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Abstract

Let k£ be an odd integer and N a positive integer such that 4 | N.
Let x be a Dirichlet character modulo N. Shimura decomposes the space of

half-integral weight forms Sy /2(N, x) as

Sk2(N, x) = So(N, x) @ @ Sk2(N, X, ¢)
¢
where ¢ runs through the newforms of weight k£ — 1 and level dividing N/2 and
character x?; Sy/2(NV, x, ¢) is the subspace of forms that are Shimura-equivalent
to ¢; and Sy(N, x) is the subspace generated by single-variable theta-series.
We give an explicit algorithm for computing this decomposition.

Once we have the decomposition, we can explore Waldspurger’s theorem
expressing the critical values of the L-functions of twists of an elliptic curve
in terms of the coefficients of modular forms of half-integral weight. Following
Tunnell, this often allows us to give a criterion for the n-th twist of an elliptic
curve to have positive rank in terms of the number of representations of certain

integers by certain ternary quadratic forms.



Chapter 1

Introduction

1.1 Overview of previous work

In 1983 J. B. Tunnell gave a remarkable solution to the congruent number
problem, assuming the celebrated Birch and Swinnerton-Dyer Conjecture. This
ancient Diophantine question asks for the classification of congruent numbers,
those positive integers which are the areas of right-angled triangles whose sides
are rational numbers.

Let n be a square-free positive integer. It is relatively easy to show that

n is a congruent number if and only if the elliptic curve
E, : Y?=X°-n?’X

has infinitely many rational points. If E, has infinitely many rational points,
then by a theorem of Coates and Wiles (which is a special case of the Birch
and Swinnerton-Dyer Conjecture), L(E,,, 1) = 0, where L is the L-function of
the elliptic curve E,,. If we assume the Birch and Swinnerton-Dyer Conjecture,
then the reverse implication holds: if L(F,, 1) = 0 then E, has infinitely many
rational points.

Note here that F, is the quadratic twist of the elliptic curve

E, : Y?=X3-X,

by n. Tunnell [42] proved the following theorem.



Theorem 1.1.1 (Tunnell). Ifn is a square-free odd positive integer that is a

congruent number, then
2 .2 2 1 2 2 2
#{x,y,z€Z|n=2x"4+y +32°} = 5#{x,y,z €Z|n=2x"+y"+8z}.
If n is a square-free even positive integer that is a congruent number then,
n 2, .2 2 1 n 2, .2 2

If the weak Birch and Swinnerton-Dyer Conjecture is assumed for E,, then,

conversely, these equalities imply that n is a congruent number.

The proof of Tunnell’s Theorem comprises of two main steps. The
first step is to explicitly construct certain cusp forms of weight 3/2 which
are “Shimura-equivalent” to the newform of weight 2 corresponding to the
elliptic curve F; via the Modularity Theorem. The second is to apply Wald-
spurger’s Theorem 4.3.4 to these cusp forms; this relates the critical value of
the L-function of a modular form of even integral weight to the square of the
coefficients of the g-expansion of a corresponding form (again via Shimura-
equivalence) of half-integral weight.

Given an elliptic curve E/Q, one can ask similar questions:

e Which of the quadratic twists of E have infinitely many rational points?

e Is there a nice formula for the critical value of the L-function as in the

case of the congruent number curve?

To be able to answer such questions, we would like to explicitly construct
the half-integral weight forms corresponding via Shimura-equivalence to the
elliptic curve E. It is well-known by the results of Flicker (Theorem 4.3.1)
and Vigneras (Theorem 4.3.2) that such a half-integral weight forms exist,
although there is no indication of their levels.

One of the methods to construct cusp forms of weight 3/2 is as in the
paper of Tunnell. Let M;/5(Ny,11) be the space of modular forms of weight
1/2, level Ny and character 11, and let S;(INa,1)2) be the space of cusp forms
of weight 1, level Ny and character 5. Then

M 2(N1, 1) ® S1(Na, he) C S3/0(N,h14b2.x 1)

2



where N = lem(Ny, N;). A basis for the space M /5(N, 1)) is given by Serre
and Stark (see Theorem 2.3.4). Also, due to Deligne and Serre [15], there
is one-to-one correspondence between newforms in S;(N, ) and certain two-
dimensional Galois representations of the absolute Galois group Gg. For more
details, see for example, [2].

Tunnell in fact used this idea and constructed a unique normalized

newform g of weight 1, level 128 and character y_o := (_—2), having g-expansion

m,neL

For an integer ¢ it is known that 6, = Ziooo qtm2 is a modular form of weight
1/2, level 4¢ and character x; := (¢). Thus,

gth € SS/2<1287Xtriv)7 gt € 53/2(128;X2)-

Moreover, it turns out that g6y and g6, are Shimura-equivalent to the newform
corresponding to E;. Let ghy = > a,q" and g0, = > b,q". Tunnell showed

that if d is an odd positive square-free integer, then

0
4d’

where ) denotes the real period of E; given by

QO
L(Eyy,1) = b5 ——

L(Ey 1) =a?-
(d) d 2@

Q:/1 Mﬁ:ze’ma...
In particular, L(E,4, 1) = 0 if and only if ay = 0 for d odd, and if and only if
bg = 0 for d even. The Birch and Swinnnerton-Dyer Conjecture now implies
that d (respectively 2d) is congruent number if and only if ay = 0 (respectively
by = 0).

In general, however, it is not known, given an elliptic curve E/Q, that
one can always construct corresponding modular forms of weight 3/2 by the
above method. For example, in [3], Basmaji considers the elliptic curve 534
given by

E:Y*+XY+Y=X°-X"



He examines the space of cusp forms of weight 3/2 and level up to 2* - 53,
using the above method. It turns out that there is no linear combination of
theta-series, obtained from multiplying theta-series of weight 1/2 with forms
of weight 1, that gives an eigenform corresponding to E. However there exists

an eigenform corresponding to E in Ss/2(I'o(2* - 53)), namely,
Fu(2) = 4— 20" —2¢°+4" — " — " — 2% — ¢® 1+ ¢+ ¢® +4¢% +5¢7 + O(¢").

Another possible way to construct such cusp forms of weight 3/2 is
using positive-definite ternary quadratic forms. Each positive definite ternary
quadratic form of level N, gives rise to a theta-series of weight 3/2 and level N.
It is possible to obtain part of the space S3/2(/N) this way, but not the whole
space in general. In particular, the cusp form of weight 3/2 corresponding
to the elliptic curve that we are interested in, might not arise from ternary
quadratic forms. For example, let £ be the curve 121D, given by Weierstrass
equation

E:Y’+Y=X>-X*-7X +10.

Bungert in [7] examined the spaces of theta-series of positive-definite ternary
forms up to level 2% - 121, and showed that in these spaces, no cusp form of
weight 3/2 exists which corresponds to E. Bungert however constructed such
a cusp form of weight 3/2 using a two dimensional Galois representation as
mentioned above. We will be discussing more about such cusp forms which
come from ternary quadratic forms in the later chapters.

On the other hand, Kohnen in his paper [24] looks into a suitable sub-
space of the space of half-integral weight cusp forms for which the Shimura
correspondence turns out to be an isomorphism of Hecke modules. For N a
positive odd square-free integer, and A a positive integer Kohnen defines what

is called the Kohnen plus space S;rl(ZlN ), as follows:
2

SL%(ZLN) ={g(z) = Zlbnq" € S/\+%(4N) such that

b, =0 for (=1)*n=2,3 (mod 4)}.

It is shown by Kohnen that this subspace of cusp forms is invariant



under the action of the Hecke operators T}, for all primes p coprime to 4N.
Kohnen develops a theory of newforms for this subspace analogous to Atkin-
Lehner’s theory in the integral case and proves the strong ‘multiplicity-one
theorem’ for S;r%new(élN) in this case. It is to be noted that the multiplicity-
one theorem does not hold for a general level N. Kohnen proved the following

remarkable theorem.

Theorem 1.1.2 (Kohnen). For N odd and square-free, there is an isomor-
phism between S;%new(élN) and S5 (N) as Hecke modules.

The isomorphism is given by finite linear combination of Shimura cor-
respondences.

In the later papers Kohnen and Zagier [26] proved the following formula
for level 4 which was later generalized by Kohnen [25] to odd square-free level
N:

Let f(z) = > 2, a,q" € Si(N) be a newform of odd square-free
level N and let g(z) = > .7 b,q" € S;%new(él]\f) be the corresponding form
under the above isomorphism. Let D be a fundamental discriminant such that
(=1)*D > 0 and (N, D) = 1. Then,

L(f,D,\) (bp))? 7

. ) {g.g) 22 (X = DD}/

v1(N) denotes for number of different prime divisors of V.

Kohnen’s work is based on explicit relations involving traces of Hecke
operators. This work has been generalized by Ueda [43] to a general odd
level and recently Sakata [31] has given generalizations for the Kohnen-Zagier

formula for such levels (with weights A = 2 ).

1.2 This Thesis

This thesis attempts to answer the questions raised in the previous section.

We summarize the results step by step as follows:

1. Given a newform of even integral weight k, we give an algorithm to find

the space of forms of weight k + 1/2 which are “Shimura equivalent” to



the newform. In particular, this leads to an algorithm for computing an
eigenbasis for a space of half-integral weight forms under the action of

Hecke operators T,» with p not dividing the level.

p

2. We simplify Waldspurger’s Theorem in the case where the half-integral
weight forms correspond to newforms with trivial character, and develop

results that allow us to apply it.

3. We give examples of Tunnell-like formulae for L(E,,, 1) in terms of ternary
quadratic forms, for certain rational elliptic curves E and certain families
of twists FE,,.

Chapter 2 of this thesis introduces basic definitions and parts of the
theory of modular forms that we require in the rest of the thesis. Chapter 3
consists of several results which finally lead to our algorithm for computing
the space of Shimura equivalent forms. In the process we also prove certain
interesting theorems which we will be using in the later chapters. In Chapter
4 we discuss Waldspurger’s Theorem in detail and simplify it for our use. We
present some examples of elliptic curves for which we use our algorithm and
Waldspurger’s Theorem to give some explicit formulae for the critical values of
L-functions of the quadratic twists. Finally in the last chapter we discuss the
relation between modular forms and quadratic forms and we conclude with
examples of Tunnell-like formulae in terms of ternary quadratic forms. In
the Appendix, we give a table for the dimension of S3/2(/N) and some of its
subspaces, for N < 2000.

What follows is an example of the results we develop in the thesis; it
is in fact Example 5.3.1 given in Chapter 5. Let E be an elliptic curve of
conductor 50 given by

E:Y’+XY+Y=X"+X*-3X +1.
Let Q1,...,Q4 be the following positive-definite ternary quadratic forms,
Q1 = 252% + 25y% + 22, Qg = 142% + 9y? + 622 + dyz + 622 + 2zy

Qs = 2522+ 13y% + 222 + 2y2, Q4 = 1722 +17y* + 32> — 2y2 — 222 + 162y.



Let n be positive square-free number such that 51 n. Then,

L(E_;,1
L(E_,,1) = % -2,

where

=S T e ) s Quwg2) = ).



Chapter 2

Background

2.1 Congruence Subgroups

All the material in this section is standard, and can be found in any book on
modular forms; for example [16], [28], [23].

Let R be any commutative ring with unity. We denote by GLa(R), the
group of 2 x 2 matrices with entries in R and determinant an invertible element
of R. By SLy(R) we denote the subgroup of GLy(R) consisting of matrices
with determinant 1. We will be generally interested in these groups when the
ring R = R, Q or Z and in those cases GLj (R) stands for the subgroup of
GL2(R) consisting of matrices with positive determinant.

Let C = CU {oo}. The group SLy(R) acts on C by the Mobius trans-
formation, i.e., given A =[24] € SLy(R) and z € C,

az+b a

AZ =, AQO =
cz+d c

Let H= {z € C | Im(z) > 0} be the complex upper half-plane. Then SLy(R)
acts on H since Im(Az) = |cz +d|"2det(A)Im(z) and one can easily prove that
the action of SLy(R) on H is transitive.

In what follows, we will be interested in the group SLy(Z), also known

as the full modular group, and some of its special subgroups:



Definition 2.1.1. Let N be a positive integer. Then

F(N)::{[a Z]eSLQ(Z):aEdzl (mod N), b=c=0 (modN)},

I'1(N) ::{ ¢ Z €SLy(Z) :a=d=1 (mod N), c=0 (modN)},
To(NV) ;:{ ¢ Z €SLy(Z):c=0 (mod N)}.

Definition 2.1.2. A subgroup of SLy(Z) is called a congruence subgroup of
level N if it contains I'(N) for some positive integer N. Thus I'(N), T'1(N)

and To(N) are congruence subgroups of level N.

Note that I'(N) C I'y/(N) C I'o(N) C SLy(Z) and that I'(N') C T'(N)
whenever N | N'.

Proposition 2.1.3. Let N be a positive integer. Then

SLa(Z) : To(V)] = N (1 " %) ,

pIN
1
[SL2(Z) : Ty(N)] = N[ | (1 - —2) .
D
pIN
Proof. See either [23, Exercise II1.1.7] or [16, Page 14]. O

It is easy to see that SLy(Z) acts transitively on the set Q U {oo}.

Definition 2.1.4. Let I" be a congruence subgroup of SLy(Z). Define a cusp of
I" to be an equivalence class of QU{oo} under the action of ' on HUQU{oo}.

2.2 Modular Forms of Integral Weight

We continue reviewing standard material on modular forms.

Let k be a positive integer. The group GLj (R) acts on the set of
complex valued function on H as follows. Let f : H — C and v = [2}] €
GLJ (R), then

FIe(2) = det(7)*5(a, 2) " £ (72)

9



is a function on H, where j(v, 2) = cz + d.

Let I" be a congruence subgroup of level N.

Definition 2.2.1. A modular form of weight k for T is a holomorphic function
on H which satisfies

(i) fllvlk = f for ally €T, and

(i) If vo € SLo(Z), then fllvolk(2) has a Fourier expansion of the form

o0 n . p2miz/N
> o angn"™ where qy = ¥ EN.

The condition (ii) is interpreted as holomorphicity of f at all the cusps of T
We call a modular form a cusp form if it vanishes at all the cusps of I, i.e.,

in (i1) above, ag = 0 for all vy € SLy(Z).

We denote by M (I') and Si(I") respectively, the space of modular forms
and the space of cusp forms of weight k for level T'.

If ' C IV then clearly M(I'") € Mg(I'). Also, note that since [} 1]
belongs to I'o(/V) and I'y (V) for any N, if f belongs to either My(I'o(N)) or
M;(T'1(N)) then f has a Fourier expansion at oo given by f(z) =Y "7 anq"”
where g = €™, Since [ ' °] € ['o(N), there are no nonzero modular forms
of odd weight k for I'o(V).

Let x be a Dirichlet character modulo N. We denote My (N, x) and
Sk(N, x) to be the respective subspaces of M (I';(NV)) and Si(I';(N)) consist-
ing of f(z) such that f|[y]x = x(d)f for all v = [24] € To(N). If x is a
trivial character then we denote My (N, x) and Sk (N, x) simply by M (N) and
Sk(N).

From now on we will be only interested in the congruence subgroups
Fo(N) and I'; (V). We now give definition for Hecke operators on the space of

modular forms in terms of double cosets.

Definition 2.2.2. Let G be any group and I' and T” be two subgroups of G.

We say that ' and I are commensurable if
T:TNI' < oo and  [I":TNT'] < .

Definition 2.2.3. Let a € GLj (R) such that To(N) and o 'To(N)a are
commensurable. Let n be a positive integer. Then for any f € My(N) we have

the following linear operators.

10



(i)

d

FITo(N)alo(N)]i(2) = det(@)**7 ) " fllaw]u(2),

v=1

where To(N)aly(N) = | |°_, To(N)ay,.
(ii)
To(f) =Y FITo(N)alo(N)ls,

where the sum is over all a = [} O] with I, m positive integers, | | m,
([,N)=1 and Im = n.

(i1i) If (n,N) =1, then
Ty (f) := FIITo(N) [§ 21 To(N )]k

The operators T, and T(, ) are called the Hecke operators.

The Hecke operators so defined preserve the cusp forms and one can
similarly define the Hecke operators on the space of modular forms with char-
acters. The following proposition lists the important properties of the Hecke

operators.
Proposition 2.2.4. (a) If (m,n) =1, then T, = T, T),.
(b) If p is a prime diwviding N, then T, = T,° for any positive integer e.

(c) If p is a prime such that (p, N) = 1, then for any positive integer e,
Tperr = T, Tpe — pTippTpe—1 where for f € My(N,x) the action of T,y
can be explicitly expressed as Ti, ) (f) = p**x(p) [

Proof. See [28, Lemma 4.5.7] and [28, Pages 142-143]. O

Hence the Hecke operators form an algebra over Z generated by T,
T(p,p) and T, where p, ¢ varies over primes with p{ N and ¢ | N. We can write

the action of Hecke operators in terms of g-expansions.

Proposition 2.2.5. Let f be a modular form in My(N, x) with g-expansion
f(z)=>0"anq". Then T,(f)(z) = > 0", bng™ where,

bn = Gpn + X(p)pk_lan/p‘

11



Here we take ay,;, =0 if p{ n.
Proof. See [28, Lemma 4.5.14]. O

A modular form f(z) € My(N,x) is called a Hecke eigenform if for
every positive integer m there exists \,, € C with T,,,(f) = A\ f.

Proposition 2.2.6. Let f(z) =Y 7 a,q" € My(N, x) be a Hecke eigenform

as above. Then,
(i) If f(2) is non constant, then a; # 0.

(ii) If f(2) is a normalised cusp form, that is, a; = 1, then a,, = A, for all

m and Qpyy, = apma, whenever (m,n) = 1.
(iii) If ag # 0, then A\, = dex(d)dk’l.
Proof. See [30, Proposition 2.6] or [28, Theorem 4.5.16]. O

Definition 2.2.7. Let f and g be cusp forms in Si(N, x). Then their Peters-

son inner product (f,g) is defined as

= ! 2)g(z) pdrdy z2=x+1
9) = SE T e/ IO +iy.

It is well-known that the Petersson inner product is well-defined and
induces a Hermitian scalar product on the space Si(N, x); for details see [28,
Page 44]. With respect to this inner product, if a;,, = y/x(n) and (n, N) =1

then the operators «,,T,, are Hermitian:

Proposition 2.2.8.

Proof. See [28, Theorem 4.5.4]. O

Thus, Si(V, x) has a basis consisting of eigenforms under all Hecke
operators T, with (n, N) = 1.
There are several other important operators on the space of integral

weight modular forms.
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Let p | N be a prime and @, = p'. The Atkin-Lehner operator |[Wg, i
on My (N) is defined by any matrix of the form

Wo, =

P

[Qpa 3

GMQ(Z)7 0757775€Z
N~y Qp5]

with determinant (),; different choices of o, 8, v and ¢ do not affect the action
of Wg, on My(N).

The Fricke involution |[Wylg is defined by Wy := [N §']. It is to be
noted that |[Wq, |k, |[Wn]i are involutions on M;(N) and commute with the
Hecke operators T, for (n, N) =1 (see [30, Proposition 2.21]).

Further, we define V-operator and U-operator. Let d be a positive

integer and f(z) = >~ a,q" € Mg(N, x). Then,

V(d)f(2) == ang™ € My(Nd, x),
n=0

U(d)f(2) = amq" € My(N,x) if d| N, else € My(Nd,x).
n=0
It is clear that if f is a cusp form then V' (d) f and U(d) f both vanish at infinity.
In fact, more is true: both V(d)f and U(d)f are cusp forms ( [30, Proposition
2.22]). It is easy to verify that 7, commutes with the operator U(d) and for p
coprime to d, T, commutes with V' (d).
Another important notion of modular forms we will be considering in

the later sections is that of a twist with a Dirichlet character.

Definition 2.2.9. Let f(z) = >~ a,q" € Mg(N,x). If ¢ is a Dirichlet
character, then the y-twist of f is defined by

f¢(z) = Z @Z)(n)anqn‘

Proposition 2.2.10. Let f be as above and 1 be a Dirichlet character of

conductor m, then
fol2) =D w(n)ang” € My(Nm? xy?).
n=0

13



Moreover, if f is a cusp form then so is fy.

Remark. Note that here, f,, does not have to be in the new subspace at level
Nm?. However, if we suppose (N, m) =1 and that f is a newform of level N,
then that would be true.

Proof of Proposition 2.2.10. See Proposition 17 in [23, Chapter III] for the
proof. O]

For more details on this twisting operator, see for example Theorem
4.2.2.

Let us now recall the theory of newforms. Define the space of oldforms
SA4(N) in Si(N) by

SN = B P Vd)(SkM)).
M|N d|(N/M)

The new subspace, Sp°V(NN), is defined to be the orthogonal complement of
SA(N) in S(N) with respect to the Petersson inner product. Note that these

spaces are preserved under 7;, for (n, N) = 1.

Definition 2.2.11. An element of S}¢“(N) is called a newform if it is a
normalised eigenform under all Hecke operators T, and the Atkin-Lehner in-
volutions |[Wq,lr for p | N and |[Wn].

We have the following theorem on newforms.

Theorem 2.2.12. (Atkin-Lehner) Let f(z) = > a,q" € SP¢(N) be a

newform. Then,
(i) T.(f) = anf for all n.
(i1) If p is a prime such that ord,(N) > 2, then a, = 0.

(iii) If p | N with ord,(N) = 1, then a, = —w,p"/*71, where w, € {1} is
such that f|[Wo, |k = wpf.

Proof. See either [23, Theorem 2.27] or [28, Theorem 4.6.17] for the proof. [J
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It is to be noted that a similar theorem holds for newforms with char-
acters (see [28, Theorem 4.6.17]); in particular the statement () of the above
theorem is true if f is a newform in SPV(NV, ).

It is a well-known result that, if f € SP*¥(N) is a newform then the
coefficients a,, of f belong to the ring of integers Ok for some number field
K [16, Page 234 |. Moreover, from the above theorem it is clear that the
coefficients a,, are totally real, since they are the eigenvalues of Hermitian
operators.

We will be using the following proposition which can be deduced as a
corollary to the “multiplicity-one” theorem [28, Theorem 4.6.19] on newforms

in the later sections.

Proposition 2.2.13. Let f be a common eigenfunction f € Sp(N,x) of T,
with eigenvalues a, for all n prime to N. Then there uniquely exist a divisor
M of N satisfying Cond(x) | M and a newform g € Sy (M, x) such that

T.(g) = ang for alln prime to N, and f can be written as a linear combination

f= > aaaly.

d|(N/M)
Proof. This is Corollary 4.6.20 in [28]. O

We will conclude this section by stating the following result due to
Sturm [40]. We start with a definition.

Definition 2.2.14. Fiz a number field F' and let O be the ring of integers
of F'-and X be a prime ideal of Op. Suppose f(z) = >, ~oa.q" is a formal

power series with coefficients in Op. Then we define ordy(f) to be
ordy(f) ;== inf{n : a, ¢ \}.
If a, € X for all n, then we let ordy(f) := oc.

It is easy to see that ord,(fif2) = ord,(f1) + ordx(f2).

Theorem 2.2.15. (Sturm) Let I" be a congruence subgroup and k be a positive
integer. Let f, g € My(T') such that f and g have coefficients in Op, the ring
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of integers of a number field F'. Let A be a prime ideal of Op. If
k
ordy(f —g) > E[SLQ(Z) 1,

then ord\(f — g) = o0, i.e., f =g (mod \).

Proof. See [40, Page 276]. O

2.3 Half-Integral Weight Modular Forms

In this section we summarize standard material on modular forms of half-
integral weight found in Shimura’s paper [36], supplemented by material from
the papers of Serre and Stark [35] and Cohen and Oesterlé [12].

2.3.1 Definitions

Before getting into the definition of half-integral weight forms, we first define
the standard Kronecker symbol (ﬁ) and ¢4 for ¢,d € 7Z with d # 0:

(i) (5) =0if (c,d) # 1.
(ii) If d is an odd prime, then (%) is the usual Legendre symbol.
(iii) If d > 0, the map ¢ — () is a character modulo d.

(iv) For ¢ # 0, the map d — (g) is a character of conductor equal to the mod-
ulus of the discriminant of the field Q(1/¢)/Q. We denote this character

by xe-

(v) (<) =1 or —1 according as ¢ > 0 or ¢ < 0 and, () = 1.

(vi) () = (—1)“=Y/2 for all positive or negative odd integers d.

(vii) For odd d, ¢ =1 or v/—1 according as d = 1 or 3 (mod 4).

Also, for z € C, we shall take \/z to be the branch of the square root having

argument in (—m/2,7/2].
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Let G be the group consisting of all ordered pairs («, ¢(z)), where a =
(@8] € GLF (Q) and ¢(2) is a holomorphic function on H satisfying

cz+d

vdeta

for some t € {£1}, with the group law defined by

o(2)* =1t

(@, 6(2)) - (B,9(2)) = (af, ¢(52)9(2))-

Let P : G — GL;(Q) be the homomorphism given by the projection
map onto the first coordinate. The group G acts on the space of complex
valued functions on H by f|[¢]4/2(2) := f(az)¢(z) ", where £ = (o, ¢(2)) € G
and f:H — C.

Let N be a positive integer with 4 | N. Then for v = [¢4] € T'o(N)
define

jn2) = (S) Ve rd AN) = {7 = (3,503, )y € To(N)}.

Then Ay(NN) is a subgroup of G. The map L : T'y(4) — G given by v —
7 defines an isomorphism onto Ag(4). Thus Pla,u) : Ao(4) — T'o(4) and
L : Tog(4) — Ag(4) are inverse of each other. Denote by A;(N) and A(N)
respectively the images of I'y(NN) and T'(V).

Definition 2.3.1. Let k, N be positive integers with k odd and 4 | N.A holo-
morphic function f on H is a modular form of weight k/2 for Ay(N) if f
satisfies f|[Yk2 = f for all v € T1(N) and is holomorphic at all the cusps
of T1(N). As before, f is called a cusp form if it vanishes on all cusps. We
denote such a space of modular forms by My2(I'1(N)) and the subspace of
cusp forms by Sy2(I'1(N)). Let x be a Dirichlet character modulo N. Then
My)o(N, x) (respectively Sy 2(N,x)) is the subspace of Myo(I'1(N)) (respec-
tively Syy2(I'1(N))) consisting of all elements f such that f|[V]k2 = x(d)f for
all v = [¢§] € To(N).

