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Abstract

The concept of structural identifiability for state-space models is expanded to
cover mixed-effects state-space models. Two methods applicable for the analyt-
ical study of the structural identifiability of mixed-effects models are presented.
The two methods are based on previously established techniques for non-mixed-
effects models; namely the Taylor series expansion and the input-output form
approach. By generating an exhaustive summary, and by assuming an infinite
number of subjects, functions of random variables can be derived which in turn
determine the distribution of the system’s observation function(s). By consid-
ering the uniqueness of the analytical statistical moments of the derived func-
tions of the random variables, the structural identifiability of the corresponding
mixed-effects model can be determined. The two methods are applied to a set
of examples of mixed-effects models to illustrate how they work in practice.

Keywords: Structural Identifiability, Mixed-Effects modelling, Taylor series

expansion approach, Input-Output form approach.

1. Introduction

Structural identifiability analysis tests if the parameters in a given model

structure can be uniquely determined with a given input design together with
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noise-free, continuous output function(s). If there exists a unique set of pa-
rameters for the output solution then the model is called structurally globally
identifiable, if there exists a countable number of sets of parameters for an output
the model is called structurally locally identifiable and if there exist uncountable
numbers of parameter sets for a model output the model is called structurally
unidentifiable [11 2].

Several methods have been developed for performing structural identifia-
bility analysis including the Taylor series approach [3], the Laplace transfor-
mation approach [4], the similarity transformation approach [5], the Exact
Arithmetic Rank (EAR) approach [6], differential algebra based approaches [7],
input-output approaches [8], and the profile likelihood approach [9]. These
methods were originally developed to study structural identifiability in sys-
tems of ordinary differential equations with no statistical element included.
Additional important publications regarding structural identifiability include
[10, 071 02, 13, 14, [15].

An area where mathematical modelling and simulation plays an important
role is in drug discovery and development in the pharmaceutical industry. One
of the motivations for using modelling in drug discovery and development is to
detect and quantify variations in both pharmacokinetics in a population, i.e.,
how the drug is distributed in the body, and in pharmacodynamics, i.e., what
effect the drug has on the body. This is essential for instance when finding
personalised dosing regimes and optimal dosing for different subgroups in the
population. It is not uncommon that the pharmacokinetic properties and the
pharmacodynamic response for a particular treatment varies between different
patients, or groups of patients with different covariates (sex, age, weight, etc),
or even between different treatment occasions. In order to predict such future
scenarios with confidence having a structurally identifiable model is central. To
model this, a so called mixed-effects framework is commonly used [16]. In such
a framework, all subjects in a population share the same structural model and
parametrisation, but not the same parameter values. By postulating the form

of the distribution of the model parameters in a statistical model, the inference
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problem is expanded to include variance parameters as well as the structural
parameters.

However, the addition of a statistical model means that existing structural
identifiability methods are not directly applicable to mixed-effects models. Al-
though there has been some work done on the problem of structural identifia-
bility in mixed-effects models including [1I7], [I8], [19], [20] and [21], the main
efforts of developing methods to analyse structural identifiability have so far
been focused on non-mixed-effects, or fixed-effects systems. The two methods
presented in this paper are related to the Laplace transform approach for mixed-
effects system presented in [21I] via the generation of the exhaustive summary
explained below. However, the Laplace transform for mixed-effects systems pre-
sented in [21] is only applicable to linear systems whereas the two approaches
presented in this paper are appblicable to nonlinear system as well.

In this paper, we first define what we mean by structural identifiability in
systems of ordinary differential equations and mixed-effects systems, respec-
tively. Then, we present two existing structural identifiability analysis methods
and how they can be extended to mixed-effects models. Lastly, we apply these
methods to a set of mixed-effects models to illustrate how the methods work in

practice.

2. Structural identifiability

2.1. State-space model

Consider a model written in the following state-space form

:j:(t’ 0) = f(w(tae)vu(t)v 9) m(tO) = wO(e)
y(t,0) = h(x(t,0),u(t),0)

(1)

where x(t,0) € R™ is the state vector, u(t) € R? is the input vector, 8 € R? is
the vector of the model parameters, y(t,0) € R™ is the output vector, t denotes
time and f and h are smooth functions.

Let the generic parameter vector 8 belong to a feasible parameter space ©,

ie., 08 € ©. Let y(t,0) be the output function from the state-space model .
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Further, consider a parameter vector 8 where y(t,0) = y(t,0) for all ¢. If this
equality, in a neighbourhood N € @ of 8, implies that @ = @ then the model is
structurally locally identifiable. If N = © then the model is structurally globally
identifiable. For a structurally unidentifiable parameter, 6;, every neighbour-
hood N around 6#; has a parameter vector @ where ; # 6; that gives rise to

identical input-output relations [IJ.

2.2. Mixed-effects state-space model
By a mixed-effects state-space model, subsequently denoted mixed-effects

model, we mean a system written in the following form
@i(t, @;) = fl@i(t, @), wi(t), d;) @i(to) = wo(P;)

yi(t7 ¢z> = h(mi(ta ¢i)7 ui(t)’ d)z)
where ¢, = g(0,n,, C;) are the parameters for the i:th subject, n, ~ N(0, Q) are

(2)

the random effects where N denotes a normal distribution, € is the covariance
matrix of the random effects n;, 6 is a vector of the population parameters and
C, are the covariates vector for the different subjects in the population.

