) = FALSE then return 0
else
if (1+¢)? < vk then compute d = deg ) (v) exactly
else
d =NEIGHBORHOODSIZE(n, £(1 + €)7 /k, k, v, %)
return max{k — d, 0}

(if at any moment one queries ©(n) distances then stop and compute k — deg iy (v) ezactly)
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LEMMA 4.7. Let j < t. ESTIMATEVERTEXDEGREE(n, &, k,v, 1, j) satisfies the following:

o If degpu(v) > 4k then ESTIMATEVERTEXDEGREE runs in O(min{n, %}) expected time
G

and with probability at least 1 — ﬁ returns 0.
o Ifdegyw(v) < 4k then

o the expected running time of ESTIMATEVERTEXDEGREE is either O(n) if (1 +¢)/ < Vk, or
O(min{n, 82’(’“11%)27}) if (1+¢) >k, and

o either degp ) (v) > k+e-(14¢€)7 and ESTIMATEVERTEXDEGREE with probability at least 1 — 35
returns 0, or N

o degy i (v) < k+e-(1+¢) and ESTIMATEVERTEXDEGREE determines d such that with probability
at least 1 — 35 it holds that |d — deg g (v)] < e+ (1+¢).

Proof. Consider two separate cases, depending on whether FILTER(n, k, v, ) returns FALSE or not.
By Lemma 4.4, if FILTER(n, k, v,1) returns FALSE then with probability at least 1 — ﬁ we have that
deg iy (v) > k. Therefore, indeed, ESTIMATEVERTEXDEGREE(n, €, k, v, 4, j) returns the correct value 0 of k—

nlogn
k+degH(i) (v)

probability at least 1 — ﬁ we have that deg ) (v) > k, algorithm ESTIMATEVERTEXDEGREE(n, ¢, k, v, 1, j)

runs in expected time O(min{n, dc?()i%}) (the min{n, *} term is because of the last line of the code).
H k2

Next, let us consider the case when FILTER(n, k, v, ¢) returns TRUE. By Lemma 4.4, then with probability
at least 1 — -1 we have that degy (v) < 4k; let us now condition on that degye (v) < 4k. In that case,

deg(i) (v). Further, by Lemma 4.4, algorithm FILTER runs in expected time O( ) , and so since with

nlogn

the expected running time of algorithm FILTER is O(min{n, z }), but ESTIMATEVERTEXDEGREE will

still perform some more work.
If €, , and k satisfy (1 +¢)? < vk, then algorithm ESTIMATEVERTEXDEGREE will spend O(n) time
and exactly compute the value of degy ) (v). Therefore in this case, the expected running time of ESTIMAT-

k
Otherwise, let us consider the case (1 +¢)? < vk, with degy ) (v) < 4k. Then, after calling FILTER, we
invoke algorithm NEIGHBORHOODSIZE(n,e(1 + ¢)7 /k,k,v,i). By Lemma 4.6, algorithm NEIGHBORHOOD-

S1zE(n,e(1 + ¢)? /k, k,v,4) in time O(%) returns a value d that with probability at least 1 — 25

EVERTEXDEGREE(n, €, k, v, 1, j) is O(min{n, nlogn })

satisfies |c?— deg i (v)] < (1 + €)/. Therefore, the expected running time of algorithm ESTIMATEV-
ERTEXDEGREE(n, ¢, k,v,4,j) in this case is O min{n, nlogn 4 nklogn }), which for j < t (and hence

k e2(14€)27
e(1+¢)? = O(k)) simplifies to O(min{n, E;’(kll%)"z]})

We obtain the main claim by combining the cases above. a0

4.6. Analysis of the running time of algorithm ESTIMATESETSIZE. With Lemma 4.7 at hand,
we are ready to analyze algorithm ESTIMATESETSIZE from p. 15.

) N /
LEMMA 4.8. The expected runtime of ESTIMATESETSIZE(n,¢€,1,j) is O(WM).

Proof. (Let us remind that we have assumed that & = o(n), and hence Lemma 4.5 (which requires
k < ”T_l) holds.) We first observe that the guarantee from Lemma 4.7 suffices to make sure that with
probability at least 1 — % a vertex is only counted towards membership in V]l when it is either in the
class or a neighboring class (see Section 4.6.1 for a brief discussion how to avoid double counting in different
classes).

Let us fix ¢ and j, and we will analyze the expected running time to evaluate a single sample vertex
by algorithm ESTIMATEVERTEXDEGREE(n, ¢, k,v,,7). We assume that the expected running time is the
average over all vertices as the expected running time of the filtering algorithm holds with probability
(1 —1/n'0) in the worst case (cf. Lemma 4.4). Let us partition V into two sets V4 and Va, with V3 = {v €
V :degpym(v) > 4k} and Vo = {v € V : degy ) (v) < 4k}. We will split our analysis into two separate cases,
depending on whether (1 +¢)/ < VE& or (1+¢)? > Vk.
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Case 1. We begin with the case when (1 +¢)/ < Vk. The ezpected running time to evaluate a single
sample vertex by algorithm ESTIMATEVERTEXDEGREE(n, €, k,v,4, j) is

t (T ot )+ 300

veV; veVs

Using Lemma 4.5, this bound can be simplified to O(mﬁt((l)il;?g n
above, we obtain an expected running time of ESTIMATESETSIZE(n,¢,i,j) (with s being the number of
100n(1+e) et |y,

mst(X) )

+ kgfs())f )). Plugging this into the bound

sampled vertices by ESTIMATESETSIZE, s = [

.O(mst(X) logn k-mst(X)) _ n(l+e)™et ((k+logn) -mst(X)

(I+e) (1+¢) mst(X) 1+ o) ) = O(n(k +logn)(1 +¢)’tt) .

Since v = O(logn/¢), t = O(logk/c), and (1 +¢)? < vk, we can simplify this bound to conclude that the
expected running time of ESTIMATESETSIZE(n, €,1,j) is

(47) O(n(k + logn)\/Elognlogk> _ O(nk3/2 loanlogk)

g2 g2

Case 2. Next, we consider the case when (1 +¢)/ > Vk. By Lemma 4.7, the expected running time to
evaluate a single sample vertex by algorithm ESTIMATEVERTEXDEGREE(n, ¢, k, v, i, j) satisfies the following:

1 nlogn ) ( nklogn )
—_ o —————— 0

Using Lemma 4.5, this bound can be simplified to

oM i) =o (" (1 arra))

Since (1 +¢)? > Vk and € - (1 +¢)/ < e-(2k) < 2k, we can simplify it further to

oM (14 artram) ) = (S ar )

Using this bound, we obtain the expected running time of ESTIMATESETSIZE(n, ,14, ) :

3/2 i+ 3/2 3/2
s~0<k mﬁt(X)logn) _O(n(l—f—s) ot <k mst(X)logn)) _O<nk ttlogn)

g2 (14¢)tJ mst(X) g2 (14¢)tJ €2

Since v = O(logn/e), t = O(log k/¢), the expected running time of ESTIMATESETSIZE is

k3/%log® nlog k
(4.8) O(n og;nog )
€
We can combine the two cases in (4.7) and (4.8) to conclude the proof of Lemma 4.8. 0

4.6.1. Consistency. In order to avoid double counting, we need to make sure that our answers are
consistent. In order to ensure this with high probability, we will assume as a thought experiment that we
run algorithm ESTIMATEVERTEXDEGREE for different values of j. We will use the estimate for the largest
value of j such that the error interval is such that the vertex could be placed into at most two different sets
Vj. Once this happens, we put the vertex into the set that is determined by its estimate. If all estimates
are correct, then we will be at most "one class” off. Note that whenever the confidence interval intersects
more than one class, we will assume that the vertex is not contained in the corresponding class, i.e., the
vertex does not contribute to our estimate. We observe that we can always simulate this process in the same
running time as before, if a vertex is in more than one sample set. We start by evaluating the largest j and
proceed in decreasing order until the class is determined (or all j have been evaluated).
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4.7. Analysis of the performance of k-NNSIZEAPPROXIMATION. In this section we analyze the
running time and the approximation guarantee of algorithm k-NNSIZEAPPROXIMATION. For this purpose,
we will assume that algorithm ESTIMATEVERTEXDEGREE always provides the correct answer. This happens
with probability at least 1 — 1/n'?. We first analyze the quality of ESTIMATESETSIZE.

LEMMA 4.9. For every 0 <i<t,1<j<H,
Vi (142)™ < cost(G) .

