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ABSTRACT

The Fortuin-Kasteleyn random cluster model was adapted to
the tree by Haggstrom [38] who considered a Gibbs specifica-
tion corresponding to “wired boundary conditions” on the tree.
Grimmett and Janson [36] generalized this idea by considering
boundary conditions defined by equivalence relations on the set
of rays of the tree.

In this thesis we continue this project by defining a new object,
a “random connection;” a type of random equivalence relation
that allows us to redefine what is meant by a cluster of edges on
the tree. Our definition is general enough to include Grimmett
and Janson’s boundary conditions. The random connection ap-
proach allows us to reconnect the random cluster model on the
tree with Bernoulli bond percolation and we define two critical
probabilities for bond percolation on a tree associated with each
random connection that allow us to identify three behavioral
phases of the associated random cluster model.

We consider some examples of random connections defined by
equivalence relations, including the “open” boundary conditions
described in [36] where we are able to describe the behaviour of
the random cluster model exactly and “Mandelbrot” bondary
conditions described by a map from the boundary of a tree to
the unit square that defines fractal percolation. In addition we
adapt work of Zachary [66] to the wired random cluster model
on a tree so as to prove a conjecture of Haggstrom concerning
uniqueness of the Gibbs measure for large bond strengths.

DECALARATION

This thesis is a presentation of my original research work. Wher-
ever contributions of others are involved, every effort is made to
indicate this clearly, with due reference to the literature, and ac-
knowledgement of collaborative research and discussions. The
work was done under the guidance of Professor Wilfrid Kendall,
at the The University of Warwick, Coventry.
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MOTIVATION AND CONTEXT

Kendall and Wilson [46], motivated by questions of applied image
analysis, considered the Fortuin-Kasteleyn random cluster model on
the QuadTree; a graphical structure pictured on the previous page.
This thesis concerns questions about the random cluster model on the
tree which arose after study of [46]. In this chapter we use the lan-
guage of image analysis to define the QuadTree and to motivate our
study.

Although we have departed quite radically from image analysis prob-
lems in this text we pose a specific motivating problem concerning the
random cluster model on the QuadTree. We give an overview of some
of the existing literature relevant to the subject and describe briefly the
material contained in the forthcoming chapters. We will treat the mate-
rial in this chapter with no great rigour, preferring a historical account.
We will provide a more rigorous account of the background material
in the next chapter.
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1.1 THE QUADTREE

The main focus of this work is to define and study a set of
random cluster models on the tree. In order to motivate our
study we begin by considering the random cluster model on the

QuadTree pictured on the title page.

The QuadTree is a graphical structure used in image analysis.
The applications of the QuadTree in image analysis are beyond
the scope of this document. We direct the reader to [46] and
references therein for some background on the subject.

It will however be helpful for motivation to describe the QuadTree
in the language of images.

Before we start let us define an unusual piece of notation which
resolves an ambiguity specific to the QuadTree.

From an image analysis point of view, the QuadTree is a tool
for understanding R?. As a graph there is a strong link between
the QuadTree and the lattice Z*. Rectangles, both in Z% and in
R? will play an important role in many of our arguments and
we must distinguish between integer intervals and real intervals.
The notation [2,b] = {x € R:a < x < b} is common throughout
mathematics, but in percolation |4, b] is often used to indicate the

set {a,...,b}. We introduce a new bracket
[a,b] = [a,b]NZ (1.1)

to indicate an interval of integers.

1.1.1  Potts Models on the Lattice

Given a non-negative n € IN we may partition R? into a set of
pixels by setting

B ={[2"a 2" (@ +1)] X -+ X [27a5,27" (ag+ 1)) 1 A1,... 090 € Z}

(1.2)

2



1.1 THE QUADTREE |

to be the resolution n pixellation of R?. Equivalently for a domain
D C R? we may set

B'={rePRi:rCD}. (1.3)

For a general domain D the pixel set B" does not cover D. We
are interested only in those domains which may be partitioned
exactly by some subset of Pf. We say a rectangle S C R? is a
screen of resolution n if J{P € Pl :P C S} = S. Wesay Sisa
screen if it is a screen of resolution n for some n. We say the min-
imum resolution of a screen is the smallest n with this property.

Notice that the minimum resolution of any screen must be non-

negative as we have not defined B" for n < 0.

For any n > 0 the set P is invariant under the symmetries
of Z%. If we were to allow Pi" to contain cubes in the form
[2"a1,2" (a1 +1)] x - -+ x [2"a4,2" (az + 1)] this symmetry would
be broken as the pixellation would no longer be invariant under
a shift of length 1.

We will return briefly to the idea of negative pixelation in Re-
mark 1.6. Unfortunately there has been insufficient time to in-
vestigate the idea fully and this topic must be left as a possible

direction for future research.

The simplest representation of an image is a bitmap, each pixel
P € R" is assigned a colour, this extends in an obvious way to
a map (up to a null set) of S to the set of colours. In modern
computers the set of colours is large enough to be modelled as a
continuum of colours and in practice the “colour” of a pixel will

usually represent a wavelet rather than a solid block of colour.

For our purposes we assume that we are dealing with only a
finite set of colours and that no two colours are specially related

in any way.

A problem of interest in image analysis to assign a probability
distribution to the set of maps from R" to the set of colours.
This distribution may than be used either as a prior for Bayesian

3



1.1 THE QUADTREE |

image segmentation or reconstruction or as a model for data

compression.
A simple model for a bitmap is the Potts model.

Endow the set R" with a graph structure by naming a set of
“lattice edges”

L(R") = {(p,?') : PUP is a rectangle} . (1.4)

Let p be the discrete metric on the set [1,q] (where [1,4] is in-
terpreted as a set of g discrete colours). Now let Xg be the set
of functions {c : B" — [1,k]}. Then for B € R we may assign a

measure

Hs(o) ocexp | =B}, p(e(P),o(7)) (1.5)

(r,P")EL(R")

To simplify notation fix ¥ = Y. to be the space of functions
{o: P! — [1,k]}, and define measures j by restricting to the
appropriate c-algebra. We are using X here to represent the state
of vertex-configurations, as opposed to the more usual (2 which
we reserve for the use of edge-configurations introduced below

which will be the main focus of this work.

The main concern of this work is the case where p > 0. Under
such conditions a configuration is penalised if the colours of two
adjacent pixels o(P) and o(P') disagree for some edge of the
graph (P,?') € L(R"). Thus the random configuration favours
images with connected “clusters” of pixels with the same colour.

Historically the case where g = 2 was studied first. It was fa-
mously proposed by Lenz to his student Ising who studied the
model on the two dimensional lattice [43]. The model was ex-
tended to the four colour case by Ashkin and Teller [2] and to
the general case by Potts [55]. The history of the Ising model is
well known and we direct the reader to Brush [14] for a historical

account.

4
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The accounts described above are all concerned with the infinite
lattice Z%. As Ri is isomorphic to 7% we shall keep our current
notation and not formally introduce the model on Z“.

However the measure defined in (1.5) makes sense only when
S is a finite domain. Next we consider how to extend the Potts

model to .

The Potts model forms an example of a Gibbs measure, to each
edge we have assigned an “energy function” p(c(P),o(?)). If
we set Hg(0) to be the total energy of a configuration then we
have p(0) o< e=PHs (7). For a graph such as Z¢, where there are
no triangles a Gibbs measure is a probability measure in this
form where energy assigned to each edge (P, P’) is an arbitrary
(and not necessarily symmetric) function of ¢(?) and o(7’). For

a general graph we assign an energy to each “clique” of the
graph.
A theorem of Hammersly and Clifford [41], popularized by Pre-

ston [56] states that the Gibbs measures are exactly those mea-
sures that have the Markov random field property

For a set A C " set Na to be the set of neighbours of A, that
is the set of vertices v ¢ A such that there is some u ¢ A
with (u,v) € L. Let .% be the o-algebra generated by the ran-
dom variables {c(v) : v € A} and .7, the o-algebra generated by
{o(v):v & A}.

A measure y on ¢ is a Markov random field if for any finite set
A we have

([ %) = (p [ FNa)- (1.6)

That is the distribution of the colouring of A is conditionally
independent of the colouring of those pixels outside of A given
the neighbourhood of A.

For finite screens the measure yf is a Markov random field and
it may be seen that in the case of the Potts model the left hand
side of (1.6) does not depend on the choice of screen S other than
in the requirement that S 5 P for every P € (AU Ny).

5
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Dobrushin [17], Lanford and Ruelle [47] proposed a definition of
general Markov random fields on infinite graphs. For simplicity
we consider only the special case of the Potts model on P

Say a measure y on X satisfies DLR conditions (for the (B, q)-Potts

model) if for every finite subset A C P we have

(1 |20) (o) = iy (o) (1.7)
d:ef( g }ﬁNA)(O') (18)

for an appropriate choice of finite screen S.

We may construct measures that satisfy (1.7) by considering weak
limits of models on finite graphs. In particular we introduce
sequences of measures with either free or fixed boundary condi-
tions.

Fix a boundary condition { € ¥ and let S; be some sequence of

finite screens that exhaust R?. Consider the two sequences of

measures
yﬁee,i = Vgi’ (19)
Moy = W (0)- (1.10)

The space X is compact and a theorem of Prohorov [57] states
that any sequence of measures on a compact space contains a
weakly convergent subsequence. Thus we assume without loss
of generality that the two sequences above converge to weak

limits ‘uffee = wlimi_m‘ug o ANd plz = wlimi_mygi.

In the case of the Potts model it is known that for any sequence
of finite screens S; the free measures above converge to a limit.
Moreover there exists some critical value B, such that if B < .
then yéi — yf ., weakly as i — oo for every configuration ¢.
Conversely if B > B, then constant limits ng (where &5(P) = k
are the constant configurations for k € [1,4]) all differ and the

free model may be expressed as the uniform mixture

1
yﬁee = 6 Zygk (1'11)

6
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We will consider this phenomenon in more depth in Section
1.2 where we introduce the Fortuin-Kasteleyn random cluster
model. Before that we continue to build up the structure of the
QuadTree.

1.1.2 Markov Random Fields on the Tree

In the previous subsection we considered the Potts model on the
infinite lattice (P, L(R})). On the infinite lattice our choice of

the resolution level n does not matter.

However, if we choose a finite screen, say |0, 1]d, then the image
chosen by a Potts model will have dramatically different proper-

ties depending on the choice of resolution.

If n is small the possible images will all be “blocky” and corre-
sponding models of actual images will be unable to represent
fine detail. If n is very large the random fluctuations of the Potts
model will average out to leave, to a human observer, a single
coherent shade rather than a detailed image. To model a “real”
image we require aspects of both the high and low resolutions
to produce something realistic.

For nonnegative integers m < n set

n
B = B (1.12)
i=m

When several resolutions are taken together the pixels exhibit a
tree like structure. For every P € P} there is a unique smallest
M(P) € i such that » C Mm(P). We name this pixel the mother
of ». We say 7, is a child of p, if P, = M(P,) is the mother of ;.

Define a set of directed, tree-like edges,

T(P) = {|P,P) : P, P, € P; Py = M(P,)} . (1.13)

7



1.1 THE QUADTREE | 8

We are directing the edges of the tree for convenience only. We
will allow undirected edges in the form (P, 7,) to represent |P;, P,)
or |P, P;) as appropriate.

The study of Markov random fields on trees was initiated by
Spitzer [60] who considered the two state case. Zachary [66] con-
tinued this work extending Spitzer’s results to the case of count-
able state space Markov random fields (in our terms a countably
infinite set of colours) which we recount briefly here.

We concern ourselves only with the case of finite colour sets.
Let T be a finite tree with all edges directed away from some
nominated root vertex x and let u be a Markov random field on
T with state space & = [1,4]""). We may sample from y in
following way.

First select o(x) according to u(c(x)). Then p is a Markov ran-
dom field and removing each edge (x,u) for u € N splits the
tree into | Ny| subtrees. Hence the random variables {c(v) : v € Ny}

are conditionally independent given o (x).

Arguing inductively we see that for each edge e = |1, v) we may
choose some stochastic matrix M, : [1,4]* — [0,1] such that if A
is some connected set of vertices containing x with u € A and
v € Ny we have

w(o(v) =i | %) = M(o(u),i). (1.14)

As p is a Markov random field we may assign some energy func-
tion p, : [[1,q]]2 — R such that

(o) ocexp | =B} pe(o(u),o(v))| . (1.15)
e=|u,v)€E(T)
Now let A(T) C V(T) be the set of leaves of T, that is those ver-
tices v with exactly one neighbour (assume the root x ¢ A(T)).
For an arbitrary function ¥ : (A(T) x [1,9]) — [0,1] we may
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modify the measure y by applying an external field to the leaves
of T by setting

He(0) <exp | =B ) pe(o(u),0(v)+ Y}, ¥(v)|. (1.16)

e=|u,v)€E(T) veA(T)

Then jiy is also a Markov random field and may assign stochastic
matrices M; to describe iy as a Markov chain.

The notion of a Markov chain extends naturally to the case of an
infinite tree. It may be seen that, for an infinite tree 7; a measure
# on X7 is a Markov chain if and only if, for every finite subtree
T C T, the restriction of y to Zr is a Markov random field.

If p = {p.: e € E(T)} is an interaction then the set of measures
Mg(p) satisfying DLR conditions for p forms a simplex in the
sense of Dynkin [21].

Zachary was able to show that
o Every extremal element of Mg(p) is a Markov chain.

o A measure u € Mpg(p) is a Markov chain if and only if
there exists some function ¥ : A(7T) x [1,4] such that the

restriction of u to Xt is given by (1.16).

In addition Zachary gave necessary and sufficient conditions for
a function ¥ to define a Markov chain, and named the such a
function an entrance law.

Thus the study of Markov random fields on trees reduces to the
study of entrance laws. In particular as the extremal elements
are specified uniquely by entrance laws then the set of Gibbs
measures is unique if and only if there is a unique entrance law

for that specification.

The ideas in [66] will form the basis for our investigation of the

random cluster model on a tree in Chapter 3.

9



11 THE QUADTREE |

FIGURE 1

Two graphical representations of the QuadTree. On the left the unit
square is partitioned by a sequence of pixelations. On the right the
partition is represented as a graph, with each vertex representing one
pixel. The structure of the underlying pixel set is encoded by adding
tree-like and lattice-like edges.

1.1.3 Constructing the QuadTree

We have described two ways of structuring sets of pixels to form
Markov specifications that might describe an image. We have
dismissed the lattice structure as insufficient as it is restricted to
a single resolution level, where a genuine image may be better
described by a “multiresolution” representation. However the
tree does not reflect the structure of the cube. In particular pix-
els than are close in the image may be far from each other on
the tree. Any measure on images produced by the tree struc-
ture alone will be invariant under the symmetries of the tree, a
restriction that does not apply to a genuine image.

To form the QuadTree we combine both structures, the aim being
to maintain the multiresolution properties of the tree structure
while effectively breaking the symmetry group of the tree better
to reflect the finite symmetries of the cube.

Recall we have defined pixel sets

7%[111 — {[2—)1{11,2*1! (al + 1)] X oo X [27;1ad,2—n ([,ld + 1)} tay,...ag € Z}

(1.17)
B"={pePRl:pCD} (1.18)
n
%[[m,nﬂ _ U B (1.19)

1=m

10
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We say two pixels 7, P, are adjacent and write P, ~ P, if their

union is a (non-square) rectangle.

Let P C PRF’OOH be some subset of pixels then we define sets of
lattice like edges and tree like edges

L(P) = {<P11P2> CPL, P € PP~ 772}, (1.20)
T(P) = {|P,P) : P, P, € P; P = M(P,) }. (1.21)

Hence, associated with the pixel set, there is an implicit partially
directed graph (P,L(P) UT(P)). Figure 1 shows a finite pixela-
tion of the unit square and the associated graph structure.

To define the QuadTree, we extend the pixelation of the unit
square to infinity by setting

v(Q) =P, (1.22)
Q= (V(Q), T(V(Q))UT(V(Q)))- (1.23)

The QuadTree may be pictured, in two dimensions at least, by
extending the tree in Figure 1 down to infinity and adding in
extra lattice-like edges as required. From the point of view of
the random cluster model the QuadTree presents two challenges
not encountered in the conventional setting of the random clus-
ter model on the integer lattice. Firstly it is not amenable, see def-
inition 1.4 below. Similar to the tree, the boundary of a large ball
is of comparable size to the ball itself. Secondly the QuadTree

has a finite symmetry group, that of the cube.

These two characteristics mean that many of the standard tech-
niques used for the study of Markov random fields are unavail-
able on the QuadTree.

I
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1.2 PERCOLATION AND THE RANDOM CLUS-

TER MODEL

The random cluster model on a graph G = (V,E) was intro-
duced in 1972 in a series of papers by Fortuin and Kasteleyn [26,
24, 25] to explain connections between results concerning perco-
lation, Ising and Potts models and electrical networks. Rather
than considering the space X above directly we let (); be the set
of functions E — {0,1}.

We say an edge e € E is open if w(e) = 1 and closed if w(e) = 0.
By removing all closed edges from the graph we partition the
vertices V into x(w) connected components which we refer to as

clusters.

Then we may consider measures in the form

w(e)

Qpq(w) o< g T <1p> : (1.24)
e€E -P

We refer to the measure Q,, as the random cluster model with

bond strength p and cluster factor q.

It is well known that if g is an integer then we may recover the
Potts model for B > 0 by setting A = 1 — ¢ then assigning
independently to each cluster a colour chosen uniformly from
[1,9]. The definition of the model above does not require g to
be an integer. We will be interested in the random cluster model
for all 4 > 0.

The relationship between the random cluster and the Potts mod-
els is well, but not perfectly understood, see for example [52, 37,
10, 9]. As we are using the Potts model only as motivation we
will not dwell on the details of the relationship.

12
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1.2.1  Domination and Percolation

The space (); comes with a natural partial order which we may
exploit by considering increasing random variables. We say a
random variable X : O — R is increasing if X(w1) > X(wy)
whenever w(e) > wy(e) for every e € E and an event A is

increasing if its indicator 1, is increasing.

In particular a famous theorem of Fortuin, Kasteleyn and Gini-
bre [27] gives a sufficient condition for increasing events to be
correlated.

THEOREM 1.1 FKG INEQUALITY

Let () be a distributive lattice, and let u be a probability measure
on () with the property that for any wq, w, € Q)

p(wr Vwr) - plwr Awz) > p(wr) - pws) (1.25)

then for any pair of increasing random variables X and Y we

have

u(XY) = u(X) - u(Y). (1.26)

Holley [42] extended the ideas of Fortuin et al. to compare the
probabilities of increasing events over two different measures.

THEOREM 1.2 HOLLEY

Let ) be a distributive lattice, and let and let y; and u» be
two probability measures on () with the property that for any
w1, wr € )

pi(wr V wz) - pa(wi Awz) > pr(wr) - pa(ws) (1.27)
Then for any increasing random variable X we have

H1(X) > pa(X). (1.28)

13
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We will return to these ideas in more detail in Chapter 2, for now
we note that for any finite graph G and ¢ > O and p € (0,1), then

if we set T = and let Q;, be the random cluster model

Ry
as in (1.24) and set I, and IP,; to be Bernoulli percolation on G
with bond probabilities p and 7 respectively then all measures
satisfy (1.25) and the pairs (P, Qp,4) and (Q,,4, IP,) satisfy (1.27)
so that IP7(X) < Qp4(X) < IPy(X) for any increasing random

variable X.

Therefore if we wish to understand the random cluster model,
particularly the behaviour of increasing events then it is useful
to study Bernoulli bond percolation.

1.2.2 Percolation on the QuadTree

Kendall and Wilson [46] studied the Ising model on the QuadTree
by comparison with independent bond percolation.

Let Qp = {0,1}5(9) and let P be the product measure on Q)
such that w(e) = 1 with probability 7 if e € T(Q) and with
probability A if e € L(Q).

Kendall and Wilson were particularly interested in the number
of infinite clusters of the percolation process. The QuadTree com-
bines elements of the lattice Z“ with the tree. Supercritical perco-
lation on the tree and the lattice behave very differently to each

other.

On any graph there exists some critical probability p. such that
if p < p. then independent percolation with all bonds open with
probability p contains no infinitely large clusters whereas if p >
pc at least one infinite cluster exists. We may of course construct
graphs where p, = 0 or 1.

On 2% if p > pc(Z“) that there can exist at most one infinite
cluster see for example Grimmett [34]. On a tree however if p >

pc then there exist infinitely many infinitely large components.

14
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FIGURE 2

A

pc(d) ””””

!
N=0 \
I N =00

0 T

Partial phase diagram for independent bond percolation on the
QuadTree from Kendall and Wilson [46]. The number N of infinite
clusters may be 0, 1 or cc.

Kendall and Wilson showed that on the QuadTree, for any N €
{0,1, 00} there exist pairs pairs of parameters 7, A for which with
probability one there exist N infinite clusters. We summarize the
main results of [46] concerning percolation on the QuadTree in

Theorem 1.3 and in Figure 2.

THEOREM 1.3: KENDALL AND WILSON

Let IP be independent bond percolation on the QuadTree Q with

parameters (T, ) as above.

o If

29Tx,4(M) <1 —\/1- Xd()‘)_l) <1 (1.29)

there exist no infinite percolation clusters.
o If T € (2_‘1,2%) then there is some ¢ = ¢(1) > 0, such
that if A < e there exist infinitely many infinite clusters.

© When d =2 and A > p.(d) then for any T > 0 there exists

a unique infinite cluster.

o For d > 2 there exists some 1,(d) such that if T > 7, and

A > 0 then there exists a unique infinite cluster.

o () T

15
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Here p.(d) is the critical bond probability for Bernoulli percola-
tion on Z? and x4(A) is the expected size of the cluster at the
origin for Bernoulli percolation on Z? with bond probability A

The QuadTree was not the first example of a graph that exhibits
three phases in this way. Grimmett and Newman [31] studied
the product graph T x Z“ for regular trees T. The authors of
that paper were also able to show the existence of both a single

infinite cluster phase and a multiple infinite cluster phase.

The existence of both phases is strongly connected with the no-
tion of amenability.

DEFINITION 1.4

Recall for a set of vertices A on a graph G = (V,E) we may
define N, the neighbours of A, as the set of vertices v € V\ A
for which (u,v) € E for some u € A.

The Cheeger constant of an infinite graph is the infimum over
finite sets A

h(G) = inf ———. (1.30)

We say a graph is amenable if h(G) = 0.

A celebrated theorem of Burton and Keane [15] shows that for
Bernoulli bond percolation any transitive amenable graph with
probability one there exists at most one infinite cluster. The pic-

ture is less clear for a nonameanable graph.

A major question in this area was posed by Benjamini and Schramm
[5] concerning the number of infinite clusters on a nonamenable

graph.

CONJECTURE 1.5: BENJAMINI AND SCHRAMM

If G is a nonameanable transitive graph with one end then there

exist 0 < p, < pu < 1 such that Bernoulli p percolation has

e No infinite clusters if p < p,,
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¢ Infinitely many infinite clusters if p. < p < py,

o A unique infinite cluster if p > p,.

The result is known under the additional assumption that G is

planar, see Benjamini and Schramm [6].

Schonmann [58] has also proved known that for any transitive
graph that if p; < p, and Bernoulli-p; percolation exhibits a
unique infinite cluster, so Bernoulli-p, percolation exhibits a unique
infinite cluster also. We refer the reader to surveys on the sub-

ject by Benjamini and Schramm [5] and Haggstrom and Jonasson
[39]-

The QuadTree however is far from transitive, it has only a finite
symmetry group. Thus results such as the above may not be

applied directly.

REMARK 1.6

We may recover some form of transitivity by a considering a

random environment derived from the QuadTree.

We have not defined pixels at resolution —# as there is no obvi-
ous way to chose the set & ™ from the 2() possible choices. In
addition by fixing P;" we reduce the symmetry of PJ. Our aim
then is to choose sets P, uniformly at random in such a way
that the random environment is invariant under the group Z¢ of
translations.

For some pixel 7 € V(Q) let T be the (homeothetic) map RY —
R? such that Ty ([0,1]d> = P. So, choosing P uniformly from

n
o1

dom graph defined by this procedure is invariant under transla-

we may set @f‘” =T;! (7;5) It is easy to see that the ran-

tions in Z¢.
Next we extend this random environment as n — —oo by choos-

N
ing a random sequence of pixels as follows. Let & = (%}1)
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and choose a uniformly distributed i.i.d. sequence of resolution

one pixels ¢; € E. Now set

Po = [0,1]%, P = Tz, (P1), (1.31)
B =T (BY). (132

We leave it to the reader to check that for any sequence ¢ the set

P " exactly partitions P, 1) and that the resulting random
pixellation is invariant under both translations by Z? and the

transformations T, for any P € V(Q).

If we add the relevant tree and lattice edges to the pixel set
PR[[foo’O]] the resulting random graph may be interpreted as a
QuadTree viewed from the bottom layer. Bernoulli percolation
and the random cluster model on this “worm’s-eye” view of the
QuadTree offer many interesting questions for future research.
We will return to this structure in Chapter 6 where we consider
how the behaviour of the random cluster model on the worm’s-
eye QuadTree might impact on the behaviour of the random clus-
ter model on the QuadTree.

1.2.3 The Random Cluster Model on the QuadTree

We have not yet discussed how to define the random cluster
model on an infinite graph. The DLR approach we have used
above was formalized by Grimmett [32], we will deal with this
formally in the next chapter. For now we make an observation
about the random cluster model on a finite graph.

For a graph G let Qg be the (p,q) random cluster model on G.
For an edge ¢ € E(G) let .7, be the sigma algebra generated by
the random variables w(f) for f # e.

Now suppose we alter a configuration by opening or closing
e. This may have one of two effects on the number of clusters;

either opening e joins two distinct clusters, hence reduces the

18
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number of clusters by 1 or opening and closing e has no effect
on the number of clusters at all.

Let L. be the event that there is a “loop” around e, that is the two
end vertices of e are connected whether e is open or not. Then
L. is the event that opening and closing e has no effect on the
number of clusters, and we may calculate that

if L.,
Qu(w(e) 17)w) = {1 1 (139
Here 7w = m as before.

If fact a simple Markov chain argument shows that Qg is the
only measure on (); that satisfies (1.33). We can use (1.33) as
a working definition of the random cluster model on an infinite
graph. Although we will not use (1.33) as a formal definition we
will show that it is in fact a necessary and sufficient condition
for a measure to satisfy DLR conditions for the random cluster
model. We will use this observation in many of our arguments
concerning the random cluster model.

We may describe the topology on (); by associating an equiv-
alence relation with each subgraph H C G. Set w ~ «' if
w(e) = w'(e) for every e € H. The open balls of (); are the
equivalence classes of ~ for finite subgraphs H. Notice that for
an infinite graph G the indicator 1, is not a continuous function
on ().

To see this suppose that when the edge e is closed the end ver-
tices of e are in two separate infinite clusters. Then for any finite
subgraph H we may connect the two end vertices of e by opening
every vertex outside H.

Hence is it not immediate that any measure satisfies DLR condi-
tions for the random cluster model on an infinite graph. How-
ever the indicator 1., while not continuous is right continuous
with respect to the partial order on ();. That is if w € L, then
there is some open set of configurations A such that w’' € L,
for any w’ € A with ' > w. We will see in the next chap-
ter that if 4 > 1 and H, is a sequence of finite subgraphs that

19
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exhaust G then the sequence of finite random cluster models
Qp, are stochastically increasing in the sense that for an increas-
ing random variable X the sequence Qp, (X) is increasing hence
convergent. This will be enough to show that the weak limit of

such a sequence satisfies DLR conditions above.

On the QuadTree we have a two parameter percolation process,
although we have considered the random cluster model with
homogeneous bond weights it is easy to define a random clus-
ter model on the QuadTree with three parameters, tree bond
strength 7, lattice bond strength A and cluster factor 4. We de-
note such a random cluster model by Qg ;.

The event that there exist infinite clusters is clearly increasing,
and so if percolation with probabilities A, T exhibits only finite
clusters then for g > 1 the random cluster model with strengths
T, A exhibits only finite clusters. If percolation with bond proba-

bilities — +(1T_T)q, T +(1A_ N exhibits at least one infinite cluster then
the free random cluster model with strengths 7,A exhibits at

least one infinite cluster also.

The event that there exists exactly one infinite cluster is neither
increasing nor decreasing and so the above argument fails for
the single cluster phase. However a slightly more sophisticated
argument, Theorem 2.20 in the next chapter, allows us to bound
the single cluster phase on the QuadTree in a similar way.

However, the bounds provided above are limited in their accu-
racy; even if we could plot the phase diagram exactly for perco-
lation on the QuadTree the margins of error given by the com-
parison inequalities becomes very large for high 4.

So, if we wish to go beyond comparison with independent per-
colation, to what extent can we can we attack the problem using
direct arguments concerning the random cluster model?

The techniques of Kendall and Wilson [46] focus on two parts
of the phase diagram (see figure 2), the left axis part where A is
small and the bottom axis there 7 is close to zero.

20
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Consider the case of the random cluster model where g > 1. We
may either fix T € (0,1) and consider a sequence A, — 0 or
fix A € (0,1) and consider a sequence 7, — 0. In both cases
this gives us a sequence of random cluster models, Q5. ,,, and

Qbr, ) respectively.

For any increasing random variable X the sequences of expecta-
tions Qf,,,,(X) and Qf,, ,,(X) are decreasing. Again this will
be enough to show that the sequences of random cluster mod-
els QY. ,, and Q},, , converge weakly to some pair of limiting
measures.

In fact we may go further. A theorem of Skorohod [59] (Theorem
2.11 in the next chapter) states that if y, — p is a weakly con-
vergent sequence of measures on (), (in fact any Polish space)
then there is some measure 3 on QHQ\I such that w;, ~ p, and the
sequence wy, — w as n — o where w ~ . We may extend this
theorem so that if y, is decreasing sequence of measures (in the
sense that y,(X) is decreasing for every increasing X) then we

may choose w, as above to be a decreasing sequence.

Now what can we say about the two limiting measures we have
constructed? Consider first the case where T — 0. Removing
all tree bonds from the QuadTree splits the graph into countably

many finite lattices. Let w, ~ QY,, ,, be a decreasing sequence

™A
as above, then every tree edge is closed in w. Therefore for an
edge e € L( [0,,17‘1) we have w € L, if and only if w, € L, for
every n. It is an easy exercise to deduce from (1.33) that the limit
wlimy, e QG r, ) 1S the measure given by independent random

cluster models on the finite graphs ( [Ulrl']ld, L( [0,717") )

This does not of course mean that the random cluster model

contains no infinite clusters for sufficiently small 7.

Consider the case of independent percolation on the QuadTree,
in this case the configurations on the finite layers (%ﬁd’ L (7[30’:%) )
are independent whatever the value of T and it is known (for
d = 2 at least) that if A is subcritical then we may choose some
T so small that the finite clusters on the layers are not joined by

the few open tree bonds to form an infinite cluster. Conversely if
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A is super critical, even though the layers are finite, the clusters
are large enough that no matter how small we make T we may

find some infinite cluster, furthermore it is unique.

For the random cluster model we might suspect that a similar

phenomenon occurs.

CONJECTURE 1.7

Let pc(q,d) be the critical probability for the Fortuin-Kasteleyn

random cluster model on Z¢ with cluster factor 4.

o If A < p.(q,d) then there exists some T > 0 such that the
random cluster model Q. ,, exhibits no infinite clusters.

o If A > p.(q,d) then for every T > 0 the random cluster

model Q5. ,, exhibits a unique infinite cluster.

There are technical difficulties in the proof of this statement
which we have not yet overcome. We leave this as an open prob-

lem for future research.

We move on to the motivating problem for this work. Fix T €
(0,1) and g > 0. Let A, — 0 and let @W be the weak limit as
n — oo of the sequence of free random cluster measures Q. -

If we remove all the lattice edges from the QuadTree we are left
with a spanning tree. Now consider some ¢ = (u,v) € T(Q).
The event £, cannot occur on a tree and the only measure that
satisfies (1.33) is independent bond percolation with probability

T
+(1-1)g"
. . . .
Now consider a decreasing sequence wy, ~ Qg, ,,) With w, — w
as n — oo.

If m > 274 then there is a positive probability that, even

if we close e both u and v are contained in infinite clusters in

every wy,. From Theorem 1.3 above if L : > 1, as well then

T+(1-1)
wy contains a single infinite cluster for every n. In particular we
may have w;, € L, for every n € IN event though we cannot have

w € L,.
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What can we say then about the probabilities @Trq(w(e) |7 )?
Recall that L, is the event that both ends of e are in the “same
cluster.” In this case however we have seen that two vertices may
be in different in w but still be in the same cluster for every w;.

Suppose two w-clusters (say C; and C;) are “close” in the sense
that there are infinitely many edges ¢; = (u;,v;) with u; € C;
and v; € C;. Then for every n € IN we may argue from (1.33)
that with probability one at least one edge e; is open in w;,, we
should treat C; and C; as the same cluster from the point of view

of our limiting model.

Now consider the sequence of edges ¢;. By compactness the
sets (1; Uv;) C [0,1]” has a convergent subsequence and as the
diameter of the sets u; and v; converges to zero the limit must
be a point in R;. We may find some pair of half infinite open
paths 11y = (i1, 7ip,...) C Cy and I = (71,7, ... ) such that the
sequences il; and 7; (as subsets of [0, 1]d) converge to some point
x e 0,1)°

Alternatively if we can find paths II; and I, as above then (as-
suming without loss of generality that iy, 7; € %il]d) there is a
chain of at most d lattice edges between #; and 9; and so with
probability one the clusters C; and C; are connected in every wj,.

So given a configuration w € Qg let «“» be the smallest equiva-
lence relation on V(Q) such that u «“» v if the unique path on the
tree between u and v is open or if there is some pair of open half
infinite paths (u = ily,1y,...) and (v = 31, Ty, . .. ) with liminf #;

= liminf 7;.

Set L; for u = (u,v) € T(Q) to be the event that u «“=» v, where

w, is the configuration obtained from w by closing e.

Set 71(7) = m and consider the question as to whether

T cifwe Ly,

1.
n(t) :ifwé Ly (134)

Qug(wle) | %) (w) = {
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We are not able to answer this question for every 7. In fact for
the Quad tree we will ultimately have to fall back on the bounds
given by the comparison with independent bond percolation.

Our interest however is in the specification given by (1.34). Are
there any probability measures on Qo) that satisfy (1.34) and if
so how do they behave?

The aim of this thesis then is to investigate the random cluster
model on a tree under general boundary conditions that include
those described informally above. In particular we wish to de-
fine Gibbs specifications for the random cluster model on a tree

in a general context, allowing connections through the bound-
ary.

If we can make the specification (1.34) rigorous then what may
we say about the set of measures that satisfy it? In particular
does there exist such a measure for every pair 7,4 and is this

measure unique?

1.3 THE RANDOM CLUSTER MODEL ON THE
TREE

The random cluster model was adapted to the tree by Haggstrom
[38]. The standard construction of the random cluster model on
a tree will always produce an independent percolation. Hég-
gstrom’s approach was to count only finite clusters, that is to
consider all infinite clusters as part of the same cluster. We will

return to this idea in more detail in the next chapter.