As mixed-effects models give individual trajectories, the structural identifi-
ability concept needs to be extended from considering the uniqueness of model
parameters given a set of output signals to considering the uniqueness of model
parameters given a set of distributions of the output signals, i.e., whether dif-
ferent parameter values may result in different or identical distributions of the
same given output signal(s).

Let p(y{gyn}, t) denote the distribution of the output signals y at time ¢. Let
the generic parameter vector and matrix {6, Q} belong to a feasible parameter
space {0,Q} C O, and consider the following two sets of parameters {6, Q}
and {6, Q}. If P(Ye,01-t) = P(Yga,0,1t) for all t implies that {6, 2} = {6,9}
in a neighbourhood N C © then the model is structurally locally identifiable,
and if N = © the model is structurally globally identifiable. For a structurally
unidentifiable parameter, 0;, or w;, every neighbourhood N around 6;, or w;,
has a parameter vector/matrix @, or €, where 6; # 0;, or w; # @;, that gives

rise to the same distribution of identical input-output relations.
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3. Methods

In this section two structural identifiability analysis methods that were orig-
inally developed for non-mixed-effects state-space systems will be presented. It
will be shown how these methods can be extended to also study structural iden-
tifiability in mixed-effects models by considering functions of random variables.

In a structural identifiability analysis the model structure itself is analysed
to see whether it allows for unique parameter estimates or otherwise. In such
an analysis, assumptions on having ideal experimental conditions are made.
For a fixed-effects state-space model, such ideal experimental conditions include
noise-free and continuous-time data. In a mixed-effects system, ideal experi-
mental conditions also include having data from an infinite number of subjects.
In some sense, this concept is similar to the parallel experiment approach pre-
sented in [T1] since each subject could be viewed as a single experiment resulting
in an infinite number of parallel experiments. As a consequence, the output
signal(s) are continuous both in time as well as their distribution at all time
points. The distribution of the output signal(s) depends on the distribution of
the model parameters. Therefore, in order to study the structural identifiability
of a mixed-effects model, the distributions of the model parameters must be

studied analytically.

8.1. Functions of random variables

In this paper we relate the structural identifiability problem in mixed-effects
systems to functions of random variables Z;(0,n).

Let Z(0,m) = (Z1(8,7), Z5(8,7),...)T be a vector of functions of random
variables. In our analysis we assume full knowledge of all of the statistical
moments and covariances of Z(6,n). We are interested in whether the statis-
tical moments and covariance matrix of Z(6,n) determines {6, 2} uniquely, or
otherwise. By calculating different orders m of the statistical moments and co-

variance of Z(6,n), introducing alternative parameters {0, Q}, equating these
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such that

E[Z™(0,n)] = E[2™(0,7)] 3)
Cov(Z(8,m)) = Cov(Z(6, 1)) (4)

and solving for € and € the uniqueness or otherwise of the parameters can be
determined. By E[Z™(6,n)] we mean the m:th statistical moment element-wise
in Z(0,n).

As an example, consider the case of two functions of random variables Z.
To ensure positivity both functions are lognormally distributed. The associated

covariance matrix 2 is full. We therefore have the following:

Zl 016771
Zo 926772
w w
n~N0OQ) a=| " " (6)
w12 W2

with unknown parameter vector 8 = (61,602, w1, w2, w12). The first moment for
Z is
916%
E[Z] = E (7)
O
The covariance matrix for Z is given by
Cov(Z) =E[ZZ"] - E[Z|E[Z]" =
E[Zf] - E[Z1]? E[Z125] — E[Z1]E[Z]
E[Z12,] — E[Z1|E[Z,] E[Z3] - E[Z.)?
where the diagonal elements, i.e., the variances of Z; and Zs, are given by
E[Z?] — E[Z1]? = 07e**" — e (8)
E[Z3] - E[Zo]? = 6™ — 63c 9)
and the off-diagonal element, i.e., the covariances between Z; and Zs, are given

by

E[Z) Zs) — B[Z1|E[Za] = 0,05e3 B12terten) _ g 9,03 +F (10)
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Setting up an equation system as in 7 from f we obtain:

916% = 0_16% (]‘]‘)

02291 — G241 = §2e21 — fle™ (12)

e ? = Gye s (13)

036?42 — 3ev2 = f3e*72 — f3e™2 (14)
91926%(2w12+w1+w2) — 91926%-"_%72 = gl 726%(2&}12—"_@1-"_@2) - 9719726%—"_772 (15)

which has only one solution, namely 6, = 6, 6 = 05, Wy = @1, ws = @o and
w12 = wie. This means that the distribution of Z is uniquely determined by
the parameters {6, Q}.

To study structural identifiability in a mixed-effects system using functions
of random variables, the corresponding ezhaustive summary [22] for the mixed-
effects system must be found. The exhaustive summary is a vector ¢(6@) which
contains all information about the model parameters @ that can be extracted
from the knowledge of the input and output signal(s) [23]. The functions of
random variables can be generated from the exhaustive summary for the corre-
sponding non-mixed-effects system, i.e., where €2 = 0. Once the functions of the
random variables for the mixed-effects system have been found the structural
identifiability of the mixed-effects system can be considered. In Sections
it will be shown how the functions of random variables for the mixed-effects
system can be found using established techniques for performing a structural

identifiability analysis of non-mixed-effects systems.