Proof. V; is the set of vertices v with (14 €)= < k — deg” (v). Therefore any vertex v € Vji has at
least (1 + €)7~1 neighbors in G whose cost is strictly greater than (1 + ¢)¢, and thus at least (1 + )i*1.
Hence, a vertex in VJZ contributes at least (1 + €)™/ to cost(G), which yields the result. a

LEMMA 4.10. For every 0 < i <t, 1 < j <+, X;; in k-NNSIZEAPPROXIMATION(n,¢) is a random
variable that satisfies the following inequality:

mst(X) - cost(G)
Var|X; ;] < ki .
ar[ 7]] — 100 . (1 + E)Q(’L-i-_]) ST t

Proof. Fix i and j, 0 < i < ¢, 1 < j < t. For a fixed i,j, ESTIMATESETSIZE(n, €,1,j) samples

itj
s=s(i,5) = [%&))Jtt—‘ random vertices uy, ..., us, for which it then calls ESTIMATEVERTEXDEGREE.
Let Yy be the number returned by ESTIMATEVERTEXDEGREE when applied to the sampled vertex wu, in
ESTIMATESETSIZE(n, €,4, j). Y7 is an indicator random variable for the event u, € VZ (for an i.u.r. choice

of ug in V), and thus Pr[Y; = 1] = Prlu, € Vj] = ‘VT’ and Var[Yy] < Pr[Y; = 1] = Vi1 Il
Xij = >1_1 Ys, we obtain,

. Hence, since

Vi A t
_ ZVarYe g Wil n gy o _cost(G)

Var|X;;] = Var l ZYL; 52 n s s (14¢e)iti

mst(X) : cost(G)
T 100 (1 +¢)20+7) vt ]

where the penultimate inequality follows from Lemma 4.9 and the last inequality follows from the fact that
_ [100n(14e)" et 0
§= mst(X) :
4.7.1. Proof of Theorem 1.2 about the performance of k-NNSIZEAPPROXIMATION. Now, we
prove Theorem 1.2 and show that k-NNSIZEAPPROXIMATION(n,€) in O(M

returns with probability 2 a value cost with |cost(G) — cost| < e - (mst(X) + cost(G)).

) expected time

Proof of Theorem 1.2. The running time of algorithm k-NNSIZEAPPROXIMATION(n, ¢) follows immedi-
ately from Lemma 4.8 and since vt = O(logn/e) and t = O(log k/¢).

Next, let us analyze the performance guarantee of algorithm k-NNSIZEAPPROXIMATION(n,e). Algo-
rithm k-NNSIZEAPPROXIMATION(n, €) returns a value

T t

cost=nk+e-» > (1+e)MX;; ,
i=0 j=1

where X; ; are random numbers studied in Lemma 4.10. Since the first term is deterministic, our goal is to
analyze the concentration of Y.} _, Z;:l(l + )i X; j around its mean.

We condition on the event that all calls to algorithm ESTIMATEVERTEXDEGREE provide the correct
answer; by Lemma 4.7, this happens with probability at least 1 — 1/n'C.

We use Chebyshev’s inequality to analyze the concentration of > ;_, Z;:l(l +e)t X,

T t v t
D U4+eMX ;B DD (148X ;|| > mst(X) + cost(G))
i=0 j=1 i=0 j=1
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Var[3i o350, ((L+e) X)) Yio Xj (L +2)* ) Var[X, )

- (mst(X) + cost(G))2 B (mst(X) + cost(G))?

t i X)- G
S D (142206 (RetXcon@) )
2 -mst(X) - cost(G)

< (by Lemma 4.10)

(v 4+1)-t < 1
©200-tv-t 100
We remark that the bound also holds when we use a factor 2 approximation for mst(X) in the sample

size. Finally, we need to rescale £ by some constant to take care of the additional errors introduced by
rounding and the formula using the set V.

Let us apply (4.3) to bound cost(G) — cost. Let X = >} _, Z;:l(l + €)™ X, ; and notice that E[X] =
Sio Z;:l(l +¢)"*7 - [V}| and that cost = nk + ¢ - X. By Lemma 4.2 we have,

cost(G) <nk+e-E[X] < (1+4¢)-cost(G) ,
and by our analysis above, with probability at least 1 — ﬁ we have
|X — E[X]| < mst(X) + cost(G)
what is equivalent to
|(nk+e-X)— (nk+¢e-E[X])| <e-(mst(X) + cost(G)) ,
yielding the following (with probability at least 1 — ﬁ):
[cost — (nk + ¢ - E[X])| < e - (mst(X) + cost(G)) .

This implies that with probability at least 1 — ﬁ the following holds:

[cost(G) — cost| < e - (mst(X) + cost(G)) . O

5. Lower bound of Q (%) for (1+¢)-approximation of cost(X). In this section we prove Theorem

1.3: we show that any approximation algorithm for the cost of a k-NN graph that for any metric space (X, d)
of size n, computes with probability at least 2 an estimate cost(X) with [cost(X) — cost(X)| < - cost(X)
. 2
has complexity Q(%)
We begin with an auxiliary framework of balanced clustered graphs in Sections 5.1 and 5.2, and then,

in Section 5.3, we incorporate this framework (and in particular, Theorem 5.4) to prove the main result of
this section, Theorem 1.3.

5.1. Revealing vertices in balanced clustered graphs. Let G = (V,E), V = {1,...,n}, be an
undirected and unweighted graph with n = m - ¢ vertices that is a collection of m disjoint cliques of size
¢. Without loss of generality, we assume that the vertices i¢ 4+ 1,...,(i + 1)¢ form a clique. Let A be the
adjacency matrix of G. Let S,, be the permutation group of {1,...,n}. For a given permutation = € S,, we
use G to denote the graph that is obtained by applying 7 to V. Also, let A; be the corresponding matrix,
ie., Ali, 7] = Alx=1(i), 71 (4)]

Now consider an arbitrary algorithm ALG that has access to the adjacency matrix A of an input graph
G. ALG learns the input graph by querying unordered pairs of vertices 4, j, and each such a query returns 1
if 7 and j are adjacent in GG, and returns 0 otherwise. We use [ to denote the entries in A which have not
been queried by the algorithm. We can now define a query history.

DEFINITION 5.1. An n X n symmetric matriz with entries from {0,1,0} is called query history.

DEFINITION 5.2. At any point of time the query history of algorithm ALG is the query history H
that satisfies,
e Hli,j] =0, if ALG did not query entry {i,j}, and
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o Hli,jl =x for x € {0,1}, if ALG queried entry {i,j} and received answer x.

For the analysis we allow ALG to make some queries for free and assume that the algorithm always
makes all free queries. Queries that are not free are called paid queries. An entry from {0,1} in the query
history is free, if it was obtained by a free query and is paid, if is was obtained by a paid query.

DEFINITION 5.3. We say an algorithm ALG reveals a vertex i € V if and only if the i-th row of its
query history H contains at least one entry 1.

Now, we are ready to state our main technical result of this section.

THEOREM 5.4. Let G be an undirected graph on vertez set {1,...,n} that is a collection of m > 1 disjoint
cliques of size £ > 1 each. Let w € S,, be a uniformly random permutation of {1,...,n}, G, be the graph that
is obtained by applying 7 to the vertex set of G, and A, be the adjacency matriz of G.. Then any algorithm
that queries Ay in at most T places reveals in expectation O(%Z) vertices.

Before we proceed with the proof, let us first discuss the intuitions behind this theorem. Theorem 5.4
says that, informally and approximately, in order to reveal a vertex ¢ € V, any algorithm has to query (in
expectation) at least Q(%) neighbors of i. Intuitively, this is what we should expect: if a vertex does not
know any of its neighbors in its clique, then ALG can only query for “random” neighbors of ¢, and since only
¢ — 1 of them are in the same clique, we expect Q(%) queries to detect the first neighbor from the same
clique. A formal proof formalizing this claim is complex, and is presented in Section 5.2 below.

5.2. Proof of Theorem 5.4. In order to prove Theorem 5.4 we need further definitions.

DEFINITION 5.5. A basic event is any matrix B := A, obtained by applying to the adjacency matriz A
an arbitrary permutation w to the vertices of V.

DEFINITION 5.6. Let H be a query history and B be a basic event. H and B are consistent, if B and
H agree on the entries of H that are not 0.
We call a query history H consistent if it is consistent with at least one basic event.