For the precise meaning of ‘holomorphicity at cusps’ in the above defi-

nition, please refer to [36, Page 444].
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It is clear that the space My 2(V, x) = 0 if x is an odd character, that
is, x(—1) = —1. Henceforth we will be assuming x to be an even character. If
X is a trivial character, we write My o(N, x) and Sy /2(V, x) simply by Mj,/2(N)
and Si/a(N).

It is to be noted that since ([§1],1) € Ay(NN), a modular form f €
My,5(I'1(N)) has a Fourier expansion of the form f(z) = > 7 a,¢" where

n=0
q= 627riz

The theta-functions provides us with a large class of examples of half-

integral weight modular forms. We are interested in theta-functions of one

variable (also known as theta-forms).

Definition 2.3.2. Let v be either O or 1. Let ¢ be a Dirichlet character such
that ¥ (—1) = (=1)”. Then we define

Ot v,2) = Y b(n)n"q", (2.1)
where 0° is taken to be 1.
Theorem 2.3.3. (Shimura) Let ¢ be a Dirichlet character with conductor ry.
(i) If ¢ is even then ©(1,0,2) € My (417, 1)).
(i) If ¢ is odd then ©(v, 1, 2) € Ssyo(4r3, 1 - x—1).
Proof. See [36, Section 2]. O

Serre and Stark [35] proved in fact that every modular form of weight

1/2 can be written as a linear combination of theta-functions with v = 0.

Theorem 2.3.4. (Serre and Stark) Let 4 | N and x be an even Dirichlet
character modulo N. Let Q(N, x) be the set of pairs (¢,t) with t € N and 1)

an even primitive Dirichlet character with conductor ry, satisfying
t
i) 4rit | N, i1) x(n) =¥(n) <—) forn € Z coprime to N.
n

Then the theta-functions ©(v,0,tz) with (¥,t) € Q(N,x) form a basis of
the space My/2(N,x). Moreover, let Q.(N,x) be the subset of pairs (1,t) in
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Q(N, x) with ¢ a square of some character, of conductor ry, if ry is odd, and
2ry if ry is even. Let Q (N, x) = Q(N,x) — Q(N, x). Then ©(1,0,tz) with
(¥, t) € Qe(N, x) form a basis for Sy/2(N,x).

Proof. See [35, Section 2] for the statements and [35, Sections 6,7] for the
proofs. m

We will see later that there are many modular forms other than theta-

functions for weights > 3/2.

2.3.2 Dimension Formulae

In this section we briefly state dimension formulae for Sy, /»(V, x) due to Cohen
and Oesterlé [12], for odd k. The above theorem of Serre and Stark gives
explicit bases in the case k = 1. Thus we restrict to k odd > 3. Asusual 4 | N
and y(—1) = 1. Let f be the conductor of x. Write

N=1Ir>  r=1Ir"

Write
pe/? 4 pre/271if 25, <7, and 1, is even
Ap = ¢ 2plre=1)/2 it 2s, <r, and r, is odd
2pTr S it 25, > 7.

The formulae involve another parameter ( which we now define. If o > 4 we
let ( = Ag; if ro =3 welet ( =3. As 4 | N, the only case left is ro = 2.
Suppose 1o = 2. Let (C) be the following condition:

(C) there is a prime p =3 (mod 4) such that p | N with either r, odd

or 0 <r, <2s.
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If (C) holds then we let ( = 2. Suppose (C) does not hold. Let

(

3/2 ifss=0and k=1 (mod 4)
5/2 ifsy=2and k=1 (mod 4)
5/2 ifss=0and k=3 (mod 4)
3/2 ifsy=2and k=3 (mod 4).

\

Theorem 2.3.5. (Cohen and Oesterlé [12, Théoréme 2/) With notation as

above,

. ] k—2
dlmSk/Q(N, X) — dlmM2—k/2(N7 X) = TNH(l + 1/p) B g H /\p'

p|N p|N,p#2

Here we take My_i/2(N,x) =0 for k > 5.

2.3.3 Operators

As in the case of integral weight modular forms we have several operators that
act on the spaces My/o(N, x) and Si/2(N, x).
We will start with the Hecke operators which are defined again in terms
of double cosets. Let & be an element of G such that Ay(N) and 1A (N)E
are commensurable. Define an operator |[A;(N)EAL(N)]k/2 on My 2(I'1(N))
by
FIALN)EAL(N)Jrj2 = det ()Y FI[& ko

where A (N)EA(N) =, A1(N)E,.
Now suppose m is a positive integer and o = [} 0 ], € = (a, m'/*). Then

the Hecke operator 7, is defined as the restriction of |[Aq(N)EA(N)]g/2 to
My.)2(N, x). It is to be noted that by [36, Proposition 1.0], if m is not a square
and (m, N) = 1 then [[A(N){A(N)]k/2 is the zero operator. So we assume

that m = n? for a positive integer n. We write the Hecke operator T},> as
E_
T (f) =n2"2> " x(@) fl[Ekso,
where &, are the right coset representatives of Ag(N) in Ag(N)EA(N) such
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that P(&,) = [% %]. We have the following theorem.

Theorem 2.3.6. (Shimura) Let f(z) = Y00 anq" € Myo(N,x). Then
T2(f)(2) = >0 bng™ where,

-1 n

A
b = a2, + x(p) (?) <5> Pk_lan + X(pZ)pk_Zan/p27

and X\ = (k —1)/2 and a,,2 = 0 whenever p* t n.
Proof. See [36, Theorem 1.7]. O

As in the integral weight case, if (m,n) = 1, then T2,z = T,,,2T},2; in
particular the Hecke operators 7,2 and T,2 commute (see [36, Proposition
1.6] for details). The operators T,2 with p prime generate the Hecke alge-

bra. Moreover, as before we can define a Petersson inner product on the space

Sk/2(N, x) and with respect to this inner product x(p)7,2 are Hermitian when-
ever (p, N) = 1. Hence Si/2(N, x) has a basis of eigenforms under all Hecke
operators Tp2 with (p, N) = 1.

Example 2.3.7. Just as in the integral case, it is not true that the space
of cusp forms has a basis of eigenfunctions under all Hecke operators. We
computed the action of Ty on Ss/5(N) for all N up to 180. We found that T}
is not diagonalizable for N = 160 only.

MAGMA gives the following basis for the space S3/2(160):

fhi=a—¢" = —2¢" +3¢" + 0(¢™)

fo=q® — ' — g% 1+ 2¢2 — 243 — 2% 1 ¢ + 2¢% + O(¢*°)
Fo= g — g — 2¢% — ¢ + 2™ + 2¢° + O(¢™)

fr=a" = 2¢" = 3¢" + O(¢”)

f5 — q6 o ql(] - q14 +q30 +2q34 . q46 o 2q54 +O(q60)

f6 — q7 _ q15 o q23 +q47_}_0(q60)‘

We find that Ty(f;) =0 fori =1, 2, 4, 5, 6 and

T4(f3) =fi—fa—2f.
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Let M be the 6 x 6 matrix representing the action of T, with respect to
the basis fi,..., fe. Then M has eigenvalue 0 with multiplicity 6. If T} is
diagonalizable, then T, = 0. Since this is not the case, we see that it is not

diagonalizable.

Further, we can define V-operators and U-operator as in the integral

weight case and we have the following proposition.
Proposition 2.3.8. Let f(z) € My2(N, x). Let d be a positive integer.
(i) V(d)(f) € Myj2(Nd, (*¢) x)-
(i) 1fd | N, U(d)(f) € Mia(NV, (1) x).
Moreover in above cases V(d) and U(d) take cusp forms to cusp forms.
Proof. See [30, Proposition 3.7]. O

One can verify as in the integral weight case that T,» commutes with

the operator U(d) and for p coprime to d, 7,2 commutes with V' (d).

2.3.4 Shimura’s Correspondence

We will conclude this section by presenting a fundamental theorem of Shimura
[36] which connects the arithmetic of half-integral weight cusp forms and even

integer weight modular forms.

Theorem 2.3.9. (Shimura) Let N and k be positive integers such that 4 | N
and k> 3. Let A= (k—1)/2. Let f(z) =) ", ang"™ € Sk2(N,Xx). Lett be a

n=1

square-free integer and let v, be the Dirichlet character modulo tN defined by

tm =xom (51 (5).

Let Ay(n) be the complex numbers defined by

> An)nt = (Z W@)WH) (Z (g2 j—S) . (2.2)

J=1

Let Shy(f)(2) = .07 Ai(n)q™. Then Shy(f) € My—1(N/2,x*). If k > 5 then
Shy(f) is a cusp form. Further if k = 3 then Shy(f) is a cusp form if f is in
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the orthogonal complement of So(N,x), the subspace of Ss/2(N, x) spanned by

single variable theta-functions.

The formulation we used of Shimura’s Theorem is one found in Ono’s
book [30, Theorem 3.14]. Please refer to section 3.1 for the explicit definition
of So(N, x).

The Shy(f) is called the Shimura lift of f corresponding to ¢. In the
later chapters we will discuss deeper properties of Shimura lifts and several

results surrounding them.

2.4 Algorithms for Computing Half-Integral
Weight Modular Forms

As far as we know, the only algorithm found in the literature for computing a
basis for the space of half-integral weight modular forms is given in Basmaji’s
thesis [3]. Basmaji’s algorithm is for modular forms of half-integral weight
and level divisible by 16. However the computer algebra system MAGMA [5]
computes bases for spaces of half-integral weight modular forms of general
level. By reading the relevant part of the MAGMA source code written by Steve
Donnelly and William Stein, we have been able to write down the algorithm
it is relying on, which is a variant of Basmaji’s, and to verify its correctness.

Let £ > 1 be an odd integer and N € N such that 16 | N. Let x
be a Dirichlet character modulo N. Basmaji in his thesis gives the following
algorithm for computing a basis for Si/2(N, x). The idea of the algorithm is

to use theta-series. Let

O(z) = > ¢ =1+2> ¢,
n=—o00 n=1
ol S e s
n=1(mod2) =1 (mod2)

where ¢ = €2™%,
From the work of Serre and Stark [35] we know that © € M /5(4, Xtriv)

and ©1 € M )5(16, Xtriv) Where Xty stands for the identity character; this is
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proved independently in Basmaji’s thesis. Let x_; be the nontrivial Dirichlet

character modulo 4 and
S:S% (N, X‘X%l)-
Basmayji defines the following embedding,
@ Skp(N,x) =S xS, fr=(f6,f61),

proving that f© and f©; do indeed belong to S. Let U be the subspace of
S x S consisting of elements (f1, f2) such that

f1-61=f2-0 (2.3)

holds. Then U is isomorphic to Sk/2(N, x) via the map

(f1: f2) = [1/© (= f2/61).

There are standard methods for computing a basis for a space of mod-
ular forms of integral weight; see for example [39]. Thus one can start with
a given basis for S and form a system of linear equations in terms of the
coefficients of g-expansions of the basis elements and solve for (fi, f2) in the
equation (2.3), thereby recovering a basis for S/2(N, x).

It is to be noted that the hypothesis 16 | N is only used to show that
fO1 belongs to the space S and so it seems possible to drop this hypothesis by
working with other theta-series. This is precisely what is done in the MAGMA
implementation for general level N. Suppose 4 | N and 161 N. Let

0y(2) := 22—1+22q € My/5(8, xs)

where ys = (8) is the Dirichlet character modulo 8. Let N’ = lem(N, 8). Let
S be as before and

S = Sewr (N &R
= Sen (N, xoxs X3 )
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Then we have an embedding as above given by
Q : Sk/Q(N,X) — 9 x SI

Lemma 2.4.1. If f € Si/2(N, x) then fO, € 5.

We shortly prove Lemma 2.4.1. Let U’ be the subspace of S x S" con-
sisting of elements (g1, g2) such that

9102 = 920.

As before this gives a system of linear equations that we can solve and recover

a basis for Sy/2(N, x).

Proof of Lemma 2.4.1. Let v = [2 5] € To(N’). Then

(fO2)(72) = f(v2)O2(72)

= x(d)xs(d)j (7, 2)" ' f(2)O2(2)

= (x - xs)(d)(§ (7, 2))*V2 f(2)04(2)

= (x - xs)(d)(e; % (cz + d)) "V f(2)0(2)

= (x - xs XV (A) ez + ) FDR(£0,)(2).

Note that f©, is holomorphic on H as so are f and ©,. We want to show
that f©; is holomorphic at the cusps. Let s € Q U {oo} be any cusp. Then
s = aoo for some o € Sliy(Z). Following the definitions one can easily show
that

(f@Q)(Z)|[a](k+1)/2 = Ka - f(z)|[a]k/2@2(z)|[a]1/2'

where k, is a fourth root of unity. Now the result follows since f is a cusp

form. O

2.5 Automorphic Representations

Let F' be a number field and Ag be its ring of adeles. In this section we will

recall the theory of automorphic representations of GL,(Ag). We follow the
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standard material as presented in Bump’s book [6].

Definition 2.5.1. Let G be a locally compact abelian group. Then, by a qua-
sicharacter of G we mean a continuous homomorphism x : G — C*. If
Ix(9)| = 1 for all g € G, then x is called a character. In particular, we say
that a character x, of F* is unramified of it is trivial on the unit group O) .
Here F, is the completion of F at the place v of F' and O, is the ring of
integers of F,.

Note that an unramified character of F)* is determined by its value on
any uniformizer. In our subsequent work we will be only interested in the case
of GL,(Ar) where FF=Q and n < 2.

If n = 1, an automorphic representation of GL;(Aq) is indeed simply
a Hecke character, i.e., a continuous homomorphism Y : Aé /Q* — C* and
it corresponds to a primitive Dirichlet character. This follows from Tate’s
thesis [9, Chapter XV] and we will discuss this in more detail in Section 4.1.
We will henceforth assume that n = 2 and we will see that one can associate
automorphic representations of GLa(Ag) to classical Hecke eigenforms.

Before going into the definition of automorphic representations, we first
recall the theory of admissible representations of G = GLa(f) where f is a non-
Archimedean local field (that is a finite extension of @, for some finite prime
p) with ring of integers o. Please refer to either [6, Chapter IV] or [14] for the
details of what follows.

A representation of G on a complex vector space V is smooth if the
stabilizer of any vector in V' is an open subgroup of G it is admissible if it is
smooth and for every open subgroup U of G the space VY of vectors stabilized
by U is finite dimensional. We will be interested in irreducible admissible
representations.

Let x1 and y2 be quasicharacters of {*. Let B(x1, x2) be the space of all
smooth (i.e, locally constant) functions f : G — C which satisfy the following

identity
1/2
X1(y1)xa(y2) f(9)-

{{FOR"

2

Here | - | is the usual norm character of {*, which takes y € §* to ¢ "% ®

where ¢ is the cardinality of the residue field. Then G acts on B(x1, x2) by
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right translation, i.e., (¢f)(¢') = f(¢'g) and the resulting representation can
be shown to be an admissible representation of G. Further, if we assume that
X1X3 " is not equal to either of the quasicharacters |- | or |-|71, then B(x1, x2) is
irreducible (see [6, Theorem 4.5.1]) and in this case, the isomorphism classes of
the B(x1, x2) are called the principal series representations; the isomorphism
class of B(x1, x2) is denoted by m(x1, x2)-

|:|:1

When xix; ' is equal to | - [*!, the representation B(x1,x2) has two

composition factors in its Jordan-Holder series, a 1-dimensional factor and an
infinite dimensional factor. Precisely, say x1x5* = | - | and write x; = x| - |/?
and x2 = x| - |=1/2, Then B(x1, x2) has a unique irreducible subrepresenta-
tion Sto(x) which is infinite dimensional. The quotient B(x1, x2)/Sta(x) is
1-dimensional and G acts on it through the character g — x(detg). Write St
in place of Sty(y) when y is the trivial character. The representation Sty is
called the Steinberg representation. One has Sta(x) = Sty ® x.

An irreducible admissible representation (7, V') of G is called supercus-
pidal if associated “Jacquet module” J(V') is zero. We have the following
classification of the irreducible admissible representations of G which can be

gleaned from Bump’s book [6]; the formulation we use is that of [14].

Theorem 2.5.2. Let (m,V') be an irreducible admissible representation of G.
IfV is finite dimensional then it is 1-dimensional and there exists a quasichar-
acter x of §* such that w(g)v = x(det(g))v for allg € G andv € V. Otherwise,

(m, V) is equivalent to one and only one of the following:

(i) An irreducible principal series representation w(x1,X2) with x1X5* #
| . |:t1

(i) A twist Sty ® x of the Steinberg representation Sts.
(1ii) A supercuspidal representation.
Proof. See [6, Section 4.5, 4.6, 4.7] for a complete proof. ]

Definition 2.5.3. An irreducible admissible representation (w, V') of G is
called spherical (or unramified) if it has a vector which is invariant under

the mazimal compact subgroup K = GLy(0).
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It is well-known (see [6, Theorem 4.6.4]) that (m, V') is spherical if and
only if either it is a 1-dimensional representation given by g +— y(det(g)) for
some unramified quasicharacter x of §*, or it is a principal series of the form
(X1, x2) with x; and y2 unramified quasicharacters of §*.

We will now define an automorphic cuspidal representation of GLy(Af).
Let w be a Hecke character. Let L?(GLy(F)\ GLy(Ar),w) be the space of all
functions f : GLg(Ap) — C that are measurable with respect to the Haar

measure dg and satisfy
(529 =w(2)flg),  z€Ag,

fvg) = flg), 7€ GL(F),

and that are square integrable modulo centre Z, . (the group of scalar matrices

with entries in A%):

/ F(g)Pdg < oo.
Zyp, GLo(F)\ GLa(Ap)
Let L3(GLy(F)\ GLy(Ar),w) be the closed subspace (cusp forms) satisfying

the cuspidal condition, that is,

| r1ei =0
F\Ap

for almost all g € GLy(Ar). The group GLy(Ar) acts on this L? space by
right translation; this representation is called right regular representation and
is denoted by p. The space of cusp forms (L3 subspace) is invariant under
this representation and decomposes into an infinite direct sum of irreducible
invariant subspaces. If (7, V') is a representation of GLy(Ap) that is isomorphic
to the representation on one of these invariant subspaces, then we say that
(m, V) is an automorphic cuspidal representation with central character w.
Let goo = [[,cq. 8k(F)), where S is the set of Archimedean places
of F'and gl,y(F),) is the Lie algebra of GLy(F,), i.e., the set of 2 x 2 matrices
over F, . Let K =[], K, where K, = GLy(0O,) if v is non-Archimedean,
K, =0(2) if vis areal and K, = U(2) if v is a complex; note that O(2) and

U(2) are respectively orthogonal group and unitary group of 2 x 2 matrices.
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It turns out that if (7, V) is an automorphic cuspidal representation of
GL3(Ap) then on the space of K-finite vectors in V' one can write 7 = ®/,m,
where ®' represents a restricted tensor product; here for each Archimedean
place v of F, m, is an irreducible admissible (g, K, )-module and for each
non-Archimedean place v, m, is an irreducible admissible representation of
GLs(F,). It is to be noted that 7, is spherical for almost all v, which allows
us to define the restricted tensor product. For details see [6, Theorem 3.3.2,
Theorem 3.3.3, Theorem 3.3.4].

Assume now F' = Q. Let f € Si(N, x) be such that f is an eigenfunc-
tion for all Hecke operators 7, with p { N. One can associate to x a Hecke
character w as remarked earlier. Let w = Hp wp. By the strong approximation
theorem [6, Theorem 3.3.1], it follows that any element g € GLy(Ag) can be
written as g = vgooko where v € GL2(Q), goo € GL3 (R) and kg € Ko(N);
here Ko(N) = [],.o Ko(NV)p, where if p | N then Ky(N), is the subgroup
of GLy(Z,) of the form [25] where ¢ = 0 (mod N) in Z, and for primes
p 1 N, Ko(N), = GLa2(Z,). Let © be the character of Ky(N) given by
(2 2]) = Ty n(3)

Then the adelization of f is the function ¢; : GLy(Ag) — C defined
by ¢7(9) := fllgoo)(%) - (ko). Since f is a cusp form, ¢; satisfies several
properties and in fact it turns out that ¢ is an automorphic form on GLy(Ag)
(see [6, Page 343 | for details). We have the following theorem; the formulation
is as in [21, Page 93].

Theorem 2.5.4. Let my be restriction of the right reqular representation p of
GLy(Ag) on the subspace Vi of L3(GL2(Q)\ GLa(Ag),w) spanned by {p(g)d; :
g € GLy(Ag)}. Then s is irreducible and hence an automorphic cuspidal

representation with central character w.
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Chapter 3
Shimura’s Correspondence

Shimura’s Correspondence relates certain cusp forms of half-integral weight to
modular forms of integral weight. In this chapter we give a precise statement
of this correspondence and use it to study eigenfunctions and what is known
as the Shimura decomposition.

Let k be an odd integer > 3 and N a positive integer such that 4 | N.
Let x be an even Dirichlet character modulo N. As we saw in the previous
chapter, Si/2(N, x) can contain single-variable theta-series for & = 3. We shall
denote by Sp(IV, x) the subspace generated by single-variable theta-series. If
k > 5 then Sy(V, x) = 0, but this is often not the case for k = 3.

The interesting part of the space Sy/2(V,x) is the orthogonal com-
plement of So(XN,x) with respect to the Petersson inner product, denoted
by Skl/Q(N ,X)- It is cusp forms belonging to this subspace that feature in
Shimura’s decomposition. To compute the dimension of SkL/Q(N ,X) we need to
know the dimension of Sy(V,x). A generating set for this is given in several
references, e.g. Shimura’s paper [36]. We show that this generating set is in
fact a basis of eigenfunctions, although we have not found this result anywhere
in the literature.

As we will see in this chapter, Shimura decomposes the space S kL/Q(N . X)

as

Sia(N,x) = €D Sk/2(N. x. ¢)
¢

where ¢ runs through the newforms of weight k£ — 1 and level dividing N/2 and

character x?; Sk/2(V, x, ¢) is the subspace of forms that are Shimura-equivalent
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to ¢. We give an explicit algorithm for computing this decomposition. This
decomposition will be crucial for our efforts later on to express the critical
values of L-functions of twists of elliptic curves in terms of coefficients of

modular forms of weight 3/2.

3.1 The Space Sy(N, x)

Let N be a natural number such that 4 | N. Let y be an even Dirichlet
character of modulus V.

Let ¢ be a primitive odd Dirichlet character of conductor r,, and

hy(2) == 5O, 1,2) = > 4(m)
m=1

Recall, by Theorem 2.3.3 that hy € Ss2(4r7, (=1)¢). Consider the operator
V(t) (see section 2.2). By definition,

Ve = 3 v € sy (130, (1) v).

Following Shimura [36], we define the space Sy(NN,x) to be a subspace of
Ss/2(N, x) spanned by

S={V(t)(hy) : 47"5,75 | N and v is a primitive odd character of

—4¢
conductor 7y such that xy = (—) (NS

The purpose of this section is to prove the following theorem.

Theorem 3.1.1. The set S constitutes a basis of eigenforms for So(N,x). In
particular, the dimension of So(N, x) is simply #5S.

To prove the theorem we shall need a series of lemmas.

Lemma 3.1.2. V(t)hy is an eigenform for the Hecke operators T2 for all

31



primes p. Indeed,

b)) +p)V(O)hy if pt2t

T2V (t)hy =
Y(p)pV () hy if p |2t

Proof. Let us write V (t)hy(2) =307, a,q™. Thus

n=1

Pv(im)m if n = tm?
ay, =
0 otherwise.

Let p be any prime. Write T,V (t)hy, = >~ byg™. Then by Theorem 2.3.6,

_ 2
b = o+ (‘“7”) (p)an + (%) (p)pan.

If n/t is not the square of an integer, then b, = 0. Write n = tm?. If p | 2t,
then b, = a2, = @22 = Y(pm)pm. This completes the proof when p | 2t.
Suppose p t 2t. Then

4t>m?

p
2

m
= Atp2m?2 + <?> w<p)atm2 + ¢(p)2patm2/p2

—4t\*
by, = Aip2m2 + ( ) w(p)atm2 + (7) ,Ivb(p) Patm2 /p2

Qtp2m? + (%2> U(p)agne it ptm
ipemz + Y*(P)PAmz e i p|m
= (pm)pm + P (pm)m

= (1+ p)(p)ams

Hence the lemma follows. O

Lemma 3.1.3. Let ¢ be a Dirichlet character modulo r. Let 1)’ be a Dirichlet
character modulo R. Let N be a natural number such that r | R | N and
w(n) = ' (n) for alln with (n, N) = 1. If4’ is primitive character modulo R,
then R =r and ¢’ = 1.

Proof. Let R = Hle p;*and N = Hle pfi-szl q;j where p1, ..., Pk, q1y - - Q0
are distinct primes, and 8; > «a;. Let (n, R) = 1. Then by Chinese Remainder
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Theorem there exists an m such that

3
i

n  (mod H?:l pfl)
1 (mOd H;:l q]])

Som =n (mod R) and (m, N) = 1. Hence we have,

Thus ¢/ is induced by 1. Since ' is a primitive character modulo R we get
R =r and ¢/ = ). ]

We have following easy corollary to the above lemma.

Corollary 3.1.4. Let 1y and 15 be primitive Dirichlet characters modulo
and 1y respectively, and suppose 1 | N, ro | N. Let x be a Dirichlet character
modulo N such that 11(n) = y(n) = x(n) for all n such that (n,N) = 1.
Then r1 = ry and ¥, = .

Proof. Let the conductor of y be r and ¢ be the primitive Dirichlet character
modulo 7 which induces x. Then r | r; and r | ro. Hence the result follows

from the lemma. O

Proof of Theorem 3.1.1. We will prove the theorem by showing that the ele-
ments of the set S are linearly independent. Let S = { V/(¢;)(hy,) : 1 <i <k }.
We claim that ¢;’s are all distinct. Suppose not. Then there exists 7, 7 such
that ¢; = t;. We know that y = (T2 )y, = (=24)ep;. Thus, ¢;(n) = 1;(n) for
all (n, N) = 1. Since v; and v, are primitive, we can apply Corollary 3.1.4 to
get that 1); = ¢; and that V(t;)(hy,) = V(t;)(hy,;). Hence the claim follows.
We can assume that t; < ts < -+ < 1.
Now let o; for 1 < ¢ < k be such that

a1V (1) (hy, ) + a2V (t2) (hy,) + - - - + arV (tx) (hy,) = 0.
By the above equation and the g-expansion of V'(t;)(hy,), it follows that

coefficient of ¢ = a1 (1) = 0.
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Hence a; = 0. Repeating the same argument with to, %3, ..., tx, we get that

ay = a3 =+ = = 0. Thus we are done. O

Remark. In the literature (see [30]), So(N,x) is referred to as the space
spanned by single variable theta-functions. Kohnen states in [25] that the
“space of theta-functions” is zero for square-free level and arbitrary character,
and also for cube-free level and trivial character. Kohnen does not give a

proof. We prove this statement in the following easy proposition.
Proposition 3.1.5. (Kohnen) Suppose either of the following holds:
1. N/4 is square-free, or
2. N/4 is cube-free and x is a trivial character.
Then So(N, x) = 0.