3.2. Taylor series expansion approach

The Taylor series expansion approach for the study of the structural iden-
tifiability of state-space systems was first presented in [3]. In this method, the
model output y(¢,0) is expanded around a known time point where there is

information about the state, typically at t = 0, as

y(t,0) = y(0,0) + ™ (0, 0)% +... (16)
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where k = 1,2, ... Since all coefficients in the Taylor series expansion are unique
for a particular model output, the uniqueness of the model parameters can be
determined from these coefficients. The exhaustive summary is therefore the

coefficients in the Taylor series expansion and by equating them as

o1(8) = y*(0,6) k=1,2,... (17)

o1(8) = 01(8) k=1,2,... (18)

and solving for @ the structural identifiability of the state-space model can be
determined.

In the mixed-effects case, under the assumption of an infinite number of
subjects, the coefficients o (0) become distributed over the population. This
distribution depends on the underlying statistical model. Therefore, the coeffi-
cients in the Taylor series expansion can, in the mixed-effects case, be regarded

as functions of random variables and given by
Zk(gvn):Uk(oan) k:172a (19)

For a non-mixed-effects system, there exist different upper bounds for k£ depend-

ing on the form of the system. For linear systems the upper bound is 2n—1 [24],

for bilinear systems 22" —1 [25], for homogeneous polynomial systems qun:ll [25]
and for a generic state-space model on the form the upper bound is n + p
[26].

A natural question is what upper bounds hold in the mixed-effects case.
When studying the structural identifiability of a mixed-effects model we are
studying the distribution of the exhaustive summary o (@) of the correspond-
ing non-mixed-effects model. If the bounds are higher in the mixed-effects case
we would instead study the distribution of o*(8), a vector containing redun-
dant information on 6 at the individual level. The distributions of ¢*(8) would
therefore contain redundant information about {6,Q}. If the bounds instead
are lower for the mixed-effects case, then we study the distribution of o**(8),

a vector containing some, but not all information on @ that is required to de-

duce structural identifiability from the output at an individual level. In other
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words, neither o*(0) nor o**(0) are exhaustive summaries. Therefore, the up-
per bounds for the Taylor series expansion in the non-mixed-effects case are the
same for the mixed-effects case. To clarify, the number of statistical parame-
ters are not included in p when computing the upper bounds. Instead, p still
represent the number of parameters in the non-mixed-effects model.

Again, by combining 7 with the exhaustive summary from the Taylor
series coefficients the structural identifiability of mixed-effects models can
be studied.

3.8. Input-Output form approach

A second way of generating the exhaustive summary of a system and extend-
ing it to functions of random variables is to rewrite the model in an input-output
form. Starting with a non-mixed-effects state-space system, this can be done
by iteratively differentiating the output function y and substituting in place of
all of the model states x [8]. A system rewritten in an input-output form has

the following differential algebraic polynomial form

l
> ok(0)gr(y, 9, 4,-..) = 0. (20)
k=1

Together with the initial conditions of the system, determines uniquely the
solution of the model output [8]. Therefore, by setting up the equation system

() = 01(0) k=1,2,...,1 (21)
y(0,0) = y(0,0) (22)
y®(0,0) =y (0,0) k=1,2,...,n—1 (23)

and solving for @ the structural identifiability of the system can be determined.
Note that for this to be true the terms in gx(y,¥,¥,...) must all be linearly
independent.

In a mixed-effects model, using the same reasoning as for the Taylor series

approaches, the input-output form becomes

l

S 010, m)g (9. 6. ) = 0. (24)
k=1
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and the full set of functions of random variables is therefore given by

Zk(evn)zak(ean) k:1727"'7l (25)
Zl-‘rl(oa 7]) = y(oa 05 T’) (26)
Zl+1+'r’(07n) :y(r)(050777) r= 1a2a-~'an_ 1. (27)

Again, by using f with f the structural identifiability of mixed-

effects models can be studied.

4. Examples

In this section the Taylor series expansion and the input-output approaches
will be applied to generate the functions of random variables Z that can be used

to study the structural identifiability of three exemplar mixed-effects models.

4.1. Taylor series approach: Linear one-compartment model

To demonstrate that covariance parameters also are included in the struc-
tural identifiability analysis, consider the following simple linear one-compartment

model

jl‘l = —910331 1‘1(0) =D (28)

y =0cxq (29)

with unknown parameter vector (619, 6.) where 619 denotes the rate of elimina-
tion and 6. denotes the scaling of the output, and known initial condition, i.e.,
dose D. This model could for instance be used to describe the elimination of
a drug from the blood plasma while measuring the concentration in the blood
plasma. The first and second coefficients in the Taylor series expansion around

t =0 are

o1 =y(0) = 0.D (30)

09 — y(O) = 79100CD. (31)

10



It can be seen directly from f that both 0. and 619 can be uniquely de-
termined in a non-mixed effects framework. Introducing lognormally distributed
random effects on the structural parameters 6. and 619 to ensure positivity the
following two functions of random variables are derived:

Zi = 0.e" D (32)

oy = —0106"1°0Ce"“D (33)
where the random effects vector n = (., 710) is normally distributed with full
covariance matrix

w w
Q- 10 10c¢ . (34)