To adapt our informal definition we may define an event L}
as the event that the two end vertices of ¢ are both contained
either in the same cluster, or in separate infinite clusters in the

configuration w,.

Substituting L for L, in the specification will be equivalent to
the formal definition of the wired random cluster model we will

meet in the next chapter.
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1.3.1  Wired Boundary Conditions

Héggstrom’s focus was on the case of regular trees with homo-
geneous bond weights. Let 7 be a regular k-tree, and fix some
7 € (0,1) and g > 0 Now if 71(7) < } then Bernoulli perco-
lation with bond probability 77(7) forms no infinite clusters on
the tree and thus satisfies our informal definition of a wired ran-
dom cluster model. If 77(t) > } then £ occurs with positive
probability and Bernoulli percolation cannot be a wired random

cluster model.

In addition to constructing the wired random cluster model for-
mally, and providing a rigorous proof of the claim above Hag-
gstrom was able to construct processes that satisfied the defini-

tion of the wired random cluster model on the tree.

THEOREM 1.8: HAGGSTROM

If 7 is a regular tree such that each vertex had degree k + 1 and
each edge has weight 7, then for each x € (0,1) such that

(- + (1 Z —q)F + (Z+1D)x—1=0 (1.35)

T 1-7

there exists a measure p7,  that satisfies DLR conditions for the

wired random cluster model.

If g < 2 the equation (1.35) has no root in (0, 1) for 7(t) < } and
exactly one if 77(t) > }. If g > 2 there is some 7. < 77 (7)
such that (1.35) has N solutions in (0, 1) where

cifr <,
cift =1,

cife <t < n'1<%>,

(1.36)

=N = O

s if (t) > 1.

In addition Héaggstrom was able to show that if T < 7. then
Bernoulli bond percolation as above is the only measure satisfy-
ing DLR conditions he conjectured that if 77(7) > { then there
can exist only one measure that satisfied DLR conditions.
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We will recover equation (1.35) in Chapter 3 and prove Hag-

gstrom’s conjecture.

Jonasson [44] extended the wired random cluster model to a gen-
eral graph and proved uniqueness of the random cluster model
for sufficiently high 7. In addition it was shown that on any non-
amenable graph of bounded degree there is some g > 0 such that
the wired random cluster model is not unique on some interval

of values T € (1, T).

1.3.2 Boundary Conditions From Equivalence Relations

We are interested in more general boundary conditions than
those considered by Haggstrom [38] and Jonasson [44]. A more
general approach was taken by Grimmett and Janson [36] by con-
sidering equivalence relations on the set of rays of the tree. A ray
on a tree is a half infinite self avoiding path.

Grimmett and Janson considered equivalence relations on the set
of rays (under the assumption that two rays are always equiva-
lent if they differ on only a finite number of edges). They then
attempted to define the random cluster model on a tree where

two clusters are connected if they contain equivalent open rays.

Let R be the set of rays of a tree 7. The authors classify equiva-
lence relations ~ according to the properties of the set of equiv-
alent pairs {(I1y,TI,) : Tl; ~ I} C R2.

We have described above an equivalence relation on the set of
rays induced by the map R — [0, 1]%. We shall see that as [0, 1]d
is Hausdorff we may immediately conclude that the induced

equivalence relation is closed.

Unfortunately the construction of the random cluster model in
[36] contains an error. In particular the Gibbs specification de-
fined for the random cluster model is inconsistent. The au-
thors” definition may be recovered for the special class of “open”
boundary conditions where the specification is consistent if re-

stricted to some exhaustive set of subgraphs.

26



There is a lot of work to be done to correct this error. In Chapter
4 we will construct the random cluster model in very general cir-
cumstances, This will be enough to redefine the random cluster
model with Grimmett-Janson boundary conditions in a consis-

tent way.

1.4 THESIS OVERVIEW

In Chapter 2 we introduce some preliminary material which we
shall rely on in later chapters. Although most of this material
is not new. We introduce “generalized series and parallel laws”

which do not appear to be covered in the literature.

The series and parallel laws of Fortuin [25], well known from
electrical network theory concern the replacement of a pair of
edges, either in series or in parallel by a single edge. Our gen-
eralization allows an edge like subgraph to be replaced with a
single, appropriately weighted edge. More importantly for our
purposes we introduce a decomposition of the random cluster
model into a random cluster model on the edge like subgraph
and the random cluster model on the new graph formed by re-
placing the edge like subgraph with a new edge.

In addition we prove Theorem 2.20 concerning the monotonicity
of the single cluster phase on the QuadTree mentioned above.

In Chapter 3 We introduce the wired random cluster model of
Haggstrom [38]. We adapt the work of Zachary [66] to the
random cluster model by introducing a class of processes that

7”7

we call “Markov chains.” As the random cluster model is not
a Markov random fields our Markov chains will not have the

Markov property in the conventional sense.

We introduce a weaker conditional independence requirement
that describes our notion of a Markov chain and define a set of
entrance laws that correspond to the Markov chains in the same

way as Zachary’s entrance laws correspond to Markov chains



on vertex indexed Markov random fields. Following [66] we
are able to show that every extremal random cluster model is a
Markov chain and so describe the set of random cluster mod-
els in terms of entrance laws. This allows us to prove Hag-
gstrom’s conjecture concerning the uniqueness of the random

cluster model.

In Chapter 4 we generalize the notion of a random cluster model
by introducing a new object, a random connection. Informally a
random connection +— is a "different kind of arrow" that may
replace the usual connection operator <— in the construction
of the random cluster model on an infinite graph. We introduce
axioms that a random connection must satisfy to allow a random
cluster model to be constructed.

We then consider the behaviour of the random cluster model
defined by a general random connection +— and show a con-
nection with the behaviour of Bernoulli bond percolation on the
tree.

In Chapter 5 we consider the special case of random cluster mod-
els defined by Grimmett-Janson boundary conditions. We pay
particular attention to the “open” equivalence relations defined
in [36]. Grimmett and Janson were able to show that for suffi-
ciently high bond strengths the random cluster model with open
boundary conditions is unique. We go further by demonstrat-
ing that any open equivalence relation defines a set of random
cluster models that corresponds 1-1 with the set of wired ran-
dom cluster models on the same underlying tree. In addition
we define rigorously the random connection «— and by consid-
ering the behaviour of the random connection under Bernoulli
bond percolation we are able to give a complete description of
the phase behaviour for the random cluster model on a homoge-
neous tree under open boundary conditions.

In Chapter 6 we conclude by describing the behaviour of the
random cluster model on the QuadTree when the strength of
the lattice edges is small and discuss topics raised by this work
which would constitute interesting and significant avenues for

future research.
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2 FUNDAMENTAL CONCEPTS

In this chapter we prepare the ground for our work by introducing
some preliminary material.

In addition to an overview of existing material we introduce new “gen-
eralized series and parallel laws” which we shall rely on in later chap-
ters and we prove a claim concerning monotonicity of the single cluster
phase for the random cluster model on the QuadTree which we made
in Chapter 1.
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21 PRELIMINARY MATERIAL

2.1.1  Graphs and networks

A graph G = (V,E) is a set of vertices V, together with a set of
edges E. An edge is an unordered pair in the form (u, v) where
u,v € V. A path 1T on G is a sequence of vertices (...,II,,...)
with (I1,,I1,41) € E for every n. As with a sequence a path may
be finite, infinite or doubly-infinite. We may describe a finite path
(u = I,..., I, = v) as a path from u to v. We say a graph is
connected if there exists a path from u to v for every u,v € V.

A vertex u of a graph has degree k if there exist exactly k edges in
the form (u,v). We say a graph has degree k if every vertex has
degree k. We say a graph has maximum degree k if the degree of
each vertex is at most k.

We say a path I is self-avoiding if for every m # n the two edges
(I, Iyy41) and (11, IT,49) are distinct, a cycle in G is a finite
self avoiding path (I, ..., IT,) with Iy = IT,. Notice that the
vertices of a self avoiding path need not be distinct. We say a
path 1T is cycle-free if 11, # 11, whenever m # n.

There are several common generalizations of the basic graph ob-
ject. We mention a few here. A weighted graph is a graph (V,E)
and a function 7y : E — R that assigns a weight to each edge. A
multigraph is a set of vertices together with a multiset of edges.
That is we allow more than one edge between a given pair of
vertices. A directed graph is a set of vertices together with a set
of directed edges. A directed edge is an ordered pair in the form
|u,v) where u,v € V. A directed path is a sequence of vertices
I1, such that |I1,,11,41) € E for every n. The notions of a self-
avoiding path and a cycle generalize naturally to the directed

case.

We will pay particular attention in this work to trees. A tree is
a connected graph that contains no cycles, that is for any two

vertices u,v there is a unique self avoiding path from u to v. A
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FIGURE 3

Two ways of rooting a tree. On the left the regular binary tree is rooted
at a vertex v by directing all edges away from v. On the right the tree
is rooted at a directed edge e = |u,v) by directing all edges either
towards u or away from v in such a way that every directed doubly
infinite path runs through e.

reqular-tree of degree k is a tree such that every vertex has degree k.
Notice that a regular tree of degree k > 1 is necessarily infinite.

A directed tree is a directed graph that becomes a tree if we re-
place every directed edge |u, v) with the undirected edge (u,v).
We place no restrictions on how edges are directed, however
there are two principal configurations that will be important. We
say a directed tree is rooted at a vertex v if there is a directed
path from v to u for every vertex u # v. We say a directed tree
is rooted at a directed edge e = |u, v) if for every vertex w there is
either a directed path from w to v, or from u to w. It is easy to
see (refer to figure 3) that rooting a tree at an edge or a vertex

specifies the direction of each edge uniquely.

The natural setting for a random cluster model is a weighted
graph, as we will be dealing with the series and parallel laws
it will also be helpful to allow multiple edges. Although there
has been work on percolation in the setting of directed graphs
(see for example Durrett [20]) the random cluster model makes
no sense on a directed graph as there is no concept of a cluster.
However, directed graphs, and in particular directed trees, will

be useful to us as a method of navigation around the QuadTree.
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Next we define a network as a suitable object on which to define
a random cluster model. Although we include both multiple
and directed edges we stress that most structures we deal with
will not have multiple edges (as they may be removed using the
series and parallel laws) and that edges are directed only for the
convenience of specifying particular events. The underlying per-
colation and random cluster models will ignore edge directions.

DEFINITION 2.1

A network is a partially directed, weighted multigraph. That is a
set of vertices V and a multiset E containing both directed and
undirected edges, together with an associated weight function
v : E — (0,1). The weight function is interpreted as a multifunc-
tion in such a way that multiple instances of an edge (u,v) may
be assigned different weights.

Formally a network A is some set of vertices V(') together with
some arbitrary indexing set _#, and an associated weight func-
tion y : _#%  — (0,1). Associate with each j € _#, an undirected
edge (j) = (u,v) for u,v € V(N).

Recall we wish to downplay the importance of the directions of
edges in a network. For this reason the “default” set of edges
{(j) :j € #} is undirected. A labelling ¢ of a network is a map
from g to the set of possible directed and undirected edges in
such a way that if (j) = (u,v) then £(j) € {(u,v), |u,v), |v,u)}.

For a labelling ¢ we name E; to be the image of _#, under /. If
necessary we allow E; to be a multiset. We will not normally
specify an indexing set and a labelling. Instead, as is conven-
tional with graphs and networks, we will specify the contents
of the edge set E(), either as a proper set or a multiset. This
implicitly defines an indexing set _#, and a nameless labelling:

A — E(W).

As we will not usually be dealing with multigraphs we allow
E(V) = _% to be a proper set of edges with (e¢) = e for every
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e € % We will always assume that a network has finitely or

countably many edges and vertices.

REMARK 2.2

We will use letters live u, v and w for vertices of a network and
letters e and f for edges. As shorthand we will often write
u,v,w e Nore,f € Nforu,v,we V(N) and e, f € E(V) respec-
tively when it is clear from the context whether we are referring

to an edge or a vertex.

2.1.2  Probability and measure

For clarity and definiteness we define briefly some elementary
terms from probability theory. This is not intended to be an
introduction to the subject and we refer the reader to Williams
[63] or Feller [22, 23] for further details.

A measurable space (Q),.F) is a sample space (), together with a
o-algebra of events .. We say a measure y on (Q,.%#) is a prob-
ability measure if u(Q)) = 1. We will sometimes refer to a proba-
bility measure as a distribution. We say a probability measure or

distribution p is supported on an event A if pu(A) =1

In this thesis we will deal only with sample spaces equipped
with a well defined topology. Thus we may interpret a topologi-
cal space () as the measurable space (Q), #(Q})) where #(Q) is
the Borel o-algebra on ().

We say a random element is a measurable function £ : O — )/
from Q) to a second measurable space Q) If i is a probability
measure on () we name the distribution of £ under u to be the
push-forwards measure £ () defined by

(e(m) (4) = p(£(4)).

As a special case of a random element we say a random variable
X on () is a Borel-measurable function () — R.
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If u is a measure on a space () and X a random variable we
denote by p(X) the expectation of X under y. Defined by the
Lebesgue integral

p(X) = [ X(w) du(w) (2.1)

For some arguments it will be convenient to treat the topic of
conditional expectation in a slightly unusual way. For a measure
p on a space (), and a o-algebra .# C #(Q)) it is well known that
for every integrable random variable X there exists a unique (up
to y) . -measurable random variable y(X |.# ) such that

[ p(X 17 @) du(@) = p(X-1a) (22)

for every A € .#. We refer the reader to Williams [63] for a list

of the properties of conditional expectation.

For fixed u,.# ,the operator X — u(X |.#) is linear and pre-
serves expectation. Thus we may define a Markov kernel

([ 7)(w, A) = p(la |F)(w). (2:3)

We denote the Markov operator associated with the above kernel
by (p [ ).

We have chosen to consider conditional expectation in this way
as a notational convenience rather than for a specific mathemati-
cal purpose. In particular,given a c-algebra .# C #(Q2) we may
define a random, conditioned measure

((n [7)(@)) (A) = (u |7 )(w, A) (2.4)

and of course for an event A € #(Q)) we may define a condi-

tional measure

(1 |A)(E) = ”(;‘(Q)E) (25)
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2.1.3  Coupling

The technique of coupling is central to many arguments in the
tield of statistical mechanics, and particularly in interacting par-
ticle systems. Suppose we wish to compare two probability dis-
tributions (say y1 and p2). One technique is to specify a coupling
of u; and pup, that is a construction of y; and py on the same
probability space.

Specifically we say a coupling of u; and py is a probability mea-
sure v on a second measurable space E, together with two ran-
dom elements £1,&; : E — () such that the push forwards dis-
tributions satisfy £1(v) = y1 and &,(v) = pp. We may of course
extend the notion of a coupling to several measures, not neces-
sarily all referring the same state space.

The simplest example of a coupling is two independent random
elements, using the symbols above we set & = O and v =
#1 X pp. Then (E,v) together with the maps &7 : (w1, wy) — wn
and & : (w1, w2) — wy is one possible coupling of y11 and .

We will not always wish to describe the mechanism of a coupling
explicitly and so we introduce some special notation. For a cou-
pling of say (Q1,41),..., (Qu, pn) we will specify properties of
a measure on the product space ()1 x --- x (), and the &; from
above are assumed to be the projections onto the subspaces ().
In this case we will usually denote the product space by ) and
specify a typical element w as a vector of symbols. For example
to couple two measures p; and yy on () and (), with a measure
u3 on R we might specify w = (w1, wy, x). Then we may specify

events in terms of the random elements w; € (); and x € R.

For percolation and the random cluster model the natural prob-
ability space Q. = {0, 1}F comes equipped with a partial order.
Suppose () and (), are partially ordered spaces. We say a ran-
dom element & : ()1 — () is increasing (respectively decreasing)
if for every pair w < ' € () we have £(w) < &(w’) (respec-
tively £(w) < &£(w')). For ), = R this extends naturally to a

partial order on the set of measures.
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DEFINITION 2.3

For two probability measures p1, ji2 on some partially ordered
space () we say i stochastically dominates yp and write g > o

if for every increasing random variable X : () — R we have

11(X) > ua(X). (2.6)

There is a deep connection between stochastic domination and
coupling. Suppose 1 and p; are probability measures on () and
we may find a coupling w ~ v with w = (wy,w;) € O? such
that wi ~ py and wy ~ pp and wy > w, v-almost surely. Then
it is clear that pq(X) — p2(X) = v(X(w1) — X(w2)) > 0 for any
increasing X.

The converse of this observation also holds and is due to Strassen
[61]. The original paper is not concerned with coupling and
“Strassen’s Theorem” appears only as an special case of a more
general result. We refer the reader to Lindvall [49] or the mono-
graph [50] for a proof and a full discussion.

THEOREM 2.4: STRASSEN’'S THEOREM

Let p1 and y» be probability measures on some partially ordered
space (). Then if y1 and pp are such that p; (X) > ua(X) for every
increasing random variable X : (O — R, that is if yu; > up; there
exists a measure v on ()% with first and second marginals y; and

2 respectively, such that

w1 > ws for v-almost every (wy,ws) € O2. (2.7)

Lastly we introduce some special notation to describe events de-
fined by statements. We may have recourse to define an event
using an informal statement. For example if () is a space of
functions we may define an event A by stating that w € A if w is
continuous, or for a random variable X : (3 — IN we may wish

to define B as the event that X is an even number.
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We use square brackets to define such informal events, that is
we may express A and B above as

A = [w is continuous] B = [X is even|]

As this notation is by nature informal and its use is largely self

explanatory we will not attempt a rigorous definition.

22 THE RANDOM CLUSTER MODEL ON A FI-

NITE NETWORK

2.2.1  Measurable networks

Recall from Definition 2.1 that a network is a partially-directed
weighted multigraph. Recall also from the discussion below Def-
inition 2.1 that associated with a network A there is an arbitrary
indexing set 4.

As 7, is arbitrary we may assume that it is a set of events in
some named measurable space. We will refer to an edge of such
a network as a bond.

DEFINITION 2.5

A measurable network on a measurable space (),.%) is a network
N such that

A={Jc€ F:ecEWN)} (2.8)

with (J,) =e.

We refer to an element of w € () as a configuration of N and name
J. the bond at e.

We say a bond ], is open in a configuration w if w € J, and closed
otherwise. We set H(w) = {e:w € J.} to be the set of open
bonds.
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There is a natural probability space Q, = {0, 1}E(N) associated
with a network & which we interpret as the space of functions
{w:EW)—{0,1}} We say a random network is a network N

indexed arbitrarily, together with a measure y on Q.

An implementation of a random network (n,u) is a measurable
network G, isomorphic to &, defined on a Borel space (); together
with a probability measure v on () such that the joint distribution
of the random variables {1}, : e € E(G)} agrees with the distribu-
tion of the random variables {w(e) : ¢ € E(~)} under p.

The natural implementation of a random network (A, y) is the
measurable network defined on Q) such that

Je={w € Qy:w(e) =1} (2.9)

Unless otherwise specified we will always assume that we are

working with the natural implementation of a random network.

As Q) is a space of functions it is automatically endowed with a
partial order < and join and meet operators VV and A. Recall that
a random variable X is increasing if X(w1) < X(w;) whenever
w1 < wy and decreasing if —X is increasing. We say an event
A € AB(Qy) is increasing if the indicator 14 is increasing and

decreasing if A® is increasing.

If & is an infinite network the space A& under the product topol-
ogy is not discrete. We will examine this space in more detail in
Section 2.3. We say a random variable X : Oy — R is left con-
tinuous (respectively right continuous) if for every w € Q) and
e > 0 there exists some open set © C Q) with w € 0 such that
|X(w) — X(w')| < e whenever ' € 0 and w’ < w. (Respectively
w' > w.)

For w € Oy let w® and w, be the configurations obtained from w
by opening and closing e respectively; that is H(w®) = H(w) U
{e} and H(w,) = H(w) \ {e}. For an event A € A(Qy) and
e € E we define new events A° and A, by setting A° = [w* € A]
and A, = [w, € A].
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For a set of edges E C E(~) we define two c-algebras, .7 and
Tk generated respectively by the set of bonds in E, and those in
E(~) \ E respectively. That is

Fr=0{].:e€E}, (2.10)
Tp = {Jore € (B(W)\E)}. (2.11)

If G is a subnetwork of v, that is G is a network with V(G) C
V(~) and E(G) C E(v), or if e € E(W) is a single edge, define

analogously

ﬁg = ﬂE(g)/ JOZ@ = ,9-5{6}, (2.12)
T = Tx(g)s Te = Tey- (2.13)

We will be interested in the properties of the random network
(V(w~),H) and in particular the properties of its connected com-

ponents.

For a network & = (V,E) with a labelling ¢ and w € Q, we

write

u<“% v if there exists a path I1 from u to v and a se-
quence of bonds J; with (J;) = (11;,IT;;1) and
w € ;.

ur<ly v if there exists an (-directed path IT from u to
v, and a sequence of bonds J; with ¢(]J;) €
{1, i 41), 113, T 44) } and w € i

Thus we may define events

[ v] = {w € Qu 1 u<s v}, (2.14)
[urls v] = {w € Qu : urh o). (2.15)

If E(W) is a set of directed edges we define u +“ v and [u — v]
using the default labelling of v.

If V() is infinite we write [u <— oo], [+ o] and [u — oo] for
the events that u < v (respectively u - v, u — v) for infinitely
many v € V().
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Notice that the event [u <— v] ignores the directions of edges,
and so < is an equivalence relation for every w € Q. Thus
for any vertex v € N we may define the cluster at v to be the
equivalence class of vertices

Co(w) ={ueV(n):uso}. (2.16)
If & is a finite network we may set

ky(w) =[{Co:v €N} (2.17)

We will usually omit the subscript on ¥ when the network is

clear from the context.

2.2.2 The random cluster model.

We introduced independent bond percolation informally in Chap-
ter 1. Here we will reintroduce the two models more rigorously.
We will use the same notation as in Chapter 1.

Recall that a network A comes equipped with a weight function
v : E(W) — (0,1). Name the measure Py to be Bernoulli bond
percolation on N. That is the is the product measure on (), such
that every bond J, is open independently with probability y(e).

If &/ is a finite measurable network the number of clusters x
is bounded above by the number of vertices. Thus for a finite
network & we may define the random cluster model in closed

form as follows.

e w(e)
Qug(w) = Z}vl,q ( I (13(723)) ) 7<) (2.18)

ecE(N)

w(e)
where Zy, = E <H (17(6)6)) )qx(w) (2.19)

weOy \ecE(w)

is a normalizing constant.



FIGURE 4

A random configuration of Z?. Marked are a loop at a bond ¢ and a
cluster. Loops are of crucial importance to the random cluster model
as the existence of a loop dictates whether the inclusion or exclusion
of a bond affects the number of clusters.

2.2.3 Basic properties

In this section we outline several key properties of the random
cluster model. These properties stem from a characterization of
the random cluster model in terms of the conditional probabil-
ities Qu4(Je | 7). In order to express this characterization we
introduce a loop event L,.

The term “loop” is already used in graph theory to denote an
edge from a vertex to itself. As such edges do not effect any
event in percolation theory, and we do not allow them in our
definition of a network we shall give the term a special mean-
ing in the context of random networks. Let & be a measurable
network and w € )y a configuration of . Then for an edge
e = (u,v) a loop at e is an undirected open path from u to v that
does not include e.

Figure 4 shows a loop at an edge e. Notice the existence of a
loop at e is not affected by the state of the bond J..

DEFINITION 2.6
We say a configuration contains a loop at an edge e = (u,v) if

it contains an open self avoiding path 11 = (u =TIy, ...,II, = v)
from u to v such that for every i € [1,n] we have (I1;_1,11;) # e.
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For an edge e € E(«); if there exists a loop at e then opening and
closing e has no effect on the event [u <— v] for any u,v € V().
Conversely if there is no loop at e then opening e connects the
two distinct clusters containing the end vertices of e.

So we may define the event that there is a loop at e as
L, = [il < 7], for e = (i1, 7). (2.20)
and we have

K(we) = k(W) +1—1g,(w) (2.21)

From the definition of the random cluster model (2.18) we see
that

Qua(w) _ | 1%y ifwel (2.22)
Quq(we) % cifw é L.
Therefore as L, is .7,-measurable we have
7(e) cifw e L,
QJ\‘”,L](]E |¢%) - { ,Y(e) . (223)
oy W E Le

This fact is crucial to the study of the random cluster model and
will be central to many of our arguments. The quotient in the
right hand side of equation (2.23) will play an important role in
this work. Thus we name functions

TT - r i) = —P1
1(P) p+(1-pq 1 (P) pq+(1—p)

(2.24)
In addition we allow the functions above to apply to entire net-
works, that is if & is a network with weight function -, we set
7T(N) to be the network with the same edges and vertices as A
but with weight function 7/, where 7'(e) = 7(y(e))
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THEOREM 2.7

Let G be a finite multigraph and ~, A’ be two networks with
underlying graphs G and weight functions y,9'. Fix ¢ > 1 and

q <q.
® Qy, is the unique probability measure that satisfies (2.23).
® Q) satisfies the strong FKG condition (1.25).

o If either; for every e € E(G), y(e) > 7/(e); or for every
e € E(G), t(v(e)) > m(7'(e)) then Qu 5 = Qur g

The proof of this theorem is elementary and may be found in
almost any book on the random cluster model. We refer the
reader to Grimmett [35] or Georgii et al. [29] for the full proof.

Rather than a full proof, we sketch the main ideas using a Markov
chain based coupling argument. We will rely on this and similar
couplings in later chapters.

For every edge e € E(~) define functions 65, : Qy x [0,1] —
{0,1} and @i/’q : QN X [0, 1] — QN by

1 s if A < mg(y(e)),
0%q(w,A) =30 FifA > (e), (2.25)
g, (w) = if A€ [mg(y(e)), v(e)].
va/q(w,/\i) cif f=e,

(2.26)
w(f) Cif f #e.

(%, ) (f) = {

We have chosen 6, ; in such a way that if A is a uniform [0, 1] ran-
dom variable then 6%, (w, A) is a Bernoulli random variable with
expectation Qy4(Je |7 )(w). Hence we have fol OF 4 (w, A)dA =
(Qxg |Z ) (w) and in particular Q,, is invariant under the Markov
kernel (f,w) — [} f(@i,,q(w,A))dA.

Notice also that as L, is an increasing event then, if g > 1, the

random variable w — 05 (w,A) is increasing for every A €
(0,1).
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Next set wp to be the constant configuration wy(e) = 0 choose
independent sequences A = (A1, Ay,...) and E = (e, €y, ...) uni-
formly from [0,1]™ and E(x)N respectively.

Now define a sequence w, = w,(V,q) inductively by setting

wit1 = OF 4 (wi, Aj).

It is easy to see that the sequence wy(N,q) is an irreducible
Markov chain with invariant measure Q4. Therefore Qy, is
specified uniquely by the functions 65, and, as any measure sat-
isfying (2.23) is an invariant measure for the chain w;; Qu4 is

the unique measure with conditional probabilities (2.23).

Now for any two pairs (V,¢) and (A, q") we may define a se-
quence of couplings w, = (wy(V,q),wn(N’,q")). Furthermore
if (W, q) and (A, q’) satisfy the conditions of the theorem then
for every w > ' € Qu, A € [0,1] and ¢ € E(~) we have
eje\f,q(wl /\) 2> Qi/’,
for every n. By considering the stationary distribution of the

g (@', A) and we must have w, (A, ) = wn (N, q')

chain w, we must have Q4 > Q4

We have proved two parts of Theorem 2.7. We leave it to the
reader to check the strong FKG condition (equation (1.25)). This
is simply a matter of checking that for any pair of configurations
w1, wy we have k(wq V wy) + k(w1 A wy) > x(wq) + x(wy), which
follows inductively by checking the inequality for configurations
that differ on a single edge. We refer the reader to Grimmett [35]
for details.

Instead we will check the conclusions of Theorem 1.1 directly,
that is we show that for any network & and g > 1 we have

(QN,q ‘A) = Qg (2.27)
for all increasing events A.

The proof is identical to the argument above, but this time set

G)fvlq(w,)\) Difw, € A
1 ifw, ¢ A

(0 1A)S, (. 1) = { (2.28)
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Now define a second chain by wi* = (8 |A)} (wf;,A;). This
chain is identical to the previous Markov Chain except that a
bond will never close if this would cause the chain to leave A.
Furthermore the event A forms the only recurrence class of the

chain w2 .

Therefore (Qy4 |A) is the unique invariant measure and, argu-
ing as above, (©® |A)i,lq(w, A) = OF,(w,A) for every w € Qy
and we have (Qyq |A) = Qug.

2.3 PROBABILITY ON INFINITE PRODUCT SPACES

The random cluster model is a probability measure on the space
of edge configurations of a graph G, in which edges can be either
“open” or “closed.” We have already seen that the natural prob-
ability space for a random cluster model, or for Bernoulli perco-
lation on a finite network is the product space O, = {0,1}E").
If & is an infinite network than the natural probability space is
isomorphic to {0,1} and it is natural to consider the Tychonoff
product topology.

For an infinite network A let G, be the set of finite subnetworks
of V.

We say a set G C G, is exhaustive if for every finite network
G € G, there exists some ¢’ € G with ¢ C ¢'.

Alternatively we say a sequence of finite subnetworks g, € G, is
exhaustive if for every ¢ € G, there exists some N € IN such
that ¢ C G, for every n > N.

We say a set {Xg : 6 € G} indexed by some exhaustive set G has
property P as G T A if for every exhaustive sequence G, € G the
sequence Xg, has property P as n — oco. We may write “as g
exhausts N” for as G T N.
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Recall the definitions of .%; and .7; for subnetworks G. For an

infinite network we may define the tail c-algebra

T = m 5. (2.29)
GeGy

Chose some ¢ € Q) arbitrarily. For ¢ C & we say a configuration
w agrees with ¢ on G if w(e) = ¢(e) for every e € E(G) and w agrees
with ¢ off G if w(e) = ¢(e) for every e € E(V) \ E(G). We name
two cylinder sets associated with G and ¢.

(’)g = ﬂ {w e Qy:wle)=7¢(e)}, (2.30)
ecg

Q= ﬂ {we Qy:wle)=2¢e)}. (2.31)
e¢g

Notice that there is a natural bijection between the three sets (g,
Of and {OF : ¢ € Q).

DEFINITION 2.8
The Tychonoff product topology on Q) is the topology generated

by the countable set of open cylinders {O% : & € Q, G € G, }.

It is a fundamental fact of topology, see for example Willard [62]
that this topology is compact, countably generated and Haus-
dorff.

Notice also that for finite subgraphs G and & and configurations
¢1 and ¢p the event OS; N (95; is % ug-measurable, hence may
be expressed as a union of cylinder sets in the form O} .,. In
particular the set of open cylinders forms a basis for the product
topology.

As for every finite G € G, the space ()¢ is finite each set (95 is
both open and closed. In particular all .%;-measurable functions
are continuous and take only finitely many values. These con-
tinuous simple functions play a key role in our understanding
of the space of probability measures on Q.

DEFINITION 2.9
We say a random variable X : Q) — R is a continuous simple

function if X is .#z-measurable for some finite G € G,.
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2.3.1  Topology of probability measures

We may extend any topology on a sample space to a topology

on the space of probability measures.

DEFINITION 2.10

e We say a sequence of measures i, converges weakly to a
measure y and write p, 2%y if for every continuous simple

function X we have u,(X) — p(X).

o For a network ~ let Z = () be the set of probabil-
ity measures on (), with the associated topology of weak

convergence.

Notice we have defined weak convergence in terms of continu-
ous simple functions rather than the usual definition involving
bounded continuous functions. As any continuous function may
be expressed as a uniform limit of continuous simple functions
is is easy to see that there is no loss of generality in weakening
the definition.

It is known (see for example Billingsley [7]) that as the space
Q) is compact any sequence of measures contains a weakly con-
vergent subsequence. The space () is metrizable as well as
compact. By Prohorov’s Theorem [57] the topology of weak con-
vergence is metrizable also. Both the Levy-Prohorov and the
Vasserstein metrics may be shown to generate the weak topol-

ogy.

Say a sequence of measures ji,, is Cauchy if p,(X) is a Cauchy se-
quence for every continuous simple function X. If y, is Cauchy

we write wlim,, ;. H, to represent the weak limit of the sequence

Hn-

Recall the event £,. The definition extends naturally to an infi-
nite network, however the indicator function 1., is not continu-

ous. In Chapter 1 we gave an informal definition of the random
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cluster model on an infinite graph as a measure that satisfies the

conditional specification (2.23).

As this specification is not continuous the weak limit of a se-
quence random cluster measures might not satisfy (2.23) and so

might not be a random cluster model.

The key tool we will use to overcome this difficulty is that of
stochastic domination. We will give a brief overview of some
aspects of the weak topology from the perspective of stochas-
tic domination and coupling. This will enable us to construct
random cluster measures as weak limits in certain situations, in

particular as weak limits of monotonic sequences of measures.

A famous theorem of Skorohod [59] states that for any weakly
convergent sequence of measures we may find a coupling that
converges almost surely. This theorem is valid not just for Q)
but for any Polish space, see for example Billingsley [8]. We
prove only the special case where we may write down the cou-

pling explicitly.

THEOREM 2.11. SKOROHOD

Let 1, be a sequence of measures on (). Then p, %% if and only
if there exists a coupling with typical element w = (w, w1, w», ...)
with marginals w ~ u, w; ~ y; such that w, — w as n — oo for

almost every w.

PROOF

First if w is distributed as in the statement of the theorem then
for any continuous random variable X : QO — R the sequence
X(wy) — X(w) almost surely as n — oo. Q) is compact and
so X is bounded, therefore u,(X) — pu(X) as n — oo by the
dominated convergence theorem.

Next suppose p, 2. Let A = (A, Aa,...) € (0,1)N be an ii.d.

sequence of uniform (0, 1) random variables.
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Order E(w) arbitrarily and set w;(A) by fixing the values of
bonds ¢; inductively, setting

1o if A>T — (o [JerseorJors )

1, (wn(A)) = _
0 : otherwise

(2.32)

and choosing w(A) ~ p in the same way.

For a given n € IN we say that w, fails at stage i if 7 is smallest
number such that w,(A) and w(A) disagree on e¢;. We may write
the probability that w, fails at stage i as a bounded rational func-
tion of a finite number of probabilities i, (05), H (Og ) and so
if p, % u the probability that w, fails at stage i converges to the
probability that w fails at stage i, which, trivially, is zero.

Now fix w and suppose w, has not failed before stage i. Set
Ai = 1= u(Je; |Jers- -+ Jory ) (w) then w, fails at stage i only if
‘)\i — ;\i’ is sufficiently small. Moreover the size of this interval
must shrink to zero for p-almost very w, for if not then the prob-
ability that w, fails at or before stage i would not disappear as
n — co.