Proof. In the case N/4 is square-free, it is clear that the set S = (. Let N/4
be cube-free and x be a trivial character. Hence for any V(t)h, € S we have
(=) ¢(n) = 1 for all (n,N) = 1. That is, for all such n, ¢(n) = (). It

is to be noted that the character (lt) is a primitive character modulo 4t or ¢
depending on the value of t (mod 4) and hence using Corollary 3.1.4 we get
that ry = 4t or ry, = t respectively. However, N = 47“325. This contradicts the

assumption that N/4 is cube-free. Thus, in this case the set S = (). O

Note. Recall that for k& > 5, we defined So(N,x) = 0. In the upcoming

sections we will use the following notation:
SkL/Q(Na X) = SO(Na X)La

in words, the orthogonal complement to Sy(N, x) with respect to the Petersson

inner-product. Thus, for k& > 5,

Sli_/Q(Nv X) = Sk/Q(N7 X)
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3.2 Shimura Lifts

For this section fix positive integers k, N with £ > 3 odd and 4 | N. Let x be
an even Dirichlet character of modulus N. Let N’ = N/2. We recall Shimura’s

Theorem.

Theorem 3.2.1. (Shimura) Let X = (k — 1)/2. Let f(z) = >.°° a,q" €

n=1

Sks2(N, x). Let t be a square-free integer and let 1), be the Dirichlet character

modulo tN defined by
“1\*
wtm) =xtm) () (£).

Let Ai(n) be the complex numbers defined by
> An)n = (Z 1/),5(@')2'/\_1_8> (Z ;2 j‘5> . (3.1)
n=1 i=1 j=1
Let Shy(f)(z) = > 02, A(n)q™. Then
(i) Shy(f) € M1 (N',x?).
(ii) If k > 5 then Shy(f) is a cusp form.
(iii) If k=3 and f € ng/Q(N, X) then Shy(f) is a cusp form.
(iv) Suppose f is an eigenform for T2 for all primes p and let T2 f = A\, f.

Then Y > | Ao(n)g™ € My_1(N', x*) where Ag(n) is defined by

D A= =TT =A™ + x(p)?" 7). (3.2)

p

In fact if a; # 0 then Shy(f)/a; = > 7, Ao(n)q".

Proof. For (i), (ii) and (iv) see [36, Section 3, Main Theorem, Corollary], for
the rest see [30, Theorem 3.14]. In particular, the fact that N’ = N/2 was
proved by Niwa [29, Section 3]. O

The following is clear from Equation(3.1).
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Lemma 3.2.2. The Shimura lift Sh, is linear.
Lemma 3.2.3. If Shy(f) = 0 for all positive square-free integers t then f = 0.

Proof. By Equation (3.1) we know that a;;2 = 0 for all positive square-free

integers ¢ and all positive integers 7. Then a, = 0 for all n. O]

In Ono’s book [30, Chapter 3, Corollary 3.16] and several other places
[24] we find the following result stated without proof.

Proposition 3.2.4. Suppose f € Si/2(N,x). Let t be a square-free positive
integer. If p1 4tN is a prime then

Shy (T2 f) = T, Shy(f).

Here T),2 is the Hecke operator on Si/2(N,x) and T}, is the Hecke op-
erator on Mj,_1(N’, x?). We will denote by Tj/s and Tj_; the Hecke algebras
over Z acting on the space My o(N, x) and My_1(N’, x*) respectively.

For what follows we shall need the following strengthening of this result.

Proposition 3.2.5. Suppose f € Si/2(N,x) and t a square-free positive inte-
ger. If p is a prime then

Sht(TPZf) — Tp Sht<f)
We do not know why the above references impose the condition p { tN.

We shall give a careful proof that does not use this assumption.

Proof of Proposition 3.2.5. The proof uses the explicit formulae for Hecke op-
erators in terms of g-expansions. As in Shimura’s Theorem above, write
f(z) =377 a,q™. Fix t to be a positive square-free integer. To simplify

notation, we shall write A,, for A;(n). Thus we have the relation
> b= (St (S~
n=1 i=1 j=1

We may rewrite this as

Ay =) (i)t e, (3.3)

ij=n
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Let .
= Z bnq".
n=1

Then using Theorem 2.3.6 we get,

n a _
by, = a2, + Y1(p) (5) p’\ Ya, + )(2(]9)]9’C 2an/pz. (3.4)

The reader will recall that if n/p? is not an integer then we take a, 2 = 0.
Let g = Shy(f)(2) = > 02, Ang™. Write

o
= Z B,q".
n=1

Let
Shy(T;2 f)(z Zpﬂ

To prove the proposition, it is enough to show that B, = C,, for all n. We
shall do this by direct calculation, expressing both B,, and C,, in terms of the
a;.

Since g(z) = > A,q" € My_1(N',x?) and T,(g)(z) = Y. Bnq™ we know
by Proposition 2.2.5 that

Bn = Apn + Xz(p)pk_2An/p'

Substituting from (3.3) we have

= Z Yy (1)i™ Yage + Z pi2iA = Yage; (3.5)

tj=pn ij=n/p

here the second sum is understood to vanish if p { n.
Recall T2 f(2) = > bug™ and Shy(T)2f)(2) = > C,q". Hence by (3.3)

we have
Co =Y u(0)i* " byye.

ij=n
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Using (3.4) we obtain

N t5> _ _
C, = Z wt(lﬁ/\ ! (ap2tj2 + (p) (%) p)‘ 1atj2 + XQ(p)pk 2atj2/p2) .

ij=n

Note that 1 (p) (%) = 1(p) (%) So we can rewrite C), as

9
C, = Z Pe(1) Al (@p%j? + i(p) (%) p/\flatﬂ + X2(p)pk2@tj2/p2) . (3.6)

Note that the Legendre symbol here is 1 unless of course p | j in which case it
is 0. Moreover aj2/,2 = 0 whenever p { j; this is because ¢ is square-free.
We consider the following two cases.

Case p{n. In this case the formulae for B, and C,, simplify as follows.

= S @i

= Z Ui (pi) (pi)* g + e ()i agep

= > D) age2 + u(p)p*ag2)

ij=n

=C,.

Case p | n. Write n = p"m where r > 1 and p t m. We rewrite (3.5) as

follows.

By= Y @ m/i)p m/i)  aye

jlprtim

+ Y X m /)  m ) a

Jlpr=tm

This maybe re-expressed as B,, = BY + B where
r—+1

= SN m ) ) g

u=0 k|m
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and

r—1

BP =Y "> ) m/k)p (0 m k) e

u=0 k|lm

Moreover, we can rewrite (3.6) as follows.

2
Co= Y dulp"m/j)(p"m/)*" (@p%ﬂ +1u(p) (%) P age + XQ(P)pkzatﬂ/pQ) :

jlprm

Thus we can write C,, = oV 1+ o 4+ 0¥ where

CO =" (" m k) (0 m k) ageee,

u=0 k|lm

and

Cy(?) _ Z 1/1t(pT+1m/k> (pr+1m/k))\—latk27

klm

and
T

CV = Y X m/R) (0 m k) e,

u=1 klm

It is clear that B = C,(f)’), and also that BSY = CV + C’r(f); here C'2) corre-
sponds to the u = 0 terms in BY. Thus B,, = C,, completing the proof. [

3.3 Recursion Formula for the Hecke Opera-

tors szz

We keep the notation as in the previous section. Let [ be a positive integer
and p be a prime. In this section we are interested in the action of the Hecke
operator Tz on the space My, o(N, x). In the case p | N we have the following

easy lemma.

Lemma 3.3.1. Let [ be a positive integer and p be a prime dividing N. Let t

be a square-free positive integer. Then
(1) Ty = (Tp2)".
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(ii) Shy(T,a f) = T (She(f)) for f € Skja(N, x).
In the above statements T, € Ty/o and T,y € Ty_.

Proof. Let f = 30 a,q" € Mys(N,x). It follows using [36, Proposition
1.5] that Tpu(f) = > 07 appzq™. Now part (i) follows using Theorem 2.3.6.
Part (ii) follows by using Proposition 3.2.5 and part (b) of Proposition 2.2.4
since p | N'. O

We will assume that p{ N for the rest of this section. The main aim of

this section is to prove the following result.

Theorem 3.3.2. Let p{ N be a prime and | > 2 be a positive integer. Then
the following identity of the Hecke operators holds in Ty ;-

Tp21+2 = Tp2Tp21 — X(p2)pk72Tp2172.

It is to be noted that for [ = 1 the above relation does not hold. One
can check directly that in Ty o,

Ty = (T,2)* — x(*) ("> + p* 7).

We need the following lemma on Gauss sums which can be easily deduced from
28, Lemma 3.1.3]:

Lemma 3.3.3. Let p be a prime and n, o be a given positive integer. Then

2mimn 0 Zf pOé*]. 'f n

(i) Shis () ¢ = P (%) /B ifn=pr i

SIER

-1 2mimn O pa "/ n

(i) Zgjzo e =

(67

p* p*|n.

Proof of Theorem 3.3.2. Let f € My 5(N,x). Let a = [épgz], ¢ = (a,p'?).
Using [28, Lemma 4.5.6] we know that

2l—v
FO(N)QFO(N) - U Foamma Qym = lp m]
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where 0 < v <21, 0 < m < p” and ged(m, p¥,p? ") = 1. Let G be the group
defined in Subsection 2.3.1. Let &,,,, € G be given by

(a,,,m, pit 6" (ﬂ)> if v is odd

p

fu,m =

—2042v . .
) if v is even.

(Cvm, P
One can verify that &,,, with v and m varying as above form a set of right
coset representatives of Ag(N) in Ag(N)EAG(N) (see [36, Proposition 1.1]).
Then we know by definition of T, (see Subsection 2.3.3) that

v=1

211
T f = (p2l)§*1 (AO + Ay + Z A,,) , (3.7)

where
pu_l p2l_1

Ay = Y XO" ) Fmlisa: A=Y fllomlrsas Ao = x(0*) f €00l
m=0 m=0
(m,p):l

Applying 7,2 to Equation (3.7) we obtain

20—1
TpTf = (p?)i! (Z T2 A, + T2 Ay + TPQAO)

v=1

201
(p2l+2 (Z By, + By + Bo) ;

where for v with 0 < v < 20 — 2 we have

2[ V+2 p2l—vt+2 —204+2v—2
Bl/ E l/]? p 4 ru,m)]k/Z
(m p) 1
p—1 p¥
2l I/+1 2l v+1 2l vim! +mp —214+2v
E E s J, p— 1 Su,m,m/>]k/2
'—1 m=0
(mp) 1
2l v 2l v 2l um +mp2 —21+2v+2
E E prt2 ]7 p 4 TV,m)]k/Qa
'=0 :0
p:
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where

!
o' (5) v o (7] vou
Tvm = ) Symm! = 1 ,
1 v even €, (%) v even,

and By, has the same expression as above with v = 21 but without any copri-
mality condition on m, that is, we do not have (m,p) =1 in the above terms
while writing the expression for By,.

We express Tar2f as in Equation (3.7) and compare it with Equa-
tion (3.8). Ruling out some of the terms using Euclidean algorithm and rewrit-
ing the action of matrices (we will give an example of the working later) we

obtain

20—-1
(Tyee — Te T )(f) = —(p?+2) 5! (SO + So + Z(D,, + EV)) (3.9)

v=1

where

So= Z PO 75 ) 27 ey

pZZ 1
2 -1
Soy = X@) S 5 P2 )z
0p
=0
(m,p)#1
p?—1 pY—1
—v 2l—v 217”771,/ m 2 —214+2v+2
Dl/ = X(pQZ ) Z Z f‘[([p 0 P pu+;— P ]7 b 4 ru,m)]k/Z
m/ m=0
0(m,p)=1
p—1 p“—1
—v 2l—v+1 QZfl/m/ m —2l+4+2v
EV:X(p2l +1) Z Z f‘[([p 0 P pu+1+ p], p 4 Sl/,m,m/)]k/Z-
m/'=1 m=0
1(m,ﬁo)=1
Further
21—-3
X2 2 Ta f = p? (p*F2) (Zc + Cy 2+OO> , (3.10)
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where for v with 0 < v < 2l — 3 we have

p¥—1

Co= Y X" mlop

m=0
(m,p)=1

—20+420+2
- ru,m)]k/2

and Cy_o has the same expression as above with v = 2] — 2 but without
the condition (m,p) = 1 in the above sum. We first claim that the following

relations hold:
(i) D, =p*C, for 1 <v<2[—3, and Sy= p>Cj.
(ii) £, =0for 1 <v <20—2.

We will only show the computation for part (i7) for case v odd. The rest of
the claim follows by similar method. Fix an odd v with 1 < v < 2] — 3. Fix
1 <m' <p-—1. Then for each m with 0 < m < p” — 1 there exist unique a
and b with 0 < b < p” — 1 such that m +p*~v"1m/ = ap” +b. Moreover m = b
(mod p). Hence

e (7))

We can rewrite F, as

p—1 p’—1 20—v+1 2—v, 1 ' —k
I—v D Z+p m’ + mp 2420 _o (MM
E, = x(@"™) > f( e > <p i e,f( ))

m/’=1 m=0 p
(m,p)=1
i m’ ] l l 2142 m
—v - 20—v p2l—v—1,/ 4y - v -
- () E e ()]
m/=1 p ( m:)(l1 p k/2
2l—v+1\ k - —m/ Rl P2 b —2utw g —b
- X<p )Ep Z f [ 0 pu}v p ¢ Ep —
= P (bbz)o_l p k/2
= 0.

2l—v 2lfuflml m =2l+2v —m a ol—y —20+2v —b
(17 e (20 ) = - (175 21 076 (7).



By working out similarly as above one can further see that

21p2121

2 2m/ m -1
PCoca — Daa = x(p*) Y > fIIH ™4 "), T ke = Facs.
m/ m=0
=

Thus to prove the theorem we are left to show that
Fo 9 — Soy — Ey 1 — Doy 1 = 0.

We claim that Do;_1 = 0 and Fy_5— So; — Eo_1 = 0 which proves the theorem.
We first show that Dy = 0. Let f(z) = > 7, ane(nz) where e(nz) =

e?™nz  Rewriting Do;_; in terms of coefficients a,, we obtain

20— 1_1 00

S a— npz + npm’ + nmp?\ [(m
Dy-1 = x(p)p Z Za” P+ )

m'= m=0 n=0

(mvp)_l
e R
. p2l71 P

ot (2 )z% (pm)sz;e(’;?’f
=x(p)p~ 2 ! (_?1) i n€ (%) (n/pzl 2) pz_:le (nm'/P2l 2)

= =0
p*~%In

21—171

m=

:0’

where last two equalities follows using Lemma 3.3.3 on Gauss sums. In order

to prove the final claim we again use the coefficients method as above to obtain

o0
gy (CliDkra? nz
Foy_9 — Sy = x(p°)p 2 Z an€ <p2l—2> ,

n=0
P 2(In
(“LHDktai—2 - nz
Ey 1 = x(p*)p ? €§k+2 Z ane <ﬂ) :
n=0 p
P 2In
Now €2F% =1 since 2k +2 =0 (mod 4). Hence we are done. O
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Corollary 3.3.4. Let p{ N be a prime and 1 > 2. Let f € Si/2(N,x). Then

Shi(Ty f) = (T — x(0*)p" " T2) (She( ),
where as before T € Tyjo and Ty, Tiy—2 € Ty_y.

Proof. We use induction on [. Recall from part (¢) of Proposition 2.2.4 that

for prime p { N, we have
Tye1(Shy f) = (T, Tpe — x(*)p* *Tpe-1)(Shy f). (3.11)

As we remarked earlier, for [ = 2 we have the following relation in Ty :

T = (T2)* = x(*) (" +p*72).
Hence we get

Shy(Tpe f) = She((Tp2)? f) — x(0*) (0" % + p"*)(Sh, f)
= ((T,)* = x(P*)p"?)(Shy f) = x(p*)P"*(Shy f)
= (T2 — x(p*)P"®)(Shy f).

Assume the statement holds for all [ < e. Then

Shy(Typzes2 f) = Shy(TpeTyee f) — X (p?)p" 2 Shy(T)2e-2 f)

= T (Shy(Tpe ) = x(p*)p" % Shy(Tpee 2 f)

= (T, — x(0*) (0" T Tpe2 + p* 2 Thes) + X (p")p™*°Tpes) (Shy f)

= (Tperr = x(P)" (T + X ()P Tpes) + x(p")p*" " Tpe-5)(Shy f)
= (Tperr — x(P*)p" > Tpe-1)(Shy f).

The first equality uses Theorem 3.3.2, third equality follows by using inductive
hypothesis for | = e and [ = e — 1, the others follow by using Equation (3.11).
O

We also prove the following proposition, independently of the proof of
Theorem 3.3.2.

Proposition 3.3.5. Let p { N be a prime and | be a positive integer. For
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< éj we give the following recursive

construction of sequences A,;(m) and B, ;(m):

positive integers r such that 1 < r < |

[—2(r—1) Y
m — (7” o 1))AT—1,Z<T ]->a

[—2(r—1) B
m— (T _ 1)) BT—l,l(T 1)

Al,l(m) = 1, Ar,l(m) = Ar_l,l(m) — <
)

m

By y(m) = ( ) “1 Bu(m) = Byoyalm) - (
Let a,.; = A, i(r) and B,;, = B,,(r). Then the following relation holds between

operators in Ty y:

L5)
szz _ (Tp2>l _ Z X(p%)(ar,lpr(k_m_l + ﬁr,lpr(k_Q))(Tﬁ)l_%-
r=1
Proof. Let f =" a(n)g" € My/2(N,x). Our strategy will be to compare
the nth coefficient of action of the above operators on f on both sides. Sub-
stituting the g-expansion of f in Equation (3.7) and using Lemma 3.3.3 on

Gauss sums we obtain

201—1 20—1
Ty f = 1Io+ Iy + Z 1%+ Z Tt
vodd peven
where
Io=x@"p* Y aln/p™)g",  Iu=)_ a(np™)q"
n=0 n=0
odd 2 (tony@-v)—1 g1 (1 - s (/PN L
L =x(@™ —v)p' et — ) > aln/p ) ([ F—— )«
p 0 p
pQqufl‘n
n k_ —V)— - —2Vv n - —2v\  n
I = x(p* = v)pe VIS a(n/p? ) (p - Dt = Y aln/p? ).
pZTlL—:zg)‘n p2l?u:—01 ”n

Let n be a positive integer with p*!=Y | n. We can write the n-th coefficient
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k-1

N N ATy N _ _
X (p* 1)<?) ( /p p 2 TR0 /p? %) 4 X (p*)p* D a(n/p).

Thus the n-th coefficient of TZ{Q J=Tafis

-1 -1

A 2my, (k—2)m 2l—4m 2my, (k—2)m—1 2l—4m
2 ((m) 1) x(@™")p a(np )+ Z x(p™™)p a(np ).

m=1

We want to subtract a suitable multiple of T;; 2 f from the above so as to remove

2l—4) 4—2[)

the terms involving a(np and a(np , thereby reducing the number of

terms in the above sum. Indeed we obtain that the n-th coefficient of
(Tl — Ty — x(P)(PF 2 + (1L = )PP )T?) f s

m—1

3 ((;) —1-0-1 (751__21)) x(p*™)p*r=Dma (np*—4m),

m=2

l

(]

= 3
[
)

We iterate this process of subtracting suitable multiples of T;; 27 f which leads

us to the recursive formulae for a,.; and f,. O

We obtain the following combinatorial result as a corollary of Theo-

rem 3.3.2 and Proposition 3.3.5

Corollary 3.3.6. Keeping the notation as in the previous proposition we get

the following combinatorial identities for 2 <r < |1] —1:

Qp_1j—2 + 0y — Qpi_1 =0, Br-1—2 + Bri — Bri—1 = 0.

Proof. Let p { N be any prime. We substitute the formula for T,z given by
Proposition 3.3.5 in the identity of Theorem 3.3.2,

T2 — Tyl + X(pQ)pk_Qszz—z =0
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to obtain

,_
|~

]
X(p2r) (OéT?lpr(k72)71 + ﬁnlpr(ka)) (Tp2 )lf2r

|
ﬁ
™
= N

,i
w‘\

]

+ Z X(pQT)(Oér,lqpr(k&)*l _'_5T7l_1pr(k72))<Tp2)lf2r
r=2
2

!
R

- X)) (@ gap™ D7 4 By op™ D) (T2) 7 = 0.

r=

,i
—

[\

It is clear, with fixed [ and varying r, that the operators (T,2)"=%" are linearly

p
independent elements of T}/, and hence

—ay + g1 — Q12 + (B + Bri—1 — Br-14-2)p = 0.

Since this holds for any prime p with p{ N the above corollary follows.

3.4 Eigenforms in Half-Integral Weight

In the integral weight case, one way of computing the simultaneous cuspi-
dal eigenspaces under the action of all the Hecke operators is to repeatedly
split the new space using Hecke operators until the simultaneous eigenspaces
are 1-dimensional. This works in the integral weight case because of the
multiplicity-one theorem, which asserts that simultaneous eigenspaces are in-
deed 1-dimensional. The analogue of the multiplicity-one theorem in the half-
integral weight case is false. The following two examples illustrate what can

happen.
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3.4.1 Two Examples

Example 3.4.1. In this example, we compute an eigenbasis for the space

Ss/2(44). Using MAGMA we obtain the following basis for this space

fi(z) =q—q" — ¢+ ¢ —2¢" +2¢"° + O(¢”)
f(2)=¢—q"— " — ¢+ ¢ +2¢"° + O(¢”).

We also find using 3.1.5 that the space Sy(44) is zero-dimensional, hence f;
and f, is a basis for S§2(44). We compute

Ts:(f1) = —f1, Ts2(f1) = f1, Tr2(f1) = =2f1, Toz(fr) = fr,

and

Ts2(f2) = —fo, Ts2(f2) = fa, Tr2(f2) = —2f2, Th12(f2) = fo.

To compute an eigenbasis for S3/2(44) we note that

To:(f1)(2) = —q+ ¢ +¢° — ¢ —2¢"% +2¢™ — ¢"° +2¢"° + O(¢*)
To:(fo)(2) = —q — ¢ +2¢" + ¢" + ¢"" +2¢"" — 3¢" — 2¢'° + O(¢*).

Thus
Ty2(f1) = —fi + fo, Ty:(f2) = —f1 — fo

By diagonalizing the matrix of T2 with respect to the basis fi, fo we find that

an eigenbasis is

hh = —fi +ifs, hy = —f1 —ifa,

and
To2(hy) = (=14 10)hy, Ty2(hy) = (=1 — i)hs.

Since these eigenspaces are 1-dimensional it is impossible to split them further
and so hy, ho is a simultaneous eigenbasis for all the Hecke operators. Let
us check our computation against Shimura’s correspondence (Theorem 3.2.1).
We take h; and construct its Shimura lift g(z) = > 77, big" € S2(22). For each
prime p let T)2(h1) = Ap(h1). Then we can recover the b; from the following
recipe from (3.2):

1. by =1,
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2. b, = A\, for all primes p,
3. by = Apbpo-1 — x(p)p" b2 for v > 2,
4. by = byb, if m, n are relatively prime.

In our case Y = Xuiv is the trivial character of conductor 44 and so x(p) = 1
for all primes except x(2) = x(11) = 0. Moreover our k = 3.
We find

9(2) = a+(=1+4)¢* —¢° = 2ig" + ¢’ + (1 = 1)¢° = 2¢" + (2 +2i)¢" — 4¢° + O(¢"").
Using MAGMA we computed the following basis for Sy(22):

91(2) — q_q3 _2q4+q5 _2q7+4q8 _2q9+q11 +O(q12)
92(2) — q2 _2q4 _q6+2q8+q10+0(q12)'

We observe that g = g;+(i—1)go up to the coefficient of ¢'!, which is consistent

with Shimura’s correspondence.

Example 3.4.2. MAGMA gives the following basis for S3/5(72):

f=q—2¢° — 2¢"% + 4¢® —q25+2q34+4q37—4q46—3q49—|—0(q50)

2 5 14 17 29 41 50 (3'12)
fo=q¢ —q¢ —=2¢"+q¢"+3¢7 — ¢ +0(q7).

Here Sy(72) = 0 and so 5352(72) = S3/5(72). Using the formula for the action of
Hecke operators in Theorem 2.3.6, we computed the action of Hecke operators
T2 for all primes p < 50; here we needed to work with cusp expansions with
precision of O(¢%%?). We found that f, and f, are eigenfunctions for each of
these T)» with the same eigenvalue. Thus it seems the whole space S3/5(72) is
a simultaneous eigenspace for all the Hecke operators, although we have not
yet proved this.

It is to be noted that S3/2(24) = S3/2(36) = 0. Thus S3/2(72) is made
up entirely of the new subspace and still seems not to satisfy a multiplicity-one

result.
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3.4.2 Generators for the Hecke Action

Theorem 3.4.3. Let k, N be positive integers with k > 3 odd, and 4 | N. Let
X be a Dirichlet character modulo N. Let N' = N/2. Let T be the restriction
of Hecke algebra Ty_y to Sp_1(N',x?) and suppose T is generated as a Z-
module by the Hecke operators T; for i < r. Then the Hecke operators Ty for
i < r generate the restriction of Hecke algebra Ty s to SkLm(N, X) as a Z[Cu(n))-
module. In particular, f € S,i/z(N, X) is an eigenform for all Hecke operators

if and only if it is an eigenform for Ty for i < r.