W10¢ We
The unknown parameters in the mixed-effects model are 8 = (619, 0., w10, We, W1oc)-

First we consider the first two moments of Z; which are given by
E[Z1(8,m)] = Df.e™ (35)
E[Z%(0,n)] = D*0%e (e —1). (36)
By equating and solving E[Z1"(8,n)] = E[Z]"(0,7)] for m = 1,2 we obtain that

. = 0. and w. = @, is the only solution. Let Z = (Z, Z,)” and consider the

covariance matrix of Z, given by
Cov(Z) =E[ZZ"] - E[Z]E[Z]" =
E[Z7] - E[Z:]? E[Z1Z,] — E[Z1|E[Z]
E[Z1Z5] — E[Z1]|E[Z] E[Z3] - E[Z)?

where the diagonal elements, i.e., the variances of Z; and Z,, are given by

E[Z]] — E[Z1]? = D*02e*¥c — D?*@2ev* (37)

E[ZQZ] _ E[ZQ]Q _ D29§9%062(W0+2(W106+W10)) _ DQGSH%OewC+2w10c+2w10 (38)
and the off-diagonal elements, i.e., the covariance between Z; and Zs, is given
by

E[Z1Z5) — E[Z1|E[Zs) = — D202, ge**< t20etwio 4 D2g2g,  ewetwioetwio,
(39)

11
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By equating and solving Cov(Z(0,n)) = Cov(Z(8,n)), and using the previous
result 0, = 0, and w. = @., we have that the only solution is 819 = 10, wip = @10
and wige = @W1pe- All model parameters, including the covariance parameters
w1pe, have been shown to be uniquely determined and the mixed-effects model

f is therefore structurally globally identifiable.

4.2. Input-Output form approach: Non-linear two compartment model

In this example we consider a model with slightly higher complexity in-
volving two compartments with both a non-linear and linear elimination from
the observed compartment. This model could be used to describe how a drug
distributes between the plasma compartment x; and the rest of the body s
while being eliminated from the plasma compartment by different routes, i.e.,
one non-linear route and one linear route. The model structure is given by the
following:

eVma:v

By = (o mer
Oepso + x1

+ 95 + 912)%1 + 921%2 (40)

To = O1ow1 — 02172

(41)

x1(0) =D (42)
22(0) =0 (43)
(44)

Y= 0.1

with the unknown parameter vector @ = (012, 621, 0c, 0¢, Ovimaz, OEp50) Where
012 and 657 denotes the transport rate between the compartments, 6. and 6,
is the elimination rate and the output scaling respecitively, 0y ,me. and 0gpso
is the maximum elimination rate and the concentration level where half of the
maximum elimination rate is reached respectively, and known initial conditions,
i.e., D and 0. To generate the input-output form of the model the symbolic

computational software Maple was used. The model rewritten in input-output

12



form is

0c0219° + 24*0210:0.0 5050 + Y*0210c0v mas+
Y20 + iiy? + y*9021 + yP 9012+

0202105 D50°0c + 2 0050y +

29012905500 + Y0e 021050500V max+
2y02190Eps00e + 2y090EDs00e + §0EDs07 0"+
0200505077 + 0201205 p50"Y + 00210 Epso Y+

0.°0v masfE D50y = 0
and the initial condition for the output function is

y(0) = 0.D

. HVmaa:
0)=—6.(———=+0.+612)D.
5(0) = 0G0+ 01)

(46)

(47)

Here we have chosen to add lognormal random effects to ensure positivity on

all structural parameters with a diagonal covariance matrix €. The follow-

ing functions from the coefficients of the input-output form can then be

13



generated

Zy = (0ppsoe™ )2 (0.e")?
Zo = 03110 e
Z3 = 20pps0e’"P*00 "
Zy = 0.€"°051€" Oy pane™V e + 20.€"° 051" 0, " 0 g proeF P50
Zs = (00€")*021€™ 0" (0 psoe”™P™ )+

(0c€")?021€™ Oy mmaw O D50 (52)
Zg = 012€™M2 + 0,e"° + 091! (53)
Z7 = 20.e"0pp50e"EP 01 ™ 4 20" 05 psoeEP 0 e +

20" 0ppsoe™ > 0122 (54)
Zg = (0:€"7°)%0% psof12€™2 + (0.€")? (0 psoe™P5) 20 e +

(0" )?0ED50€"" % Oy mage™ ™ + (0c€")* (Oppsoe™ P> ) 021" (55)

Zy = 0,.e" D (56)
evmaxeanaz
QEDsoeﬂEDso + D

Z10 = —0ce( + 0. + 015eM2)D. (57)

o It is clear that both the model written in an input-output form and the
subsequent functions of random variables f are already quite complex
expressions. The details of the full analysis can be found in Appendix A for
brevity. We will now give an overview of how the analysis was performed.