In our analysis we have to consider explicit information revealed by the algorithm, as well as its impli-
cations that provide some implicit knowledge. For example, we have to carefully consider the case when for
some vertices i, € V we have H[i, j] = 1, since then we also know that for any vertex r € V, if H[i,r] =1
then also A;[j,r] =1, and if H[i,r] = 0 then also A;[j,r] = 0. Similarly, we have to deal carefully with the
scenarios when ALG has queried many neighbors of a given vertex: if almost all entries in row ¢ are in {0, 1},
then this can reveal some additional information about the O-entries. To quantify these observations, we
introduce the notions of fully explored vertices, saturated vertices, and explored vertices.

DEFINITION 5.7. We say an algorithm ALG fully explores a vertexr i € V if and only if the i-th row of
its query history contains only entries from {0,1}.

Notice that if ALa fully explores a vertex i € V' then we know the entire clique of 1.

DEFINITION 5.8. Let H be a query history, B be a basic event that is consistent with H, and i € V be a
vertex that is not fully explored. Let C(i) be the set of vertices in the same clique of G as vertex i in B. Let

Np(C(i)) ={j € V : FvecwHI',j] # O}. We call vertex i € V saturated if [INg(C(i))| > {5-

While Definition 5.8 refers to cliques, it has also implications for individual vertices.

CLAM 5.9. Let H be a query history and let © € V. If vertex i is not saturated for some basic event B
that is consistent with H, then [{j € V : H[i, j] # O}| < 13-

The notion of saturated vertices depends on both, on the query history H and on a given basic event B
that is consistent with H. Our next notion of explored vertices relies only on H.

DEFINITION 5.10. We call a vertex i € V' explored, if conditioned on a consistent query history, vertex
i 1s saturated with probability at least i (the probability is over all basic events consistent with the query
history).

In order to focus our analysis on “nice” query histories, and with this, to cope with implicit information
available to the algorithm ALG, we will give ALG additional power: the oracle shows for free all entries of
explored vertices. If a vertex ¢ is explored then we make it at once fully explored. Notice that then all
vertices from its clique C(7) become explored and then fully explored. Therefore, once a vertex i becomes
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explored we perform the operation of uncovering the entire clique C(¢) at once, making all vertices from
C'(4) fully explored. Notice that uncovering gives away O(¢n) free queries. In fact, our construction ensures
that all free queries are caused by the uncovering operation — all other queries in ALG are paid.

If multiple vertices become explored at the same point of time, then we break ties by uncovering for
free the entire clique C(i) of the smallest explored vertex i (we assume V = {1,...,n}). This process is
repeated until no explored vertices are left. Observe that this operation transforms every explored vertex
and its clique into fully explored vertices.

Now we describe a class of query histories of our interest.

DEFINITION 5.11. A query history H is nice iff H is consistent with at least one basic event and there
are no explored vertices.

From now on, we will focus only on nice query histories and on algorithms that always perform free
queries. Let us list some straightforward properties of fully explored vertices.

CLAIM 5.12. Let ALG be an algorithm running on A,. Then the following properties hold:
(a) If ALG fully explores i € V and Ali,j] =1 for some j € V, then ALG fully explores j.
(b) If ALG fully explored r vertices then these vertices are coming from 7 cliques in Ax.
(c) If ALG fully explored st vertices then ALG performed at most stn free queries.

5.2.1. Properties of deterministic algorithms. We begin with our first technical lemma that de-
scribes properties of a query about two vertices ,j with H[i, j] = 0. For a nice query history H we write
Pr[A.[i,j] = 1| H] to denote the probability of A[i,j] = 1 conditioned on A, agreeing with the query
history H.

LEMMA 5.13. Let H be a nice query history and sssume that the number of revealed vertices is at most
%n, Let i € V and let j € V' be a not revealed vertex with H[i,j| = O. Then,
e Prlvertex i or j is saturated | Az[i,j]=1,H] > %, or
* PI‘[AW[%]] =1] H] < %Of
Proof. 1f £ > 155 the statement of Lemma 5.13 is trivial. Therefore, let us assume that ¢ < 175.
Let B be the set of basic events that are consistent with our query history H. Observe that we can write

the event “A[i,j] = 1”7 conditioned on H as the union of basic events B € B with BJ[i,j] = 1. Call the

latter set B and let B(®) = B\ BM). Notice that Pr[A[i,j] =1| H] = ”‘3;)‘.

Let Bg) be the subset of B such that i or j is saturated. Observe that

B(l)
Pr[vertex i or j is saturated | A[i,j] =1, H] = :B(Sl): .
Therefore, if |Bf91)\ > LBW| then Prlvertex i or j is saturated | A.[i,j] = 1,H] > 3 and we are done.

Hence, we will assume that |B() \B(Sl)| > 1|BM| and our goal is to prove that in that case Pr[A,[i,j] =

@ W\ g
1| H] = ll\ngl < %, which we do by showing that ‘B%stl < %OE.

For a given basic event B € B(!) \Bg) we will want to swap vertex j with some other vertex z, and we
consider the case when such a swap gives a basic event? B, € B(®) (and hence, that is consistent with H and
has B.[i,j] = 0). We have the following auxiliary claim.

CraM 5.14. Let £ < 155- Let B be a basic event from B \Bél). There are at least 23% vertices z € V

such that the basic event B, is consistent with H and has B,[i,j] = 0.

Proof. In order to ensure that the basic event B, is consistent with H with B, [, j] = 0, we must be able
to swap vertices j and z without violating entries that are determined in H, so that in B, vertex j belongs
to the clique of z in B (call it C(z)), in B, vertex z belongs to the clique of j in B (call it C(5)), and the

clique of j is distinct from the clique of z. For that, we will prove that for a given basic event B € B(!) \Bg)7

Blz,y] ifx,y e V\{jz}
4That is, for any z,y € V, we have B.[z,y] = { Blz,2] ify =4,
Blz,j] ify=-=z.
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if we choose vertex z uniformly at random from V', then with constant probability j and z are in different
cliques and we can swap j and z to obtain a basic event B, that is consistent with H.

We will prove this property by bounding the success probability for five operations for B, to be consistent
with H: that j and z are in different cliques in B, that j can be removed from its clique C(j) in B, that z
can be removed from its clique C(z) in B, that j can join C(z), and that z can join C(j).

e The probability that a random vertex z € V is in the same clique as j in B is % < ﬁ.

e Since j is not revealed, j is not “committed” in H to any clique (i.e., H[j,z] € {0,0} for every
2z € V) and thus j can be removed from C(j) in B without violating H.

e Since there are at most %n revealed vertices, vertex z is not revealed with probability at least %, in
which case z can be removed from its clique in B without violating H.

e Since j is not saturated, for all except at most {5 vertices x € V', we have H[y,z] = O for all Vertices
y € C(j). Hence, H[j, ] # O for at most vertlces x €V, and so with probability at most 5 we
cannot connect j to the clique of a random zeV.

e Similarly, since j is not saturated, for all except at most 1g Vvertices x € V, we have H[y,z] = O
for all vertices y € C(j). Hence, for all except at most I vertlces z, we have H[z,z] = O for all
vertices x € C(j), and so with probability at most 75 we cannot connect a random vertex z € V to
the clique of j without violating H.

Combining all cases above, we obtain that with probability at least 100, we can swap j with a random
vertex z € V without violating H, as required. O

100” basic events B, 6 B, Next,
we observe that for any fixed z € V, the events B, obtained from the different B € B™) \B ¢~ are distinct

(because B, is obtained from B € B() \Bg) by swapping vertices j and z). Therefore, if we choose a random

Claim 5.14 ensures that for every B € B \Bg there are at least

vertex z € V, then with a positive constant probability, for a constant fraction of basic events B € B(!) \Bg)
we will have basic events B, € B(Y) with B,[i, 2] = 1, and all these basic events will be distinct. In particular,
there must be %n vertices z € V such that

(5.1) Pr[A.[i,j] = 1| H] <20 Pr[A.li,2] = 1| H] .

Since the ith row of any basic event B has at most £ entries 1, we must have that > .\, > pcp 1B z=1 <
|B| - £. Therefore, for vertex z* € V with the %n-th largest value of the sum ), 5 1) .«j=1, we have

> pes LBlizr =1 < % This bound combined with (5.1) yields

Pr[A;[i,j] = 1| H] <20 - Pr[A.[i,z"] =1 | H] = 20- Lpes ];B[“*]—l < 102' ‘.