Proof. Let n be a positive integer with prime factorization n = pi'p5 - - - p2s.
Let f € Skl/Q(N, X)- Let t be a square-free positive integer. Using Theo-
rem 3.3.2 or Proposition 3.3.5, for any prime p and a positive integer [ we can

express the action of T2 as
l .
Tle = Z’VjTgb Vi € Z[C@(N)] (313>
j=0

Note that in the above expression 7; = 1 and hence the Hecke operators ng
with 1 < j <1 generates the same Z[(,(n)]-module as do the Hecke operators

T2 with 1 < j <[. Thus we have

Sht(Tan) - Sht(Tp?”I Tpgng e Tpgns f)

Jj1=0 Js=0

= (Z %'IT1311> (Z %ST,ﬁj) (She /)

J1=0 Js=0

(3.14)

i=1

where the last equality follows since the T;, with 1 < ¢ < r, generate T as a
Z-module, while the second last equality follows by Proposition 3.2.5.

Recall from Proposition 2.2.4, for any prime ¢ and a positive integer [,

51



the action of a Hecke operator Tz on Sy_1(N’, x*) can be expressed as

l
Ty=> o;Ts, ;€ Z[¢pn)] C Z[Gpm)-

Let 1 < i < r have prime factorization i = ¢y ¢3" - - - ¢)'*. Then each
term T;(Shy f) in Equation (3.14) can be written as

Ti(Shy f) = Ty Tya -+ Ty (Shy f)

<Z%Tﬂ> (Z%Tﬂv> (Shy f)

Jj1=0 Jv=0

mi My
= Sh, (Z alej§> (Z %Tﬂv> )
e jom0 (3.15)

= Sh, (Z @jﬁjl) . (Z @qugjv) f>
Jj1=0 Jv=0
=Shy [ Y ATy f) ,
j=1

where A; € Z[Cyn)]. In the above equalities we repeatedly use Proposi-
tion 3.2.5 and Equation (3.13). For the second last equality we use the remark
below Equation (3.13). Now using Equations (3.14) and (3.15) we get

Shy(T2 f) = Shy <Z BTy f) . Bie€Z[Com).

Since this is true for all positive square-free integers ¢, using Lemma 3.2.3 we
deduce that

Tof =) BTxf.
i=1
Hence T2, i < r generate the restriction of Ty, to SkL/Q(N, X) as a Z[Cyn)l-
module. ]

We shall need the following theorem which is a consequence of Sturm’s

bound [40].
Theorem 3.4.4. (Stein [39, Theorem 9.23]) Suppose I is a congruence sub-
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group that contains I'y(N). Let

km  m—1

Then the Hecke algebra
T=7[...,T,,...] C End(Sk(I))

1s generated as a Z-module by the Hecke operators T,, forn < r.
From Theorem 3.4.4 we deduce the following.

Corollary 3.4.5. Let k, N be positive integers with k > 3 odd, and 4 | N.
Let x be a Dirichlet character modulo N. Let N' = N/2.

m:N'QH(1—i), pokztm m-1

o p? 12 N’
p

Then T;> fori < R generate the restriction of Tj/s to SkL/2(N, X) as a Z[Cu(ny)-
module. In particular the set of operators T2 for primes p < R forms a
generating set as an algebra. Moreover, f € Sy 2(N, x) is an eigenform for all

Hecke operators if and only if it is an eigenform for T2 for p < R.

Proof. Note that Sy,_1(N’,x?) C S,_1(I'1(N")). Now the corollary follows by
applying Theorem 3.4.3 and Theorem 3.4.4 to the congruence subgroup I'; (N”)
and using the formula for [SLy(Z) : T';(N')] (see Proposition 2.1.3). O

Corollary 3.4.6. With the same hypothesis as in the above corollary, further

suppose that x is a quadratic character. Then the same result holds as above

with . 1) .
—1)m m-—
=N'T[(1+- = - .
" N/< +p)’ & 12 N
p

Proof. Since x is a quadratic character Sy_1(N’, x?) = Sk_1(N’). So we apply
Theorem 3.4.4 to the group I'((N’) and we now use the formula for [SLy(Z) :

Co(N)]. O
Example 3.4.7. We now return to Example 3.4.2. We found that the space
5:52(72) = S3/2(72) consists entirely of the new subspace, with basis fi, fs
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given in (3.12). Moreover, f, fo are eigenfunctions with the same eigen-
value for T2 for primes p < 50. From Corollary 3.4.6 we find that 7). with
p = 2,3,5,7 generate the Hecke algebra. Therefore f;, fy are eigenfunctions
with the same eigenvalue for all Hecke operators. We note here the failure of

‘multiplicity-one’.

3.5 Shimura’s Decomposition

In this chapter we shall state and refine a theorem of Shimura that conveniently
decomposes the space of cusp forms of half-integral weight.

Fix positive integer k, N with k odd and 4 | N. Let y be an even
Dirichlet character of modulus N. Let N’ = N/2. For M | N’ such that
Cond(x?) | M and a newform ¢ € S (M, x?) define

Skp2(N.x, @) = {f € o (N, x) : T2 (f) = Ap()f for almost all p f N}

here T,(¢) = A\, (¢)9.

Theorem 3.5.1. (Shimura) We have SkL/Q(N, X) = Dy Sks2(N, X, ¢) where ¢
runs through all newforms ¢ € SV (M, x*) with M | N" and Cond(x?) | M.

This theorem is attributed to Shimura by Waldspurger [45, Proposition
1] although no reference is given. It is also stated without reference in [19,
page 60]. For us this theorem is not suitable for computation since for any
particular prime p { N, we do not know if it is included or excluded in the
‘almost all’. In fact we shall prove this theorem with a more precise definition
for the spaces Si/2(N, x, ¢).

From now on and for the rest of the thesis we take the following as the
definition of the space Si/2(N, X, @).

Definition 3.5.2. With notation as above take

Sir2(N, X, 8) = {f € Spja(N,X) : Ta(f) = Apl(@)f for all pt N}

We say that f € SkL/Q(N, X) is Shimura equivalent to ¢ if f belongs to
the space Si/2(N, x, ¢).
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Theorem 3.5.3. Shimura’s decomposition in Theorem 3.5.1 holds with this

new definition.

Proof. Let f1, fa,..., fn be an eigenbasis for Sk,l/Q(N, X) with respect to the
operators 1,2 for p{ N. Let f be one of the f;. Let ¢ = Shy(f) (i.e. the image
of f under Shimura’s correspondence (Theorem 3.2.1)) with any square-free ¢t.
We know that ¢ € Sy_1(N’,x?). Moreover, for all pt N we know that v is
an eigenfunction for 7},, with eigenvalue the same as that of f under T)2; see
Proposition 3.2.5. By the theory of newforms (see Proposition 2.2.13) we know
that there exists uniquely a divisor M of N’ with Cond(x?) | M and a newform
¢ € SpeY (M, x?) such that ¢ has the same T-eigenvalues as ¢ for all primes
p{ N'. Thus f € Sy/2(N, x, ¢). We show that that the above decomposition is
actually a direct sum. For this, we just need to show that if hq, ho, ..., h, are
all the elements of the above eigenbasis that belong to Si/2(N, X, Fy) where
Fy is a fixed newform in S (Mo, x?) with My | N’ and Cond(x?) | My, then
they actually form a basis for the space Si/2(V, x, Fo). We can reorder our
basis elements such that f; = h; for 1 < ¢ < r. Let h € Sy)2(N, x, Fo) and
suppose h = ay fi + asfo+ -+ ay, fr. We show that a; =0 for r+1 < i < n.
We will show that «,.; = 0 and the same argument follows for the others.
We know that f.1 € Si/2(N, x, F) for some suitable newform F' and Fy # F.
This implies there exists a prime p such that X) # X\, where A\) and X, are
corresponding T,-eigenvalues of Fy and F'. Applying T2 to h we get a,.1 = 0.
The theorem follows. O

In fact, as a corollary to the proof of Theorem 3.5.3 we can deduce the

following precise relationship between the Shimura lift ¢» and the newform ¢.

Corollary 3.5.4. Let ¢ be a newform belonging to S (M, x*) where M | N’
and Cond(x?) | M. Let f € Si2(N,x,¢) and let ¢ = Shy(f) for any square-

free t. Then we can write Y as a linear combination

v= Y adVale).

d|(N'/M)

We need later the following fact.
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Lemma 3.5.5. Qur definition of Si/2(N,x, ®) agrees with Shimura’s defini-

tion. In other words, write
S,f%(N,X, o) ={f¢€ S,f/Q(N, X) : T2 (f) = N(@) f for almost all pt N};

then SE?Q(N, X, @) = Sk2(N, X, 0).

Proof. Clearly, the right-hand side is contained in the left-hand side. Suppose
f is in left-hand side. We use the decomposition Theorem 3.5.3 with our
definition of summands. Let # run through the newforms of levels dividing
N/2. Then we can write f =) fy where fp € Si/2(N, x,0). Here ¢ is one of
the #s. We know that for almost all primes p,

Tef =Xf=Y Mf

where T,¢ = A)¢. But,

Ta(f) =Y Te(fo) = Y _ Ao fo

where T,6 = A%0. Thus

> = A)fa=0.

By the fact that the summands belong to a direct sum, we see that each
summand must individually be zero. If f; # 0 then )\g = )\2 for almost all
p which forces § = ¢ by the multiplicity-one theorem [28, Theorem 4.6.19].
Thus f = fs € Sk/2(N, X, ¢) as required. ]

Example 3.5.6. As we shall see in Chapter 5, we may obtain some cuspforms
of weight 3/2 by taking differences of theta-series of positive-definite ternary

quadratic forms belonging to the same genus. Let

Q1 = o] + 1123 + 113,
Qo = 323 + 22175 + 45 + 1123,

Let 0, and 6, be the theta-series associated to these positive-definite ternary
forms )1 and Q. It turns out that

01(z) = 1+2q—|—2q4+2q9+0(q10), O5(2) = 1+2q3+2q4+2q5+2q9—|—0(q10).
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Let F' =0, — 0. Then F' € S5/5(44) (see 5.1 for details). Note that
F =2q-2¢" —2¢" + 0(¢").

In Basmaji’s thesis [3, page 61] it is claimed that F is a simultaneous eigenform
for all the Hecke operators. It is easy to check using the formula for Hecke
operators (Theorem 2.3.6) that F' is indeed an eigenform for T)» for p =
3,5,7,11. However,

Ty (F)(2) = 4¢° — 4¢" + O(¢")

which is clearly not a multiple of F. The space spanned by theta-forms
So(44) = 0. Thus S3/5(44) = Si-(44). By Shimura’s Theorem 3.5.3,

S3/2(44) = GB S32(44, 9)

where the sum is taken over all newforms ¢ of weight 2 and level dividing
44/2 = 22. There is precisely one such newform which is at level 11, which
we denote by 1. Thus S3/9(44) = Ss/2(44,7). In particular, for all p { 44,
T2 F = \,(¢)F. From the above computations, F' is an eigenform for 7). for

all odd primes p, but not for p = 2.

3.6 Algorithm for Computing Shimura’s De-

composition

We recall Shimura’s decomposition (Theorem 3.5.3). Fix positive integer k,
N with k£ odd and 4 | N. Let x be an even Dirichlet character of modulus
N. Let N' = N/2. For M | N’ such that Cond(x?) | M and a newform
¢ € SpoY(M, x?) define

Sis2(N, x: @) = {f € Sppa(N,x) : Ta(f) = Ap(9) f for all pt N};
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here T,(¢) = A\p(¢)¢. Theorem 3.5.3 states that

Sia(N,X) = D Sija(N. x. ¢) (3.16)
@

where ¢ runs through all newforms ¢ € SP%V(M, x?) with level M | N’ and
Cond(x?) | M. The following lemma is obvious.

Lemma 3.6.1. Each Si/2(N, X, ¢) is contained in a single T)2-eigenspace for
every prime p{ N.

The following theorem gives our algorithm for computing the Shimura

decomposition.

Theorem 3.6.2. Let ¢1,..., ¢, be the newforms of weight k — 1, character
x? and level dividing N'. For prime p, and ¢ one of these newforms, write
T,(¢) = N(P)p. Let p1,....,pn t N be primes such that the m wvectors of
eigenvalues (Np, (@), ..., Ap, (@), with ¢ = ¢1, ..., ¢, are pairwise distinct. If
fe S,j/Q(N, X) is an eigenform for T,z fori=1,...,n then f belongs to one
of the summands Si2(N, x, ).

Proof. Suppose f € S,jﬂ(N, x) is an eigenform for Tz for i = 1,...,n. Write

Ty f = pif. By Shimura’s decomposition, we can write
F=Y "1
¢
for some unique fg € Si/2(N, X, ¢); here ¢ varies over ¢;, 1 < i < m. Thus
Y A Ofs=Tef =iy fo
é ¢
As the decomposition is a direct sum, we find that

(Api (@) — 1) fo = 0, i=1,...,n.

We will show that at most one f, is non-zero. This will force f to be in one

of the components Si/2(N, x,¢) which is what we want to prove. Suppose
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therefore that f,, # 0 and fy, # 0. Then

Api(01) = i = Ap,(02), 1=1,2,...,n.

This contradicts the assumption that the vectors of eigenvalues are distinct,

and completes the proof. n

An Alternative Proof of Theorem 3.6.2. This proof is inspired by a similar ar-
gument in [2, page 18] (however there is a certain step in that paper that we
were unable to follow).

Let T’ be the subalgebra of the Hecke algebra of S,CL/Q(N ,X) generated
by T, for p # p; such that p{ N. Let

V =Span{Tf:T € T'}.

We note the following:

(i) We claim that V' is fixed under the action of the Hecke operators T2 for
p{ N. If T)p € T then this is clear. If p = p;, then T)» commutes with
every T € T'. But f is an eigenform for T}z, which proves the claim.
Hence, we can write an eigenbasis ¢i,..., g, for V with respect to the

Hecke operators T)2 for pt N.

(ii) Every element of V' is an eigenfunction for Tj. having the same eigen-
values as f. This again follows from the fact that each 7,2 commutes
with each T' € T’. Thus for each ¢, the eigenfunctions g, ..., g, share

the same T)2-eigenvalue.
K2

Let g be one of the g;. Consider Shy(g). This is an eigenfunction for
all the Hecke operators T, with p f N acting on Sj_1(N’,x?). By Proposi-
tion 2.2.13, there is a unique ¢; such that Sh;(g) and ¢; share the same T,-
eigenvalues for all p{ N. If g, ¢’ € V are two elements of the eigenbasis then
it follows from (ii) and the hypothesis about the vectors of eigenvalues that
Shy(g), Shy(g’) correspond to the same ¢;. By the properties of the Shimura
lift, g, ¢’ will have precisely the same T)2-eigenvalues for all p { N. Because f
is a linear combination of these eigenbasis elements, it is an eigenform for 7T},
for all p1 N. O
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Remark. Our first proof is not only simpler but it also gives a good idea of
the strategy that we will use to compute the summands in (3.16).

We can reframe Theorem 3.6.2 as follows.

Corollary 3.6.3. Let ¢ be a newform of weight k—1, level M dividing N', and
character x%. Let p1,...,pn be primes not dividing N satisfying the following:

for every newform ¢ # ¢ of weight k — 1, level dividing N’ and character x?,
there is some p; such that A\, (¢') # A\p,(¢), where T, (¢) = Ay, (¢) - ¢. Then

Sk (N, X, 6) = {f € SEa(N.X) & Tplf) = A0 Jori=1,....n}.

Recall that Sj, (N, x) = Sy/2(N, x) except possibly when k = 3. We
have the following refinement of the above corollary which takes care of the
case when S’kL/Q(N, X) € Sks2(V, x), that is, So(N, x) # 0.

Corollary 3.6.4. Assuming the notation in the above corollary, the following

stronger statement holds:

Sk2(N, x, ¢) = {f € Sky2(N,x) - Tp?(f) =Xu(@)f fori=1,... 771}-

Proof. Let f1,... f, be the basis of eigenforms for Sy(N, x) as stated in The-
orem 3.1.1. Recall that f; = V/(¢;)hy, where 1; is primitive odd character of
conductor 7y, such that 47’z2piti | N and x = (i) ;. Let ¢ = p; for some
fixed i. We claim that Tp(f;) # A(¢)fi for any 1 < i < r. Since ¢ is
a newform of weight 2 we know by Deligne’s work on Weil conjectures that
Aq(0)] < 2y/q. By Lemma 3.1.2, Ti2(f;) = vi(q)(1 + q)fi as ¢ { N. Clearly
[¥i(q)(1 + q)| = |1+ q| > 2,/q. Hence the claim follows.

Let g € Sy2(N, x) such that Tj2(g) = Ay, (¢)g for 1 < i <n. We can
write g = g1 + g2 where g; € So(N,x) and ¢y € Skl/Q(N, X). Since g; and
g2 are linearly independent we get that Tp2(g;) = Ay, (¢)g; for all 1 <4 <n
and j = 1,2. Thus by the above corollary g, € Si2(IV, x, ¢). We show that
g1 = 0. Let ¢y = >;_,a;fi. In particular for the prime ¢ we must have
a;Tp(f;) = airg(@)fi. The above claim implies that a; = 0 for all 1 <4 <.

Hence we are done. O
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3.7 An Example of Non-Injectivity of Shimura
Lifts

In this section we take the notation as above. We study the following problem.
Suppose ¢ is a newform belonging to S (M, x?) where M | N’ and
Cond(x?) | M. Let f € Sis2(N, x) such that Shy(f) = ¢. Then does f belong
to Sk2(NV, X, 9)?
We show by providing an example that the above statement is not
true in general. However in the cases where the Shimura Correspondence is
injective, the above is clearly true because the Hecke operators commutes with

Shimura lifts (see Proposition 3.2.5) and we have

Sht<Tp2 (f)) = Tp<Sht(f)) = Tp(¢) = /\p¢ = )‘p(Sht(f)) - Sht(/\pf)a

where ), is the eigenvalue of ¢ under 7T),.
We first provide an example where Shimura Correspondence is not in-
jective. Consider S3 /2(68, Xtriv) Where Xy is the trivial character modulo 68.

A basis for this space is given by

hGE) == +¢" == —2¢"° +¢"° + ¢ + 3¢ = 2¢" + O(¢”)
L) =¢—q¢ — ¢ +0(¢*)
fg(Z) — q5 o q6 . q7 +q10 +q12 o q17 +O(q20).

We claim that Shi(f2) = 0. Recall that Shy(fy) € S2(34). Let fo(2) =
>~ a,q". Then by definition of Shimura lifts, Shy(f2)(z) = Y-, A1(n)g" where
Ai(n) = 32552 Xuriv(9) (£!) a;2. Since a; = 0, we have A;(1) = 0. Similarly
A;(2) =0 and A;(3) =0.

Using MAGMA [5] we get the following basis for the space S5(34),

91(2) = ¢ —2¢" — 2¢° + 4¢" + 2¢° — 3¢° + O(¢"?)
0(2)=¢—q¢" —¢ — ¢+ 0(¢")
93(2’) :q3 _2q4_q5+q6+4q7_2q9+q10_3q11 +O(q12)

This clearly shows that A;(n) = 0 for all n and hence we are done with the

claim.
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Let

o1=q— ¢ —q" —2¢° +4¢" + 3¢° — 3¢° + 2¢"° + O(¢"*) € Sy (17)
po=q+¢ —2¢"+¢" —2¢° —4¢" + ¢® + ¢’ + 6¢"" + O(¢"*) € S3°(34).

Following our algorithm for computing the Shimura decomposition (see

section 3.6) we get

53/2(68, Xtriv) = 53/2(68, Xtriv, ¢1) @ 53/2(687 Xtriv, ¢2)
= (f2, f3) D).

From Corollary 3.5.4, it follows that Shi(f1) = ¢o. Let f = fi +
fa. Then Shy(f) = Shi(f1) = ¢2, however clearly f does not belong to

Ss /2(68, Xtriv, @2). Hence we have our example.

3.8 Modular Forms are Determined by Coef-

ficients Modulo n

As usual N is a positive integer divisible by 4, x a Dirichlet character modulo
N. Let k be an odd integer. Let ¢ be a newform of weight £ — 1, level dividing
N/2 and character x%. To apply Waldspurger’s Theorem, we need to know
(see page 85) for certain primes p, certain w € Q/ @;2 and certain forms
f =2 anq" € Sksa(N, x,¢), whether there is some n such that the image of
n in Q; /ng is w and a, # 0. Given such p, f and w we can write down the
first few coefficients of f and test whether the image of n in Q) / @;2 is w and
a, # 0. If there is such an n then we should be able to find it by writing down
enough coefficients. However, sometimes it appears that a,, = 0 for all n that
are equivalent in Q / Q;Q to w. To be able to prove that, we have developed

the results in this section.

Theorem 3.8.1. Let N be a positive integer such that 4 | N and x be a
Dirichlet character modulo N. Let f(z) = > ", ang™ € Sk2(N,x). Let a, M
be integers such that (a, M) = 1. Let R = £[SLy(Z) : T1(NM?)]. Suppose
a, = 0 whenever n # a (mod M) for all integers n up to R+ 1. Then a, =0

whenever n Z a (mod M) for all n.
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We will be requiring the following analogue of Theorem 2.2.15 in the

case of half-integral weight forms.

Lemma 3.8.2. Let I be a congruence subgroup such that T" C T'o(4), and let
k' be a positive odd integer. Then the statement of Theorem 2.2.15 is valid for
F'=TI"and k =F/2.

Proof. Let h:= f — g € Si2(I"). By assumption, ordy(h) > %[SLQ(Z) 1)
Let A’ = h*. Then h' € My (I"). This is because for any v = [24] € T” and
z € H,

W (v2) = h*(y2)
= j(v,2)"* n'(2)
= (cz+d)* W (2).

Also, ordy(h') =4 -ordy(h) > %[SLQ(Z) : I"]. So we apply Theorem 2.2.15 to
h' to get that ordy(h') = co. Hence ordy(h) = cc. O

We note that the above lemma still holds if f, g € My /2(Io(N), x);
the above proof works by taking h' = h*" where n is the order of Dirichlet
character y.

We will need the following lemmas for the proof of Theorem 3.8.1.

Lemma 3.8.3. Let M be a positive integer and a € 7 such that (a, M) = 1.
Define
1 ifn=a (mod M)

L(n) =
0 otherwise.

Then we have

L= ¥ Ui

YeEX (M) 14

where X(M) denotes the group of Dirichlet characters of modulus M and p is

Euler’s phi function.
Proof. For the proof see [34, Page 63, Chapter 6]. O

Before starting our next lemma we will recall Proposition 2.2.10. It is

to be noted that an analogue of this proposition in the case of half-integral

63



weight forms is quoted as a well known result in Chapter III of Ono’s book
[30] and no proof is given. We will give a proof below not only for the sake
of completeness but also because later we will see that changing the proof in
some places leads us to another useful version of this proposition. The proof
essentially follows the proof of Proposition 2.2.10 for the integral weight case

with some changes.

Proposition 3.8.4. Let k be a positive odd integer, x be a Dirichlet character
modulo N where 4 | N and f(z) =Y 0" a,q" € My/2(N, x). If 1 is a Dirichlet

character of conductor m, then

fol2) =) (n)ang™ € Myjs(Nm? xi?).
n=0

Moreover, if f is a cusp form then so is fy.

Proof. Let ¢ = e*™/™ and let g = Z;’:OI ¥ (7)¢? be the Gauss sum. Note that

imzlc(l")'/— 0 ifl#n (modm)
mz 1 ifl=n (modm).

Thus we have

30 (% > c(l—“>”> = v(n).

= v=0
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Hence we can write f, as follows,

m—1 00 1 m—1
folz) =D () (E > <“">”> anq"
ll—(]m X n=0 l v= /
- w v a, e27mn z—v/m)
m l,v=0 Z
m—1 00
— l %(V)@D(ZV)CZV Z ane27rin(z—u/m)
m l,v=0 n=0
1 m—l m—1
= (Z@/J (lv) Cl”> z—v/m)
v=0 =0
m—1
_IN"Y _
S L CUCITD
m—1
_9IN~ g
= P 0u2)

where for each 0 < v < m, =, is the matrix [} *Vl/m}.

Let v = [¢ %] be any matrix in To(Nm?). We want to show that fu 18
invariant under [¥],/2. Recall from Section 2.3 that 4 stands for (v,j(v, 2)) €
Ao(Nm?).

For each 0 < v,/ < m,

a—cv/m b+ (Va—wvd)/m— cvv/m?

-1 _
W c d+cV'/m

Since a and d are coprime to m one can choose ' uniquely for each v such that

v'a = vd (mod m) and for each such pair (v,1') we have 7,77, € To(IV).
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fuly) =L j:E(V)f(%m/ 302
- % mz_é S)x(d+ ' fm)j (vt 3w2) fone2)
- mz PONA) €F (m) (e o+ e ) P )
-2 :E(V)x(dk;k (5) (2 + )2 (2.

The last two equalities follow since 4 | N | (c///m) and (m) = (9),
the proof of which follows by Lemma 3.8.5 below. It is clear that ¢ (v) =
(¥(d))*(v'). Hence,

-1

3

Fo(vz) = x(d)(¥(d)* (v, Z)k% G f(uz) = X (d)i(r, 2)" fu(2).

14

I
<)

Now we will show fy, is holomorphic on H and at all cusps, and that if
f is a cusp form then so is fy. It is to be noted that when f is a cusp form,
a, = O(n**) (see [36]) and so a,ip(n) = O(n**), thus it follows from [28,
Lemma 4.3.3] that fy is holomorphic on H. In fact in the integral weight case
we have coefficient estimates for the modular forms and so holomorphicity on
H follows (see [28, Theorem 4.5.17, Theorem 4.7.3] for details).

We will be proving holomorphicity of f on H without the coefficient
estimates. First, we will be dealing with the cusps. Let s be any cusp of
[Lo(Nm?) and s = aoco for some a € SLy(Z). Let &€ = (a, ¢(z)) be an element

of G corresponding to «. Then,

-1

() f(naz)(o(z) "

3

fo(ign,, = folaz)(6(2)) ™" = %

Il
o

One can easily show that an inverse image of 7, in G is 4, = (7,,t,,) where
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t,, is a fourth root of unity. Hence,

f(z)l[’wﬂk/z = f(’y,,az)((b(z)t%)*k.

Thus fy(2)lg,, is a linear combination of f(2)|s,¢),,,- Since s is a cusp so is

k/2°

s —v/m and we are done. By the similar working as above for any z in H,
\[mm Since f(2)]p, Jkje = f('y,,z).t;f and

f is holomorphic at 7,z we are done. O

fy(2) is a linear combination of f(z)

Lemma 3.8.5. Let [¢4] € T'o(NV
(mod 4). Then, (d+w,/m) (9)-

The proof of the above lemma requires the following reciprocity law as
stated in Cassels and Frohlich [9, Page 350]:

) and m® | N. Let 0 < v/ < m and %

[
m

=0

Proposition 3.8.6. Let P, Q) be positive odd integers and a be any non-zero

integer with a = 2%ag, ag odd. Then,

(%) - <%> ifP=Q (mod 8ap).