Therefore for almost every A, w, fails at stage i for only finitely

many 7, hence w, — w as n — co almost surely as required. U

Skorohod’s Theorem demonstrates that there is a close link be-
tween coupling and weak convergence. Strassen’s Theorem (The-
orem 2.4 above) gives us a link between coupling and stochastic
domination. Our next aim is to exploit these links to express the
notion of weak convergence meaningfully in terms of stochastic

domination.

From the definition of stochastic domination(Definition 2.3) if we
wish to show p > v then we must check that u(X) > v(X) for
every increasing function X. However, weak convergence gives
us control only over continuous functions, and not all increasing
functions are continuous. (Consider for example the indicator

1g,.)
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Before we proceed we prove a technical lemma to show that for
the purpose of stochastic domination it is enough to consider

only the continuous simple functions.

LEMMA 2.12

If u; and pp be measures such that p;(X) < up(X) for any in-
creasing continuous simple function X then pq < .

PROOF

Suppose p1 and y are as in the statement of the theorem. We
use the sequential compactness the set of probability measures
to construct an ordered coupling of y1 and yu; as the limit of a

sequence of couplings.

For any ¢ € G, we may define restricted measures uf, 5 on
()¢ in the obvious way. As every .%;-measurable random vari-
able is a continuous simple function we must have uj < uj.
By Strassen’s theorem, (Theorem 2.4), we may chose a coupling
(@f, @F) ~ g on QF such that @ ~ uf, @§ ~ p§ and @f < @§

Vg-almost surely.

Extend this to a coupling of y1 and y; by setting

vo(Ax B) = [ (A |%) (@) -pa(B | %)(@5) i (a, af).

Informally, we sample from vg by choosing (@f,@§) € QF ac-

cording to the ordered coupling 7g, then choosing (w{,w§) €
03 according to the product measure y; X pz conditioned to

agree with (@f,@5) on ¢.

We have chosen vg in such a way that if (wf,wj) ~ vg then

Wi ~ 1, w§ ~ pp and wy(e) < wy(e) for every e € E(G).

The space (2. is compact and metrizable, hence by Prohorohov’s
Theorem the set of measures {v; : G € G, } is tight and we may
choose some sequence G, 1 N such that vg v for some v €
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For any continuous simple function X and edge ¢ € E(v) the
functions Xj : (w1, w7) — X(w1), X2 @ (w1, w2) — X(wy) and
L, (e)>wa(e)] : (w1, w2) — wi(e) (1 —wy(e)) are continuous.

Therefore we have v(X;) = p1(X) and v(Xz) = u2(X) so by
Carathéodory’s Extension Theorem, v has marginal distributions
1 and pp. Furthermore. v[w(e) > wa(e)] = 0 therefore wy(e) <
ws(e)-v almost surely. Hence v gives us the required coupling
and p1 < p2 by Theorem 2.11. ]

Suppose that y,, is an increasing (respectively decreasing) sequence
of measures, that is if y,,11 > p, for every n (respectively p,+1 <
Un) We say iy increases to p and write p, T p (i, | p, decreases
to p) if in addition p, 2.

We may combine Theorem 2.11 and Lemma 2.12 to prove a use-
ful monotone convergence theorem for the space % associated

with an infinite network ~.

THEOREM 2.13

Let y,, be some sequence of probability measures on ().

o If u, is an increasing sequence of probability measures
then there exists some measure u such that p,*>u. The
measure y may be characterized as the unique smallest
probability measure such that y >~ p, for every n € IN. In
addition p,(X) — u(X) for every left-continuous random
variable X.

o The sequence p, %y if and only if there exist both an in-
creasing sequence v, T u and a decreasing sequence v, | u
such that v, < p, < v, for every n € IN.

PROOF

Firstly if y, is increasing then for each n we may specify a cou-
pling (wy, wyt1) ~ vy of u, and pr,4q such that w, < wy4q al-
most surely. If we define a Markov transition kernel 6, (A, w) =
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Vp(Qu X A |wy, = w) then we may construct a discrete Markov
chain w = (w1, wy,...) with w, ~ u, and w, < wyy1 almost
surely. Now set w(e) = sup, .\ wn(e) and let i be the distribu-
tion of w. Arguing as in Theorem 2.11 we have p,(X) — u(X)

for every left continuous random variable X.

If ' is such that y’ > u, for every n then for every finite ¢ € G,
and increasing .%;-measurable X we have y/'(X) > u(X) and so
#' = y by Lemma 2.12.

For the second statement if y,*»u then we may find a cou-
pling w = (w,w1,wy,...) as in Theorem 2.11. Setting v, to be
the distribution of inf;., wy(e) and 7, to be the distribution of
sup;. ,, wy(e) we have v, T 4 and v,, | u as required. a

COROLLARY 2.14

If u, and v, are two sequences of probability measures on )y
with p, < v, for every n € N then and p, 2%y, v,23v as n — oo
we have y < v.

PROOF

From Theorem 2.13 we may choose an increasing sequence ),
and a decreasing sequence vj, of probability measures such that
Wy < Uy = vy < v, forevery n € N and uj, T, v, | vasn — oo.

So for any increasing continuous simple function X we have

H(X) = lim i (X) < lim v/(X) = v(X). (2:33)

n—oo n—oo

Therefore y < v by Lemma 2.12 ]
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2.3.2 The random cluster model on an infinite graph

We turn our attention back to the random cluster model.

If & is a countably infinite network we may still define Bernoulli
bond percolation on & as an infinite product measure. However,
if the weight function 7(e) is bounded above then number of
clusters x,(w) is infinite P\-almost surely. Therefore we may
not define the random cluster model directly using the closed
form definition (2.18).

We may however define measures which obey the rules of the
random cluster model (Theorem 2.7) on some finite subnetwork
G € Gy, but are “fixed” outside G.

Fix an infinite network A" and a cluster factor 4 > 0. Now let G be
a finite subnetwork of . Then only a finite number of clusters

intersect ¢ and we may set
Ko@) = [{Colw) : v € G} (234)

Recall from (2.31) the cylinder spaces O of configurations that
agree with ¢ off . For finite ¢ € G, the space Q)¢ is finite and
we may define a measure Qg = Qf;f’g as the free cylinder measure
with boundary condition ¢ by setting

w(e)
Q5 (w) = Z3; nggg(w)eelE_([g) <1Z(,(;)(e)> g (2.35)

w(e)
where Zgez= )’ (H (%) )qu((U)‘ (2.36)

we, \eE(9)

We say that a measure Q is an infinity free random cluster model

on V if for every finite subnetwork ¢ C & we have
@ 1%)(®) = Q. (237)

The term infinity free is defined in contrast to the term infinity
wired. The infinity wired random cluster model was first intro-
duced on the tree by Haggstrom [38] and extended to a general
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graph by Jonasson [44]. The wired model is defined in a similar
manner to the free model by changing the way we count clusters.
In particular all infinite clusters are considered as a single “giant”
clusters by setting x}(w) to be the number of finite clusters that
intersect G. We may then define the wired cylinder measure @g by

substituting « into the definition (2.35).

We say that a measure Q is an infinity wired random cluster

model on A if for every finite subnetwork ¢ C & we have

(Q[%)(2) = Q¢ (2.38)

Arguing as above it is easy to see that the measure Qg satisfies
the conditional specification (2.23) for every edge e € G. Further-
more the conclusions of Theorem 2.7 hold for all free cylinder
measures. The specification (2.23) does not in general hold for
wired cylinder measures. For an edge e = (u,v) € E(G), let w
be a configuration in which u and v are members of separate
infinite clusters. Then, although there is no loop at ¢, including

or removing e has no effect on the number of finite clusters.

We may recover a version of (2.23) by defining an analogue of
the event L, to fit with the wired random cluster model. Recall
that informally [u <— v] is the event that u and v are members
of the same cluster. The equivalent for the wired specification
therefore is that u and v are not members of distinct clusters

which are not both infinite. Define a new set of events
[u <= v] = [u<+= 2] U ([u = 00] N [v > 0]) (2.39)

as the wired equivalent of the events [u +— v].

Intuitively u <= v if there is a path between u and v, where we
may consider two half infinite paths as a single path “through

infinity”. Then we may set

L y = [Ll A U] (u,0) (2'40)

(u,v

analogously to (2.20).
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We have defined L so that for ¢ € E(G) we have x}(w,) —

*

k5 (w) =1 —1 s (w). Arguing as for Theorem 2.7 we have

THEOREM 2.15

o The conclusions of Theorem 2.7 hold for both Qg and @g
o If # < Z and g > 1 then both Qg =< Qg and @g =< @g
° @g - Qg whenever g > 1.

o If the configuration ¢ does not contain two distinct infinite
clusters then (Qg = @g

The proof is again elementary, and follows the same steps as the
proof of Theorem 2.7. It is enough to check the domination for
the implied transition functions

1 s if A <y (y(e)),

0 q(w,A) = {o LifA > y(e), (2.41)
Ig, (w) :if A€ [my(y(e)), v(e)],
1 CiEA < 7y (v(e)),

0% q(w, A) = {o DA A > q(e), (2.42)
Igs(w) - if A€ [mg(y(e)), v(e)].

We have mentioned in passing the notion of infinity free and in-
finity wired random cluster models. We will use these concepts as
our definition of the random cluster model. This approach was
pioneered by Dobrushin [17, 18], Lanford and Ruelle [47] and
adapted for the random cluster model by Grimmett [32].

DEFINITION 2.16

Name the sets of infinity free and infinity wired random cluster mod-

els respectively as

#eg= () {i |0 1700 = B . (2.43)
ge
Fig= N {n|n17)@) =T }. (2.49)

GeG
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From Theorem 2.15 we may characterize the random cluster
models as follows.

Krg = g _ v(e) cifw e L,
g = |#Ue | = { t(v(e)) cifwe L, [ (249
N = _ v(e) Dif w e L}
%N,q = { ‘ﬂ Je |7)(w) = { r(y(e)) :ifw ¢ Lk } (2.46)
We are interested primarily in the structure of the sets %, 4 and

Xy Before proceeding we must check that the sets %4 and
Z): 4 are non empty.

DEFINITION 2.17

Define the set

Eng = {C € Qy Qg is Cauchy as g 1 /\/.} (2-47)
and for § € Ey 4 set

Qi’,q = wlimgyy Q§ (2.48)
and let

Wig = {Qhq € € Bva }- (2.49)

be the set of weak limits.

Define equivalents 57, @i-,q and Wy for the wired random
cluster model.

Of special importance are the weak limits obtained by constant
configurations, ¢,(e) = 1 and ¢,(e) = 0.
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THEOREM 2.18

For every g > 1 we have ¢, &, € (E‘/\Cq N E/*vq) Furthermore

Qy g = wlimgyy, ng € B s (2.50)
Qg = wlimgyy @gl € X g (2.51)

and for any y € ZyqUXZy;, we have

Qg =< 1 < Qyy (2.52)

This was first proved for the free model by Grimmett [32] and
for the wired model by Jonasson [44]. We omit the proof which
follows directly from the observation that if § > 1 then for any
increasing, exhaustive sequence G, € G, the sequence Qg(n’ is
increasing and @g}l is decreasing.

The sets %y, and %}, , are obviously convex as they are defined
in terms of conditional probabilities. Thus it is natural to con-
sider the extremal sets. We have defined the random cluster
models in terms of a Gibbs Specification. There is a well estab-
lished theory of the geometry of the sets of measures satisfying
such specifications. We state the conclusions of the general the-
ory, details of which may be found in Dynkin [21] or Georgii
[28].

THEOREM 2.19Q

For every u € %y,
° 1(Ey,) =1and Qiflq = (4 |7)(8) € #y 4 u-almost surely.

o The set &vg = {4 € Rng: (1|7 )(E) = pu} of tail trivial
measures is exactly the set of extremal elements of the set
z@/\[,q.

Respectively for the wired model the set of tail trivial measures
Exg = {y €EXng: (W17)(G) = ],t} forms the extremal elements

of Zy, with ch,q = (u |7 )(§) € #j,4 p-almost surely.
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2.3.3 Monotonicity of the single cluster phase on the QuadTree

We conclude this section by returning to the QuadTree.

We saw in Chapter 1 that supercritical Bernoulli percolation on
the QuadTree exhibits either infinitely many infinite clusters or
only a single infinite cluster. Kendall and Wilson [46] provided
bounds for the single cluster phase for Bernoulli percolation.

The exhibition of a single infinite cluster is not an increasing
event, for if w contains a unique infinite cluster there may exist
some path IT for which no vertex is contained within the infinite
cluster. Then we may open every bond in IT to create a second

infinite cluster.

Here we show that the single cluster phase of the random cluster
model is still monotonic in the sense that if y; < u» are free or
wired random cluster models (with 4 > 1 in both cases) then if

u1 has the single cluster property so does po.

Recall the graph Q(t,A) — the d-dimensional QuadTree with
edge weights T for tree-like edges and A for lattice-like edges —
defined in Section 1.1.3 for fixed d > 2.

THEOREM 2.20

For g, > 1 and 7 < 7/,A" < A’ be such that m,(7) < nq,('r’)
and 7ry(A) < 7 (A).

° If Qg(r,1),4 exhibits a unique infinite cluster then Qg 1) o

exhibits a unique infinite cluster also.

° If Qg(r,),4 exhibits a unique infinite cluster then @Q(T, A
exhibits a unique infinite cluster also.

o If Qg(r,),; exhibits a unique infinite cluster then Qg 17) o
exhibits a unique infinite cluster also.
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PROOF

We only consider the case for the free random cluster models,
the proof only requires stochastic domination and a certain in-
variance requirement shared by both the free and wired models.

First for some large integer N, which we will fix below and an
arbitrary pixel » € V(Q) let Qy, Q% and Qp C Q be the sub-
networks of Q with V(Qy) = 7[30/[5?1;1\]]], V(Qg\]) = 7{%/%’00]1 and
V(Qp) = RII; where each subnetwork contains all appropri-
ate edges of Q.

First each subgraph O, for P € %]1\]]‘1 is isomorphic to Q, let un
be the measure obtained by choosing the configuration of each
subgraph Qy, for P € 7[3011\]@ independently according to Qg 1),
with the remaining edges closed.

Now we may express yy as the limit as M — oo of the free
random cluster model on the graph QN U,cpn ] Q». Therefore
(01]

it is easy to see that we must have yuy < Q 8 (1)

Now for ¢ < &' € Qg consider the measures (QQ(T,AM ‘ﬂgN ) (&)
Foy ) (¢"). by the FKG inequality we have

and (Q Q(T’,/\’),q’

Fay ) (C’) - (QQ(T,)\),q ‘EQN ) () (2.53)
g (QQ(W\M "QQN ) (%o) (2.54)
=Qqt (r,0)4 7 BN (2.55)

(QQ(T',A’),L]’

We may use these observations to create an ordered coupling
w = (w1, wy,w3z) ~ v with wy ~ py, wy ~ Qg(r,1), and w3 ~
QQ(T/,NW in such a way that w; < wy < w3 but for any Zg,
measurable X we have X (w3) independent of w;.

To achieve this choose a pair ¢, ¢’ such that § ~ Qg(r,), and
¢ ~ Qg(r,),y and choose w; according to py independently of
¢and &'

From above we may choose w» according to (Q Q(t ) ‘ﬂbN ) (¢)

and wj3 according to (QQ(T/, Nl

Fay ) (&) to get the required
coupling.
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Now set p = [0,1]" be the root vertex of Q and set

p= QQ(T,/\),q [P — oo] (2.56)

Choose vertices u,v € V(Q) and € > 0 arbitrarily. By the mar-

tingale convergence theorem; for v almost every w

Qo 1y, (1 4= 00 | Fgy ) (ws) = Ljysoo) (W3). (2.57)

Therefore we may choose N large enough so that with probabil-
ity at least 1 — ¢ either

Qo p),q (U= 00 | T )(w3) < p

or

QQ(T’,A/),q/(u < 00 "QQN)((U?’) > 1-— eXp [Zdw] X

log (1—p)

Now colour a pixel P € 7[7011\]{1 green if P <% oo and blue if there is
some ws-open path from u to P within the subgraph Qn. Then
each pixel is coloured green independently with probability p

and independently of all blue pixels.

Now if a pixel is both green and blue then as w3 > w; we must
have u %25 co. Say a blue pixel P dies if every tree bond |P, P’)

is ws3-closed.

If all blue pixels die then we cannot have u <25 co. Furthermore
as the random cluster model is dominated by Bernoulli percola-
tion each green pixel dies with probability at least (1 — T)zd.

Therefore if there are K > 0 green pixels we have

p > QQ(T/,/\/)/q/(u oo | Fg, )(wsz) > (1— T)K. (2.58)

And in particular with probability at least 1 — ¢ there are either

no blue pixels or at least lolg(gl(f) D) blue pixels. Therefore with
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probability 1 — 2e there are either no blue pixels or at least one
pixel that is both blue and green.

So to finish notice that any green pixel is is the root of an infinite
cluster of wy and so contained in some infinite cluster of w,. As
w» contains only a single infinite cluster then all green pixels are

connected in w; and so all green pixels are connected in ws.

Arguing as above with probability at least 1 — 4¢ either one of
u,v is connected to only finitely many vertices or u <% v. As ¢
is arbitrary and there are only countably many pairs of vertices

u, v there can only be one wj3 infinite cluster. W]

2.4 GENERALIZED SERIES AND PARALLEL LAWS

Part of the original motivation for defining the random cluster
model was the observation that independent percolation and
the Ising/Potts models satisfy versions of the series and paral-
lel laws of electrical networks. In an electrical circuit an elec-
trician may replace a single resistor with two resistors either
in series or in parallel without affecting the rest of the circuit,
provided he chooses the values of the new resistors correctly.
There is a similar rule for the random cluster model. An edge
e in a network A& may be replaced by two edges, e; and ey,
in parallel if 1 —y(e) = (1 —y(e1)) (1 —y(e2)); or in series if
rt(y(e)) = m(y(e1))m(y(e2)); without affecting the random clus-
ter model on the rest of . For details see the original papers
[26, 24, 25] or for example Grimmett [35]

Of course a clever electrician need not be restricted to the series
and parallel laws, he may replace a single resistor with any net-
work of resistors so long as the resistance across the network is
the same as the original resistance, whether calculated or simply
measured using an ohmmeter. We present here a generalized

version of the series and parallel laws for the random cluster
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model whereby a single edge on a weighted graph may be re-
placed by a second weighted graph as long as the probability of
a path across the new graph is correct.

The motivation for this theorem is not in fact that we wish to
replace a complicated graph with a single edge, rather we wish
to make explicit a coupling that is implicit in the original series

and parallel laws.

Let N be a measurable network containing some edge ¢ = (i, v).
Let G be a second network containing vertices u’ and v’ with
Qg,4[u' <= '] = m(v(e)). Now suppose we remove e from A
and replace it with a copy of g by attaching u’ to u and v’ to v,
how does the random cluster model on this new graph behave?

Theorem 2.23 below may be interpreted as a method of sampling
from the random cluster model on the new network. First choose
a configuration w of & according to Q4. Next, choose a config-
uration w’ of g as follows. If w(e) = 1 then choose w’ according
to (Qgq |/ <= v'). If w(e) = 0 then choose w’ according to
(Qg,q |t/ <+ v"). Then w x w' gives a configuration of the new
network distributed according to the g-random cluster model.

2.41  Gluing Networks

In order to make rigorous the informal idea of replacing a sub-
network with an edge we define a gluing operation in which
we join two separate graphs by identifying two pairs of vertices.
This will allow us to define an edge like subnetwork (Definition
2.22 below) that may be replaced by a single edge.

Consider two networks A and A5 containing vertices uq, v €

M and up, v, € A,. Interpret i as the network whose

vertices are the quotient set % with edge set E(A) U

E(A2) interpreted in the obvious way.

Notice in particular that if /¥ = i we have Qy = Q A X

Qy,. First we examine how the random cluster measure on &

relates to the product measure Q,; X Q.
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FIGURE 5§

e U1
ui

LQO—O’UZ

{ug, up} —u

{v1,12} —» v

An illustration of the gluing operation (A, A2) — N from

Lemma 2.21.

Lemma 2.21 describes this relationship. To state the lemma we
name a new simple multigraph, the digon. A digon is a network
with two vertices 1, v and two undirected edges e; and e, from

u to v.

LEMMA 2.21

Let N = 222 be as above and name a digon D with edge
weights y(e;) = 7' (Qy; [u; «— v;]) for i € {0,1}.

If p : Oy x Oy — Qp is the map defined by setting

L, (w1, w2)) = Ljye (wi)

Then the push forwards measure {(Q,) agrees with Qp and
the conditional measure (Qy |¢)(w) = (Quy X Qp, |¥)(w) for
all w € Qp.

PROOF
Recall that Q) = Q) X Q. For w = (w1, wn). Let k,(w) be the

number of clusters of w when interpreted as a configuration on

N and let x; (w) and x, (w) be the number of clusters of w; and

w» respectively interpreted as configurations of A7 and As.

Let A = [ug <= v1] X [up <= v2] C Qy x Oy, be the event that
both edges of D are open in the configuration 1(w). Notice that

Ky = Ky + Ky + 14 —2. (2.59)
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To see this connect A1 and A5 by first identifying u; with u; and
then v; with v;. When we identify u; with u; we reduce the
number of clusters by one. Then connecting v; to v, we reduce
the number of clusters by one again unless v; and v; are already
in the same cluster, that is if 1 <— v1 in M{ and 1y < v, In A5.

So we have

Qu(w) o gla(@)
Qu (@) Qua(w) <7 (2.60)

We may interpret (2.60) as a Radom-Nikodym derivative and
by comparison with the closed form definition of the random
cluster model (2.18) we have

dQy dQp
(W) = w)). 2.61
IO A P, ) ($(w)) (2.61)
In particular O (w) is measurable with respect to the o-
4y Q)

algebra generated by ¢ and so (Qu |¢)(w) = (Qu X Qu, |¥)(w)
for all w € Op. Furthermore we have

dp(Qy) dQp

9(0x < O) w) = 75”1%(13) (w). (2.62)

Therefore, as ¥(Qy X Q) = Pypy we have ¥(Qy) = Qp as
required. W

2.4.2 Edge-like subgraphs

Lemma 2.21 provides the engine for the generalized series and
parallel laws. It remains to translate the lemma into a more

usable form.

The gluing operation above may be used as a formal tool for
adding a single edge to a network. If & is some network con-
taining vertices u, v we may set E to be a network containing a
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NUE

u~u, v~

single edge e = (1/,v') with weight . The network is

simply a copy of & with an extra edge between ' and v'.

If g 5 (u/,v') is a second network, with Qg [1/ <— v'] = 7t(7)
NUG

u~u, v~

then Lemma 2.21 states that the random cluster models on

NUE

u~u, v~

and

behave in similar ways.

We reinterpret Lemma 2.21 as a partial decomposition of the

N9 into

NUE

u~u, v~

random cluster model on a network in the form

loosely dependent random cluster models on G and on

Given a finite network it is easy to spot subgraphs which may be
replaced by a single edge without resorting to a rigorous char-
acterization of such subgraphs. Thus we define an edge like sub-
graph simply as a subgraph that may be replaced by an edge in
the manner specified above.

DEFINITION 2.22

For a network & we say ¢ C W is an edge-like subgraph of N

if there exists a graph A’ 3 1/,v’ such that & is isomorphic to
N'UG

W ~uv ~v

for some u,v € G.

Let (~/G) be the graph obtained from A’ by adding a single
edge eg = (1/,v") with weight y(eg) = 7' (Qg [1 <— v]).

For ¢ C ~ and A as above recall that Qy = Qv x Qg. Set-
ting w = (w1 Xwy) € Oy x Qg we may define projections
Yo : Qn = Qg and P g) : Qv — Qg such that

1. (g (w)) = wi(e) (2.63)

]lu’ o (wz) s ife = €g
1, (Yo (@) = (2.64)

w1 (e) : otherwise
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2.4.3 Generalized series and parallel laws

THEOREM 2.23: THE GENERALIZED SERIES AND PARALLEL LAW

If G C W is an edge-like subgraph then
° lP(N//g)(QN) = Q)

e for any .#g-measurable random variable X

Qu (X [$00) ) (@) = Qg (X [y ) (5 (@)).

PROOF

Let ¢ € ~ and AN be as in Definition 2.22 and let E be the

graph containing a single edge e = (u,v) with bond weight

v(e) = m'(Qg[u +—v]). Then (W/G) = 72EE_ up to some

trivial isomorphism.

From Lemma 2.21 we see that

dQ/\/’ . dQ(N//g)
m“’) ~ d(Qu x Qr) (llﬂw/g) (w)) (2.65)

is §(,;yg)-measurable and so

dQy (@) = AP (ryg)(Qw)
d(Qu x Qg) AP (xyg)(Qu X Qg
AQ )

= 4(Q, x Qr) (l/’(N//g) (w)). (2.67)

] (lP(N//g) (w)) (2.66)

Hence

Wourg) Q) _ g (Qur X Qu) (2.68)

AQv/q) d(Qy x QE)

By expressing (,/q) as a product map we see that

Yg)(Qu X Qg) = Qur x Qp (2.69)
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hence l[J(N//g)(QN) = Q(N‘//g)-

To prove the second part of the theorem let X be some .%;-
measurable random variable and choose a ¥ ,/5)-measurable
test function Y. Then as dw(—“ is also ¥ g)-measurable

N/G) (Qu7xQg)
we have

Qu(XY) = Qu((Qu x Q0) (X [y )Y) (270)

Furthermore as (Q, X Qg) is a product measure and (,g) de-
pends on bonds in ¢ only through the indicator 1, (¥g(w))
we have

Qu(XY) = Qu(Qs (X [Tucso) ) (Y5 (w))Y). (2:71)

]

2.4.4 An example

We illustrate Theorem 1.4 with an example.

Define the diamond Dy, , to be the weighted graph consisting of
k + 2 vertices, u, v and wy, . .., wy and 2k edges (u, w;), (w;, v) for
i =1...k with weights (1, w;) = p and y(w;,v) = 1. Suppose
we wish to simulate Qka using a random number generator.

The calculation below plays a key role in Grimmett’s [35, §10.10]
calculation of the critical point for the wired model on the regu-
lar tree and we will refer to it in Chapter 3. The exact simulation
will play a part in establishing a non-uniqueness phase for the
random cluster model for some of the new boundary conditions
on trees we define in Chapter 4.

We may use the series and parallel laws to calculate the probabil-
ity Qp,,, [t 0] = 1— (1—'(7(p)7(y)))". This calculation
is elementary and appears in [35]. See Figure 6 for an illustra-

tion.
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FIGURE 6
i
pppp
< < > > oy |
nnny

v

We simplify the “diamond” Dy, (here k = 4) using the series law
and then the parallel law. We may simulate the random cluster model
ka,pln by working backwards and building up the graph from simpler
pieces.

p=m'(n(p)r(y)) a=1—(1-p)k

First let G; be the edge like subgraph of Dy, , comprised of the
two edges (u,w;), (w;,v). Each graph g is a tree and so the
random cluster model Qg is independent bond percolation with
bond probabilities 77(p) and 7t(17). We may apply Theorem 2.23
k times, each time replacing G; with a single edge e;.

/
So let Dk, o

k edges e; between u and v, each with weight p’ = 7' (7t (p)7t(17))

be the multigraph consisting of two vertices 1, v and
1 . /
and define amap ¢ : Qp, — D, by
Y- wle) = wlu,w) A wlw;,v).

By k inductive applications of Theorem 2.23 we may calculate
Qp = 1}0(@@}@#) and (ka,p,” ‘gb) is the measure given by

kpa
choosing the configuration of each pair of bonds ((u, w;), (w;, v))
independently as either both open if e; is open, or according to

(QDLM U > v) if e; is closed.

For w € Qpim, the number of clusters x(w) = 2 — 1}, de-

pends only on the event [u <— v] and so

(Qny,, [ue=0) = (Poy,, [ueo)
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and from the definition of the random cluster model we have

QDl/c,p,iy [+ v] = n(]I’D;C/W [ <— v])

= 7((1— (1—p/)k>.

So far we have done nothing new, we have simply used the
ordinary series and parallel laws to calculate the probability
Qp,,, [u <= v]. The innovation is that we may reverse the pro-
cess to build up the distribution from conditioned percolation

processes.

To sample from ka,m first set

B Ny __1—n(p)
a=1-(1-p)", 5‘%’
_ (1= n(p)a(n) ()
TS A 0 ! (1—‘”) |

Now choose (x1,...,Xk, Y1,---,Yx N) uniformly from [0,1]%F x
{1,...,k} and set

w0<u, wi) = ﬂ[xi>ﬁ] W0<wi/ U> = ﬂ[xi<'y}

and for an edge e € {(u, w;), (w;,v)}

1 cifi=Nory <6(yn)

wi(e) =
wo(e) : otherwise

Lastly we set w = w; with probability 1 — (1 — ﬂ'l(n(p)n(q)))k

and w = wy with probability (1 — 7 (7(p)7t(y)))*. We claim w

is distributed as ka,p/ﬂ.

As the x; are independent uniform [0, 1] random variables it is
k
easy to see that wy is distributed as (]Ppl,p,V ‘u > v) . From

above, (QDW 1/7) = (IPDk,M
P(w) is distributed as ¢ (kam).

1/)) so we need only check that
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In particular we need to show that the indicators (¥ (w1)) (e;) =
L — Nory, < 0(yy) are distributed as independent Bernoulli(p’)
random variables conditioned on the event that 2;‘:1 G; > 0.

Set

1—(1—ay,)V* cifi=n
1-1-y)(A—2z}) :ifi#n

n __
zi =

We have chosen z" so that min;_;_;z! =z <1— (1—a)/k=p’

and we may calculate the determinant H %i,
]

@
R

Therefore as N is chosen uniformly the random variables z™*
are distributed as uniform [0,1] random variables conditioned
on the event that at least one is smaller that p’. Furthermore for
i #n we have z' < 1— (1 —a)¥* if and only if y; < 0(yy).
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THE RANDOM CLUSTERMODEL
ON A TREE

We consider the random cluster model on a tree under the “wired”
boundary conditions of Haggstrom [38]. Our approach combines the
method of Zachary [66] with the method of Grimmett [35, Section
10.9]. In particular we adapt the notion of a Markov chain to the ran-
dom cluster model on a tree and show that the set of Markov chains
contains the extremal set of random cluster models. Using the Gen-
eralized Series and Parallel Laws of Chapter 2 we may identify each
Markov chain belonging to the set of (p,q) random cluster models on
a tree with an “entrance law”. On a regular tree this approach allows
us to reconstruct the branching construction of Haggstrom [38] and to
prove a conjecture from that paper regarding the uniqueness phase of
the random cluster model.

CONTENTS
3.1 Construction of the Wired Model 72

3.2 Equivalence of Markov Chains and Entrance Laws 81
3.3 Additional results for general trees 86
3.4 Onregular trees 92
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3.1 CONSTRUCTION OF THE WIRED MODEL

Fix g > 0 and let 7 be a weighted tree. Recall the definition of
the infinity free and infinity wired random cluster models from
subsection 2.3.2. As T is a tree and contains no cycles, we have
L. =@ foreverye c T.

Hence for every finite subtree T C 7 and boundary condition
¢ € Or; Qi(L) = 0and so Q5(Je | %) = my(p) Qj-almost
surely. Therefore Q% = (]Pm,(T) ‘9T> (@) .

In particular we have Q%q = IPr and the study of the free ran-
dom cluster model is reduced to the study of Bernoulli percola-

tion on the tree.

In this chapter we explore the wired random cluster model on
the tree. This model was introduced by Haggstrom [38] on the
regular isotropic tree, and in more generality by Jonasson [44].
Recall from Theorem 2.15 that we may characterize the set of

wired random cluster models
Ay = {99 | %) = m(p) + (P = y(P))Aez ), G1)
and that the set %5 is closed and convex with extremal measures

Er={peZr:9p(A)€{0,1}VAec T}. (3.2)

Our aim is to adapt the work of Spitzer [60] and Zachary [66]
to the random cluster model in combination with the method
of Grimmett [35, §10.10]. Both Spitzer and Zachary considered
Markov random fields indexed by the vertices of a tree. In both
papers it was shown that any extremal Markov random field
may be expressed as a Markov chain. In the two state case
by Spitzer [60] and for countable state space by Zachary [66].
Furthermore Zachary was able to show that the set of Markov
chains for a given state space is in one to one correspondence

with a set of entrance laws defined for the specification.
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REMARK 3.1

Before we begin we comment on an idiosyncrasy of the random
cluster model on the general tree. Suppose y € %y, is a ran-
dom cluster model for g # 1. Suppose further that for some
(hence every) v € V(7) we have y[v <— o] = 0. Then for every
e € E(7T) we have u(L}) = 0 and p must be independent bond
percolation with bond probabilities 7z(-y(e)).

Now suppose T is a regular k-tree with y(e) = 7 then if T <
' () we have Py (v < 00) = 0 and P is a random cluster
model. Conversely if T > 7'(}) then for every e € E(T) we
have IP;(7)(£y) > 0 and (1) is not a random cluster model.

We may conclude informally that subcritical percolation on a ho-
mogeneous tree is a random cluster model, whereas supercritical
percolation is not. This observation is not restricted to homoge-
neous trees, and will play a key role in this chapter, however
there are exceptions to this rule that we must discount. Let 7' be
a regular k-tree with some nominated infinite path IT from p to in-
finity. Set v ((I1;,I1,41)) = 1 —2" and 7y(e) = 7" (5;) for all other
edges. Then P (7 is “supercritical” in that Py ;) (p ¢ o0) > 0
but for every e € E(T') we have Py ;) (Ly) = 0 and Py €
T "q
The main purpose of this chapter is prepare the ground for
Chapter 4, where we focus on homogeneous trees, and to prove
Conjecture 1.9 of Haggstrom [38], which again concerns homo-

geneous trees. However we prefer to present arguments in as

much generality as possible.

In order to avoid this kind of exception we will always assume
that for any weighted tree the weight function y : E(T) — (0,1)
is bounded below by some & > 0.

One interpretation of a Markov chain on the vertices of a tree
is as follows. A Markov random field ¢ on a tree is a Markov
chain if and only if for any finite subtree T the restriction of ¢ to
the vertices of T is a Markov random field on T. We have seen
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FIGURE 7

Augmenting a subtree by adding a ghost vertex. We may always de-
scribe an extremal wired random cluster model by a consistent set of
random cluster models on such finite graphs.

that any random cluster model on a finite tree is independent
bond percolation. Hence for the wired random cluster model
on a tree we may not use such a definition directly. In order
to make sense of this interpretation of a Markov chain for the
random cluster measure we augment certain finite subtrees by
including a ghost vertex v, to represent the infinite cluster. We
add extra edges between v,, and the leaf vertices of the tree (see
Figure 7.) A random cluster measure ¢ will be a Markov chain if
the push forwards measure of ¢ under an appropriate projection
is a random cluster model on the augmented tree T*, whenever

T is a member of a certain class of finite subtrees T

Recall that for a nominated vertex v € V(7)) we may root 7 as v
by directing all edges away from v. Alternatively for a directed
edge e we may root the tree at e by directing all bi-infinite paths
through e. Let E,(7) be the set of directed edges of the tree
rooted at v and E.(7) be the edges of the tree rooted at e. If
e = |u,v) is a directed edge then as 7T is a tree we may remove
e from T to split the tree into two components, the ancestors of e
and the descendants of e, A(e) > u and D(e) > v respectively, by
convention we direct both subtrees to agree with E.(7). Define
the children of e to be the set of directed edges

x(lu,0)) = {|v,w) € D(e)}. (3.3)
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Now let T be the set of finite subtrees of 7 such that for every
directed edge e € E(T) either x(e) C E(T) or x(e) NE(T) = @.
Introduce a ghost vertex v,, and for a directed edge e = |u,v) €
E(7) lete* = |v,0v.,).