5.2.2. Completing the proof of Theorem 5.4 (bounding revealed vertices). We are now ready
to prove Theorem 5.4. Our analysis relies on Yao’s principle [34], which implies that in order to prove a lower
for the running time of a randomized algorithm it suffices to show a lower bound for the average running
time of a deterministic algorithms over an adversarially chosen distribution of inputs. We will show that no
deterministic algorithm with at most T' queries reveals w(”) vertices in expectation. This will imply the
result also for randomized algorithms.

In what follows, we consider deterministic algorithms for a random input instance of a graph G = (V, E),
V ={1,...,n}, with n = m-£ vertices that form m > 1 disjoint cliques of size £ > 1. The input’s randomness
comes from the random choice of the permutation of the vertices.

Consider an arbitrary deterministic algorithm ALG that makes at most T queries and suppose that
T < zioo7- We assume that the algorithm always makes all free queries, and hence we restrict ourselves to
nice query histories (Definition 5.11). We begin with an auxiliary lemma that bounds the number of fully
explored vertices by any deterministic algorithm.

LEMMA 5 15. Let ¥ <
with T <

Consider a deterministic algorithm ALG that asks at most T paid queries
+ 32007
n

4500

giooz- Then ALG fully explores at mos vertices in expectation.

Proof. Algorithm ALG is querying about the input graph and is gradually exploring some vertices. Every
time a vertex ¢ € V becomes explored by ALG, we uncover its entire clique, making all vertices from the
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clique first explored and then fully explored. This will make ¢ new fully explored vertices and give away up
to ¢n free queries (cf. Claim 5.12).

We split the run of ALG into two phases: first phase lasts until at most g5 vertices become fully explored
by ALG, after which there is the second phase.

Let us focus on the first phase and consider the case when some vertex ¢ € V' becomes explored as the
first vertex from its clique. Since i becomes explored, in this moment, with probability at least + 7 vertex i is
saturated. We claim that if 7 is saturated, then at least 55 paid queries have been asked about the neighbors
in the clique C(7) of i (queries of the form {x,y} with z € C(i)). Indeed, since we are in the ﬁrst phase,
there are at most o5 fully explored vertices and since vertex i is saturated, C(i) has at least {j distinct
neighbors (|Ng(C(i ))| > 75), out of which at most 55 might have been obtained via free queries. Therefore
with probability at least 7, at least g5 paid queries Were made to vertices in C(7) before we uncovered the
clique C(i).

Notice that the arguments above imply that Lemma 5.15 is trivial for T' < g5: if ALG asks less than g
paid queries then no vertex can become explored. Hence, we assume that 7' >

Every time algorithm ALG explores a vertex as the first vertex in its clique, ALG uncovers the entire
clique and with probability at least , ALG asks at least g5 paid queries to its vertices (and a single query
is about two vertices). Therefore, in the first phase, the expected number of uncovered cliques is at most
T — % (the factor 2 is because the T paid queries are about T pairs of vertices), and so the expected

t 16067
n

1°20
number of fully explored vertices in the first phase is at mos

Next, let us consider the second phase. Notice that in the second phase, ALG can fully explore as many

as all n vertices (minus g5 vertices fully explored in the first phase).

CramM 5.16. Let £ < 5, 556 < T < 6400e The second phase happens with probability at most 167?5T,

that is, the probability that ALG fully explores more than g5 vertices is at most 160”

Proof. By our arguments above, in the first phase, every uncovering of a cquue is caused by a vertex
that is saturated with probability at least , and every saturated vertex can be charged to at least g5 paid
queries. Let U; be the number of paid querles charged to the vertices in the ¢th uncovered clique. (Smce a
single query is about two vertices, every query is charged half to each of the two vertices in the query.) Notice
that if a vertex from the ¢th uncovered cllque is saturated, we must have U; > 5. Therefore, since that
vertex is saturated with probability at least 7, the random variables Uy, Us, . .. are stochastically dominating
(that is, Pr[U; > z] > Pr[S; > z] for every real z) a sequence of independent random variables Sy, Ss, ...
such that
3

1
=—and Pr[S;,=0]=- .

PrlSi:El 4 4

Since ALG performs at most T" paid queries, if ALG uncovered q cliques and q < hence, ALG is still

in the first phase), then we must have Uy +...Uq < T'. Therefore,

ZM (

Pr[ALG uncovered q cliques] < Pr[U; +---+ Uy <T) < Pr[Si +---+ 5, <T] .

Let q* = 5%;. Observe that since T < gitr, E[Uy +--- 4+ Uq:] > E[S1 4 - + 5¢:] = Eﬁ > 2T, and thus the

probability that ALG will enter the second phase should be low. To formalize these intuitions, let X; = 47?51
for every i, 1 < i < q Notice that X; is a 01 random variable with E[X;] = 1. Let X = Zf':l X, and
observe that E[X] = 1q* = g%;.

We use the following Chernoff bound for the sum of q* 0-1 independent random variables,

1
Pr {x 5 E[%l] < e sBIX
Our goal is to prove that e~ 5B < 160L "which will yield the claim. Let a = g%, and let us analyze
function ¢(a) = L€ to show that with our parameters we have () > 1 (this is equivalent to e=® < 11—
dan 4an

and hence, e~ sE[X < 16947 Notice that since 9/ (o) = % > 0 for a > 1, ¢(a) is increasing for
a > 1. Further, observe that for " > &, we have ¢(7) > 1, and hence if " > Z then Te” > 1 for every

dan
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« > 7. Therefore, in particular, if T > 2 and ¢ <

20 oo then e~ sior <
following final claim.

167%T. This immediately yields the

n

q*
Pr ;S’ = G000 64006 =Pbr [xg W}

=Pbr [% < iEm] < B = pmai < 10T .

Pr[ALc uncovered q* cliques] <

I Mﬂ

= Tl2

With Claim 5.16 at hand, we can conclude that the expected number of fully explored vertices by ALG

is at most M in the first phase plus n - 1613# in the second phase, and hence the expected number of fully

explored vertlces by ALG is at most %. |

Now we are ready to bound the number of vertices revealed by any deterministic algorithm.

LEMMA 5.17. Let ¢ <
queries with T <

oo Let ALG be an arbitrary deterministic algorithm that makes at most T paid

n? . TC .
giooz- Lhen, in expectation, ALG reveals 0(7) vertices.

Proof. Consider a deterministic algorithm ALG that makes at most T paid queries. Algorithm ALG
queries the input graph and is gradually revealing and exploring some vertices. We split the runtime of
algorithm ALG into two phases: first phase is until at most %n vertices are revealed and until at most g5
vertices become fully explored by ALG; the second phase starts after the first phase finishes. We will upper
bound the expected number of vertices revealed in the first phase, and then we will show that the second
phase is unlikely to happen.

Let us consider the first phase. We will analyze the process of revealing new vertices by ALG, first for
paid queries and then for free queries.

Let us fix the current nice query history H and consider any paid query {i,j}; clearly, we can assume
without loss of generality that H[i, j] = 0. Furthermore, if the query returns 0 then there are no changes
in the set of revealed vertices and so we will only consider the case when A[i,j] = 1, combined with the
bound for the probability that this happens.

Firstly, if both ¢ and j are already revealed in H, then no new vertex is revealed by the query. Therefore
we only have to consider the case when at least one of vertices 4 or j is not revealed; without loss of generality,
suppose that j is not revealed.

Since in the first phase at most ln vertices are revealed in H all pre-conditions of Lemma 5.13 are
satisfied, and so Pr[vertex ¢ or j is baturated | Arli,j] =1,H] > % or Pr[A[i,j] = 1| H] < 10,

If Prlvertex i or j is saturated | A,[i,j] =1, H] > 1 then in this case one of vertices i or j "are explored
by ALG if A,[i, j] = 1; in that case all vertices in the chque of i and j will be uncovered. Since ALG performs
at most T paid queries, by Lemma 5.15 this case can happen in expectation not more than % times.
Hence, in expectation, the number of vertices revealed by saturating one of vertices i or j is at most %
across the entire ALG.

Otherwise, we know that Pr[A[i,j] = 1 | H] < 1% and so vertices i and j will be revealed with

probability at most %02. Therefore with at most T" such queries, in expectation we reveal at most 27T - %OZ =
200£T
n

)

such vertices.

Next, let us consider free queries. Notice that all free queries will return 1 only for the fully explored
vertices (cf. Claim 5.12). And since ALG performs at most T paid queries, by Lemma 5.15, in expectation,
the number of fully explored vertices is at most %. Therefore, in expectation, the number of vertices
revealed by free queries is at most 322”

In summary, if we consider ALG until it fully explores at most g vertices and reveals at most = 5 vertices,
in expectation, the number of revealed vertices is at most %.

