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LINEAR STATIONARY ITERATIVE METHODS FOR THE
FORCE-BASED QUASICONTINUUM APPROXIMATION

M. LUSKIN AND C. ORTNER

ABSTRACT. Force-based multiphysics coupling methods have become popular since
they provide a simple and efficient coupling mechanism, avoiding the difficulties in
formulating and implementing a consistent coupling energy. They are also the only
known pointwise consistent methods for coupling a general atomistic model to a finite
element continuum model. However, the development of efficient and reliable iterative
solution methods for the force-based approximation presents a challenge due to the
non-symmetric and indefinite structure of the linearized force-based quasicontinuum
approximation, as well as to its unusual stability properties. In this paper, we present
rigorous numerical analysis and computational experiments to systematically study
the stability and convergence rate for a variety of linear stationary iterative methods.

1. INTRODUCTION

Low energy local minima of crystalline atomistic systems are characterized by highly
localized defects such as vacancies, interstitials, dislocations, cracks, and grain bound-
aries separated by large regions where the atoms are slightly deformed from a lattice
structure. The goal of atomistic-to-continuum coupling methods [1H4l 15,1622} 26,28
132] is to approximate a fully atomistic model by maintaining the accuracy of the atom-
istic model in small neighbors surrounding the localized defects and using the efficiency
of continuum coarse-grained models in the vast regions that are only mildly deformed
from a lattice structure.

Force-based atomistic-to-continuum methods decompose a computational reference
lattice into an atomistic region A and a continuum region C, and assign forces to rep-
resentative atoms according to the region they are located in. In the quasicontinuum
method, the representative atoms are all atoms in the atomistic region and the nodes
of a finite element approximation in the continuum region. The force-based approxi-

mation is thus given by [5l6LT0HI2L32]
Fay) ifje A,

Fact(y) =47
;W) Fely) ifjec,
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where y denotes the positions of the representative atoms which are indexed by j, F3(y)
denotes the atomistic force at representative atom j, and F5(y) denotes a continuum
force at representative atom j.

The force-based quasicontinuum method (QCF) uses a Cauchy-Born strain energy
density for the continuum model to achieve a patch test consistent approximation [6],
I1L24]. We recall that a patch test consistent atomistic-to-continuum approximation
exactly reproduces the zero net forces of uniformly strained lattices [19,24,27]. How-
ever, the recently discovered unusual stability properties of the linearized force-based
quasicontinuum (QCF) approximation, especially its indefiniteness, present a chal-
lenge to the development of efficient and reliable iterative methods [12]. Energy-based
quasicontinuum approximations have many attractive features such as more reliable
solution methods, but practical patch test consistent, energy-based quasicontinuum
approximations have yet to be developed for most problems of physical interest, such
as three-dimensional problems with many-body interaction potentials [20,21,30].

Rather than attempt an analysis of linear stationary methods for the full nonlinear
system, in this paper we restrict our focus to the linearization of a one-dimensional
model problem about the uniform deformation y* and consider linear stationary meth-
ods of the form

P(u) — ™) = ar®, (1)
where P is a nonsingular preconditioning operator, the damping parameter a > 0 is
fixed throughout the iteration (that is, stationary), and the residual is defined as

r = f = L™,

We will see below that our analysis of this simple model problem already allows us to
observe many interesting and crucial features of the various methods. For example, we
can distinguish which iterative methods converge up to the critical strain F, (see (8]
for a discussion of the critical strain), and we obtain first results on their convergence
rates.

We begin in Sections Pl and 3] by introducing the most important quasicontinuum ap-
proximations and outlining their stability properties, which are mostly straightforward
generalizations of results from [9HIT13]. In Section ] we review the basic properties
of linear stationary iterative methods.

In Section Bl we give an analysis of the Richardson Iteration (P = I) and prove
a contraction rate of order 1 — O(N~?) in the ¢? norm (discrete Sobolev norms are
defined in Section 21]), where N is the size of the atomistic system.

In Section [0 we consider the iterative solution with preconditioner P = L}d, where
L}d is a standard second order elliptic operator, and show that the preconditioned
iteration with an appropriately chosen damping parameter « is a contraction up to the
critical strain F, only in 4% among the common discrete Sobolev spaces. We show,
however, that a rate of contraction in %> independent of N can be achieved with the
elliptic preconditioner L(}fl and an appropriate choice of the damping parameter a.

In Section [7 we consider the popular ghost force correction iteration (GFC) which
is given by the preconditioner P = L5, and we show that the GFC iteration ceases to
be a contraction for any norm at strains less than the critical strain. This result and
others presented in Section [ imply that the GFC iteration might not always reliably
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reproduce the stability of the atomistic system [9]. We did not find that the GFC
method predicted an instability at a reduced strain in our benchmark tests [I8] (see
also [24]). To explain this, we note that our 1D analysis in this paper can be considered
a good model for cleavage fracture, but not for the slip instabilities studied in [1824].
We are currently attempting to develop a 2D benchmark test for cleavage fracture to
study the stability of the GFC method.

2. THE QC APPROXIMATIONS AND THEIR STABILITY

We give a review of the prototype QC approximations and their stability properties
in this section. The reader can find more details in [9,[10].

2.1. Function Spaces and Norms. We consider a one-dimensional atomistic chain
whose 2N +1 atoms have the reference positions z; = je for ¢ = 1/N. The displacement
of the boundary atoms will be constrained, so the space of admissible displacements
will be given by the displacement space

U={ueR™ ! iu_y=uy=0}

We will use various norms on the space U which are discrete variants of the usual
Sobolev norms that arise naturally in the analysis of elliptic PDEs.
For displacements v € U and 1 < p < oo, we define the ¢ norms,

1/p
N
(5 D — N1l |W|p) , 1 <p<oo,

[Vl ==
maXe—_nN+1,..,N |W|, p =00,

and we denote by U°? the space U equipped with the 2 norm. The inner product
associated with the ¢2 norm is

N
(v,w) :=¢ Z Vewy for v,w e U.
¢

=—N+1

We will also use || f||z and (f, g) to denote the (P-norm and ¢2-inner product for arbi-
trary vectors f, g which need not belong to . In particular, we further define the 2/1*
norm

[olleerr =[]0l ez,

where (v'), = v, =& Y vy —v_1), L =—N+1,...,N, and we let U'? denote the space
U equipped with the U'? norm. Similarly, we define the space U?*? and its associated
U*P norm, based on the centered second difference v] = e (v — 2vp + vy_y) for
{=—-N+1,...,N—1.

We have that v € R?N for v € U has mean zero Z;V:_Nﬂv;- = 0. We can thus
obtain from [10, Equation 9] that
max (v, v') < max (v, o) = |[uljypr <2 max (W, ). (2)

o€eR2N veld

veut :
' g, o1 'l
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We denote the space of linear functionals on U by U*. For g € U*, s = 0,1, and
1 < p < oo, we define the negative norms ||g||y~s» by

|glle¢—sr == sup (g,v),
U

v
lollees.a=1

where 1 < g < oo satisfies % + % = 1. We let /=P denote the dual space U* equipped
with the 4~*P norm.

For a linear mapping A : U; — U, where U; are vector spaces equipped with the
norms || - ||z, we denote the operator norm of A by

AU U
||‘4||L(Z/{17 Uy) *= sup H H 2
veU, v#£0 H’UHM1

If U, = Us, then we use the more concise notation
[Alles == 1 Allzea, w)-
If A:U%% — U"? is invertible, then we can define the condition number by
cond(A) = [[Aljyo - A~ o
When A is symmetric and positive definite, we have that
cond(A) = Agy_1 /A

where the eigenvalues of A are 0 < A\ < --- < \gly_,. If a linear mapping A : U — U
is symmetric and positive definite, then we define the A-inner product and A-norm by

(v, W) 4 1= (Av, w), ][4 = (Av,v).

The operator A : Uy — Uy is operator stable if the operator norm [|A™Y| 1w, 4) 18
finite, and a sequence of operators A; : Uy ; — Us ; is operator stable if the sequence
1(A;) @, wr ) is uniformly bounded. A symmetric operator A : U%? — U™ is
called stable if it is positive definite, and this implies operator stability. A sequence of
positive definite, symmetric operators A; : U*? — U2 is called stable if their smallest

. A, .
eigenvalues A}’ are uniformly bounded away from zero.