Proof of Lemma 3.8.5. We write ¢ = m?22"¢’ where r > 0 such that ordy(c’) <

1. Thus we want to show that <%
m27c'v

) = (g) Since c¢ is coprime to both

Trmer) = (7). By the
hypothesis, m2* v/ = 0 (mod 4), hence r > 1. We have following cases:

d and d+ ¢/ /m, this is equivalent to showing that (

(i) Suppose m2* v/ =0 (mod 8). Let ¢ = 27¢y, ¢ odd. Then m2* v/ =0

(mod 8¢y). Using Proposition 3.8.6 we are done.

(ii) Suppose m2* v’ # 0 (mod 8). Then r = 1 and ¢, m are odd. Hence

(%"}C/”/) = (g) Now using the Quadratic Reciprocity Law, we are

done.
O]

Proposition 3.8.7. Assume the hypotheses of Proposition 3.8.4 hold. In ad-

dition assume that m* | N. Then,
(i) If ' =0 (mod 4) then fy € Myo(N, x¢b?).
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(it) If £ =2 (mod 4) then fy € My2(2N, xyb?).

Proof. The condition that £ = 0 (mod 4) and £ = 2 (mod 4) is to ensure
that hypothesis of Lemma 3.8.5 holds so that we can replace the level Nm?
by N and 2N respectively in the proof of Proposition 3.8.4. O

Lemma 3.8.8. Let k, N be positive integers such that 4 | N and k odd.
Suppose f(z) = > 0" anq™ € Skj2(N,x). Let a, M be positive integers such

n=1

that (a, M) = 1. Define
g(z) = Zla(n)anq".
n=1

Then g € Sky2(T'1(NM?)).

Proof. We have
9(z) = Z L(n)ang"
n=1

o - w(a)il n) a.aq”
—;wGXZ(M) QO(M) w( ) nd

= Z OW,ZI/JOL) ang"

peEX(M)

= > aufy,

peX(M)

where oy, = Y92 Since Sk/2(NM?, xp?*) C Siy2(T1(NM?)), using Propo-

(M)
sition 3.8.4, for all ¢ € X(M) we have fy € Sio(I1(NM?)). Hence g €
Sky2(T1(NM?)). O

Now we are ready to prove Theorem 3.8.1.

Proof of Theorem 3.8.1. Let h = f— g where we take g as in the above lemma.
It is easy to see that f € Sg/2(I't(NM?)) and hence, so does h. It is clear that

_ _ a, ifn#Za (mod M)
coefficient of ¢" in h =
0  otherwise.
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Thus, h(z) = > ang" € Si2(T1(NM?)). Since we have assumed
nZa (mod M)
a, = 0 whenever n # a (mod M) for all integers n up to R + 1, we get that

nth coefficient of h is zero for all integers n up to R+1. Applying Lemma 3.8.2
to h we get that h = 0. Hence the theorem follows. O]

We have the following corollary to the Lemma 3.8.8 which can be stated

on the similar lines as Theorem 3.8.1.

Corollary 3.8.9. Let N be a positive integer such that 4 | N and x be a
Dirichlet character modulo N. Let f(z) = > % ang™ € Sk2(N,x). Let a, M
be integers such that (a,M) = 1. Let R = £[SLy(Z) : T1(NM?)]. Suppose
a, = 0 whenever n = a (mod M) for all integers n up to R+ 1. Then a, =0

whenever n = a (mod M) for all n.

Proof. Take g as in the Lemma 3.8.8. It is clear from the hypothesis that
the coefficients of ¢" in g are zero for all integers n up to R + 1. Applying
Lemma 3.8.2 we get that g = 0. Thus the result follows. O

Remark. It is to be noted that the bound R in Theorem 3.8.1 and Corol-
lary 3.8.9 in general can be very large and hence it might be practically im-
possible to check the Fourier coefficients until such a large R. For example,
when N = 1984, k = 3 and M = 8 we get that R = 1509949440. However
in certain special cases we can indeed work with comparatively much smaller

values of R.

Theorem 3.8.10. Let N be a positive integer such that 4 | N and x be a
Dirichlet character modulo N. Let f(z) = >~ anq" € Sk2(N,x). Let a, M
be integers such that (a, M) =1 and M* | N. Let

=0 (mod 4)
=2 (mod 4).

R— %[SLQ(Z) T (V)] j:

EIZ ilz

Now suppose a, = 0 whenever n Z a (mod M) for all integers n up to R+ 1.
Then a,, = 0 whenever n # a (mod M) for all n.

Proof. The proof basically follows as in the case of Theorem 3.8.1. The mod-
ification is due to applying Proposition 3.8.7 to Lemma 3.8.8. O]
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It is to be noted that applying this theorem to the example given in the
remark above, and since all Dirichlet characters modulo 8 are quadratic we in
fact get a new improved bound which is given by R = 2[SLy(Z) : T(1984)] =
384.
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Chapter 4

Waldspurger’s Theorem and
Applications

We finally come to Waldspurger’s Theorem which relates the critical values of
L-functions of twists of newforms of integral weight to coefficients of cusp forms
of half-integral weight. Our objective is to apply Waldspurger’s Theorem to
elliptic curves. In this chapter we state and simplify Waldspurger’s Theorem
for our purposes.

Waldspurger’s Theorem uses the language of Hecke characters and auto-
morphic representations. In Section 4.1 we review the correspondence between
Dirichlet characters and Hecke characters and we prove a result that allows us
to evaluate the components of a given Dirichlet character. Next, in Section 4.2
we review the correspondence between modular forms of even integral weight
and automorphic representations and prove a result needed for simplifying the
hypotheses of Waldspurger’s Theorem. In Section 4.3 we state Waldspurger’s
Theorem in simplified form. To apply Waldspurger’s Theorem in conjunction
with the Birch and Swinnerton-Dyer Conjectures it is convenient to express
the period of the n-th twist of a given elliptic curve in terms of the period of the
elliptic curve itself. We do this in Section 4.4. The last section in this chapter

is devoted to extensive examples computed using Waldspurger’s Theorem.
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4.1 Correspondence between Dirichlet Char-
acters and Hecke Characters on Aj/Q* of
Finite Order

We shall need the correspondence between Dirichlet characters and Hecke
characters on Ag/Q* of finite order. This material is in Tate’s thesis [9,
Chapter XV], but we found the presentation in [6, Section 3.1] more useful.

We refer to our Section 2.5 for some background and definitions.

Proposition 4.1.1. Let x = (x;) be a character on Ay. Then there exists a
finite set S of places, including all the Archimedean ones, such that if p ¢ S,

then x, is trivial on the unit group Z, .

Recall that if x,, is trivial on the unit group Z, then y, is unramified.

Thus by the above proposition, x, is unramified for all but finitely many p.

Theorem 4.1.2. (/6, Proposition 3.1.2]) Suppose x = (X,) is a character of
finite order on A@/QX. There exists an integer N whose prime divisors are
precisely the non-Archimedean primes p such that x, is ramified, and a primi-
tive Dirichlet character x modulo N such that if p1 N is non-Archimedean then
X(p) = xp(p). This correspondence x — X is a bijection between characters of
finite order of A@/@X and the primitive Dirichlet characters.

In our work, we shall need to start with a Dirichlet character y of
modulus N and then do computations with the corresponding adelic character

xX- We collect here some facts that will help us with these computations.

Lemma 4.1.3. We keep the notation of Theorem 4.1.2.

(1) For any o € Q*, [ xp(a) = 1.

X

(11) Suppose p = o0 and a € QX =R*. Then xol(a) =1 if a« >0, orif x
has odd order.

(i1i) Let p be a non-Archimedean prime such that p | N and o, § € Z, be
non-zero. Suppose that B = a (mod aNZ,). Then x,(5) = xp().

(iv) Let p be non-Archimedean such that p{ N then, x, is unramified.
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Proof. (i) follows from the fact that y is a character on Ag/Q*.
Now suppose that p = co and a € R*. Let d be the order of y. If d is

odd or « is positive, then we can write o = 3¢ for some 3 € R. Thus

1= Xgo(ﬁ) = X<>0<Bd) = XOO(a)’

proving (ii).

In [6, Proposition 3.1.2] it is shown that for a non-Archimedean prime
p with p | N, the character x, is trivial on {x € Z, : © = 1 (mod NZ,)}.
Suppose that 8 = a (mod aNZ,). It is clear that /o € Z) and 3/a = 1
(mod NZ,). Thus x,(8/a) =1 and (iii) follows.

We again refer to [6, Proposition 3.1.2] for a proof of the fact that y,
is trivial on ZY whenever p { N and hence (iv) follows.

[

4.1.1 How to Evaluate x,?

In Waldspurger’s Theorem (see Theorem 4.3.4) we start with a Dirichlet char-
acter y modulo N and we need to evaluate x,(a) for certain primes p and
certain non-zero a € Z. We have failed to find a reference for how to do these

computations, so we give below our own method.

Proposition 4.1.4. Let x be a Dirichlet character modulo N (not necessarily
primitive) and let x = (x,) be the corresponding character on Ay /Q*. Let

a € Z be non-zero.
(a) If gt N then x,(a) = x(q)" where r = ord,(a).

(b) Suppose q divides N and let qq,...,q. be the other primes dividing N.

Let b be a positive integer satisfying

a (mod aNZy,)
1 (mod NZ,) i=1,...,r;

S
Il

such b can easily be constructed by the Chinese Remainder Theorem.
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Write

S

b e qOI‘dq(a) H gf]

J=1

where the {; are distinct primes. Then
Xq(a) = HX(gj)iﬁj-
j=1

Proof. Let N’ be the conductor of x and note that N’ | N. Now if g { N then,
Xq is unramified. Write a = ¢"a’ where ¢ { a’. Then o’ € Z. Thus by definition
of unramified, x,(a’) = 1. Moreover, from Theorem 4.1.2, x,(¢) = x(¢). This
proves (a).

Now suppose ¢ | N and let ¢, ..., q, be the other primes dividing N.
Let b be as in the proposition. Since N’ | N, we have

a (mod aN'Z,)
1 (mod N'Z,) i=1,...,r

S
Il

By Lemma 4.1.3, x4(b) = x,(a), and x,,(b) =1fori =1,...,r. Now

Xq(@) = xq(b)
- HXP(b)il by (i) of Lemma 4.1.3,

P#£q

= HXp(b)_l since Xg(b) = 1,
pIN

= H x(¢;) 77 using part (a).
j=1

This completes the proof. O

Example 4.1.5. Here is an example of an evaluation that will be needed later
in Section 4.5. Let x4y be the trivial character modulo 496. Let x be the
Dirichlet character modulo 496 given by



Note that 496 = 2* x 31. Let us evaluate x3;(31). We follow the recipe in

Proposition 4.1.4. We want a positive integer b such that

31 (mod 31?)
1 (mod 2%).

S
Il

Using the Chinese Remainder we can take b = 1953. Now 1953 = 32 x 7 x 31.
Thus by part (b) of Proposition 4.1.4

X (31) = x(3) (1) = (;) (‘71) -

4.2 Correspondence between Modular Forms
of Even Integer Weight and Automorphic

Representations

For the background on automorphic representations of GLy(Ag) and how they
correspond to Hecke eigenforms, please refer to Section 2.5.

Let k be a positive odd integer with & > 3. Let ¢ = > 7 a,¢" €
SP(N, x) be a newform of weight k£ — 1, level N and character x.

Recall that we can associate to ¢ an automorphic representation p. Let
pp be the local component of p at a prime p. Recall that p, is an irreducible
admissible representation of GL2(Q,). Hence p,, is either a principal series or a
supercuspidal representation or it is some twist of the Steinberg representation
(sometimes also referred to as a special representation).

Recall that if ¢ = >~ 7 a,¢" is an eigenform, then we have defined its
twist by a character p to be the modular form ¢, = > 7 a,u(n)¢". Wald-

spurger works with a different definition of twist:

Definition 4.2.1. Let ¢ be a newform of weight k — 1 and character x. Let
i a Dirichlet character. We denote by ¢ @ p the (unique) newform of weight
k—1 with character xu? satisfying A\,(¢@p) = p(p)A\,(¢) for almost all primes

p, where A, is the eigenvalue under T,.

Now fix a prime number p. Let &, be the set of primitive Dirichlet
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characters with p-power conductor. The following holds (see [45, Section III]):

(i) pp is supercuspidal if and only if for all u € §,, the level of ¢ @ u is
divisible by p and A\,(¢ ® p) = 0.

(ii) pp is an irreducible principal series if and only if either

(a) there exists a character p in &, such that p does not divide the level
of ¢ & y; or,

(b) there exist two distinct characters i1, p12 in &, such that \,(¢®pu) #
0, )\p((ﬁ ® ,UQ) 75 0.

(ili) p, is a special representation if and only if the following conditions hold:

(a) for all p € &, the level of ¢ ® p is divisible by p;
(b) there exists a unique p in &, such that A\,(¢ ® p) # 0.

We shall need the following theorem which is extracted from the paper
of Atkin and Li [1].

Theorem 4.2.2. (Atkin and Li) Let ¢ =Y~ a,q"™ be a newform of weight
k — 1, character x and level N. Let pu be a primitive character of conductor

m. Then

(a) If ged(m, N) =1 then ¢ ® p = ¢,, and it is a newform of weight k — 1,
character xu* and level Nm? ([1, Introduction]).

(b) Suppose u is of q-power conductor where ¢ | N and write N = ¢°M
where ¢4 M. Then ¢ @ p is a newform of weight k — 1, character xu?
and level ¢ M for some s’ > 0. Moreover, A\,(¢ @ 1) = pu(p)\,(¢) for all
primes p{ N ([1, Theorem 3.2]). In particular if s =1 and x is trivial,
then for p with conductor q", v > 1, it turns out that ¢ @ . = ¢, is a
newform of level ¢* M and character u? ([1, Corollary 4.1]).

(¢) Let q | N. Suppose ¢ is q-primitive and a, = 0. Then for all characters
i of g-power conductor, ¢ @ p = ¢, is a newform of level divisible by N
(Recall that ¢ is q-primitive if ¢ is not a twist of any newform of level
lower than N by a character of conductor equal to some power of q) ([1,
Proposition 4.1]).
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(d) Let N = ¢*M where q t M; let Q = ¢°. Let xg be the Q-part * of the
character x. If s is odd and cond xg < \/Q then ¢ is q-primitive.

Now suppose q = 2. Then, if s = 2 then ¢ is always 2-primitive; if s is
odd then ¢ is 2-primitive if and only if cond xo < v/Q; if s is even and
s > 4 then ¢ is 2-primitive if and only if cond xg = V@ ([1, Theorem
i4)

We deduce the following corollaries which we will be using later.

Corollary 4.2.3. Let ¢ = > 7 a,q" € Sp<(N) be a newform with trivial
character. Let ps be the local component at 2 of the corresponding automorphic

representation. Suppose either
(i) N is odd; or
(ii) vo(N) =1 and ay # 0.

Then ps is not supercuspidal.
Further if vo(N) > 2 and ¢ is 2-primitive then ps is supercuspidal. In
particular, if either vo(IN) = 2 or v9(N) is odd then py is supercuspidal.

Proof. If N is odd, take p to be the identity character. Thus p € & and the
level of ¢ ® i is odd and hence py is not supercuspidal. If N = 2M such
that M is odd and ay # 0, again taking p as identity character we get that
Aa(¢ ® 1) = ag # 0 and thus p, is not supercuspidal.

Let v5(N) > 2. Then ay = 0 (see Theorem 2.2.12). If ¢ is 2-primitive
then it follows using part (¢) of the Theorem 4.2.2 that for any p € &,
¢ ® pu = ¢, is newform of level divisible by 2. Write T5(¢,) = > 2, bag™
By Proposition 2.2.5, b, = as,pu(2n) + p?(2)2"2a,/2p(n/2) for all n. Thus
T5(¢,) = 0. Therefore, Aa(¢ @ 1) = A2(¢,) = 0 and p, is supercuspidal. Note
that we have not yet used the condition that ¢ has trivial character, but we
need it to prove the final statement which is indeed a direct application of part
(d) of the Theorem 4.2.2. O

Corollary 4.2.4. Let ¢ be as in the above corollary.

Let x be a Dirichlet character with modulus p}* - - - pl;” where the p; are distinct primes.
Then x can be written uniquely as a product [ x, where x,r has modulus p;*. See [1].
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(1) If N = pM with M coprime to p and a, # 0, then p, is a special

representation.
(1) If p1 N, then p, is an irreducible principal series.

Proof. We first prove (i). By part (b) of the Theorem 4.2.2, for any p € &,
the level of ¢ ® pu is divisible by p. Further if p is the identity character then
Ap(¢p @ ) = a, # 0; we claim that this is unique such character in §,. Let
p € &, be such that p is a character of conductor p”, r > 1. Then ¢ ® u = ¢,
is a newform in Sy_1(p*" M, p?) such that \,(¢,) = appu(p) = 0 (see Theorem
2.2.12) and hence A\, (¢ ® u) = 0.

The proof of (ii) is obvious and does not require the condition that

newform ¢ has trivial character. O]

4.3 Waldspurger’s Theorem and Notation

In this section we will present Waldspurger’s Theorem. We will introduce and
simplify the notation used in the theorem. This is needed in the following
section where we will discuss how to use the theorem for elliptic curves and
compute critical values of L-functions in terms of coefficients of corresponding
half-integral weight forms. An important application is the computation of
orders of the Tate-Shafarevich groups assuming the Birch and Swinnerton-
Dyer Conjecture.

Let k be positive integers with £ > 3 odd. Let x be an even Dirich-
let character with modulus divisible by 4. Fix a newform ¢ of level M, in
Spew(My, x?). Let p be a prime number. Let v, be the p-adic valuation on Q
and Q). Let m, = v,(My) and A, be the Hecke eigenvalue of ¢ corresponding
to the Hecke operator T),.

Let p be the automorphic representation associated to ¢ and p, be the
local component of p at p. Let S be the (finite) set of primes p such that p, is
not irreducible principal series. If p ¢ S, p, is equivalent to 7 (g ,, pt2,) Where
p1p and po, are two continuous characters on Q, such that uy o, # |51
Let (H1) be the following hypothesis:

(HI)  Forp¢ S, pup(—1) = pay(—1) = 1.
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Theorem 4.3.1. (Flicker) There exists N such that Sj2(N,x,¢) # {0} if
and only if the hypothesis (H1) holds.

It is to be noted that Flicker [20] made this statement with Shimura’s
definition of Sy/2(N, x, ). However, we saw in Lemma 3.5.5 that this agrees

with our definition. We shall also need the following theorem of Vigneras.

Theorem 4.3.2. (Vigneras) Flicker’s condition (H1) always holds whenever

¢ is a newform of even weight with trivial character.
Proof. For the proof refer to [44]. O

From the theorems of Flicker and Vigneras we have the following easy

corollary.

Corollary 4.3.3. Let ¢ be a newform of weight k — 1, level My and trivial
character Xwiv. Let x be a Dirichlet character satisfying x*> = Xwiv. Then there
exists some N such that Si/2(N, x, ¢) # {0}.

Henceforth, we will always assume that ¢ has trivial character and y is
quadratic, thus the conclusion of the corollary holds. We will now introduce
several pieces of notation used by Waldspurger [45, Section VIII| before stating
his main theorem.

Let o be the Dirichlet character associated to x given by

Yo(n) := x(n) (—_1)%—1)/2.

Note that xo has modulus N and its conductor is equal to conductor of x
whenever £ = 1 (mod 4). Let xo, be the local component of x, at prime p.
For each prime p we will later define non-negative integer n, that depends only

on the local components p, and xg,. Let ]Tf; be given by
Ny = Hpﬁ;.
p

For prime p and natural number e, we will later define a set U, (e, ¢) which con-
sists of some finite number of complex-valued functions on Q having support
in Z, NQ,.
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Let N*¢ be the set of positive square-free numbers and for n € N, let n*°
be the square-free part of n. Let A be a function on the set N*¢ having values
in C and E be an integer such that E, | E. Denote e, = v,(E) for all prime
numbers p and let ¢ = (¢,) be any element of [[, U,(ep, ¢). Define

fle. A)z) =Y A n* 21 ] e(n)g", zeH

and let U(E, ¢, A) be the space generated by these functions f(c, A) on H
where ¢ € [, Up(ep, ¢).

With the above notation, we are now ready to state the main theorem
of Waldspurger [45, Page 481].

Theorem 4.3.4. (Waldspurger) Let (H2) be the following hypothesis: One of
the following holds:

(a) the local component py is not supercuspidal;
(b) the conductor of xo is divisible by 16;
(C) 16 | qu.

Let x be a Dirichlet character and ¢ be a newform of weight k — 1 and
character x* such that (H1) and (H2) hold. Then there exists a function A,
on N*¢ such that fort € N*:

Ay(t)” = L(¢ ® xg xe, 1) - €(xg "X, 1/2).

Moreover, for N > 1,
Sk/Z 7Xa @U Qb A¢

where the sum is over all E > 1 such that m | E| N.

Recall from Section 2.3 that y; = (t) is a quadratic character with con-
ductor |t| if £ =1 (mod 4), otherwise with conductor |4t| if t = 2,3 (mod 4).
Remark. Note that the function A, depends only on x and ¢. However A,

is not deterministic, so we cannot use this theorem for computing the basis for
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the space Si2(IV, x, ¢). However, if we know a basis for the space Si,/2(IV, x, ¢)
and if f(z) = > 7 a,q" is one of the basis elements, then we can express the
critical value of the L-function of twist of the newform ¢ with character y; 'y,
in terms of the square of the Fourier coefficient a; and the factor e(xg'x:, 1/2)
which depends on the local components of ¢ and x,.

It is to be noted that €(x, 1/2) for any Hecke character x can be com-
puted as shown in Tate’s article [41] (see also Tunnell [42]). In particular, when
X is quadratic, €(x, 1/2)=1. Since we will be only dealing with the quadratic
characters, we can ignore the e-factor. Moreover, note that if y is quadratic,
then the conductor of x¢ is at most divisible by 8, so we do not need to consider
possibility (b) of the hypothesis (H2).

Further by Corollary 4.2.3, possibilities (a) and (c) of the hypothe-
sis (H2) can be simply stated in terms of the level M,. Assuming x to be
quadratic, Waldspurger’s Theorem is applicable whenever either M, is odd;
or v9(My) =1 and Ay # 0; or v(My) > 4. The last condition is the same as
possiblility (c) of (H2).

We also state the following corollaries of Waldspurger; the proofs can
be found in [45, Page 483].

Corollary 4.3.5. (Waldspurger) Let N > 1. If the conductor of x is not
divisible by 16, it is assumed that N is not divisible by 8. Then we have the

following decomposition :
Sk2(N EBU 0, Ag)

where the sum is over all newforms ¢ € SP(My, x?*) for My dividing N/2
such that ¢ satisfies (H1) and over the integers E > 1 such that N; | E| N.

Corollary 4.3.6. (Waldspurger) Let ¢ € Sp(My, x*) be a newform such that
¢ satisfies (H1). Suppose ? f(z) = > 0" ang™ € Sks2(N, X, ¢) for some N > 1
such that My divides N/2. Suppose that ny,ny € N°° such that ny/ny € @;2
for all p | N. Then we have the following relation:

a2, L(6Xo X, DX (na/na)ns >~ =

?In this corollary we do not require f to be of the form f(c, Ay).

k
(QSXO Xn17 ) /2 1
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In what follows (-, -), stands for the Hilbert symbol defined on Q' x Q5.
Recall that (see for example, [10]) if p = 2 and a, b are odd then

) 2\ 7/ 2\° (a=1)(b-1)
Fozn= () () 0=

For an odd prime p and a, b coprime to p,

vorm=(5) () ()

n—1 n?2-1

In particular, for an odd n, (n,—1); = (=1) 2 and (2,n)s = (—1) 5 . Also,

n

if v,(n) = 0 then (p,n), = <5> and, if v,(n) = 1 and n = pn/, then (p,n), =

(=)

We now write down explicitly the definitions of the integers n, and the

local factors U(e, ¢) used in Waldspurger’s Theorem, but only in the cases we
need for the purposes of this thesis. Recall that Ul(e, ¢) will be a finite set
of complex-valued functions on Q. having support in Z, \ {0}. It is to be
noted that for Waldspurger’s Theorem, we would be only requiring the values
of the functions in Up,(e, ¢) at square-free positive integers. We will first define

a certain set of functions.

Case 1. p odd.
Waldspurger considered the following set of functions which we will be denoting
as Ay

Ay ={&3), c3ldl, o), ‘eyld). "eylo]. o), e lo] 16 € C}.
We will simplify the notation of Waldspurger and for any ¢ € C we will denote
02[5] as c](fg, 02[5] as cgg, c;[é] as cz(fg, ‘c,[0] as c](j’g, "cpl0] as c](;’lg, cf,[&] as c](jg
and ®c,[d] as cl(fg. Hence with our notation,

0 1 2 3 4 5 6
AP = {01(3,27 01(776)7 61(0727 Cﬁ;,gy 01(37(2; Cp,(%’ C1(07) 20 c (C}

We will be only interested in values of the functions in A, at square-free
numbers in Z, \ {0}. Let n € Z,\ {0} be square-free, hence we have v,(n) =0
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or v,(n) = 1. We get the following after simplification:

212 py(n) =0, (p,n), = —p"*x0,(p™")d
02(352(”) = 0 Vp(n) =0, (p, n)p = p1/2X0,p(p71)5
1 vp(n) =1,
1 vp(n) =0
cz(fg(n) =< 2125 vp(n) =1, (p,n), = —pl/QXOJ,(p’ )d
0 vp(n) =1, (p,n)p = p"*x0,(p7")0

Case 2. p = 2.
As in the above case, here again we will simplify the notation of Waldspurger

and for any 6 € C we will denote c3[d] as c;?g, (0] as cgg, Ao as cgg ‘(0]
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(4)

as c?) "c[d] as ey g, c3[0] as cg?) and ®cy[d] as cg. Hence, we consider the

p,0?
following set of functions which we will be denoting as As:

0 M (2 (B (1) (6 (6
Ay = {C;,ga Cg,&a Cé,(s? ng’ Cg,da Cé,éa ng 16 € C},

Let n € Zs \ {0} be square-free so that either v5(n) = 0 or vp(n) = 1. We

have:

§—(2,m)2x02(2)27%  1y(n) =0, (n,—1) = x02(—1)
célg(n) =<1 va(n) =0, (n,—1)2 = —xo02(—1)
]_ VQ(n) = 1a
VZ(n = OJ (TL, _1>2 = X0,2(_1)
ng(n) = VQ(n = Oa (n7 _1)2 = _XO,2(_1)
ve(n) =1,
6! va(n) =0
Cg( )=19 - (27”)2X0,2(2)2_1/2 va(n) =1, (n,—1)2 = xo2(—1)
V2(”) = ]-7 (n7 _]-)2 - _XO,Z(_]-)?
0 va(n) =0
h3(n) =1 20— (2,m)ax02(2)272  wa(n) =1, (n,—1)2 = xoa(~1)
1 1/2(71 = ]-7 (TL, _1)2 = _XO,Q(_1)7
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0 va(n) =0, (n,—1)s = x02(—1), (2,n)2 = 2Y2x2(271)6
) = 2125 1y(n) =0, (n,—1)2 = x02(—1), (2,n)2 = —2"2x02(27)8
’ 1 va(n) =0, (n,—1)2 = —xo2(—1)
1 va(n) =1,
6t vo(n) =0
cé?(n) _ 0 va(n) =1, (n,—1)2 = x02(—1), (2,n)2 = 22x02(271)§
’ 2125 wy(n) =1, (n,—1)y = x02(—1), (2,n)y = —22x02(271)0
1 r(n) =1, (n,—1)y = —xo02(—1).