Next, let us consider the second phase. Notice that in the second phase, ALG can reveal as many as all
n vertices (minus %n vertices revealed in the first phase). We bound the probability that the second phase

will happen (that is, that either more than 1n vertices are revealed by ALG or that more than 2 vertices
are fully explored by ALG).

2 20

Cramm 5.18. Let £ < 5 and 55 < T < "’ The second phase happens with probability at most

64002
16712”, that is, the probability that ALG reveals more than %n vertices or that ALG fully explores more than
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55 vertices is at mos

¢ 10T

Proof. First let us recall that by Claim 5.16, the probability that ALG fully explores more than g5
vertices is at most 161?#. Therefore from now on, we will condition on that at most g5 vertices have been
fully explored by ALG and we will bound the probability that ALG reveals more than half of the vertices
with at most T paid queries.

By our analysis above, some vertices will be revealed by saturating vertices or in the process of uncovering
some clique, and some other vertices Will be revealed by paid queries {4,j} with neither ¢ nor j saturated.
The former will take place at most 55 times, since at most g5 vertices have been fully explored by ALG.
Therefore, we only have to consider the case of revealing a new vertex j via a query {i,5}.

We will mimic the analysis from the proof of Claim 5.16. By Lemma 5.13, if we condition on the
fact that until now at most %n vertices have been revealed and that at most g5 vertices have been fully
explored, the probability that a new vertex will be revealed is at most 1005. Therefore, the probability
that more than %n vertices will be revealed (conditioned on that at most g5 vertices are fully explored) is
stochastically majorized by the probability that the sum of identically distributed independent 0—1 random
variables X1, ..., X7 with E[X,] = 19 satisfies 3°/_, X; > in.

Let X = Z;il X;. By Chernoff bound, for any x > 6-E[X], we have Pr[X > x| < 27%. Notice that since

T < 64;“, in our case E[X] = 102” < &1 and hence %n > 6- E[X]. Therefore, using the fact that n? < on/2
for n > 16, we obtain that for n > 16:
Pr len 32—"/2§n—2§g .
2 n2

This immediately imply that the probability that more than %n vertices will be revealed (conditioned
on that at most g5 vertices have been fully explored) is upper bounded by Pr[X > %n] < %.

Therefore, we have proven that the probability that ALG fully explores more than g vertices is at most
IGOZT , and conditioned on that, the probability that more than 2n vertices will be revealed is at most ZT

ThlS 1mphed that the probability that the second phase happens is at most lﬁiﬂ. IZI

Now we are ready to complete the proof of Lemma 5.17. By Claim 5.18, the expected number of vertices
revealed by ALG is at most 840” in the first phase plus n- 161” in the second phase, and hence the expected
number of vertices revealed by ALG is at most 100” 100167 ]

Now we can conclude the proof of Theorem 5.4. Observe that if £ > Zt then Theorem 5.4 is trivial,
since then O(—) is Q(T) and any T-steps randomized algorithm can reveal at most O(T') vertices. Similarly,

Theorem 5.4 is trivial for T' > since then O(T—E) is Q(n), and any randomized algorithm can reveal at

4007
most O(n) vertices (since there are only n vertices). Otherwise, if £ < ;2 and T' < gits;, then by Lemma
5.17 the expected number of vertices revealed by a deterministic algorithm that performs 7" queries is O (7),
and therefore Yao’s principle implies that the result holds also for randomized algorithms.

5.3. Lower bound for (1 + ¢)-approximation of cost(X): proof of Theorem 1.3. Now we are
ready to prove the following implication of Theorem 5.4: Theorem 1.3, which states that for any ¢ < k, any
algorithm that for any metric space (X, d) of size n, with probability at least % estimates the cost of a k-NN

graph within an additive error term ¢ - cost(X) requires Q("—,:) queries.

Proof of Theorem 1.3. For the simplicity of presentation, we will assume that n is a multiple of k + 1;
it is easy to extend the arguments to the general case though.

In what follows, we will consider metric spaces (X, d) defined by partitioning X into clusters, such that
two points in the same cluster are at distance 0 apart, and two points from distinct clusters are at distance
1 apart. (To ensure that so defined (X, d) is a metric space, one should think about distance 0 like about
an arbitrary small positive number < 1.)

Consider two problem instances (cf. Figure 5.1):

e (X,d): consists of kil clusters of size k + 1 each, and
o (X',d): consists of %5 — 1 clusters of size k + 1 each, one cluster of size k and one isolated point
(cluster of size 1).
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Fic. 5.1. Instance (X,d) and instance (X', d) obtained from (X,d) by taking a point from its cluster.

In short, instance (X’,d) is obtained by taking one of the clusters in the instance (X, d) and removing from
it a single point. Notice that the cost of the first instance is cost(X) = 0, whereas the cost of the second
instance is cost(X’) = 2k.

We claim that Theorem 5.4 implies that any algorithm that can distinguish between these two instances
requires Q(";) queries.

Let us transform the input instances into the framework of balanced clustered graphs from Section 5.1.
We define an undirected unweighted graph G = (X, E) such that two vertices are adjacent in G if and only
if the corresponding points are in the same cluster in (X, d). Notice that for (X, d), the underlying graph G
consists of kLH cliques of size k + 1 each, and for (X", d), one of the cliques in G is split into a clique of size
k and an isolated vertex.

Let us randomly permute the vertices of G and consider the two instances above. By Theorem 5.4, any
randomized algorithm ALG that considers the first instance (X, d) and queries the input in 7" places reveals
in expectation O(%) vertices. Now notice that the single point that is removed from a cluster to define the
second instance is a random point, and so if algorithm ALG is run on the second instance (X", d), it will see
a difference in its queries only if it reveals that single point in (X, d), and for that it requires (in expectation)

O(%z) queries. Therefore, no algorithm ALG that queries the first instance (X, d) in 0(%) queries will able

to distinguish it (with probability at least %) from the second instance (X”,d). |

n?logn

While the lower bound in Theorem 1.3 shows that our first algorithm performing O( % ) queries (cf.

Theorem 1.1) is asymptotically almost optimal, such a claim does not extend to the case when one allows the
estimation error to be a function of mst(X) and k = O(y/n). Indeed, it is easy to see that the construction

in Theorem 1.3 has mst(X) = ;25 — 1 for the first instance X1, and mst(X”) = ;75 for the second instance
X'. Therefore, for k = O(y/n) an error of @(#1) is Q(k), and hence it is of the same order as the cost of

(X',d). (On the other hand, if kK = w(y/n) then the claim in Theorem 1.3 still holds even if we allowed an
additive error of £ - mst(X).) To obtain an asymptotically tight lower bound that would contain the additive
error term of the form e - (cost(X) + mst(X)), we need more elaborate arguments that we will present in the
next section.

nk%/2 n?

6. Lower bound of Q <min{ —, }) for approximating cost(X) to within e-(cost(X)+mst(X)):

k

Proof of Theorem 1.4. In this section we show Theorem 1.4, that any randomized algorithm that com-
2

putes cost(X) with |cost(X) — cost(X)| < e(cost(X) + mst(X)) requires Q(min{ k2 %}) queries. Our

€

construction relies on a design of two metric spaces that are undistinguishable with o(min{"k;/2 , %2})
queries, and for which finding an estimate for their costs would allow to distinguish between them.
%/2> if k < (4en)*®, and h = O(%) otherwise).
Let 7 be an integer such that 7(h + 2)(k 4+ 1) = n; notice that r = ©({%). (In the arguments below we
assume that r and vk are integer; extension to the general case is straightforward.) In our analysis, the
metric space has only two types of distances, 0 or 1.

Let us define two metric spaces X and X’ on n points (see also Figure 6.1).
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Let h be an integer parameter (which we set to h = O(
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F1G. 6.1. Instance (X,d) with r - (h + 2) = 12 cluster point sets of size k + 1 each, and instance (X', d) obtained
by moving in (X,d) r = 3 sets of V'k points between some clusters.

Construction of two metric spaces X and X’ on n points:
Constraints for positive parameters n,k,r,h: Vk,r,h e N,k <n, r(h+2)(k+1)=n
e Let X consist of the following:
o 1+ (h + 2) cluster point sets of k + 1 points each, with pairwise distance 0 and distance 1 to
everybody else.
e Let X’ consist of the following:
o r-h cluster point sets of k+1 points each, with pairwise distance 0 and distance 1 to everybody
else;
o r cluster point sets with k£ + 1 — vk points each, with pairwise distance 0 and distance 1 to
everybody else;
o 1 cluster point sets with k 4+ 1 + v/k points each, with pairwise distance 0 and distance 1 to
everybody else.