2.2. The atomistic model. We now consider a one-dimensional atomistic chain whose
2N + 3 atoms have the reference positions x; = je for ¢ = 1/N, and interact only with
their nearest and next-nearest neighbors.

We denote the deformed positions by y;, j = =N —1,..., N + 1; and we constrain
the boundary atoms and their next-nearest neighbors to match the uniformly deformed
state, ij = F'je, where F' > 0 is a macroscopic strain, that is,

Yy-n-1=—F(N + 1), y-n = —FNe, 3)
yn = F'Ne, yn+1 = F(N + 1)e.
We introduced the two additional atoms with indices (N + 1) so that y = y” is an

equilibrium of the atomistic model. The total energy of a deformation y € R*V+3 is

now given by
N

) — Y el

j=—N
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where
N+1 T N+1 N+1
) 3 o) = Y o)+ Y ol + ). (4)
j==N j=—N j=—N+1

Here, ¢ is a scaled two-body interatomic potential (for example, the normalized Lennard-
Jones potential, ¢(r) = =12 — 2r75) and f;, j = —N,..., N, are external forces. The
equilibrium equations are given by the force balance conditions at the unconstrained
atoms,

—F ) = f; for j=—-N+1,...,N—1, )
y; = Fje for =—N—-1, —N, N, N+ 1,
where the atomistic force (per lattice spacing ¢) is given by
N 10E%(y
Fily) = W)
Yj (6)

= %{ [(b/(y;-i-l) + ¢ (Yj0 + y§-+1)} - [¢’(y§-) + ¢'(y; + y;_l)] }

We linearize (@) by letting u € R*¥™ uyy = usyi1) = 0, be a “small” displacement
from the uniformly deformed state yf = Fje; that is, we define

uj:yj—yf forj=—-N—-1,....N+1.

We then linearize the atomistic equilibrium equations () about the uniformly deformed
state y!" and obtain a linear system for the displacement u?,
(Lyu®); = f; for j=-N+1,...,N—1,
ui =0 for j=—N—-1,—N, N, N +1,

where (L3wv); is given by

(L), = o —Vj+1 + 20, — v b | 2l + 2v; — v
FU)j = PF -2 oF -2

Here and throughout we define
= (F) and gl = ¢(2F),

where ¢ is the interatomic potential in ([@). We will always assume that ¢7 > 0 and

5 < 0, which holds for typical pair potentials such as the Lennard-Jones potential
under physically realistic deformations.

The stability properties of L% can be understood by using a representation derived

in [9],

N N
(Lpu,uy =cAp > |ugl® = dhp Y |uf® = Apllv' |z — d5pllu”|7,  (7)
{=—N+1 {=—N

where Ar is the continuum elastic modulus
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We can obtain the following result from the argument in [9, Prop. 1] and [12].

Proposition 1. If ¢4 <0, then

La
min 7< it u)

ueR2NH\(o}  |u]|7,
UL NZUL(N41) = ‘

2 "
- AF — € V€¢2F7

where
| | u// | | ?2
=3

Ve 1= min .
T wer oy ]|
UL N=Ux(N41)=0 ©

satisfies 0 < v. < C' for some universal constant C.

2.2.1. The critical strain F,. The previous result shows that L3 is positive definite,
uniformly as N — oo, if and only if Ap > 0. For realistic interaction potentials, L3
is positive definite in a ground state Fy > 0. For simplicity, we assume that Fy = 1,
and we ask how far the system can be “stretched” by applying increasing macroscopic
strains F until it loses its stability. In the limit as N — oo, this happens at the critical
strain F,, which is the smallest number larger than Fj, solving the equation

Ap, = ¢'(F\) + 49" (2F) = 0. (8)

2.3. The local QC approximation (QCL). The local quasicontinuum (QCL) ap-
proximation uses the Cauchy-Born approximation to approximate the nonlocal atom-
istic model by a local continuum model [3,23,26]. For next-nearest neighbor interac-
tions, the Cauchy-Born approximation reads

¢ (e (e — we—1)) = 3[0(2u)) + &(2y511)],
and results in the QCL energy, for y € R?V*3 satisfying the boundary conditions (B]),

ENy) = Y e [ol)) + o(2y))]
=N (9)

1 1
+e {aS(y’_N) + §¢(2y’_N) + O(Yni1) + §¢(2y§v+1)

Imposing the artificial boundary conditions of zero displacement from the uniformly
deformed state, ij = Fje, we obtain the QCL equilibrium equations

Py =f  for j=-N+1,...,N-1,
y?d:Fje for j=-—N, N,
where
19ga
Fily): = ——T@
e 0Oyj (10)

= é{ [gb/(y;qu) + 2¢/(2y;,+1)} _ [Cb/(y;) n 2¢/(2y;-)] }
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We see from ([I0) that the QCL equilibrium equations are well-defined with only a single
constraint at each boundary, and we can restrict our consideration to
y € RPN+ with y_y = —F and yy = F as the boundary conditions.

Linearizing the QCL equilibrium equations ([I0) about y*" results in the system

(L(}?Cl qu) f] for j:—N—l—l’,N_la
uqdzo fOI' j:_N>N7

J

where
L = ApL
and L is the discrete Laplacian, for v € U, given by
. Qs — v
(Lv); == —vf = Vi1 + O j=-N+1,.. N-1 (11)
€

The QCL operator is a scaled discrete Laplace operator, so

(L9, u) = AF||u'||?g for all v € U.

In particular, it follows that LY is stable if and only if A > 0, that is, if and only if

F < F,, where F, is the crltlcal strain defined in ().

2.4. The force-based QC approximation (QCF). The force-based quasicontin-
uum (QCF) method combines the accuracy of the atomistic model with the efficiency
of the QCL approximation by decomposing the computational reference lattice into an
atomistic region A and a continuum region C, and assigns forces to atoms according to
the region they are located in. The QCF operator is given by [5]6]

Fay) ifjeAd
Fi(y) = { o e (12)
’ Fiy) ifjec,

and the QCF equilibrium equations are given by
—FI ) = f; for j=-N+1,...,N—1,
qu—Fja for j=-—N, N.

We note that, since atoms near the boundary belong to C, only one boundary condition
is required at each end.

For simplicity, we specify the atomistic and continuum regions as follows. We fix
KeN, 1<K <N —2, and define

A={-K,..., K} and C={-N+1,....N—1}\ A
Linearizing (I2) about y, we obtain
(L& ), = f;  for j=-N+1,...,N—1,
uwit =0 for j=—-N, N,

J

(13)

where the linearized force-based operator is given explicitly by

qcf L (L%dv)j, fOI'j - C,
(L v); = { (L3v);, for j € A.
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The stability analysis of the QCF operator L}Cf is less straightforward [LOLIT]; we will
therefore treat it separately and postpone it to Section

2.5. The original energy-based QC approximation (QCE). The original energy-
based quasicontinuum (QCE) method [26] defines an energy functional by assigning
atomistic energy contributions in the atomistic region and continuum energy contribu-
tions in the continuum region. For our model problem, we obtain

EX(y)=c) Ey)+e)y Ely) forye RN,

leA leC
where
E(y) = 5(02u0) + d(y) + d(yory) + 6(2y5,4)), and
ELy) = 5(0yiy +y0) + &) + 0(Wir) + OWors + Yira))-

The QCE method is patch tests inconsistent [7,82531], which can be seen from the
existence of “ghost forces” at the interface, that is, VEI°(y) = ¢gI" # 0. Hence, the
linearization of the QCE equilibrium equations about y!" takes the form (see [8, Section
2.4] and [7), Section 2.4] for more detail)

(L(I:{_'CCUQCC).? _gf:f.] for .] - _N_'_l’”’?N_ 17 (14)
uj—lcc:() for j=-N, N,
where, for 0 < j < N — 1, we have
qce o —Uj+1 + 2’UJ —Uj—1
(L U)j = OF -2
4 4_Uj+2+2vj_vj—2’ OSJSK—Q,
4e?
4—vj+2+21)j—vj_2 1’0]‘4_2—’0]" ] - K 1’
4e? e 2
4—Uj+2 + 2Uj ) _ 2’0]‘4_1 — Uy 1’0]‘4_2 — Uy K
+ @op 4e e ¢ e 2 I
4—Uj+1+221)j—?fj—1 _Evj—?fj—le}?fj—?fj—z’ P K 41
62 % € € 2¢e
4 v]+1+21)j v]1+_] ]2’ j=K+2,
52 € 2¢e
4—Uj+1‘|—21)j—’Uj_1’ K—I—?)S]SN—I,
€

\

and where the vector of “ghost forces,” g, is defined by

p

0, 0<j<K-2
_2_15 /2Fa sz_L
g = Fhe 92K
2 P2F: Jj=K+1,
_2_15 /2Fa J=K+2,
0, K+3<j3;<N-1.