Next for each T € T name the leaves, the boundary and the aug-
mentation of T respectively as follows.

AT={eecT:x(e)NT =0}, (3-4)
oT = {e*:e € AT}, (35)
T* = (V(T)U{v.},E(T)UaT). (3.6)

In addition let T* = {T* : T € T} be the set of finite augmented
trees.

Our main arguments will revolve around random cluster models
on finite augmented trees, together with the generalized series
and parallel laws of Theorem 2.23. It will be helpful to name
some further subgraphs in order to dissect our augmented trees
effectively. Recall from Remark 2.2 that for a subtree T € T we
may writee € T or e € T* as shorthand fore € E(T) ore € E(T*)

For a directed edge e let x*(e) be the graph containing edges f
and f* for every f € x(e). If e € T € T let D;(e) = D(e) N T
and AD;(e) = D(e) N AT. Define 0D;(e) = {f* : f € AD(e)} and
D%(e) = Dr(e) UdDy(e) as above.

Foratree T € T and e € AT define the e-extension of T to be the
undirected tree (T +e) € T with E,(T +e) = E,(T) U x(e) for
any and every p € T.

Next for a directed edge e = |u,v) let [e o] = [v ¢ 0], be the
event that there is an open directed path from e to infinity in
D(e). Let [e |o,] = [v = 7], C Q1+ be the event that there is an
open directed path from e to v,, in D;(e). For finite trees S, T € T
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with S C T define maps 51 : O« — Qg+ and Pr : Q7 — QO+
such that

(3-7)

1, (sr(w)) = {“’(3) cifees,

]l[fivoo}<w) ;ife= f* € dS,
w(e) cifeeT,

17 (Yr = .8

Notice that these maps commute in the sense that s - Pryw =
YPsw and ¢Psr - Pr = 5. Furthermore the map s preserves the
events [e |, ] and L, interpreted as subsets either of (g« or of
Qr+. Similarly for the map ¢, we have ¥;![e |o.] = [e lo] and
¥t (Le) = L3

It is easy to see that if S,T € T with S C T then for each e €
AS \ AT the subgraph DZ%(e) is an edge like subgraph of T*. In
particular applying Theorem 2.23 once for each e € AS\ AT we
see that if s and <, are weightings of 5* and T* such that

© ¥r(e) s ifee s, (3:9)
Ysle) = 39
U (QD’%(E) [f i%]) »ife= f* e ds.

then the push forwards measure s+ (Q7+) = Qs-.

Now suppose ¢ € Z#; is a random cluster measure on 7, what
can we say about the push forwards measures {:(¢)? The map
Y follows the same rules as s so it is natural to ask whether
Pr(¢) is a random cluster model on T*.

Recall that for a Markov specification on the vertices of a tree we
may characterize the set of Markov chains as the set of Markov
random fields whose restrictions to finite trees are Markov ran-
dom fields.

For the random cluster model we will see that there is an analo-
gous class of random cluster measures which we shall name the
Markov chains. These measures may be characterized as exactly
those measures ¢ € %5 for which ¢;(¢) is a random cluster
measure on T* for every T € T.
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The following observation motivates our definition of a Markov
chain. Let Q7+ be the random cluster measure associated with
any weighting of T*. For an edge e € T, removing e splits T* into
two parts, Az(e) and Dj(e) connected by a single vertex v.,. It is
easy to see, either from the characterization (2.23) or an applica-
tion of Therorem 2.23 that the two c-algebras ﬁA}(e) and c%);(e)

Je').-

are independent under the conditioned measure (QT*

We may deduce that if ;(¢) is a random cluster model for every
T € T then ¢ must have the following property.

DEFINITION 3.2

We say a measure ¢ on ()7 is a Markov chain if for every directed
edge e € T the o-algebras .7, ) and .7, are independent under
the conditioned measure (¢ [J.").

As an aid to understanding we make the following claim about

Markov chains.

PROPOSITION 3.3

A measure ¢ € #j is a Markov chain if and only if for every T &
T the push forwards measure ;(¢) is a random cluster model
on T* for some weight function 7, such that y;,(e) = y(e) for

everye € T.

Proposition 3.3 is a strictly weaker statement than the forthcom-

ing Theorem 3.8 which we prove in Section 3.2.

Now we follow the main steps of Zachary [66]. First we connect
the set of Markov chains with the extremal elements of %r.

THEOREM 3.4

Every extremal random cluster model ¢ € &7 is a Markov chain.

77



3.1 CONSTRUCTION OF THE WIRED MODEL \

PROOF

Given ¢ € %5 let 9. = (¢ |w(e) =0) and for T € T suppose
T* is weighted in such a way that 9;(e) = y(e) for every e € T.
We will only be interested in (Q7+ |-Z37 ) so bond strengths of 9T
may be chosen arbitrarily.

Now choose ¢ € Qr. As ¢ € %5 we have (¢ |I7)(C) = @‘%
Set o1 = Yr (@%) Firstly the event [e |] is .Zr-measurable for
every e € AT; therefore ¢r(Jo+) = 1}, (¢1(C)) for every e € AT.

Furthermore fore € T and w € Q%

Q5 (e |7:)(w) = 7(p) + (p — (p))1g: (w) (3.10)
=nt(p) + (p — 7t(p)) e, (¥r(w)) (3.11)
=Qr(Je | %) (¢r(w)). (3.12)

Hence we have ¢7 = (Q7+ |77 ) from Theorem 2.7.

Therefore the o-algebras .7, (,) and 7, are independent under
(¢e |771)(¢) and so are independent under (¢, |7 )(¢) for ¢ al-
most every ¢ by the reverse martingale convergence theorem. If
¢ is extremal we have (¢ |7 )(¢) = ¢ for almost every ¢ and so
@ is a Markov chain. ]

Our next task is to define an entrance law. We have claimed that
for every Markov chain ¢ and subtree T € T the push forwards
measure §r(¢) is a random cluster measure on T* with clus-
ter factor q. For an edge e € T, the conditional probabilities
¢(Je |7 ) and ¥r(¢)(Je |7:) are set by the conditional specifica-
tions of equations (2.37) and (2.23) respectively, and so the bond

weights r(e) must be constant over all T > e.

Therefore to specify a Markov chain it will be enough to fix the

weights of bonds e* for every directed edge e.

Let E = E(7) be the set of directed edges {|u,v) : (u,v) € E(T)}.
For a function ® : E — [0,1] and subtree T € T, let T° be the
network with underlying graph T* such that the bond weights
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v(e) agree with those of 7 and y(e*) = ©O(e) for every edge
e € AT.

An entrance law H will be a special function : E — (0,1) such
that the set of random cluster models Q' = Qru are coherent
under the maps s ;.

There is an extra complication for the random cluster model. The
constant function Hy = 0 induces a consistent set of random
cluster measures {Qf : T € T} with weak limit Q% — Py () as
T 1 7. Independent bond percolation trivially satisfies our def-
inition of a Markov chain, but we have seen that supercritical
bond percolation is not a wired random cluster model on the

tree. Furthermore if IP; (1) is supercritical the push forwards mea-
sure P; (]I’ﬂ(T)) # QF.
We introduce an extra robustness condition that will ensure that

or(lmat) =i,

DEFINITION 3.5

For a nominated root vertex p € V(T), we say a function H, :
E, — [0,1] is a rooted entrance law if for every e € E,

' fge) < T AT R

We say H, is robust if in addition the independent percolation
IB;,, given by

_ _ (@) (1-7(Ho(e)))
IPH,J(]e) - 1_71(7(2))7T(Hz(3))

(3-14)

is subcritical.

We say a function H : E — [0,1] is an entrance law if for every
p € V(T) the restriction H, of H to E, is a rooted entrance law.
We say H is robust if H, is robust for every choice of root vertex

0.
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There is only a superficial difference between an entrance law
and a rooted entrance law. If p and p’ are adjacent vertices then
E, and E, differ only by the reversal of a single edge (p,0’).
From the definition (3.13), given H,, there is a unique choice of
H, that agrees with H, on all directed edges E, N E,. Further-
more from (3.13) the new value Hy (|o’,0)) < 1 and so the right
hand side of (3.14) is nonzero, therefore H, is robust if and only
if H, is robust. Extending this by an induction on the graph the-
oretic distance between p and p’ is is easy to see that for every
(robust) rooted entrance law H, there exists a unique (robust)

entrance law H that agrees with H, on E,.
Next we use Theorem 2.23 to justify (3.13) in the definition above.

LEMMA 3.6

A function H : E — [0,1] is an entrance law if and only if for

every S C T € T the push forwards measure

¥sr(Q7) = Q5. (3.15)

PROOF

Choose S, T € T with S C T. For every leaf e € AS, either
e € AT in which case x(e) NE(T) = @ or e ¢ AT, in which
case x(e) C E(T). Hence T\ S is a forest and each connected
component contains x(e) for exactly one e € AS\ AT. Therefore
we may define a sequence of trees S; with So = S and S;1 =
S; + e; for some ¢; € AS\ AT. As T € T is finite the sequence

must terminate with S, = T,

Now x*(e;) is an edge like subgraph of S;1 and S; is isomorphic
to (Siz1/x*(ei)). Setting e; = |u;,v;) and letting Q;(e,-) be the
random cluster model on x*(e;) with bond weights inherited
from T", we have from Theorem 2.23 that ngi = P55 (ng) if

and only if 1(H(e;)) = Q) [vi <= vss].

i
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Similar to the example in subsection 2.4.4 we may use the series

and parallel laws to calculate

QYo 4= ] = n<1— I 1—7T'1(7T(7(e))7f(17(f))))

fex(e)
(3.16)
_ H 1— 7 (f)Ho(f)
Fexe) 1+(1=(f)) (1-Ho () (g-1) )
(3-17)
So if H is an entrance law then

Q5 = Yss, .- s, ,7(QF) (3-18)

= l/)s,T(Q%)- (3.19)

Conversely if (3.13) fails for some directed edge ¢ € 7 we may
choose S, T € T with T = S + e and from above we see that

Qs # s (Q7). 0

REMARK 3.7
Notice that there is an iterative construction of the random clus-

ter models Q implicit in the proof above. Choose an undi-
rected edge e € T and let Sy be the tree containing the single
edge e. Next choose a sequence of trees S;;; = S; +e;. Select
wp € 056 according to Q‘go and select w; 1 € QS?H inductively by
replacing e’ with a configuration of x*(e;) chosen according to
(Q;(ei) v; <—>vm) if J,, = 1, or according to (Q;(ei) v; <—va)
if J,, = 0.

3.2 EQUIVALENCE OF MARKOV CHAINS AND

ENTRANCE LAWS

So far we have defined two objects. A Markov chain is a measure

on () which satisfies a weak conditional independence condi-
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tion. An entrance law is a function on the set of directed edges of
a tree which gives rise to a set of random cluster models, indexed
by T, that are coherent under the projections {¢s;: S C T € T}.

The iterative construction of Remark 3.7 suggests that there is
a large volume limit of the set of measures {Q} : T € T} and
the conditional independence assumption is consistent with the
conditional independence properties of the finite random cluster
models {Q7+: T € T}. In this section we explore the relation-
ship between entrance laws and Markov chains. The robustness

condition (3.14) will play a key role.

THEOREM 3.8

If ¢ € #5 is a Markov chain then the function

Hy:e— ' (¢(e oo ‘]EE)) (3.20)

is an entrance law and the push forwards measures of ¢ under
the maps {y; : T € T} satisfy ¢;(¢) = Q' for every T € T.

PROOF

Choose a subtree T € T arbitrarily and set ¢ = ¢ (¢). First we
check that ¢ = Q7.

For any w € QO+ and edge e € T, the event ¢;! {«w®, w,} € 7 C
Fr. As L = P1(L,) and ¢ € %5 satisfies the characterization
(3.1) we have

¢r(w’) P (@)1

or(we)  1—p"

(3-21)

Thus we need only check the finite conditional probabilities (2.23)
for edges e* € JT.

Choose an edge e € AT and fix w € Qr- such that w(e) = 0 and
w(e*) = 1. As the edges e and e* are in series we have

I, (wf) =1z, (w) (3.22)
1z, (w) =1z, (we) = 0. (3.23)

e
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Now as ¢ is a Markov chain and w(e) = 0 we have

prw) _ a(Hy@) _ Hyle)
o1 (Wer) 1—”(Hrp(5)) (1_qu(€))q

(3-24)

where Hy(e) = (¢ (e oo |J)) as in the statement of the the-
orem.

Now as e € T we have from (3.21) that

pr(w’) _ p Tg,(w)—1

or(@) 1—p" , (3-25)
pr(we) _ P 6
prlwe)  A—p)q (5:26)

or(ws) - o1(W) @r(Wwe) Pr(wts) (3-27)
— HQ’(E) I, (w)—1
T 1 H(,,(e)q (3.28)
_ Hele) 4, (w)1
T 1-Hy(e)" (3-29)

Therefore we have confirmed the finite conditional bond proba-
bilities of (2.23) for ¢* in both w and w® and by Theorem 2.7 we
have ¢,(¢) = QY for arbitrary T € T. Furthermore we have
Q4" = Ps(@) = YsrPr(@) = P5:(Q7?) and so Hy, is an entrance
law by Lemma 3.6. W]

Now, if ¢1 and ¢ € %7 are two Markov chains with H,, = H,,
then for any finite subtree T € T and .#r-measurable event A
we must have ¢1(A) = ¢2(A) by Theorem 3.8 and as T exhausts
7 we must have @1 = @, by Carathéodory’s extension theorem.

Conversely we have seen that not all entrance laws may be ob-
tained in this way from random cluster models, The constant
entrance law H = 0 is a counterexample if IP; (1) is supercritical.

Next we show that the property of robustness is a necessary and
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sufficient property for an entrance law to give rise to a random

cluster model.

THEOREM 3.9

If H: E — [0,1] is an entrance law there exists a unique Markov
chain Q such that for every T € T and .#r-measurable random
variable X we have Q% (X) = Q¥ (X)

Furthermore QY} € #; if and only if H is robust.

PROOF

First from Lemma 3.6, for any S C T € T and .%s-measurable X
we have QF(X) = Q¢(X). As Q)7 is compact we may set QY to
be the weak limit as T 1 7. For any e € T the c-algebras .7, .
and %, (. are independent under (Qg‘« }]eﬂ) and hence under
(QF |J.*). By the martingale convergence theorem ., (. and
Fpy(e) are independent under (QF |J.*) and so Q¥ is a Markov

chain.

Notice that for general entrance laws we have claimed only that
Q1 (X) = Q}(X) for Fr-measurable X. We have not claimed
that ¢ (QY) = QY. From Theorem 3.8 if Q} € Z; then (QY)
is a random cluster model on T* for every T € T. Furthermore
if - (Q%) is a random cluster model on T* then Q' must satisfy
(3.1). Hence QF € #5 if and only if ¢+ (Q%}) = QF.

We show that ;(Q%) = QF if and only if H is robust by con-
structing a large coupling of the set of measures {Q} : T € T}.

Let 0 be the product space [[rct Q1+. We consider an element
w € N as a set of random elements {wr € Qr+: T € T}. We
say w is ip-coherent if wg = s r(wr) for every S C T € T and
let ¥ C ) be the event that w is ¢-coherent. If w is ip-coherent
then we may set wy € (7 to be the configuration such that
wr(e) = wr(e) whenever e € T. We say w is robust if w is

y-coherent and wr = P, (wr) for every T € T.

If 4 is a o-algebra of events in ()7, we interpret ¢ as the o-
algebra of events in () generated by events expressible in the
form ¥ Njwr € Al for A€ 9.
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For T € T set 7 = []ser Qs (with typical element wr). For
any w € Qr there existssé;actly one yP-coherent wr € N1 with
wr = w. Let ur be the distribution on Q)1 such that w is y-
coherent almost surely and wr is distributed according to Qf.

If wr ~ pr then, as H is an entrance law, for any S C T, ws ~
Q¢. Hence ys is the push forwards measure of yur under the
natural projection )7 — ()s. Therefore as T is countable and
each Q) is trivially Polish, by Daniell’s theorem on the existence
of random sequences, [45, Theorem 6.14], there exists a unique
measure y on {2 such that w is almost surely i-coherent and wr
is distributed as Q7 for every T € T. Hence if w ~ u we have
wr ~ QF.

If w is robust p-almost surely then ;(wr) = wr ~ QF, hence

Q’} satisfies (3.1) and Q'} € %5

Conversely as w is p-almost surely ¢-coherent, then if wr €
le o] € Qr+ for some, and hence every, T € T we must have
w7 € [e lw]. Therefore, for p-almost every w, wr € L, only if
wr € L7,

Hence if Q' is a random cluster model we have

Q7 (Je)
Qr(Je)

(7(e)) plwr € L) (330)
(r(e)) p(wr € L) (3.31)

(y(e)) + (v(e)
(y(e)) + (v(e)

— 7T
— 7T

Therefore if ¢ # 1 we must have ujwr € L] = ulwr € L] and
so, for p-almost every w, wr € L, if and only if wy € L7.

That is Q’ is a random cluster model if and only if w is p-almost
surely robust.

To complete the proof we show that w is p-almost surely robust
if and only if H is robust.

Consider the distribution (Q” v~ voo) for e = |u,v). Each

x(e)
f € x(e) is open independently with probability ﬁ(zgf()}r(é;) 2%58;) ,

and if f is open f* is closed. Using the iterative construction of

]e*E) = FH(e \LOO)

Remark 3.7 we see that j(e Jeo
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Now, suppose Py is supercritical. Recall from Remark 3.1 that
we are considering only those trees with (e) bounded strictly
below 1, then Py (Je |e {w) < 7(y(e)) is bounded strictly below
1 also and the (Py) probability that there is exactly one open

path from v to infinity is zero.

Hence if H is not robust then with positive probability we may
find some edge e with wr € L} but wr ¢ L,. Therefore Q} € %5
if and only if H is robust. 0

3.3 ADDITIONAL RESULTS FOR GENERAL TREES

To summarise, there is a one to one correspondence between the
set & of extremal random cluster measures and some subset of
the robust entrance laws. Therefore %7 is nonempty if and only
if there exists a robust entrance law and %7 is a singleton if and

only if there exists a unique robust entrance law.

We are unable to create a complete picture of the set %5, for
general trees. On a general tree the question of whether a given
entrance law is robust is non trivial. In Section 3.4 we restrict
our attention to homogeneously weighted regular trees where

the question of robustness is resolved in the upcoming Lemma

3.14.

In Chapter 4 we present results for the random cluster model
on a tree under more general boundary conditions, we will con-
centrate on regular trees, partially for simplicity and partially
because we will rely on results in this chapter which we may
only prove on the homogeneous tree.

For now we will present a few results that may be proved on the

general tree.

We have already seen that all extremal random cluster models
may be constructed as weak limits of the cylinder measures Qé;
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for boundary conditions ¢ for some, but not in general every
¢ € Q7.

On the tree, we may take an alternative approach, by considering

sequences of functions that converge to entrance laws.

For a function © : E — [0, 1] recall the random cluster measures
QfF on Q7+ formed by choosing the edge weights of T accord-
ing to ©. We begin by making an observation that the random
cluster models Qf are well behaved with respect to the product
topology on the set of functions E — [0, 1].

LEMMA 3.10

If ©®, is a sequence of functions E — [0,1] such that for each
e € E, O, - Hasn — oo for some entrance law H then for
every T € T the measure Q7" — ¢(Q%).

PROOF

From Theorem 3.9 Q' is a Markov chain with ,(Q%) = Q. As
T* is a finite graph the probabilities Q7" (w) may be expressed
as a continuous function of the edge weights. Hence Q%" (w) —
Q' (w) for every w € Qr-. O

Notice that for & € Q7 we may set @%(e) = Iy (¢) and the
measures QF and Q?g agree on ..

Recall that to specify an entrance law H it is enough to fix the
rooted entrance law H, for any choice of root vertex p. For a
general function O there is no such restriction. Therefore it will
be convenient to fix a root p and restrict our attention to subtrees
T, = {T€T:pecT} and consider the restriction ©®, : E, —
[0,1]. As for any S € T we may choose T € T, with S C T we
will incur no loss of generality from such a restriction.

Given a function @ : E, — [0,1] and some subtree T € T, set
Or: fp — [0,1] to be the function that agrees with ® for every
e € T, \ T and satisfies (3.13) for every e € T. Notice that if
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O7 = limrye, Or, exists it must be an entrance law by continuity
of (3.13).

DEFINITION 3.11

We say © : E, — [0,1] is a sub-entrance law if @(e) > 1 —
[feye (1 — (1= 7(y(f))7(O(f))) and a super-entrance law if
0(c) < 1~ [Myeyio (1 — w1~ m(7(£)(@())) (cf. equation
(3.13)). We say O is robust if it the bond percolation I} from

(3.14) is subcritical.

Notice that if 7 is a regular tree then any constant function

©(e) = 6 is either a sub-entrance law or a super-entrance law.

If © is a sub (respectively super)-entrance law then Or(e) is in-
creasing (respectively decreasing) in T. Therefore the (edgewise)
limit, ©®7 = lim7 Or, exists and must be an entrance law by

continuity of (3.13).

The bond probabilities I, (¢) are decreasing in @(e), Therefore if

O is a robust sub-entrance law then ©®7 is robust also.

LEMMA 3.12

If ¢ € O is such that @%%4) as T 1 T for some measure ¢ on ()1
then ¢ is a Markov chain and for every S € T (@%) s ()
as T T T.

PROOF

Given & € Qr set ®%(e) = gy, (€) it is easy to see that the
measures Q?‘Z and @% agree on ..

Now if @% — ®§r asTTT thengfrom Lemma 3.10 @é; converges
weakly to the Markov chain Q.

If @% does not converge then by compactness we may choose
sequences T, and T}, such that G)% — H and @% —H asn —
oo for distinct entrance laws H and H’. Hence @%%Q‘} and
@% ﬂ)QPTI’ with Q‘}' # Q‘}/ from Theorem 3.9. a
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Let ® : E(7) — [0,1] be the constant function 6(e¢) = 1, Then ®
is clearly a super entrance-law and we may set

Hr = lim©O7. )
7 =limOr (3-32)

Then Hy is an entrance law and for any entrance law H we must
have H < Hy by monotonicity of (3.13). Furthermore Q' = @'%1
for every T € T. Therefore if ¢ > 1 then Qf = @m is a random
cluster model hence H is robust.

If g < 1 the maximal entrance law H still exists. However for the
general case we may not show that H is robust. For the regular
homogeneous tree it is always the case that H is robust, we will
prove this in Section 3.4. This fact is also proved in Haggstrom

[38] although not explicitly.

We will leave open the question of whether there exists a tree
7 and some g < 1 such that H is not robust and Ry,y =D In
Chapter 4, Example 4.13 we will see an example of a boundary
condition on a tree that admits no random cluster model for a

particular value of g < 1.

However when g < 1 we may prove that there exists at most one

random cluster model on a given tree.

THEOREM 3.13

If g < 1 then either 5 = {Q} or it is empty. If IPr is supercriti-
cal then Z; = {Q;} and Q # (7). If Pr(7) is subcritical then
K5 = {Qr} and QF = Py(7).

PROOF

From above we need only show that there can exist at most one
random cluster model. We may assume without loss of gener-
ality that H is robust. For if not then %5 is empty and there is
nothing to prove.

Consider a multigraph with two edges, weighted as p; and p».
For g < 1 we may sample from the random cluster model as fol-
lows. First choose edges open independently with probabilities

89



3-3 ADDITIONAL RESULTS FOR GENERAL TREES \

7t(p1) and 7t(p2). If at least one edge is closed accept the configu-
ration, if both edges are open accept the sample with probability
q and reject with probability 1 — g. If the sample is rejected re-
draw in the same manner rejecting as many times as necessary.
It is easy to check that this procedure generates a random cluster

model on the two bond multigraph.

For two graphs G; > uy,v1 and G 2 up, vy set ;¥ = %

as in Theorem 2.23. Then we may sample from Q, in the same
way, by choosing configurations independently according to Qg,
and Qg, and rejecting the configuration with probability g if both
U1 <— 1 in G and uy <— vy in G.

Next, consider a directed edge e = |u,v) € T € T and let H
be any entrance law. Recall the measures Qf and @1T on Qr
and define random cluster measures QgT(E) and @éT (e) O Qpz (o)

analogously.

Define [e la7] = Usear [0 vcx,]{,r as the event that there is an
open directed path from v to vy for some (vf,v.,) € dDr(e). We
claim that for any entrance law H we have

Qp, o le Jar) = Qp e do] > QP e bon] = He). (3.33)

lior the right hand inequality we already have Q})T( o) le do.] =
Or(e) > H(e). To prove the left hand inequality we use in-
duction on the depth of Dr(e) (taken to be the graph theoretic
distance between v and v..) and the number of children |x(e)|.
If the depth of Dr(e) is 1 and [x(e)| = 1 then D7 (e) is a tree
containing two edges and the inequality is obvious.

Suppose that (3.33) holds whenever the depth of Dr(e) is at
most n. Consider some Dr(e) of depth n + 1 with x(e) = {f}.
Then Dr(e) = Dr(f)U f and any random cluster measure on
D%(e) is a product of a random cluster model of D%(f) and a
Bernoulli(7t(p)) random variable w(f). So (3.33) is satisfied.

Next suppose that (3.33) holds whenever the depth of Dr(e) is
at most n and |x(e)| is at most d and consider Dr(e) of depth n
with |x(e)| = d + 1. Choose f € x(e) and set i = D5(f) U f
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and ¢, = Dy(e) \ Gi. Let Q¢ and Qf, be random cluster models
on G as above for i € {1,2}. As G, and G are both edge like
subgraphs of Dr(e) we may construct a coupling of QgT( 0 and
QlDT(E) using the rejection algorithm above.

By inductive assumption we have

Qg [e Jor] = Qg le Lo > Qg le o) (3.34)

Couple Qg and @él by selecting (w;, @;) in such a way that w;
is distributed as Qg, w; is distributed as @é, and (v+%v,) =
(025 v,) = (v <Y 9G;) almost surely.

Now choose coupled pairs (w1, @), (w2, wy) independently as
above. If we have no more than one of v <% v, and v <%} v,
then accept the sample. If both v <% v, and v <“% v,, then reject
the sample with probability 1 — g.

If both v << ., and v <25 v,, but not both v 5 v,, and v <25 v,,
then with probability g accept both (w1, w2) and (w;,w>), and
with probability 1 — g accept (wj,w2), but reject (wq,wy). Let
w = (w1, wz) and w = (w1, W2) € Qpy () be the configurations

produced.

If both samples are accepted at the same time then by construc-
tion we have [v <<% v,] only if [v <% dG]. If not, and (w;,@>) is
rejected while w = (w1, w») is accepted then [v << 9G;].

Therefore v << v,, only if v <% dg; and we see that

Q}, o) [e Yar) = Qp o [e do ). (3-35)

Hence by induction the inequality (3.33) holds for all pairs e €
TeT.

Now let T 1 7. If H is robust then Q}_ © [e Lar] decreases to H(e)
and so H(e) = limpyr @%)T( 0 [e 1v..] = H(e). Therefore there can

exist at most one robust entrance law. |
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3.4 ON REGULAR TREES

For the remainder of this chapter we concentrate on regular trees
with isotropic edge weights. For 1 < k € N and 7 € (0,1) we
fix T to be the tree such that every vertex has degree k + 1 and
every edge has weight y(e) = 7.

As T is translation invariant it is natural to consider the constant
entrance laws H(e) = 5. Recall equation (3.13) in the definition
of an entrance law. To describe the constant entrance laws we

may rewrite the right hand side of (3.13) as a function.

Set

Frgi(8) =1— (1 — ' (n(7)7(8)))"

T0 ¢
=1—<1_1+«1—Tﬂ1—9ﬂq_n>

Then the constant function # is an entrance law if and only if 7

(3-36)

is a fixed point of F gx.

On the general tree 7 the question of robustness is a hurdle
to our understanding of the set %Zr,. For the regular tree the
situation is simpler, the specification of an entrance law and the

condition of robustness each reduce to a single equation.

LEMMA 3.14

Every non-zero constant entrance law on a regular tree is robust.

PROOF
Recall that 7 is a constant entrance law if and only if

1y = (1- " (n(0)n(n)))" (337)

Rearranging we have

n(t) = (3:38)

(VAN
N
-

(3-39)
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by Bernoulli’s inequality.

Conversely if 7 is not robust then

1 _n(0)(1=n(y))
kS 1o r(T)m(n) G40)
& (1) = (k(1— () — 7(y)" (3.41)
From the definition (2.24), 7(y) = m, so we have
n(f) _n+(1-nq
w() o+ (k=n)q G42)
(1 = () = () = S, 6.4

Combining (3.39) with (3.41), if 77 is a constant entrance law, but

not robust we have

k(L=n)g—n=>n+(k—n)q (3.44)
< 0> ((k—=1)g+2)7n (3.45)

Therefore as k > 1, any strictly positive constant entrance law is
robust. a

It remains to identify the fixed points of the function (3.36). Re-
call from Chapter 1 that Haggstrom [38] constructs translation
invariant random cluster models from the roots of a particular
equation (1.35). Although Héaggstrom’s derivation of equation
(1.35) differs from our approach — which is similar to that of
Grimmett [35, §10.10] — we may rearrange (3.36) to show that

the fixed points of (3.36) correspond exactly to the roots of (1.35).

THEOREM 3.15: HAGGSTROM

If g < 2 then there exists T, = ﬁ% such that

o If T < 7, then F;x(6) < 6 forall 6 > 1.

o If T > T, there exists a unique fixed point 7 = F,x(7) €
(0,1) attractive in the domain (0, 1).
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If g > 2 then there exist . < T, = ﬂ% such that
o If T < 7 then F ;4 (6) < 6 forall 6 > 1.

o If T = 7, then there exists a unique fixed point 7 = F ;1 (1) €
(0,1) with Fr,(8) < 0 for 6 € (0,77) U (1,1).

o If . < T < T, then there exist fixed points 0 <7 <77 <1
with F 1 (0) > 0 for 0 € (1,77) and Fy x(0) < 6 for 0 €

(0,17) U (77,1).

o If T > 7, there exists a unique fixed point 7 = F,x(7) €
(0,1) attractive in the domain (0, 1).

Furthermore if k = 2 we may express 1. =

Theorem 3.15 is summarized by the graphs in Figure 8.

PROOF

A full analysis of Equation 1.35 appears in [38] and we will not
repeat it here. Instead set 7 = 1 — x*, then

1 < Frox(n) (3-46)

& x< v (1= (3.47)
“14+(1-1)(g—1)xk ’

& 02@-Df+ (11— —g)F+ (F+1)x—1

(3-48)

with equality iff 7 = F;,x(17). The conclusions of Theorem 3.15
are stated in [38] in terms of the polynomial (3.48). O

THEOREM 3.16

If ¢ < 2 then %7, , is a singleton with %7, , = {]Pﬂm)} if and
only if T < .. If g > 2 then %7, is a singleton if and only
if T < 7, in which case 5, , = {®.7;)}; or T > 7, in which
case %5, o 7 {P. 7} If T € [, 7] then there exist uncountably

many extremal random cluster models.
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FIGURE 8

T>T,

T< T,

Sketch graphs of the function F; ; for differing values of . The be-
haviour of the function F , is qualitatively different in the two inter-
vals0 <g<2and g > 2.

REMARK 3.17

Before we prove this theorem we remind the reader that the be-
haviour of %7, , is described in Haggstrom [38] for T < 7. It
remains to prove the uniqueness of the random cluster model

for T > T, Conjecture 1.9 of [38].

PROOF

Set 77 = max {0 € [0,1] : 0 = Fr4x(6) }, then 77 = lim;, F;"q,k(l)
and the maximal entrance law H(e) = 7. Now, if 7 = 0, that

isifg<2andtv <17 =7 0rq >2and T < 1, then the
zero function is the only entrance law. Furthermore as 7, < 7, =
Lﬁ% = (%) and so the zero entrance law is robust. Therefore
Riq = {Bu(m) }-

If 7 > 0 but T < 73 then there exist at least two extremal entrance
laws. In Section 5 of [38] Haggstrom constructs a continuum of
random cluster models by combining the maximal and minimal
random cluster models. We refer the reader to [38] for details as

we do not rely on this fact for any further results.

If T > 7, then 77 > 0 is a robust entrance law from Lemma 3.14,

and the zero function is not robust as 7() > .
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0 :iftr<T

If ¢ < 1 then from Theorem 3.13 H(e) = ' is the

7orifr>Ty
only robust entrance law for 7; with cluster factor 4. Hence the

conclusions of the theorem hold for g < 1.

For g > 1 choose some ¢ € T; and set

y=nm' ((pgg (e boo Ue”)> > Prryle o] > 0. (3.49)

Z

As the set of entrance laws is closed we may choose some en-
trance law H with H(e) = . As 7 is translation invariant then
for any f € x(e) we have H(f) > 7. Hence, by monotonicity
of equation (3.13) in the definition of an entrance law, we have
v =H(e) > Fr4x(7) > 0 and so we must have v > 7.

Thus for any extremal random cluster model ¢ we have 7 >
Hy(e) > v > 77 and so there exists a unique robust entrance law
H(e) =7. O

96



RANDOM CONNECTIONS AND
BOUNDARY CONDITIONS

The random cluster model on a tree with general boundary conditions
was studied by Grimmett and Janson [36], however the construction of
the model in that paper contains an error. In this chapter we provide an
alternative construction of boundary conditions by defining a random
connection.

A random connection <— is a set of events {u<—v:u,v € V} that
generalizes the usual connection events {u <+—v:u,v e V}. We in-
troduce axioms for a random connection that allow us to repeat the
conventional construction of the random cluster model on an infinite
graph that we saw in Chapter 2. As a random connection is a set of
events we may study its properties under Bernoulli percolation.