It is easy to see that so defined X and X’ are two properly defined metric spaces on n points (assuming,
as we do throughout the paper, that distance 0 is an arbitrary small positive number < 1.). One can
construct X’ from X by taking r random pairs of the clusters and then, in each pair, by moving vk points
from one of the cluster to the other cluster in the pair.

The following straightforward claim describes some basic properties of X and X”.

CLAIM 6.1. cost(X) =0 and cost(X') =7 - (k+1—Vk)-VEk.
Further, the cost of a minimum spanning tree is mst(X) = mst(X’) =r - (h+2) — 1.

Next, we state our main claim that any algorithm that distinguishes between the input instances of
metrics X and X’ must have query complexity Q(nh). We defer the proof of Lemma 6.2 (which relies on the
approach from Section 5, cf. Theorem 5.4) to Section 6.1.

LEMMA 6.2 (Main). Any algorithm that with probability at least % distinguishes between X and X'
requires )(nh) time.

With Lemma 6.2 at hand, we can conclude with the proof of our main Theorem 1.4.

Proof of Theorem 1.4. Let us first notice that the claim trivially holds when k3/2/e = O(1) or when
k = Q(n). To see that Q(n) is always a lower bound (which takes care of the case k = (n)), consider
the following two instances: one in which all points are clustered together, and another in which there is
a single point at a large distance from all other points. It is known that there is no o(n)-time algorithm
that can distinguish between these two input instances with probability at least %, and so for any k, no
o(n)-time algorithm can (with probability at least 2) approximate cost(X) with an additive error term
1+ (cost(X) + mst(X)).

In view of that, from now on we assume that [%/:-‘ > 2and k = o(n) (to ensure the existence of h € N
satisfying (h +2)(k+1) < n).

nk3/2 2

We show that for an appropriate value for h, Q(min{ s ,"?}) queries are necessary to distinguish
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between the input instances X and X’. We prove this by first showing that if k& < (4en)?/®

Q(”k3/2) queries and then show that if k& > (45n)2/5 then one requires Q(”%) queries. This gives the

then one requires

£

E
when k > (4en)?/®, is that in the first case we use r > 1 (and h = ©(k*/2/¢)) and in the second case we use
r=1 (and h = O(n/k), to ensure r = O()).)

k3/2

Small k. Let us begin with the case k < (4en)?/®, in which case we set h = [4—86—‘ — 1 (and by the

comments above, we have h > 1). Notice that then (h + 2)(k 4+ 1) < n/2, and hence the constructions of X
and X’ are valid.

Assume, for the purpose of contradiction, that we have an algorithm that in time o(nh), with probability
at least % estimates the cost of a k-nearest neighbor graph for an arbitrary metric space (X,d) of size n
to within an error term ¢ - (cost(X) + mst(X)). We will argue that this algorithm would also be able to
distinguish our input instances X and X’ in o(nh) time, which by Lemma 6.2 would lead to contradiction.

If we run this algorithm to our input instances X and X”, then with probability at least % it would
return two values costy and costys that satisfy the following inequalities,

required lower bound of Q(min{ ”kj/z n’ }) (The difference between the two cases, when k < (4en)?/® and

[costy — cost(X)] < e (cost(X) + mst(X)) and [costyr — cost(X')| < e (cost(X') + mst(X')) .
In particular, with probability at least % we have
costy < (1+¢)-cost(X) +e-mst(X) and costy > (1 —¢)-cost(X’) —e-mst(X’) .

By Claim 6.1, and since € < %, the bound above implies that with probability at least % we have

(6.1) costy < (1+¢)-cost(X)+e-mst(X)=0+¢-(r-(h+2)—1)<3-e-7-h,
and
(6.2) costy > (1 —¢) - cost(X) —e-mst(X) > (L k32 —3.c-h) -1 .

13/2

Next, notice that if we set h = {@

—‘ — 1, then we have that 3eh < %k?’/z — 3¢h and thus,

@X§3~E-r-h<(%-k3/2—3-5-h)-r§@;@ ,

where the first inequality follows from (6.1) and the last one follows from (6.2).

But this implies that with probability at least % we have costy < costy/, and thus we can use our algo-
rithm to distinguish the input instances X and X’ in o(nh) time, which by Lemma 6.2 leads to contradiction.
Therefore, there is no o(nh)-time algorithm that with probability at least % estimates the cost of a k-NN

graph to within an additive error term ¢ - (cost(X) + mst(X)), assuming k < (4en)?/® and h = [ZZEQ—‘ —1.
2/5

Large k. The analysis above requires k to be not too large and we assumed k < (4em)?/° to ensure the

necessary constraint (h+2)(k +1) < $n with h = M‘Zj
smaller value of h and we set r = 1.

Let k > (4en)?/5 and k = o(n) (to ensure the existence of h € N satisfying (h + 2)(k 4+ 1) < n). In our
analysis above, assuming that » = 1 (which is what we have now), the claim relies on a single inequality,
3eh < §k3/2 —3¢h. We set h = Lﬁj to ensure that this inequality holds. Thus, as above, assuming

k > (4en)?/>, we obtain a lower bound of Q(nh), which is Q(%z) |

1 — 1. When £k is larger, we have to take consider a

6.1. Lemma 6.2 and testing hypergeometric distributions. In this section we prove Lemma 6.2.
We will first provide some tools, and then will link the task of distinguishing between X and X’ to the
problem of testing hypergeometric distributions.

6.1.1. Testing hypergeometric distributions. We consider the standard model of distribution
testers to access the unknown distribution by getting independent and identically distributed samples from
it (see, e.g., [3]). Let D be a fixed distribution over some domain €. A sampling oracle for D is an oracle that
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when queried, returns an element x € ), where the probability that z is returned is D(z), independently of
all previous calls to the oracle. (Notice that this standard definition immediately implies that all distribution
testers in this standard model are essentially non-adaptive.)

Denote by Hy,a,s the hypergeometric distribution with parameters N, M, and .S, that is, for is a random

M\ (N—M
variable Z with distribution Hy as g, we have Pr[Z = r] = % Similarly, denote by B(S,p) the

S

binomial distribution with parameters S and p, that is, for a random variable Z with distribution B(S, p),
we have Pr[Z =r] = (‘f) pr-(1—p)S—.

Let us recall that the total variation distance between two discrete probability distributions D and
D’ over the same domain ) is equal to the half of the first norm distance between these distributions,
|D = Dliry = 4D = Dl = § S [Prprfic] — Profu].

It is known that the hypergeometric distribution and the binomial distribution are very similar. Indeed,
the hypergeometric distribution is a discrete probability distribution that describes the probability of r
successes (random draws for which the object drawn has a specified feature) in S draws, without replacement,
from a finite population of size N that contains exactly M objects with that feature, wherein each draw is
either a success or a failure. In contrast, the binomial distribution describes the probability of 7 successes in
S draws with replacement, where the success probability p corresponds to the ratio of the number of objects
with a given feature to the total population. To quantify this similarity between Hy a7 s and B(S, M/N),
Freedman [16] showed that the total variation norm between sampling with and without replacement is small
if S2/N is small, and then Ehm [12] and Kiinsch [22] extended this to larger values of S:

LEMMA 6.3. [12, 22] IfS-M/N - (1 — M/N) > 1, then

S—1
N-1"

IHN,ar,5 — B(S, M/N)|lrv <

Next, let us remind the result due to Paninski [29, Theorem 4] (we state this result only in the most
basic case of the support size of the uniform distribution to be equal to 2).

LEMMA 6.4. [29] If S -e% = o(1), then
IB(S, 3) = B(S. 5 +e)llrv = o(1) .

In particular, no tester that samples only o(e~2) elements can distinguish with probability at least % between
the uniform distribution on two elements and a distribution that assigns probability %—&—5 to one element and

% — ¢ to the other element.

Now, we combine Lemmas 6.3 and 6.4 to obtain our main Lemma 6.5. Observe that to distinguish
between two different hypergeometric distributions, we have to consider a (non-adaptive) tester that out
of a finite population of size N that contains exactly M objects with a special feature, samples S random
elements from the population (equivalently, one performs S steps of sampling without replacement a single
element from the population). Our goal is to determine the value of M and in our case, to distinguish
between the case M = %N and M = %N + ¢v/N. This would mean that we can distinguish between two
hypergeometric distributions Hy 1y g and Hy 1 v .5 s-

LEMMA 6.5. Let ¢ be an arbitrary positive constant. Let X be a random wvariable with hypergeometric
distribution Hy 1 g and let Y be a random variable with hypergeometric distribution HN,%N+C\/N,S' If
S =0(N), then |X — Y|rv = o(1).