\

The equations for j = =N +1,...,—1 follow from symmetry.
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The following result is a new sharp stability estimate for the QCE operator L%, Its
somewhat technical proof is given in Appendix

Theorem 2. [fK >1, N> K +2, and ¢ <0, then
inf (LEu,u) = Ap + Ax by,

ueU
flw']l ,2=1
[

where % < Ak < 1. Asymptotically, as K — oo, we have
A ~ A+ O(e™)  where \, ~ 0.6595 and c =~ 1.5826.

2.6. The quasi-nonlocal QC approximation (QNL). The QCF method is the
simplest idea to circumvent the interface inconsistency of the QCE method, but gives
non-conservative equilibrium equations [5]. An alternative energy-based approach was
suggested in [14,[33], which is based on a modification of the energy at the interface.
The quasi-nonlocal approximation (QNL) is given by the energy functional

N
EM(y) =e Z (ve) + 52 O(Yy + Yogr) + 52 O(2y;) + ¢(2y041)]
(= N+1 teA tec

where we set ¢(y" ) = ¢(yy.1) = 0. The QNL approximation is patch test consistent;
that is, y = y* is an equilibrium of the QNL energy functional.
The linearization of the QNL equilibrium equations about

(anl qnl) f] for j:—N+1’,N_1a

u?nlzo for j:_N>N>
where
ol —’U~+1—|—2U' — Vi
(LEv); = e 52j :
( —Vjyo + 205 — Vi :
g Vit i — Y 0<j<K-1,
4e2 ’ ==
f U2 20—V U+ 20—y =K, (15)
+ ¢ 4e? £? 7 T
2F 4—Uj+1 + 2Uj — Ui + —Uj + 2Uj—1 —Uj-2 j=K+1
4—Uj+1+20j—?fj—1’ K+2<j<N-1
\ £

We can repeat our stability analysis for the periodic QNL operator in [9, Sec. 3.3]
verbatim to obtain the following result.

Proposition 3. If K < N — 1, and ¢ <0, then
inf (L%, u) = Ap.

ueU
flw'[l ,2=1
£
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Remark 1. Since ¢/}, = (Ap — ¢h) /4, the linearized operators (¢/%) ™" L., (@) 1LY,
(@) LY (@) LI, and (¢/%) ' LY depend only on Ap /¢, N and K. O

3. STABILITY AND SPECTRUM OF THE QCF OPERATOR

In this section, we give various properties of the linearized QQCF operator, most of
which are variants of our results in [L0J[11]. We first give a result for the non-coercivity
of the QCF operator which lies at the heart of many of the difficulties one encounters
in analyzing the QCF method.

Theorem 4 (Theorem 1, [11]). If ¢} > 0 and ¢4 € R\ {0} then, for sufficiently
large N, the operator Lj}ff is not positive-definite. More precisely, there exist Ny € N
and Cy > Cy > 0 such that, for all N > Ny and 2 < K < N/2,

—GIN'Y2 < it (Lfe, ) < -GN,

! —
/[l =1

The proof of Theorem [ yields also the following asymptotic result on the operator
norm of L%, Tts proof is a straightforward extension of [IT, Lemma 2], which covers
the case p = 2, and we therefore omit it.

Lemma 5. Let ¢, # 0, then there exists a constant C5 > 0 such that for sufficiently
large N, and for 2 < K < N/2,

C N < 8 g onny < OV

Ut Y-1p

As a consequence of Theorem [ and Lemma [5] we analyzed the stability of L‘}Cf in
alternative norms. By following the proof of [I0, Theorem 3| verbatim (see also [10],
Remark 3]), we can obtain the following sharp stability result.

Proposition 6. If Ap > 0 and ¢ < 0, then LY is invertible with

H(L(Jff)_lHL(MO»oo, U2:0) <1/Ap.

If Ap = 0, then LY is singular.

This result shows that L‘}Cf is operator stable up to the critical strain F, at which
the atomistic model loses its stability as well (cf. Section 2.2)).

3.1. Spectral properties of LY in U%* = (2. The spectral properties of the L&'
operator are fundamental for the analysis of the performance of iterative methods
in Hilbert spaces. The basis of our analysis of L(}Cf in the Hilbert space U%? is the
surprising observation that, even though L}Cf is non-normal, it is nevertheless diago-
nalizable and its spectrum is identical to that of L%nl. We first observed this numerically
in [I0, Section 4.4] for the case of periodic boundary conditions. A proof has since been
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given in [I3] Section 3|, which translates verbatim to the case of Dirichlet boundary
conditions and yields the following result.
Lemma 7. Forall N >4, 1 < K < N — 2, we have the identity
cf — nl
LY =L 'L L. (16)
In particular, the operator Lj}ff 15 diagonalizable and its spectrum is identical to the
spectrum of L}nl.
We denote the eigenvalues of L% (and LX) by
0< A < A< <

2N—-1*

The following lemma gives a lower bound for A, an upper bound for A% .. and

consequently an upper bound for cond(LE") = ATy /A%

Lemma 8. IfK <N —1 and ¢4, <0, then

A" >24p,  MN_ < (Ap—Aghp) e 2= and
\dnol &
nl 2N—1 F o\ _—2
cond(LE") = A < <2AF) S

For the analysis of iterative methods, we are also interested in the condition number
of a basis of eigenvectors of L}Cf as N tends to infinity. Employing Lemma [1 we
can write Lj}ff = L 'A% [ where L is the discrete Laplacian operator and A is
diagonal. The columns of L~! are poorly scaled; however, a simple rescaling was
found in [13, Thm. 3.3] for periodic boundary conditions. The construction and proof
translate again verbatim to the case of Dirichlet boundary conditions and yield the
following result (note, in particular, that the main technical step, [13, Lemma 4.6] can

be applied directly).

Lemma 9. Let Ar > 0, then there exists a matriz' V' of eigenvectors for the force-based

QC operator L}Cf such that cond(V') is bounded above by a constant that is independent
of N.

3.2. Spectral properties of L(}Cf in 42, In our analysis below, particularly in Sec-
tions and [6.2] we will see that the preconditioner Lj}fl = ApL is a promising
candidate for the efficient solution of the QCF system. The operator L'/? can be un-
derstood as a basis transformation to an orthonormal basis in ¢'2. Hence, it will be
useful to study the spectral properties of L(}Cf in that space. The relevant (generalized)

eigenvalue problem is

LY = \Lv, wvel, (17)
which can, equivalently, be written as
L' =M, vel, (18)

or as

LY2LE L2 = w,  wel, (19)
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with the basis transform w = LY?v, in either case reducing it to a standard eigenvalue
problem in /2. Since L and L'? commute, Lemma [7 immediately yields the following
result.

Lemma 10. Forall N >4, 1 < K < N — 2 the operator L‘lL(}ff 18 diagonalizable
and its spectrum is identical to the spectrum of L‘lL}nl.

We gave a proof in [I2] of the following lemma, which completely characterizes
the spectrum of L™'LE", and thereby also the spectrum of L™'L%". We denote the
spectrum of L L% (and L'LE) by {qul j=1,...,2N —1}.

Lemma 11. Let K < N —2 and Ar > 0, then the (unordered) spectrum of L‘lL?ﬁ11
(that is, the Z/ll’2—spectrum) is given by

qnl _ — 4y sin? (41];;4), j=1...,2K +1,
’ Am j=2K+2,...,2N —1.

In particular, if ¢4, <0, then

// //

nl
max; M? 1 4§Z5 gin? ((2K+1)7r) ¢// E L O(K™?).

sin® (151) =
. I AK+4 IK+4
min; /5" Ap * AF AF * Ap

We conclude this study by stating a result on the condition number of the matrix
of eigenvectors for the eigenvalue problem ([I9). Letting V' be an orthogonal matrix of

eigenvectors of L™Y/2LIL=1/2 and A the corresponding diagonal matrix, then Lemma
[ yields

L_1/2L(};?fL_l/2 _ L—l [L_1/2L%H1L_1/2:| L
= (VIL)T'A(VTL).
Clearly, cond(VTL) = O(N?), which gives the following result.