We associate two critical probabilities with a random connection <.
The first 7,7 marks the appearence of infinite loops, the second 7~
the onset of a single cluster. We extend results of [38] and Chapter
3 to general random connections to show that for ¢ > 1, if p < 7~
or my(p) > 77" the random cluster model is unique. If in addition
+—> satisfies an extra measurability condition, we may show that for
sufficiently large g there exists an open interval in which there exists a
continuum of <—-random cluster models.
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We have seen two possible definitions of the random cluster
model. In both cases we characterize the random cluster through
a Gibbs specification where conditional probabilities are given
in terms of a loop event; L, or L} respectively. In turn both loop
events may be defined in terms of a “connection rule.” Recall
from equations (2.20) and (2.40) that for an edge e = (u,v) we

may express

Ee = [qu]e' (41)

L; =[u<01],. (4-2)

Informally we may interpret the infinity wired random clus-
ter model as the random cluster model where clusters may be
“connected at infinity”. In [36] Gimmett and Janson consider
more general boundary conditions. Their method is to define
the boundary of a tree as the set of rays — half infinite paths on
the tree, where two rays are considered equivalent if they differ
on only a finite number of edges. The authors then consider
equivalence relations on the set of rays and define random clus-
ter models where two clusters are connected at infinity if they

contain equivalent open rays.

Unfortunately the formal definition of the random cluster model
in [36] contains an error. The random cluster model is defined
in terms of a Gibbs specification that in general may not be con-

sistent.

Here we take a formal approach to the definition of the general
random cluster model. In Chapter 1 we considered a third set of
events {[u «»v]:u,v € V(Q)} and suggested that we define a
random cluster model using the arrow «— in place of either +—
of <=. Our first aim is to identify key properties shared by the
events {u<—v:u,ve V(W)} and {u<=v:u,v e V(N)} used
in the construction of the random cluster model on a network .

We may then repeat the construction for a general random connec-
tion «—, to be interpreted as a connection rule that may replace
either <— or <.
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4.1 RANDOM CONNECTIONS

Say a random relation ~ on a network A is a set of events
~={[u~v:uveVWN)} C %. (4.3)
For each w € Q) there is a relation
N= {(u,v) e V(nv)? ‘a) € [u~ 7] } (4-4)

We say ~ is a realization of ~.

We allow the usual terminology for binary relations (see for ex-
ample [12]) to carry over to random relations. For example we
say a random relation ~ is reflexive if every realization of ~ is
reflexive, or we say ~ is a random equivalence relation if ~ is
reflexive, symmetric and transitive. (That is if every realization

of ~ is an equivalence relation.)

We will define a Gibbs specification on a tree in terms of a for-
mal object, a random connection. A random connection +— will
be a random equivalence relation with similar properties to the
connections <— and < that we have already seen. The random
cluster model may then be defined following the main steps in
Chapter 2.

We will define a random connection, and the associated random
cluster model on a general network as there is no advantage to
restricting the definition to a tree at this stage. Later however we
restrict our analysis to homogeneous regular trees and will not

attempt to adapt our results to a general network.

DEFINITION 4.1

We say a random equivalence relation on a network A is a random

connection if it satisfies the following three conditions.

I «— extends <— through boundary connections:

[ <—v] C [u <= 7]

= [u <= 0] U ([u <= 00| N [0 <= 9])
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II [u «+— v] is an increasing event for every u,v € V().

IIT For an edge e = (if,7)

[u—v]" = [u+>v],U[u>i,7

for every u,v € V(v).

For a random connection «+— associate a loop event
Lo =, (4.5)

with each edge e = (u,v) € E(W).

Notice that both the free connection {[u «—v] : u,v € V(~)} and
the wired connection {[u <= v] : u,v € V(~)} satisfy the defini-
tion of a random connection. Our aim is to repeat the construc-
tion of the free and wired random cluster models, substituting
a general random connection < in place of either <— or <.
As a random connection is always a random equivalence rela-
tion we may count the number of clusters that intersect a finite
subnetwork of A and define a Gibbs specification for a general
random connection in the same way as for the free and wired
random cluster models. Axioms I-III represent key properties
shared by <— and <= used in the construction.

Axiom I ensures that the behaviour of a random connection re-
spects the local structure of the network.

Axiom II allows us to use monotonicity arguments when g > 1.
In particular we will see in Theorem 4.5 below that the set of ran-
dom cluster models we define is non-empty for 4 > 1. For g < 1
it is not the case that every random connection admits a random

cluster model. Example 4.13 provides a counterexample.

Axiom Il is a technical condition that allows us to specify single
bond conditional probabilities in terms of the loop event £;~. In
particular the effect of opening a single bond (u, v) is to alter the
number of equivalence classes by at most one. Lemma 4.3 below
plays the role of Theorem 2.7 for random cluster models defined

in terms of a random connection.

100



4.1 RANDOM CONNECTIONS |

DEFINITION 4.2

For a network A, a random connection < on A& and a subnet-
work G € Gy let k" (w) be the number of equivalence classes of
«“> that intersect V(G). Define the «— random cluster measure

Q;ﬁ; to be the probability measure concentrated on Q5 with

g e w(e) .
Q5 (w) = Zgz 1gs (w) ( I <1j(726>> )chg (@)

ecE(G)

(4.6)
where Zg: = Z ( H (7(6))&1(6)) qm‘?"(w)_ (4.7)

, wef \e€E(G) 1_7(6)

And let
— PN
#y = N w017 = Q5 | 4)
GeGy

be the set of «— random cluster models.

Now we check that the Gibbs specification above is consistent
and that the set 7, is non-empty.

LEMMA 4.3

Q“i” is the unique probability measure concentrated on Q¢ that
G,q q P y g
satisfies the single bond conditional specification

v(e) cifw e L3,

QE““%W@{@w@>:ﬂw¢@f

PROOF

By definition Qg is concentrated on the finite state space Q5.

First we show that there may exist at most one such probability

measure satisfying (4.9).
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As for the random cluster model on the finite graph we may
rewrite (4.9) in the equivalent form

Lo e
Qg (@) y(e) Lpgm (w)-1 (4.10)

Qr(we) 1—(e) 7

Therefore if y and v are two probability measures satisfying (4.9),

: (@) _ v(wf)
and equivalently (4.10), we must have % = zgze) and therefore

per) . mee) e may extend this by induction to show that

v(w®) v(we)
f/’g(‘:”; = ]P/‘EZ/)) whenever w and ' disagree on only finitely many
bonds

As the subgraph g is finite and any w,w’ € Qf agree on &\ G;
the ratio % is constant on the finite state space Q5. Thus there
may exist at most one probability measure concentrated on Q)

that satisfies (4.9).

Now from the definition of fo; we may write

Q;; (w€> 7(6) k5" (w®)—xg” (wg).

Qg (we)  1=7(e) ! 1y

Comparing (4.10) with (4.11) we see that Qj; is the unique prob-
ability measure satisfying (4.9) if and only if

K5 (we) — x5 (W) =1 =1, (w). (4-12)

Fix e = (1,7) € E(G) and choose u,v € V(G) arbitrarily. The
event [u < ] is increasing by Axiom II and so we must have
[u<—>v]" D [u+>v],. Now suppose w € [u<+>v]"\ [u<+>0],
From Axiom III we may assume without loss of generality that

w € [u<r—l>11,5<1—(>v]e.

From the definition £;* = [ii «— 7], and as any random con-
nection is also a random equivalence relation we must have

LN [u<—il, 0> 0], C [u>0,
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In particular we have [u <« v]° N L = [u <], N L. There-
fore, as u and v are arbitrary, we have «;*(w®) = x;*(w,) for
every w € L.

Conversely if w ¢ L£; then 7 and 7 are in distinct «<“= clusters,
but are in the same «“ cluster, and so " (w,) — k2" (w®) > 1.
However any <= cluster that contains neither % nor 7 is also a
+“ cluster by Axiom III. Hence ;" (w,) — k2" (w®) < 1 as well.

Therefore x;*(w,) — x;"(w®) = 1 — 1.~ (w) as required and we
are done. 0

COROLLARY 4.4

1. The measures {Q;i‘; )g S GN} form a consistent Gibbs spec-
ification. That is for ¢ € ¢ € Gy and w € O

(Q;_i; ‘%’)(W) = Q;%,;- (4.13)

2. If ¢ > 1 then the measure Q;i‘,’ satisfies the FKG inequality.

3. If ¢ > &' € Qu, 9,9 > 1and v,7 are two weightings of
N with y(e) > 7/(e) and 714(y(e)) > 7y (7 (e)) for every
e € E(w) then for every G € G,

Qg,y,q > Qg’w,q/' (4‘14)

PROOF

For the first statement fix configurations & € O and w € QF,
and set y = (Q“gi]" ‘%/)(a}) By Lemma 4.3 we need to show
only that u satisfies (4.9). That is, it is enough to check that
ulle |\ %) = Q;%;(]e | 7 ) for arbitrary e € E(g’).
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From the definition of y, for any .7,-measurable X we have

p(A, - X) = Qg (- X | 7 ) () (4.15)
= Q5 (Qz; Ue 1) - X | 7 ) (@) (4.16)

= (Q e 17) - X | 7 ) () (417)
V(Q;“T’,;(Ie %) X) (4.18)

The final two statements follow from the Markov chain argu-
ment of Theorem 2.7. We need only note that £;~ is increasing
by Axiom II and so

Qe 17) (@) > Q3 (e |Z) (@) (4.19)

forw e Of and ' € Qg/ with w > ', and gq,49’, v, satisfying
the conditions of part 3. ]

For the free and wired random cluster models, with g > 1 we
were able to obtain at least one random cluster model as a weak
limit wlimgy, ngfq € Ry y or wlimgy @glq € %y, The proof
of this relies on the respective left and right continuity of the
indicators {1, : e € A} and {1, : e € A'}. However in general
the loop events £;~ may be neither left nor right Continuous and
for a typlcal random connection < the limits wlimgs Qg ; and
wlimgyy, Qg 4 may not be random cluster measures.

Our next aim is to show that although this direct construction
may fail, there still exists both a minimal and a maximal random

cluster model for any random connection.

THEOREM 4.5
Let «— be a random connection on a network & and choose

g > 1. There exist measures Q];fq and @jv‘-fq € %ﬁ with the
property that

V=0 =Qy (4.20)

for every ¢ € %
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We will only prove the existence of the minimal random clus-
ter model. The proof for the maximal random cluster model is
identical but with the stochastic ordering reversed.

Rather than consider the probability measures Qz;_i]" for fixed ¢
we integrate the function ¢ — Q?ﬁ; with respect to a probability
measure y € . We may identify a set of probability measures
for which the resulting map ¢ — [ Q;ﬁ;’d u(¢) is monotonic for
el

LEMMA 4.6

For every G € G, there exists an operator Mg : A — H with

qﬁ_b
Mon(X) = [ Q5 (X)dn (@) (321
for every bounded .%,-measurable random variable X.

LetZ =TI, C P be the set of measures such that Mgy > u for
every G € G,. Then 7 is nonempty, it is closed under weak limits
of increasing sequences and there is a well defined increasing
operator M : Z — 1 such that

Mgt My asG TN (4.22)

and My > u for every u € 1.

PROOF
First for p € # and ¢ € G, the right hand side of (4.21) is
linear in X and is countably additive on indicator functions by

the monotone convergence theorem. Therefore there is a well
defined measure Mgy with expectation given by (4.21).

Set &y to be the probability measure concentrated on ¢, that is
do(Je) = 0 for every e € E(~). Every probability measure on Q)
dominates Jy so trivially we have yp € Z. In particular the set 7

is nonempty.

For a fixed increasing continuous simple function X the random
variable § — Q“gi;(X ) is increasing and .7;-measurable by Corol-
lary 4.4. Therefore if yu > v we have Mgu(X) > Mgv(X) by the
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definition of stochastic domination. Therefore Mgu >~ Mgv by

Lemma 2.12.

Consider an increasing sequence of probability measures y, € 7
with yu, T u. Then u > p, for every n € N and for g € G, we
have Mgy = Mgy, = pn. Therefore Mgu = u by Theorem 2.13.

Next consider ¢’ C ¢ € G,.. From Corollary 4.4 for every ¢ € Qy
and w € Of we have (Q"g%; ‘%/>(w) = QZ{,‘T’”/;].

Noting that Q;_i; is concentrated on Qf; for every u € % and

bounded .%,-measurable X we have

Mg - Mopu(X) = [ Q3 (X)aMg(w) 423)
— [] @z (x)4Q55 (@)an(@) (4:24)
= [] Q55 (X |7 ) (@)dQz; (@)dn(@) @425)
— [ Q2 (0du(@) (426)
= Mg(X). (4-27)

So if u € Z we have Mgu < Mg - Mgy = Mgu. Therefore
for some increasing sequence of finite graphs G, T & we may
set My = wlim,_c Mg, . It is easy to see that this limit is
independent of the choice of subsequence hence Mgu T My as
G 1 N for every u € Z. In addition for every G € Gy and y € 7
we have My >~ Mgu = .

It remains to show that My € 7 for all y € 7.

Fix y € 7, g € G, and some increasing continuous simple func-
tion X. Consider a sequence of finite subgraphs G C G, 1 ; then
as X is continuous and increasing we have Mg, u(X) T Mu(X)
as n — co.

So for every ¢ > 0 we may choose n € IN such that

Mp(X) — & < Mg, p(X) (4-28)

= Mg - Mg, u(X) (4-29)
< Mg - Mu(X) (4-30)

106



4.1 RANDOM CONNECTIONS |

Letting ¢ — 0 we have Mu(X) < Mg - Mu(X) for every increas-
ing continuous simple function X, hence by Lemma 2.12 we have
Mp(X) < Mg - Mu(X) and so, as G € G, is arbitrary, we have
My € 1 for every u € 7. a

The first step in proving Theorem 4.5 will be to show that Z

contains a fixed point.

Recall that a chain is a totally ordered subset of a partially or-
dered set. We say a partially ordered set (X', >) is chain complete
if for every nonempty chain C C & there exists a least upper
bound of C in X.

THEOREM 4.7: BOURBAKI-WITT

If (X,>) is a chain complete partially ordered set and F : X —
X is a function such that F(x) > x for every x € X then X
contains a fixed point of F.

This was proved independently by Bourbaki [11] and Witt [65].
We will not attempt a proof here and refer the interested reader
to Lang [48] for details.

We have only claimed that Z is closed under the weak limits of
increasing sequences, to satisfy the conditions of Bourbaki-Witt
Theorem we must check that it is chain complete.

LEMMA 4.8

Let X C P be a set of probability measures on () such that
wlim,, e 4y € X for every increasing sequence yu, € X. Then X
is chain complete.

PROOF

Let X satisfy the conditions of the Lemma and consider a non-
empty chain C C X. As % is a compact metrizable space we
may nominate a countably dense subset C = {c, : n € N} C C.
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If there exists some ¢ € C with ¢ > ¢, for every n € IN then ¢ is
a least upper bound for C.

If there exists no such ¢ € C then as C is also a chain we may
choose an increasing subsequence c,, such that for every c¢,, € C
there exists i such that c;;; > c;,. From Theorem 2.13 we may set
¢ = wlim;_, ¢y, € X to be the least upper bound of {c,, : i € N}.
Then for every c,, € C we may choose i € N with ¢, < ¢y, <€
hence ¢ is an upper bound of C and {c,, : i € N} C C ensures
that ¢ is the least upper bound of C.

Now C is dense in C so for any ¢ € C we may choose a sub-
sequence ¢y, *»c. Furthermore, from Theorem 2.13, there exists
some sequence ; (not necessarily in X) such that y; < ¢, <€
and py,; T casi— oo.

Then c is the least upper bound of the subsequence ,,, and as ¢

is an upper bound for yu,,, we have ¢ > c.

Therefore ¢ is an upper bound of C and as ¢ is the least upper
bound of C C C it must be the case that ¢ € X is the least upper
bound of C. ]

We are ready to prove Theorem 4.5

PROOF OF THEOREM 4.5

Recall the set Z, we claim that a measure ¢ is a <+ random

cluster model if and only if ¢ € Z and Mg = ¢.

Recall that a measure ¢ € %5, if and only if (¢ |75 )(¢) = Q;‘fq”
for every G € G, and ¢@-almost every ¢ € (). Therefore for any
ZFy-measurable random variable X and G € G, we have

Mog(X) = [ Qz; (X)dg(@) (431)
— [ 0(X1%)(©)dg(@) 432)
= ¢(X). (4-33)

So trivially ¢ € Z and M¢ = ¢.
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Now if ¢ € 7 is a fixed point of M then for every ¢ € G, we

have

¢ < Mgp < Mg = ¢. (4-34)

So ¢ is invariant under Mg and for any bounded .%,-measurable

X and Jg-measurable Y we have

P(XY) = Mgo(XY) (4-35)
— [ @z (xv)dg (@) (436)
~ [Q(0Y(@)de(@) 437)

as Yis Qj;-almost surely constant.

Therefore (¢ |7;)(¢) = Q;i; and so ¢ € %5 ;. In particular we
have

g =19 €L: Mgy = ¢}. (4.38)

Recall the minimal probability measure &y defined by dy(J.) = 0
for every e € E(W). From Lemma 4.6 we have §y € 7 and 7
is closed under M. Furthermore from Lemma 4.8 Z is chain

complete.

Therefore the triple (Z, >, M) satisfies the conditions of Theo-
rem 4.7. Hence Z contains a fixed point of M which must be a
random cluster model. It remains to show that %;7;7 contains a

minimal element.

Let A be the set of subsets of Z which contain &y and are closed
under M and under the limits of increasing sequences. It is
easy to check that A is closed under arbitrary intersections. Let
X € A be the intersection of every set in A.

The triple (X, >, M) satisfies the conditions of Theorem 4.7 and
so we may nominate Qi € X’ to be some fixed point of M.

Therefore Qp:’q € %/‘{7,; and we claim that Qj;fq is the minimal

element of %};"q.
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To see this let ¢ € Z57, be a «—-random cluster measure and
define a set of probability measures A, = {p €T : ¢ = u}. Itis
easy to see that §p € A, and that A, is closed under the limits
of increasing sequences. As ¢ € Z;;;, we have Mg = ¢ and, as
M is increasing, for any u € A, we have My < Mg = ¢ and so
Ay is closed under M and A, € A.

Therefore prq € X CApand Q;;/"q < . O

4.2 RANDOM CONNECTIONS ON TREES

We have defined a random connection as a formal object and
constructed a class of models that we may describe as general-
ized random cluster measures. Axioms I-III of Definition 4.1 are
not motivated by any example. Rather, Definition 4.1 is a list of

the assumptions we have used to prove Corollary 4.4.

We have described two random connections so far, the “free con-
nection” <— and the “wired” connection <=-. In this section we
tirst show that examples of random connections exist intermedi-

ate between <— and <.

REMARK 4.9

It is possible to define a random connection on any network by

specifying some increasing event A € .7, and setting
[ <o 0] = [u<—=v]U(AN[u=1]). (4-39)

It is easy to check that this satisfies the axioms of a random
connection and we may write down the extremal elements of
K" as

&7 ={p € & g(A) =0} U{g € & p(A) = 1}. (4.40)
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We have not attempted to exclude this class of models from the
definition of a random connection, although it would be unsatis-
tying if they were the only examples of random connections. In
this section we describe a method of generating random connec-

tions that excludes random connection in the form of (4.39).

One way to specify an equivalence relation is to define a neigh-
bour relation and to consider the strictest equivalence relation
that contains the described neighbour relation. We may extend
this as a method to generate random equivalence relations from

random neighbour relations.

Axiom III of definition 4.1 requires a random connection +— to
have the property that [u <= v] C [u < v] for every u,v € V(7).
So, given a random neighbour relation ~, we may define the
strictest possible random equivalence relation that contains both
~ and <. We will use this method to describe all the examples

of random connections that we will encounter on the tree.

4.21  Random connections from random neighbour relations

DEFINITION 4.10

We say a random neighbour relation ~ on the vertices of a net-
work V generates a random connection <+ if for every w € Qy
«“» is the strictest equivalence relation on V() such that u <« v

w
whenever u << v or u ~ .

We say two random neighbour relations ~; and ~; are equivalent
if for every w € Qy and u,v € V()

o If u Xy v then either u <% v or there exist 1,0’ € V()

. w
with u << u' ~y v/ << 0.

o If u Xy v then either u <% v or there exist u’,v' € V()
with u <@ 1" &y 0/ 42 0.
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Of course not every random neighbour relation generates a ran-
dom connection. In Definition 4.17 below we specify some suf-
ficient conditions for a random neighbour relation to generate
a random connection. We will use the symbol J| for a random

neighbour relation on V(»/) that generates a random connection.

Before proceeding we introduce two examples of random con-
nections generated by random neighbour relations in order to

familiarize the reader with the objects we are studying.

For now we will leave the reader to convince himself that the ran-
dom neighbour relations in both Example 4.11 and Example 4.13
generate random connections. In fact we shall see that both are
examples of quasi-boundary conditions as described in Definition
4.17. Theorem 4.19 below shows that such random neighbour

relations always generate a random connection.

EXAMPLE 4.11: GRIMMETT-JANSON CONNECTIONS

Let 7 be a tree and name the set Il of half infinite self avoiding
paths in 7. For a vertex v € V(7) let R, C Ily be the set of
v-rays, half infinite self-avoiding paths started at v. Choose a
root p € V(T) arbitrarily and set R = R,. There exists a map
R : TI; — R such that for every I1 € Il; the two rays IT and
R(11) differ on only finitely many edges.

Now let ~ be an equivalence relation on R. Define a set of events
{[u Y v] :u,v € V(T)} where [u || v]is the event that there exist
open rays I, € R, and I, € R, such that R(I1,) ~ R(IT).

We say an equivalence relation ~ on R is measurable if

{lu b v]:u,0eV(T)} C Fr. (4.41)

For an equivalence relation ~ let <> be the random connection

generated by J.
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As an aid to understanding we may construct simple equiva-
lence relations as follows. Choose a subtree T € T, and arbi-
trarily partition the leaves of T by choosing some equivalence
relation ~7 on AT. As p € T each I1 € R passes through exactly
one leaf e;; € AT. Let Iy ~ IT) whenever ey, ~t er,. This class
of equivalence relations forms the open equivalence relations de-

scribed in [36] and we will return to them in Chapter 5.

Informally we may think of [u || v] as the event that there exists
an infinitely long “indirect” path from u to v that passes through
the boundary of the tree. Extending to an equivalence in the ob-
vious way, [u <= v] is the event that there exists an indirect path
from u to v that is allowed to pass through the boundary finitely
many times. It is easy to check that this informal definition sat-
isfies the axioms of a random connection.

REMARK 4.12

The idea of constructing a random cluster model based on an
equivalence relation as in Example 4.11 was first proposed in
Grimmett and Janson [36]. Definition 4.17 may be seen as a
generalization of this idea. We have mentioned that there is an
error in [36] on which we will elaborate here. For a finite sub-
tree T C 7,and ¢ € Qf let {7 = A.crCe be the configuration
obtained from ¢ by switching off all edges in T. Given a ran-
dom connection «— we may define a graph G7; by identifying

vertices 1,v € T whenever {1 € [u «+ ).

It may be shown that the cylinder measure Qi}i’; = QG}‘g,q' using

the obvious identification Qf «» ngT_g.

Grimmett and Janson [36] use this approach to define the ran-
dom cluster model generated by an equivalence relation on R.
However, rather than identifying vertices u,v € T when {7 €
[u<—v]; u and v are identified only when ¢r € [u | v]. For
general measurable equivalence relations the set of cylinder ran-
dom cluster models defined does not form a consistent Gibbs

specification.

For the open boundary conditions as described above this speci-
fication holds as long as we restrict it to large enough trees. For
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boundary conditions that are not open the specification cannot
be recovered.

Theorem 6.2 of [36] claims that for any closed equivalence rela-
tion the limit of the sequence lim7r Q‘ﬁl” € %"Tﬁ;

We shall see that the random connection «— described in Chap-
ter 1 may be described in terms of a closed equivalence relation.
The statement of [36, Theorem 6.2] is false for this connection
and for T € (2_d, 7Tt (2%)) the above limit does not satisfy the
appropriate DLR conditions.

EXAMPLE 4.13

Let 7 be a regular 3-tree directed with respect to an arbitrary
root p. For an edge e = |u,v) we say ell, Or v}l if v is the
root of some open 2-tree contained within D(e). (Recall a rooted
k-tree is a tree such that every vertex of a tree has degree k + 1
with the exception of the root which has degree k.)

We may define a random neighbour relation

[l 0] = [ulleo] N [0l - (4-42)

We claim that || generates a random connection «+— such that
if 7 is weighted homogeneously with y(e) = 7, the set of «—

random cluster measures is empty for sufficiently small T and 4.

Before proving this claim we will establish two facts about the

events [e)).]-

LEMMA 4.14

Choose p € [5,1) and let IP be Bernoulli bond percolation on
a regular 3-tree 7 with IP(J,) = p. Then Plell,,] > 0 for every
directed edge e.
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PROOF
Notice that the event

[e\u/oo] = U ]f N [f\L\Loo] N ]f’ M [f/\L‘Loo] (443)
f.f'€x(e)

Thus from standard branching process theory, P[ell ] = s where
s € (0,1) is the largest solution to

s=p’s’ +3p°*(1—p)(1—s). (4-44)

It is easy to check that if p = g then s = % solves (4.44). W]

LEMMA 4.15

Let 7 be a regular 3-tree with edge weights y(¢) = T < 1 then for
every g > 0,¢ € Qr and e € E(7) the probability @‘%q [edo] = 0
as T 1 7.

PROOF

As T is homogeneous we may choose e arbitrarily. Set

s = sup limsup Q%q(e@oo le o) (4-45)
tClele]  TIT
Here we are taking the supremum over ¢ € [e ]| to ensure that
@é‘; 5le doo] is strictly positive.

From the definition of s, as 7 is homogeneous, for every ¢ > 0
and ¢ € [e J~] we may choose some T € T such that for every
f € x(e) we have

B(f) = Q5 (Flleo If Leo) <s+e. (4.46)

Now consider the graph T* and the map ¢, : Q37 — Qr+. Recall
that the push forwards measure (@f’;q) is the random clus-
ter measure on T* where the edge weights of dT are given by

v(e*) = Lpey (§)-
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Now let S be the tree containing e and x(e). From Theorem 2.23
the push forwards measure (@%) = PsrPr (@%q) is a ran-
dom cluster model on S* and for f € x(e) the D;(f)-measurable
event [f|.] is conditionally independent of s given the indica-

tor ]]'[f»lroo]'

Next let ), be the state space Qg+ x Q. () We interpret (w,0) €
Q). as a configuration w of 5* and a colouring ¢ of the edges in
dx(e) where the bond f* is blue if o(f*) = 1. A blue edge will
represent the event [f|].

As Q, is finite, set .7 to be the set of subsets of Q,

Let ¢ : Q7 — 0, be the map defined by w — (s(w), o) where
o(f*) = 1[ Flhoo] and let ¢ be the push forwards measure ¢ =

Ps (Qg* e ioo]>~

Introduce a Markov kernel M : % x Q, — [0,1] by setting
M(A,@) to be the probability that @ € A, where we select

@ = (', 0') € Q, as follows.

o Set W'(f) = w(f) for every edge e € S* \ x(e).

o Lettheevents {[w'(f) =1]: f € x(e)} occur independently
with probability 7(7) + (7 — (7)) w(f*).

o For each f € x(e) with w(f*) =1 colour f* blue indepen-
dently of everything else and with probability B(f).

Now define 4 C .Z to be the c-algebra generated by the events

{Jr:fef\xe)}
We claim that for any event A € % and @ € [e |, ] we have

M(AN[e o], @) s o
M Lo @)~ A )@ (447)

First choose @ and @’ with w,w’ € [e |4, ] such that w and '
agree on S* \ x(e) and w(e) = w(é*) = 1, where é* is the single
member of S \ dx(e). The colourings ¢ and ¢’ may be chosen
arbitrarily so long as o(f) = ¢/(f) = 0 whenever w(f*) = 0.
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As we have fixed w(e) = w'(¢*) = 1 we have 1., (w) = w(f*)
for every f € x(e). Furthermore for f € x(e) the event {f |}
depends on the map 5 only through the edge state w(f*) and
occurs with probability B(f) - w(f*). Therefore from the recipe
above we have M({@'}, @) = ¢s (Q%) ({d)’} ‘9)((6) ) (w).

As ¢ is defined by conditioning Qé;* on some ips-measurable
event then for @ and @' chosen as above we have

M({@'}, @)  ¢(@")

M({@},@) ~ 9(@) 4%
9@ 9) (@)
=@ D) (@) (4-49)

We argue that (4.49) holds for any choice of @ and @' with
w,w’ € [ely,]. Firstly if w and w’ do not agree on 5* \ x(e)
then both sides of (4.49) are zero. We have insisted above that
w(e) = w'(¢*) = 1 however the choices in the description of
M above are not affected by the states of these edges. Further-
more as ¢ is conditioned on the event [e ||, the state of these
bonds does not affect ¢ on the edge like subgraph x*(e) by the

generalized series and parallel laws of Theorem 2.23.

Therefore (4.49) holds for any choice of @, @' with w, W' € [e |4.]
and for any event A € .%# we have

M(AN[e Lo ] @) _ ¢(Al9) (@)
M{aha) - 9((a} [9)(@) 40
Therefore
M(AN[e lo], @) _ §(A]9)(@) 1
M(le Lo, @) (p(ﬁe g’)(w) o)
=¢(A|9)(@). (4.52)

Now for g-almost every @ € Q, at least one f* € dx(e) is open
and we must have M([e |,.],@) > 7. Similarly there are at
most three open pairs {f1, 2} C x(e) and as B(f) < s+ ¢ we
have M(ello, @) < 372 (s +¢).
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In particular letting ¢ — 0 and integrating (4.47) with respect to
¢ we have s < 3752 Trivially s < 1 and so for 7 < % we have

s = 0 and we are done. ]

Lemma 4.14 shows that if we choose 77(7) large enough then
Bernoulli-7t(7) percolation cannot satisfy DLR conditions for <.
An easy corollary of Lemma 4.15 is that we may choose T small
enough that the wired model random cluster model on 7 does

not satisfy DLR conditions either.

Combining these two facts we may choose T and g such that
there can exist no < random cluster model at all on the homo-

geneous 3-tree.

THEOREM 4.16

Let 7 be a regular 3 tree with homogeneous bond weights (e) =

7 < 1 and let «— be the random connection generated by the
boundary condition || in Example 4.13. Choose g < %%T).

Then the set %7, of «— random cluster models is empty.

PROOF

Notice that we have chosen (7,4) in such a way that 77;(7) > 5.
This fact will be crucial to our argument.

Choose an arbitrary root p € V(T), for each vertex v let e, € E,
be the unique edge directed away from p in the form e, = |/, v).

Next we colour each open directed edge e € E,(7T)
o blue if el

o yellow if e is not blue but there exists some w € D(e) with
v<+— w and ey,

o red if e is neither blue nor yellow.
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We say an edge is green if it is either blue or yellow, and white if
itis closed. Now for ¢ € QO let G(§) € Q7 be the configuration
with G(¢) € J. if and only if e is green.

We leave it to the reader to convince himself that the random
neighbour relation J| of Example 4.13 generates a random con-

nection < and that for any T € T, we have Qf’; = Q?,(q‘f).

Now suppose ¢ € %7 and choose an edge e € Ey(T). For
every ¢ € Qr and sequence T, T 7 we have Q}i‘,’q e is blue] =

@(T;,,(,? [eis blue] — 0 as n — oo by Lemma 4.15. Hence by the
dominated convergence theorem we have

@le is blue] = l1m /QT e is blueldp(¢) = 0. (4.53)

In particular there are g-almost surely no blue edges. Further-
more if an edge e is yellow we may find some blue edge in D(e),
hence there are ¢ almost surely no green edges in E,(7).

So for every edge e we have ¢(L;”) = 0 and so we must have
¢ = Py () but we have chosen 7 and g such that 77,(7) > 5
and so from Lemma 4.14 there exist infinitely many blue edges
@ almost surely.

Therefore there can exist no ¢ € %"T‘; for 7, q as in the statement
of the theorem. d

4.2.2 Random connections from boundary conditions

We have invited the reader to convince himself that the random
neighbour relations in Examples 4.11 and 4.13 above generate
random connections. We would like a more reliable method
of ascertaining whether a particular random neighbour relation

generates a random connection.

Next we specify a class of random neighbour relations that al-

ways generate a random connection. This definition expresses
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more naturally the concept of vertices being connected at the
boundary and it may be easier to construct examples of this type

than constructing random connections directly.

First, with each pair of vertices u,v € V(7), we associate two
o-algebras. For fixed u and v there exists a unique directed path
I, from u to v. If we remove the path I1,, from 7 we are left
with a forest. We are interested in two components of this forest,

that containing u and that containing o.

Formally for a directed edge e recall the set D(e) of descendants
of e and set

D(u,v) = (7] D(e) (4.54)

€My,

to be the descendants of the path I1,, ;.

Now define two c-algebras

Yo =0{Je e € (D(u,0) UD(v,u))}, (4.55)
g* = a{]e Ay s e € (D(#,0) U D(v,u))}. (4.56)

A boundary condition on a tree will be a random neighbour relation
Il where [u ]| v] is interpreted as the event that u and v are

7

connected “through the boundary” one condition of which is
that each event [u }| v] is ¢, ,-measurable. This measurability
condition may be interpreted informally as a connection from u
to the boundary using edges in D(v, 1) and back to v through

edges in D(u,v).

We will also define a strong boundary condition where the events
[u || v] are required to be ¢ measurable. This assumption is
used in the proof of Theorem 4.23. We leave open the question
of whether there exist any examples (or more subjectively any in-
teresting examples) of boundary conditions which are not strong

boundary conditions.

DEFINITION 4.17

We say a random neighbour relation {[u || v] : u,v € V(T)}isa
boundary condition if
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I [u ]| v] is an increasing event for every u,v € V(7).
II [ullv] €49, forevery u,v € V(T).

IIT For any finite subtree T and vertices u,v € V(T) then if
u J| v there exist vertices u’,v" € V(7 \ T) such that

u+—u Jl oo

We say || is a strong boundary condition if in addition each event
[l o] € 4%

A random neighbour relation || is a (strong) quasi-boundary con-
dition if it is equivalent, in the sense of Definition 4.10, to some
(strong) boundary condition ).

Before we prove that random neighbour relations of this type
always generate random connections we check that our two ex-

amples above are included in the class of boundary conditions.

LEMMA 4.18

Both random relations || of Example 4.11 (where ~ is some mea-
surable equivalence relation) and || of Example 4.13 are strong

quasi-boundary conditions.

PROOF

It is easy to check that both random relations satisfy Axiom I
and III. However neither [u || v| nor [u ]| v] are ¥, -measurable.
Therefore we must construct strong boundary conditions J|" and
I/ equivalent to J| and }}’ which satisfy the measurabillity con-
dition of Axiom II.

For vertices u,v € V(T7) define a map G, : Qr — Q7 as fol-
lows.

o For edges ¢ € Dyp U Doy set Gy (Jo) = Jo N [e doo].
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® For e € Ey(T) \ (Dup UDyu) set GL,(Jo) = .

The o-algebra ¢ is exactly the o-algebra generated by the map
Gup-

Now set [u Y’ v] = G;!,[u 4 v] and [u ) v] = G;l,[u || v]. Both
[u ' v] and [u ||/ v] are increasing ¢ -measurable events.

It remains to check that ||’ is equivalent to ||, }|’ is equivalent to
Il and that both {” and ||’ satisfy Axiom III.