First we consider Zg by setting up the following system

E[Z(0,m)] = E[Zo(6,7)] (58)

14



Equating and solving
E[Z3(0.n)] = E[Z3(6,7)]
using f we obtain one solution, namely

0rps0 = OEDso
WED50 = WED50-
By equating and solving the following:

E[Z6(077’)] = E[Z6(0_7 )]
E[Zs(0,m)] = E[Zs(8,7)]

E[Z3(0,m)] = E[Z3(0,7)]

S

using the previous results from (60)—(61) and (64)—(65) we get one solution
g p g )

namely

0Vma9c = 0Vma9c
WVmar = WVmaz-
Solving the equation system

E[Z2(0,n)] = E[Z2(0,7)]
E[Z5(07T’)] = E[Z5(0_7 'F’)]

S

using the previous results from (60)—(61), (64)-(65) and (69)—(70) yields only

one solution
021 = 0o
w21 = W21.
Using f the following equation system
E[Z2(0,n)] = E[Z2(0,7)]
E[Z3(8,m)] = E[Z(6,7)]

15
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has the unique solution

0. =0, (78)
We = We (79)

Finally, we use f and f to solve
E[Z5(0,m)] = E[Z6(0,7)] (80)
E[Z5(0,m)] = E[Z5(6,7)] (81)

which has the unique solution

012 = élg (82)
W12 = W12. (83)

From (60)-(61).(64)-(©3). (690, -3, (@)~ and B2)-@3) we can
conclude that the mixed-effects model — has @ = @ and Q = Q and is
therefore structurally globally identifiable.

4.8. An unidentifiable mized-effects model

In this last example, we consider a one-compartment model with linear elim-
ination rate #19 and unknown scaling parameters 8 and 6. for both the input
uw and output y. This model represent the scenario when both the dose of the
drug and its volume of distribution is unknown in addition to an unknown rate
of elimination. As will be shown below, this results in an structurally unidenti-

fiable model. The model structure is given by
&1 = —010z1 + OFu xl(O) =0 (84)
y =0z (85)

with unknown parameter vector 8 = (0., 610, 0r), and known input and output
functions v and y. By calculating the time derivative of the output signal y and
substituting it for the model state x;, the model 7 can be rewritten in

the following input-output form

Y+ b0y — 0:.0pu = 0. (86)

16
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It is clear from that the structural part of the model is unidentifiable since
only the product 6.0r can be determined but not their individual contribution.
By introducing lognormally distributed random effects, ensuring positivity, with
a diagonal covariance matrix €2 to all model parameters the corresponding func-

tions of random variables are given by

Z1(0,m) = b10e™° (87)
Z5(0,m) = 0. 0per. (88)
Calculating and equating the first and second statistical moments of Z; as
E[Z7(0,7n)] = E[Z(0,7)] for m = 1,2 yields
Broe 3" = fpe 2 (89)
030 (€10 — 1) = B3 e (e¥1 — 1) (90)
which has only one solution, namely
010 = 010 (91)
w1g = W1p. (92)

Calculating and equating the first and second statistical moments of Z5 as
E[Zi(8,7n)] = E[Z(8,7)] for m = 1,2 yields

GCHFe%(WCJr“F) = écéFeé(wC—HDF) (93)

020% e twr (e“ﬁ'wF - 1) = 020%ePetor (ewa+wF - 1) ) (94)

With the substitution 8y = 0.0r and B, = w. + wr the equation system for the

statistical moments of Zs becomes

ﬂge%ﬁ“’ _ 606%&” (95)

,6366"’ (eﬁw _ 1) — Bgegw (€Bw _ 1) (96)

which has only one solution, namely 8y = By and B, = B.. From this it is

easy to see that only the product 8.0 and the sum w. + wp are structurally

globally identifiable but not their individual contribution. The mixed-effects
model (84)-(8F) is therefore structurally unidentifiable.
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5. Discussion

The two presented methods for the study of the structural identifiability
for mixed-effects models are similar in the sense that they both are used to
generate functions of random variables. However, there are a few differences
between them that should be mentioned.

While the Taylor series expansion and the input-output approaches are ap-
plicable to both linear and nonlinear systems, the Taylor series expansion suffers
from computational problems even for relatively simple model structures. The
input-output approach can handle more complex model structures than the Tay-
lor series approach, but there is still a limit of how complex the models can be in
order for a analytical approach to be feasible. With the input-output approach
it is necessary the check of linear independence among the terms. This can be
done by computing the Wronskian [27], a potentially computationally demand-
ing task. A structural identifiability analysis for a mixed-effects system is often
more computationally demanding than its corresponding non-mixed-effects sys-
tem since the use of random effects introduces the covariance matrix € with
unknown variance parameters, and with a non-diagonal covariance matrix, un-
known covariance parameters as well. Nevertheless, the presented methods are
still useful since many mixed-effects models used within the pharmaceutical in-
dustry are relatively simple in structure, e.g., compartmental models [28, 29, [30].

The two methods presented in this manuscript, the input-output form ap-
proach and the Taylor series expansion approach, are related to the Laplace
transform approach presented in [21] since all three methods derives the ex-
haustive summary, a vector which contains all information about the model
parameters for a given set of input and output functions. However, while the
Taylor series expansion approach and the input-output form approach can be
applied to both linear and nonlinear models the Laplace transform approach in
[21] is limited to linear models only.