Lemma 12. If Ap > 0, then there exists a matrix w of eigenvectors for the
preconditioned force-based QC operator L=Y2LITL=Y2 such that cond(W) = O(N?)

as N — 00.
4. LINEAR STATIONARY ITERATIVE METHODS

In this section, we investigate linear stationary iterative methods to solve the lin-
earized QCF equations (I3]). These are iterations of the form

P(u(") — u(”_l)) = ar(®1), (20)

where P is a nonsingular preconditioner, the step size parameter o > 0 is constant
(that is, stationary), and the residual is defined as

r = f = L™

The iteration error
e . gact ()
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satisfies the recursion
Pe = (P —aLE e,
or equivalently,
e = (I —aP ' LEN) e = Ge™), (21)

where the operator G = I — OzP_lL%Cf U — U is called the iteration matriz. By
iterating (21II), we obtain that

e™ = (I - ozP_lL%Cf)ne(O) = Gre, (22)
Before we investigate various preconditioners, we briefly review the classical theory
of linear stationary iterative methods [29]. We see from (22)) that the iterative method
[20) converges for every initial guess u?) € I/ if and only if G™ — 0 as n — oco. For a
given norm ||v||, for v € U, we can see from (22]) that the reduction in the error after
n iterations is bounded above by
™|

6l = s 4

e®ecy

It can be shown [29] that the convergence of the iteration for every initial guess
u®) € U is equivalent to the condition p(G) < 1, where p(G) is the spectral radius of
G,

p(G) = max {|\;] : \; is an eigenvalue of G} .
In fact, the Spectral Radius Theorem [29] states that

: n||l/n __
Tim 67" = p(G)

for any vector norm on U. However, if p(G) < 1 and [|G|| > 1, the Spectral Radius
Theorem does not give any information about how large n must be to obtain ||G"| < 1.
On the other hand, if p(G) < 1, then there exists a norm || - || such that |G| < 1,
so that G itself is a contraction [I7]. In this case, we have the stronger contraction
property that
le™ ] < GNPl < IG]™ e

In the remainder of this section, we will analyze the norm of the iteration matrix,

|G|, for several preconditioners P, using appropriate norms in each case.

5. THE RICHARDSON ITERATION (P = 1)

The simplest example of a linear iterative method is the Richardson iteration, where
P = 1. If follows from Lemma [Q] that there exists a similarity transform S such that

LI = §71Aamlg, (23)
where cond(S) < C (where C is independent of N), and A% is the diagonal matrix
of U°?-eigenvalues (A?nl)iff Lof L% As an immediate consequence, we obtain the
identity

Gia(a) =1 —aLE = S — aA™)S,
where yields
1Gia(@)]|ee < cond(S)[|T — aA®™ ||z < C  max |1 - oz)\j-‘nl . (24)
£ ¢ j=1,2N—1
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If Ar > 0, then it follows from Proposition [3] that )\?nl > 0 for all 7, and hence that
the iteration matrix Giq(a) := I — aL$%" is a contraction in the | - ||,z norm if and only
if 0 <a<ad :=2/A3 It follows from Lemma B that !4, < (2¢2)/¢/%.

max

We can minimize the contraction constant for Giq(«) in the ||v||grg norm by choosing
a=oad =2/ (AT £ AT, and in this case we obtain from Lemma [ that

. )\qnl o )\qnl 2A 52
Gi id <C 2N—1 1 <C(1— F )
H d(aopt) Hé% — )\(2]51\}_1 + >\(11n1 — (b%‘

It thus follows that the contraction constant for Giq() in the || - |2 norm is only of the
order 1 — O(g?), even with an optimal choice of a. This is the same generic behavior
that is typically observed for Richardson iterations for discretized second-order elliptic
differential operators.

5.1. Numerical example for the Richardson Iteration. In Figure[Il we plot the
error in the Richardson iteration against the iteration number. As a typical example,
we use the right-hand side

1, >0,

25
1, =<0, (25)

f(x) = h(z)cos(3mx) where h(z)= {_

which is smooth in the continuum region but has a discontinuity in the atomistic
region. We choose ¢}, = 1, Ap = 0.5, and the optimal o = ag;t discussed above (we

note that Giq(ald,) depends only on Ap/¢} and N, but ¢ depends on Ap and ¢/
independently) . We observe initially a much faster convergence rate than the one
predicted because the initial residual for (23] has a large component in the eigenspaces
corresponding to the intermediate eigenvalues )\?nl for 1 < j < 2N — 1. However, after

a few iterations the convergence behavior approximates the predicted rate.

6. PRECONDITIONING WITH QCL (P = L% = ApL)

We have seen in Section [l that the Richardson iteration with the trivial precondi-
tioner P = I converges slowly, and with a contraction rate of the order 1 — O(g?). The
goal of a (quasi-)optimal preconditioner for large systems is to obtain a performance
that is independent of the system size. We will show in the present section that the
preconditioner P = ApL (the system matrix for the QCL method) has this desirable
quality.

Of course, preconditioning with P = ApL comes at the cost of solving a large linear
system at each iteration. However, the QCL operator is a standard elliptic operator
for which efficient solution methods exist. For example, the preconditioner P = ApL
could be replaced by a small number of multigrid iterations, which would lead to a
solver with optimal complexity. Here, we will ignore these additional complications
and assume that P is inverted exactly.

Throughout the present section, the iteration matrix is given by

Gaa(@) =T — a(LINTLIT = T — a(ApL) 1LY, (26)
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Richardson Iteration
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FIGURE 1. Normalized (?-error of successive Richardson iterations for
the linear QCF system with N = 200, K = 8, 32, ¢}, = 1, Ap = 0.5,

optimal v = !4, | right-hand side (23), and starting guess u(®) = 0.

where o > 0 and Ap = ¢ + 4¢5, > 0. We will investigate whether, if U is equipped
with a suitable topology, Gqa(a) becomes a contraction. To demonstrate that this is
a non-trivial question, we first show that in the spaces U'?, 1 < p < oo, which are
natural choices for elliptic operators, this result does not hold.

Proposition 13. If2 < K < N/2, ¢4 # 0, and p € [1,00), then for any a > 0 we
have

1Gaer (@)l ~ NYP as N — oo.

Proof. We have from ([2) and ¢ = p/(p — 1) the inequality

I =m0
||“/Hz7;:1
<9 max <(L—1L<;§fu)’, v/>

o llgp=1, [0/l g=1

— f
—2  max <L(L e u),v>
u,veU
/ — / —_
e/l =1, 1ll,g=1

f
=2 max (L u,v)
u,veU
/ — /! —
e[l =1, [lv']l,g=1
— qcfH
- QHLF LULp, U=1p)

as well as the reverse inequality

HL(}?CfHL(uLm U-1.p) < HL_lL(JffHuLP‘
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The result now follows from the definition of Gyq(a) in ([26]), Lemma [ and the fact
that &« > 0 and Ar > 0. O

We will return to an analysis of the QCL preconditioner in the space &/%? in Section
6.3, but will first attempt to prove convergence results in alternative norms.

6.1. Analysis of the QCL preconditioner in />*°. We have found in our previous
analyses of the QCF method [I0,[I1] that it has superior properties in the function
spaces UL and U**°. Hence, we will now investigate whether o can be chosen such
that Gqa(a) is a contraction, uniformly as N — oo. In [10], we have found that
the analysis is easiest with the somewhat unusual choice U**°. Hence we begin by
analyzing Gqq(«) in this space.

To begin, we formulate a lemma in which we compute the operator norm of Gqq ()
explicitly. Its proof is slightly technical and is therefore postponed to Appendix B2l

Lemma 14. [f N > 4, then

2¢//
||qu(a)||u2,oo = ‘1 — a(l _ AiF)

2¢H
+ a’—AiF .

What is remarkable (though not necessarily surprising) about this result is that the
operator norm of Gyq(«a) is independent of N and K. This immediately puts us into
a position where we can obtain contraction properties of the iteration matrix Gyq(a),
that are uniform in N and K. It is worth noting, though, that the optimal contraction
rate is not uniform as Ap approaches zero; that is, the preconditioner does not give
uniform efficiency as the system approaches its stability limit.