Choose u,v € V(7) and let T € T be any finite subtree, we

assume without loss of generality that T contains both u and v.

If u || v then we may choose open equivalent rays IT, € R, and
I, € Ry.

Now let #’ and ¢’ be the two leaf vertices of T on the paths I1,
and II, respectively. Then u <— u’ and v <— ©/, and there exist
open subpaths IT, D IIj, € R,y and IT, D II, € Ry. Asu' isa
leaf of T then 11, C D(w,u) for every w in T. Furthermore if
I, is open in w it is open in Gy, (w) and so setting w = v’ and
arguing similarly for IT, we have [u’ |/ ©'].

Similarly if u || v we may find leaves u” and v’ of T on the open
2-trees rooted at u and v respectively. Then there must be some
open 2-tree rooted at u’ contained in D(u,u’) and some open

2-tree rooted at v’ contained in D(v,v’)
In particular we have u <— 1" ||/ v/ <—v.

Therefore || is equivalent to {|” and ]| is equivalent to ||’ and
both satisfy Axiom IIL ]

THEOREM 4.19

Let || be a quasi-boundary condition. Write u «+— v if there exist

finite sequences of vertices uy, ..., u, and vy, ..., v, such that
u=ug<—vour<—o ... L u,«—v, =0

Then «— is a random connection and is generated by J/..

Note: we allow n = 0 so that [u <= v] C [u < v]| and we allow

u =1vy,v =11 so that [u | v] Cu+so.
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PROOF

It is immediate from the definition that «+— is a random equiva-
lence relation. Furthermore if two boundary conditions || and
| are equivalent it is easy to check that both random relations
generate «— and so we may assume without loss of generality

that || is a boundary condition.

Each event [u; <— v;] and [v; J| u;11] is increasing hence the event
[ < ] is increasing also. If u < v but not u <— v then there
exist pairs vg,u; and v,_1, u, with vo J| u; and v,_1 | u,. It fol-
lows from Axiom III of the definition of a boundary condition
that u <— vy +— o0 and v < u,, < 0.

It remains to check Axiom III of Definition 4.1.

Suppose u «— v. If u <— v then for any edge e = (i, ) either e
is not on the direct path from u to v in which case u <“= v or e is
on the path from u to v in which case either u <% i and v < 7
or u <“% ¢ and v <“= ii depending on the orientation of e.

So suppose u «— v but not u <— v and choose sequences u =
ug, ..., Uy and vg,...,v,; = v as in the statement of the theorem.
Notice that we may assume without loss of generality that u; «<—
v; if and only if i = j, for if not we may find shorter sequences
of vertices uy, ..., u;, uj,...uy and vy, ..., v;,vj, ..., 0, that form a

path from u to v.

Now let T be the smallest subtree of 7 that contains every vertex,
ug, v, . . ., Uy, vy and the edge e.

Suppose each vertex u;,v; is a leaf of T, then the descendants
D(v;, uj1) and D(u;41,v;) of the path IT,,, | o, lie outside of T and

hence the events [u; 1 || vi] € 4 C It do not depend on the

i+1/%
state of the edge e € T. Therefore+if we ¢ [ <> v] then e must lie
on exactly one of the paths from u; to v;. in particular we may
assume without loss of generality that u; <> il and 7 < v;. As
none of the other events in our sequence are affected by the state

of e we have u <“% i and 7 <“% v.

Of course it may not be the case that each u;,v; is a leaf of T.
To complete the proof we will use Axiom III of Definition 4.17
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to choose sequences of vertices uj, ..., u), and vy, ... v} such that
uj <= uj W i, <= viy1 and all vertices uj, v} are leaves of the

smallest subtree containing T and every vertex ug, vy, ..., Uy, U},.

Set Tp = T and suppose inductively we have constructed T; > T

. ro / / / . ’ !
with leaves vy, uy ..., u;_;,v;_,u; such that v; «— V] H Uiyq

ujy for every j <.

Now from Axiom III in Definition 4.17, as T; is finite we may
/

i+1
the smallest subtree of 7 that contains T;, u; ; and v}. We claim

choose v}, uj,,; ¢ T with v; <= v || uj ;<= u;11. Set Ty to be

that for every 0 < j < i both v} and u}; are leaves of Tj,.

Let w € T;11 \ T; be a leaf of T 1. If v7 # w # u; 1 then let f be
the single edge of T that contains w. Then f ¢ T; so T},; =
Ti41 \ f contains v}, u;, , and T;_; contradicting the assumption

that T;,; is the smallest tree satisfying this condition.

Now suppose v;- is not a leaf of T;;1 for some 0 < j < i, then
there must exist some leaf w € T;;1 \ T; of Tj.1 such that u}
lies on the direct path from T; to w; but as w € {v},u/ ,} and
{vi,ui+1} C T; there must be an open path from w into T; and

SO U;Hw.

!
J
vj < v} <= v; <= u;, in both cases contradicting our assumption

If w = u;_, then v; <= v} = u;1; <= ;11 and if w = v; we have

that u; <— v; only if i = j.

We may argue similarly that u;- is a leaf of T;;; whenever 1 <
j < i+ 1 and so continuing the construction we may find a tree
T,—1 containing e, with leaves v, u},...v,_1, U, and arguing as
above either w, € [1 <+ v] or e lies on the open path between
uj and v; for exactly one j and we have w, € [u +— i, 5 «— 0] U

[ > T, 11 <> V).

Thus <« satisfies Axioms I-III of Definition 4.1 and is a random
connection. Furthermore it is easy to see from the definition
that < is the random connection generated by || described in
Definition 4.10. O
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4.3 THE PHASE DIAGRAM FOR REGULAR TREES

So far in this chapter we have constructed a class of random
cluster models and shown that, on a tree at least, there exist
non trivial examples of random connections. We have not yet

discussed how these models behave.

There is a well established connection between the random clus-
ter model and Bernoulli bond percolation on a general network.
On a regular k-tree we have seen in Chapter 3 that the behaviour
of the wired random cluster model is related to the critical point
of Bernoulli percolation on the tree.

In this section we establish a link between Bernoulli bond perco-
lation and the generalized random cluster model on the regular
tree by considering the behaviour of the events [u «— v| under
homogeneous bond percolation. In particular we define two crit-
ical percolation probabilities 7, < 77" associated with a ran-

<>

dom connection, we may then identify both a free phase, Z7, =
{]anm} whenever T < 77 and a wired phase, Z7, = {Q7}

whenever 77(7) > 7.

If «+— is the random connection generated by some strong bound-
ary condition with 7;” < 1 then in addition, for sufficiently large
q there exists some T = 7(g) such that the set %7, is uncount-
able whenever 7 is in the interval (T, 7' (7;™)).

The remainder of this chapter is devoted to establishing the
phase diagram in Figure 9.

431 The uniqueness phases

Fix2 <keIN, 7€ (0,1) and g > 0 and let 7 be a regular k-tree
with homogeneous bond weights y(e) = 7. Let 7 = 7j(k, 7,9) €
[0,1) be the largest solution to equation (3.36) (that is the largest
constant entrance law). Recall that Q} = Q’:’r is the maximal

wired random cluster model for (7, 7).
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FIGURE g

T A

Te

Phase diagram for the set of «+— random cluster models when % <

T < Ty < 1. In this case the random cluster model exhibits a free
phase and a wired phase. If the random connection is generated by
a strong boundary condition then the random cluster model exhibits a
nonuniqueness phase when g is large.

DEFINITION 4.20

We say a measure y has the «<—-loopless property if we have u(L:™)
0 for every edge e € E(T).

We say u has the «—-single cluster property if for every pair of
vertices u,v € V(T) we have p[u « v] = ulu <= v] > ufu <+ ).

We say a random connection is connected if every measure con-
centrated on the event that only finitely many bonds are closed
has the < single cluster property and strongly connected if there
exists some p < 1 such that IP, has the «— single cluster prop-
erty.

We will mainly be interested in strongly connected random con-
nections, in particular we are interested in two questions, When
is Pr(r) € Z7 and when is QF € %Z7°?

Now we define critical probabilities for Bernoulli percolation on

T corresponding to the loopless and single cluster properties.
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For a strongly connected random connection we define two crit-

ical probabilities.

T = sup {p € (0,1) : P, has the < loopless property},
Ty = inf{p € (i,l)

Our first task is to check that both the loopless and single clus-

IP, has the < single cluster property } .

ter properties represent critical phenomena for Bernoulli perco-

lation on the regular tree..

LEMMA 4.21

If p < 7. then I, has the < loopless property and if p > 7,
then IP, has the single cluster property.

PROOF
The first statement follows directly from the monotonicity of L.

From the definition of 7 for any p < 7. we may choose p < p’ <
Tc such that B, has the «— loopless property. Hence I, (£;~) <
Py (L;) = 0 for every e.

The single cluster property may not be expressed in terms of

monotonic events.

However as 7 is a regular k-tree it has unimodular symmetry
group. A theorem of Haggstrom and Peres [40] states that for
any p > p’ there exists a coupling w = (wy, wp) with wy ~ By
and w, ~ B, such that almost every w has the property that
Wy > Wy and every infinite cluster of w, contains an infinite

cluster of Wy

So given p > T, we may choose some p’ < p such that p’
has the < single cluster property. Coupling as above if w, €
[t loo, U Joo] then with probability one there exist vertices u’, v’
with u <2 o/, v <% v/ and Wy € [t Loo, V' Loo]-

. [
As ]Pp/ has the «— single cluster property we have u v al-
most surely and as wy > wy and [u < 0] is increasing we must
w w w D
have u <2 1/ <25 v/ <22y v and s0 u <2 v. ]
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So Bernoulli bond percolation exhibits either two or three phases
with respect to a strongly connected random connection. If p <
T, then «+— is indistinguishable from <— and if p > 7, then +—
is indistinguishable from <. We have insisted that 7, < 1 and
trivially 7. > % so these two phases are nontrivial. In addition
we may have 7, < 1, in which case there exists an intermediate
phase where the behaviour of < is not adequately described by
either <— or <.

We may translate this observation into a statement about the
random cluster model using the comparison inequalities of The-

orem 2.7.

THEOREM 4.22

Let 7 be a homogeneous regular tree with y(e) = 7 and fix
g>1

o If T < 1 then Z5* = {I }.
o If (1) < 1 then Z7 O {I}.

o If m(7) > 1, then 5 = {Q%}.

PROOF

First if 71(7) < 7 then Py (£;) = 0 for every e and so Py €
Z5 by Corollary 4.4. If in addition T < 7. then for any ¢ € Z7
we have ¢(L;) < P (L;) = 0 for every e € E(7). Again by
Corollary 4.4 we must have ¢ = Py(y).

Suppose 71(T) > 7. Set 0 = Py(y)[e L] > 0. Recall the measure
Q' on the graph T*, we aim to show that for every ¢ € %5 and
T € T we have (¢) < QF.

First ¢, (]PH(T)) is independent bond percolation on T*, with
bonds e* € dT open with probability 8. So for every increas-
ing .Zyr-measurable random variable X, i, (lP,T(T)> (X) > Q% (X)
and in particular for any increasing event A

[ QA 1 Zr ) $1(©) AP (@) = [ QA |For ) (@)dQh ()
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g —
Next, as I () has the «— single cluster property, Q7" = Qé’; for
Py (¢) almost every &.

Now let A be some increasing i;-measurable event and let ¢ €

Zy be any random cluster measure. As ¢ > P we may

calculate
o(4) = [ Q7 (A)dg(2) 457)
> [ QF () @) (459)
=i/©§VDﬂ&uﬂ® (4-59)
— [ QA 1F5m) ($1(2) AP &) (460)
> [ QA |1 Fr)(@)dQh (@) (461)
= Q7 (A). (4.62)

So we have ¢:(¢) = Qf for some § > 0. As 71(1) > T > 1

we have Q"T — Q7 as T 1T T by Theorem 3.15. Hence ¢ >~ Q7.

Similarly by considering Q?l it is clear that ¢ < Q. — Q¥ as
TTT.

Therefore ¢ = Q% and as ¢ is arbitrary we have #Z5* = {Q}} as
required. W

4.3.2 The nonuniqueness phase

We have been able to use the comparison with percolation to
establish the existence of both a “high temperature phase” where
Ry = {IP,T(T)} and a “low temperature phase” where Z7" =

{Q7r}.

Jonasson [44] characterized the property of nonamenability for a
network A by demonstrating that A" is nonamenable if and only

if for every sufficiently large g there is an open interval (p1, p2)
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such that the wired random cluster model in not unique on A
whenever y(e) = p € (p1, p2)-

The tree is certainly not amenable, and we have seen that this
phenomenon holds for wired boundary conditions on the regu-
lar tree. What can we say about more general boundary condi-

tions?

We conclude this chapter by demonstrating that if a random con-
nection on a regular tree is generated by a strong boundary condi-
tion and has 7, < 1 then, as with the wired model, we may al-
ways find g sufficiently high such that the random cluster model
is not uniqueness for an entire interval of bond strengths.

THEOREM 4.23

Let «— be a strongly continuous random connection generated

by a strong boundary condition ]|. For fixed 7,4 and some 7
satisfying 17 = Fp k(1) set
1 (1= =)™

5 — _ 6
p () (4.63)

If > 7, then Q) € L%’;i‘,’q.

PROOF

We aim to show that if 7, g and k are such that § > 7, then Q%
has the < single cluster property.

Choose a root p arbitrarily and direct all edges away from p. For
an edge e € E,(7) green if e is open and e |, colour e red if e is
open but not green and white if e is closed.

For a subtree T € T, and a configuration w € Qr+ colour di-
rected edges e € E,(T*) green if e |, and red or white as above.
For edges ¢* € dT interpret e* as green if open and white if
closed.

Now choose a subtree S € T, and a configuration w € Qg-

arbitrarily.  Our strategy is to create a coupling (wp, wq) with
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wp ~ (B |¢s)(w) and wq ~ (Q% |s)(w) in such a way that

every wp-green edge is also wq-green.

Suppose for some T O S we have constructed a coupling w? =

(wp, wl) withwl ~ (¥r(Bp) |¢s)(w) and wg ~ (r(QF) [¢s)(w)

such that every wp-green edge is also wq-green. This is trivial
for T =S.

We have chosen p so that 1 — (7)) = (1 —p- n(ﬁ))k and in par-
ticular that Psle |o] = 7(7) = Q% (el |Jf). Notice that by
stochastic domination we have

Pr(r)[e boo] < QF (€ doo [J) < Pre o). (4.64)
Therefore 7t(7) < p < 1.

Now choose an edge e € AT. We use the generalized series
and parallel laws of Theorem 2.23 to construct w’*¢ with the

properties above.

Recall the graphs Dy ., from Subsection 2.4.4. Set Dy = Dy 5 ()
and Dy = Dyry- Then Dp and Dq are isomorphic to x*(e),
weighted appropriately for IP; and Q7 respectively.

Next choose independent uniform random variables xi,..., xi
and y1, ...,y from (0,1) and N from [1, k]. We will choose e

according to the recipe in Subsection 2.4.4.

Set

e )
| |
<3
~— |~
~
~—
(AVARRN V]
=™ =
Il
3
—~
—_
~—
S
—~~ ~—~~
> >
N (@)Y
(®)) U1
N N

~ =
~—

v
—~

—_

|

R
~—

3

and recall the function

1/k
0(a, x) = (1— 1“") . (4.68)
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4.3 THE PHASE DIAGRAM FOR REGULAR TREES \

T

Now w! is such that every w.-green edge is wl-green. In par-

ticular, as e* is green if and only if it is open, we have wg (e*) >

wi (e*).

For f € T*N(T+e)" set wl**(f) = wl(f) and wit(f) =
wg (f)-

For the remaining edges number x(e) = {fi,..., fx} and follow-
ing Subsection 2.4.4 set

WS TN) = Lpgspy V @i (€) (4.69)

wo T (fi) = Upyynp V (WQ( ) A 1[y,<9(1x,yN)}) (4.70)
WS TR) = Lpgian) V @iy () (4.71)
wo T (fF) =Ny V (wé(e) /\]l[yi<0(a,yN)]> (4.72)

and similarly

wp T (fn) = Ny V w (e) (4.73)

W () = Do) V (W8 (0) ALy cowyn ) (4.74)
Wy TfR) = Ly V @ () (4.75)
wp P (fF) = Ny V (a% (e) A ]I[y,-<9(a’,yN)]) (4.76)

Sowi ¢ ~ (r..(IBp) WT)(WIP)T and wl ™ ~ (Pr.(Q%) [¢r)(wo)"

and it is easy to check that every wp-green edge of x*(e) is
weo-green. Furthermore wl(e) = 1 if and only if wlt®(fy) =

wiT(fx) = 1 (and similar for w/, T+e) therefore the colours
of edges in T* N T + ¢* agree under w! and w’*® so we have

+1

constructed w’ ™! as required.

Now letting T 1 7 we have a coupling (wp, wq) with wp ~
(B |¢s)(w) and wq ~ (Q% [¢s)(w) in such a way that every
wp-green edge is also wq-green.

For vertices u,v, p € S suppose wq € [u <= v]. The event [u <= v]
is s-measurable and so wp € [u <= v] as well. As IP; has the «

single cluster property, wp € [u «— v] and arguing as in the proof
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4.3 THE PHASE DIAGRAM FOR REGULAR TREES \

of Theorem 4.19 we may find a tree T € T, containing S with

leaf vertices uyg,...u,_1 and vy,...,v, such that
wp € [u<—ugvy<—u {... L o,<—0]. (4-77)

We argue that the above path is also open in wq.

First wp € [u <— ug]. Consider the path between u and uy. We
may split this path into two components, those edges in on the
path from p to u and those edges on the path from p to uy. As
u € S € T, the first group of edges are all in S hence are open
in wq as wq agrees with wy on S. The second group of edges are
directed away from p and as wy € up || v; there is an wp-green
path from v to infinity, hence all edges in the second part of
the path are wp-green so open in wq. Therefore wq € [u <— uy).
Similarly we have w; € [v, <= v] and for each pair u;, v; the path
between u; and v; comprises green edges on the path from p to u;

and green edges on the path from p to v; and so wq € [u; <— v;].

It remains to argue that wq € [v; Y| ;1] for each i. As we have
chosen v; and u;; to be leaf vertices of T, the path between
v; and u;q is contained in T hence the sigma algebra ¢, is

contained in the sigma algebra generated by events [e is green]
fore € Eo(T) \ Eo(T).

As the event [v; || v;41] is increasing and E{;wiﬂ-measurable for
the strong boundary condition || and as every wp-green edge
is weo-green we must have wq € [v; [ #jy1]. Therefore w, €

[ «—> v] whenever wq € [u <> v].

As wq ~ (QF |¢s)(w) for arbitrary w € Qg+ so QF has the «—-
single cluster property and in particular the events £; and £;~
are Q7-indistinguishable.

Therefore

Q7 (Je |7 )(w) = 7(T) + (T — 7(7)) Lz (w) (4-78)
=7(1) + (7 — 7(7)) Lpoe (w) (4-79)

for Q7-almost every w therefore Q} € Z5. ]

133



4.3 THE PHASE DIAGRAM FOR REGULAR TREES | 134

COROLLARY 4.24

If +— is a strongly connected random connection generated by
some strong boundary condition || such that { < 7, < 1 then
there exists some g. € R™ such that whenever g > g, there exists
T, < T, where ,%’}“;1 D {]P,r(r),Qé} whenever T € (T, 7).

PROOF
Set { = P, [e || for arbitrary e € E and recall from (3.36) the

function
Frgi(n) =1— (1 — ' (z(t)m(n)))" (4.80)

From Theorem 4.23 we have that Q} € Z7" whenever 71(77) > (;
where 77 is the largest fixed point of 7 = f(77). From Theorem
4.22 By € Z7,, whenever 71(7) < .

Now as Fy ; is continuous and F; ; (1) < 1 thenif F i (77'(Z)) >
' ({) for some T < 7'(7:) then we must have 77(77) > { and so

Ry 2 { oo, Q1 }.

The function T +— Fr x(7r'({)) is continuous and increasing

hence if for sufficiently large g we have F1(7,) 0 (70(0)) > 7(0)

then we may find an interval I;~ = (%, 7" (7)) such that Z7, 2

{H’N(T),Qé} forany 7 € I

Rearranging (4.80) we must find g large enough so that
1= 7(0) > (1= 7' ()" (481)

To see that such g exists observe that

1 _ (—=p)q
=)= q = (4.82)
— 1;19 as g — oo. (4-83)

Therefore the left hand side of (4.81) decays as g and the right
as g'* and (4.81) is satisfied for sufficiently large g. a




5 GRIMMETT AND JANSON'S BOUND-
ARY CONDITIONS

In this chapter we return to the boundary conditions described by
Grimmett and Janson [36]. In that paper the authors categorized equiv-
alence relations according to their topological properties. Here we take
an alternative but equivalent view by categorizing equivalence rela-
tions according to their quotient spaces.

Using this approach we consider two examples of canopies that are not
connected, the open boundary conditions of [36] and a new “paired tree
model.” We continue the work of [36] by providing a complete descrip-
tion of the behaviour of random cluster models with open boundary
conditions.

Lastly we introduce a random connection «—» inspired by the weak
limit in Chapter 1 on a d-dimensional quad tree. This may be described
by the map from the set of rays to the “canopy” [0, 1]d associated with
the “canonical curdling” process of Mandelbrot [51].

We are able to calculate the critical probabilities for this random con-
nection exactly and by combining this with the results in Chapter 4
we demonstrate that the «—-random cluster model exhibits all three
possible phases for every g > 1.
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5.1 EQUIVALENCE RELATIONS AND TOPOLOGY \

We have a partially complete phase picture of the random clus-
ter model for strongly connected random connections. In this
chapter we take a closer look at boundary conditions described
by equivalence relations.

Recall that 7 is some infinite tree and R = R, is the set of half
infinite paths on 7T started at some nominated root p. We may
define R, for any vertex v € V(7') and there is a natural bijection
R : R, — R such that IT and R(11) differ on only finitely many
edges.

Recall also that for an equivalence relation ~ on ‘R we may de-
fine [u || v] to be the event that there exists some pair of open
rays I, € Ry and I, € R, with R(IT),, ~ R(1T),,.

We say an equivalence relation is measurable if the event [u || v] €
Fr for every pair u,v € V. From Lemma 4.18 every measurable
equivalence relation is a strong boundary condition and so gen-

erates a random connection +=.

5.1 EQUIVALENCE RELATIONS AND TOPOLOGY

Grimmett and Janson [36] classify random equivalence relations
according to the topology on the set of rays R. We may describe
this topology by representing a ray as a configuration and inher-
iting the topology of (7.

Identify a ray II € Il with a configuration wy; € (7 where
wri(e) =1 if and only if e is on the path I1. Let Qg C Q7 be the
set of configurations {wy; : IT € R} and let R have the topology
of O under the subspace topology. It is easy to check that the
set (O is closed, hence compact and Hausdorff.

We say an equivalence relation is open (respectively closed, Borel)
if the set S~ = {(IL, IT') : 11 ~ II'} is open (respectively closed,
Borel). The classification of equivalence relations as open, closed,
Borel and measurable is due entirely to Grimmett and Janson
[36]. Furthermore it is proved in [36] that these classifications
form a hierarchy as follows.

136



5.1 EQUIVALENCE RELATIONS AND TOPOLOGY

THEOREM 5.1: GRIMMETT-JANSON

e Every open equivalence relation is closed.
e Every closed equivalence relation is measurable.

e Every measurable equivalence relation is Borel.
Yy

We include a proof of this statement for completion and as a
vehicle to introduce some new terminology. The underlying ar-

gument is unchanged from that in [36]

PROOF

The first statement will follow directly from the forthcoming The-

orem 5.4.

For a pair of rays I1;,II; € R define the thread 9(11;,11x) € Q7 to
be the configuration such that

1y, (8(11y, 1)) = |, (¢) — wim, (e)] - (5.1)

That is 9(I13,11,) € J, if and only if e is on exactly one of the
paths ITy, II,. Let ® = #(R?) be the set of threads and notice
that the set ©® does not depend on our choice of root vertex p.

Say a thread ¢(11y,112) is a stitch if IT) ~ I, and a darn otherwise.
Let ¥ be the set of stitches and X’ the set of darns. Now @
is a continuous (hence closed and measurable) map R? — Q7.
Therefore if ~ is a closed equivalence relation the set of stitches
Y. is closed and if ¥ € %7 then ~ is Borel.

First notice that for each u,v € V(T) the set [u<—v|NO is
exactly the set of bi-infinite paths that pass through both u and
v. Now for any ray II the set of stitches X contains &(I1, IT) which
is the empty configuration. The set of darns however contains
only bi-infinite paths and so for any darn ¢ € X° there is some
pair of vertices u,v € V(T) with ¢ € [u <= v]. Furthermore we
have

YXN[u—=o]=0n([uo]\[ulo]). (5.2)
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5.1 EQUIVALENCE RELATIONS AND TOPOLOGY \

Thus if [u || v] € .%r we may take a union over the countable
set of pairs (u,0) and X¥ € Zr. Therefore for any measurable
equivalence relation ~ on R the set X € .% hence ~ is Borel.

Now for a finite tree T € T, let A] | be the event that there exists
some stitch ¢, € X that passes through both # and v such that
every bond e € (T \Il,,) on the thread 9; is open. We claim
that if X is closed then [u Il v] = Nrer, Al

uu*

First if u || v then we may set 9; = 9(I1,,11,) for some pair of
open rays IT, € Ry and IT, € Ry, hence [u il 9] € Nrer, Ao
Conversely if we have A], for every T € T, then if ¥ is closed
we may choose some limit point ¢ € X such that for any T €
T there exists T D T such that ¢ agrees with ¢ on T, hence
every e € (T \ II,») on ¥ is open and as T is arbitrary we have
¢ = 9(11,,11,) for some pair of open rays I, € R, and IT, € R,
hence [u Il 0] = Nret, Alp € T

Therefore [u |\’ v] = Nrer, Al , € Fr for any closed equivalence
relation ~. ]

Now we take an alternative view of Grimmet-Janson type bound-
ary conditions. Rather than considering the equivalence rela-

tions themselves we focus on the quotient spaces.

DEFINITION 5.2

Let ~ be some equivalence relation on the set R define the
canopy of ~ to be the set

C={{" elly:R(I') ~11} :11€ R}.

There is an obvious bijection between C~ and the quotient space
R/~ and we equip C~ with a topology such that the two spaces

are homeomorphic.

The canopy gives us an alternative view of the random connec-

tion. For a vertex v € V(7) and a point ¢ € C~ write u | if there
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5.1 EQUIVALENCE RELATIONS AND TOPOLOGY

exists an open ray IT € ¢ N R,. Notice that we may express the
event [u Il v] = Ueee [4 de, v el

We may extend the random connection < to the canopy.

First we define a random neighbour relation on C by defining
events [C1 ¥\ (2] to be the event that there exist rays Iy € ¢; and
Il € ¢3 such that the thread ¢(11;,11,) is open.

We wish to extend the relation ~ to an equivalence relation on
C. This idea is easiest to visualize when C is a discrete space and
we explore this idea in more detail below. First we write down

the equivalence relation generated by .

LEMMA 5.3

For ¢1 # ¢ € C set

cresea] = U (ule]Nuso]Nlole]) (53)
u,0eV(T)

with ¢ «— ¢ for every ¢ € C.

Then « is the smallest random equivalence relation on C such

that ¢; < ¢» whenever ¢  Cs.

PROOF

First if ¢c; v ¢ then there is some open thread &(ITy,I1x) with
Il € ¢; and I € ¢p. Then for any pair of vertices u,v on the
thread we have u |, u <= v and v |, hence ¢; «— . It is
easy to see that the relation +— is symmetric, for transitivity
suppose 1 «+— (3 and ¢ < ¢3. Then we may find vertices u |.,,
v e, ¥ le, and w Je, with < v and v’ «— w. In this case we
have v || v’ and so u < w. Therefore + is indeed a random

equivalence relation on C.

Now suppose there is some smaller equivalence relation <*» on
C, satisfying the above. Then we may describe a second equiva-
lence on V(7)) by setting u «*» v if u <— v or there exist ¢; +*» ¢,
with u ¢, and v |,.
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5.1 EQUIVALENCE RELATIONS AND TOPOLOGY \

It is easy to check that <*» is an equivalence relation on V(7°) and
that u <*» v whenever u || v. Therefore as < is the smallest such

equivalence relation on V(7)) we see that if for any ¢; # ¢, € C

we have
[c1 e ca] C [ude,| N[0 de,] N [1 > 0] (5.4)
C lude]Nfode,] N{u0] (5.5)
- [Cl x> Cz] . (5.6)

So « is indeed the smallest random equivalence relation on C

that satisfies the conditions of the lemma. ]}

A canopy gives an alternative method of specifying an equiv-
alence relation, and hence a random connection. Rather than

defining an equivalence relation and then determining the canopy
and its topology we may describe the canopy directly as a topo-
logical space and specify a continuous map R — C. This defines

an equivalence relation and if that equivalence relation is mea-
surable we may define a random cluster model on the pair (7,C).

We use this method in the next section where we define a ran-
dom cluster model based on the map from R — [0, 1]d implicit

in the definition of the QuadTree.

First we state a relationship between the topological properties
of the canopy and the equivalence relation.

THEOREM 5.4

i). An equivalence relation ~ is open if and only if C~ is a

discrete topological space.

ii). An equivalence relation ~ is closed if and only if C~ is
Hausdorff.

iii). The random connection <= is connected if and only if C~

is connected.
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5.1 EQUIVALENCE RELATIONS AND TOPOLOGY \

PROOF OF 1.

Let g : R — C~ be the quotient map, combined with an appro-
priate homeomorphism (R/~) — C ~.

If C~ is a discrete space then the set {I1" : IT' ~ 11} = g1 - q(11) is
the pre-image of a single point in the canopy which is open in
the discrete topology. Therefore {(I13,IIp) : Iy ~ Iz} is a union
of open rectangles and is open.

Alternatively if {(I13,IIp) : IT; ~ IIx } is open then for any IT € R
we may find some open rectangle a x b C {(ITy,ITp) : I} ~ I}
with (I1,11) € a x b. In particular 1 € anNb C {11’ € R : 1T’ ~ 11}
thus each equivalence class is open. As the equivalence classes
form a disjoint open cover of the compact set R there may be
only finitely many of them, thus each equivalence class is both

open and closed and C~ is a finite discrete space. a

PROOF OF II.

If C~ is Hausdorff then for any pair I1; ~ Il we may choose a
pair of disjoint open sets 01 3 q(IT;) and 0, > g(I1x) C C~. As
the sets 01 and 0, are disjoint then g1 (01) x g1(0,) is an open
rectangle with

(M, 1) € g7(01) X 07 (02) (5.7)
C {(11},113) : 11y = 112} . (5.8)

Therefore {(I1},115) : ITj = I1,} is open in R? and in particular
{(11},11}) : 11} ~ 11} } is closed.

Alternatively suppose the set {(I1},11}) : IT] » IT} } is closed and
choose x1 = ¢(I1y), x2 = g(I1p).

The equivalence class g™ (x;) is the projection of the compact set
({m} x R) N {(11},115) : 11} ~ 11, } and is closed.

So for any ray IT, ~ Il the rectangle g7 (x1) x {115} is a compact
subset of the open set {(I1},IT}) : I} » I1;} and we may choose a
finite cover of g1 (x1) x {115} by some finite set of open rectangles
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5.1 EQUIVALENCE RELATIONS AND TOPOLOGY \

{a; xbj:i=1...n} with a; x b; C {(11},11}) : IT] » I15}. Then

we may choose a open rectangle

g (x1) x {1} C ( U “z‘) x ( N bf) (5:9)

i=l..n i=1l..n

C {(I1},115) : 11) = 1Ty } . (5.10)

The rectangles above are open and cover the closed rectangle
g7 (x1) x g7 (x2) thus we may choose a finite subcover and, com-
bining in the same fashion as above, we may find a open rectan-

gle

g x1) x g (x2) CAxBC {(1},115) : T} = 15} . (5.11)

We finish the proof by arguing that g is a closed map. Let S
be any closed set in R and assume without loss of generality
that g(S) contains x; but not x,. From above we may choose
disjoint open sets A, B with g(x;) C A and g'(x2) C B. As x;
is an arbitrary point of S we may choose a finite set of such pairs
A;, B; with S € U, A; and g7'(x2) C N/, B;. The set N}, B; is
open and as x; is an arbitrary point of R \ S the set g1(C~\ 4(S))

is open in R, hence 4(S) is closed.

So for arbitrary x; # x, € C~ we may choose disjoint open sets
A D qY(x1) and B D q!(x2). As g is a closed map the sets
C*\q(R\ A) > x;and C~\ q(R \ B) > x, are disjoint open sets
and C~ is Hausdorff. ]

Before we prove the last statement we state and prove a prelimi-

nary lemma.

LEMMA 5.5

Subsets A,B C C~ have disjoint closures if and only if there
exists a tree T € T such that any thread ¢ € ¢(57(A) x 7(B))
passes through T.
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5.1 EQUIVALENCE RELATIONS AND TOPOLOGY \

PROOF
First assume A and B are closed sets, then ¢(77(A) x q1(B)) is

a continuous image of a compact set, hence is compact.

If in addition there exists some sequence T;, T 7 and threads 8, €
(A x B) such that ¢, does not intersect T,. then the sequence
¥, converges weakly to the empty configuration, ¢, € X. Thus
there is some ray 11 € g'(A) Ng'(B) and A and B cannot be
disjoint. Conversely if A and B are not disjoint then then there
is some ray II with g(R) € AN B and so ¥(q'(A) x g'(B))
contains the empty configuration. W]

PROOF OF THEOREM 5.4(111)

Let T € T be a finite subtree and let w; be that configuration
with wT( ) = 0iff e € T. Now consider the equivalence relation

<“Is on C~ and write TT; ~ TI, if q(TT;) <“Z> q(T1,). Notice that the
measure concentrated on wy has the smgle cluster property if

and only if the quotient space C~/<“L> consists of a single point.

Now suppose I ~ IT, and let 1] and I1} be any two rays such
that neither IT; and I} nor II; and IT, differ on T. Then the
threads 9(I1y,117) and &(IIy,I15) do not intersect T and so are
open in w;. Therefore q(I1;) <“L» q(I1}) and q(Hz) Lo g(I1,) so
we have I1] ~ I1} and in partlcular the relation ~ is open.

Therefore the quotient space C~ /<L is a discrete space. Hence
if C is connected C~/<«“L> is a single point and the measure con-
centrated on wy has the single cluster property. As T is arbitrary
the random equivalence relation += is connected whenever C~

is connected.