A future research topic that has come out of this work is with regard to the

possible existence of upper and lower bounds of the order of statistical moments

18
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of the functions of random variables needed to determine structural identifi-
ability. Consider the case of some Z; being either normally, or lognormally
distributed. The first two moments fully characterise the distribution and the
upper and lower bound is therefore two. This was the case in the last example
in Section where both of the functions of random variables f are log-
normally distributed and therefore only the first two statistical moments were
considered. As the required relevant upper bound for structural identifiability
was reached it can be concluded that the model is structurally unidentifiable.
For a non-standard distribution for Z;, the lower bound is the same as the
number of unknown parameters in Z; given that those unknown parameters do
not appear in any Z; where j # i. However, deriving an upper bound for non-
standard distributions will almost certainly require dividing them up in different
groups of distributions, a task for ongoing research. A consequence of having
unknown upper bounds is that it makes proving that a model is structurally
unidentifiable impossible, since it is not known what the required number of
moments are.

Lastly, the presented methods open up the possibility of studying the struc-
tural identifiability of mixed-effects models analytically. This could potentially
have a big impact on modelling in the pharmaceutical industry since such types
of models are routinely used. Knowing whether the structural and variance
parameters are structurally identifiable or otherwise increases the confidence in
the model parameter estimates, leaving only the experimental data as a source
of uncertainty for the model parameters. The presented methods should ideally
also be integrated into the model development process as well as experimental
design in order to answer questions such as what to measure and what admin-
istration routes to use in order to ensure structural identifiability? For other
sources on how structural identifiability analysis affect experimental design see

[14, 31, [T}, [16} [32].
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Appendix A. Appendix A: Nonlinear two-compartment model

In this Appendix a more detailed analysis of the nonlinear two compartment
model using the input-output approach presented in Section [£.2] is provided.

The model structure is given by the following

i = — 0;1;‘;0% + 0 + 612)x1 + 02122 (A1)
To = 01221 — O2122 (A.2)
21(0) =D (A.3)
22(0) =0 (A4)
Y= o, (A5)

23



with the unknown parameters 8 = (012, 621, 0c, 0¢, Ovimaz, OEpso) and known

initial conditions, i.e, D. The model rewritten in an input-output form is

0e0219° + 29*0210:00 5050 + Y*0210c0v mas+

Y2 90e + iy + y* 9021 + yP oo+

Y0021 D50 0 + 2300 pp50y+

2y01290ED500c + Y0 021050500V maz+
290219050500 + 2Y0ei0 500 + §0ED50°0.°+
0.°0.05050°Y + 02012050503 + 00210 D50 Y+

QCQQVmeQEDE)Oy =0 (A6)
and the initial condition for the output function is

y(0) =0.D (A7)

0V7nam

7(0) = —0.(—————= + 0, + 612)D. A8
9(0) A — 12) (A.8)

The coefficients in the input-output relation (A.6) and the initial condition (A.7)

are given by

1(8) = 0% psob: (A.9)
02(0) = 0210, (A.10)
03(0) = 20E D500, (A.11)
04(0) = 00210V maz + 20021005 Dso (A.12)
05(0) = 020910.0% sy + 020210V 1ma:0ED50 (A.13)
06(60) = 01z + 0, + 021 (A.14)
07(0) = 20.0Eps50021 + 20.0ED500c + 20:.0ED50012 (A.15)
05(0) = 020% psobi2 + 020% psobe + 02050500V man+

020% psofan (A.16)
0o(6) = 0.D. (A.17)
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Lognormally distributed random effects were added to all parameters. From

this the following functions of random variables are derived

7, = (9ED5OenED50)2(gcenc)2

22 = g21e7721 geene

Z3 — 20ED50677ED506(:€T]C

Zy = 0.e"°021™ Oy pane? "+
2906%92167]21 eeeneeEDmenEDso

Ts = (966"0)29216"21966"6 (QEDSOenEDso)2+
(956n0)29216n21 0vmanOED50e B

Zg = 010€M2 + O e 4 Oo1™

Z7 = 29c6nC9ED503nED509216n21+
QQCBTICQEDmenEDsere%_'_
QQCeVICHEDSOeTIEDsoemenn

Zg = (9C6n0)292ED506126m2+
(acenc)z(9ED50677ED50)2966776+
(ecenc)QQED50677ED50evmameanaa:+
(gcenc)2(9ED50671ED50)292167121

Zy = 0.e" D
avmaxeanaa:
O psoenEDso + D

Zig = —Gcenc(
The first and second moments of Zg are given by

E[Zy(0,7m)] = Db.e™

E[Z5(0.m)] = D*0e (e —1).

Solving the equation system

€

c

]

DGCeWTC = Df.e

D?§%ev (e¥e — 1) = D?0%ee (e“D“ — 1)

25

+ 0.e + 91267712)D.

(A.18)
(A.19)
(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)
(A.26)

(A.27)

(A.28)
(A.29)

(A.30)
(A.31)



yields only one solution, namely

0. =0, (A.32)
We = We. (A.33)

The first and second moments of Z3 are given by

E[Z3(0,m)] = 20.0ppsoe? (<< Tpps0) (A.34)

E[Z2(0,1n)] = 40203 5,e~ @ EP50 (e”c+wED5° - 1) . (A.35)

Using (A.32)—(A.33) and solving the first and second moments of Z3 yields

20.0rpsoe? (“eeErs) = 20 fpsges (@ot@rpso) (A.36)
49?0%D506WC+WED50 (ewc+wED50 — 1) = (A.37)
4020% 15 e HOEDR0 (et @EDs0 _ 1) (A.38)

which gives only one solution

0rpso0 = OEDso (A.39)