We will be interested in the above functions for only particular values
of 6. We will specify and further simplify them later.

Recall that )\, is the Hecke eigenvalue of ¢ corresponding to the Hecke
operator T, for any prime p, and m,, = v,(My). Let X, = p'=*2X,. For p M,
let o, and aj, be such that

Y

ap +a, =\,
,_

ap-ozp—l.

It is to be noted that if ¢ is rational newform of weight 2 then «,, # «,, since
otherwise A2 = 4p"~2, which is a contradiction as ), is rational (p-th Fourier
coefficient of ¢).

Next, we need to consider a subset of Q)¢ / Q;2, denoted by €2,(¢), which

is defined as

Q,(¢) ={w € Q;/Q;g 0 3 f € Skp(N,x,¢) for some N and 3 n > 1 such
that i) image of n in Q /Q;2 is w ; i) nth coefficient of f # 0}.
(4.1)

It is to be noted that the set €,(¢) depends on the newform ¢ and character y
that we started with. Computation of this set is important in our applications
and we will see that we need this set only in the case when m, > 1 and A\, = 0.
Since this set consists of at most eight elements when p = 2, and four when p

is an odd prime, computation doesn’t seem to be difficult. Indeed, we can use
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the results of Section 3.8 and our algorithm in Section 3.6 to compute most of
the elements.

We define another set of local functions on Q / Qf which takes values
in Z/27Z and denote this set by '),

I'y={Vev:€e€Z, ve Q;/Q;QSuch that v,(v) = e (mod 2)},

where

e U) =
Yew(t) 0 else.

{ 1 uEijQ, vp(u) =e

If p =2, we further define

1
’Y;v = 5(76,'0 + 76,51))7

V() = { Lol =e

0 else,

1 w(u)=-e, (u,—1)s = —x02(—1) or rn(u) =e+1
0 else.

Now we are ready to define the local factors n, and the set U, (e, ¢) for
e = n,. We will be dealing with several cases and subcases and in each of
them we will be simplifying Waldspurger’s formulae and making them more

explicit for our use.

Case 1. p odd and m, > 1.
We consider the following subcases:
(a) A, =0.
In this case we need to compute €,(¢). We know that Q) /Q;2 =

{1, p, u, pu} where u is unit in Z, which is a non-square mod p.
If there exists a w € Q,(¢) such that v,(w) = 0 then n, = m,, and
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Up(Np, @) = {7ow : w € Q,(¢) and vp(w) = 0}. In this case, the set
U,(np, ¢) consists of at most the functions v ; and 7o,. Otherwise, for
all w € Q,(¢), vp(w) = 1. In this case n, = m, + 1, and U,(n,, ¢) =
{Mw : w € Q(¢) and v,(w) = 1}, hence Uy(n,, ¢) consists of at
most 71, and yi,,. It is clear from the definition given above that
Y015 You, Yips V1pu are characteristic functions of 1, u, p, pu modulo

Q;z respectively.

(b) A\, # 0.

In this case we must have m, = 1, since by the theory of newforms
(see Section 2.2.12), m, > 2 implies that A\, = 0. Recall that S is the
collection of primes p such that p, is not irreducible principal series.

We have further subcases:

() pgS.
By Waldspurger, in this case n, = m, = 1. Let 3, € C such that
B2 =X, Then Uy(1,¢) = {c\}} }.
However we note that we do not need to consider this subcase since by
Corollary 4.2.4, p, is a special representation and hence not a principal
irreducible series. Thus in this case we always have p € S.

(i) p e S.
Here we have the following subcases:

(i) Xxo, is unramified.
Here again n, = m, = 1 and U,(1,¢) = {CS;\;}. We use the theory

(5)

of newforms (2.2.12) to simplify the function ¢ ‘?}\2}. Since m, = 1 we

P
get that A\, = £p*~¥/% and X\) = +p~'/2. Hence we have in this
case,
22 pp(n) =0, (%) = Fxop0)
(5) _ n _
cp’)\;’(n) =30 vp(n) =0, ) = +£X0,(P7")
1 vp(n) =1

(7°) Xop is ramified.
We have n, = m, = 1 and Uy(1,¢) = {CS/)\,}. As in the above
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subcase, we get the following simplification:

1 l/p(n) =0
6 _ _
0 (n) = £2Y2p712 y(n) =1, (p,n), = Fxop(p)
0 vp(n) =1, (p.n)p = Ex0, (")

Case 2. p odd and m, = 0.

We have the following subcases:

(a) Xo,p is unramified.
Here, n, = m, = 0 and U,(0,¢) = {cl(f/)\;}. It is to be noted that cg’)/)\;)
takes the value 1 at any square-free n.

(b) X0, is ramified.
We have n, = 1 and U,(1, ¢) = {c,(f’g(p, c](i)%} if o, # g, else Up(1,0) =

3 4
{chiays Chy -

We note that M, | (N/2), so if N has no factor of prime p, then
we do not need to consider the part (b) because in this case xo, is

unramified by Lemma 4.1.3.

Case 3. p=2and my > 1.

Consider the following subcases:

(a) Ay =0.
We compute €5(¢). Note that QF/QF% = {+1, +2, +5, +10}. If
there exists a w € Qy(¢) such that vp(w) = 0 then 7y = ms + 2, and
Us(n2,¢) = {ow : w € Q2(¢) and vn(w) = 0}. In this case, the set
Us(ng, ¢) consists of at most Y91, 0.3, Y05, and Yo7 . Otherwise, for
all w € Qy(¢), r(w) = 1 and then ny = my + 3, and Us(ng, ¢) =
{Mw: we Qo) and va(w) = 1}, hence Us(na, ¢) consists of at most
Y125 Y160 Y10 and v 14. As above, 7o, for i € {1, 3, 5, 7} are the
characteristic functions of an odd residue class modulo 8 and v, ; for
j €12, 6, 10, 14} are the characteristic functions of even residue class

modulo Q3 2
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(b) Ay #0.
By the similar argument as in Case 1 (b), we must have my = 1. We
have the following subcases:
(i) 2¢ S.
In this case 5 = mg + 1 = 2. Let By € C such that 82 = \,. Then
Ua(2,8) = {3, }
We point out that this subcase does not arise since as before by Corol-
lary 4.2.4, p, is a special representation and hence p € S.
(ii)) 2 € S.
Then, we have the following subcases:
(i) Xoz2 is trivial on 1 + 4Z,.
Here ny = 2 and Uy(2,¢) = {Cg;} Since my = 1 we get that
Ay = £20=3)/2 and N, = £27/2, Hence we have,

0 va(n) =0, (=1)"7 = xoa(=1), (—1):8 = £x02(27")
)y = 4 FL () =0 (=D =x0a(=1), (DT = Fxoa(27)
o 1 va(n) =0, (=1)"7 = —xoa(—1)
1 va(n) =1

(7’) Xo.2 is nontrivial on 1 + 4Z,.
Here ny = 3 and Uy(3,¢) = {c(ﬁ),, Y} and we get the following

DAy
simplification:
+212 py(n) =0
© =] O ) =1 (=D = xoa(=1), (2:n)2 = Ex0a(2)
2 +1 va(n) =1, (n,—1)s = xo2(—1), (2,n)2 = Fxo2(27")
1 v(n) =1, (n,—1)y = —xo02(—1)

Case 4. p=2 and my = 0.

We have the following subcases:

(a) Xo2 is trivial on 1 + 4Zs.
We have ny = 2 and Uy(2, ¢) = {cggm, M Fif g # af, else Us(2,¢) =

2,0,
(1) (2)
{0270427 C?,az}'
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(b) Xo.2 is nontrivial on 1 + 4Z,.
Here ny = 3 and Us(3, ¢) = {«:5‘22, ) Yo} if ay # o, else Uy(3, ¢) =

2,047
3 4) 1
{0270427 €200 Yo )-

We would like to point out the following useful lemma:

Lemma 4.3.7. Let x be a quadratic character modulo N such that vo(N) is
at most 2. Then, xo2 s trivial on 1 + 4Z,.

Proof. Since x is a quadratic character, yq is also quadratic with modulus
lem(4, N) = 4N’ where 2 t+ N’. Now the lemma follows from part (iii) of
Lemma 4.1.3. [

Remark. These simplifications along with our method to compute the ba-
sis for Si/2(N, x, ¢) for suitable N and x lead to an algorithm for computing
critical values of the L-functions of certain quadratic twists of ¢. For ex-
ample, if My = p* for some odd prime p, then the possible choices for ]Tf;

are either 4p® or 4p®t!

, hence we compute bases for spaces Sj/2(4p%; Xriv, @)
and Sk 2(4p°*h, Xuwiv, @) and the sets Us(2,9), Up(a, ¢), Uy(a+ 1, ¢) to apply
Theorem 4.3.4 in order to get the desired results.

It is to be noted that in the above we have discussed computation of
U,(e, ¢) only for e = n,. But in certain cases as we will see later, working with
the level ]f\is is not sufficient to get the complete information and one might

need to go to higher levels.

4.4 Period

Lemma 4.4.1. Let E be an elliptic curve, given by a minimal Weierstrass
model, and let F, be the minimal model of its twist by square-free positive

integer n. Then there is a computable non-zero rational number o, such that

a,Q(E)

The proof we give also explains how to compute a,.

Q(En) =
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Proof. Let w = dx/(2y + ayx + a3) be the invariant differential for the model
E:y? 4+ a1xy + asy = 2° + asx® + asx + ag.

By definition, the period

Recall [37, page 49] that a change of variable
r =ux +r, y = vty +u’sx’ +t

leads to a model E’ with invariant differential w’ = ww; thus the periods are

related by Q(E') = |u|Q(E). Completing the square in y we obtain the model
E =24+ A2”+ B2+ C

where ) ) )

4’ 2’ ¢ 4
Since u = 1 in this change of variable, w’ = w and Q(F’) = Q(FE). Now let the
model E” be the twist of £’ by n:

E" . y"2 — 2"+ Ana”? + Bn22" + Cn?.

Note that these are related by the change of variable

Thus the invariant differentials satisfy

1!
, dx

CL)/
AN

Thus

NN

Now the model E” is not necessarily minimal (nor even integral at 2), but by

Q(E//) —
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Tate’s algorithm there is a change of variables
" =uX 4+, Y =Y +utsX +t

with rational u, s, t (and u # 0) such that the resulting model £, is minimal.

By the above

]

Example 4.4.2. Let E : Y? = X3 — 5% (which is already in minimal Weier-
strass model). Then Fjs : Y2 = X3 —5° This model is clearly non-minimal. A
minimal model is given by Es : Y2 = X3 — 1. Following the above argument

we see that a; = 5. To check our computations we find using MAGMA that

VBQ(Es) /Q(E) is equal to 5 to 29 decimal places.

Lemma 4.4.3. Let E : Y? = X34+ AX%2+BX +C be an elliptic curve with A,
B, C € Z. Suppose that the discriminant of this model is sizth-power free. Let
n be a square-free positive integer. Then a minimal model for the n-th twist is
E, :Y?= X3+ AnX? + Bn?X + Cn3. Moreover, the periods are related by

the formula

Q(E£1)

vn o
Proof. Let A be the discriminant of the model £ : Y? = X34+ AX?2 4+ BX +C.
We are assuming that A is sixth-power free. Thus it is 12-th power free, and
so F is minimal. Now the model E, : Y? = X3 + AnX? + Bn?’X + Cn?

has discriminant A,, = A - n%. Since n is square-free this is 12-th power free.

Q(En) =

Thus the model for E,, is minimal. The argument in the proof of Lemma 4.4.1

completes the proof. O

4.5 Applications of Waldspurger’s Theorem

In this section we will present a few examples explaining how to use Wald-
spurger’s Theorem. The idea of using Waldspurger’s Theorem for an elliptic
curve is motivated by Tunnell’s famous work on the congruent number prob-

lem. We will see however that our case needs many more computations to get
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any desired result. In the examples that follow we will first use our algorithm
(Section 3.6) to compute the space of cusp forms that are Shimura equivalent
to the given elliptic curve and then use Waldspurger’s Theorem to get some

interesting results. We will follow the notation adopted in the previous section.

4.5.1 A First Example

Our first example will be the elliptic curve E over QQ given by
E:Y*=X°+X+1.

The conductor of E is 496 = 16 x 31 and E does not have complex multipli-
cation. Let ¢ € S5V(496, yuiv) be the corresponding newform given by the
Modularity Theorem; ¢ has the following g-expansion,

¢(Z) =q-— 3q5 _|_3q7 o 3q9 _2q11 _4q13 _q19 +O(q20)

It is to be noted that ¢ satisfies the hypothesis (H1)-this follows by Theo-
rem 4.3.2, and since 16 | My, ¢ satisfies (H2). Let x be a Dirichlet char-
acter with x?> = Xuiv. Hence by Theorem 4.3.1 there exists N such that
S3/2(N, x,¢) # {0}. Note that we must have 496 | (N/2).

In order to apply Waldspurger’s Theorem we would like to compute
an eigenbasis for the summand S3/2(IV, x, ¢) for a suitable N and y. We
will assume x to be the trivial character xii,. We use our algorithm on
Shimura’s decomposition, see Section 3.6 for details. Using Corollary 3.6.4 it
turns out that S3/2(992,x,¢) = {0}. At level 1984 however one can compute
using dimension formula 2.3.5 that the space S3/5(1984, x) is 119-dimensional
and using Corollary 3.6.4 we get that the space S3/5(1984,,¢) has a basis
{f1, f2, f3} where f1, fo and f5 have the following g-expansions:
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fl(z):q3+q43—2q75+2q83+q91+3q115 3q123+0 145 . Zanq
_ 15 23 31 55 79 119 145

folz) =" +q¢7 —q" +2¢” +¢ +0(g anq

fg(Z) :q17+q57+q65+2q73_q89_q105+ 137+O 145 . chq

We are now ready to apply Waldspurger’s Theorem. We are interested
in the level N = 1984. In this case xo = Xtriv(*) (_—1) is a Dirichlet character
modulo 1984. By Waldspurger’s Theorem 4.3.4 there exists a function A, on

square-free positive integers n such that
Ag(n)* = L(E_,,1)

and
Ss2(1984, x,¢) = D U(E, ¢, Ay),

where the sum is over all £ > 1 such that ]f\\f; | E| 1984. We already know
the left-hand side of the above identity. Henceforth we will be interested in
computing the right-hand side. We will first compute ]V(z, and then U(E, ¢, Ay)
for N, | E | 1984.

Recall that ]f\\f; = Hp p™ and so we need to compute local components
n, for each prime p. We consider the following cases. Please refer to the
Section 4.3 for details.

Case 1. p odd and p # 31.
In this case m, = 0 and since p{ N the local character xo, is unram-
ified. Hence we get that n, = 0.

Case 2. p = 31.
Here mg; = 1. Since A3; # 0 using Corollary 4.2.4 it follows that the

local component ps; is a special representation of GLy(Qs1) and so
31 € S. Also, note that Z3/Z3,> is generated by 11 mod Z3> and
using Proposition 4.1.4 we can show that xo31(11) = 1. Thus xo31 is
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Case 3.

unramified and so, nz; = 1.

p=2.

In this case my = 4 and it is clear from the g-expansion of ¢ that \y =
0. We need some information about the set {22(¢) (see Equation 4.1)
In our case, looking at fi, fo and f3, we get that {1,3,7} C Q(¢)
Since v5(1) = 15(3) = 1o(7) = 0, we get ny = mg + 2 = 6.

Hence

N, =31 x 26 = 1984,

Thus we have F = N:b = 1984 and we would like to know how the space
U(1984, ¢, Ay) looks. For that the next immediate task will be to compute

U,(ep, ¢) where e, = 1,(1984). We consider the following cases and again refer

to the previous section for details:

Case 1.

Case 2.

Case 3.

p odd and p # 31.

Here, e, = 0 and U,(0, ¢) consists of only one function c}(,?i; defined

on Q). Recall that c](g?))\;)(n) = 1 for n square-free.

p=31.

In this case e3; = 1 and as already seen, 31 € S and xpg3; is un-
ramified. So, Uz (1,¢) = {C:(351),Agl}' Note that A3; = —1 and hence
Ny, = (31)7Y2)3; = —(31)7Y/2. Again using Proposition 4.1.4 we can
show that xo31(317") = —1. Also note that (31,n)3 = (&). So for n

square-free we have,

212 ugi(n) =0, () =-1
5 n
i M =90 val) =0, (§) =1
1 1/31(71) =1
p=2.

Here ey = 6. Since Ay = 0 and {1,3,7} C Qy(¢), we see that
Uy (6, ¢) consists of v 1, 70,3, 70,7 which are the characteristic functions
of residue classes of 1, 3,7 modulo 8 respectively. By our methods so

far we do not know whether 5 belongs to €25(¢) or not.
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Recall that U(E, ¢, Ay) is the space generated by the functions f(c, Ay)

where ¢ € [],Uy(ep,#). Thus in our case ¢ = (c,), where, for odd primes

p # 31 we have ¢, = Cz()?/)\;’ C31 = C:(a?) v and for ¢y the possible choices are v 1,

7,3, Yo,5 and 7y 7. By using Waldspurger’s Theorem 4.3.4
53/2<19847 X5 (b) = U<19847 ¢7 A¢>)

and so every cusp form in the space on the left-hand side can be written in

terms of

e Ap)(z) =Y Ag(n*)n'/* [T ep(n)g"

for some ¢ = (¢,) € [[Uy,(ep, ¢).

We use Theorem 3.8.10 to conclude that f; have non-zero n-th coeffi-
cients only for n = 3 (mod 8), f, have non-zero coefficients only for n = 7
(mod 8) and f3 have non-zero coefficients only for n =1 (mod 8).

Since f; have non-zero a, only for n = 3 (mod 8), taking ¢ as above

with co = 793 we get that for n square-free,

an = BiAg(n)n' ex(n)esi(n) =
2128, Ay(n)nt* vgi(n) =0, (L&) =-1,n=3 (mod 8)
B1Ay(n)nt/t v31(n) =1,n=3 (mod 8)
0 otherwise,

(4.2)

for some complex constant ;. Similarly, taking c; = 707 for fo and ca = Y91

for f3 respectively we get that

bn = BaAg(n)n'tes(n)esi (n) =
2128, Ag(n)n** vgi(n) =0, (L) =-1,n=7 (mod 8)
By Ay(n)nt/t v3i(n)=1,n=7 (mod 8)
0 otherwise,

(4.3)
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for some complex constant 5 and

cn = BsAg(n)n' ey (n)cs (n) =
21285 Ay(n)n** vgi(n) =0, (L) =-1,n=1 (mod 8)
B3 Ay(n)nt/t v31(n)=1,n=1 (mod 8)
0 otherwise,

(4.4)

for some complex constant (3.
We have the following theorem which allows us to calculate the critical

values of the L-functions of F_,,, the (—n)-th quadratic twists of E.
Theorem 4.5.1. Let E be as above and n be a positive square-free integer.
(i) If vs1(n) =0, n =3 (mod 8) and (&) = —1 then,

a2

LB 1) = ot

(ii) If v31(n) =1, n =3 (mod 8) then,

CL2

L(E_,,1) = XN

(iii) If vs1(n) =0, n =7 (mod 8) and () = —1 then,

by
M) = A 7
(iv) If vsi(n) =1, n =7 (mod 8) then,

b2
- BV

L(E_p,1)

(v) If vsi(n) =0, n=1 (mod 8) and (&) = —1 then,

02

L(E_n, 1) - m
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(vi) If v31(n) =1, n =1 (mod 8) then,

62

L(E_,,1)=—5"—.
Bs*v/n
Proof. Using Waldspurger’s Theorem 4.3.4 we know the existence of a function

Ay on square-free numbers such that Ay(n)* = L(E_,,1). The proof follows
now using Equations (4.2), (4.3) and (4.4). O

We have the following lemma which gives a partial result when n = 5
(mod 8).

Lemma 4.5.2. Let E be as above and n be a positive square-free integer
such that n = 5 (mod 8). Then L(E_,,1) = 0 if either (i) vs1(n) = 1 or
(i) v31(n) = 0 and (3+) = —1.

Proof. Recall that the space S3/2(1984, x, ¢) is generated by functions of the
form Y00 Ag(n*)nl/* [, cp(n)g". Recall that for ¢y the choices are char-

acteristic functions of an odd residue class modulo 8. Since fi, fs, f3 spans

S3/2(1984, x, ¢) and none of them have a non-zero coefficient for n = 5 (mod 8)

we get that

Ap(n)esi(n) = 0 whenever n =5 (mod 8).
Since ¢31(n) # 0 if either v5;(n) =1 or, v3;(n) =0 and (4+) = —1, the lemma
follows. 0

Later on, in Proposition 4.5.4, we will give another proof of this result
using root number calculations.

We will show now how we use the above to calculate the order of
the Tate-Shafarevich group I (F_,,/Q). We will be assuming the Birch and
Swinnerton-Dyer Conjecture for rank zero elliptic curves:

II(E_n/Q)| - Qg_, - 11, ¢
L(Efml) = |E_ ¢ |2 —

(4.5)

where Qg stands for the real period of E_,, (since E_,(R) is connected), ¢,
for the p-th Tamagawa number of E_,, and E_,, ;,, stands for the torsion group
of E_,, all of which are easily computable.

We have the following lemma.
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Lemma 4.5.3. Let E:Y? = X® + X + 1. Then E, 1o, = 0 for all square-free

mntegers n.

Proof. Let K = Q(y/n). It is well-known that the map
E.(Q) = E(K)

given by
O+~ O, (X,Y)— (E,L)
n’ nyn

is an injective group homomorphism 3. Thus it is sufficient to show that E(K)
has trivial torsion subgroup. Recall that the discriminant of E is —496 =
—16 x 31. Let p # 2, 31 be a rational prime and let 3 be a prime ideal of K
dividing p. Then E has good reduction at 8. Moreover, if ey < p — 1 then
the reduction map E(K )y — E(Fg) is injective [22, page 501], where eg is
the ramification index for 8 and Fyp denotes the residue field of B. Thus if
p > 5 and p # 31 then this map is injective. Now we take p =5, 7, so E(Fy)
is a subgroup of F(Fa;) and E(F,9) respectively. Using MAGMA we find

Since these two groups have coprime orders, it follows that E(K ) = 0 and
5O Eptor = 0. O

Further, since the discriminant of E_; is —496 = 24x31, by Lemma 4.4.3
we know that Q(E_,) = Q(E_1)/\/n.

From (4.5) it is clear that the quantity %
MAGMA we compute this integer for n € {3,15,17} and using Lemma 4.4.3, one

gets that

is an integer. Using

O ==t 1 (4.6)
45, 43, 833

Now recall that W (E_,/Q) denotes the root number for elliptic curve

E_,, over rational numbers. We have the following proposition.

3As the map simply scales the variables, it takes lines to lines and so must define a
homomorphism of Mordell-Weil groups.
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Proposition 4.5.4. For E as above and n positive square-free the following
holds.

(i) If vsi(n) =0 then,

(

-1 n=1,3,7 (mod8), (35)=1or

n=>5 (mod8), (£)=—1or

31

n even, (3—’”‘1) =—1;

1 n=1,37 (mod8), (3x)=—1or
n=>5 (mod8), (£)=1or

31

W(E-./Q) =

n even, (3—”1) =1.

(ii) If vs1(n) =1 then,

—1 n=5 (mod8) or
W(E_,/Q) = n even;
1 n=13"7 (mod?8).

Proof. The methods used here to compute the root numbers are well-known
and we refer to [11]. We can express the global root number W(E_,,/Q) as a

product of local root numbers

W(E./Q) = [[W(E_.,p)

p

where the product is taken over all primes including oco; here W(E_,,, 00) = —1.
The value of the local root number W(FE_,,p) depends only on the isomor-
phism class of E_, over @, and hence only on the value of n modulo (Qj)>.
For a fixed value of n and a fixed prime p we can use the computer algebra

package MAGMA to compute W(E_,,p). By writing down all the possibilities
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for n modulo squares in Q,, Q3 and Q3; we find the following;:

(

—1 n=1 (mod8)
1 n=3,57 (mod38)

W(E_,,2) =
1 2|n,n/2=1,5 (mod 8)
-1 2 |n, n/2=3,7 (mod 8),
and
-1 31|n
-1 3|n
W(E_,,3) = W(E_,,31) =4 -1 (&)=1
1 31n, N
L) =-1

It remains to calculate the local root numbers at primes p # 2, 3, 31. We

consider the elliptic curve E_q,
E :Y’=X>4+X—-1.

The conductor of F_; is 248 and the discriminant Ag_, is —496 = —24 % 31.
Fix n positive and square-free, the n-th quadratic twist of E_; is given by the

Weierstrass model,
E_,:Y?=X’+n*X —n’.