In particular, no tester that samples only o(N) elements can distinguish with probability at least % between
Hyins and Hy 1y oyw,s-

Proof. Tt is enough (cf. the arguments in [29]) to show only the first claim, that if S = o(N), then
[X = Vlry = o(1).

We will use the triangle inequality on the norms which ensures the following;:

(6.3) IHn,n/2,s = Hy njorevm sllTy <
I, v/2,5 = B(S, 5) v + [B(S, 5) = B(S, 5 + & )llrv + Hy njoyevms = B(S 5+ S )lrv -
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To use this bound, first we obtain by Lemma 6.3,

S—1
1
— = <
IHy,n/2,5 — B(S, 5)ll7v < N1
and
S—1

(6]

IHy n/2tevw,s — BS, 3+ W)HTV < N_1-

Next, by Lemma 6.4, since S = o(IN), we have

IB(S, )~ B(S,§ + )llrv = o(1) -

Since S = o(N), we combine the bounds above with the triangle inequality (6.3) to obtain

S—1 S—1
IHN,n/2,5 — HN,N/2+C\/N,S||TV < N_1 +o(1) + N_o1~ o(1) . a

6.1.2. Testing two clusters. We will relate the problem of distinguishing between hypergeometric
distribution HN’%N’S and hypergeometric distribution ]HIN’%NJFCW)S from Lemma 6.5 to a clustering testing
problem.

Consider the following clustering problem. We are given a graph G with N vertices, which consists of
two disjoint cliques, one of size M, M < N, and another of size N — M. Suppose that we know that either
M = %N , or that M = %N + ¢V/'N for some small positive constant ¢. Consider an algorithm ALG that is
allowed only to query the adjacency matrix of G, i.e., to query whether a pair of vertices are connected by
an edge. How many queries algorithm ALG must ask to distinguish between the two cases, when M = %N

and M = %N + ¢v/N? We prove the following.

LEMMA 6.6. Let ¢ be a positive constant. Let G1 and Ga be two graphs on the vertex set V. ={1,...,N},
N even, such that G consists of two disjoint cliques of size %N each, and Ga consists of two disjoint cliques
of size %N +¢V/N and %N — ¢V N, respectively. Then, no algorithm that queries entries of the adjacency
matriz of the input graph only about o(N) vertices can distinguish with probability at least % between G4
and Gs.

Proof. The proof is by reduction to the problem of testing hypergeometric distribution.

Let us first set up our framework. Fix N € N. For any natural M < N, let G‘™) be a graph on the
vertex set V = {1,2,..., N} which consists of two disjoint cliques, one of size M and another of size N — M.
Let ALG be any algorithm that queries the entries of the adjacency matrix of the input graph G*, and on
the basis of the queries decides whether G* = GM) or G* = G™M) | for two distinct M and M’. We will
consider any algorithm ALG that queries at most T vertices in the adjacency matrix of the input graph. We
will show that if M = LN and M’ = 1N + ¢V/N, then in order to distinguish with probability at least 2
between GM) and GM") | we must have T = Q(N).

We first notice that in the case of two cliques, the behavior of any algorithm ALG can be slightly modified
to follow a very simple format. One first queries an arbitrary pair of vertices xg and yq:

o if {x0,yo} € E then we will assign both xg and yo to the first clique Cf;
e otherwise, if {zo,y0} ¢ F then we will assign z( to C7 and yg to Cs.
Then, we will ensure that the following invariant is maintained:
e if we have already queried for any edge incident to a vertex x then we have already determined
whether x € C7 or x € Cy;
e however, if we have not queried yet for any edge incident to x, then we cannot determine the cluster
of z (and the algorithm cannot be sure whether z is in C; or in Cb).

In order to maintain the invariant, we will enhance ALG: except for the initial, first query (which checks

if {xg,y0} € E), if ALG is querying for a pair x,y:
e we will give away one free query to ALG to determine whether {x, 2} € E.
Notice that since we know that xy € C1, then the additional query {x,xo} € E? uniquely determines if z € C;
or z € Cy, and hence together with the query {z,y} € E? it uniquely determines whether y € Cy or y € Cs.
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This ensures that the invariant is satisfied. (To ensure that this is always possible, we additionally require
that ALG queries at most min{M, N — M} vertices, which is what we require from our input parameters.)
Notice that since for any two vertices queried before we have already determined whether they are adjacent,
algorithm ALG has no reason to ask queries involving two vertices queried earlier.

Now, suppose that there is an algorithm ALG that asks queries about at most T' vertices to determine
whether the input graph is G; or Go. We can assume, without loss of generality, that every time ALG queries
for an edge {z,y} with = or y as a new yet non-visited vertex, then the new vertex is a random vertex among
all non-visited-yet vertices (since no information about these vertices is known to the algorithms and since
we have started with randomly permuting all vertices). Therefore, every time ALG queries a new vertex
(and it can query up to two vertices with a single query), one can think that the algorithm checks the status
of a new vertex.

We will show that ALG can be used to distinguish between hypergeometric distributions H IN.S and
HN,%N+C\/N,S7 with S < T, and hence, by Lemma 6.5, we must have T' = Q(N).

Consider an instance of the problem of testing hypergeometric distribution: there is a finite population
of size N that contains exactly M objects with a special feature, one performs S steps (with S < T) of
sampling an element from the population — without replacement. Our goal is to determine the value of M,
to distinguish between the case M = %N and M = %N + ¢v/N. We will model this task by considering

a graph G on N vertices and distinguishing between the case when G is GGEN) or GGEN+VN) | Let us
randomly permute the vertices of G, to ensure, as claimed above, that every time ALG queries a new vertex
(and it can query up to two vertices with a single query), one can think that the algorithm checks the status
of a new random vertex from G.

In order to distinguish between hypergeometric distributions H IN.S and H NI N+4cV/N,s» We Tun ALc

on G that is either G(2N) or G(EN+eVN) In each step, algorithm ALG queries for at most two new random
vertices; a query about a new vertex x determines whether x is in cluster C; or in C5. This can be modeled
by choosing S random (distinct, so without replacement) vertices, S < T', and learning which of them belong
to C7 and which of them belong to C5. Let 1¥; be the number of sampled vertices belonging to C; and 95
be the number of sampled vertices belonging to Cy. Notice that if G is equal to G™) then either ¥, is a
random variable with hypergeometric distribution Hy az,s, or 2 = S — 9% has hypergeometric distribution
Hn,m,s. Therefore, by distinguishing in 7" steps on whether G is either GGN) or GGV +C\/ﬁ>, we also would
be able to distinguish on whether ¥, (or, symmetrically, ¥J2) has hypergeometric distribution H N,AN,s OF
hypergeometric distribution H NAN+eVN,S? which is known to require Q(/N) random samples, by Lemma 6.5.
This proves that algorithm ALG queries T' = Q(N) vertices. |

6.1.3. Testing many clusters. We now give a simple extention of the framework from Section 6.1.2
and Lemma 6.6 to the case of many clusters. We will prove the following lemma.

LEMMA 6.7. Let ¢ be a positive constant and r be a positive integer. Let Hy and Hy be two graphs on
the vertex set V.= {1,2,...,7rN}, N even, such that
e Hy consists of 2r disjoint cliques of size %N each, and
e Hs consists of 2r disjoint cliques: r cliques of size %N +¢V/N and r cliques of size %N —¢VN.
Then, no algorithm that queries entries of the adjacency matrix of the input graph only about o(N) vertices
can distinguish with probability at least % between Hy and Hs.

Proof. For the purpose of contradiction, suppose that there is an algorithm ALG that queries entries of
the adjacency matrix of the input graph about o(N) vertices and distinguishes between H; and Hy with
probability at least % We argue that ALG could be used to distinguish between the two instances, as defined
in Lemma 6.6. Indeed, suppose we have two graphs G and Gs on the vertex set V = {1,2,..., N}, as in
Lemma 6.6. Then H; is obtained by taking r disjoint copies of G; and Hs is obtained by taking r disjoint
copies of Gy (with relabeling of the vertices). Hence, we can distinguish between G; and G2 by applying
ALG to distinguish between H; and Hs, without loss of complexity. This would distinguish G; from G5 with
o(N) queries, contradicting Lemma 6.6. 0

6.1.4. Completing the proof of Lemma 6.2. Now we are ready to complete the proof of Lemma
6.2, that to distinguish X from X’ one needs Q(nh) time. Our analysis relies on the tools from Section 5
(Theorem 5.4) and from Section 6.1.3.
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Consider any algorithm ALG that distinguishes between the instances X’ and X’ (cf. page 30 and Figure
6.1). For the purpose of contradiction, suppose that ALG performs T = o(nh) queries.