WED50 = WED50- (A.40)
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The first and second moments of Zg are given by

E[Zs(0,7m)] =

620u50e>t " (upsoe 7 (Brae T +

Or1e 2 +0.e7) + Ovmaxe 2 ) (A.41)
E[ZZ(0,m)] =

0, 0%ps0e e TR (G e B0 (e 12 (10 HAwnpsoten:
1) 4 201567 (etrernn) 1) ;e 4+ 0% ) +
eglewn (e4wc+4wED50+W2l _ 1) +

264,0, (64(WU+WED50) _ 1) e%(w21+we)+

ezewe (e4wc+4wED50+we _ 1))+

1
2050500V max (e4wc+2wED5o _ 1) 62(3wED50+wv:nax)

<9126L§2 + 9216% + 996%) +

g%maxewv:nax (e4wc+wED50+NVmax _ 1)) (A42)
The first and second moments of Zg are given by

E[Zs(0,m)] = 126 F* + 013 + 0o (A.43)
E[Z§(8,m)] = o2 (€2 — 1) +

02,421 (e¥21 — 1) + 02 (e*= —1). (A.44)

Using the previous results (A.32)—(A.33) and (A.39)—(A.40) the following equa-
tion can be generated from (A.41])

2 200, + YEDS50 3WED50 w12
0:0EDs0€ 2 (Uepsoe 2 (b2 2 +

“Vmax

0216% + eee%) + Oymaxe ™ 2 ) =

227 2,4 “ED50 & 3YED50 , ~ @12
0-0EDs0€ 2 (0gpsoe” 2 (bhae 2 +

Bore 4 Boe®) + Bymaxe 2 (A.45)
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which can be simplified to given

0 e“"\/rznax
w12 w21 We Vmax
(9126 2 +021€ 2 +0962>+73:
“YEDS50
Orpsoe™ 2
~ 9 e‘:’\/rznax
L12 by w21 = We Vmax
(9126 2 40172 + e ) e (A.46)
Orpsoe™ 2

From the equation generated from (A.43) we use E[Z5(0,7n)] = E[Zs(0,7)] to
simplify (A.46) further to give:

“Vmax “Vmazx

vaaxe 2 = évm(me 2 ., (A47)

Using (A.32)—(A.33), (A.39)—(A.40) and (A.43), the following equation system,

where E[Z2(0,7)] = E[Z2(0,1)] has been omitted since the expression is very
large,

“Vmax “Vmazx

9Vm,me 2 = évmame 2 (A48)

E[Z3(0.n)] = E[Z5(0,7)] (A.49)
which has only one solution
Ovimaz = Ovmaz (A.50)
Wy maz = OVmaz- (A.51)
The first and second moments of Z5 are given by

E[Z5(8,m)] = 0205D50021 e3 (wetwrpsotwar)

1 “Vmax
(QED509c62 (BweDs0+wWe) + 9Vmax6 2 )

(A.52)
E[Z52(97 77)] = 939%D500§164WC+WED50+AA121

(0FpsofZePmrootwe (ghwetdwnpsotwantwe 1) 4

20ED50000vmax (e4wc+2uJED50+w21 _ 1)
e%(?’WEDSO"FWeJFUJVmax)_i_

a%maxew\/max (e4wc+wED50+wz1+meax _ 1)) (A.53)

The first and second moments of Z5 are
E[Z2(6,1)] = 0210ce? 21 +<) (A.54)

E[Z%(G,n)] = 931936“21“’9 (e“’21+“e — 1) . (A.55)
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Using (A.32)(A-33)),(A-39)(A.40), (A.50)—(A.51) and (A.54) the equation sys-

tem

E[Z5(0,m)] = E[Z5(6, 7)) (A.56)
E[Z3(8,n)] = E[Z3(6,7)] (A.57)
has the unique solution
021 = 521 (A58)
Wo1 = Wa1. (A59)

Using (A.58)—(A.59) the following equation system

E[Z2(0,m)] = E[Z2(6,7)] (A.60)
E[Z3(0,m)] = E[Z3(6,7)] (A.61)
has the unique solution
. =0, (A.62)
We = We.- (A.63)

Finally, we make use of (A.58)—-(A.59) and (A.62)—(A.63) and solve

E[Zs(0,n)] = E[Z(6,7)] (A.64)

E[Z§(0,n)] = E[Z§(6,7)] (A.65)
which has the unique solution

912 = 9_12 (A66)

W12 = Wi3. (A67)

From (A.32)—(A.33),(A.39)—(A.40), (A.50)—(A.51)), (A.58)—(A.59), (A.62)—(A.63)
and (A.66)-(A.67) we can conclude that @ = 8 and £ = Q which means that
the mixed-effects model (A.1)—(A.5)) is structurally globally identifiable.
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with(LinearAlgebra) : with(Groebner) :