Alternatively if C~ is not connected we may partition C~ into
two disjoint closed sets A and B. From Lemma 5.5 we may
choose T € T such that any thread ¢ € ¢(A x B) passes through
T. Therefore the configuration w; does not contain any open
thread ¢ € 9(A x B) and the equivalence relation ~ is contained
within (A x A) U B x B. Therefore the measure concentrated on
wrt does not have the single cluster property and «=» is not con-
nected. a
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5.2 NONCONNECTED RANDOM CONNECTIONS \

5.2 NONCONNECTED RANDOM CONNECTIONS

Our analysis of random connections in the last section was re-
stricted to strongly connected random connections. In particular
we have shown that for any strongly connected random connec-
tion < the wired random cluster model satisfies DLR condi-
tions for «<— when 7 is sufficiently high. If a random connection
is not strongly connected then the wired random connection will
not satisfy DLR conditions for high T and we must take an al-
ternative approach. In this section we will look at two examples
of disconnected canopies where we may still describe the phase

diagram.

5.2.1  Open Boundary Conditions

If ~ is an open equivalence relation then the canopy C~ is a
finite discrete space. Therefore the random equivalence relation
<~ divides C~ into finitely many “boundary clusters.” Each
boundary cluster corresponds to exactly one infinite cluster of
the tree, informally then the random cluster model on a pair
(7,C~) has in some sense only finitely many more clusters the

the wired random cluster model.

Can we then weight the wired random cluster model according
to the number of boundary clusters in the same way that we
weight percolation on a finite graph according to the number of

percolation clusters to obtain a <~» random cluster model?
Our next theorem gives a positive answer to this question.

THEOREM 5.6

Suppose C = C~ for some open equivalence relation ~ Let «. :
Q7 — NN be the number of equivalence classes of C under the

equivalence relation <“» defined above.
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e A measure ¢ on ()y is a <— random cluster model if and
only if there exists ¢* € %5 such that

o(4) = 7] [1a(w)<“dg"(w) (5.12)
for the normalizing constant Z, = ¢(q"¢).

e For a configuration ¢ € Q) rwe have wlimr, Qf” =@ c
Z3 if and only if wlimryr Q’:T = ¢* € X5 with ¢ and ¢*
related as above.

PROOF

First let ¢; # ¢, be any two distinct points of the canopy. As C
is a discrete space the points ¢; and ¢, are closed disjoint sets
hence there is some tree S € T such that any ¢ € d(c; x ¢2)
passes through S.

As there are only finitely many such pairs then we may assume
that S above is large enough that any darn ¢ € X must pass
through S.

Now let T be any finite tree with S C T € T and recall the
map ¢ : Qr — Q. We claim that for any vertex v € T and
for any pair ¢; # ¢ € C the events [v |, ] and [c; N 2] are
{r-measurable.

As the root p is arbitrary we may assume without loss of gener-
ality that p = v so that R = R,.

For a ray IT € R recall the configuration wy; € (7. Let R C Q7+
be the set of configurations

R=A{yr(wn): 1€ R}. (5.13)

Now as R C Q7+ is finite we may choose finitely many represen-
tatives {I1],...,II} } such that for any IT € R we have ¢;(wn) =

Pr (wHI'T> for exactly one i € [1,n].
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5.2 NONCONNECTED RANDOM CONNECTIONS \

Notice that for any ray I1 € R if ¢r(wn) = ¢r (wH;> then wy;
and wy;r agree on T and so ¢(11,117) € J,* for every edge ¢ € T.
Hence the thread ¢(I1,11] ) does not intersect T and so IT ~ IT].

In particular we may partition R into subsets

R=|]|R (5.14)
ceC
where
Re = {IPT (wniT) ‘HZT € C} : (5.15)

Furthermore w € [v |¢] if and only if r(w) > Pr(w;) for some
w; € R¢. Therefore [v || is {;-measurable and as every darn
intersects T we have

ler o] = U [0 der, v e (5.16)

veT

is Pr-measurable.

Now the equivalence relation < is generated by \~ and is ;-
measurable. In particular for u,v € V(T) the event [u <~ 7] is

Yr-measurable also.

Say a point ¢ € C is T-isolated if there exists no v € T with
T lc. Define a random variable #; to be the number of T-isolated
points in the canopy.

Notice that from (5.16) if ¢ is T-isolated for T O S there can be
no ¢ with ¢ »~ ¢/. Furthermore for any ¢ € Q7 the random
variable ¢; is constant on Qg

Recall that x7(w) is the number of finite < clusters that intersect
T. Now as each <—-equivalence class of C is either a T isolated
point or corresponds to exactly one «“~»-cluster that intersects

T we have

Ky 4+ b = K7 + . (5.17)
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5.2 NONCONNECTED RANDOM CONNECTIONS \

In particular for every ¢ € ()7, from the definition of the cylinder

random cluster models Q}i') and @% we have

Q5 (w) (Zf” )'1 Pr(w) - g7 ()

— = - (5.18)
6 * K
QT(w) <Z§« ) ' ]I)T(w) . qKT(w)
() grew)
( = q q (5.19)
_ -1
= (@) g (520

where the last line follows from the observation that the quan-

ol
tity < 1 g lrlw )> is Jr-measurable and hence is a normalizing
zge

T
constant.

We may express (5.20) in the form
O K o< O K
QX ) = Q7" (X)Q(7) (5:21)

for any .#r-measurable random variable X.

Now suppose ¢* € %, is a wired random cluster model and

set
o(4) = 9"(g)" [ 1a(@)q®“dg* (w). (522)

We claim that ¢ is a <—=-random cluster model. To see this
let X and Y be ¢*- integrable random variables, with Y 7-
measurable. We have

p(XY) = ¢ (@) [ X@Y(@)q*Ddg () (523)
=" (q%) /(P (Xg™ |71)(5)Y(D)de™(E)  (5.24)
= 9" (@)" [ QHX-g)Y(@)de" (@) (525)

= ¢"(7)" [ QI (0T Y (@)de" (@) (5:26)
=00 [ Q0 OY@dg @) G27)
= [ Q0¥ (@)dg(@). (528)
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5.2 NONCONNECTED RANDOM CONNECTIONS \

So (¢ |77)(¢) = Q‘f” for sufficiently large T € T, hence ¢ €
Z7. The converse is identical replacing g*¢ with 47" and so
¢ € Z7 it and only if ¢* € Z5.

Now given ¢ € ()1 such that @%%q)* as T T T from Lemma 3.12
@™ is a Markov chain and ¢/ (@%) — Pp(¢*) as T 1 T for every
T € T.

In particular for any continuous simple function X we have

Qi (%) = (Q}(r)) " (x4 (5.29)
2 (9*(q°) " @* (X q¢) asTHT (5.30)
= ¢(X). (5.31)

Conversely if @éT does not converge then by compactness we
may choose sequences of trees T, and T}, such that @%{ﬁﬂp* and
@%%(p* with ¢* # @*. Then setting ¢ and ¢ as above we have
wlimQ}i” =@ # = wlimQ"Ti”. =]

5.22 The paired tree model

Open boundary conditions concern discrete canopies containing
only finitely many points. For our next example we consider a
totally disconnected infinite canopy.

We will consider a random connection on a forest containing
a pair of identical trees. We have not defined the apparatus
of random connections on a forest. However we may consider
such a forest as a single tree with one edge removed, either by
conditioning it to be closed or by setting the bond strength to be
very low.

Let 71 and 7; be a pair of trees such that there exists a graph
homomorphism ¢ : V(77) <> V(72). For simplicity, assume that
both 73 and 7; have isotropic bond weights y(e) = 7. Set F =
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5.2 NONCONNECTED RANDOM CONNECTIONS \

T1 U T2, we interpret { as a reflection on F by setting { = {!. We
abuse notation by allowing ¢ : E(F) — E(F) to be the induced
map on the set of edges.

We introduce a random neighbour relation {[u || v] : u = {(v)}
on F where u J| v is the event that there exists a ray IT € R,
such that both IT and {(IT) are open and let < be the random
connection generated by JJ..

We leave it to the reader to convince himself that the random
relation J| generates a random connection. This may easily be
seen by noting that by nominating a root p € V(77) arbitrarily
and adding an extra edge (o, {(p)). We may describe the random
connection generated by || in terms of an equivalence relation

on the new tree.

THEOREM §{.7

~ i 2 2 ~ .
Set T = 71'1(7‘((1’) ) = m and let T be the tree iso-

morphic to 77 but with edge weights y(e) = 7.

Then the sets #Z5" and %*% are homomorphic.

Before proving Theorem 5.7 we will examine the random con-
nection <—> more closely. In particular we wish to show that for
abond e = (u,v) € E(T7)

LT =Jge N [u H Zw)]No | 2(v)]. (5.32)

Choose u,v € V(71) and suppose u < v. We may find a se-

quence of vertices uy, ..., u, € V(71) such that

us—ug Y Z(uo) = C(ur) ... b up<—o. (5.33)

Now suppose there exists some i such that u; above is not on
the direct path from u;_1 to ;1. Let u} be the vertex closest to
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5.2 NONCONNECTED RANDOM CONNECTIONS \

u; on the direct path from u;_; to u;; 1. Assume without loss of
generality that i is even, then we have

ui—q = ui Y (ui) = C(uig1) (5-34)
& uig o up = g Y T(u) <= T(ug) <= L(uiv1)  (5.35)
& iy = g W g (uf) <= C(ui)- (5:36)

So we may assume without loss of generality that each u; is on
the direct path from u to v. Now if (u,v) € E(77) then there are
only two vertices (1 and v) on this path. Therefore if we have
u < v then either u <+— v or u }| {(u) <= {(v) ) v.

Now we may use this observation, specifically in the form of
equation (5.32) to describe the random cluster model on the

paired tree.

PROOF OF THEOREM 7.7

Let T be the tree isomorphic to 71 but with edge weights y(e) =
T as in the statement of the theorem.

Ignoring edge weights, 7 is isomorphic both to 7; and 73. For
an edge e € T let e; and e, be the corresponding edges in 73 and
T respectively.

Now we define a second tree S by replacing each edge e € E(7)
with two edges é; and & in series. Specifically we let V(S) =
V(T)U{v.: e € E(T)}. For definiteness we direct 7 arbitrarily.
For each e = |u,v) € E(7~') we set & = (u,v,) and & = (v, V)
and let E(S) = {¢:ec E(T),i e {1,2}}. Assign S isotropic
edge weights y(¢;) = 7.

Now we create homomorphisms between the sets of random

cluster models.

Define ¢ : Qr — Qg and ¢ : Qs — Q5 by setting

v (Jo) = Jews (5.37)

47-1 (]6) = Ja N Je,. (5-38)

The theorem follows from two claims
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® ¢ is a random cluster model on S if and only if ¢(¢) is a
random cluster model on 7 and

0= [ (Pris) ) (@)dg(w). (539)

o ¢ is a random cluster model on F if and only if ¥(¢) is a
random cluster model on S.

The first claim follows from the generalized series and parallel
laws. For T € T3 let S € Ts be the tree containing &; and &
for every e € T and let ¢y : Qs+ — Qr- be the map defined
by setting ;' (J.) = J; N Je, for e € E(T) and ¢r(Jo) = Jor for
¢ € A(S). (Recall only one of é;,é, is a leaf of S.)

From Theorem 2.23 (applied once to each edge e € T) for every T
entrance law H there is a coupling w = (ws, wr) ~ py such that

Ws ~ Q]g/ Wy = {/)VT(CUS) ~ Q]% and VH(CUS |(UT) ~ (IPS* IFT)(WS)'

Letting T 1 7 the first statement holds for all extremal random

cluster models and hence ¢ is a homomorphism between %
and Zs.

For the second claim choose some u € V(7) C V(S). Then

there is a pair of vertices v = ((v2) € F corresponding to v.

Now v J in S if and only if there is some v-ray IT in 7 such

that both &; and é; are open for every edge e on I1. Therefore we
have ¥ 1[v o] = [01 J| 2]

From (5.32) we have

P (LE) = ¢ [ o] NPT (Jo) N9 [0 — o] (5.40)
= [ur Y ua] N Je, N [02 | v1] (5-41)
=L (5.42)

Therefore if () € %5 we have

(¢ [7) = (¥(9) |7 )(w) (5-43)
= 71(7) + (T = 7(7)) Uy (w) (5.44)
= 71(7) + (7 = 71(1)) U gpe (@) (5-45)
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and so ¢ € Z5".

It is easy to see that the induced maps ¢ : Z7 — Zs and
O Ry — Zz are homomorphisms hence #5" is homomorphic

to %*% as claimed. ]

5.3 PERCOLATION WITH MANDELBROT BOUND-

ARY CONDITIONS

Recall from Chapter 1 we defined a informally a random connec-
tion «— on a rooted 27 tree by considering the small A limit of
the QuadTree.

The QuadTree is a graph whose vertices are a set of pixels, dyadic
subcubes of [0,1]d. For clarity we will use P, to represent the

pixel associated with a vertex v.

Now we recall some terminology from Chapter 1. For a set of
pixels P, T(P) is the set of tree edges in the form e = |Mm(v),v)
where M(v) is the unique mother pixel of v. L(P) is the set
of lattice edges of the QuadTree, these will not be bonds in our
probability space, but will be useful is navigating the underlying
tree. Recall a screen S is a rectangle in IR? that may be partitioned
up to a set of measure zero by a set of pixels R C PF where n
is the resolution of the screen.

Now let IT = (v1,v2,...) be a directed path on T(Q). For each
i < j € N we have v; € D(v;) and so P,, D Pu;s furthermore the
sidelengths of P, decrease to zero, so by compactness of [0, 1]d
there exists some point

[ee]

¥() =2, €[0,1)". (5.46)
i=1

Set T = (P[[O’OO]],T<PHO’°°H>) with bond weights y(e) = 7. We

fo)? fo)?
have defined a continuous map ¥ : R(7) — [0, 1]? this defines
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FIGURE 10

The QuadTree structure from Chapter 1, this time we are interested in
the underlying tree together with a random connection defined by the

canopy |0, 1]d.

an equivalence relation on R which, as [0, 1]d is Hausdorff, is
closed by Theorem 5.4 hence measurable from Theorem 5.1.

The results in Chapter 4 concern regular unrooted trees. 7 is a

rooted tree, that is it has one vertex with only 27 adjacent vertices.

However the difference between rooted and unrooted trees is
in this case only cosmetic. We have used the symmetry of the
regular tree only once, in the proof of Theorem 4.21. It is easy to
check that this theorem holds for the rooted tree as well as for

the unrooted tree.

NOTATION

Define the canopy of 7, C = [0,1]°. Let X be the equivalence
relation on R generated by the map ¥ : R — C described in

(5.46) and let «— be the random connection generated by ~.

Now define a strong boundary condition {{ that generates «—.

Recall the subnetworks " of pixels of resolution n. For u,v € R"
let [u { v] be the event that there exists some ¢ € P, NP, such
that u |, and v |..

It is clear that | is a strong boundary condition and generates
the random connection «—. To see this notice that for u,v € "
we have u { v if and only if u |{’ v where u ||’ v is the strong
boundary condition in Lemma 4.18. It is easy to see that if u €
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R and v € R" with m < n then there exists some u’ € B" with
u<—u and v’ { v.

The map ¥ is clearly surjective and the canopy C = [0,1] is
connected. Therefore the random connection «— is connected

also.
The aim of this section is to show

THEOREM 5.8

e If d = 1 the random connection «— is connected but not
strongly connected.

o If d > 1 the random connection «— is strongly connected.
o The critical percolation probabilities are
1-d
- =27

T =T (5-47)

The first two statements follow directly from the third. We will
prove the third statement as two lemmata, a lower bound in

Lemma 5.9 and an upper bound Lemma 5.14.

5.3-1  Mandelbrot's Percolation process and .

The map Y is not new. The image of the set of open p-rays
{ceC:plc} corresponds exactly to the famous canonical cur-
dling process of Mandelbrot [51]; often refered to simply as Man-
delbrot’s percolation process. The tree was not explicitly men-
tioned in [51] and Mandelbrot’s arguments were in places non-
rigorous.

Chayes et al. [16] formalized the study of Mandelbrot’s percola-
tion process relying heavily on the percolation process IPr. The
authors were especially interested in connectivity properties of
the image {c € C : p |}, which are not a concern here. How-
ever the paper contains the quantity 2" as a lower bound for
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the connectivity threshold of Mandelbrot percolation and their

argument may easily be adapted for our purposes.

LEMMA 5.9

IPr has the «—-loopless property if and only if T < 27, that is

1d
T =272

PROOF

We follow Chayes et al. [16]. We will be brief as we are only
adapting an existing argument to a new setting. A more detailed

version of this argument appears in [16].

Suppose T < 2'7" now choose 1,0 € R If p, NP, is empty then
the event [u i v] = @. If », NP, is not empty then it must be

some d-dimensional subcube of C with d < d.

Now choose a point ¢ € », NP, and let IT, = (u = up, uy,...) €
RyandIl, = (v =09, v1,...) € Ry be directed rays with ¥ (11,) =
¥ (11,) = c.

Now for each i € N we have (p, N7P,) D (P, NP

Uit1 Vit1

) 3¢
Therefore there is some decreasing sequence of integers d; such

that 7, NP, is a d; dimensional cube.

As d; is decreasing it is eventually constant. Let [u {4 v] be the
event that there exist open directed rays II,,I1, as above with

d; = d for every i > 0.

In particular if u W7 v then for each i € N, P,, is the orthogonal
reflection of 7, in the d-dimensional hyperplane containing », N
P,. Now the subtree T, with vertices {ii:P, D P, D P,N7P,}
is a rooted 29-tree and u {7 v if and only if there exist some
path IT, = (u = up, uy, ...) such that both IT, and the orthogonal
reflection of 11, are open. Therefore IPr [u W7 v] > 0 if and only
if 12> 274,

Asjgd—lthen]PT[ngLv]>Oifandonlyif1’>2%. =]
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5.3.2 One-dependent percolation and jungles

We move on to the upper bound. Our aim is to use renormal-
ization techniques to construct a giant cluster far from the root
that is large enough to intersect any infinite cluster with high
probability.

For any screen S C IR? we may define a forest (73[[0’00]], T (753[[0,00}]) ) .
We interpret the rays of this forest R(S) to be the set of half infi-
nite paths started at some 7 € R°.

Now associate with each screen a jungle Js consisting of the
forest Js = (QHO’WH,TO?[[O’WH)) together with the canopy map
¥ :R(S) — S and induced random connection «— on Js.

We will be particularly interested in the jungles induced by lat-
tice edges of the QuadTree. For an edge ¢ = (u,v) € L set
Je = Jp,up,- 1t will be convenient to stage our argument not on
7 but on a jungle consisting of two trees isomorphic to 7, for
arbitrary ¢ € L. So denote the cuboid 2C = [—1,1] x [0,1]*"}
and set J = Je.

We name the two root vertices of the forest 7, p and p’ where
P, = 10,1 and P, = [-1,0] x [0,1]*" ",

Now for any edge e € L( ZC[[O’“’]]) we have 7, C J We may

consider .%;, to be a subset of .Z;.

We wish to define block events, that is a set of similar events
{Ae ec L( ZC[[O’Oo]]> } with A, € .%;. These should be inter-
preted as copies of an event A € .%; occurring on the subgraph
Te-

We will construct such events using a recursive renormalization
argument due to Balister et al. [3]. To this end it will be con-
venient to define our block events formally in such a way as to
make use of the recursive structure of the QuadTree.

For any isometry f : 2C — 2C there is an induced homomor-
phism f : Q7 — Q7 which preserves the random connection
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«». Let 9 C %7 be o-algebra of events invariant under all such

homomorphisms.

For an edge e € L(Eaﬂo’mﬂ) choose an arbitrary similitude ¢ :
2C — (P, UP,) and extend to a map J — J in the obvious way.
We may then define § : Q7 — Q7 by setting &' (Jo) = Jy(e)-

Now define a map T, : 4 — % by setting T,(A) = §1(A). As
we have restricted ourselves to the invariant c-algebra ¢ the map

T, does not depend on our choice of similitude.

To prove the remaining part of Theorem 5.8 we will consider
events defined recursively by mapping ()7 onto the configura-

tion space of a smaller graph g.

Letg = (7236[[0’1]], T (72%[[0,1}]) UL (723(:1)) be the graph ¢ with vertices
p, o' and the 29%1 vertices of B! together with the associated tree
edges and the lattice of the bottom layer.

For an event A € ¢4 we define a map @, : 0y — Qg by setting

i Je cife e T(G),
L(],) = 48
Ue) {TE(A) :ife € L(9). (549

Informally then the states of the tree edges of G are preserved.
The remaining lattice edges are opened if the event A occurs in
the jungle 7.

Now consider a second event B € .%;. If B is invariant under the
group of symmetries of 2C then we may define a map W; : 4 —
¢ by setting

Wi(A) = {w € Qy : ®,(w) € B}. (5.49)

It will be crucial to our argument that if two lattice edges e =
(u,v) and edge ¢ = (1/,v') do not share a common vertex then
the forests J, and J, are disjoint and so the events T,(A) and

To(A) are independent under Py.

Our proof of the upper bound for Theorem 5.8 will involve re-
cursive applications of maps in the form W;, in particular we
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FIGURE 11

Plots of the function (1— p)* — (1 —2p (1+(1-71) p)2> with T = 27"
for integer d. The darker line is the case when d = 2.

will establish lower bounds on the probabilities P7(W;(A)) as
functions of Py (A).

Now let us consider the event [p «— p/].

-1
2

We have seen that when 7 < 2"z we have Pr[p «— p'] = 0. Next
we show that this probability as a function of T displays a dra-

matic discontinuity at the critical point.

LEMMA 5.10

If T > 2'2" then Pr[p « p'] > 0.9.

The heart of the proof is to observe that for any w € ()7 we have
p « o' if and only if @, (w) € [ <= p']. Therefore the event
[0 «= p'] is invariant under the transformation Wi, .

Before proceeding we state a numerical inequality.

LEMMA 5.11

If T = 2'2" for some d € [2,00] then for every p € (0,0.9]

2

1-2p (1+(1-1)p) < (1—-p)".

Figure 11 shows plots of (1—p)” — <1 —?p (1+(1-1) p)z) for a

1
few values of T < 7 We may see that for every value of T

pictured there is a single root larger than 0.9. The bound of 0.9 is
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FIGURE 12
(uO/l) (M],l) ("U],l) (00/1)
b p + p + 4 ﬂ
.G G

F—r—o—r—&F—r—o | y
(40,0) (u41,0) (v1,0) (v0,0)

A subgraph of G for d = 2 and d = 3. The inequality in Lemma
5.11 comes from considering independent bond percolation with the
probabilities indicated on the left hand graph.

necessary for the next part of our argument and is not tight. We

will delay the proof of Lemma 5.11 until the end of this section.

PROOF OF LEMMA 5.10

Set p = Py [p «— p']. We estimate the probability Py (W[pHp/] (A))
in terms of IP7(A) and show that p must satisfy the inequality

in Lemma 5.11.
Consider the set of pixels B!. The pixels have a grid structure
isomorphic to [0,3] x [0,1)°"" € Z4. We relabel the vertices

72301 = {uo, u1,v1,00} X {O,l}d_l. (5.50)
With the convention that the vertices ug, 11, 01,09 run from left
to right.

For each x € {0,1}d we name the left,middle and right edges
connecting the pixels {ug, u1,v1,v9} x {x}

0, = ((up,x), (u1,x)), (5.51)
m, = ((u1,x), (v1,%)), (5.52)
r. = ((v1,x), (vo, X)). (5:53)

We consider only subgraphs of G in particular we include only
tree edges T(G) and the named edges Uxe{o 11 {¢,,m,,r.} par-
allel to the edge (p, p’).

The subgraphs in Figure 12 may be divided into 2¢~! indepen-
dent “arms”, we calculate first the probability of an open path

across each arm.
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Name events Ly, M, and R, in .% 7

Ly = Jip,(ur,2)) Y <]<p,(u0,x)> N®,, [p« Pl]> / (5-54)
My =®,,[p« (] (555)
Ry = Jip (01,0 U (f (0, (v0,)) N P[0 p’]) / (5.56)
Ex =Ly N MyNRy (5-57)

Now the tree bonds [, (%)) and Ji, u,x)) are independent of
Z 7, and so we have

Ps(Ly) =1+ 7(1—1)p. (5.58)

By symmetry we have P7(Ry) = PP7(Ly) and as the events L,
M, and R, are increasing then by the FKG inequality we have

H)J(Ex) = ]PJ(LX) ’ ]Pj(Mx) ’ IPJ(RX)
=7p (14 (1—1)p?)
>p (1+(1-1)p?)

1-d
where 7, =272 .

Now for each x € {0,1}9"

E. C [p«»uy «» vy« p'] C [p«>p]. (5.59)

Furthermore the set of events {Ex x € {0,1}d} are indepen-

dent and so we have

p > ]PJ ( U Ex) (5-60)
xE{O,l}d*l
d-1

1-p<(1-2p(1+1-w)p)) (5.61)
1-pT<1-Pp(1+(1-1)p). (5.62)

And so by Lemma 5.11 we have Py[p «— p'] > 0.9. a
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It remains to prove Lemma 5.11. We have seen in Figure 11 that
the inequality holds for a variety of choices of 7, and we would
expect that the lemma holds for every T € (O,%), not just
for integer d. However by restricting ourselves to a sequence
of values we my use an induction argument which avoids the

exponent 72 on the right hand side.

PROOF OF LEMMA 5.11

First consider the case when d = 2, then 72 = % and by squaring
both sides of the inequality we need only check that

0<(1—P)—( —Z(H(l—\%)p)Z)Z (5.63)
=G(p)p? (5.64)

for some polynomial G. Careful expansion gives us

G(p) = V422 [92 1 64v/2 — (56 + 40v2) p
— (36+24v2) p? - (8+4v2) p* — p'].
(5.65)

Now %ﬁ > 0 so G is decreasing in p we need only check

that G(0.9) > 0 and we may calculate

17 —12V2 y 59519 + 56440+/2
16 10000

G(0.9) = > 0. (5.66)

Now we argue inductively in d, set T = 25 and £ — 2#/

assume that
=2
1-p)" >1-%p (1+(1—%)p)° (5.67)

and notice that 2 = 272.
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Hence

NI—=

1-p"=(a-p7) (5.68)

> (1-?pa+1-9p)) (5.69)

— (1 —27%p (1 + (1 — \fZ'r) p)2> : . (5.70)

N—=

So combining (5.70) with (5.67) and squaring it is enough to
show

1-27%p (1 + (1 - ﬂr) p)z > (1 —2p(1+(1-1) p)2>2

(5.71)
for0<T<27 =05and 0 < p <09.
Set

(1-2e2p(1+(1-v21)p)) - (1-22p(1+-(1-1)p)?)’
2°p

fltp) = (5.72)
We prove (5.71) by first showing f(0.5,p) > 0 for 0 < p < 0.9
and then showing that f is decreasing in 7 for 0 < 7 < 0.5,
0<p<09.

First we have

2 3 4

£(05,p) =4\f—§— (6-4v2) P—B%—%—gfz- (5.73)

The right hand side is decreasing in p and we have

2432000+/2 — 3427281

£(0.5,09) = 320000

> 0. (5.74)

Hence f(0.5,p) > 0 for every p < 0.9.

Next

of _ 1oy 3 5 3
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The right hand side is convex in p and we have

0 0 0

o (05,p) < pL 051 +(1-p) &L (05,0) (5.76)
=—p- 5 (1 —p) (5.77)
<0 (5.78)

And so af (0.5,p) < 0 for every p € [0,1].

Lastly if 0 < 7 < 0.5and 0 < 7 < 1 we have

afz(T p)=4p2(1+p)—5pr)(1-(1-1)p)* (579

> 4p ( E) (1-1) )2 (5.80)
> 0. (5.81)

of

Therefore 3 is increasing and so by (5.78) we see that f is de-

creasing in T whenever 0 < T < 1 and 0 < p < 0.9. This

competes the inductive step. a

5.3-3 The Balister, Bollobas and Walters Recursion

We have shown that if T > 7.7 the event [p «— p'] occurs with
probability much higher than the critical probability for indepen-
dent percolation on the lattice. Consider the finite grid BN for
large N. Setting J, = T,[p « p'] we would expect B to contain
a single “giant” cluster that is an order of magnitude larger than
the second largest cluster. That is we might expect there to exist
a cluster Cy so large that if p <— co there must be some vertex
u € Cwith p < u.

Such phenomena are known to occur for independent bond per-
colation, and even for the random cluster model, see for example
Barsky et al. [4], Pisztora [54]. However the percolation process
above is not independent as if two edges ¢,¢’ € L(RN) share a
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common vertex the bonds J, and ], are clearly dependent and
we do not know how the dependence operates.

However the process above is one-dependent in the sense that if
e and ¢’ do not share a common vertex then the jungles 7, and
J» do not intersect an the events T,[p «— p| and T, [p «— p'] are
independent.

Balister et al. [3] have studied one-dependent bond percolation
on Z? and were able to prove that any one dependent size perco-
lation with the property that each edge is open with probability
at least 0.9 exhibits an infinite cluster. Clearly then any such one
dependent percolation process in Z? exhibits an infinite cluster
and if the process is translation invariant the argument of Burton
and Keane [15] shows that the infinite cluster is unique.

As we are considering clusters of finite graphs it is not enough
simply to state the result. However we may apply the argument
directly to the tree setting and construct large finite clusters that

are regular enough to intersect any infinite cluster in 7.

We note that the bound on the critical probability in [3] is better
than 0.9. The 0.9 bound in fact comes from a warm up argument

which is simpler and better suits the structure of the QuadTree.

We say a subgraph G of BN is a (depth-N) k-net of a vertex v if
G is connected and the vertices V(G) form the leaves of some
regular k-tree rooted at v.

For d = 2 our aim is to show that for any n € IN we may
choose some N such that with high probability there exists some
subgraph C C RN™" such that we have T,[u « v] for every
e = (u,v) € E(C) and that for every v € B C contains some

3-net of v.

For d = 2 we have 2'7° > 1 hence this observation will be
enough to construct a path from u to v for any pair of vertices
u < o0 and v <— co. For d > 2 a 3-net will not suffice for this

argument and as we must construct a larger cluster the bound
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FIGURE 13
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The ten pairs of bonds from [3].

of 0.9 will not be sufficient. For higher dimensions we will con-
struct a block event K € ¢ which occurs with very high proba-
bility. We may then argue as for the two dimensional case but
with the event K in place of [p «— p'].

Define a function

N(d) = 10 cifd=2,
(4d2 +4d +1) 2273 — (4d% + 24 + 1) 2972 : otherwise.
(5.82)

We note that for d > 3 N(d) is the number of pairs of disjoint
lattice edges of the graph R!. It is an easy exercise to calculate
the formula in (5.82) although the exact value will not matter. It
will be convenient in the argument below that N(d) is not an

overestimate.

LEMMA 5.12

Let ©,(A) be the event that there exists some subgraph C of B
such that T,(A) occurs for every e € E(C) and C contains both a
(29 —1)-net of p and a (24 — 1)-net of p'.

IfP7(A) >1- ﬁd) we have Y% ; (1 — @, (A)) < co.
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PROOF

We define a recursion as for the proof of Lemma 5.10.  Let
B C Qg be the event that the largest connected component of the
graph (B, {e € L(R') |Jc = 1}) contains at least 24 _ 1 vertices
of B! and P!, with C = [0,1]Y and —C = [—1,0] x [0,1]" ",

Now for e = (u,v) and ¢’ = (v,u’) € L(R}) if both T,(©,(A))
and T,/ (®,(A)) occur then there is some large cluster which con-
tains a depth 1 (2? — 1)-net of u and of v and some large cluster
which contains a depth n (2 — 1)-net of v and of u’. As any two
depth n (27 — 1)-nets of v must intersect then there exists one

large cluster that contains depth n (24 — 1)-nets of u, v and u'.

So if Wy(®,(A)) occurs there is some large cluster that contains
depth n (27 —1)-nets of 2¢ — 1 vertices in each of B! and P!.
That is to say that cluster contains both a depth n+1 (24 —1)-
net of p and of p’.

In particular we have

WB(G)I’!(A)) - @n+1(A)' (5-83)

So we are interested in the probability of W;(A) for A € 4.

First suppose d = 2. Figure 13 shows ten copies of B! with
highlighted pairs of disjoint bonds.

Notice that if at least one bond from each pair is open then there
must exist a cluster as described above containing at least three
pixels from each side of B!. We leave it to the reader to convince
himself of this. The full argument may be found in [3].

So, let E; be the event that at least one of the bonds in the ith
pair is open. Then B O N2, E,.

For d > 2 we will not attempt to choose pairs in an intelligent
way. Suppose that at least one bond out of each of the N(d)
pairs of disjoint pairs of edges is open. Then, as B! contains no
triangles; any set of mutually disjoint edges, and hence the set
of all closed edges must have a common vertex. Therefore there

166



5.3 PERCOLATION WITH MANDELBROT BOUNDARY CONDITIONS \

must exist a giant cluster containing either all or all but one of

the vertices of P.

In general we may order disjoint pairs of edges arbitrarily and
we have

B> ﬂ E; (5.84)

If a pair of edges ¢,¢’ € L(') are disjoint then the events T,(A)
and T, (A) are independent and so

1—P7(Wi(A)) < N(d) (1~ P7(A))*. (5.85)

In particular if Py(A) > 1— ﬁ then 1 — Py (Wi (A)) <
P74 (W (A)) and so

N(d)
1-P7(0,(A)) =} 1-Pr(Wy(A)) (5.86)
n=1 n=1
1-Py(A)\ !

< T X7/ a9\ - .

<(1-55%) a-may
(5.87)
Q
For the case when d = 2 we are nearly done. If 7 > 7™

then for any pair of vertices u,v there must exist some large
«— cluster which contains a 3-net of u and a 3-net of v. As
7,7 > 1 then with positive probability both u and v are con-
nected to this cluster, and this probability is bounded strictly
above zero for all pairs u,v. It is easy to complete the proof
that u «— v whenever u <+ o0 and v +— c. For d > 3 how-
ever the estimate that IP7[p «— p] > 0.9 is not high enough and
as N(d) grows so quickly in d we would not expect to satisfy
Prlo«p']>1— ﬁ for large d.

Instead we will construct a block event K € ¢ in such a way
that if e = (u,v) and ¢’ = (v,u') € L(R!) and both T,(K) and
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To(K) occur then there is some (identifiable) large cluster that
intersects all three pixels 7,, 7, and »,. We will then ensure that
K may be chosen with high enough probability to apply Lemma
5.12.

Consider the cube C. For a face f of C let P" be the subset of 2"
consisting of cubes that intersect f.

Now let K, be the event that there exists some subgraph C, of
B such that for every edge e € C we have ®,[p «— p'] and that
R" contains some 3-canopy of p for every 2-face f of C and B"
contains some 3-canopy of p’ for every 2-face f of —C.

LEMMA 5.13

If P7lp « p'] > 0.9 then P7(K,) — 1 as n — oo.

PROOF

First let ¢ be any one-dependent percolation measure on Z? such
that for any edge e we have p(J,) > 0.9. We say a subgraph of
the grid [a,a +2"] x [b,b+ 2"] is a 3-net if it is isomorphic to
some 3-net of the pixel set P".

Notice that a 3-net must contain both a left-right crossing and
an up—-down crossing of the grid [a,a + 2"] x [b, b + 2"].