One can model the input instances X and X’ by an undirected graph G on V = {1,2,...,n}, such that
two vertices are adjacent if and only if they are in the same cluster in the input instance. To use this setting,
let us first consider the framework analyzed in Lemma 6.7. Let H; and Hs be two graphs on 2(k + 1)r
vertices such that H; consists of 2r disjoint cliques of size k + 1 each, and H consists of 2r disjoint cliques:
r cliques of size k + 1 4+ vk and r cliques of size k + 1 — V/k.

Observe that graph G consists of either %h + 1 copies of graphs Hy, or %h copies of graphs H; and one
copy of Hs, depending on whether the input to ALG is X or X’. Thus if ALG can distinguish between X or
X', it can also distinguish between the instances for the undirected graph G.

Let H be a graph that is isomorphic either to H; or Hs. By Lemma 6.7, there is no algorithm that queries
entries of the adjacency matrix of H only about o(k) vertices and that can distinguish with probability at
least % whether H = Hy or H = Hs. Our proof of Lemma 6.2 is by contradiction: we will show (by observing
G) that any algorithm that distinguishes X from X’ with o(nh) queries can be used to distinguish H; from
H, with o(k) queries.

One can view X and X’ in the context of pairs of clusters: X’ is obtained from X by taking r random
pairs of the clusters and then, in each pair, of moving vk points from one of the cluster to the other cluster.
Let us call a pair of clusters of size k + 1 each balanced and a pair of clusters of sizes k + 1 + vk unbalanced.
In view of the above, for the sake of the analysis, we will consider both X and X’ as defined by pairs of
clusters: we assume that X consists of 2r(h + 2) random pairs of balanced clusters and X’ is obtained from

X by taking r of these random pairs of clusters and then, in each pair, of moving vk points from one of the
cluster to the other cluster, making these r pairs unbalanced (any point is in the same pair of clusters in
both problem instances).

The definition of pairs of clusters naturally extends to pairs of cliques in the graphs G and H. If there
is a pair of clusters in X or X’, then we pair the corresponding cliques in G. Similarly, graphs H; and Hs
consist of r pairs of cliques, in H; the two cliques in each pair are of size k + 1, and in Hy the pair consists
of a clique of size k + 14 vk and a clique of size k + 1 — Vk.

Let us set up an instance for algorithm ALG corresponding to G as a single copy of the input graph H
and %h copies of graphs H;. Permute the vertices using a random permutation m € S,,. As before, this
describes precisely either the input instance X or X’, and so if ALG distinguishes between X and X’, then
it also determines whether H = Hy or H = H,. In this framework we will project ALG on H: Every time
ALG queries for two vertices from the selected pairs of clusters (corresponding to H), we will apply identical
query to H (in our tester that aims to distinguish H; from Hs). However, all queries about at least one
vertex from outside H are ignored in our tester.

Let us call a point x revealed by ALG, if ALG queried entry {z,y} for another vertex y that is in the
same pair of clusters as x. Let 7 be the expected number of vertices revealed by algorithm ALG. Notice
that by Theorem 5.4, we have 7 = O(ZE) = o(kh).

We now apply algorithm ALG to distinguish H; from Hs with o(k) queries. We run ALG until it reaches
the threshold of 23_7 revealed points in the r copies of the pairs of clusters on which X and X’ differ (which
we call selected pairs of clusters). Notice that with that, our algorithm queries entries of the adjacency
matrix of the input graph H on at most 59:2 = o(k) vertices of H.

We consider two cases, depending on whether algorithm ALG reveals at least
of the selected pairs of clusters, or it does not.

When ALG is run on X, then all pairs of clusters are balanced and look identical. Therefore, because
of the random permuting of the vertices, since the expected number of vertices revealed by ALG is 7, every
pair of clusters (there are l7"(h + 2) such pairs) has in expectation % revealed vertices. Therefore, by
vertices from the r copies of the selected pairs of

207

7o boints in the r copies

+2
clusters with probability at most ﬁ Thus, if ALG reveals at least 2 e +2 points in the r copies of the selected

pairs of clusters then we return H = H,. Indeed, s1nce in this case the input to ALG is X with probability

Markov’s inequality, algorithm ALG reveals at least 2 )

at most 10, the probability that H = H, is at least . Hence, our algorithm distinguishes between H; and
Hj with probability at least 15
Next, let us consider the other case, when algorithm ALG reveals less than % points in the r copies

of the selected pairs of clusters. In this case we return H; when ALG returns X, and return Hs otherwise.
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Since ALG with probability at least % correctly distinguishes between X and X’, our algorithm correctly
distinguishes between H; and Hs with probability at least %

Let us summarize our analysis above. We have shown that if there is an algorithm ALG that performs
T = o(nh) queries and distinguishes with probability at least % between the problem instances X and X,

then there is an algorithm that queries the entries of the adjacency matrix of the input graph H about at

most 2OTT = o(k) vertices and distinguishes with probability at least % between H; and Hs. This contradicts
Lemma 6.6, and thus any algorithm that with probability at least % distinguishes between X and X’ requires
Q(nh) queries. This yields Lemma 6.2.
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Appendix A. Assumptions on the input space.

Let (X, dx) be our input metric space. We will assume in various places of the paper that the minimum
distance is 1 and the maximum distance is n(®)) and that the cost of the k-NN graph is at least ”?k
Furthermore, we will assume that all distances are powers of (1 + £). In the following we show how we can
always achieve this setting when we work with a slightly weaker form of the triangle inequality.

DEFINITION A.l. We say that (Y,d) is an e-near metric space, if it satisfies all properties of a metric
space except for the triangle inequality, which is relaxed to be:

d(z,y) < (1+¢) - (d(z,2) +d(2,9))
forallz,y,z€Y.

We first approximate the diameter D of the metric space within a factor of % using a sublinear time
algorithm of Indyk [20]. The algorithm takes an arbitrary vertex v and computes its furthest neighbor v and
returns it as an estimate D for the diameter. By the triangle inequality, D = d(u,v) > D/2. We normalize
distances by multiplying them with kn/(eD), which results in distances between 0 and 2kn/e. Let (X, d)
be the resulting metric space (which is just a scaled version of (X,dx). We observe that the cost of the
minimum spanning tree of the metric space (X', d) is at least kn/e. Then we round every distance smaller
than 1 to be 1 and every distance with weight more than one is rounded up to the closest power of (1 + ).
Let (Y,d) be the resulting space. Let Gxs be a k-NN graph of (X’,d’y) and let Gy be a k-NN graph of
(Y,d). Then we have the following.

LEMMA A.2.
cost(Gxr) < cost(Gy) < (1+¢) - cost(Gx/) +e-mst(Gxr)
and
mst(Gx/) < mst(Gy) < (1+2¢) - mst(Gx/) .

Proof. Since we are rounding up all distances, the lower bounds are immediate. For the first upper
bound, we observe that there are at most kn edges in the k-NN graph. Every edge that is rounded to 1 can
increase the cost by at most 1, which gives an overall increase of kn. This is at most ¢-mst(Gx). The other
term follows immediate since we round the remaining edge weights to the closest power of (1 + ¢). For the
second statement, we observe that the mst has at most n — 1 edges. The rest of the argument is similar to
above. |

LEMMA A3. (Y.d) is an e-near metric space.

Proof. We need to show that (Y,d) satisfies the relaxed triangle inequality. Consider three points
z,y,2 € Y and let a',y/, 2’ be their counterparts in (X', d’ ). We note that the inequality is always true,
when d(z,y) = 1. Hence we may assume that d(z,y) > 1 and so it was rounded up to the closest power of
(I14+¢). We get

d(z,y) < 1 +e)dx(2',y) < (1 +¢e)(dx (@', 2) + dx (z,1) < (1 +€)(d(z, 2) + d(z,y)) - a
38



We will therefore assume throughout the entire paper that (Y, d) is an e-near metric space. In fact, our
formula for the cost of the k-NN graph will work for every graph with outdegree k and edges weights that
are powers of (1 + ¢).
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