The discriminant Ag_ of E_, is —2* x 31 x n®. Since n is square-free, Ap_
is 12-th power free and hence the model for E_,, is minimal at every prime p.
For primes p such that p is odd and coprime to 31 and ptn, W(E_,,p) = 1.

Let p # 2, 3, 31 be a prime such that p | n. Then F has additive
reduction modulo p. Since v,(Ag ) = 6, we get that [11, page 96]

()

Thus we can summarize for all primes p # 2, 31 (note that we are now including
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W(E*mp) =

Write n = 2'319n’ where 2, 31 { n’. Then

W(E_./Q) = — (%1) W(E ., 2)W (E_,,31).

The proof now follows by combining all the possibilities. O]

Before computing the order of the Tate-Shafarevich group HI(E_,/Q),

we have the following refinement of Theorem 4.5.1.

Theorem 4.5.5. Let £ :Y?> = X3+ X +1 and f = fi+ fo+V2fs = > dng™.
Then, for positive square-free n =1, 3, 7 (mod 8)

2(”31(n)+1)QE )

VI

Proof. Note that d,, = a, + b, + V2¢,. It is important for the proof to note
that a,, = 0 for n # 3 (mod 8), and b, = 0 for n Z 7 (mod 8), and ¢, = 0 for
n #Z 1 (mod 8); we proved this by applying Theorem 3.8.10. It follows from
equations (4.2), (4.3) and (4.4) that d,, = 0 whenever n = 1,3,7 (mod 8) and
the Kronecker symbol (g—l) = 1. Further by Proposition 4.5.4 if n = 1,3,7
(mod 8) and (2%) =1 then W(E_,,Q) = —1 and so L(E_,, 1) = 0. Thus the

theorem follows when (ﬁ) =1.

In the case when (311) = —1, the refinement follows by using Equation

4.6) in Theorem 4.5.1. O
(4.6)

L(E_,,1) =

We have now the following corollary which computes the order of the
Tate-Shafarevich group I (E_,/Q).

Corollary 4.5.6. Let E:Y? = X?+ X+ 1 and f = fi+ fo+V2fs = . dng™.
Let n be positive square-free number such that n = 1, 3, 7 (mod 8) and E_,

has rank zero. Then, assuming the Birch and Swinnerton-Dyer conjecture,

9(va1(n)+1)
e
Hp Cp
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where the Tamagawa numbers ¢, of E_,, are given by

1 3ltn,
1 n=3,7 (mod8
o = ( ) - 31\n,<%>:1
2 n=1,5 (mod 8), 2
2 31%(%):—1,

and ¢, = #E_1(F,)[2] for p| n, p# 31, and ¢, = 1 for all other primes p.

Proof. From Lemma 4.5.3 we have E_, i, = 0 for all square-free integers
n. Further since we are assuming that £_, has rank zero, R(E_,,/Q) = 1.
Substituting these facts and Q(E_,)) = Q(E_1)/y/n in Equation (4.5) we get

that
L(E_,,1)-y/n  2a+D) 2

QE—I ' Hp CP a Hp Cp "
the last equality follows by Theorem 4.5.5.

“—H (E—n/@)’ =

We will be using Tate’s algorithm (see [38, Pages 364-368]) to compute
the Tamagawa numbers ¢, for £_, for n odd and square-free. Recall that the

Weierstrass model for F_,, is given by
E_,:Y?=X?+n*X —n’.

The discriminant Ag_ is 26 x 31 x n; since n is odd and square-free the above
model is minimal at every prime p. We note that Weierstrass coefficients are
ap = ay = az = 0, ag = n?, ag = —n> and by = 0, by = 2n?, bg = —4n3,
by = —n?.

Now fix a prime p such that p # 31 and p | n. Hence p? | bs and we are
in the step 6 of Tate’s algorithm. We need to consider the polynomial P(T") =
T? +m*T —m? where m = n/p. Note v,(m) = 0 and p { Disc(P) = —31 x m°.

Therefore,
¢ = 14+#{a € F, : P(a) = 0} = 1+#{a € F, : a®+a—1 =0} = #E_,(F,)[2].

Let p = 31 and suppose p | n. Then the above polynomial P(T)
factorizes as P(T) = (T + 3m)(T + 14m)? over F,. We are now in the step

7 of Tate’s algorithm. We translate X-coordinate in the Weierstrass equation
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so that double root of P(T) is T' = 0. This gives the following Weierstrass

equation for F_,,
Y2 = X3 — 42nX? + 589n2X — 2759n°.

We must consider the factorization of the polynomial Y2 +89m? over F, (note
2759n° /p* = 89m®). By the recipe in step 7, if (£2) = 1, then ¢z = 4; else
c31 = 2.

It is to be noted that for a fixed prime p, the value of ¢, depends only
on isomorphism classes of E_, over Q, and thus only on n modulo (Qj)*.
In particular for p = 2 using MAGMA we get that cy(F_1) = co(E_5) = 2
and co(E_3) = co(E_7) = 1. Similarly for p = 31 such that p { n, we have
c31(E_1) = ¢c31(E_3) = 1. Now the result follows combining all these possibil-
ities. [

The following is a small check that our computed order of Tate-Shafarevich
group I (F_, /Q) is indeed a square. Note that

e square n=3,7 (mod 8)

n

2 x square n=1 (mod 8).

Let f := 2% + 2 — 1; discriminant of f is Ay = —31. By the above
corollary for p # 31 and p | n,

1 f has no roots over [,
¢p =4 2 f has one root over I,

4 f has three roots over I,

It is easy to see that Galois group of f over F), is either C} or Cs if and only
if (%) — 1. Thus,

H - square (%) =1

pln 2 X square

p#31
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We assume vg;(n) = 0 and (3) = —1. If n = 3,7 (mod 8) then ¢; = ¢31 = 1
and so [[, ¢, =2 x square. If n =1 (mod 8) we have c; = 2 and ¢3 = 1 and
so [, ¢p is a square. Thus in these cases, |[II(E_,/Q)| = ﬁ -d? is a square.
The other cases follow similarly.

We have the following easy corollary to Theorem 4.5.5.

Corollary 4.5.7. Suppose n =1, 3, 7 (mod 8) and (g‘—l) = —1. Then assum-
ing the Birch and Swinnerton-Dyer Conjecture,

Rank(E_,) >2<d, =0.
Proof. By Proposition 4.54, if n = 1, 3, 7 (mod 8) and (3—”1) = —1 then
W(E_,/Q) = 1. Thus the analytic rank is even, and so by BSD, the rank is
even. The corollary now follows using Theorem 4.5.5. O

In order to get a complete solution we need to know what happens
when either n is even or n = 5 (mod 8). From Proposition 4.5.4 it follows
that L(E_,,1) = 0 whenever n is even or n = 5 (mod 8) and either (&) = —1
or 31 | n. Thus we are unable to predict in these cases what happens 4 when
vs1(n) =0 and (3£) = 1.

We will be able to get a complete answer if we are working with higher
levels. So we are interested in similar computations as above for Ss/5(N, x, ¢)

where N varies so that Kf; = 1984 | N. We arrive at following conclusions:

(i) If N = 1984 x 2% then only interesting situation is when « = 1; indeed if
a > 1 then choices for co(n) are the functions such that cy(n) # 0 only
when 15(n) = « and hence are zero on n square-free. Suppose a = 1.
Then, v5(N) = 7, v31(IN) = 1 and so ¢31(n) remains the same and the
possibilities for co(n) are now the characteristic functions 1.2, v1.6, 71,10
or 7y 14. Suppose 2, 6, 10, 14 € Qy(¢). Then cz(n)cs1(n) # 0 only when
n=2,6,10,14 (mod 8) and, either v3(n) =1 or (3t) = —1. From the
root number argument above we have L(E_,,, 1) = 0 in these cases. Using

4In fact doing computations using MAGMA we get for example, L(E_,,, 1) # 0 for n = 5, 69,
101, 109, 133, 157, 165; these n satisfy the conditions n =5 (mod 8) and (3%) = 1. However
for n = 149, 173, which also satisfy the same two conditions, we get that L(E_,,1) = 0
(note thus using root number argument Rank(E_,) > 2 for n = 149, 173). We do not
detect a general pattern.
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Waldspurger’s Theorem we can conclude that U(1984 x 2, ¢, Ag) = {0}
and hence S5/5(1984 X 2, Xtriv, #) = S3/2(1984, Xtriv, #). We do not get

any new information.

(ii) Suppose now N = 1984 x 31%. As before the only interesting case for us
will be & = 1 and we assume this. Hence v5(N) = 6, v3;(N) = 2. Now we
will have two choices for ¢s;(n), namely vo1 or v, where u € Q3;/ Qx°
such that (%) = —1 and, four choices for co(n), namely o1, Y03, V0.5
or y7. If 5 € Qy(¢), choosing ca2(n) = o5 and c31(n) = 70,1, we will be
able to conclude what happens when n = 5 (mod 8) and (3"—1) =1 by
computing bases for the space S3 /2(1984 X 31, Xtriv, @)-

(iii) In fact from the above two cases one can easily see that we need to
compute at least the bases for the space S3/9(1984 x 31 X 2, Xy, ¢) in

order to hope to get the complete solution.

The computation for S5/5(1984 x 31 X 2, Xriv, @) is still in progress. We note
that the dimension of the space S5/5(1984 X 31 X 2, xiv) is 7686.

4.5.2 Second Example

Our second example will be the rational elliptic curve F of conductor 144 given
by
E:Y?=X"—1.

The corresponding newform ¢ is given by
6(2) = q + 49" +2¢" = 8¢" — 5¢” + 4¢° — 10¢* — 8¢™ + 9¢" + O(¢™).

Here M, = 144. Since (H1) and (H2) are satisfied, there exists a N such
that Ss/o(N, x, ¢) # {0}, where 144 | (N/2) and again x* = Xuiy. We assume
that x is the trivial character. Using Corollary 3.6.4 for computing Shimura’s
decomposition, we find that at the level 576, the space S5/5(576, x, ¢) # {0};
and this space has a basis {f1, fo2, f3, fa} where fi, fo, f3 and f; have the
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following g-expansion:
£1(2) = ¢ — ¢ +5¢% — 647 — 6¢° + O(q'?) Zanq

F22) = ¢ + ¢ — ¢% — 247 + O(¢'") anq

o0

fa(2) = 4" = 2¢° + ¢® + 0(¢") == > cuq”

n=1

Fi(z) = ¢ — ¢" — ¢ + O0(¢"™) : Zdnq

Doing similar calculations as in the previous example it turns out that
]/\\7(; = 576. Using Waldspurger’s Theorem there exists a function A4 on square-
free numbers such that Sz/5(576, x, ) = U(576, ¢, As). Following the compu-
tations we get that U(576, ¢, As) is spanned by Y07 | Ag(n*)n'/* T ¢p(n)q"
where the choices for ¢y include the characteristic functions of 1, 5 modulo
@;2, while the choices for ¢z are characteristic functions of 1, 2 modulo @§2.

The following lemma is a special case of a standard theorem on the
torsion of Mordell elliptic curves (i.e. elliptic curves of the form Y? = X3+ B).
For the proof see [8, page 52].

Lemma 4.5.8. Let E be as above and let n be a square-free integer. Then
Eytor = Z)27 unless n = —1 in which case E_j 1or = Z/67Z.

The discriminant of the model £_; : Y2 = X3 +1is —432 = 2% x 33
which is sixth-power free. By Lemma 4.4.3, Q(E_,) = Q(E_;)/v/n.
We have the following lemma on root numbers which can be proved on

similar lines as Proposition 4.5.4.

Lemma 4.5.9. Let E be as above. For n positive square-free the following
holds.

(1) If vs3(n) =0 then,

1 n=1,5 (mod8)
W(E_,/Q) =<{ -1 n=3,7 (mod?8)

—1 n even.
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(i1) If v3(n) =1 then,

1 n/3=1,5 (mod38)
W(E_,/Q)=<{ -1 n/3=3,7 (mod 8)

1 n even.

Finally, we have the following theorem.

Theorem 4.5.10. Let E:Y? = X% — 1. Let
f=h/2+f+V2fs+V3fi=> euq".
n=1

Let n # 1% be positive square-free integer such that n = 1,2 (mod 3). Then,

L(E_,,1) = Qjﬁl Lé2. (4.7)

Further assuming BSD, if E_,, has rank zero then,

4 2

. en

Hp Cp

where the Tamagawa numbers c; = 3 if n =1 (mod 8), co = 1 if n = 3,5,7
(mod 8); ¢5 = 2; ¢, = #E_1(F,)[2] forp | n, p# 3; and ¢, = 1 for all other
primes p.

[T (E-./Q)| =

Proof. Tt is to be noted that using Theorem 3.8.10, we can prove that a, is
non-zero only for n = 1 (mod 24), b, is non-zero only for n = 5 (mod 24),
¢p is non-zero only for n = 13 (mod 24) and d,, is non-zero only for n = 17
(mod 24). Thus we can choose f as in the theorem (the choice for coefficients
of f; in f are done using similar calculations as in Theorem 4.5.5). Using
Lemma 4.5.9, we see that both sides of equation (4.7) vanish if n = 1,2
(mod 3) and n = 3,7 (mod 8). So it is enough to consider the other cases.
Recall that Ay(n)> = L(E_,,1) by Theorem 4.3.4. The proof of the first

statement now follows.

Q
°In the case n = 1 we still have L(E_,,,1) = 5%1 -e2, but since |E_1 tor] = 6 we get

that |II(E_,/Q)| = % -2

n-
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For the second statement, we use Lemma 4.5.8 and substitute Q(E_,,) =
Q(E_1)/4/n in the equation (4.5). The calculation for Tamagawa numbers ¢,
are done as before (see Corollary 4.5.6). O

In order to consider the case of E_,, when 3 | n we try to look at the
space S3/2(1728, Xtriv, @) but it turns out that this space is equal to the space
S3 /2(576, Xtrivs @). Hence we do not get any new information.

Another possible way to deal with this situation is to work with the
quadratic character x3 = (§), instead of the trivial character. Our algorithm
shows that S3/5(576, x3,¢) = {0} and S5/5(1728, x3, ¢) has a basis consisting

of g1, g2, g3 and g4 where g;’s are as follows:
g1 = =P +5¢1 662 — 6421+ O(¢*), 92 = ¢¥ =24 15 1 O(¢*™),

g3 = q15 4 q87 o q159 - 2q231 4 O(q300)’ Gs = q51 - q123 o q267 + O(q300).

Waldspurger’s Theorem now asserts the existence of a function A, (which now
depends on ys and @) on N* such that A4(n)* = L(E_s,,1). Note that g;’s
have non-zero n-th coefficient only for n = 3, 6 (mod 9). Further if n = 3m
then L(E_3,,1) = L(E_,,,1). This leads us to obtain exactly the same results
as in Theorem 4.5.10.

Remark. It is to be noted that we cannot apply Waldspurger’s Theorem to
the elliptic curve E’ given by

E:y?=X*+1

since it is easy to check that the hypothesis (H1) is not satisfied. However,
E'" = E_4, hence by Theorem 4.5.10 we get information about the positive
n-th quadratic twists of £’ for n with 3 { n. Further note that Ej is isogenous
to E_y, hence L(E,, 1) = L(E_3,, 1) for all n. Thus computation of L(E_3,, 1)
for n positive square-free will lead to a formula for L(F,,1) and hence for

L(E/,1) for all n square-free.
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4.5.3 Example with a Non-Rational Newform

In this example we start with a non-rational newform v and we show that
we can get similar formulae as before for the critical values of L-functions of
Y& Xn-

Let 1 € S3V(62, xuriv) be a newform of weight 2, level 62 and trivial

character given by the following g-expansion,
U(2) =q—a*+ag’ +¢" + (=2a+2)¢" — ag® +2¢" — ¢° + (2a — 1)¢” + O(¢"°)

where a has minimal polynomial 2? — 2z — 2.
As before using our algorithm (Corollary 3.6.4) we get that the space
S3/2(124, Xtriv, V) = (f) where f has the following g-expansion,

f(z)=q+(a+1)¢> —¢* —2a¢" —aq" + (—a—1)¢* + (a+1)¢° — 2¢"° + O(¢"?).

Note that Waldspurger’s theorem is applicable for the newform 1 as
the local automorphic representation of ¢ at 2 is not supercuspidal; this fol-
lows since 15(62) = 1 and the second coefficient of ¢ is non-zero (see Corol-
lary 4.2.3).

We have the following proposition.

Proposition 4.5.11. Let v and f :=> "7, a,q" be as above. Let n be square-

n=1

free such that n # 3 (mod 8) and (3—”1) #+ —1. Then

~a?  ifvz(n) =

1
. CL2 Zf V31 (n) =0

n

Lt ® X-n, 1) =

e sie

where =2-L(¢Y ® x_1, 1).

Proof. The proof follows by the similar calculations as shown in the previous

examples. O

Remark. Using MAGMA, we have numerically checked the above formula for
the first ten values of n and we find that the two sides of the formula agree
to 30 decimal places. It is to be noted that as we increase the values of n,

the level of the newform ¢ ® y_,, becomes very large, for example the level of
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newform ¢ ® y_, for n = 1,2,3,5,7,10 are 496, 1984, 558, 12400, 3038, 49600
respectively.

In the next chapter we will study the relation between modular forms
of weight 3/2 and positive-definite ternary quadratic forms. In fact given a
quadratic character y and a rational newform ¢, we would like to compute the
subspace of S3/2(N, x, ¢) (for a suitable N) that is coming from the ternary
quadratic forms in a sense explained in the next chapter. This will lead us
to give Tunnell-like formulae for critical values of n-th quadratic twists of ¢
in terms of ternary quadratic forms. We point out that given a newform it
might not always be possible to find forms of weight 3/2 that are Shimura
equivalent to the newform and that come from ternary quadratic forms. In
particular for the elliptic curve in our first example, £ : Y2 = X3 + X + 1,
the space 53/2(1984, Xtrivs @) has trivial intersection with the subspace of
S3/2(1984, Xiriv) coming from ternary quadratic forms. We also note that the
space S3/2(1984, Xtriv, ¢r) does not consist of any forms that one gets by mul-
tiplying weight one and weight half forms as explained in Chapter 1. However
for the elliptic curve in the second example, E : Y? = X? — 1, we will see
(Example 5.3.3) that each of the basis elements f; of S5/5(576, Xiv, ¢r) comes

from ternary quadratic forms.
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Chapter 5
Ternary Quadratic Forms

The reader will recall that in Tunnell’s Theorem, the critical value of the L-
function of the n-th twist of the £ : Y? = X3 — X is expressed in terms
of ternary quadratic forms. In the previous chapter we saw several examples
where such critical values are expressed in terms of coefficients of cusp forms of
weight 3/2. It turns out that for a given level N and quadratic character y, a
subspace of Ss/5(N, x) is spanned by theta-series coming from positive-definite
ternary quadratic forms. To express our critical values in terms of quadratic

forms we need to compute theses subspaces.

5.1 Positive-Definite Quadratic Forms and as-

sociated Theta-Series

Let F' € Z[xy,...,xx] be a positive-definite quadratic form. Associated to F

is a theta-series

Op(z) == Z qF(m) — Z#{m c 7k - F(m) =n}-q¢" q= p2miz.
n=0

meZk

Theorem 5.1.1. (Shimura [36]) With notation as above, let Ap be the k X k

matrix
A — O*F
E Ox;0xj )

Define Ng to be the smallest positive integer so that NpAp~'is an even matriz,
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that is, has integral entries, and even integers on the main diagonal. Then
Op € My/2(Np, Xap), where Xq, = (d—F) and dp = det(Ap) if k =0 (mod 4),
drp = —det(Ar) if k=2 (mod 4) and drp = det(Ar)/2 if k=1 (mod 2).

We shall call Np as in Shimura’s Theorem the level of F', the integer
dp the discriminant of F', x4, the character of F' and Ap the matriz of F.

Let R be either Z or Z, (where we take Z, = R if p = 00). Let F, G
be homogeneous quadratic forms in R[z1,...,x;]. We say that F' and G are
R-equivalent if there exists a unimodular matrix U with coefficients in R such
that F'(x) = G(xU). Now suppose F', G are homogeneous quadratic forms in
Z[z1, ...,z with the same level and discriminant. We say that F' and G are
in the same genus if F' is Z,-equivalent to G for all p (including oo).

It is clear that if F' and G are Z-equivalent, then 0p = 0.

Theorem 5.1.2. (Siegel [33]) Suppose F' and G are in the same genus. Let
N be their level and x4 be their character. Then 0p — g € Si/2(N, xa)-

Now if F', G are homogeneous quadratic forms in Z[xy,...,zx] and
F = rG for some integer r, then 0r(q) = 0c(¢"). Hence 0 = V(r)(0¢)
where V(r) is the V-operator. It is for this reason that we restrict to primitive
quadratic forms. It is clear that if a form is primitive, then all other forms
belonging to the same genus are primitive. We can therefore speak of primitive
genera. As we are most interested in modular forms of weight 3/2 we shall
restrict ourselves to the case k = 3; i.e. to the case of ternary quadratic forms,
and follow the exposition in Lehman’s paper [27].

Let F' be a positive-definite, primitive ternary quadratic form with in-

teger coefficients given by
F = az? + by? + c2* + ryz + sxz + tay.

Let Aij be the Zj—th cofactor of AF and M = ng(An, A227 A33, 2/423, 2A13, 2A12).
Let a = An/M, B = An/M, v = Ap/M, p = Ap/M, 0 = Ap/M,
T = Alg/M. Let

¢ = ax® + By? + 22 + pyz + oxz + Ty,

Then ¢ is a primitive positive-definite form and is called reciprocal of F. It
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turns out that Ny = N, and dy = Nj/4dp. Moreover, the reciprocal of
equivalent forms are equivalent and if F' and G are in the same genus, their
reciprocals are in the same genus; see [27, page 410].

Given N there are only finitely many choices for d such that we have

ternary quadratic forms of level N and discriminant d. In particular,

Theorem 5.1.3. ([27, Theorem 2]) Let F be as above. Suppose that
Np =2"py"ps* - pj"

1s the prime factorization of Np. Then ng > 2 and dg is of the form
dp = 2"pi'py*

with following restrictions on d;s:
(i) either dy = ng — 2 or, dy = 2ng or, ng < dy < 2ng — 2, and
(i7) for 1 <i <r we must have n; < d; < 2n,.

Further if n; is even for 0 < i < r, then either ng < dy < 2ng— 2 or, d; is odd

for some 1 <1 <.

Fix a level N and discriminant d. There are finitely many primitive
genera having level N and discriminant d. Each genus has finitely many forms
up to Z-equivalence.

Below we recall a standard algorithm, due to Dickson [17], for writ-
ing down the primitive genera of ternary quadratic forms of given level and
discriminant, and for each genus writing down a representative of each Z-
equivalence class. We shall follow the exposition of Dickson’s algorithm given
in [27].

We say that F' is reduced if the following are true:

e a<b<q
e r, s and t are all positive or all non-positive;

e a>|ta>lsl;b>|r|;
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ea+b+r+s+t>0;

e if a =1 then s < 2r;if a = s then t < 2r;if b =r then t < 2s;
e if a=—tthen s =0;if a = —s then t = 0; if b = —r then t = 0;
e ifa+b+r+s+t=0then 2a+2s+t<0;

e if a = b then |r| < |s|; if b = c then |s| < |¢].

Theorem 5.1.4. (/27, Proposition 3]) Every primitive positive-definite ternary
quadratic form is equivalent to one and only one reduced form. Also, if f is

reduced and has discriminant d, then

DO |

< abec <

RS

It follows from the above inequalities that if F' is a reduced form of

discriminant d then

5/d d d d
I1<a<iy/5, a<b<y/—, max (b, — | <c< —,
2 2a 4ab 2ab

and either
or

It is clear now, how in principle we can list all reduced forms of a given level
N and discriminant d. In fact, Lehman [27] gives additional bounds on the
coefficients. First ¢ < N/2. Thus

N ./d N [|d
1<a<min|—, /=], a<b<min| = /—]. (5.1)
27V 2 27V 2a

Let m = 4d/N and u = N?/d. Then, moreover, either a = 0 or —u (mod 4).
The same is true for b, ¢ in place of a. To this we add our own improvement,

given by the following lemma.
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Lemma 5.1.5. Let o = 4ab—1t2. Then r is a root modulo o of the polynomial
aX? — stX + (d+ bs?). Moreover,

_a'rQ—st’r—i-d—i-sz
— - ,

C

Proof. The discriminant d = det(Ay)/2 and hence can be given by following
expression,

d = 4abc + rst — ar? — bs® — ct?.
The lemma now follows. O

To enumerate all primitive reduced forms of level N and discriminant
d, we run through the pairs a, b satisfying the inequalities (5.1) and the above

congruences. We then enumerate the pairs s, ¢ that satisfy

—a < s <0, —a <t<0, or 1<s<a 1<t<a.

)
Next we use the lemma to determine the possibilities for » modulo «, and write
down all r satisfying the above inequalities and these congruences. Finally, the
lemma gives the value of ¢. Once we have all the coefficients, we can check
that they indeed define a primitive reduced form of level N and discriminant
d.

In order to write down the cusp forms of level N and quadratic character
XD = (2) that are coming from primitive ternary quadratic forms, we first
need to consider the possible choices of discriminants d given by Theorem
5.1.3 with square-free part D. For each such choice of discriminant, we can
use the above algorithm to write down the reduced representatives in primitive
genera of ternary quadratic forms of level N. However since discriminants can
be very large, we modify the algorithm by using reciprocals. In particular, if
d > N3/4d we compute the reduced ternary forms of level N and discriminant
N3 /4d and take their reciprocals which are now primitive forms of level N and
discriminant d. Note that taking reciprocal need not keep the forms reduced
but as remarked earlier it preserves each genus. Now we can use Theorem 5.1.2
to compute the subspace of S3/2(IN, xq) which comes from primitive ternary
quadratic forms. Here we can test for forms being in the same genus using

an algorithm of Conway and Sloane [13, Chapter 15|, which fortunately is
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implemented in MAGMA.
Notation. We will denote by [a, b, ¢, r, s, t], the ternary quadratic form given
by az? + by? + cz® + ryz + sxz + tay.

5.2 Action of Hecke operators on Theta-Series

The following theorem is a reformulation by Bungert [7] of the results of Eichler
[18] and Schulze-Pillot [32] which gives an explicit description of the action of

Hecke operators on theta-series of ternary quadratic forms.