The original argument of Balister et al. [3], which we have adapted
for Lemma 5.12 states that for any ¢ > 0 there is some N large
enough so that if n > N then with probability at least 1 — ¢ there
exists some large cluster C such that

o CN [0,2" —1] x [0,2" — 1] is connected,
o C contains some 3-net of [0,2" — 1]]2,

o C contains some 3-net of [2",2""1 —1] x [0,2" —1].
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As both 3 nets contain left-right crossings of their respective
grids this cluster must contain a left-right crossing of the grid
[o,2"+1 —1] x [0,2" —1].

Similarly there is some cluster C’ such that C' N [1,2"] x [0,2" — 1]
contains a 3-net and this cluster contains some up—-down cross-
ing of [0,2"*1 —1] x [0,2" — 1].

Therefore the cluster C N [0,2"*! — 1] x [0,2" — 1] and the clus-
ter C' N [0,2""1 — 1] x [0,2" — 1] intersect hence with probabil-
ity at least 1 — 2¢ there is some cluster C such that

o CN[1,2" —1] x [0,2" — 1] is connected,
o C contains some 3-net of [1,2"] x [0,2" — 1],

o C contains some 3-net of [2",2""1 —1] x [0,2" —1].

Note: it is not the case that any 3-net of [1,2"] x [0,2" — 1] inter-
sects any 3-net of [27,2"*! —1] x [0,2" —1].

Now let f and f’ be two 2-faces of C such that f N f’ is a line.

Then the pixels 2" NP are exactly those pixels that intersect
the line f N f. Tt is easy to see that the set 2" U " is a grid
isomorphic to [1,2"*! — 1] x [0,2" —1]. So if n > N then with
probability at least 1 — 2¢ there exists some cluster D, » such that
D;»N (7?” U 7?,”) is connected and both D, N2" and D, NP
contain 3-nets of p.

As there are only d - 2971 edges of C then with probability at least
1 — de - 27 there is some cluster D such that D N R" contains a
3-net of p for every 2-face f of C. Similarly with probability at
least 1 — de2? there is some cluster D’ such that D’ N R" contains
a 3-net of p’ for every 2-face f of —C.

Now let £ be some 1-face of the cube {0} x [0, 1]d_1, then [—1,1] x
¢ is a two-face of the cuboid 2C and with probability 1 — ¢ there
is a third cluster D” such that D" N R, contains a 3-net of p

and D" NP1, ., contains a 3-net of p.

If all three clusters exist they must intersect and so P7(K,) >
1—¢(1+4d-2%*1) and as ¢ is arbitrary we have P7(K,) — 1. O
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Now we are ready to finish the proof of Theorem 5.8.

LEMMA 5.14

1-d
T <272,

PROOF

1-d
Assume T > 277 .

For d > 3 we have described an event K,, with P7(K,) — 1 as
n — oo. In particular we may choose K = Kp;, where M; is so

large that P7(K) > 1 — ﬁ.

Now for every w € K there exists some cluster C(w) which
contains depth M; 3-nets on every 2-face of the cube [0, 1]d and

we may set
0 = inf Py[p <= C(w)] > 0. (5.88)
wekK

In the case d = 2 we may set K = [p «— p'] with M; = 0 and
o=1.

Next set Fr(A) = (tA+1 —T)Zd*l and let p € (0,1) be the
largest root of Fr(p) = p. Then we may choose M) such that
F(1-0) > 5.

In particular we have chosen M), such that for any M, > M) and
w € W, (K) there exists some large set C;(w) C PMMs with
u «“» v for every u,v € C; and Py (Uvecz(w) [0 <— v]) > 1_7”.
Now choose arbitrary vertices u,v € V(7). We need to show
that Py [u «— v] > Pylu < v].

It is a well known and obvious result of Bernoulli percolation
theory that for any sequence of finite trees T, 1T T if we set
Xun(w) to be the number of leaf vertices v’ of T, with v <4 ¢/
then the sequence X, ,(w) — o0 as n — co and only if v <4 co.

So choose ¢ > 0. We may choose some M3 so large that with
probability 1 — ¢ one of the following occurs
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@ U TV, U</>000rDV<Fr 0

. 1 . . .
o There exist at least o1 OB~ vertices 1’ in R" with u <—

+p—log2

/ loge : /s [/ /
u’ and at least TogTtp_Togz Vertices v’ in 72 with v <= v'.

To simplify the argument later we colour a vertex v’ € R" green
if u <— v" and blue if v <— ©'. If it is the case that there are fewer
th. log e

an log 14+p—log2
arbitrary extra vertices green’ (respectively blue’) so that there

green (respectively blue) vertices colour some

loge ’
are always at least TogT+p—Tog2 Sreen or green edges.

Let

EM)= () T(Oum(K)) (5-89)

and choose E = E(M,) with M, > M}, such that Pr(E) > 1 —e.

So for w € E there is some large set of vertices C(w) ¢ RMiMetMs

such that u «% v for every u,v € C and for every v € PMs we
have Py [v — (C N %Mﬁer)} > 1_7”.

Hence we may colour vertices of PM red independently with
probability 1%’” in such a way that if w € E we have v << C(w)
for every red vertex v. Notice that the event that a vertex is red

is independent of the event that it is blue or green.
So if we have [u <= v] \ [ «— v] one of the following must occur.

o The event E does not occur.

o There are fewer than bglf% green vertices or fewer

log e
than TogT

3 n
TogTp—Tog2 blue vertices R".

e No green or green’ vertex is red.
e No blue or blue’ vertex is red.

Each of these event occurs with probability at most € and so we
have Pr[u <= v] — Pru « v] < 4e. ]
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6 DISCUSSION AND CONCLUSIONS

We conclude by returning to the problem in Chapter 1. We show that
when the random cluster model with Mandelbrot boundary conditions
is unique then the small A limit on the QuadTree agrees with the ran-
dom cluster model on the tree.

We consider some techniques that may shed light on the small A limit
in the nonuniqueness phase and set out a research agenda to address
some questions we have encountered but not answered in previous
chapters.
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6.1 BACK TO THE QUADTREE

The motivation for this work was to investigate the random clus-
ter model on a tree with boundary conditions defined by the
QuadTree. We have carried out our investigation in as general
terms as possible, in particular the construction in Chapter 4 is
general enough to cover a variety of objects that may be called
random cluster models.

The Mandelbrot boundary conditions of Chapter 5 were moti-
vated by the limiting random cluster model on the QuadTree.
We have a picture of the set Z;, for different values of T and
g > 1, but what may we say about the weak limit Qj,, as
A —0?

Recall the measure Q"Qﬁ, » on the QuadTree and the unique wired

random cluster model Q7 ; on the tree edges of Q.

For those values of 7,4 for which #;; is a singleton it can be
shown that that the small A limit of the QuadTree must agree
with the random cluster model on the tree.

THEOREM 6.1

o If T < 2'7" then the random cluster models Q%) converge
weakly to Bernoulli percolation with bond probability ()
as A — 0.

o If m(7) > 2'7" then the random cluster models Q%) con-
verge weakly to the unique wired random cluster model
on the tree as A — 0.

PROOF

For a configuration w € Qg say u <“% v if there is an open
QuadTree path and u «“» v if there is a “Mandelbrot” path on
the tree T(Q).

If T < 2'2" then the random cluster model is stochastically dom-
inated by independent percolation with probabilities T and A.
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Therefore it is enough to show that P, 1)(£,) — 0 as A — 0.
We have already seen that P-(L£;”) = 0, but this is not quite
enough.

To see what may go wrong consider the critical case T = 27

For any A > and some edge ¢ = (u,v) € L the probability
P [u <— v] > A > 0. From Lemma 5.10 the probability IP-[u <— v]
must satisfy the inequality (5.67) of Lemma 5.11.

In particular if IP;[u <— ] is non zero it must be at least 0.9 and
we may continue the proof that there is a unique infinite cluster
as for the case where T > 22",

To control the probability Pg(;)(Le) we must use a further re-
sult from Kendall and Wilson [46]. For vertices u,v € V(Q) and
an edge e € L let A , be the event that ¢ is on some open, self
avoiding path from u to v.

Notice that for any edge f = (u,v) € T(Q) we must have

IPQ(T,/\) (‘Ce) < Z ]PQ(T,A) (AJ;,U> . (6.1)
feL(Q)

Theorem 2.4 of [46] shows that if T < 27" and A is sufficiently
small then the right hand side of (6.1) is finite.

This was used in [46] to show that there is no unique single
cluster for T < 2'z" and small A. For our purposes we must go
a step further.

Given ¢ > 0 we may simulate Py .1) by choosing w according
to Py (r,1) and switching off each lattice edge e € L(Q) with
probability 1 — e. Hence, trivially we have

Po(ze.0) (AT er) < € Po(ra) (A%er) (6.2)

for every e € L(Q) and the sum in (6.1) decreases to zero as
A — 0.

Now suppose g4 > 1 and (1) > 22", If A > 0 then we must
have Qf,, (4 <= v |u«»v) = 1. In particular we must have
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Qb e | Ze)(w) = Q;q(]e |7 )(w) for almost every w. There-

fore we must have Qj,,, » Q7 , for every A > 0.

Conversely for a finite subnetwork ¢ C Q the cylinder measure
le(T, s Q%.,)- Therefore we must have

wlim 1 inf Q%!
A—0 Qg(m) = )\>0QQ(T,)L)

% Q% as g 1 Q.

So if 71(T) > 2'7" the random cluster models Q% converge

weakly to the unique wired random cluster model on the tree.

This result represents an advance on the work of Kendall and
Wilson. In addition to improving the bound on the onset of the
single cluster phase for Bernoulli percolation The results on the
tree that we have considered allow us to describe in detail the
behaviour of the random cluster model when A is close to 0.

We may summarize Theorem 6.1 by identifying four behavioural

phases of the weak limit; pictured in Figure 14 on the next page.

I There exist no infinite clusters and @W = Pr(r)-

II There exist many infinite clusters and @W = Pr(r)-
III The behaviour of @W is unknown.
IV There exists a unique infinite cluster and @W =Q7,

For the sake of completeness we make a conjecture concerning

the behaviour in phase III

CONJECTURE 6.2

Forg>1land T < 22" we have Qb2 Pr(r) as A = 0.

At present we have no evidence for this conjecture and are pre-
pared to be proved wrong. Methods discussed in 6.2.2 below

may shed some light on this question.



FIGURE 14

25!

Phase diagram for the small A limit of the random cluster model on
the QuadTree.

6.2 RESEARCH AGENDA

Finally we discuss topics that have not been covered in this thesis
and which would constitute interesting and significant avenues

for further research.

6.2.1  Further problems on the QuadTree

Our initial focus in preparing this thesis was on the random clus-
ter model on the QuadTree. By considering the random cluster
model on the tree we have made progress towards describing the
behaviour of the random cluster model on the QuadTree, par-
ticularly when A is small. However there remain unanswered
questions about the behaviour of the random cluster model on

the QuadTree when A is not small.

We have conjectured in Chapter 1 that when T is small the ran-
dom cluster model behaves in a similar way to percolation. That
is if A is greater than the critical bond strength for the random
cluster model on Z? then the random cluster model exhibits a
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single cluster phase from every value of 7. and conversely if A
is less than the critical value then we may always find T small
enough that the random cluster model exhibits only finite clus-

ters.

There are two obstacles to adapting the percolation results of
Kendall and Wilson [46] to the random cluster model in this
situation. Firstly, even when 7 is very small, the layers 7[30’;] 4 ErOW
large enough to lose independence. Secondly not as much is
known about the random cluster model on Z¢ as is known about

Bernoulli percolation.

We believe that for subcritical A we may recover the finite cluster
property for sufficiently small T under the assumption that the
distribution of the size of cluster at the origin decays exponen-
tially, this is conjectured to hold for the random cluster model
on Z% for all A < p.(q).

For supercritical A we may have some success adapting the 1-
dependent recursion argument of [3]. Pisztora [54] adapted the
block renormalization arguments of Grimmett [33] to the ran-
dom cluster model on Z? under the assumption that A was
greater than the slab critical point. and it may be possible to
adapt these methods to fit the argument of Lemma 5.12 to small

T situation.

An original motivation for this work was the following ques-
tion concerning the Ising model on the QuadTree. Specifically
suppose that for some large N we condition on the colours of
the pixels P € Rll\][d to be black when P € 7[3055]”0/1]#1 and white

for P € %Zs\]ux[oudfl' what can we say about the distribution of
the colours of some fixed layer %’ll]d under this conditioning as

N — o0?

This question has been considered on Z? for the Ising model by
Dobrushin [19] and in more generality by Gielis and Grimmett
[30]. Both methods rely heavily on the structure of Z¢ and we
have been unable to adapt them to the QuadTree. The recursion
of Lemma 5.12 may be used to describe the structure of the in-
finite cluster in the uniqueness phase and so may provide an

alternative approach to this problem.
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6.2.2 Non-uniqueness of the Mandelbrot random cluster model
and the Worm’s Eye QuadTree

The arguments in Section 6.1 both use stochastic domination
to calculate the small A weak limit on the QuadTree. When
the random cluster model may not be dominated effectively by
Bernoulli percolation we have no argument to suggest that the
small A limit satisfies DLR conditions for the Mandelbrot bound-

ary.

One possible approach is to consider the local weak convergence
technique of Aldous and Steele [1]. Consider a large truncated
QuadTree QI%Nl and choose a pixel » uniformly at random from
the pixel set %E?‘;Nﬂ. If N is large we may factorize the distribu-
tion of v into two parts. Choose x € [0, 1] uniformly and chose

K independently with P[K = k] = 27~ <1 - 231%)

It is easy to check that if we set P to be the almost surely unique

pixel with x € P € %11\]1; 1=K then 7 is chosen uniformly from

%[E?,;Nﬂ. As N — oo the random variable K converges in probabil-

ity to a geometric random variable with mean ﬁ

What does the QuadTree look like from the point of view of
the random pixel 7? In Remark 1.6 we constructed a random
pixellation ;" to extend the QuadTree to negative resolutions
while preserving some form of translation invariance. It may be
shown that the QuadTree viewed from a random pixel as above
converges in the local weak sense to the random graph defined by
adding tree and lattice edges to the random pixel set 7;}‘“"’(“.
As K is almost surely finite and independent of the pixellation
we may factor it out and consider instead the random graph
defined by @}”’"”ﬂ which we name the Worm’s Eye QuadTree. Let
W be the distribution of the random graph .J, E‘“'Oﬂ ; we use W to
represent an instance of the worm’s eye QuadTree.

We may define a random cluster model on any instance w of
the worms eye QuadTree. Furthermore W-almost every w is

amenable. Does this mean that the random cluster model is

178



unique on almost every instance W? Grimmett [32] proved that
for any g > 0 the (p,q) random cluster model on Z? is unique
for all but countably many 4. The key techniques in that paper
relied on the amenability and transitivity of Z?.

The worm’s eye QuadTree recovers these properties and a first
reading of [32] does not reveal any reason why the techniques in
that paper may not be applied, mutatis mutandis, to the worm’s
eye QuadTree.

If it is the case that the random cluster model is unique on W
almost every w what may we conclude about the random cluster
model on the QuadTree?

Here is a bold conjecture.

CONJECTURE 6.3

Q% exhibits a unique infinite cluster if and only if the (T, A, q)
random cluster model exhibits an infinite cluster on W almost

every Ww.

It is almost the definition of a nonamenable graph that if we
choose a vertex uniformly from a large ball the vertex chosen
will lie close to the boundary with high probability. If Conjec-
ture 6.3 can be resolved on the QuadTree, might a similar phe-

nomenon occur on other nonamenable graphs?

For the case of the small A limit we note that if the random
cluster model in unique on each w then we may consider the
wired random cluster model on the worm’s eye QuadTree rather
than the free. The small A limit for the wired model may be
defined with respect to two decreasing sequences; rather than
one increasing and one decreasing for the free model. Therefore
we may reverse the order of the limits and the small A random
cluster model on the worms eye QuadTree converges weakly to
Bernoulli-7t(T) percolation on T(w) for W-almost every w. This
argument alone is not enough to conclude that Q. ,, converges
to Bernoulli percolation as A — 0 but some progress could be
made by considering problems in this area.
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6.2.3 Anti-ferromagnetic models and robust entrance laws

We have only partially considered the case where g < 1. For the
wired model on the tree Haggstrom [38] constructed measures
on the homogeneous regular tree satisfying wired DLR condi-
tions for all 4 > 0. We have seen that Hdggstrom’s measures
correspond to measures defined by constant entrance laws and

in Theorem 3.13 we have shown that this is unique.

For the general tree we have not been able to show that the max-
imal entrance law is always robust. For a homogeneous tree we
were able to show in Lemma 3.14 that any constant entrance law

is robust.

Where a constant entrance law is a number that satisfies a par-
ticular equation 3.13 a non-constant entrance law is a more com-
plicated object which bears some similarities to a flow on the
tree. There are a variety of powerful techniques on trees which
may be used to investigate such objects. See for example [53, 64]
and references therein. It may be possible to adapt the proof
of Lemma 3.14 to the general case and we would conjecture the

following.

CONJECTURE 6.4

For any weighted tree and any g > 0 the maximal entrance law is

robust and there exists at least one wired random cluster model.

For general random connections we cannot guarantee the exis-
tence of a random cluster model when g < 1. Example 4.13
provides a counterexample. In fact it is easy to come up with
counterexamples using the method discussed in Remark 4.9, for
if 4 < 1 we may choose some increasing tail measurable event
A with Pr)(A) = 1 and Qf,(A) = 0 then set [u<—>v] =
[ v] U (AN[u<=1]).

Then for any extremal random cluster model p we must have
u(A) € {0,1}. If u(A) = 1 then yu satisfies wired boundary

conditions and u(A) = Q7,(A) = 0 and if u(A) = 0 then u
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satisfies free boundary conditions and pu(A) = Py (A) = 1.
Hence there can be no extremal random cluster measures and

hence no random cluster measures at all.

Example 4.13 uses this idea and effectively sets A above to be the
event that there exist infinitely many open 2-trees. A little more
work was involved to set up +— to be defined by a boundary

condition.

Can we find a Grimmett-Janson equivalence relation for which
some pair 7,4 with g < 1 admits no random cluster model?
A candidate may be the Mandelbrot boundary conditions dis-
cussed in Chapter 5.

Suppose we fix 77(T) > 27, then the free random cluster model
(that is Bernoulli percolation with probability 77(7)) has the sin-
gle cluster property. The partial domination of percolation from
Theorem 4.23 may be reversed for g < 1 and we may choose
g small enough so that the wired random cluster model has

Lol > 0] = Q7 [u 0]

In this case then neither the free nor the wired random cluster
models may satisfy DLR conditions for the Mandelbrot connec-
tions and it is not obvious that any random cluster model exists.

If it is the case that no such measure exists what can we say
about small A limits for the QuadTree? (When g4 < 1 it may
not be the case that Qg,,,, converges weakly as A — 0, but by
compactness we may choose some sequence A, — 0 for which a
weak limit exists.) It is an intriguing possibility that there may
be some A so small that no free random cluster model exists on
the QuadTree.

6.2.4 Density of Open Boundary Conditions

Theorems 4.22 and 4.23 allow us to describe the behaviour of a

random connection if it is “strongly connected.”
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Loosely a random connection is strongly connected if it is indis-
tinguishable from <= for high probability Bernoulli percolation.
If ~ is some open boundary condition it is possible that some
random connection < is weaker than <= but for sufficiently
high bond percolation «+— and <= are indistinguishable. Say
if «— is defined with respect to a canopy consisting of finitely
many connected components. Theorems 4.22 and 4.23 may eas-

ily be adapted to this case.

Conversely for the Mandelbrot boundary connections when d =
1 the canopy of the random connection «— is a line, hence «— is
connected, but we have seen that in this case «— is not strongly
connected. This may easily be seen by noting that as the canopy
is a line we may disconnect the canopy by removing a countable
set of rays. As the probability of any single ray being open is
zero we may conclude directly that when d = 1 the random
connection «» is indistinguishable from <+ for any Bernoulli

percolation measure.

In both cases we may identify an “upper bound” for the random
connection by considering the behaviour under high probability
Bernoulli percolation. Is it possible to generalise this the results
of Theorems 4.22 and 4.23 and specify the behaviour of a ran-
dom connection for high bond strength in terms of some simpler
bounding random connection?

We have seen that the question of when a sequence of random
cluster models converges weakly to another random cluster model
is far from obvious. Let us consider this question in a different
form.

Suppose ~ is a sequence of equivalence relations on R. There
are at least two ways in which < may be said to converge to a
limiting equivalence relation ~. Firstly the equivalence relations
may converge pointwise, that is IT; ~ I, if and only if IT; ~ IT
eventually. Secondly the canopies may converge, in the sense
that if 0 is an open set of rays in the quotient topology of ~ then

0 is eventually open in the quotient topology of ~.
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Can we choose a topology on the set of equivalence relations
whereby if y, is a +*> random cluster model then any weak

limit is a <= random cluster model?

Of particular interest would be the closure of the set of open
equivalence relations under such a topology. An interesting as-
pect of this would be the case where T is a regular k-tree and
(T) > % In this case any open equivalence relation specifies a
random cluster model uniquely, but a sequence of open equiv-
alence relations may converge to an equivalence relation that is

not open and not have a unique random cluster model.

In this case may we specify the set of random cluster models as
limits of different convergent sequences of equivalence relations
that converge to the same limit, but specify sequences of random
cluster models with different weak limits?

183



Bl

BLIOGRAPHY

[1] David Aldous and J. Michael Steele. The objective method:

[2]

[3]

probabilistic combinatorial optimization and local weak
convergence. In Probability on discrete structures, volume
110 of Encyclopaedia Math. Sci., pages 1—72. Springer, Berlin,
2004.

J. Ashkin and E. Teller. Statistics of two-dimensional lattices
with four components. Phys. Rev., 64(5-6):178-184, Sep 1943.
doi: 10.1103/PhysRev.64.178.

Paul Balister, Béla Bollobds, and Mark Walters. Continuum
percolation with steps in the square or the disc. Random
Structures Algorithms, 26(4):392—403, 2005. ISSN 1042-9832.

David J. Barsky, Geoffrey R. Grimmett, and Charles M.
Newman. Percolation in half-spaces: equality of criti-
cal densities and continuity of the percolation probability.
Probab. Theory Related Fields, 9o(1):111-148, 1991. ISSN 0178-
8051.

Itai Benjamini and Oded Schramm. Percolation beyond Z¢,
many questions and a few answers. Electron. Comm. Probab.,
1:n0. 8, 71-82 (electronic), 1996. ISSN 1083-589X.

Itai Benjamini and Oded Schramm. Percolation in
the hyperbolic plane. J. Amer. Math. Soc., 14(2):487-
507 (electronic), 2001. ISSN 0894-0347. doi: 10.1090/
S0894-0347-00-00362-3. URL http://dx.doi.org/10.1090/
S50894-0347-00-00362-3.

Patrick Billingsley. Probability and measure. John Wiley &
Sons, New York-Chichester-Brisbane, 1979. ISBN o0-471-
03173-9. Wiley Series in Probability and Mathematical
Statistics.

Patrick Billingsley. Convergence of probability measures. Wiley
Series in Probability and Statistics: Probability and Statis-
tics. John Wiley & Sons Inc., New York, second edition, 1999.
ISBN 0-471-19745-9. doi: 10.1002/9780470316962. URL
http://dx.doi.org/10.1002/9780470316962. A Wiley-
Interscience Publication.

184



Bibliography |

[9] M. Biskup, C. Borgs, J. T. Chayes, and R. Kotecky. Gibbs
states of graphical representations of the Potts model with
external fields. J. Math. Phys., 41(3):1170-1210, 2000. ISSN
0022-2488. doi: 10.1063/1.533183. URL http://dx.doi.
org/10.1063/1.533183. Probabilistic techniques in equilib-
rium and nonequilibrium statistical physics.

[10] C.Borgs and J. T. Chayes. The covariance matrix of the Potts
model: a random cluster analysis. |. Statist. Phys., 82(5-6):
1235-1297, 1996. ISSN 0022-4715.

[11] Nicolas Bourbaki. Sur le théoréme de Zorn. Arch. Math.
(Basel), 2:434-437 (1951), 1949-1950. ISSN 0003-889X.

[12] Douglas S. Bridges. Foundations of real and abstract analy-
sis, volume 174 of Graduate Texts in Mathematics. Springer-
Verlag, New York, 1998. ISBN 0-387-98239-6.

[13] Derren Brown. The events : How to win the lottery, First
broadcast September 2009, Channel 4 UK.

[14] Stephen G. Brush. Foundations of statistical mechanics
1845-1915. Arch. History Exact Sci., 4(3):145-183, 1967. doi:
10.1007/BF00412958. URL http://dx.doi.org/10.1007/
BF00412958.

[15] R. M. Burton and M. Keane. Density and uniqueness in
percolation. Comm. Math. Phys., 121(3):501-505, 1989. ISSN
0010-3616.

[16] ]J. T. Chayes, L. Chayes, and R. Durrett. Connectivity prop-
erties of Mandelbrot’s percolation process. Probab. Theory
Related Fields, 77(3):307-324, 1988. ISSN 0178-8051.

[17] R. L. Dobrushin. Gibbsian random fields for lattice systems
with pairwise interactions. Funkcional. Anal. i PriloZen., 2(4):
292-301, 1968.

[18] R. L. Dobrushin. Gibbsian random fields. the general case.
Funkcional. Anal. i PriloZen., 3(1):22—-28, 1969.

[19] R. L. Dobrushin. Gibbs state describing coexistence of
phases for a three-dimensional ising model. Theor. Prob.

Appl, 1972.

[20] Richard Durrett. Oriented percolation in two dimensions.
Ann. Probab., 12(4):999—-1040, 1984. ISSN 0091-1798.

[21] E. B. Dynkin. Sufficient statistics and extreme points. Ann.
Probab., 6(5):705-730, 1978. ISSN 0091-1798.

185



Bibliography |

[22] William Feller. An introduction to probability theory and its
applications. Vol. I. Third edition. John Wiley & Sons Inc.,
New York, 1968.

[23] William Feller. An introduction to probability theory and its
applications. Vol. II. Second edition. John Wiley & Sons Inc.,
New York, 1971.

[24] C. M. Fortuin. On the random-cluster model. II. The perco-
lation model. Physica, 58:393—418, 1972.

[25] C. M. Fortuin. On the random-cluster model. III. The simple
random-cluster model. Physica, 59:545-570, 1972.

[26] C. M. Fortuin and P. W. Kasteleyn. On the random-cluster
model. I. Introduction and relation to other models. Physica,

57:536-564, 1972.

[27] C. M. Fortuin, P. W. Kasteleyn, and J. Ginibre. Correlation
inequalities on some partially ordered sets. Comm. Math.
Phys., 22:89-103, 1971. ISSN 0010-3616.

[28] Hans-Otto Georgii. Gibbs measures and phase transitions,
volume 9 of de Gruyter Studies in Mathematics. Walter de
Gruyter & Co., Berlin, 1988. ISBN 0-89925-462-4.

[29] Hans-Otto Georgii, Olle Haggstrom, and Christian Maes.
The random geometry of equilibrium phases. In Phase tran-
sitions and critical phenomena, Vol. 18, volume 18 of Phase
Transit. Crit. Phenom., pages 1-142. Academic Press, San
Diego, CA, 2001. doi: 10.1016/51062-7901(01)80008-2. URL
http://dx.doi.org/10.1016/51062-7901(01)80008-2.

[30] Guy Gielis and Geoffrey Grimmett. Rigidity of the inter-
face in percolation and random-cluster models. ]. Statist.
Phys., 109(1-2):1-37, 2002. ISSN 0022-4715. doi: 10.
1023/ A:1019950525471. URL http://dx.doi.org/10.1023/
A:1019950525471.

[31] G. R. Grimmett and C. M. Newman. Percolation in co + 1
dimensions. In Disorder in physical systems, Oxford Sci. Publ.,
pages 167-190. Oxford Univ. Press, New York, 1990.

[32] Geoffrey Grimmett. The stochastic random-cluster pro-
cess and the uniqueness of random-cluster measures. Ann.
Probab., 23(4):1461-1510, 1995. ISSN 0091-1798.

[33] Geoffrey Grimmett. Comparison and disjoint-occurrence
inequalities for random-cluster models. ]. Statist. Phys., 78
(5-6):1311-1324, 1995. ISSN 0022-4715.

186



Bibliography |

[34] Geoffrey Grimmett. Percolation, volume 321 of Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences]. Springer-Verlag, Berlin, second edi-
tion, 1999. ISBN 3-540-64902-6.

[35] Geoffrey Grimmett. The random-cluster model, volume 333 of
Grundlehren der Mathematischen Wissenschaften [Fundamental
Principles of Mathematical Sciences]. Springer-Verlag, Berlin,
2006. ISBN 978-3-540-32890-2; 3-540-32890-4.

[36] Geoffrey Grimmett and Svante Janson. Branching processes,
and random-cluster measures on trees. J. Eur. Math. Soc.
(JEMS), 7(2):253-281, 2005. ISSN 1435-9855.

[37] O.Haggstrom. Random-cluster representations in the study
of phase transitions. Markov Process. Related Fields, 4(3):275—
321, 1998. ISSN 1024-2953.

[38] Olle Haggstrom. The random-cluster model on a homo-
geneous tree. Probab. Theory Related Fields, 104(2):231-253,
1996. ISSN 0178-8051.

[39] Olle Hédggstrom and Johan Jonasson. Uniqueness and
non-uniqueness in percolation theory. Probab. Surv., 3:289—
344 (electronic), 2006. ISSN 1549-5787. doi: 10.1214/
154957806000000096. URL http://dx.doi.org/10.1214/
154957806000000096.

[40] Olle Haggstrom and Yuval Peres. Monotonicity of unique-
ness for percolation on Cayley graphs: all infinite clusters
are born simultaneously. Probab. Theory Related Fields, 113
(2):273—285, 1999. ISSN 0178-8051.

[41] J. M. Hammersly and P. Clifford. Markov fields on finite
graphs and lattices. available at http:www.statslab.cam.ac.
uk/~grg/books/hammfest/hamm-cliff.pdf, 1971.

[42] Richard Holley. Remarks on the FKG inequalities. Comm.
Math. Phys., 36:227-231, 1974. ISSN 0010-3616.

[43] Ernst Ising. Beitrag zur theorie des ferromagnetismus.
Zeitschrift fiir Physik A Hadrons and Nuclei, 31:253-258,
1925. ISSN 0939-7922. URL http://dx.doi.org/10.1007/
BF02980577. 10.1007/BF02980577.

[44] Johan Jonasson. The random cluster model on a gen-
eral graph and a phase transition characterization of non-
amenability. Stochastic Process. Appl., 79(2):335-354, 1999.
ISSN 0304-4149.

187



[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

Bibliography |

Olav Kallenberg. Foundations of modern probability. Probabil-
ity and its Applications (New York). Springer-Verlag, New
York, second edition, 2002. ISBN 0-387-95313-2.

W. S. Kendall and R. G. Wilson. Ising models and multires-
olution quad-trees. Adv. in Appl. Probab., 35(1):96—-122, 2003.
ISSN 0001-8678. In honor of Joseph Mecke.

I O. E. Lanford and D. Ruelle. Observables at infinity and
states with short range correlations in statistical mechanics.
Comm. Math. Phys., 13:194—215, 1969. ISSN 0010-3616.

Serge Lang.  Algebra, volume 211 of Graduate Texts
in Mathematics. ~ Springer-Verlag, New York, third edi-
tion, 2002. ISBN 0-387-95385-X. The proof referred
to in the text appears in Appendix 2, p881-884. At
the time of writing the relevant extract is available on-
line at http://dis.ijs.si/France/notes/Lang—Bourbaki-Witt—
ORIGINAL.pdf.

Torgny Lindvall. Lectures on the coupling method. Wiley Se-
ries in Probability and Mathematical Statistics: Probability
and Mathematical Statistics. John Wiley & Sons Inc., New
York, 1992. ISBN 0-471-54025-0. A Wiley-Interscience Pub-
lication.

Torgny Lindvall. On Strassen’s theorem on stochastic dom-
ination. Electron. Comm. Probab., 4:51-59 (electronic), 1999.
ISSN 1083-589X.

Benoit B. Mandelbrot. The fractal geometry of nature. W. H.
Freeman and Co., San Francisco, Calif., 1982. ISBN o-7167-
1186-9. Schriftenreihe fiir den Referenten. [Series for the
Referee].

Charles M. Newman and C. Chris Wu. Markov fields on
branching planes. Probab. Theory Related Fields, 85(4):539—
552, 1990. ISSN 0178-8051. doi: 10.1007/BF01203170. URL
http://dx.doi.org/10.1007/BF01203170.

Yuval Peres. Probability on trees: an introductory climb.
In Lectures on probability theory and statistics (Saint-Flour,
1997), volume 1717 of Lecture Notes in Math., pages 193—280.
Springer, Berlin, 1999.

Agoston Pisztora. Surface order large deviations for Ising,
Potts and percolation models. Probab. Theory Related Fields,
104(4):427-466, 1996. ISSN 0178-8051.

188



Bibliography |

[55] R. B. Potts. Some generalized order-disorder transforma-
tions. Proc. Cambridge Philos. Soc., 48:106—-109, 1952.

[56] C.]J. Preston. Generalized Gibbs states and Markov random
fields. Advances in Appl. Probability, 5:242-261, 1973. ISSN
0001-8678.

[57] Yu. V. Prohorov. Convergence of random processes and
limit theorems in probability theory. Teor. Veroyatnost. i
Primenen., 1:177-238, 1956. ISSN 0040-361x.

[58] Roberto H. Schonmann. Stability of infinite clusters in su-
percritical percolation. Probab. Theory Related Fields, 113(2):
287-300, 1999. ISSN 0178-8051. doi: 10.1007/5004400050209.
URL http://dx.doi.org/10.1007/s004400050209.

[59] A. V. Skorohod. Limit theorems for stochastic processes.
Teor. Veroyatnost. i Primenen., 1:289-319, 1956. ISSN o0o040-
361X.

[60] Frank Spitzer. Markov random fields on an infinite tree.
Ann. Probability, 3(3):387-398, 1975.

[61] V. Strassen. The existence of probability measures with
given marginals. Ann. Math. Statist., 36:423—439, 1965. ISSN
0003-4851.

[62] Stephen Willard. General topology. Addison-Wesley Publish-
ing Co., Reading, Mass.-London-Don Mills, Ont., 1970.

[63] David Williams.  Probability with martingales. ~ Cam-
bridge Mathematical Textbooks. Cambridge University
Press, Cambridge, 1991. ISBN 0-521-40455-X; 0-521-40605-
6.

[64] R.with Peres Y. Lyons. Probability on trees and networks. Cam-
bridge University Press, 2010.

[65] Ernst Witt. Beweisstudien zum Satz von M. Zorn. Math.
Nachr., 4:434—438, 1951. ISSN 0025-584X.

[66] Stan Zachary. Countable state space Markov random fields
and Markov chains on trees. Ann. Probab., 11(4):894—903,
1983. ISSN 0091-1798.

189



	WRAP_Theses_Finch_2010.pdf