Theorem 15. Suppose that N > 4, Ap > 0, and ¢35, < 0, and define
qcl,2,00 — AF _ 2AF aqcl,2,oo — 2AF
opt . AF—|—2|¢/2/F ¢¥7+AF max . ¢¥7 :

Then Gya(a) is a contraction of U* if and only if 0 < o < a9%2°° and for any

such choice the contraction rate is independent of N and K. The optimal choice is

« and

1.2 . . .
o = ago™, which gives the contraction rate
qcl,2,00 1= :2’1’:
It} — F
Hqu(O‘OPt )Hu&oo = iE < 1.
¥

Proof. Note that o252 = 1/(1 - %) Hence, if we assume, first, that 0 < a <

opt Ap
qcl,2,00
Qopt > then

|Gqa(@) e = 1 — (1 = 2%E) — 20%E =1 — a = my (a).

qcl,2,00

The optimal choice is clearly a = agpy

which gives the contraction rate

A
HG 1(Oéqcl,2,oo) H _ Oéqcl,2,oo 2QS/2/F ’ _ 2| /2/F| — 1_#
qc opt U2, opt AF ¢,}/? + 2¢/2/F 1+% .
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Alternatively, if o > agglfm, then

¢//
e
Ar

qcl,2,00

This value is strictly increasing with «, hence the optimal choice is again a = a5y
Moreover, we have mq(a) < 1 if and only if

2AF __qcl,2,00
(b” _amax
F
qcl,2,00

we have my(«) = mao(a) < 1, it follows that a2 > ol

HGqcl(a)Huz,oo :a(l_%) —l=« 1= mg(a).

a <

qcl,2,00

Since, for a = agy

(as a matter of fact, the condition 922 > %% ig equivalent to Ap > 0). In
conclusion, we have shown that ||Gqa(e)|[y2.~ is independent of N and K and that it

qcl,2,oo. 0

o2 with optimal value o = agy

is strictly less than one if and only if a < o

As an immediate corollary, we obtain the following general convergence result.

Corollary 16. Suppose that N > 4, Ap > 0, ¢4 < 0, and suppose that || - ||x is a
norm defined on U such that

|ullx < C|ullgz YueU.
Moreover, suppose that 0 < a < o422 Then, for any u € U,

X
|G qa(@)"ull v < ¢"Clluljyzee =0 asn — oo,

where ¢ = ||Gqa(@)]|yze < 1.
In particular, the convergence is uniform among all N, K and all possible initial
values u € U for which a uniform bound on ||u||yz.e holds.

Proof. We simply note that, according to Theorem [3, for 0 < a < 42 we have
[Gac (@) [l < 4",

where § := [|Gqa(@)|y2 < 1 is a number that is independent of N and K. Hence, we
have
[Gaa(@)"ully < Cl[Gaa(@)"ullypoe < CG"[ullezoe.

O

Remark 2. Although we have seen in Theorem [I5] and Corollary [I6 that the linear
stationary method with preconditioner ArL and with sufficiently small step size «
is convergent, this convergence may still be quite slow if the initial data is “rough.”
Particularly in the context of defects, we may, for example, be interested in the con-
vergence properties of this iteration when the initial residual is small or moderate in
U'P, for some p € [1,00], but possibly of order O(N) in the U*>*-norm. We can see

from the following Poincaré and inverse inequalities
1
lulge < §||u||u2,oo and |[ullrz.00 < 2N [Ju|gg1,00 for all u € U;
that the application of Corollary [If to the case X = U gives the estimate
G a1 (@) vl 1,00 < G NJulgee0 for all u € U.



18 M. LUSKIN AND C. ORTNER

Similarly, with X = U2, we obtain
|Gaer(@) ullne < G N3 2w |p 0. for all u € U. (27)

We have seen in Proposition [[3] that a direct convergence analysis in 4P, p < oo,
may be difficult with analytical methods, hence we focus in the next section on the
case UL, O

6.2. Analysis of the QCL preconditioner in U">. As before, we first compute
the operator norm of the iteration matrix explicitly. The proof of the following lemma
is again postponed to the Appendix 8.2

Lemma 17. If K >3, N > max(9, K + 3), and ¢4 <0, then

Gl = 4 10l F 5 for 0 < a <
C 1o = . )

a u }1—04(1—24;2—5)}+a(6+25—45K)‘¢;2_§} forag;J,ooSa’
where

" -1
anLl’OO = |:1 + (2 + e — 26K)‘dz)42_FF‘:|

opt

: 12 11
satisfies oo™ < agor ™ <1

Again we note that the operator norm is independent, but now up to terms of order
O(eK), of the system size.

Theorem 18.  Suppose that K > 3, N > max(9, K + 3), and ¢4 < 0, then the
following statements are true:
(i) If ¢y + 84 < 0, then Gya() is not a contraction of US>, for any value of a.
(ii) If ¢ + 8¢y > 0, then Gua(w) is a contraction for sufficiently small o.. More
precisely, setting

aqcl,l,oo = 2AF
max Ap + (84 2e —4eK)|dy |
we have that Gya(a) is a contraction of UM if and only if 0 < o < adchlee,
The operator norm ||Gqa(e)yre~ is minimized by choosing o = aggkl’“ (cf.
Lemma[I7) and in this case

7+ 8¢5y

Glaer (251> =1- <1.
H ql(aopt )Hulvoo T (2—c+ 2K)dn
Proof. Suppose, first, that 0 < a < agglglm. Since agglglvo" < 1 it follows that
¢// +8¢//
|Gl =1 = a5,

and hence ||Gya(a)yre < 1if and only if ¢} + 8¢5, > 0. In that case ||Gqa() ||y

o T 11

is strictly decreasing in (0, o).
qcl,1,00 qcl,2,00

opt Z aopt

2;%1’“, +00) and hence if ¢ + 8¢5 > 0, then o = «

Since a = (1—2%)_1 we can see that ||Gqa(@)]|y.~ is always strictly

. . . qcl7]_7oo .. .
increasing in |a o5t minimizes
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the operator norm ||Gge(@)|[z1.c. Moreover, straightforward computations show that
adhloo 5 9N and that ||Ga (@) ||y < 1 if and only if 0 < a < a4kl O

max opt

We remark that the optimal value of o in U that is a = agglglm
qcl,2,00

opt

, is not the
qcl,loo

same as the optimal value, « , in U*>*. However, it is easy to see that Qopt =

a4 O(eK), and hence, even though a5** is not optimal in /"> it is still close

to the optimal value. On the other hand, a4 and ad2> are not close, since, if
4e K — 2e < 1, then

aqcl,l,oo 2AF < 2AF _ aq0172700
max ¢// 4 3‘ ¢// /1~ T'max
P 2F P

In summary, we have seen that the contraction property of Ga(a) in U is signif-
icantly more complicated than in U*°°, and that, in fact, Gqa(a) is not a contraction
for all macroscopic strains F' up to the critical strain F.

6.3. Analysis of the QCL preconditioner in /'?. Even though we were able
to prove uniform contraction properties for the QCL-preconditioned iterative method
in U**°, we have argued above that these are not entirely satisfactory in the pres-
ence of irregular solutions containing defects. Hence we analyzed the iteration matrix
Geala) =T — a(ApL) 'LE" in U, but there we showed that it is not a contraction
up to the critical load F,. To conclude our results for the QCL preconditioner, we
present a discussion of Gq () in the space U2
We begin by noting that it follows from (2I]) that

pl2,m) — P1/2qu(a)e(n—1) _ P1/2< WP 1chf) —1/2 P1/2 n— 1))
G

_ (I—ozP_l/zLj}ffP_l/2> (P1/2 (n— 1) (a )(P1/2 (n— 1))

Since || P20, = A};/2||v||u1,z for v € U, it follows that Gqq(«) is a contraction in
U2 if and only if Gea(a) is a contraction in 2. Unfortunately, we have shown in
Proposition [ that ||Gqa()|jyr2 ~ N2 as N — oo. Hence, we will follow the idea
used in Section [l and try to find an alternative norm with respect to which éqd(a) is
a contraction.