Theorem 5.2.1. [7, Proposition 4] Let ' be an integral positive-definite ternary
quadratic form with matriz Ar. Let p be a prime not dividing the level Np of

the theta-series O of F'. Then the action of Hecke operator T,z is given by

Tp(Op)(2) = ). Osraps(2),

SeM/GLs(z) P

where M denotes the set of 3 X3 matrices S over Z such that S has elementary

STp’%FS has integral entries and 0sr,,s stands for theta-
sTApsS

divisors 1, p, p* and

P
. . . . T
series of the ternary quadratic form with matriz %.

Let F be as in the theorem, having matrix A = Ap, and let G be the

quadratic form represented by the matrix B = ST‘;‘S . The reader might be
p

wondering why F' and G have the same level. It is clear that the determinants
of A and B, and therefore discriminants of F' and G, are equal. We know by
Theorem 5.1.3 that the two levels Nr and Ng have precisely the same prime
divisors. Since p { Ng, we know p t Ng. Now for any prime ¢ # p, the forms
F and G are Z-equivalent. Therefore, vy(Ng) = vy(Ng). Hence Ny = Ng.
To be able to compute the action of Hecke operators on theta-series, we

proved the following lemma.

Lemma 5.2.2. Let p be a prime and

M' ={S € M3(Z) : S has elementary divisors 1, p and p* }.
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Then the following are representatives of M'/ GL3(Z):

p a b p 0 b p 0 b
0 p O , 0 p ¢ ; 0 p O ;
0 O a O O C
b 821;25 P 8;,2% 0<b<p
P> a b p* a b p 0 b
p , 010 , 0 p? ¢ ,
0 1 0<a,b,c<p? 0 O P 0<a,b<p? 0 0 1 0<c<p?
pla plb 0<b<p
» oa 0 10 0 10 0
01 0 , 0 p? ¢ : 0p O
2 2
0 0 p 0<acp 0 0 p OS;\EPQ 0 0 p

Proof. Recall that given any S in M3(Z) there exists a unimodular matrix
U € GL3(Z) such that S has unique Hermite normal form H and H = SU.
So we list matrices in Hermite normal form with elementary divisors 1, p and
2

pe. ]

Given a newform ¢ € Sy(My) we would like to compute the subspace of
S3/2(N, x, ¢) for a suitable N with 2M | N and x quadratic that comes from
the theta-series of ternary quadratic forms. For a choice of N and character
X4 we use the algorithm in Section 5.1 to compute the subspace of S3/2(IV, x4)
that comes from the theta-series of ternary quadratic forms. We now apply
the above Lemma to compute the Hecke action on this subspace and use
the algorithm in Section 3.6 to compute the subspace of S3/5(N, X, ¢) coming
from ternary quadratic forms. In the upcoming section we will illustrate this

algorithm by presenting several examples.

5.3 Examples

For this section, we need to recall the methods used in Section 4.3, in addition

to the algorithm mentioned in the previous section.
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Example 5.3.1. Let E be an elliptic curve of conductor 50 given by
E:Y?’+XY+Y=X"+X*-3X+1.

Let ¢ be the newform corresponding to F,

¢4+ ¢ — ¢ +q" = q°—2¢" +¢° = 2¢° = 3¢" + O(¢").

Note that 15(50) = 1 and second coeflicient of ¢ is non-zero, hence
p2 is not supercuspidal and so we can apply Waldspurger’s Theorem. Please
refer to Section 4.3 for notation and details of the calculation.

We get that ]f\\f(; = 100 and S5/5(100, X4iv, ¢£) has a basis consisting of
f1 and fy where

oo

fi=aq+q" = ¢ —¢" —2¢" +0(¢") = anq"

n=1

==+ —q¢"+2¢"+0(¢") anq

In fact it turns out that f1 = (g, — 00,)/2 and fo = (8o, — 6g,)/2

where );’s are quadratic ternary forms of level 50 given by
Q1 = [25,25,1,0,0,0], Q2 = [14,9,6,4,6, 2],

Qs = [25,13,2,2,0,0], Q.= [17,17,3, -2, —2,16].

We have the following proposition which can be now proved on the

similar lines as Theorem 4.5.5.

Proposition 5.3.2. Let E be as above. Let n be positive square-free number
such that 5t n. Then,

L(E*hl) 2

L(E_,,1) = N c

where

Cn = Z (_IQ)Z : #{($7y72) : Qi(x7y7 Z) = n}
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Again we can compute the order of III (E_,,/Q) assuming the BSD. For

example, we get that
[T (E_g315/Q)| = 33% = 1089.

We can further consider the real quadratic twists F,. For this we work

with the elliptic curve E_; of conductor 400,
E 1 :Y?=X?4+X?—48X — 172.

We can show that if 51 n then,

LEL)) | 2 (2 -1
L(En.1) = v 172 :
LB, 1) /5 e (%) =—1,

where ¢, is the n-th coefficient of the following linear combination of theta-

series of weight 3/2 and level 1600 coming from the ternary quadratic forms:

1 1
-0 -0 —— -0 8.0.—
5,9,10,2,2,4] T =% 10 " Y0:4400000] = 70 " U[5,17,20,-8,0,-2]

1 1

.0 ——.0 o .0 .
10 V13201284 — £ U132,52,-16,0,0 + 5 UIB13,176,44]

L 0 + L 0
10~ Vi16,101,0,—4.0] F 75 " 0[400,100,1,0,0,0]

1 1
9[125 100,4,0,0,100) T = 9[89,56,9,74,72,744] 5 9[49,36,29,24,22,16]

3
1 0 L L 1
~ 70 Y100.25,17,100,0 T 75

1 9
53,33,25,—10,—10,—14] 1 5 01400,400,1,0,0,0) T 7= 10 * 01400,25,16,0,0,0]

1 0 1
10 Vl2asv0-2-8-88 — 14

4 4
+ 01129,100,16,0,—16,~100] — 5 O184,81,25,10,20,4] + 5 0189,49,41,—6,~14,—38]

1 2

: 9[400,29,16,16,0,0} + 5 9[125,100,16,0,0,100} T 9[100,96,21,8,20,80]
2 2
5 : 9[400,32,13,8,0,0] + 5 : 9[117,52,32,—16,—24,—44]
1 1

5 9[212,48,17,8,4,48] + 10 9[208,32,25,0,0,32}

U557, 2,40

»—tcﬂlr—t

015,17,204,42) + T

— + 014,5,400,0,0,-4] —

6[400 13,8,4,0,0 9[52,32,25,0,0,16]

%

+
R N I l\DI»—‘[\JI}—twll—w—l r—k — IS =
o|@ c> ’_‘o "o|’_‘

%

[201,201,4,4,4,2] T 7~ + 01209,36,25,20,10,36]

+

: 9[84,69,29,2,12,28} -z

+

* 01400,25,17,10,0,0] T
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1 1 1

5 0[212,33,25,710,720,728 10 9[208,33,32,32,32,16] T 9[113,52,32,16,8,52]-

Further using the root number arguments, we get that L(E_5,,1) =0
whenever n #Z 3 (mod 8) and L(Fs,,1) = 0 whenever n =5 (mod 8). For the

remaining cases, we look at the space S3/5(8000, ¢f).

Example 5.3.3. This example formulates Theorem 4.5.10 in terms of ternary
quadratic forms. Let E : Y2 = X3 — 1. Let n be positive square-free integer
such that n = 1,2 (mod 3). Then

QE11 2
. a/n
Vvn

where a,, is the n-th coefficient of the cusp form f of weight 3/2 and level 576

that can be written as follows as a linear combination theta series:

()
f = Z anq" =
n=1

L(E_,, 1) =

+ L 0 ! 0 + ! 0 ! 0
G V4144000 = o V1443702400 F 5 0145,36,00,-4] — g~ V[4.13,13,-10,00]
1 1 1 1
+ 3 011,20,32,—16,0,0] T 6 014,5,29,—2,0,0] — 5 014,9,17,—6,0,0) T+ 5 011,36,45,—36,0,0]
1 0 + ! 0 ! 0 L 0
5 Vi4987.0-400 F & 01441610000 ~ 5 016,169,000 ~ 5+ V144,5,4.4.00]
1 1 1 1
+ 6 0(37,16,4,0,4,0 + 6 0116,13,13,10,0,0] T+ 6 0(32,21,4,—4,0,—16] — 6 0129,16,5,0,2,0]
1 1 1
— 5 01144,36,1,0,0,0 + 1 - 0[144,9.4,0,0,0) — 3 0145,36,4,0,0,36] — 6 0144,144,1,0,0,0]
1 2 1
~5 O1144,16,9,0,0,0] T+ 3 0149,36,16,0,—16,~36] + 1 0[144,13,13,10,0,0]
1 1
1 045,36,16,0,0,36] T 5 0[144,20,5,2,0,0) — 3 032,29,29,22,16,16]
1 1 1
5 0130,32,9,0,0,32 + 5 0180,17,17,~2,~16,~16] — 3 041,32,20,16,20,8]

Example 5.3.4. Let £ : Y?+Y = X3 —7 be an elliptic curve of conductor 27
and let ¢ be the corresponding newform. Using Corollary 4.2.3, we get that

p2, the local component of ¢ at 2 is not supercuspidal and hence we can apply
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Waldspurger’s Theorem. We have the following proposition.

Proposition 5.3.5. With E as above let n be a square-free integer.

(i)

(i)

Suppose n =1 (mod 3). Let f be given by

1 1
E:nn___.g B +=.40 + 6
/ _n:1a q 9 [1,6,15,—6,0,0] 5 [4,4,7,4,4,2] [27,27,1,0,0,0]

1 1
— 0128,27,4,0,4,0) — 5 O127,7,.4,2,0,0) — 5" O116,9,7,—6,—4,—6) + 0[31,16,7,4,2,16]-

If either vo(n) =1 or, 1a(n) =0 and n =1, 5 (mod 8) then

L(E_4,1
L(E,n, 1) = % : GEL.
n
Otherwise,
K
L(E_,,1)= —-d’
N

where k = /19 - L(E_19,1) if n = 3 (mod 8) and k = V7 -L(E_7,1) if
n =7 (mod 8).

Suppose n = 0 (mod 3) and let n = 3m. Let h € S3/5(324, Xtriv, @) be

the cusp form having the following q-expansion
h=q®— ¢ +2¢° — ¢® — 2¢% — ¢ — 2¢° + ¢ + O(¢®) := anqn.
n=1

Further suppose (%) = 1. If either v5(n) =1 or, 1(n) =0 and n = 1,
5 (mod 8) then

21
L(E_,,1) = L(E_g,1) -/ =— - b?
n

n*

Ifn=3,7 (mod 8) then

K

vn

where k = /3 - L(E_3,1) ifn =3 (mod 8) and k = /39 - L(E_39,1) if
n=7 (mod 8).

L(E_,,1) = b
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(iii) If n.=3m and (%) = —1 then L(E_,,1) = 0.
(i) If n =2 (mod 3) then L(E_,,1) =0.

The proof of (i) and (ii) follows as in the previous examples, while for
(iii) and (iv) one can use root number arguments. We point out that the cusp
form h which appears in (ii) does not come from ternary quadratic forms.
Moreover since E' is isogenous to E_g, for n positive square-free L(E,,1) =
L(E_3,,1). Thus using above proposition we are able to compute the critical

values L(E,, 1) for all n square-free.

Given a rational elliptic curve E of level N odd and square-free, Bocherer
and Schulze-Pillot [4] showed that an inverse Shimura lift of ¢5 comes from
ternary quadratic forms if and only if L(E, 1) # 0.

In each of the above examples, the level is not odd and square-free but
the result of Bocherer and Schulze-Pillot still holds.
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Appendix A

Tables

A.1 Dimensions

In the following table we give the dimension of the space S3/2(/V) of cusp forms
of weight 3/2, level N and trivial character, for 1 < N < 2000 with 4 | N.
We compare it with the dimensions of the subspaces So(N) and O(N), the
latter being the subspace spanned by theta-series of positive-definite ternary

quadratic forms, and with the intersection

Oo(N) := Sy(N) N O(N).

Table A.1: Dimensions of Theta Subspace

Level N Dim S3/5(N) Dim Sy(N) Dim O(N) Dim ©(N)
4 0 0
8
12
16
20
24
28
32
36

o O = O O O o O

oS O O O O o o o o
o = O O O o o o
S O O O o o O

0 0

Continued on next page
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Table A.1 — continued from previous page

Dim ©(N) Dim ©y(N)

Dim Sy(N)

Level N Dim S5/5(N)

40

44
48

52

o6
60
64
68
72

76

80
84
88
92

96
100
104

108
112
116
120
124
128
132
136
140

144
148
152
156
160

11

Continued on next page
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Table A.1 — continued from previous page

Level N Dim S3/5(N) Dim Sy(N) Dim O(N) Dim ©(N)

164 9 0 8 0
168 11 0 3 0
172 10 0 8 0
176 8 0 8 0
180 10 0 9 0
184 10 0 7 0
188 11 0 11 0
192 1 ) 0
196 0 0
200 0 0
204 15 0 11 0
208 10 0 0
212 12 0 0
216 11 1 0
220 15 0 13 0
224 10 0 10 0
228 17 0 11 0
232 13 0 9 0
236 14 0 13 0
240 14 0 12 0
244 14 0 11 0
248 14 0 11 0
252 18 0 16 0
256 8 2 7 2
260 17 0 12 0
264 19 0 13 0
268 16 0 12 0
272 14 0 13 0
276 21 0 15 0
280 19 0 13 0
284 17 0 15 0

Continued on next page
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Table A.1 — continued from previous page

Level N Dim S3/5(N) Dim Sy(N) Dim O(N) Dim ©(N)

288 12 0 12 0
292 17 0 13 0
296 17 0 12 0
300 20 0 16 0
304 16 0 15 0
308 21 0 15 0
312 23 0 14 0
316 19 0 15 0
320 15 1 15 1
324 15 1 10 1
328 19 0 14 0
332 20 0 17 0
336 22 0 17 0
340 23 0 15 0
344 20 0 14 0
348 27 0 20 0
352 18 0 14 0
356 21 0 17 0
360 26 0 20 0
364 25 0 18 0
368 20 0 18 0
372 29 0 18 0
376 22 0 16 0
380 27 0 21 0
384 19 1 15 0
388 23 0 17 0
392 18 0 16 0
396 30 0 24 0
400 16 0 14 0
404 24 0 19 0
408 31 0 18 0

Continued on next page
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Table A.1 — continued from previous page

Level N Dim S3/5(N) Dim Sy(N) Dim O(N) Dim ©(N)

412 25 0 21 0
416 22 0 22 0
420 41 0 24 0
424 25 0 16 0
428 26 0 19 0
432 22 2 19 2
436 26 0 17 0
440 31 0 21 0
444 35 0 25 0
448 23 1 18 0
452 27 0 18 0
456 35 0 20 0
460 33 0 24 0
464 26 0 21 0
468 34 0 28 0
472 28 0 20 0
476 33 0 27 0
480 34 0 24 0
484 20 0 10 0
488 29 0 20 0
492 39 0 24 0
496 28 0 25 0
200 28 0 21 0
504 38 0 27 0
208 31 0 23 0
512 21 3 19 3
016 41 0 25 0
520 37 0 22 0
524 32 0 26 0
228 38 0 28 0
232 37 0 24 0

Continued on next page
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Table A.1 — continued from previous page

Level N Dim S3/5(N) Dim Sy(N) Dim O(N) Dim ©(N)

236 32 0 21 0
540 44 1 35 0
544 30 0 26 0
248 33 0 22 0
552 43 0 25 0
556 34 0 25 0
260 38 0 31 0
564 45 0 27 0
568 34 0 21 0
272 39 0 31 0
576 30 2 25 2
280 41 0 27 0
o84 35 0 24 0
288 42 0 27 0
292 34 0 24 0
596 36 0 25 0
600 44 0 28 0
604 37 0 27 0
608 34 0 30 0
612 46 0 36 0
616 43 0 26 0
620 45 0 31 0
624 46 0 33 0
628 38 0 27 0
632 38 0 23 0
636 o1 0 34 0
640 35 1 30 1
644 45 0 31 0
648 39 1 28 0
652 40 0 26 0
656 38 0 32 0

Continued on next page
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Table A.1 — continued from previous page

Level N Dim S3/5(N) Dim Sy(N) Dim O(N) Dim ©(N)

660 65 0 35 0
664 40 0 27 0
668 41 0 33 0
672 50 0 36 0
676 30 0 13 0
680 49 0 28 0
684 o4 0 43 0
688 40 0 30 0
692 42 0 29 0
696 95 0 31 0
700 20 0 38 0
704 39 1 31 0
708 27 0 32 0
712 43 0 29 0
716 44 0 32 0
720 52 0 42 0
724 44 0 30 0
728 51 0 31 0
732 59 0 36 0
736 42 0 30 0
740 93 0 34 0
744 59 0 31 0
748 o1 0 35 0
752 44 0 39 0
756 62 1 46 1
760 95 0 31 0
764 47 0 37 0
768 44 2 30 0
772 47 0 29 0
776 47 0 31 0
780 7 0 44 0

Continued on next page
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Table A.1 — continued from previous page

Level N Dim S3/5(N) Dim Sy(N) Dim O(N) Dim ©(N)

784 36 0 28 0
788 48 0 30 0
792 62 0 41 0
796 49 0 37 0
800 40 0 38 0
804 65 0 37 0
808 49 0 32 0
812 57 0 38 0
816 62 0 42 0
820 29 0 35 0
824 50 0 34 0
828 66 0 ol 0
832 47 1 40 1
836 o7 0 39 0
840 85 0 41 0
844 52 0 33 0
848 20 0 36 0
852 69 0 41 0
856 52 0 30 0
860 63 0 45 0
864 52 2 42 0
868 61 0 39 0
872 53 0 30 0
876 71 0 40 0
880 62 0 48 0
884 29 0 38 0
888 71 0 39 0
892 95 0 40 0
896 51 1 42 0
900 64 0 36 0
904 95 0 31 0

Continued on next page
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Table A.1 — continued from previous page

Level N Dim S3/5(N) Dim Sy(N) Dim O(N) Dim ©(N)

908 o6 0 40 0
912 70 0 43 0
916 26 0 38 0
920 67 0 40 0
924 89 0 ol 0
928 o4 0 38 0
932 27 0 35 0
936 74 0 ol 0
940 69 0 42 0
944 56 0 48 0
948 7 0 44 0
952 67 0 40 0
956 29 0 45 0
960 5 1 49 0
964 29 0 39 0
968 50 0 32 0
972 66 2 o1 2
976 o8 0 43 0
980 66 0 43 0
984 79 0 40 0
988 67 0 45 0
992 58 0 46 0
996 81 0 44 0
1000 63 0 42 0
1004 62 0 47 0
1008 76 0 62 0
1012 69 0 42 0
1016 62 0 37 0
1020 101 0 56 0
1024 46 4 31 4
1028 63 0 42 0

Continued on next page
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Table A.1 — continued from previous page

Level N Dim S3/5(N) Dim Sy(N) Dim O(N) Dim ©(N)

1032 83 0 43 0
1036 73 0 45 0
1040 4 0 49 0
1044 82 0 29 0
1048 64 0 40 0
1052 65 0 47 0
1056 82 0 o6 0
1060 7 0 45 0
1064 1) 0 43 0
1068 87 0 47 0
1072 64 0 45 0
1076 66 0 45 0
1080 92 1 27 0
1084 67 0 49 0
1088 63 1 o4 1
1092 105 0 o4 0
1096 67 0 38 0
1100 30 0 57 0
1104 86 0 57 0
1108 68 0 41 0
1112 68 0 41 0
1116 90 0 70 0
1120 82 0 o6 0
1124 69 0 45 0
1128 91 0 44 0
1132 70 0 47 0
1136 68 0 93 0
1140 113 0 99 0
1144 79 0 47 0
1148 81 0 o6 0
1152 70 2 60 2

Continued on next page
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Table A.1 — continued from previous page

Level N Dim S3/5(N) Dim Sy(N) Dim O(N) Dim ©(N)

1156 o6 0 20 0
1160 85 0 48 0
1164 95 0 52 0
1168 70 0 20 0
1172 72 0 48 0
1176 90 0 49 0
1180 87 0 o4 0
1184 70 0 92 0
1188 98 1 68 0
1192 73 0 42 0
1196 81 0 o7 0
1200 88 0 62 0
1204 85 0 49 0
1208 74 0 42 0
1212 99 0 o6 0
1216 71 1 o6 0
1220 89 0 o1 0
1224 98 0 65 0
1228 76 0 51 0
1232 86 0 29 0
1236 101 0 o4 0
1240 91 0 49 0
1244 7 0 29 0
1248 98 0 60 0
1252 7 0 20 0
1256 77 0 48 0
1260 130 0 84 0
1264 76 0 o4 0
1268 78 0 46 0
1272 103 0 52 0
1276 87 0 o6 0

Continued on next page
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Table A.1 — continued from previous page

Level N Dim S3/5(N) Dim Sy(N) Dim O(N) Dim ©(N)

1280 76 2 60 2
1284 105 0 o8 0
1288 91 0 o1 0
1292 87 0 o4 0
1296 78 2 o4 2
1300 92 0 61 0
1304 80 0 45 0
1308 107 0 62 0
1312 78 0 58 0
1316 93 0 29 0
1320 133 0 29 0
1324 82 0 ol 0
1328 80 0 63 0
1332 106 0 74 0
1336 82 0 49 0
1340 99 0 65 0
1344 107 1 71 0
1348 33 0 20 0
1352 72 0 44 0
1356 111 0 62 0
1360 98 0 60 0
1364 93 0 62 0
1368 110 0 72 0
1372 86 1 60 1
1376 32 0 60 0
1380 137 0 65 0
1384 85 0 49 0
1388 36 0 o4 0
1392 110 0 73 0
1396 86 0 95 0
1400 104 0 63 0

Continued on next page
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Table A.1 — continued from previous page

Level N Dim S3/5(N) Dim Sy(N) Dim O(N) Dim ©(N)

1404 116 1 85 1
1408 33 1 57 0
1412 87 0 26 0
1416 115 0 o4 0
1420 105 0 65 0
1424 86 0 66 0
1428 137 0 70 0
1432 38 0 20 0
1436 89 0 64 0
1440 116 0 90 0
1444 72 0 25 0
1448 39 0 52 0
1452 110 0 29 0
1456 102 0 68 0
1460 107 0 61 0
1464 119 0 57 0
1468 91 0 63 0
1472 87 1 61 0
1476 118 0 80 0
1480 109 0 29 0
1484 105 0 66 0
1488 118 0 68 0
1492 92 0 o6 0
1496 103 0 60 0
1500 133 0 81 0
1504 90 0 66 0
1508 101 0 61 0
1512 128 1 79 0
1516 94 0 57 0
1520 110 0 76 0
1524 125 0 66 0

Continued on next page
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Table A.1 — continued from previous page

Level N Dim S3/5(N) Dim Sy(N) Dim O(N) Dim ©(N)

1528 94 0 o4 0
1532 95 0 69 0
1536 101 3 67 1
1540 137 0 73 0
1544 95 0 ol 0
1548 126 0 86 0
1552 94 0 65 0
1556 96 0 29 0
1560 157 0 71 0
1564 105 0 71 0
1568 84 0 72 0
1572 129 0 67 0
1576 97 0 o1 0
1580 117 0 73 0
1584 124 0 93 0
1588 98 0 60 0
1592 98 0 o8 0
1596 153 0 30 0
1600 90 2 64 2
1600 90 2 64 2
1604 99 0 61 0
1608 131 0 64 0
1612 109 0 64 0
1616 98 0 74 0
1620 135 1 87 0
1624 115 0 62 0
1628 111 0 71 0
1632 130 0 76 0
1636 101 0 64 0
1640 121 0 61 0
1644 135 0 72 0

Continued on next page
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Table A.1 — continued from previous page

Level N Dim S3/5(N) Dim Sy(N) Dim O(N) Dim ©(N)

1648 100 0 76 0
1652 117 0 69 0
1656 134 0 82 0
1660 123 0 72 0
1664 99 1 85 1
1668 137 0 68 0
1672 115 0 65 0
1676 104 0 72 0
1680 170 0 93 0
1684 104 0 62 0
1688 104 0 o4 0
1692 138 0 99 0
1696 102 0 68 0
1700 122 0 81 0
1704 139 0 67 0
1708 121 0 71 0
1712 104 0 71 0
1716 161 0 83 0
1720 127 0 68 0
1724 107 0 75 0
1728 115 5 88 3
1732 107 0 67 0
1736 123 0 67 0
1740 173 0 83 0
1744 106 0 66 0
1748 117 0 72 0
1752 143 0 66 0
1756 109 0 73 0
1760 130 0 88 0
1764 132 0 66 0
1768 121 0 65 0

Continued on next page
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Table A.1 — continued from previous page

Level N Dim S3/5(N) Dim Sy(N) Dim O(N) Dim ©(N)

1772 110 0 68 0
1776 142 0 90 0
1780 131 0 70 0
1784 110 0 65 0
1788 147 0 82 0
1792 108 2 5 0
1796 111 0 67 0
1800 148 0 96 0
1804 123 0 78 0
1808 110 0 70 0
1812 149 0 76 0
1816 112 0 64 0
1820 161 0 93 0
1824 146 0 86 0
1828 113 0 68 0
1832 113 0 65 0
1836 152 1 103 0
1840 134 0 89 0
1844 114 0 5 0
1848 181 0 80 0
1852 115 0 73 0
1856 111 1 84 1
1860 185 0 87 0
1864 115 0 99 0
1868 116 0 7 0
1872 148 0 112 0
1876 133 0 73 0
1880 139 0 69 0
1884 155 0 84 0
1888 114 0 82 0
1892 129 0 71 0

Continued on next page
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Table A.1 — continued from previous page

Level N Dim S3/5(N) Dim Sy(N) Dim O(N) Dim ©(N)

1896 155 0 73 0
1900 140 0 97 0
1904 134 0 97 0
1908 154 0 105 0
1912 118 0 66 0
1916 119 0 87 0
1920 163 1 97 0
1924 129 0 76 0
1928 119 0 67 0
1932 185 0 90 0
1936 100 0 o8 0
1940 143 0 7 0
1944 138 2 85 0
1948 121 0 5 0
1952 118 0 84 0
1956 161 0 81 0
1960 146 0 81 0
1964 122 0 30 0
1968 158 0 91 0
1972 131 0 80 0
1976 135 0 5 0
1980 202 0 130 0
1984 119 1 86 0
1988 141 0 83 0
1992 163 0 73 0
1996 124 0 73 0
2000 126 0 91 0
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