Forsman Code

lieDer :=proc(H, F, vars)
local V:
V:=map((a, by—diff(b, a), vars, H) :
DotProduct(Vector(F), Vector(V), conjugate= false)
end:

listLieDer := proc(H, F, k)
local L, i, tmp, N, vars:
L:=1[y[0]—H]: tmp:=H:
N = nops(F) ;
vars = [seq(x[t], t =1 .. N)] ;
for i to k do
tmp:= lieDer(tmp, F, vars) :
L= [op(L), y[i]- tmp]
od;
end:

xlistLieDer := proc(H, F, k, uvars)
local ., i, f, h, tmp, N, var, vars, duvars ;
N = nops(F) ;

f = F ;
h = H ;
for var in uvars do
f = subs(var = var[0], f) ;
h = subs(var = var[0], h) ;
od;
duvars = [] ;
vars ‘= [seq(x[t], t =1..N)] ;
for var in uvars do
vars ‘= [op(vars), seqg(var[i], 1 = 0..10)] ;
duvars ‘= [op(duvars), seq(var[i], 1 = 1..11)] ;
od;
f = [op(f), op(duvars)] ;
L = [y[0]-h]; tmp = h ;
=17
for i to k do
tmp ‘= lieDer(tmp, f, vars) ;
L = [op(L), y[i]-tmp] ;
od;
end:
iorel = proc(f, h, uvars)
local n, L
n = nops(r)

if params['uvars'] = NULL then



L = listLieDer(h, f, n)

else

L = xlistLieDer(h, f, n, uvars)
fi;
L = map(expand, numer(L))

UnivariatePolynomial(y[n], L, [seq(x[t], t = 1..n), y[n]])
end:

2 compartments, 2 elimination from same compartment, MM and linear

Defining the system as:

F:= [— (M + kle] +k[12]) X[ 1]+ A[21]-x[2], k[12]-x[1] — k[21]-x[2]

ED50 +x[1]
Vmaxx
_( EDS0 +x, th k| Xtk g kX iy X, 6))
H:=cx[1];
outptEqn := iorel(F, H)
¢ @

Collecting the coefficients and setting up expression with alternative parameter vector

ud = {coeffs(collect(outptEqgn, [y[0], y[1], y[2]],'distributed"), [y[0], y[1], y[2]]) }
[LLEDSP & ky, k, 2 EDSOc, c ky, V. + 2 ¢ hyy K, EDS0, & by, k, EDSC + ¢ ey, ¥, EDSO,  (3)

maxx maxx

kyy +k,+ky, 2 ¢ EDSOky, +2 ¢ EDSOk,+ 2 ¢ EDS0k,,, ¢ ED50° ky, + ¢ EDS( k,
+ ED50 V. + ¢ EDS( ky, }

maxx

uB = eval(ud, [kle]=kble]l, k[12]=kb[12], k[21]=kb[21], V[maxx]=Vb[maxx], ED50=ED50b, ¢
=cb])

{1, EDSO’ cb’, kb, kb, 2 ED50b cb, cb kby, Vb

maxx

2 2
+2 cb kby, kb, ED50b, cb” kb, kb,ED50  (4)

+ b kby, Vb, EDS0b, kb, + kb, + kb,,, 2 cb ED50b kby, + 2 cb EDS0b kb,

maxx

1y €b> EDS0B" kb, + cb® EDS0B" kb, + cb” ED50b Vb
+ b’ ED50b” kby, }

eqns = convert(uAd, list) — convert(uB, list)

(0. -EDS50 cb” + EDS(? ¢, ~kby, kb, + ky k, =2 EDSObcb +2 ED50c, ~cb kby, Vb, )

+ 2 cb ED50b kb

maxx

— 2 chkby, kb,ED50b+ c ky, V, _+2 chky, k,ED50, -cb’ kb,, kb, ED50b"

maxx
— b kby, Vb, _ED50b+ ¢ ky, k,EDSC + ¢ ky, V, __ED50, ~kb,, — kb, — kb, + k,

maxx maxx

+k,+kyy, =2 cb ED50b kby, — 2 cb ED50b kb, — 2 ¢b ED50b kb, +2 ¢ ED50k,,
+2 ¢ ED50k,+2 ¢ ED50k,,, -cb” ED50L" kb, — cb” ED50b" kb, — cb” ED50b Vb

maxx

— b’ ED50V’ kby, + ¢ EDSO kyy + ¢ EDS( k,+ ¢ EDS0V,,,..+ ¢ EDS( ky, |

maxx



Setting up the equations for the inital conditions
n:=2:

Calculating the derivative of output function y, then evaluating the expressions for the initial
conditions
icsnoteval = eval( -1 * listLieDer(H, F,n — 1), [seq(y[i]=0,i=0..n—1)])

I
maxx
Cxl,[_[ED.SO—F)Cl +ke+k12 x1+k21x2)c (6)
icseval == eval(icsnoteval , {x[1]=Dose, x[2]=0})
maxx
cDose, _(ED50+DOS€ +k€+k12) Dose c (7)

Introducing alternative parameter vector and finalizing the expression for the initial conditions

icsA = Vector(icseval);
icsB = eval(icsA, [k[e]=kble], k[12]1=kb[12], k[21 | =kb[21 ], V[maxx] = Vb[maxx], ED50
=FED50b,c=cb]);

¢ Dose
Vmaxx ®)
- [ED50+D0se +ke+k12) Dose c
ics == [icsA(1) —icsB(1), icsA(2) —icsB(2)]:
solve([op(ics), op(eqns) ], [klel, k[12], k[21], V[maxx], ED50, c])
[ [ke=kbe, ki, =kbyy, ky, =kby,, V. =Vb, , ED50=ED50b, c =cb]] 9

Summary: The model is structurally globally identifiable.
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