From Lemma we deduce that there exists a similarity transform S such that
cond(S) < N2, and such that

L_1/2L(}17CfL_1/2 _ S«—qunlS«’

where A% is the diagonal matrix of ' 2-eigenvalues (udhy2N

diate consequence we obtain

1 .
of LY. As an imme-

Gaale) = 57T — 2 A™) S,
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Proceeding as in Section [, we would obtain that ||éqd(a)||gg < O(N?). Instead, we
observe that

[Gaar()ul|grg = HSGqcl UH@ =[|(1 - AiFanl) S
<= A a1 Sulle = _max 1= 2p™|lullgrs,
that is,
|Gaa(e)grg < _max 1= 2p™]. (28)
Thus, we can conclude that éqd(a) is a contraction in the || - || srg-norm if and only if

0<a<alhl?.=924p/udy . Moreover, we obtain the error bound
le™ 2 < cond(S) g [l 2 < N2q"{|e® gz,

where ¢ := Héqd(a)H srg- This is slightly worse in fact, than (1), however, we note
that this large prefactor cannot be seen in the following numerical experiment.
Moreover, optimizing the contraction rate with respect to « leads to the choice

al? =240 /(U™ + ugy_,), and in this case we obtain from Lemma [T that

qnl qnl 1 Ap

o ~ 112 Hon_1 = M1 -k
q = Gopt = ||Gaa(opt <
op H qc ( opt HSTS Mg;l\} . + ,anl 1+ AR’

where the upper bound is sharp in the limit K — oo. It is particularly interesting to
note that the contraction rate obtained here is precisely the same as the one in %> (cf.
Theorem [I3]). Moreover, it can be easily seen from Lemma [IT] that aqd’l’z — agglgm
as K — oo, which is the optimal stepsize according to Theorem [I5 We further have

that agf;;}ﬂ — adh220 a5 K — oo.

6.4. Numerical example for QCL-preconditioning. We now apply the QCL-
preconditioned stationary iterative method to the QCF system with right-hand side
@9), ¢% =1, Ap = 0.2, and the optimal value oo = aggltv?’“ (we note that Gid(agglfvc’")
depends only on Ar /¢’ and N, but e(® depends on Ar and ¢/ independently). The
error for successive iterations in the U2, U and U**°-norms are displayed in Figure
2l Even though our theory, in this case, predicts a perfect contractive behavior only
in Y>> and (partially) in U2, we nevertheless observe perfect agreement with the
optimal predicted rate also in the U/%*°-norms. As a matter of fact, the parameters
are chosen so that case (i) of Theorem [I8 holds, that is, Gy () is not a contraction of
UL, A possible explanation why we still observe this perfect asymptotic behavior is
that the norm of Gy () is attained in a subspace that is never entered in this iterative
process. This is also supported by the fact that the exact solution is uniformly bounded
in %> as N, K — oo, which is a simple consequence of Proposition Gl

7. PRECONDITIONING WITH QCE (P = L%°): GHOST-FORCE CORRECTION

We have shown in [B[12] that the popular ghost force correction method (GFC) is
equivalent to preconditioning the QCF equilibrium equations by the QCE equilibrium
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Preconditioned Stationary Method
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F1GURE 2. FError of the QCL-preconditioned linear stationary iterative
method for the QCF system with N = 800, K =32, ¢}, =1, Ap = 0.2,
optimal value o = ozgf)lt’2’°°, and right-hand side (23)). In this case, the
iteration matrix G () is not a contraction of U">. Even though our
theory predicts a perfect contractive behavior only in U%**°, we observe
perfect agreement with the optimal predicted rate also in the &/%? and
UYH>°-norms.

equations. The ghost force correction method in a quasi-static loading can thus be
reduced to the question whether the iteration matrix

Gleo i= 1 — (LI 1LY

is a contraction. Due to the typical usage of the preconditioner LE® in this case, we
do not consider a step size « in this section. The purpose of the present section is (i)
to investigate whether there exist function spaces in which G is a contraction; and
(ii) to identify the range of the macroscopic strains F' where G is a contraction.

qce

We begin by recalling the fundamental stability result for the L.~ operator, Theorem

2k
inf (LE"u,u) = Ap + Ak,
llwll,2=1

where Ag ~ A\, + O(e_CK) with A, =~ 0.6595. This result shows that the GFC iteration
must necessarily run into instabilities before the deformation reaches the critical strain
Fr. This is made precise in the following corollary which states that there is no norm
with respect to which G is a contraction up to the critical strain F.

Corollary 19. Fiz N and K, and let || - ||x be an arbitrary norm on the space U,
then, upon understanding Gy as dependent on ¢}, and ¢, we have

||Gqce||X — +00  as AF + )\qugF — 0.
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Despite this negative result, we may still be interested in the question of whether the
GFC iteration is a contraction in “very stable regimes,” that is, for macroscopic strains
which are far away from the critical strain F,. Naturally, we are particularly interested
in the behavior as N — oo, that is, we will investigate in which function spaces the
operator norm of G remains bounded away from one as N — co. Theorem M on the

unboundedness of L}Cf immediately provides us with the following negative answer.

Proposition 20. [f2 < K < N/2, ¢5. #0, and Ap + Agdhp > 0, then

HGqCOHZAlv? ~ ]\71/2 as N — oo.

Proof. Tt is an easy exercise to show that, if Ap + Agds, > 0, then the U"?-norm is
equivalent to the norm induced by LE°, that is,

C M ullurz < llullzge < Cllulluna.

Hence, we have [[Gqcellr2 & [|Gyeellpace and by the same argument as in the proof of
Proposition I3, and using again the uniform norm-equivalence, we can deduce that

‘GQCGH ~ HL(lffHL(ul,z, U-12) 1~ N1/2 as N — oo.

u1,2

U

Since the operator (L%)"'L%" is more complicated than that of (ApL) "' LY which
we analyzed in the previous section, we continue to investigate the contraction proper-
ties of Gce in various different norms in numerical experiments. In Figure Bl we plot
the operator norm of G, in the function spaces

Uur k=012, p=1,200,

against the system size N (see Appendix for a description of how we compute
|Gqcellgerr). This experiment is performed for Ap/¢7 = 0.8 which is at some distance
from the singularity of L%° (we note that Gy depends only on Ap/¢} and N since
both (¢%) "' LY" and (¢/) 'L depend only on Ap/¢/s and N). The experiments
suggests clearly that ||Gycellyrr — 00 as N — oo for all norms except for > and
Ut

Hence, in a second experiment, we investigate how ||Gqcellzr and [[Gyeellyz1 be-
have, for fixed N and K, as Ap + Ax¢hy approaches zero. The results of this exper-
iment, which are are displayed in Figure M, confirm the prediction of Corollary
that ||Gyeellyrr — o0 as Ap + A5 approaches zero. Indeed, they show that
|Gqeellyrr > 1 already much earlier, namely around a strain F' where Ap ~ 0.52
and Ap + Ag ¢l ~ 0.44.

Our conclusion based on these analytical results and numerical experiments is that
the GFC method is not universally reliable near the limit strain Fj, that is, under
conditions near the formation or movement of a defect it can fail to converge to a
stable solution of the QCF equilibrium equations as the quasi-static loading step tends
to zero or the number of GFC iterations tends to infinity. Even though the simple model
problem that we investigated here cannot, of course, provide a definite statement, it
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FI1GURE 3. Graphs of the operator norm ||Ggeellysrr, £ = 0,1,2, p =
1,2, 00, plotted against the number of atoms, N, with atomistic region
size K = [V/N] — 1, and Ap/¢ = 0.8. (The graph for the U***-norms,
p = 1,00, are only estimates up to a factor of 1/2; cf. Appendix R3])
The graphs clearly indicate that ||Gqce||yr» — 00 as N — oo in all spaces
except for UL and UY?1.

shows at the very least that further investigations for more realistic model problems
are required.

CONCLUSION

We proposed and studied linear stationary iterative solution methods for the QCF
method with the goal of identifying iterative schemes that are efficient and reliable for
all applied loads. We showed that, if the local QC operator is taken as the precondi-
tioner, then the iteration is guaranteed to converge to the solution of the QCF system,
up to the critical strain. What is interesting is that the choice of function space plays a
crucial role in the efficiency of the iterative method. In 4%, the convergence is always
uniform in N and K, however, in 41> this is only true if the macroscopic strain is at
some distance from the critical strain. This indicates that, in the presence of defects
(that is, non-smooth solutions), the efficiency of a QCL-preconditioned method may
be reduced. Further investigations for more realistic model problems are required to
shed light on this issue.

We also showed that the popular GFC iteration must necessarily run into instabilities
before the deformation reaches the critical strain F*. Even for macroscopic strains that
are far lower than the critical strain F,, we show that ||Ggee|lsr2 ~ N¥/2. We then give
numerical experiments that suggest that ||Gqcellyrr — 00 as N — oo for all tested
norms except for U and U1
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The results presented in this paper demonstrate the challenge for the development of
reliable and efficient iterative methods for force-based approximation methods. Further
analysis and numerical experiments for two and three dimensional problems are needed
to more fully assess the implications of the results in this paper for realistic materials
applications.

Operator Norm of Gqee= I — (L3 ~1L9F

o u2,1
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FIGURE 4. Graphs of the operator norm ||Gyeellyrr, (k,p) €
{(1,00),(2,1)}, for fixed N = 256, K = 15, ¢’ = 1, plotted against
Ap. For the case U only estimates are available and upper and lower
bounds are shown instead (cf. Appendix B3]). The graphs confirm the
result of Corollary M9 that ||Gycellymr — 00 as Ap + Agdyp — 0. More-
over, they clearly indicate that ||Gycellyrr > 1 already for strains F' in
the region Ar ~ 0.5, which are much lower than the critical strain at
which LE® becomes singular.
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8. APPENDIX

8.1. Proof of Theorem [2l The purpose of this appendix is to prove the sharp stability
result for the operator LE°, formulated in Theorem 2l Using Formula (23) in [9] we
obtain the following representation of L%°,

K2 N
<L}C0u,u>:{ Z eAp|up|?® + Z EAF|u’£|2}

¢=—N+1 (=K+3
K-1
+{ > (Arfurf? — 2k luy 2)}
t=—K+2 (29)

+ 6{(AF = @) (Julge | + T |?) + Ap([ul_k[* + Ju 1)
+(AF + ¢5p) (Jul g af” + [ o))

— 3Gl P [ g + TP + e )

If ¢4 < 0, then we can see from this decomposition that there is a loss of stability
at the interaction between atoms —K — 2 and —K — 1 as well as between atoms K + 1
and K + 2. It is therefore natural to test this expression with a displacement u defined
by

1, (=—-K —1,
iy =< —1, =K+ 2,
0, otherwise.

From (29), we easily obtain
(LE0,0) = Ap + 1.

In particular, we see that, if Ap + 3¢5, < 0, then LE is indefinite. On the other
hand, it was shown in [§] that LE* is positive definite provided Ar + ¢4 > 0. (As a
matter of fact, the analysis in [§] is for periodic boundary conditions, however, since
the Dirichlet displacement space is contained in the periodic displacement space the
result is also valid for the present case.)

Thus, we have shown that

5161{{ (LEu,u) = Ap + pdyp,  where 1 < p < 1.
Iz =1

To conclude the proof of Theorem P we need to show that u depends only on K and

that the stated asymptotic result holds.
From (29) it follows that L% can be written in the form

(LEu,u)y = (u)"H,
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where we identify «’ with the vector u' = (u}))__y_; and where H € R****N_ Writing
H = ¢ Hy + ¢ypHa, we can see that Hy = Id and that Hs has the entries

1 2

1
1 2 1
1 3/2 1/2
Hy = 1/2 3 1/2
1/2 9/2 0
0 4 0
0 4 0

Here, the row with entries [1, 3/2, 1/2] denotes the Kth row (in the coordinates uj,).
This form can be verified, for example, by appealing to (29). Let o(A) denote the
spectrum of a matrix A. Since, by assumption, ¢4, < 0, the smallest eigenvalue of H
is given by
mino(H) = ¢} + ¢yp max o(Ha),
that is, we need to compute the largest eigenvalue A of H,. Since Hoe, = 4ey, for
Ek=K+3 K+4,... and for K = —K — 2, —K — 3, ..., and since eigenvectors
are orthogonal, we conclude that all other eigenvectors depend only on the submatrix
describing the atomistic region and the interface. In particular, A depends only on K
but not on N. This proves the claim of Theorem Blthat Ay depends indeed only on K.
We thus consider the {~K — 1,..., K + 2}-submatrix Hs, which has the form

9/2 1/2
1/2 3 1/2
12 3/2 1
1 2 1
Hy = S
1 2 1
1 3/2 1/2
1/2 3 1/2
1/2 9/2

Letting Hot) = A\, then for / = —K +2,..., K — 1,
Vo1 + 2t + Yep1 = Ay,
and hence, 1 has the general form
Ve = azt +bz7", (=—-K+1,...,K,

leaving 1y undefined for ¢ € {—K,—K — 1, K 4+ 1, K + 2} for now, and where z,1/z
are the two roots of the polynomial

2+ 2-Nz+1=0.

In particular, we have

z=GA-1)+4,/GA-1)2—-1>1. (30)
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To determine the remaining degrees of freedom, we could now insert this general
form into the eigenvalue equation and attempt to solve the resulting problem. This
leads to a complicated system which we will try to simplify.

We first note that, for any eigenvector v, the vector (x_,) is also an eigenvector,
and hence we can assume without loss of generality that v is skew-symmetric about
¢ = 1/2. This implies that a = —b. Since the scaling is irrelevant for the eigenvalue
problem, we therefore make the ansatz 1), = z* — z=*. Next, we notice that for K
sufficiently large the term 2~ is exponentially small and therefore does not contribute
to the eigenvalue equation near the right interface. We may safely ignore it if we
are only interested in the asymptotics of the eigenvalue A as K — oo. Thus, letting
@ =2 0¢=1,... K and @ unknown, ¢ = K + 1, K 4+ 2, we obtain the system

A4 %ZK + %1&[(4.1 = XzK,
325+ 3kir + %¢K+2 = M1,
%I;KH + %¢K+2 = Mo
The free parameters ¢K+1, ¢K+2 can be easilyAdetermined from the first two equations.
From the final equation we can then compute A. Upon recalling from (B0) that Z can be

expressed in terms of 5\, and conversely that A= (22+1)/2+2, we obtain a polynomial
equation of degree five for 2,

q(2) :=42° — 128" 4+ 92% - 322 42+ 2 =0.

Mathematica was unable to factorize ¢ symbolically, hence we computed its roots
numerically to twenty digits precision. It turns out that ¢ has three real roots and two
complex roots. The largest real root is at 2 ~ 2.206272296 which gives the value

R 52 41
A= 0~ 4659525505807,
z
The relative errors that we had previously neglected are in fact of order 2725, and

hence we obtain
Mg = A+ 0(e™®),  where A\, ~0.6595 and ¢~ 1.5826.
This concludes the proof of Theorem [2

8.2. Proofs of Lemmas [14] and 17 In this appendix, we prove two technical lemmas
from Section [l Throughout, the iteration matrix Gy () is given by

Geala) =T — a(ApL) ' L%,

where o > 0 and Ap = ¢} + 495, > 0. We begin with the proof of Lemma [I4] which
is more straightforward.

Proof of Lemma [1]]. Using the basic definition of the operator norm, and the fact that
Lz = —Z", we obtain
HGqcl(a)Hu&oo - uax H(Gqcl(a)u)”Hego = hax H - Lqu(a)uHZgO'

e el
lu[[ogo =1 lu[logo =1
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We write the operator —LGyq(a) = —L + AiFL‘}Cf as follows:
{u'g - (Apu”) if ¢ €C,
In the continuum region, we simply obtaln
| — LGqa(o)u], = (1 —a)uj  for L eC.
If ¢ € A, we manipulate ([BI), using the definition of Ar = ¢ + 4¢},, which yields
[— LGaa(a)u], = [1 = £ (0 +2040) |ui + | = 20l | (i + )
= [1—a(t— %) uy + | - a4 | (i, + i),
In summary, we have obtained
1 — aluy, if ¢ € C,

3

+a| % | = |1 - a,

[ - LGqcl(a)u]e = (31)

[ — LGqcl(oz)u]Z =

It is now easy to see that

||qu(oz)||L(u2,oo, MZ,OO) S max{
As a matter of fact, in view of the estimate

1— (1l — 22| + |22 > |1 - of | 2ie

1 a(l - 2e)| + of e

the upper bound can be reduced to
|G (@)l puze, ey < |1 — a1 — 220 | 4 o 2ol (32)

To show that the bound is attained, we construct a suitable test function. We define
u € U via

oo 204 5 "o 204
u_l—u1—81gn[—aw , Uy = sign 1_0‘(1_W) ,

(note that 0 € A for any K > 0) and the remaining values of uj in such a way that
Zévz_ N1 uj = 0. If N > 4, then there exists at least one function u € U with these
properties and it attains the bound (B2). Thus, the bound in ([B82) is an equality, which
concludes the proof of the lemma. O

Before we prove Lemma [I7] we recall an explicit representation of L‘lL‘}ff that was
useful in our analysis in [10]. The proof of the following result is completely analogous
to that of [I0l Lemma 14] and is therefore sketched only briefly. It is also convenient for
the remainder of the section to define the following atomistic and continuum regions

for the strains:
A={-K+1,...,K} and C'={-N+1,....N}\A.

Lemma 21. Letu el and z = L‘quCfu then
2z =0o(W) = o(u) + ¢ (@ w(W)h o — ax(u)hiy),



LINEAR STATIONARY ITERATIVE METHODS FOR FORCE-BASED QC 29

where o(u'), hig € R®™ and o(u'), dix(u') € R are defined as follows:

a(u')g _ /19“2 + ¢/2/F(u2—1 + 2“2 + u%—f-l)v £ € A/v
(0F + 45p)uy, tec,
1 N
o(u) = IN Z o(u)e = 5¢ap [U}(H — Uy —ul gy + u/—K]a
= N+1
a-g(u) =l —2ulg +uly y, ax(u) =y, — 22Uy +uf, and

, {%(1:|:5K), (= -N+1,... +K,
+K 0

Proof. In the notation introduced above, the variational representation of L%Cf from [10],
Sec. 3| reads

(LEu,v) = (o(u),v') + ¢ [ (u)v_g — e (W)vk ] Yu,v € U.

Using the fact that vy = 0 and ), v; = 0, it is easy to see that the discrete delta-
functions appearing in this representation can be rewritten as

Vo = (hag, V).
Hence, we deduce that the function z = L‘lL%Cf is given by
(2, v') = (L, v) = (o () + ¢hypla_x (u)h_x — ax(W)hg], V') Yo €U.
In particular, it follows that
7 =oc()+ dypla_k(u)h_x — ax(u)hg] + C,

where C'is chosen so that ), z; = 0. Since hyx are constructed so that ), hig, =0,
we only subtract the mean of o(u'). Hence, C' = —o(v’), for which the stated formula
is quickly verified. O

Proof of Lemma[I7 Let u € U with |[u/[[;e < 1. Setting 2 = Gqa(a)u, and employing
Lemma 21 we obtain

o=y — 2 [o(w) — 0 10) + (G s (s — () hac)]
= [UZ - ﬁ@(u’)} + O‘% [%(U/K-H —uy —ul g +ulg)

—a_g(u)h_go+ ax(u)hg,

= Rg + Sg.

We will estimate the terms R, and S, separately.
To estimate the first term, we distinguish whether ¢ € C' or £ € A. A quick
computation shows that R, = (1 — a)uj for £ € C'. On the other hand, for ¢ € A" we
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have
- 1" " / ¢y / /
Ry = [1 — (¢ + 2¢2F>}“z — a2 (up_y + upyy)

= [1 — Of(l — 2jiF)i| ! (Z—(Ug_l ‘l‘ u/g+1) \V/E € .A/.

Since ||u/|[¢= < 1, we can thus obtain

R < |1 - Oé|,
| Z| — ‘1 _ Oé( 2¢2F)
As a matter of fact, these bounds can be attained for certain ¢, by choosing suitable

test functions. For example, by choosing u € U with uy = sign(l — «) we obtain
Ry = |1 — «, that is, Ry attains the bound (B3)). By choosing u € U such that

Ua:u;:&gl’l(—%) =1 and U&ISIgH<1—a(1—%)>7

we obtain that R; attains the bound (33]). In both cases one needs to choose the
remaining free uj so that |uj| < 1 and ), u, = 0, which guarantees that such functions
u € U really exist. This can be done under the conditions imposed on N and K.

To estimate Sy, we note that this term depends only on a small number of strains
around the interface. We can therefore expand it in terms of these strains and their
coefficients and then maximize over all possible interface contributions. Thus, we
rewrite S, as follows:

lel,

, LteA. (33)

2055

+ o] 2

Sp = Oédif—f{ u g g [=hogel vl g 2hge+ 5] Ul gy [Pk — 5]

iclhics = 5]+ i [=2hce + 5]+ vyl

This expression is maximized by taking uj, to be the sign of the respective coefficient
(taking into account also the outer coefficient 04¢2F ), which yields

150 < @l ZE| {1l + 2h-sce+ 51+ hosce+ 51 + lhice — 51+ 12 — 51+ huc |

= O[‘¢2F ‘{|4h_K,z —|—8‘ + |4hK7g — €|}

The equality of the first and second line holds because the terms £5 do not change the
signs of the terms inside the bars. Inserting the values for hy g ¢, we obtain the bound

1
¢2F

5] ad| ZE|, tel,
17 a2 —4eK)|%E| re A,

and we note that this bound is attained if the values for u), { = —K —1,-K,—K +
1, K, K +1, K + 2, are chosen as described above.
Combining the analyses of the terms R, and Sy, it follows that

12/l < max{ 11— o + ad| %=

11— a(1 - %) +a(6+25—4gK)}%\}.
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To see that this bound is attained, we note that, under the condition that K > 3
and N > K + 3, the constructions at the interface to maximize S, and the con-
structions to maximize R, do not interfere. Moreover, under the additional condition
N > max(9, K + 3), sufficiently many free strains v, remain to ensure that >, u; =0
for a test function u € U, [|u'|;e = 1, for which both R, and S, attain the stated
bound. That is, we have shown that

Hqu(a)HuLm = max {|1 —al + a4%,

‘1—04(1— %)‘ +a(6+25—45K)|i2;f|}

=: max{me(a), m4(a)}.

To conclude the proof, we need to evaluate this maximum explicitly. To this end we
first define ay = (1 — 22)—2;)_1 < 1. For 0 < a < ay, we have
P

ma(a) =1—a+ a4+ 2 — 4eK)| 2L |

F

¢// o
<1 —a—l—a4}ﬁ} =me(a),
that is, ||Gqa(@)||u1.~ = me(@). Conversely, for o > 1, we have
ma(a) = a(l + (842 — 45K)%> -1
— me(a) +a<4 oe - 45K)%) > me(a),

that is, ||Gga(@)|jyre = my(a). Since, in [ay, 1], me is strictly decreasing and m 4 is
strictly increasing, there exists a unique as € [aq, 1] such that me(as) = ma(as) and
such that the stated formula for ||Gqa(a)||z1.~ holds. A straightforward computation

yields the value for ap = %&b

opt | stated in the lemma. U

8.3. Computation of ||Gclyrr. We have computed ||Gycellyme for & = 0,2,p =
1,2, 00, from the standard formulas for the operator norm [17,29] of the matrix G .
and LGy L' with respect to /2. For k =1 and p = 2, the norm is also easy to obtain
by solving a generalized eigenvalue problem.

The cases k = 1 and p = 1, 0o are more difficult. In these cases, the operator norm
of Gyee in UMP can be estimated in terms of the (P-operator norm of the conjugate
operator G = I — (L%) 1L . R2V 5 RN (see Lemma [l for an analogous definition
of the conjugate operator L% : R2¥ — R2V). It is not difficult to see that ||Gyee|lrr =
|Gl gen for G =1 — (LE)TLE - RV — R?N where we recall that R2V = {p €
R?N . 5, ¢ = 0} (see Lemma [Tl similarly for an analogous definition of the restricted
conjugate operator L : R2Y — R2V) it follows from (Z) that we have only computed
|Geeellerr for p =1, co up to a factor of 1/2. More precisely,

[Gocellernr < NGl < 2/ Geellerr»

Finally We note that we can obtain Z‘}Cf from the representation given in Lemma 2]]
and that LE° can be directly obtained from (I4]).
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